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Quantum computers provide alternative av-
enues to access ground and excited state prop-
erties of systems difficult to simulate on classi-
cal hardware. New approaches using subspaces
generated by real-time evolution have shown
efficiency in extracting eigenstate information,
but the full capabilities of such approaches are
still not understood. In recent work, we de-
veloped the variational quantum phase esti-
mation (VQPE) method, a compact and effi-
cient real-time algorithm to extract eigenval-
ues using quantum hardware. Here we build
on that work by theoretically and numerically
exploring a generalized Krylov scheme where
the Krylov subspace is constructed through
a parametrized real-time evolution, applica-
ble to the VQPE algorithm as well as oth-
ers. We establish an error bound that justifies
the fast convergence of our spectral approxi-
mation. We also derive how the overlap with
high energy eigenstates becomes suppressed
from real-time subspace diagonalization and
we visualize the process that shows the sig-
nature phase cancellations at specific eigenen-
ergies. We investigate various algorithm im-
plementations and consider performance when
stochasticity is added to the target Hamilto-
nian in the form of spectral statistics. To
demonstrate the practicality of such real-time
evolution methods, we discuss its application
to fundamental problems in quantum compu-
tation such as electronic structure predictions
for strongly correlated systems.

1 Introduction
Quantum computers offer the promise of improve-

ments over their classical counterparts for tackling a

Yizhi Shen: yizhis@lbl.gov
Norm M. Tubman: norman.m.tubman@nasa.gov

class of problems central in the mathematical and
physical sciences by encoding information as quan-
tum many-body states. However, given current limi-
tations on the assembly and control of scalable quan-
tum computers, efficient usage of quantum resources
for specific tasks [1–9] is considered essential in the
noisy intermediate-scale quantum (NISQ) era [10–12].
As one of the most prominent algorithms, quantum
phase estimation (QPE) [13] resolves the core task of
Hamiltonian diagonalization but necessitates a rela-
tively high simulation cost. Consequently, approaches
relying on variational algorithms [14–19] have been
pursued, focused on balancing resource allocation.
They generally do so by preparing and measuring
parametrized states on a quantum computer while
steering parameter updates through optimization rou-
tines on a classical computer. This hybridization al-
lows for a speedup of high-dimensional problems on
near-term hardware, yet comes with complexities de-
pending on choice of the variational ansatz. Fortu-
nately, these additional complexities may be allevi-
ated by clever and flexible ansatz design that fully
accommodates the architecture of a given quantum
device. [20, 21]

Among such hybrid quantum-classical approaches,
subspace expansion techniques employing real time
quantum dynamics [22–25] have shown evidence of
advantages on near-term hardware. One represen-
tative approach is the so-called variational quantum
phase estimation (VQPE) studied and developed re-
cently [26]. VQPE shares the merits of variational
approaches and bypasses conventional optimization
procedures by solving generalized eigenvalue equa-
tions with information gathered from real-time evo-
lution [27–30], which is unitary and thereby native
to quantum hardware. Moreover, real-time evolution
with VQPE enables access to the excited state mani-
fold and requires quantum measurements merely lin-
ear in the dimension of expansion subspace. Because
of its compactness, VQPE stands out as a promising
algorithm for the NISQ era.
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Recent theoretical development [26] of real-time
evolution highlights the phase cancellation intuition
for perfect spectral recovery, where eigenspaces of
a target Hamiltonian operator are extracted ex-
actly provided (i) the number of evolution timesteps
matches the size of the Hilbert space and (ii) the time-
evolved phases satisfy a set of geometrically mean-
ingful sum rules. However, fulfillment of such phase
conditions is only a serious consideration when the
full spectrum of the Hamiltonian is needed. In real-
ity, low energy part of the spectrum often suffices un-
der many circumstances of interest. In this regard we
present a complementary perspective on VQPE for its
main use case, where the number of timesteps is kept
significantly smaller than the size of Hilbert space,
demonstrating that real-time evolution remains pow-
erful for ground and low-lying excited state recovery.
For generality, we formalize the real-time approach as
a parametrizable variant of the Krylov method [31–35]
with evolution timestep acting as the hyperparame-
ter. We suggest weaker phase cancellation conditions
for accurate spectral approximation, and examine the
effects of stochasticity on observed convergence. To
illustrate its appealing practicalities, we also discuss
how the real-time Krylov theory can be integrated
into quantum computing algorithms.

1.1 Contributions
In the following sections, we share four main results

for understanding the properties of real-time Krylov
method based on the generation of states from Hamil-
tonian evolution. We first demonstrate and visualize
the convergence for single-step simulation, and then
turn to multi-step simulation (Sections 3-5). Next we
provide a proof of the convergence with an increasing
number of timesteps (Section 5). Finally, we consider
and assess an iterative implementation of the method
for generating real-time states and show how this can
further improve the convergence behaviors (Section
6).

2 Theoretical Overview
2.1 Review of the Krylov method

The Krylov subspace method [32] is a common nu-
merical tool to extract useful spectral information
from some operator Ĥ over a Hilbert space H. The
method proves particularly powerful for approximat-
ing the extreme ends of the operator spectrum. Here
we briefly review how the method works and set up
the notational convention for the remaining sections.
Throughout this work we assume the operators to be
self-adjoint, Ĥ = Ĥ†.

The Krylov method computes the eigenspaces by
compressing the target operator, Ĥ, onto a lower-

dimensional subspace known as the Krylov subspace,

K(Φ0; NT ) = span
{
|Φj⟩ = Ĥj |Φ0⟩ : j ≤ NT

}
, (1)

where a number of NT repeated Ĥ-multiplications is
applied to an initial vector |Φ0⟩. In language of matrix
algebra, diagonalization within the Krylov subspace
amounts to solving the eigenvalue problem,

Hc⃗n = EñSc⃗n, (2)

where H and S represent the target and overlap ma-
trices in the Krylov basis,

Hij = ⟨Φi|Ĥ|Φj⟩,
Sij = ⟨Φi|Φj⟩,

(3)

while c⃗n give the expansion coefficients of an approx-
imate eigenvector having the eigenvalue Eñ. In prac-
tice, an initial vector |Φ0⟩ can be chosen to make the
Krylov vectors all linearly independent. The Krylov
method thereby extracts a subset of the target spec-
trum by factorizing the reduced matrix H. Its effi-
ciency is manifested especially when NT ≪ dimH.

2.2 Generalized Krylov method from unitary
action

We consider a parametrizable variant of the stan-
dard Krylov method, where a series of discrete time
values are used to exponentiate Ĥ and thus constitute
the free (hyper)parameters. Specifically, we allow the
following generalized notion of Krylov subspace: for
the initial vector |Φ0⟩, we apply unitary evolution of
the form,

Ûj = exp (−iĤtj), (4)

where 0 = t0 < t1 < · · · < tNT
< ∞ records the

timestamps of the evolution and i2 = −1 denotes the
imaginary unit. The evolved vectors generate a sub-
space,

KÛ (Φ0; NT ) = span
{
|Φj⟩ = Ûj |Φ0⟩ : j ≤ NT

}
, (5)

over which we can solve the eigenvalue problem. The
free hyperparameter in this algorithm, the time grid
t⃗ = (t1, · · · , tNT

), effectively accommodates the linear
independence of {|Φj⟩}NT

j=0. For linear time grid tj =
j∆t, VQPE reduces to the standard Krylov subspace
method applied to the operator,

Û(∆t) =
dimH∑
n=1

exp (−iEn∆t)|n⟩⟨n|, (6)

where {|n⟩}n and {En}n label the true eigenstates and
eigenvalues respectively. Note that Û clearly shares
the same eigenstates with our target operator Ĥ.
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2.3 Real-time Krylov method
Here we provide a summary of the real-time method

by outlining its key algorithmic steps. We will refer to
the spectrum of Ĥ interchangeably as a set of energies
from now on (the lowest eigenvalue being the ground
state energy, etc...). For concreteness, we focus on the
task of ground state estimation as described in Alg. 1
below,

Algorithm 1: ground state estimate (VQPE)
Data: time-ordered grid {tj}NT

j=0 with t0 = 0
1 prepare initial state |Φ0⟩;
2 estimate ground state energy Eg = ⟨Φ0|Ĥ|Φ0⟩;
3 j = 0;
4 ε =∞;
5 while ε > εtol do
6 j ← j + 1;
7 |Φj⟩ = Ûj(tj)|Φ0⟩;
8 Hkℓ = ⟨Φk|Ĥ|Φℓ⟩, Skℓ = ⟨Φk|Φℓ⟩;
9 Solve j × j projected eigenvalue problem

Hc⃗n = EñSc⃗n;
10 ε←

∣∣Eg −min{Eñ}n≤j

∣∣;
11 Eg ← min{Eñ}n≤j ;
12 end

where the algorithm terminates when the convergence
variable ε computed within an iteration, such as set by
the difference in consecutive energy estimates, reaches
reasonable tolerance εtol. The tolerance value is user-
defined and depends on the specific problem or target
operator of interest. For example a molecular problem
typically concerns a chemical accuracy of εtol ≈ 10−3

in energy units of Hartree.

3 Why does phase cancellation con-
verge so quickly?
3.1 Understanding phase cancellation
A main goal of this work is to motivate a simple un-

derstanding towards the use of real-time states. We
first address why superposing these equi-energy states
helps generate the ground state, as previous work [26]
has demonstrated that the ground-state convergence
can be reached with a surprisingly small number of
real-time states. Here we exploit eigenfunction expan-
sions to demonstrate the suppression of amplitudes
on highly energetic eigenstates. Note that such anal-
ysis appears natural for purely projective approaches
such as the power method [36] and imaginary time
evolution [37, 38], where the convergence is shown ex-
ponentially fast. In this section, we present a visual

representation of the single step solution. Later we
provide a proof of the convergence as well as visual-
ization of the multi-step solution.

Figure 1: Generic single step suppression of a uniformly dense
spectrum. Eigenstate population pn = |⟨n|Ψg⟩|2 of the ap-
proximate ground state |Ψg⟩ is plotted over the eigenstate
index 1 ≤ n ≤ 1000. The black dashed curve and solid pur-
ple curve show the initial and time-evolved population profiles
respectively. The spectral spacing between low-lying eigen-
states is also displayed inset for visualization.

In Fig. 1 we demonstrate the single step suppres-
sion, a generic behavior that occurs for a dense spec-
trum across the test simulations. In our demonstra-
tion, we start from an equal superposition over the
entire Hilbert space and generate our ground state ap-
proximation, |Ψg⟩, by taking a single timestep. The
eigenstate amplitudes, |⟨n|Ψg⟩|2, exhibit that a sin-
gle eigenvalue is exactly suppressed, and the nearby
spectral region is also suppressed within some width
of the minimum.

Recall that we collect two real-time states, namely
|Φ0⟩ and |Φ1⟩ = exp (−iĤt1)|Φ0⟩ in a single step. In-
tuitively, we know from subspace diagonalization that
there exists some choice c1 ∈ C satisfying,

|Ψg⟩ = |Φ0⟩+ c1|Φ1⟩√
1 +|c1|2 + 2ℜ(c1S01)

,

∝
dimH∑
n=1

zn|n⟩+ c1

dimH∑
n=1

zn exp (−iĤt1)|n⟩,

=
dimH∑
n=1

zn

[
1 + c1 exp (−iEnt1)

]
|n⟩,

(7)

where S01 = ⟨Φ0|Φ1⟩ gives the overlap between states
|Φ0⟩ and |Φ1⟩. In the second line, we make use of an
eigenbasis expansion of the real-time states, in terms
of the coefficients zn = ⟨n|Φ0⟩, to show the eigenphase
evolution. So the amplitude decay at the observed
eigenstate arises due to the phase associated with that
eigenstate rotated to a value of −1, canceling out the
+1 initial phase along the real axis. Meanwhile the
eigenstates nearby are also rotated to fulfill nearly the
same phase cancellation, thus there is a finite width
to the decay. As eigenstates close in energy will pick
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up similar phases under real-time evolution, ampli-
tudes on many excited states can be simultaneously
suppressed. Accordingly, we expect reduced conver-
gence for much larger timesteps as phases acquired
by adjacent eigenstates in the spectrum become more
separated.
For concreteness, let us work out the simplest case

of time evolution under a single Pauli-Z operator, cor-
responding physically to Rabi oscillations of spin-1/2
particle in a quantum mechanical description. We de-
note the Z-computational basis by |↑⟩ and |↓⟩ where
Z |↑⟩ = |↑⟩ and Z |↓⟩ = − |↓⟩. Starting with the spin
polarization |Φ0⟩ = (|↑⟩+ |↓⟩)/

√
2, we can evolve our

initial state by the discrete timestep t1 = π/2 so that,

|Φ1⟩ = −i(− |↑⟩+ |↓⟩)√
2

, (8)

where the |↑⟩ eigenphase undergoes a sign flip. Phase
cancellation in this case is thus explicit: |↓⟩ = (|Φ0⟩+
c1|Φ1⟩)/

√
2 with c1 = i. We can immediately proceed

to the ensuing case of time evolution under a sum of
two Pauli-Z operators. For the initial bipartite spin
state |Φ0⟩ = (|↑↑⟩+ |↑↓⟩+ |↓↑⟩+ |↓↓⟩)/2, a linear time
grid of (t1, t2) = (π/4, π/2) ensures that |Φ1⟩ and |Φ2⟩
pick up an extra minus sign, respectively, on the |↑↑⟩
and {|↑↓⟩ , |↓↑⟩} eigenphases relative to the |↓↓⟩ eigen-
phase. Phase cancellation again facilitates the ground
state recovery, |↓↓⟩ = (|Φ0⟩+ c1 |Φ1⟩+ c2 |Φ2⟩)/(1+ i)
with (c1, c2) = (i−1,−i). Likewise, taking additional
timesteps in a real-time evolution leads to further am-
plitude suppressions, each peaked around a different
eigenstate in the spectrum. This general picture per-
sists beyond simple cases enumerated here and points
to the basic phase cancellation heuristics.

4 Single step examples and conver-
gence properties
Now we consider various types of convergence tests

tailored for different applications. In general, the as-
sociated quantum circuit enacts (i) time evolution of
the initial state, |Φ0⟩ 7→ exp (−iĤt)|Φ0⟩, which is dif-
ficult to simulate classically, and (ii) subsequent mea-
surements of the matrix elements, Hij and Sij , for ex-
ample through the Hadamard test or shadow tomog-
raphy [39]. The unitary formulation of VQPE exploits
the toeplitz structure of the Hamiltonian and overlap
matrices, reducing the number of required measure-
ments to being linear in the number of timesteps. Al-
though we regard the real-time algorithm as broadly
suited in many quantum computing applications, we
will also discuss scenarios where the algorithm proves
inefficient. For example, unstructured search, as dis-
cussed in the beginning of the section, turns out to
be rather impractical due to implementation barriers
which we will describe.

Let us first focus on the single timestep limit, i.e.,
NT = 1, such that dimK = 2. For convenience, we
define Q = dimH throughout the remaining sections.

4.1 Unstructured search
Given some Boolean function f : B → Z2 over a

set of candidate database elements B = {n}Q
n=1, the

task of an unstructured search is to locate, without
any a priori knowledge of the database structure, the
unique flagged element n1 ∈ B for which f(n1) = 1.
Such search can be formulated as an eigenspace search
through the identification,

Ĥ = E1|1⟩⟨1|+ E2

Q∑
n=2
|n⟩⟨n|, E1 < E2, (9)

where we assume n1 = 1 and Ĥ acts on the Hilbert
space H = span

{
|n⟩ : 1 ≤ n ≤ Q

}
. For any initial

state,

|Φ0⟩ =
Q∑

n=1
zn|n⟩, (10)

a single VQPE step with evolution time t1 will send
it to,

|Φ1⟩ = exp(−iE1t1)
[
z1|1⟩

+ exp(−i∆Et1)
Q∑

n=2
zn|n⟩

]
,

(11)

where ∆E = E2−E1 is the spectral gap. Observe that
the linear combination |Φ0⟩+ c1|Φ1⟩ ∈ KÛ (Φ0; NT =
1) with a choice of c1 = − exp (iE2t1) (upon absorbing
the global phase exp (iE1t1)) simply returns a scalar
multiple of our target state |1⟩. Therefore VQPE con-
verges exactly after one step for unstructured search,
as long as we avoid specific timesteps that cause phase
rotation by integer multiples of 2π. We note that this
result does not change the analysis of unstructured
search problem in regards to previous bounds estab-
lished in the literature [40]. The creation of the state
from which the flagged state can be sampled comes
with a low probability of success, at least when em-
ploying a linear combination of unitaries (LCU) type
of preparation, due to the low target amplitude typi-
cally limited to the initial state. [41] Moreover, if the
number of flagged states is unknown, relevant matrix
elements have to be calculated on quantum computer.

4.2 Exponentially fast convergence of the
ground state of a harmonic spectrum
In fact, we could regard the solution to the search

problem as the ground states of many-body Hamilto-
nian operators found in condensed matter physics and
quantum chemistry. In previous work we specifically
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examined the ground state wavefunctions of molecu-
lar Hamiltonians [26]. Instead, here we aim to under-
stand the single step performance for some basic yet
important model Hamiltonians. We first consider the
Hamiltonian with a linear spectrum,

Ĥ =
Q∑

n=1
n∆E|n⟩⟨n|, ∆E > 0, (12)

characteristic of a harmonic oscillator as a ubiquitous
model in quantum mechanics. For normalized initial
state |Φ0⟩, a single-step VQPE solves the linear equa-
tions introduced in Eq. (2) where

H =
[

⟨Φ0|Ĥ|Φ0⟩ ⟨Φ0|ĤÛ(t1)|Φ0⟩
⟨Φ0|Û(−t1)Ĥ|Φ0⟩ ⟨Φ0|Ĥ|Φ0⟩

]
, (13)

S =
[

1 ⟨Φ0|Û(t1)|Φ0⟩
⟨Φ0|Û(−t1)|Φ0⟩ 1

]
, (14)

give the 2 × 2 Hamiltonian and overlap matrix. For
purpose of implementation, we choose |Φ0⟩ to be the
uniform superposition over eigenbasis (zn ≡ 1/

√
Q)

so it gets mapped to,

|Φ0⟩ = |ΦU⟩ =
Q∑

n=1

1√
Q
|n⟩

7→ |Φ1⟩ =
Q∑

n=1

exp (−iEnt1)√
Q

|n⟩,

(15)

under time evolution. Let |Ψg(t1)⟩ denote the ground
state estimate, including a parametric dependence on
the evolution time t1. To solve the subspace-projected
eigenvalue problem of Eq. (2), we identify a change-of-
basis matrix B that orthogonalizes the overlap matrix
(B†SB = I). This allows us to transform our original

problem into the conjugated form of B†HBd⃗ = Egd⃗.
Once obtaining the solution in the new basis, we undo
the basis change c⃗ = Bd⃗, mounting to a weighted sum
in the real-time basis |Ψg⟩ =

∑
j cj |Φj⟩. For a single-

step evolution, it is straightforward to show that

B = 1√
2


S01/|S01|√

1+|S01|
S01/|S01|√

1−|S01|

1√
1+|S01|

−1√
1−|S01|

 , d⃗ =
[
d1
d2

]
, (16)

with d∗
1 = −d1 and d∗

2 = d2, hence implying |c0| = |c1|.
Assuming that t1 satisfies a mild condition (discussed
in Appendix C), we can analytically derive the eigen-
state population after the single timestep,

pn =
∣∣⟨n|Ψg(t1)⟩

∣∣2 =
∣∣∣∣c0 + c1 exp (−iEnt1)√

Q

∣∣∣∣2
,

=
2ℜ

[
c∗

0c1 exp (−iEnt1)
]

+|c0|2 +|c1|2

Q
,

=
sin

[
χ(t1) + Ent1

]
+ 1

Z(t1) ,

(17)

where χ and Z represent, respectively, some phase
offset and normalization constant determined by the
matrix elements Hij and Sij (specified in Appendix
C). The sinusoidal dependence in Eq. (17) is explicitly
displayed in Fig. 2 with an optimal timestep ∆Et1 ∈
(0, π/Q) observed.

Figure 2: Dependence of eigenstate population on the single
timestep (linear spectrum En = n∆E). Top: The ground
state energy error δE1 = ⟨Ψg|Ĥ|Ψg⟩ − E1 is plotted over
the timestep size t1∆E = κ2π/Q. Here δE1 is plotted rel-
ative to the initial error ⟨Φ0|Ĥ|Φ0⟩ − E1 and thus takes a
value between 0 (exact recovery of ground state) and 1 (no
improvement over the initial estimate). Bottom: The eigen-
state population pn = |⟨n|Ψg⟩|2 from Eq. (17) is plotted
over the timestep size t1∆E = κ2π/Q. Color within the
lower panel distinguishes the eigenstates |n⟩ and interpolates
between blue (n = 1) and red (n = Q). The black dashed
line marks the initial population pn ≡ 1/Q.

For the special case ∆Et1 = π and Q ∈ 2Z+,
Eq. (17) simplifies such that the extracted ground
state becomes,

|Ψg(π/∆E)⟩ =
n odd∑

1≤n≤Q

√
2
Q
|n⟩, (18)

with half of the population amplitude eliminated and
the other half doubled due to constructive and de-
structive interference. In fact, such interference read-
ily underlies our earliest example of a single spin sub-
ject to the Pauli-Z Hamiltonian in Sec. 3.1, where we
trivially recognize that |↓⟩ = |Ψg(π/2)⟩ for ∆E = 2
and Q = 2. The simple result of Eq. (18) implies that
given a linear spectrum, exact recovery of the ground
state in a Hilbert space of dimension 2N only takes a

Accepted in Quantum 2023-06-07, click title to verify. Published under CC-BY 4.0. 5



Figure 3: Exponential convergence to the ground state from
a sequence of single step real-time evolutions. The eigenstate
population is shown throughout the evolutions, starting from
the initial state of uniform superposition |ΦU⟩. At each step,
constructive and destructive phase interference are colored by
black and grey respectively, where the exponentially decreas-
ing number of support eigenstates is labelled at the bottom.

sequence of N single steps (once we recalibrate the ex-
citation energy ∆E 7→ 2∆E after each step). This re-
covery procedure is schematically illustrated in Fig. 3,
exhibiting a particular yet clear manifestation of the
exponential convergence from real-time evolution.
As a final note on the convergence properties from a

single step evolution, we also examine in Appendix B
a minimally modified Hamiltonian based on Eq. (12),
featuring a variable spectral gap, denoted as ϵ12, be-
tween the ground and first excited state. Predictably,
we find that a change in spectral gap induces a popu-
lation transfer among the eigenstates, where the lower
energy population can be enhanced by a larger gap. In
the extreme case of infinitely large gap, we effectively
recover unstructured search for which the VQPE so-
lution becomes exact after a single timestep.

4.3 Continuum modeling of spectrum
In the large Q limit, we may treat the spectrum as

some continuum with a prescribed density of states
(DOS) that reflects the probability of observing a cer-
tain energy level. We remark that the single step ex-
pression of Eq. (17) remains valid for arbitrary spec-

trum {En}Q
n=1, and a spectrum dilation En 7→ cEn

preserves the eigenstate population up to a stretch of
time t1 7→ t1/c. Consequently, we assume that the
spectral range, EQ − E1, is bounded from above by
some fixed finite constant C > 0. For sufficiently large
Q, we simply approximate the Hamiltonian and over-
lap matrix elements via a properly normalized spec-
tral density of states ω(E), i.e.,

ˆ E1+C

E1

ω(E)dE = Q, (19)

so that,

Q∑
n=1

f(En; t1) ≈
ˆ E1+C

E1

f(E; t1)ω(E)dE, (20)

for relevant functions f of energy. Specifically,

H01 ≈
ˆ E1+C

E1

E exp (−iEt1)ω(E)dE,

S01 ≈
ˆ E1+C

E1

exp (−iEt1)ω(E)dE,

(21)

where the f -integrals evaluate to the characteristic
function ω̂(t1) of the DOS and its first derivative.
Eq. (20) establishes the real-time subspace on the
mean level via the approximation (H, S) 7→ (EH,ES),
where the mean E is taken over the joint spectral dis-
tribution ω(Q)(E1, · · · , EQ) defined through

ω(E) =
ˆ ∏

n

dEn ω(Q)({En})
∑

n

δ(E − En). (22)

The sum-integral relation from Eq. (20) holds pre-
cisely if ω(E) is the empirical DOS of a discrete spec-
trum. As an illustrative example, we compare a linear
spectrum and a spectrum with uniform DOS in Fig. 4.
The population profiles show reasonable agreement
as expected, and the difference that emerges at short
evolution time will vanish in the large Q limit.

Figure 4: Eigenstate population from given spectral den-
sity. Eigenstate population pn is plotted over timestep
size t1∆E = κ2π/Q for a gapped linear spectrum En =
n∆E + (1 − δ1,n)ϵ12 with ϵ12 = 20∆E (solid line) and for
a spectrum with flat spectral density ω(E) (hollow circles).
Color distinguishes the eigenstates |n⟩ and interpolates be-
tween blue (n = 1) and red (n = Q). The black dashed line
marks the initial population pn ≡ 1/Q.

4.4 Locating spectral suppression
The spectral location of the characteristic suppres-

sion seen in Fig. 1 can be calculated by extremizing
Eq. (17),

∂p(E)
∂E

= 0,

∂2p(E)
∂2E

> 0,

(23)

where the population profile p(E; t1) and its deriva-
tives are understood from our continuum modeling
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(Sec. 4.3) in the large Q limit. Let us scale our spec-
trum to a range of [0, 1] so that the resulting sup-
pression occurs around Ex = (1 − x)E1 + xEQ for
some x specifying the center of the suppressed region.
For a linear spectrum En = n∆E and suitably short
evolution,

x = − limt1→0 χ′(t1) + ∆E

(Q− 1)∆E
≈ 0.8. (24)

independent of the spectral spacing ∆E and evolution
time t1, which is consistent with our observation.

5 Beyond Single Step
5.1 Multi-step convergence
VQPE leads to an exponential suppression of the

excited state population as we take more timesteps.
In particular, a multi-step evolution facilitates delo-
calized spectral decays, where the number of decay
centers over the spectrum grows in proportion to the
number of timesteps. Such structured suppression of
the eigenstate population pn,j = |⟨n|Ψg(t1, · · · , tj)⟩|2
can be visualized in Fig. 5.
For multi-step VQPE, fast convergence relies on a

suitable time grid t⃗. We want the real-time states
{|Φj⟩}NT

j=0 to be sufficiently independent in the sense
that the singular values sj ∈ [0, NT +1] of the overlap
S stay bounded, for example, below by a threshold
value sSV. In practice, we simply solve Eq. (2) on
a truncated subspace for which sj ≥ sSV to avoid
numerical instabilities [42] and filter out noise. The
insets within Fig 5 show the convergence measured by
the ground state energy error. Observe that a small
timestep introduces linear dependency in the real-
time states and slows down the convergence, which
is also manifested in the population profile. On the
other hand, a large timestep deteriorates the evolution
by introducing degeneracies in the phase interference
pattern and hence undesirably suppressing the low
energy population. This happens when

(En − E1)t ≥ 2π, (25)

where large t values result in phase wrappings around
the origin in the complex plane. Clearly the condition
above imposes periodicity in eigenstate population,
where degeneracies arise in the phases accumulated
by eigenstates that are nonadjacent in the spectrum.
Therefore leveraging the two notions of independence,
we may cleverly choose the timesteps so that VQPE
converges the fastest. Such optimal time choice for
recovering the ground state differs from that inves-
tigated in the previous work for recovering the full
spectrum.

The ground state convergence also admits a native
dependence on the spectral gap ϵ12. In the single

Figure 5: Structured population suppression over the ex-
cited states after multiple timesteps (linear spectrum En =
n∆E and linear time grid tj = jt1). Population pro-
files pn,j are plotted as a function of the eigenstate index
1 ≤ n ≤ Q = 1000 for three different values of timestep
size t1∆E = κ2π/Q. Top: Small timestep κ = 0.05. Mid-
dle: Moderate timestep κ = 0.4. Bottom: Large timestep
κ = 1.1. Profile color in all panels indicates the number of
timesteps taken and interpolates between purple (j = 1) and
red (j = 10). The insets display the log-scale energy error
δE1,j = ⟨Ψg(j)|Ĥ|Ψg(j)⟩ − E1 as the number of timesteps
increases.

step limit, the presence of a spectral gap changes the
location of the population suppression. For a gapped
linear spectrum and suitably short evolution, Ex =
− limt1→0 χ′(t1|ϵ12) determines the suppressed energy
in the spectrum from Eq. (69). Notice that Ex is
naturally associated with an eigenstate |n1⟩ for which

n1 ≈ −
limt1→0 χ′(t1|ϵ12) + ϵ12

∆E
, (26)

monotonically decreases with the gap value. There-
fore one expects a red shift of the decay center n1(ϵ12)
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Figure 6: Structured population suppression over excited
states after multiple timesteps (linear spectrum with spectral
gap En = n∆E+(1−δ1,n)ϵ12 and time grid tj = jt1). Top:
Ground state energy error δE1,j = ⟨Ψg(j)|Ĥ|Ψg(j)⟩ − E1
with j = 5 is plotted as a function of the timestep size
t1∆E = κ2π/Q. The relative energy error is normalized by
the initial error ⟨Φ0|Ĥ|Φ0⟩ − E1 and determines the optimal
timestep size. Bottom: The resulting eigenstate population
from the optimal timestep is plotted over the eigenstate in-
dex 1 ≤ n ≤ Q = 1000. Curve color distinguishes the gap
value and interpolates between yellow (ϵ12 = 0) and dark
green (ϵ12 = 400∆E). The inset zooms over the population
decays in the observed profile.

relative to n1(0) ≈ xQ if ϵ12 > 0 and a blue shift oth-
erwise. In either situation, the shift originates from
the additional phase separation exp (−iϵ12t1) between
the ground and first excited state. Borrowing our in-
tuition from the single step limit, we expect a larger
spectral gap to red shift and broaden the decay re-
gions in a multi-step simulation, as is shown in Fig 6.
Accompanied with the red shift is a faster conver-
gence, since a larger gap better separates the excited
state phases from the ground state phase. Effectively,
the higher energy phases are squeezed together so that
they undergo more thorough phase cancellations. As
ϵ12 → ∞, a single step suffices to recover the ground
state as already discussed in Secs 4.1 and 4.2.

5.2 Proof of multi-step convergence
Even for real-time evolution employing a simple

linear time grid, the error of our spectral approx-
imation can be bounded based on an extension of
the Kaniel–Paige–Saad formalism [32, 43–45]. In
particular, we establish an error bound through the
following theorems.

Theorem 1.1. Let E1̃(j) label the approximate low-
est eigenvalue within the subspace KÛ (Φ0; j), and
δE1(j) = E1̃(j)−E1 the energy error. Then for j ≥ 1,
there exists time grid spacing ∆t such that,

0 ≤ δE1(j) ≤
(EQ − E1)ϵ̃−2j

1,2 sin2 Ξ
cos2 Ξ , (27)

where cos2 Ξ = |⟨Φ0|1⟩|2 measures the squared over-
lap between the initial state and the true ground state
while ϵ̃1,2 = 1+3(E2−E1)∆t/2π ∈ [1, 2] characterizes
the normalized spectral gap.

[proof.] Let us define,

r(v) = ⟨v|Ĥ|v⟩
⟨v|v⟩

, (28)

which returns the expected energy of state |v⟩. We
focus on the rightmost inequality since the left simply
restates,

E1 = min|v⟩̸=0∈H r(v), (29)
≤ min|v⟩̸=0∈KÛ (Φ0;j) r(v) = E1̃(j). (30)

Notice that up to a spectral flip Ĥ 7→ −Ĥ, it suffices
to prove the equivalent statement on δEQ for which
a more natural argument is entailed. By definition,

EQ̃(j) = max
|v⟩∈KÛ (Φ0;j)

⟨v|Ĥ|v⟩
⟨v|v⟩

,

= max
p∈Pj

⟨Φ0|p(Û)†Ĥp(Û)|Φ0⟩
⟨Φ0p(Û)†p(Û)|Φ0⟩

,

(31)

for which Pj denotes the set of degree j polynomials

over C and Û ≡ Û(∆t). Although yet to be identi-
fied, we know that there exists a unique set of coeffi-
cients {zn}Q

n=1 of |Φ0⟩ with respect to the true eigen-

basis {|n⟩}Q
n=1 such that the expression above can be

rewritten as,

|Φ0⟩ =
Q∑

n=1
zn|n⟩

=⇒ EQ̃ = max
p∈Pj

Q∑
n=1

En

∣∣znp(λn)
∣∣2

Q∑
n=1

∣∣znp(λn)
∣∣2

,

(32)

where λn = exp (−iEn∆t) and we have exploited the
unitarity Û† = Û−1 so that p(Û)†|n⟩ = p(λn)∗|n⟩
with ∗ denoting the complex conjugation. Relaxing
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the numerator in Eq. (32), we have

EQ̃ ≥ max
p∈Pj

EQ

∣∣zQp(λQ)
∣∣2 + E1

Q−1∑
n=1

∣∣znp(λn)
∣∣2

Q∑
n=1

∣∣znp(λn)
∣∣2

,(33)

= EQ − (EQ − E1) min
p∈Pj

Q−1∑
n=1

∣∣znp(λn)
∣∣2

Q∑
n=1

∣∣znp(λn)
∣∣2

. (34)

In the original Kaniel–Paige–Saad formalism, an ad-
vantageous choice of p ∈ Pj that realizes a tight
bound is the real-valued Chebyshev polynomials,

Tj(x) =


1 j = 0
x j = 1
2xTj−1(x)− Tj−2(x) j ≥ 2

, (35)

where the minimal supremum norm property of Tj ,

1
2j−1

∥∥Tj(x)
∥∥

∞ = inf
p∈Pj :p−xj∈Pj−1

∥∥p(x)
∥∥

∞ , (36)

over the interval [−1, 1] ⊂ R helps establish the suit-
able bound on the fraction in Eq. (34). Note that here
λn = exp (−iϑn) for ϑn = En∆t ∈ [0, 2π) so we seek
a family of polynomials defined over the unit circle
S1 = {z : |z| = 1} ⊂ C to bound the fraction. Let
q ∈ (0, 1] and now we will consider the handy choice
of complex-valued Rogers-Szegő polynomials [46, 47],

Wj(z|q) =


1 j = 0
z + 1 j = 1
(1 + z)Wj−1(z|q)
−(1− qj−1)zWj−2(z|q) j ≥ 2

, (37)

over the circle S1,q = {z : |z| = q−1/2}. For simplicity,
we rewrite z = −q−1/2 exp (−iϑ) where ϑ ∈ [−π, π)
denotes an angular phase. A prefactor of −1 is in-
cluded to periodically translate the polynomials so
that Wj(ϑ|q) adapts the symmetry Wj(−ϑ) = Wj(ϑ)∗

(we also omit a conditional dependence of Wj on q
for notational clarity). Such family of polynomials
shares the key properties that (i) |Wj(ϑ)| remains
bounded below unity over some proper angular win-
dow W = [−Ω, Ω] ⊂ [−π, π) and (ii) |Wj(ϑ)| grows
rapidly outside W. For explicit illustrations, Rogers-
Szegő polynomials of the first few orders are shown in
Fig. 7.

Figure 7: Rogers-Szegő polynomials of varying degrees. The
modulus |Wj(z|q)| of the polynomials is plotted as a function
of the angular phase variable ϑ with q ≈ 1 fixed (recall that
z = −q−1/2 exp (−iϑ)). Curve color indicates the degree of
a polynomial and interpolates linearly between purple (j = 1)
and red (j = 10). Inset illustrates the bounded behavior
of Wj over the angular window [−π/3, π/3] marked by the
vertical dashed lines in the main plot.

Note that the constant q controls the width of our
truncated angular windowW. In the limit q → 1, one
can verify that these polynomials converge to,

Wj(ϑ)→
j∑

k=0

(
j

k

)
exp

[
−ik(ϑ + π)

]
, (38)

which simply gives the sum of evenly spaced points
on S1 weighted by the binomial coefficients. As a
consequence, supϑ |Wj(ϑ)| ≈ 2j for q ≈ 1. To bound
the fraction from Eq. (34) tightly, we want a suit-
able linear transformation L acting on the eigenphases
{λn}Q

n=1 such that L nudges ϑn≤Q−1 all inside the
truncated windowW while keeping ϑQ outside. With-
out loss of generality, we may assume ϑQ−1−ϑ1 ≤ 2Ω
and 2Ω ≤ ϑQ − ϑ1 ≤ π + Ω by choosing suitable time
grid ∆t, e.g.,

∆t = sup
τ

{
τ ∈ R+ :ϑQ(τ)− ϑQ−1(τ) ≤ Ωc,

ϑQ−1(τ)− ϑ1(τ) ≤ 2Ω
}

,
(39)

with Ωc = π − Ω. Hence a natural L is the phase
multiplicative transformation,

L : ϑ 7→ ϑ + Ω− ϑQ−1, (40)

which circularly shifts {λn}Q
n=1 so |L(ϑ1)| ≤

L(ϑQ−1) = Ω ≤ L(ϑQ) as desired. With our pick
of L, we can establish a variational upper bound by
substituting the trial polynomials p = Wj ◦ L into
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Eq. (34),

inf
∆t

EQ − EQ̃ ≤ (EQ − E1)

Q−1∑
n=1

∣∣znWj(Ω)
∣∣2

∣∣zQWj(L(λQ))
∣∣2 , (41)

= (EQ − E1) sin2 Ξ∣∣Wj(L(λQ))
∣∣2 cos2 Ξ

,(42)

where in arriving at Eq. (42) we have utilized property
(i) of Wj and defined an overlap angle Ξ by cos2 Ξ =
|zQ|2 = |⟨Φ0|Q⟩|2 that specifies the projection of our
initial state onto the top eigenstate. For the limiting
case q = 1, it is rather straightforward to show that
Ω = π/3 and,∣∣∣Wj

(
L(λQ)

)∣∣∣1/j

=
√

2− 2 cos
(
ϑQ − ϑQ−1 + Ω

)
,

≥ 1 + ΓϵQ−1,Q,
(43)

where ϵQ−1,Q = (ϑQ−ϑQ−1)/Ωc denotes the normal-
ized top spectral gap and Γ is a constant for which
Ineq. (43) holds for ϵQ−1,Q ∈ [0, 1]. For example,
Γ = 1 is justified by concavity of the LHS of the in-
equality with respect to the spectral gap ϑQ − ϑQ−1.
Hence we can further bound Eq. (42) using Ineq. (43),

inf
∆t

EQ − EQ̃ ≤
(EQ − E1)ϵ̃−2j

Q−1,Q sin2 Ξ
cos2 Ξ , (44)

for ϵ̃Q−1,Q = 1 + ΓϵQ−1,Q ≥ 1. After flipping Ĥ 7→
−Ĥ, we have proved the statement in the theorem
as claimed. Notice that our result is analogous to
the classical Krylov result except that ϵ̃Q−1,Q = 1 +
2ϵQ−1,Q+2(ϵ2

Q−1,Q+ϵQ−1,Q)1/2 with ϵQ−1,Q = (EQ−
EQ−1)/(EQ−E1) was used in the original convergence
theory [32, 43, 44]. □

Corollary 1.2. Let Eñ(j) label the approximate nth
lowest eigenvalue and δEn(j) = Eñ(j)−En the energy
error. Then for j ≥ n ≥ 1, there exists time grid ∆t
such that,

0 ≤ δEn(j) ≤
(EQ − En)Yn,j ϵ̃

−2(j−n+1)
n,n+1 sin2 Ξn

cos2 Ξn
, (45)

where Yn,j is a prefactor containing the (n−1) lowest
approximations,

Yn,j =


1 n = 1

max
ℓ>n

n−1∏
m=1

∣∣∣∣ λℓ − exp (−iEm̃∆t)
λn − exp (−iEm̃∆t)

∣∣∣∣ n ≥ 2
, (46)

while cos2 Ξn = |⟨Φ0|n⟩|2 and ϵ̃n,n+1 = 1 + 3(En+1 −
En)∆t/2π denote the relevant squared overlap and in-
terior spectral gap respectively. Recall that we have
defined the phase factors λℓ = exp (−iEℓ∆t) ass-
coiated with the true eigenvalues in Thm 1.1.

[proof.] Again we present the argument for δEQ−n+1
due to the identification En ↔ EQ−n+1 through a
spectral flip. For simplicity, let ⋆n = Q−n + 1. First
observe that by the min-max characterization of op-
erator eigenvalues [48] as embodied in Eq. (28),

E⋆̃n(j)− E⋆n = max
R⊆KÛ

min
|v⟩∈R

r(v|Ĥ − E⋆nÎ), (47)

≤ max
R⊆H

min
|v⟩∈R

r(v|Ĥ − E⋆nÎ) = 0, (48)

where Î denotes the identity operator and R la-
bels an n-dimensional subspace. Thus it suffices
to establish RHS of Ineq. (45). By construction
δE⋆n ≥ maxM r(v|Ĥ − E⋆nÎ) =⇒ −δE⋆n ≤
minM r(v|E⋆nÎ−Ĥ) givenM = span

{
|m̃⟩

}⋆n

m=Q−j
⊂

KÛ (Φ0; j), so we have

|δE⋆n| ≤ min
|v⟩=p(Û)|Φ0⟩

Q∑
ℓ=1

(E⋆n − Eℓ)
∣∣zℓp(λℓ)

∣∣2

Q∑
ℓ=1

∣∣zℓp(λℓ)
∣∣2

,(49)

≤ min
p(Û)|Φ0⟩

⋆n−1∑
ℓ=1

(E⋆n − Eℓ)
∣∣zℓp(λℓ)

∣∣2

∣∣z⋆np(λ⋆n)
∣∣2 , (50)

where the minimum is taken over the subset of polyno-
mials p ∈ Pj satisfying ⟨m̃|p(Û)|Φ0⟩ = 0 for ⋆n + 1 ≤
m ≤ Q (we have reserved the same notations as in
Thm.1.1). Here we extend Saad’s main idea and con-
sider reducible complex polynomials of the form,

p(z) = q(z)
Q∏

m=⋆n+1

z − exp (−iEm̃∆t)
λ⋆n − exp (−iEm̃∆t) , (51)

= q(z)p↓(z), (52)

with p factorizable into two polynomials q ∈ Pj−n+1
and p↓ ∈ Pn−1. By design, the complex exponentials

{exp (−iEm̃∆t)}Q
m=⋆n+1 are zeros of p so p(Û)|Φ0⟩ ∈

M is guaranteed with (n − 1) orthogonality condi-
tions above fulfilled. On the other hand, p↓(λ⋆n) = 1
implies,

|δE⋆n| ≤ min
q

(E⋆n − E1)

⋆n−1∑
ℓ=1

∣∣p↓(λℓ)zℓq(λℓ)
∣∣2

∣∣z⋆nq(λ⋆n)
∣∣2 , (53)

and we may simply relax the numerator by recogniz-
ing, ∣∣p↓(λℓ)

∣∣ ≤ sup
z∈A(⋆n;∆t)

∣∣p↓(z)
∣∣ , (54)

where A(⋆n; ∆t) ⊂ S1 gives a circular arc with arc an-
gle [−ϑ⋆n−1,−ϑ1]. For example, we expect the supre-
mum to occur at λ1 = exp (−iϑ1) when the time grid
∆t satisfies ϑQ − ϑ1 ≤ π. It is clear that the rest of
our proof follows from direct application of Thm 1.1
to the spectral sector {Eℓ}⋆n

ℓ=1. □
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6 Alternative Implementation analysis
6.1 Vanilla and iterative time evolution
VQPE evolving a fixed reference |Φ0⟩ for NT

timesteps solves a linear system in one shot, which re-
quires O(Nβ

T ) complexity with an exponent β ∈ [2, 3].
Now consider an evolution for which we dynamically
update the reference after each timestep. Specifically,
we update based on our current best guess |Ψg(j)⟩ on
an (NI + 1)-dimensional subspace defined iteratively
by,

span
{

Û(∆tj,k)|Ψg(j − 1)⟩ : 0 ≤ k ≤ NI

}
, (55)

where tj−1 = tj,0 < tj,1 < · · · < tj,NI
= tj de-

notes a partition of [tj−1, tj ] with ∆tj,k = tj,k− tj,k−1
(∆tj,0 ≡ 0 as our convention). The trivial case
NT = 1 corresponds to a vanilla VQPE. For the sim-
plest nontrivial case NI = 1, the reference state after
j steps takes the form,

|Ψg(j)⟩ ∝ |Ψg(j − 1)⟩+ cjÛ(∆tj)|Ψg(j − 1)⟩, (56)

starting with |Ψg(0)⟩ = |Φ0⟩, our input initial state.

Such iteration requires O(NT Nβ
I ) complexity and

thus offers a speedup when NI ≪ NT . In this sec-
tion, we focus on the case NI = 1, again with our
initial state being a uniform superposition.
First observe that a vanilla time evolution always

outperforms an iterative one if we employ a linear
time grid, t⃗ = (t1, 2t1, · · · , NT t1), based on the up-
date rule from Eq. (55). As a minimal example,
|Ψg(j = 2)⟩ takes the free form c0|Φ0⟩+c1|Φ1⟩+c2|Φ2⟩
under a vanilla evolution and the constrained form
d0(c0|Φ0⟩+ c1|Φ1⟩) + d1(c0|Φ1⟩+ c1|Φ2⟩) under an it-
erative evolution. Instead, we consider the adaptive
time grid,

t⃗ = (t1, γtt1 + t1, · · · ,

NT∑
j=1

γj−1
t t1), (57)

where γt defines an additional free parameter dis-
counting any time interval [tj−1, tj ] with respect to
its precursor [tj−2, tj−1]. Now |Ψg(j = 2)⟩ from the
example above takes the form d0(c0|Φ0⟩ + c1|Φ1⟩) +
d1(c0|Φ2⟩ + c1|Φ3⟩) after an iterative evolution with
γt = 2, thus including a new state |Φ3⟩ that can po-
tentially facilitate the convergence. For subsequent
comparisons, let t⋆

1 denote the size of a timestep from
the optimal linear grid. We then look at convergence
of the iterative VQPE (IVQPE) with an adaptive time
grid versus the vanilla VQPE with an optimal linear
time grid tj = jt⋆

1. When γt ≪ 1, both vanilla and
iterative evolution degrade with more timesteps due
to linear dependency issues. When γt > 1, we ex-
pect the iterative evolution to gain reasonable conver-
gence at (t1, γt) = (t⋆

1, 2) which we term near optimal
parameters, since we iteratively evolve onto a larger

unexplored subspace of size 2j that stays maximally
independent from the explored one. The near opti-
mality over our restricted two-dimensional parameter
space is explicitly displayed in Fig. 8.

Figure 8: Convergence of ground state energy for evolution of
NT = 10 adaptive timesteps (linear spectrum En = n∆E).
Ground state energy error δE1,NT = ⟨Ψg(NT )|Ĥ|Ψg(NT )⟩−
E1 is plotted in units of ∆E as a function of two parameters
κ = t1Q∆E/2π and γt ≥ 1. Top: Nondimensional energy
error from vanilla evolution (VQPE). Filled circle in black
highlights the optimal parameters. Bottom: Nondimensional
energy error from iterative evolution (IVQPE). Filled circle in
black highlights the optimal parameters and filled star marks
the near optimal parameters (t1, γt) = (t⋆

1, 2).

The population profiles of ground states extracted
from IVQPE with linear and adaptive time grids are
displayed in Fig. 9, where we observe very different
population suppression depending on the time grid
that guides the phase rotations. For 0 ≪ γt < 1,
we expect the performances of both vanilla and it-
erative evolution to progressively degrade as γt de-
creases, where the vanilla evolution will experience a
sharper slowdown in its convergence rate due to diffi-
culties in simultaneously resolving all the time evolved
states for desirable phase cancellation. However, the
use of γt < 1 turns out to be particularly benefi-
cial for special scenarios. For example, recall that in
Sec. 4.2, we have deduced an exact and exponentially
fast ground state recovery from an iterative evolution
with adaptive timesteps ∆tj = 21−jπ/∆E and thus
γt = 1/2. In that case, specific restrictions lie in the
spectral density (linear spectrum) and Hilbert space
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size (log2 Q ∈ Z+).

Figure 9: Population suppression over excited states from a
multi-step iterative evolution (linear spectrum En = n∆E).
Population profiles are plotted as a function of the eigen-
state index 1 ≤ n ≤ Q = 1000 for different time grid
parametrizations with t1∆E = κ2π/Q. Top: A linear time
grid ∆tj = t1 with κ = 0.4. Bottom: An adaptive time
grid ∆tj = γt

j−1t1 with (κ, γt) = (0.4, 2). In both pan-
els, profile color indicates the number of iterative timesteps
taken and interpolates between purple (j = 1) and red
(j = 10). The inset displays the ground state energy error
δE1,j = ⟨Ψg(j)|Ĥ|Ψg(j)⟩ − E1 on a log scale as a function
of the steps taken.

The implementation of IVQPE as a quantum cir-
cuit via a sequence of intermediate state preparation
is discussed in Appendix E. We remark that an accu-
rate sampling of the Hamiltonian and overlap matrix
elements relies on the faithful preparation of the inter-
mediate states. Regardless of the time parametriza-
tion, we only need to measure the off-diagonal matrix
elements (the diagonal elements are determined be-
fore each IVQPE step). For the simplest case NI = 1,
the total number of measurements is 2NT , i.e., still
linear in the number of timesteps taken.

6.2 Effect of stochasticity
Within the context of ground state computation

from real-time evolution, sources of stochasticity may
include dynamical noises due to dissipative system-
bath interactions and statistical uncertainties due to
measurements on hardware, both of which evolve with
the number of timesteps taken. By simulating pertur-
bations on our target spectrum, we can examine sus-

ceptibility of the multi-step convergence to induced
spectral disorder.
Let us absorb such disorder into the spectral DOS

ω(E) introduced in Sec. 4.3. Without stochasticity,

ω(E) =
∑Q

n=1 δ(E−En) is a collection of sharp peaks
in the energy domain. These peaks will broaden in
the presence of probabilistic perturbations so that
ω(E) =

∑Q
n=1 gn(E), where the broadening is dic-

tated by the distributions, gn, from which the energy
levels are drawn. For concreteness, a phenomenolog-
ical instance of the spectral broadening is derived in
Appendix F using perturbation theory.Here we con-
sider a random spectrum with fixed ground state en-
ergy E1 and i.i.d. level spacing,

En+1 − En = ∆n ∼ p∆(∆n), (58)

where p∆(∆n) gives the spacing statistics. In this
specific case, the distributions gn are given by,

gn(E) =
ˆ n−1∏

m=1
d∆m δ(E −

∑
m<n

∆m − E1)∏
m<n

p∆(∆m),
(59)

with all the spacing variables ∆m integrated out
through convolutions of their statistical weights.
From here on, we will use the single random vari-
able ∆E ∼ p∆(∆E) to denote the level spacing in the
presence of stochasticity. Upon averaging over the
spectral disorder associated with gn, we get an effec-
tively linear spectrum, Eeff

n = E1 +(n−1)E∆E. Note
by the generalized Jensen’s inequality,∣∣∣En exp (−iE∆tj)− exp (−iEeff

n ∆tj)
∣∣∣

≤ η(n− 1)(∆tjE∆E)2
√

2
,

(60)

where En denotes an expectation against the level
distribution gn and η > 0 defines a nondimensional
level spacing variance such that var∆E = η(E∆E)2.
Thereby for suitably short time evolution t⃗ (as re-
marked in Sec. 5.1) and spacing disorder p∆ with
controlled variance, a standard continuity argument
suggests that the approximate eigenvalues of a tar-
get operator subject to stochastic perturbations above
will, on average, closely resemble those of a deter-
ministic operator having a harmonic spectrum. As a
result, these perturbations can be significantly tem-
pered through ensemble average over the spectral
disorder, especially for unperturbed target operators
with a relatively flat DOS. To illustrate this robust-
ness of VQPE with respect to spectral disorder from
Eq. (58), we display in Fig. 10 the ground state con-
vergence for random spectra and their linear equiva-
lent, given simple forms of p∆ with η = O(1)≪ Q.
Agreement between the mean of the convergence

envelope over spectral realizations and the conver-
gence on the mean spectrum observed in Fig. 10 tends
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Figure 10: Ground state convergence after multiple timesteps
(random spectrum and linear time grid tj = jt1 with κ =
t1QE∆E/2π = 0.4). Population profiles are plotted for
three distributions of energy level spacing. Top: Bernoulli
spacing. Middle: Uniform spacing. Bottom: Exponential
spacing. The profile color in all panels indicates number of
timesteps taken and interpolates between purple (j = 1)
and red (j = 10). The inset displays the log-scale ground
state energy error δE1,j where the solid curve benchmarks
the convergence for the linear spectrum while hollow circles
mark the convergence for a randomly realized spectrum. The
pink shade shows the convergence envelope for 103 random
realizations.

to break down once the DOS ω(E) loses its disper-
sive character and builds up mass concentrations. For
example, consider a random Q × Q Hermitian ma-
trix with i.i.d. N (0, 1/Q) diagonal entries and i.i.d.
N (0, 1/2Q)+iN (0, 1/2Q) upper-diagonal entries, i.e.,

H ∼
exp

[
−Qtr(H2)/2

]
2Q/2πQ2/2 , (61)

which generates the well-known Gaussian unitary en-
semble (GUE) in random matrix theory. It is worth

mentioning that the spectral disorder from Eq. (61)
can be reproduced alternatively from the spacing
statistics,

p∆(∆E) =
32(∆E)2 exp

[
−4(∆E)2/πD2]

π2D3 , (62)

where D = E∆E and p∆ in this case vanishes
quadratically for small ∆E, exhibiting the phe-
nomenon of level repulsion. From either prescrip-
tion, one may prove that the DOS follows a semi-
circle law ω(E) = Q

√
4− E2/2π with mass concen-

trated around E = 0. Such concentration can be
contrasted with the dispersion ω(E) ∝ 1/D when
p∆(∆E) ∝ exp (−∆E/D). Fig. 11 demonstrates
the convergence behavior of random spectra sampled
within GUE upon proper scaling and shifting, where
we note a drift of the convergence envelope away from
our convergence benchmark on the averaged spectrum
Eeff

n .
To further investigate the dependence of the con-

vergence envelope on the DOS concentration, we also
include in Fig. 11 the behavior of random spectra
sampled according to the Gaussian density ω(E) ∝
exp (−E2/2σ2) where σ tunes the mass concentra-
tion. For a chosen mean spacing E∆E, stochasticity
with Gaussian DOS shows a faster ground state con-
vergence compared to that with semicircular DOS as
displayed in Fig. 11. Thus the shape of ω(E) takes a
decisive part in regulating the convergence of VQPE.
In general, ω(E) is uniquely determined by its char-
acteristic function ω̂(t). But a suitably short time
evolution allows us to extrapolate ω̂(t) only in terms
of the derivatives ω̂(k)(0), which are nothing but the
cumulants of our DOS. Consequently, we comment
that the different convergence behaviors due to differ-
ent disorder may be exploited as a spectral fingerprint
from which useful local information about the eigen-
value density can be revealed.

6.3 Choice of initial vector
Throughout the previous sections, we have asserted

a simplifying assumption that we initialize with a uni-
form superposition state. In practice, this assumption
seems tailored for certain tasks such as the combina-
torial searches (creation of equally weighted bitstrings
from Hadamard gates) but becomes less effective to
implement for other tasks such as the electronic struc-
ture predictions in quantum chemistry. Specifically, in
contrast to massively degenerate spectra whose eigen-
states could be easily resolved within few timesteps as
seen earlier in Sec. 4.1, molecular Hamiltonians gen-
erally exhibit a full-rank structure accompanied by, at
most, moderate spectral degeneracies. Consequently,
achieving convergence for full-rank chemical problems
requires exploring larger subspace, as is typical for the
canonical Krylov methods. Given that phase cancella-
tion is only relevant within the support of a real-time
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Figure 11: Ground state convergence after multiple timesteps
(random spectrum and linear time grid tj = jt1 with κ =
t1QE∆E/2π = 0.4). Population profiles are plotted for two
differently concentrated DOS ω(E). Top: Semicircular spec-
tral density. Bottom: Gaussian spectral density. The profile
color in both panels indicates the number of timesteps taken
and interpolates between purple (j = 1) and red (j = 10).
The inset displays the log-scale energy error where the solid
curve benchmarks the convergence for a linear spectrum with
a flat DOS while the hollow circles mark the convergence for
a randomly realized spectrum. The pink shade shows the
convergence envelope for 103 random realizations and the
dashed curve traces out the average convergence.

state, it is favorable to strategically prepare the initial
state in order to taper the high Hamiltonian rank and
minimize the runtime of the real-time evolution.

Here we consider the transition metal dimer Cr2
(def2-SVP basis set [49], 30 orbitals and 24 electrons),
where we restrict the simulation to the widely stud-
ied 30-orbital active space, as a prototypical molecu-
lar system that exhibits strong electronic correlations.
We then examine the role of initial state preparation
in the VQPE ground state computation. Due to im-
plementation feasibility, we truncate the Hilbert space
and employ only a subset of all the Slater determi-
nants in the active space. The determinants are cho-
sen using the adaptive sampling configuration inter-
action (ASCI) algorithm [50–52]. This is an iterative
selected configuration interaction approach that ex-
plores the Hilbert space and identifies the most impor-
tant determinants for a ground state approximation,
thus providing highly accurate and moderately sized
truncations. The data shown below for Cr2 includes
4000 determinants, selected by taking a one million

determinant Hilbert space truncation with ASCI and
picking the 4000 determinants with the largest coef-
ficients in the one million. Although the full Hilbert
space for Cr2 is much larger than what we have stud-
ied here, we remark that in previous work [26] we per-
formed a finite-size effect study of VQPE by compar-
ing the dynamics of progressively larger truncations of
Cr2, from one thousand to one million determinants,
demonstrating that vastly different truncation sizes
result in the same convergence.
We test two candidate initializations, uniform su-

perposition |ΦU⟩ and Hartree-Fock |ΦHF⟩, whose
ground state convergences are shown in Fig. 12. As
the lower energy reference, the Hartree-Fock state also
accelerates the rate of convergence and gives chemical
accuracy on the order of 10 timesteps. The observed
fast convergence can be attributed to two primary fea-
tures of |ΦHF⟩: (i) its significant overlap with the low
energy eigenstates, which persists across different sys-
tem sizes and ensures an exponential decrease of the
energy error, and (ii) its relatively tight support in the
Hilbert space, which effectively reduces the rank of the
Hamiltonian and enlarges the spectral gap. Although
this speedup necessitates a Hartree-Fock preparation
beforehand, a handful of known techniques can be in-
voked to minimize the cost of such preprocessing so
that |ΦHF⟩ remains an advantageous choice for eigen-
state recoveries in molecular systems.

Figure 12: Cr2 ground state energy from a multi-step time
evolution (adapted time grid ∆tj = γj−1

t t1 with t1 and γt

optimized). Energy error is plotted over number of timesteps
for different initial states where red and blue curves show the
convergence for a uniform |ΦU⟩ and a Hartree-Fock |ΦHF⟩
initial state respectively. The red open circles mark the con-
vergence for a randomized initial vector that approximates
|ΦU⟩ and pink shade displays the convergence envelope for
an ensemble of 103 randomizations.The black dashed line in-
dicates chemical accuracy.

Moreover, we show in Fig. 12 the ground state con-
vergence when the initial state is randomized as en-
countered in the standard Krylov subspace method,
e.g. the Lanczos algorithm. The randomization of-
ten involves a draw of i.i.d. variables {ϕn}Q

n=1 fol-
lowed by a normalization |Φ0⟩ = (ϕ1, · · · , ϕQ) 7→

Accepted in Quantum 2023-06-07, click title to verify. Published under CC-BY 4.0. 14



|Φ0⟩/
√
⟨Φ0|Φ0⟩. We take our drawing distribution to

be uniform U [0, 1] and plot the convergence envelope.
By the central limit theorem, we expect the envelope
to narrow and match the convergence behavior for
|ΦU⟩ in the large Q limit.

7 Conclusion

In this work, we study the class of subspace ex-
pansion algorithms utilizing a real-time evolved basis,
providing detailed analysis for the underlying ideas
in the original VQPE formalism from our previous
work [26]. The main new results that we have pre-
sented here are the following: We have demonstrated
a visualization of the convergence of the single-step
and multi-step real-time algorithm. We have supple-
mented our visualization with a proof of the observed
convergence, analogous to that constructed to justify
Lanczos-type algorithms. Finally, we have introduced
different algorithmic implementations for generating
real-time states. This includes an iterative implemen-
tation that holds interesting convergence properties of
its own. Given the significant recent interests in real-
time algorithms on quantum devices [24–26, 53, 54],
we believe that our work provides a timely and im-
portant step forward in understanding the properties
of these algorithms as they are further developed for
quantum computation. Our analysis, additionally, re-
mains quite general and can also be used to advance
these types of algorithms on classical architectures.
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Appendix

A Krylov theory
To elaborate on the theoretical footing that the

Krylov method rests on, we introduce the Rayleigh
quotient [55],

r(v) = ⟨v|Ĥ|v⟩
⟨v|v⟩

, (63)

where v represents a nonzero vector and we adopt
Dirac’s bra-ket notation in quantum mechanics to de-
note the inner product on H. It is straightforward to
check that the eigenvalue-eigenvector pairs (En, |n⟩)
of the operator extremize the Rayleigh quotient in the
sense that,

En = min|v⟩̸=0∈Hn
r(v),

|n⟩ = arg min|v⟩∈Hn:⟨v|v⟩=1 r(v),
(64)

for which Hn=1 = H and Hn≥2 = span{|ℓ⟩ : ℓ ≤
n − 1}⊥ label the search space associated with the
nth extreme eigenvalue. As the dimensionality of the
Hilbert space increases, the optimization task of exact
operator diagonalization formulated in Eq. (64) be-
comes numerically challenging despite active efforts to
exploit existing Riemannian tools [56–58] for tractable
solutions. The Krylov method overcomes this numer-
ical difficulty by restricting the optimization to the
lower-dimensional Krylov subspace,

K(Φ0; NT ) = span
{

Ĥj |Φ0⟩ : j ≤ NT

}
, (65)

for some initial vector |Φ0⟩ and number NT of re-
peated operator applications. The Krylov search
space Kn ⊂ K, similar to Hn, is defined recursively so
that the resulting optimal eigenpairs (Eñ, |ñ⟩) offer an
approximation to the extreme ends of the spectrum.
In the language of matrix algebra, minimization of
the Rayleigh quotient restricted to the Krylov search
space solves the equation,

Hc⃗n = EñSc⃗n, (66)

where H and S denote the CdimK×dimK representa-
tion of the target and overlap operators in the Krylov
basis,

Hij = ⟨Φi|Ĥ|Φj⟩, Sij = ⟨Φi|Φj⟩, (67)

and c⃗n denotes the CdimK coordinate of the vector |ñ⟩
in the same basis. In practice, the initial vector |Φ0⟩
can be chosen to ensure a full rank Krylov subspace of
dimension NT + 1. This then makes the Krylov vec-
tors linearly independent, and the Krylov basis can be
orthonormalized by a modified Gram-Schmidt proce-
dure such that H is tridiagonal and S 7→ I to avoid
possible ill conditioning.
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B Influence of spectral gap on the sin-
gle step convergence
Let us consider the Hamiltonian with an additional

spectral gap,

Ĥ = ∆E|1⟩⟨1|+
Q∑

n=2
(n∆E + ϵ12) |n⟩⟨n|, (68)

where ϵ12 ∈ (−∆E,∞) denotes the signed excess ex-
citation between the ground and first excited state.
Unlike any spectrum shift which physically translates
to a reset of the zero point energy and thus preserves
the population (one may check that Eq. (17) remains
invariant under energy shift En 7→ En +E0), a change
in the spectral gap ϵ12 can induce a population trans-
fer where the lower energy population gets enhanced
by a larger gap value. Such nontrivial influence of the
gap is manifested in the eigenstate population,

pn =
sin

[
χ(t1|ϵ12) + Ent1

]
+ 1

Z(t1|ϵ12) , (69)

whose functional form is immediately accessible once
we identify how the matrix elements transform under
a gap change En 7→ En + (1− δ1,n)ϵ12.

Figure 13: Dependence of eigenstate population on the
single timestep (linear spectrum with spectral gap En =
n∆E + (1 − δ1,n)ϵ12). The ground state energy error
δE1 = ⟨Ψg|Ĥ|Ψg⟩ − E1 is plotted over the timestep size
t1∆E = κ2π/Q. Here δE1 is plotted relative to the initial
error ⟨Φ0|Ĥ|Φ0⟩ − E1 and takes a value between 0 (exact
recovery of ground state) and 1 (no improvement over the
initial estimate). Curve color indicates the value of the spec-
tral gap and interpolates between yellow (ϵ12 = 0) and dark
green (ϵ12 = 400∆E).

Note that increasing ϵ12 in this case can enhance the
population p1, but at a likely cost of compromising en-
ergy accuracy in the single step limit. Such a trade-off
is shown in Fig. 13. Even with the optimal timestep,
the relative error in the approximate ground state en-
ergy (with respect to the equal superposition starting
state) exhibits nonmonotonic dependence on the gap
value. In the extreme case ∆E → 0 and ϵ12 →∞, we
recover the unstructured search for which the single
step VQPE gives the exact result.

C Exponentially fast convergence of
the ground state of a harmonic spec-
trum
Recall that the eigenstate population,

pn =
sin

[
χ(t1) + Ent1

]
+ 1

Z(t1) , (70)

takes a sinusoidal form after single step. In particular,

χ = arg(µ + iµ̃) + arg(S01), (71)

represents a phase offset determined by the Hamilto-
nian and overlap matrix elements, while

Z = 2Qρ̃(ρ̃ + ρ)
(ρ̃ + ρ)2λ2

− + g2λ2
+

, (72)

gives a scaling to normalize the eigenstate population.
In the expressions above, arg(·) denotes the argument
of a complex number and µ̃, µ, ρ̃, ρ, g, λ± are all auxil-
iary variables in Eqs. (71)-(72). In terms of the matrix
elements, these auxiliary variables are

λ± = 1√
1±|S01|

, (73)

g = ℜS01ℑH01 −ℑS01ℜH01

|S01|
λ−λ+, (74)

ρ = ℜS01ℜH01 + ℑS01ℑH01

2|S01|

(
λ2

− + λ2
+

)
(75)

− H00

2

(
λ2

− − λ2
+

)
, (76)

ρ̃ =
√

g2 + ρ2, (77)

µ = 2gλ+

(ρ̃ + ρ)λ−
, (78)

µ̃ =
−g2(λ2

− − λ2
+)− 2ρ(ρ̃ + ρ)λ2

−
(ρ̃ + ρ)2λ2

−
, (79)

where ℜ and ℑ label the real and imaginary part of the
matrix elements respectively. Notice that the depen-
dence on t1 is implied in the definitions of the auxiliary
variables. Fig. 14 shows the phase and normalization
of eigenstate population for the gapped Hamiltonian
as a function of the evolution time t1. Note that
the phase offset χ stays linear for a short time and
then undergoes damped oscillations, where the spec-
tral gap sets the slope and envelope in both the linear
and oscillatory regimes respectively. The normaliza-
tion factor Z grows quadratically for short time and
then plateaus to an asymptotic value around Q with
intertwined oscillations, whose envelope is likewise set
by the gap value.

The condition on the phase factor ∆Et1 for deriva-
tion of Eq. (70) is as follows: at fixed ∆E, invari-
ance of H and S under periodic shift of ∆Et1 by 2πZ
suggests that we can always make the assumption
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∆Et1 ∈ (0, 2π). To ensure that the constituent ex-
pressions given by Eqs. (73)-(79) are well-defined, we
also exclude the measure zero subset of t1 values for
which g(t1) = 0 and ρ(t1) ≤ 0. When Q∆Et1 ∈ 2πZ,
it is straightforward to check that S = I and our
previous formula seems to fail with ℜS01 = ℑS01 =
|S01| = 0. However, lim∆Et1→2πk/Q pn(t1) exists for
integer 1 ≤ k ≤ Q − 1 and matches with the ana-
lytical expression from diagonalization of H. Hence
Eq. (70) remains valid almost surely on the phase in-
terval (0, 2π).

Figure 14: Dependence of phase offset and amplitude nor-
malization on the single timestep (linear spectrum with a
gap En = n∆E + (1 − δ1,n)ϵ12). Curve color indicates the
value of the spectral gap and interpolates between yellow
(ϵ12 = 0) and dark green (ϵ12 = 400∆E). Top: Phase off-
set χ as a function of the timestep size t1∆E = κ2π/Q.
Bottom: Normalization Z as a function of the timestep size
t1∆E = κ2π/Q.

For the case ∆Et1 = π and Q ∈ 2Z+ − 1, we can
show that the extracted ground state takes a form,

|Ψg(π/∆E)⟩ =



n odd∑
1≤n≤Q

√
2

Q + 1 |n⟩

n even∑
1≤n≤Q

√
2

Q− 1 |n⟩

, (80)

almost identical to the case Q ∈ 2Z+ specified within
the main text, except that the solution above is de-
generate.
On the other hand, a generic choice of ∆Et1 ∈

(0, 2π) influences the extracted population profile in

a nonmonotonic way. For each eigenstate |n⟩, the
population pn(t1) oscillates between its local extrema
at a characteristic rate of 2π/[χ(t1) + nt1∆E] as we
vary ∆Et1. Consequently, we expect some region
in the phase parameter space where the population
of the low energy eigenstates fully dominates that of
the higher energy eigenstates and hence the extracted
ground state |Ψg⟩ is optimal. Such nonmonotonicty
has been explicitly shown in Fig. 2 using an optimal
timestep ∆Et1 ∈ (0, π/Q).

D Phase cancellation from optimized
Möbius transformations
For multi-step time evolution, we can rewrite the

extracted ground state,

|Ψg⟩ ∝
1∏

j=NT

R̂j |ΦNT
⟩ =

1∏
j=NT

T̂j

[
cjÛ(∆tj)|Φ0⟩

]
, (81)

where R̂j : v 7→ |Φj−1⟩+ cjv defines the nested linear
combinations. In the second equality, ∆tj = tj − tj−1
while T̂j is the |Φ0⟩-translation of the image subspace

ImÛ(∆tj). Eq. (81) recapitulates that a pairwise
combinator of the form |Φj−1⟩ + cj |Φj⟩ will rotate
accumulated phases exp (−iEn∆tj) commonly via cj

(up to a stretch) and tilt the rotated phases via ad-
dition of 1. If we project this operator identity onto
eigenstate |n⟩, we may view the emergent algebraic
recursion z0(n) = 1 and,

zj(n) = 1+
cNT −j+1 exp

(
−iEn∆tNT −j+1

)
zj−1(n),

(82)

as a sequence of Möbius transformations which di-
rect simple geometric moves in the complex plane.
In particular, each geometric move Gj consists of
a phase calibration z 7→ exp (−iEn∆tNT −j+1)z fol-
lowed by a stretching rotation z 7→ cjz and an addi-
tive tilt z 7→ z + 1 as described above, where the last
move yields the eigenstate population |zNT

(n)|2 =
|⟨n|Ψg(t1, · · · , tNT

)⟩|2. Now recall that the weights

{cj}NT
j=1 are optimized to maximally restrict the ex-

cited states population. Geometrically, the weights
hence encode an optimal sequence of phase moves that
best lower the energy cost,

arg min
{Gj}NT

j=1,{nk}Nℓ
k=1:zNT

(nk)=0

Q∑
n=1

En

∣∣zNT
(n)

∣∣2

Q≫1
−−−−→ (c1, · · · , cNT

),

(83)

where the roots {nk}Nℓ

k=1 designate Nℓ spectral land-
marks of high energy cost. Heuristically, the NT

complex degrees of freedom available in a move se-
quence are capable of handling a maximum number of
Nℓ = NT independent nodal constraints zNT

(nk) = 0
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so we expect a one-to-one correspondence between
moves {Gj}NT

j=1 and distinct landmarks {nk}NT

k=1 given

a suitably short evolution t⃗. For NT = 1, the move G1
involves a supplementary rotation that locks the cal-
ibrated phase exp (−iEn1t1) 7→ −1 and a subsequent
counteractive tilt. For NT ≥ 2, a sequential move
Gj involves a stretching rotation that clusters the cal-
ibrated phases around the negative real axis and a
subsequent tilt that sends the phase cluster across the
imaginary axis and thus successively flips the relative
phases arg[zj(nk)/zj(nk′)] → exp [i(Enk

− Enk′ )t1]
before the final counteraction of G1. These different
moves are schematically shown within Fig. 15. For the
specific scenario Nℓ = NT = Q − 1, the set of nodal
constraints may be regarded as a restriction over the
energy domain dual to the phase cancellation condi-
tions (PCCs) over the time domain explored in our
previous work [26].

=z

<
z

NT = 2

=z

NT = 3

=z

NT = 4

j=NT

j= 1

〈n
k | ∏

j
G
j |Φ

0 〉

Figure 15: Linear combination of time evolved states inter-
preted as phase rotation and tilting. The transformed vari-
ables zj(nk) are plotted as filled markers where the defining
recursion in Eq. (82) is regarded as a sequence of geometric
moves acting on the complex plane. Marker color highlights
action of the NT moves Gj and interpolates between pur-
ple (j = NT ) and red (j = 1). For any given color, marker
transparency distinguishes the NT eigenstates nk whose pop-
ulation is to be suppressed after the sequence of moves. For
reference, the calibrated phases exp (−iEnk t1) are displayed
alongside as half-filled markers on the unit circle |z| = 1.

E Preparation of Ground State from
IVQPE

We note that the preparation of ground states in
quantum circuit by IVQPE is no different than that
by VQPE, even though IVQPE runs its own classical
processing and generates a sequence of intermediate
states as the time-evolved states. For convenience, we
focus our discussion on the simple case NI = 1.

In particular, our phase cancellation intuition sug-
gests that each IVQPE step acts as a sum of two uni-
tary gates, Î + exp (iϑ)Û(∆tj), where the interfering
phase ϑ changes after each iterative step. Childs and
Wiebe in [41] provide the probability of applying lin-
ear combinations of unitary operations (LCU), thus

Figure 16: Intermediate state preparation for IVQPE. Here
we consider an adaptive time grid ∆tj = 2j−1t1 and an ini-
tial state with ground state population 0.5 < |z1|2 < 0.75.
Top: LCU success probability of the first few IVQPE steps.
Spectrum of the model Hamiltonian is also shown inset.
Bottom: Ground state population over the course of the
time evolution. The color distinguishes the timestep size
κ = t1(EQ − E1)/2π, interpolating between dark green
(small step size) and yellow (large step size).

yielding a success probability of the first iterative step,

Psuccess(t1) =
Q∑

n=1
|zn|2 sin2 (Ex − En)t1

2 , (84)

where Ex specifies the center of spectral decay. Upon
an LCU measurement that indicates success, we ob-
tain the first intermediate state |Φ0⟩ 7→ |Ψg(j = 1)⟩
with |zn|2 7→ |zn|2 sin2 (Ex−En)t1

2 (up to some over-
all normalization). We then proceed to implement
the next sum of unitaries on this intermediate state.
Hence an approximate ground state from an iterative
evolution of NT timesteps can be prepared via LCU
with a success probability,

PIVQPE({tj}) =
NT∏
j=1

Psuccess(∆tj). (85)

For the probability above to take any reasonable
value, the low energy amplitudes |zn| must be sig-
nificant. This can be realized in quantum chemistry
applications, for example if we start with a Hartree-
Fock state.

Given such an initial state, preparation of the in-
termediate states using a quantum circuit can be sim-
ulated and the associated probabilities of implement-
ing the first few IVQPE steps are displayed in Fig. 16
for a model molecular Hamiltonian. As we tune the
size of the timestep, we observe individual probabili-
ties that are relevant for practical implementation. A
general time grid dependence is further investigated
in Fig. 17 where, with reasonable PIVQPE, the approx-
imate ground state can be prepared from a range of
time parametrizations.
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Figure 17: Ground state preparation for a simulation of
NT = 5 timesteps (adaptive time grid ∆tj = γj−1

t t1).
For simplicity, we choose the same model Hamiltonian
and initial state as in Fig. 16. Top: Success probability
PIVQPE({tj}) is plotted as a function of the time parameters
κ = t1(EQ − E1)/2π and γt. White contour indicates the
level set PIVQPE = 0.5. Bottom: Ground state energy error
δE1 = ⟨Ψg(NT )|Ĥ|Ψg(NT )⟩ − E1, normalized by spectral
gap, is plotted as a function of the time parameters. White
contour indicates the level set δE1/(E2 − E1) = 0.1.

F Noise Modeling from Spectral
Statistics
To see how the target spectral DOS ω(E) can

broaden in the presence of noise, let us consider a
phenomenological model [59, 60] for which the Hamil-
tonian Ĥ undergoes a Hermitian stochastic perturba-
tion Ĥ 7→ Ĥ + V̂ (t) during the time evolution. V̂ (t)
in the computational basis is taken to be a Gaussian
random matrix,

V̂ ∼
exp

[
−Qtr(V̂ 2)/4

]
2Q/2(2π)Q(Q+1)/4 , (86)

and for now we assume a memoryless perturbation,
i.e., V̂ (t) is uncorrelated with V̂ (t′) unless t = t′.
Without loss of generality, we are free to make a
change basis since Eq. (86) is invariant under any sim-
ilarity transformation. Thus in the eigenbasis of Ĥ,
we have

En 7→En

+ ⟨n|V̂ |n⟩+
∑
m ̸=n

|⟨n|V̂ |m⟩|2

En − Em
+ O

(
||V̂ ||3

)
,

(87)

using standard results from perturbation theory in
quantum mechanics. Up to first order (in the op-
erator norm of the perturbation), we notice that the
DOS becomes

ω(E) =
Q∑

n=1
δ(E − En) 7→

Q∑
n=1

gn(E), (88)

where the broadening gn is given by a Gaussian cen-
tered at En. Similarly, higher order corrections leads
to a distinct functional form of gn as long as we remain
in the perturbative regime. Such spectral broadening
is illustrated in Fig. 18

Figure 18: Broadening of the spectral DOS from the phe-
nomenological noise model. We consider an unperturbed
Hamiltonian with linear spectrum En = n∆E and a Gaus-
sian perturbation ||V̂ (t)|| ≈ ∆E. Top: DOS of the per-
turbed Hamiltonian close to a specific unperturbed energy
eigenvalue. Analytical prediction of gn(E) from perturbation
theory is displayed as blue circles. Bottom: Global DOS of
the perturbed Hamiltonian. Histograms are computed from
5 × 104 noise realizations and the red dashed line marks the
unperturbed energy E11.
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