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To my teachers

“Wisdom... comes not from age, but from education and learning.”

-Anton Chekhov
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Abstract

Direct Complex Envelope Sampling of Bandpass Signals With M-Channel
Blindly Calibrated Time-Interleaved ADCs

Classical receiver architectures demodulate a high frequency bandpass signal to baseband
before sampling the in-phase and quadrature components. With the advent of high-speed
analog-to-digital converters (ADCs) and wide bandwidth sample-and-hold (S/H) circuits,
it has become practicable to sample a bandpass signal directly without any demodulation
operation and then process it with robust DSP technology. Direct sampling methods do
present their own challenges. When a single channel is used to digitize the signal, not all
frequencies above the Nyquist rate are allowed and only signals in certain frequency bands
can be sampled at this minimum rate. As first shown by Kohlenberg, the restriction on
spectral location can be removed with a two-channel time-interleaved ADC (TIADC) where
two ADCs separated by a timing skew independently sample the signal.

In this dissertation, we propose a general and flexible technique for sampling the complex
envelope of a bandpass signal using a nonuniformly interleaved M-channel TIADC. The
bandpass signal is sampled directly by the sub-ADCs, and the overall TIADC sampling
frequency is at or slightly above the Nyquist rate. Reconstruction of the complex envelope
entails inverting a matrix of filters resulting in some TIADC timing skews being forbidden.
The proposed sampling scheme requires the implementation of M digital FIR filters and
can be used to digitize bandpass signals with any carrier frequency in software defined radio
applications. Reconstruction analysis is provided for the case of two, three, and four channels.
Multi-tone and MSK signals are used in simulations to validate the proposed method and
assess its performance. Quadrature sampling, a special case of the two-channel TTADC that
assumes certain parameter relations, is investigated as an approximation technique.

It is well known that gain and timing skew mismatches can severely degrade TTADC per-

formance. To mitigate the effect of these mismatches on complex envelope reconstruction, we

il



present a novel blind calibration method which assumes that there exists a frequency band
where the complex envelope signal has no power, due for example to oversampling. Mis-
matches give rise to errors in this band, which are extracted and used to estimate adaptively
the gain and timing skew mismatches. Simulations with multi-tone, MSK, and bandlimited
white noise signals demonstrate calibration can significantly improve reconstruction perfor-
mance measured in the mean-square error (MSE) sense. Suggestions for further research are

provided.
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Chapter 1

Introduction

1.1 Receiver Architectures

Conventional radar or communication receivers typically rely on mixing and filtering opera-
tions prior to signal digitization [1]. They downconvert a high frequency bandpass signal to
baseband (directly or in stages) and correlate it with two quadrature oscillators to obtain the
in-phase and quadrature signal components which are then sampled by two separate analog-
to-digital converters (ADCs). Most receivers utilize some variant of a heterodyne architecture
shown in Fig. 1.1. The RF front-end bandpass filter Hg selects the signal of interest z.(t)
and rejects interference from out-of-band and image band signals. After the signal is down-
converted from carrier to an intermediate frequency (IF), it is passed through the filter H;p
which reduces distortion and dynamic range requirements simplifying subsequent filtering,
amplification, and demodulation [2]. The heterodyne receiver offers great performance in
terms of selectivity and sensitivity. However, this is achieved with the use of high Q-factor
non-integrable RF and IF filters which increase production costs. Furthermore, IF needs to
be carefully selected to provide sufficient image rejection and robust channel selection.

A common alternative is the homodyne receiver with the direct conversion architecture

shown in Fig. 1.2. After z.(t) is selected by the filter Hg, it is downconverted directly to



(1) ac(t) a(n)
— Hg Hip =?—> Hyp »ADC—>
LOl 04_ L02
be(t) b(n)
HLP =ADCQ—>

Figure 1.1: Heterodyne receiver

baseband without an IF stage. This allows for a more integrable RF front-end design and
reduces the number of discrete components. Despite this significant advantage, homodyne
receivers introduce certain problems that are either manageable or entirely absent in hetero-
dyne architectures. LO leakage to the antenna and consequent DC-offsets that arise from
self-mixing create in-band interference. Heterodyne receivers address this by eliminating the
DC-offsets with the IF filter. Other issues associated with homodyne receivers include 7/Q

mismatches, sensitivity to even-order distortions, and flicker (1/f) noise of devices [3].

ze(t) ac(t) a(n)
—> HS > HLP > ADCl >

0 <— LO
/.
be(t) b(n)
HLP > ADCQ >

Figure 1.2: Homodyne receiver

The inherent challenges present in conventional receivers motivate a better architecture

with fewer analog components. An RF mixer in particular is a non-linear device that intro-



duces intermodulation and harmonic distortion, and can be a considerable source of noise
and power loss [4]. With the advent of high-speed ADCs and wide bandwidth sample-and-
hold (S/H) circuits [5], direct sampling methods have become popular in processing bandpass
signals. As shown in Fig. 1.3, z.(¢) can be digitized directly without downconversion which
significantly reduces receiver complexity. Here, the filter Hy can be a highly tunable RF
MEMS filter as presented in [6-9].

— | Hy ——+ls/H |—»lADC —»

Figure 1.3: Direct sampling receiver

A direct sampling receiver is highly attractive for software radio applications where it
is desirable to perform analog to digital conversion as close to the antenna as possible and
leave all the heavy processing (filtering, frequency shifting, etc.) to DSP software [10].
Unfortunately, when a single ADC is used in digitization not all sampling frequencies above
the Nyquist rate are permissible, where the Nyquist rate is the frequency equaling twice
the signal bandwidth [11,12], [13, Sec. 6.4]. Extra constraints on the sampling frequency
are needed to prevent aliasing between the negative and positive spectral images of the
bandpass signal. These constraints depend on the location of the frequency band occupied
by the bandpass signal. Moreover, only signals in certain frequency bands can be sampled
at the Nyquist rate. This creates a significant challenge for software radio receivers since
different sampling frequencies need to be selected for signals in different bands, even if they
have the same bandwidth. A simple way of overcoming spectral mixing of negative and
positive images is to employ Hilbert transform sampling, where two channels are used to
sample the signal and its Hilbert transform [14]. This equates to sampling a single analytic
signal which only has a positive frequency support with Fourier spectrum the same (up to

a scale) as the positive spectrum of the original bandpass signal. Although this approach



works for all sampling frequencies above the Nyquist rate, its main disadvantage is designing
a practical analog Hilbert transformer [15].

Kohlenberg [11] was the first to recognize as early as 1953 that the restrictions on the
sampling frequency in direct sampling receivers can be removed if instead of a single ADC,
two separate ADCs operating with a time skew are used to sample the bandpass signal. This
time-interleaved scheme shown in Fig. 1.4 does not require a Hilbert transformer. Each ADC
has a sampling rate half of the total sampling frequency. Except for certain values of the
timing offset between the sampling times of the ADCs, Kohlenberg showed that a signal in
any band can be sampled at the Nyquist rate and then reconstructed via two filters from

the two time-interleaved sample sequences.

ze(t) z1(n)
—» Hs = S/H1 ADClﬁ

Y

zo(n
ADCz—:( )

S/H,

y

Figure 1.4: Direct interleaved sampling receiver

1.2 Time-Interleaved ADCs

Kohlenberg’s second-order sampling is a simple two-channel case of a general M-channel
time-interleaved ADC (TIADC) shown in Fig. 1.5. In this architecture first proposed by
Black and Hodges [16], M slower converters are stacked in parallel to alternately sample
the analog signal x.(t) and effectively act as a single high-speed ADC. The sampling rate
of each sub-ADC is M times lower than that of the whole system and can be below the
Nyquist rate. Each channel has its own dedicated S/H circuit that must have a large enough
bandwidth for the entire signal. M sequential time-delayed clocks with equal period produce

a periodic sampling pattern which can be uniform or nonuniform depending on the chosen

4



timing offsets between the channels clocks. With a digital multiplexer (MUX), the outputs of
the sub-ADCs are combined into a single digital signal y(n) operating at the total sampling

frequency which must be above the Nyquist rate to avoid aliasing.

S/H, ADC,
S/H, ADC, 1\[
x.(t
&) U y(n)
S/H; ADC; X
e : ADC,,.,

Figure 1.5: M-channel time-interleaved ADC

For high speed and high resolution applications, a TIADC can be a more energy-efficient
sampling architecture compared to a single ADC [17, Sec. 1.2]. Unfortunately, mismatch
errors arise when several ADCs are interleaved [18]. For maximum performance, it is required
that the channels be perfectly matched and that each channel’s clock registers a new data
sample at the specified instant. Due to hardware imperfections and limitations, however,
this is not achievable in practice. There can be DC level offsets between the sub-ADCs
which appear in the output signal spectrum as spurious tones at integer multiples of sub-
ADC sampling rate. The sub-ADCs can have different gains resulting in gain mismatches.
The clocks’ sampling instants can be corrupted by skew mismatches and jitter effects which
introduce timing mismatches in the TIADC [19]. Clock skew mismatches are deterministic
and mostly due to device mismatches or power supply disturbances. Jitter error is random

changes on the clock edges mostly due to device noise. Finally, mismatches in bandwidths



of the S/H circuits create bandwidth mismatches between the channels [20]. Gain, timing,
and bandwidth mismatches all create unwanted input signal images at integer multiples of
sub-ADC sampling rate.

All mismatches are a source of noise and degrade the signal-to-noise-and-distortion ratio
(SNDR) in TTADCs. Preliminary spectrum and signal-to-noise ratio (SNR) analysis was
performed for timing mismatches in [21,22] and for offset and gain mismatches in [23].
Explicit formulas for the combined offset, gain, and timing mismatch effects are derived
in [24] for M = 2,4. Extensive SNDR derivations are provided in [25] for the general M-
channel case with arbitrary offset, gain, and timing mismatches. All these results except
for [23] are limited to sinusoidal narrow-band inputs. For wide-band wide-sense stationary
(WSS) and wise-sense cyclostationary (WSCS) signals, the SNR under timing mismatches
is derived in terms of second-order statistics in [26]. Finally, for a general deterministic
bandlimited input the SNR formula is given in [27] as a function of the signal bandwidth for
a two-channel TTADC with timing mismatches.

Correction of mismatches can be performed via TIADC calibration. Offset errors can be
corrected entirely in hardware [28], or alternatively via more clever calibration techniques
based on the least-mean square (LMS) algorithm [29,30] or random chopper sampling [31].
Correction of gain, timing, and bandwidth mismatches is generally more nuanced. These
mismatches can be calibrated in the analog domain [29] or digitally with robust signal pro-
cessing algorithms [32-35]. The field of TIADC calibration has seen tremendous growth in

the past two decades, and some major results are mentioned in Chapter 5 of this dissertation.

1.3 Dissertation Contributions and Organization

In this dissertation, we propose a novel and flexible direct sampling and reconstruction
scheme for the complex envelope of a bandpass signal using a blindly calibrated M-channel

TTADC. Sampling is performed at or slightly above the Nyquist rate for all signals indepen-



dent of the location of their frequency band. Reconstruction is all digital and requires the
implementation of M generally complex-valued digital FIR filters and a digital modulator.
Unlike previous publications on bandpass sampling using TIADCs, our universal method
reconstructs the sampled complex envelope of the bandpass signal instead of the analog
bandpass signal itself and so it combines sampling and demodulation into one joint algo-
rithm. A fully blind calibration technique that requires small oversampling is proposed to
correct gain and timing mismatches of the TIADC which can severely degrade reconstruction
performance. To the best knowledge of the author, this dissertation is the first to provide a
complete and rigorous treatment for blind calibration of a nonuniform M -channel bandpass
sampling TTADC.

The main contributions of this dissertation are Chapters 3, 4, and 5. The rest of the disser-
tation is organized as follows. In Chapter 2, we review pertinent background material that is
needed for later chapters. This includes the Fourier transform, baseband sampling, multirate
sampling, first-order and second-order bandpass sampling, and finally stochastic optimiza-
tion. Chapter 3 introduces the complex envelope sampling and reconstruction models for
the general M-channel case and provides reconstructions details for M = 2,3,4. Numerous
simulations with multi-tone and MSK signals are used validate the models and analyze the
method performance. Chapter 4 examines a special case of M = 2 known as quadrature
sampling which we demonstrate can function as a robust approximation technique. Chapter
5 starts with a brief literature overview of calibration techniques and then describes in detail
the novel blind gain and timing mismatch calibration algorithm for a M-channel TIADC.
Extensive simulations with three different types of signals are used to reinforce the theory
behind the calibration method. It is assumed that offset errors have already been corrected,
and we do not consider bandwidth mismatch correction [36-41] since bandwidth mismatches
usually play a secondary role to gain and timing mismatches. Chapter 6 draws conclusions
and points to directions for further research.

Our notation generally follows the signal processing notation used in [42] with slight



modifications when needed/desired. New notation is explained in the text when introduced.

Boldface letters are used for vectors and matrices.



Chapter 2

Background Material

2.1 Signal Basics

Definitions

Since this dissertation deals primarily with processing of signals, it is useful to start with

the definition of a signal. Defined rigorously, a 1-D signal x is mapping of the form
x:D —TF, (2.1)

where ' = R or C is the field of real or complex numbers, and D = R if the signal is
continuous in time or D = Z (the set of all integers) if the signal is discrete in time. For the

sake of simplicity, we adopt the standard signal processing notation for signals:

xc(t) :  a continuous-time signal for ¢t € R

xz(n):  a discrete-time signal for n € Z.

The signals z.(t) and x(n) can real or complex. Throughout the dissertation, we refer to

x.(t) as an analog signal and z(n) as a digital signal.



The Fourier Transform

Let the L'-norm of x.(t) be defined as

ol = [ " o)t (2.2)

o0

and L'(R) := {z. : ||z.|l1 < oo} be the space of all signals z.(¢) with finite L'-norm. Then

for any z. € L*(R), the continuous-time Fourier transform (CTFT) [43,44] is defined by

X.(jQ) = / (e, (2.3)

—00

where Q € R is the angular frequency and j = y/—1. The function X.(j2) is generally
complex-valued and describes the frequency content of z.(t). If X.(jQ) € L*(R), the inverse

transform

1.(t) = % /_Oo X, ()’ dQ) (2.4)

recovers the time-domain signal x.(t) from its frequency-domain representation. In compact

form, the relationship is written as

z(t) &5 X.(59),
where FT stands for the Fourier transform.
For a discrete-time signal z(n) in the Banach space ((Z) = {x : ||z||; < oo} equipped

with the norm

lzlh = la(n)l, (2:5)

neL

the discrete-time Fourier transform (DTFT) is defined as

X(e*) = Zx(n)e‘j“", (2.6)

ne”Z
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where w is a continuous variable representing angular frequency. Since X (e/%) = X (e/(@+2mk))
for all k € Z, it suffices to analyze X (¢?“) over a band of length 27. The convenient choice

is the interval [—7, 7). The complex-valued X (e/*) can be written in polar form
X (&) = | X(e/)|er X ) (2.7)

with | X (e’¥)| representing the magnitude and /X (¢?*) the phase. Given X (e/*) € L'[—m, 7],
we can construct the original signal z(n) through the inverse discrete-time Fourier Transform

(IDTFT)

x(n) = % /_7r X(e7) e dw . (2.8)

The relationship can be expressed compactly as

Table 2.1 shows selected DTFT properties that are used in this dissertation. The proofs for
these properties are quite straightforward and can be found in [42, Sec. 2.9]. The symbol x*
denotes the convolution operator, X* denotes complex conjugation of X, and R{-} stands

for the real part.

Signal DTFT
z(n), y(n) X(e7), Y (e*)
azx(n) +by(n), a,beR aX (&) + bY (e/)
z(n—d), deR X (e7%)e—iwd
z(n)el®on  wo € R mod 27 X (ed(@—wo))
z(n) x y(n) X(e™)Y (e2)
R{z(n)} 3 X (e7%) + X (e7)]

Table 2.1: DTFT Properties

11



It is important to note that z. € L'(R) and z € ¢!(Z) are sufficient but not neces-
sary for the existence of X.(jQ) and X (e/), respectively. For example, the signal z(n) =
sin(wen)/(mn) for 0 < w, < 7, belongs to the Hilbert space (*(Z) = {z : Y, ., |z(n)]* < oo}
and not ¢'(Z) but still has a Fourier transform which is a boxcar function centered at zero
(a lowpass filter with cutoff frequency w.). In this case, the equality in (2.6) is meant in
the sense of mean-square convergence [44]. Tt is possible to define the Fourier transform for
more generalized signals [45] that do not belong to either ¢! or % such as z(n) = o™ for
some wy € R mod 27. This signal has DTFT X (e/*) = 276(w — wy) for w € [—m, 7), where
d(w) is the Dirac function, which can be easily verified with the inverse transform (2.8) using
Dirac function properties. In this dissertation, we assume all signals have Fourier transforms

and do not concern ourselves with the exact nature of Fourier transform existence.

Linear Time-Invariant Systems

The output y(n) of a discrete single-input single-output (SISO) linear system to an input

x(n) can be written as

y(n) = Y hin, k)x(k), (2.9)

k=—oc0
where h(n, k) is the time-varying system impulse response denoting the response at time n
to an impulse applied at time k. With the additional assumption of time invariance, the

input-output relationship reduces to a convolution operation

y(n) = > hn—kax(k)= Y h(k)z(n—k) = z(n) = h(n), (2.10)

k=—o00 k=—o00

where the second equality can be shown with a simple change of variable. In frequency
domain, the output is

Y (e) = X (&) H (e?*) (2.11)

which follows directly from property four in Table 2.1.

12



2.2 The Sampling Theorem for Baseband Signals

In many applications, the discrete-time signal x(n) originates from an analog signal z.(t) via
a process called sampling. The sampling theorem has its roots in the works of Whittaker
[46], Nyquist [47], Kotel'nikov [48], Raabe [49], Shannon [50], and Someya [51] and is one
of the most important discoveries of the 20th century. Although it is often credited to
electrical engineers Harry Nyquist and Claude Shannon, a strong case is made by the German
mathematician and harmonic analysis specialist Paul Butzer that the Japanese scientist
Kinnosuke Ogura was the first to establish the result in [52] which remained mostly unknown
outside of Japan until 1992 [53]. Using complex analysis, Butzer et al. [54] have rigorously
proven that Ogura’s first theorem in [52] is equivalent to the classical reconstruction from
samples formula found in DSP textbooks.

In simplest terms, the sampling theorem states that a bandlimited baseband finite energy
analog signal is entirely and uniquely represented by its samples taken at a rate at least
twice the signal bandwidth. We now demonstrate this mathematically following closely the
analysis presented in [42, Chap. 4]. Given a sampling period Ty, the digital signal x(n) can

be related to the analog signal z.(t) in time domain as
z(n) = xz.(nTy), n € Z. (2.12)

Establishing the relationship in frequency domain is straightforward but requires some work.

Let

2o(t) = xo(t) - > 6(t —nT,) =Y xo(nTy)o(t — nT.) =Y x(n)s(t — nT,) (2.13)

neL nez nez

be a continuous periodic signal that is equal to z.(t) at nTs,Vn € Z and is zero elsewhere.
The digital signal x(n) can be considered a time normalized version of x,(t) with mapping:

nTy — n. From (2.13), we have

13



=Y w(n)e M = X ()| _op= X(7T), (2.14)

neZ
where e 7Ts is the CTFT of 6(t — nT,), and the second equality follows directly from
(2.6). Xs(j2) can also be expressed in terms X, (j€2) by recalling that multiplication in time
domain is equivalent to convolution in frequency domain with a scaling factor. Using the

fact

S Ta(t—nTy) <5 037 6(Q - k), (2.15)

nez kEZ

where Qg = 27/Ty is called the sampling frequency, we have

X,(jQ) = ;ﬂ_[X(jQ x> 6(Q — k)]
= —ZX (- kQ)). (2.16)

From (2.14) and (2.16), it becomes evident that

X (/) ZX ?)) (2.17)

S kez s

consists of an infinite number of amplitude and frequency scaled copies of X.(j€2) shifted by
2m. We are now ready to state and prove the sampling theorem, but first need a few simple

definitions.

Definition 1. L*(R) := {x, : fR |z.(t)]2dt < oo} is the space of finite energy analog signals.

Definition 2. BLg;»(R) := {z. € L*(R) : X.(j) =0 V [Q > £} is the space of finite

energy analog signals bandlimited to frequency B/2 (the signal bandwidth).

Theorem 1. Let z.(t) € BLpp(R) C L*(R). If T, < 2r/B, then z.(t) is completely

14



determined by its samples at t = nTs,n € Z and can be constructed ¥t via interpolation

sin(7-(t — nTy)
zo(t) =) x(n) (=T (2.18)

Proof. The key is to carefully analyze the spectrum of the signal z4(¢) in equation (2.16).
Since x.(t) € BLp2(R), its k-th frequency shifted copy X.(j(£2 — k€2)) has a nonzero
frequency support only on the interval Iy = [-B/2 + |k|Qy, B/2 + |k|Qg]. If Qs > B (or

equivalently Ty < 27/B), then
=0

ignoring boundary points, and the desired copy X,.(j€2) on Iy can be obtained with simple

windowing
where
T ‘Q‘SQCO:%:%
H(jQ) = s (2.20)
0 otherwise

is a lowpass filter with gain T, and cutoff frequency 2., = /T that satisfies B/2 < Q. <

Qs — B/2. The filter impulse response is

n(t) = 1,50 8kt) _ sin(71) (2.21)

7t —

Converting expression (2.19) to time domain, we have

zo(t) = x,(t) * h(t) = Y x(n)h(t — nT,) (2.22)
nez
which simplifies to (2.18) after substituting (2.21) for A(t). O

The interpolator h(t) has the properties: i) h(0) = 1, ii) h(nTs) = 0, for n = £1,42,.. .,

15



which ensure that the constructed signal in (2.18) equals to x(n) at sampling times nTj.
The minimum acceptable sampling frequency €2, = B equaling twice the signal bandwidth
is referred to as the Nyquist rate. If Qg < B, then () I # © and the spectral copies
X (j(Q — k) overlap causing aliasing. Recovering ]Zcecz(t) via interpolation may still be
possible but only for low frequencies. In general, aliasing has catastrophic consequences
since it can result in a reconstructed signal fundamentally different from the original.

At the maximum alias-free sampling period Ty = 27/B corresponding to the Nyquist

rate, an alternative interpretation of the sampling theorem involves recognizing that the

orthonormal set {1, (t) }nez, i-e.,

<¢A&%AO>=A%£M%@ﬁ=5W—m% (2.23)

where ¢, (t) = (1/v/T;)h(t—nT), forms an orthonormal basis (ONB) for the space BLp/»(R)
[55, Sec. 2.4]. The interpolation equation (2.18) then simply represents the series expansion

of x.(t) with coefficients

< b)) >= [ b))t =V Ton(m). (2.24)

R

The analysis leading up to Theorem 1 was performed with a single ADC sampling z.(t)
to produce the digital representation z(n). It can be extended to second-order sampling
where a two-channel TIADC takes samples at times ¢ = n7, and ¢t = (n + d)7 for some
0 < d < 1. Here, T! = (2m)/€, is the sampling period of each sub-ADC, and the overall
sampling frequency Q, = 2. is required to satisfy the sampling theorem (23 > B). As
derived in detail in [14], a lowpass filter is used in each channel to interpolate its samples,
and the resulting signals from the two channels are added to reconstruct the original analog
signal. The use of two slower ADCs instead of a single ADC with twice as high sampling
frequency can be advantageous for sampling wide-band signals with a large bandwidth.

Generalizations and various extensions of the sampling theorem are discussed in [56-59].
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2.3 Multirate Basics

In many signal processing applications it is desirable to change the sampling rate of a digital
signal z(n) = z.(nT}) to a new sampling frequency Q, = 27 /T, i.e., we wish to obtain a
new sequence

z(n) = x(nTy). (2.25)

In theory, this can be accomplished by reconstructing z.(t) from z(n) using (2.18) and
then sampling it with the new period fs. However, going back to the analog domain is
unnecessary since resampling can be accomplished entirely in the digital domain with the
use of two well-known multirate blocks (expander and decimator). An in-depth treatment
of multirate systems is provided in [60]. Here, we only cover the two basic blocks that play
a crucial role in the development of the sampling and reconstruction models presented in
Chapter 3.

If T, s < T, then the net effect is an increase in the sampling rate. We explore this case
first. Suppose we wish to increase the sampling frequency by an integer factor L > 1, i.e.,
it is desired to have T, = T,/L and hence #(n) = z(nT,/L). This can be accomplished by
cascading an L-fold expander shown in Fig. 2.1 with a lowpass filter with gain L and cutoff
frequency m/L. The expander inserts L — 1 zeros between each sample of z(n), and the low
pass filter acts as an interpolator assigning new values to these zeros. The output of the

expander in time domain can be expressed as

z(n/L) nis integer-multiple of L
ze(n) = 3w (k)(n — kL) = (n/L) & P (2.26)

kEZ 0 otherwise ,

z(n) e(n)

SCAR Sy ) il

Figure 2.1: L-fold expander
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and in compact form, we write

ze(n) = x(n)‘TL . (2.27)

In frequency domain, the spectrum is compressed by a factor of L changing the period from

27 to 2w/ L.

Proof. This follows directly from the definition of DTFT (2.6).

Xe(e®) = Y3 a(k)d(n — kL)e 7"

neZ keZ
= > a(k)e 7> " 5(n — kL)
kEZ neL
1
= X(eh). (2.28)
O
The digital low pass filter
h(n) = ) _ sin(p) (2.29)

™

™ T

needed after the expander to generate the desired signal ¥(n) = x.(nTs/L) changes the
spectrum periodicity back to 27 as required for the Fourier transform a digital signal.

If T\s = LT, > T, for integer L > 1, then the net effect is a decrease in the sampling rate
resulting in a new signal z(n) = x.(nLT}). The process of reducing the sampling rate of a
digital signal is referred to as downsampling. It can be accomplished via an L-fold decimator
shown in Fig. 2.2 with the time domain relationship z4(n) = x(nL) which indicates that the
decimator compresses z(n) by only retaining its samples that are integer-multiple of L. We

use the compact form

zq(n) = a:(n)‘u (2.30)

whenever convenient. In frequency domain, the spectrum of the decimated signal z4(n)

consists of L frequency stretched and shifted copies of X (e/*)/L.

18



z(n) a(n)

— L5

Figure 2.2: L-fold decimator/compressor

Proof. Let sp(n) = > .o, 0(n — kL) be a digital L-periodic impulse train, and consider the

signal

2(n) = x(n) - sp(n) =Y a(kL)d(n— kL) = x4(k)d(n — kL)

kEeZ keZ

with Fourier transform

Z(e) =Y wa(k)e 7 = Xy(e").

kEZ

Equivalently, X4(e’*) = Z(e’%). From (2.31), it follows that

Z(e) = %X(ejw) ® Sr(e?),

where ® denotes circular convolution and
S L(ej“’) =

is the DTFT of sp(n). Using (2.34) inside (2.33) leads to

1 L-1

2(e) = - > X (el ER).

k=0

Finally, applying the relationship derived in (2.32), we have

1

Xd(ejw) = Z

which is periodic with 2.

19
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Since downsampling involves throwing away samples, it can result in aliasing if too many
samples are discarded. A large downsampling factor L can cause X (¢/Z) and its 27-shifted
copies to occupy a band of width larger than 27 and hence overlap. A common remedy is
to lowpass filter the signal x(n) to frequency 7/L prior to decimation. This ensures spectral
copies are contained entirely in intervals of length 27 and do not alias with each other. The
downside of this prefiltering is that possibly important frequency information in the range
m/L <w < 7 is lost.

In all the above derivations L. was assumed to be an integer. It is, however, possible to
increase or decrease the sampling rate of a digital signal by a non-integer rational factor.
This generally requires putting x(n) through an all digital system consisting of an expander,
a lowpass filter, and a decimator [42, Sec. 4.6]. If it is desired to change the sampling
frequency from €2, to a new frequency (AZS = (L1/Ly)Ss, then the expander needs be assigned
the integer factor L; and the decimator the integer factor L,. The lowpass filter has gain
Ly and cutoff frequency w. = min(w/Ly,7/Ly). If Ly > Ly, there is an increase in the
sampling rate, and otherwise a decrease if Ly > L;. A practical problem arises when the
values of L; and Ly are large. It becomes difficult to implement a lowpass filter with a very
small bandwidth. Fortunately, a multistage implementation [61] can be employed where the

expander and decimator factors are decomposed as

S

Ly = [[Lu
z;l

Ly = HLW’ (2.37)
i=1

where L, ; and Lo ; are much smaller integers and S is the number of stages. The i-th stage is
comprised of an expander with factor L, ; , a lowpass filter with gain L, ; and cutoff frequency
We, = min(m/Ly;,m/Ly;), and a decimator with factor L,;. The S stages are cascaded and
effectively act a single system changing the sampling rate by the desired factor L /L.

Although not always common, it is useful to adopt a notation that distinguishes between
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digital signals with different sampling rates. If z(n) = z.(nT), then the notation

T
2 (n) = z.(n=

) (2.38)

with integer L > 2 can be used to denote a new signal with a sampling rate L times higher

than that of z(n). We make use of this notation throughout Chapters 3 and 5.

2.4 Bandpass Signal Representation

A real signal z.(t) is called a bandpass signal if its Fourier transform X.(j2) # 0 only for Q €
2, U, where 2, = [Qp,Qp] is called the positive frequency band and 2_ = [—Qy, —Qy]
the negative frequency band. For an amplitude modulated signal with bandwidth B and
carrier frequency Q. , Qp = Q. — B/2, Qg = Q.+ B/2, and Qy — Qp = B. An example of
the Fourier magnitude spectrum of a bandpass signal is shown in Fig. 2.3. Our goal in this

section is to derive various time domain representations for the bandpass signal z.(t).

s | Xc(GQ)]
B ~ B
:/7 ‘\:
| |
| |
> )
Qy O 0 Q,  Qp
—— ——
| X_ ()] X+ ()

Figure 2.3: Magnitude spectrum of a bandpass signal

We start with the simple fact that for a real z.(t), its Fourier transform satisfies

X.(—j0) = X: (%), (2.39)

which implies that knowledge of X.(j2) on (2, alone is sufficient. Recalling the inverse
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Fourier transform equation (2.4), we have

1

T(t) = > / X, (jQ)e7dQ

1

- 0 00
- / X ()7 + / Xc(jQ)ejmdQ}
2m L —0o0 0

— _'/ Xc(—jQ)e_jmdQ+/ Xc(jQ)ethdQ}
-J0 0

| / X7 (jQ)e 7 %d0 + / Xc(jQ)ejﬂfdQ]
-JO0 0

= %{%/OOOQXC(jQ)ethdQ}
= R{z2(0)}, (2.40)

where the third equality comes from a change of variables, the fourth equality is a conse-
quence of (2.39), and the fifth equality stems from the identity a + a* = 2R{a} for a € C.

The signal
1 & 4
r(t) = —/ 2X,(jQ)e’ M d (2.41)
0

2T

is called the analytic signal of x.(t) whose Fourier transform can be expressed as

2X.(j©2) ©=0

X259 = =2X.(jQ) - U(), (2.42)
0 Q<0
where
1 >0
Ui®) = (2.43)
0 2<0

is the unit step function. Applying the inverse Fourier transform to both sides of (2.42), we

obtain the time domain relationship

wi () = 20.lt) * [30(0) + 5] = wult) + i)+ % () + R, (2.44)
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where Z.(t) is the Hilbert transform [62] of z.(t). Since X%(j§2) # 0 only for Q € 2, it can

be frequency shifted to baseband to generate the signal bandlimited to frequency B/2,
co(t) = x%(t)e %! (2.45)

which is referred to as the complex envelope of x.(t). From (2.40) and (2.45) follows the

most common bandpass signal representation
zo(t) = R{c (t)e"}. (2.46)

Letting c.(t) = a.(t)+7b.(t), where a.(t) and b.(¢) are also bandlimited to B/2, the expression

(2.46) can be simplified to contain only real sinusoidal functions

ze(t) = ac(t)cos(Qt) — be(t) sin(€2.t)

= |ce(t)| cos(Qet + Ze(t)), (2.47)

where |c.(t)] = \/a2(t) + b2(t) and Zc.(t) = tan'[b.(t)/a.(t)]. The baseband signals a.(t)

and b.(t) are referred to as the in-phase and quadrature components of x.(t), respectively.

2.5 First-Order and Second-Order Bandpass Sampling

In many publications, a bandpass signal is sampled with a sampling rate on the order of
its carrier frequency. For the purpose of sampling it is treated as a baseband signal with
highest frequency g, and a sampling frequency 2, > 2Qy is chosen to satisfy Theorem 1.
Unfortunately, this approach becomes highly uneconomical for bandpass signals with large
carrier frequencies. For example, consider a signal with carrier frequency Q./(27) = 5.5 GHz
and bandwidth B/(27) = 1 GHz. Sampling this signal at or above 2 x (5.5+0.5) = 12 GHz

is far from optimal considering the signal bandwidth is twelve times lower than the minimum
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sampling rate.

It has been known for sometime that a bandpass signal can be sampled with a rate on the
order of its bandwidth B [11,12]. Just as in the case of baseband signals, a minimum sampling
frequency equaling twice the signal bandwidth (the Nyquist rate) can be used to sample a
bandpass signal z.(t) if it meets certain spectral location criteria. Unlike the baseband case,
however, not all sampling frequencies {23 > 2B are permissible. Extra precaution is needed
to avoid overlap/aliasing between X (j(2 — I€Q)) and X_(j(Q — mQy)) for all I,m € Z,
where X (7€) and X_(j2) denote the signal spectrum on {2, and {2_, respectively. Strict
conditions can be derived for aliasing avoidance and to guarantee signal reconstruction from

its samples. This leads to the first-order sampling theorem for bandpass signals.

Definition 3. BP3(R) := {z. € L*(R) : X.(JQ) =0V |Q| <Qr, |Q > Qyg = Q1+ B} is
the space of finite energy bandpass analog signals with bandwidth B = Qg — 1, and frequency

support [—Qp, —Qp] U [Qr, Qpl.

Theorem 2. Let z.(t) € BP(R) C L*(R). If Q, = 27 /T, satisfies conditions

: (2.48)

where |a| = max{p € Z | p < a} is the floor function, then the sampling process resulting in
the digital signal x(n) = x.(nTy) is alias free. Moreover, z.(t) is completely determined by

its samples at t = nTs,n € Z and can be reconstructed Yt via interpolation

zo(t) =Y x(n)g(t —nT), (2.49)

neZ

usIng
. §t
g(t) = QSmEj ) cos(@ut). (2.50)
Ts
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Proof. Let Fs be the set of all forbidden sampling frequencies, i.e., )5 that result in aliasing.

Then

VQ, e F, ,E| Qp S [QL,QH], Q, € {—QH,—QL] and a,b €7 s.t.

Q, + aQl, = O, + b, (2.51)

We can rewrite €2, + a2, = Q,, + b as Q, — Q,, = (b — a)Q; = k€, for some k£ € N. Since

Q, — Q, € [2Q,204], (2.51) can be stated more compactly as
VQ,eF,3keN st. 2Qp <kQy <20y (2.52)

which is both necessary and sufficient for aliasing as further elaborated in [63]. Normalizing

by kB and recalling 2 = Qy — B, the two-sided inequality in (2.52) can be rewritten as

1)< <2 (2.53)
k\ B ~— B~ kB’ '

Treating Q0 /B as the independent variable and ,/B as the dependent variable, (2.53)
indicates that for a fixed k£ the forbidden sampling rates lie inside a strip. The set Fj is
then a collection of all the strips. The allowed sampling rates are located in between the

(k — 1)-th and k-th forbidden regions and are therefore specified by two inequalities

Q. 2 [Qy
o2 (ZE
B~ k-—1\B
20y

B

sy ZtH 2.54
> 280 (2.54)

which can be solved for k to yield

Q
k< gH. (2.55)

Combining the inequalities in (2.54) and recalling that k is a positive integer gives the

complete characterization of allowed sampling frequencies specified in (2.48).
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The sampled spectrum is described by (2.16). When the sampling is alias free, the original
signal can be extracted with a bandpass filter centered at £€). with gain Ty and bandwidth

B in a straightforward manner

where
T, [Q+Q]<B/2
G = (2.57)
0 otherwise

has the inverse transform expressed in (2.50). The interpolation formula (2.49) is the time-

domain analog of (2.56). O

A graphical representation of conditions (2.48) shown in Fig. 2.4 greatly aids in visualizing
the forbidden and allowed regions. Given the signal bandwidth B and highest frequency €y,
a vertical line can be drawn at Qg /B. All the line segments that fall inside the white region
constitute the permissible sampling frequencies for the signal of interest. It follows that
signals with the same bandwidth but different carrier frequency may require distinct sampling
rates. This is highly undesirable for radio receivers that digitize signals in different bands.
The theoretical minimum €23 = 2B is allowed only when Q25 = mB for m € N. This special
case known as integer band positioning is highly impractical as any small deviation in the
carrier frequency and/or sampling rate will lead to choosing a forbidden sampling frequency.
The authors in [12] propose appending a guard band to the signal, but this unnecessarily
increases the bandwidth. Finally, for £ = 1 the sampling condition in (2.48) simplifies to
Q, > 2Qp which is the familiar sampling theorem for baseband signals. As mentioned earlier,
sampling at or above 2Qy is highly wasteful when the modulation frequency €2. is orders

higher than the signal bandwidth B.

The constraints (2.48) on the sampling frequency arise due to z.(¢) having frequency

content over two disjoint bands {2, and {2_. Since the analytic signal z%(¢) (2.41) has only
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Figure 2.4: Forbidden (gray) and allowed (white) sampling frequencies in first-order sampling
of bandpass signals

a one-sided frequency support over (2, with spectrum the same (up to a scale) as z.(t),
sampling this signal bypasses the spectral mixing issues associated with sampling z.(t).
According to (2.44), sampling x%(t) entails a two-channel sampling of x.(t) and its Hilbert

transform z.(t). If 70 = 27 /€Y, with Q) = €2;/2 > B, then the sampled signal
v'(n) = x¢(nT) = we(nTy) + jTe(nT;) = x(n) + jZ(n) (2.58)

has a rate of Q2 /2m complex samples per second, or §2;/27 real samples per second. Since

sampling is alias free, 2%(¢) can be recovered from its samples via interpolation

za(t) = Y a"(n)g"(t —nT))

= Y a(n)g"(t —nT) +5 Y &(n)g"(t —nTl), (2.59)

using a complex bandpass filter with gain 77 over (2, and zero elsewhere
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g (1) = G o (2.60)

Recalling the relationship (2.40), the signal of interest x.(t) can then be reconstructed from

its samples and its Hilbert transform samples as

= x(n)R{g"(t —nT)} = > F(n)I{g"(t — nT)}, (2.61)

nel nez

where 3{-} refers to taking the imaginary part. The challenge of this method lies in the
design of a practical analog Hilbert transformer.

A more attractive alternative proposed by Kohlenberg [11] that does not involve a Hilbert
transformer consists of using second-order time-interleaved sampling, where the signal z.(t)
is sampled at time instants t = n7, and ¢t = (n+d)7, for 0 < d < 1. Then for the minimum

rate 25 = 200, = 2B but except for some values of d such as d = 1/2, the interpolation

zo(t) =Y x(n)s(t —nT) + > a(n+d)s(—t + (n+d)T)), (2.62)

nez ne”L

where z(n+d) = z.((n+d)T.), reconstructs x.(t) from its two streams of samples no matter
the signal carrier frequency. Proof of this theorem and expression for s(t) can be found
in [11] and [13, Sec. 6.4].

Second-order (two-channel) time-interleaved sampling removes the sampling frequency
restriction imposed by first-order sampling. All signals independent of their band location
can be sampled at the minimum rate 2B. It turns out this result generalizes to M-th order

sampling as discussed in Chapter 3.

2.6 Stochastic Optimization

Consider the stochastic optimization problem that seeks to find 8y € R" s.t.
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0y = argmin J(0), (2.63)

OcR™

where the objective function

J(0) = E7|Q(Z,0)] = 8 Q(2,0)fz(z)dz (2.64)

is convex. Here, Z is a random vector in R? with probability density function (PDF) fz(z),
and E[-] denotes the expectation operator. Assuming J(8) is twice continuously differen-

tiable, it has a gradient

Vel(0)=| (2.65)

and n X n Hessian matrix

H(0) = V3J(0) (2.66)

027 (8)
06,00,

only if either one of the following conditions hold true [65]:

with (7, ) entry

for 1 <4,7 < n. The function J(0) is then strictly convex if and

i) J(ab; + (1 —a)8y) < aJ(01) + (1 —a)J(02) V61,0, € R"st. 0 # 0y, and any «
st. 0<a< 1.

ii) H(@) >0 VO R ie., the Hessian matrix is positive definite.
The second condition is often more useful in practice as it allows an easy way to distinguish
convex from concave functions after finding the stationary point Ve.J(6) = 0. Convex
functions have the important property that if @, is a local minimum over a convex subset of
R™, then it is a global minimum. Moreover, in the vicinity of 8y, J(0) admits the positive

definite quadratic approximation

J(0) =~ —(6 — 6,)"H(00)(0 — 6y). (2.67)

DO | —
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The Gradient Descent

A class of optimization algorithms that iteratively solve (2.63-2.64) rely on gradient infor-

mation to achieve minimization. The simplest of these is the steepest descent method
O(n+1) =0(n) — u(n)VeJ(6(n)), (2.68)

where @(n) for n =0, 1,2, ... is the estimate at iteration n, u(n) is the step size at iteration
n, and @(n + 1) is the estimate at the next iteration n 4+ 1. At each step, the direction of
search is taken in opposite direction to the gradient at the current estimate @(n). This is
justified with the simple fact that the direction of gradient indicates the maximal rate of
increase in J(@), and thus taking steps in the opposite direction ensures rapid decrease. The
step size p(n) at each iteration can be selected using a perfect line search or a weak search
technique such as Armijo’s method that is based on Wolfe’s conditions [66, Section 8.2].
Alternatively, a constant step size p(n) = u can be chosen to reduce algorithm complexity.

For a strongly convex J(8), the steepest descent converges to the optimal solution 6, at
a linear rate, but the speed of convergence depends on the condition number of the Hessian
matrix which is defined as the ratio of largest to smallest eigenvalue of H(6y) [67, Sec. 3.3].
This follows from the quadratic approximation (2.67). A large condition number causes an
exaggerated zigzag behavior in iterations and can severely degrade the convergence of the
algorithm.

To evaluate the gradient of J(@) in (2.68), some statistical information is needed to carry
out the expectation in (2.64). This information can be the PDF fz(z) or the first and second
order statistics of Z in the case of a quadratic Q(Z, ). Unfortunately, a statistical model of
Z is often not available in practical situations. Instead, we can use the observations Z(t) for

1 <t < T, where at each fixed time Z(t) is fz(z) distributed, to justify the approximation

=3 Q2(1),6) ~ F4[Q(2,6) (2.69)

t=1
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by the strong law of large numbers (SLLN) for large 7". This result holds asymptotically as
T — oo when the observations Z(t) are independent and identically distributed (iid) and
Q(Z(t),0) has a finite variance. If the observations are not iid, then the random process

Z(t) has to obey strong mixing conditions. From (2.69) it follows that the approximation

VoJ(0) ~ %Z%Q(Z(t),e) (2.70)

can be used in (2.68). This approach can be viewed as a batch minimization technique that

processes all observations Z(t), 1 <t < T at the same time.

The Stochastic Gradient Descent

Instead of processing all the observations at once, we can perform the minimization (2.63—
2.64) adaptively using a new observation as it becomes available. The stochastic gradient
descent (SGD) proposed in 1951 by Robbins and Monro [68] skips the expectation operation
when evaluating the gradient of J(@). It applies the gradient operator directly to Q(Z(n), 8),
where Z(n) is a stationary random process with unknown statistics, which results in the

iteration

O(n+1)=0(n) — un)VeQ(Z(n),0(n)). (2.71)

Assuming p(n) = p is a very small constant step size, the iteration (2.71) can be justified

by observing that the effect of L consecutive updates can be expressed as

n+L—1

O(n+L)=06(n)—pn >  VeQ(Z(k),0(k)). (2.72)

Since p is very small, 8(k) ~ 0(n) for n <k <n+ L — 1. Then by the SLLN we have

= 2 VoQ(Z(K),0(n)) = VoEzw[Q(Z(n), 8(n))] = VoI (B(n)). (2.73)
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Using this approximation in (2.72) results in

O(n+ L) ~ 0(n) — uLVeJ(8(n)) = 8(n) — iVeJ(8(n)), (2.74)

the right hand side of which has the exact form of steepest descent iteration (2.68) with
constant step size i = pL. Thus, for L sufficiently large that still ensures 8(k) doesn’t vary
much over the interval [n,n + L — 1], blocks of L consecutive stochastic gradient iterations
behave like single gradient iterations of J(@). The step size for stochastic gradient is much
smaller than the steepest descent step size.

Classical adaptive algorithms such as LMS and recursive least squares (RLS) can be an-
alyzed using the energy conservation relation proposed by Sayed [69]. This approach has
the advantage that it does not assume a small step size. Its scope, however, is limited since
not all adaptive algorithms obey an energy conservation relation. A more general method
for analyzing the convergence of adaptive algorithms using an ordinary differential equation
(ODE) was pioneered by Ljung [70,71] and studied in depth by Benveniste, Métivier, and
Priouret [72]. For SGD this technique forms an ODE by averaging the adaptive updating
mechanism of the SGD iteration and views the estimates @(n) in (2.71) as random fluctua-
tions around the ODE trajectory. When the ODE has a unique and stable equilibrium point
0., it should ideally coincide with the global minimum 6 of the convex function J(0) we
wish to minimize. If this is not the case, the adaptive algorithm is biased. In the rest of this
section, we outline the basics of the ODE method which is used in Chapter 5 to examine the
convergence behavior of the novel mismatch calibration algorithm.

The SGD algorithm (2.71) with constant step size p can be expressed as

O(n+1)=0(n)+ uT(Z(n),0(n)) (2.75)

with
T(Z(n),0) = —VeQ(Z(n), ). (2.76)



The ODE corresponding to (2.75) is specified by the mean vector field

de
o = 4(6) = By [T(Z(0). 0) (2.77)
with initial condition 8(0) = 6; denoting the initial estimate in the adaptive algorithm

(2.75). In evaluating £(0), the parameter 0 is held “frozen” so that the distribution of Z(n)

is stationary in (2.77). Using the definition of J(0) from (2.64), we obtain

de
- 2.
7 Vel (0), (2.78)

which means that for SGD algorithms the ODE is a gradient flow, i.e., its trajectories follow

steepest descent lines of J(@). Furthermore,

= VEI0)% = ~IIVaI (00 (2.79)

dJ(6(t))
dt

implies that along trajectories of the ODE, the objective function J(0(t)) serves as a Lya-
punov function and is monotone decreasing until a stationary point 6, satisfying VgJ(6y) = 0
is reached. For a convex J(@) there is only one stationary point corresponding to its global
minimum.

Convergence analysis of adaptive algorithms via the ODE method relies on two theorems
proved rigorously in [72]. The first theorem pertains to the transient phase of the algorithms.
Succinctly, it states that for a small constant step size p the n-th estimate 6(n) of the

2 of the point

adaptive algorithm (2.75) is within a standard deviation proportional to wt/
0.(un), where 6.(t) is the ODE trajectory. This can be visualized by thinking of the ODE
trajectory as the center of a tube with radius proportional to x'/? and adaptive algorithm

trajectories varying randomly within this tube. The second theorem deals with the steady-

state behavior of adaptive algorithms. It assumes the ODE has a unique stable equilibrium
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point @, and that for SGD the negative of the Hessian matrix of J(0) at this point

A(6,) = -H(0,) = -V3;J(6,) (2.80)

is asymptotically stable, i.e., all its eigenvalues are strictly in the left half plane. The theorem
then states that as p decreases to zero, the estimates 8(n) asymptotically become Gaussian
distributed with mean 6, and covariance matrix uP, where the matrix P > 0 satisfies
a Lyapunov equation. Thus, a smaller p guarantees more accurate asymptotic estimates

fluctuating tightly around the desired minimum.
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Chapter 3

Complex Envelope Sampling with
M-channel Time-Interleaved ADCs

Several papers have extended Kohlenberg’s second-order time-interleaved bandpass sampling
result to the case where M nonuniformly interleaved ADCs each operating at /M, where
Q) is the total sampling rate of the TIADC, sample the bandpass signal and then M filters
are used to reconstruct the signal. Kida and Kuroda [73] derived a general expression for
the M reconstruction filters but only for the minimum sampling rate €, = 2B. Coulson [74]
provided clear formulas for reconstruction filters in time domain with sampling frequency as
a parameter and showed that each filter consists of M bandpass filters when the minimum
sampling rate 0, = 2B is used. Although flexible and not limited to the minimum rate, his
method is developed entirely in the analog domain. For digital implementation, oversampling
at 0y > 2M B is required to obtain alias-free digital versions of reconstruction filters. Lin
and Vaidyanathan [75] generalized Coulson’s result to a broader class of bandpass signals
consisting of M disjoint spectral components and extended their method to signals in 2-D
and discrete-time. They demonstrated stability of reconstruction, but did not focus on filter
derivation.

In this chapter we propose a flexible and universal sampling scheme for a bandpass signal
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z.(t) € BPp(R) using a nonuniform M-channel TIADC with timing offsets d;77, where the
timing skews satisfy 0 < d;_1 < d; < 1fori=1,2,...,M — 1 and T, = 27/Q. denotes the
sub-ADC sampling period. The sampling frequency of the overall ADC is Q, = M. We
require {2 at the minimum to be at the Nyquist rate 28 when M is even and slightly above
2B for M odd. No assumption is made about the carrier frequency (2., signal bandwidth B,
and timing skews d;, except that the carrier frequency (2. is greater than B /2, which ensures
that the signal considered is a bandpass signal. Our contributions are the following:

1) In contrast to [73-75] that recover the original signal, we reconstruct the sampled
complex envelope of the bandpass signal from the M sequences produced by the TIADC. So
our method encompasses sampling, demodulation, and I and () components separation all in
one DSP device. This makes it attractive as a communications receiver front-end deployed
to digitize signals in any frequency band.

2) Unlike [73,74], both our sampling and reconstruction models are developed entirely
in digital domain, and thus no digitization of analog filters is needed. We show that the
evaluation of the sampled complex envelope requires the implementation of M complex-
valued digital FIR filters and a discrete-time modulator. Detailed step-by-step instructions
for computing these digital reconstruction filters are given. This can assist in implementation
of the proposed technique. An in-depth reconstruction analysis is provided for the cases
M =2 3,4.

3) Existing works on nonuniform time-interleaved bandpass sampling do not examine
reconstruction performance in the presence of TIADC mismatches. In the simulations pre-
sented in Section 3.4, we investigate the performance of our method both under ideal con-
ditions and when the TIADC suffers from gain and timing mismatches. Using multi-tone
and MSK signals, it is demonstrated that the effect of mismatches on complex envelope
reconstruction can be significant.

The results of this chapter have been published by the author in [76].
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3.1 Complex Envelope Sampling Model

In Fig. 3.1, we consider M-th order time-interleaved sampling of z.(t) € BPg(R) with
mathematical representation (2.46). Here, M > 2, T denotes the sub-ADC sampling period,
and Q' = 27 /T is the sub-ADC sampling frequency. The sampling frequency of the overall
ADC is Qg = M. It is independent of 2, and assumed to be greater than or equal to the
Nyquist rate 2B. The timing offset between ADCy and ADC; is D; = d,;T7, where timing
skews d; satisfy 0 < d; < 1 and d;_1 < d; for i = 1,2,...,M — 1. For d; = i/M, the
combination of M sub-ADCs forms a uniform ADC with sampling period 75 = T./M. As
discussed in Section 2.5, uniform sampling presents challenges in sampling rate selection.

For all other d; # i/M, the overall ADC has a nonuniform but periodic sampling pattern.

nTy
'
zo(n
ADC, 2"
(n —dy)T!
: z1(n)
ADCy| ——+
ze(t)
(n —d;)T
k xi(n)
ADC; ——
(7’1 — d"\[__])rlz.
APy DA

Figure 3.1: M-th order time-interleaved sampling of bandpass signal z.(t)

Let ¢ € N be defined as

Qe
= round(ﬁ), (3.1)

so that €. belongs to the frequency band [(¢ — 1/2)Q, (¢ + 1/2)€2,] which corresponds to
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the location of the /-th image copy of a sampled baseband signal and is therefore referred
to here as the (-th image band. It is assumed that ¢ > 1, so that x.(¢) is a bandpass signal.
The band [(¢ — 1/2)Q%, (¢ + 1/2)Q.] includes the 2¢-th and 2¢ + 1-th Nyquist zones of the
sub-ADCs, and ¢ can be expressed in terms of the Nyquist zone index p as ¢ = [p/2].
The carrier frequency (2. maps in the digital domain to the discrete modulation frequency
|wy| < 7 given by

0
wy = QT mod 27 = <§ . e) o . (3.2)

The ¢-th image band is demonstrated in Fig. 3.2. We have w, = 0 only when Q. = (.

Although elegant and simple, picking a sampling rate integer fraction of the carrier frequency

may not be feasible in hardware.

/-th image
band

)
TT:

| |
(0 —1/2)Q. L Q. ((+1/2)9)

Q

Figure 3.2: ¢-th image band

Sampling: Let £(M) > 0 be the oversampling parameter function defined as

£ 0 if M iseven (3.3)
-2 if M is odd

M-1

for M > 2. Then to ensure the overall TTADC sampling frequency is at or above the Nyquist

rate, we pick

2B if M is even
Qs> 2+&EM))B = (3.4)
M2B if M is odd.
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Since Q) = Q,/M, we have

Q/>w_ %:% if M is even (3.5)
M ]é_f_?l:% if M is odd ,

where L = | M/2|. If m is an even positive integer, then both M = m and M = m + 1
result in L = m/2. So, the sub-ADC sampling frequency is bounded below by the same
value when m or m+ 1 number of channels are used. For M even, the overall ADC sampling
frequency €2 is bounded below by the Nyquist rate 2B. For M odd, the lower bound is
slightly higher but approaches the Nyquist rate as M grows large since M/(M — 1) — 1 as
M — oo. The justification for slight oversampling in the case of odd M is discussed at the
end of the section.

Given (3.4) and recalling the Nyquist rate for ¢.(¢) is B (2 x BW{c.(t)} =2x B/2 = B),
the envelope c.(t) may experience undersampling by a factor of L when the sub-ADCs sample
xc(t). This introduces a second form of aliasing in addition to aliasing between the negative
and positive spectral images. Let c¢®(n) = c.(nT./L) be the complex envelope sampled at
or above its Nyquist rate and C(e’*) its DTFT which contains all information about the
envelope. The sampled sequences z;(n), 0 < i < M — 1 from Fig. 3.1 can then be computed
as follows.

zo(n) = 2.(nT") = R{c (nT)e/ ¥y,

where ¢ .(nT)) = cC(Ln%) = (Ln). By observing

echTS/TL _ ej(wb+27r€)n _ 6jwbn7

the digital signal z(n) can be expressed as

zo(n) = R{c" (Ln)e/*"}. (3.6)
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Similarly, if

JQ T (n—d;) (wp+2m)(n—d;) __ _jwp(n—d;) —j2nld;
eltets =e e ,

g ej
then for 1 < ¢ < M — 1 the sampled sequence x;(n) can be expressed as

/

zi(n) = z((n—d;)Ty) = x(L(n— di)%)
= R{M(L(n — ) * T}
= R{M(L(n — d;))e/wen=di) g=s2mtdi}

= R{M(Ln— Ldi)ej%(Ln—Ldi)e—jQﬂﬁdi}‘
In the last expression, ¢*/(n — Ld;) is a shorthand notation for
ol (n — Ldi) — fl(n) % C[L](n)’

where
sin(m(n — Ld;))
fitn) = w(n — Ld;)

is the impulse response of the periodic fractional delay filter specified by

Fvi(ejw) — e—ijd,-

for —m < w < . More generally, the 27 periodic filter Fj(e/*) can be expressed as

E(ejw) _ 6—j(w—q(w))Ldi

for all w, where for [ € Z

qw) =121 for 2l —1)r <w< 20+ 1)7

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

represents the quantized value of w produced by an infinite quantizer with step size 2.
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From (3.7), z;(n) for 1 <i < M — 1 can be written as x;(n) = R{s;(n)} with
si(n) = cM(Ln — Ld;)e’ T (Fn—Ldi) g=52mld;. (3.13)
The Fourier transform of sequence s;(n) denoted by S;(e’*) can be computed in steps:

M(n) LT O(e)
(n — Ld;) <5 C(e) Fi(e)
(n — Ld)ed tn PN C(ej(w—%))pi(ej(w—%))
c(n — Ld;)ed T =Ld) FTy 0(dw="1)) i (el 1)) e Twrds

c(n — Ld;)el T L) g=a2ntdi FT 0o ="1)) F (30— T)) g i (@t 2m0)d;

and finally downsampling by L (n — nL) results in s;(n) from (3.13) with Fourier transform

L—1
Si(e) = % Fi(ej(%f%f%"k))C(ej(%f%f%"k))efj(wwzﬂz)di
k=0
=
= Y R IGO0 T ) (3.14)
k=0
where
@
G -]L é E(GJ(L L)) —j(wb+27r€)di
Z(e ) F(ej%) €
— e—j[q(%)—lI(%—%)]Ldie—ﬂﬂdi_ (3.15)

For w, > 0, we obtain

2r —nlL <w < —7wL 4+ wy

N 3.16
q(L) q(L L) 0 —mL+w <w<7L, o
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y e I2mtth)di o[ < < —7wL 4+ wp
Gi(e7t) = | (3.17)
e J2mld; —nmL 4w, <w< 7L,

and therefore, G;(e/(Z=F%) from (3.14) can be expressed as

Gi(E-TR) = Gy(eh)

w— w—2mk

eI+ Dd ([ — 2k) < w < —m(L — 2k) + wy

= . (3.18)
e—jQw@di _7-[—(L — 2]{;) +wp, <w< 7T(L + 2k)
for 0 <k <L —1. For w, < 0, we have
" Y W 0 —nL <w<7wL+ w
(5)-1(-9) - 519
-2 L +w, <w<7L,
. e it g <w< L4 w
Gi(le) — (320)
e=2r(t=L)di o 4 o < w < 7L ,
and consequently
—j2mid; —7m(L —2k) <w < 7w(L+ 2k
Gt e ( ) <w < 7(L+2k)+w (3.21)

e~ (=D)di ([ 4 2k) 4wy < w < 7(L + 2Kk)

for 0 < k < L — 1. The filter Gi(ej(%_%ﬁk)) is 2L periodic. It is a frequency scaled and

shifted version of G;(e?*) which is 27 periodic as any DTFT and can be expressed as

. e~ g <y < o4 2
Gile™) = (3.22)

€7j27r5di -7+ % S w < T
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for w, > 0, and

, e=Imtdi <<+ “
Gi(e) = (3.23)
e=d2m(t=Lydi o4 L lw<m

for w, < 0. Its impulse response is given by

(—1)"sgn(wp) JE
i(n) = ———F——=(1"~1
9:(n) j2mn (e )
% (eijﬂ'sgn(wb)Ldi . 1)€7j27r€di (324>
for n # 0, where
1 w>0
sgn(w) = (3.25)
-1 w<0
denotes the sign function, and
e—j27r£di ‘Wb| ‘Wb’ )
; - (o= 1ol —j2msgn(wy)Ld; 3.96
9iln) = 5 —m = T e ) (3:26)

for n = 0.

The sampling model can be represented in block diagram form shown in Fig. 3.3. In this
model, Fj(e/*) is fully determined by the TIADC parameters L and d;, whereas the filter
G;(e’*) depends on the image band index ¢ of €, and its relative location w, within this band
in addition to L and d;. Thus, from a software defined radio perspective, G;(e’*) changes if
the frequency band of the signal of interest varies, but Fj(e’*) stays the same. Compressors
in the model indicate the outputs {xo(n),...,zy_1(n)} have a sampling rate L times lower
than the input ¢/(n). The oversampling parameter (3.3) ensures L is an integer given by
L = [ M/2] instead of L = M /2 which is noninteger for M odd. This helps avoid lowpass
filtering associated with a noninteger sampling rate change discussed in Section 2.3 which

would increase the complexity of the model in Fig. 3.3.
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PN _ z1(n)
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rrm vi(n)
— Gi(e%) F;(e?%) | L R{-} -

[ Ty-1(n)

G, ,((“"")—JF._, ,(('J»““')I L } ‘R{}

Figure 3.3: Discrete-time bandpass sampling model.
3.2 Complex Envelope Reconstruction

We consider the problem of recovering ¢"(n) from x;(n), 0 < i < M — 1. Since ¢"(n) is
complex, C(e?*) is devoid of symmetries, so knowledge of C'(e/*) over the entire frequency

band [—m, 7] is needed to recover ¢(n). Recalling the fifth DTFT property from Table 2.1

and given
1= wy_3
So(e%) = T C(ej(%*fb*f”k)), (3.27)
k=0
we have
. 1 L w_ Wy 27 Sw b 2m
Xo(e) = 57 CA T~ =T 4 C* (eI ETTHTM), (3.28)
k=0
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where we have used the fact that ¢(—%) = —q(%). If

~IE

Fi(ed £ R = emilz—Fh-alg —Fh)]Ld

bl

then let
fir(et)y = = ‘ _ o ti2mhd; p=ila($)~a(§ ~F k)| Ldi (3.29)

which using

2 —nlL <w < —7wL + 27k

0 —7mL+2rk<w<nL

can be computed to be

—jZﬂ'Ldi _ .
fir(elD) = et x ¢ TL <w < —ml+2nk
1 _7TL+27TI€§W<7TL

e=i2r(l=kdi  _ o1 << —xL + 27k (3.30)
eti2rkd; —nL + 271k <w<7wL.

Note that f;o(e’Z) = 1. Using the relation Fj(e/(Z=ZH) = f; (T F,(e’T) from (3.29), the

expression (3.14) can be rewritten as

firl @)l T ER)O (I E T EY) (3:31)

. Fi(e%) L—-1 o o
Xi(e™) 2L {Zfi,k(e“)G (TN C (T TR
=0
L-1
+Zf;fk(eji)G;(ej<z+5k>)0*<€j<;+;+;k>)} (3.32)
k=0
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for 1 <i¢< M — 1, where

w e I2mhd; —nL <w< 7L -—27k
fiwle7T) = (3.33)
etizn(L=k)di 21, _ onk < w < 7l .

Reconstruction: We first expand all the sequences z;(n) by a factor of L to compensate

for the effect of undersampling.

i) = XoleH)| = Xo(e"")
1 L—-1
= 5p 2 OV TR 4 Cr et ) (3.34)
and
X((E) = Xi()| = X
1L
Fi(e*) — jw J(w—22k) jw—2—2"k)
= S Bl )G E Ol )
k=0
L—-1
. . 27 . w 27
X e )G e RO ) | 3:3)
k=0

for 1 <i< M — 1, where

e~k _p << —m+ Z

fir(e™) = | (3.36)
e ti2mkd; —m + %ﬂk‘ <w<T
and
. ek g <w < —
fin(e™) = (3.37)

etizn(L—k)di o _ %’rk <w<T.
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In time domain, L — 1 zeros are inserted between the consecutive samples of x;(n),

ri(F) n=0,£L,£2L,...
xi(n) =x;(n)| = (3.38)
L 0 otherwise .
Expressions (3.34-3.35) indicate that X¢(e?*), 0 <i < M — 1 is a linear combination of
a total of 2L envelope variants, the superposition of which makes it impossible to recover

the desired C(e’*) from a single channel alone. However, combining the information from

all X¢(e/*), we can write the problem in matrix-vector form as

XG(e?*)
Fri(e?) X5 (e)
: C(e?v)
= M(e’¥) , (3.39)
F7H(e) X () C*(e™7¥)
i Fj\jllfl(ejw>X]6\/l—l(ejw> ]
where ) )
C(ej(w_bzb))
C(e™) = | C(ed@—T-Th) (3.40)

(el E =3 (L-1))

is an L x 1 vector and complex conjugation is performed element-wise. The M x 2L matrix
M(e’¥) is given by

M(e) = oo [P(e) Pr(e5) (3.41)

with the matrix
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Gl(ej"") ... ka(ejw)Gl(ej(w—%rk)) ... fl,L—l(ejw)Gl(6j(w_2fﬂ(L_1)))
P(e/v) = 2 2
Gi(e?) .- fijk(ejw>Gi(ej(w*fﬂk)) - fi,L—l(ij)Gi(ej(‘”*Tﬂ(Lfl)))
_G}W—l(@jw) e fM_l’k(ejw)GM_l(ej(wfzfﬁk)) e fM—l,Lfl(ejw)GM_l(ej(w*%w(Lfl)))—
(3.42)

being of size M x L. In (3.41), * refers to complex conjugation of each entry of P(e/*)
without applying the transpose operator to the matrix. The first row of M(e?*) consists of
all ones and is the information row associated with X§(e’*) from (3.34).

The matrix M(e/*) is a function of timing skews d;. From (3.39), envelope reconstruc-
tion entails inverting M (e’“) so a set that characterizes the forbidden timing skews can be
expressed as

F=A{(d,....di,....dx—1) | M™ (') does not exist }, (3.43)
where M'™(e7%) is a generalized inverse of M(e7*) of size 2L x M that satisfies M™ (e/*)M () =

I; (the identity matrix of size 2L x 2L) and is given by

o M1 (e/%) if M is even
Mlnv<€]w) — (344)
M (e’) if M is odd

with

M (7) = (M ()M () M (), (3.45)

where # denotes the Hermitian transpose. The left inverse M, (e7*) exists if M(e*) has

full column rank, i.e., rank(M(e’*)) = 2L. The component of interest on the RHS of (3.39)
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is C'(e?@=7)) which can be expressed as

: 1 [ o)
1
. o | FE) 0 |
Ce’*™ 1)) = {1 0 ... 0] M™ (e7) _ Xg(e™)
—_— s
1x 2L
0 Fi () |
- Tl X (@) ]
(3.46)
If we define a row vector of reconstruction filters as
H(e’”) = [Ho(¢’), ..., Hi(e™), ..., Hy—1 (/)]
= ® () diag{l, FrM(e®), ..., F7 (e, ... ,Fﬂ}al(ejw)} (3.47)
with
<I>(ej‘“) = [fIJO(ejw), . ,q)i(ejw), e @M,l(ejw)]
= [1 0 ... 0] M™ (), (3.48)
1x2L
then (3.46) can be compactly written as
o M-1
C(eI@=T)) = N7 Hy(e) X (). (3.49)
i=0

In time domain, the filter H;(e’*) for 1 < 4 < M — 1 is simply a noninteger advance of

®;(e?*). We have

ho(n) = do(n) <5 Ho(e') = Bo(e™)

hi(n) = ¢i(n + Ld;) <5 Hy(e7) = @,(e*)F; 1 (&), (3.50)
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where
sin(m(n + Ld;))
m(n + Ld;)

¢i(n + Ld;) = ¢i(n) * (3.51)

Note from (3.48) that only the first row of M™(e/*) is needed for computing the filters
H;(e’*), 0 < i < M—1. Since the entries of the matrix P(e/*) in (3.42) are piecewise constant
over [—m, 7], the matrix M(e/¥), its inverse M™ (e/*), and filters H;(e’*) are all piecewise
constant as well. Table 3.1 below provides comprehensive instructions for computing the

impulse responses of reconstruction filters.

Steps for computing h;(n), 0 <i< M —1
1. | Compute L = |M/2], ¢ (3.1), and wy, (3.2).
. | Choose a vector of TIADC timing skews (dy,...,d;, ..., dy_1).
3. | Compute the piecewise constant filters f; 1 (e/*) (3.36) and
Gi(e?w=@r/Dk)) (322-3.23) for 1 <i<M —1,1<k<L-1.
4. | Compute the piecewise constant matrix M(e/*) (3.41-3.42)
for w € [—m, 7).
5. | Check rank(M(e?*)) = 2L in all frequency segments within the
interval [—m, 7]. If not, go back to step 2 and pick another timing
skew vector.
6. | Compute the piecewise constant matrix M™ (e/*) (3.44-3.45)
for w € [—m, 7).
7. For 0 <1< M —1, let ®;(e?) = M"}(e/*) and compute
its impulse response ¢;(n).
8. | Let ho(n) = ¢o(n) and h;(n) = ¢;(n + Ld;), 1 <i < M —1,
where ¢;(n + Ld;) is obtained through a noninteger advance
filter as specified in (3.51).

Table 3.1: Detailed step-by-step instructions for computing the impulse responses of recon-
struction filters Ho(e?*), ..., Hy—1(e).

Since C(e/@~7)) (3.49) is the DTFT of the modulated signal r#(n) = ¢ (n)ei@/Lin,
c"(n) can be recovered by demodulating r*/(n). Given c"(n) = a”(n) + jb*(n) which
follows from the definition of the complex envelope in Section 2.4, the sampled in-phase
signal a”(n) and quadrature signal b"*/(n) can be easily decoupled from the knowledge of
c"(n) by extracting its real and imaginary parts, respectively.

The block diagram in Fig. 3.4 shows complete reconstruction of ¢*/(n) requires M L-fold
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expanders, M filters, and one modulator. To approximate the filters by causal FIR filters of
order N = 2K, a K-samples delay needs to be included in the implementation as demon-
strated in Fig. 3.5. The new filters H;(e/*) with i = 0,..., M — 1 are FIR approximations of
the filters e 7 H,(e*) obtained by applying a Kaiser window of length 2K +1 to their ideal
impulse responses. In this case, the output ¢ (n — K) of the causal reconstruction block
diagram is only an estimate of the complex envelope at time n — K. While the sequences
x;(n) are real, the impulse responses h;(n) are in general complex. Therefore, the complexity
of the reconstruction technique depicted in Fig. 3.5 when FIR filters of order N are used
is 2M(N + 1) real multiplications and one complex multiplication per complex envelope

sample (the complex multiplication is needed to implement the discrete-time demodulation

xo(n) - r”(u) - ('“"(}n)

— 1L Hy(e?*) 5 X

i I
(_‘—\jw—l'"in
ri(n) .
o 1 L | Hi(e?)
Zp-1(n) ]
—TL Hy 1 (e7%)——
Figure 3.4: A mathematical model for recovery of ¢(n) from zo(n),...,xp—1(n).

The use of FIR filters to reconstruct the sampled complex envelope ¢”(n) of a bandpass
signal by processing M nonuniformly interleaved sample sequences x;(n), 0 <7 < M —1 can
be justified by observing that it was shown in Section IV of [78] that the uniform samples of
a bandlimited signal can be reconstructed to an arbitrary degree of accuracy by finite length
interpolation of nonuniform samples as long as the average sampling rate of this nonuniform

sampling scheme is above the Nyquist rate. However, two noteworthy differences with [78] is
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xq(n) § , iH(n - K)  éH(n - K)
’ t+L Ho(e7) ——D %)

(j,j%‘z (n—K)

T L H;(e1%)

Ta1(n)

T L H}u 1 (('Yjw )

Figure 3.5: A causal implementation of the reconstruction block diagram in Fig. 3.4

that we consider here the reconstruction of the sampled envelope instead of the signal itself,
and because each sequence z;(n) is uniformly sampled, FIR filters can be employed instead
of more general interpolation filters.

Although our proposed TTADC complex envelope sampling and reconstruction technique
described in the last two sections presents some apparent similarities with the multicoset
sampling method described in [79-81], the two methods are actually different. The mul-
ticoset sampling technique considers a fast sampling scheme, which in our notation would
correspond to using a sampling period Ty, and given the uniform samples z(n) = z.(nTy),
it retains only a finite number p < M of substreams x;(m) = xz(mM + ¢;) with ¢; integer
satisfying 0 < ¢; < g < ... < ¢ < M — 1. Roughly speaking coset sampling retains
only p out of M uniform samples for each sample block of length M, and the “cosets”
correspond to the subgrid {n = mM + ¢;,m € Z} of Z. Like all TIADC sampling tech-
niques, our method produces also M interlaced sequences x;(m) = z.((m + d;) MTy) where
dy = 0 < dy < ... < dpy_1 < 1 represent the irregular timing skews, but d;M = ¢; is
usually not integer. Accordingly, the reconstruction technique described in [80, 81] which
relies on the construction of left inverses of Vandermonde matrices is not applicable. Thus

our bandpass sampling technique relies on a more general TTADC structure than considered
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in multicoset sampling. Note also that we employ all M sub-ADC sequences instead of p
out of M substreams. The problem we consider is both simpler and more complicated than
the multiband sampling problem addressed by multicoset sampling techniques. It is simpler,
since we consider bandpass signals with frequency content over [Qp,Qy] and [—Qgy, —Qy],
whereas for multiband sampling, the frequency content usually consists of several disjoint
bands in an interval of length B. Multicoset sampling is able to achieve sampling rates
approaching the Landau rate [82] which is below the Nyquist rate 2B since the effective
bandwidth of the signal is less than B. This can be extremely efficient when the signal has
a sparse spectrum. Our problem is also more difficult, since the proposed receiver is not
concerned with sampling and reconstructing the received analog signal, but rather its com-
plex envelope, so it encompasses in a single DSP device an entire communications receiver
front-end, which typically would involve demodulation, I and () components separation, and
sampling. A few general analogies do exist between our proposed TIADC sampling method
and multicoset sampling. For example, the invertibility condition for matrix M(e’*) in equa-
tion (3.41) (which is used to characterize the forbidden timing skews) is very roughly similar

to the full row rank condition of Vandermonde matrix W (C, K) in [80].

3.3 Reconstruction for M = 2,3.4

In this section, we derive and analyze reconstruction details for the two-channel, three-
channel, and four-channel TIADC. When M = 2,3 with L = 1, the sub-ADC sampling
frequency €2, defined in (3.5) is greater than or equal to B (the Nyquist rate of c.()).
This ensures the only form of aliasing present is from overlap between the negative and
positive spectral images. For L > 2, Q! can be less than B which introduces additional
aliasing from frequency overlap occurring between neighboring positive copies independent
of negative spectral images and frequency overlap occurring between neighboring negative

copies independent of positive spectral images. This is observed in the case of four channels
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where robust filters are needed to remove the effects of two sources of aliasing.

Two-Channel TTADC

Since M = 2 and L = 1, compressors are void in the sampling model in Fig. 3.3, and ex-
panders drop from the reconstruction model in Fig. 3.4. We drop the subscript on d, F'(¢),
and G(e?) since the timing skew and filters exist only for one channel. The reconstruction

matrix has simple form

. 1 1 1
M (') = = (3.52)
G(e™) G*(e™v)

and is invertible as long as its determinant
) ) 1 . )
D(&*) = det(M(e)) = Z(G*(e’j“’) - G(eY) (3.53)

is nonzero. We find

' L sin(2m(d) 0 < |wl <7 — |w
D(e*) = (3.54)
Leimsen(@)d gin (1(20 + sgn(wp))d) T — Jwp| < |w| < 7.

Accordingly, the determinant D(e’*) will be nonzero as long as the timing skew d is such
that both sin(27fd) and sin(mw(2¢ 4 sgn(wy))d) are nonzero. If integers m, ¢ are superscripts
on d, the set of forbidden timing skews defined in (3.43) for the two-channel TIADC can be

expressed as

=" 1<m<20-1
F= . (3.55)

' = gt | 1< g < 20+ sgn(wy) — 1

Note that for m = ¢, we have d™ = 1/2, so as expected, the half sampling period is a
forbidden timing skew, since in this case the TIADC reduces to a uniform ADC with sampling
period Ty, = T./2. Also, observe that the assumption that ). is not in the baseband, which

corresponds to £ > 1, is needed to ensure the recovery of C(e/“~“)) since when ¢ = 0,
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D(e?*) = 0 over the band — (7 — |wp|) < w < T — |wy|.

When M (%) is invertible for all w, we find

{ Ho(e™) Hy () }

1 j —1( jw
= D) [G(e I (3.56)

Substituting the expressions for D(e’*) and G(e’*) inside (3.56) gives

) €j27r£d
Hy(e’) = ————— =1 — jcot(2nld .
o(e”™) Jjsin(27ld) J cot(2mtd) (3.57)
for |w| < 7 — |wp| and
a iw ej7r(2€+sgn(wb))d
ol€™) = jsin(m (20 + sgn(wy))d)
= 1— jcot(m(2¢ + sgn(wp))d) (3.58)

for m — |wy| < |w| < 7. Observe R{Hy(e’*)} =1 for all w and the filter S{Hy(e’“)} is a real
and even function of w and thus its impulse response is also real and even. So even though

the filter Hy(e’*) is complex, its implementation requires a single real filter. Similarly, for

Hy(e??) = &, () F (), (3.59)
we find
oy
®, (&) = Sn(2nid) (3.60)

for |w| <7 — |wp| and
je—jﬂ'sgn(w)d

Cbl(ejw) _

~ sin(7m(2¢ + sgn(wy ) )d) (3:61)

for 7 — |wp| < |w| < 7. The impulse responses of the two filters Hy(e’*) and H;(e’*) can be
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evaluated in closed form by taking the inverse Fourier transform. They are given by

R{ho(n)} = d(n), (3.62)

S{ho(n)} = —cot(m(2¢ + sgn(wy))d)d(n)

+(cot(m(2€ + sgn(ws))d) — cot(2mld)) x sin((m = wnl)n) 4 63

™

and

R{p1(n)} =0, (3.64)

sin((m — |wp|)n)

e} mn sin(27ld)
_sin((m — |ws[)n — 7d)
mnsin(m (20 + sgn(wp)d) ’ (3:65)
hi(n) = ¢1(n+d). (3.66)

Three-Channel TIADC

We have M = 3 and L = 1, so again compressors and expanders become void. The non-

square reconstruction matrix M(e’*) is given by

1 1
M) = 5 | Gie®) Gi(e ) (3.67)
Cale) Gl )

which has a left inverse if rank(M(e’*)) = 2. Equivalently, the intersection of the sets with

values that cause the subdeterminants of the matrix to be zero should be null. We explore
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this further. Let

My (6 — [ -
1 G Gt |
we-t| 1
T2 ) e

My _ | G Gl
i Gy(e7?)  Gi(e™¥) |

(3.68)

(3.69)

(3.70)

be the submatrices of M(e’*). The determinants of these 2 x 2 matrices and when they are

equal to zero can be computed in a similar way as for the two-channel TIADC. If integers

my, Mo, M3, q1, G2, 3 are superscripts, then

D) = det(Ma(e) = (Gi(e ) Gi(e))
L sin(2mld,) 0<|w| <7 —|w

Leimsen@di gin(1(20 + sgn(wp))dr) 7 — |wy| < Jw| < 7,

]:lz{d’{”:“;—g Dl(ej“’):(),lgmlg%—l}
A" = gy | 1S @0 <20+ sgn(wy) — 1

Do) = det(Ma(e)) = (G3(e) ~ Gale))
L sin(2mldy) 0<|w| <7 —|w

Leimsen(@)dz gin (1(20 + sgn(wp))do) 7 — |wy| < Jw| < 7,

Fzz{dg”:% DQ(ejW):0,1gm2g2£—1}
4} = sy | 1< a2 <20+ sgn(wp) — 1
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Ds(e’) = det(Ms(e’)) = L(Gi()G3 () — Gale™) G (e )

T4
Lsin(2ml(dy — dy)) 0<|w| <7 — |w
_ (3.75)
Leamsen(@)(ditda) gin (7(20 4 sgn(wy))(do — di)) 7 — |wp| < |w| < 7,
dy — dy)™s = ™2 Dy(e) =0, 1 < mg < 20— 1
F - { (da 1) 20 3(¢) 3 } (3.76)
(o —d1)® = glies | 1< g3 <20+ sgn(w,) — 1

Using these expressions, the set of forbidden timing skews for the three-channel TTADC is

given by

F = ANFENF

{(d’;ll,d?)ﬁ(ml,mz) 1<my <my<20—1

1 } (3.77)
(d7, d3) = grremmon (0 @) | 1 < @1 < @2 < 20+ sgn(wy) — 1

where we have used the fact that dy > d; (making it so mq; =20 — 1, ¢; = 2¢ + sgn(wp) — 1
drop from F; and my =1, g2 = 1 drop from F3).

If we define and simplify

D(e) = det(4M"(e™)M(ev))
= 9— |1+ G1(e7)G1(e7%) + Go(e?)Go (e ) |2
= 9~ (14 Gi(e/)Gi(e7) + Ga(e™)Gae™™)) x
(14 Gi(e?)G1(e7) + Gao(e?*)Go(e ™))"

= 6—2R{G1(e/)G1(e )} — 2R{G5(e")Ga(e )} —

2R{G1(e7)G1(e779) G5 ()G (e 7)), (3.78)
then
Mg (¢7%) = D(ZM)X
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2~ Gi()Gi(e ) 2G1 () 2y (e)—
—G5(e)G5(e ) Gi(e ) (1+G3(e)G3(e))  Gale ™) (1 + Gi(e)Gi(e ™))

2 — G1(e5)Gy (%) 2G, (e7¥)— 2Gy(e77¥)—
—Go(e7*)Go(e™%) Gi(e7) (1 + Go(e7*)Go(e7%)) G3(e) (1 + G1(e7)G1(e77+))
(3.79)

In calculating both (3.78) and (3.79), we have made use of simplifications

Gi(e)Gi (") = |Gi(e™)]|* = 1

Gi(e*)Gi(e7*) = [|Gi(e 7)1 =1

for i = 1,2. These follow directly from definitions (3.22-3.23) which can be further used to

find
) Dl(dhdg,e) OS |W| §7r—|wb|
D(e?*) = (3.80)
Dy(dy,do, 0) m—|wp| < w| <7
with
Di(dy,ds, 0) =6 — 2[cos(2m2ld;) + cos(2m2(ds)
+ cos(2m20d, ) - cos(2m20dy) + sin(2720d, ) - sin(2720d,)] (3.81)
and

Ds(dy,do, 0) =6 — 2[cos(2m(20 + sgn(ws))dy) + cos(2m(2¢ + sgn(ws))do)
+ cos(2m(20 4 sgn(wp))dy) - cos(2m (20 + sgn(wy))da)

+ sin(27(2¢ + sgn(wy))dy) - sin(27 (20 + sgn(wy))d2) ] (3.82)
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The filters given by

P(e™) = [Do(e)), Di(e), Do(e)]

= [1 0]Mq(e”)

= D) "
2 = Gi(e/*)Gi(e77¥) 2G5 (/) — 2G5 (61—
—Gy(e)Gs(e)  Gi(e ) (1+ G5(e™)Gs(e7))  Ga(e™)(1+ Gi(e™)Gi (™))

(3.83)
can now be computed in closed form.

" D) 0<|w| <7 — |wy
D) = (3.84)

(I)% 7T_|wb‘<’w’<7r7

where
o) = 2 [2 — cos(2m20d,) — cos(2m2(ds)
Dl (dla d27 g)
—j(sin(2720d,) + sin(2720dy))] (3.85)
and
2
2 _ _ _
P2 = Dy o 0] [2 — cos(2m(2€ + sgn(ws))dy) — cos(2m(2( + sgn(wy))ds)
—j (sin(27(2€ + sgn(wy))d) + sin(2m(2€ + sgn(wy))da))] - (3.86)
81— < sgn(en) w < —(7 — )
() = ¢ P2 0<|w| <7 — |ws (3.87)

O 7 — |wp| <sgn(wp) w < T,
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where

and

where

)

;

+

7

2
Dy(dy, dy, 0) [
cos(2m(€dy — (20 + sgn(wy))ds)) + j (2sin(2m (€ + sgn(wy))ds)

2 cos(2m (¢ + sgn(wp))dy) — cos(2mldy)
sin(2mldy) + sin(2w(0dy — (20 + sgn(wy))da)))],

B 2
" D i)
+j (3 sin(2mldy) + sin(27l(dy — 2d2)))}7

cos(2mldy) — cos(2ml(dy — 2d3))

2
Dg(dl, dg, 6) [
— cos(2m((€ + sgn(ws))dr — (20 + sgn(wy))ds))

2 cos(2mldy) — cos(2m (€ + sgn(wy))dy)

+ j(2sin(2mld;) + sin(27(€ + sgn(ws))ds)

+ sin(27m((€ + sgn(wy))di — (20 + sgn(wy))d2)))].

B}~ < sgn(en) - < — (7 — )
Py(e?) = ¢ D3 0<|w| <7 — |w

O3 7 — |wp| <sgn(wp) w < T,

2
Dy(dy, da, 0) [
cos(2m(dy — (20 + sgn(wy))d1)) + j(2sin(2m (€ + sgn(wy))d2)

2 cos(2m (€ + sgn(wy))ds) — cos(2mldy)

sin(2mlds) + sin(27(0dy — (20 + sgn(wb))dl)))],
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3

and

a Dl(dl,dz,@[

+7 (3sin(2mldy) + sin(2ml(dy — 2d1)))],

R
DQ(dla d?a é)

— cos(2m((€ + sgn(wyp))ds — (20 + sgn(wy))d1))
+  j(2sin(2mlds) + sin(27 (€ + sgn(w))d2)

+  sin(27((€ + sgn(wy))da — (20 4 sgn(wy))d1)))].

The impulse responses of the filters are given by

= @2
¢1(n) 1 .
f (1enl
Losin(En) oL Il (n= !
™
hl(n) = ¢1(n -+ dl)
sin((m — |wp|)n
s — 62 x ST )
™
s lwnl
N sin(2n)
™

cos(2mldy) — cos(2ml(dy — 2dy))

fo(n) = B25(n) + (@} — 02) x ST lal)n)

ho(n) = ¢o(n).

y sin((m — |wp|)n)

hg(n) = QSQ(TL + dg)

Y S

« | ! e—dsen(wn) (n=12hn 3 ¢HisEnen) (-

2 cos(2mldy) — cos(2m (¢ 4 sgn(wy))ds)

_wpl
2

|wp|
2

n

Y

)n7

(3.93)

(3.94)

(3.95)

(3.96)

(3.97)

(3.98)

(3.99)

(3.100)

Reconstruction filters associated with the three-channel TTADC have more challenging
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closed-form expressions in comparison to the case of two channels. This is due to the left

inverse being more computationally intensive than a regular inverse.

Four-Channel TIADC

Let T" be the set of all sub-ADC sampling rates in the case of M = 4 and L = 2. Since
infI' = B/2 from (3.5), spectral images may have width greater than 27 in digital domain
due to undersampling of the envelope. As mentioned in the beginning of the section, this
creates additional aliasing that will need to be removed in the reconstruction. The matrix

M(e??) can be written as

1 1 1 1

M( ]w> 1 G1<e]w> ejQﬂ-Sgn(w)dl Gl <€J(w_7r)> GT(e_]w) ejQﬂ-Sgn(w)dl GT(e_](w'i_ﬂ—))
e?v) = -

4 G«Q(ejw) 6j27rsgn(w)d2 G2<6j(w77r)) G;(@ijw) ej27rsgn(w)d2 G;(efj(uﬂﬂr))

Gy(e)  er2men@ds Gy (eiw=m)  GE(emiw)  ei2msen(@)ds G (e=i(wtm))

(3.101)

Since the phase-shifting filters G;(e/%), G (e™9%), Gi(e?“=™)), G¥(e7@+™) for i = 1,2,3 are
piecewise, we can show the matrix M(e/?) is piecewise constant on six segments in the
interval [—, 7| as shown in Fig. 3.6 for w, > 0 and w, < 0. These segments can be expressed

as three reconstruction regions

Rl:0§|w|<M
w W
R2:|—2b|§|w|<7r—%

Rgzﬂ—@glwl<w

over which the inverse matrix M~ (¢?*) and reconstruction filters H;(e/), i = 0, 1,2, 3 must

be computed. Unfortunately, obtaining general closed-form expressions of these filters is
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no easy task since computing the general expression for the determinant and inverse of the
matrix M(e?*) (3.101) is not simple. An analytical representation of the set of forbidden
timing skews JF is not feasible either for the same reason. However, it is easy to show that
det(M(e?¥)) = 0 in at least two of the regions Ry, Ry, R3 for dy = 1/4,dy = 1/2,d3 = 3/4
and ¢ > 1. This is expected since this choice of timing skews gives a uniform ADC with

sampling period Ty = T7/4.

w % % — w
Wh [ w
- —(r-%) =% 2 Ty T
a)
% w % ‘ % % — w
w Wy Wy w,
- —(r+%) Z —5 T+ F s
b)

Figure 3.6: Reconstruction regions for the four-channel TIADC: a) w;, > 0, b) w, < 0

In Appendix A, reconstruction filters and their impulse responses are computed for ¢ = 5
and wy, = 7/2. The values d; = 0.375, dy = 0.625, d3 = 0.875 are chosen midway between
forbidden timing skews that give a uniform ADC. The filters are piecewise and evaluated
in each region of Fig. 3.6a). They are used in Section 3.4 to demonstrate complex envelope

reconstruction in the case of four-channel TIADC.

3.4 Simulations

To validate our proposed direct sampling method, we demonstrate through various simula-
tions complex envelope reconstruction for the two-channel, three-channel, and four-channel

TTADC. Multi-tone and MSK signals are used to assess the method performance.
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Reconstruction of a Multi-Tone Complex Envelope

Consider a bandpass signal z.(t) € BP g(R) with carrier frequency F, = Q./(27) = 5.15GHz,

and continuous-time envelope

ce(t) = 2cos(400 x 10° x 27t)

+5[8in(400 x 10° x 27t) + cos(175 x 10° x 27t)]

_ §ej400>< 106 x2mt + 167j400>< 106 x2mt
2 2

j ; 6 s 6
+§[6]175><10 x2mt Te j175x10 ><27rt]

(3.102)

which has bandwidth (B/2)/(27) = 400 MHz. The bandwidth of z.(t) is then B/(27) = 800
MHz.

For M = 2, the sub-ADC sampling frequency must satisfy condition (3.5),
Q. > B.
Choosing F! = Q) /(27) = 1GHz, we can write
F.=5F.+ 150 MHz

which implies ¢ = 5, i.e., F, is located in the 5-th image band, and

The discrete-time envelope obtained by sampling c.(t) with sampling period 7! = 1/F! is

) 1 )
c(n) :CC(nTS/> _ = ]0.87rn+ 567]0.871'71

36
2 .
_i_%[ejo.?f)ﬂ'n 4 efj0.357rn]' (3103>
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This signal has four tones located at +0.87 and £0.357, but the tone at 0.87 has an amplitude
three times larger than the tones at —0.87 and +0.357.

To sample z.(t), we select a TIADC with nominal timing skew d° = 0.425, which is
approximately half-way between two forbidden timing skews d™=* = 0.4 and d9=° = 0.454.

Then the discrete-time signals generated by the sub-ADCs are given by

zo(n) = R{c(n)e’"} + vy(n)
_? 0.9 L 0.5
= §cos( 9mn) + §COS( 5mn)

[— sin(0.657n) + sin(0.057n)] + vo(n), (3.104)

!
2

and

z1(n) = Rfc(n— do)ejwb(n_do)e_j%édo} +ui(n)
= ; cos(0.97(n — do) —0.97)
—|—% cos(0.57(n — d°) + 7w/4)
_% sin(0.657 (n — d°) — 7/4)

% sin(0.057(n — d°) + 7/4)] + v1(n) . (3.105)

In the above expressions vy(n) and v;(n) are white noise sequences modelling the combined
effect of thermal and quantization noises. The sub-ADC SNR is 61.8dB. The signals xy(n)
and z1(n) have the same power spectral density (PSD) plotted in Fig. 3.7, where f = w/(27).
It is computed by using the periodogram method with a Kaiser window for a data segment
with 10* samples. The block diagram in Fig. 3.5 is used to compute the estimated envelope
é(n). The FIR filters Hy(e’*) and H;(e’*) shown in Fig. 3.8 have order N = 60 and are
obtained by applying a Kaiser window with parameter 8 = 6 to the time-shifted by K = N/2
ideal impulse responses ho(n) and hy(n).

The PSD of the estimated envelope ¢(n) is shown in Fig. 3.9. It is again evaluated
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Figure 3.7: PSD of signals zo(n) and x;(n) for a two-channel TIADC in the presence of
additive white noise.

1.4 f \

E 1.2+ | || 1

)\ | Vommn

\ [

\'||l llill
1 L\ I 1 1 1 1 1 v |
0.5 0.4 0.3 0.2 0.1 0 0.1 0.2 0.3 0.4 0.5
141 1

-0.5 -0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5

f

Figure 3.8: Magnitude responses of FIR filters Hy(e/*) and H;(e/) of order N = 60 for the
two-channel TIADC.

by using the windowed complex data periodogram method for a data block of length 10*
samples. The periodogram is scaled so that a complex tone with unit amplitude corresponds
to 0dB. In addition to the four desired tones at £0.8m and 40.357, four secondary tones

are present representing the residual spectral components of e 72"c*(n) = ¢=706™c*(n),
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which are located at 0.6m, 0.27, —0.257, and —0.957. Since the dominant tone of ¢*(n)
is located at —0.87, the highest secondary tone in the PSD of é(n) is located at 0.6m =
—0.6m — 0.8 mod (27), yielding a SFDR of about 65dB. It is worth also noting that the
secondary tone at —0.957 is higher than the secondary tones at —0.257 and 0.27 which
should in theory be at the same level. This is due to the fact that the filters Hy(e’*)
and H;(e’*) have discontinuities at +(m — |wp|) = £0.77 so that after windowing, the filters
exhibit nonideal filtering characteristics in transition bands about these discontinuity points.

Jevn — =103 the nonideal filtering bands become located about —

After modulation by e~
and 0.4, which explains the higher level of the secondary tone at —0.957. Lengthening the
filters H;(e’), i = 0, 1 removes this transition band effect. Significantly increasing the order
of the filters makes them behave almost ideally as demonstrated in Fig. 3.10 where secondary
tones have completely vanished into the noise floor and near-perfect envelope reconstruction
is achieved. Finally, since the exact envelope ¢(n) is known, the error é(n) = ¢(n) — é(n)
can be evaluated. Table 3.2 displays the mean-square error (MSE) for selected values of N.

Increasing the filter order beyond N = 80 results in negligible performance improvement as

measured by the MSE.
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Figure 3.9: PSD of the estimated envelope ¢(n) computed with FIR filters of order N = 60
for a two-channel TIADC with timing skew d° = 0.425.

68



20

-20 [

-40

-60 [

PSD of ¢(n) (dB)

-140 :
-0.5 0 05

f

Figure 3.10: PSD of the estimated envelope ¢(n) computed with FIR filters of order N = 300
for a two-channel TIADC with timing skew d® = 0.425.

N 20 40 60 80 100 140 200 300
MSE (dB) || -34.64 | -46.03 | -53.42 | -54.04 | -54.22 | -54.34 | -54.38 | -54.4

Table 3.2: MSE vs N for a two-channel TIADC with timing skew d° = 0.425.

To illustrate the slight degradation in performance which occurs if the timing skew d is
close to a forbidden value, consider the case where d = 0.4 + ¢ is close to forbidden value
d™=* = 0.4. The PSD of the reconstructed complex envelope for ¢ = 0.01 is shown in
Fig. 3.11. The secondary tones are approximately at the same level as in Fig. 3.9, but the
piecewise constant filtering operation is applied to the noise floor. This is due to the fact
that since D(e?) from (3.54) is close to zero inside the interval [—0.77, 0.77], the magnitudes
of filters H;(e’*), i = 0, 1 are not evaluated as accurately inside this band as outside. After
demodulation by %3 the effect of mismatched filter magnitudes is exhibited in bands
[—7,0.47] and [0.47, 71]. The reconstruction MSE is —47.27dB, so that a bad timing skew
positioning results in a slight performance loss. However, a timing skew too close to a
forbidden value can severely degrade reconstruction. For example, the MSE is —27.54dB for
¢ =0.001 and —7.48dB for ¢ = 0.0001.

Up to this point the reconstruction filters H;(e’*), i = 0, 1 have been computed under

the assumption that the two sampling channels are perfectly matched and that the timing
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Figure 3.11: PSD of the estimated envelope ¢(n) computed with FIR filters of order N = 60
for a two-channel TTADC with timing skew d = 0.410 close to a forbidden value.
skew d is known exactly. To assess the effect of mismatches on the performance of the
two-channel TIADC, assume that the relative gain of the second channel compared to the
first channel is ¢ = 1.01, and that the actual timing skew d satisfies d = d° — 0.0025,
where d° denotes the nominal timing skew used to design the reconstruction filters. When
reconstruction filters based on nominal values ¢° = 1 and d° = 0.425 are used to evaluate
¢(n), the estimated envelope has the PSD shown in Fig. 3.12. In this case the secondary tones
are much higher than in Fig. 3.9 (the secondary tone at 0.67 is now at -22dB) and the MSE
is only —17.80dB, so that the presence of 1% gain mismatch and 0.25% timing mismatch
results in a degradation of 43dB in SFDR and 35dB in MSE performance. Tables 3.3-3.5
display the MSE for various gain and timing mismatches. This data indicates reconstruction
is more sensitive to timing mismatches than to gain mismatches. This should not come as a
surprise, since the expression (3.105) for x1(n) includes a 27ld phase shift. Thus when the
image band index ¢ is sufficiently large, a relatively small timing mismatch d — d° results in
a large phase shift.

Finally, it is worth determining the performance of the two-channel TIADC in different

image bands. Suppose F! is still fixed at 1GHz, but the carrier frequency takes on values
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Figure 3.12: PSD of the estimated envelope ¢(n) computed with FIR filters of order N = 60
for a two-channel TIADC with gain g — ¢° = 0.01 and timing d — d° = —0.0025 mismatches.

g—g" 1% 3% 5% 10% | 15% | 20% | 25%
MSE (dB) || -36.64 | -25.95 | -22.48 | -16.44 | -12.91 | -10.40 | -8.46

Table 3.3: MSE for a two-channel TIADC with filters of order N = 60 in the presence of
gain mismatches (¢° = 1).

d—d 0.01% | 0.05% | 0.10% | 0.15% | 0.20% | 0.25% | 0.50%
MSE (dB) || -45.79 | -31.96 | -25.89 | -22.34 | -19.84 | -17.88 | -11.86

Table 3.4: MSE for a two-channel TIADC with filters of order N = 60 in the presence of
timing mismatches (d° = 0.425).

g—¢° 1% 1% 25% | 2.5% 5% 5%
d—d° 0.01% | 0.10% | 0.10% | 0.25% | 0.25% | 0.50%
MSE (dB) || -36.23 | -25.50 | -23.95 | -17.43 | -16.44 | -11.31

Table 3.5: MSE for a two-channel TIADC with filters of order N = 60 in the presence of
gain and timing mismatches (¢° = 1, d° = 0.425).

F.=1.15,2.15,3.15,4.15,...,20.15 GHz so that 1 < ¢ < 20. Fig. 3.13 shows the MSE for
all £ where a permissible timing skew is chosen as d = (¢ + 1/4)/(2¢) and the filters are of
order N = 60. We infer comparable performance can be achieved in all image bands. In
the presence of timing mismatches, however, performance suffers as ¢ increases for reasons

stated in the preceding paragraph. Table 3.6 demonstrates this in the case of 0.10% timing
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Figure 3.13: MSE in different image bands 1 < ¢ < 20 computed with filters of order N = 60
for a two-channel TIADC with timing skew d = (¢ 4 1/4)/(2¢).

l 1 2 3 d 7 10 15 20
MSE (dB) || -31.23 | -29.87 | -27.60 | -24.07 | -21.52 | -18.69 | -15.34 | -12.97

Table 3.6: MSE vs ¢ for a two-channel TTADC with filters of order N = 60 and timing skew
mismatch d = (¢ +1/4)/(2¢) — 0.0010.

For M = 3, we consider z.(t) with the same envelope given in (3.102) and the same
carrier frequency F. = 5.15GHz. The oversampling parameter in (3.3) is £(3) = 1, which

means the sub-ADC sampling frequency must again satisfy

Q) > B.
Picking F! = 1GHz just as in the case of two channels, we have the same image band
index ¢ = 5, discrete modulation frequency w, = 0.37, and sampled complex envelope

specified in (3.103). Consider two forbidden timing skew vectors from the set (3.77) with
my =4, my =8,q, =5, and ¢ = 10:
4 8 1
(d17d2> = 2_£(47 8) = (04708)
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1
&3, d) = —————(5,10) = (0.454,0.909).

Choosing the nominal timing skews approximately halfway between these, we obtain

(d9,dY) = (0.425,0.85).

The PSD of the estimated envelope ¢(n) is shown in Fig. 3.14, and the frequency responses
of FIR filters H;(e’), i = 0,1,2 of order N = 60 with Kaiser parameter 5 = 6 are plotted
in Fig. 3.15. Similar to the case of two channels, the reconstructed envelope has the four
desired tones along with four secondary tones that diminish in magnitude as the order of the
filters is increased. The dominant secondary tone at 0.67 yields a SFDR of about 58dB. The
MSE is —46.9dB. The transition band effect can be observed if we lower the filters order to
N = 40. This is demonstrated in Fig. 3.16, where the secondary tone at —0.957 is higher
than the secondary tones at —0.257 and 0.27. Table 3.7 displays the MSE for different N.
Little performance is gained beyond N = 100 where the MSE starts to saturate around
—48dB.
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Figure 3.14: PSD of the estimated envelope ¢(n) computed with FIR filters of order N = 60
for a three-channel TTADC with timing skews d? = 0.425 and d = 0.85.
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Figure 3.15: Magnitude responses of FIR filters Hy(e/*),H,(e’), and Hy(e’*) of order N =
60 for the three-channel TIADC.

N 40 60 80 100 120 160 200 300
MSE (dB) || -41.46 | -46.9 | -47.49 | -47.92 | -48.03 | -48.06 | -48.08 | -48.08

Table 3.7: MSE vs N for the three-channel TIADC with timing skews d = 0.425 and
dy = 0.85.

Consider the case where d; = 0.4+ ¢ and dy = 0.8 4 ¢, i.e., the timing skews are close to
the forbidden vector (df, d3) = (0.4,0.8). The PSD of the reconstructed envelope for € = 0.01
is shown in Fig. 3.17. Since D;(d1,ds,¢) in (3.81) is close to zero, reconstruction suffers in
the region [—m,0.47]. The MSE is —35.66dB, so a slight positioning in the vicinity of a
forbidden timing skew vector causes a drop of roughly 11dB in performance. For ¢ = 0.001,

the MSE jumps all the way up to —15.49dB. Other simulations not shown here indicate
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Figure 3.16: PSD of the estimated envelope ¢(n) computed with FIR filters of order N = 40
for a three-channel TTADC with timing skews d{ = 0.425 and d5 = 0.85.

that not all forbidden timing skew vectors are equally sensitive. For example, if we were
to pick dy = 0.454 + € and dy = 0.909 + ¢, i.e., timing skews in the vicinity of forbidden
vector (d3,di?) = (0.454,0.909), the MSE would be —45.34dB for € = 0.01 and —28.69dB
for e = 0.001.
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Figure 3.17: PSD of the estimated envelope ¢(n) computed with FIR filters of order N = 60
for a three-channel TTADC with timing skews d; = 0.41 and dy = 0.81 close to forbidden
values.
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To investigate the performance of the three-channel TTADC in the presence of gain and
timing mismatches, suppose the relative gains of the second and third channel compared
to the first channel are gy = 1.01 and g, = 1.02, respectively. Moreover, the actual timing
skews satisfy d; = d? —0.0025 and dy = d3 — 0.0050, where d?, d5 denote the nominal timing
skews used to design the reconstruction filters. When ¢é(n) is evaluated with reconstruction
filters based on ¢¥ = 1, ¢ = 1, df = 0.425, and d3 = 0.85, the estimated envelope has
the PSD shown in Fig. 3.18. The presence of 1%, 2% gain mismatches and 0.25%, 0.50%
timing mismatches lowers the SFDR to 19dB and gives a MSE of only —13.23dB. Tables
3.8-3.10 contain the MSE for various gain and timing mismatches. Just as in the case of
two channels and for the same reasons, reconstruction is affected significantly more by the
timing mismatches than gain mismatches. This can be highly problematic especially for

signals with carrier frequencies in higher image bands.
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Figure 3.18: PSD of the estimated envelope ¢(n) computed with FIR filters of order N = 60
for a three-channel TIADC with gain g; — ¢? = 0.01, g» — g9 = 0.02 and timing d; — df =
—0.0025, dy — dy = —0.0050 mismatches.

For M = 4, we again consider the envelope given in (3.102), but the signal x.(¢) now has
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g1 — Y 0% 1% 1% | 25% | 5% 10% | 20%
go — g5 1% 1% 2% 5% 10% | 15% | 25%
MSE (dB) || -40.47 | -39.00 | -33.13 | -24.54 | -18.31 | -14.52 | -9.82

Table 3.8: MSE for the three-channel TIADC with filters of order N = 60 in the presence
of gain mismatches (¢{ =1, g3 = 1).

dy — dY 0.10% | 0.10% | 0.25% | 0% | 0.25% | 0.5% | 0.5%
dy — d 0% |0.10% | 0% |0.25% | 0.25% | 0.5% | 1%
MSE (dB) || -33.08 | -26.71 | -24.97 | -19.48 | -18.73 | -12.70 | -7.46

Table 3.9: MSE for the three-channel TIADC with filters of order N = 60 in the presence
of timing mismatches (df = 0.425, d5 = 0.85).

g1 — g 1% 1% 0% 1% 5% 10% 1% 12%
go — g5 1% 0% 1% 1% 5% 10% 1% 12%
dy — dY 0.10% | 0.25% | 0% | 0.25% | 0.25% | 0.25% | 0.50% | 0.50%
dy — d9 0.10% | 0% | 0.25% | 0.25% | 0.25% | 0.25% | 0.50% | 0.50%
MSE (dB) || -26.45 | -24.86 | -19.41 | -18.65 | -17.38 | -14.89 | -12.65 | -10.67

Table 3.10: MSE for the three-channel TIADC with filters of order N = 60 in the presence
of gain and timing mismatches (¢¥ = 1, g3 = 1, d¥ = 0.425, d = 0.85).

carrier frequency F,. = 2.625GHz. From (3.5), we must have

QL > = =400 x 10° x 27.

| &

Choosing F! = 500 MHz satisfies this condition and gives ¢ = 5 along with discrete modu-
lation frequency
125

T
Wwp = — X 2m = —.
500 2

The discrete-time envelope obtained by sampling c.(t) with sampling period 77/2 = 1/(2F)

18

T’ 3 . 1 .
2 (n) _ Cc(n 25) _ 5ego.sm + 5e—go.sm
+%[6j0.357m 1 6—j0.357m] (3.106)
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which is the same as (3.103) for the case of two and three channels. If we choose the nominal
timing skews as d? = 0.375, dJ = 0.625, and d$ = 0.875, the filters from Appendix A can
be used in reconstruction. Fig. 3.19 plots the MSE between the TIADC outputs in Fig.
3.1 with additive noise and corresponding outputs in the sampling model in Fig. 3.3. The
filters G;(e’*) and F;(e’*) for i = 1,2, 3 in Fig. 3.3 are approximated by FIR filters of order
N = 40,50, 60, 80, 140, 250 and Kaiser parameter 5 = 6. For x¢(n), the MSE is at the noise
power —60dB for all N. For z;(n), i = 1,2, 3 the MSE converges to —60dB as N grows large.
High filter order is of no consequence here since the goal is validation of the sampling model

in Fig. 3.3 for M = 4 and not implementation.
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Figure 3.19: Verification of the sampling model in Fig. 3.3 for the four-channel TTADC using
a multi-tone complex envelope.

The PSD of digital signals xo(n), z1(n), z2(n), z3(n) is the same and plotted in Fig. 3.20.
It contains tones at £0.17, +0.27, £0.87, and +0.97. The FIR reconstruction filters Hi(ej‘”),
1 =20,1,2,3 of order N = 80 and Kaiser parameter § = 6 have frequency responses shown
in Fig. 3.21. The PSD of the estimated envelope in Fig. 3.22 contains the four desired tones
at +0.35m, £0.87 and three secondary tones around each of these desired tones. The SFDR
is 51dB and the MSE about —43dB. The secondary tones gradually disappear as the filter

order N increases. From table 3.11, we observe the MSE approaches a limit of —45.51dB.
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Figure 3.20: PSD of signals xo(n),z1(n),z2(n), and x3(n) for a four-channel TIADC in the

presence of additive white noise.
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Figure 3.21: Magnitude responses of FIR filters Hy(e/?),H,(e/*),Ha(e’*), and Hs(e?*) of

1 1 1
0.1 0.2 0.3

0.4 0.5

order N = 80 for the four-channel TIADC.

o -

0.5

05 04

-0.2 -0.1

. .
0 0.1

f

N

40

60

80

100

180

300

MSE (dB)

-23.94

-36.09

-43.01

-44.79

-45.48

-45.51

Table 3.11: MSE vs N for the four-channel TTADC with timing skews dj = 0.375, d3 = 0.625,

and d3 = 0.875.

Suppose the actual gains on the second, third, and fourth channel are g; = 1.01, g =
1.025, and g3 = 1.05, respectively, and the actual timing skews are given by d; = d —0.0025,

dy = dS — 0.0050, and d3 = dJ — 0.0075 where d,dS, dJ denote the nominal timing skews
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Figure 3.22: PSD of the estimated envelope ¢”(n) computed with FIR filters of order N = 80
for a four-channel TTADC with timing skews d° = 0.375, d3 = 0.625, and d} = 0.875.

used to design the reconstruction filters. The PSD of ¢”(n) in the presence of these gain and
timing mismatches is shown in Fig. 3.23. The secondary tones are significantly higher giving
a SFDR of only 16dB. The MSE has jumped up to —10.49dB. Tables 3.12-3.14 present the
MSE in the case of various gain and timing mismatches. Performance degradation can be

significant depending on the magnitude of timing skew mismatches.
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Figure 3.23: PSD of the estimated envelope ¢?(n) computed with FIR filters of order N = 80

for a four-channel TIADC with gain g, — ¢ = 0.01, go — ¢35 = 0.025, g3 — ¢ = 0.05 and
timing d; — df = —0.0025, dy — d3 = —0.0050, d3 — d = —0.0075 mismatches.
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g — g 1% 1% 1% | 7.5% | 10% | 10% | 15% | 25%
go — g5 1% | 25% | 5% |75% | 10% | 15% | 15% | 25%
g3 — g5 1% 5% 10% | 7.5% | 10% | 20% | 20% | 25%
MSE (dB) || -35.99 | -26.00 | -19.86 | -19.4 | -16.91 | -12.86 | -12.11 | -8.95

Table 3.12: MSE for the four-channel TIADC with filters of order N = 80 in the presence
of gain mismatches (¢9 =1, g3 =1, ¢§ = 1).

dy — df 0% | 0.10% | 0.25% | 0.25% | 0.25% | 0.5% | 0.5% | 1%

dy — dy 0% | 0.10% | 0% 0% |0.50% | 0.5% | 0.5% | 1%

ds — d 0.10% | 0.10% | 0% | 0.25% | 0.25% | 0.5% | 1% 1%
MSE (dB) || -28.08 | -25.97 | -18.36 | -15.40 | -14.31 | -11.99 | -8.05 | -6.00

Table 3.13: MSE for the four-channel TTADC with filters of order N = 80 in the presence
of timing mismatches (d¢ = 0.375, dJ = 0.625, dj = 0.875).

-0 | 1% | 1% | 0% | 5% | 5% | 10% | 10% | 12%
- || 1% | 3% | 5% | 5% | 75% | 10% | 15% | 12%
s-¢ || 1% | 5% | 5% | 5% | 10% | 10% | 20% | 12%
dy — d(l) 0.10% | 0.10% 0% 0.25% | 0.50% | 0.50% | 0.50% | 0.75%
dy — dg 0.10% | 0.10% 0% 0.25% | 0.25% | 0.50% | 0.75% | 0.75%
ds — dg 0.10% | 0.10% | 0.25% | 0.25% | 0.25% | 0.50% | 0.50% | 0.75%
MSE (dB) -25.61 | -22.96 | -18.12 | -16.65 | -12.37 | -10.47 | -8.09 | -7.25

Table 3.14: MSE for the four-channel TTADC with filters of order N = 80 in the presence
of gain and timing mismatches (¢¥ =1, g5 =1, g5 = 1, &} = 0.375, d3 = 0.625, dJ = 0.875).

Reconstruction of the Complex Envelope of a MSK Signal

We now apply the proposed reconstruction method to a practical communication signal.
Suppose the bandpass signal z.(t) € BPg(R) is a minimum-shift keying (MSK) signal with

carrier frequency F, = 2.625GHz and continuous-time envelope

c(t)= Y Lyp(t—2kT3) —j > Do plt — (2k+ 1)T)), (3.107)
k=—00 k=—o00
where
sin(Z-) 0 <t < 2T,
p(t) = (o) 0<t<2T; (3.108)

0 otherwise
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and I; € {—1,1} VI € Z with Pr(f; = +1) = Pr([;, = —1) = 1/2. The bandwidth B of
xc(t) is set to the bandwidth that contains 99% of total signal power which is given by
1.2 x (27/Ty) [83], [84, Sec. 3.4]. Choosing T, = 1.5 x 107 gives B/(27) = 800 MHz.

To sample z.(t), we use the same four-channel TIADC (M = 4) with sub-ADC sampling
frequency F! = 500MHz and nominal timing skews df = 0.375, d = 0.625, d = 0.875.
Therefore, / = 5 and w, = 7/2 just as in the case of a multi-tone signal. The sampled

complex envelope is given by

Pln)= D" Lymi(nk)—j > e ma(n,k) (3.109)
k=—o00 k=—o00
where
sin (Z(n — 3k 3k<n<3k+1
ma(n, k) = 5 ) (F+1) (3.110)
0 otherwise
and

ol k) = sin (Z(n—3(k+1)) [Bk+3H)]<n<[3(k+3)) (3111)

0 otherwise .

The PSD of ¢?(n) is continuous as shown in Fig. 3.24. When FIR filters H;(e/*), i =0,1,2,3
of order N = 80 and Kaiser parameter § = 6 are used in reconstruction, the MSE is —35dB.
The PSD of the estimated envelope ¢ (n) is shown in Fig. 3.25. As observed in Table 3.15,
the approximation is robust and improves with increasing N. However, longer filters are
needed to match the best performance achieved (about —45dB) with a multi-tone signal.

This is understandable given MSK has a higher signal complexity.

N 40 60 | 8 | 100 | 200 | 300 | 400
MSE (dB) || -27.6 | -32.2 | -35 | -36.6 | -39.7 | -41.5 | -44.1

Table 3.15: MSE vs N for the envelope of a MSK signal sampled with a four-channel TIADC
with timing skews df = 0.375, dJ = 0.625, and d = 0.875.
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Figure 3.24: PSD of the theoretical envelope ¢”(n) of a MSK signal sampled with a four-
channel TTADC with timing skews dY = 0.375, d5 = 0.625, and d3 = 0.875.

20

PSD of é2(n) (dB)

-60 -

-70 '
-0.5 0 0.5

f

Figure 3.25: PSD of the estimated MSK envelope ¢”(n) computed with filters of order N = 80
for a four-channel TTADC with timing skews d° = 0.375, d3 = 0.625, and d} = 0.875.

Table 3.16 investigates performance deterioration when the TTADC suffers from gain and
timing mismatches. Five percent gain mismatch and less than one percent timing mismatch

in all the channels causes about a 25dB drop in MSE.
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g1 — g 1% 1% 1% 2% 1% 5%
ga — g5 1% 3% 3% 4% 2.5% 5%
g3 — g5 1% 5% 5% 6% 5% 5%
dy — d¥ 0.10% | 0.10% | 0.10% | 0.25% | 0.25% | 0.75%
dy — d 0.10% | 0.10% | 0.15% | 0.30% | 0.50% | 0.75%
ds — dg 0.10% | 0.10% | 0.20% | 0.35% | 0.75% | 0.75%
MSE (dB) || -27.69 | -26.11 | -23.46 | -18.31 | -13.55 | -10.75

Table 3.16: MSE for the MSK envelope computed with filters of order N = 80 in the presence
of a four-channel TIADC gain and timing mismatches (¢¥ = ¢5 = ¢ = 1, d} = 0.375,
d3 = 0.625, d3 = 0.875).

Concluding Remarks

We have demonstrated successful envelope reconstruction for multi-tone and MSK signals.
Performance as measured by the MSE between the theoretical and estimated envelope de-
pends on the complexity of both the input signal and reconstruction filters. As the number
of TTADC channels M increases, the number of transition regions in frequency domain of
the filters also increases. Estimation suffers in these regions, and therefore the use of more
channels results in relatively higher reconstruction error (worse MSE). Finally, sensitivity to
gain and timing mismatches presents a significant challenge for hardware implementation.

This highlights the importance of accurate TTADC calibration.
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Chapter 4

Quadrature Sampling and

Approximation

A special case of Kohlenberg’s second-order bandpass sampling called quadrature sampling
was first studied by Grace and Pitt [85]. The sub-ADC sampling rate is chosen as an
integer fraction of the carrier frequency, while the timing offset is equal to a quarter of the
carrier period plus possibly an integer multiple of the carrier period. The total minimum
sampling rate achieved is 2B((2./B)/|./B]) which equals to the Nyquist rate 2B only
when the carrier frequency €2. = kB, for some positive integer k. Using the theory of
orthogonal expansions, Brown [86] sharpened this result and obtained the minimum sampling
rate 2B((292./B)/|29./B]) which reduces to 2B when . = mB/2, for any positive integer
m. Brown later improved his result in [87] arriving at 2B{((2Q./B) + 1)/ (2Q./B) + 1]},
but his new method allows the carrier frequency 2. to vary.

Quadrature sampling is highly appealing since the data sequences generated by the sub-
ADCs are the sampled in-phase and quadrature signal components, i.e., the sampled complex
envelope of the bandpass signal. As shown in [87], these baseband signals have easy recon-
struction formulas in terms of the samples of the original signal. The drawback of quadrature

sampling is its strict parameter selection which can lead to implementation issues. Ensur-
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ing the carrier frequency is exactly an integer multiple of the sub-ADC sampling frequency
may not be feasible in practice. Moreover, the timing offset between the two ADCs can be
really small if the carrier frequency of the signal is very large. Other choices of the sampling
frequency, carrier frequency, and sub-ADC offset were explored by Sun and Signell [88, 89,
but they also involve constraints that can make design of flexible receivers challenging.

In this brief chapter, we provide sampling and reconstruction details for the quadra-
ture sampling case using derivations of the two-channel TTADC from Section 3.3 and then
investigate quadrature sampling as an approximation technique. Specifically, we show re-
construction filters in the case of quadrature sampling have simple forms and can be used
to estimate the complex envelope even when the carrier frequency is not exactly an integer
multiple of the sub-ADC sampling rate as required for quadrature sampling. This approx-
imation can be highly robust if filters of sufficiently large (but practical) order are used in
the reconstruction. Performance as measured by MSE deteriorates when the timing skew
deviates from its ideal value set by quadrature sampling due to TTADC timing mismatches.

The results of this chapter have been published by the author in [90].

4.1 Quadrature Sampling and Reconstruction

Unlike previously published results on two-channel TTADC sampling of bandpass signals,
our proposed sampling and reconstruction method places no restriction on €., Q,, B and
d beyond Q. > Q./2 > B/2 (. cannot be in the baseband and 2, is at a minimum at
the Nyquist rate 2B). Earlier results [85, 86, 88,89] typically assume relations between €2,
and €2, and between d and €).. For example for quadrature sampling as originally proposed
by Grace and Pitt [85] and further investigated by others [86,91], 2, = Q./¢ with ¢ € N,
so that (). is exactly at the center of the /-th image band resulting in w, = 0. Brown’s
quadrature sampling [86] also permits the carrier frequency to be Q. = (¢ + 1/2)€2, which

in the digital domain maps to w, = £, but we do not consider this case here. The timing
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offset between the two ADCs in quadrature sampling is chosen as D = T,./4+pT, with p € Z

and T, = 27 /€. The timing skew is then given by

Y

1
d:—:—
T’ 4+

~

so 2mld = /2 + 27p. The sampled sequences in (3.6) and (3.7) reduce to

zo(n) = a(n) = ac(nTy)

r1(n) = b(n—d)="0b.((n—d)T.)

s

(4.1)

(4.2)

so that the two sub-ADCs sample independently the in-phase and quadrature components

of the bandpass signal. The phase-shifting filter in (3.22-3.23) reduces to G(e’*)

—J, and

the determinant of matrix M(e’*) becomes D(e?*) = j/2 which is constant and nonzero for

all w € [—m, 7) indicating the timing skew (4.1) is not forbidden. This can also be verified

from (3.55) by observing

1 p 1/242 201 m
d _ — —_ = fry 2 —_
W eT T 2 2% 7
for 1 <m < 2¢ — 1 and any integer p. Reconstruction filters simplify to

Ho(ejw> =1

Hy(e) = jel,

with respective impulse responses

ho(n) = d(n)
hi(n) =j —SH;[ZEZZ;Z iy
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From a practical standpoint, reconstruction is greatly simplified since only a non-integer
advance filter is required which can be implemented causally with insertion of a delay. In
spite of its elegance, quadrature sampling does present challenges. The timing skew d in
(4.1) becomes quite small for signals located in higher image bands imposing strict jitter
requirements for the sampling clocks and necessitating TIADC calibration. Moreover, the
carrier frequency of the received signal may not be exactly an integer multiple of the sub-
ADC sampling rate. This latter issue motivates assessing envelope reconstruction in the
presence of carrier frequency deviations away from its ideal value. Let QY = (. be the

theoretical carrier frequency desired and
Q.= +e¢ (4.5)

the actual signal carrier frequency at the receiver. The frequency offset technically satisfies
le] < €2./2, but in practice is much smaller. Evaluating (3.2) using (4.5) gives w, = €T, so
different digital signals zo(n), x1(n) are generated based on expressions (3.6-3.7) as ¢ varies.
Although wy is nonzero for all € # 0, the complex envelope can be reconstructed approxi-
mately using the quadrature case filters (4.3) which were computed under the assumption

that w, = 0. The performance of this method is analyzed in the next section.

4.2 Simulations

Consider a bandpass signal z.(t) € BP(R) with theoretical carrier frequency F° = QY/(2r) =
5 GHz, and continuous-time envelope given in (3.102) with bandwidth (B/2)/(27) = 400
MHz. The choice of sub-ADC sampling frequency F. = €, /(2r) = 1 GHz is above B/(271) =
800 MHz to satisfy (3.5). Since

£

€
— =5F/
5+27r’

F.=F° —
C+27r
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and |e|/(2m) < F./2, we have £ = 5, i.e., F, is located in the 5-th image band. The value
of wy varies with different ¢, but is close to zero for e sufficiently small. The discrete-time
envelope obtained by sampling c.(¢) with sampling period 77 = 1/F” is the digital signal in
(3.103).

To sample z.(t), we select a TIADC with nominal timing skew d° = 1/(4¢) = 0.05 which
is the simplest case of quadrature timing skew from (4.1). In the simulations two independent
white noise sequences modelling the effect of thermal and quantization noises are added to
the sub-ADC outputs zo(n),z1(n). The sub-ADC SNR is 61.8dB. In the reconstruction
block diagram in Fig. 3.5, quadrature filters (4.3) are used as an approximation to the actual
filters given in (3.57-3.61).

The PSD of the estimated envelope ¢(n) is plotted in Fig. 4.1 when € = 0, i.e. F. = F?
and w, = 0. This is the ideal case where the quadrature filters are the true reconstruction
filters and not an approximation. The PSD is computed via the periodogram method which
is scaled so that a complex tone with unit amplitude corresponds to 0dB. The FIR filters have
order N = 16 and Kaiser parameter § = 6. The estimated envelope has correct positioning
and scaling of the four desired tones indicating successful reconstruction. Given the error

¢(n) = ¢(n) — é(n), the MSE is —50.56dB.
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Figure 4.1: PSD of the estimated envelope ¢é(n) for € = w, = 0 computed with FIR filters of
order N = 16 for a two-channel TIADC with quadrature timing skew d° = 0.05.
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The MSE is plotted in Fig. 4.2 for |e|/(27) < F!/2 = 500 MHz when different filter
orders are used to estimate the envelope. Higher filter orders N = 20,30 offer significant
performance gain around € = 0 in comparison to N = 10, but present little to no advantage
beyond |e|/(27) > 100 MHz. This can be better observed in Fig. 4.3 that plots the MSE on a
smaller domain focusing on more realistic values of . In the case of N = 30, frequency offsets
up to £40 MHz can be tolerated without any performance loss. In this range w, = 0, so
the filters (3.57-3.61) strongly resemble quadrature filters (4.3) used in envelope estimation.
However, implementing filters of length N + 1 = 31 may not be desirable depending on the
application and power consumption constraints.

It is worth observing the MSE is not symmetric with respect to € = 0. This asymmetry
is due to the fact that for w, > 0 the approximation of the dominant tone of ¢(n) at +0.87
is slightly worse than in the case of w, < 0. Expressed differently, for w, > 0 the PSD of the
error function contains the dominant tone +0.87, while for w, < 0 it’s made up entirely of
nondominant tones. The asymmetry can also be observed in the tail behavior of the MSE
in Fig. 4.2. For ¢ > 0 the MSE curves approach —9dB, while for ¢ < 0 they converge to
—16dB.

o
=
/0 - |
2 ——N =10
= ---N =20
N =30/ -
_60 | | | | | | | | |
-500 -400 -300 -200 -100 0 100 200 300 400 500

e/(2m) (MHz)

Figure 4.2: MSE for the entire range of € values computed with FIR filters of order N =
10, 20, 30 in the case of quadrature timing skew d° = 0.05.

90



MSE(dB)

-60
-100 -80 -60 -40 -20 20 40 60 80 100

0
e/(2m) (MHz)

Figure 4.3: MSE for —2007 < ¢ < 2007 computed with FIR filters of order N = 10,20, 30
in the case of quadrature timing skew d° = 0.05.

—N =10
N =20
- N =30 1
-35 - N
_40 1 1 1 1 1 1 1 1 1
-500 -400 -300 -200 -100 0 100 200 300 400 500

e/(2m) (MHz)
Figure 4.4: MSE for the entire range of ¢ values computed with FIR filters of order N =
10,20, 30 in the case of quadrature timing skew d° = 0.05 with 0.10% timing mismatch.

Given the nominal quadrature timing skew d® = 0.05 is quite small, it can impose strin-
gent jitter specifications on the two sampling clocks of the TIADC. This motivates assessing
quadrature approximation performance when the TIADC suffers from timing skew mis-

matches. Fig. 4.4 shows the MSE curves in the case when d — d° = 0.0010, i.e., there is
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a 0.10% mismatch between the nominal parameter d° and the true parameter d. Compar-
ing this figure with Fig. 4.2, we note the MSE drops by 30dB in the vicinity of ¢ = 0 for
N = 20, 30, but only by 7dB for N = 10. Thus, unlike in the case N = 10 where estimation
is limited more by the low filter order than timing mismatch, higher filter orders N = 20, 30
lose their robust approximation when the timing skew is inaccurate. This indicates TIADC
calibration is especially necessary when higher order filters are used in envelope reconstruc-
tion. The tails of the MSE curves in Fig. 4.4 have a very similar convergence behavior to

the ones in Fig. 4.2.
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Chapter 5

Blind Calibration of Gain and Timing
Mismatches in M-channel Bandpass

Sampling Time-Interleaved ADCs

As demonstrated in Chapters 3 and 4 simulations, the proposed complex envelope recon-
struction technique is sensitive to TIADC gain and timing skew mismatches. This moti-
vates a calibration algorithm that can estimate mismatches and compensate for their ef-
fect. TTADC calibration techniques can be divided in two categories, depending on whether
the normal ADC operation is suspended during calibration phases. Foreground calibration
techniques interrupt the ADC operation by using a known test signal and identify mis-
matches by using equalizer type of methods [92-94] or more recently by employing genetic
algorithms [95,96]. Background or blind methods identify mismatches while the ADC is
operating normally. They rely on some a priori signal knowledge, such as the absence of
signal energy in certain frequency bands (this can be achieved for example if the signal
is oversampled [33,34,97-102]), stationarity properties of the signal [32,103-106], or source
spectrum sparsity [107,108]. Foreground methods have the disadvantage of lowering the ADC

throughput, but they are highly scalable and robust to modelling inaccuracies. Background
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methods are more efficient and have the advantage of being able to track continuously ADC
parameter changes, but they require additional digital filtering operations. In this respect,
it is important to note that majority of existing TIADC calibration methods are restricted
to baseband signals and thus cannot be applied directly to our proposed bandpass TIADC
architecture.

In recent years, some techniques have been developed for calibrating bandpass sampling
TIADCs. For example, semi-blind methods discussed in [109-111] inject a known test signal
in a frequency band free of power prior to digitization, evaluate the distortions caused by
TTIADC mismatches, and then remove the test signal from the TIADC output. They are,
however, limited to uniformly interleaved bandpass sampling ADCs. Some fully blind tech-
niques [112-116] also assume that the TIADC is ideally uniform and select the overall ADC
sampling frequency on the basis of first-order bandpass sampling condition (2.48) to avoid
aliasing. Calibration of a nonuniform bandpass TIADC does have presence in the literature
(although very little). The authors in [117,118] consider timing skew calibration for Kohlen-
berg’s [11] second-order nonuniform bandpass sampling. While [117] utilizes training signals
to perform timing skew estimation, [118] relies on detection of wide-sense stationarity in the
reconstructed signal for blind parameter estimation.

All of the mentioned bandpass calibration techniques sample and reconstruct the analog
bandpass signal and not its envelope. In this chapter, we propose a novel bandpass calibration
method tailored to the complex envelope sampling and reconstruction technique discussed
in Chapter 3. Our method is universal and works for any number of channels M. We
leverage the digital filtering operations used to compute the envelope in order to perform
TIADC calibration. As in [33,99], it is assumed that the signal is slightly oversampled, by
say 20%. This creates a frequency band where the complex envelope does not have any
spectral content. Therefore the presence of energy in this band indicates that the TTADC
gain and timing skew estimates used in the reconstruction are incorrect. By implementing

a complex bandpass filter which extracts the signal power in this band, we construct an
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error signal whose power is minimized adaptively to estimate the gain and timing skew
mismatches. We rigorously study the error signal, analyze the convergence behavior of the
estimation algorithm, and demonstrate the efficacy of the proposed calibration method with
simulations using multi-tone, white noise, and MSK signals.

Instead of correcting the mismatches of each channel with respect to their nominal values,
the calibration method we consider corrects relative mismatches with respect to a reference
channel. This is advantageous since relative channel mismatches are smaller in magnitude
than absolute mismatches in each channel. Moreover, only M — 1 instead of M sub-ADCs
need to be calibrated. The common choice for the reference channel is the first sub-ADC. We
follow this convention in developing our proposed calibration technique. Finally, mismatches

are allowed to vary over time, but we assume the variations are small and not abrupt.

5.1 Blind TIADC Calibration Method

Consider M-channel TIADC sampling of z.(t) € BPp(R) shown in Fig. 3.1. In practice,
semiconductor imperfections and other hardware limitations make it impossible to match
the sub-ADCs to their design specifications. For a desired sub-ADC timing skew d? with
1 <i< M —1, due to circuit imperfections, the actual timing skew is d; and the sub-ADC

relative gain g; differs from its ideal value ¢? = 1. Typically, the mismatches

Yi = gi—ggzgi—l

5 = dj—d (5.1)

(3

are small, say about 1% or less, but they contribute to a significant loss of ADC resolution.
Mismatch values are of course unknown and must be estimated. Since the first sub-ADC is

used as a reference channel, its output is still given by

zo(n) = R{M(Ln)e’"}, (5.2)
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which is the same expression as (3.6). The output of the i-th sub-ADC with gain and timing

skew mismatches can be expressed as

zi(n) = g x R{cH(L(n — d;))en(n—d g=s2mtdiy

= (147) X R{(L(n — (d° 4 5;)))elern—(di+00) o =s2nld] o =j2ntiy (5 3)
for 1 <i < M — 1. The fractional delay filter in Fig. 3.3 changes from (3.10) to
Fi(e’; gi, d;) = gie 7 (5.4)

for —m < w < 7, where we have made explicit the dependency on ¢; and d;. The filters
(3.22-3.23) and (3.37) are still given by the same expressions, but we can write them as
Gi(e7%;d;) and f; x(e?¥; d;), respectively, due to their dependency on d;.

Let g,d € RM~! defined as

g = [917"'7gi7"'7gM71]T

d = [d,....ds... dy]" (5.5)

be the vector of TIADC channel gains and timing skews, respectively. Here, T denotes the
transpose operator. The reconstruction matrix (3.41) is a function of d and so from now on
we write it as M(e’*; d). While the first reconstruction filter Hy(e’*;d) in (3.47) depends
on d only, the others H;(e’*; g;,d) for 1 <i < M — 1 have an additional dependency on the

gain g; of their channel. If we define

g
0= ) e RZM-D (5.6)
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then the expression (3.49) can be stated in time domain as

M-1

r(n; 0) = ho(n; d) * z5(n) + Z hi(n; gi, d) x x5 (n) , (5.7)

i=1

where z§(n), 0 < i < M — 1 are the expanded TTADC outputs given in (3.38). Thus,
reconstruction is a function of @ which is unknown and must be estimated. We let = [g, d]”

be an estimate of @ and

9
1ar—q
6y = g = i = % (5.8)
d° 40
| i
_dgfil_

the nominal parameter vector, where 1;,_; is a column vector of size M — 1 consisting of all
ones. Since mismatches are small, it is assumed that 0, é, and 6@, are all close to each other.
The goal of the calibration will be to accurately estimate @ using the known 6, as a starting

point. The mismatch parameter vector is given by

0—6,— | (5.9)

0

with gain mismatches vector

Y= [’717"‘)7i7"'7’YM71]T (510)
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and timing skew mismatches vector

§=1[01,...,00...,004]" . (5.11)

Since @ is unknown, its estimate @ can be used in reconstruction (5.7), i.e., we can use

impulse responses of filters Hy(e/*; d) and H;(e; g;,d), 1 < i < M — 1. However, to avoid

updating the filters each time the
mismatch vector § — 0, is small

around the nominal vector 6.

Ho(ejw§ ‘j)

where we define

For1<:< M —1,

vector 0 is updated, we exploit the fact that the estimated

and thus we can perform first-order expansions of filters

= Hy(e;d" +9)

= Hy(e;d%) + 8Tv iHo(e;d"

= HQ() €J Z HOl 6] (512)

H070(ej“) = Hg(ejw; d0>,

0H,

H()J(ij) d
l

S0 (e d)

Hi(ejw§§i76i) = Hi(ejw;g?—i—’yi,do~|—5)

H; H
= H(e R ) + 3 ki e g0 )+ 3 62 e 0, )
ag; dz
M-—1 R
= (L= 5)Hio(e™) + Y 0Hi (), (5.13)

=1
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where
H,o(e™) = Hi(e; g7, d"),
) OH,; .
Hi () = —="(e™; g7, d") ,
() = 52 )

and we have made use of the observation

0H,; . .
S g0, d) = — (e 0, ).
gi

We can therefore express (5.7) as

M-—1
r(n; 0) = ri(nid) + > ri¥(n; §;, d) (5.14)
=1
with
A Mil A~
ro'(n;d) = x5(n) * hoo(n) + 0 (wg(n) * hoJ(n))
=1
A M_l ~
rn; g d) = (1—4)(25(n) = hio(n)) + > dr(25(n) * hig(n)), (5.15)
=1

where hoo(n), hoi(n), hio(n), and h;;(n) for 1 < 4,1 < M — 1 are impulse responses of filters
Hoo(e7%), Hoy(e’*), H;o(e?*), and H;,(e’), respectively.

Since the estimated parameter vector 0 is used in reconstruction, the output signal
r4(n; Q) differs from the exact signal r%(n;0) = c®(n)e/@/Dn that would be obtained
for the correct parameter vector 8. Therefore, we can use differences between r*(n; é) and
the correct signal r"(n; 8) to calibrate the TIADC. In a blind calibration method, the signal
r"(n; @) is unknown, but we can exploit known properties of ¢”(n) to infer some information
about r¥(n; @) to estimate the parameter vector 6.

The blind calibration scheme we propose estimates 6 adaptively by extracting from

4(n; @) an error signal e(n; @) whose power provides a measure of how far the estimated
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vector @ is from the true vector 8. To accomplish this, we assume c.(t) is oversampled so
that ¢”(n) = c.(nT./L) has zero power in frequencies around +m. This is guaranteed to
happen when the sampling frequency L2, of c.(t) is above its Nyquist rate B. Therefore,

we assume that the complex envelope c.(t) is oversampled with oversampling ratio

L, - B (5.16)
o= e .
It is easy to show that
Qs - Qs min
= -7 5.17
o = e (.17

where

2B if M is even
Qs,min — (518)

2B if M is odd
from (3.4) is the minimum permissible sampling frequency of the overall TIADC. In this

case the DTFT C'(e/*) of the sampled envelope sequence ¢ (n) satisfies

C(e?) =0 (5.19)

over interval [(1 — a)m, (1 + a)n] and all its 27-shifted copies. This implies that when the
estimated parameter vector 6 coincides with the correct vector @, the signal 7 (n;0) =
P (n)el@ /L has no frequency content in the band I = [ + (1 — a)7, % + (1 4 a)n] and

its 2m-shifted copies. Consider therefore the discrete-time bandpass filter

: 1 wel mod (27)
Hgp (') = (5.20)

0 otherwise .

It can be viewed as an ideal lowpass filter for the band [—am, ar] modulated by (w,/L) + T,
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so that its impulse response is given by

hp(n) = (=i ynS(OT) (5.21)
™m
Then, let
¢"(n;0) = hgp(n) * r'¥(n; ) (5.22)

denote the error signal obtained by extracting from r*(n; é) its frequency content in the
band I. Since e(n; ) = 0 whenever @ = 0, the estimation scheme we propose minimizes
adaptively the power

7(6) = SB[l 6)] (523)

of complex signal e*(n; é) This approach is justified rigorously in Section 5.2 by showing
that if the complex envelope random process ¢(n) is WSS, in the vicinity of 6, J (é) can
be approximated by a positive definite quadratic function of ¢; = 4; —~; and n; = 51 — 0; for

1 <i< M —1, provided ¢"(n) satisfies certain spectral frequency content conditions. This

ensures that by minimizing J (é) iteratively, starting with the nominal value

~

0(0) = 6o, (5.24)

the iterates will converge to the correct true parameter vector 6.
If the gradient of function J (é) is available, which is typically not the case since the eval-
uation of the ensemble average in (5.23) requires knowledge of the statistics of the envelope

process c/(n), J() can be minimized by using a steepest descent iteration of the form

~

B(n +1) = 6(n) — 1, (n)V 4T (B(n)) (5.25)

discussed in detail in Section 2.6, where pi,(n) > 0 denotes the step size at iteration n. In

A~

the absence of the gradient of J(@), we apply a stochastic gradient approximation, where
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the expectation in (5.23) is replaced by its instantaneous value, which yields the adaptive

estimation algorithm

O(n+1) = 6(n) — u(n)Vy(5le(n; 6(n)P)

(n) — u(n)R{ (e (n; 6(n)))" Ve (n; 6(n))} (5.26)

Il
>

with initial condition (5.24). As mentioned in Section 2.6, the value of step size u(n) > 0
used for this recursion is much smaller than p,(n) for the steepest descent algorithm (5.25).

The recursion (5.26) requires the computation of the gradient of el”(n; ) with respect
to 6, i.c., we need to calculate 5 e[” (n;0) and 8 e[” (n;0) for all 1 < i < M — 1. To do so,
it is convenient to first decompose the error signal e!(n; @) using its definition (5.22) and

expressions (5.14-5.15) as
M-1
e (n;0) = e (n;d) + Z e (n; gp, d (5.27)
k=1
with

ey (n; ci) = x((n) * hoo(n) * hgp(n Z 5 mo ) * ho(n) * th(n))
egf](n; g, d) = (1 —%) (mi(n) s hyo(n) * th(n))

+ > oi(25(n) * hig(n) = hgp(n)).  (5.28)

We now obtain

0 N 0 .
—"(n;0) = — e[f](n;gi, d) =— (:pf(n) * hio(n) * th(n)) = —e%(n) , (5.29)
agl agl ~ ’ ~ ) ’

L

€0 (n)
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where we have defined the signal ey]o(n) as shown. Similarly,

626[”(71;0) = %eg](n; d) + 2 aziegf](n;gk,d)
M—1
= \(xo(n) * hoi(n) * th(n))J—i— \(xz(n) * hy.i(n) * th(n))/
el (n) = )
M—1
_ e (n) (5.30)
k=0

where we have again defined the signals eﬁfi(n) for 0 < k < M — 1 as shown.

The parameter vector estimate é(n) is evaluated adaptively by substituting gradient
component expressions (5.29) and (5.30) inside recursion (5.26). As shown in Fig. 5.1,
the proposed reconstruction and calibration algorithm requires M? fized filters H; (e*) for
0 < 4,0l < M — 1 based on first-order expansions of H;(e/*), M? copies of the bandpass
filter Hgp(e™) to extract error signals el (n; 6), 65] (n) for 1 <1< M —1, and e]j(n) for
1<i<M-1land0<[< M—1,and M?—1 taps involving estimated mismatches 4 and B
that need to be adapted. The output ¢*(n) is an estimate of the sampled complex envelope
c"(n) since first order filter expansions in (5.12-5.13) ignore higher order terms. The ideal
impulse responses of filters H;,;(e?*) and Hpp(e’*) are noncausal and IIR, but causal FIR
implementations of these filters can be obtained by windowing and inclusion of appropriate
delays. It is also worth observing that the implementation of the copies of bandpass filter
Hgp () used to generate the error signals is required only during calibration phases. After
convergence, if the values of g; and d; for 1 < ¢ < M — 1 are not expected to change, the
estimation algorithm (5.26) and associated bandpass filters can be turned off to save power,
until a new calibration update is required. However, if power consumption is not a significant
consideration, it may be beneficial to keep running the recursion (5.26) in the background to
track drifts in the values of g; and d; due to variations in TIADC operating conditions, such

as temperature changes. A close-up of the i-th reconstruction channel for 1 < < M — 1 is
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Figure 5.1: Adaptive reconstruction filter implementation and error signal computation,
where 1 << M — 1.
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shown in Fig. 5.2.

=HBP(EJ“’)ﬂ)
(1—%)
> . Jw é
H’L;O(e ) »|H. Ww)ﬂz)
o
g Hz,l(GjW) é
. € ell(n) T
ZT; <L T L xz (TL) Sl :HBP(NW>_Z> <> 7! (n7 i d);
=HBP(€jw)ﬁ:(n)
O
=Hi,M—1(€j‘*’) é

Figure 5.2: Zoomed in i-th reconstruction and calibration channel from Fig. 5.1 for 1 <17 <
M —1.
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A

5.2 Quadratic Approximation of J(6)

~

In this section, we derive a quadratic approximation of J(€) in the vicinity of the true
parameter 6. Moreover, we argue that .J (é) is convex and achieves its minimum at 6 = 6.

We start by recalling from Fig. 3.4 that the DTFT of signal r"(n; é) can be expressed as

XG(e7)

A

R(e’;0) =|Hy(e™;d), ..., Hi(e; i d), ..., Hy (¢ gur,d)| | Xo(e?) | - (5.31)

| X5 (e7)

Using (3.39) and (3.47), this expression can be simplified to

R(e™;0) = [1 0 ... o} M™ (e; d)
xdiag{1, F; (e’ G1,d1), .., Fy e iy di), oo Fopt (7% vy dog )}
xdiag{1, F1(e’; g1, dv), ..., Fi(™; gi,ds), ..., Fari (€75 garory daga) }
C(ev) C(e)

xM(e’; d) S| =L(e; ) | : (5.32)
C*(e77v) C*(e™v)

where the L x 1 vector C(e/) is given in (3.40) and the 1 x 2L vector L(e/*; 8) is
L) =10 o] M (erd)
xdiag{l, g—ieij(‘i“dl) . &ej‘“L(di*di), . %ej“L(dM—ﬁdM—l)}M(ej”; d). (5.33)

? gi 7 G

We perform a first-order Taylor series expansion of L(ej“’;é) in the vicinity of the true

parameter vector 6,

L(c™;0) = L(c™; 0 + h) ~ L(e™; 0) + h"V4L(c*;0) (5.34)
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where

A ~ ~ Q Q T
h=6-6 = [71_717"'77]\4—1_’7M—1a51_617"-75M—1_5M—1}

= [61, s -1 M 7771\/171}’11 (5.35)

is the vector of estimated mismatches. The first term on the right hand side of (5.34) is the

simple 1 x 2L row vector

L(ej“;O):{l 0 ... 01

from definition of L(e?%; @) in (5.33). The expansion in (5.34) can then be written as

M—1 M—1
L(e™; 0) ~ [1 0 ... 0} + )Gl (@) + > nis (e7) (5.36)
i=1 i=1
with L., (e/*) and L, (e?*) defined as
L. () = iL(ej"J'O)
" 5.
Ls, () = a—AL(ejw; 0) (5.37)
for 1 <i< M —1. We find
L,.(e) = - [1 0 ... 0} M™(e’; d)
[0 o 0 - 0]
0 - 0 - 0
x| T M(e:d) (5.38)
0 -~ 1/gi --- 0
0 O o1 (i+ 1,94+ 1) element

and
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L (e’) = {1 0 ... 0] M™ (e/; d)

0 0 0
0 0 0
X | jwL M(e’?;d) — —M(e’“;d) | . (5.39)
0 - 1 -+ 0 ad;
L (141,94 1) element
0 0 - 0|
In the last expression
a Jw. 1 jw *( —Jw
adil\/[(e :d) = Y7 Z(ei: dy) Z*(e7%:d;)| (5.40)

where Z(e?; d;) is of size M x L, and all its rows are zero except the (i + 1)-th row which

is given by

[To(ejw)Gi(ejw; di), ... ,Tk(ejw)fi,k(ejw; di)Gi(ej(w_%ﬁk); di), .- -,

T () (€ )G~ E 05| L (5.4)

Here,

T(e™) = 8?[ In(f; (e’ di)Gz‘(ej(w_%ﬂk); d;))

for 0 < k < L — 1. Evaluating this expression, we obtain

4 —2n(l—k+L) —nm<w< -7+ ETf 4
Ti(e7) = ( ) Lok (5.42)
—j2n(l—k)  —n+3Zk+eL<w<w

for w, > 0 and
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(&) = —j2r(l—k) —rm<w<m+Ek+2 (5.43)
—j2n(l—k—L) 7+ Fk+L<w<m
for wy < 0.
Using the approximation (5.36) and observing that the bandpass filter Hgp(e’*) has been
selected such that

“b

HBP<€jw)C(€j(W7T)) =0 3 (544)

the DTFT of error signal e (n; ) can be expressed as

E(ejw;é) = HBp(ejw)R(ejw;é)

M-1 A ‘ . C(ej“)
~ Y Hep(€) (6L, () + L, (7)) - |
i=1 C*(e™*)
M—1L-1
= 3 ST (6N () 4 1Ny, (659)) O =0
i=1 k=1
_|_
M-1L— 1
~ . . w 27
e/) + 1N, , (€7°)) C* (e T TETTER) - (5.45)
i=1 k:O
with
0
' (k+1) row
Ny, () = Hyp(e)Lo(e) | | = ~Hyp(e™) [1 0 ... o] M™ (e d)
0
OLxl
L i
2L x 1
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x st fir (€ di)Gi(e"“~ W d;)—t— G+ 1) row
- 0 -
1 X . . . 2
= 5L HBP(ejw)q)i(ejw§ d)fi,k(ejw; di)Gi(GJ(wffk); di) (546)
i

where the last equality makes use of definition (3.48). Similar calculations lead to

Orx1

0

N jw — Jjw L. Jjw
%ﬁ(e ) BP(6 ) %(e ) 1e—— (L+k+1) row

0
L J
2L x 1

]_ . . . - 27T
- 2L Hpp(e™)®;(e/; d) i€ di)Gi(e 7@ ER dy) , (5.47)
gi '

1«— (k+ 1) row

N5i,k (ejw> = Hgp <€jw)L5i (ejw)

0

Orx1
I |
2L x 1
iwl — T (e?v , . , . P
= = 2Lk(e )HBP(ejw)q)i(e]w;d)fi,k(ejw;dz’)Gi(ej(w_%k)édi)> (5.48)
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and

OLx1

Ny, (67“) = Hpgp(e’*)Ls, (™
&,k(e ) BP<€ ) 51(6 ) le—— (L +k+1) row

0
L J
2L x 1
ol — T*(e—iw ' 4 ' ' ]
_ v 2£ (e )HBp(ef“’)(Di(er; d)f;k(efjw; di)G:(eﬁ(Wr%k); d;). (5.49)

The approximation (5.45) can be alternatively expressed as

L-1 L—1
E(e;0) Y Ap(e)O(e T EN) £ 3 Ay (el) O (eI ETER) | (5.50)
k=1 k=0
where
M-1
AR(e™) = Y Ny, () + mlNs, (")
=1
M-—1
A(e™) = Y7 @y, () + mlNs, (") (5.51)
i=1

which indicates that error signal E(e?;8) consists of frequency translated variants of the

complex envelope of the kind

wp 27 k

' (n) = () TR 5 Q) = Ol TN

A

§n) = (@ (n)'e I B IT Q) = O (I VD). (5.5)

In time domain the error signal has the representation

L—1 L—1
e(n;0) & > ai(n) * g (n)+ Y dr(n) =g (n) (5.53)
k=1 k=0
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where ay,(n) and dy(n) are the impulse responses of LTI filters Aj(e/*) and A, (e?*), respec-
tively.
To evaluate the power of € (n; ), we assume that the complex envelope process ¢/(n)

is zero-mean WSS, i.e., that the complex autocorrelation function
R.(m) = E[(n+ m)(c"(n))*] (5.54)

depends on m only. The power spectral density (PSD) of ¢”(n) is then defined as the DTFT
of R.(m),
Se(€) = > Re(m)e 7™ . (5.55)

meZ
It is 27-periodic, non-negative, and real (since R.(m) = R:(—m)) but not necessarily even.
Equation (5.53) indicates that to derive the expression for the autocorrelation and PSD
of e(n; é), we must first analyze the individual and joint second-order statistics of signals
(2]

¢, (n) and ¢, (n). To do so, we start with the observation that the sampled complex envelope

possesses the circularity property
E["(n+m)d"(n)] =0 (5.56)

which is a consequence of the fact that if z.(t) is a zero-mean real WSS bandpass process,
its complex envelope c¢.(t) is zero-mean, circular and WSS, so that the sampled envelope
c(n) = c.(nT./L) has the same properties [119]. The circularity property can also be
obtained from Rice’s representation for bandpass WSS random signals [120, Sec 8.7]. From
this property of ¢”(n) we deduce that for arbitrary integers k and [, ¢;’(n) and ¢"(n) are

uncorrelated since

Elgy'(n+m)(@"(n))"] = Elc"(n+m)c"(n)]

x I (TR (ntm) i (P + 3 n
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-0 (5.57)
The cross-correlation of ¢;”'(n) and ¢"(n) is given by

Ryq(m,n) = Elg'(n+m)(g"(n))’]
= E[(n+ m)(C[LJ(n))*]ej(%Jr%k)mej%r(k—l)n
_ Rc(m)ej(%-‘r%”k)mej%”(k—l)n

= Rc(m)ej(%Jr%ﬂk)meﬂmn (5.58)

so for k = it is WSS, but for k # [ it is cyclostationary [121, Chap. 12] with cycle frequency

x = % Specifically, when viewed as a function of n, R, (m,n) is periodic with period

L, ie., Ry ,(m,n+al) = R, ,(m,n) for a € Z, and thus admits a Discrete Fourier Series

(DFS) expansion of the form

quQZ (m7 n) = Z R;(kql (m)ejQW“" (559)
with DFS coefficient
L—1
o 1 —j2man
Rflk!n(m> - Z RQkQZ (ma n)e 72 . (560)
n=0

Comparing the last expression in (5.58) with the DFS (5.59), it is obvious that the expansion

includes only a single term at cycle frequency o = % with the cyclic cross-correlation at
cycle frequency o (coefficient) specified by
Ry, (m) = Ro(m)el T E0m, (5.61)

The cross-cyclic spectrum of g;’(n) and ¢ (n) is given by the Fourier transform of R  (m),

S% (e7%) = Su(e? T TN (5.62)

qkqi
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where S.(e/*) was defined in (5.55). Similarly, the cross-correlation of ¢,’(n) and ¢"(n) is

given by

Rgq(m,n) = E[g (n+m)(q"(n))’]

= Bl m)) et n))e I E e F -0

R: (m)e_](ui +2L k)me_] i (k l)

(%2 o
R:(m)e ](L+Lk)m6327rom

(Rgpq(m,n))" .

(5.63)

k=l

For k = [ it is WSS and for k # [ it is cyclostationary with cycle frequency & = —%= = —«.

The cyclic cross-correlation at cycle frequency & is given by

R (m) =

qkdi

and the corresponding cross-cyclic spectrum is

S& o (€7°) = S (e7Ir TR

4k

It then follows from (5.53) that e!/(n; ) is cyclostationary and for « = 2

relation at cycle frequency « is given by

R%(m;0) ~ Z ar(m) * Ry . (m) * a; (—m)

k—Il=p

+
> ar(m) * RY () * af (—m)
k—l=—p
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(5.64)

(5.65)

its cyclic autocor-

(5.66)



and cyclic spectrum

SHE10) ~ Y Ag(e) A ()8, (€7)
k—l=p

+

Z A7) Ar(e7%) S . (e79) |

drqr
k—Il=—p

The error autocorrelation function that is periodic with L
Re(n,m;6) = E[e"(n+m; 0)(e"(n;0))*] = Re(n+ L,m; 6)

has the DFS expansion

with ¢ = 2 and

L

=

R¥(m; 0) =

e(n,m;é)e_j%“" .
Evaluating (5.70) for o« = 0 and m = 0, we obtain

~

RY(0;0) = Re(n,0;0)

=
T
Ld

Efje"(n; )1

n=0

L—1 R
[ |e[“<n;e>|2] |

n=0

SIE

Il
o
e~ =

(5.67)

(5.68)

(5.69)

(5.70)

(5.71)

where the second equality follows from (5.68). Now, assuming the error process e’ (n; é) is

cycloergodic, by SLLN we have

1 LN-1 1 T-1
RY(0;0) = lim — > [ ()~ =) [e"(n: )P
n=0 n=0
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for a large T such that LN < T < L(N+1). From (5.72) we conclude R(0; 6) is the average
power of the error process e*(n; é) which we denote as P,. Equation (5.71) indicates that
the computation of P, requires the second order statistics of e/ (n; @) at L consecutive time

instants. We can equivalently write

e (n + k; éﬂ , (5.73)

e (n + k; é)|2] (5.74)

instead of (5.23), however the proposed SGD iteration (5.26) can still be used to minimize

~

J(0) as justified in Section 5.3. The average power can also be expressed in frequency domain

via the Fourier transform relationship

~ 1 4 A
P, = R(0;0) = 2—/ S%(e; 0)dw . (5.75)
™ —T
We compute this integral to show that
~ 1 4 0/ iw. A
J(O)=— S.(e’; 0)dw (5.76)
A ).

admits a quadratic approximation. Using (5.67), the integrand is given by

T
)

| A (5|28, (7@ = ER)
1

S%(e™; 8)

Q

=
Il

+

~
—_

| A(e7)|2S, (e I @H T HER) (5.77)
0

e
Il

which requires the evaluation of [Ay(e7*)[? and | A (e/?)[2.
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|AR(e)]? = Ap(e?) Af (/)

M-1 M-1

= (X e (6] x (3 v (e i, (o)
i=1 =1
|HBP @Jw {le 6 Sy ‘ij T(ejw)‘ ]|Q) e]w ’2+ Z 6261
7 k
4L2 i=1 g il=1 gigi
i#1
Jw 2 €11 Jw . * i€ Jw . k ( jw
+mimljwl — Tp(e’)]" + m —(Ti(e™) — jwL)" + gl (Ti(e™) — jwL)| Biy(e’) ¢ (5.78)
with
Bf,z(ejw) = @i(ejwé d)q)f(ejWS d)fi,k(ejw; di)flfk(ejw; dp)
xGi(e TR, 4G TN d) . (5.79)

Similarly,

[ Ar(e?)? = Au(e™) Aj(e™)

M—-1 M-1
= ( D alN, () + mf%i,k@j“)) x < > al, () + mNS‘l,k(@”))

=1 =1

M-1
Hgp (&™) e .l —iw w. ezel
Pt LS (5 aplior - e )P e APy |

il oo 9o
il
. v o—jani2 | TN s —jw . 713 — , A (i
+nim|jwl — Ty (e7) " + 7 (Th(e™) = jwL)" + a (Ty(e77%) = jwL)] Bfy(e™)
(5.80)
with
Biy(e) = @u(e: )7 (™ d) fi1 (e di) fra(e ™ )

X G e T HER 4)Gy(e T ER ) . (5.81)
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From (5.79) and (5.81), we observe the following quick facts for i # [,

Bfiy(e’) = (Biy(e™))”

Biy(e") = (Bfi(e™))" .

In these expressions “k” is a superscript and not power. With some computation we can

then evaluate (5.76) to obtain

L—-1 M-1 M-1
J(0) ~ { D It Y el b, + e + mfzJé“m}
1 =

k= i=1 il=1
1#£l
+
L—1 M—-1 M-1
{ 6 +771 J(g + Z €Z€l +771'77[J§;l +€i771¢],l;i5l +77i€l‘]§i’n}’
k=0 =1 i,l=1
i;ﬁl

(5.82)

where again “k” is a superscript, and if 7, = I mod (27) is defined so that I, is a subset

of [—m, |, then

JE = m / 1By d) 25, (7~ %~ EM )y

S = 167rL2/ WL = Te(€) | @s(7; d) 2Se(’“F TR dw
Toa = m/ B (€7)Se(e? 7R dw

Tos = 167rL2/ JwL — Ti(e) [ BE (7)S(e? 7~ FP) du

Since the filter ®;(e’*; d) for 1 <i < M — 1 is nonzero, we have Ji > 0 and in > 0 as long

as the signal g, (n) has some power in band I,,,. The quantities in (5.83) have the following
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symmetry relations

Jk = (‘]’l;lz)*’ J(;iz = (chlz)*7 ‘]Wlfﬁl = (Jk )* :

Vil 01vi

Similarly,
j;‘; - m/},ﬂ |‘I)z‘(€jw;d)|250(6_j(w+%+2%k))dw
S = 1671rL2/I JwL — T3 (e77) P @i(e7; d) 2Se(e 7 T+ TR du
j";i,l = m/]m Bffl(ejw)sc(e—j(w%#f%))dw
By = o [ U TR S
ji‘sl - ﬁ[pgl /Im (T (e7) = ij)*ijl(ejw)sc(e—j(w%#{k))dw
jé% - 167r1L?gl /Im<T’:<€_jw) _J'WL)Bf,l(ejw)Sc(e_j(W“%“f"k))dw (5.84)

with symmetry relations

JE o= (E ) JE =) S = ()T

Vil

and ji > 0, J}j > 0 if the signal ¢,'(n) has some power in band I,,,.
Recalling the definition of the 2(M — 1) column vector h from (5.35), we can write .J(6)

in (5.82) in compact matrix form as

J(6)

%
)
=2

~
| — |

[

B

+

[

B
—_
B

|

=2

k
L—-1 L-1
= hT[ JkE+ J’“] h, (5.85)

where J* and J* are matrices of size 2(M — 1) x 2(M — 1) and can be expressed in block
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form as

ko
J21_

k
L J7

Jk

T3
Jk

V2,1

k
YMmM-—-1,1

k
Js,

k
J52 1

)
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01,2

k
Js,

k
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On—172
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On—1

Jk

d1YM -1

k
52"/1\471

k
Y10n—1

Y2énm—1
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jk

7k
L ‘]7

YMm-—-1,1

7k
Js

Jk:

02,1

1%—161

~

k
YM—1,2

Tk
J51,2

7k
J5,

7k
Jv

]M—162

A

Y1,M—1

~

k
Y2,M—1

~

YM—1

7k
‘]51’YM—1

A

k
52“/1\/171

A

k
J’Yliskf—l

~

Y2én—1

(5.86)

(5.87)



The zeros on the diagonal of J%,, j’f2, J4,, and 312“1 come from the fact that ‘]1;'51 = me = 0 for
all i = [. From the symmetry relations, it follows that the matrices in (5.86) are Hermitian,

ie.,

L—-1 L—-1
T=>Y T+ T, (5.88)
k=1 k=0

then the desired quadratic approximation for .J (é) can be simply expressed as
JO)~0—-60)"TO—-0)=h"Th. (5.89)
It is obvious that h = 0 (corresponding to @ = 6 ) is the stationary point of J(6) since
VyJ(0) =ViJ(0) ~2Th .

Thus, it simply remains to show that J (é) achieves a minimum at h = 0. We can accomplish

this by showing the Hessian matrix
H(6) = V2J(0) ~ 2T (5.90)

is positive definite. Computing the eigenvalues of J and proving they are all positive is
no easy task. Fortunately, we can recall from (5.74) that J(8) is the scaled power of error
process e"(n; é) and is thus strictly positive unless the error signal is zero. If at least one
of the signals ¢;'(n), 1 < k < L —1 and ¢ (n), 0 < k < L — 1 has some power in band
I, then J(0) # 0 according to (5.82). In this case .J(0) > 0, h"Jh > 0 from (5.89), and
the matrix J is positive definite implying that J (é) is a strictly convex function with a

~

with a minimum at h = 0. Therefore, J(@) is minimized when ¢; = 1; = 0, i.e., when the
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estimated gain 4; and timing 6; mismatches correspond to the true mismatch values v; and
The signal ¢’ (n) = B (n)e! T for 1 < k < L — 1 has power in band I,, if ¢“/(n)

has power in the band

I =[1-a)r— 2%]{:, (14 )T — 2%]@} mod (27) . (5.91)

Similarly, ¢’ (n) = (¢ (n))* e TTTP for 0 < k < L — 1 has power in I, if ¢¥(n) has

power in the band

X w2 2
If = [(1=a)m = =% = Tk, (L+ a)m = =% = k] mod (27). (5.92)

We recall that due to oversampling the sampled complex envelope c”/(n) has a nonzero

spectral support only in the band I. = [-(1 — a)7, (1 — a)7]. It is then easy to show that
I.NIE 40

for any 1 < k < L — 1, and therefore ¢,”(n) will always have power in band I,,,. With some
effort it can be shown that

INIE=1k

forall 0 < k< L—1,ie., IA{,? C I. when wy satisfies
max ( — 7, m(aL — sgn(wy)k)) < |wp| < min (7, 7(L — oL — sgn(wp)k)) - (5.93)

Outside this bound on wy, ]Zﬁ only partially fits inside I, which still guarantees 1. N IA{,? £ 0.

Extra precaution must be taken in the cases when w, = 0, £ since
wb:0:>Icﬂf92®
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wp=—=I,NIL=0

wb:—i—w:_fcﬂf%’l:@.

This is generally of no dire consequence since it simply implies that the single signal ¢, (n)
fork=0ifw, =0, k=1if w, = —m, or k =L — 1 if w, = +7 does not have any power in
band I, and hence does not contribute to J (é) The corresponding matrix J* has all zero
elements and drops out of the sum in (5.88). A major issue arises in the case M = 2,3 with
L =1,k =0 when w, = 0, &7 since the only signal §o(n) = c*(n)e7**" comprising the error
has no power in band I. In this situation, the described calibration technique will not work
as described. To circumvent this issue, we can identify another frequency band other than
I where the signal r(n; @) = ¢(n)e/" is free of energy, extract the error e(n; @) in this new

band, and then perform minimization of .J(8).

5.3 Calibration Analysis

Proposed Iteration Justification

We wish to minimize the objective function
=
J(0)==-E [E e (n + k; 0)|2] (5.94)
over € R2M=1) We proposed the following SGD iteration to perform this minimization

6(n+1) = 6(n) — )V (516" (n: 6(n))P). (5.95)
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where for the purpose of analysis p(n) = p is assumed to be a very small constant step size.

The estimate after L iterations can be expressed as

L-1

O(n+L) = é(n)—gvé(z|e[”(n—|—/<:;é(n+k))|2)

(5.96)

%
=
|
|
<
s
7 N\
Mh End
L L
Y
=
—
3
+
w
=2
N———

where we have used the approximation 8(n + k) &~ 0(n) for 0 < k < L — 1 since p is very

small. Letting i = L, the expression (5.96) can be rewritten as

O(n+ L)~ 6(n) < anme ))|> (5.97)

from which we deduce that L iterations of our proposed SGD (5.95) collectively behave as
a single SGD iteration for minimizing .J(0) in (5.94). Now consider the estimate after LP

iterations which using (5.97) can be expressed as

—1L-1

m=0 k=0

O(n+ LP) ~ 0(n) i ( |e[”(n+/€+mL;é(n+mL))|2). (5.98)

Again, if 71 is fairly small, then é(n +mlL) ~ é(n) for m = 0,...,P — 1, and provided
the cyclostationary process e*(n; é) satisfies a strong mixing property of the type discussed

n [122], the cycloergodicity property

"U

—1L—

|_|

e (n + k +mL; 6(n))|? zP-E{z_]e[”(n—i—k;é(n))F (5.99)

0 k=0 k=0
N - J/

2L.J(6(n))

3
]

holds for a sufficiently large P. The equation (5.98) can then be approximated with the

iteration

6(n + LP) ~ (n) — iVyJ(0(n)) (5.100)
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of step size i = pP = pL P, which has the familiar form of steepest descent. We conclude
that blocks of LP iterations of our proposed SGD approximately act as a single iteration of

~

steepest descent for minimizing J(0). As expected, u << fi.

Convergence Analysis

We examine L consecutive steps of our proposed estimation algorithm (5.95) which from

(5.97) can be expressed as

O(n+ L) ~ 0(n) + 7 T(n;6(n)) (5.101)

with L
T(n;0) = -V, (iz le™(n + k; é)|2). (5.102)

k=0

The convergence and steady-state behavior of this algorithm can be analyzed by using the
stochastic averaging or ODE method discussed in Section 2.6 applicable to adaptive algo-
rithms with a small step size. Note that since the gain and timing mismatches we seek to
estimate are small, and since the fluctuations of the adaptive estimates about the correct
mismatch values need to be even smaller, the small 1z assumption is well adapted to our
application. The ODE method interprets the trajectories of adaptive algorithm (5.101) as

random fluctuations about trajectories of the differential equation

6 .
= t(0) (5.103)

with
t(0) = E[T(n:; 0)], (5.104)

where in evaluating the expectation (5.104), the vector 6 is viewed as fixed and nonrandom.

For the case at hand, by exchanging the expectation and differentiation operations and
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applying definition (5.94), we obtain
t(0) = —V,J(0) (5.105)

so that as expected for stochastic gradient algorithms, the ODE (5.103) is a gradient flow,
i.e., its trajectories follow steepest descent lines of J (é) Accordingly, since it was shown
in previous section that under certain spectral content conditions for ¢lX(n), J(8) can be
approximated by a positive definite quadratic form in the vicinity of 8, we can deduce that
for all initial conditions 0(0) located close to @, all trajectories of differential equation (5.103)
will converge to the true parameter vector 6.

In addition, it is shown in Theorem 2 of Chap 3 of [72] that when the negative Hessian

matrix

A(0) =-V2iJ(0)

(5.106)

=6
is stable in the sense of continuous-time systems, i.e., its eigenvalues have a strictly negative

real part, then for large n and vanishingly small 1

0(n) ~ N(0,7iP) (5.107)

where the covariance matrix P > 0 satisfies a Lyapunov equation. In other words, 8(n)

admits asymptotically a Gaussian distribution about the true parameter vector @ and the

1/2

fluctuations have a standard deviation proportional to ii*/=. For the case at hand

L—-1 L—-1
AO) ~ 2T = -2 {ZJ’“ + ZJ’“} <0 (5.108)
k=1 k=0

and is stable since J > 0 (when c/fl(n) satisfies appropriate spectral conditions). Unfortu-
nately, the Lyapunov equation statisfied by P (not described here) does not appear to admit

a closed form solution.
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5.4 Simulations

We illustrate the proposed TTADC calibration method for the two-channel case with different
types of signals. The reconstruction and calibration filters (5.12-5.13) in Fig. 5.1 when M = 2

are specified in Appendix B.

Sum of Complex Tones Complex Envelope

We consider first the bandpass signal from Section 3.4 with carrier frequency F,. = §./(27) =
5.15 GHz, multi-tone complex envelope given in (3.102), and bandwidth B/(27) = 800 MHz.
The chosen sub-ADC sampling frequency F! = €, /(2r) = 1 GHz is above B/(27) as per
(3.5), and the oversampling ratio (5.16) is thus o = 0.2. We have ¢ = 5, w, = 0.37, and
the sampled envelope ¢(n) expressed in (3.103) that has four tones located at £0.87 and

+0.357. The frequency support of ¢(n) lies in the interval I. = [—0.87,0.87] and given
Ir = [0.87,1.27] — 0.6m = [0.27, 0.67]

from (5.92), the calibration method should work satisfactorily since the set I,N I = 0.357 is
not empty. The passband of the bandpass filter Hgp (/) defined in (5.20) is I = [0.87, 1.27|+
0.37 mod (27) = [-0.97, —0.57].

Let d° = 0.425 be the nominal timing skew of the two-channel TIADC which has gain
and timing mismatches in the amounts vy = g — 1 = 0.01 and § = d — d° = —0.0025. The

two sub-ADC sequences according to (5.2-5.3) are given by

wo(n) = R{c(n)e™"} + vg(n)

z1(n) = gx R{c(n — d)e?»=De=2m4Y o) (n) | (5.109)

where the zero mean white noises vg(n) and v1(n) model the effect of thermal and quantiza-

tion noises. The sub-ADC SNR is 61.8dB.
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The FIR versions of reconstruction filters H;;(e/*) with 4,1 = 0,1 appearing in Fig. 5.1
are obtained by windowing their impulse responses calculated in Appendix B with a Kaiser
window of order N = 60 and parameter 8 = 6. The magnitudes of the frequency responses
of the resulting FIR filters are shown in Fig. 5.3. The small notches of these filters (except
for Hy,) at the frequency £(m — |w,|) = £0.77 are due to phase discontinuities of the
reconstruction filters (except for Hy;) at this frequency. Note that the gradient filters Hy
and H; ; have large magnitudes. To ensure that the transition region of the bandpass filter
Hgp(e’*) does not extend outside [—0.97, —0.57], we select a value o = 0.15 (corresponding
to a narrower passband of [—0.857, —0.557]) in the impulse response hgp(n) and employ a
Kaiser window of length 81 and parameter 5 = 8. The magnitude of the resulting FIR filter

is shown in Fig. 5.4.

0 0 05
65 50
__ 607 -
- — 40
o L —
55
Ay T 5
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45 : 20t
05 0 05 05 0 0.5

f f

Figure 5.3: Magnitudes of FIR approximation of reconstruction filters H;;(e’*) with i,1 = 0, 1
for a Kaiser window of length N + 1 = 61 and parameter = 6.

To quantify the loss of performance associated with the use of first-order approxima-

tions (5.12) and (5.13) instead of the exact reconstruction filters Hy(e’“; d) and H;(e’¥; g, d),
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Figure 5.4: Magnitude of bandpass FIR filter Hgp obtained by using a window of length 81
and parameter = 8.

the Fig. 5.5 and Fig. 5.6 show the PSDs of the estimated sampled complex envelope ¢(n)
obtained respectively with the filters Hy(e’“;d) and H;(e’*;g,d) corresponding to the true
ADC parameters, and the first order approximations (5.12) and (5.13) used in Fig. 5.1 with
true mismatches v, 0. The PSDs are computed with the complex periodogram method for
a data block of length 10%, and filters of order N = 60 are used in both figures. The MSE
between the theoretical and estimated envelope when reconstruction filters with the true
TIADC parameters are used in computation is —53.03dB which as expected is very similar
to the MSE obtained in Table 3.2, whereas the first-order approximation used in Fig. 5.1
yields a MSE of —39.93dB only. A closer look at Fig. 5.5 and Fig. 5.6 reveals a SFDR of
about 68dB with exact reconstruction filters and only 45dB for a first-order approximation
of these filters in the vicinity of (¢°,d°).

Next, for the four-tone complex envelope considered, the blind estimation algorithm
(5.26) is applied to a sequence of length L, = 5 x 10% samples. The initial mismatches are
selected as 4 = 0 and 6= 0, which corresponds to selecting the nominal TIADC parameters
(g°,d°) as the starting point. Instead of using the same step size for both the gain and timing

skew iterations, we select two different constant step sizes p, = 1072 for gain and ps = 1077
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Figure 5.5: PSD of the estimated envelope ¢(n) computed with FIR approximations of order
N = 60 of reconstruction filters Hy and H; for the true TIADC parameters g and d.
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Figure 5.6: PSD of the estimated envelope ¢(n) computed with first order structure of Fig.
5.1 for nominal TIADC parameters ¢° = 1, d® = 0.425 and actual mismatches v = 0.01,
0 = —0.0025 using filters of order N = 60.

for timing skew iterations to improve speed of convergence and estimation accuracy. This
choice can be interpreted as replacing the steepest descent algorithm by a quasi-Newton

algorithm. The resulting gain and time skew mismatches are shown in Fig. 5.7 and Fig.

5.8, respectively. Note that the final estimated gain mismatch value 4(L,) = 0.77 x 1072
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underestimates the gain mismatch v by more than 20%, but the estimated timing skew

mismatch §(L,) = —0.27 x 1072 is very close to the exact mismatch value .

%10

0 0.5 1 15 2 25 3 35 4 45 5
# of samples %104

Figure 5.7: Gain mismatch estimates for a four-tone complex input sequence of length L, =
5 x 10* samples, and constant adaptation step sizes p, = 107 amd u; = 1075.
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Figure 5.8: Timing skew mismatch estimates for a four-tone complex input sequence of

length L; = 5 x 10* samples, and constant adaptation step sizes 1, = 107 amd ps = 107°.

To demonstrate the performance improvement of the proposed calibration algorithm,
Fig. 5.9 and Fig. 5.10 show the PSDs of the reconstructed envelope ¢(n) obtained before

and after calibration. Before calibration, the sampled envelope is computed by using the
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initial estimates 4(0) = §(0) = 0 corresponding to the nominal TIADC values, whereas
the calibrated sequence é(n) uses the last 10* estimates 4(n) and 6(n) produced by the
blind estimation algorithm. Note that as indicated by Fig. 5.7 and Fig. 5.8, the blind
estimation algorithm converges quickly, so that the mismatch estimates obtained during the
final 10* simulation samples fluctuate around the final values. The MSE and SFDR before
calibration are —17.80dB and 22dB, and —35.97dB and 40dB after calibration, respectively.
Thus calibration yields about 18dB in MSE and SFDR improvement. Note that the MSE
performance of the calibration algorithm is within 4dB of the MSE for the simulation of Fig.

5.6 for the first-order reconstruction approximation with the correct TIADC parameters.
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Figure 5.9: PSD of the estimated envelope ¢(n) before calibration.

Consider the same exact calibration setup but the SGD iterations now have time-decaying
step sizes p1,(n) = 5/n and ps(n) = (2 x 1073)/n. Calibration is run again for L, =5 x 10*
samples, but the gain and timing skew mismatch estimates are shown in Fig. 5.11 and Fig.
5.12 only for the first 5x 103 and 3 x 10 samples, respectively, after which they do not change
considerably. The gain mismatch estimate converges to its final value 4(Ls) = 0.82 x 1072
very quickly in comparison to the constant step size case in Fig. 5.7. It is also slightly

more accurate. The timing skew mismatch takes longer to settle, but converges to the
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Figure 5.10: PSD of the estimated envelope ¢é(n) after calibration with constant adaptation
step sizes.
true mismatch parameter 5(L5) =0 = —.25 x 1072, It is then not suprising that the
MSE after calibration is —39.45dB which is within half dB of the MSE obtained for first-
order approximation with true mismatch values. The PSD after calibration is shown in
Fig. 5.13. The SFDR is 45dB. Since the overall reconstruction performance is limited by
first-order filter approximations, between calibration phases it may be preferable to use the
exact nonlinearized reconstruction filters at the current estimates ¢ and 5, i.e., Ho(e; CZ)
and H, (e §,d) instead of their linearized versions around the nominal point (¢, d°).
Finally, to assess the effect of the image band index ¢ on the performance of the proposed
calibration algorithm, we perform simulations for values of the carrier frequency F,. equal
to 2.15,3.15,4.15,...,10.15,15.15,20.15 GHz. The sub-ADC sampling frequency is held
constant at F! =1 GHz, so that the values of the carrier frequency correspond to signals in
image bands ¢ = 2,3,4,...,10,15,20, and w, = 0.37 in all cases. For these signals, we select

a nominal timing skew value equal to

d*=1/2—3/(80)
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Figure 5.11: Gain mismatch estimates for a four-tone complex input sequence of length
Ly = 5 x 10* samples, and time-varying adaptation step sizes . (n) = 5/n and ps(n) =

(2 x 107%) /.

051

15}

-2.5

%10

0.5 1 1.5
# of samples

3
x10*

Figure 5.12: Timing skew mismatch estimates for a four-tone complex input sequence of
length L, = 5 x 10* samples, and time-varying adaptation step sizes u,(n) = 5/n and

ps(n) = (2 x 1073) /n.

which ensures d° does not correspond to a forbidden value. The gain and timing mismatches

are still selected as v = 1072 and 6§ = —0.25 x 1072, and calibration is performed with

constant step sizes pu, = 107, us = 107°. Table 5.1 shows the reconstruction MSE before

calibration and MSE along with final estimated mismatches after calibration for all image

band indices ¢. The table indicates that the performance of the calibration algorithm de-
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Figure 5.13: PSD of the estimated envelope é(n) after calibration with time-varying adap-
tation step sizes.

grades progressively as ¢ increases. The main reason for this loss in performance is that the
first order approximations of reconstruction filters become progressively less accurate as ¢
increases. Thus, for large ¢ it may be desirable to include second-order terms in expansions
(5.12-5.13). An alternative approach is to employ iterative calibration where reconstruction
filters are relinearized around an estimate obtained in the calibration, and a new calibration
is started with this estimate as an improved initial starting point. For example, the second
calibration shown in Table 5.1 is performed by linearizing reconstruction filters Hy(e’*; cZ)

and Hy(e’; §,d) around a new point (g7, d?) obtained in the first calibration, as shown in

Appendix C such that

lg—g*| <lg—d°|

jd —d’| < |d—d"|,

i.e., (¢gP,dP) is an improvement over the first linearization point (¢°, d°). As further elaborated
in Appendix C, the adaptive equations for g and d need to be rederived taking into account
the new initial vector (g”,dP). For the values of ¢ in Table 5.1, one or two calibrations are

sufficient to achieve comparable performance in all image bands. For higher ¢, more than
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two calibrations may be needed to attain a satisfactory result. If either 4(n) or 4(n), but
not both, do not converge to any value in one calibration, their final value can be ignored,
and a new calibration can begin with improvement in only one of these estimates. This is
observed in Table 5.1 where the gain mismatch estimate 4(n) does not converge (denoted as
“NA” in the table) for £ = 9,10,15,20 in the first calibration, but improvement in d(n) can
be used to start a new calibration resulting in a final estimate 4(L;) very close to the true

gain mismatch .

Carrier 2.15 3.15 4.15 5.15 6.15 7.15 8.15 9.15 10.15 15.15 20.15
Freq. (GHz)

¢ 2 3 4 5 6 7 8 9 10 15 20
No MSE (dB) -25.49 -22.23 -19.75 -17.80 -16.17 -14.80 -13.61 -12.56 -11.63 -8.04 -5.48

Calibration
Firet 3(Ls)(x10- %) 10.5 10.1 9.4 5.3 6.9 5.1 3 NA NA NA NA
Calibration | 0(Ls)(x1073) | 25 | -2.58 | -2.63 | -2.70 | -2.73 2.8 -2.85 2.9 -2.97 | -3.27 | -3.8
MSE (dB) -45.54 -42.73 -39.36 -35.85 -32.57 -29.5 -26.87 -24.5 -22.42 -14 -7.63
Second 3(Ls)(x1073) - - 10.5 10.6 10.1 9.9 10.4 10.5 10.5 10 10.3
Calibration | 0(Ls)(x1073) - - -2.5 -2.51 -2.53 -2.53 2.5 -2.5 -2.5 -2.5 -2.5
MSE (dB) - - -44 -43.64 -42.1 -41.75 -42.3 -42.28 -42.45 -40.16 -40.2

Table 5.1: The MSE and final estimated mismatches after one and two calibrations (with
constant adaptation step sizes) as the image band index ¢ increases.

Bandlimited White Noise Compex Envelope

For a signal with a carrier frequency F. = 5.15 GHz, we consider the case where the complex
envelope ¢.(t) is a bandlimited white noise signal with bandwidth B/(47) = 400 MHz. The
sub-ADC sampling frequency remains F. = 1 GHz, so that the oversampling ratio is again
a = 0.2. The PSD of the sampled complex envelope is shown in Fig. 5.14. The nominal
TIADC parameters ¢° = 1, d° = 0.425, and mismatches v and § are the same as before.
Since wy, = 0.3m and ¢ = 5, the reconstruction filters H;,;(e’*) with ¢,/ = 0,1 and bandpass
filter Hpp(e’*) are the same as for the multi-tone signal example, and we use FIR filters with
the same orders. Finally, Fig. 5.14 indicates that ¢(n) has power in the band I = [0.2x, 0.67]
which is necessary for calibration to work.

The blind estimation algorithm is applied to a data block of length L, = 10° samples with
constant adaptation step sizes y, =5 x 107* and ps = 5 x 107% and zero initial mismatch

values corresponding to nominal TTIADC parameters. The resulting estimated mismatches

136



-20

-100

PSD of ¢(n) (dB)

-120 1

440%

-160,
-0.5

0
f
Figure 5.14: PSD of the actual sampled bandlimited white noise complex envelope.

are shown as a function of time in Fig. 5.15 and Fig. 5.16. The final estimated gain and
timing skew mismatches estimates are 4(L,) = 0.83 x 1072 and 0(L,) = —0.24 x 1072, As
in the case of a sum of complex tones envelope, the gain mismatch is underestimated, but
slightly less so than in the complex tones case, and the timing skew mismatch is estimated

quite accurately. The MSE of the complex envelope error is —37.56dB.

x 10~

Figure 5.15: Gain mismatch estimates for a bandlimited white noise complex envelope, with
Ls = 10° samples, and constant adaptation step sizes p, = 5 x 107* and ps = 5 x 107,
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x 10~

Figure 5.16: Timing skew mismatch estimates for a bandlimited white noise complex en-
velope, with Ly = 10° samples, and constant adaptation step sizes p, = 5 x 107 and
s =5 X 105,

The PSD of the complex envelope after calibration is shown in Fig. 5.17. It is computed
by selecting the final block of length 10* samples of the blind calibration simulation, after

the estimation algorithm has converged.

PSD of &(n) (dB)
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-120
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Figure 5.17: PSD of the sampled bandlimited white noise complex envelope after calibration
with constant adaptation step sizes.
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MSK Envelope

Consider a MSK signal with carrier frequency F,. = 5.15 GHz, complex envelope ¢.(t) spec-
ified in (3.107), and bandwidth B/(27) = 800 MHz. As in the last two examples, setting
sub-ADC sampling frequency to F! = 1 GHz results in oversampling ratio @ = 0.2. The
sampled complex envelope has a continuous PSD as shown in Fig. 5.18. Due to oversam-
pling, energy levels are lower in the band [0.87,1.27] mod (27) than outside this band but
not entirely zero. The TIADC has the same nominal parameters ¢° = 1 and d° = 0.425 as in
the previous examples, but this time contains v = 0.03 and § = —0.30 x 1072 mismatches.
We use the same reconstruction/calibration filters with same orders as before since ¢ = 5
and w, = 0.37, but the bandpass filter has a smaller passband set by selecting o = 0.1 < 0.2
to allow for the transition region and avoid picking up higher energy levels of C/(e“=«)).
A passband too small, however, should be avoided since in that case hgp(n) extracts too
little power from the error signal C*(e~7“*«¢)) needed for calibration to work properly. The

continuous PSD of ¢(n) assures it contains power across all Iy = [0.2x, 0.67].

PSD of é(n) (dB)

-80

100 I I I I I I I I I
-05 -04 -03 -02 -01 0 0.1 02 03 04 05

f

Figure 5.18: PSD of the sampled MSK envelope.

The results of the blind calibration algorithm for estimated mismatches with L, = 10°
samples, constant adaptation step sizes p, = 1.2 x 107® and u; = 0.15 x 107°, and zero

initial mismatches are shown in Fig. 5.19 and Fig. 5.20. The final estimated gain mismatch
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Y(Ls) = 0.0361 slightly overestimates 7, while the final estimate timing mismatch 5(LS) =
—0.30 x 1072 is extremely accurate. The PSD of the complex envelope after calibration is
shown in Fig. 5.21 which is computed using the last 10* samples of the blind calibration
simulation after the algorithm has converged. The MSE of reconstruction after calibration
is —38.2dB which is very close to —39.95dB obtained in the simulation (not shown here) for

first-order approximation with true mismatch values.

0.035

0.03

0.025 -

<« 0.02F

0.015 -

‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 1 2 3 4 5 6 7 8 9 10
# of samples x10%

Figure 5.19: Gain mismatch estimates for MSK complex envelope, with L, = 10° samples,
and constant adaptation step sizes p, = 1.2 x 107 and pus = 0.15 x 107°.

As highlighted in Chapter 3, timing skew mismatches play a larger role in degrading
reconstruction performance than gain mismatches do. For this reason, we analyze calibration
performance for various timing mismatches. The results before and after calibration are
shown in Table 5.2. L, = 10 samples and constant adaptation step size j5 = 0.15 x 1075 are
used to perform estimation. Except for the case of 0.10% timing skew mismatch, calibration
is all other cases roughly doubles the MSE performance. In all cases, the estimate 5(71)

converges to the true parameter 9.

140



%10
T

051

151

251

-3.5

3 4 5 6
# of samples

8 9 10
x10%

Figure 5.20: Timing skew mismatch estimates for MSK complex envelope, with L, = 10°
samples, and constant adaptation step sizes ., = 1.2 x 107 and ps = 0.15 x 107°.
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Figure 5.21: PSD of the sampled MSK complex envelope after calibration with constant

adaptation step sizes.

Timing Skew MSE(dB) MSE(dB)
Mismatch 0 | before calibration | after calibration
0.10% -29.99 -47.63
0.25% -22.07 -43.11
0.50% -16.09 -31.91
0.75% -12.56 -24.89
1% -10.08 -19.41

Table 5.2: MSK complex envelope reconstruction performance (MSE) before and after cali-
bration (with constant adaptation step size) for various timing skew mismatches.
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Chapter 6

Conclusions and Future Work

In this dissertation we have described a flexible technique for computing the sampled complex
envelope of a bandpass signal from nonuniform samples of the signal taken on the order of
Nyquist rate by a M-channel TIADC. A discrete-time model establishing the relationship
between the sampled complex envelope and data sequences generated by the sub-ADCs was
presented. It was shown that reconstruction of the envelope generally requires M complex-
valued FIR filters and a discrete-time modulator. Some TIADC timing skews are forbidden
as they cause the reconstruction process to collapse. Higher number of channels allow for
lower sub-ADC sampling rates but at the cost of increasing reconstruction filter complexity.
A careful analysis was provided for the practical cases M = 2,3,4. Extensive simulations
with multi-tone and MSK signals demonstrated robust method performance. Degradation
in performance was observed near forbidden timing skews and in the presence of TIADC
gain and timing skew mismatches. It was also shown that reconstruction is more sensitive
to timing than gain mismatches highlighting the need for timing skew calibration.

A special case of M = 2 known as quadrature sampling assumes certain relations be-
tween the signal carrier frequency and sub-ADC sampling rate and moreover between the
carrier period and TTADC timing offset. It requires the implementation of only one recon-

struction filter which can be used to estimate the complex envelope even when the carrier
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frequency is not exactly an integer multiple of the sub-ADC sampling frequency as required
for quadrature sampling. Simulations demonstrated this approach to be an effective and
robust approximation dependent on the order of reconstruction filter. The approximation
suffered when due to sub-ADC mismatches the timing skew deviated from its ideal value set
by quadrature sampling.

To address performance loss due to TIADC gain and timing skew mismatches, we pro-
posed a blind calibration method that requires the bandpass signal to be slightly oversampled
so that there exists a frequency band in which the sampled complex envelope has no power.
By extracting the component of the reconstructed envelope corresponding to this frequency
band, an error signal was obtained with cyclostationary second-order statistics (assuming a
WSS envelope random process). We proved rigorously that the scaled power of the error
process admits a positive definite quadratic approximation and can be minimized adaptively
by using the stochastic gradient approach in order obtain estimates of the TIADC gain
and timing skew mismatches. The overall joint reconstruction and calibration architecture
requires a total of 2M? fixed FIR filters and M? — 1 adaptive taps. Reconstruction perfor-
mance substantially improves after calibration as was demonstrated with simulations using
multi-tone, MSK, and bandlimited white noise signals.

In conjunction with recent advances in the design of wide bandwidth sample-and-hold
circuits of the type reported in [5], the proposed sampling technique has the potential to
simplify greatly RF communications and radar receiver front-ends by removing all mixing
and filtering hardware typically used to extract the I and ) components of the received
signal prior to sampling. As was noted in [74], the use of a nonuniform TTADC has also the
advantage that sampling a bandpass signal of bandwidth B becomes possible at all rates
greater than or equal to 2B, independently of the frequency band [2;, Q] where the signal
is located. Thus the proposed TIADC and reconstruction/calibration architecture could be

implemented as a software radio front end capable of digitizing signals in different bands.
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6.1 Suggestions for Further Research

There are several research directions we can take to broaden the presented reconstruc-

tion/calibration technique. We highlight three possibilities.

e Extend the sampling technique to multi-band signals of the type considered in [75,80]
where the spectrum consists of several disjoint components in an interval of length B.
The goal then would be to achieve sampling rates below the Nyquist rate 2B since
the presence of “holes” in the spectrum indicates the effective signal bandwidth is less
than B. This problem can be considered as sampling directly multiple RF signals with
nonoverlapping spectra. The work in [123] proposes a minimum sampling frequency
bound for such a case but only when a single ADC is used in sampling. It would
be of interest to see what lower bound on the sampling frequency can be derived in
the general M-channel case with no assumptions (unlike multicoset sampling) on the

TIADC timing skews.

e Extend the calibration method to include correction of bandwidth mismatches. As
stated in Chapter 1, bandwidth mismatches arise due to mismatches in channel S/H
circuits. Given our sampling method is direct and requires wide bandwidth S/H circuits
[5] operating at high frequencies, it is very likely that bandwidth mismatches contribute
significantly to overall TIADC performance loss. It remains to be seen if the filter-
bank bandwidth calibration approach developed in [20, Chap. 4], which similar to our
gain and timing mismatch correction also relies on power minimization in a certain

frequency band, can be extended to the bandpass case.

e Consider calibration in the case when the channel gains are complex-valued, i.e., when
gain mismatches introduce a phase in addition to amplitude mismatch in each chan-
nel. Linearization of reconstruction filters would then involve some form of complex
gradients. In this context, it would be of interest to determine if timing skew mis-

matches still dominate TIADC performance loss when the gain mismatches have two
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parameters (magnitude and phase) that need to be estimated.
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Appendix A

Reconstruction Filters for the

Four-Channel TIADC

Reconstruction filters and their impulse responses when ¢ = 5, w, = 7/2, d; = 0.375,

dy = 0.625, and d3 = 0.875.

q)() (ij) =

bofn) = —-[(1+ ) sin

™

for n # 0 and ¢o(0) = 1 + 50.5,

2 —ﬂ§w<—?jf

1.4142 + j0.5858 -3 <w < -2

0 -t <w<?t (A.1)
0.5858 + j1.4142 T<w< i
2 %’r <w<mT
™ ™ ., TN . 3TN
I)(COS (7) —0.41425sin (7)) — sin (T)} (A.2)
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3

(
0.2929 — j1.7071 -7 <w < —%
0.7071 —j1.1213 I <w< =
() = 1.4142 ST<w<T (A4)
0.2929 — 50.7071 T<w<
| 170714302929  F<w<n7
1 . .
oi(n) = — [(—1 +e75)((0.2929 — j1.7071)el 7
2mn
—(1.7071 + j0.2929)(—1)") — (=1 4 €72™)((.7071 + j0.2929)e’ 3"
+(1.1213 + j0.7071)e 9% m +j1.4142e—f%”)] (A.5)
for n # 0 and ¢, (0) = 0.8535 — 50.6339,
( 3T
0.4142 + j T <w< -2
Oy(™) = § 14142 4 j1.4142 T <w<T (A7)
1+ 50.4142 T<w< ¥
{ 1—7 ?jf Sw<Tm
1 3 . 3T n .
Ba(n) = Py [2(cos (Zn) - sm(zn) —(=D)") + (-1+€/2") x

((0.4142 — j)e 5™ 4 (1 — j0.4142)e 75" 4+ (1.4142 — j1_4142)6—j§n)}
(A.8)

for n # 0 and ¢2(0) = 0.9571 + 50.7071,
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ha(n) = ¢o(n + 2ds). (A.9)

0.7071 + 70.7071 T <w< _%Tﬂ

0.2929 + j0.7071 —F <w < T
Dy(e?) = 71.4142 i<t (A.10)

—0.7071 + j1.7071 T

| —0.7071 + jo.7071 3¢

1 . . "
G3(n) = 5 |(=1+eF)((0.7071 + j0.70T)e’™
+(0.7071 — j0.7071)(—1)") + (=1 + €/ 2") ((1.7071 + j0.7071)e? i

+(0.7071 — 50.2929)e =3 " 4 1.41426—9%“)] (A.11)

for n # 0 and ¢3(0) = —0.1036 + 51.1339,

hs(n) = ¢3(n + 2d3). (A.12)
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Appendix B

Impulse Responses of the Gradient

Filters for the Two-Channel TIADC

For the two-channel TIADC, first-order filter expansions (5.12 — 5.13) involve filters

H070<€jw) = Ho(ejw; do)

) 0 )

Jwy — Jjw. 70
Hoa(e™) 8dHO(€ ;d”)
Hyo(e™) = Hy(e’; g%, d°)

. 0 )
H171(6]w) = %H1(€jw;go, do) .

The impulse responses of Hyo(e?) and Hio(e’*) are given in (3.62-3.66) with the simple
substitution d° for d. Taking the partial derivatives with respect to d of correction fil-
ters (3.62-3.66) and then evaluating at d° provides the impulse responses of Hy(e/*) and
Hiy 1(e’*). This gives

R{ho(n)} = R{h11(n)} =0,

S{ho1(n)} = 7(20 + sgn(wy)) csc? (m(20 + sgn(wy))d®)d(n)

+7[20 esc? (2mld”) — (20 + sgn(wy)) esc? (7 (2€ + sgn(wy))d°)] x sin((m 7:n|°"b|)n) ,(B.1)
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and

N B 1 cos((m — |ws|)(n + d°))
Sthia(n)} = m X [(W = len]) sin(27ld°)
o sin((m — |wp|)(n + d°)) cos(2mld°) y cos((m — |wp|)(n + d°) — 7d°)
2l 2 @rtd) R et + sl )

40
cos(m (20 + sgn(wp))d°) ]
sin?(7(2¢ + sgn(wy))d)
B S R ™ R )

(n+ d°)? 7 sin(27ldO) 7 sin(m(20 + sgn(wy))d®)

4+ w(20 4 sgn(wy)) sin((7 — |wp|) (n + d°) — 7wd°) x

(B.2)
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Appendix C

Linearization of Reconstruction
Filters around a General Point (gP, dP)
Close to the True Parameter (g,d) for

the Two-Channel TIADC

The mismatches are given by

y=9—4g"
§=d—dv,

and estimated mismatches can be expressed as

Yy=g—g"

S=d—d,

where (§,d) are estimates of true parameters (g,d). Linearzing the filters Hy(e?*;d) and

Hi(e?%; g, cZ) around the point (¢*, d?) that is close to (g, d), we obtain first-order expansions
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Ho(e7:d) = Hy(e’;dP + )

, ~OH. .
= Hy(e/;dP) 46 —2(e/; dP) (C.1)
——— 0d
Hg[)(ejw) p i
Hy,(e7%)

and

Hi(e7;g,d) = Hy(e?; " +4,dP 4 b)

A 0H, . ~OH; .
= H(e?Y; g7, dP) + y——(e?¥; g7, dP) + 6 —(&/¥; ¢7, dP
1(e7; g7, d") Vag( g°,d") 8d( g°,d")
A - ~O0H;, .
= (1 ——=)H{(eY;¢",d°)+6 —=(e'¥; g7, dP) , C.2
(1 LI )45 TR ) €2
HYP(e7%) N~
H]p,l(e]w)

where the last equality follows from the fact that

0H, o A 4 1 A
CEL (e g, d) = — > Hy (e 3, d) .
ag( 3 G, ) g 1(6 9, )

The impulse responses of the filters are given by

R{nG(n)} = 6(n)

{2, (n)} = — cot(m(20 + sgn(ws))d?)d(n)

0,0

+(cot(m(2¢ + sgn(wy))d?) — cot(27ldP)) x sin((m ;n|%|)n) . (C3)

R{R,(n)} = 0

qipp (- ST —jw)(n+d7)) - sin((m — |wy|)(n + d7) — 7d?)
SULMY = @)+ dr)  grmsin(r (2l + sgn(en)) )£ dr) )
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R{LL,(n)} = 0
S{Al (n)} = m(20+sgn(ws)) csc?(m(20 + sgn(wy))dP)S(n)

+7[20 csc? (2mldP) — (2¢ + sgn(wy)) esc? (m(2¢ + sgn(wy))dP)]

" sin((m — |wp|)n) ‘

(C.5)

™

R{AT,(n)} = 0

cor o LT eos((r (o + d))
SULOY = Gy T D ey
sin((m — |wp|)(n + dP)) cos(2mldP) cos((m — |wp|)(n + dP) — wdP)

— 2m/ sin? (2 0d?) + ] sin((2¢ + sgn(wy))dP)
cos(m (20 + sgn(wy))d?) }

+ (204 sgn(en))sin(7 — leal)(n -+ ) —md) x e S

B 1 sin((m — [we|)(n +d))  sin((m — [wp|)(n + &) —ﬂdp)i|
gP(n + dp)? 7 sin(27ldp) msin(m(20 + sgn(wyp))dp) 1
(C.6)
With these filters, the error signal defined in (5.22) can be expressed as
e(n; §,d) = eo(n;d) + ex(n; §,d) , (C.7)
where
co(n;d) = e, (n) + 3¢}, (n) (C.8)
with



and

with

ery(n) = x1(n) * hiy(n) * hpp(n)

11(n) = @1(n) x A7, (n) * hp(n) .

The partial derivatives needed in the iteration (5.26) are calculated to be

0 . 1
elwsgd) = et
;de(n; g, CZ) = e (n)+ 611),1(”) ) (C.10)
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