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EPIGRAPH

A mathematician is a person who can find analogies between theorems; a better mathe-

matician is one who can see analogies between proofs and the best mathematician can notice

analogies between theories. One can imagine that the ultimate mathematician is one who can see

analogies between analogies.

—Stefan Banach
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ABSTRACT OF THE DISSERTATION

Spectral analysis of sparse random graphs and hypergraphs

by

Yizhe Zhu

Doctor of Philosophy in Mathematics

University of California San Diego, 2021

Professor Ioana Dumitriu, Chair

This thesis concerns the spectral and combinatorial properties of sparse random graphs
and hypergraphs. We present three models, including inhomogeneous random graphs, random
bipartite biregular graphs, and the hypergraph stochastic block model, emphasizing the limiting
spectral distributions, eigenvalue fluctuations, and top eigenvalues and eigenvectors, respectively.
We first present a graphon approach to finding the limiting spectral distribution of Wigner-type
matrices, building a connection between random matrices and graph limits. For random bipartite
biregular graphs, we analyze their cycle structure and compute the global eigenvalue fluctuations.
Finally, we study a spectral algorithm for community detection in sparse hypergraph stochastic

block models using a new matrix that counts self-avoiding walks on hypergraphs.
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Chapter 1

Introduction

1.1 Sparse graph-based random matrices

The spectral analysis of random graphs is in the intersection of random matrix theory and
graph theory. It combines tools from combinatorics, probability, statistics, and numerical linear
algebra and has various applications in coding theory, network analysis, and machine learning.

The synergy of combinatorics and probability in the study of spectra of random graphs
has been successfully developed in the past decade. From the random matrix perspective, we
would like to understand how the structure of the random graphs is reflected in their spectral
properties and how the universality phenomenon can be extended to sparse random graph models
[82, 83, 108, 117, 27, 29, 28]. For dense graphs, the similarities with their adjacency matrices
and classical random matrices are so great that one can extend the universality results over
from random matrix theory; however, the dense graphs are less interesting from an application
perspective. A real-world social or collaborative network is rarely dense; on the contrary, the
degrees of vertices remain bounded or grow very slowly as the size of the network increases. So
it makes sense to examine those graph-based matrices whose models are not dense but sparse.

The sparsity creates an immediate issue: sparse graph-based random matrices do not



satisfy the bounded moments assumption in many results of the Wigner and Wishart ensembles.
As such, new tools and methods have been developed to understand their spectra [39, 40, 170,
108, 78, 31, 32, 14]. Often, these new methods still necessitate concentration results that are not
true in very sparse regimes (corresponding to bounded expected degree or O(logn) expected
degrees), when few entries per row are nonzero [39, 81, 121, 14, 15]. In such regimes, one has to
try and exploit the combinatorial properties of the model. Powerful tools from combinatorics,
including graph limits [34], non-backtracking operators [167], switchings [144], etc., have been
successfully applied to various sparse random matrix problems [39, 40, 37, 48, 67, 90, 66].
From an application perspective, sparse random matrix techniques have been widely used
to analyze the structure of random graphs and provide the theoretical foundation for applications
in statistics, theoretical computer science, and data science, including community detection [1],
matrix completion [122], matrix sketching [174], error-correcting codes [114], etc. A remarkable
achievement in the last decade is the success of proving the community detection threshold
conjecture for the stochastic block model in different sparsity regimes [145, 146, 141, 40, 145, 2].
Many efficient algorithms that achieve the information-theoretical thresholds are spectral, and

their analysis is based on random matrix theory [141, 40, 4].

1.1.1 Random graph and random hypergraph models

Many random graph and hypergraph models have been extensively studied from a random
matrix perspective in the last decade. We briefly introduce several models that will be studied in

this thesis. A more detailed discussion can be found in each chapter.

Inhomogeneous Erdos-Rényi random graphs

One of the most basic models for random graphs is the Erdds-Rényi random graph,
denoted by G(n,p), where every edge between two vertices appears with probability p. The

inhomogeneous Erdés-Rényi model G(n,(p;i;)), where edges exist independently with given



probabilities p;;, is a generalization of the classical Erds-Rényi model G (n, p).

Many popular graph models arise as special cases of G(n,(p;;)) such as random graphs
with given expected degrees [64], stochastic block models [113], and W-random graphs [136, 42].
It is a popular topic attracting attention from different areas: the limiting spectral distribution
and generalization of the universality phenomenon beyond Wigner matrices in random matrix
theory [178, 56, 8]; the study of graph limits and inhomogeneous random graph models beyond
the Erdds-Rényi graphs in random graph theory [135, 36]; community detection and network

analysis in statistics and machine learning [1, 97].

Stochastic block models

The Stochastic Block Model (SBM) represents a generalization of Erd6s-Rényi graphs to
allow for more heterogeneity. This model is designed to produce graphs containing communities
and to serve as a benchmark for clustering algorithms. Specifically, let A be the adjacency matrix
of an SBM. Suppose we have a partition of [n] = V; UV, U...UV; for some integer d, and that
|Vi| = n; for i =1,...,d. For any pair (k,l) € [d] x [d], there is a py; € [0,1] such that for any
eV, jeVi,

1, with probability py,

ajj =
0, otherwise.

The task for community detection is to find the unknown partition of a random graph
sampled from the SBM. In the last decade, there has been considerable activity [129, 40, 1, 31, 32]
in understanding the spectral properties of matrices associated with the SBM and other generalized

graph models, in particular in connection to spectral clustering methods.

Random regular and bipartite biregular graphs

An expander graph is a sparse graph with connectivity properties which exhibits rapid

mixing [63]. Expander graphs play an important role in computer science, including sampling,



complexity theory, and the design of error-correcting codes (see [114]).

When a graph is d-regular, i.e., each vertex has degree d, quantification of expansion
is possible based on the eigenvalues of the adjacency matrix. By random d-regular graph on
n vertices, we mean a random graph chosen uniformly from the space of all simple d-regular
graphs on n vertices. The adjacency matrix of a random d-regular graph is a random matrix
model with dependent entries. This has been extensively analyzed in the last decade with respect
to global and local statistics and universality [77, 170, 76, 27, 29, 28, 117], and the spectral gap
[49, 37, 67, 168].

In many applications, one would like to construct bipartite expander graphs with two
unbalanced disjoint vertex sets, among which bipartite biregular graphs are of particular interest.
An (n,m,dy,d,)-bipartite biregular graph is a bipartite graph G = (V|,V»,E) where |V;| =
n,|Va| = m and every vertex in V| has degree d; and every vertex in V; has degree d,. Note that
we must have nd; = md, = |E|. The spectra of random bipartite biregular graphs have been

studied in [75, 169, 175, 48, 179, 80].

Random hypergraphs

A hypergraph H consists of a set V of vertices and a set E of hyperedges such that each
hyperedge is a nonempty set of V. A hypergraph H is k-uniform for an integer k > 2 if every
hyperedge e € E contains exactly k vertices. The degree of i, denoted deg(i), is the number
of hyperedges incident to i. A hypergraph is d-regular if all of its vertices have degree d. A
hypergraph is (d, k)-regular if it is both d-regular and k-uniform.

Many clustering methods are based on graphs, which represent pairwise relationships
among objects. However, in many real-world problems, pairwise relations are not sufficient, while
higher-order relations between objects cannot be fully described as edges on graphs. Hypergraphs
can be used to represent more complex relationships among data, and they have been shown

empirically to have advantages over graphs; see [176, 152]. Thus, it is of practical interest to



develop algorithms based on hypergraphs, and much work has already been done to that end; see,
for example, [176, 130, 172, 100, 50, 109, 11]. There are two natural generalizations of random
graph models to random hypergraphs: Erdds-Rényi random hypergraphs and random regular
hypergraphs.

A k-uniform Erd6s-Rényi random hypergraph H(n, p) is a random hypergraph on n
vertices, where each hyperedge is of size k and appears independently with probability p. The
spectra of the Laplacian, adjacency matrix, and the adjacency tensor for Erd6s-Rényi random
hypergraphs have been studied in [137, 177]. Inhomogeneous random hypergraphs and hyper-
graph stochastic block models are popular in the fields of network modeling and clustering
[131, 124, 98, 20, 65, 151].

Random regular hypergraphs, where each hyperedge has the same size and each vertex
has the same degree, serve as a natural model for the study of hypergraphs with regularity and
dependency [74, 127]. They have been used to study the average behavior of optimization
algorithms on hypergraphs [154, 72]. The spectra of such random hypergraph models have been

analyzed through their adjacency matrix [91, 132, 79] and adjacency tensor [95].

1.1.2 Spectral statistics

In this section, we define the spectral statistics that will be discussed in this thesis.

Empirical spectral distribution

For any n x n Hermitian matrix A with eigenvalues Ay,...,A,, the empirical spectral

distribution (ESD) of A is defined by

Zski(x). (1.1.1)

The limiting spectral distribution, or the global law, describes the limit shape of the



spectrum. A Wigner matrix is a Hermitian random matrix whose entries are i.i.d. random
variables up to the symmetry constraint and have zero expectation and variance 1. As has been
known since Wigner’s seminal paper [173] in various formats, for Wigner matrices, the empirical

spectral distribution converges almost surely to the semicircle law, with a density function

1
= —V4—x21_ .
p(x) o A7L27] (x)
Global eigenvalue fluctuations
A linear statistic of an n X n matrix A with eigenvalues A[,...,A, is a functional of the

form

where f is a function belonging to a certain class. When f is a suitable test function, the first

order behavior of L(f), is given by

S | =

L) = ¥ 00 = [ (),
=1

1

where uy the limiting spectral distribution of A. The global fluctuation for linear statistics, is

another spectral statistic of interest, which examines the second order behavior of L(f), given by

Xy = L(f)—EL(f).

Under a suitable scaling, one would like to prove that Xy converges in distribution to a certain
random variable whose variance depends on f. The term “global” in “global fluctuation” refers

to the fact that all eigenvalues contribute similarly to £(f).



Spectral gap

Let A be the adjacency matrix of a d-regular graph. The first eigenvalue A;(A) is always
d. The second eigenvalue in absolute value A(A) = max{Ay(A), —A,(A)} is of particular interest,
since the difference between d and A, also known as the spectral gap, provides an estimate on the
expansion property of the graph [12, 63, 114].

For a bipartite biregular graph, its first eigenvalue is v/did,. The difference between
V/dyd and A>(A) is called the spectral gap. The spectral gap of bipartite biregular graphs has
found applications in error-correcting codes, matrix completion and community detection, see for
example [165, 160, 96, 48, 51].

For inhomogeneous Erd6s-Rényi graphs, the spectral gap is referred to separation between
the few largest eigenvalues outside the bulk of the spectrum (the outliers) and the edge of the bulk

spectrum [40, 57, 55, 14].

1.2 The moment method

The three different results we present in the thesis share the same philosophy: the spectral
statistics of a random matrix can be studied through the analysis of certain combinatorial objects
in the random graph or random matrix model. An important tool of the analysis is the moment
method.

Compared to the Stieltjes transform method in the study of local statistics, the moment
method has some advantages in the study of global statistics and the edge behavior of the
spectrum. For example, in the very sparse regime, including Erd6s-Rényi graphs with bounded
expected degrees [40, 38], random regular graphs and quasi-regular graphs with fixed degrees
[37, 47, 48], many variants of the classical moment method provides stronger results and more
precise information of the spectrum compared to the Stieltjes transform method. The advantage

is that it incorporates the information of the combinatorial structures even when concentration



tools fail.

We give a quick illustration of the moment method in the study of Wigner matrices (see
[18] for more details). Let W,, be a random Hermitian matrix with i.i.d. entries of mean zero
and variance one, and we assume all moments are finite for simplicity. Denote A,, = \/lﬁWn with
eigenvalues Aj,...,A,. Denote the empirical spectral distribution of A, by u,. Then the k-th

moment of uy, satisfies
k L
/x Ua, (x)dx = —tr(A;). (1.2.1)
n

The moment method to show u4, has a limit is by first proving the convergence of the expected

trace of AX for each fixed k:

1 1
;E[trAﬁ]:Z Y E[(An) - (An)ii - (1.2.2)

i 7"'1ik€[n]

When £ is even, the leading order of the above expression is given by the number of closed walks
on rooted planar trees, which matches the moment of a semicircle distribution, i.e., the Catalan
number.

For global eigenvalue fluctuations, the goal is to find the limiting law for the linear statistic

of a suitable test function f, given by

f(hi) —

1 i=1

Ef(A;). (1.2.3)

n

B

1

The moment method can be used to examine the fluctuation of linear statistics for a test function

f(x) = x* with a fixed k. The linear statistic of f can be written as

X := tr(AX) — Etr(AX). (1.2.4)



The moments of X; can be interpreted as counting cycles in a certain graph, and they match the
moments of a Gaussian random variable with an explicit variance. This calculation implies a
central limit theorem. Then one can extend the CLT to polynomial test functions.

The moment method is also a powerful tool to estimate the spectral norm, defined by

[An]l = sup [[Anx]l2.

x:[xlla=1

Consider the following inequality:
E[[Au| < Eltr(4,)*)% < n%E||4,.

When £ is on the order of logn, the three quantities are of the same order. Therefore we can
bound the spectral norm ||A|| by counting a certain type of closed walk of length k = O(logn).

We have developed and generalized the moment method to three different random graph
and random hypergraph models in order to analyze the three different types of spectral statistics
mentioned above. The new challenges, beyond the Wigner matrix example, are inhomogeneity,
edge dependence, and sparsity.

In Chapter 2, we consider random matrices A,, = \/i;an, where entries w;; are independent,
wtih mean zero and variance s;;. This type of random matrix is called a Wigner-type matrix with
a variance profile [8]. We give a new formula for the moments of the limiting spectral distribution
for Wigner-type matrices, in terms of homomorphism densities, a quantity that is well studied in
the dense graph limit (i.e., the graphon theory [135]). This is an inhomogeneous generalization of
the Catalan number expression for the moments of Wigner matrices.

In Chapter 3, we study the global eigenvalue fluctuation for random bipartite biregular
graphs. In this case, the linear eigenvalue statistic £(f) has a closed-form expression when f is a
Chebyshev polynomial, which counts the number of cyclically non-backtracking closed walks

in a bipartite biregular graph. Such closed walks can be analyzed through the cycle counts in



the graph. In this random graph model with edge dependence, we are able to analyze the law
of cycle counts through switching operations [143, 144], a tool from random graph theory. The
fluctuations of cycle counts essentially determine the global eigenvalue fluctuations.

In Chapter 4, we develop the moment method for sparse random hypergraphs, to solve a
community detection problem in the hypergraph block model [20, 101]. We apply this method to
a new matrix that counts self-avoiding walks on hypergraphs, whose spectral norm is analyzed by

counting concatenations of self-avoiding walks of length O(logn).

1.3 Contribution of this thesis

We summarize the main results in each chapter as follows. More detailed introductions

will be given in each chapter.

Chapter 2: A graphon approach to the limiting spectral distributions of

Wigner-type matrices

We analyze the limiting spectral distributions of general Wigner-type matrices. Such
random matrices have independent entries up to symmetry, but with different variances. This
approach determines the moments of the limiting measures and the equations of their Stieltjes
transforms explicitly with weaker assumptions on the convergence of variance profiles than
previous results in [157, 19]. As applications, we determine the limiting spectral distributions
for three sparse inhomogeneous random graph models with sparsity ®(1/n): inhomogeneous
random graphs with roughly equal expected degrees, W-random graphs, and stochastic block
models with a growing number of blocks. Our theorems can also be applied to study random
Gram matrices with a variance profile for which we can find the limiting spectral distributions

under weaker assumptions than previous results in [105].

10



Chapter 3: Global eigenvalue fluctuations for random bipartite biregular
graphs

We compute the global eigenvalue fluctuations for the spectral statistic £(f) of uniformly
distributed random biregular bipartite graphs with fixed and growing degrees, for a large class of
analytic functions f. As a key step in the proof, we obtain a total variation distance bound for the
Poisson approximation of the number of cycles and cyclically non-backtracking walks in random
biregular bipartite graphs. As an application, we translate the results to adjacency matrices of

uniformly distributed random regular hypergraphs.

Chapter 4: Community detection in the sparse hypergraph stochastic block

model

We consider the community detection problem in sparse random hypergraphs. Angelini
et al. in [20] conjectured the existence of a sharp threshold on model parameters for community
detection in the hypergraph stochastic block model. We settled the positive part of the conjecture
for the case of two blocks: above the threshold, there is a spectral algorithm that asymptotically
almost surely constructs a partition of the hypergraph which correlated with the true partition. Our
method is a generalization to sparse random hypergraphs of the method developed by Massoulié

in [141] for sparse random graphs.

11



Chapter 2

A graphon approach to limiting spectral

distributions of Wigner-type matrices

2.1 Introduction

Eigenvalue Statistics of Random Matrices

Classically, as has been known since Wigner’s seminal paper [173] in various formats,
the empirical spectral distribution for Wigner matrices converges almost surely to the semicircle
law. The i.i.d. requirement and the constant variance condition are not essential for proving the
semicircle law, as can be seen from the fact that generalized Wigner matrices, whose entries
have different variances but each column of the variance profile is stochastic, turned out to obey
the semicircle law [19, 86, 102], under various conditions as well. Beyond the semicircle law,
the Wigner matrices exhibit universality [85, 166], a phenomenon that has been recently shown
to hold for other models, including generalized Wigner matrices [86], adjacency matrices of
Erdds-Rényi random graphs [82, 83, 170, 116] and general Wigner-type matrices [8].

A slightly different direction of research is to investigate structured random matrix models

whose limiting spectral distribution is not the semicircle law. One such example is random block
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matrices, whose limiting spectral distribution has been found in [157, 89] using free probability.
Ding [73] used moment methods to derive the limiting spectral distribution of random block
matrices for a fixed number of blocks (a claim in [73] that the method extends to the growing
number of blocks case is unfortunately incorrect). Recently Alt et al. [17] provided a unified way
to study the global law for a general class of non-Hermitian random block matrices including

Wigner-type matrices.

Graphons and Convergence of Graph Sequences

Understanding large networks is a fundamental problem in modern graph theory and to
properly define a limit object, an important issue is to have good definitions of convergence for
graph sequences. Graphons, introduced in 2006 by Lovdsz and Szegedy [136] as limits of dense
graph sequences, aim to provide a solution to this question. Roughly speaking, the set of finite
graphs endowed with the cut metric (See Definition 2.2.3) gives rise to a metric space, and the
completion of this space is the space of graphons. These objects may be realized as symmetric,
Lebesgue measurable functions from [0, 1]? to R. They also characterize the convergence of
graph sequences based on graph homomorphism densities [44, 45]. Recently, graphon theory has
been generalized for sparse graph sequences [42, 43, 93, 126].

The most relevant results for our endeavor are the connections between two types of
convergences: left convergence in the sense of homomorphism densities and convergence in
cut metric. In our approach, for the general Wigner-type matrices, we will regard the variance
profile matrices S, as a graphon sequence. The convergence of empirical spectral distributions
is connected to the convergence of this graphon sequence associated with S, in either left
convergence sense or in cut metric.

For inhomogeneous random graphs with bounded expected degree introduced by Bollobds,
Janson and Riordan [36], their graphon limits will be 0 and our main result will not cover this

regime. This is because the graphon limit is only suitable for graph sequences with unbounded
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degrees. Instead, the spectrum of random graphs with bounded expected degrees was studied in
[39] by local weak convergence [34, 10], a graph limit theory for graph sequences with bounded

degrees.

Contribution of this chapter

We obtained a formula to compute the moments of limiting spectral distributions of general
Wigner-type matrices from graph homomorphism densities, and we derived quadratic vector
equations as in [7] from this formula. Previous approaches to the problem require the variance
profiles to converge to a function whose set of discontinuities has measure zero [157, 19, 105],
we make no such requirement here. The method in [157] is based on free probability theory, and
it is assumed that all entries of the matrix are Gaussian, while our Theorem 2.3.2 and Theorem
2.3.4 work for non-i.i.d. entries with general distributions. Especially, we cover a variety of
sparse matrix models (see Section 2.4-2.7). The argument in [19] is based on a sophisticated
moment method for band matrix models, and our moment method proof based on graphon theory
is much simpler and can be applied to many different models including random Gram matrices.
For random Gram matrices, in [105], it is assumed that all entries have (4 + €) moments and the
variance profile is continuous. The continuity assumption is used to show the Stieltjes transform
of the empirical measure converges to the Stieltjes transform of the limiting measure. We remove
the technical higher moments and the continuity assumptions since our combinatorial approach
requires less regularity.

All the previous results above assume the limiting variance profile exists and is continuous.
This assumption is used to have an error control under L*-norm between the n-step variance
profile and the limiting variance profile, which will guarantee that either the moments of the
empirical measure converge or the Stieltjes transform the empirical measure converges. However,
this L”-convergence is only a stronger sufficient condition compared to our condition in Theorem

2.3.2 and Theorem 2.3.4. The key observation in our approach is that permuting a random matrix
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does not change its spectrum, but the continuity of the variance is destroyed. The cut metric in
the graphon theory is a suitable tool to exploit the permutation invariant property of the spectrum
(see Theorem 2.3.4).

Moreover, we realize that to make the moments of the empirical measure converge, we
don’t need to assume the moments of the limiting measure is an integral in terms of the limiting
variance profile. All we need is the convergence of homomorphism density from trees. We show
two examples in Section 2.4 where we don’t have a limiting variance profile but the moments of
the empirical measure still converge: generalized Wigner matrices and inhomogeneous random
graphs with roughly equal expected degrees.

Besides, if the limiting distribution is not the semicircle law, previous results only implic-
itly characterize the Stieltjes transform of the limiting measure by the quadratic vector equations
(see (2.3.2), (2.3.3)), which are not easy to solve. Our combinatorial approach explicitly de-
termines the moments of the limiting distributions in terms of sums of graphon integrals. Our
convergence condition (see Theorem 2.3.2 (1)) is the weakest so far for the existence of limiting
spectral distributions and covers a variety of models like generalized Wigner matrices, adjacency
matrices of sparse stochastic block models with a growing number of blocks, and random Gram
matrices.

The organization of this chapter is as follows: In Section 2.2, we introduce definitions
and facts that will be used in our proofs. In Section 2.3, we state and prove the main theorems
for general Wigner-type matrices and then specialize our results to different models in Section

2.4-2.7. In Section 2.8, we extend our results to random Gram matrices with a variance profile.

2.2 Preliminaries

Our main task in this chapter is to investigate the convergence of the sequence of empirical

spectral distribution to the limiting spectral distribution for a given sequence of structured random
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matrices. A useful tool to study the convergence of measure is the Stieltjes transform. Let u be a
probability measure on R. The Stieltjes transform of u is a function s(z) defined on the upper half
plane C* by the formula:

s(z) = /RLd,u(x), zeCt.

—X

Suppose that u is compactly supported, and denote r := sup{|¢| | € supp(u) }. We then have a

power series expansion
_y B
s =) T 2| >, (2.2.1)

where By := [ **du(x) is the k-th moment of u for k > 0.

Definition 2.2.1. The rooted planar tree is a planar graph with no cycles, with one distinguished
vertex as a root, and with a choice of ordering at each vertex. The ordering defines a way to
explore the tree starting at the root. Depth-first search is an algorithm for traversing rooted planar
trees. One starts at the root and explores as far as possible along each branch before backtracking.
An enumeration of the vertices of a tree is said to have depth-first search order if it is the output

of the depth-first search.

The Dyck paths of length 2k are bijective to rooted planar trees of k4 1 vertices by the
depth-first search (see Lemma 2.1.6 in [18]). Hence the number of rooted planar trees with k4 1
1

vertices is the k-th Catalan number Cy := (Zkk).

We introduce definitions from graphon theory. For more details, see [135].
Definition 2.2.2. A graphon is a symmetric, integrable function W : [0,1]> — R.

Here symmetric means W (x,y) = W (y,x) for all x,y € [0, 1]. Every weighted graph G has

an associated graphon W¢ constructed as follows. First divide the interval [0, 1] into intervals
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Figure 2.1: A graphon representation of a cycle of length 4

I1,...,Iyy(g) of length ﬁ, then give the edge weight B;; on I; x I}, for all i, j € V(G). In this
way, every finite weighted graph gives rise to a graphon (see Figure 2.1).
The most important metric on the space of graphons is the cut metric. The space that

contains all graphons taking values in [0, 1] endowed with the cut metric is a compact metric

space.

Definition 2.2.3. For a graphon W : [0,1]> — R, the cut norm is defined by

W (x,y)dxdy
SXT

[Wllo:=sup
S,7<(0,1]

bl

where S, T range over all measurable subsets of [0, 1]. Given two graphons W, W' : [0,1]*> — R,

define do(W,W’) := ||W — W’||g and the cut metric 8 is defined by
So(W,W') = igde(W",W'),
where G ranges over all measure-preserving bijections [0, 1] — [0, 1] and
We(x,y) :=W(o(x),0(y)).

Using the cut metric, we can compare two graphs with different sizes and measure their
similarity, which defines a type of convergence of graph sequences whose limiting object is the

graphon we introduced. Another way of defining the convergence of graphs is to consider graph
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homomorphisms.

Definition 2.2.4. For any graphon W and multigraph F = (V,E) (without loops), define the

homomorphism density from F to W as

HF,W) = /[0 o T WG T

ijeE icV

One may define homomorphism density from partially labeled graphs to graphons, as

follows.

Definition 2.2.5. Let F = (V,E) be a k-labeled multigraph. Let Vo =V \ [k] be the set of unlabeled

vertices. For any graphon W, and xi,...,x; € [0, 1], define

Loty (F,W) i= / TTWGi,x) [T dx (2.2.2)

Vi
xefo, 1]l ey icVy
This is a function of xy,...,x;.

It is natural to think two graphons W and W' are similar if they have similar homomor-

phism densities from any finite graph G. This leads to the following definition of left convergence.

Definition 2.2.6. Let W, be a sequence of graphons. We say W, is convergent from the left if

t(F,W,) converges for any finite simple (no loops, no multi-edges, no directions) graph F.

The importance of homomorphism densities is that they characterize convergence under
the cut metric. Let M} be the set of all graphons such that 0 < W < 1. The following is a

characterization of convergence in the space W4, known as Theorem 11.5 in [135].

Theorem 2.2.7. Let {W,} be a sequence of graphons in Wy and let W € W). Then t(F,W,) —

t(F,W) for all finite simple graphs if and only if dq(W,,W) — 0.
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2.3 Main results for general Wigner-type matrices

2.3.1 Set-up and main results

Let A, be a Hermitian random matrix whose entries above and on the diagonal of A,, are
independent. Assume a general Wigner-type matrix A, with a variance profile matrix S, satisfies

the following conditions:
1. Eaij = O,E]aij]2 = Sij.

2. (Lindeberg’s condition) for any constant 1} > 0,

1
lim — Y Efla;*1(|ai;| = nv/n)] =0. (2.3.1)

TR <i<n

3. sup;; Sij < C for some constant C > 0.

Remark 2.3.1. If we assume entries of A, are of the form a;; = s; jF,,- ; where the & ;’s have mean
0, variance 1 and are i.i.d. up to symmetry, then the Lindeberg’s condition (2.3.1) holds by the

Dominated Convergence Theorem.

To begin with, we associate a graphon W,, to the matrix S, in the following way. Consider
S, as the adjacency matrix of a weighted graph G, on [n] such that the weight of the edge
(i,7) is s;j, then W, is defined as the corresponding graphon to G,. We say W, is a graphon
representation of S,,. We define M,, := \/LﬁAn and denote all rooted planar tree with £+ 1 vertices as
Tjk“, 1 < j < (. Now we are ready to state our main results for the limiting spectral distributions

of general Wigner-type matrices.

Theorem 2.3.2. Let A, be a general Wigner-type matrix and W, be the corresponding graphon
of Su. The following holds:
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1. If for any finite tree T, t(T,W,,) converges as n — oo, the empirical spectral distribution of

M,, converges almost surely to a probability measure u such that for k > 0,

Ck
/kad,u = Y tim (75 W), /ﬁ"“du —0.

e

2. If (W, W) — O for some graphon W as n — oo, then for all k > 0,

Ck
/Xde,Ll = Z t(Tjk“,W), /x2k+1dy =0.

J=1

Remark 2.3.3. Similar moment formulas appear in the study of traffic distributions in free

probability theory [138, 139].

Using the connection between the moments of the limiting spectral distribution and its
Stieltjes transform described in (2.2.1), we can derive the equations for the Stieltjes transform of

the limiting measure by the following theorem.

Theorem 2.3.4. Let A, be a general Wigner-type matrix and W, be the corresponding graphon of

Ay
Jn

converges almost surely to a probability measure u whose Stieltjes transform s(z) is an analytic

Su- If 00 (Wy, W) — 0 for some graphon W, then the empirical spectral distribution of M, :=

solution defined on C* by the following equations:

I
s(z)z/o a(z,x)dx, (2.3.2)

1
a(z,x)~! :z—/o W (x,y)a(z,y)dy, x€[0,1], (2.3.3)

where a(z,x) is the unique analytic solution of (2.3.3) defined on C* x [0, 1].

20



Moreover, for |z| > 2HWH1/2

Z sz . Ba(x) th (17w (2.3.4)
k+1
where txl(Tjk“L],W):: H W (X, %) de, (2.3.5)
[071] EE(Tk-H)

Remark 2.3.5. In (2.3.5), t,, (T;‘H,W) is a function of x;, and in (2.3.4) tx(Tj‘“,W) is the

function evaluated at x; = x.

Theorem 2.3.4 holds under a stronger condition compared to Theorem 2.3.2. We provide
two examples in Section 2.4 to show that it’s possible to have tree densities converge but the
empirical graphon does not converge under the cut metric. We show that the limiting spectral
distribution can still exist. However, to have the equations (2.3.2) and (2.3.3), we need a well-
defined measurable function W that W, converges to, therefore we need the condition of graphon
convergence under the cut metric.

(2.3.2) and (2.3.3) have been known as guadratic vector equations in [7, 9], where the
properties of the solution are discussed under more assumptions on variance profiles to prove
local law and universality. A similar expansion as (2.3.4) and (2.3.5) has been derived in [84].
The central role of (2.3.3) in the context of random matrices has been recognized by many authors,
see [103, 157, 110].

Wigner-type matrices is a special case for the Kronecker random matrices introduced in
[17], and the global law has been proved in Theorem 2.7 of [17], which states the following:
let H, be a Kronecker random matrix and g7 be its empirical spectral distribution, then there
exists a deterministic sequence of probability measure u, such that u/ — u, converges weakly
in probability to the zero measure as n — oo. In particular, for Wigner-type matrices, the global
law holds under the assumptions of bounded variances and bounded moments. Our Theorem

2.3.2 and Theorem 2.3.4 give a moment method proof of the global law in [17] for Wigner-type
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matrices under bounded variances and Lindeberg’s condition. Our new contribution is a weaker
condition for the convergence of the empirical spectral distribution u¥ of M,,.

In Section 2.3.2 and Section 2.3.3 we provide the proofs for Theorem 2.3.2 and Theorem
2.3.4 respectively. We briefly summarize the proof ideas here. In the proof of Theorem 2.3.2, we
revisit the standard path-counting moment method proof for the semicircle law (see for example
[23]). Since our matrix model has a variance profile, we encode different variances as weights
on the paths and represent the moments of the empirical measure as a sum of homomorphism
densities. Then if the tree homomorphism densities converge, the limiting spectral distribution
exists.

For the proof of Theorem 2.3.4, since we assume that the variance profile convergences
under the cut norm, we can obtain a limiting graphon W. To obtain (2.3.3) We expand a(z,x) in
(2.3.3) as a power series of homomorphism density from partially labeled trees to graphon W
denoted by By (x) in (2.3.4). Then we prove a graphon version of the Catalan number recursion
formula for By (x) in (2.3.11) and show that this essentially implies the quadratic vector equations
(2.3.2) and (2.3.3). This recursion formula (2.3.11) for tree homomorphism densities to a graphon

could be of independent interest.

2.3.2 Proof of Theorem 2.3.2

Using the truncation argument as in [23, 73], we can first apply moment methods to a

general Wigner-type matrix with bounded entries in the following lemma.

Lemma 2.3.6. Assume a Hermitian random matrix A, with a variance profile S, satisfies
1. Eag;; = O,E]aij]2 = sjj. {aij}1<i j<n are independent up to symmetry.
2. |ajj| < Muv/n for some positive decreasing sequence M, such that 1, — 0.

3. sup;; Sij < C for a constant C > 0.
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Let W, be the graphon representation of S,. Then for every fixed integer k > 0, we have the

following asymptotic formulas:

1 G
;E[tngk] =Y (T W) +o(1), (2.3.6)
j=1
1
—EltrM>*t1] = o(1), (2.3.7)

n

where {Tij, 1 < j < Cy} are all rooted planar trees of k+ 1 vertices.

Proof. We start with expanding the expected normalized trace. For any integer & > 0,

1 n 1 h 1
JEleMy) = g Er(A,) = ey 1<i];ih<nE[aili2ai2i3 S gy ]
Each term in the above sum corresponds to a closed walk (with possible self-loops) (i1,i2,. .., i)

of length A in the complete graph K, on vertices {1,...,n}. Any closed walk can be classified

into one of the following three categories.

e (1: All closed walks such that each edge appears exactly twice.
e (5: All closed walks that have at least one edge which appears only once.

e (3: All other closed walks.

By independence, it’s easy to see that every term corresponding to a walk in (, is zero. We call a
walk that is not in (; a good walk. Consider a good walk that uses p different edges ey,...,e,
with corresponding multiplicity 7q,...,#, and each #; > 2, such that 7 +- - - 4+, = h. Now the term
corresponding to a good walk has the form E[a, - - ~aze’;,]. Such a walk uses at most p 4 1 vertices
and an upper bound for the number of good walks of this type is n”*!p". Since |a; il < Muv/n,

and sup;; Var(a;;) = sup,; sij < C, we have

Ea?l ---ate’; < ]E[agl] .. .Iﬁj[a(%p](nn\/ﬁ)’ﬂf“'ﬂp—%7 < nZ—ZPnh/Z—PCp'
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When h = 2k + 1, we have

1 2%+1 Iy t
—E[trMn + ] — m Z Z ]E[al;l] .. .ae[;]
n n p=1good walks of p edges

1 & 1 h(sh—2p h/2—
p=l1

k
=Y pMi et = om,) = o(1).
p=1

When h = 2k, let S; denote the sum of all terms in ;, 1 <i < 3. By independence, we have S, = 0.

Each walk in (5 uses p different edges with p < k— 1. We then have

1 k—1 ;
- ... 4P
853 = nh/2+1 Z Z ]Eael dey
p=1good walk of p edges

p
1 k—1
n .}

=1 ij

Now it remains to compute S. For the closed walk that contains a self-loop, the number
of distinct vertices is at most k, which implies the total contribution of such closed walks is O(n*),
hence such terms are negligible in the limit of S;. We only need to consider closed walks that use
k+ 1 distinct vertices. Each closed walk in (] with k+ 1 distinct vertices in {1,...n} is a closed
walk on a tree of k+ 1 vertices that visits each edge twice. Given an unlabeled rooted planar
tree T and a depth-first search closed walk with vertices chosen from [n], there is a one-to-one
correspondence between such walk and a labeling of T (See Figure 2.2). There are C; many
rooted planar trees with k+ 1 vertices and for each rooted planar tree Tij , the ordering of the
vertices from 1 to k+ 1 is fixed by its depth-first search. Let le]+1 be any labeled tree with
the unlabeled rooted tree Tf“ and a labeling [ = (I1,...,k11),1 <[; <n,1 <i<k+1 forits

vertices from 1 to k+ 1. For terms in (i, any possible labeling / must satisfy that /1,..., /4 are
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c d e

Figure 2.2: A closed walk abcbdbeba corresponds to a labeling of the rooted planar tree.

distinct. Let E (lefl) be the edge set of le;“]. Then S| can be written as

S = L i Z E a’
nk+1 e

jzll:(ll7'“7lk+1) EGE(T[I(;FI)

Ck 1
.ZIW ) IT s (2.3.8)
i=

l:(ll,...7l](+] ) eEE(TZ]‘(;Fl)

Consider

g ]
Sl ZJZIW Z H Se,

lgll""’lk+1§n66E(7}l,(,/‘+l)
where [ now stands for every possible labelling which allows some of /1, .../, to coincide, then

we have

1 1
ST — /1‘ < ya Cr(k+ 1)nk(sups,~j)k =0 (—) .
n ij n

On the other hand,

t(T;‘+1,Wn) — /[0 e H Wn(xu,xv)dxl coedxpg

uveE(Tij)
1 1
= )3 I1 Sy = T Y [T s.. (@39
1Sll,-~-7lk+1§nweE(7}kf1) 1S[1""7lk+1§ne€E(T/_{;>1)

Cy Cr
Note that §; = Y «(T/*',W,). From (2.3.8) and (2.3.9), we get S| = Y 1(TF", W) +o(1).
j=1 j=1
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Combining the estimates of S1,S5, and S3, the conclusion of Lemma 2.3.6 follows. O

Lemma 2.3.6 connects the moments of the trace of M, to homomorphism densities from
trees to the graphon W,,. To proceed with the proof of Theorem 2.3.2, we need the following

lemma.

Lemma 2.3.7. In order to prove the conclusion of Theorem 2.3.2, it suffices to prove it under the

following conditions:
1. Ea;j =0, Il:£|a,~j|2 = s;j and {a;;}1<i j<n are independent up to symmetry.
2. |ajj| < Muv/n for some positive decreasing sequence M, such that 1, — 0.
3. sup;; Sij < C. for some constant C > 0.

The proof of Lemma 2.3.7 follows verbatim as the proof of Theorem 2.9 in [23], so we
do not give it here. The followings are two results that are used in the proof and will be used

elsewhere in the paper, so we give them here. See Section A in [23] for further details.

Lemma 2.3.8 (Rank Inequality). Let A,,,B,, be two n x n Hermitian matrices. Let F An FBn pe

the empirical spectral distributions of A, and By, then

rank(A, — B,)

Y

|FA — FP <
n

where || - || is the L*-norm.

Lemma 2.3.9 (Lévy Distance Bound). Let L be the Lévy distance between two distribution

functions, we have for any n X n Hermitian matrices A, and By,
1
L3(FA FBY < —tr[(A, — B,) (A, — B,)"].
n

With Lemma 2.3.7, we will prove Theorem 2.3.2 under assumptions in Lemma 2.3.7.
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Proof of Theorem 2.3.2. By Lemma 2.3.7, it suffices to prove Theorem 2.3.2 under the conditions
(1)-(3) in Lemma 2.3.7. We now assume these conditions hold. Then (2.3.6) and (2.3.7) in Lemma
2.3.6 can be applied here.

(1) Since for any finite tree T, t(T,W,,) converges as n — oo, we can define
1 RTINS 1 2%t1
Boe := lim ~E[trM,"] = JE}I}Q;I(TJ Wa), Bk = lim ~E[ted, "] =0.

With Carleman’s Lemma (Lemma B.1 and Lemma B.3 in [23]), in order to to show the limiting
spectral distribution of M, is uniquely determined by the moments, it suffices to show that for
each integer k > 0, almost surely we have

lim SuMt =B, and liminfoBl/% < e

n—eop " ’ koo k' 2K
The remaining of the proof is similar to proof of Theorem 2.9 in [23], and we include it here
for completeness. Let G(i) be the graph induced by the closed walk i = (ij,...ix). Define
A(G(l)) ‘= Aiyiy Ainis Ay gy - Then

4 1 4

B Mk Bl | = ¥ BIJA(GG;) - BAGH)
ijl<j<4  j=

Consider a quadruple closed walk i;,1 < j < 4. By independence, for the nonzero
term, the graph U‘]‘-ZIG(i ;) has at most two connected components. Assume there are g edges
in U‘}ZlG(i ;) with multiplicity vi,...,v,, then vi +--- +v, = 4k. The number of vertices in
U‘}ZIG(ij) is at most g + 2.

To make every term in the expansion of EH‘}ZI (A(G(ij)) —EA(G(i;))) nonzero, the
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multiplicity of each edge is at least 2, so g < 2k and the corresponding term satisfies

4
E[TIA(G(i))) —EA(G(i)))] < CI(Muv/n)* 2. (2.3.10)
=1
If ¢ =2k, we have vi = - -- = v, = 2. Since the graph U‘}:l G(i;) has at most two connected

components with at most 2k + 1 vertices, there must be a cycle in U‘J‘.ZIG(i ;i)- So the number of

such graphs is at most n***!. Therefore from (2.3.10),

1 1 M | 4 ,
E —trM’,j— —E[trMﬁ] = — Z EH EA(G(i;))]
n n TIi<a =
1 1
< i C2kn2k+1 + Z anq+2(nn\/ﬁ)4k2q> —0 (_2)
n q<2k n

Then by Borel-Cantelli Lemma,

1
lim —trM* =B a.s.
n—oo n

Moreover, since we have

Ck
Box = lim Y t(TfH,Wn) < Gk,
=1

12k

which implies hlgn inf — [3 =0.

(2) Since SD(Wn, W) — 0, by Theorem 2.2.7, we have
- k k
lim ¢+ W,) = (T, W)

n—oo

for any rooted planar tree Tjk+1 with k > 1,1 < j < Cy. Therefore for all k > 0,

.1
lim —trMZk E t( TkJrl ), lim —trM,%k+1 =0 a.s.
n—eo n n—eo p
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This completes the proof. ]

2.3.3 Proof of Theorem 2.3.4

Proof. Since

limsup(ﬁzk(x))l/(2k+l) < 2||W||i°/2

k—yoo

for all x € [0, 1], we have for |z| > 2||W||10/2, a(z,x) = Z B%iixl) converges. Note that
k=0 <

1 Cr 1
/0 B (x)dx = Z/o (T W)dx =Y (T W) = Bag,
j=1 =

o0 1
which implies for |z| > ZHWHI/2 s(z) = 2Bk2f1 = / a(z,x)dx.
=z 0

Next we show (2.3.3) holds for |z| > 2||W||oo /2, which is equivalent to show
1
a(z,x)/o W(x,y)a(z,y)dy = za(z,x) — 1, Vxe€[0,1]. (2.3.11)

We order the vertices in each rooted planar tree T]H] from 1 to k4 1 by depth-first search

order (the root for each Tij is always denoted by 1). Define a function

fik(x1,x2, .0 Xpg1) = H W (X, %y).
quE(Tij)

Now we expand a(z,x) as follows

k+1

oo 1 Cy
x) = Z Z2k+1 fo(Tij Z Zkﬂ Z fin(x,x2, .00 Xkp1) Ildxi-
k=0 j=1 L

¥4 [0,1]%
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3 1 5

Figure 2.3: A rooted planar tree with a new edge attached with a new vertex labeled 6

1
Then we can write / W (x,y)a(z,y)dy as
0

k+1

Z 2k+1 Z/o1k+1 X )fik (X2, xk+1)ddexi. (2.3.12)

i=2
Denote

k+1
B (x) ::/ W(x,y)fﬁk(y,xz,...,ka)ddex,-.
[0,1]k+1 S

Let Tjk“* be the rooted planar tree Tij with a new edge attached to the root and the new vertex
ordered k + 2 (See Figure 2.3). Let tx(Tij*,W) be the homomorphism density from partially
labeled graph Tj.k“* to W with the new vertex labeled x. With this notation, B x(xx+2) can be

written as

k+1
/[0 o W(Xk+2,x1)fj,k(x1,x2 ey Xgt 1) del.
7 i=1
k+1
= xu;XV I_I dx, txk+2 Tk+]*,W) (2‘3.13)

k+1
[071] quE(Tjk+]*)

1 oo 1 Cy
So (2.3.12) and (2.3.13) implies / W(x,ya(zy)dy =Y 57 ¥ (T W
0 k=07% =1
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3 4 3 4 ) 3 47 8 9

Figure 2.4: Combining Tl-kJrl with T/.l+1* yields a new rooted planar tree of k+ [ + 2 vertices.

Therefore

1 (<< 1 Ck (o] 1 C] .
a(w)/ Wxyazydy = Y 507 L aTH W) | [ Y 507 Y a(r 1, w)
0 k=07< i=1 1=0<" =1

i i 20k) 12 Zk i t (T W)t TIH* W). (2.3.14)

k=01=0 a i=1 j=

Let {Y}IfflJrz,l <i<Cy,1 <j <} be all rooted planar trees with k+ [+ 2 vertices

Tk+1 and le“*

generated by combining in the following way.

T.l+1*

1. First of all, by attaching the new labeled vertex of 7; Tk

to the root of 7;"" ", we get a new

tree T of k+ [+ 2 vertices.

2. Choose the root of T to be the root of TikH. Order all vertices coming from Tl.’ﬁLl with
1,2,...,k+ 1 and order vertices coming from le+1 with k+2,k+3,...,k+[+2 both in
depth-first search order. Then T becomes a rooted planar tree Tfj’l *2 of k+1+2 vertices

(See Figure 2.4).

Let tx(Y}{‘jH“, W) be the homomorphism density from partially labeled tree Tk“+2 to W

with the root labeled x. Using our notation, we have

(T W) (T Y W) = (T2 W),
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Now let s = k+ [+ 1, then (2.3.14) can be written as

Z 2s Z Zk thx TS+17 : (2.3.15)

s=17% k+l+1=si=1 j=
k,1>0

I

Since all rooted planar trees in the set {Tlsj+1 1 <i<(,1 < j<Cy} are different, from the

Catalan number recurrence, there are

Y aG= ZCsz 1-k = Cs
kt1=s—1 =0
k>0

many, which implies {Tlsj+1 1 <i<(, 1< j<Ci}are all rooted planar trees of s+ 1 vertices.

Now (2.3.15) can be written as

(T W) = za(z,x) — 1.

HMG

e

Therefore (2.3.11) holds for |z| > 2HWH1°/ 2. Since (2.3.11) has a unique analytic solution on C*
(see Theorem 2.1 in [7]), by analytic continuation, a(z,x) has a unique extension on C* x [0, 1]

such that (2.3.11) holds for all z € C". This completes the proof. [

2.4 Generalized Wigner matrices

The semicircle law for generalized Wigner matrices whose variance profile is doubly
stochastic and comes from discretizing a function with zero-measure discontinuities was proved
n [149, 19]. The local semicircle law and universality of generalized Wigner matrices have been
studied in [86, 87] with a lower bound on the variance profile and conditions on the distributions
of entries. With Theorem 2.3.2, we can have a quick proof of the semicircle law for generalized

Wigner matrices under Lindeberg’s condition. Compared to [149, 19], where the L™-convergence
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of the variance profile is assumed, we don’t even need to assume the variance profile converges
under the cut metric. We will only need the weaker condition: the convergence of (7', W,,) for any
finite tree 7. In this section, we will show that the condition in Theorem 2.3.2, the convergence
of tree integrals, is indeed a weaker condition than the convergence of the variance profile under
the cut metric. Below we provide two examples where assumptions in [19, 157] fail, but our
Theorem 2.3.2 holds.

We make the following assumptions for our generalized Wigner matrices. Let A, be a
random Hermitian matrix such that entries are independent up to symmetry, and satisfies the

following conditions:
1. Elajj] = 0,E [|a;j|*] = sij

1 n
2. — ii=1 1) foralll <i<n.
nj;s] +o(l)forall1 <i<n

1
3. for any constant 1 > 0, lim — Z E [|a,~j|21(|aij| >ny/n)] =0.
n

TN <ii<n

4. sup;;s;j < C for a constant C > 0.

We use our general formula in Theorem 2.3.2 to get the semicircle law. An important
observation is, when the variance profile is almost stochastic, the homomorphism densities in
Theorem 2.3.2 are easy to compute, as shown in the following lemma. The main idea is that we

can start computing the homomorphism density integral from leaves on the tree.

Lemma 2.4.1. Let {W,},>1 be any sequence of graphons such that 0 < W, (x,y) < C almost

everywhere for some constant C > 0. If for x € [0, 1] almost everywhere,

1
lim [ W,(x,y)dy=1,

n—o J(O

then li_r>n t(T,W,) = 1 for any finite tree T.
n—oo
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Proof. We induct on the number of vertices of a tree. Let k = |V|. For k = 2, by Dominated

Convergence Theorem,
n—yoo

1
lim t(T,W,) = / W, (x,y)dxdy = 1. (2.4.1)
0

Assume for any trees with k — 1 vertices the statement holds. For any tree T with k
vertices, we order the vertices in 7' by depth-first search. Then the vertex with label & is a leaf.

Note that

I(T,Wn) :/[ H Wn(x,-,xj)dxl...dxk
0

K iEE
- kWn(xk_l,Xk) H Wn(xi,xj)d)q .. .dxk
[0.1] HEE\{k—1,k}
- Wn - d Wn Iz Odxt .. .dxp_
0.1]41 </[071] (Xk—1,X%k) Xk) H (xi,2;)dx - ... dxg

ijeE\{k—1k}

Let T’ be the tree T with the edge {k — 1,k} removed, then we have

Z(T”Wn) :/ o H Wn(x,-,xj)dxl...dxk_l,
0. e B\ {h—1.4}

I(T,Wn)—l‘(T’,Wn) :/ (/ Wn(xkl,xk)dxk—l) H Wn(xi,xj)dxl...dxk,l.
[Ql}kil [0,1] ijeE\{k—1,k}

By Dominated Convergence Theorem and (2.4.1) we obtain

lim [t(T,W,) —t(T',W,)| = 0.

n—oo

Moreover, by our assumption of the induction, lim #(T’,W,) = 1, therefore lim ¢(T,W,) = 1.
n—oo n—oco

This completes the proof. [

Now we can give a quick proof of the semicircle law for generalized Wigner matrices in
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the following theorem, which is a quick consequence of Lemma 2.4.1 and Theorem 2.3.2.

Theorem 2.4.2. Let A, be a generalized Wigner matrix with assumptions above. The limiting

spectral distribution of M, := Ay converges weakly almost surely to the semicircle law.

Jn

Proof. Let W, be the graphon representation of the variance profile for A,,. From Condition (2),
we have

lim W, (x,y)dy =1

n=ree J[0,1]
for x € [0, 1] almost everywhere. Then by Lemma 2.4.1, lim #(7,W,) = 1 for any finite tree T
n—soo

By part (1) in Theorem 2.3.2, the empirical spectral distribution of M,, converges almost

surely to a probability measure u such that for all £ > 0.

/ Zdu =y, / 2 gy = 0. (2.42)

It’s known that the semicircle law is uniquely determined by its moments, therefore the limiting

spectral distribution for M, is the semicircle law. 0

Theorem 2.4.2 can be applied to study the spectrum of inhomogeneous random graphs
with roughly equal expected degrees. This is a sparse random graph model where no limiting
variance profile is assumed, so the theorems in [157, 19] do not apply here. Consider the
inhomogeneous Erds-Rényi model G(n,(p;;)) with adjacency matrix A,, where edges exist

independently with given probabilities p;; such that p;; = p;;. Assume

n

Zpij = (14+o(1))na forall j € [n] (2.4.3)
i=1

with some ot — 0,00 = ® (%), and

max p;; < Co  for some constant C > 1. 2.4.4)
ij
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Corollary 2.4.3. Under the assumptions (2.4.3) and (2.4.4), the empirical spectral distribution of
the scaled adjacency matrix \;‘7”—0( converges almost surely to the semicircle law.

Proof. Consider the matrix M,, = A”*—\/%A". Then by (2.4.3) and (2.4.4), one can check that M,

satisfies the assumptions (1)-(4) above for the generalized Wigner matrices. By Theorem 2.4.2,

the empirical spectral distribution of A”*—\/’%”’ converges to the semicircle law almost surely. By

Lemma 2.3.9, we have almost surely

An Ap—EA, 1 EA 2 1 i
L3<F\/E7F Vo )S—tr ( n) _TZ(EaU)Z
n v/ no n-o =1
n 2 20202
i i=1Pii Ca
= l.”j/lz(lx Y S 1 nz()(, = CZ(X = 0(1)7 (245)

where the last line of inequalities are from (2.4.4). Then \?T"TX and % have the same limiting

spectral distribution almost surely. This completes the proof. [

2.5 Sparse W-random graphs

Given a graphon W : [0, 1] — [0, 1], following the definitions in [42], one can generate a
sequence of sparse random graphs G, in the following way. We choose a sparsity parameter p,,
such that

supp, < 1 with p, — 0 and np,, — oo.
n

Let x,...,x, be i.i.d. chosen uniformly from [0, 1]. For a graph Gy, i and j are connected with
probability p,W (x;,x;) independently for all i # j. We define G, to be a sparse W -random graph,
and the sequence {G,} is denoted by G(n,W,p,). Note that we use the same i.i.d. sequence
X1,...,X, when constructing G, for different values of n without resampling the x;’s. We determine
the limiting spectral distributions for the adjacency matrices of sparse W-random graphs in the

following theorem. This is a novel application of our theorem that cannot be covered by any
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previous results, since W can be any bounded measurable function.

Theorem 2.5.1. Let G(n,W,p,) be a sequence of sparse W-random graphs with adjacency

matrices {Ap}y>1. The limiting spectral distribution of \/’;‘1"7 converges almost surely to a
- n

probability measure u such that
Ck
/x2kdy = Z t(Tjk“,W), /x2k+1d,u =0.
R i R

Moreover, its Stieltjes transform s(z) satisfies the following equation:

s(z) = /Ola(z,x)dx, a(z,x)"! :z—/OIW(x,y)a(z,y)dy, Vx €[0,1].

Proof. Let
A, —EA,|lxq,...,x
B, = n [ nLn n] - (bij)lgi,jgn-
Note that B, is now a function of xy,...,x,. Since np, — o and |bij| < \/%n, , we have that for

any constant 1 > 0.

o1
lim — Y E([|by[*1(|bij| > nv/n) [x1,.. %] =0,

n—oon ]
1<,i,j<n

then the Lindeberg’s condition (2.3.1) holds for B,,. Let S, be the variance profile matrix of B,,.
Then we have s;; = 0,1 <i <nand for all i # j,
PaW (xix;) (1 — paW (i, x;))

Sij = o =W (xi,xj)+o(1).

Let W, be the graphon representation of the matrix S, and let W, be the graphon of a weighted

complete graph on [n] with edge weights W (x;,x;) for each edge ij. It implies that

Wa(x,y) = Wu(x,y) +0(1), V(x,y) €[0,1]%.
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By Dominated Convergence Theorem, we get r}l_t)fgo 80y(W,,, W,,) = 0. From Theorem 4.5 (a) in
[44], we have r}grolo 8(W,,, W) = 0 almost surely, which implies r}gl; oo(W,,W) = 0 almost surely.
Therefore from Theorem 2.3.2 (2), the limiting spectral distribution of 3—% exists almost surely
and its moments and Stieltjes transform are given by Theorem 2.3.2 and Theorem 2.3.4. Next we

B, Ap C e .. .
show Wi and N have the same limiting spectral distribution.

By Lemma 2.3.9, we have almost surely

2
( An B”‘) ] _ ! tr(E[Ap|x1, ... x0])? (2.5.1)

Ap By

1
L3(F“/npn>F\/ﬁ) < —tr
n

N T

By the way we generate our W-random graphs, we have for all i # j,
E[(An)ij | X1y ,xn] = an(xi,xj).

Therefore the right hand side in (2.5.1) is almost surely bounded by

%;{Wz(xi,xj) <pn=o0(1),
i#]

An_ B
which implies li_r>n L3(FVwr FVr) = 0 almost surely. This completes the proof. O
n—oo

2.6 Random block matrices

Consider an n x n random Hermitian matrix A, composed of d> many rectangular blocks
as follows. We can write A, as A, := Zz’ 1—1Exi ®A,(1k’l), where @ denotes the Kronecker product
of matrices, Ej; are the elementary d X d matrices having 1 at entry (k,/) and O otherwise. The
blocks A;k’l) ,1 <k <1< d are of size n; x n; and consist of independent entries subject to

symmetry. To summarize, we consider a random block matrix A, with the following assumptions:

1. lim % = €]0,1],1 <k < d.

n—oo 1
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2. Ea;;=0,1<i,j<n,El|a;j|*> = sy if a;; is in the (k,)-th block. All entries are independent

subject to symmetry.
3. supy; sy < C for some constant C > 0.

1
4. lim — Y E [(Jaij|*1(|a;j| >=n+/n)] =0, for any positive constant 1.
ij

n—oo I’l2 oy
For random block matrices with fixed d, the limiting spectral distributions are determined in
[89, 73, 21] under various assumptions. However, explicit moment formulas were not known.
With Theorem 2.3.2, we can compute the moments of the limiting spectral distribution. Let W,, be
the graphon of the variance profile for A,. Let Bp = 0,0; = ):9:1 oj,i > 1. Then we can define

the graphon W such that

W(x,y) = Sk, if (x,y) - [Bk—lvﬁk> X [Bl_l,Bl). (261)

Note that W is a step function defined on [0, 1]?. Below is a version of Theorem 2.3.2, written

specifically to address this model.

Theorem 2.6.1. Let A, be a random block matrix satisfying the assumptions above. Let M,, = f}—%

and W be the graphon defined in (2.6.1). Then the limiting spectral distribution of M,, converges

almost surely to a probability measure u such that
Ck

/R Hdu(x) =Y (T W), /R ¥ du(x) =0, (2.6.2)

=1
d
and its Stieltjes transform s(z) satisfies s(z) = Z oxax(z), where for all 1 <k <d,
k=1

d

a(z) ' =z— Z 0Sikai(2).

i=1

Proof. From the definition, we have W, (x,y) — W (x,y) as n — oo for (x,y) € [0,1]* almost
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everywhere. Hence

Wo=Wlo=sup
S, T€[0,1]

< / [Wa(x,y) — W (x,y)|dxdy.
[0,1]?

/ Wa(x,y) =W (x,y)dxdy
SxT

Since |W,(x,y)| < C, by the Dominated Convergence Theorem, we have |W,, — W||g — 0 as
n — 0. (2.6.2) follow from Theorem 2.3.2. The existence and uniqueness of a;(z),1 <k <d

follows from Theorem 2.1 in [7]. O

Now we consider the case where the number of blocks d depends on n such that d —
oo as n — oo. We partition the n vertices into d classes: [n] =V UV, U---UV,. Let mg = 0,m; =
23: 1 nj and
Vi={mi_1+1,mi_1+2,....,m;}

fori=1,...,d. We say the class V; is smallif% —o; =0, and V; is bigif% —o; > 0.

It’s not necessary that ) :° ; o; = 1. For example, if n; < logn for each i, we have % —0
foralli=1,2,...,then } ;> , a; = 0. In such case, a limiting graphon might not be well defined
for general variance profiles. However, if we make all variances for the off-diagonal blocks to be
so for some constant sg, then the limiting graphon will be a constant function sq on [0, 1]? since
all diagonal blocks will vanish to a zero measure set in the limit. With these observations, we can
extend our result to the case for d — o0 and ) ° ; a; < 1 under more assumptions on the variance

profile.

Theorem 2.6.2. Let A, be a random block matrix with d — o as n — oo satisfying assumptions
(1)-(4), then the empirical spectral distribution of % converges almost surely to a probability

measure u if one of the extra conditions below holds.

1. Y2 0;=1land oy >0 > --- >0, or
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Figure 2.5: The limiting graphon with infinite many small classes

2y =0<1 01 >0 >--->0; also, for any two small classes Vi.,V;,k # 1, s = o
for some constant so. For any large class Vi and small class V), sy = sk for some constant
Sk0-

We illustrate the limiting graphon for case (2) in Figure 2.5. Different colors represent

different variances, and with our assumptions, all blocks of size |Vy| x |V;| where V;,V; are small

converge to a diagonal line inside the last big block.

Proof of Theorem 2.6.2. For case (1), assume Y ;- ; o; = 1. Define fo =0,0; = 23:1 oj,i > 1.

Then we can define a graphon W as

W(x,y) =sij, V(x,y) € [Bi-1,B:) x [Bj-1,B))

if Bi—1 # Bi,Bj—1 # B;. Then W(x,y) is defined on [0, 1]> almost everywhere. From our con-

struction, Wj,(x,y) — W(x,y) point-wise almost everywhere. By the Dominated Convergence

Theorem, |W,, — W||g — 0. For case (2), similarly, we define W in the following way,

(

Sij if (x,y) € [Bi—laBi) X [Bj—lij)’aiv(xj #0,

W(x,y) =14 5o, if (x,y) € o, 1],

\Sl‘(), if (x,y) - [BFIaBi) X [OL, 1] or [OC, 1] X [Bi*IaBi)'

Then W is a graphon defined on [0, 1]2. Note that lim,, .. Wy, (x,y) = W (x,y) for all (x,y) € [0, 1]?

outside the subset of the diagonal {(x,y) : x = y,x € [a, 1]}, which is a zero measure set on [0, 1]2.
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So we have 8(W,,, W) — 0. Then the result follows from Theorem 2.3.4. O

2.7 Stochastic block models

The adjacency matrix A, of a stochastic block model(SBM) with a growing number of
classes is a random block matrix. A new issue here is [EA,, # 0, which does not fit our assumptions
in Section 2.6. However some perturbation analysis of the empirical measures can be applied to
address this issue. In this section, we consider the adjacency matrix A, for both sparse and dense

SBMs with the following assumptions:
1. %% — oy € [0,00),1 <k < d, where d depends on n.

2. Diagonal elements in A, are 0. Entries in the block V; x V; are independent Bernoulli
random variables with parameter p;; depending on n up to symmetry. Entries in the block
Vi X Vi, k # [ are independent Bernoulli random variables with parameter py; depending on

n.

1
n

3. Let p = sup;; pij. Assume p = ®(,;) and sup, p < 1.

4. Denote 62 := p(1 — p), and assume

5 =s;j € [0, 1] for some constant s;;.
n—o0 (¢}

AH_EA}‘! Al‘l
ou/n and on

limiting spectral distribution, we then have the following corollary from Theorem 2.6.2.

have the same

If p — O (the sparse case), by the same argument in (2.4.5),

Corollary 2.7.1. Let A, be the adjacency matrix of a sparse SBM with p — 0, d — o0 as n — oo.
The empirical spectral distribution of \/}—% converges almost surely to a probability measure u if

one of the extra conditions below holds.
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.Y~ ,o;=1and oy >0 >--- >0, 0r

2.y i =a<1,04>0g>--->0;also, for any two small classes Vi, V;, k # [, sp = so
for some constant sg. For any large class Vi and small class V}, sx; = sy for some constant

Sk0-

If p /4 0 (the dense case), to get the limiting spectral distribution of the non-centered
matrix A,, we need to consider the effect of EA,,. If [EA,, is of relatively low rank, we can still do
a perturbation analysis from Lemma 2.3.8. The following theorem is a statement for the dense

case.

Corollary 2.7.2. The empirical spectral distribution of the adjacent matrix % for a SBM with

p > c for a constant ¢ > 0 converges almost surely if d = o(n) and one of the following holds:
I Y20, =1,0 >0p>--->0,0r

2.y 0 =0<1,0 >0 >--->0. For any two small classes Vi,V;,k # [, si; = so for

some constant sg. For any large class Vj and small class V;, sy = sgo for some constant sy.

Proof. Let A,, be a random block matrix such that d; j=a;jfori# jand {aii}1<i<n be independent
Bernoulli random variables with parameter pyy if i € Vi. Then rank(EA,) = d.

Let L (F A/ oV fhn/ Gﬁ) be the Lévy distance between the empirical spectral measures

of 0% and GA\%, then by Lemma 2.3.9,

2 1
o’n? !

tr (A, — A,)

Ay Ay 1 L
L’ (Fcﬁ,Fcﬁ) < az. (2.7.1)
=1

1
The right hand side of (2.7.1) is bounded by o o(1) almost surely. So we have almost surely
n

Ap Ap
lim L3 <Fcﬁ,Foﬁ) =0. (2.7.2)

n—yoo
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A

Recall that the limiting distribution of N”c;—\}l?” exists from Theorem 2.6.2 for random block

matrices. By the Rank Inequality (Lemma 2.3.8), we have almost surely

Ap—EAp Ap

F ovn _ Foyn rank (A, —EA, — A,) B rank(EA,,) B

< = =
n n

=o(1). (2.7.3)

d
n

Then combining (2.7.2) and (2.7.3), almost surely 6% has the same limiting spectral distribution
as 22=E4: The conclusion then follows. [
oVn

Below, we give an example showing how to construct dense SBMs with a growing number
of blocks which satisfies one of the assumptions in Corollary 2.7.2. Below is a lemma to justify

that our two examples work.

Lemma 2.7.3. Assume Y j0; =0 <land1>04 >0p>--->0. Let

k(n) == SUP{kIOCk > 1},

n

then @ =o(1).

Proof. If not, there exists a subsequence {n;} such that %nl’) > € > 0 for some €. Then

— < O(y) and
np np

Hence

< oo, (2.7.4)
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This implies M—k)(m) 50, 50 Xm1) o 49 1 5 oo, therefore (2.7.4) implies

k(g1 k(n;)
=k —k
y Koer) =km) _ (2.7.5)
=1 k()
However,
Z Kos) k) > /°° la’x = oo,
=1 k(n;) k(ny) X
which is a contradiction to (2.7.5). Lemma 2.7.3 is then proved. ]

Example 2.7.4. Let o > o2 > --- >0 and }° ; o; = 1. For each n, we generate the class V;
with size n; = |no;| for i = 1,2,... until n; = 0. Then we generate the last class V; with size
ng=n-— Zf;ll n;. Note that for every fixed i, % — o;. From Lemma 2.7.3, the number of blocks

satisfies d < k(n) + 1 = o(n). In particular, we have the following examples for the choice of o;’s:
1. o; = % for some constant C,y > 0 with } ;° , o; = 1.
2. 0= l% for some C > 0,8 > 1 with}” o = 1.

Example 2.7.5. Let oy > 0 > --->0and };° | o; = o0 < 1. For each n, we can generate a class
V; with size n; = |no;| fori=1,2,..., until n; = 0. Then generate o(n) many small classes of

size o(n). By Lemma 2.7.3, d = o(n).

2.8 Random Gram matrices

Let X be a m x n random matrix with independent, centered entries with unit variance,
where “' converges to some positive constant as n — co. It is known that the empirical spectral
distribution converges to the Marcenko-Pastur law [140]. However, some applications in wireless
communication require understanding the spectrum of %XX * where X has a variance profile
[106, 69]. Such matrices are called random Gram matrices. The limiting spectral distribution of

a random Gram matrix with non-centered diagonal entries and a variance profile was obtained
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in [105] under the assumptions that the (4 4 €)-th moments of entries in X are bounded and the
variance profile comes from a continuous function. The local law and singularities of the density
of states of random Gram matrices were analyzed in [16, 13].

We use the symmetrization trick to connect the eigenvalues of }lXX * to eigenvalues of a

Hermitian matrix
0 X

H:=
X* 0
As a corollary from our main theorem in Section 2.3, when [EX = 0, we obtain the moments and
Stieltjes transforms of the limiting spectral distributions under weaker assumptions than [105]. In
particular, we only need entries in X to have finite second moments, and the variance profile of
H, converges in terms of homomorphism densities.
Let X, be a m x n complex random matrix whose entries are independent. Consider a

. 1 . . . . .
random Gram matrix M, := - X, X,y with a variance profile matrix S, = (8ij)1<i<m,1< j<n satisfies

the following conditions:
1. Ex;; = 0]E|x,]| =s;j, forall 1 <i<m,1<j<n.

2. (Lindeberg’s condition) for any constant 1} > 0,

hm—Zi |-xlj| 1 |ij|>n\/_)]:

n—oo nm

3. sup; Sij < C for some constant C > 0.

m

4. lim — =y € (0,00).
n—oo 1
Let
0 X,
H, = . 2.8.1)
X: 0
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We first find the relation between the trace of M,, and the trace of H,, in the following lemma.

Lemma 2.8.1. For any integer k > 1, the following holds:

1 k H, \*
L = ) (- Hn . (2.8.2)
m 2mnk Vn+m

Proof. Nonzero eigenvalues of H come in pairs {—\/X, \/X} where A > 0 is a non-zero eigenvalue

of X, X,;. Therefore for k > 1,

tr(H2%) = 2tr(X,.X)*. (2.8.3)
We then have for k > 1,
1. 1 /1 S . (m4n)k H, \*
—tMr = —tr | - X, X7 | = 2tr( X, X)) = t . 2.8.4
mon mr(n " ") 2nkm r(XX) dmnk n+m ( )
O

Since H, is a (n+m) x (n+m) general Wigner-type matrix with a variance profile

0 S,
Ly = ; (2.8.5)
s 0
we can decide the moments of the limiting spectral distribution of M,, from Theorem 2.3.2 and

Lemma 2.8.1 in the following theorem.

Theorem 2.8.2. Let M,, be a random Gram matrix with the assumptions above and W,, be the
corresponding graphon of ¥,. If for any finite tree T, t(T,W,) converges as n — oo, then the

empirical spectral distribution of M, converges almost surely to a probability measure u such

47



that for k > 1,

(1) & k-t 1
/Xkdﬂ—z—yj;,}g{}of(Tj Wa).
Proof. From Lemma 2.8.1, fork > 1,
1 SR H, \*
L S Ul ) S Sy . (2.8.6)
m 2mnk n+m n+m

From Theorem 2.3.2, almost surely

1 H, \* & "
. . . J’_
,}ﬂ?on+m“<m+—m) = L m e ).

Since lim;, o % =y > 0, The result follows from (2.8.6). ]

Finally, we derive the Stieltjes transform of the limiting spectral distribution from Theorem

2.3.4.

Theorem 2.8.3. Let M, be a random Gram matrix with a variance profile S, and W, be the

corresponding graphon of ¥, defined in (2.8.5). If dq(W,,, W) — 0 for some graphon W, then the

empirical spectral distribution of % converges almost surely to a probability measure u whose

Stieltjes transform s(z) is an analytic solution defined on C" by the following equations:

1+y (15
s(z) = —2 / " b(z,u)du, (2.8.7)
y 0

1
b(z,u)~! :z—/ W)(,’f”) v, (2.8.8)

y

5 (14y) 1= [0 W(u,t)b(z,t)dt

where b(z,u) is an analytic function defined on C* x [O, l%y}

Remark 2.8.4. Up to notational differences, (2.8.7), (2.8.8) are the centered case(EM,, = 0) of

the equations in [105] (see Section 5.1 in [105]), where a non-centered form of the equations
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were also derived under the assumptions of (4 + €)-bounded moments and the continuity of the
variance profile. Recently, (2.8.7), (2.8.8) were also studied in [16, 13], where the local law for
the centered case was proved under stronger assumptions including bounded k-moments of each
entry for each k and irreducibility condition on the variance profile. Our Theorem 2.8.2 and
Theorem 2.8.3 give the weakest assumption so far for the existence of the limiting distribution

and the quadratic vector equations only for the centered case.

Proof. Let s(z) be the Stieltjes transform of the limiting spectral distribution of % Let

G o0
o ‘_ -1 —y 2k
Vi = /xf‘d,u, Moy i= jzlt(Tj W), and  m(z) = = 2T

By Theorem 2.8.2, fork > 1,
(1 +y)k+1

Yk = Z—ymZk-

Note that mo = yp = 1, we have for |z| sufficiently large,

o Y 1 o omy k1
s(z) = _ = -4 ——(1+
(2) L T ];lszrl Zy( y)
T 1, y—1 1 Jl+y ( Z ) y—1
_ Lo pyernyy=t_ 1 m Ity 289
= 2y( y) 2yz 2y Z I+y 2yz ( )

From Theorem 2.3.2 and (2.2.1), we know m(z) is the Stieltjes transform of the limiting spectral

distribution of \/nH—rbl—im Moreover, from Theorem 2.3.4, we have
1
m(z) = / a(z,u)du, (2.8.10)
0
1
a(zu) ' =z —/ W (u,v)a(z,v)dv, (2.8.11)
0

for some analytic function a(z,u) defined on C* x [0,1]. It remains to translate the equations
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above to an equation for s(z). Let

ai(z,x) : = a(z,x), forx € {O’IL] :
y
ax(z,x) : = a(z,x), forx € {LJ] .
1+y

m

Since &+ — y € (0,%0), and W, is the corresponding graphon of X, its limit W will have a

2 2
bipartite structure, i.e., W (u,v) =0 for (u,v) € [0, ﬂTy} U []yTy, 1] . Then we have the following

equations from (2.8.11):

1
ay(z,u) ! zz—/yW(u,v)az(z,v)dv, (2.8.12)

T+y

ar(z,u) ! :z—/OHyW(u,v)al(z,v)dv. (2.8.13)

Combing (2.8.12) and (2.8.13), we have the following self-consistent equation for a;(z,u):

1 ! W(M,V)

ay(zu)” =z— dv. (2.8.14)

Y
g o W(u,t)ai(z,t)dt

Z
o (/)

Z(1+y)
(2.8.14), we can substitute a (z,u) with b(z,u) and get

Let b(z,u) := . Then b(z,u) is an analytic function defined on C* x [O L] . From

» T4y

1
b(z,u)"! = z—/ Wy"v) dv. (2.8.15)

y

™ (14y) =" = [ W(u,t)b(z,t)dt
By multiplying with a;(z,u), ax(z,u) on both sides in (2.8.12) and (2.8.13) respectively, we have

1
1 =zai(z,u) —ai(z,u) [ W(u,v)az(z,v)dv, (2.8.16)

1+

<

7

1 = zas(z,u) —az(z,u)/ol "W (u,v)ay(z,v)dv. (2.8.17)
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From (2.8.16) and (2.8.17), by integration with respect to u, we have

Y % 1
D :Z/Hy al(z,u)du—/m/ W(u,v)ai(z,u)az(z,v)dudv,
I+y 0 0 %
1 ! Loy
— :Z/ al(z,u)du—/ / "W (u,v)az(z,u)a)(z,v)dudv.
I+y 5 5 /0
Therefore we have
&5 : y—1
ai z,u)du—/ ar(z,u)du = ) (2.8.18)
/0 ( s ( Z(1+)

From (2.8.10) and (2.8.18), we have the following relation between m(z) and a; (z, u):

Y 1 Y
Tty Tty y—1
m(z) = ay(z,u du+/ a(z,u du:Z/ ay(z,u)du— . (2.8.19)
@)= [, @it [, ad=2 [ oo 7
With (2.8.9) and (2.8.19), we obtain the following equation for s(z):
1 =
s(2) = ﬂ/m b(z,u)du,
y Jo

where b(z,u) satisfies the equation (2.8.15). This completes the proof. O
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Chapter 3

Global eigenvalue fluctuations of random

bipartite biregular graphs

3.1 Introduction

3.1.1 Eigenvalue fluctuations of random matrices

The study of fluctuations from the limiting empirical spectral distributions (ESDs) for
random matrices is a well-established topic of interest in random matrix theory, originated in
[120, 123, 159], see also [18] and all references therein. More recently, it has been extended to
sparse random matrices and random graph-related matrices in various regimes of sparsity and
independence ([155, 156, 33, 76, 30]).

The ultimate goal in these studies is to see the equivalent of the one-dimensional Central
Limit Theorem (CLT) emerge, when examining linear statistics of the spectra of random matrices
and random graphs. More precisely, denote by A,..., A, the eigenvalues of the random matrix,
suitably scaled to put them with high probability on a compact set, and let f be a suitably smooth

function. When the matrices in question are not extremely sparse, one can almost invariably
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prove that the linear statistic

has the property that, when centered, it converges to a normal distribution whose variance depends
on f:
L(f)—E(L(f) — N(0,07).

Dense and not-too-sparse Wigner cases.

There is an interesting phenomenon taking place with respect to sparsity; the variance G}
is the same in the case of Gaussian Orthogonal Ensembles (GOEs) as in the case of the random

regular graph under the permutation model with growing degrees [76]:
o; = 2Y kai, (3.1.1)
k=1

where ay, is the k-th coefficient of f in the Chebyshev polynomial basis expansion. Small variations
of this expression occur also in dense Wigner variants and the uniform regular graph model, as
follows. For real Wigner and generalized Wigner matrices in the dense case [118, 25, 19, 58, 162],
G 7 also depends on the fourth moments of the off-diagonal entries and the variance of the diagonal
entries, which yields corrections to the constants in front of a%, a% (see Theorem 1.1 in [25] for
an explicit expression). Similarly, in the uniform regular graph model [119], a correction must
be introduced as there are no one- or two-cycles (as the graph is simple) and so the terms
corresponding to k = 1 and k = 2 in the sum (3.1.1) are not present.

However, in the case of sparse Wigner matrices (corresponding to Erdés-Rényi graphs
G(n,p) with p — 0,np — oo, [156]), the fluctuations are impacted by the fact that the number
of nonzero entries in each row (i.e., the degree of each vertex) fluctuates, and the 4th moment
of the scaled adjacency matrix entries grows. The variance szc blows up, necessitating another

multiplicative scaling of the linear statistic L(f) —E(L(f)) by \/p. and extracting only part of
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the expression (3.1.1) (see Theorem 1 in [156]).

Dense Wishart cases.

A similar phenomenon occurs in the Wishart case, i.e., for sample covariance matrices
(corresponding to bipartite graphs); in the case of dense matrices with converging aspect ratio,
the variance is given in different forms in [22, 24]. Although these expressions are not explicit in
terms of a Chebyshev polynomial expansion, in [52, 128] it is shown that the covariance between
two linear statistics is diagonalized by shifted Chebyshev polynomials. When the aspect ratio
goes to oo, [60] computes the variance which is consistent with the Wigner case in [25]. So far we
are not aware of any CLT results for sparse bipartite Erdds-Rényi graphs, but a similar argument
as in [156] should apply.

For dependent entries (biregular bipartite graphs), we obtain here the variance of the
eigenvalue fluctuation in Theorem 3.4.7, and it matches the one in [60], except for the first

coefficient.

Constant (expected or deterministic) degree.

When p = ¢, the explicit limiting spectral distribution for Erd6s-Rényi graphs G(n, p) is
not known, although it is known that the measure y, exists for every c (given, e.g., by a Stieltjes
transform equation as in [39]), and if ¢ > 1 it consists of a continuous part and an atomic part
[41]. Convergence of u. to the semicircular distribution is studied in [81, 121], where asymptotic
expressions for the moments of . with an o(1/c) term are computed (as ¢ — oo, u. converges to
the semicircle law).

However, a CLT for Erd6s-Rényi graphs G(n, 1) still holds [155, 33] with a more com-
plicated variance that does not follow the same expression as in (3.1.1), see Theorem 2.2 in
[33].

By contrast, in the random d-regular graph case with d finite, the fluctuations are no longer
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Gaussian. Instead, they are modeled by an infinitely divisible distribution, expressed as a sum of
Poisson variables (see [76] for the permutation model and [119] for the uniform model). Notably,
in the case when the matrix is not symmetric and corresponds to (directed) cycle structure of a
random permutation, [30] showed that the global fluctuations can be computed, and whether or
not the limiting distribution is Gaussian depends on how smooth the test function is.

For the bipartite Erd6s-Rényi case, once again the limiting distribution is not known but
results similar to [81] can be found in [150]. We are not aware of any CLT-like results for the
fluctuations in this case.

We compute here the fluctuations for the uniformly random biregular bipartite with fixed
degrees. Just like in the regular case [76], we see that the fluctuations are modeled by a sum of

Poisson variables (Theorem 3.4.4).

Remark 3.1.1. In all cases where a formula for the variance has been obtained by expressing f
in a polynomial basis which diagonalizes the covariance, the correct basis has been given by the

orthogonal polynomials with respect to the limiting distribution, [161, 76].

Random biregular bipartite graphs

The adjacency matrix of a (d,d,)-biregular bipartite graph G(V; UV,,E) with V; =
[n],V2 = [m] can be written as
0 X
A= ,
X" o
where X € {0,1}"" is a matrix indexed by V| x V5 such that X;; = 1 if and only if (i, j) € E. All
eigenvalues of A come in pairs as {—A, A}, where |A| is a singular value of X, along with extra
|n — m| zero eigenvalues. It’s easy to see Aj(A) = —A1m(A) = Vdid>.

In this chapter, instead of examining the spectrum of A, we will be looking at the spectrum
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of the matrix XX ' — d;I. This serves two purposes: one, it allows for an immediate parallel
to the sample covariance matrix (Wishart) case, and two, it allows us to deal with all regimes
in a unitary fashion. The eigenvalues of XX | — d[ are the shifted squares of the eigenvalues
of A. Any result on global fluctuations for linear statistics of the spectrum of XX ' —d;/ is
automatically converted into an equivalent result for the spectrum of A. However, because any
result of fluctuations must necessarily put most of the eigenvalues (with the exception of the
deterministic outliers) on a compact interval, scaling must be involved. This works perfectly fine
when the ratio d| /d; is bounded, but it becomes tricky when it is not, and the matrix XX T—aI
allows us to do the scaling in a more natural way, similarly to the sample covariance (Wishart)
matrix with unbounded aspect ratio in [60].

To prove a result on eigenvalue fluctuations, we need two special ingredients: eigenvalue
confinement on a compact interval and asymptotic behavior of cycle counts. For the former, we
make use of the spectral gap shown in [48] for the fixed degree case and [179] for the growing
degree case. Previous results of this kind were obtained for random regular graphs [94, 37] for
fixed degree, and [49, 67, 168, 28] for growing degrees.

For the latter, we use Stein’s method to approximate cycle counts as Poisson random
variables by bounding the total variation distance (Theorem 3.2.10) and obtain a Poisson ap-
proximation of the number of cyclically non-backtracking walks (Corollary 3.2.15). Note that
computing cycle counts is a fundamental problem in the study of random graphs, ever since the
seminal papers of [142] and more general [143, 144].

To prove our results, we follow the recipe of [119] by using switching to construct
exchangeable pairs of graphs that allow us to estimate cycle counts. The switching we use here is
different from [119] and is suitable for biregular bipartite graphs. In the analysis of switchings, a
new challenge is the imbalance between the parameters di,d, when the aspect ratio is unbounded.
Our results on cycle counts hold for a large range of d;,d>, and are notably independent of

the aspect ratio as long as the cycle length is small. It is also worth noting that the method of
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switching has been applied to other problems on random biregular bipartite graphs, for example,
[54, 53, 153].

Finally, we also obtain an algebraic relation between linear eigenvalue statistics on
modified Chebyshev polynomials and cyclically non-backtracking walks (Theorem 3.2.17). Then
based on the spectral gap results in [48, 179] and approximation theory for Chebyshev polynomials

[171], we extend the eigenvalue fluctuation results to a general class of analytic functions.

3.1.2 Main results

Our main contributions are represented by Theorems 3.4.4, 3.4.7, establishing the behavior
of the global fluctuations for the linear statistics of eigenvalues of RBBGs in the fixed dj,d>,
respectively, in the d; - dp — o cases. Note that Theorem 3.4.7 describes the behavior of the
fluctuations even in the case when the limiting ESD does not exist, since it merely requires d} /d»
to be bounded, rather than to converge to a number in [1,00) (which would be the necessary
condition for the ESD to converge). In addition, we show that the covariance between two linear
statistics with different test functions is given by the coefficients in their Chebyshev expansions.

As part of the proofs for our main results, we also describe the asymptotic behavior
of the cycle counts (Theorem 3.2.10). Based on the cycle counts estimates, we then use the
locally tree-like structure of RBBGs to prove a global semicircle law in the case when the degree
goes slowly and d; /d, is unbounded. Finally, as an important application, we obtain equivalent
results for uniformly distributed random regular hypergraphs, including cycle counts, global laws,
spectral gaps, and eigenvalue fluctuations.

In Section 3.2 we prove our results on cycle counts in random biregular bipartite graphs.
Section 3.3 collects relevant results for the spectral gap and eigenvalue confinement on a compact
interval from the literature. Section 3.4 proves our main results, Theorems 3.4.4 and 3.4.7. Section
3.5 proves a global semicircle law for RBBGs when d /d; is unbounded. In Section 3.6, we

uses the connections established in [79] to prove several results on uniformly distributed regular
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hypergraphs.

3.2 Cycle counts

3.2.1 Counting switchings

In this section, we estimate the number of switchings that create or delete a cycle in a
biregular bipartite graph. The precise definitions of switchings for our purposes are given in
Definition 3.2.4 and Definition 3.2.5. These estimates will be used in Section 3.2.2 to show that

cycle counts converge in distribution to Poisson random variables.

Definition 3.2.1 (cycle). Throughout the paper, when we say a cycle, we mean a simple cycle,

i.e., all vertices in a cycle are distinct.

Let K, » be the complete bipartite graph on n+ m vertices with V| = [n],V, = [m]. Let
H C K, ;» be a subgraph with v vertices. For any i € K,, ,, let g;, h; denote the degree of i considered
as a vertex in a biregular bipartite graph G = (V},V»,E) and the subgraph H, respectively. Let

hmax be the largest value of h; and |H| be the number of edges of H. Denote by
[Xlg=x(x—1)---(x—a+1)

the falling factorial. The following estimate is given in [143].

Proposition 3.2.2 (Theorem 3.5 in [143]). Assume d; > d, and nd; > 2d;(dj + hmax —2) + |H| +

1. Then
}}:l [gi]h,‘

P(HCG) < .
( ) [nd1—4df—l]‘H‘

We first prove several estimates on random biregular bipartite graphs based on Proposition

3.2.2.

Lemma 3.2.3. Let G be a random (d,d,)-biregular bipartite graph with d, < dj < nt/3,
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1. Suppose H is a subgraph of the complete graph K, ,, in which every vertex has degree at

least 2. Let e be the number of edges in H. Suppose e = o(nl/ 3). Then

(3.2.1)

dl—l)(dz—l))dz.

]P’(HQG)SC1<( -

2. Let o be a cycle of length 2k in the complete bipartite graph K, ,,. Suppose k < n'/19 then

P(aC G) < ¢ ((dl — ln),;dz — 1))k. (3.2.2)

3. Let B be another cycle of length 2j < 2010 in the complete bipartite graph K, .. Suppose

o, B share f edges. Then

MVAM@—U)”k”?

nm

P(aUB C G) < cy ( (3.2.3)

Proof. 1t suffices to prove (3.2.1). Then (3.2.2) and (3.2.3) follow as special cases. Since H has

e edges, and H is bipartite, it satisfies

Y hi=) hi=e.

% eV,
Since ; > 2 for all i € V(H), we know [gi],. < (gi(gi — 1))"/?. Therefore from Proposition 3.2.2,

(di(d1 —1))/*(do(dr — 1))°/?

P(H CG) <

[ndy —4d? — 1],
_Cm—W@—nyﬂ (ndy)®
B nm [ndy —4d} — 1],

Recall di < n'/3,e = o(n'/?), and (14 x)" = 14 O(rx) if rx — 0. We have for some
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absolute constant ¢y > 0,

ndp )¢ nd; ¢ 4d? +e ¢
< =(1+—1— ) <¢ (3.2.4)
ndy —4d*—1), = \nd, —4d> —e ndy—4d>—e) =" -
This proves (3.2.1). ]

Let G be a (dy,d>)-biregular bipartite graph. Let C; be the number of cycles of length 2 j
in G. We will always represent a cycle by a vertex sequence starting from a vertex in V|. Suppose
o= (x1,y1, . Xk, V) is a cycle of length 2k in G with x; € Vy,y; € V, 1 <i <k, where yj is
connected to x; in the cycle o.

Let ¢; = u;v;, €, = uv} be the edges with with u;,u; € Vi,v;,v. € Vo, 1 <i <k such that
neither u;, u; is adjacent to y; for 1 <i < k and neither v;, v; is adjacent to x;. See the left part of
Figure 3.1 for an example.

We now introduce our definitions of switching for biregular bipartite graphs.

Definition 3.2.4 (forward a-switching). Consider the action of deleting all 4k edges ¢é;,1 <i <2k
and ¢;,¢;,1 <i <k, and replacing them by the edges x;v;,x;V}, yiu;, yu; for 1 <i < k. We obtain
a new biregular bipartite graph G’ with the cycle o deleted. We call this action induced by the
6 sequences (x;), (yi), (u;), (u}), (vi), (Vi), 1 <i <k aforward o-switching. See Figure 3.1 for an
example. We will consider forward a-switchings only up to cyclic rotation and inversion of
indices in [k]; that is, we identify the 2k different forward a-switchings obtained by applying the

same cyclic rotation or inversion on [k] to the 6 sequences (x;), (i), (u;), (), (vi), (v}),1 <i <k.

Definition 3.2.5 (backward a-switching). Suppose G contains paths vix;v; and u;y;u. for 1 <i <k,
where x;,u;,u; € Vy,y;,vi,v: € V. Consider deleting all 4k edges vix;, Vix;, u;y;, uly; for 1 <i <k,
and replacing them with u;v;, ulv!, x;y;, yixiy1 for 1 <i < k. We obtain a new graph G’ with a cycle
o= (x1,y1, " , Xk V). Such action is called a backward a-switching induced by the sequences
(xi), i), (i), (uh), (vi), (v}),1 < i < k. We also identify the 2k different backward o-switchings

obtained by applying the same cyclic rotation or inversion on the index set [k].
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Figure 3.1: A forward o switching from the left to the right, where a0 = (x1,y;,x2,y2).

Definition 3.2.6 (short cycles). Let r be an integer; we say that a cycle is short if its length is less

than or equal to 2r.

We call a a-switching valid if o is the only short cycle created or destroyed by the
switching. For each forward o-switching from G to G’, there is a corresponding backward
o-switching from G’ to G by simply reversing the operation (i.e. from the right to the left in
Figure 3.1).

Let Fy be the number of all valid forward a-switchings from G to some G’ and let By, be
the number of all valid backward o-switchings from some G’ to G. In the following two lemmas,

we estimate Fy, and By, for biregular bipartite graphs.

Lemma 3.2.7. Let G be a deterministic (d,d,)-biregular bipartite graph with d, > d and cycle

counts Cy,2 < k < r. For any short cycle o C G of length 2k, we have

Fo, < [n]g[m)cdtdb. (3.2.5)

If o does not share an edge with another short cycle, then for an absolute constant ¢y > 0, we

have

4kY5_y jCj+ crk(dy — 1) (dy — 1)r> 526

Fo > [n][m]edd5 (1 - nd,
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Proof. Consider a cycle denoted by o = (x1,y1,- -+, Xk, k). Denote edges

& =Xyi, €tk =yixit1,1 <i<k, (3.2.7)

where X1 := x;. There are at most [n];d\[m]id5 many ways to choose edges e; = u;v; and
el = ulv, for 1 <i <k, which gives the upper bound (3.2.5). For the k edges ¢;,1 <i <k, we
require distinct u; € Vi, 1 <i <k, and we have d; choices for each v;, given the degree constraint
on ;. This gives [n] kd’f many choices altogether. For the remaining edges ¢!, 1 <i < k we require
distinct v} € V5,1 < i < k and each for each u; we have d» choices, giving us a factor of [m] kdlz‘.
Therefore (3.2.5) holds.

For the rest of the proof, we always use the same way to count o-switchings by counting
the choices of ¢;, e;-. We use the parameter d; to control the choices from e;,1 <i < k and the
parameter d; for the choices from eg, 1<i<k.

To prove the lower bound in (3.2.6), we choose a subset of configurations that are
guaranteed to have a valid forward a-switching. Consider e;, ¢!, 1 < i < k such that the following

holds:
1. e; and ¢! are not contained in any short cycle in G for 1 <i <k.
2. The distance from any vertex in {e;,¢}} to any vertex in ¢&; is at least 2r for any 1 <i <k.

3. The distance between any two different edges among the 2k edges {e;, e}, 1 <i <k} isat

least r.

4. For all 1 <i <k, the distance between v; and vé 1s at least 2r, and the distance between u;

and u! is at least 2r.

Recall the definition of é; in (3.2.7). By Condition (2), for all 1 <i <k, u,-,ug are not
adjacent to y;, also v,-,v§ are not adjacent to x;, which satisfies the definition of a forward o-

switching. Let G’ be the graph obtained by applying the forward a-switching from G. We need to
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check that o is the only cycle deleted in G by this switching and no other short cycles are created
inG'.

Since a shares no edges with other short cycles by our assumptions, deleting o will not
destroy other short cycles. From Condition (1), deleting e;, ¢} will not destroy any short cycles
either.

Next we show no other short cycles are created in G'. Suppose there exists a new short
cycle B in G’ created by the switching. Then [3 contains paths in GNG’ separated by edges created
in the forward switching in G’ (f must contain at least such edge because it is created). Any such

path in GN G’ must have length at least r, because

e if it starts and ends at vertices in & and has length less than r, then combining this path
with a path in o gives a short cycle in G that intersects o, which is a contradiction to our

assumption on o.;

L, vt} for some i and has length less than r, then combining

e ifitstarts in o and ends in {u;, v;, u}, v’

this path with a path in o gives a path between ¢;, e; or between &, ¢} of length less than 2r,

which violates Condition (2);

e if it starts and ends in different edges among {e;, eg, 1 <i <k}, then it must have length at

least r by Condition (3);

e if it starts at some vertex in e; and ends at some vertex in e;, then the path must start and
end at different vertices in ¢;, otherwise B is not a cycle in the sense of Definition 3.2.1.
Then the path combined with ¢; is a cycle. By Condition (1), it has length at least r, a
contradiction. In the same way, it cannot start at some vertex in ¢; and end at some vertex

in ¢!,
This implies B contains exactly one path in GN G’. If not, the two separated paths together with
new edges in G’ have length greater than 2r, a contradiction to the condition that [3 is a short cycle.

Given the path in GNG’, the remainder of  has two cases:
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e asingle edge that can be x;v;, x;v/, yiu;, or yu} for some 1 <i < k, then by Condition (2),
the path in GN G’ connecting the two vertices in the edge has length at least 2r, which is a

contradiction to the fact that [3 is a short cycle;
e asingle path v;x;v. or u;y;u}, which is impossible by Condition (4).

From the analysis above, no such [ can exist, hence any o-switching satisfying Conditions
(1)-(4) is valid.

Next we find the number of all switchings satisfying Conditions (1) to (4) to have a lower
bound on F,. We will do this by bounding from above the number of switchings out of the
[n]x[m] kd’fdlz‘ many choices counted in (3.2.5) that fail one of the Conditions (1)-(4). We treat the
4 conditions in the following (a)-(d) parts.

(a) There are a total of at most ), 2jC j edges in all short cycles of G. For some 1 <i <k,
if we choose one edge e; from a short cycle and the other (2k — 1) edges arbitrarily, we obtain a

forward a-switching that fails Condition (1). The number of all possible choices is at most

kY 27C; - [n— 15 [m)pdt—"db.

,
J=2

And if we choose ¢/ from a short cycle and the other (2k — 1) edges arbitrarily, the number of all

possible choices is at most

-
k Z 2jC;- [n]x[m— 1]k_1d]fd§_l.
=

Altogether the number of choices is at most

4

n—dl[n]k[m]k(dldz)kkjg2 JCj. (3.2.8)

(b) To fail Condition (2), we can obtain o-forward switchings by choosing (2k — 1) edges
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arbitrarily, and then choose one edge e; or eg that is at most of distance 2r — 1 from é; for some
1 <i < k. From the degree constraints, the number of edges of distance less than 2r from some
edge is at most O((d; — 1)"(d2 — 1)"). Similar to Part (a), by considering whether ¢; or ¢! is

chosen for 1 <i < k, the number of such switchings is at most

(["l — e ey d5 + [n][m — 1]kd]fd§_l> k-0((d1 —1)"(d2— 1))

:nidl[n]k[m]k(dldz)kkO((dl —1)"(d—1)"). (3.2.9)

(c) For Condition (3), there are three cases to consider depending on whether the pair is
(eirej). (¢},€]) or (ei ).

Suppose the pair e;,e; violates Condition (3). We pick the pair of edges that are within
distance r — 1 and pick the remaining (2k —2) edges arbitrarily. There are (nd;) many ways to

choose ¢;. When e; is fixed, there are at most O((d; — 1)U"+1/2(dy — 1)("+1)/2) choices for e;.

Hence the number of switchings that fail Condition (3) is at most

() - 10((dy = 1)\ /2(d = ) HVP)]- k(= 1) - (1 — 22l a)
:n—clil[n]k[m]kdlfdlz‘.kZ ) ((dl _ 1)(r+1)/2(d2 _ 1)(r+1)/2) .

By the same argument, if the pair is (¢}, €’;), the number of switchings that fail Condition (3) is at

vj

most

1

gy Plmldtabie -0 (i = 1) 2(dy — )lre 0]

When the two edges of the pair violating Condition (3) are e;, e} for some i, j, the number is at
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most

(nd1)-[0((d1 = 1) V2 (dy = 1)) (282) - (I — Vg [ — Ugrd~'d5 )

1 I r
:n—dl[n]k[m]kd’fdlz‘k20 ((a’l D2 (g, ) +1>/2> .

Combining the three cases in Part (c), the number of switchings that violate Condition (3) is at

most

1

n—ch[n]k[m]k(dldz)kkz 0 ((dl D2 (g, 1)<r+1>/2) . (3.2.10)

(d) Since the distance between a pair of vertices in V| or V, must be even, to violate
Condition (4), we can choose a pair u;, ug € V) orv;, vg € V, that are within distance 2r — 2 first,
then choose other edges arbitrarily. Similar to the cases above, the number of switchings that fail

Condition (4) is at most

1

Pl dskO((dr = 1) (d2 = 1)). (3.2.11)

Combining the 4 Cases (a)-(d) above, from (3.2.8), (3.2.9),(3.2.10), and (3.2.11), we have

at most

4
l’ldl

)i [m)i(d1d2)* (k i JCj+O(k(dy —1)"(d2 — l)r)>
=

J

many switchings that fail one of the Conditions (1)-(4) among the [n];[m]i(d1d2)* possible

switchings. Then for an absolute constant ¢; > 0,

4kYi 5 JC; +c1k(dy — 1) (dr — 1)r>

Fy > dids (1—
o > Il -
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Therefore (3.2.6) holds. [

For the number of backward switchings, we obtain a similar upper bound, but the lower

bound is only in expectation.

Lemma 3.2.8. Let G be a random (dy,d;)-biregular bipartite graph and let o, be a cycle of length
2k < 2r in the complete bipartite graph K, ,,. Let By, be the number of valid backward switchings

from G that create o.. Then

By < (di(dy —1))"(da(dr — 1)), (32.12)

and there is an absolute constant ¢y > 0 such that

(3.2.13)

EBq 2 (di(di — 1)) (da(d2 — 1))* (1 _ Cokldi = 1)'da — 1>r) .

nd

Proof. Given «, from the degree constraints, the number of choices for u;, ug, Vi, vg, 1 <i < kthat
yield a valid backward o switching is at most (di(d1 — 1))*(da2(d2 — 1))¥, which gives (3.2.12).
For the lower bound, we consider the quantity B := Y g Bg, where [3 is summing over all
possible cycles of length 2k in the complete bipartite graph K, ,,. As in the proof of Lemma 3.2.7,
we give conditions that guarantee a valid backward switching.
Assume B = (x1,y1, -, Xk, yk). We first consider backward switchings that create .

Suppose the paths vix;v;, uiyiu;, 1 <i <k in G satisfy the following conditions:
1. The edges x;v;, x;V},yiu;, and y;u} are not contained in any short cycles.

2. For 1 <i <k, the distance between any vertex in the path v;x;v; and any vertex in the path

uiyiu, is at least 2r.

/

3. Forall 1 <i<kandl < j<k/2, the distance between the paths vixivg and v;y jXi Vi, j

(the index i+ j is calculated modulo k) and the distance between u;y;u; and u; jy;y ju; 4
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are at least 2r —2j+1.

/

4. For 1 <i<k,1<j<k/2,the distance between v,-x,-vg and u;y jy;y ju; 4o and the distance

between w;y;u; and vy jxiq jVi, jare at least 2r —2j +2.

We will show the four conditions above guarantee a valid backward B-switching.

By Condition (1), no short cycles are deleted. We denote x ¢ y if two vertices x,y are not
connected in G. An immediate consequence of Condition (2) ensures that x; % y; and u; % v;,
u; o4 vi, and Condition (4) ensures that y; 7¢ x;11. Therefore such switching can be applied.

Let G’ be the graph obtained by applying the backward B-switching. We need to check
that no short cycles other than [ are created in G'.

Suppose a short cycle B’ # B is created. Then ' possibly consists of paths in GNG/,
portions of B, and edges u;v;, uv} for some 1 <i < k. Any such path in G NG’ must have length

at least  because

e if it starts in one of the sets {x;,v;,v}} or {y;,u;,u;} for 1 <i <k, and ends at a different set

{xj,vj,v;-} or {yj, uj,u’j} for 1 < j <k, then Conditions (2), (3) and (4) imply this;

e if it starts and ends in the same set {x;,v;,v}} or {y;,u;,u}}, then it follows from Condition

(1) that the path must have length at least r.

It follows that B’ must contain exactly one such path, otherwise if two such paths are included in
B', the length of B’ is greater than 2r, a contradiction to the fact that B’ is a short cycle.

Besides this path in GN G, the remainder of ’ must either be an edge u;v; or u}v!, or a
portion of . If the remainder is some u;v;, then the distance between u; and v; in G is at most
2r — 1, a contradiction to Condition (2). The same holds if the remainder is some /',

If the remainder is a portion of [, then there exists two vertices in § connected by the path

in GN G’ contained in B'. If the two vertices are x;,x;. jforsome 1 <i<k,1<j< k/2, then

from Condition (3), the path in GN G’ contained in B’ that connects the two vertices has length at
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least 2r —2j+ 1. Since the path in B connecting x;,x;; ; has length 2 j, this implies ' has length at
least (2r —2j+1)+2j =2r+1, a contradiction. In the same way, if the two vertices are y;, yi
for some 1 <i<k,1 < j<k/2, we can find a contradiction for §/ from Condition (3).

If the two vertices connected by the path are x;,y; 4 with 1 <i <k, 1 < j <k/2, then the
path in B connecting the two vertices has length at least 2j — 1. Combining the path in GNG’
contained in [}/, from Condition (4), we conclude that ' has length at least (2r —2j+2) 4 (2j —
1) =2r+1, a contradiction. By the same argument, if the two vertices connected by the path are
Vi, Xiyjforsome 1 <i<k,1< ;< k/2, we can find a contradiction that B is not a short cycle.

Therefore such B’ does not exist, and all backward switchings satisfying Conditions (1)-(4)
are valid.

There are [n][m]i/(2k) choices for the 2k-cycle B in the complete bipartite graph Kj, ,,
and at most (d (d; — 1))*(da(dz — 1))* choices for u;,ul,v;,v},1 <i < k given B. We now count
how many possible backward switchings violate one of the four Conditions (1)-(4) to get a lower
bound on B. We treat the Conditions (1)-(4) in 4 parts.

(a) Suppose Condition (1) is violated. We estimate the number of switchings by choosing
one edge from the set of edges in short cycles and the other edges arbitrarily. Note that by our
definition of switchings, we identify 2k different switchings by applying the cyclic rotation or
inversion on [k]. Suppose we choose an edge x;v; or x;v; from short cycles, similar to the analysis

in Lemma (3.2.7), the number of switchings is at most

(3¢ £ 20 =) (g~ thesnan— 0t

J=2

:%[n]k[m]k[dl (1~ Ve (d— ) ¥ JC;.
naj Jj=2
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Similarly, if we choose an edge y;u; or y;u} from short cycles, the number of switchings is at most

(”Zﬁf" e ”) (el st = 0 (ar(ar - 1))
2

= [l (d1 — Do — 1) Z JCj.
nai Jj=2

Combining two parts, the number of switchings that violate Condition (1) is at most

Sty ~ Ve~ DY G 521
j=2

(b) Suppose for some 1 < i < k, two paths v;x;V; and u;y;u’ are within distance 2r — 1. The
PP p i i

number of switching is at most

[l’l— l]k—lz[lzn— l]k—l [dl(dl B 1)d2(d2 . 1)]k71 . (kndl(dl _ 1)) . 0((d1 . l)r(d2 . 1)r+1)
:n%][”]k[m]k(dl (di — 1) ¥(dy(dr — 1)) O((d1 — 1) (da — 1)"). (3.2.15)

(c) Suppose for some 1 <i <k, 1 < j<k/2, two paths {vix;vi, viy jxiq jVi, j} are within

distance 2r — 2j. The number of switchings is at most

=22l g, 4y 1) e~ ) s~ 1) Y F O 1 1
T 1 2(a@2 -nd, (dy =& g

1

= Il (d = 1) (ol = 1)FO((eh = 1) (do = 1)),

Suppose for some 1 <i <k, 1< j<k/2, two paths {u;yu,, Ui jYitjui, ;} are within distance
2r —2j. Similarly, the number of switchings is bounded by

iﬁmWMm%—UW@%—UWMm—WMrU”W
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Therefore the number of switchings that violate Condition (3) is at most

1

n—dl[n]k[m]k(dl (di — 1) (dy(da — 1)) *O((dy = 1) (da — 1) 1). (3.2.16)

(d) Suppose two paths vix;v;, it jyi+ jui, ; for some 1 <i <k, 1 < j<k/2 are within
distance 2r — 2j+ 1. The number of choices is at most

Al — 11, & k2 . .

P ot a1t 1) Y Y Oy — 1 1)

i=1 j=1

L ilelmle(ds (d — 1)) (da(ds — D)0 (di — 1) (da — 1Y),

" ndy

Suppose two paths u;y;u}, vii jXiy Vi +j for some 1 < i <k,1 < j<k/2 are within distance

2r —2j+ 1. By the same argument, the number of choices is at most

%[ﬂ]k[m]k(dl (di — 1)) (da(dr — 1)) O ((dy — 1) (d2 — 1)").

Then the number of switchings that violate Condition (4) is at most

1

n—dl[n]k[m]k(dl (di — 1) (da(da — 1)) O ((d1 — 1) (dr — 1)"). (3.2.17)

From (3.2.14), (3.2.15), (3.2.16) and (3.2.17), the lower bound of B is given by

B> P a1y — 1)) (1

 8kY 5 )Cj+Ok(di — 1) (d2 — 1)’))
2%k '

ndy
(3.2.18)

By Lemma 3.2.3 (b),

[lelmlic e1(di = DS = 1) _ e = D (do = 1)*

EC, <
k=" nkmk = 2k
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Applying the inequality above to (3.2.18), we obtain

EB > [n]g[zl]k(dl (di —1))*(da(da — 1))¥ (1 _ O —ic);l(dz — 1)r)) :

By the exchangeability of the vertex labels in the uniformly distributed RBBG model, the

law of By is the same for any 2k-cycle 3. Then

2k cok(di —1)"(dr — 1)r)
EBq = ———EB > (di(dy — 1)da(dy — 1 k(l— ,
o [n]k[m]k —( 1( 1 ) 2( 2 )) I’ldl
for an absolute constant ¢, > 0. This completes the proof. [

3.2.2 Poisson approximation of cycle counts

In this section, we prove the cycle counts in RBBGs are asymptotically distributed as
Poisson random variables. The main tool we will use is the following total variation distance

bound from [59].

Lemma 3.2.9 (Proposition 10 in [59]). Let W = (Wy,...,W,) be a random vector taking values
in N, and let the coordinates of Z = (Zy,...,Z,) be independent Poisson random variables
with BZy = . Let W' = (W/,...,W/) be defined on the same space as W, with (W,W') an
exchangeable pair. For any choice of 6-algebra F with respect to which W is measurable and

any choice of constants cy, we have

drv(W,Z) < Y & (Elue — cxP(A] | F)|+E[We —ciP(A | F)I), (3.2.19)
=1
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where & := min{1, 1.4;1,:]/2} and

A=W =W+ LW =W/ k< j<r}, (3.2.20)

A =W =W — LW, =W k<j<r}. (3.2.21)

We apply Stein’s method to obtain the following Poisson approximation in total variation

distance.

Theorem 3.2.10. Let G be a random (d,dy)-biregular bipartite graph with cycle counts (Cy,k >

2). Let (Zx,k > 2) be independent Poisson random variables with

(dy — 1) (dr — 1)

=EZ, =
M k 2k

Foranyn,m > 1 and r > 2,dy > 3, there exists an absolute constant c¢ > 0 such that

06\/;(011 . 1)3r/2(d2 . 1)3r/2
RN G s Zy)) < .
drv((Co,---,Cr), (Zas -, Zy)) nds

Proof. If dy > n'/3 or r > n'/19, then

C6\/7'(d1 . 1)3r/2(d2 . 1>3r/2

> 1
l’ldl

for sufficiently large choice of ¢g and the theorem holds trivially. Thus we assume d; < n'/3 and
r < n'/1%. We now construct an exchangeable pair of random biregular bipartite graphs by taking
a step in a reversible Markov chain.

Define a graph G whose vertex set consists of all (d,d,)-biregular bipartite graphs. If
there is a valid forward or backward a-switching from a (d},d,)-biregular bipartite graph Gy

to another graph G; with the length of o being 2k, we make an undirected edge in G between
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Gy, G and place a weight of
1

[n]x[m]x(d1d2)k

on each such edge. Define the degree of a vertex in G to be the sum of weights from all adjacent
edges. Let dy be the largest degree in G. To make G regular, we add a weighted loop to each
vertex if necessary to increase the degree of all vertices to dj.

Now consider the simple random walk on G. This is a reversible Markov chain with
respect to the uniform distribution on (dj,d,)-biregular bipartite graphs. Thus suppose G is a
uniformly chosen random biregular bipartite graph, we can obtain another random biregular
bipartite graph G’ by taking an extra step in the random walk from G, and the pair (G,G’) is
exchangeable.

Let J; be the collection of cycles of length 2k in K, ,, with k < r. We have |%| =
[n]k[m]x/2k. Define Iy = 1{ae C G}. Then C; = Yqey, la. Let Iy, C; be defined on G’ in the
same way. Since G and G’ are exchangeable, the vectors (Cy,...,C,) and (C),...,C}) are also
exchangeable. We can then apply Lemma 3.2.9 to this exchangeable pair of vectors. Now define

two events

A ={C =C+1,C;=Cj k< j<r},

A ={C=C+1,C;=Ci k< j<r}.

By our construction of the exchangeable pair,

+ = B
Fac16)= oc;k do[n[m](d1da)*’
P(A; |G) =Y, -

oy, dolnle[mli(dida)*
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Applying Lemma 3.2.9 with all ¢y = dp,1 < k < r, we have

dTv((Cg, . ,Cr), (Z3, . ,Zr))

r By, 4 Fa
< E |y — + E|Ci—
_k;z&k H (x;k [n]i[mli(d1da)* Z’zik ¢ oc;k [k [m](d1d )k
! (dy — D)k(dy — 1) By, Fy
= E - E Iy —
kg'zgk ag}k []ic[m]i  [nllml(d Z o (X;(]k )i [m)i (d1da)*
" (dl—l) (dz—l)k By, Fy
< E + E I
_kz:Z{;k (oc;k ’ [n]k[m]k [ ] [ ] d1d2 agk [ ] (dldz) )
(3.2.22)
For the rest of the proof, we estimate the following two sums
(dy — DF(dy — 1)K By
E — 3.2.23
L S T (229
Fu
E Iy — 3.2.24
L B G i @y (224
from (3.2.22) in different ways.
(1) The upper bound on (3.2.23). From Lemma 3.2.8, for all a € ¥,
gl =D -1 By _(di=D¥da—1)F  EBq
[]ic[m]i llml(dida)k | [n]ic[m]i (] [m]i(d1da)*
cak(dy — 1) k(dy — 1)7+k
nd, [n]i[m]k ’

where the first line is from (3.2.12) and the second line is from (3.2.13). Therefore (3.2.23)

satisfies

di— 1" -1 By _ calldi = 1)(dp = 1))
e, [k [m]x ()i [mlk(dida)*| — 2nd, '

(3.2.25)

(2) The upper bound on (3.2.24). To bound the summation in (3.2.24), for a given short
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cycle o, we consider a partition of G in the following way:

AY = {G does not contain o},
AS = {G contains o, which does not share an edge with another short cycle in G},

A% = {G contains o, which shares an edge with another short cycle in G}.

Conditioned on A‘l", we have Iy = Fy = 0. Conditioned on Ag, both the upper and lower

bounds in Lemma 3.2.7 can apply, which yield the following inequality:

F. 4k, jCi+crk(dy — 1) (dp — 1)
I — < Ej=JCi+ eikldi —1)(d2 = 1) (3.2.26)
[n]x[m]i(d1d2) nd,
Conditioned on AY, we have I, = 1, Fy = 0.
With the partition of G, the following inequality holds:
Fy, { Fy, } o
E (I, — =K [1ja|ly— +P(A
a1 | T
2k 4 . C1k(d1 — 1)r(d2 — l)r
< —FE |1a 2jC; P(AS) +P(AY).
S Azj_;z]j+ nd (A7) +P(A3)
(3.2.27)

Let J be the set of all short cycles in K}, ,, that share no edges with . On the event AS,
the graph G contains no short cycles outside J except for .. Define |B| be the length of the cycle

B. Then

Y 2jCi=2k+ Y Bl
J=2 Bejoz
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Therefore the right hand side of (3.2.27) can be bounded by

4ic? 2k cik(dy — 1) (dy —1)"

—P(AS) + — Elol P(AS) +P(AY
PO gy L BIELly + 1 (A%) +P(A3)
41% cik(dy — 1) (dy — 1) 2k
<—PaCG P(o. C G) 4 — Elyly +P(AY). (3.2.28
na F@CG)+ ) (o C )+nd1662]a|ﬁ| alp +P(A35).  (3:2.28)

By Lemma 3.2.3(1),

W 0 G)=0 (kz[wl —1)(d2— 1>]k> |

ndy nd; (nm)k
cik(dy —1)"(dy —1)" (k[ = 1)(dr— 1)
1k\d] ) IP’(OLQG)—O( nedy () >

Hence the first and the second term in (3.2.28) combine to yield a corresponding upper bound in

(3.2.24) of
4ic? cik(dy — 1) (dy —1)" (= 1)(dr— 1))t
a;jk (n—le(OC G) -+ ndy P(OC - G)> =0 ( nd ) .

(3.2.29)
From Lemma 3.2.3 (3), we have for any 3 € %, with |B| =2/,

ci[(dy —1)(d— 1))

For 2 < j <, there are at most [n] j[m];/(2]) cycles in Jy of length 2. The third term in (3.2.28)

then satisfies

[n] j[m j ci[(d —1)(dr— 1))/
”_Bg PRy = Z 2] — (nm)fi"
B k[(d1 —1)(d— 1))
=0 ( ndy (nm)k ) '
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Summing over all possible a € J, we obtain a corresponding term in (3.2.24) of

2k dy—1)(dy — 1))+
Y Y |B\IEIOJB:0([( ‘ )(; ) ) (3.2.30)
ac "4 pey, i

Now given (3.2.29) and (3.2.30), to control (3.2.24), it remains to estimate Y o5 P(A%).
Let Kq be the set of all short cycles in K, , that share an edge with o, not including o itself. By a

union bound,

Y PAH) < Y ) P@auBcaq). (3.2.31)

OLE T o€k BE Ky,

From (3.2.3) in Lemma 3.2.3, the upper bound for P( U3 C G) depends on the lengths
of a, 3, and the number of edges that a, 3 share. To get an upper bound on (3.2.31), we will
classify and count the number of pairs (o, 3) based on the structure of otU f3.

Recall o has length 2k. Suppose 3 has length 2. Let H = (V(a,) NV (B),E(a)) NE(B)) be
the intersection of & and 3. Suppose H has p components and f edges. Since H is the intersection
of two different cycles, H must be a forest with p + f vertices. So aUPB has 2j+2k—p— f
vertices and 2j + 2k — f edges. Let a,b be the number of vertices in ot U 3 that are from V; and

V,, respectively. Then
a+b=2j+2k—p—f. (3.2.32)

Let vi,v> be the number of vertices in V| and V, for H, respectively. Then we have
a=j+k—vi,b=j+k—vp,and |a—b| = |v; — v2|. Note that each component in H is a path.
For each path, the difference between the number of vertices from V| and V; is at most 1. This

implies

la—b|=|vi =] <p. (3.2.33)
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From the proof of Corollary 21 in [75], the number of all possible isomorphism types of

oUP given |a|,|B| < 2r and p, f < 2r is at most

(16r3)p_1
(p—1H*

For each isomorphism type, as a subgraph in K, ,,, the number of ways to label it is at most
[n]a[m]p + [n]p|m]4, Where the two terms come from assigning vertices in Vi,V in two ways (pick
an arbitrary starting vertex, decide whether it is from V| or V;, then choose labels accordingly).

From (3.2.32), (3.2.33), and the assumption that n < m, we have that when f is even,
[n)alm]p + [n)p[m]a < 207K P=I2ith= 112 — 2y =P (pm) I HH=112,
And when f is odd,
[lalmls + [lo[mla < 207 ()T HEI 2712,

By (3.2.3) in Lemma 3.2.3, the probability of any realization of an the isomorphism type

as a subgraph in G is bounded by

c1[(dy — 1) (dy — 1))/ H+=1/2
(nm)j+k—f/2
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With all the estimates above, the right hand side of (3.2.31) is now bounded by

. (16r)~1
J=21<p,f<2r (p—1)? (nm)J+k=1/2
(16r%)P~1 c1l(dy — 1) (dy — 1)) H=112

< 22 1< Zf:<2 (=D - (2n7P (nm) 112y (o) T2 1{f is even}
J=21sp,j<2ir

catl(d = 1)(da = DI

([nlalmlp + [n]5[m]a)

iy (16r°)P~!

Sicprer ((P=1Y?
ci[(dy — 1) (dy — 1) 51/
’ (nm) k=172

_o ([(dl —1)(dr— 1)]k+r—1> o ([(d1 1) (da— 1)]r+k—1/2>

n (nm)1/2

. (2nfp+1 (nm)jJrkff/zfl/Z)

1{f is odd}

~([(di = 1)(dp — 1))
_0< ), (3.2.34)

nd;

Combining all estimates from (3.2.29), (3.2.30) and (3.2.34), we finally obtain

_ (M= D@ -+
=0 ( nd, ) . (3.2.35)

Io, — Fa
* [nllmi(dida )

Y E

oc gk

This provides an upper bound for (3.2.24).
(3) The upper bound on (3.2.22). Now the upper bounds on (3.2.23) and (3.2.24) have

been provided in (3.2.25) and (3.2.35), respectively. We are ready to estimate (3.2.22). Recall

. —1/2y _ 2.8Vk
& = min{1, 1.4y, }_[(dl—l)(dz—l)]k/z'

Then from (3.2.25) and (3.2.35), there is an absolute constant ¢7 > 0 such that (3.2.22) is bounded
by

i erV[(di —1)(da — 1)) 472 o (ﬁ[(dl —1)(d2 — 1)]3’/2) _ (3.2.36)

= ndj ndj

80



This completes the proof. ]

3.2.3 Cyclically non-backtracking walks and the Chebyshev polynomials

In this section, we study non-backtracking walks in biregular bipartite graphs and relate
them to the Chebyshev polynomials. The relation will be used in Section 3.4 to study eigenvalue

fluctuations for random biregular bipartite graphs.

Definition 3.2.11 (non-backtracking walk). We define a non-backtracking walk of length 2k in a
biregular bipartite graph to be a walk (uy, vy, ... ,u, vk, ugr1) such that u; € Vy,v; € Vo, ujr1 # u;,
forall 1 <i<kandv;i| #v;forall 1 <i<k—1. Note that in our definition, all such walks

start and end at some vertices from V.

Figure 3.2: In this example, (uy,Vvy,u3,v3,ua,va,us,vs,up) is a cyclically non-backtracking
walk. (uy,vy,up,v2,u3,V3,Us,v4,Us, Vs, Uz, v1,up ) is a closed non-backtracking walk, but it is not
cyclically non-backtracking.

Definition 3.2.12 (cyclically non-backtracking walk). A walk of length 2k denoted by

(u17v17"~7uk7vk7uk+l)

is closed if ug1 = uy. A cyclically non-backtracking walk is a closed non-backtracking walk such
that its last two steps are not the reverse of its first two steps. Namely, (uy,vi,u2) # (Ugr1, Vi, Ug)-

Figure 3.2 gives an example of a closed non-backtracking walk that is not cyclic non-backtracking.

81



Let G, be a random (d,d,)-biregular bipartite graph and C,E") be the number of cycles

of length 2k in G,,. Denote NBW,(CH) to be the number of non-backtracking walk of length 2k,
and CNBW,(C") to be the number of cyclically non-backtracking walks of length 2k in G,,. Let

(C,Em) ,k > 2) be independent Poisson random variables with mean

~ di =) (-1
= 2k2 '

We also define Cgm) — C%n) = 0. For k > 1, denote

CNBW,™ =¥ 2\, (3.2.37)
Jlk
For any cycle of length 2j in G, with j | k, we can obtain 2 cyclically non-backtracking
walks by choosing a starting point from Vi, fixing a direction and then walking around the cycle
of length 2k repeatedly. The next lemma shows that CNBW,(C”) can be approximated by the count

of those repeated walks around cycles.
Lemma 3.2.13. Let G, be a random (d,d;)-biregular bipartite graph. Suppose d; < n'3 k<

nl/lo, define

B =cNBwy” — Y2l (3.2.38)
Jlk

to be the number of cyclically non-backtracking walks of length 2k in G,, that are not repeated

walks around cycles. Then

7k’ [(dy —1)(da — 1)]’(.

EB" <

We call a cyclically non-backtracking walk bad if it’s not a repeated walk on a cycle.

Then from (3.2.38), B,(Cn) counts the number of bad cyclically non-backtracking walks of length
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2k.
Let (wo,wi,...,wa) With wyr = wg € V| be a bad cyclically non-backtracking walk in

K, m of length 2k. For any 1 <i <2k, we say that the i-th step of the walk is
e free if w; did not previously occur in the walk;
e a coincidence if w; previously occurred in the walk, but the edge w;_jw; didn’t;
e forced if the edge w;_1w; previously occurred in the walk.

Let x + 1 be the number of coincidences and f be the number of forced steps in the walk.
Let %1 + 1 and %> be the number of coincidence steps ending at a vertex from V| and V>, respec-
tively. Let f1, f> be the number of forced steps ending at a vertex from V| and V>, respectively.
Denote v, e the number of distinct vertices and edges in the cyclically non-backtracking walk,

respectively. We now have the following relations:

X+1=x1+x2+1,
f=n+r,
v=(2k+1)—(x+1)—f=2k—x—f,

e=2k—f.

For any repeated walk on a cycle, the the number of coincidences is 1 and y = 0. Therefore if the
walk is bad, we must have y > 1.

The following lemma bounds the number of cyclically non-backtracking walks with given

parameters X1,%2, f1, and f>.

Lemma 3.2.14. Consider cyclically non-backtracking walks of length 2k on K,, ,,, such that in the
subgraph spanned by this walk, all vertices from V| have degrees at most dy and vertices from V;

have degrees at most dy. Then the number of such walks with given ¥1,X2, f1, f2 satisfying x, > 1
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s at most

(2k)3+)+2 (g — 1)V (dy — ik X fipgk—xa=h,

Moreover, we must have |fi — fo| <y + 1.

Proof. We count the number of such cyclically non-backtracking walks by choosing the coin-

cidences, forced steps, and free steps separately. Given that there are 4 1 coincidences, there

2k

are (2

) many possible subsets of indices in {1,...,2k} where coincidences can happen. The
vertices at a coincidence has already occurred in the walk, so there are at most 2k choices for
each of them, giving us a total of (Xzfl) (2k)x+1 < (2k)**+2 many choices.

For forced steps, they can only occur after a coincidence or another forced step. After
each coincidence, imagine assigning some number of steps to be forced. The number of ways
to do this is at most the number of weak compositions of f elements into ) + 1 parts, which
is (f ;EX) < (2k)X. For each forced step ending at a vertex from Vj, the walk can only move
along an edge that has already been traversed, so there are at most (dy — 1) possible choices
at every step due to the non-backtracking property. Similarly, for each forced step ending at
a vertex from V, there are at most d; — 1 possible choices. Altogether this gives us at most
(2k)%(dy —1)72(dy — 1)/t choices for all forced steps.

There are k —y — 1 — f1 many free steps ending at a vertex from Vj, we have at most n
choices for the next vertex, and we have an additional n choices for wy € Vi, which gives a total
of at most n¥~%1=/1 many choices. Similarly, the number of free steps ending at a vertex from V5

is at most m*~%2=/2_ Multiplying together every parts from coincidences, forced steps and free

steps gives us at most
(2k)3x+2(d1 _ 1)f2 (dy — 1)f1 nk X1 =f k=X =12

many such cyclically non-backtracking walks.

Next we bound | f] — f»|. Recall forced steps can only occur after a coincidence or another
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forced step. Then there are at most { + 1 many consecutive forced steps starting from a certain
coincidence step. In each consecutive forced steps, the number of vertices from V| and V; differ
by at most 1, since the subgraph spanned by any consecutive forced steps is a path. Hence we

have [fi — f2| <y +1. O
Equipped with Lemma 3.2.14, we continue to prove Lemma 3.2.13.

Proof of Lemma 3.2.13. By Part (a) in Lemma 3.2.3, the probability that a given bad walk appears

in G, is at most

nm

¢l ((dl —1)(d2— 1))kf/2.

From the upper bound on the number of such walks in Lemma 3.2.14, summing over all possibili-

ties of X1,%2, f1, f2, we have

EB" <

NI~

di —1)(dy— 1)\
Z Z (2k)3X+2(d1 _1)f2(d2_1)fll’lk_X1_flmk_X2_f2-C] (( 1 )( 2 ))
X1,X2: ngl,fzgk—l nm

X2l fi—fpl<y+1

=ci[(dy — 1)(dy — 1)) Y atme (2k)3 (0122 +2 (
X221 0<f1.fr<k-1
|fi—fol<x+1

(d>—)m (fi—f)/2
(di — 1)") '

Since (dy — 1)d; < (dy — 1)da, the following inequality holds:

((dz - l)m) (fi=f)/2 ((d2 Dy ) (fi-f)/2
n = RV A (3.2.39)
0<f1,f2<k—1 (di = 1)n 0<f1,fr<k—1 (di —1)d»
[fimfal<x+l [fi—fal<x+1
<K (<d1 - 1>d2) bz
=" \(d2— 1)d, '
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Since d; < n'/3,k < n'/10,(3.2.39) implies

EB]((n) < Clkz[(dl _ 1)(d2 . 1)]k Z nfx1me2(2k)3(Xl+X2)+2 ((dl - 1)d2

X1+x2>1

B (2k)°(d1 — 1)dy
= k[(dy —1)(dr— 1)]FO ( n(d>— 1)d; )

:0(k7(d1—1)"(d2—1)")‘

n

This completes the proof of Lemma 3.2.13.

Recall the definition of CNBW,(:o) from (3.2.37). The following corollary holds.

(dr—1)d;

>(X+1)/2

Corollary 3.2.15. Suppose d; < n'/? and r < n'/10. There exists a constant cg > 0 such that

— _1)\13r/2
dry ((CNBw,ﬁ">,2 <k<r),(CNBW™ 2 <k < r)> < aVrl(di—1)(da —1)]

- nd

. (3.2.40)

Proof. By the definition of total variation distance, for any measurable map f and random variable

X,Y, we have

dTV(f<X)7f(Y)) S dTV(X7Y)‘

It follows from Theorem 3.2.10 that

(3.2.41)

— _1)\13r/2
dry ((221C§n),2 <k< r> : <CNBW,(<°°),2 <k< r)) < CoV/rl(d: nl;fdz D=

Jlk

By Markov’s inequality and Lemma 3.2.13,

7k’ [(dy —1)(dp — 1)]"‘

PB" > 1) <
n
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Summing these probabilities for k = 2,...,r implies

(Zz jcl 2 <k < r) = (CNBW" 2 <k < r) (3.2.44)
Tk

r’[(di=1)(d—-1)]"

with probability 1 — O ( ) . Therefore by the coupling inequality,

dry ((ZZJ'C}"),Z <k< r> (CNBWY 2 <k < r)) _0 <r7[(d1 —1)(d2— 1)]’) |

i "
(3.2.45)
From (3.2.42) and (3.2.45),

dry ((CNBW,E"),Z <k<r), (CNBW,(:(’),z <k< r))
§C6\/7[(d1 - 1)(d2— 1)]3r/2 Lo <V7[(d1 _ l)(d2— 1)]r) 0 <\/;[(dl _ l)(dz— 1)]3r/2> .

nd n nd
]
Let A; > --- > A, be the eigenvalues of %. For the rest of this section,
1= 27—
we connect the spectrum of % with Chebyshev polynomials and cyclically non-
1= 2=
backtracking walks. Define
X dy—2
To(x) =1, Ty(x)=2T (-) aze 3.2.46
0(x) 2(x) = 2T 5 T ( )

Dot (x) = 2Tops1 ( . (3.2.47)

X
2
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Here {7} (x)} are the Chebyshev polynomials of the first kind on [—1, 1] which satisfy

Ty 1 (x) = 2xTi(x) — Tp—1 (x). (3.2.48)

Let {Ui(x)} be the Chebyshev polynomials of the second kind on [—1, 1] such that

U_1(x)=0, Usx)=1,

Uk+1(x) = 2xUk(x) - kal(x).

Define

p(x) = Ui (3) - 7 L U2 (5)- (3.2.49)

We begin with representing closed non-backtracking walks with py(x). The following lemma
gives a deterministic identity. Recall in our Definition 3.2.11, all closed non-backtracking walks

start and end at vertices in Vj.

Lemma 3.2.16. Let NBW,(:Z) be the number of closed non-backtracking walks of length 2k in a

T_
XXT—dI We

V(di=1)(dr—1)

(dy,d)-biregular bipartite graph G. Let A| > -+ > A, be the eigenvalues of

have

peM) = (di — 1) F2(dy — 1)+ >NBW, (3.2.50)

M=

1

Proof. Let A®) be the n x n matrix such that AL

ij 1s the number of non-backtracking walks of
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length 2k from i to j, where i, j € V1. We have the following relations:

AV =xxT—ai1, A® = @AWY —g,(dr— 1)1,

AWD = AWA® _ () —1)(dy — N)A* D vk >2. (3.2.51)

The expressions of AWM and A@ follow from the definition of non-backtracking walks.
Since a non-backtracking walk of length 2k 4 2 can be decomposed as a non-backtracking walk
of length 2k and a non-backtracking walk of length 2 which avoid backtracking at the 2k-th step,

the expression (3.2.51) holds. We now claim that for k > 1,

( XXT —dy1
P\ V-1

) = [(dy — 1)(ds — 1)] A1), (3:2.52)

and prove it by induction. Note that from (3.2.49),

1
di—1

pi(x) =x, pa(x)=x*—1-

It is easy to check (3.2.52) holds for k = 1,2. Since py(x) is a linear combination of Uy (x/2) and

Ur—2(x/2), it satisfies the recursive relation for Uy (x/2), which is

Pr(x) = xpi(x) — pr—1(x).
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Assume (3.2.52) holds for k < s. Let M = XX " —d,I. Then

(vortia)
Ds+1 \/(dl—l)(dz—l)

=M|(d; —1)(dr — 1)]—(S+1)/2A(S) —[(di — 1)(dr — 1)]_(s_1)/2A(s_l)
=[(d1 —1)(dr — 1)]_@“)/2 (MA(S) —(dy—1)(dr — I)A(s_1)>

=[(d1 — 1)(da — 1)]"6HD/24 (4D,

where the last equality is from (3.2.51). Therefore (3.2.52) holds. Taking trace on both sides in
(3.2.52), we obtain (3.2.50). [

The next theorem is an algebraic relation between I'; and the number of cyclic non-
backtracking walks. Together with Lemma 3.2.15, it implies the polynomials I';(x) of the

eigenvalues for RBBGs converges in distribution to a sum of Poisson random variables.

Theorem 3.2.17. Let G be a (dy,d,)-biregular bipartite graph and Ay > --- > A, be the eigen-

XX T—dil
values of Ta D@ Then for any k > 1, we have

Te(A) = (di — 1) 2(dy — 1) 2CNBW. (3.2.53)

M=

1

~.

Proof. We first relate the number of cyclically non-backtracking closed walks CNBW,(;’) to the

(n)
P

number of closed non-backtracking walks NBW

A closed non-backtracking walk of length 2k is either cyclically non-backtracking or it
can be obtained from a closed non-backtracking walk of length 2(k — 2) by adding a new walk of
length 2 (which we call a tail) to the beginning of the walk and its reverse to the end (see Figure
3.2 for an example). For any cyclically non-backtracking walk of length 2(k —2), we can add a
tail in (d; —2)(d» — 1) many ways. For any closed non-backtracking walk of length 2(k — 2) that

is not cyclically non-backtracking, we can add a tail in (d; — 1)(d, — 1) many ways. Therefore
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for k > 3, we have the following equation

NBW" = CNBW\" + (d) —2)(dy — 1)CNBW\", + (d) — 1)(dy — 1)(NBW", — CNBW!",)

= CNBW" + (d — 1)(dy — )NBW\", — (dy — 1)CNBW\") |
which can be written as
CNBW" — (dy — 1)CNBW\", = NBW\") — (d, — 1)(d, — )NBW\",. (3.2.54)

Note that CNBW,(C") = NBW,(Cn) for k = 1,2. Applying (3.2.54) recursively, we have when

k is even,

CNBW!"” (3.2.55)

=NBW,") — (di ~2)[(ds — )NBW}", + (da — 1)>NBW}", + -+ (da — 1) T NBWS")].
And when £ is odd,

CNBW!" (3.2.56)

=NBW\" — (d| — 2)[(d2 — 1)NBW\", + (d — 1)’NBW"), + -+ (dy — 1) T NBW].
Denote
NBW." :=(dy — 1) *°NBW", CNBW."” := (d, — 1) */>CNBW'".

We can simplify the above equations (3.2.55) and (3.2.56) as

CNBW," = NBW," — (&) —2) (NBW,", + NBW,”, + -+ NBW," ) (3.2.57)
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where a =2 if kis even and a = 1 if k is odd. Also (3.2.50) can be written as

Y pe(hi) = (di — 1)+ *NBW,". (3.2.58)
i=1

From the proof of Proposition 32 in [76], we have the following relation between I';(x)

and py(x) for k > 1:

d1—1 (dl—l) (d]-l)k_l

Dog—1(x) = por—1(x) — (d1 —2) (pg;j(f) + fjlk_s 1);)2 + %) . (3.2.60)

o (x) = pa(x) — (d1 —2) (p 2u2(%) | P 2""‘()2 Fot pz—(x)> , (3.2.59)
(

Then from (3.2.58) and (3.2.57),

(dy —1)"“CNBW.!

y P2 (i) p2(A) n
= A — (dy —2) (B2 P2 )y (A
;(p%( i) — (di )( dy—1 + +(d1_1)k_1 1:21 2 (Mi),
where the last equality is from (3.2.59). Similarly, from (3.2.60),

(dy — 1)(2]‘*1)/2CNBW§7€),1 = Zrqu(?w)-
i—1

1=

Therefore for all k > 1,

T () = (dy — 1) *2CNBW” = [(dy — 1)(d> — 1)] */2CNBW.

-

1

This completes the proof of Theorem 3.2.17. [
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3.3 Spectral gap

In this section, we provide some estimates on the second largest eigenvalue of the random
biregular bipartite graphs that will be used to study eigenvalue fluctuations in Section 3.4. Note
that the largest eigenvalue of XX —d I is A; = dy(d, — 1). In the next theorem, we provide

upper bounds on |A| for all eigenvalues A # A;.

Theorem 3.3.1. Let G be a (dy,d»)-random biregular bipartite graph with dy > d,. Let Ay >

-+ >\, be the eigenvalues of XX ' —d, 1.

1. For fixed dy,d>, there exists a sequence €, — 0 such that for any eigenvalue h # A1,

P(|A— (dy —2)| > 2/ (dy —1)(d2 — 1) +€,) = 0 (3.3.1)

as n — oo,

2. Suppose dr < %nz/ 3, dy > do > cd, for some constant ¢ € (0,1). Then for some constant

o > 0 depending on c and any eigenvalue A # A1,

P> a0 1) < . (3.32)

3. Suppose d» < Cy, di < n?, there exists a constant 0y depending on Cy such that for any

eigenvalue N # Ay,

P (1> @/~ Do 1)) < . (3.33)

Remark 3.3.2. The probability estimates in (3.3.2) and (3.3.3) can be improved, see [179]. In

order to prove the main theorems in Section 3.4, we only include a weaker version for simplicity.

proof of Theorem 3.3.1. Theorem 4 in [48] states that for a random biregular bipartite graph with
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dy > d,, the eigenvalues of the adjacency matrix A satisfy the following estimates with high

probability:

1. the second eigenvalue of A satisfies A»(A) < /dj —1++/dy — 1+ 0(1),

2. the smallest positive eigenvalue of A satisfies AT (A) > \/d| — 1 —+/dy — 1 —o0(1).

'min

Since eigenvalues of XX | are the squares of the eigenvalues for A, we have with high probability,

M(XXT)—d;—(da—2) <2/(dy —1)(dy — 1)+ 0(1),

M(XXT)—di — (dy—2) > =2/ (dy —1)(d2 — 1) — 0(1),

therefore (3.3.1) holds.
Theorem 1.1 in [179] states that if dp < %nz/ 3 and d; > d», there exists a constant o, > 0
such that A>(A) < o/d; with probability at least 1 —m~2. This implies for any eigenvalue A of

XX —diI with A # dy(dy — 1), we have
P(—dy <A<oldi—di)>1-m?>1-n2

Since d; > d» > cdy, we can find a constant a; > 0 depending on & and ¢ such that

P(w <ou/(di —1)(dr— 1)) >1-n2,

Therefore (3.3.2) holds. Theorem 1.5 in [179] states that if dy < C;,d; < n?, there exists a

constant o depending on C; such that

]P( max ’K%(A)—dly Z(Xz\/(dl—l)(dz—l)) Sniz.

2<i<m+n—1

Then (3.3.3) follows from the algebraic relation between the spectra of A and XX T—dl ]
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3.4 Eigenvalue fluctuations

Lemma 3.2.17 and Corollary 3.2.15 imply the limiting laws for ¥’ | I't(A;) are given by
a sum of Poisson random variables. In this section we extend the results to a more general class
of function f and study the behavior of "' | f(A;) for RBBGs with fixed and growing degrees.

The following set-up for weak convergence will be used in Section 3.4.2 to prove Theorem
3.4.7. We will closely follow the definitions and notations used in [76]. See Section 2 in [76] for
more details.

Denote N:= {1,2,...}. Let W = (w,y)men be a sequence of positive weights. Let L2(#%) be
the space of sequences (X, )men that are square-integrable with respect to w, i.e., Y, _; X2 Wiy < 00,

We define a complete separable metric space X = (L?>(w), || - ||), where for any sequence (X,,)men.

- 1/2
x| = <Z Xiwm> -
m=1

Denote the space of probability measures on the Borel c-algebra of X by P(X). We use
the Prokhorov metric for weak convergence as the metric on P(.X). The following results are

proved in Section 2 of [76].

Proposition 3.4.1 (Lemma 2-4 in [76]). The following holds for the complete separable metric

space X.

1. Let (ay)men € L?(W) be such that a,, > 0 for every m. Then the set
{(by)men € L*(W) : 0 < |by| < ap,¥m € N}

is compact in (L*(w), || - ||).

2. Suppose {X,} and X are random sequences taking values in L?(w) such that X,, converges

in distribution to X. Then for any b € L?>(w), the random variables (b,X,,) converges in
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distribution to (b,X).

3. Letx € X and P, Q be two probability measures in P(.X'). Suppose for any finite collection
of indices (i1, ..., i), the law of random vector (x;,,...,x; ) is the same under both P and

Q. Then P = Q on the entire Borel ¢-algebra of X.
We also need the following results from the approximation theory.

Definition 3.4.2 (Bernstein ellipse). For p > 1, let E,, be the image of the map z +— (z+z71)/2
of the open disc of radius p in the complex plain centered at the origin. We can E, the Bernstein
ellipse of radius p. The ellipse has foci at £1 and the sum of the major semi-axis and minor

semi-axis is exactly p.

Proposition 3.4.3 ([171], Theorem 8.1). Suppose f : [—1,1] — R can be analytically extended

to E,, and is bounded by M on E,,. Then f has a unique expansion on [—1, 1] as

£ = Y axTil),
k=0

where T (x) is the Chebyshev polynomial of the first kind defined in (3.2.48), and the coefficients

of this expansion satisfy

Define fi(x) = YX ,a;Ti(x). Applying the bound |T;(x)| < 1 when x € [~1,1] and

Proposition 3.4.3, we obtain for all x € [—1, 1],

0 — i) < —1 (3.4.1)

pk(p—1)°

3.4.1 Poisson fluctuations with fixed degrees

Now fix d; and d> as constants. We are ready to extend our results in Section 3.2.3 to

a more general class of functions as follows. Note that the following theorem is given for a
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sequence of RBBGs with growing n. For the ease of notations, we drop the dependence on n

when writing the matrix X and eigenvalues Aj, ..., A,.

Theorem 3.4.4. For fixed d\ > dy > 2 and (dy,d) # (2,2), let G, be a sequence of random

(dy,d>)-biregular bipartite graph. Let Ay > --- >\, be the eigenvalues ofM. Suppose
’ - = V(d=1)(dy—1)

f is a function such that f(2z) is analytic on Ep, where p = [(dy — 1)(d2 — 1)]* for some a.> 7.

Then f(x) can be expanded on |—2,2] as

f) =Y el (), (3.4.2)
k=0
and the random variable
v =Y f(h) = nao (3.4.3)

converges in distribution as n — oo to the infinitely divisible random variable

) Ak (e0)
Y= CNBW, 7/, (3.4.4)
! k:zz [(d) —1)(dy — 1)]F2 ¢

where CNBW\™ is defined in (3.2.37).

Proof. Define
k
fk(x) = Zail“i(x).
i=0

We first show that fi(x) is a good approximation of f(x). Applying Proposition 3.4.3 to f(2x)

gives an expansion (3.4.2) with
lax| < C[(di — 1)(dr — 1)] % (3.4.5)

for some constant C that depends only on d,d; and the constant M given in Proposition 3.4.3.
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By the proprieties of Chebyshev polynomials, on any interval [—K, K], we have

(K— VK= 1)*+ (K+ VK2 — 1)

T; = 3.4.6
‘rxr‘lgg\ K (x)] 5 (3.4.6)
From (3.2.46) and (3.2.47), we have I'| (x) = x, and for any k > 2,
X d;—2
r <2)T (—)‘ Gz ’T( )‘ 1. 3.4.7
From (3.4.6),
3 V5 e V5 ¢
X
)= (5 8) < (35).
s 1 2" 2 ) T 272
Then for all k£ > 2, with (3.4.7) we obtain
k
5
sup |Ti(x)] < +£ +2 < 3K (3.4.8)
Ix|<3 2

and the same bound holds when k = 1. From (3.4.5) and (3.4.8), for all x € [—3,3],

[o5)

Y lak(x |<3CZ (di—1)(dy — 1)) % < oo,
k=0

where the last inequality comes from the fact that (dj —1)(d, — 1) > 2 and o0 > % Hence the
series Y., oaxl'k(x) is absolutely convergent on [—3,3], which implies the expansion of f in

(3.4.2) is valid on [—3,3]. Then we have for a constant C; > 0 depending on C,

sup |f(x) = fi(x)| < sup Z |a;Ti(x)] < C1[3(dy — 1)(da — 1)~ 9FH L. (3.4.9)
Ix[<3 |¥[<3 i=k+1
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Denote

K =\N= —dl (dz—l)‘

For sufficiently large k, from (3.4.6) and (3.4.7),

sup [Ty (x)] < (2K~
X[<Ki

And from (3.4.5) and the assumption o > 7/2,

i ‘akrk(x” <C i [2K1((d1 — 1)(d2 — 1))70(]]‘ < oo,
k=0 k=0

It implies the series ;. ,axI'x(x) is also absolutely convergent on [—K, K], and the expansion
of fin (3.4.2) is valid on [— K|, K}].

Since 2K < 4[(dy —1)(d2 —1)]"/? and (d; — 1)(d, — 1) > 2, for a constant C, > 0,

Sup [0) ~ )] < Co2K (1) = 1)
<G4t D - 1)) <@ (@ - )@ -1

(3.4.10)

Therefore f; converges to f uniformly on [—K], K]], and the interval [—K), K] deterministically
xxT—aI
(d1=1)(dr—1)’

By the definition of CNBW,(:O) in (3.2.37), Equation (3.4.4) can be written as

contains all eigenvalues of

a,'j
1 [(dy = 1)(da = 1))i7/2

2jC),

Yf::z

j=1i

co oo

where Yy is a sum of independent random variables, and IF£|Yf|2 < oo by (3.4.5).
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Denote o := ot —2 > % Choose B satisfying é <P< % and define

L Blogn J
rn = ;
log[(d1 —1)(d2 —1)]

() _ a (n)
x\ = CNBW",
/ 1;[(611—1)(612—1)]]‘/2 ¢

s(n) d ay

(o)
= L D@V

Note that CNBW!") = 0, from (3.2.53),

X(") — Ak

ST B d - 1)(d) - 1)]k/zCNBW = LS (h) (34.11)

By Corollary 3.2.15,

< S8v/Tul(dr —1)( dy — 1)]3/2
nd;

dry ((CNBW,E”),z <k<r),(CNBW™ 2 <k < rn)> — o(1).

Since X J(c") and Y }S") are measurable functions of
(CNBW" 2<k<r,) and (CNBW'” 2<k<r,),
respectively, we have

drv (X(”) %

1) < dry (CNBWY,2 < k<), (CNBWLT 2 <k <) ) =o(1).

(n)

Note that ¥ ]En) converges almost surely to Yy by (3.4.5), so X s~ converges in distribution to Y.

By Slutsky’s theorem, to show Y;n) defined in (3.4.3) converges in distribution to Y7,
(n)

it remains to show that Y ;=X J(c") converges to zero in probability. The largest eigenvalue of
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XXT—dI

N is K1, so from (3.4.10) we have

lim ka\,l) = f(}\-l)
k—boo
Then for any & > 0 and sufficiently large n,
[f A1) = fr,(M)] < 8/2. (3.4.12)

From (3.4.3), (3.4.11) and (3.4.12), we have for sufficiently large n,

Z — fra(M + Z F(A) = frn (M) (3.4.13)

Suppose that all the non-trivial eigenvalues A # A; are contained in [—3, 3], from (3.4.9),

Z|f — £, )| < Ci(n—1D)[3(dy — 1)(dy — 1) H1

< Cnf(dy — 1) (dy — 1)) < Cin' %P = (1),

which combining (3.4.13) implies for sufficiently large n,

Recall (3.3.1) and the assumption d; > d,. With high probability, for a sequence €, — 0,

we have the nontrivial eigenvalues of _XXT-dil s contained in
(d1=1)(d2~1)
dr—2 dr—2
—2—€,+ +& + C [-3,3]
CVd-Dd-nT \/(dl—l)(dz—l)]
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for sufficiently large n. Therefore

This finishes the proof. [

As a corollary of Theorem 3.4.4, we obtain eigenvalue fluctuations for the adjacency

matrices of RBBGs as follows.

Corollary 3.4.5. For fixed d| > d, > 2 and (dy,d>) # (2,2), let G, be a sequence of random
(d1,d,)-biregular bipartite graph. Let A; > --- > A,,1,, be the eigenvalues of its adjacency matrix

A. Suppose f satisfies the same conditions as in Theorem 3.4.4. Then the random variable

(n) ._l e xiz_dl —(m—n —d —na
Yf '_2[;]0(\/(611—1)(612—1)) ( )f<\/(d1—1)(d2—1)>] ’

converges in distribution as n — oo to the infinitely divisible random variable

v ak ()
Ypi= CNBW'™,
/ kz’z [(di — 1) (dp — 1)]k/2 g

where CNBW!™ is defined in (3.2.37).

Proof. Recall that all eigenvalues of A consist of two parts. There are 2n eigenvalues in pair as
{=\,A} where A is a singular value of X. In addition, there are (m — n) extra zero eigenvalues.
the result then follows from the algebraic relation between eigenvalues of A and eigenvalues of

XX —dl. ]

3.4.2 Gaussian fluctuations with growing degrees

In this section, we consider the eigenvalue fluctuations of RBBGs when d; - dy — oo.
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We first prove the following weak convergence result for a normalized and centered

version of CNBW,(CM).
Lemma 3.4.6. Suppose that dy -dy — oo, r;, — o0 as n — oo, For k > 2, define

1

(n) .
M = D@ e

(eNBW™ — BCNBW,™ ) 1<y, (3.4.14)

Let {Zy }k>2 be independent Gaussian random variables with EZ; = 0 and IEZ,% = 2k. Define the
weight wy = by /(k*log(k+ 1)), where (by)ren is any fixed positive summable sequence.
Let P, be the law of the sequence (N,En))kzz. Then as an element in P(X), P, converges

weakly to the law of the random vector (Zy)>2.

Proof. We first prove the following Claim (1): for any fixed r, (N]En))zgkgr converges in distribu-
tion to (Zk>2§k§r-

For any fixed k, when n is sufficiently large, we can write (3.4.14) as

(n) 1 () k
N = 2kC; 7 —(dy — 1)(dr — 1 3.4.15
U i@ (7 - e i) G419
1 (=) ~
+ 2jC; —[(di —1)(da— 1)) ).
[di = 1)(d2 — 1)]¥/2 j|]§<k ( ! )
Recall C,Em) is a Poisson random variable with mean W. The first term in

(3.4.15) converges in distribution to a centered Gaussian random variable Z; with variance 2k as
n — oo from the Gaussian approximation of Poisson distribution.
To show the convergence of N,En) for a fixed k, it remains to show the second term in

(3.4.15) converges to zero in probability. Note that the second term in (3.4.15) has mean zero and
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its variance is given by

! (=) .
Var [d1—1)(d2—1)]"/2j|,§<k(zfcj —[(di = 1)(dy —1)] )]

= Y 2j[(di—1)(d—1)}F,

Jlk,j<k

which goes to 0 as n — co. Then by Chebyshev’s inequality, this term converges to 0 in probability.
Therefore Claim (1) holds.

We further define Nl(” ) = 0,Z; = 0, and consider the weak convergence of (N,En) )keN as
an element in L?(w). Since

EY (Z)wi=Y i <o
kz’] kz’zklog(k+ 1)

(Zi)ken € L?(W) almost surely. From Claim (1), every sub-sequential limit of P, has the same
finite dimensional distributions as (Z)xcn. From Proposition 3.4.1 (3), every sub-sequential
weak limit of P, in P(X) is equal to the law of (Z;)en.

By Prokhorov’s Theorem (see for example [158, Chapter 14, Theorem 1.5]), if {P, },en is
tight, and every weakly convergent sub-sequence has the same limit ¢ in P (X), then the sequence
{Py}nen converges weakly to u. Since we have already shown every sub-sequential weak limit of
P, is the law of (Z)xen in P(X), to finish the proof, it remains to show {P, },cn is tight.

From the description of compact sets in L?(w) given in Proposition 3.4.1 (1), it suffices to

show for any € > 0, there exists an element (a; )y € L?(W) with a; > 0,k € N, such that

supP [U {|N,§”)] > ak}] — supP [U {|N,§”)] > ak}] <&, (3.4.16)

n keN k=1

where ey {|N]£")\ > ak} is the complement of a compact set in L ().

For any fixed € > 0, choose a; = otky/log(k + 1) for a constant a?> > 32 depending on
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g, then (ay)reny € L (W) and a; > 0,k € N. According to the definition ofN in (3.4.14), the

above Condition (3.4.16) is equivalent to

supP [U {]CNBW,(( ) _ECNBW™| > a[(d) — 1)(dy — 1)]’</2}] <e. (3.4.17)
n k=1

From the proof of Theorem 22 in [76], CNBW,(:(’), as a sum of independent Poisson

random variables, satisfies the following concentration inequality: for any ¢ > 0,

(=) — t
P (ICNBW,” ~ ECNBW, |>t><2exp( gklog(sz[(dl—l)(dz—l)]"))'

(3.4.18)

Since log(1+x) > x/2 for x € [0, 1], we have from (3.4.18), for sufficiently large n and

all k <y,

P (ICNBW(™ — ECNBW,™| > ay{(ds — 1)(d> — 1)}*/2)

a|(dy — 1)(dy — )? &
<2exp (— 3k log (1 + 2k[(dy —1)(dy — 1)]"/2))

2
<2exp [ — k) =2k 1)"%/32
<2exp| =353 ) = (k+1) :

With the assumption o> > 32, we can make Yo 2(k+ 1)—0‘2/ 32

< € by choosing a sufficiently
large constant o depending on €, which guarantees (3.4.16). Hence {P,},cn is tight. This

completes the proof. [

xXxT—dil
(d1—1)(d2—1)

Before stating the main result, we make several assumptions on the test function f. Define

We now continue to study the eigenvalue fluctuation for when dy - dy — oo.

Do(x) =1, Py(x) =2Tr(x/2), Vk=>1.
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Assume f is an entire function on C. Let K; = max{o, 0, }, where o and a; are the constants

in (3.3.2), (3.3.3), respectively. Then from Proposition 3.4.3, f has the expansion

f(x) =Y ai®i(x) (3.4.19)
i=0
on [—K,Kj]. Denote
k
fk(x) = ZaiCID,-(x).
i=0
Suppose the following conditions hold for f:

1. For some o0 > 3/2 and M > 0,

sup | (x) = f(x)| < Mexp(—akh(k)), (3.4.20)

x| <K;

where £ is a function such that A(r,) > log[(d; — 1)(d, — 1)] for a sequence

_ Blogn J (3.4.21)

& Logwl D) (dr—1)]

with a constant § < 1/a.

lim
n—

di(d>—1) B di(dr—1) )
wfrn(\/(dl—l)(d2—1)> f<\/(d1—1)(d2—1)>' 0. (3.4.22)

Let wi(dy,dy) == ECNBW,(:O). We define the following sequence:

m;") :=nap+ i i = 1)2];2 BN (,uk(dl,dz) —n(d; —2) - (dy — 1)**1{k is even}) .
k=1

(3.4.23)
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Now we are ready to state our results for eigenvalue fluctuations when d; - d» — oo. Here
dy,da, (Ai)1<i<, and the matrix X are quantities depending on n, but for simplicity of notations,

we drop the dependence on n.

Theorem 3.4.7. Let G, be a sequence of random (dy,d,)-biregular bipartite graphs with
did, — oo, didr, = no(l).
Let My > -+ > A, be the eigenvalues of _XxT_dJ Suppose one of the following two assump-
V(di—1)(dr—1)
tions holds:
1. There exists a constant ¢ > 1 such that 1 < % <ec.

2. There exists a constant c| such that d, < cy for all n.

Let f be an entire function on C satisfying (3.4.20) and (3.4.22). Then as n — oo, the random

variable

v = ; F) —ml! (3.4.24)

converges in distribution to a centered Gaussian random variable with variance Gy =2Y ;" 5 ka,%.

Moreover; for any fixed t, consider the entire functions gy, . ..,g; satisfying (3.4.20) and
(3.4.22). The corresponding random vector (Yg(ln ), . ,Yg([n )) converges in distribution to a centered
Gaussian random vector (Zg,, ..., Z,, ) with covariance

COV(Zgi7Zgj) =2 Z kak(gi)ak(gj) (3.4.25)
k=2

for 1 <i,j<t, where ar(gi),ax(g;) are the k-th coefficients in the expansion (3.4.19) for gi, g,

respectively.
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Proof. We first prove the CLT for a single test function f. Define

(n) . ak Ak ()
x\ .= CNBW _E CNBW!™
/ zz’z[(dl—l)(dz—l)]"/z Z [(di —1)(dp — 1)]K/2 k
O ax A ()
xn.— CNBW ) CNBW'™.
/ I;Z[(dl_l)(dZ_l)]k/z Z [(di — 1) (dp — 1)]K/2 k

Recall the definition of m s(n) in (3.4.23). From (3.2.46), (3.2.47), and (3.2.53), X}") can

be written as

= X R ¥ i )

k=2i=
— ];2121 <2aka (Ai/2)+ (ak(dl )k/)zl{’“s even}) f"z (&= 1)2152 — 1)]k/2yk(d1,d2)
— Zfr,, —nag + Z M)k/zgl{k“ even} — iz (= 1)(61;2 — 1)]k/2llk(d1,d2)
= Zfrn(%) -
i=1
where in the third line we use the fact given in (3.2.53) that
Zn:2a1T1 (Ai/2) = Zalrl = ay[(dy — 1)(da — 1)]"/2CNBW™ = 0.

i=1

From the definition of N"’ in (3.4.14),
k=2

By Lemma 3.4.6 and Proposition 3.4.1 (2), X }") converges in distribution to a centered Gaussian

. . . oo 2
random variable with variance 6y =} ;7 , 2kaj.
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From Corollary 3.2.15, the total variation distance between X ](cn) and X J(c") satisfies

ary (X" X") < dry ((CNBW[" 2 <k < 1), (CNBW™, 2 < k<))

_ esy/Tal(di = 1)(dy — P2
>~ I’ldl )

which converges to 0 as n — oo from the assumption (3.4.21). Therefore X ](cn) and X ](pn) converge
to the same limit.

It remains to show Y JE") and X J(c") converge in distribution to the same limit. We have
fro(AM) = f(A1) as n — oo from (3.4.22). Then for any 8 > 0, |f(A1) — f,(A1)| < 8/2 for
sufficiently large n.

Suppose that all the non-trivial eigenvalues are contained in [—Kj, K;|. From Condition

(3.4.20), we have for sufficiently large n,

‘Y;n) _XJ(Cn)

<Y 1F) = fr, (M) < §+ (n—1)Mexp(—ar,h(r,)) < §+Mn1°‘[3 <.
i=1
Therefore

P([r” - x"

zs) SIP’(maX A 21(1) —o(1), (3.4.26)

2<i<n

where the last inequality is from part (2) and (3) in Theorem 3.3.1. Hence Y. ;”) and X /S") converges
in distribution to the same limit. This proves the CLT for (3.4.24).

We now extend the results to a random vector (Yg,,...,Ys, ). By Lemma 3.4.6 and part (2)
in Proposition 3.4.1, the random vector (f(g(?), . ,Xé,” )) converges in distribution to the Gaussian
random vector (Zg,, . ..,Z,,) with covariance given in (3.4.25). Note that each entry in the vector

(Xg), e é,n )) is a measurable function of (CNBW,(CH) )a<k<r,» and we can find a measurable map
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y such that
YICNBW o) = (X0 X 0), w((CNBW i) = (Re, .. XEY).

Since any measurable map reduces total variation distance between two random variables, we

obtain from (3.2.41),

ar (X4 XG0, (R %)
<drv ((CNBW{" 2 <k <r,), (CNBW[™ 2 <k <1,))

_es/Aal(d - nl;l(dz “OP L,

Therefore (Xé?),...,Xgl )> converges in distribution to (Zg,,...,Z,,). Finally, according to
(3.4.26), (Xg(?), . ,Xétn )) and (Yg(f ), - ,Yg(,n)) converge in distribution to the same limit. This

finishes the proof. O

Remark 3.4.8. In [60], the authors proved a CLT for linear spectral statistics for normalized
sample covariance matrices A = \/;n*p(XXT — pI), where p/n — oo and X = (X;;),x, has ii.d.
entries with mean O variance 1. It is shown in Theorem 1 of [60] that the fluctuations of linear
statistics for two analytic functions g1, g, converge in distribution to a centered Gaussian vector
with covariance given by (V4 —3)ai(g1)a1(g2) +2 Y5 kar(g1)axr(g2), where vq = EX},. The
covariance given in (3.4.25) is the same, except for the fact that the coefficient in front of
ay(f1)ai(f2) is 0. This can be explained by the fact that the number of 2-cycles is 0 in RBBGs,
whereas in the model used in [60] it is not. The same phenomenon was also observed in uniform

random regular graphs [119], where the limiting variance is the same as the eigenvalue fluctuations

for the GOE except for the first two terms, see Remark 22 in [119].
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3.5 Global semicircle law

Consider a random (n,m, d; ,d,)-biregular bipartite graph with d; > d,. We assume d,d,

satisfy the following:

lim d; = oo, (3.5.1)
n—oo
di = o(n%), Ve>0, (3.5.2)
d,
— — o0, 353
& - (3.5.3)

Here d; can be fixed or a parameter depending on #. In this section, we prove a semicircle law for

XX T—dil
(d—1)(d—1)
For RBBGs in this regime, we have the locally tree-like structure in the following sense.

the matrix under the assumptions (3.5.1)-(3.5.3).

Let R be fixed and T; be the set of vertices in V; without any cycles in the R-neighborhood. The

following lemma holds.

Lemma 3.5.1. Then under Condition (3.5.2),

P ("—_W - n—1/4> — o(n=5/),

n

To prove Lemma 3.5.1, the following estimates on the expectation and variance of the

cycle counts of RBBGs given in [75] are needed.

Lemma 3.5.2 (Proposition 4 in [75]). Let Cy, be the number of cycles of length 2k in a random

(d1,d)-biregular bipartite graph. Denote y = W. If dy = o(n),k = O(logn) and

kd; = o(n), then

EC, = 1 (1 ) (M)) , (3.5.4)
VarlGy] = 1 (1 Lo (d%k(k(dddz)z’“] + (dl/dz)_kdz)» ‘ (35.5)
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Proof of Lemma 3.5.1. From Lemma 3.5.2, for each fixed k, under Condition (3.5.2),
ECi = (1+0(1))ue, Var[C] = (1+0(1))p. (3.5.6)

If a vertex v; € V; is not in Ty, then for some s with 2 < s < R, there exists a 2s-cycle
within (R — s)-neighborhood of v;. Hence the size of all (R — s)-neighborhoods of 2s-cycles from
V) gives an upper bound on (n— |T;]).

For any 2s-cycle, the size of its (R — s)-neighborhood from V; is bounded by
c15[(dy — 1) (dy — 1)) B=9)/2+1
with an absolute constant c¢;. Define

R
Ni:=c1 Y s[(di —1)(dr— 1)]R=9/2F ¢,
s=2

We then have n — 11 < Ng. From (3.5.6), ENg = O([(d; — 1)(dy — 1)]R*1).

Recall R is fixed. By Cauchy inequality,

R
Var[Ng] < C%R Z sz[(dl —1)(dr — 1)]R_s+2Var[CS] =O0([(d1 —1)(d2 — 1)]R+2).
s=2

Then from Markov’s inequality, together with our assumptions (3.5.1)-(3.5.3),

P (”_—‘“’ > n_1/4) =P(n—|ti| > n¥*) <P(Ng > n’/*)
n

= O([(dy — 1)(da — 1]F*20732) = o(n~).

O]

We now state our main result in this section. The proof is based on the moment method
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and the tree approximation of local neighborhoods, which were previously applied to random

regular graphs in [77].

Theorem 3.5.3. Let G, be a sequence of random (dy,d,)-biregular bipartite graph. Under
assumptions (3.5.1)-(3.5.3), the empirical spectral distribution of % converges weakly

to the semicircle law almost surely.

Remark 3.5.4. Recall in [75], when the ratio d;/d, > 1 converges to a positive constant, the
ESD of )%IT converges to Marcenko-Pastur law. With different scaling parameters, we obtain a
different semicircle law when d} /dy — oo. This can be seen as an analog of the semicircle law for

sample covariance matrices proved in [26] when the aspect ratio is unbounded.

Proof of Theorem 3.5.3. Note that for all i € V1, by the degree constraint,

(XXT)ii:ZXinji :ZX,']- = deg(i) = d;. (3.5.7)
J J
Denote M = %. We start with the trace expansion of M.
1— 2~
1ter = : tr(XX " —di D)
1 n((dy = 1)(d2—1))¥?
= Xi i Xin i Xi, 1. X i - (3.5.8)
n((d1 — 1)(d2_ 1))k/2 il,..%dn} e R
il7éi27"'7ik7éil
s jk€[m]

From (3.5.7), the diagonal entries of XX T _ d,I are 0, therefore we have the constraint that
i1 #ip,...,ix # 11 1n (3.5.8).

Let A;“(v,v) be the number of all closed walks of length 2k in G starting from v € V; that
use r distinct vertices from V, ¢ distinct vertices from V;, with the restriction that iy # iy, ..., i #
i1. We have r < k+1 and ¢ <k, since there are at most k+ 1 vertices in V| and k vertices in V>

that are visited in one closed walk of length 2k. From (3.5.8), the k-th moment of the empirical
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spectral distribution y,, satisfies

1 k+1 k

k _1 k __ VC
[ dun(x) = = @ L L LA (35.9)

veVir=1c=1

Since d| > d», for any fixed v € V|, we have

Z AZ (vyv) < di*.

r<k+1,c<k

For the ease of notations, in the following equations we often omit the range of r,c in the
summation.

We may decompose the sum in (3.5.9) into two parts depending on whether v € T; or not.
For any v € 71, we write A, =: A (v,v) since all neighborhood of v € T; of radius k looks the
same and the number of such closed walks is independent of v. Now we have the following upper

bound on (3.5.9):

1 (n—|u|)d*

/xkd.un > dl _ 1) k/2 Vg’] ;Arc ((d] - 1)(0’2 - 1))k/2
_ |11| ra (n=ui])ai*
n((d = 1)(d — )42 n((d = 1)(d2 = 1))H2
I (n— )"
= (== 0P 2 i~ )

Similarly, a lower bound holds by only counting closed walks starting with vertices in T;:

rc ‘11’ r,c
/xkd,un(x) Zl’l((dl _ ) k/2 Z ZZA & v ((dl k/2 ZZA

VET] F ¢

From Lemma 3.5.1 and assumption (3.5.2), with probability at least 1 — o(n_s/ 4), for any
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fixed k > 0,

n((d, —(nl)_(g;|—) 1>)k/2d12k =o(1), and |1;1—1’ —1— 0(n71/4)_

To show the almost sure convergence of the empirical measure to semicircle law, by the upper

and lower bounds above, it suffices to show

{ Z _ 0 if k is odd,
lim A = (3.5.10)
n=veo ((dy — 1) (da — 1))/ 4= ‘ Crp  ifkis even

where Cy := Fll (zkk) is the k-th Catalan number.

Recall A,Z’C counts the closed walks of length 2k on a rooted (d,d>)-biregular tree starting

from the a root with degree d;, ending at the same root. Now we consider the quantity

1 r,c
(@ D) LA

more carefully. We first consider possible ranges of r and c in the expression above.

The walk (i1, ji,i2, j2,- - -, ik, Jk,i1) in the summation satisfies iy # ip, - -« ,ix—1 7 ik, Ik 7 i1
This implies when a walk goes from i; to j; for some ¢, it cannot backtrack immediately to i;.
Namely, any such walk is not allowed to backtrack at even depths (here we define the depth of
the root in a tree is 1). To have a closed walk of length 2k on a tree, each edge is repeated at least

twice, so the number of distinct edges is at most &, therefore number of distinct vertices satisfies
r+c<k+1. (3.5.11)

For fixed r and ¢, the number of such unlabeled rooted tree with r + ¢ — 1 distinct edges

is Cr4c—1. Let I be the set of vertices in the odd depths of the biregular tree and J be the set of
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vertices in the even depths. Since the first vertex of the walk is fixed (we always start from the
fixed root), for any closed walk, there are at most df many ways to choose distinct vertices from

J and d;fl many ways to choose distinct vertices from /. Therefore we have
AF < dSdy ' Criey < dSdyTC, (3.5.12)

where the last inequality is from (3.5.11). We also know that r — 1 > ¢, because whenever a new
vertex in J is reached by the walk, the walk cannot backtrack, so it must reach a new vertex in /.
Therefore we have

c<r—1 and r+c<k+1,

which implies the following conditions on ¢ and r:
c<k/2 and r—1<k—c. (3.5.13)

From (3.5.12), for any (r, ¢) satisfying (3.5.13), the following holds:

A @A d d
(@ = D(da= D)7 = (i = D2 (da= 2= (d = D72 (dy— 1)

Ck. (3.5.14)

Now we discuss two cases depending on the parity of k. When k is odd, from (3.5.13),

c< k;zl Since dy /dy — oo, we obtain

¢ dka d c—k/2
((dr —1)( dz—l k/2 ZA <d2) [(dl—l)(zdz—l)]k/Z = (5) 2Ce=o(1).

(3.5.15)

When £ is even, to have a non-vanishing term in the limit for A, we must have ¢ = k /2
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and r =k/2+ 1. Then we have

1 re 1 k/2+1,k/2
A = A ’
((d1—1)(d2—1))k/2; C ((di = 1)(da = )2

+o(1). (3.5.16)

We continue our proof with a more refined estimate on Allz/ 2K Since every edge is
repeated exactly twice in the closed walk, it’s a depth-first search on the biregular tree.

If the root is at level 1, and subsequent vertices are at a level i + 1 where i is the distance
from the root, then all leaves must be at odd levels, since we can never backtrack at an even level.
This implies that every vertex at an even level has at least one child, which means r > ¢+ 1, with
equality if and only if every vertex at an even level has exactly one child. Thus, one can see the
tree as a subdivision of a smaller tree, where a vertex has been introduced on each edge (the
“new” vertices being the vertices on an even level in the bigger tree). This is clearly a bijection
between the kind of planar rooted tree on k + 1 vertices we are trying to count, and the set of all
planar rooted trees on k/2 + 1 vertices. There are precisely C; /2 of the latter. See Figure 3.3 for

an example of a valid closed walk and an illustration of the aforementioned bijection.

1 1

Figure 3.3: On the left we have a closed walk (1,2,3,4,5,4,3,6,7,6,3,2,1,8,9,8,1) on a
rooted planar tree which only backtracks at odd depths and the tree has no new branches
at any even depth along the walk. Its correspondent under the bijection is the closed walk
(1,2,3,2,4,2,1,5,1) on the smaller rooted planar tree induced by the depth-first search on the
right.

Moreover, given a fixed root with a vertex label, the number of all possible ways to

label the tree with vertices in a biregular bipartite graph is between d]f/ 2 (dr —1)%/2 and (d; —
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k/2)/2(dy — 1)k/2, so the following inequality for Alli/ 2HL2 holds:
(dy —k/2 = D2 (dy = D2Cpp < AV < @t (dy — 142 (3.5.17)

From (3.5.16) and (3.5.17), we obtain for even %,

1

li A =Cy ). 3.5.18
ngq}o((dl_l)(dz_l))k/zg k k/2 ( )

With (3.5.15) and (3.5.18), the asymptotic behavior of moments given in (3.5.10) holds. This

completes the proof of Theorem 3.5.3. [

3.6 Random regular hypergraphs

We first describe a bijection between a subset of biregular bipartite graphs and the set of
regular hypergraphs studied in [79]. We will use the map given in Definition 3.6.1 to apply some

of our results for RBBGs to random regular hypergraphs, see [79] for more details.

Definition 3.6.1 (incidence matrix and associated bipartite graph). A vertex i is incident to a
hyperedge e if and only v is an element of e. We can define the incidence matrix X of a hypergraph
H = (V,E) to be a |V| x |E| matrix indexed by elements in V and E such that X; , = 1 if i € e and
0 otherwise. Moreover, if we regard X as the adjacency matrix of a graph, it defines a bipartite
graph G with two vertex sets V and E. We call G the bipartite graph associated to H, given by a

map @ (so P(H) = G). See Figure 3.4 for an example.

Definition 3.6.2 (adjacency matrix). For a hypergraph H with n vertices, we associate a n X n
symmetric matrix A called the adjacency matrix of H. For i # j, we define A;; as the number of
hyperedges containing both i and j; we define A;; = 0 for all 1 <i < n. When the hypergraph is

2-uniform (i.e., it is a graph), this is the usual definition for the adjacency matrix of a graph.
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Figure 3.4: a (2,3)-regular hypergraph and its associated biregular bipartite graph

The following lemma connects the adjacency matrix of a regular hypergraph with its
associated biregular bipartite graph. It formally appears in [132, 79], and it is also informally

mentioned in [91].

Lemma 3.6.3 (Lemma 4.5 in [79]). Let H be a (dy,d;)-regular hypergraph, and let G be the
corresponding (dy,d>)-biregular bipartite graph. Let Ay be the adjacency matrix of H and Ag

be the adjacency matrix of G given by

0 X
Ag = . (3.6.1)
X" 0

Then Ay = XX " —d|l.

Definition 3.6.4 (walks and cycles). A walk of length [ on a hypergraph H is a vertex-hyperedge
sequence (ip,e1,i1,- - ,e;,i;) such thati;_y #ijand {i;_1,i;} Ce;forall I < j<I. Awalkis
closed if iy = i;. A cycle of length [ in a hypergraph H is a closed walk (vo,eq,...,vi_1,€7,Vi+1)
such that all edges are distinct and all vertices are distinct subject to v;1 = vg. In the associated

bipartite graph G, a cycle of length 2/ corresponds to a cycle of length / in H.

Let G(n,m,d;,d>) be the set of all simple biregular bipartite random graphs with vertex

set V.=V UV, such that |Vi| = n,|V2| = m, and every vertex in V; has degree d; for i = 1,2.
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Without loss of generality, we assume d; > d. Let H (n,d,,d) be the set of all simple (without
multiple hyperedges) (d,d>)-regular hypergraphs with labeled vertex set [n] and ’%‘ many labeled

hyperedges denoted by {ey, ..., €, /4, }-

Remark 3.6.5. We can also consider all (d;,d,)-regular hypergraphs with labeled vertices and
unlabeled hyperedges. Since all hyperedges are distinct, any such regular hypergraph with

unlabeled hyperedges corresponds to (nd) /d;)! regular hypergraphs with labeled hyperedges.

U1 el

V3

Vs €2

Figure 3.5: a subgraph in a biregular bipartite graph which gives multiple hyperedges e; and e;
in the corresponding regular hypergraph

It is well known (see for example [91]) that the map & defined can be extended to a
bijection ® between labeled regular multi-hypergraphs and biregular bipartite graphs. See Figure
3.4 as an example of the bijection. For a given biregular bipartite graph, if there are two vertices
in V, that have the same set of neighbors in Vi, the corresponding regular hypergraph will have
multiple hyperedges, see Figure 3.5. Let G'(n,m,d;,d,) be a subset of G(n,m,d,d>) such that
for any G € G'(n,m,d),d,), any two vertices in V, have different neighborhoods in V;. The

following lemma holds.

Lemma 3.6.6 (Lemma 4.2 in [79]). ® is the restriction of the bijection ® to H (n,d,,d>) and its
image is G' (n,m,dy,d>). Hence |H (n,d;,d>)| = |G’ (n,m,dy,d>)|.

From Lemma 3.6.6, the uniform distribution on G’ (n,m,d;,d,) for biregular bipartite

graphs induces the uniform distribution on # (n,d;,d,) for regular hypergraphs. With this
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observation, we are able to translate some of the results for spectra of random biregular bipartite
graphs into results for spectra of random regular hypergraphs. A similar approach was applied in

[35] to enumerate uniform hypergraphs with given degrees.

Lemma 3.6.7 (Lemma 4.8 in [79]). Let G be a random biregular bipartite graph sampled
uniformly from G (n,m,dy,da) such that 3 < dp < dy < 35. Let G' (n,m,dy,d>) be the set of

biregular bipartite graphs that corresponds to simple regular hypergraphs. Then

di\? (dedy\
P(G e G' (n,m,di,dp)) > 1~ (”—1) (ﬂ) . (3.6.2)
d> n
In particular,
dZ
P(Ge G (n,m,di,d»)) =1-0 (ﬁ) (3.6.3)
na;

Lemma 3.6.7 implies the following total variation bound.

Lemma 3.6.8 (total variation bound). Let u, be the probability measure of the random (dy,d;)-
regular hypergraph with n vertices induced on the set of all (n,m,d,d,)-biregular bipartite
graphs, and let i, be the uniform measure on the set of all (n,m,dy,d>)-biregular bipartite

graphs. We have

ndy \? [ 4edr \
dTv(un,u2)§<d—;> ( nz) : (3.6.4)

Proof. Since G'(n,m,d;,d>) is the set of all biregular bipartite graphs that are bijective to regular
G (nm,d, d
hypergraphs. We have u,(G'(n,m,dy,dy)) =1 and i, (G'(n,m,d,,ds)) = W. Let F

be the power set of G(n,m,d,,d,). Taking into account the fact that both u, and y, are uniform
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measures, we obtain that

dry (tin ) = SUP |un(A) =, (A)] = [1 = 1,(G'(n,m. dy )|

AeF
2 d
nd; 4edr \
=P(G ! di,dp)) < | — —=
( gg(n,m,l,z))_<d2><n) ,
where the last inequality is from Lemma 3.6.7. U

Equipped with Lemma 3.6.8, we obtain several corollaries for random regular hypergraphs

in the following subsections.

Cycle counts

Recall the definition of cycles in a hypergraph given in Definition 3.6.4. Let C be the

number of cycles of length k in a (d},d>)-regular hypergraph. The following result holds.

Corollary 3.6.9. Let H be a (d;,d>)-random regular hypergraph with cycle counts (Cy,k > 2).
(di = 1)¥(d2 = D)

Let (Zy,k > 2) be independent Poisson random variables with EZ; = T

. For any

nm>1,r>3,and 3 <dp <d < 55,

dTV((C27"'7Cr)7(227"'7zr)> ndl d_2 n

< eV = 1) P(dy — 1) (mh)z (@)d

Proof. Let Cy be the number of cycles with length 2k in a uniform random (d;,d>)-biregular

bipartite graph. From Lemma 3.6.8,

8 8 . ndy \* [ ded, \
dTV((C27"'7C}’)7(C27~"7Cr>) SdTV(ll'll’l?ll'lI’l) < d_2 T . (365)
Then the conclusion follows from Theorem 3.2.10 and the triangle inequality. U
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Global laws

The limiting spectral distributions for the adjacency matrix of a random regular hypergraph

can be summarized in the following corollary.

Corollary 3.6.10. Let H be a random (d,d,)-regular hypergraph.

A—(dr—2)

1. If dy,d, are fixed, the empirical spectral distribution of —————
(d—1)(d2—1)

converges in proba-

bility to a measure u with density function given by

1441 1\/7x2
fx) = T G e 1-7dx, (3.6.6)

1
9 Va q Va

where g = (dy — 1)(d2 — 1).

2. For dy,dy — o with % — o >1and d; < 312, the empirical spectral distribution of

A—(dr—2)
(d—1)(d2—1)
function given by

converges in probability to a measure supported on [—2,2] with a density

(0 1 x2
=— (/1 ——. 3.6.7
8%) l+a+oxm 4 (3.6.7)
3. If di — oo,d; = o(n®) for any € > 0 and % — oo, the ESD of m converges to

the semicircle law in probability.

Proof of Corollary 3.6.10. Claim (1) is proved in Theorem 6.4 of [79] based on a result for
deterministic regular hypergraphs in Theorem 5 of [91].

Claim (2) is a combination of several results. When d; = o(nl/ 2), it is proved in Theorem
6.6 of [79] based on the global law for random biregular bipartite graphs in [75] and [169]. When

dy = (y)(log4 n), the optimal local law for RBBGs was recently proved in [175], which also implies
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the global law for RBBGs. When d; < % and % — o, from Lemma 3.6.7,
P(G c g/ (n,m,dl,dz)) — 1.

Therefore by the same proof of Theorem 6.6 in [79], the ESD of % for random regular
hypergraphs converges in probability.

Under the assumptions d| — o0, d} = o(n?) for any € > 0 and g—; — oo, from Lemma 3.6.7,
we have again P (G € G’ (n,m,d;,d>)) — 1. Then Claim (3) follows from Theorem 3.5.3 and

Lemma 3.6.8. O

Remark 3.6.11. The ESD in Corollary 3.6.10 (2) is a shifted and scaled Marc¢enko-Pastur law.
Taking o0 — oo, g(x) converges to the density function of the semicircle law. The transition from
Marcenko-Pastur law to the semicircle law was also proved for sample covariance matrices in

[26] when the aspect ratio goes to infinity.

Remark 3.6.12. A semicircle law for the adjacency matrix of dp-uniform Erd6s-Rényi random
hypergraphs with growing expected degrees was proved in Theorem 5 of [137] when d; is
a constant. Part (3) of Corollary 3.6.10 proves a corresponding semicircle law for random

d>-uniform dj-regular hypergraphs where d> can be a parameter depending on n.

Spectral gaps

The spectral gap for random regular hypergraphs with fixed d;,d> was studied in [79].

Here we include the results for the case when d,d; are growing with n.

Corollary 3.6.13. Let H be a random (d,d;)-regular hypergraph with dy > d,. LetA; > -+ > A,

be the eigenvalues of A. Let A = maxo<j<, |Al.
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1. Suppose d; > dp > 3 is fixed. There exists a sequence €, — 0 such that

P(|A— (dy —2)| > 2+/(d1 —1)(da— 1) +€,) =0

as n — oo,

2. Suppose 3 < dr < %n2/3, dy > dy > cd, for some ¢ € (0, 1). Then for some constant K > 0

depending on c, foralln > 1,

]P’(le(\/(dl—l)(dz—l)>

1
0 (_) |
n
3. Suppose 3 < dr < C; for a constant Cy, and d; = o(nl/ 2). There exists a constant C

depending on C; such that

P(x >C/(dy —1)(dr — 1)) ~0 (‘rf—i) .

Proof. Claim (1) is proved in Theorem 4.3 in [79]. Claim (2) and (3) follow from part (2) and (3)

in Theorem 3.3.1 with Lemma 3.6.7. O]

Remark 3.6.14. Results in [179] that Claim (2) and (3) are based on have stronger probability

estimates. However, Lemma 3.6.7 we used here yields a weaker failure probability.

Eigenvalue fluctuations

The following eigenvalue fluctuation results for random regular hypergraphs can be
derived from Lemma 3.6.3, Lemma 3.6.8, and the eigenvalue fluctuations results for random
biregular bipartite graphs in Section 3.4.

Corollary 3.6.15. For fixed d| > d, > 3, let H be a random (d,d;)-regular hypergraph with

A

adjacency matrix A. Let A; > --- > A, be the eigenvalues of ————.
(di—=1)(d2—1)

Suppose f is
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a function satisfying the same conditions in Theorem 3.4.4. Then Y}") =Y f(N) —nag

converges in distribution as n — oo to the infinitely divisible random variable

- ag (c0)
Y= CNBW, 7,
| /;’z[(dl—l)(dz—l)]"/2 ¢

where CNBW\™ is defined in (3.2.37).

Proof. LetY Jgn) be the corresponding random variable of Yf(") for the uniform random biregular

bipartite graphs considered in Theorem 3.4.4. From the total variation distance bound in Lemma

3.6.8, we have
2 dy
(n) $(n) / nd) ded, B
Therefore Y}") and Y Jgn) converge in distribution to the same law. [

Corollary 3.6.16. Let H be a random (d,d;)-regular hypergraph with djd, — oo as n — oo and

dido =n°M, LetA; >--- > A, be the eigenvalues of m. Let f be a function satisfying
1— 2~

(3.4.20) and (3.4.22). Suppose one of the two assumptions holds:

1. there exists a constant ¢ > 1 such that 1 < % <ec,
2. 3<d; < for aconstant c¢; > 3.

Then the random variable

Y;n) =Y fu) - mﬁc”)

i=1
converges in law to a Gaussian random variable with mean zero and variance 6y =Y ;7 , Zka,%.
Moreover, for any fixed ¢, consider the entire functions g1, ..., g; satisfying (3.4.20) and (3.4.22).

The corresponding random vector (Yg(ln ), . 7Yg(;n)) converges in distribution to a centered Gaussian
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random vector (Z,,,...,Z, ) with covariance

Cov(Zy,, Zg,) =2 Y kar(gi)ar(g;)
k=2

for 1 <i,j <t, where ax(g;),ar(g;) are the k-th coefficients in the expansion (3.4.19) for g;,g;,

respectively.

Proof. Recall Lemma 3.6.8 and our assumption d;d = n° (1), Under Case (1), we have dp —

and

2 d
dTV(M»MﬁJS(nd—dl) (@) = O(n?)(n o) = o(1).
2 n

Under Case (2), we have

ndy \? [ 4edr \ % dect\°
dTV(lJnnU;z)S(d_;) (—2> = O(n’d}) (Tl) =o(1).

n

Then with Lemma 3.6.8, in both cases Y }n) converges in distribution to the same limiting
random variable defined in Theorem 3.4.7. The proof of the covariance part follows in the same

way. 0
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Chapter 4

Community detection in the sparse

hypergraph block model

4.1 Introduction

Clustering is an important topic in network analysis, machine learning, and computer
vision [111]. Many clustering algorithms are based on graphs, which represent pairwise rela-
tionships among data. Hypergraphs can be used to represent higher-order relationships among
objects, including co-authorship and citation networks, and they have been shown empirically to
have advantages over graphs [176]. Recently hypergraphs have been used as the data model in
machine learning, including recommender system, image retrieval and bioinformatics [134, 6].
The stochastic block model (SBM) is a generative model for random graphs with community
structures, which serves as a useful benchmark for clustering algorithms on graph data. It is
natural to have an analogous model for random hypergraphs to model higher-order relations.

In this chapter, we consider a higher-order SBM called the hypergraph stochastic block

model (HSBM). Before describing HSBMs, we first recall clustering on graph SBMs.

128



The Stochastic block model for graphs

In this section, we summarize the state-of-the-art results for graph SBM with two blocks
of roughly equal size. Let £, be the set of all pairs (G, o), where G = ([n],E) is a graph with
vertex set [n] and edge set E, 6 = (G1,...,6,) € {+1,—1}" are spins on [n], i.e., each vertex
i € [n] is assigned with a spin 6; € {—1,+1}. From this finite set £,, one can generate a random

element (G,0) in two steps.
1. First generate i.i.d random variables 6; € {—1,+1} equally likely for all i € [n].

2. Then given 6 = (oy,...,0,), we generate a random graph G where each edge {i, j} is

included independently with probability p if 6; = 6; and with probability ¢ if 6; # G;.

The law of this pair (G, ) will be denoted by G(n, p,q). In particular, we are interested in the
model G(n, pn,q,) Where p,,q, are parameters depending on n. We use the shorthand notation
PP, to emphasize that the integration is taken under the law G(n, pa,qy)-

Imagine C; = {i: 6; = +1} and C; = {i : 6; = —1} as two communities in the graph G.
Observing only G from a sample (G,o) from the distribution G(n, p,,¢,), the goal of community
detection is to estimate the unknown vector ¢ up to a sign flip. Namely, we construct label
estimators 6; € {£1} for each i and consider the empirical overlap between & and unknown G

defined by
1
ova(6,6) ==Y 0i6;. (4.1.1)

We may ask the following questions about the estimation as n tends to infinity:

1. Exact recovery (strong consistency):

lim Pg, ({ova(6,0) = 1}U{ov,(6,0) = —1}) = 1.

n—oo
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2. Almost exact recovery (weak consistency): for any € > 0,

li_r>n Pg, ({lova(6,6) — 1| > e} N{|ov,(6,06) + 1| > €}) =0.
n—yoo
3. Detection: Find a partition which is correlated with the true partition. More precisely, there

exists a constant » > 0 such that it satisfies the following: for any € > 0,

’}iigoPgn({|ov(6,G) —r|>¢e}n{lov(6,0)+r|>¢€})=0. (4.1.2)

There are many works on these questions using different tools, we list some of them. A
conjecture of [70] based on non-rigorous ideas from statistical physics predicts a threshold of
detection in the SBM, which is called the Kesten-Stigum threshold. In particular, if p, = { and
qn = % where a, b are positive constants independent of n, then the detection is possible if and only
if (a—b)? > 2(a+b). This conjecture was confirmed in [146, 148, 141, 40] where [148, 141, 40]
provided efficient algorithms to achieve the threshold. Very recently, two alternative spectral

algorithms were proposed based on distance matrices [163] and a graph powering method in [3],

and they both achieved the detection threshold.

Suppose p, = al(;g” qn = bl(r)lg" where a, b are constant independent of n. Then the exact
recovery is possible if and only if (\/a — v/b)? > 2, which was solved in [2, 107] with efficient
algorithms achieving the threshold. Besides the phase transition behavior, various algorithms were
proposed and analyzed in different regimes and more general settings beyond the 2-block SBM
[47,61, 104, 5, 125, 147, 65, 164, 38, 68], including spectral methods, semidefinite programming,

belief-propagation, and approximate message-passing algorithms. We recommend [1] for further

details.
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Hypergraph stochastic block models

The hypergraph stochastic block model (HSBM) is a generalization of the SBM for
graphs, which was first studied in [98], where the authors consider hypergraphs generated by the
stochastic block models that are dense and uniform. A faithful representation of a hypergraph
is its adjacency tensor (see Definition 4.2.1). However, most of the computations involving
tensors are NP-hard [112]. Instead, they considered spectral algorithms for exact recovery
using hypergraph Laplacians. Subsequently, they extended their results to sparse, non-uniform
hypergraphs [99, 100, 101]. For exact recovery, it was shown that the phase transition occurs
in the regime of logarithmic average degrees in [133, 62, 61] and the exact threshold was given
in [124], by a generalization of the techniques in [2]. Almost exact recovery for HSBMs was
studied in [61, 62, 101].

For detection of the HSBM with two blocks, the authors of [20] proposed a conjecture that
the phase transition occurs in the regime of constant average degree, based on the performance
of the belief-propagation algorithm. Also, they conjectured a spectral algorithm based on non-
backtracking operators on hypergraphs could reach the threshold. In [92], the authors showed an
algorithm for detection when the average degree is bigger than some constant by reducing it to
a bipartite stochastic block model. They also mentioned a barrier to further improvement. We
confirm the positive part of the conjecture in [20] for the case of two blocks: above the threshold,
there is a spectral algorithm which asymptotically almost surely constructs a partition of the
hypergraph correlated with the true partition.

Now we specify our d-uniform hypergraph stochastic block model with two clusters.
Analogous to G(n, pu,qn), we define H (n,d, p,,qy,) for d-uniform hypergraphs. Let ¥, be the set
of all pair (H,c), where H = ([n], E) is a d-uniform hypergraph with vertex set [n] and hyperedge
set E, 6 = (G1,...,0,) € {+1,—1}" are the spins on [r]. From this finite set ¥,, one can generate

a random element (H,G) in two steps.

1. First generate i.i.d random variables 6; € {—1,+1} equally likely for all i € [n].
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Figure 4.1: An HSBM with d = 3. Vertices in blue and red have spin + and —, respectively.

2. Then given ¢ = (G1,...,0,), we generate a random hypergraph H where each hyper-
edge {i1,...iz} is included independently with probability p, if 6;, = --- = 6;, and with
probability g, if the spins ¢;,,...0;, are not the same.

The law of this pair (H, ) will be denoted by # (n,d, pn,qn). We use the shorthand notation Py,
and E 4, to emphasize that integration is taken under the law # (n,d, p,,qn). Often we drop the
index n from our notation, but it will be clear from IP’%.

We consider the detection problem of the HSBM in the constant expected degree regime.

Let
a b

Pn = (dTl), qn izm

for some constants a > b > 0 and a constant integer d > 3. Let

a+ (41 —1)b . a—b

o:=(d—1) ST , B:

(4.1.3)

Here o is a constant which measures the expected degree of any vertex, and B measures the
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discrepancy between the number of neighbors with + sign and — sign of any vertex. For d = 2,
o, B are the same parameters for the graph case in [141]. Now we are able to state our main result
which is an extension of the result of for graph SBMs in [141]. Note that with the definition of
a, B, we have a > B. The condition p? > o in the statement of Theorem (2.3.2) below implies

o, > 1, which will be assumed for the rest of the chapter.

Theorem 4.1.1. Assume B> > o. Let (H,0) be a random labeled hypergraph sampled from
H(n,d,pn,qn) and B be its I-th self-avoiding matrix (see Definition 4.2.5 below). Set | =
clog(n) for a constant ¢ such that clog(o) < 1/8. Let x be a ly-normalized eigenvector corre-
sponding to the second largest eigenvalue of B, There exists a constant t such that, if we define

the label estimator 6; as

+1 ifxi >t//n,

9)
I

—1 otherwise,

then detection is possible. More precisely, there exists a constant r > 0 such that the empirical
overlap between G and G defined similar to (4.1.1) satisfies the following: for any € > 0,

lim P, ({\ovn(a,o) —r| > e} {|ov(6,0) +r| > e}) ~0.

n—yoo

Remark 4.1.2. If we take d = 2, the condition B> > « is the threshold for detection in graph
SBMs proved in [141, 146, 148]. When d > 3, the conjectured detection threshold for HSBMs is

given in Equation (48) of [20]. With our notations, in the 2-block case, Equation (48) in [20] can

be written as g%g = g;i, which says B? = o is the conjectured detection threshold for HSBMs.
This is an analog of the Kesten-Stigum threshold proved in the graph case [70, 146, 148, 141, 40].

Our Theorem 2.3.2 proves the positive part of the conjecture.

Our algorithm can be summarized in two steps. The first step is a dimension reduction:
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B has n? many entries from the original adjacency tensor T (see Definition 4.2.1) of n¢ many
entries. Since the /-neighborhood of any vertex contains at most one cycle with high probability
(see Lemma 4.4.4), by breadth-first search, the matrix B can be constructed in polynomial time.
The second step is a simple spectral clustering according to leading eigenvectors as the common
clustering algorithm in the graph case.

Unlike graph SBMs, in the HSBMs, the random hypergraph H we observe is essentially a
random tensor. Getting the spectral information of a tensor is NP-hard [112] in general, making
the corresponding problems in HSBMs very different from graph SBMs. It is not immediately
clear which operator to associate to H that encodes the community structure in the bounded
expected degree regime. The novelty of our method is a way to project the random tensor into
matrix forms (the self-avoiding matrix B" and the adjacency matrix A) that give us the community
structure from their leading eigenvectors. In practice, the hypergraphs we observed are usually not
d-uniform, which can not be represented as a tensor. However, we can still construct the matrix
B since the definition of self-avoiding walks does not depend on the uniformity assumption. In
this chapter, we focus on the d-uniform case to simplify the presentation, but our proof techniques
can be applied to the non-uniform case.

The analysis of HSBMs is harder than the original graph SBMs due to the extra dependency
in the hypergraph structure and the lack of linear algebra tools for tensors. To overcome these
difficulties, new techniques are developed in this chapter to establish the desired results.

There are multiple ways to define self-avoiding walks on hypergraphs, and our definition
(see Definition 4.2.3) is the only one that works for us when applying the moment method. We
develop a moment method suitable for sparse random hypergraphs in Section 4.7 that controls
the spectral norms by counting concatenations of self-avoiding walks on hypergraphs. The
combinatorial counting argument in the proof of Lemma 4.7.1 is more involved as we need to
consider labeled vertices and labeled hyperedges. The moment method for hypergraphs developed

here could be of independent interest for other random hypergraph problems.
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The growth control of the size of the local neighborhood (Section 4.4) for HSBMs turns
out to be more challenging compared to graph SBMs in [141] due to the dependency between the
number of vertices with spin 4+ and —, and overlaps between different hyperedges. We use a new
second-moment estimate to obtain a matching lower bound and upper bound for the size of the
neighborhoods in the proof of Theorem 4.8.4. The issues mentioned above do not appear in the
sparse random graph case.

To analyze the local structure of HSBMs, we prove a new coupling result between a typical
neighborhood of a vertex in the sparse random hypergraph H and a multi-type Galton-Watson
hypertree described in Section 4.5, which is a stronger version of local weak convergence of
sparse random hypergraphs (local weak convergence for hypergraphs was recently introduced
in [71]). Compared to the classical 2-type Galton-Watson tree in the graph case, the vertex +
labels in a hyperedge is not assigned independently. We carefully designed the probability of
different types of hyperedges that appear in the hypertree to match the local structure of the
HSBM. Combining all the new ingredients, we obtain the weak Ramanujan property of B\) for
sparse HSBMs in Theorem 4.6.1 as a generalization of the results in [141]. We conclude the
proof of our Theorem 4.1.1 in Section 4.6.

Our Theorem 4.1.1 deals with the positive part of the phase transition conjecture in [20].
To have a complete characterization of the phase transition, one needs to show an impossibility
result when B? < a.. Namely, below this threshold, no algorithms (even with exponential running
time) will solve the detection problem with high probability. For graph SBMs, the impossibility
result was proved in [146] based on a reduction to the broadcasting problem on Galton-Watson
trees analyzed in [88]. To answer the corresponding problem in the HSBMs, one needs to establish
a similar information-theoretical lower bound for the broadcasting problem on hypertrees and
relate the problem to the detection problem on HSBMs. To the best of our knowledge, even
for the very first step, the broadcasting problem on hypertrees has not been studied yet. The

multi-type Galton-Watson hypertrees described in Section 4.5 can be used as a model to study
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this type of problem on hypergraphs. We leave it as a future direction.

4.2 Preliminaries

Definition 4.2.1 (adjacency tensor). Let H = (V,E) be a d-uniform hypergraph with V = [n]. We

define T to be the adjacency tensor of H such that for any set of vertices {iy,i2,...,iz},

1 if{il,...,id} ek,

El,...,id =

0 otherwise.

We set T5(i1),0(i2),..s0(ig) = Tiyeomsia for any permutation 6. We may write 7, in place of T;, . ;,

where e = {ij,...,ig}.

Definition 4.2.2 (adjacency matrix). The adjacency matrix A of a d-uniform hypergraph H =
(V,E) with vertex set [n] is a n x n symmetric matrix such that for any i # j, A;; is the number of

hyperedges in E which contains i, j and A;; = 0 for i € [n]. Equivalently, we have

Ze:{i,j}Ee I, ifi#],
Ajj=

0 ifi=j.

Definition 4.2.3 (walk). A walk of length [ on a hypergraph H is a sequence (ig,eq,i1, - ,ej,ij)
such thati;_y #ijand {ij_1,i;} Cejforall 1 < j<I[. A walkisclosed if i) = i; and we call it a

circuit. A self-avoiding walk of length [ is a walk (ig,ey,i1,- - ,e;,i;) such that
L. |{io, i1, =1+ 1.
2. Any consecutive hyperedges e;_1,e; satisfy e;_1Ne; = {ij—;} for2 < j <.

3. Any two hyperedges e;,e; with 1 < j <k <[,k # j+ 1 satisfy e;Ne; = 0.
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Figure 4.2: a self-avoiding walk of length 4 denoted by (vg,e1,v1,e2,v2,€3,V3,€4,V4)

See Figure 4.2 for an example of a self-avoiding walk in a 3-uniform hypergraph. Recall
that a self-avoiding walk of length [ on a graph is a walk (ip, ...,i;) without repeated vertices.

Our definition is a generalization of the self-avoiding walk to hypergraphs.

Definition 4.2.4 (cycle and hypertree). A cycle of length [ with [ > 2 in a hypergraph H is a walk
(ip,e1,---,i1—1,e1,lp) such that ip,...i;_ are distinct vertices and e .. .e; are distinct hyperedges.

A hypertree 1s a hypergraph which contains no cycles.

Let ([Z}) be the collection of all subsets of [1n] with size d. For any subset e € ([Z]) and

i # j € [n], we define

1 if{i,j} €eandecE,

e __

0 otherwise,

and we define A§, = 0 for all i € [n]. With our notation above, A;; = Zee(["])Afj' We have the
d

following expansion of the trace of A for any integer k > 0:

k _ AL A e €1 e
trA” = Z A1011A1213 o .Alk—llo - Z Aioil o -Aikfzik,IAl‘k,ll‘()'
i0,02,---5ik—1€[n] 00,0155k —1 €[]
el,...,eke([?[])
Therefore, trA* counts the number of circuits (ig,e1,11,-..,ik—1,€k,lp) in the hypergraph H of

length k. This connection was used in [137] to study the spectra of the Laplacian of random
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hypergraphs. From our definition of self-avoiding walks on hypergraphs, we associate a self-

avoiding adjacency matrix to the hypergraph.

Definition 4.2.5 (self-avoiding matrix). Let H = (V, E) be a hypergraph with V = [n]. For any
(1)

[ > 1, a I-th self-avoiding matrix BY) is a n x n matrix where for i # j € [n], B;; counts the

number of self avoiding walks of length / from i to j and Bl(ll ) =0forie [n].

B is a symmetric matrix since a time-reversing self avoiding walk from i to j is a self
avoiding walk from j to i. Let SAW;; be the set of all self-avoiding walks of length / connecting i
and j in the complete d-uniform hypergraph on vertex set [n]. We denote a walk of length / by

w = (o, €, ...,i—1,€i,i;). Then for any i, j € [n],

l

B)= Y TIA".. 4.2.1)

weSAW;; 1=1

4.3 Matrix expansion and spectral norm bounds

Consider a random labeled d-uniform hypergraph H sampled from # (n,d, p,,q,) with

adjacency matrix A and self-avoiding matrix B!), Let A := E 5 |A | o] Let

p(A):= sup [|Ax]2

x:||x[|2=1
be the spectral norm of a matrix A Recall (4.2.1), define

l

! it v
A= Y TTAr AL, 43.1)

WGSAW[I' t=1

where Zziili[ =Eq [Aftiilit | 6]. AY) can be regarded as a centered version of B(). We will apply
the classical moment method to estimate the spectral norm of AW, since this method works well

for centered random variables. Then we can relate the spectrum of AW to the spectrum of B
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through a matrix expansion formula which connects A, BY and AY in the following theorem.

Recall the definition of o in (4.1.3).

Theorem 4.3.1. Let H be a random hypergraph sampled from H (n,d, py,q,) and B be its I-th

self avoiding matrix. Then the following holds.

1. There exist some matrices {T’ (L,m) }fn:l such that for any | > 1, B satisfies the identity

1 1
BY =A" 4+ Y (Al=magm=1y — Y 1l (4.3.2)

2. For any sequence I, = O(logn) and any fixed € > 0,

(In) e /2 _
lim Py <p(A ) < nfol ) —1, (4.3.3)
I
lim Py (ﬂ {p(rim) < n€1a<’n+m>/2}> — 1. (4.3.4)
m=1

Theorem 4.3.1 is one of the main ingredients to show BY has a spectral gap. Together
with the local analysis in Section 4.4, we will show in Theorem 4.6.1 that the bulk eigenvalues of
B are separated from the first and second eigenvalues. The proof of Theorem 4.3.1 is deferred
to Section 4.7. The matrices {F (Lm } _; in Theorem 4.3.1 record concatenations of self-avoiding

walks with different weights, which will be carefully analyzed in Lemma 4.7.2 of Section 4.7.

4.4 Local analysis

In this section, we study the structure of the local neighborhoods in the HSBM. Namely,

what the neighborhood of a typical vertex in the random hypergraph looks like.

Definition 4.4.1. In a hypergraph H, we define the distance d(i, j) between two vertices i, j to be

the minimal length of walks between i and j. Define the ¢-neighborhood V,(i) of a fixed vertex i
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to be the set of vertices which have distance ¢ from i. Define V<; (i) := U<, Vk(i) to be the set all
of vertices which have distance at most  from i and V-, = [n] \ V,. Let V= (i) be the vertices in

V;(i) with spin + and define it similarly for V;(i).

For i € [n], define

Sy =), Di(i):= Y o
Jud(i.j)=t
Let 1 =(1...,1)€R" and recall 6 € {—1,1}". We will show that when [ = clogn
with clogow < 1/8, 8;(i),D;(i) are close to the corresponding quantities (B)1);,(B!)c); (see
Lemma 4.11.1). In particular, the vector (D;(i))1<i<n is asymptotically aligned with the second
eigenvector of BY), from which we get the information on the partitions. We give the following

growth estimates of S;(i) and D, (7). The proof of Theorem 4.4.2 is given in Section 4.8.

Theorem 4.4.2. Assume %> > o > 1 and | = clogn, for a constant c such that clogo, < 1/4. There
exists constants C,y > 0 such that for sufficiently large n, with probability at least 1 — O(n™") the

following holds for alli € [n] and 1 <t <I:

S:(i) < Clog(n)ot, (4.4.1)
D,(i)| < Clog(n)B, (4.4.2)
S (i) = o/ 718, (i) + O(log(n)oi/?), (4.4.3)
D, (i) = B''D; (i) + O(log(n)a'/?). (4.4.4)

The approximate independence of neighborhoods of distinct vertices is given in the
following lemma. It will be used later to analyze the martingales constructed on the Galton-
Watson hypertree defined in Section 4.5. The proof of Lemma 4.4.3 is given in Appendix
4.12.
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Lemma 4.4.3. For any two fixed vertices i # j, let | = clog(n) with constant clog(a) < 1/4. Then
the total variation distance between the joint law L((Uki(i))kgl, (Uki(j))kg) and the law with
the same marginals and independence between them, denoted by L((U(i))r<i ® (UE(j))k<1)»

is O(n™Y) for some y > 0.

Now we consider number of cycles in V<;(i) of any vertex i € [n]. We say H is [-tangle-free

if for any i € [n], there is no more than one cycle in V<;(i).

Lemma 4.4.4. Assume | = clogn with clog(a) < 1/4. Let (H,0) ~ H (n,d, pn,qn). Then

lim P, <|{l € [n] : V<;(i) contains at least one cycle}| < 10g4(n)0621> =1,

n—oo

lim Py, (H is I-tangle-free) = 1.

n—oo

The proof of Lemma 4.4.4 is given in Appendix 4.12. In the next lemma, we translate the
local analysis of the neighborhoods to the control of vectors B™1,BMg. The proof is similar to
the proof of Lemma 4.3 in [141], and we include it in Appendix 4.12. For any event A,,, we say

A, happens asymptotically almost surely if lim, . Py (A,) = 1.

Lemma 4.4.5. Let ‘B be the set of vertices i whose |—neighborhood contains a cycle. For

[ = clogn with clog(a) < 1/4, asymptotically almost surely the following holds:

1. forallm <l and all i & ‘B the following holds

(B V1), = o1 (BU1), 4+ 0(a" /2 1ogn), (4.4.5)
(B(mfl)c)i — BWI*I*Z (B(Z)G)l + O(G’(mfl)/z logn) (446)
2. Forallie B:
|(B"o)i] < |(B™1)i] <2} 5:(i) = O(ct" logn). (44.7)
=0
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Combining Theorem 4.3.1, Theorem 4.4.2, and Lemma 4.4.5, we are able to prove the

following theorem.

Theorem 4.4.6. Assume B> > o > 1 and | = clogn with clog(a) < 1/8. Then the following

holds: for any € > 0

lim Py, ( sup HBU)XHZ < nea1/2> 1
n—oo

[xll2=1xT (BO1)=xT (B 5)=0
Theorem 4.4.6 is a key ingredient to prove the bulk eigenvalues of B\!) are O(nta! /2) in

Theorem 4.6.1. The proof of Theorem 4.4.6 is given in in Section 4.9.

4.5 Coupling with multi-type Poisson hypertrees

Recall the definition of a hypertree from Definition 4.2.4. We construct a hypertree growth
process in the following way. The hypertree is designed to obtain a coupling with the local

neighborhoods of the random hypergraph H.

e Generate a root p with spin T(p) = +, then generate Pois (d;fl) many hyperedges that only
intersects at p. Call the vertices in these hyperedges except p to be the children of p and of

generation 1. Call p to be their parent.

e For 0 <r <d—1, we define a hyperedge is of type r if r many children in the hyper-
edge has spin t(p) and (d — 1 —r) many children has spin —t(p). We first assign a

type for each hyperedge independently. Each hyperedge will be of type (d — 1) with

-~ d—1
probability “=1% and of type r with probability " Lr) for 0 <y < d—2. Since
oy (d-1
(Z;Tl_)la + Z‘;’;& % = 1, the probabilities of being various types of hyperedges add

up to 1. Because the type is chosen i.i.d for each hyperedge, by Poisson thinning, the

number of hyperedges of different types are independent and Poisson.
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Figure 4.3: A Galton-Watson hypertree with d = 3. The vertices with spin + are in blue and
vertices with spin — are in red.
e We draw the hypertree in a plane and label each child from left to right. For each type
r hyperedge, we uniformly randomly pick r vertices among d — 1 vertices in the first
generation to put spins T(p), and the rest d — 1 — r many vertices are assigned with spins

—t(p).

o After defining the first generation, we keep constructing subsequent generations by induc-
tion. For each children v with spin t(v) in the previous generation, we generate Pois (%)
many hyperedges that pairwise intersects at v and assign a type to each hyperedge by the
same rule with t(p) replaced by t(v). We call such random hypergraphs with spins a

multi-type Galton-Watson hypertree, denoted by (T, p,7) (see Figure 4.3).

Let Wti be the number of vertices with =+ spins at the 7-th generation and W,(r) be the
number of hyperedges which contains exactly r children with spin + in the ¢-th generation.
Let Gi—1 := G(Wki, 1 <k <t—1) be the c-algebra generated by Wki, 1 <k<t—1. From our

definition, W,” = 1,W;” =0 and {W/t(r)}ogrgd_l are independent conditioned on G;_1, and the
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(r)

conditioned laws of W,"’ are given by

d— . a b _
L(W/t( l)|gt,1) = Pois <WWIZ+I+WWI) s (451)
. a _ b
LW G,—1) = Pois <WW,_1 + WW,H) , (4.5.2)
) b(*))
LW Gr—1) = Pois | —35 W_,+Wr) ]|, 1<r<d-2. (4.5.3)
We also have

d—1 d—1
wr=Y " wr =Y (@—1-rnw". (4.5.4)

r=0 r=0

Definition 4.5.1. A rooted hypergraph is a hypergraph H with a distinguished vertex i € V(H),
denoted by (H,i). We say two rooted hypergraphs (H,i) and (H',i’) are isomorphic and if and
only if there is a bijection ¢ : V(H) — V(H’) such that ¢(i) =i and e € E(H) if and only if
0(e) :={0(j) : j € e} € E(H).

Let (H,i,0) be a rooted hypergraph with root i and each vertex j is given a spin 6(j) €
{—1,+1}. Let (H',i’,0") be a rooted hypergraph with root i’ where for each vertex j € V(H'), a
spin ¢'(j) € {—1,+1} is given. We say (H,i,0) and (H',i’,0’) are spin-preserving isomorphic
and denoted by (H,i,0) = (H',i’,0’) if and only if there is an isomorphism ¢ : (H,i) — (H',i)
with o(v) = o’ (¢(v)) for each v € V(H).

Let (H,i,0);,(T,p,T); be the rooted hypergraphs (H,i,c),(T,p,T) truncated at distance ¢
from i, p, respectively, and let (T, p, —T) be the corresponding hypertree growth process where the
root p has spin —1. We prove a local weak convergence of a typical neighborhood of a vertex in
the hypergraph H to the hypertree process 7" we described above. In fact, we prove the following

stronger statement. The proof of Theorem 4.5.2 is given in Section 4.5.

Theorem 4.5.2. Let (H, ) be a random hypergraph H with spin 6 sampled from H,. Let i € [n]
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be fixed with spin G;. Let | = clog(n) with clog(a) < 1/4, the following holds for sufficiently

large n.

1. If 6; = +1, there exists a coupling between (H,i,G) and (T,p,T) such that (H,i,0),

(T,p,); with probability at least 1 —n~ '/,

2. If 6; = —1, there exists a coupling between (H ,i,06) and (T,p,—7) such that (H,i,c); =

(T,p,—1); with probability at least 1 —n~'/3.

Now we construct two martingales from the Poisson hypertree growth process. Define

two processes
M=o (W W), Ac=B7'(W'=W).

Lemma 4.5.3. The two processes {M,},{A} are G,-martingales. If B> > o> 1, {M,} and {A}
are uniformly integrable. The martingale {A;} converges almost surely and in L?* to a unit mean

random variable A.. Moreover, A« has a finite variance and
lim E|A? — A2 = 0. (4.5.5)
=300

The following Lemma will be used in the proof of Theorem 4.1.1 to analyze the correlation
between the estimator we construct and the correct labels of vertices based on the random variable
As. The proof is similar to the proof of Theorem 4.2 in [141], and we include it in Appendix

4.12.

Lemma 4.5.4. Let [ = clogn with clogo. < 1/8. For any € > 0,

Ly p2p2(i) - E[A2)
ni=

lim Py, ( > e) =0. (4.5.6)
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Let y\ € R" be a random sequence of lr-normalized vectors defined by

D (i
yl(n) ::¢,1<i<n.

LD
Let x") be any sequence of random vectors in R" such that for any € > 0,
i (n) _(n) -
lim By () 5], > ) = 0.

For all T € R that is a point of continuity of the distribution of both A and —A, for any € > 0,

one has the following

1 {xﬁ”) >t/ nE[Ago]} - %P(Am > 1)

. 1
J%P}a(;.

: 1 (n) 1

4.6 Proof of the main result

Let S; := (S;(1),...,8(n)) and D; := (Dy(1),...,D;(n)). We say the the sequence of

vectors {v, }>1 is asymptotically aligned with the sequence of vectors {wy,},>1 if

fim Yl
n—e ||vp[2 - [[wal|2

With all the ingredients in Sections 4.3-4.5, we establish the following weak Ramanujan

property of BY. The proof of Theorem 4.6.1 is given in Section 4.11.

Theorem 4.6.1. For [ = clog(n) with clog(a) < 1/8, asymptotically almost surely the two lead-
ing eigenvectors of BY are asymptotically aligned with vectors §Z,Dl, where the first eigenvalue

is of order ®(a!) up to some logarithmic factor and the second eigenvalue is of order Q(B'). All
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other eigenvalues are of order O(n€ol/?) for any € > 0.

Theorem 4.6.1 connects the leading eigenvectors of B with the local structures of the
random hypergraph H and shows that the bulk eigenvalues of B() are separated from the two top
eigenvalues. Equipped with Theorem 4.6.1 and Lemma 4.5.4, we are ready to prove our main

result.

Proof of Theorem 4.1.1. Let x") be the lr-normalized second eigenvector of B, by Theorem

4.6.1, x" is asymptotically aligned with the /;-normalized vector

o
QR LU P

asymptotically almost surely. So we have |[x(") —y("||; — 0 or |[x(") +y™) ||, — 0 asymptotically
almost surely. We first assume [|x) —y("||, — 0. Since EA., = 1, from the proof of Theorem
2.1 in [141], there exists a point T € R, in the set of continuity points of both A, and —A.., that
satisfies 7 := P(Aw > T) — P(—Aw > 1) > 0. Take = 1/+/E(A2) and let A(*, A[~ be the set of

vertices with spin + and —, respectively. From the definition of 6, we have

— Z Gzcz = Z O; ( { ,(n)Zl/\/ﬁ} — 1{x§")<t/ﬁ}) (4.6.1)

le[n = n]
2

T Z o 1692\[+ { f”)zr/\/M} n ieﬂz\[ l{xl(n)ZT/\/ ”}EA‘%"}'

Note that %Zie[n] o; — 0 in probability by the law of large numbers. From (4.5.7) in
Lemma 4.5.4, we have (4.6.1) converges in probability to P(Aw > T) —P(—Ax > 1) = 1. If
Hx(") +y) |2 — 0, similarly we have %Ziem 6,;6; converges to —r in probability. From these
two cases, for any € > 0,

tim By, ({ova(6,6) 1| > e} (Y{lova(6,0) + 1| > &} ) =

n—yoo
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This concludes the proof of Theorem 4.1.1. [

4.7 Proof of Theorem 4.3.1

Proof of (4.3.2) in Theorem 4.3.1

For ease of notation, we drop the index »n from [, in the proof, and it will be clear from the
law #,. For any sequences of real numbers {a,}'_,{b;}!_,, we have the following expansion

identity for [ > 2 (see for example, Equation (15) in [141] and Equation (27) in [40]):

l

l — [
H(a,—bt) I:I Z}( >bl m+1 H as.

t=1 t t=l—m+2

:1§

Il
_

Therefore the following identity holds.

1 l 1— m e [
I I e” I I Z elt ) A U—m+1 I I Aeit
i lt llz I llz . lt 1 lt 1l U—ml—m+1 l—1l”
m=

t=1 t=1 t:l t=Il—m+2

Summing over all w € SAW;;, Ag) can be written as

/ l—m l

(1) Ciy ACir FEi—m+1 Cit

Bij - Z Z H(Aitfllt Al[ 11;) Ailfmil,erl H Aitfli,’ (471)
m=1weSAW;; \1=1 t=l—m+2

Introduce the set Qm of walks w defined by concatenations of two self-avoiding walks

wi,wy such that wy is a self-avoiding walk of length / —m from i to some vertex k, and w;

is a self-avoiding walk of length m from k to j for all possible 1 <m <[ and k € [n]. Then

SAW;; C Qf; forall 1 <m <. Let Rj; = O} \ SAW; ;. Define the matrix rm g

-

5

l

A% T —mt1 e,

lf 16 All llt)Ailfmilferl [H 2Ai1_1it' (472)
t=l—m+

I
—_

weR™ ¢

17
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From (4.7.1), Ag.) can be expanded as

l — m 1
() elt elr TCi-m+1 Cit
Bl] Z Z lt lll‘ lt llt) Ail—mil—m+l H Aitflit :

m=1 WEQ;-’}\R;'; t:1 t=l-m+2

It can be further written as

l l—m l l
() elt i Fi—m+1 Cit (1,m)
B Z Z H i1l lr 1l )AiZ—ITIil—m+] H Ait—lit + Z Fij ’
m= 1w€Q’" =1 t=l—-m+2 m=1
From the definition of matrix multiplication, we have
— m e e [ .
it U—m+1 it
Z lt llt lt 1ir )Ailfmilferl H Ait— 1it
:1 t=l-m+2
Z AL B = (AU—m)KB(m—U) B 4.7.3)
1<u,v<n Ly

Combining the expansion of Ag) above and (4.7.3), we obtain

L /
l l —m) A p(m— I.m
Ay =By} - Z,I(A(l JAB" V) + Z_,l " (4.7.4)

Since (4.7.4) is true for any i, j € [n], it implies (4.3.2).

Proof of (4.3.3) in Theorem 4.3.1

We first prove the following spectral norm bound on AL,

Lemma 4.7.1. For | = O(logn) and fixed k, we have
Ey [p(AD)%*] = O(not 10g% n). (4.7.5)

Proof. Note that E, [p (AN <E e [tr(A(D))?K]. The estimation is based on a coding argument,
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and we modify the proof in [141] to count circuits in hypergraphs. Let Wy ; be the set of all
circuits of length 2/ in the complete hypergraph K,, ; which are concatenations of 2k many self-
avoiding walks of length /. For any circuits w € Wy ;, we denote it by w = (i0, €iy 01, - - - €iny s i2k1)s

with iy = ip. From (4.3.1), we have

By (A = ¥ By |ATAD AL = T By

J1sesJ2k€N] weEWo

24 .
I I
H(Ai,ili, —AL)|

=1

(4.7.6)

For each circuit, the weight it contributes to the sum is the product of (A —Afj) over all the

i
hyperedges e traversed in the circuits. In order to have an upper bound on E,/ [tr(AD)], we
need to estimate how many such circuits are included in the sum and what are the weights they
contribute.

We also write w = (wq,wa,...wo), Where each w; is a self-avoiding walk of length /. Let
v and & be the number of distinct vertices and hyperedges traversed by the circuit, respectively.
The idea is to bound the number of all possible circuits w in (4.7.6) with given v and A, and then
sum over all possible (v, /) pairs.

Fix v and A, for any circuit w we form a labeled multigraph G(w) with labeled vertices

{1,...,v} and labeled multiple edges {ey,...,e;} by the following rules:

e Label the vertices in G(w) by the order they first appear in w, starting from 1. For any
pair vertices i, j € [v], we add an edge between i, j in G(w) whenever a hyperedge appears
between the ith and jth distinct vertices in the circuit w. G(w) is a multigraph since it is
possible that for some i, j, there exists two distinct hyperedges connecting the ith and jth

distinct vertices in w, which corresponds to two distinct edges in G(w) connecting i, j.

e Label the edges in G(w) by the order in which the corresponding hyperedge first appears
in w from e; to e;. Note that the number of edges in G(w) is at least & since distinct

edges in G(w) can get the same hyperedge labels. At the end we obtain a multigraph
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G(w) = (V(w),E(w)) with vertex set {1,...,v} and edge set E(w) with hyperedge labels

in{ey,...ep}.

It is crucial to see that the labeling of vertices and edges in G(w) is in order, and it tells
us how the circuit w is traversed. Consider any edge in G(w) such that its right endpoint (in the
order of the traversal of w) is a new vertex that has not been traversed by w. We call it a tree
edge. Denote by T (w) the tree spanned by those edges. It is clear for the construction that 7'(w)
includes all vertices in G(w), so T'(w) is a spanning tree of G(w). Since the labels of vertices and

edges are given in G(w), T (w) is uniquely defined. For example, in Figure 4.4, we have

wip = (1,61,2,62,3,63,4,84,5,65,6),
w2 = (67657556474766777677876873)7
w3 = (376272781717697976107 107611711),

w4 = (11,e12,10,€10,9,€13,12,e14,13,¢15,1).

Edges that are not included in 7' (w) are {eg,e2,e15}. The triplet sequences associated to the 4

self-avoiding walks {w;}?_, are given by

(0,6,0); (4,2,3),(0,0,0); (1,3,0); (0,0,10),(9,2,1),(0,0,0),

respectively.

For a given w € Wy ; with distinct hyperedges ey, ..., e, define end(e;) to be the set of
vertices in V (w) such that they are the endpoints of edges with label ¢; in G(w). For example,
consider a hyperedge e; = {1,2,3,4} such that {1,2},{1,3} are all the edges in G(w) with labels
e1, then end(e;) = {1,2,3}. We consider circuits w in three different cases and estimate their
contribution to (4.7.6) separately.

Case (1). We first consider w € Wy ; such that
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e cach hyperedge label in {e;}<;<; appears exactly once on the edges of G(w);

e vertices in ¢; \ end(e;) are all distinct for 1 <i < h, and they are not vertices with labels in

V(w).

The first condition implies the number of edges in G(w) is h. The second condition implies that
there are exactly (d —2)h + v many distinct vertices in w. We will break each self-avoiding walk
w; into three types of successive sub-walks where each sub-walk is exactly one of the following 3

types, and we encode these sub-walks as follows.

e Type 1: hyperedges with corresponding edges in G(w) \ T(w). Given our position in the
circuit w, we can encode a hyperedge of this type by its right-end vertex. Hyperedges of
Type 1 breaks the walk w; into disjoint sub-walks, and we partition these sub-walks into

Type 2 and 3 below.

e Type 2: sub-walks such that all their hyperedges correspond to edges of T'(w) and have
been traversed already by wy,...,w;_1. Each sub-walk is a part of a self-avoiding walk, and
it is a path contained in the tree 7'(w). Given its initial and its end vertices, there will be

exactly one such path in 7' (w). Therefore these walks can be encoded by the end vertices.

e Type 3: sub-walks such that their hyperedges correspond to edges of T'(w) and they are
being traversed for the first time. Given the initial vertex of a sub-walk of this type, since
it is traversing new edges and knowing in what order the vertices are discovered, we can
encode these walks by their length, and from the given length, we know at which vertex the

sub-walk ends.

We encode any Type 1, Type 2, or Type 3 sub-walk by 0 if the sub-walk is empty. Now

we can decompose each w; into sequences characterizing by its sub-walks:

(p]7q]7r1)7(p27q27r2)7"'7(pl‘7qtarl‘)' (477)
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Figure 4.4: A multigraph G(w) associated to a circuit w = (wy,...,wa) of length 2kl with

k=2,1=5
Here ry,...r;—1 are codes from sub-walks of Type 1. From the way we encode such hyperedges,
we have r; € {1,...v} for 1 <i<r—1. Type 2 and Type 3 sub-walks are encoded by py, ..., p; and
q1,---,q: respectively. Since Type 1 hyperedges break w into disjoint pieces, we use (p;,g;, ;) to
represent the last piece of the sub-walk and make r; = 0. Each p; represents the right-end vertex
of the Type 2 sub-walk, and p; = 0 if it the sub-walk is empty, hence p; € {0,...v} for 1 <i<rt.
Each ¢; represents the length of Type 3 sub-walks, so ¢; € {0,.../} for 1 <i <. From the way
we encode these sub-walks, there are at most (v+4 1)%(1 + 1) many possibilities for each triplet
(Pjsaj,7j)-

We now consider how many ways we can concatenate sub-walks encoded by the triplets
to form a circuit w. All triples with r; € [v] for 1 < j <t — 1 indicate the traversal of an edge
not in T'(w). Since we know the number of edges in G(w) \ T'(w) is (h—v+ 1), and within a
self-avoiding walk w;, edges on G(w) can be traversed at most once, the length of the triples
in (4.7.7) satisfies t — 1 < h—v+ 1, which implies t < h—v+ 2. Since each hyperedge can
be traversed at most 2k many times by w due to the constraint that the circuits w of length 2k!/
are formed by self-avoiding walks, so the number of triple sequences for fixed v,/ is at most
[(v+1)2(1 + 1)]2k(2+h—v).

There are multiple w with the same code sequence. However, they must all have the same

number of vertices and edges, and the positions where vertices and hyperedges are repeated must
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be the same. The number of ordered sequences of v distinct vertices is at most n”. Given the
vertex sequence, the number of ordered sequences of & distinct hyperedges in K, 4 is at most

( o z)h. Therefore, given v, h, the number of circuits that share the same triple sequence (4.7.7) is

at most n" (dfz)h.

Combining the two estimates, the number of all possible circuits w with fixed v, 4 in Case

(1) is at most

h
v N 2 2k(2+h—v)
n <d_2) [(v+1)7(1+1)] . (4.7.8)

Now we consider the expected weight of each circuit in the sum (4.7.6). Given o, if

Po(e) = ﬁ otherwise. For a given hyperedge appearing in w with multiplicity m € {1,...,2k},

i,] € e, we have A; ~ Ber (p(c)), where pg) = if vertices in e have the same + spins and

the corresponding expectation E% [(Afj _A_lej)m} 1sO0ifm=1. Since 0 < Afj <1, form>2, we

have
By, [(4G—A5)" | 0] < By [(AG—A5) | 0] < poge) (479)

For any hyperedge e corresponding to an edge in G(w) \ T (w) we have the upper bound

aVb
Po(e) < oy (4.7.10)
d—1
Taking the expectation over ¢ we have
a+ (27— 1)b o
Eslpo(e)] = —;77~ = — 4.7.11)
201 (0) @=D(L)
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Recall the weight of each circuit in the sum (4.7.6) is given by

Egy,

w o
1 1
[T -4

=1

€i; . Ze,'f

i1l i1

Conditioned on o, (A ) are independent random variables for distinct hyperedges.
Denote these distinct hyperedges by ey, ...e; with multiplicity my,...m; and we temporarily
order them such that ey, ...e,_ are the hyperedges corresponding to edges on 7 (w). Introduce

the random variables A ~ Ber (pg,,)) for 1 <i < h and denote A% = E, [A% | 6]. Therefore

from (4.7.9) we have

2kl

eil _e[t
[T -4y )

Ey =Eq |Eyy

2k .
II(Ai,t_lif _Ai,r_li,) K
=

h

[1Psen |-

i=1

= Eo [T Ex, (A%~ 2™ | ]| <Eo

We use the bound (4.7.10) for pg,,);-- - Po(e,)» Which implies

h vh h—v+1
Hpc(ei)] < (aT> ]Eo
i=1 (d—l)

From the second condition for w in Case (1), any two hyperedges among {ej,...e,_1}

Es

v—1
I1 pc(el.)] : (4.7.12)
i=1

share at most 1 vertex, and pg(,); Po(e;) are pairwise independent for all 1 <i < j<v—1.
Moreover, since the corresponding edges of ey, ...e,_; forms the spanning tree 7 (w), taking any
e such that the corresponding edge in 7'(w) is attached to some leaf, we know e; and U+ 1 <;<, €i
share exactly one common vertex, therefore pg(, ) is independent of [Tj<;<,—1,i£j Po(e;)- We then
have

Es

= Eo[po(e))] Eo (4.7.13)

v—1
I_Il pG(e,’)

I1 Po(e»] :
1<i<v—1,i#]
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Now the corresponding edges of all hyperedges {e1,...e,—1}\ {e;} form a tree in G(w) again and
the factorization of expectation in (4.7.13) can proceed as long as we have some edge attached to

leaves. Repeating (4.7.13) recursively, with (4.7.11), we have

Es

v—1
v—1 v—1 o
ote) | = | | EslPoten) = | 5~ : (4.7.14)
H’””] [1Eelpo] <<d—1><d1>>

Since every hyperedge in w must be visited at least twice to make its expected weight
nonzero, and w is of length 2kl, we must have & < kl. In the multigraph G(w), we have the
constraint v < h+1 < kl + 1. Since the first self-avoiding walk in w of length / takes / + 1 distinct
vertices, we also have v > [ 4 1. So the possible range of vis [+ 1 < v <kl + 1 and £ satisfies
v—1<h<kl.

Putting all the estimates above together, for fixed v, &, the total contribution of self-avoiding

walks from Case (1) to the sum is bounded by

h o v—1 vh h—v+1
o " v 1)2 2k(2+h—v) ave .
(4) T raen ((d—m(dﬁ])) (w)

Denote S to be the sum of all contributions from self-avoiding walks in Case (1). Then

S < klil Z ( d—1 >h<da )v—l (v 1)2(1 4+ D)2ECH=) (g pyrvt,

v=I4+1h=v—1 n—d+2 —1
(4.7.15)

When [ = O(logn) and d, k are fixed, for sufficiently large n, (n_fw)h < 2. Then from (4.7.15),

kl+1
S < Z Z o’ h h v+1 [(V-i— 1)2(l+ 1)]2k(2+h—v)av—1 (avb)h—v—H
v=I[+1h=v—1

- klz+:1 kZl . [w}h v+1 [(kl—l—z)z(l_'_ 1)]2k(2+h—v)av—l‘

V=l 1 h=v—1 n
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Hence

31 2klf oK Z [ (avb)(d— D)k +220+1)%]" "
naf[(kl+22(1+ D)% =7 4, ! |
(4.7.16)

Since for fixed d,k and [ = O(logn), n=(aV b)(d — 1)((kl +2)*(1+1))** = o(1) for n
sufficiently large, the leading term in (4.7.16) is the term with 4 = v — 1. For sufficiently large n,

we have

51 <3 klf oM :3‘06_()((1%)1 < 3
nokl (kI +2)2(1+ 1) =7 &=, a—1 “a-—-1

It implies that S| = O(no* 10g% n).

Case (2). We now consider w € Wy ; such that
e the number of edges in G(w) is greater than A;
e vertices in ¢; \ end(e;) are all distinct for 1 <i < &, and they are not vertices with labels in
V(w).

Let & be the number of edges in G(w) with h > h+ 1. Same as in Case (1), the number of triple
sequence is at most [(v+1)%(1 + 1)]2"(2*;”"). Let s;,1 <i < h be the size of end(e;). We have
Zl 18 = 2h. Note that when s; > 3, there are more than 2 vertices in e; contained in V(w),
therefore given the choices of vertices with labels in V (w), we have fewer possibilities to choose
the rest of vertices in ¢;. Compared with (4.7.8), the number of all possible circuits in Case (2)

with fixed v, i, i is now bounded by

(v 1)2(1 + 1Py (dfsl) (df sh)-
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When & is fixed and [ = O(logn), for large n, the quantity above is bounded by

2(v+ 1)2(1+ 1)Ky <d_ 1)2“ (di 1)h.

n

Now we consider the expected weight of each circuit in Case (2). In the spanning tree
T (w), we keep edges with distinct hyperedge labels that appear first in the circuit w and remove
other edges. This gives us a forest denoted F(w) inside T (w), with at least v — 1 — h + & many
edges. We temporarily label those edges in the forest as ey, ...,e, withg >v—1— h+h. Then
similar to the analysis of (4.7.14) in Case (1), we have

q o 4
Epc(eq)] - ((d_l)(dﬁl)) )

Es

and

h avb h—v+1 o v—1—h+h
oer)| < | 7y VIV :
iIle (l)] ((dl)) ((d_l)(dl)>

Since every hyperedge in w must be visited at least twice to make its expected weight

2kl

e,-t —ei,
[T -4 )

t=1

Eqp < Es

nonzero, we must have / < h < kl. In the multigraph G(w), we have the constraint v < h+1.
Since the first self-avoiding walk in w of length [/ takes / 4 1 distinct vertices, we also have
v > [+ 1. So the possible range of vis [+ 1 <v < h+ 1 and h satisfies [ < h < kl. Therefore we

have
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2kl h+1 3 d—1 2h—h NG
S <2 Z Y Y v+ 1)2(1+ 1)Ky ( ) ( )
h=1f=p+1v=I+1 n d—1
h—v+1 v—1—h+h
( avb ) ( o )
(a"1) (d=1)(,")
=0(oM 10g% n).

Case (3). We now consider w € Wy ; not included in Cases (1) or Case (2), which satisfies

that
e for some i # j, there are common vertices in ¢; \ end(e;) and ¢; \ end(e;);
e or there are vertices in ¢; \ end(e;) with labels in V (w).

Let v, h, h be defined in the same way as in Case (2). The number of triple sequence is at
most [(v+ 1)2(1+ 1)]2k(2+’~’_v). Consider the forest F'(w) introduced in Case (2) as a subgraph
of T(w), which has at least (v — 1 — A -+ &) many edges with distinct hyperedge labels. We
temporarily denote the edges by ey, ...,e,, and the ordering is chosen such that e; is adjacent to a
leaf in F(w), and each e;,i < 2 is adjacent to a leaf in F(w) \ {ey,...,e;_1}. For 1 <i<gq, we
call ¢; a bad hyperedge if the set ¢; \ end(e;) share a vertex with some set e; \ end(e;) for j > i,
or there are vertices in ¢; \ end(e;) with labels in V(w). In both cases, we have fewer choices for
the vertices in e;.

Suppose among ¢;,1 < i < g, there are ¢ bad hyperedges. Let s;,1 <i < h be the size of
end(e;) in G(w). Then the number of all possible circuits in Case (3) with fixed v, 4,4, and ¢, is

bounded by

[(V+1)2(l+1)]2"(2+’~”>n( " 81) --(d " ) 4.7.17)

d—s1— — s, — Oy
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where §; € {0,1} and §; = 1 if ¢; is a bad hyperedge. Note that Y, s, = 2/ and Y, 8; = . For

large n, the number in (4.7.17) is at most

2w+ 12(1+ NPKCH) (d‘ 1>2ﬁh+t (df l)h.

n

After removing the ¢ edges with bad hyperedge labels from the forest F(w), we can do the same

analysis as in Case (2). The expected weight of each circuit in Case (3) with given v, 4,4, now

okl Vb h—v+1+1 o v—1—h+h—t
B
tI;[1 ! ! (d—l) (d_l)(d—l)

Let S3 be the total contribution from circuits in Case (3) to (4.7.6) . Then

satisfies

Egy,

kl 2kl h+1 v—1 . d—1 2h—h+t a \"
S < Z Z Z Z 2[ V—|-1 >]2k(2+hfv)nv < ) < )
h=lj—pv=I+11= n d—1
h—v14¢ v—1—h+h—t
<aVb> ( o >
(1) (d=1)(;")
=0(nak 10g%n).
From the estimates on S;,S5, and S3, Lemma 4.7.1 holds. O

With Lemma 4.7.1, we are able to derive (4.3.3). For any fixed € > 0, choose & such that

1 — 2ke < 0, using Markov inequality, we have

_ By (p(a")%)

12
Py, (p(A") > n*al’?) < 2k okl

= O(nI_Zk8 log6k n).

This implies (4.3.3) in the statement of Theorem 4.3.1.
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Proof of (4.3.4) in Theorem 4.3.1

Using a similar argument as in the proof of Lemma 4.7.1, we can prove the following

estimate of p(I'(‘/)). The proof is given in Appendix 4.12.

Lemma 4.7.2. For [ = O(logn), fixed k, and any 1 < m < I, there exists a constant C > 0 such

that
E% [p (l—*(lJn))Zk] < Cnl—Zk(xk(H-m—Z) 10g14k7’l. (47 18)

With Lemma 4.7.2, we can apply the union bound and Markov inequality. For any € > 0,

choose k > 0 such that 1 — 2ke < 0, we have

Py, (LIJ {P(F(l,m)) > pelgll+m)/ }) Z Py, ( >n —1a(1+m)/2>

m=1
E%p(r‘( )) i 1Og14k( ) 172kak(l+m72)
_m n2k(e—1) ok(l+m) —1) gk (1+m)

—0 ((10g14k+1(n) .n1—2ksa—2k> _

This proves (4.3.4) in Theorem 4.3.1.

4.8 Proof of Theorem 4.4.2

Let n™ be the number of vertices with spin +, respectively. Consider the event

Q::{|ni—g| < log(n)/n}. 4.8.1)

By Hoeffding’s inequality,

Py (|ni - g| > 1og(n)\/ﬁ> < 2exp(—2log?(n)), 4.8.2)
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which implies P5(Q) > 1 —2exp(—2log?(n)). In the rest of this section we will condition on the
event Q, which will not effect our conclusion and probability bounds, since for any event A, if

Py (A Q) =1—0(n"") for some y > 0, we have
Py (A) =Py (A | Q)P sy (Q) + Py (A | Q)Py () =1-0(n7").

The following identity from Equation (38) in [141] will be helpful in the proof.

Lemma 4.8.1. For any nonnegative integers i, j,n and nonnegative numbers a,b such that

a/n,b/n <1, we have

2 . .
) <1—(1—a/n)(1—b/n) < ‘”:b]. (4.8.3)

n 2

ai+bj 1 <ai+bj
n

We will also use the following version of Chernoff bound (see [46]):

Lemma 4.8.2. Let X be a sum of independent random variables taking values in {0,1}. Let

u=E[X]. Then for any 8 > 0, we have

P(X > (14 8)u) < exp(—uh(1+3)), (4.8.4)

P(1X — | < 8u) > 1—2exp(—uh(3)), (4.8.5)
where
h(x) : =xlog(x) —x+1, h(x):=min{(1+x)log(1+x)—x, (1 —x)log(l —x) +x}.

For any ¢ > 0, the number of vertices with spin = at distance ¢ (respectively <) of vertices
i is denoted U= (i) (respectively, Ugil(i)) and we know S, (i) = U, (i) + U,” (i). We will omit index

i when considering quantities related to a fixed vertex i. Let n* be the number of vertices with
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o ®Q2

Figure 4.5: d =5, Q) is a connected 3-subsets in V; and Q> is a connected 4-subsets in V.

spin + and A* be the set of vertices with spin . For a fixed vertex i. Let
F:=0o(U U ,k<t,6,1<i<n) (4.8.6)

be the c-algebra generated by {Uk+ U ,0 <k <t} and {0;,1 <i<n}. In the remainder
of the section we condition on the spins 6; of all i € [n] and assume Q holds. We denote
P() =Py (| Q).

A main difficulty to analyze U;",U,” compared to the graph SBM in [141] is that Uki
are no longer independent conditioned on %;_;. Instead, we can only approximate UkjE by
counting subsets connected to V;_;. To make it more precise, we have the following definition

for connected-subsets.

Definition 4.8.3. A connected s-subset in Vi, for 1 < s < d — 1 is a subset of size s which is
contained in some hyperedge e in H and the rest d — s vertices in e are from V;_; (see Figure
4.5 for an example). Define U,gs) ,0 < r < s to be the number of connected s-subsets in V;, where
exactly » many vertices have + spins. For convenience, we write U, k(r) =U, 152_1 for0<r<d-1.

Let Urs =Y, _oU, k(r) be the number of all connected s-subsets in V;.

,8

We will show that Z‘f;& rUk(r) is a good approximation of U,j' and Z‘f;& (d—1-r)U ]gr) isa
good approximation of U, , then the concentration of U, k(r) ,0 <r <d—1implies the concentration

of Uki.
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Since each hyperedge appears independently, conditioned on F;_ 1, we know {Uk(r) ,0<
r < d — 1} are independent binomial random variables. For U,Ed_ 1), the number of all possible
connected (d — 1)-subsets with d — 1 many + signs is (n+;l_]%’<*1) , and each such subset is included
in the hypergraph if and only if it forms a hyperedge with any vertex in Vj_;. Therefore each

such subset is included independently with probability

1— <1JTI)>U:1 (1&—1)>UH.

Similarly, we have the following distributions for U, (r), 1<r<d-1:

: (4.8.7)

U U’
(0) (n——UQk 1) 1 <1 a > o (1 b ) e 48.8)
U~ ~ Bin =1 — - - , .8.
‘ d—1 (dq) (dfl)

andfor1 <r<d-2,

Sk—1
r t-UZ, T -Ug b
U") ~ Bin <” U<’<1) <” <’<—1),1— (1—T> . (4.8.9)
r d—1—r (d—l)

For two random variable X,Y, we denote X <Y if X is stochastically dominant by Y,

N‘Q/—\
Q
2
ws]
[
=
VRS
S
+
S
I
Hl%\‘+
~_
\;—\
VR
[
|
S
a
I Q
1/
~
o
VR
[—
|
I/
a
S S
T_/
N~
=

ie., P(X <x) >P(Y <x) for any x € R. We denote U] := Zf:_lz Uis to be the number of all
connected s-subsets in Vi, for 1 <s <d —2.
For each 1 < s < d — 2, conditioned on ¥;_1, the number of possible s-subsets is at

most (’S’) , and each subset is included in the hypergraph independently with probability at most
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( (”\,{b) (flk;)) A1, so we have
d—1

U, , < Bin ("> “—W’<S"‘1>/\1 . (4.8.10)
7 s)7 (") \d—s

With the definitions above, we have the following inequality for UkjE by counting the

number of £ signs from each type of subsets:

d—1
Ut < Y ol +d-2)u;, (4.8.11)
r=0
<§: (d—1-rU" +(d-2)U;. (4.8.12)

To obtain the upper bound of U =, we will show that U, ¢ 1s negligible compared to the
number of + signs from Uk(r). Since Uk(r),l <r <d—1 are independent binomial random
variables, we can prove concentration results of these random variables. For the lower bound of
Uki, we need to show that only a negligible portion of (d — 1) connected subsets are overlapped,
therefore Uk+ is lower bounded by Zf;(} rUk(r) minus some small term, and we can do it similarly
for U,”. We will extensively use Chernoff bounds in Lemma 4.8.2 to prove the concentration of

Uki in the following theorem.

Theorem 4.8.4. Let € € (0,1), and | = clog(n) with clog(a) < 1/4. For anyy € (0,3/8), there
exists some constant K > 0 and such that the following holds with probability at least 1 — O(n™")

foralli € [n].
1. Let T :=inf{tr <1:8; > Klogn}, then St = ©(logn).

t—T)

2. Letg, :=¢ea /2f0r some € > 0 and

1 |a+p a—PB

=5 (4.8.13)

o—B a+P
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Then forallt,t’ € {T,...1}, t > ', the vector U, := (U,;",U;") " satisfies the coordinate-wise

bounds:
[1—1 -1 i .
Ut e |[TQ—&) JJ(1+&) | (MU, (4.8.14)
| s=t' s=t’ ]
[1—1 -1 i .
U7 e [TT0 &), [T +&0) | (M Tp)a, (4.8.15)
s=t’ s=t'

where (M’_’/U,/)j is the j-th coordinate of the vector M'~" Uy for j = 1,2.

Proof. In this proof, all constants C;’s, C,C’ are distinct for different inequalities unless stated
otherwise. By the definition of 7', S7_; < Klog(n). Let Zr be the number of all hyperedges in H
that are incident to at least one vertices in Vr_;. We have St < (d — 1)Zr, and since the number
of all possible hyperedges including a vertex in V7_1 is at most S7_ ( o 1), Zr is stochastically

dominated by

Bin (Klog(n) (di 1),%) :

which has mean (a VvV b)Klog(n). Let K; = (aV b)K. By (4.8.4) in Lemma 4.8.2, we have for any

constant K > 0,
P(Zr > Ky log(n)|Fr—1) < exp(—Kjlog(n)h(K>/K;)) (4.8.16)
Taking K, > K large enough such that K14(K>/K;) > 2+, we then have
P(Zr > Kylog(n)|Fr_1) <n 27" (4.8.17)
So with probability at least 1 —n =27, for a fixed i € [n], St < K3log(n) with K3 = (d —2)K.

Taking a union bound over i € [n], part (1) in Lemma 4.8.4 holds. We continue to prove (4.8.14)
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and (4.8.15) in several steps.

Step 1: base case. For the first step, we prove (4.8.14) and (4.8.15) fort =T +1,t' =T,

which is

o+ o —
U+1€[1—871+£]( ZBU%+ ZBU;F) (4.8.18)

This involves a two-sided estimate of Uﬁ]. The idea is to show the expectation of U%H
conditioned on ¥7 is closed to OCTJFBUTi + % BU £ and U 741 is concentrated around its mean.

(i) Upper bound. Define the event 4r := {S7 < K3logn}. We have just shown for a
fixed i,

P(4r) >1—n"27". (4.8.19)
Recall |n* —n/2| < y/nlogn and conditioned on Az, for some constant C > 0,

T
Ul <Y S < 1+TKslogn < 1+1K3logn < CK3logn.
B =0

Conditioned on #7 and Ay, for sufficiently large n, there exists constants C; > 0 such that
+ U+ n
Ty >cl 2 ).
< d—1 ) =Na-1
From inequality (4.8.3), there exists constant C; > 0 such that

Ut Uy
a ! b ! aU++bU 1 U++bU
1—(1-—~ > —
(o) (k) = ()
>2

G (aU}r +bU;y a/\b )Klogn

=) )
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Then from (4.8.7), for some constant C3 > 0,

(d—1) nt—UZ a Ui b ur
st =) () (k)
e d—1 (d—l) (d—l)
z C2(aNb)Klogn
a,3,) it
d—1 (d—l)

We can choose K large enough such that C3Kh(g/(2d)) > 2 +7, then from (4.8.5) in Lemma

> (3K logn.

4.8.2, for any given € >0 and y € (0, 1),

— — € —
P(juf ~ BRI < 5B 90| %)

3 _
ﬁE[U;ill)lfTHfTaﬂT) P(Ar)

> [1 —exp (—E[U}ﬁ% TT,ﬂlT]fz(e/2d)>] (1=n 2> 1 —n 22> 1202,

>P (Jup " ~ Bl 97l <

From the symmetry of + labels, the concentration of U;(izl works in the same way. Similarly,

there exists a constant C; > 0 such that ]E[U}C)rl | Fr], 1 <r<d-2:

nt—UL\ (n~—UZ b\
E[Uy), Ifr]Z( . <T)(d_1_5f> 1— (1—m> > C1Klogn.

d—1

We can choose K large enough such that forall 0 <r <d —1,

r r € r —2—
P(|ufly B, | 7| < SEOELIF) | ) 2 12020

Next, we estimate Uy | = Zf:_lz Ur1,. Recall from (4.8.10), we have Ur 1 s X Z7 414

Zr41,5 ~ Bin ((’:) , % (dS—Ts>> .

where
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Conditioned on A7 we know Klogn < St < Kzlogn, and

E[ZT+1,S

n\ aVvb ST d— 1+s—d
2 = — < Cylog?™s +s
T, J71] (S> o) (d—s) < Cylog!*(n)n

for some constant C; > 0. Using the fact that 2 (x) > %xlog(x) for x large enough, from (4.8.4),

we have for any constant A > 0, 1 < s < d — 2, there exists a constant C3 > 0 such that for large n,

P(Ur+1,s > ASt|Fr,Ar) < P(Zr41,5 > ANSt|Fr, Ar)

AST ))
<exp ( ~E[Zri1, | Ar, Frlh
_exp( Zri1s5 | Ar, Fr] (]E[ZT+1,s’/qT7.{]:T]

1 AST )) 2 2
<exp| —=ASrlo < exp(—ACzlog“n) <n 7. 4.8.20

Therefore with (4.8.19) and (4.8.20),

]P)(UT+1’S < 7\,ST|?'T) > ]P)(UTJrLs < XST’TT,J’Z[T)P(JZ[T) > (1 _n—2—y)2 >1- 2n Y.

Taking A = (“4:15)8, we have Uz < (GZJE)QST with probability at least 1 — 2n=2~Y for any
ve (0,1).
Taking a union bound over 2 < r < d — 1, it implies

(o —P)e
4d

Uri < St (4.8.21)

with probability 1 —O(n=2~7) for any y € (0,1).
Note that n* = % + O(+/nlogn) and U;—LT =YT S = O(log?(n)). From (4.8.3),

. .

( aU; +bUT) aUj +bUy ( a )UT ( b )UT aUf +bUy

- 0 0 S e e Y = S— 7wy
2(,%1) (1) (¢"1) (¢"1) (1)
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It implies that

EUY) Fr, 2] = (

) (1012 2
1

_ (WH) (l(’i(ﬁ’”)) (aUf +bUy). (4.8.22)

Similarly, for 1 <r <d-—2.

1 1
E[U), | 97, Ar) = (W+0< Of/(ﬁn))) (bU; +aUy),

E[UV)| | %, 4r] = (% +0 (103(%1))) (d; 1) (bUS +bU7).

Therefore from the estimations above, with the definition of o, 8 from (4.1.3),

E[C:;; U\ |9, ) (4.8.23)
_ (1 40 (lo\g/(l_:’)» zdl_l ((d— 1)(aUf +bUT_)+U§:r(d; 1)b(U;f+UT_)>
:(HO(IO%I))) (“;BU;JF(X;BUT—). (4.8.24)

(r)

Since we have shown Zf;& Uy concentrated around its mean by % with probability at

least 1 — O(n~277), conditioned on 47, we obtain

SIS SR e <10 0 IR —
;)"UTH _E[;)rUT+1’TT] < ;)r‘UTJrI _E[UTJrl | TT]‘ < 2d _l’”E[UTH | Fr]
€ log(n) o+p . a—p _
<-— 8.
_4(1+0< \/ﬁ»( U+ S Rur ) @829)

with probability 1 — O(n_z_"{). Therefore from (4.8.24), conditioned on Ay, for large n, with
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probability 1 — O(n=27Y),

d

—1
€ € o+ o — _
o e [1- S 5] (4 Pur + 95007, 48.26)
=0

r

From (4.8.11), (4.8.21) and (4.8.26), conditioned on A7 and ¥7, with probability 1 —
O(n=277),

(o —B)eSy

d—1 d-1
Uty < YUy +(d=2)Uf o £ Y rUp 4+ (d—2) 4d

r=0 r=0

< (1+¢) <0°2 U?Jra;BUT—).

Since P(Ar) = 1 —n~277, and by symmetry of + labels, with probability 1 — O(n277),

o+ o —
Ur, i < (1+¢) (TBU;FJr T%%) : (4.8.27)

(ii) Lower bound. To show (4.8.14), (4.8.15) fort' = T +1,t = T, we cannot directly
bound UTjZr | from below by U}r_il,l < r <d —1 since from our definition of the connected
(d — 1)-subsets, they can overlap with each other, which leads to over-counting of the number
vertices with + labels. In the following we show the overlaps between different connected
(d — 1)-sets are small, which gives us the desired lower bound.

Let Wil,i be the set of vertices in V~; with spin &+ and appear in at least i distinct connected

(d —1)-subsets in V-, fori > 1. Let Wiy ; = W, 5| .UW,

., . +
1YWy ;- From our definition, Wy, | are the

vertices with spin + that appear in at least one connected (d — 1)-subsets, so W, Ll < Uj e

By counting the multiplicity of vertices with spin 4, we have the following relation

. (4.8.28)

d—1
)y ”U}r}rl = ‘WT++1,1’ +) ’WT++1,1‘| <Uf o+ ) Wri
r=1 i>2 i>2
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This implies a lower bound on Uj" |

U;rﬂ 2 Z«lrUTH gi’WTH il (4.8.29)
r= i

Next we control Wz, 2|. Let m = n—|V<r|. We enumerate all vertices in V-7 from 1
to m temporarily for the proof of the lower bound. Let X;,1 < i < m be the random variables
that X; = 1 1f i € Wr 7 and O otherwise, we then have |WT+172| =Y",X;. A simple calculation

yields

—|WT+172]:<Z ) Zx_z Y XX (4.8.30)

i=1 l<l<]<m

The product X;X; is 1 if i, j € Wy 2 and 0 otherwise.

We further consider 3 events, Ef] for s =0,1,2, where Eloj is the event that all (d — 1)-
subsets in V-7 containing i, j are not connected to Vr, El-lj is the event that there is only one
(d — 1)-subset in V=7 containing i, j connected to V7 and Elzj is the event that there are at least

two (d — 1)-subsets in V- containing i, j connected to Vr. Now we have

EX:X; | Fr,Ar) =P (i,j € Wry12 | Fr, Ar)

ar) P(E]; | Fr, Ar). (4.8.31)

r
1]’

We estimate the three terms in the sum separately. Conditioned on Eg, Fr, and 4r, the two

events that i € Wy 1 and j € Wy > are independent. And the probability that i € Wy is

n \*(avb ’ , _ Cilog?(n)
(") (r5) =5

bounded by
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for some constant C; > 0. So we have

P (i,j € Wri12 | Ey, Fr, Ar) P(E}) | Fr,Ar) <P (i,j € Wri12 | Ef, Fr, Ar)

Cl2 log*n

=P(ieWrii E,-Oj, Fr,Ar) P (j € Wri12 | E?j, Fr,Ar) < i (4.8.32)

For the term that involves E.., we know for some G, >0,

ij?

b

n aVb Crlogn
IP(E},~|%,2T)§( ) Sy < 258

d=3/(,")) n?

and conditioned on El-lj and Fr, Ar, the two events thati € Wr 1 7 and j € Wy > are independent

again, since we require i, j to be contained in at least 2 connected-subsets. We have

. n aVb _(Clogn
P(lGWT+1,2|Ei1j,7T,/‘ZlT)§< )ST < 2208

d—2 ()

Therefore we have

P(i,j € Wryi2

E,-IJ-,TT,/‘ZlT) P(El-lj | Fr, Ar)

=P (i € Wri12 | B}y, Fr, Ar) P (j € Wra1 2 | Ejj, Fr, Ar) P(E} | I7, Ar)
<C§log2n Glogn _ C§10g3n.

(4.8.33)

n? n? n*
Conditioned on E?, i, j have already been included in 2 connected (d — 1) subsets, so

lj’ )

P(i,j € Wryi2

EL Fr.4r) = 1.
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We then have for some C3 > 0,

P(i,j € Wryi2 | ES, Fr, Ar) P(E] | Fr, Ar)

2 2 2
n aVb Czlog“n
=P(E? ar) < 2l —=) <=—=" 4.8.34
( 1]|.‘FT7 T)_<d—3) T((dn1>> = I’l4 ( )
Combining (4.8.32)-(4.8.34), we have for some constant C’' > 0,
C'log*n
EX:X; | Fr,Ar] < nf . (4.8.35)
Taking conditional expectation in (4.8.30), we have
) C'log*n
E[Wrii2l® = Wryaol | Fr,4r] =2 ), EXX;| Fr, A7) < ——.
1<i<j<m n

By Markov’s inequality, there exists a constant C > 0 such that for any constant A > 0

and sufficiently large n,

P([Wry12] > ASt | F1,Ar) < P(\Wrpi2|([Wrei12| —1) > ASr(AST — 1) | Fr, Ar)

(4.8.36)
_E[Wriia|(Wri1ol = 1) | Fr.Ar] _ Clog’n
- XST(KST — 1) - AnZ )’
where in the last inequality we use the fact that S7 > Klogn. Taking A = (a;ﬁ, we have for all
large n and for any y € (0,1),
a—B)e log’n _i-
P(|WT+1,2| > ( 46) St | TTﬂT) :0( 52 ) <n 17 (4.8.37)

. l
For a fixed vertex j € V-1, the probability that j € Wy ; is at most (dﬁ 2)1 Si, ( avb ) ’

(")
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then we have for sufficiently large n,

b Cul i
s () (5 (52
d—1

for some C4 > 0. For the rest of the terms in (4.8.28), we have for some constant C > 0,

- nZ <C4logn) C10g3(n).

Z |WT—H l|

i>3

Jr, Ar 5
n

By Markov’s inequality,

a—B)e Clog*(n)
P <Z|WT+171'| > ( 46) St | TT,f‘lT> < 5—2() <n 17V,
i>3

B)E

Together with (4.8.37), we have conditioned on Az, ¥;~, W} +1 ol < <! St with probability

at least 1 —2n~!=Y for any y € (0, 1) and all large n. Note that

(u—B)e o+ p B
2 ST<2( 2 U++TU>

With (4.8.26), (4.8.29), and (4.8.19), we have

d—1

o+ —B, - o+ a—p

Uf 2 Y rUf) - 5( 3 U UT)Z(l_S)( y Uty U
r=1

with probability 1 —O(n~'~Y). By symmetry, the argument works for Ur,, therefore with

probability 1 —O(n~' =) for any y € (0,1), we have

U, > (1- )(%BU%H—OL;BUYT). (4.8.38)

From (4.8.27) and (4.8.38), we have with probability 1 — O(n~'~7) for any y € (0, 1),
(4.8.18) holds.
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Step 2: Induction. It remains to extend this estimate in Step 1 forall T <t <t < 1. We

now define the event

o+ o—
4, = {U,i cll—g 1,1+¢ ] (TBUﬁi1 + TBU,{l) } (4.8.39)
forT+1<t<I andrecall & = S(X_([_T)/z,ﬂlT = {St < Kzlogn}.

From the proof above, we have shown 47 | holds with probability 1 — O(n~'~Y). Condi-
tioned on Ay, Ay, 1,--- , 4, for some fix r with T +2 <t < [, the vector U; = (U;7,U;") satisfies
(4.8.14), (4.8.15) forany T <t <1t.

/ ‘ ) 1 Ock—f—Bk 0ck o Bk
Sett" =T + 1. From [141], for any integer k > 0, M" = 5 . (4.8.14)
O(k o Bk Ock 4 Bk

implies that

t—1 t—T—1 t—T—1 t—T—1 t—T—1
o +B o —B
US> ( I1 (l—ss)> ( > Ui + 7 UJTJrl)

s=T+1

> (1-0(e) % (1—¢) (25 Puz + 22 Pur)

2 2 2
1—¢)(o—

> (1— 0(8))0(’4%;6)57 > Cra' " Tlog(n), (4.8.40)
for some constant C; > 0. For any ¢ with T < ¢, conditioned on 4z, 4y, -, 4, since B < a,

t—1 t—T =T =T =T

+ o " +P L, TP
U* < (H(Hes)) (fUT -l-#U?)
(XI—T +B[—T

<(14+0(e))——=———Sr < (1+0(e)a' TKslog(n) < Cyo' Tlogn  (4.8.41)

2

for some C, > 0. Combining lower and upper bounds on U,i, we obtain

S, =U"+U~ =0 Tlogn). (4.8.42)
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We now show by induction that ;| holds with high probability conditioned on {4;,T < j <t}.

(i) Upper bound. Note that o = o(n'/*), for some constant C > 0

+

t
Uz < ZS,- < coTlog?n < Callogn = o(n'*1ogn).
i=1

IA

Recall |n* — 5| < v/nlogn. From (4.8.7)-(4.8.9), similar to the case for = 7', we have

(d—1) nt-UZ a v b v
E(U,; I ﬂlﬂ:( - ) 1_(1_ ! ) (1_ . )
o e d—1 (d—l) (d—l)
1 logn _
:(F+0(%))(auﬁ+bv, ),

and

0 1 logn B
EUD |y 45, ] = (51 +O(W))(bU,+ +aU;),

r 1 logn. . [(d—1 B
E[Ut(Jr)l‘ ﬂ[j:T /‘le,fz] = (F+O(%))( . )(bUt++bU, ),

for 1 <r <d—2. Hence there exists a constant Cy > 0 such that forall 0 <r <d — 1,
E[U ) 0_r Aj, ] > Cos.
From (4.8.5) in Lemma 4.8.2, for any 0 <r < d — 1, to show

€
U —EU |, R < gE[Uz@l | Njer A, Fi]

P

mtjo/qja .{Ft> >1- n—Z—Y,

(4.8.43)
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it suffices to have
~ (&
CoSih (ﬁ) > (2+7)logn. (4.8.44)

From (4.8.5), by a second-order expansion of / around 0, fz(x) > x2 /3 when x > 0 is

small. For y € (0, 1), the left hand side in (4.8.44) is lower bounded by
- (€
C1Ko! " Tlog(n)h (ﬁ) >Crof T Klog(n)e? = oK logn > (2+7)logn,

by taking K large enough. Therefore (4.8.43) holds.

We also have

. n\ aVvb S,
Ut+17s = Zt—l—Ls» ZH—l,s ~ Bin (( )7 n (d ! )) ’
s)7 (") \d—s

(d—s)(t— d—s
and Z; 11 ; has mean (") (Z\,{ll’) (J)=0 (a )(;di)ll?;g (”)> . For 1 <s <d -2, using the fact

that h(x) > gxlog(x) for x large enough, similar to (4.8.20), there are constants Cy,C>,C3,Cs > 0

such that for any A > 0,

P(Urs1,s > AS; | Viep A, Fo) S P(Zigr,s > AS; | Oi_r Ay, F)
Cohal~Tlog(n) ))

CSOC(dfs) (t—T) logd*S (n)n1+s—d

<exp (—Clkoc’_T log(n)log (

Taking A = (a;d%)e’ — (0P )ZO;;O_T)/Z, we have
a—Pp)E
P <Ut+1,s > (Tﬁ)t& | ﬂtj:T/{le, ﬁ)

<exp (—Cia(lfT)/Z log(n) . log(Cé(x(S*dJr%)(t*T) 10g1+sfd (I’l)ndilis)> .
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Since for some constants Cy,C5,Cq > 0,

log(céa(sfa%%)(ZfT) 10g1+s7d (n)ndflfS)

>Cy — Cs(t — T)log(a) +log(log =% (n)) 4 (d — 1 — s) logn > Cs logn,

we have forall 1 <s<d -2,

(o —P)e

P(Ul-i-l,s Z 4d2

S| i A, F) < exp (—CiCslog’n) <n 7Y (4.8.45)
for any y € (0,1). Recall for sufficiently large n,
g =eo 7T/2 > e l/2 5 7 1/8,
Therefore k’% = 0(g&;). From (4.8.45), conditioned on 4r,...,A; and %,
+B B

z+1<Zr +1+d 2)U+1<(1+81>( 5 U++TU)

with probability at least 1 — O(n~2~Y). A similar bound works for U |, which implies conditioned

1+1°
on Ar,...,A,
+ +B . B 4
U7, < (1+¢) ( > U; —|—TU (4.8.46)
with probability 1 —O(n=2~7) for any y € (0,1).
(ii) Lower bound. We need to show that conditioned on Ay, ..., 4;,

U, >(1- ,)( ;LBUiJrTBUi)

with probability 1 — O(n~'~Y) for some y € (0,1). This part of the proof is very similar to the
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case for t = T. Same as (4.8.29), we have the following lower bound on U;;l:

d—1
Util > Z rUt(i)l - Z |VVI+1>I' :
r=1 i>2

Next we control W, 2|. Let m = n— |V<,| and we enumerate all vertices in V-, from 1
to m. Let Xj,...X,, be the random variable that X; = 1 if i € W;; » and O otherwise. Same as

(4.8.30),

|Wt+1,2|2— (Wig12

=2 Y XX (4.8.47)

1<i<j<m

Let Eisj for s =0, 1,2, be the similar events as in (4.8.31) before, now we have

EXiX; | (V,_p Aj, ] =P (i,j € W12 | Ni—r A, F)
2

=Y P(i.j € Wer12 | E[;,0ir A, F) P(E; | 0i_p Aj, ).
r=0

The three terms in the sum can be estimated separately in the same way as before. By using the
upper bound Co/ T logn < S; < Coo! T logn for some C,Cy > 0, and use the same argument for

the case when t = T, we have the following three inequalities for some constants Cy,C>,C3 > 0:

C2a* =T log* n
]
G303 log’n
]
G302 1og?n

3 .

P(i,j € Wip12 | Efj, F) P(E) | Nig A, Fr) <

)

P(i,j € W12 | El, F) P(ES | Oip Aj, F) <

Y

P(i,j € W12 | Ef F) P(ES | (i Ay, F) <

n

is impli X1 4, C'at"Dlog'n / : ” :
This implies E[X;X; | ";_p-A;, Fi] < = for some C’ > 0. Taking conditional expectation
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in (4.8.47), we have

Cla4(lfT) 10g4 n
3 .

E[[Wit12> -

] <

7 n

Then by Markov inequality and (4.8.42), similar to (4.8.36), there exists a constant C > 0 such

that for any A = Q (o= (=7)),

Ca2=T)1og’n

P (|Witi2] > AS; | Mi_p A, F) <

A2n?
Take A = B) . Since clog(a) < 1/4, we have o < n'/*, and
o— Co2t=T) 1pg?
P (’VV[+172’ > ( B) S[ ‘ ﬂ T“q]?j:t) < g og n < n*lfy

forany ye (0,1/2).

For each |W; 1 ;| for i > 3, we have for sufficiently large n, there exists a constant C4 > 0

a\/b CsoTlogn’

For the rest of the terms, we have for some constant Cg > 0,

E |} Wil | Mer A, %

i>3

< ni <C4oct_Tlogn)l < Cho3t=T) 10g3(n)'

2
i=3 n n

By Markov’s inequality,

n2

o—Be Cs0250-T)10g2(n i
P(Z‘WJZ%&’ﬂﬁzTﬂjaft)S 8 g()ﬁn =
i>3
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for any v € (0,3/8). Together with the estimate on W, | », we have

—Be otf , o—P
< S <— —U, U~

with probability 1 —2n~ 1= for any y € (0,3/8).
With (4.8.29) and (4.8.26), U, > (1—¢,) (%‘Uﬁ + “T‘BU;) with probability 1 —

t+1
O(n~'~Y). By symmetry, the argument works for U, +1- Therefore conditioned on Ar, ..., 4,
with probability 1 — O(n~'=Y) for any y € (0,3/8),
+B p
US> (1—¢) < 5 UF + TU]F> (4.8.48)

This finishes the proof the lower bound part of Step 2. Recall (4.8.39). With (4.8.48) and (4.8.46),
we have shown that conditioned on 47, ..., 4;, with probability 1 — O(n~'~7), 4,1 holds. This

finishes the induction step. Finally, for fixed i € [n] and y € (0,3/8),

I I
P(ﬂﬂ,) =P(ar) [] P(&|A-1,...,Ar)
=T

t=T+1

>(1—-Cn > ) (1=Cn " > 1—-Cglog(n)n 177,

for some constant Cg > 0. Taking a union bound over i € [n], we have shown 4; holds for all
T <t <l and all i € [n] with probability 1 —O(rn™") for any y € (0,3/8). This completes the
proof of Theorem 4.8.4. [l

With Theorem 4.8.4, the rest of the proof of Theorem 4.4.2 follows similarly from the

proof of Theorem 2.3 in [141]. We include it for completeness.

Proof of Theorem 4.4.2. Assume all the estimates in statement of Theorem 4.8.4 hold. For ¢t </,
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ift < T, from the definition of T, we have S;,|D;| = O(logn). Fort > T, from [141], M satisfies

1 (Xk+Bk (Xk—Bk

Mk
2 ok — Bk ok 4 B

Using (4.8.14) and (4.8.15), we have fort >t > T,

1—1 1—1
S < (H(Hes)) (1L, )M " Ty < (H(Hes)) ol 'Sy, (4.8.49)

s=t’ s=t'
t—1 L t—1 )

S>(JJ—e) ) (LM Tp > [ JT(1—) | &Sy, (4.8.50)
s=t’ s=t'

Setting ' = T in (4.8.49), we obtain
=1
S <] +g) | =TSy = 0(a' " Tlogn) = O(c logn).

Therefore (4.4.1) holds. Let r = [ in (4.8.49) and (4.8.50), we have forall T <¢' < I,

-1 [—1
(H(l —es)> al sy <S8 < <H(1 +ss)> ol S,
s=t’ s=t’
And it implies

-1 , -1

[T &) ) Sy <o 'sp < [ [](1+¢) | S (4.8.51)

s=t’ s=t'

Note that

max {ﬁ(l +e&)—1,1— ﬁ(l —es)} = 0(gy) = 0(a"7?).

s=t' s=t'

Together with (4.8.51), we have forall T <¢' <[,

1S, — ol LSy < 0(o"/?)S, = O(a *logn). (4.8.52)
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On the other hand, for ¢t < T, we know S; = O(logn). Let # = T in (4.8.52), we have
ST — ol 7!s)| = 0(a!?logn). (4.8.53)
Sofor1 <¢<T,

1S, — o' ~'S)| = O(logn) + of ~T (S7 + O(log(n)a” /?))

= O(logn) + O(o¢ "7 1ogn) = O(0!/*logn). (4.8.54)

The last inequality comes from the inequality t — 7' /2 < /2. Combining (4.8.52) and (4.8.54),
we have proved (4.4.3) holds forall 1 <t <.
Using (4.8.14) and (4.8.15), we have

Diy1 = UtJ-rH U < BU —U)+og (U +U") = BD, + aeS;.
Similarly, BD; — ag,S; < D,11 < BD; + 0&,S;. By iterating, we have for [ >t >t > T,
/ t—1
D =B "Dy < Y a8, (4.8.55)

s=t'

Recall S; = O(log(n)o*~T), |Dr| = O(logn), and &, = 0.~ ~T)/2_ Taking ¢ = T in (4.8.55), for

t>T,

|D,| = O (log(n)B') + O (tzl of ! log(n)(x(ST)/2> :

s=T

184



Since 1 < o < [32, it follows that

t—1 —1 o s/2
Z OCBZil*SlOg(I’l)OC(SiT)/z :BtflalfT/Zlog(n) Z (_)
s=T

2
s=T B

=B"'a' T2 1og(n)O(a" BT = O(log(n)B').

So we have |D;| = O(lognf'). The right side of (4.8.55) is of order

—1

ZaBtflfs(x(sz)/Zlog( ) (10g( )Bt I t/2)

s=t'

Thus setting 7 = [ in (4.8.55), for [ >t > T, we obtain D, — B'*' D, = O(log(n)p' " a'/?).
Therefore Dy = B ~'D; 4+ O(log(n)o¢'/2) holds for all T <t < [. For ¢’ < T, we have Dy =

O(logn) and

Dy —B"'Di| < Ologn) + BT (IDr|+ O(log(n)a’ /%))

= O(logn) + O(B" Tl 1ogn) = O(of *logn),

where the last estimate is because B’/_T < a”=7)/2 under the condition that ¢’ < T. Altogether

we have shown (4.4.4) holds for all 1 <¢' < [. This completes the proof of Theorem 4.4.2. [

4.9 Proof of Theorem 4.4.6

We first state the following lemma before proving Theorem 4.4.6. The proof is included

in Appendix 4.12.

Lemma 4.9.1. Forallme {1,...,1} withl = clogn, clogo. < 1/4, it holds asymptotically almost
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surely that

sup 11TB" Vx|, = 0(v/na™ /2 10gn), (4.9.1)
[x]la=1xTBO1=xT B')6=0
sup o "B Vx|, = O(v/na =2 1ogn). (4.9.2)

lxll2=1,xTBW1=xT B)6=0

Proof of Theorem 4.4.6. Using matrix expansion identity (4.3.2) and the estimates in Theorem
4.3.1, for any /,-normalized vector x with x'BU1 =x"BUs =0, we have for sufficiently large

n, asymptotically almost surely

2

l
<p(a")+ Y p(A)AB Vxla+ Y. p(r)

m=1 m=1

l
<2nfol?+ Y nfall T2 Ay, (4.9.3)

where A = E, [A | 6]. We have the following expression for entries of A. If i # j and 6; = 6, =

+1,

2|

o= gyon) gy (69 (65)) =

Ifi#jando;=0;=—1,

e plass) g (62) - (65) =

_ b <n 2) -
Ajj= 7~ = b,.
() \d-2

We then have @,a, ,b, = O(1/n). Conditioned on the event {|n* —n/2| < log(n)\/n}, we

IfGi#Gj,
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obtain
o a=b (/n =2\ (n"=2\\ __ (logn
ooy ((05) - (35) o (%)

Let R be a n x n matrix such that

1 6;=06;=—landi# j,
Rij:

0 otherwise.

We then have [|R||> < /Y;; Rlzj < n. The following decomposition of A holds:

_ 1 b
A=af {5(1 1" +o6") —1] + ?"(1 1" —o6")+(a, —a)R (4.9.4)
it +b it —b
_ “"; 1T+ 0T+ (@, —af )R- ). 4.9.5)

Since

1(d@, —ay )R—a,I|l2 <l|a, —a,|-[IR||l2+ &, | = O(logn/v/n),
by (4.9.5), we have
_ 1 1 1
5" V=0 (1) 11175 Vala 40 () ) oo B Vala-+0 (5 ) ]
n n Vn
By Cauchy inequality,
11-17B" Dxlly < Vul[1TB™ Vxlla, oo "B Vx|a < valla "B Va.

Therefore,

IAB"Vxlly =0(n~"2)(|6 "B Vx|l + | 17B"Vxl|2) + O(logn/ /) |B"~Vx]l2.
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Using (4.9.1) and (4.9.2), the right hand side in the expression above is upper bounded by
0(a" D2 10gn) + O(||B" Vx|, - logn/v/n). (4.9.6)

Since BV is a nonnegative matrix, the spectral norm is bounded by the maximum row

sum (see Theorem 8.1.22 in [115]), we have that

n
HB(m—I)XHZ < p(B(m—l)) < max ZBZ(;”—I)_
i
By (4.4.1), (4.4.5) and (4.4.7), the right hand side above is O(o/"~!logn). Combing (4.9.6) and

noting that o' /y/n = o(n='/4), it implies
IAB" Vx|, = 0(a" /2 10gn) + O(a" ' log?n//n) = O™/ 2 1ogn). 4.9.7)

Taking (4.9.7) into (4.9.3), we have for any € > 0, with high probability, ||[B"x||» =

O(nfa!/?10g? n) < n?€al!/? for n sufficiently large. This completes the proof. O
g y larg p p

4.10 Proof of Theorem 4.5.2

The proof in this section is a generalization of the method in [146] for sparse random
graphs. We now prove the case where 6; = +1, and the case for 6; = —1 can be treated in the
same way. Recall the definition of V; from Definition 4.4.1. Let A; be the event that no vertex in
V; is connected by two distinct hyperedges to V;_;. Let B; be the event that there does not exist
two vertices in V; that are contained in a hyperedge e C (‘;’)

We can construct the multi-type Poisson hypertree (7, p, 1) in the following way. For a

vertex ve T, Let Yv(r) ,0 <r <d—1 be the number of hyperedges incident to v which among the
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remaining d — 1 vertices, r of them have the same spin with t(v). We have

()b

2d71

Yv(dfl)NPois( af >, Yv(r)NPois< >7O§l’§d—2-

Note that (T, p,T) can be entirely reconstructed from the label of the root and the sequence {Yv(r)}
forveV(T),0<r<d-1.

We define similar random variables for (H,i,G). For a vertex v € V,, let Xv(r) be the number
of hyperedges incident to v, where all the remaining d — 1 vertices are in V;; 1 such that r of them

have spin 6(v). Then we have

Xv(d—l) ~ Bin ((Wgt(v)‘) a )
d—1)"(,"))
o(v) —o(v)
Xv(r)NBin Vi | Vor | ,L , 0<r<d-2
r d—1-r)" ("))

and conditioned on ¥, (recall the definition of % from (4.8.6)) they are independent. Recall

Definition 4.5.1. We have the following lemma on the spin-preserving isomorphism. The proof

of Lemma 4.10.1 is given in Appendix 4.12.

Lemma 4.10.1. Let (H,i,G),,(T,p,t); be the rooted hypergraph truncated at distance t from i,p,

respectively. If
1. there is a spin-preserving isomorphism ¢ such that (H,i,6),—1 = (T,p,T)i—1,
2. foreveryveV,_y, Xv(r) = Yq)((rz) for0<r<d-—1,
3. A, B, hold,

then (H,i,o), = (T,p,T);.

To make our notation simpler, for the rest of this section, we will identify v with ¢(v).

Recall the event Q; (i) = {S;(i) < Clog(n)a’} where the constant C is the same one as in Theorem
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4.4.2. Now define a new event

Cr =) (). (4.10.1)

s<t
From the proof of Theorem 4.4.2, for all 1 < [, Py (C;) = 1 — O(n~'~7) for any v € (0,3/8).

Note that conditioned on C;, there exists C’ > 0 such that

V| <Y Clog(n)a < C'log?(n)ol'. (4.10.2)

s<t

We now estimate the probability of event A;, B; conditioned on C;. The proof is included

in Appendix 4.12.

Lemma 4.10.2. Foranyt > 1,
P(A/|C) = l_o(n_l/z)a P(B/|C;) > l—O(n_l/z).

Before proving Theorem 4.5.2, we also need the following bound on the total variation

distance between binomial and Poisson random variables, see for example Lemma 4.6 in [146].

Lemma 4.10.3. Let m,n be integers and c be a positive constant. The following holds:

1V|m—
HBin <m, E) —Pois(c)H =0 (M) .
n TV n

Proof of Theorem 4.5.2. Fix t and suppose that C; holds, and (7,p); = (H,i);. Then for each

v € V;, recall

o(v) o(v) —ao(v)
XéanBm«wN |>, a ) Xv(r)NBm«rvN |)(|v>t |)7 b )
d—1)"(,") r d—1-r)"(,"))
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and

()

,
2d71

Yv(dfl) ~ Pois< a ) , Yv(r) ~ Pois (

ST ) 0<r<d-2.

Recall |n* —n/2| < \/nlogn. We have the following bound for V:

V| 2 0¥ = V| = 5 = Vnlog(n) — O(log (n)a) = 5 —2v/mlog(n),
I’L
Vil <n® < 5+ Vnlog(n).
Therefore |V, — 5| <24/nlogn. Then from Lemma 4.10.3,
(\Vi’t(”)\) — (M)
d—1 2d=1\d—1
XY =y < c = 0(n™'logn),

7 (")

11X — ¥ty = O(n*logn), 0<r<d-—2.

We can couple Xv(r) with Yv(r),O <r<d—1suchthatP (Xv(r) £ Yv(r)) = O(n~'/?1ogn). Taking
a union bound over all v € V;, and 0 < r < d — 1 and recall (4.10.2), we can find a coupling such

that with probability at least

1—0(log*(n)aln=12) > 1 —o(n™ /%),

x" =y for everyv € V;and 0 <r <d—1. Lemma4.10.2 implies A;, B;, C; hold simultaneously

with probability at least 1 —o(n~'/4). Altogether we have that assumptions (2),(3) in Lemma

4.10.1 hold with probability 1 —o(n~'/4), which can be written as

P ((H7i76)l+1 = (T7p71)l+lacl+l (H,i,G)[ = (T7p71)lact) 2 l—o(n_1/4).
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Since we can certainly couple i with p from our construction, P((H,i,6)o = (T,p,1)0,Co) = 1.
Therefore for large n,
P((H,i,0); = (T,p,T))
!
HIED ( H7l70 = (T,p,’C),,C, (Hvivc)tfl = (T,p,’C),,l,Ct,1>
=1
'P((H7iﬂ6)0 = (T,p,T)O,C())

>(1—o(n V4 >1-n7155.

This completes the proof. [

4.11 Proof of Theorem 4.6.1

The proof of the following Lemma 4.11.1 follows in a similar way as Lemma 4.4 in [141],

and we include it in Appendix 4.12.

Lemma 4.11.1. For [l = clog(n),clog(a) < 1/4, the following hold asymptotically almost surely

1891yl = o([[B1]). @11.1)
1BY6 — Dyl = o(||BY5]2), (4.11.2)
(811,B06) =0 (HBU>1H2 : HB(l)cH2> . (4.11.3)

The next lemma estimate ||B{)x||» when x = B) and B)1. The proof of Lemma 4.11.2

is provided in Appendix 4.12.

Lemma 4.11.2. Assume B> > o > 1 and | = clog(n) with clog(®) < 1/8. Then for some fixed
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Y > 0 asymptotically almost surely one has

Q(a)|BY1|, < ||BYBD1|, < O(o Togn)||BV1 2, (4.11.4)

QBY||BYs|, < |BYBYs|, < 0(nYa!)||BV o], (4.11.5)

Together with Lemma 4.11.1 and Lemma 4.11.2, we are ready to prove Theorem 4.6.1.

Proof of Theorem 4.6.1. From Theorem 4.4.6 and Lemma 4.11.2, the top two eigenvalues of B
will be asymptotically in the span of B()1 and B"). By the lower bound in (4.11.4) and the
upper bound in (4.11.5), the largest eigenvalue of B will be ®(o) up to a logarithmic factor,
and the first eigenvector is asymptotically aligned with BU1.

From (4.11.1), B(1 is also asymptotically aligned with S 1, therefore our statement for the
first eigenvalue and eigenvector holds. Since BW1 and BV are asymptotically orthogonal from
(4.11.3), together with (4.11.5), the second eigenvalue of B\ is Q(B') and the second eigenvector
is asymptotically aligned with BWs. From (4.11.2), B¥a is asymptotically aligned with D;. So
the statement for the second eigenvalue and eigenvector holds. The order of other eigenvalues

follows from Theorem 4.4.6 and the Courant minimax principle (see [115]). [

4.12 Proof of auxiliary lemmas

Proof of Lemma 4.4.3

Proof. The two sequences (U7 (i))k<s, (U (j))i<: are independent conditioned on the event

{V<i(i) NV<(j) = 0}. Tt remains to estimate P, ({V<;(i) NV<;(j) = 0}). Introduce the events

Je= ({8 (D) VSi(j) < Clog(n)a'}, Ly :={Vr(i) [ |V<r(j) = 0},

t<k
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where the constant C is the same one as in the statement of Theorem 4.4.2. For any vertex
v € [n]\ (V<x (i) UV<(j)), Conditioned on L; and J, there are two possible situations where v is

included in Vi1 (i) N"Vir1 (J):

(1) There is a hyperedge containing v and a vertex in Vi (i), and a different hyperedge containing

v and a vertex in Vi(j).
(2) There is a hyperedge containing v, one vertex in Vi (i), and another vertex in Vi(j).

There exists a constant C; > 0 such that Case (1) happens with probability at most

2 2
Sk(l)Sk(J) (d i 2) <Zl+b)) <C logz(n)azk/nza

d—1

and Case (2) happens with probability at most

Vb
se(se) (") £ = Cilog e
d-3 (dfl)
Since 2! = p2cloga — o(nl/ 2), we have for large n,
Pop (v € Vi1 (0) "WV 1(J) | Ik, Li) < 2C log®(n)a™ /n* <n™'?.
Taking a union bound over all possible v, we have for some constant C3 > 0,

Py (Vir1 () NVier1 () = 0 | G, L) > 1 —Can~ /2,

From the proof of Theorem 4.4.2, for all 0 <k <[, Py (%) =1— O(n='7Y) for any
v € (0,3/8). We then have

Py (Vig1 () MVies1 () = 0 | L) ZP g (Vs () Vi1 () = 0 | T i) Py () = 1= 0(n™'12).
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Finally, for large n,

Py ({V<i () NV () = 0}) =Py (L) > Py (Vi) NVI(J) =0 | Li—1)Pyy (Li-1)
-1
>Pyy (L0) [ TPy, (Vis1() Vi1 () = 0 | Li)
k=0

>(1—0(n ) >1-n"1/3,
This completes the proof. 0

Proof of Lemma 4.4.4

Proof. Consider the exploration process of the neighborhood of a fixed vertex i. Conditioned on

Fi—1, there are two ways to create new cycles in Vs (i):

1. Type 1: a new hyperedge e C V>;_1(i) containing two vertices in Vj_; (i) may appear,

which creates a cycle including two vertices in Vi_;(i).

2. Type 2: two vertices in V;_; (i) may be connected to the same vertex in V> (i) by two new

distinct hyperedges.

Define the event
Q1 (i) == {S-1 (i) < Clog(n)o* '}, (4.12.1)

where the constant C is the same one as in Theorem 4.4.2. From the proof of Theorem 4.4.2,

Py (Q4(i)) = 1—0(n~'77) for some y € (0,3/8). Let E,El)(i) be the number of hyperedges of

type 1. Conditioned on %_1, E,El)(i) is stochastically dominated by Bin ((S"‘Z‘ (i)) (,"5) %) .
d—1

Then for some constant C; > 0,

Ey, [EM (i) | Qi1 ()] < Crlog?(n)o® 2 /n < Cylog?(n)o? /n.
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By Markov’s inequality,

Py, ((EL () = 1) <Py ({EM () > 1) | Qi1 () + Py (254 (1))

<Ey (B () | Q1 ()] + O~ =Y) = O(log? (n)o /).

Taking the union bound, the probability that there is a type 1 hyperedge in the /-neighborhood of

[ )
Py, (U{Eé”m > 1}) <Y Py ({EM () > 13) = 0(log* (n)o /n).
k=1 k=1

The number of hyperedge pair (e;,e;) of Type 2 is stochastically dominated by

2 (avb
. n a
Bin nS,%_l(d_2> ,<m> 3
d-1

which conditioned on Q;_ (i) has expectation O(log?(n)a /n). By a Markov’s inequality and
a union bound, in the same way as the proof for Type 1, we have the probability there is a type
2 hyperedge pair in the I-neighborhood of i is O(log?(n)a?! /n). Altogether the probability that
there are at least one cycles within the /—neighborhood of i is O(log*(n)a? /n).

Let Z; be the random variable such that Z; = 1 if /-neighborhood of i contains one cycle
and Z; = 0 otherwise. From the analysis above, we have E[Z;] = O(log>(n)a? /n). By Markov’s

inequality,

~ log*(n)o T o log*(n) = Ollog™" ().

Py (Z 7> o 10g4(n)> - _LiE[Z] O(log?(n) o)

i€[n]

Then asymptotically almost surely the number of vertices whose /-neighborhood contains one
cycle at most log* (n)o?. It remains to show H is I-tangle free asymptotically almost surely. For

a fixed vertex i € [n], there are several possible cases where there can be two cycles in V<;(i).
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(1) There is one hyperedge of Type 1 or a hyperedge pair of Type 2 which creates more

than one cycles. We discuss in the following cases conditioned on the event ﬂﬁzlﬁt(z’).

(a) The number of hyperedge of the first type which connects to more than two vertices in
Vi—1 1s stochastically dominated by Bin ((S"3 1) ( g 3) , M) . The expectation is at most

(")
0o log?(n) /n?).

(b) If the intersection of the hyperedge pair of Type 2 contains 2 vertices in V>, it will create

two cycles. The number of such hyperedge pairs is stochastically dominated by

Bin <§) St-1 <d : 3)2’ (ZIL—S) |

with mean O(log?(n)o? /n?).

Then by Markov’s inequality and a union bound, asymptotically almost surely, there is no
V<;(i) such that its neighborhood contains Type 1 hyperedges or Type 2 hyperedge pairs which
create more than one cycles.

(2) The remaining case is that there is a V<;(i) where two cycles are created by two Type
1 hyperedges or two Type 2 hyperedge pairs or one Type 1 hyperedge and another hyperedge
pairs. By the same argument, under the event ﬂgzl Q, (i), the probability that such event happens
is O(log®(n)a* /n?). Since o* = o(n), by taking a union bound over i € [n], we have H is

[-tangle-free asymptotically almost surely. [

Proof of Lemma 4.4.5

Proof. Let i ¢ B whose [-neighborhood contains no cycles. For any k € [n] and any m < [, there

is a unique self-avoiding walk of length m from i to k if and only if d(i,k) = m, so we have
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Bgl'(") = 14(; k)=m- For such i we have

Then (4.4.5), (4.4.6) follows from Theorem 4.4.2. By Lemma 4.4.4, asymptotically almost
surely all vertices in B have only one cycle in /-neighborhood. For any m < [,i € B, since
( ) i = Lkeln] k , ) and only vertices at distance at most m from i can be reached by a self-
avoiding walk of length m from i, which will be counted in (B")1);. Moreover, for any k € [n]
with B 7é 0, since the /-neighborhood of i contains at most one cycle, there are at most 2

self-avoiding walks of length m between i and k. Altogether we know

Z ng <ZZSt O(o"logn)
ke(n]

asymptotically almost surely. Then (4.4.7) follows. [

Proof of Lemma 4.5.3

Proof. Recall the definitions of o, B from (4.1.3). From (4.5.1)-(4.5.3),

EW,1,16)
—Zrﬂ": w16 = (2(/1) (W;+Wﬁ)>+(d—1)<ww,++wm—>
r=1
OH—B B B OCt—H BH—I
_TW’++TWI = M+ A
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(XZ-H

Similarly, E[W, |G| = %5—M; — B—A, Therefore

EMi1 | Gl=o""'EW, Wi +Wo | Gl =M,

EAq1 | Gl =B 'EW,T Wii—-WilGl=A
It follows that {M; },{A;} are martingales with respect to G;. From (4.5.1)-(4.5.4),

d—
Var(M;| Gi—1) = Var(o™"(W," +W,)|G,—1) = o ¥ Var ((d ~1) zl m<’>|gt_1>
r=0

o
=(d—1)’a " H(Wil +Wo) = (d—1)a M.

Sine EM( = 1, by conditional variance formula,

Var(M;) = Var(E[M;|G;—1]) + EVar(M;| G;—1) = Var(M;_) + (d — 1)o.™"

Since Var(M) = 0, we have for t > 0, Var(M;) = (d — 1) =% {M,} is uniformly integrable

for ow > 1. Similarly,

Var(A| G,-1) = Var(B~' (W, = W,)|G1) =B~ 2 —d+1Var(W" |G, )
4 d=Da+ Q41 +1-d)b
= (/B My (d = ot Y gdl P /8
where K := (d;zég;bl)jlz)?b. And we also have the following recursion:

Var(A;) = Var(E[A;|G;1]) +EVar(A;|G;_1) = Var(A,_1) +xp > od'.
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Since Var(Ap) = 0, we have forz > 0,

1= (B
Var(A) = k- B 1 (4.12.2)

So {A;} is uniformly integrable if B> > o. From the martingale convergence theorem, EA., =

Ap =1, Var(As) = W, and (4.5.5) holds. This finishes the proof. N
Proof of Lemma 4.5.4

Proof. From Theorem 4.5.2, For each i € [n], there exists a coupling such that with probability
1 — O(n™¢) for some positive &, /o (i)D;(i) = A; and we denote this event by C. When the
coupling fails, by Theorem 4.4.2, B~'o(i)D; (i) = O(log(n)) with probability 1 —O(n~") for some

Y > 0. Recall the event
Qi 1(i) : = {Sk1(§) < Clog(n)a '} (4.12.3)
We define Q := (L (i), Q(i) := Nk<; Qi (i). We have
E (% ; B2D2(i) | Q) = O(log?(n))n 4+ E(A?1, | Q). (4.12.4)

Moreover,

E(A?1¢ — E(A} 1) - FQE(A)

E(A21]0) — E(A) =\

P(Q)
[E(A] -A%)] | 1-P(Q) [E(A717) —E(A/1g)]
@ e A e E—

(4.12.5)

Since we know P(QN C) — 1 and (4.5.5), the first two terms in (4.12.5) converges to 0.
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The third term also converges to 0 by dominated convergence theorem. So we have
1 n
E(-Y B2 Di()| Q)| —E(A2).
|
We then estimate the second moment. Note that

2
E (l R 9) = (Z BD}(0)| 9) + 5 LB EDPDI) | ),

n i<j

(4.12.6)

and from Theorem 4.4.2, the first term is O(log*(n)/n) = o(1). Next, we show the second term

satisfies
% Y BYE(D()?D1(j) | Q) = n% Z}B“”ﬁl@(lgDz(f)ZD%(j)) =o(l).  (4127)
i<j 1<J

Since P(Q) = 1 — O(n™Y), it suffices to show

% Y BE(1aDy(i)*D}(j)) = o(1).

i<j
Consider B_41E(19(i)ﬂ9(j)D12(i)Dlz(j)). From Lemma 4.4.3, when i # j, D;(i),Dy(j) are
asymptotically independent. On the event that the coupling with independent copies fails (recall
the failure probability is O(n~")), we bound D?(i)D?(j) by O(B*log*(n)). When the coupling

succeeds,

B YE(louna(Di()*Di (7)) = B~ YE(1quDi(i))E(g ;) Di(j)?).
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Then from (4.5.6),

% Y B E(1qune)Pi()* D7 ()

=iz

=0 (nz Y B YE(1a()Di(i))E(1q(Di(j)*) + O(n 2Y10g4n)>

i<j

=0 ((E(A2))?) = O(1). (4.12.8)

Therefore from (4.12.6), (4.12.7), and (4.12.8),

2
( ZB 2p2 (i) ) =0(1).
With (4.12.4), by Chebyshev’s inequality, conditioned on £, in probability we have

lim — ZB 2D2(i) = E(A2).

n—yeo 1

Since P(Q) — 1, (4.5.6) follows.
We now establish (4.5.7). Without loss of generality, we discuss the case of + sign. Since
T is a continuous point of the distribution of A, for any fixed & > 0, we can find two bounded

K-Lipschitz function f, g for some constant K > 0 such that
() < (Lize) <g(x),x R, 0<E(g(Ax) — f(As)) < 8.

Consider the empirical sum %Ziey\ﬁ S (xl(") nE(A2), we have

Ly s Jumaz)y L ¥ f(B‘lDz(i))‘

Mieact Mieact

K n n K n — .
<= X1 =)y nEAZ 2 Y "/ nEAZ — B D))

" ieart €N
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The first term converges to 0 by the assumption that ||x — y|[» — 0 in probability. The second
term converges to 0 in probability from (4.5.6). Moreover, %):ig\ﬁ f(B~!Dy(i)) converges in

probability to SEf(Ax). So we have

1 [ Eazy—
r}l—{rolon Z flx; nEAM)—ZEf(Aoo),

S

and the same holds for g. If follows that

1
limsup |— T P(Aw > 1) <0
n—yeo |1 ie[n]%;i + { 2o/ BRI} 2
for any & > 0. Therefore (4.5.7) holds. O
Proof of Lemma 4.7.2

Proof. For any n x n real matrix M, we have p(M)?* < tr[(MM ")¥], therefore

k
Ey, [p(C™) %) <E,, [tr (rtmpenT) } (4.12.9)

- %e[n] o [rfm T i
Recall the definition of Fg.’m) from (4.7.2), the sum in (4.12.9) can be expanded to be
the sum over all circuits w = (wy,...wy;) of length 2kl which are obtained by concatenation of
2k walks of length [/, and each w;, 1 <i < 2k is a concatenation of two self-avoiding walks of
length [ —m and m — 1. The weight that each hyperedge in the circuit contributes can be either
Ae Af],Ae or Ae For all circuits w in (4.12.9) with nonzero expected weights, there is an
extra constraint that each w; intersects with some other w;, otherwise the expected weight that

w; contributes to the sum (4.12.9) will be 0. We want to bound the number of such circuits with

nonzero expectation.

203



Let v, h denoted the number of distinct vertices and hyperedges traversed by the circuit.
Here we don’t count the hyperedges that are weighted by A_fj . We associate a multigraph G(w)
for each w as before, but the hyperedges with weight A_f] are not included. Since E ;¢ [Fl(jm)] =0
for any i, j € [n], if the expected weight of w is nonzero, the corresponding graph G(w) must be

connected.

We detail the proof for circuits in Case (1), where
e cach hyperedge label in {e;}<;<; appears exactly once on G(w);

e vertices in ¢; \ end(e;) are all distinct for 1 <i < h, and they are not vertices with labels in

V(w),

and the cases for other circuits follow similarly from the proof of Lemma 4.7.1.

Let m be fixed. For each circuit w, there are 4k self-avoiding walks, and each w; is
broken into two self-avoiding walks of length m — 1 and / — m, respectively. We adopt the way
of encoding each self-avoiding walk as before, except that we must also include the labels of

the endpoint j after the traversal of an edge e with weight from Aj;, which gives us the initial
vertex of the self-avoiding walk of length / — m within each w;. These extra labels tell us how
to concatenate the two self-avoiding walks of length m — 1 and [ — m into the walk w; of length
1. For each w;, label is encoded by a number from {1,...,v}. So all possible such labels can be
bounded by v?X. Then the upper bound on the number of valid triplet sequences with extra labels

for fixed v, i is now given by v [(v+ 1)2(1 4 1)]*CZ+h=),

The total number of circuits that have the same triplet sequences with extra labels is at

n )h+2k

most n”(,",

where i+ 2k is the total number of distinct hyperedges we can have in w,
including the hyperedges with weights from A_f] .
We also need to bound the possible range of v, h. There are overall 2k(/ — 1) hyperedges

traversed in w (remember we don’t count the edges with weights from A;). Out of these, 2k(1—m)

hyperedges (with multiplicity) with weights coming from Afj —1?% must be at least doubled for the
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expectation not to vanish. Then the number of distinct hyperedges in w excluding the hyperedge
weighted by some EJ., satisfies h < k(I —m)+ (2k(l — 1) —2k(l —m)) = k(I +m —2). We have
v > max{m,l —m+ 1} since each self-avoiding walk of length m — 1 or [ —m has distinct vertices.
Moreover, since G(w) is connected, 7 > v—1, so we have v—1 < h < k(l+m —2). And the
range of v is then given by max{m,l —m+1} <v <k(l+m—2)+ 1.

The expected weight that a circuit contributes can be estimated similarly as before. From
(4.7.14), the expected weights from v — 1 many hyperedges that corresponds to edges on T (w)
is bounded by <#)) Vﬁl. Similar to (4.7.10), the expected weights from 72— v+ 1 + 2k

(d_1)<dﬁ1

many hyperedges that corresponds to edges on G(w) \ T (w) together with hyperedges whose

)h—v+1+2k

weights are from A_f] is bounded by ((axb)

d—1
Putting all estimates together, for fixed v, &, the total contribution to the sum is bounded by

h+2k v—1 h—v+1+42k
ol " VK ( 2 ahrh—y [ % aVvb
(afs) Plesresn ((d—n(dﬁ])) ((L))

—1 h+2k
YA d—1 n
() (Y g

where Q(k,1,v,h) := [(v+1)2(1 + 1)]#*@+h=v) (4 vb)h7v+1+2k.

Let S; be the contribution of circuits in Case (1) to the sum in (4.12.9). We have

k(I+m=2)+1 k(I4m=2) o\ a1\
i< ) r (—) (—> v O(k,L,v,h). (4.12.10)
v=mV(l—m+1) h=v—1 d—1 n—d+2

Taking [ = O(logn), similar to the discussion in (4.7.16), the leading term in (4.12.10) is given

by the term with 2 =v — 1. So for any 1 < m < [, and sufficiently large n, there are constants
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C1,C> > 0 such that

k(l4+m—2)+1
si< Y 20" H(@- 1w H v+ D21+ 1) @ v b)*
v=mV (I—m+1)

<Cylog!¥(n) - n}~2kgkl4m=2)

For circuits not in Case (1), similar to the proof of Lemma 4.7.1, their total contribution is
bounded by CénI*Zkock(”m*z) log'*n for a constant C5 > 0. This completes the proof of Lemma

4.7.2. ]

Proof of Lemma 4.9.1

Proof. Let B be the set of vertices such that their /-neighborhood contains a cycle. Let x be a

normed vector such that x' BY)1 = 0. We then have

ITB(’"_I)X = Z x,'<B(m_])1)i = ZX,‘Sm_] (l) + Z)C,'(Bm_ll)[

ic[n] i¢B i€B
= Z xi((xm_l_l(B(l)l),-—|—0(0cm%1 logn))
i€(n]
— Y x0T BO1);+ 0(" logn)) + ¥ x(B V1), (4.12.11)
icB icB

Since we have 1" B)x = 0, the first term in (4.12.11) satisfies

m—1

= O(v/now 2 logn),

= Z x,~0(ocmTf1 logn)

i€[n]

Y xi(o" 11 (BU1);+ 0(a"T logn))
i€[n]

where the last inequality above is from Cauchy inequality.

From Lemma 4.4.4, |B| = O(0*' log*n). For the second term in (4.12.11), recall from
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(4.4.7), for m < I, |(B"1);| = O(o" logn), then by Cauchy inequality

Y xi(o" 7 (BU1)+ 0(a" T logn))| <v/[BIO(0" ' logn) = O(c " og® n).
i€B
Similarly, the third term satisfies

1Y (B V1) = 0(a! " og? n).

icB

Note that o/ 7"~ = 0(n'/?), altogether we have
1TBm=Dyx| = O(v/nat"= logn + o™ og3n) = O(v/na"z logn). (4.12.12)
g g g

(4.9.1) then follows. Using the property x"BU6 =0 instead of x"B)1 =0 and following the

same argument, (4.9.2) holds. ]

Proof of Lemma 4.10.1

Proof. Conditioned on (H,i,6),—1 = (T,p,T);—1, if A; holds, it implies that hyperedges generated
from vertices in V;_1 do not overlap (except for the parent vertices in V;_1). If B, holds, vertices
in V; that are in different hyperedges generated from H;_; do not connect to each other. If both
A; B, holds, (H,i,0), is still a hypertree. Since Xv(r) = Yq)((rv))
hypergraph isomorphism ¢ by mapping the children of v € V; to the corresponding vertices in the

for v € V,_{, we can extend the

t-th generation of children of p in 7', which keeps the hypertree structure and the spin of each

vertex. ]
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Proof of Lemma 4.10.2

Proof. First we fix u,v € V;. For any w € V-, the probability that (u,w), (v,w) are both connected
is O(n~2). We know |V~,| < n and |V<,| = O(log?(n)a") conditioned on C;. Since a* < o =

o(n'/?), taking a union bound over all u, v, w we have
P(A;|C;) > 1—0(log*(n)a®n™") =1—o(n""/?). (4.12.13)

For the second claim, the probability of having an edge between u,v € V; is O(n™!).

Taking a union bound over all pairs of u,v € V; implies

P(B,|C,) > 1—0(log*(n)o*n™") = 1 —o(n"/?). (4.12.14)

Proof of Lemma 4.11.1

Proof. In (4.11.1), the coordinates of two vectors on the left hand side agree at i if the [-
neighborhood of [/ contains no cycle. Recall B is the set of vertices whose /-neighborhood

contains a cycle, from Lemma 4.4.4, and (4.4.7), we have asymptotically almost surely,

1BY1— 5|2 < +/|B|O(log(n)al) = O(log? (n)o?') = o(+/n). (4.12.15)

From (4.5.6) we have

1Dy]|> = ©(v/np') (4.12.16)

asymptotically almost surely, and |[BY1|, > ||D;||», therefore (4.11.1) follows. Similar to
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(4.12.15), we have
1BV —Dyll2 = o(v/n), [BYoll2 = ||Dil|2+o(v/n) = ©(v/np'). (4.12.17)

Then (4.11.2) follows. It remains to show (4.11.3). Using the same argument as in Theorem 4.5.4,

we have the following convergence in probability

1
lim — Y o7?'S7(i) = EM2, (4.12.18)
SR =T

where M., is the limit of the martingale M;. Similarly, the following convergences in probability

hold

lim = Y @ Bl (0)Di(0) = lim © Y @ BlS()Di(0) + lim % Y !B, (0)D (i)
€[n]

n— n—
= T ieact IEN

1 1
2 2

Thus (S}, D;) = o(na!B!) asymptotically almost surely. From (4.12.18) we have
15112 = ©(v/nad), (4.12.19)

therefore together with (4.12.16), we have ||S;|2 - || D;||2 = ©(no!B!). With (4.11.1) and (4.11.2),
(4.11.3) holds. O

Proof of Lemma 4.11.2

Proof. For the lower bound in (4.11.4), note that B is symmetric, we have

1BU1)3 = (BV1,B01) = (1,BDBO1) < |]1||,||BY BV, (4.12.20)
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Therefore from (4.12.19) and (4.11.1),

B3

OO, >
| o=,

o) ||BV1]],. (4.12.21)

For the upper bound in (4.11.4), from (4.4.1) and (4.4.7), the maximum row sum of BW is
O(o logn). Since BY) is nonnegative, the spectral norm p(B)) is bounded by the maximal row
sum, hence (4.11.4) holds. The lower bound in (4.11.5) can be proved similarly as in (4.11.4),
from the inequality ||B)6||3 < ||6||2||B’BUo||, together with (4.12.16) and (4.11.2). Recall B

is the set of vertices whose /-neighborhood contains cycles. Let B = [n] \ B. Since

(5080%) = 1 B (3",

JE[n]

we can decompose the vector BB s as a sum of three vectors z+ 7' + 7", where

=150 Y Di(Hz(j), =150 Y 0(d'logn)1z(j),
Jd(i.j)=l Jd(ij)=l

2l =15(i)0(a* log*n).

The decomposition above depends on whether i, j € B and the estimation follows from (4.4.7).

From Lemma 4.4.4, B = O(a*' log*(n)) asymptotically almost surely, so one has

1113 = Z =Y Y Y olog?n)1s(j)ls())

i=1 ieBj:d(i,j)=1j"d(i,j")=l
= Z Z Z 0(0 1og? n) Z 0(o*1og*n) = 0(a log!' n),
JjEBjeB icB J,J'€B
d(i,j)=d(i,j")=l

which implies ||Z||2 = O(a’"/210g""/?n). And similarly ||Z”> = O(a3 log?n). We know from

(4.12.17), |BY 6], = ©(B!\/n), and since clogaw < 1/8, we have o®//2 = n=Y \/n for some y > 0,
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therefore
|1 +2"|] = 0(a”1og!" /2 n) = o(a®/2B) = O(n ™Y B!||B" ] |2). (4.12.22)

It remains to upper bound ||z||2. Assume the 2/-neighborhood of i is cycle-free, then the

i-th entry of B(I)B(l)c, denoted by X;, can be written as

X;: = (BYBYo); = Y B,(;? BYo), = Y L=t Y, La(j=iO;
k=1 =1

[
=Y Y ojl{k:d(ik)=d(j,k) =1} (4.12.23)

h=0 j:d(i,j)=2h

We control the magnitude of X; in the corresponding hypertree growth process. Since
2] =2clogn and 2clog(a) < 1/4, the coupling result in Theorem 4.5.2 can apply. Let (; be the
event that coupling between 2/-neighborhood of i with the Poisson Galton-Watson hypertree
has succeeded and n ¢ be the failure probability of the coupling. When the coupling succeeds,

z; = X;, therefore

E(|z]7 | ) Z n~*0(o*' B log?n) + ) E(X?15 | Q)

i€(n]
_ nl—eo(a2132110g2n) + Z E(Xilei Q). (4.12.24)
i€[n]
For any i, j € [n],t € [I], define D = |{k:d(i,k) =d(j,k) =t}|. From (4.12.23), we
have
!
2 _ ) (D)
x=Y Y Y. ojoyD;;D; ;. (4.12.25)

h'=0 j:d(i,j)=2h j:d(i,j')=2h

We further classify the pair j, j’ in (4.12.25) according to their distance. Let d(j, ;') =
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2(h+H —1) fort=0,...,2(h AK'). This yields

2(hAR)

Z Z ) Y Lig—2imew—ooiiDl DY)
hW=0 =0 j:d(i,j)=2h j':d(i,]))=2H

Conditioned on  and (, similar to the analysis in Appendix H in [141], we have the

following holds
{k:d(i,k) =d(j,k) =1} =0("logn), (4.12.26)
(K :d(i,k) =d(j k) =1} = 0(a " logn), (4.12.27)
1{j:d(i,j) =2h}| = O(c*"logn), (4.12.28)
{7 :d(i, /) =2K,d(j,j) =2(h+H —1)}| = O(a® *logn). (4.12.29)
We claim that
B d(.]Jl)il
Elo;o/G] < (&) , (4.12.30)

and prove (4.12.30) in Cases (a)-(d).
(a) Assume j is the parent of j’ in the hypertree growth process. Then d(j,j') = 1. Let
7, be the event that the hyperedge containing j is of type r. Given ‘Z,, by our construction of

the hypertree process, the spin of ;' is assigned to be 6; with probability 71 and —o; with

probablhty , SO we have
d—1 d —1—
E[G]‘Gj/’Cj]:ZE[GjGIj|(Z;,C (7. | G = Z ( . ) P[Z | G].
r=0 =
(d-1)a (d—1)b(* ")
Recall P[T;_; | G| = 20, r and P[7; | G] = —5z= for 0 <r < d —2. A simple calculation

implies E[c;6; | G] = 0% <1.
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(b) Suppose d(j,j') =t and there is a sequence of vertices j, ji,..., jr—1,j such that jj

is a child of j, j; is a child of j; 1 for 1 <i <t, and j’ is a child of j,_;. We show by induction
t

that fort > 1, E[c;6; | G| = (g) . When ¢ = 1 this has been approved in part (a). Assume it is

true for all j, j with distance <t — 1. Then when d(j, j') =t, we have

Elo;o; | G| =E[oj0; | 6}, =0;,G|P(c), =0, | C)
+E[oj0; | 6j, = —06;,GI|P(6;, = =0, | G)

= (g)tlp(cjl =0;|G)— (g HP(GJI =—-0;|G)

_(B) ToxB_ (B 'oa=B_(BY
\o 20 ot 200 \o/
B d(]v]/) B d(]?],)il .
Therefore E[c;6; | (] < (&) < (&) . This completes the proof for part (b).
(c) Suppose j, j’ are not in the same hyperedge and there exists a vertex k such that j, k

satisfies the assumption in Case (b) with d(j,k) =11, and j', k satisfy the assumption in Case (b)

with d(j',k) = t,. Conditioned on 6k, we know G and G;- are independent. Then we have

Elo;5; | Gl =E[E[o;0,0% | o, G | G] = E [E[o,0k | o4, G] - E[6 0k | 04, G | G]

JORSCRS

where the last line follows from the triangle inequality d(j,k) +d(j’,k) > d(j, ') and the condi-
tion < o
(d) If j, j are in the same hyperedge, then d(j, j') = 1 and (4.12.30) holds trivially.
Combining Cases (a)-(d), (4.12.30) holds. From (4.12.30) and (4.12.26)-(4.12.29), we
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have

[ 2(hAK)
1) (1
E[X*1q | G < Y ) ) ) Ly(j, /) =2(nw—2)E[0;0) | G]RE,}REJ)"
hIT=0 =0 j:d(i,))=2h j":d(i,])=2H
2(hA)

. 0<a21—h—h/ 10g2 I’l)

™~

2(h+h'—1)—1
: )

) ) 0(0?" " logn) (g

hH=0 =0 j:d(i,j)=2h

I 2(hAK) 2(h+H —1)—1
_ Z Z O(oc21+h+h/_flog4n) (E)
BH=0 =0 o
1 2(hAK)
=Y Y o@@log*n)- (B?/o)" "= = 0(B* log*n). (4.12.31)
=0 1=0

From (4.12.24) and (4.12.31), we have for some € > 0,
E(|lzl13 | ) = n'"*0(a*'B* log” n) + O(np* log* n).
Then by Chebyshev’s inequality, asymptotically almost surely,
2]l =0(n'/>~¢20! Bl log? ) + O(n"/2p* 1og? n) = (v/nB' log>n) - O(B' v cln~¢/?).

Recall [ = clogn. We have p! = n<108B of = peloge o B! = n€ ol for some constant

& > 0. Since from (4.12.17), ||BYc |, = ©(y/np'), we have
Izll2 = O(n~ o | BV a]),) (4.12.32)
for some constant Y’ > 0. Combining (4.12.22) with (4.12.32), it implies for some constant y > 0,
BOBYG |3 = 242"+ 2l = O(n~ "ol [BVo]..

Then the upper bound on ||[BY) B!, in (4.11.5) holds. O
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