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ABSTRACT

Multiperifhefal models are useﬁ to shoﬁ.how the Régge expansion,
while lacking thresﬁold 5ranch points, may neverthe;ess approximate the
localized physical effects of "peripheral” thresholds. Examples are
giben to demoﬁstraté t@at a single pair of complex poles is capable of
representing even the lowest inelastic thresholds in both total and
single-particle inclusive crosé sections. The Regge mechanism that
allows the position of a threshold to depend sensibly on ﬁhe masses of

‘incoming and outgoing particles is elucidated.’

Da

»l. INTRODUCTION

» A general feature of the analytic S matrix is the occurrence in
any channél invariant of a singﬂiarity at each threshold for & commu-
nicating channel.‘ Such a singularity corresponds to the physical
change that occurs when the phase space is enlarged by the opeﬁing of
a new channel, but most threshold manifestations are difficult to’
oBserveland zarticle-phySicists freqﬁently describe.their data with
modeis that igﬁore thresholds. Threshold effects are.nevertheless
always present in principle and may produce noticeable consequences
even at high energy. In particular, theé'rising tendency of single-
particle inclusive cross sections, up to ISR energies, is widely
believed to be threshol'd-related.l’2 It has also been suggested that
the 10% increaée in the pp total cross section between 20 and 60 GeV
center-of-mass energy may be a thresholdvphenomenon.B’h The term
'%hreshold& here refers not to the simple requirement that the total
energy exceed the‘sum of the masses of produced>;article§, but rather
to a phase-space effect associated with the peripheral character of
high-energy collisions. Now at high energy Regge expansionsvare often
employed in represéntation of total .and inclusive cross sections, and
it is nmatural to inquiré whether such ekpansions afe valid only to the

extent that observable threshold effects have died away. The object of

this paper is to discuss how the Regge expansion, even while lacking

. threshold branch points in & mathematical sense, may nevertheless be

expected to approximate the localized physical effects of important
periﬁheral thresholds. The material presented here is a refinement and

extension of the ideas introduéed in Ref. 5.
As a source of insight we shall employ multiperipheral models

that are known to respect threshold kinematics,. with small transverse
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momentum of produced particles, while at the same time leading to Regge
asymptotic behavior. We propose to abstract from these models aspects
of the relationship between thresholds and Regge parametefs that
plausibly have relevanée to the physical S matrix. The role‘of complex
poles will be emphasized.5

The following questions will, in particular, be addressed:
Given the universality of Regge poles--the same set of crossed-reaction
poles describing transitions between a variety of initial and final
direct-reaction channels--what mechanism will accommodate the different
location of different direct-reaction thresholds? What Regge-pole
mechanism makes thresh;ld effects more prominent in single-particle
inclusive cross sections than in total cross -sections? When applied: to
single-particle inclusive data, how do Régge parameters conform to the
common-sense expectation of increasing threshold influencevwith
increasing mass of the observed pérticle? Finally a practical but
important question: How many different complex Regge poles must be
kept in an asymptotic expansion if threshold effects are to be rep-

resented with reasonable accuracy?

2. MODEL WITH A SINGLE CROSSED CHANNEL

A. Partial and Total Cross Sections

We begin by conéidering the ABFST ladder model of Fig. 1, where
the "sides" of the ladder correspond to a single type of zeré;spin
particle--usually identified as the pion.6 We shall follow this latter
practice, although a literal pion identification is not important to
our objective. The “mass squared” of the "plon” is actually a
continuous (negative) momentum-transfer squared, say t,, and each

segment of ladder sides brings a factor S(ti) which we shall refer to
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as a 'propagator." 7 At the same time each "rung" of the ladder
corresponds to a particle-cluster that can be mroduced in a 'n-m

collision.” Designating the square of each cluster mass by s a

i 2
factor _7(si) will accompeny each rung; 7(si) is evidently
rroportional to the nm cross section for producing the cluster in
question. As seen in Fig. 1, if the physipal collision is between
rarticles A and B, the end-rungs of the ladder correspond to clusters
that can be formed ;n collisions between a pion and particle A or B,
respectivel&, and will bring factors 7A(sA) and VB(sB).

It islshown in Ref. 8 that the differential cross section for

an. AB collision to produce N intermal clusters, as well as the two

external clusters, is then proportional to

N
p AB ! (-9 -9 -9 ey - gp)
B

i

8(n-q,- q;--- -q)

M

2 2 ;
A '(S;mA )m-B ) N.

x 7, (5,006, )7(s)8(6,)7(s,) 7 () ()7 (s)

(1)
corresponding to Fig. 1, where
rMx,y,2) = X+ y2 +2° - 2(xy + xz2 + yz), ' (2)
s -m 2 2
cosh n = ———2-‘::1———5— 3 (3)
A Up
Sy =% -t
cosh qi = T T ()
Fi 2
2(-t,)° (=t, 4)



s, =m, -1t .
sinh (1}\ = —A————é——-——-i—]; K] (5 )
2
EmA( tl)
s - _ .
sinh 4, = B° "8 §¥fl . (6)
13 & 3
sz(iFN+l)
The precise relatiohship bétween a partial cfoss séctibn'and FNAB is
: AB 3
dUN 16n AB
- = CEEEN FN .
da e v 2
s,ds,ds, dsydsdt, «-edty o A (s,mA sl ) )

Threshold kinematics are contained in Formula (1). For examgle,

if N =1 we know that the partial cross section should vanish for
— ' e .
3 %]
s < {(SA). (sgB v (sE] ®)

~

This constraint is represented in Formula (1) through the 6 (step)

function requirement that

no>ogy toag g » -~ (9)
but it is important to abpreciate that Formula (8) represents an

" absolute threshold and is achieved only for special values 6f- t t

1’ 2
that may be quite large. The adjective "multiperipheral"” reminds us’

that the importaﬁt values of the - lti] are supposed to be small.

Assuming that itll cand |t2! are both small with respect to s, @as

o et - 2 o2
well as Vlth respect to Sy - mA and sB - QB , we have
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s
q; = 1log ——-—le—-—-fg ’ (&1)
3 3
(-tl) (-tz)
s, -m>°
q ~ log ————TA A_, (5")
mA(-tl)-2 .
and . 'mﬁei
~ B ' ,
9 ~ log —= . (6")
mg(-t,)*
It follows that
2 ‘ 2
s (s, ~ m," s, - )
. ~ 1\ " Ty /isg - Ty
9 *a3+ 9 ~ log .o (10)

mymp(-ty ) (-ty)

In contrast to Formula (8) the threshold requirement now says that the

cross section shall vanish if

(sy - Ae) 5 (s - mBE)
(=t (-t Jmymyy

a much stronger condition.

n < log

(11)

The above 1is easily generalized to an arbitrary number of

- clusters, leading to

AE(s,m2,0 )P IR ACR U CR IR ICR LTI
s llarge
(7 - &)
X T ey - QN) - (12)

where
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2 e
(s - my )s sy resylsy - mp7)

A T log _ . (13)
w8y )(tp) e ()

To the extent that one may speak of a mean value of siti-l, the
threshold for making N clusters occurs at

. 2 ' 2 .

(s, - m,") (s - ) s, :
n;hresh ~ log A A B - "B + N log ¢ :%— ) S {1k)
(-ty) mymy . i '

the interval between successive thresholds being uniform with the value

Azlog<;;1>. . ’ (15)
i

One-dimensional versions of the multiperiﬁheral model 1néorporate
thresholds uniformly spaced in 1 (or log §). in a literal sense.8
We shall attempt to do better in what follows, but the above épalﬁative
analysis illustrates the threshold structure of the multiperipheral
model under conéideration.

“Let us next look at the Regge asymptotic structure of the
imaginary part of the forward AB elastic amplitude:

0 .
AB, ST [ . AB ' ”
AP = : } Fy  dsy-e-dspdbyc-dby ., (16)

which is related to the total cross section by_

OféBt(s) - _1_.1_6“5~_ PB(n) . (17)
o] 5 2 2 . .
7\.2(s,mA ,mB.) :

The individual threshold effects are now superposed. One may define

the 0(1,3) (crossed) partisl wave amplitude as
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FAB(K) (M1 )n(s) FAB(H),

= ds e (18)
Tremembering that
s-m 2 2
cosh n = ——2 e (19)
Y
with the inversion rule,
. ctim '
: (n+1)7
B 1 e B
PEn) = & an . #B) ,  (20)
: eni 2 mAm_B sinh 7
c-im

the cqntour Passing to the right of all singularities of FAB(A). If
the singularities of FAB(x) are all simple poles then we easily may
obtain froq Formula (20) - the usual asymptotic expansion in terms of
Regge-pole positions and residues. .

We now are reaay for an essential deduction: The threshold

structure of FAB(s) has no tendency to create singularities of

'FAB(X) more complicated than simple factorizable poles. Such a

conclusion will allow us to argue that threshold effects in the
physical S matrix are plausibly to be understood through Régge-pole
parameters and do not require the introduction of less well-understood
singularities.

B. Singularity Structure in the Presence of Thresholds

Singularities of the partial wave amplitude F‘AB(K) are

" economically approached through an "amputated” amplitude (t'{F(X)lt)

from which FAB(K) is obtained by a rule that corresponds to Fig. 2:



P2 (0)

at 7A(x;t)s(x;t)73(x;t)

+ ‘} dt as’ 7, (A5£)8005%) (tlr\) [e1) s(ntt)7g(hst')

(21)
where N
IS 2
-(1)g, (s, wm ot)

o 8,85, 5", B (o
KA,B(K’t) = dsy g © _ 7A,B(SA,B) (22)
and9

’ 1

s(nst) = T s(t) .
The amputated function satisfies the integral equation
!’m )
G RO E) = O Ie) + [ at ety st ER) )
H
) (23)
where .
{ ~(M1)gq, (5,585 %)
(t’lY(K)'t> = i ds; e _ 7(51) . (24)

Illuminating theorems concerning analyticity in X can be

’invoked‘if the integral Eq. (23) is of the Fredholm type. Conditions

10
sufficient to ensure the latter.for Re N > -1 , are that
e
i ‘ < . : . 2
jods; 2(sy) ® (25)
4o
and
{O
f at s(\;t) < @ (26)
J .
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Although interesting models have been proposed for which Condition (25)
is not satisfied,ll the physical effects under study in this paper are
evidently related to the threshold structure of the cluster production
factor, y(si), not té its aéymptotic behavior for lérge cluster mass.
Condition (26), of course, is always satisfied by any model that can be
described as "multiperipheral.” We should tﬁus be onvsafe_ground for
the  purposes of our investigation to apply standard F;edholm theory--
at least for Re A > -l1.
The chief theorem to be invoked states that if both inhomogerous

term and kernel of a Fredholm equation are analytic functions of a
parameter, then the sblution is also analytic--with the exception of
poles at zeros of the Fredholm (denominator) determinant. The residues
of simple poles, furthermore, are factorizable. Since Formula (24) and
Condition (25) implies the anmalyticity of (t'[y(A)|t") in A for
Re A > -1, we may conclude that the only singularities of (t'|[F(A)lt)
in the latter region are Regge poles.

~ Referring now to Formula (21) connecting the amputated function
(' [F(\)|t) to the physical partial-wave amplitude FB(A) it is
evident that if we assume the factors 7A’B(x;t) to be anmalytic for
Re X > -1, analogously to our assumption for (t'[y(A)|t), ~then
FAB(X) has only Regge pole singularities in this portion of thé A

complex plane. The positions of the poles, furthermore, are the same

" as in the amputated function and, since the résidues of the latter

poles are factorizéble, so will be the poles in FAB(K). The pole
residues of course depend on the incident particles, and we shall see

below that this dependence is related to threshold effects.

.
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C. A Factorizable Kernel

The 1ntegral equation (23) can be solved_in closed form if the
cluster factor {t'[y(\)|t) has a factorizable dependence on t,t’'.
Such a dependence does in fact obtain for t;t' small in absolute
value, because then

-q,(s,,t',t 2 v - :
e_qi(%l, o e T 0
) , i . : ,
Other, more accurate, factorizable approximetions are available

4
for e =, such as

—~
[92]
ct

~

qi(si}t'lt) (S t

e =

[y
~

, " (27')

—
l
p.
v

-but the simple form (27) will suffice for the qualitative afguments
of this paper.
Let us therefore assﬁme that the propagator S(t) is
negligible except for values of |t| that are small compared to the

cluster mass squared. Then

o : 1 ;‘§X+l . :

<t'17_(x)lt> ~. {(-t')2 (-t)2j y(N) . B _ (28) .
where fa»

o) - j as; ;0 ), (29)
and’ ) C

) { 1 1 Al : .

(¢ [F(A) E) = (- -t1)? (-t)'z' } F(x) , (30)
with o ‘ ' l

PO) = I - (51)

1 - x(A) s(a)
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if
O .
[ at sut)(<6) L (32)

-®

"

s(n)

The propagator-enforcéd restriction to small + suggests that

 we assume Sp - mA2 to be large compared to 1t 'so as to permit the

. e 12
approx;matlon
2 o
Q.( f] t) s, =-.m
SRR e (3
m, ()
Then
_ N 1x+1 _ ’
. ~ Y-
7, (st) [m(w SR (34)
where
. o ~(M1)
7)) = ds, (s, - m ) 74(s,) 5 - (35)

with a corresponding approximate form for 7B(x;t). It then follows

that

14

PO = 7, (0) 7 ) (o mBWl[s(st(x)F(x)s(x)]

3

A+l
7 70 (m mB) s(x) . - (36)
I-7(n) s(™) '

To achieve maximally explicit dependence on A , we may exhibit

the singularities of S(\) by writing

s(v) = HM/(M, | | -G

where



-l}-

. .
J(x), = at s(t)(-t)M (38)

-00
and finally obtain

7,00 7 0M) (@ mB)“lJm .
MEo) =
a1 - (T O

(39)

If we choose to specify that 7, B(sA B) and 7(si) decrease faster
4 4

than any power for large arguments, it follows that 7A’B(X) and
¥(\) are analytic throughout the A complex plane. If S(t) falls
féster than any power as t *I-oo 13 and approaches a constant as
t = O, then the only singularities of y{f?x) are simple poles-at
A = -2, =3, ---, which cancel out in the quotient (39). Thus the
only singularities of FAB(X) are Regge poles arising from zeros of

the denominator.

D. Dependence of Threshold Effects on the Incident Channel

The physical amplitude is recovered from the partial wave

amplitude by the inversion rqle (20), where the contour should rass to
the left of a spurious pole at very large A that is introduced by the

approximation (27). A discussion of this point is given in the Apperdix.

If Formula (39) is expanded in powers of cy(A) . to give

N
P00 = 7,0 7500 (mym ) {/ffl > [m)ii%} , ()

one may identify the term of order N with the production of N
internél clusters; the inversion (20) then readily yilelds the result

(12), including the threshold step function in each partial cross

. 1
section.

‘ FAB(n) ~ [-dsA dsg 7A(SA) 7B(SB) 5%{ ,f an

~1ba

The dependence of the total cross section on the incident

channel may be neatly exhibited by substituting (39) into (20):

e(“l)"
zmAmB sinh 7

J

r o f&l
o s ] 50
(s - m sy -m )| 1-7(0) s0)

(41)

or

2m,my sinh 7 FAB(n) ; !ds ds 7A(s ) 7B G(ﬁ s ) - AB(SB))’

(k)
where
' ] (M1)x
1 , 10N _
G(x) = 527 dn e i—:f;rx%—grxj (43)
with
S -
A = log B BB _ (Lk)
A, B B

The dependence on the incident channel thus takes the form of a
displacement of an otherwise universal function of 7 .  Thresholds

are correspondingly displaced, larger values of AA B producing
>

higher thresholds.

How is the Regge-pole expansion affected? Writing

LT
\ (c.+1)7

o) =/ wpoe T, (15)



we have from (42)

with

FE(n)

A large value of

secondary Regge poles., High-lying threshol@s, in other words, require

e" \ A
5 sinh 7 / € &
i
.1
(x,)?
ds Yy olsg)
myon | AB »_A,B B
2aB

is seen to enhance the relative contribution of

important secondary poies.

E. ‘Two Numerical Examples

internal cluster spectrum consisting of & single mass m, .

words,

~15-

o,
3N
e

e

L

-(ai+1);A’B(sA,B)

(46)

(47)

To illustrate the foregoing, consider first a model with an

7(sy)

so that.

The propagator S(t) will be assigned an éxponential form,

7y(N)

5(6)

Y

-t

leading by (38) to

7
o )

LN

-2
0

' 2)->\- )

t/to

e

3

(to)}‘_F()@-. 2) .

and subsequently to

In other

(48)

(49)

,(505

(51)

~16-
s(A) . & T(v+1)

'= N (52)

Lo 50 1oy, e T )
where ’
2

~ 'mc ) .
A = log T . (53)

The Regge pole spectrum thus depends.on two dimensionless

parameters: 7c..and A\ . We.impose & constraint on 7c by reqﬁiring

“that the leading pole (the pomeron) should occur at” A = 1:

1- 7‘ (54)

-A
r2) = 0.
e © M'2) 0

Figure 3 then shows the real part of the positions of the next most

important poles as a fumetion of 4, with the leading pole fixed at

A = 1. These secondary poles are complex, Fig. !4 showing the imaginary

parts of their locations as a function of 1/4 . Note the roughly

linear relafionship for large A, with a slope for the leading complex . .

pair not far from the value 21 nalvely expected from the asymptotic
oécillation hyﬁoﬁhesis.5’lj For extremely weak coupling (small values
of 70) the sécé;déry poles are real, but the condition (54) places us
in a strong-coupliné regime. The Appendix enlarges on this qﬁestion.
The substantial spacing between the first and second peirs of
complex poles‘encourages an attempt to represent the‘total cross section
by an asymptotic expansion that includes no more than the leading (real)
pole and the first pair of complex poles. Let us test this idea in

to be

the'special case of the nn total cross section, assuming mn2
very small compared to Sy =fsB = mce, so that
g = () = () (55)
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Further reducing the number of independent parameters by setting

o 16
to=m" it follows from (41) that
(+1)n 72 & riai1)
T 1 e c :
Frn) = 53| & v - (56)
2 sinh 7 1 - 7, e (N +1) .
. (¢4 .

Total cross sections for incident particle combinations 6ther than =
‘are obtainable from (56) by the displacement rule (L2).

Formula (56) may be éccurately evaluated at lov values of 1
by expanding in powers of 70 » . while for a éufficiently large 1
the Regge asymptotic e¥pansion becomes accurate. Our question is:
What range of 1 1is adequately represenéed by the pomeron plus a
.single pair of complex poles?

Suppose we choose & = 3, corresponding to mcg =20t The

0"
first pair of complex poles then is situated at aé = 0.30 t2.61,

and the associated Regge approximation to 'otOt

is shown in Fig. 5
plotted as a functioﬁ'of log s = 1 + log mﬂ2, with the exact behavior
shown for comparison. One observes that the asymptotic expansion gives
an accurate picture down to the threshold for the first internal
‘_cluster and is qualitatively meaningful all the way down to the lowest
threshold. - In Ref. 5.a_multiperipheral thréshold_example analogous
to the foregoing was studied but with the unrealistically abrupt
thresholds characteristic of strictly one-dimensional models. Here we

have smoothed out the thresholds by attending to the coupling between
v transverse and longitudinal degrees of freedbm and oncé again have
found powerful capacity in a single pair of complex pbles.

It is plausible from the asymptotic oscillation concept that a

single pair of complex Poles might do a good job of approximating a

-18-

model characterized by a single period A . But the actual cluster
spectrum must contain a range of masses and thus & range of A . Let
ﬁs look next therefore at a model with two different intermnsl cluster-
masses mc. and o, although the external clusters are still
restricted to m, . We cont;nue to assume the propagator s(t) to be

universal. With an obvious notation we find in place of (56)

[ Owidn y B e+ 1)
P = g | O S < , :
2nxi . | 2 sinh n 1 - (7 e-)\A + 7, e"m ) F()\ + l)
° : c c
(57)
Let us choose A =2 and A' = 4, and continue to insist on a pomeron

at N = 1. Let us furthermore put the major burden for the

multiperipheral mechanism on the lower mass by choosing

= 0.25.

In this case, not surprisingly, the Regge pole spectrum becomes more
complicated: the leading pair of complex poles occurs at 0.05 T 1.6 i
while the next is Somewhat_cléser than previously, af .-O.hB't .44 .
InvFig. 6 we compare tﬁe exact croés éection to the asymptotic
expansion witﬂ either one or two complex pole pairs retained. We see
that in both cases the agreement is as éood as in the one-cluster case,
and further that inclusion of the second ﬁair is not really necessary
for 1log s < -l.. The imaginary part of the leading pole residue
corresponds to an oscillation period of 4.0 units in 7, so only the
threshold effect of the heavier mass is significant once moderate

energies are reached.
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F. Single-Particle Inclusive Cross Section

The single-particle inclusive cross section for A + B~ C + X

depends on three variables which for our purpose are conveniently

chosen, in the way advocated by Mueller,18 to be ¢

" CB and 8,
where
P, P
cosh QA = mAm ¢
- A'C
and
D.°p : '
B *C
cosh § = s : (58)
B mpl, -

while €@ is the angle'betweén EA and EB in the rest frame of C .
In the foregoing discussion of the total cross section we have used a

variable n such that

P,'P
cosh 7 = A’B s

Wyhp

and it is easy to show that

cosh 1 = cosh QA cosh CB + sinh CA sinh QB cos ® . (59)

Evidently, when © vanishes so does the transverse momentumbof the

observed particle in a frame where 'pA and 'pB"are colinear.19 Thus

small values of the conventionally-defined trénsverse_momentpm mean

small values of 8 and the approximate connection 17 + ¢

CA "B °
The single-particle inclusive cross segtion is related to an
invariant‘amplitude QgcAB(Q s QB’ ©6) by the same flux factor that
relates FAB(n) to-the total cross section, and by analogy to (20)
bone may expand VEJCAB in terms of matrix elements of the irreducible
representations of the Lorentz group. The advantage of Mueller's

variables is their natural role in this expansion.. As shown by

-20-

Bassetto, Toller and Sertorio,eo the result is
AB B ' : O, A+1 0, A+l
c T i

x G0, a5 g) (60)

To reduce the discussion from 3 variables to 2, we project out the

J = 0 component, defining

1
T, 6 = 2 [ acos 055, by 9, (61)
=1
an oﬁeration roughly equivalent to integration over the transverse
momentum of ﬁarticle C. Small average transverse momentum means that
most of the contribution to (61) will come from the neighborhood of

cos 8 = 1, so we may make the rough identification

In any event, if (60) is substituted into (61) and explicit forms are

inserted for the group representation functions, we find

[
c

¢
chB(CA, CB) = constant VJ/ dan

i
’

. C

(na)e, ()
e @ e

x

,QCAB(MJ;o).
(N +1)sinh Ea (A'+1)sinh C,B

(63)
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The preceding formulae are general, physical results being

obtained if something is known about the singularities oféggAB(k,x';O).

Mueller made the hypothesis that the poles of inclusive amplitudes are

universal and thus the same as those that control total cross
sections.18 ‘Multiperipheral models go further and give explicit
relations between ;§Q5B(X,K';O) and EAB(K). For the above-

described single-channel model, if we define "one-sided" functions

POut) = NS t) + at' 7A(x; 1) 8(xh; ')t [FOV) ] )
(64)
and
P t) = 73(7\-; t) + .(dt' tlr(n) e s(x; t) 73(7"' '),
| (65)
such that
#Bn) - [dt (s 1) 50y 8) 7500 1)
(66)
i .
= | a0 ) 805 0 s t)
" Bassetto, Sertorio and Toller-® have shown that
o AB, 7 o) L,
J (2’5 0) = constant X ;; at' at 2t 5(t)
i mA(_t)<
(M1 2 -(xt41)B" '
3, 2 . ST
cosh B A (mC stst") cosh B s(t") ( t’)%
% -
(67)

=22 =

where

sinh B = ———71— , (68)

sinh B'

Jl*—-——"z—- . ' (69)
om, (-%')% :

~

“This formula is illustrated in Fig. 7. In our multiperipheral model,

therefore, the only A singularities of the single-particle inclusive
amplitude are those Régge poles that already appear in the total cross
section. Just as for the latter quantity, threshold effects must be
representable through secondary Regge Poles.

| Use of the small-t factorization approximation further

illuminates the physical situation. Suppose we replace (68) vy

F = mci ) , (70)
(-t)?
SO :
-(M2)
-(zM1)p m :
I . : ()
cosh B (-t)2 7 - : . .

A corresponding approximation for B', together with

X%(m 2, t, t') = nbg
and
. , LML
PP, ) = o, 5 (0F) 0 (72)
leads to
G0 v o) = FA00 HPo, (73)
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where
m A
CA’B(k) ~ constant x (Ez%é) FA’B()\)J(?\.) . (71)
Correspondingly,
KB )~ Fhe) Fie) I (75)
where
(x+1)§A B A
ﬁCA’B(QA B) ~ constant x an e 7 (;42_&) S(}\.)FA’B()\.) .
7 sinh CA B C
¢ 4
(76)
Now, since
~(n+1)

2
) EA,B' mALB)

1 - 7y(N) s(n)

MEBoy =

a3 7a,5(%,p

the dependence on the incident channel will féllow éhe same displace-~

ment rule as for the total cross section. There is a similar rule for _

the dependence on the mass of the obseryed produced particle, anyv

threshold structure being displaced in QA or CB by an interval -

log mc./ﬁc if the observed mass is changed from m to Rtk i
VHaving understood the dependence on the masses of incident and

produced particles, it will suffice to consider incident pions and a

produced particle whose mass m‘C is the same as that of an external

cluster. Straightforward calculation leads to

m n
. <G » . . t .
sinh CA"j’C“(:’A) o ..’Jlnh(“,A + log EQ ) FJH(CA + log ——-mc ) .
P b

2k

In our model with a single crossed channel, in other words, the
threshold structure in the separate variables CA and §B follows
that in the total cross section (with an appropriate displacement).

It must be rémembered, of course, that the single-particle
inclusive cross section is given by a product of two factors, one
depending on CA and the othér on CB » with the approximate relation
CA + CB ~ 1, so the ﬁet energy dependence of the single-particle
inclusive croés section will exhibit a different threshold structure
from that in the total cross section, although thé two structures are
related to each other.

In particular, our demonstration that a single pair of complex
poles can give a good representation of threshold effects in the total
cross section can be immediately extended to single-particle inclusive
cross sections. Figure 8 éhOWS the latter, evaluated at the symmetric.
point &, = ¢ = n/2  for the single cluster-mass example described
in Sec. II.D. The curve shows an asymptotic expansion for mnn
collisions involving pomeron;pomeron plus pomeron-complex pole terms;

a further refinement would include the complex pole-complex pole term,-

but this turns out to be a small correction. Note that the first peak

in the inclusive croés section occurs at the same energy as that from
the one-cluster contripution to the total cross section in Fig. 5.

Tt is also instructive to calculate the inclusive cross section
for the two-cluster case described in Sec. II.D, and in Fig. 9 we show
the results for both light and heavy clusters. As expected, the
threshold for the heavy cluster spectrum is delayed by approximately

two units of log s, while the asymptotic height of the large-cluster
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inclusive cross éection is roughly l/h that ofvthe light cluster.
The shorter-wavelength oscillation with a peripd of 2 units that one
would naively ﬁave‘expected in the light-cluster cross section is
almost invisible, only the long-wavelength heavy-cluster-induced
osciliation being apparent. Note also that the amplitude of the

oscillation in the two-cluster example is smaller than for the single-

cluster modelT

3. CONCLUSION

A simplifying feature of the foregoing multiperipheral examplés
has been the single crossed channel with a factorizable kernel., Are
qualitatively different results to be expécted from a more realistic
kernel? Guaranteed to survive any kernel complicatioﬁ is the capacity
of secondary Reggé poles to reﬁresent threshold effects, so long as
the multiperipheral equation maintains a Fredholm character. One
cannot prove that the important secondary poles are complex, and in
Ref. 22 a two-chénnel model is described where the important secondary
poles are real if the interchannel coupling is wéak. These poles
become complex for strong coupling, however, and threshold effects
“turn out to be insignificant in the weak coupling regime. We aré
unawaré of countef—éxamples to the proposition that Regge expanéions
accommodate physically significant peripheral thresholds through
complex poles.

Nonfactorizable kernels tend to produce a higher density of
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poles, and there can be no general assurance that retention of only
a few poles will adequately represent the threshold.region. The simple

models of this paper nevertheless encourage attempts to fit threshold

26-

data with the leading real pole(s) plus a single complex pair. In our
examples not only total cross sections but also single-particle
inclusive cross sections are well represented by such an approximation,
and there is every reason to suppose the same to be true for other
physical observableé such as mean particle multiplicity.2

We shall finally comment on the relation of the models v
discussed here to ABFST models where the propagator is strictiy that
of Footnote 7. Although the unmodified propagator has been shown to
give complex pgles,es’26 ﬁhey are so far to the left in the A plane
as to be physically uninteresting.27 Some modification of the

propagator to reduce large-fti contributions is essential to the

generation of substantial peripheral-threshold effects.
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APPENDIX"

The Weak-Coupling Limit and Spurious Poles

While the models we have discussed afe physically relevant
only in the case of "strong coupling," when the strength of the kernel
is sﬁfficient to generate a Regge pole near A =1, it is none the
‘less instructive to study the motion of the poles as the coupling
varies._ In Iérticular, Ve will show that in the wéak-éoupling liﬁit
"all poles retreat to negative integer values of A , and that complex
poles only result from the collision of real poles, just as in potential
scattering.28 ' ‘ ‘

For definiteness, we will study the single-cluster model with
exponential damping in |t|, described in Sec. 2.E. Using Eqs._(36);
(37), (49) and (51), we can write FAB(x) as an exponential in A

divided by

-\

p(x) = I *(n+1) - 7, e (A.1)

Regge poles occur at values of A for whiéh this expression vanishes.
it 7C = 0, these zeros occur-at A = -1, -2, In Fig. 10 we
plot separately tﬁe two terms in D(X) for real valugs of A. If 7&_
) is‘small (1ower dashed cur&e) the zeros shift sliéhtly in position--
the leading one at xb= -1 moves to the right, the next two at A = -2
and -3 move towards each other, and so on, with all lower-lying zeros
approaching each other in pairs. As 7C increases this trend
continues until at a sufficiently large coupling some of the pairs
may collide and move off into the complex A-plane (upper dashed curve).

When e is large enough for the leading zero to have reached X\ =1

(when (54) is satisfied) the leading secondary zeros have moved to the
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positions shown in Figs. 3 and b. Zeros which began sufficiently far
to the left continue to be real however; this result follows from the
fact that the amplitude of the oscillafion in T'l(x + 1) increases
faster than any exponential as A\ decreases (a property easily |
derived from Stirling's formula) and for sufficiently negative A -the
two terms in D(k) continue to intersect at real points.

To conclude that the only zeros are those which began at
negative integer points for 7c = 0, it remains oﬁly to show that none
could have moved in from infinity. The argument which follOWS29’30 is
based on Rouche's theorem of complex analysis. Suppose we have a
simple, closed, connected cufve L and two functions f(z) and g(z)
which are meromorphic within™ I, and on L are analytic, nonvanishing,

énd satlsfy
lg(z)/£(z)] < 1.

The theorem states that the difference between the number of zeros and

‘the number of poles inside L 1is the same for both functions f(z)

end f(z) + g(z). 1In our application we identify f and g with

T'l(x +.1) and 7q e'ﬁk, respectively, and choose I to be the

“curve shown in Fig. 11: a semi-circle to the left of A = -1

extended to the right as far as C, the contour along which the
inverse laplace transform (20) is taken. Along the semi-circular arc,
excluding a narrow interval about the negative real axis, Stirling's

formula implies directly that for sufficiently large radius

- Ve eMriv+ )] < 1. (a.2)

‘Near the real axis (A.2) is not correct in general due to the poles of

T'; we first write
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P(r+1) = = {sin x(-A) T(-0) }—l
and choose 1 +to cross the axis at a negative hslf-integer value of
A . Then |sin n(-A)| X 1 near the real 'axis, and using the
asymptotic expansion of I'(-A) we obtain (A.2). Along the
horizontal segments of L we again use Stirling's formule, and find
that (A.2) isAsatisfied provided L does not extend too far to the
-right. This 1is really no restriction at all, since we shall show
below that the inversion contour C must be located in a region of
the A-plane for which (A.2) holds. Therefore (A.2) is satisfied on
all of L, and Rouché's theorem implies that D(A) has the same
~ number of zeros within L as F-l(x +1). Since L can be taken
arbitrarily far to the left, the interior of L can be extended to
the entire region to the left of the inversion contour C, and thus no
additional zeros can>appear from infinity.

A subtlefy involved in the. construction of the asymptotic
expansion in this model requires some discussion. Recall that the
process by which we have obtained the amplitude as a function of A

may be represented schematically as

dé e-(k+l)n(s) K\. FN(S)

N,

F(\)

= / ; ds e-(x+l)n(s) FN(S)

il
~.
.,

PO | (a.3)

-3k

where FN(s) is proportional to the cross section for N particlef
clusters. TFor this expression to be mathematically sensible we require

(at the least) that the final summation converge. This sum is just a

geometric series in which the ratio of successive terms is the kernel

R o .

-

so We require that the modulus of this quantity be less than one. In
the particular model discussed in this Appendix and in Sec. 2.E we have
'AA'F(

KA) = 7 e

. a+1),

and thus we must consider the amplitude for values of A for which
KON < 1; i.e;, (A.2) is satisfied.

This.is an important restriction here because invaddition to
what we have referred to as the "leading" reasl pole, it is easy to show
that there always exists another real pole further to the right, with a
negative residue. The latter pole does not contribute to the
asymptotic expansion, however: the correct procedure is to carry out

(A.3) for a value of A for which (A.2) holds, which requires Re(A)

"to0 be between the above two real poles, and then to invert the

traqsform-according to (20). When.the contour is then closed to the
left to obtain the asymptotic expansion (the integrand in (20) divergeéujf
if Re(A) - + o0), the second real pole does not contribute., This ‘
difficulty is usually not present in multiperipheral models; it occurs
here because the kernel K(A) increases as Re(\) = +oo , a

peculiarity of the bad large-|t| behavior of the approximation (27).16



Fig. 1.

Fig. 2.

Fig. 3.

Fig. k.

‘ Figo 50

Fig. 6.

'Fig. T.

Fig. 8.

Fig. 9.

FIGURE CAPTIONS

Multiperipheral diagram defining the variables in Fonﬁu.la (1).
Schematic representation.of Eq. (21).

The real parts of the positions of the leading complex poles
of Formula (52) subject to the constraint (5k).

The imaginary parts of the positiohs of the poles appearing
in Fig. 3. |

The total and partial cross sections corresponding to

 Formula (56), subject to the constraint (54), with

n = log s/mﬂ2 and A = 3. The asymptotic expansion includes
the leading real pole at A = 1 and the first paeir of complex
poles at ‘A = 0.30 t 2.6 i.

The total cross section corresponding to Formula (57), with

—SE_

A =Y2, A = 4 and 7, e’A' = 0.25 7, e™®. The parameter
7. is chosen‘to place the leading real pole aﬁ A =1. The
asymptotic approximations correspond to one pair or two pairs
of complex poles, located at A\ = 0.05 t1,61i and

A = -0.43 t 5.4 1. B |

Schematic representation of Formula (67).

The central-region single-cluster inclusiveicrOSs section
corresponding to thertotél cross section shown in Fig. 5.

The _centra;-region singie-clusﬁer inclusive cross sections

corresponding to the total cross section shoﬁn in Fig. 6.

Fig. 10. The separate terms in D(A) as a function of (real) A .

-

Fig. 11. Contour for application of Rouché's theorem.
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Fig. 8.
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