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Abstract

Who’s afraid of the Saint Venant Equations? (Everyone, so I replaced it with Machine
Learning)

by

Octavia Crompton

Doctor of Philosophy in Earth and Planetary Science

University of California, Berkeley

Professor Inez Fung, Chair

This thesis addresses the development of a coupled 2D Saint Venant Equation - 1D
Richards equation (SVE-R) model, emulation of its output using a machine learning algo-
rithm, and the application of the resulting emulations to predict storm-driven overland flow
and infiltration in patchily vegetated dryland systems. The motivation for this work lies
in the critical importance of runoff-runon processes in the function of dryland ecosystems:
evaluating how these processes work in real or designed settings is crucial for assessing the
vulnerability to desertification or the probability of success of management or restoration
plans. The SVE-R equations describe the physics of runoff-runon processes, and are solved
here by coupling a finite element SVE solver developed by Bradford and Katopodes [1999] to
the Richards equation solver developed by Celia et al. [1990]. The coupled SVE-R model is
validated against analytical solutions to the kinematic wave equations [Giraldez and Wool-
hiser, 1996]. I firstly show that the hydrological outcomes of interest in dryland systems
(i.e. the distribution of infiltration, the runoff ratio and peak flow velocities) were insensi-
tive to the choice of a roughness closure scheme. I then develop a machine learning (ML)
approach to emulate its predictions. This approach involves training random forest (RF)
regressors on collections of pre-computed SVE-R model runs to predict the spatial patterns
of infiltration and maximum flow velocity. The RF emulator is very accurate and is several
orders of magnitude faster than the SVE-R model. To demonstrate the utility of the ML
emulation approach for simulating and managing dryland ecosystems, I present two case
studies. Firstly, I apply RF regression to represent within-storm processes in an ecohydro-
logical model of spatial patterning of vegetation on the landscape. For the first time, I show
that the modeled spatial patterns of vegetation are sensitive to storm characteristics such as
duration and intensity. Secondly, I develop a web-based tool to assess plant water availabil-
ity and erosion risk at hillslope scales for user-supplied vegetation patterns, which embeds
random forest regressors trained on a representative library of storm and hillslope conditions.
This case study demonstrates how the combination of machine learning and a web tool can
make otherwise challenging predictive insights available to a broad set of potential users.
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Chapter 1

Introduction

Drylands, including arid, semi-arid, and dry subhumid areas, cover approximately 40% of
Earth’s land surface (see Figure 1) and support more than 38% of the total global popula-
tion [Reynolds et al., 2007, Sarukhan et al., 2005]. They are characterized by limited and
highly variable rainfall, making vegetation cover vulnerable to disturbances such as drought,
overgrazing, and wildfire. Such disturbance may result in abrupt and irreversible land degra-
dation [Guttal and Jayaprakash, 2007, van de Koppel et al., 2002, Cluff et al., 1983, James
and Carrick, 2016], commonly known as desertification [Stavi and Lal, 2015, Bestelmeyer
et al., 2013, Sarukhan et al., 2005]. Vegetation recovery in disturbed drylands ecosystems is
often slow and uncertain due to unpredictable rainfall during seed germination and seedling
establishment [Bashan et al., 2012, Fehmi et al., 2014].

Figure 1.1: Distribution of drylands in the world [Bastin et al., 2017]

Consequently, land degradation has affected 10 to 20% of the global drylands, impacting



CHAPTER 1. INTRODUCTION 2

approximately 1.5 billion people [Stavi and Lal, 2015, UN, 1995, D’Odorico et al., 2013,
Ecosystems and Well-Being, 2005]. The degradation of drylands has profound social, en-
vironmental and economic implications [Reynolds et al., 2007], including the generation of
as much as 25% of global greenhouse gas emissions, increased soil erosion and flooding,
forced migration of rural populations, health risks from dust pollution [Bashan et al., 2012],
and loss of agricultural productivity, with implications for global food security [Lal, 2004].
Worryingly, drylands are projected to experience disproportionate climate change impacts,
including rising temperatures, longer dry spells, and greater climate variability [Huang et al.,
2016], which would be expected to accelerate degradation. Figure 1.2 shows examples of re-
stored and degraded landscapes from the Negev Desert in Israel, where overgrazing and
unsuccessful forestry approaches have resulted in extensive land degradation [Mussery et al.,
2013, Portnov and Safriel, 2004].

The environmental, societal and economic costs of land degradation have prompted global
interest in developing tools and policies to restore degraded landscapes and prevent further
degradation [Bestelmeyer et al., 2013]. In 2012, the Rio+20 conference agreed on the goal of
global land degradation neutrality (LDN) [Lal et al., 2012]. LDN asserts that there should
be no net increase in the area of degraded lands worldwide, and that this can be achieved by
reducing desertification in un-degraded regions while increasing restoration efforts to recover
already degraded land [Easdale, 2016, Safriel, 2017]. In 2015, the Conference of the Parties
to the United Nations Convention on Combating Desertification (UNCCD) established an
intergovernmental working group to examine all the available options to achieve LDN in
drylands [Grainger, 2015].

A major challenge to LDN remains the lack of a strong scientific footing to support
both protection and restoration efforts [Tsunekawa et al., 2014]. Determining the risks,
indicators and reversibility of landscape degradation poses practical difficulties [Bestelmeyer
et al., 2013, 2015, Chen et al., 2015], and identifying and developing practical solutions to
reverse large scale dryland degradation remains a challenge [James and Carrick, 2016]. Many
initiatives to restore degraded drylands fail [Josa et al., 2012], due to factors such as poor
vegetation selection or planting densities [Bashan et al., 2012], or the inherent variability
in rainfall and water availability [Fehmi et al., 2014]. In some cases, re-vegetation has
resulted in unforeseen effects on soils, water availability or ecosystem function. For example,
afforestation has been widely used on the Loess Plateau of China with the goal of arresting
erosion, yet the long-term results of afforestation in some cases have promoted ecosystem
deterioration and increased erosion [Jiao et al., 2012, Cao, 2008]. Similarly, afforestation
efforts in Niger have failed to reproduce structure and function of healthy ecosystems, and
have even caused further degradation [Galle et al., 2001, Menaut and Walker, 2001]. There
is thus a pragmatic need for both the protection of at-risk ecosystems and the design of
restoration strategies to be informed by an understanding of dryland function.

Water is the main limiting resource in dryland ecosystems, meaning that ecosystem func-
tion is often strongly tied to the way the landscape mediates the transport and storage of
water to be utilized by plants [Maestre et al., 2016]. Many dryland ecosystems are strongly
dependent on the lateral redistribution of rainfall before infiltration, so that vegetation ac-
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Figure 1.2: Examples of conserved (top) and degraded landscapes in the Negev Desert, Israel
[The Sustainability Laboratory].

cesses more water resources than those which fall immediately above the canopy or root
zone. This redistribution can occur because vegetation is typically sparse, growing in a
two-phase mosaic of vegetated patches and bare ground interspaces. The bare soils often
have low infiltration capacity due to the formation of physical or biological surface crusts
[D’Odorico et al., 2009, van de Koppel et al., 2002, Assouline, 2004]. Conversely, vegetation
canopies protect the soil surface from rain splash-driven surface sealing and limit growth of
biological soil crusts by shading the soil [Belnap, 1990], while root activity creates macropore
structures, so that infiltration capacities remain high in vegetated areas.

The differences in infiltration capacity between vegetated and bare sites cause patchily-
vegetated landscapes to form a mosaic of sources and sinks of water and other resources
[Cantón et al., 2011]. Overland flow is generated on bare ground where soil infiltration
capacities are low, then flows downslope to vegetated sites where it infiltrates (see Figure
1.3). This is known as a runoff-runon mechanism, providing additional water, nutrients and
soil that sustain vegetation growth [Schlesinger and Pilmanis, 1998, Thompson et al., 2011].
Plant access to water is thus dependent on the spatial distribution of vegetation on a hillslope
in addition to climate, soil and topographic properties, making the assessment of vegetation
vulnerability to drought or the viability of a proposed restoration strategy a fundamentally
hydrological problem [Cantón et al., 2011]. Runoff volume and timing, and consequently
sediment production and soil erosion, are similarly sensitive to the spatial configuration of
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Figure 1.3: Overland flow in Mesquite desert shrubland after high-intensity rainstorm event
[The ECHO Project].

vegetated and bare areas on a hillslope [Bromley et al., 1997, Ludwig et al., 2005, Saco
et al., 2007]. Given an LDN framework that emphasizes the restoration and protection of
ecosystem services in drylands, vegetation configuration and its impact of runoff generation
should be considered a central issue: it impacts ecosystem biodiversity and productivity
(supporting services), downstream water availability (provisioning services), and prevention
of erosion and flash flooding (regulating services), while likely having indirect effects on
a wide range of other provisioning, regulating and cultural ecosystem services [Lal et al.,
2012, Grainger, 2015, White et al., 2002, Maestre et al., 2016]. Hydrologic models that
can represent runoff production on these landscapes would thus be a useful contribution to
restoration and conservation planning under the LDN umbrella.

The very shallow flows (<5 cm) that arise on flat or gently sloping dryland terrain
are well represented by the Saint Venant equations (SVE) [Wang et al., 2015]. The SVE,
also known as the shallow water equations, derive from depth-averaging the Navier-Stokes
equations [Brutsaert, 2005], and represent the mass and momentum conservation laws for
the depth-averaged flow. The SVE are shown here in their one-dimensional form:

∂h

∂t
+
∂(Uh)

∂x
= p− i (1.1)

∂U

∂t
+ U

∂U

∂x
+ g

∂h

∂x
+ g(Sf − So) +

U(p− i)
h

= 0 (1.2)

where h is the depth of flow, U is the depth-averaged flow velocity, So is the bed-slope, x is
the spatial coordinate and t is the time, and g is the acceleration due to gravity. Sf is the
friction slope (or energy gradient), which represents the effect of bed and other shear stresses
on retarding the flow. The lateral boundary conditions are rainfall inputs (p) and infiltration
losses (i). Figure 1.4 shows a definition sketch for the 1D SVE. The local acceleration (∂U

∂t
)

describes the change in velocity over time, the convective acceleration (U ∂U
∂x

) describes an
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acceleration caused by some change in velocity through space, and the pressure gradient term
(g ∂h

∂x
) describes how pressure changes with position. The local and convective acceleration

terms make up the inertia terms of the SVE.

Figure 1.4: Definition sketch for 1D free surface as represented by the SVE equations. FS
is the free surface of the flowing water [Brutsaert, 2005].

Implementing the SVE requires a closure model relating the friction slope Sf to h, U and
the roughness characteristics of the local land surface. The boundary conditions associated
with rainfall on the free boundary, and infiltration on the soil boundary, must also be speci-
fied. In this thesis, rainfall is assumed to occur in finite-duration events of known intensity.
Infiltration is represented with Richards equation [Richards, 1931] and dynamically coupled
to the SVE, as described in detail in Chapter 2 and illustrated schematically in Figure 1.5.

Figure 1.5: schematic of the coupled SVE-Richards equation model.
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Coupled SVE-Richards equation models have not been widely implemented to simulate
dryland hillslopes, because they are computationally intensive and difficult to parameterize.
Other approaches include simplifying the representation of overland flow with the kinematic
or diffusive wave approximations [Mügler et al., 2011, Thompson et al., 2011]. Unfortunately,
these approximations make assumptions that may break down in low slope and heterogeneous
landscapes. For example, the kinematic wave approximation approximates the friction slope
with the topographic slope (i.e. Sf = So), making it unsuitable for modeling flat terrain
or highly unsteady flows. The diffusive wave approximation neglects the inertia terms in
the SVE and cannot represent supercritical flows, which may arise when variable infiltration
rates or microtopography cause local acceleration. Other simplified models include terrain
following models that account for flow routing but not fluid dynamics. The most commonly
used is the Connectivity of Runoff Model (CRUM), in which water is routed across the
surface using the multiple flow path algorithm FD8 [Quinn et al., 1991, Reaney et al., 2007,
2014]. Given the importance of the persistence and timing of flows for redistributing rainfall
through space and controlling infiltration depth, these models are likely better suited for
bulk runoff predictions than for assessing vegetation water availability. Thus, in spite of its
complexity, the SVE-Richards coupling is attractive for retaining high physical fidelity to
the dynamic flow processes.

Its use, however, raises a number of challenges, including (1) representing landscape com-
plexity, (2) simulating spatially and temporally varying flow fields, and (3) parameterizing
the surface roughness. I largely address the first challenge by adopting a simplified parame-
terization of the landscape based on a two-phase vegetated and bare mosaic, assuming that
parameters are constant for each phase. The second issue is circumvented by using a previ-
ously validated finite volume numerical solver for the SVE. The third issue, relating to the
parameterization of surface roughness, is explicitly addressed in Chapter 3.

Roughness elements on a landscape can be explicitly represented with high resolution,
computationally intensive models (see e.g. Kim et al. [2012]), but this requires detailed in-
formation about the land surface that is not generally available. Thus, a parameterization
of roughness elements is required [Smith et al., 2007, Cea et al., 2014]. There are, how-
ever, a broad diversity of roughness schemes that purport to represent the interaction of
overland flow with its environment. These schemes generally derive from different concep-
tual models of flow, and are associated with very different parameterization requirements.
For example, the widely-used Darcy-Weisbach friction factor has its origins in pipe flow,
Manning’s equation is based on empirical observations of channel flow, and the Poisseuille
equation is obtained by solving the Navier Stokes equation for plane parallel flow [Brutsaert,
2005, Smith et al., 2007]. Other schemes have been developed to explicitly represent flow
through vegetation [Katul et al., 2011] or through cylinder arrays that approximate verti-
cally oriented vegetation stems [Tanino and Nepf, 2008, James et al., 2004]. How best to
parameterize the effects of sub-grid scale roughness elements on the flow is a challenging,
unresolved question [Smith et al., 2007], and the uncertainty introduced into results by the
selection of a specific roughness scheme has not generally been quantified. I address this
issue explicitly in Chapter 3. I investigate the sensitivity of relevant hydrological outcomes
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to the selection and parameterization of the roughness scheme, and show that in practice,
there is minimal sensitivity to scheme selection. Hydrological predictions are sensitive to the
surface roughness parameterization (α), but not to the functional form of the Sf equation.

Another challenge associated with using the coupled SVE-Richards equation model to in-
vestigate water availability on dryland slopes lies in knowledge exchange with practitioners.
Applying this type of model requires training in computer coding and hydraulics, and such
requirements are not reasonable for many practitioners. I address this challenge by develop-
ing a method to emulate the model outcomes with machine learning. Chapter 4 introduces a
machine learning approach to predict the spatial distributions of cumulative infiltration and
maximum flow velocity on hillslopes as a function of the spatial patterns of the vegetation.

The use of machine learning to emulate complex model results is employed to lower
the computational demands of otherwise intensive models used (for example) in weather
forecasting and climate change assessment [Castruccio et al., 2014, Moonen and Allegrini,
2015]. Emulation involves replacing the physical model with a statistical or other simplified
relationship between model inputs and outputs [Reichert et al., 2011]. Machine learning
techniques are increasingly popular for these purposes, owing to rapid improvements in the
quality and usability of machine learning algorithms [Goldstein and Coco, 2015]. Machine
learning emulators have been used in hybrid environmental models, which integrate physics-
based modeling (e.g. solving the geophysical fluid dynamics equations in global climate
models) with machine learning components (e.g. neural network emulation of physical pro-
cesses like radiation, convection, clouds and turbulence) [Krasnopolsky and Fox-Rabinovitz,
2006]. As an advance over traditional curve-fitting approaches, machine learning has been
used to emulate empirical results and gain insight into the physical processes, for example, in
the mean velocity of open-channel flow through submerged arrays of rigid cylinders [Tinoco
et al., 2015].

In this application, I use machine learning to emulate how the spatial arrangement of
vegetation on the hillslope influences the resultant spatial distribution of infiltration and peak
overland flow velocities. Chapter 4 discusses how a random forest approach was selected,
implemented and validated to emulate the SVE-Richards equation model simulations. I
show that the trained random forest regressors are nearly as accurate as the physics-based
solutions, while reducing the computational requirements by several orders of magnitude.
Chapter 4 also discusses the limitations of the approach, specifically (1) extrapolation beyond
the training space of vegetation patterns (2) interpolation between hillslope features and
storm characteristics and (3) challenges associated with the nearly unbounded diversity of
vegetation patterns in the training space.

Having developed the emulation method, two applications are explored.
First, Chapter 5 shows how emulation can overcome the timescale separation that makes

long-term modeling of dryland vegetation challenging. Perennial dryland vegetation is of-
ten long-lived and slow growing, so that its dynamics evolve over decadal to century-long
timescales. Given the computational demands of modeling storm-driven overland flow, re-
solving multiple storm events with timescales of minutes to hours in multi-decadal simula-
tions is computationally expensive. Model emulation with machine learning can overcome
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this challenge. Chapter 5 presents an example of modeling the spatial self-organization of
vegetation into large-scale patterns (see Figure 1.6). Applied to pattern-forming models, the
emulation approach allows vegetation morphology to be related to storm-scale characteris-
tics; something that has been ignored in most modeling of such systems to date.

Figure 1.6: Aerial view of a striped vegetation in Niger, where vegetation appears in dark
and lighter pixels represent bare soil. The distance between successive vegetated bands
varies between 60 and 120 meters [Wikimedia Commons, 2015]. In many dryland regions,
vegetation patches form regular spatial patterns such as spots, labyrinths or stripes, and
runoff-runon mechanisms are considered integral to the formation of this coherent patterning
[Rietkerk et al., 2002].

Chapter 6 introduces a second machine learning application, aimed at addressing the
knowledge gap between practitioners (e.g. land managers, farmers, landscape architects,
restoration ecologists, government agencies, NGOs) and hydrologists/engineers with the tools
to study water movement in drylands. Despite the known importance of overland flow
in arid systems, the tools to simulate storm-driven overland flow are not readily available
to practitioners seeking to assess vulnerability or plan restoration projects. Consequently,
practitioners are not using quantitative predictions for overland flow and infiltration from
hydrological models [Hewett et al., 2018].

Chapter 6 outlines the development of a web app to assess infiltration capacity and ero-
sion risk at the hillslope scale, for user-specified hillslope parameters, storm characteristics
and vegetation distribution. The web app uses a library of trained random forest regressors
covering a large parameter space of hillslope gradients, storm durations and intensities, soil
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parameters (via the saturated hydraulic conductivity), and vegetation patterns. It prompts
the user to upload a vegetation map and select hillslope parameters from dropdown menus
(Figure 1.7), runs the relevant random forest regressor, and returns the random forest pre-
dictions (Figure 1.8). Predictions include (1) spatial maps of infiltration and maximum
flow velocity and, (2) estimates of whether the vegetation will have enough water, provided
the user also specifies the annual mean rainfall and estimated plant water requirements.
Chapter 6 describes the design of this tool, specifically the determination of a representative
parameter space on which to train the random forests.

Figure 1.7: Screen shot of the web app homepage, which prompts the user to upload a
vegetation map and select hillslope and storm characteristics. The images show a bird-eye
view of an example vegetation map (left) and a binarized version, rotated so that the top of
the image matches the top of the hillslope (right).

Limitations to this approach are also discussed in Chapter 6. First, it requires the user
to specify a typical storm for their region, which is difficult given the high variability of
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Figure 1.8: Screen shot of the web app, showing the random forest-predictions of cumulative
infiltration (left) and maximum velocity (right). The images show a birds-eye view, where
the top of the hillslope coincides with the top of the image.

storms in most dryland regions. Second, it requires the user to choose among a relatively
small number of slope, soil and storm parameters (a total of 256 parameter combinations).
Nevertheless, the library of random forests represents a total of 5120 simulations, each taking
2-48 hours to run. Despite its limitations, the web app is unique in providing information
about the spatial distribution of infiltration and overland flow. With further development,
the representative parameter space could be broadened, particularly with the addition of
non-planar topographies (e.g. convergent topographies).

In summary, this dissertation describes the development and validation of a coupled
SVE-Richards equation model, designed to represent storm-driven overland flow on dryland
hillslopes with patchy vegetation (Chapter 2). The remaining chapters discuss the model
sensitivity to the roughness parameterization (Chapter 3), emulation of the model outcomes
with machine learning (Chapter 4), and two applications of the machine learning approach:
pattern forming models (Chapter 5) and a web app (Chapter 6). The conclusion will sum-
marize the findings and discuss the potential for future research.
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Chapter 2

A coupled overland flow- infiltration
model

2.1 Introduction

Overland flow is common in locations with low soil permeability, commonly found in moun-
tainous, arid, urban or agricultural landscapes [Descroix et al., 2007, Dunne, 1983, Li et al.,
2014]. Overland flow occurs at the expense of infiltration, and thus water supply to vegeta-
tion, and is responsible for soil erosion and flash flooding [Abrahams et al., 1994, Bracken
et al., 2008]. Predicting overland flow is therefore broadly relevant to flood prediction, ero-
sion assessment, and the prediction of water balance partitioning (runoff v.s. infiltration)
[Hallema et al., 2016, Cantón et al., 2011]. Some of these outcomes can be assessed with
simplified or steady-state models, such as the kinematic or diffusive wave approximations.
For example, erosion assessment requires accurate prediction of the maximum flow veloci-
ties, which could be approximated by steady state conditions in many cases. Determining
the spatial patterns of infiltration to assess plant water availability, however, requires repre-
senting the transient flow conditions, as infiltration patterns arise largely from the runoff or
infiltration of ponded water after the end of a storm.

The basic equations describing overland flow are the Saint-Venant Equations (SVE), also
known as the shallow water equations. These equations are derived from the depth-averaged
Navier-Stokes equations, under the assumption of shallow flow (i.e. that the horizontal
length scales are much larger than the vertical ones). The standard approach for modeling
infiltration in soils is Richards equation, a nonlinear partial differential equation representing
the movement of water through unsaturated soils under the action of capillarity and grav-
ity [Richards, 1931]. The SVE and Richards equation are coupled through the boundary
conditions at the soil surface.

The infiltration and overland flow components of the model are described in Sections 2.2
and 2.3, and Section 2.4 summarizes how these components are dynamically coupled. Section
2.5 describes the model domain of patchily vegetated hillslopes, where vegetated patches are
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distinguished from bare ground by surface roughness and soil infiltration capacities. Sections
2.6 and 2.7 present implementation details, sample results and model validation with an
analytical solution to the kinematic wave approximation [Giraldez and Woolhiser, 1996].

2.2 Richards equation

For the short timescales of rain showers, infiltration can be approximated as a 1D process in
the vertical direction. With the assumption of 1D flow, a fully coupled, 3D approach can be
replaced with many, independent 1D calculations. In its mixed water content-capillary head
form, the 1D (vertical) Richards equation is:

∂θ

∂t
=

∂

∂z

[
K(θ)

(∂H
∂z

+ 1
)]

(2.1)

where K is the unsaturated hydraulic conductivity, H is the matric head, z is the eleva-
tion above a vertical datum, and θ is the volumetric water content. The first term on the
right represents the effects of capillarity, and second term represents the gravity-driven flux
[Farthing and Ogden, 2017]. θ is related to H via a water retention curve such as the
Van Genuchten [1980] equation:

θ(H) = θR +
θS − θR

[1 + (α|φ|)n]

1−1/n

(2.2)

where θS and θR are the saturated and residual soil water content, respectively, n is a measure
of the pore size distribution, and α is related to the inverse of the air entry suction.

The surface boundary condition depends on whether water is accumulated above the sur-
face: a Dirichlet boundary condition (fixed H) is applied if water is ponded, and a Neumann
boundary condition (fixed flux) is applied otherwise. The lower boundary condition can be
applied as no flux or free drainage (zero gradient). A no flux boundary condition repre-
sents an impermeable layer such as hardpan, which causes the soil to eventually saturate
for all rainfall cases. A free drainage boundary condition represents a freely draining soil
profile, which is often appropriate for the situation where the water table lies far below the
simulation domain [Simunek et al., 2005].

There are several challenges to implementing Richards equation: there is no closed-form
analytical solution, numerically solving Richards equation is computationally expensive and
not guaranteed to converge [Short et al., 1995], and many numerical methods do not ensure
mass conservation [Farthing and Ogden, 2017]. The 1D algorithm developed by Celia et al.
[1990] is implemented here because it offers near perfect mass conservation. The algorithm
involves a backward Euler implementation of the mixed H − θ formulation of Richards
equation, and uses modified Picard iterations to improve mass conservation. It has become
a standard numerical approach, used in many production codes such as the USDA Hydrus-
1D Richards equation solver [Simunek et al., 2005]. Figure 2.1 shows an example simulation
of a wetting front during a 20 minute rainstorm (panel A) and drainage after the end of
storm (panel B).
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Figure 2.1: (A) Simulated wetting front for a 20 minute storm with p = 10cm/hr and (B)
drainage following the end of the storm. The soil is uniform, with Ks = 4 cm/hr and van
Genuchten parameters as given in Table 2.1 (non-seal layer). The soil is initially at field
capacity (H = −342 cm). The lower boundary condition is free drainage.

2.3 The Saint Venant Equations

The integral from of the 2D Saint Venant Equations can be written:

∂

∂t

∫
Ω

UdΩ +

∮
∂Ω

(Fdy −Gdx) =

∫
Ω

SdΩ (2.3)

where U = (h, hU, hV )T , Ω is the volume element over which the equations are integrated,
and

F =

 hU
hU2 + 1

2
gh2

hUV

 ; G =

 hV
hUV

hV 2 + 1
2
gh2


where h is the flow depth, and U and V are the vertically-averaged velocities in the x-

and y- directions, respectively. The first equation represents mass conservation, and the
second and third represent momentum conservation. S is the source term, given as:

S =


p− i

−gh
∂z

∂x
− ghSf,x +

(p− i)U
2

−gh
∂z

∂y
− ghSf,y +

(p− i)V
2

 (2.4)
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where i is the infiltration rate, and Sf,x and Sf,y are the x and y components of the
friction slope, Sf , which represents the effect of bed and other shear stresses on the flow.
Specification of the Sf is required to close the SVE, and Sf is parameterized as a function
of the flow conditions (local depth and velocity) and roughness properties of the local land
surface.

To solve the 2D SVE, the finite volume model of Bradford and Katopodes [2001] was
selected because it conserves volume and can handle wetting and drying in the domain.
Finite volume methods use the integral form of the SVE, which are solved in computational
cells, and evaluate the fluxes between cell faces by solving a Riemann problem [Bradford and
Katopodes, 2001]. The model uses the monotone upstream scheme for conservation laws to
achieve second-order spatial accuracy, in conjunction with predictor-corrector time-stepping
to provide a second-order accurate solution.

Boundary conditions are applied through the use of ghost cells that are adjacent to the
boundary, but outside of the domain. The boundary conditions are specified by placing the
appropriate values in the ghost cell, so the boundary fluxes can be solved for in the same
manner as the fluxes between non-boundary cells. Typical boundary conditions are closed
(solid wall), open (outflow) and specified inflow. At an outflow boundary, h, U and V are
linearly extrapolated from the domain. At a wall boundary, velocities are specified in the
ghost cell such that the perpendicular velocity at the wall is zero and the parallel velocity is
unchanged. For a supercritical inflow boundary, h, U and V are specified in the ghost cells,
while for a subcritical inflow boundary, only two independent quantities may be specified
and the remaining quantity is extrapolated from the flow domain [Bradford and Katopodes,
1999].

While the Bradford and Katopodes [2001] scheme offers many advantages, stability con-
traints limit the range of conditions that can be simulated. Flow instabilities tend to arise for
large gradients in the water surface, due either to steep topographic slopes or sharp contrasts
in infiltration capacity. Such instabilities can be avoided with sufficiently small timesteps
(i.e. 0.5 ms for a 30% slope); however, this can lead to very long simulation times. For
example, simulating a 60 minute storm with 0.5 ms timesteps on a 100×50 domain requires
approximately 35 hours.

2.4 Coupling the SVE and Richards Equation

Overland flow and infiltration are dynamically coupled. At the soil surface, the infiltration
rate is determined by the presence or absence of water, in addition to a number of factors
such as the soil type and moisture profile. Likewise, the flow depth at a given location is
determined by the infiltration rate, lateral advection and rainfall inputs. To represent this
connection in the model, the SVE and Richards equation are coupled through their respective
boundary conditions.

The model components are coupled at each grid cell in two steps: the depth from the
SVE solver provides the surface boundary condition to the Richards equation solver, and
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the infiltration rate from the Richards equation solver is used by the SVE source term. This
requires that several cases be accounted for: (1) no rain and no ponding, (2) rain but no
ponding, (3) ponding (with or without rain). In case (1), a no flux boundary condition
is applied at the surface. In case (2), the Richards equation solver computes a potential
infiltration rate (PI), defined as the infiltration rate that would occur with H=0 at the
surface, and compares this value to the rainfall intensity, p. If p exceeds the potential
infiltration rate, ponding begins and the boundary condition switches to case (3). Otherwise,
the potential infiltration rate is greater than p, and the infiltration rate is equal to p. Finally,
in case (3), the upper boundary condition H is equal to the ponding depth h. These cases
are schematically illustrated in Figure 2.2.

Because of the difference in the coordinate systems of the SVE and Richards equation,
there can be a difference in the surface area available for infiltration in the z-direction versus
the vertical. For steep slopes, this could result in an overestimation of gravity driven infil-
tration, which only occurs in the vertical. To correct for this, the infiltration flux could be
multiplied by a correction term of [1− cos(β)]K(θ)dx2, where β is the slope angle.

Figure 2.2: Schematic to illustrate the boundary condition cases for Richards equation. PI
is the potential infiltration rate, which is computed to determine whether the rain intensity
exceeds the infiltration capacity of the soil (in which case ponding occurs).

2.5 Model domain and boundary conditions

The explored modeling domain is a patchily vegetated, arid hillslope, which is loosely based
on the Lehavim Long-Term Ecological Research site [Chen et al., 2013], located in the Negev
desert, in the lower border of the semiarid zone of Israel. The site is characterized by
hilly terrain, emergent rock formations, and sparse vegetation (approximately 25% perennial
vegetation cover) with scattered dwarf shrubs. The soils are brown lithosols and arid brown
loess, and prone to physical crust formation [Chen et al., 2013]. Infiltration rates are low in
bare-ground areas, due to the formation of physical surface crusts [Assouline, 2004], but are
higher under vegetation cover due to root activity and protection of the soil surface against
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rainsplash by the canopy [Thompson et al., 2010]. The landscape is spatially organized as a
two-phase mosaic of shrub and bare open soil patches [Svoray et al., 2008].

In the model simulations, the landscape is similarly represented as a two-phase mosaic of
bare and vegetated cells, where the presence or absence of vegetation determines the surface
roughness and soil infiltration capacity (see schematic in Figure 2.3). The soil domain is
described first, followed by the overland flow domain.

Figure 2.3: Schematic of the model domain. The darker shading under the non-vegetated
regions represents the surface crust. Ks,V and Ks,B represent the saturated hydraulic con-
ductivities of undisturbed soil and surface crust, respectively.

Soil domain

Bare soil is represented by a two-layer model, with a thin, low-permeability layer representing
the surface crust. The vegetated patches and lower layer of the bare soil (i.e. the undisturbed
soil) have the same infiltration parameters. The saturated hydraulic conductivities of surface
crust and undisturbed soil are independently specified, and differ by one to two orders of
magnitude. The van Genuchten parameters are from the Lehavim field site, listed in Table
2.1. The initial soil moisture content is set to field capacity (H = −342 cm).

The lower soil boundary is free draining; however, the plants are assumed to uptake all
water that infiltrates in vegetated patches. Consequently, the soil depth is interpreted as
the depth over which the soil is resolved by the Richards equation solver, rather than as the
physical soil depth (from the perspective of plant water availability). Sensitivity analyses
indicate that resolving the upper 20 cm versus 40 cm of the soil results in minimal differences,
so for computational purposes, the soil depth is set to 20 cm in most simulations.

Overland flow domain

The simulation domain is restricted to rectangular planar hillslopes, with slope angles ranging
from 0.5 to 30%. The upper boundary is closed (no flux) to simulate a ridge, and the lower
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Table 2.1: Van Genuchten parameters of seal and underlying soil layers. θS and θR are the
saturated and residual soil water content, respectively.

seal layer undisturbed soil

n 1.43 1.47
αν 0.0078 0.0096
θS 0.450 0.472
θR 0.0394 0.0378

boundary is open to represent a channel (or more hillslope). The lateral boundaries are
also closed. The hillslope length-to-width ratio is 2:1 in most simulations, where the longer
hillslope length is motivated by the more interesting (non-symmetric) along-slope boundary
conditions.

The surface roughness is smaller for bare soil areas than for vegetated patches, reflecting
the greater resistance to flow exerted by the vegetation. Manning’s equation is used to
specify the surface resistance in Chapters 5 and 6, following a sensitivity analysis to the
choice of a roughness scheme in Chapter 3.

2.6 Implementation

The Richards equation solver is the more time-intensive component of the model, because it
involves a matrix inversion for each time step and grid cell. For computational efficiency, the
overland flow and infiltration components are gridded to different time steps. The Richards
equation solver updates the infiltration rates every 2 seconds, and the infiltration rate is
held constant between updates. The SVE time steps are restricted by the CFL condition to
ensure numerical stability, and are consequently much smaller (0.5-10 ms depending on the
slope angle). Sensitivity analyses indicate that the simulation outcomes are insensitive to
the SVE time step, provided the model is stable.

The SVE solver uses a minimum depth threshold, ε, below which the momentum equa-
tions are not solved. Following Bradford and Katopodes [2001], ε = 0.2mm. Sensitivity
tests (comparing ε = 0.2, 0.5 and 0.1 mm) indicate that model performance is best for this
ε = 0.2mm, in terms of model stability and hydrograph quality.

The model simulations are run on the Berkeley supercomputer Savio, enabling the sim-
ulation of up to 20 cases in parallel. The core model is written in Fortran, with wrapper
functions in Python to interface with Savio and deploy simulations in parallel (using the
multiprocessing library). Most simulations are run for factorial combinations of hillslope
and storm parameters. For example, Figure 2.4 shows the runoff hydrographs for a set of
80 simulations, with factorial combinations of 4 rainfall rates, 5 vegetation densities and 4
patch length scales. This figure is included to illustrate how the model is constructed to run
numerous simulations in batches, and the parameter details are not included.
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Figure 2.4: Hydrographs from multiple simulations run in parallel, for factorial combination
of hillslope parameters. This figure is for illustrative purposes only.

As an example, Figure 2.5 displays a simulation of a 30 minute, 2.5 cm/hr storm on a 2%
incline with randomly-generated vegetation patterns. Panel A shows a bird’s eye view of the
vegetation field and topography, with the top of the hillslope at the top of the page. Panels
(B) and (C) show the cumulative infiltration depth and maximum flow velocity velocities,
respectively.

Figure 2.5: Sample model output from the coupled SVE-R model showing (A) the input
vegetation field, (B) the resultant infiltration map and (C) the maximum flow velocities at
the end of the rain. The hillslope parameters are: Ks=2.0 cm/s, p=2.5 cm/s, So=2%. In
(B), the darker regions correspond to vegetation patches with higher infiltration rates than
the surrounding bare soil areas. Greater infiltration depths are observed down-slope of the
bare soil areas, where the run-on source area is larger. In (C), the faster flow velocities are
found over the bare soil areas, and where there is less upslope vegetation.
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2.7 Model Validation with the Kinematic Wave

Approximation

Model validation is concerned with the coupling of the SVE and Richards equation com-
ponents, as these components have both been previously validated. For this, an analytical
solution for a coupled infiltration - runoff problem was employed. This validation method
only explores the kinematic regime, which is close to most of the real world cases of interest
(see Chapter 3). While there is no reason to expect the validity of the model to change
for non-kinematic cases, the coupled model has not been tested for strongly non-stationary
flows.

The model was validated against the analytical solution of Giraldez and Woolhiser [1996],
using the method of characteristics to solve for runoff on a plane under constant rainfall and
infiltration specified by Philips equation [Philips, 1957]:

i =
1

2
St−1/2 +Ks (2.5)

where S is the soil sorptivity and Ks is the saturated hydraulic conductivity.
The validation simulations consist of 20 minute rainstorms on a homogeneous planar hill-

slope with roughness specified by Manning’s equation and infiltration solved with Richards
equation. The sorptivity in Philips equation is determined with a 1D Richards equation
solver, by matching the cumulative infiltration at 20 minutes. Table 2.2 summarizes the
model parameters and simulation results, with the discrepancies between model simulations
and analytical predictions summarized by the percent differences between runoff hydrographs
(Q) and infiltration fractions (fI). Q ranges from 0.4% to 1.4% and fI ranges from -3.9%
to 4.6%, showing good agreement. Perfect agreement is not expected, as the method of
characteristics uses the kinematic wave approximation with Philips equation, as opposed to
the SVE with Richards equation.

Validation of the model is light, involving only a kinematic test case, because the model
consists of two pre-existing, extensively tested components [Bradford and Katopodes, 2001,
Celia et al., 1990]. Validation of the Bradford and Katopodes [2001] overland flow model
included a dam break problem on an irrigation basin with complex topography, demonstrat-
ing the model’s ability to handle a wetting front, complex topography and non-kinematic
flow conditions. The only change from the pre-existing models to the current one is that
the SVE and Richards equation are dynamically coupled. Further testing of the model is
ongoing with experimental runoff data.
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Table 2.2: Summary of the model validation simulations. Differences between model simu-
lations and analytical predictions are given for the runoff hydrographs (Q) and infiltration
fractions (fI). Note that the differences are given as percentages.

p So Ks,bare Q fI
2.7 1.0 0.034 0.7 1.7
2.7 1.0 0.340 0.1 0.1
2.7 5.0 0.034 1.0 2.6
2.7 5.0 0.340 0.9 -0.8
2.7 10.0 0.034 1.1 3.5
2.7 10.0 0.340 1.1 -0.9
2.7 20.0 0.034 1.1 4.6
2.7 20.0 0.340 1.2 -1.1
5.0 1.0 0.034 0.8 -3.9
5.0 1.0 0.340 0.4 -0.0
5.0 5.0 0.034 0.9 -3.2
5.0 5.0 0.340 0.9 -1.4
5.0 10.0 0.034 1.0 -2.4
5.0 10.0 0.340 1.1 -1.9
5.0 20.0 0.034 1.1 -1.3
5.0 20.0 0.340 1.4 -2.1
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Chapter 3

Hydrological sensitivity to the
representation of surface roughness in
shallow overland flows

3.1 Introduction

The Saint Venant Equations do not form a closed system of equations, and require the
specification of the friction slope, Sf , which represents the effect of bed and other shear
stresses on the flow. To close the equations, Sf is parameterized as a function of the flow
conditions (local depth h and velocity u) and environmental factors contributing to frictional
dissipation.

The specification of Sf for real surfaces has produced a bewildering array of roughness
schemes [Brutsaert, 2005, Kirstetter et al., 2016, Mügler et al., 2011, Katul et al., 2011,
Cheng and Nguyen, 2010], relating energy dissipation (the loss of kinetic energy to the
production of turbulent eddies) to surface roughness (a physical measure or parameterization
of the elevation variability of the local land surface obstructing flow), and flow resistance (a
measure of how the local land surface resists flow, given by e.g. a friction factor). Derived
from empirical and theoretical studies, these roughness schemes cover a variety of conceptual
representations of the surface roughness and its interaction with the flow (see Table 3.1).
Navigating the choice of such schemes is difficult: the sensitivity of predictions to the choice
of scheme is hard to assess, because the different schemes are associated with very different
parameterization requirements for the same land surface, which impedes inter-comparison.
The evaluation of individual schemes against experimental data is also challenging, with
many researchers finding that flow resistance parameters, which ideally would represent
fixed properties of a land surface, vary with the depth and velocity of individual flow fields
[Abrahams et al., 1994, Lawrence, 1997, Smith et al., 2007, Zheng et al., 2012, Pan et al.,
2016]. Consequently, selecting and parameterizing the ‘correct’ roughness scheme for a given
application remains something of an art form.
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Table 3.1: Selected roughness schemes to describe the friction slope from the literature.
Note the distinct surface roughness parameterizations (α) and scaling between velocity (U)
and depth (h) in each scheme. The Poiseuille, Manning and Darcy-Weisbach schemes are
well-known, and parameters in the expressions include the kinematic viscosity of water ν and
acceleration due to gravity (g), Manning’s roughness coefficient n, and the Darcy-Weisbach
resistance factor f . Parameters in the remaining schemes are equation-specific constants
described in Appendix A.

Name Resistance equation Roughness (α) References
Poiseuille U = 1

α
h2Sf

3ν
g

Brutsaert [2005]

Kirstetter et al. [2016]

Manning U = 1
α
h2/3S

1/2
f n Brutsaert [2005]

Smith et al. [2007]

Darcy-Weisbach U = 1
α
h1/2S

1/2
f

√
f
8g

Brutsaert [2005]

Cea et al. [2014]

Depth-
dependent

U = 1
α
hS

1/2
f noh

1
3
o Mügler et al. [2011]

Manning Jain et al. [2004]

Transitional/ U = 1
α
hS

1/2
f α Brutsaert [2005]

Mixed Maheshwari [1992]

Poggi U = 1
α
h1/2S

1/2
f

β√
g

exp[ Hc

2β2Lc
] Katul et al. [2011]

Cylinder array U = 1
α
S

1/2
f

√
CdmD

(1−ρ)2g
Cheng and Nguyen
[2010]
Wang et al. [2015]

In this chapter, I aim to demonstrate that recourse to a simplified situation: kinematic
flow, facilitates inter-comparison of roughness schemes and allows an assessment of sensitivity
to the selection of a scheme, at least for situations where the exposure of the flow to roughness
elements is similar for all flow depth conditions. Under kinematic conditions, the momentum
equation (Equation 1.2) reduces to a force balance between acceleration due to gravity and
flow resistance by frictional dissipation:

Sf − So = 0 (3.1)

By inspection of the roughness schemes presented in Table 3.1, the local flow veloc-
ity, depth, friction slope and roughness coefficient are related via the kinematic resistance
equation [Brutsaert, 2005]:
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U =
1

α
hmSηf (3.2)

where α describes the roughness properties of the surface over which flow occurs. η
describes how the flow resistance scales with hillslope gradient, and is typically 1/2 for
turbulent flow and 1 for laminar flow.

The exponent m is related to the flow regime: for turbulent flow over homogeneous,
planar surfaces, it derives from the vertical profile of the horizontal velocity u(z):

u(z)

u∗
= A

(
z

zo

)M
(3.3)

where u∗ is the friction velocity, zo is a characteristic length scale of the surface, and A
and M are constants (see, for example, Chen [1991] or Brutsaert [2005]). M is related to m
as: M = m+ 1/2. For laminar conditions, plane-parallel flow can be solved exactly from the
Navier Stokes equations, yielding a parabolic velocity profile and m=2. For heterogeneous
surfaces with emergent roughness elements or flow obstructions the origin of m is more
complicated, and it may not be directly relatable to the vertical velocity profile, but rather
represents an emergent property of the flow. One example is the situation where exposure
to roughness elements (and thus α) decreases with flow depth, such that the value of m
depends on both flow regime and the vertical profile of roughness [Jain et al., 2004, Mügler
et al., 2011, Lawrence, 1997].

Combining Equations 3.1 and 3.2:

U =
1

α
hmSηo (3.4)

Equation 3.4 is derived from the approximation that the frictional retardation of the
flow is equal and opposite to the downslope component of water weight. For kinematic
flow on a uniform slope, the prescription of a roughness scheme enforces a fixed relationship
between flow depth and velocity, with the effects of the slope gradient and surface roughness
independently specified. Figure 3.1 illustrates how surface roughness (α) and flow regime
(m) change the nature of this relationship for a fixed slope. The units and interpretation
of α are flow-regime specific (indicated by the value of m), and cannot be directly related
to the physical characteristics of a surface. For a given flow regime, α should ideally be a
function of surface characteristics alone, with increasing surface roughness corresponding to
increasing α values.

There are many examples of more complex (non-power law) roughness schemes, for ex-
ample, the Colebrook-White or Keulegan friction factor parameterizations [Cea et al., 2014].
In most cases, such schemes could be approximated by a power law form for a sufficiently
restricted range of flow depths and velocities [Chen, 1991]. Furthermore, the analysis pre-
sented here could be generalized to non-polynomial forms of the resistance equation, and the
results would likely be similar to those presented here.
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Figure 3.1: Illustration of the independent roles of the landscape roughness parameterization
(α) and the U -h scaling (m) on predicted kinematic relationships between velocity and depth.
(A) shows a landscape where α is ‘matched’ to represent a common roughness surface between
a turbulent (m = 0.5) and mixed (m = 1) flow regime. Conversely, (B) shows turbulent flow
on two landscapes with different roughness values. The α-matching approach is landscape
and discharge dependent, and details are outlined in the methods section.

In this study, I make three, interrelated arguments that derive from the well-known
kinematic resistance equation:

The first is that Equation 3.4 imposes a scaling between velocity and depth (U -h scaling)
that provides a reasonable approximation to flow in non-kinematic situations, specifically
unsteady, non-homogeneous flows on hillslopes with patchy vegetation. For uniform flow
over smooth terrain, the value of m is determined by the shape of the vertical velocity
profile in the flow, while for complex surfaces, m may be an effective parameter.

Secondly, if such U -h scaling persists for the range of flow conditions encountered in
shallow overland flow, then controlling for the form of the U -h scaling relation is a necessary
precondition when assessing the roughness characteristics of any real slope. A corollary
of this argument is that, if the U -h scaling is not controlled for, flow-dependent behavior
in the inferred resistance may be mistakenly attributed to varying surface roughness. For
example, in studies of overland flow resistance, a common area of inquiry is the relationship
between resistance to overland flow and the Reynolds number, where the resistance is most
commonly expressed as the Darcy-Weisbach friction factor (f), but other forms such as
Manning’s n or the Chézy coefficient C are also common. f relates the head loss due
to friction to the average kinetic energy of the fluid flow, and has several advantages as a
measure of resistance relative to n and C: it is dimensionless, applicable to both laminar and
turbulent flow regimes, and interpretable as a drag coefficient in the some cases [Ferguson,
2007]. In combination with the flow continuity equation, Equation 3.4 can be expressed as
a power law relationship between f and Re with the exponent value determined by m (see
Appendix A). Controlling for this implied relationship can help to distinguish complex f -Re
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relationships that arise as a consequence of the flow regime from f -Re relationships arising
from more complex processes, such as changing inundation of surface roughness elements
[Lawrence, 1997], deformation of the vegetation with [James et al., 2004, Järvelä, 2002], or
flow heterogeneities such as turbulent eddies or filaments [Dunkerley, 2003].

Finally, if U -h scaling is controlled for, different roughness schemes can be parameterized
to represent equivalent surfaces, allowing for rigorous inter-comparison. With a common
representation of the surface roughness (via parameterization of α), I show that important
hydrological outcomes, including water balance partitioning, flow velocity and the runoff
hydrograph characteristics, display little sensitivity to the selection of a roughness scheme.

These findings offer some guidance for practitioners aiming to make predictions about the
consequences of shallow overland flow on hillslopes. Principally (i) accounting for flow regime
when assessing the behavior of surface resistance can avoid mathematical artifacts in the
resulting f -Re relations, and (ii) that modelers should focus effort on the parameterization,
rather than selection, of surface roughness schemes, as uncertainty is more likely to arise from
such parameterization than from the details and conceptual formulation of these schemes.
While complex, depth- and flow-dependent roughness behaviors will continue to be identified
in overland flow settings [Smith et al., 2007, Smith, 2014, Lawrence, 1997, Dunkerley, 2003],
these findings may assist in distinguishing these real sources of complexity from artifacts of
common analytical approaches.

3.2 Methods

I modeled a series of rainstorms on patchily-vegetated hillslope surfaces using the shallow
water equations coupled to a one-dimensional Richards equation solver to represent infiltra-
tion. The shallow water equation solver is identical to that used by Bradford and Katopodes
[2001], and the Richards equation solver is that outlined by Celia et al. [1990] (see Chapter
2) The explored modeling domain is a patchily vegetated, planar, arid hillslope, which is
loosely modeled after the Lehavim Long-Term Ecological Research site [Chen et al., 2013].
Vegetation is included as a binary field, and used to specify variable infiltration rates and
roughness parameters. Infiltration rates are low in bare-ground areas, due to the formation
of physical surface crusts [Assouline, 2004, Assouline et al., 2015], but are higher under veg-
etation cover due to root activity and protection of the soil surface against rainsplash by
the canopy [Thompson et al., 2010]. For a storm simulation, the model output includes the
overland flow fields, runoff hydrograph and infiltration map. Figure 3.2 presents an exam-
ple model domain with vegetation (A) and cumulative infiltration depth (B) to illustrate.
The model was used in conjunction with solutions to the kinematic wave approximation to
address the three arguments described in Section 3.1.
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Figure 3.2: Example model set-up and infiltration output. (A) map of topography (grey-
scale) with spatially random vegetation field (green circles indicate vegetated 0.5×0.5 m
cells). (B) Infiltration map resulting from a 20 min storm with p= 2.7 cm/hour.

Does U-h scaling persist in non-kinematic flows?

The kinematic wave approximation assumes steady, uniform flow, which is not generally true
for flows on complex, heterogeneous hillslopes. For realistic storm conditions and planar
slopes, however, the range of flow depths and velocities are such that these departures
from kinematic conditions might not cause large deviations from the U -h scaling associated
with kinematic conditions. To test this hypothesis, shallow water equation simulations of a
rainstorm were run for factorial combinations of the hillslope parameters shown in Table 3.2.
The mean departures from kinematic conditions (∆S) and kinematic U -h scaling (∆m) were
computed. Multiple roughness schemes were included (see Table 3.1 for details), in order to
explore a range of flow regimes (m values).

For each model simulation, ∆S was quantified as the mean difference between the simu-
lated friction slope Ssimf and the topographic slope for all cells at all times:

∆S = Ssimf − So (3.5)

∆m was computed from the slope of the log(U)-log(h) plot for all locations at all times
to obtain a modeled msim, which was compared to the m specified in the model’s roughness
formulation:

∆m = msim −m (3.6)

Because roughness and infiltration characteristics differ between bare and vegetated grid
cells, ∆S and ∆m were estimated separately for bare and vegetated sites.
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Table 3.2: Parameters for the model simulations. Where multiple parameters are listed, the
cases were run factorially to explore all parameter combinations.

Variable Symbol Values

Hydraulic conductivity (bare soil) KS,B 0.34, 0.034 cm/hr
Hydraulic conductivity (vegetated sites) KS,V 3.4 cm/hr
Slope gradient (%) So 1%, 10%
Rainfall intensity p 2.7, 5.0 cm/hr
Vegetation fraction φV 0.1, 0.3, 0.5
Manning’s n (bare soil) nbare 0.03
Manning’s n (vegetated sites) nveg 0.1
Domain size Lx, Ly 20m × 40m
Grid resolution dx 0.5m
Storm duration train 20 minutes
Roughness scheme m Laminar, Transitional, Manning,

Darcy-Weisbach, Cylinder Array

What are the implications of U-h scaling when evaluating
landscape resistance behaviors?

If kinematic scaling persists, the functional form of the roughness scheme implicitly imposes
a U -h scaling relationship on the resulting flow. The form of this relationship has the poten-
tial to confound interpretation of landscape roughness and its variation with environmental
variables.

To illustrate the potential for such confounding behavior with a simple kinematic case,
synthetic, kinematic runoff data was generated using various roughness schemes with fixed
roughness (constant α). The kinematic wave approximation was imposed to ensure that
U ∼ hmSηo . The schemes include a Darcy-Weisbach scheme with constant f (m=1/2),
a cylinder array scheme (m=0), a transitional scheme (m=1), laminar flow (m=2), and
Manning’s equation (m= 2/3). For each of the roughness schemes, variations of the resistance
with changing hillslope gradient and Reynolds number were naively examined, in order to
characterize the implications of U -h scaling on interpretations of flow resistance.

Are hydrological predictions sensitive to the choice of a roughness
scheme (or only to its parameterization)?

To determine the sensitivity of the hydrological predictions to the choice of a roughness
scheme, predictions made with different roughness schemes must be compared. To do this,
the schemes need to be parameterized to represent equivalent land surface conditions. This
process is referred to as parameter matching. The parameter matching approach assumes
steady-state, kinematic flow on a uniformly vegetated hillslope under constant rainfall. In
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this case, the steady-state flow rate q(x) is determined by the rate of water input to the
hillslope. For a constant rainfall rate p, and with a no-flux boundary condition at the divide,
the discharge at any location x from the divide is given by:

q = Uh = px (3.7)

This can be combined with Equation 3.4 to predict the flow velocity at all locations on
the hillslope:

Um+1 =
1

α
(px)mSηf (3.8)

I consider two different roughness schemes (denoted 1 and 2) and aim to find roughness
values (α1 and α2) that represent the same hillslope conditions. This is achieved by fixing
one of the roughness values, and then minimizing the RMS difference between U1 and U2 in
Equation 3.8. A similar approach can be applied to minimize the depth differences between
the schemes by combining Equations 3.4 and 3.7 to solve for h rather than U .

There are some immediate caveats to this approach for parameter matching. First,
it assumes a homogeneous hillslope and steady state conditions, so parameters may not
be matched in a way that minimizes differences for unsteady flow or a non-homogeneous
hillslope. Second, different matched parameter values are obtained if depth differences rather
than velocity differences are minimized. Finally, for several of the roughness schemes in Table
3.1, α is a function of multiple parameters, and this matching approach does not constrain
specific parameter values without making further assumptions. However, the approach is
broadly comparable to fitting a roughness scheme to field data, and ensures that, for a wide
range of experienced flow conditions, schemes are optimized to an equivalent hillslope.

A range of planar, patchily vegetated landscapes with different slope angles and varying
fractional vegetation cover were simulated, factorially varying hillslope characteristics so that
24 landscape and rainfall combinations were simulated. The vegetated patch roughness coef-
ficients (αveg) were matched to a ‘reference’ roughness scheme, taken as Manning’s equation
with n = 0.1. For each roughness scheme and hillslope parameter case (slope, vegetation
density, rainfall intensity, etc.), αveg was obtained with the parameter matching approach
described above. The rainfall intensity was included in Equation 3.8 as an effective rate,
adjusted by the infiltration capacity of the soil (p − φVKS,V − φBKS,B). For bare ground,
Manning’s equation with n= 0.03 was applied for all roughness schemes. The parameter
matching approach was applied to the Poiseuille equation, despite its lack of a free parame-
ter for flow over a smooth surface. The laminar roughness coefficient was matched because
complex terrain may alter the hydraulic radius and thus the effective roughness parameter
for laminar flow. Flume studies of laminar flow over natural surfaces have observed α values
ranging from around 100 to 1800 [Dunkerley, 2001, Pan et al., 2016], providing justification
for this approach. The model parameters are shown in Table 3.2, including those that varied
and those that were held constant between simulations.

Hydrological outcomes, including the hydrograph characteristics, infiltration partitioning,
and flow velocity, were computed for each simulation and compared between roughness
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schemes. The hydrograph characteristics are represented by the time for the hydrograph
to reach 90% of the peak flow (rising time, t90%), and the time after the rain ends for the
hydrograph to recede to 10% of the peak discharge (recession time, t10%). The infiltration
fraction (I) is defined as the ratio of mean infiltration depth to rainfall depth, and the
vegetation infiltration fraction (Iveg) as the ratio of the mean infiltration depth to rainfall
depth. Values of Iveg greater than 1.0 indicate that the mean vegetated patch infiltration
depth exceeded the rainfall depth, so run-on from bare soil sites provided additional water
as run-on. Flow velocities are compared using the mean and maximum velocities at the end
of the rain, when the discharge is greatest and closest to ‘steady state’.

3.3 Results

Does U-h scaling persist in non-kinematic flows?

For all of the simulations, the flow was well described by the kinematic roughness approx-
imation (small ∆S) and the associated U -h scaling (small ∆m). As shown by the plot of
∆S versus ∆m (Figure 3.3A), the average difference between friction and topographic slope
is less than 0.1%, small by comparison to the topographic slope gradients of 1% and 10%.
The differences between the simulated and prescribed m values are less than 0.08, which is
significantly less than the m separation between any of the roughness schemes. Figure 3.3A
shows the maximum ∆m values increasing as ∆S increases, suggests that the kinematically-
interpreted U -h scaling may not persist in highly non-kinematic flows; however, for a realistic
range of typical overland flow conditions, kinematic U -h scaling persists despite unsteady
and non-uniform flow behavior.
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Figure 3.3: U -h scaling in non-kinematic flows. In (A), ∆S is the difference in between to-
pographic and simulated friction slope (%), and ∆m is the difference between the prescribed
and simulated U -h scaling. (B) and (C) show example U -h plots where the flow is more and
less kinematic, respectively. The simulation parameters are: cylinder array scheme, 5cm/hr
rain, 50% vegetation cover and (B) 10% slope (C) 1% slope.
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What are the implications of U-h scaling when evaluating
landscape resistance behaviors?

Given that kinematic U -h scaling is likely applicable in many overland flow conditions, these
scalings can be propagated into representations of landscape resistance such as the f -Re
plot. Figure 3.4 shows how the flow resistance f varies with slope (A) and Reynolds number
(B), depending on the choice of roughness scheme. The exception is the Darcy-Weisbach
scheme with constant f (not shown), for which f is constant by construction. f is also
slope-independent for laminar flow. Because α is held constant for each roughness scheme,
the relationships in Figure 3.4 arise from the kinematic resistance equations associated with
each scheme. Flow resistance decreases with increasing Re for schemes with m >1/2, and
increases with Re for the m=0 cylinder array scheme. In Figure 3.4A, the relationship
between resistance and slope is more complicated, because it depends on both m and η.

Details about the mathematical relationship between the exponents in Equation 3.4 and
the log f -log Re and log f -logSo slopes are included in Appendix A for the overland flow
scenario introduced in Section 3.2. The slopes are uniquely determined by the exponents in
the kinematic resistance equation.
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Figure 3.4: Darcy-Weisbach f evaluated for varying (A) slope and (B) Reynolds number at
the outlet, illustrating the implications of various roughness schemes for the interpretation of
flow resistance. In (B), Reynolds number was varied by changing the rainfall intensity. The
U -h and U -So scaling associated with each roughness scheme imply a specific relationship
between flow resistance, slope (A) and Reynolds number (B), independent of the surface
roughness (α).
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Are hydrological predictions sensitive to the choice of a roughness
scheme?

Figure 3.5 shows example hydrographs for two modeled hillslopes, one with sparse vegetation
cover (A) and one with dense vegetation cover (B), with the hydrographs produced by five
separate roughness schemes following parameter matching. These results are similar to the
other modeled hillslopes, which show near exact agreement in the hydrographs for hillslopes
with sparse vegetation and close agreement for hillslopes with denser vegetation.
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Figure 3.5: Example simulation hydrographs for sparse vegetation (A) and dense vegetation
(B), showing good agreement. Hillslope parameters are p=5 cm/hr, So=0.01, KS,bare=0.34
cm/hr and (A) φV =0.1, (B) φV =0.5. Other parameters are listed in Table 3.2.

Figure 3.6D displays the simulation hydrologic outcomes (t90%, t10%, I, Iveg, hillslope
max and mean U) averaged across all parameter cases and grouped by roughness scheme.
Four of the laminar simulations were discarded due to numerical instabilities in the velocity
fields (simulations with So = 0.1 and p = 5.0 cm/hr), however, visual inspection of the
hydrographs and infiltration maps did not show any problems. Accordingly, column L shows
the laminar results with the unstable cases included in brackets.

Comparing the mean hydrograph rising and recession times by scheme, the results differ
by less than 0.1 min (for the bracketed values). The infiltration fractions (I and Iveg) also
show very close agreement, differing by less than 0.02 between schemes. For the mean and
and maximum velocities at the end of the rain, the mean outcomes differ by less than 0.06
cm/s for the non-laminar schemes. For the laminar velocities, the larger bracketed velocities
reflect the instabilities in the flow fields, whereas the smaller, non-bracketed velocities reflect
the fact that the discarded cases had a steeper slope and higher intensity rain, resulting in
higher flow velocities.

In Figure 3.6A-C, the differences between paired Manning and non-Manning simulations
are displayed as box-plots, grouped by roughness scheme and outcome variable. The differ-
ences range from −2% to 2% for I and Iveg, from −0.1 to 0.3 cm/s for the velocity fields, and
from −0.4 to 0.4 min for the hydrograph rising and recession times. These differences sug-
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Figure 3.6: Box plots show the difference of each simulation from the paired Manning simu-
lation with the same hillslope parameters: (A) the percent difference in infiltration fractions,
(B) the hydrograph rising and recession times, (C) the mean and maximum velocities at the
end of the rain. (D) shows the mean values for each scheme of all the parameter cases.
Abbreviations indicate roughness schemes: Cylinder array (CA), Darcy-Weisbach (DW),
Manning’s equation (M), Transitional (T) and Laminar (L). In column L, values in brackets
include the omitted unstable simulations.

gest that the sensitivity to the choice of roughness scheme is small, provided the roughness
parameters are appropriately matched.

3.4 Discussion

The kinematic scaling relationships are echoed in the flows simulated by the shallow water
equation for a range of realistic hillslope scenarios. Flow is well described by the kinematic
wave approximation and obeys the U -h scaling implied by the prescribed roughness schemes,
despite the conditions for applying the kinematic wave approximation not being met. The
small ∆S values in Figure 3.3 show that the simulated flow fields are close to kinematic,
with the difference between topographic and friction slope less than 0.1% for all simulations.
The small ∆m values correspondingly show that the U -h scaling is close to that implied
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by the kinematic resistance equation. This finding justifies the use of the kinematic wave
approximation to (a) investigate how roughness scheme selection influences f -Re and f -slope
relations, and (b) match roughness coefficients between different roughness schemes.

An important caveat to the kinematic scaling results derives from the underlying assump-
tion that the model adequately represents the overland flow dynamics. While it introduces
several non-kinematic aspects, the shallow water model does not explicitly simulate macro-
scopic roughness elements, microtopography, turbulent eddies or preferential flow paths.
Instead, the simulated planar hillslopes are abstracted as square cells with differing rough-
ness and infiltration parameterizations. Consequently, the kinematically-derived U -h scaling
may not be applicable to other non-kinematic flows, specifically to cases with macroscopic
roughness elements or non-planar topography.

Kinematic scaling persistence in overland flows could be further investigated with models
that explicitly represent microtopography, vegetation or the 3D flow field. Modeling studies
that explicitly represent flow obstacles such as vegetation stems [Kim et al., 2012] or micro-
topography [Razafison et al., 2012, Özgen et al., 2015] could examine whether these elements
change the effective U -h scaling. For example, Kim et al. [2012] simulate overland flow
through emergent stems represented as hexagonal obstacle cells and determine an effective
Manning’s n as a function of vegetation density and flow characteristics. Manning’s equation
is used to prescribe the base roughness, but how closely the model-simulated U -h scaling
matches the Manning’s equation U ∼ h2/3 scaling is not explicitly addressed.

The persistence of U -h scaling for non-kinematic conditions implies that the interpre-
tation of roughness parameters for such overland flows should be cognizant of U -h scaling.
Figure 3.4 illustrates how, for fixed roughness coefficients, different roughness schemes imply
different relationships between flow resistance, hillslope gradient and Re. Flow resistance
increases with Reynolds number for the cylinder array scheme, and the opposite relationship
exists for the laminar, transitional and Manning’s equations.

Of course, in real-world flows, a number of additional factors are likely to influence the
observed f -Re . First, surface roughness may scale with flow depth: in cases of very shallow
overland flows, progressive inundation of the roughness elements with increasing flow depths
may alter the effective surface roughness [Lawrence, 1997, Abrahams et al., 1994]. Similarly,
for higher discharge flows through vegetation, the surface roughness (more precisely, the veg-
etative drag coefficient) may vary with Re due to bending or deformation of the vegetation
[Tanino and Nepf, 2008, James et al., 2004, Järvelä, 2002]. Second, f -Re relationships may
reflect transitions in flow regime from laminar to mixed or turbulent. On heterogeneous
surfaces, the development of flow filaments may contribute to increased spatial complexity
and viscous dissipation in mixing regions [Dunkerley, 2003]. Additionally, turbulent eddies
may develop with increasing Reynolds numbers and contribute to additional energy dissipa-
tion, altering the effective flow regime. Third, the principal sources of resistance may vary
with flow depth. For example, James et al. [2004] observe a shift in the principle source
of resistance from surface to vegetative drag with increasing flow depths, and an associated
change in U -h scaling.

Interpretation of f -Re relationships has the potential to represent complex superposition
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of these factors. It is therefore unsurprising that kinematic scaling arguments cannot explain
the diversity of f -Re relationships observed in overland flow experiments. For flows with
Reynolds numbers in the laminar flow range (<1000), studies have observed f ∼ Re−1 for a
variety of surfaces (grass, bare soil, sandpaper), slopes and input methods [Dunkerley, 2001,
Pan et al., 2016, Zhang et al., 2014]. This is consistent with laminar flow, and suggests
the persistence of laminar U -h scaling over more complex surfaces. However, other studies
observe increasing f with Re [Abrahams et al., 1994, Yang et al., 2017], or non-monotonic
f -Re relationships [Dunkerley, 2003]. Among these studies, there is no obvious correlation
with surface type (grass, sandpaper, bare soil), vegetation type (synthetic or real), water
input mechanism (rainfall vs. upslope) or experiment type (flume vs. field experiment).

Nonetheless, interpretation of experimental results can be usefully informed by under-
standing the f -Re relationships implied by U − h scaling. For example, interpreted as a
cylinder array scheme, a log f -log Re plot with slope between 0 and 1 could suggest a rough-
ness coefficient that decreases with discharge due to vegetation bending or deformation (the
kinematic wave approximation yields a log f -log Re slope of 1 for a cylinder array scheme).
Interpreted as turbulent flow with constant f , the same plot would suggest a roughness co-
efficient that increases with discharge. The cylinder array and Darcy-Weisbach schemes lead
to opposite conclusions about the roughness sensitivity to Reynolds number.

Kinematic scaling arguments offer a framework for distinguishing between the various
factors controlling flow resistance, to the extent that this is possible. Measuring U and h
simultaneously is an experimental challenge [Legout et al., 2012, Mügler et al., 2011, Tatard
et al., 2008]; however, such measurements in addition to discharge can determine U -h scaling.
With U -h scaling controlled for, variation in the roughness characteristics with discharge,
due to submergence of roughness elements or bending of the stems, can be independently
assessed. The roughness characteristics of real landscapes may truly vary with depth due
to different submergence of roughness elements, but unless the U -h scaling is known, such
variation cannot be independently assessed.

The persistence of U -h scaling implies that kinematic approaches can be used to match
the parameterization of roughness schemes for a given land surface. With a simple kinematic
approach, there are minimal differences in predicted hydrologic outcomes associated with
the selection of a roughness scheme. That is, the results are more sensitive to roughness
coefficient than to differences in the functional form of the resistance equation.

This conclusion is similar to the results of Cea et al. [2014] comparing high resolution sim-
ulations with experimental flow data on 1×1m plaster moulds. Cea et al. [2014] explore the
possibility of improving their model predictions by comparing multiple friction parameteriza-
tions, and match roughness parameters by calibration to experimental measurements. They
find that all roughness parameterization give a similar agreement with their experimental
data, after calibration of their respective friction parameters.

In practical applications, Figure 3.6 suggests that the selection of the correct roughness
scheme is less important than appropriate parameterization of any selected scheme. In select-
ing a roughness scheme, other considerations can be taken into account. Some schemes will
be more numerically stable than others. For example, when matched to represent equivalent
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surfaces, a laminar scheme will tend to produce faster, shallower flows than a Darcy-Weisbach
scheme with constant f , which may result in more numerical instabilities. For some schemes,
the resistance coefficient can be related to measurable surface characteristics, while for oth-
ers, calibration with runoff experiments are required. In Table 3.1, for example, the cylinder
array and Poggi roughness coefficients depend on canopy features, whereas Manning’s n is
an empirical parameter requiring calibration [Cea et al., 2014]. Of course, efforts to relate a
roughness parameter to surface characteristics (e.g. grain size) will encounter flow and slope
dependencies if the U -h scaling is not fully known.

In conclusion, this study has shown that the selection of a roughness scheme, combined
with the kinematic wave approximation, implies a unique U -h scaling that persists into
non-kinematic flows. The extent to which such kinematic scaling persists for non-planar
topography and macroscopic roughness elements is not known. This kinematic scaling per-
sistence has implications regarding the interpretation of f -Re and f -slope relations; however,
further research is needed to better disentangle the various factors known to influence these
relationships. Finally, the kinematic wave approximation provides a suitable framework for
matching roughness parameters, as evidenced by the close agreement between the various
schemes in the simulation results. Consequently, choosing the correct roughness scheme is
less important that correctly parameterizing any selected scheme. Despite this practical im-
plication, these results do not assist in determining the correct roughness value for a given
scheme. Thus, roughness parameterization remains an open question, subject to ongoing
research.
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Chapter 4

Emulating the SVE-R model with
machine learning

4.1 Introduction

Desert landscapes are characterized by a feedback between firstly the spatial distribution of
vegetated and bare sites, which determines the flow and infiltration patterns of water on the
land surface, and secondly the conversion of rainfall into a spatial pattern of plant-available
soil water resources, which determines the growth rates and drought mortality of vegetation.
Although the plant and water systems are tightly coupled, their dynamics emerge on very
different timescales: the rapid (minutes - hours) timescales associated with specific storm
events, and the slow (years - centuries) timescales associated with the growth and mortal-
ity of individual slow-growing plants and the migration of vegetation communities through
space. Similar timescale separations are common across biological systems [e.g. in enzyme
kinetics, Briggs and Haldane, 1925, Michaelis and Menten, 1913], and typically pose chal-
lenges for analysis, because of the difficulty of resolving all the possible states of the system
simultaneously. In general, to simplify the analysis of such systems, timescale separation
procedures are employed, in which the state variables of interest (in this case biomass, soil
water and surface water) are characterized as “slow” or “fast”, and the evolution of each
subsystem (of the slow or the fast variables respectively) is solved on timescales appropriate
to its rate of change, while holding the other system in pseudosteady conditions. Although
there are many successful examples of applying timescale separation to the analysis of bio-
logical systems, the computational intensity of solving the “fast” overland flow processes in
dryland ecohydrological systems (e.g. see Chapter 2) can make the application of timescale
separation approaches intractable. Thus, to date, most models that attempt to represent
the coupling of water redistribution and plant spatial organization over long timescales have
adopted simplified phenomenological modeling approaches, for example, approximating over-
land flow as a diffusive process, and approximating storm occurrence with continuous rainfall
[Rietkerk et al., 2002, HilleRisLambers et al., 2001]. The downside of such simplified ap-



CHAPTER 4. EMULATING THE SVE-R MODEL WITH MACHINE LEARNING 37

proaches is that the details of the fast processes - which are explicitly omitted or averaged
over by these phenomenological approaches - may be critical in setting the conditions un-
der which the slow processes operate. This is certainly the case when considering how fast
hydroclimatic processes - which I take here to encompass the “storminess” (i.e. frequency
of storms), storm intensity and storm duration of the climate - influence the spatial pattern
of water resources at the end of a storm. For instance, a low intensity storm is likely to
infiltrate uniformly over a dryland hillslope, while a high intensity storm will generate runoff
on low-permeability bare sites, resulting in a spatially variable pattern of infiltration.

Thus, dryland ecohydrology faces the challenge of representing fast within-storm pro-
cesses in a computationally tractable fashion while maintaining high fidelity to the physics
of runoff generation and infiltration. Here, I address this challenge by emulating the re-
sults of a coupled Saint Venant - Richards Equation (SVE-R) model with machine learning
(ML): a broad suite of algorithms used to develop predictive models using a set of input data
[Goldstein and Coco, 2015], typically applied to large, multidimensional data sets (e.g. social
media data), where more common statistical methods such as multivariate linear regression
are less successful [Pennacchiotti and Popescu, 2011]. In the earth sciences, machine learning
has been applied to emulate the outcomes of complex models such as global climate mod-
els [Goldstein and Coco, 2015], and to emulate empirical observations [Tinoco et al., 2015].
Here, I use random forest (RF) regression to emulate the output of the SVE-R model for a
range of storm and hillslope conditions. RF regression is an ensemble method that creates a
“forest” of random, uncorrelated decision trees on sub-samples of the data to which it is fit,
and uses averaging to improve the predictive accuracy of the algorithm while controlling for
over-fitting [Pedregosa et al., 2011]. While a number of ML algorithms would be suitable for
emulating the output of the SVE-R equations, random forests are relatively easy to train, fast
to execute, and tend to perform well [Shih, 2012]. In this application, preliminary tests on
SVE-R simulations indicated that RF regression outperformed other techniques, including
K-Nearest Neighbors, Support Vector Machines, Neural Networks and Multivariate Linear
Regression.

In order to apply random forest regression, the inputs and outputs of the SVE-R model
need to be transformed into a form on which the algorithm can operate (see Figure 4.1).
The inputs to the SVE-R model are two-dimensional elevation and vegetation maps, soil and
roughness fields that are one-to-one correlated with vegetation cover, and lateral boundary
conditions, including the storm features and domain boundaries. The SVE-R model outputs
are two-dimensional overland flow and infiltration fields, which vary in space and time and
which embed considerable spatio-temporal correlation based on the continuity of the flow
field. Random forest regression, by contrast, is not a spatial operator, so the 2D spatial
structures of the SVE-R model domain must be adapted into a set of points on which the
regressor can be applied. Each point can be characterized by a vector of features (analogous
to independent variables), on which the random forest operates to make predictions of the
target variable for that point.

Applying random forest regression to emulating the SVE-R model thus requires trans-
forming the SVE-R simulation domain into feature and target variables. The key challenge in



CHAPTER 4. EMULATING THE SVE-R MODEL WITH MACHINE LEARNING 38

Figure 4.1: The hillslope on the left represents the SVE-R model domain, including vege-
tation patterns, storm characteristics, soil parameters and hillslope gradient. The hillslope
on the right shows an SVE-R model prediction of infiltration depth, representing the target
variable. Each point in the SVE-R model domain is transformed into a 1D vector of features
that represent the surrounding neighborhood. The random forest regressor independently
operates on each point to predict the outcome.

specifying the RF features is to provide enough information about the drivers of the spatial
correlation of the SVE-R output through time and space that the re-assembled point-by-
point predictions have fidelity to the spatial correlation in the SVE-R output. To do this,
the 2D SVE-R domain is transformed into a set of 1D neighborhood descriptors for each grid
cell, which enables the 2D structure of the results to be reproduced. This transformation is
an example of “feature engineering”, which is broadly defined as the process of using domain
knowledge to transform raw data into the best representation for the ML algorithm to learn
a solution [Brownlee, 2014]. Feature engineering is a crucial step in many ML applications,
often involving the transformation of complex, multifaceted data into features that reflect the
underlying processes [Kubat et al., 1998]. Rather than emulate the complete time-varying
SVE-R model output, the SVE-R predictions are aggregated, or transformed into peak val-
ues. Specifically, the cumulative infiltration patterns (I) and peak overland flow velocities



CHAPTER 4. EMULATING THE SVE-R MODEL WITH MACHINE LEARNING 39

(Umax) are selected as target variables, because of their relevance to plant water availability
and erosion risk, respectively.

This chapter describes the feature engineering process, the training of the random forest
regressors and the performance of the regressors in emulating the SVE-R results. In partic-
ular, I ask: “how does RF regression perform in predicting cumulative infiltration fields and
peak flow velocities as storm characteristics are varied for a given landscape?” Throughout
the chapter, the examples that are given relate to using RF regression to emulate the cumu-
lative infiltration fields I. The same approach is also used to predict the maximum overland
flow velocity, as detailed in Appendix B.

4.2 Methods

A random forest regressor is trained on a collection of SVE-R model runs. This collection of
model runs spans a multidimensional parameter space, including landscape parameters (hill-
slope gradient, soil infiltration capacity, and surface roughness), storm parameters (duration
and intensity) and vegetation characteristics. The vegetation characteristics include both
hillslope-scale properties of the vegetation distribution, such as the mean fractional cover
and characteristic length scales of the vegetation patches, as well as the smaller scale details
of how this vegetation is specifically arranged in space. The RF regressor enables interpola-
tion between a subset of this parameter space, while other parameters are held constant. I
elected to hold storm and landscape parameters constant while varying vegetation patterns.
Given the nonlinear dynamics of the SVE-R model, it is unclear what (if any) interpolation
would be appropriate between landscape or storm features. Thus, RF regressors are trained
to interpolate between different realistic patterns of vegetation, for fixed storm and landscape
properties. As detailed in Chapters 5 and 6, the selection of fixed storms and landscapes
is application-specific. The remaining steps, namely selecting different spatial vegetation
patterns on which to run the SVE-R model, running the SVE-R model, engineering features
to represent the vegetation patterns, and training and testing the RF regressors, are detailed
in the following sections.

Constructing the domain of SVE-R simulations

Given the decision to hold storm and landscape parameters constant, an assessment of the
quality of the RF regression as a function of storm characteristics requires the generation
of multiple random forests, each of which predicts a hydrological outcome (infiltration or
peak velocity) for an input vegetation pattern. To illustrate, this chapter presents the RF
emulation approach using a collection of SVE-R simulations spanning a range of 16 unique
storms for a single landscape (a 200× 100 m planar hillslope with 2% slope, with saturated
hydraulic conductivity under vegetation set to KS,V = 1.5 cm/hr and for bare sites set to
KS,B = 0.15 cm/hr). All parameter values are summarized in Table 4.1, and are discussed
in more detail in Chapter 5.
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Table 4.1: Parameters in the RF training space. Where multiple parameters are listed, the
cases were run factorially to explore all parameter combinations.

Parameter Description Units Values

d Storm depth cm 0.4, 0.8, 1.2, 1.6
tstorm Storm duration min 10, 20, 30, 40
φV Fractional vegetation cover − 0.2, 0.4, 0.6, 0.8
σ Patch length scale − 0, 1, 2, 3, 4
KS,V Hydraulic conductivity (vegetated sites) cm/hr 1.5
KS,B Hydraulic conductivity (bare soil) cm/hr 0.15
So Hillslope gradient % 2.0

nB Manning’s n (bare soil) s m−1/3 0.03

nV Manning’s n (vegetated sites) s m−1/3 0.1
Lx, Ly Domain size m 200 × 100
dx Grid resolution m 2.0

With 5,000 cells in the simulation domain, there is a countable, but very large possibil-
ity space within which vegetation patterns could be constructed. I therefore specified two
macroscopic pattern variables: fractional vegetation cover φV , and the characteristic patch
length scale σ to represent typologies of patterns.

Vegetation patterns were specified as binary arrays of 0’s and 1’s to represent bare and
vegetated sites, respectively, and were constructed in several steps (see Figure 4.2). First,
random numbers, uniformly distributed between 0 and 1, were generated in each grid cell.
To obtain a binary array with the desired fractional vegetation cover, values greater than
a threshold value (φV ) were set to 0 and all other values were set to 1. To adjust the
patch length scale, a Gaussian filter was applied to the binary pattern using the Python
library SciPy, where the standard deviation of the Gaussian kernel, σ, was used to adjust
the length scale of smoothing [Jones et al., 2001]. The Gaussian-filtered patterns were then
re-binarized with the same threshold approach, where the cutoff was adjusted to maintain
the target fractional vegetation cover (for example, to achieve φV = 0.3, the cutoff would be
the 30th percentile of the smoothed array). The pattern training space included 4 fractional
vegetation covers and 5 patch length scales, for a total of 20 unique vegetation patterns. In
order to maximize the diversity of spatial patterns and to ensure reproducibility, a unique
random seed (used to initialize the Python pseudo-random number generator) was set for
each φV -σ combination. A subset of the training space of vegetation patterns is displayed
in Figure 4.3, for a range of densities and patch length scales. Figure 4.4 shows how σ and
φV together influence the mean along-slope length scales of the vegetated patches (panel A)
and bare soil areas (panel B).

For every combination of storm depth and duration listed in Table 4.1, each of the 20
vegetation patterns was input to the coupled SVE-R model described in Chapter 2. The
SVE-R model predictions were summarized into spatial fields of cumulative infiltration depth
and maximum overland flow velocity. Figure 4.5 illustrates this step with maps of cumulative
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Figure 4.2: Patterns were randomly generated from arrays of random numbers between 0
and 1 (A), which were binarized to obtain the non-smoothed (σ = 0) vegetation patterns (B).
The target densities, φV , were achieved by adjusting the threshold value used to binarize
the arrays. The patch length scales were adjusted by applying a Gaussian filter to the
binary patterns and re-binarizing to preserve the desired fractional vegetation cover (C).
The standard deviation of the Gaussian kernel, σ, determines the characteristic patch length
scale.

infiltration, corresponding to the vegetation patterns in Figure 4.3.

Features Engineering and Extraction

Random forest features were generated from the SVE-R model domain by decomposing each
point in the 2D vegetation map into a set of 1D descriptions of its local neighborhood (see
Figure 4.6). The 2D vegetation maps were thus transformed into matrices with N columns
(representing the engineered features) and M rows (representing the number of grid points
in the hillslope domain). These feature matrices were vertically stacked, creating a single
feature matrix, X, representing all of the SVE-R model simulations in a suitable form for RF
regression. The infiltration (and Umax) fields were similarly transformed into 1 ×M target
vectors, which were vertically stacked into a single target vector, Y .

To account for the different soil and roughness parameters of bare and vegetated cell
types, separate random forests were fit for each cell type. The random forests were separately
trained to make predictions for bare and vegetated cells, which were then recombined into a
map of the target variable (I or Umax).

The feature engineering process is described here primarily for the vegetated cells, and the
same general approach was used to define the bare soil features. First, the SVE-R predictions
were visually inspected to identify spatial trends and patterns related to topographic position
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Figure 4.3: Illustration of six randomly generated vegetation maps in the random forest
training space. Parameter are: φV =0.2 (top row), φV =0.6 (bottom row),and σ = 0 (left
column), σ = 2 (center column), and σ = 4 (right column).

Figure 4.4: Mean along-slope patch length (A) and bare soil length (B) for a range of
smoothing length scales σ, specifying the standard deviation for the Gaussian kernel.

and vegetation cover. For example, the infiltration patterns in Figure 4.5 suggest that the
distance to the upslope divide, length of the nearest upslope bare soil patch, and distances
to the nearest bare soil cells in the upslope, downslope and lateral directions are relevant
features for predicting cumulative infiltration. Based on these observations (and similar
observations for the Umax fields), potentially useful features were computed for each cell, as
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Figure 4.5: Infiltration maps for a 20 minute storm with p = 4.8 cm/hr,So = 2%, KS,V = 1.5
cm/hr and KS,B = 0.15 cm/hr, using the vegetation maps from Figure 4.3.

illustrated in Figure 4.7.
While flow in the SVE-R simulations is primarily aligned along the hillslope gradient,

there is a lateral flow as well, meaning that infiltration at a point depends on the conditions
directly upslope, and also on conditions upslope to the left and right. To account for this,
the engineered features were smoothed using SciPy’s Gaussian filter, while ignoring cells of
the other type (i.e. smoothing of features based on the vegetation field ignored any bare soil
cells, and vice versa). The smoothing length scale was adjusted by varying ζ, the standard
deviation of the Gaussian kernel. Figure 4.8 shows the effect of the Gaussian filter for an
example feature, distance to the nearest upslope bare soil cell, with ζ = 1 (panel B) and
ζ = 2 (panel C). Both the original and Gaussian-filtered features were used to train the RF
regressors.

Table 4.2 summarizes the engineered features used for predicting both I and Umax. To
select the ‘feature parameters’ ζ and λ, I trained multiple versions of the random forest
regressors on subsets of SVE-R simulations that spanned a wide range of landscape and
storm properties. I evaluated the the time required to train the RF regressors, their memory
usage and predictive accuracy, in order to identify a suitable set of feature parameters. While
this did not encompass a formal optimization of the feature selection, it did ensure that the
selected feature parameters - namely ζ = 2 and multiple λs, ranging from 4 to 30 grid cells -
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Figure 4.6: Illustrating how the 2D SVE-R domain is deconstructed into grid-cell represen-
tations of each point, for several select features. Descriptions of these features are provided
in Table 4.2.

achieved both good predictive accuracy while keeping memory usage and time requirements
within acceptable limits. This selection process is described in more detail in Appendix C.

The use of both original and smoothed features, as well as multiple window-lengths used
to describe the upslope vegetation fraction, result in a high degree of multicollinearity within
the feature space. In general, such multicollinearity does not compromise the performance
of random forest models, although they may increase the risk of over-fitting the model [Shih,
2012], and challenge the interpretation of feature importance weights. Because the goal
of the study is to imitate the SVE-R model, rather than to interpret the output of the
RF regression to gain physical insight into the system being studied, assessing the feature
importance is not a priority. Overfitting was assessed by testing the RF performance on the
test set for a range of ζs and λs, as discussed in the Appendix B, and no signs of overfitting
were observed.

The random forest regressors used a common set of features across all storm and landscape
parameters, but the importance of the specific features varied with the storm and landscape
simulated. For example, Figure 4.9 illustrates how the influence of the vegetation distribution
on I varies with the storm intensity. Runoff-runon patterns (i.e. within patch variations in I)
are more apparent for a low intensity storm (panel A), whereas upslope-downslope differences
are more apparent for a higher intensity storm (panel B). In panel A, the infiltration capacity
of the vegetated patches exceeds the rainfall rate (KS,V > p), and runoff-runon mechanisms
are more important than the distance to the ridge. In panel B, the rainfall intensity exceeds
the soil infiltration capacity, and the entire hillslope becomes a runoff source during the
storm. Consequently, the spatial pattern of infiltration is determined by what happens after
the storm ends (i.e. where the ponded water infiltrates or runs off). Because the depth of
ponded water and potential source area both increase with distance downslope, the water
infiltrated by vegetation also increases. Similar comparisons demonstrate the influence of
hillslope gradient and soil infiltration capacity on the spatial patterns of infiltration. These
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Table 4.2: Features used to fit the RF regressors. Gaussian smoothing was applied to all of
the features, with the exception of the hillslope-mean fractional vegetation cover, and both
smoothed and original versions were included as features.

Feature Description

Vegetation features
LV Vegetation patch length (along-slope)
LUB Length of the nearest upslope bare soil patch
UB Distance to the nearest upslope bare soil cell
DB Distance to the nearest downslope bare soil cell
Y B Across-slope (lateral) distance to the nearest bare soil cell

Bare soil features
LB Bare soil patch length (along-slope)
LUV Length of the nearest upslope vegetated patch
UV Distance to the nearest upslope vegetated cell
DV Distance to the nearest downslope vegetated cell
Y V Across-slope (lateral) distance to the nearest vegetated cell

Common features
Ldiv Distance to the divide
φV Hillslope-mean fractional vegetation cover
φV,λ Upslope vegetation computed with window length λ

Feature parameters
λ Window lengths in the computation of the upslope vegeta-

tion fraction (λ = 4, 12, 20, 28)
ζ Standard deviation of the Gaussian kernel used in feature

smoothing (ζ = 2)

observations of a strongly nonlinear relationship between vegetation, storm properties and
hydrological outcome support the initial choice to train separate random forests for each
combination of storm and landscape parameters.

Training and Testing the RF predictors

Figure 4.10 illustrates how the RF regressors were trained and tested. To avoid over-fitting,
the simulations were divided into train and test sets, Xtrain, Ytrain and Xtest, Ytest, at the
hillslope level. Eighty percent of the vegetation patterns were used for training the RF
regressors, and the remaining twenty percent were reserved for validation. The test set
consists of the simulations with σ = 2, corresponding to an intermediate patch length scale,
for the purpose of testing the ability of the RF regressor to interpolate between small and
large patch sizes. The hillslope-level division was necessary in order to test the ability of
the RF regressors to extrapolate to new patterns. Due to the high spatial correlation in the
infiltration patterns, dividing the data into train and test sets by randomly selecting grid
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Figure 4.7: Select examples of random forest features: (A) distance to the nearest upslope
bare cell, (B) across-slope distance to the nearest bare soil cell, (C) length of the adjacent
upslope bare soil patch. Panels D-F show the upslope vegetation fraction computed for
several window lengths (12, 20 and 28, respectively). For clarity, values in bare cells are set
to 0 in panels D-F.

cells from all of the vegetation patterns resulted in misleadingly high scores on the test set.
In order to train separate RF regressors for bare and vegetated cells, the inputs were

further divided into vegetated and bare soil subsets: XV,train, YV,train for vegetated cells and
XB,train, YB,train for bare soil cells, and similarly for the test set.

The random forest regressors (ΦV and ΦB) were then trained using the Python machine
learning library scikit-learn [Pedregosa et al., 2011]. The scikit-learn random forest regressor
class takes as input the features and target (e.g. XV,train, YV,train), and returns an estimator
object (e.g. ΦV ), which can be applied to make predictions on new data. The random
forest regressors were trained by maximizing the r2 coefficient of determination for the pre-
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Figure 4.8: This figure illustrates the use of the Gaussian filter to smooth the feature maps:
(A) the distance to the nearest upslope bare cell, UB, smoothed with a Gaussian filter with
(B) ζ = 1 and (C) ζ = 2.

Figure 4.9: Cumulative infiltration maps for a 30 minute storm with (A) p = 2.5 cm/hr (B)
p = 7.5 cm/hr. Other parameters are the same between panels: So=2%, KS,V = 4 cm/hr
and KS,B = 0.4 cm/hr. Darker areas correspond to vegetated patches.

dictions. Because all of the training patterns were combined in Xtrain, the training process
minimized the error of the predictions at the cell-level. Similarly, the predictive accuracy of
the trained random forests was assessed at the cell level by comparing Ytest to the random
forest predictions on Xtest.

However, to obtain a hillslope-level assessment, the RF performance was also evaluated
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Figure 4.10: Schematic illustrating how RF regressors are trained and tested. The data are
divided into train and test sets at the hillslope level, as opposed to randomly selecting cells
from all the patterns. Spatial maps of vegetation and I are for illustrative purposes only, and
all X and Y (including with subscripts) represent matrices and column vectors, respectively.

at the scale of the hillslope. Visual assessment required combining the RF predictions for
vegetated and bare soil cells, and comparing to the SVE-R simulated infiltration field. The
hillslope-scale evaluation metric is the normalized Root Mean Square Error (NRMSE), de-
fined as the standard deviation of the prediction errors scaled by the mean infiltration depth.
The NRMSE is reported separately for bare and vegetated cells, reflecting the separate RF
regressors used to make predictions. The NRMSE is used instead of the r2 scores because it
is easier to interpret and less sensitive to outliers (particularly for the very small infiltration
depths in bare soil areas). A second assessment metric is the infiltration fraction, which
provides a measure of the RF success in predicting hillslope-scale outcomes. The NRMSE is
reported for hillslopes in both the train and test sets, with the expectation that the NRMSE
will be larger in the test set.

The random forest algorithm has several parameters (sometimes referred to as hyperpa-
rameters) that have to be set by the user before the learning process begins, such as the
number of regression trees estimated to generate the random forest (n estimators), the max-
imum depth of the trees (max depth) and the minimum number of samples required to allow
an internal node to be split (min samples split) [Pedregosa et al., 2011]. The sensitivity of
the RF performance and characteristics to most of these parameters was low, and the de-
fault values were used. However, to reduce memory consumption, I altered the max depth



CHAPTER 4. EMULATING THE SVE-R MODEL WITH MACHINE LEARNING 49

and min sample split by evaluating their impact on model performance, training time and
memory usage, selecting a max depth of 15 and min sample split of 20, which were used for
all storm and landscape types (see Appendix C for details).

Note that although the SVE-R simulations were divided into train and test sets for feature
engineering, parameter selection (i.e. to fix values of ζ, λ, max depth and min-sample split),
and assessment of the overall RF performance, the final RF regressors used in Chapters 5
and 6 for specific applications were trained on all SVE-R simulations generated for those
applications, using the features and parameters selected during the training phase.

4.3 Results and Discussion

Visual inspection of the results shows good agreement between the SVE-R simulations and
the RF predictions. For example, Figure 4.11 presents a sample infiltration map from the
test set (panel A) and its corresponding RF prediction (panel B). Figure 4.12 shows a box
plot of the NRMSE for all of the simulations, grouped by σ and cell type. The mean NRMSE
for the vegetated cells is approximately 5% for the train set and 10% for the test set (σ = 2),
and slightly less for the bare soil cells. These performance results are comparable with other
studies using ML for model emulation; for example, Verrelst et al. [2017] apply RF regression
to emulate a radiative transfer model, and report NRMSE values ranging from approximately
5 to 10%. Performance is often lower when ML are used to interpret data, likely due to the
greater uncertainty involved (see e.g. Cortez and Morais [2007], Blackard and Dean [1999]).

Figure 4.11 displays the NRMSE sensitivity to rain depth (panel A) and storm duration
(panel B). The NRMSE decreases with increasing rain depth and increases slightly with
increasing duration. These results indicate that the RF is less successful in predicting runoff-
runon patterns associated with low intensity storms, and more successful for higher intensity
rain where the distance to the divide is the dominant control on I. To illustrate, Figure 4.14
compares infiltration patterns for two cases, one with very low NRMSE (panel A) and the
other with higher NRMSE (panel B). Lower intensity storms produce infiltration maps with
greater dependence on the vegetation distribution, which makes prediction of the infiltration
patterns in these cases a harder problem. While the current model performance is still good
in these cases, there remains scope for further improvement by feature refinement.

The random forests are tasked with the dual challenge of predicting both within-slope
water redistribution and hillslope scale outcomes. To assess the latter, Figure 4.15A compares
the SVE-R model and the RF regressor predictions of infiltration fraction, showing good
agreement (r2 > 0.99 for train and test sets). Figure 4.15A suggests that the RF emulation
approach could perform well as a component in a larger (e.g. catchment scale) model, for
example, to predict the hillslope scale runoff following storms.

The main advantage of the RF emulation approach is computational speed (see Figure
4.15B). A trained RF regressor takes less than a second to make a prediction, making it
several orders of magnitude faster than the SVE-R model. This has the potential to make
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Figure 4.11: Example random forest prediction of a simulation from the test set (φV = 0.4,
σ = 2, tr = 10 minutes and p = 2.4 cm/hr). Panel A shows the SVE model output, and
panel B shows the corresponding RF prediction.

Figure 4.12: A box plot summarizing the NRMSE, grouped by patch length scale (σ).
Hatches indicate the test-set simulations (σ = 2). As expected, the error is generally higher
for the test set.

computationally intensive problems more manageable, for example, the investigation of larger
domain sizes or the rapid assessment of many different patterns.

Of course, RF regression also has limitations, namely, the random forests are not good
at interpolation between values. While it is possible to incorporate global features such
as rainfall duration, slope angle and soil hydraulic conductivity directly into the random
forest model, such an approach raises difficult questions about interpolation. For example,
a random forest trained on 1.6 cm and 0.4 cm storms should not be used to interpolate to a
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Figure 4.13: The NRMSE decreases with increasing rain depth (A), and increases slightly
with increasing rain duration (B).

1.2 cm storm, due to the decision tree nature of its construction. Given the nonlinear nature
of the SVE-R model, it is uncertain what, if any, type of interpolation between features
is sensible. For example, linearly interpolating between the high intensity, 1.6 cm storm in
Figure 4.14 panel A and the low intensity, 0.4 cm storm in panel B is unlikely to yield accurate
results, due to the different controls on runoff and infiltration processes in these cases. A
more general approach (i.e. one that can extrapolate between hillslope gradients or storm
durations) would require dealing with the nonlinear nature of the overland flow-infiltration
dynamics.

4.4 Conclusions

Random forest regression was applied to emulate the overland flow model predictions of
cumulative infiltration, which is important for plant water availability. The same approach
was successfully applied to predict maximum flow velocity (see Appendix B). Despite the
complexity of the SVE-R simulations, emulation of the solutions with machine learning is
promising. Random forest regression reduces the computational time by several orders of
magnitude, from multi-hour simulations for the SVE-R model to seconds. This can enable
the integration of quantitative predictions about storm-driven overland flow into ecological
models or assist in landscape restoration planning. The following chapters explore such
applications.
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Figure 4.14: (A) A high intensity storm (t = 10 min, d = 1.6 cm) where the RF performance
is very good, with with NRMSE(veg)= 0.03 and NRMSE(bare)= 0.05. (B) For a low intensity
storm (t = 10 min, d = 0.4 cm) with the same vegetation pattern, the RF performance is
comparatively poor, with NRMSE(veg)= 0.21 and NRMSE(bare)= 0.13. This comparison
illustrates how the RF performance is best in high intensity storms where the distance to
the divide is the dominant predictor, and worse in low intensity cases where runoff-runon
patterns dominate.

Figure 4.15: (A) SVE-Richards versus RF predictions of the hillslope-mean infiltration frac-
tions. The test set is plotted in orange. (B) SVE-R model simulation times versus trained
RF prediction times. The RF is several orders of magnitude faster.
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Chapter 5

Storm-scale hydrology in pattern
forming models

5.1 Introduction

In many dryland regions worldwide, vegetation patches form regular spatial patterns [Brom-
ley et al., 1997] characterized by a more-or-less regular wavelength, and, on sloping terrain,
a directionality, typically oriented along the slope contours [Penny et al., 2013]. The self-
organized patterning results from interactions between plants that have opposing effects on
different length scales. Plants growing close together tend to enhance each other’s growth
(a cooperative or facilitative interaction), while plants growing further apart tend to in-
hibit each other’s growth (a competitive or inhibiting interaction) [Borgogno et al., 2009].
There are numerous mechanisms by which these competitive and facilitative interactions
can arise [Meron, 2015], but in many cases facilitation is associated with increased infiltra-
tion capacities and thus soil water resources beneath plant canopies [Seghieri et al., 1997],
while inhibition arises from below-ground root competition for water. Outside vegetation
canopies, physical and biological soil crusts and seals form on many desert soils, preventing
the infiltration of incoming rain and generating runoff [Belnap, 1990, Assouline, 2004]. This
water then ‘runs on’ to vegetated areas where it infiltrates. This ‘patch-mosaic’ functionality
of patterned landscapes - and dryland landscapes more broadly - is integral to sustaining
ecosystems in areas where rainfall alone would not provide sufficient water for vegetation to
grow [Tongway and Ludwig, 2001].

Patch-mosaic functionality, however, also results in a vulnerability of patterned and
patchily-vegetated landscapes to degradation, since once the vegetation cover is disrupted,
it may be impossible to naturally re-establish the runoff-runon mechanism that would allow
new plants to persist. Mathematical models of patterned vegetation predict that gradual
declines in resource availability - e.g. annual rainfall - can cause abrupt collapse of vegeta-
tion cover. This collapse, however, occurs after the landscape moves through a predictable
trajectory in pattern morphologies [van de Koppel et al., 2002, Rietkerk et al., 2004] (see
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Figure 5.1). This trajectory raises the appealing possibility that patterns could provide an
early warning of land degradation [Kéfi et al., 2007, Rietkerk and Van de Koppel, 2008]. For
this to be feasible, however, the sensitivity of pattern morphology to changes in climate and
land use need to be understood, to enable clear interpretation of observations.

Unfortunately, replicating field observations of pattern morphology and its dependence
on environmental conditions is difficult using most existing models of patterned systems,
because the representation of biological and physical processes in these models is idealized
[Rietkerk et al., 2002]. Most models of patterned systems represent biomass and hydrolog-
ical dynamics using phenomenological partial differential equations [Borgogno et al., 2009].
For example, these models usually represent the discrete and stochastic process of rainfall
with a continuous time-averaged value, and the runoff generated by this rainfall is described
via diffusion or simple advection with a fixed wave celerity [Rietkerk et al., 2002, HilleRis-
Lambers et al., 2001]. Many of these models apply periodic boundary conditions, rather
than the landscape boundary conditions of no-flow at an upslope divide and water loss in a
downslope channel. Such simplifications distort the water balance within phenomenological
pattern forming models, complicating the relationship between the modeled and real sys-
tems. Recent high resolution modeling of within-storm processes and plant water uptake has
demonstrated that storm properties and runoff processes have non-trivial impacts on modeled
water availability within vegetation band locations [Paschalis et al., 2016]. Consequently,
the use of phenomenological representations of storm and runoff processes in pattern forming
models is likely to influence the predictions made about pattern morphology, its distribution
along hillslope catenas and its relationship to storm climatology.

The simplifications do, however, also introduce a range of advantages. Notably, in many
cases, they permit a range of valuable mathematical analyses of the pattern forming model
[HilleRisLambers et al., 2001, Sherratt, 2005, Siteur et al., 2016]. The simplifications also
improve the computational tractability of the models, principally by avoiding the compu-
tationally demanding task of simulating overland flow [Konings et al., 2011, Guttal and
Jayaprakash, 2007, e.g.]. Other models simplify the system by solving directly for a steady
state vegetation spatial pattern [Foti and Ramı́rez, 2013]. Such an approach, however, im-
poses a strong assumption of steady state conditions, which negates observations of migrating
vegetation bands in many ecosystems [Valentin et al., 1999, Tongway and Ludwig, 1990] and
may limit analysis of transient behaviors associated with desertification.

Progressing towards a fully physical description of vegetation pattern morphologies and
their environmental determinants thus remains a challenging problem, with major uncertain-
ties regarding the representation of vegetation growth [Paschalis et al., 2016], reproductive
biology and dispersion [Thompson et al., 2014, Thompson and Katul, 2009, Thompson et al.,
2008], drought resistance versus drought mortality pathways [Guttal and Jayaprakash, 2007,
McDowell et al., 2008], and biogeochemistry and geomorphic processes in these ecosystems
[McGrath et al., 2011, 2012, Saco et al., 2007]. Empirically, there is also a general lack of
clarity regarding the sensitivity of pattern morphologies and their stability to changes in any
of these processes. Injecting better process fidelity in any of these arenas into existing mod-
els, however, is likely to exacerbate the challenge of model tractability by invoking additional
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Figure 5.1: Models predict how ecosystems undergo a predictable sequence of patterns as
resource availability decreases, after Rietkerk et al. [2004]. This solid lines represent equi-
librium densities, and arrows represent state transitions between self-organized patchy and
homogeneous states.

processes, typically with fast timescales that require high temporal resolution to be resolved
by a model. Additionally, the more complex the vegetation patterning models become, the
more challenging it is to relate the insights obtained from analytical treatments to more
complex modeled systems. This is problematic both in terms of testing and parameterizing
simple models to represent real places, and in terms of using the potentially powerful insights
about pattern dynamics that can be gained from analytical treatments [Siteur et al., 2014,
2016, Foti and Ramı́rez, 2013, Deblauwe et al., 2012].

Thus, it would be useful to (i) reduce the computational cost of representing fast-timescale
processes in vegetation patterning models, and (ii) to relate the parameterization of fast-
timescale processes in such models to the mean-field or phenomenological representations
adopted in analytically tractable models. While it may not be possible to achieve a one-to-
one correspondence between the predictions of a phenomenological model and the predictions
of a model incorporating a description of fast-timescale processes, it would still be useful to
identify, for example, how a change in land surface slope or rainstorm intensity - physically
measurable parameters that are used directly in the description of the fast runoff processes -
could be captured by changing phenomenological parameters in a reduced complexity model.

This chapter attempts to develop a framework for the representation of fast processes
associated with rainfall, specifically runoff generation and the infiltration of runoff in vege-
tated patches, by simulating these processes with a physics-based model, and then emulating
the simulation results using the machine learning (ML) approach introduced in Chapter 4.
The overland flow-infiltration model consists of the Saint Venant Equations (SVE) coupled
to Richards equation (referred to here as the SVE-R model), and random forest (RF) regres-
sion is used to emulate the SVE-R model predictions. This chapter specifically addresses
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the following research questions:

1. Can ML emulation of the SVE-R model predictions, specifically runoff and infiltration,
replace direct predictions by the SVE-R model in a pattern forming model, and preserve
the predicted vegetation patterns?

2. How does pattern morphology - specifically the mean wavelength, biomass density and
peak biomass - respond to storm depth, storm duration and annual rainfall?

3. What correspondences can be drawn between the parameterization of rainfall processes
in a phenomenological model and these storm features (depth, duration and annual
rainfall)?

The analysis here focuses on the predictions of an existing phenomenological model,
proposed by Rietkerk et al. [2002] and modified to account for intermittent rainfall conditions
by Guttal and Jayaprakash [2007].

5.2 Methods

The Rietkerk/Guttal model

The Rietkerk/Guttal (R/G) model describes the dynamics of three coupled variables: plant
biomass density (P ; g m−2), the local depth of water stored within the soil (W ; mm), and
the local depth of ponded water on the land surface (O; mm) [Rietkerk et al., 2002], as shown
below:
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term is a modification of the original Rietkerk model, introduced by Guttal

and Jayaprakash [2007] to account for drought-adapted vegetation. The modification slows
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the rates of biomass growth and decay during periods of low soil moisture, in order to reflect
drought-adaptations in desert vegetation. Figure 5.2 shows examples of patterns produced by
the R/G model for a range of annual rainfalls, illustrating how pattern wavelength increases
as rainfall decreases. Descriptions of the parameters are given in Table 5.1.

Figure 5.2: Vegetation patterns produced by the R/G model for a range of annual rainfall
inputs. The domain size is 800×400m, with 2 m grid resolution, and the final time is
10,000 days. The initial conditions are the same for all cases, with biomass initialized as
a randomly-generated binary array in which P = 20 g m−2 in 50% of the grid cells and 0
elsewhere. Parameters are α = 1 day−1, k2 = 25g m−2, ν = 25 m day−1, and W0 = 0.1, and
otherwise listed in Table 5.1.

The R/G model is a phenomenological model, and many of the representations contained
within are simplified [Kefi et al., 2008]. Here, the focus is on improving the representation
of the surface water from that in the R/G model, which uses several simplifications: (i) a
constant rainfall rate, r (mm/day), in contrast to the reality of rainfall inputs in drylands,
typically as short, intense storms; (ii) a constant advection rate representing overland flow,
ν ∂O
∂x

, where ν represents the effect of the land surface slope; and (iii) a heuristic depiction of
infiltration as a function of biomass and ponded water depth. Importantly, these depictions
avoid physical representations of overland flow and infiltration processes, which depend on
storm-scale properties (such as rainfall intensity and storm duration) and landscape proper-
ties (such as hillslope gradient and soil infiltration capacity).

Modifications to the Rietkerk/Guttal Model

To allow a more mechanistic depiction of overland flow processes within the R/G model,
I replaced the continuous rainfall in Equation 5.1 with discrete storm events. This change
involves replacing Equation 5.1 with SVE-R model predictions of the runoff and infiltration
processes for each storm. The infiltration term in the soil water equation (Equation 5.2),
αOP+W0k2

P+k2
, is replaced with the SVE-R model prediction of the cumulative infiltration depth

after a given storm. With this modification, the soil water equation becomes:



CHAPTER 5. STORM-SCALE HYDROLOGY IN PATTERN FORMING MODELS 58

Table 5.1: Rietkerk/Guttal model parameters, descriptions and values. Values are listed for
parameters that appear in the modified version of the R/G model presented here.

Parameter Description Units Values

(A) Parameters that appear in both the original R/G model and the modified
version presented here.

c Conversion factor for water uptake to
plant biomass

g m−2 mm−1 5

gmax Maximum specific water uptake mm g−1m−2day−1 0.1
k1 Half-saturation constant of specific plant

growth and water uptake
mm 5

m Specific rate of plant density loss due to
mortality

day−1 0.25

rw Soil water loss rate due to evaporation and
drainage

day−1 0.4

k3 Soil water scale at which plant growth re-
sumes normal metabolic activity

mm 10

f Metabolic activity coefficient at zero water
availability

− 0.04

Dp Plant dispersal diffusion constant m2 day−1 0.01
Dw Soil water diffusion constant m2 day−1 0.1
r Daily rainfall rate mm day−1 −

(B) R/G model parameters that are replaced by SVE-R predictions in the mod-
ified version.

α Rate of surface water infiltration day−1 −
k2 Plant density scale determining how sur-

face water infiltration increases with P
g m−2 −

W0 Minimum surface water infiltration coeffi-
cient in the absence of plants

− −

ν Effective slope parameter m day −1 −

∂W

∂t
= i− gmax

W

W + k1

P − rwW +Dw∇2W (5.5)

where i is an infiltration rate, which is zero between storm events and predicted by
the SVE-R model during storm events. For each storm, the SVE-R model predicts an
infiltration depth (Istorm), which is converted to a storm infiltration rate using the R/G
model time discretization: istorm = Istorm/dt. The infiltration rate is non-zero for timesteps
during storms, and zero for all other timesteps.

By replacing the R/G surface water equation with SVE-R simulated storms, several
R/G parameters are removed from the modified R/G-SVE-R model, specifically α, W0,
k2 and ν. New landscape parameters are introduced, including the hillslope gradient, So,
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and the saturated hydraulic conductivities of bare soil and vegetated areas, KS,B and KS,V ,
respectively. These landscape parameters are incorporated into the pattern forming model
through their influence on overland flow and infiltration processes (land surface slope and soil
infiltration capacity are specified in the SVE-R component of the R/G-SVE-R model, and
‘felt’ in the R/G component through the SVE-R simulated runoff and infiltration patterns).
For this study, I limited the analysis to the influence of storm characteristics on pattern
morphology, and assumed a single set of landscape parameters, summarized in Table 5.3B.
I also imposed a fixed ratio of 0.1 between the hydraulic conductivities of bare soil and
vegetated areas, which is typical of the contrasts in infiltration capacity observed in patterned
landscapes [Bromley et al., 1997].

The dependencies within the R/G model are preserved by using the biomass field from
the R/G model to describe the spatial pattern of vegetation in the R/G-SVE-R model, and
conditioning the infiltration parameters of the SVE-R model on the vegetation distribution
(see Chapter 2). However, biomass evolves as a continuous spatial field in the R/G model,
and the SVE-R model treats vegetation in a binary presence/absence fashion. Therefore,
to finish the coupling of the models, a threshold biomass value, PT , was introduced to
distinguish vegetation from bare soil. PT is specified as the biomass density in the R/G
model for which the infiltration rate is half of its theoretical (infinite biomass) maximum,
αO, and PT is thus related to W0 and k2 as PT = k2/(1−2Wo). Interpreted as the infiltration
ratio of bare soil (P = 0) to vegetated patches (large P ), W0 = 0.1 is analogous to the SVE-
R prescribed infiltration capacity ratio. k2 does not have a direct analogue in the SVE-R
model, so k2=25 g m−2 was selected, following Guttal and Jayaprakash [2007]. For these
R/G parameters, the corresponding biomass threshold value is PT = 20 g m−2.

I verified that this modified R/G model - the R/G-SVE-R model - would still produce
vegetation patterns by running it for all combinations of the parameters listed in Table
5.3C (with storm properties listed in 5.3A). The vegetation distribution was initialized in
each simulation as a randomly-generated binary array with density φV = 0.5 (vegetation
cover in half of the cells). In Table 5.3, the random seed s refers to the number used
to initialize the Python pseudo-random number generator, which is needed to (i) ensure
reproducibility and (ii) use the same initial conditions for multiple simulations. The 4 random
seeds listed in Table 5.3C signify that the simulations were replicated 4 times with different
initial vegetation fields. The biomass fields were initialized with P = 0 in bare soil cells and
P = 40 g/m2 in vegetated cells (twice PT ).

Visual inspection confirmed that patterns are still produced in the R/G model modified
to include discrete storms (Figure 5.3 displays a subset of the final biomass fields). Due to
its high computational requirements, the R/G-SVE-R model was tested on a relatively small
domain, so boundary effects are likely present. Also because of computational limitations,
the simulations were run for 365 - 1600 days (108 - 192 storms). This relatively short duration
was long enough for patterns to emerge, but insufficient to reach a steady state (i.e. where
hillslope-mean biomass density remains constant in time).

Having coupled the SVE-R model to the R/G model and verified that the coupled system
continues to produce patterns, it is possible to investigate the effects of storm characteristics
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Figure 5.3: Vegetation patterns produced by the R/G-SVE-R model for a range of storm
durations, with d = 1.2 cm, and R = 440 mm. The final time is 1200 days, and the domain
size is 200×100 m with 2 m grid resolution.

on pattern formation dynamics. The next section describes the storm climatologies developed
for this purpose.

Storm Climatology

Storm climatology is high-dimensional [Feng et al., 2017], because rainfall occurrence, inten-
sity and duration vary as a stochastic process on timescales ranging from seconds to years. I
considered storm climatology to comprise distinct properties of event occurrence on within-
year timescales, and event properties on within-storm timescales, as illustrated in Figure
5.4.

For illustrative purposes, this study simplifies the variability of rainfall climatologies by
simulating sequences of identical storms with a fixed recurrence interval. This avoids the
additional complexities of seasonality, the distribution of recurrence intervals and depths,
and their influence on pattern morphology (resolving these effects requires Monte-Carlo
sampling of the recurrence interval and rainfall depth/duration distributions, which is a
logical extension of the present work but beyond the current scope). Thus, I prescribe
an annual precipitation total, R, which is disaggregated into different patterns of storm
occurrence (storminess), as R = Nd, where N is the number of storms per year and d is the
depth of each storm. For fixed storm depth, a given R is obtained by adjusting the storm
recurrence interval, τ .

Each storm is further disaggregated into a set of possible storms, each with a fixed mean
intensity and mean duration, as d = ptstorm, where p and tstorm represent the storm intensity
(cm/hr) and duration (min), respectively. These features are expected to impact infiltration
depths and spatial patterns: more runoff occurs for more intense storms, likely increasing the
heterogeneity of the distribution of water resources. Different patterns of storm occurrence
alter the exposure of plants to variability in soil moisture resources, and thus the simulated
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Figure 5.4: Storm climatology here is considered at ‘within year’ and ‘within-storm’
timescales. Within each year, storms are assumed to occur with a specified occurrence
interval (τ) and depth (d). A storm that takes place is then specified by its duration (tstorm),
its intensity (p) and the total depth. For simplicity and illustrative purposes only, storms
were assumed to be identically sized and evenly distributed through time; real locations
would be characterized additionally by seasonality and a distribution of waiting times and
storm depths.

Table 5.2: Rainfall intensity values (in cm/hr) corresponding to the parameter space of
rainfall depths and durations (p = d/tstorm).

Rain
duration (min)

Rain depth (cm)

0.4 0.8 1.2 1.6

10 2.4 4.8 7.2 9.6
20 1.2 2.4 3.6 4.8
30 0.8 1.6 2.4 3.2
40 0.6 1.2 1.8 2.4

vegetation growth and spread dynamics.
To explore the interactions of total annual rainfall inputs with the timing and duration

of individual storms, I formed a parameter space consisting of all possible combinations of
four rainfall depths (d = 0.4, 0.8, 1.2 and 1.6 cm) and four storm durations (tstorm = 10, 20,
30 and 40 minutes). The parameter space thus consists of 16 unique storm events, with rain
intensity p = d/tstorm, as listed in Table 5.2.

With this approach, storm climatology is defined by three variables, d, tstorm, and R
(where p = d/tstorm and τ = R/d). Among these parameters, d and tstorm are specified in
the SVE-R model component (within storm processes), and R is specified in the R/G model
(between storm processes).
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Table 5.3: Parameters for three sets of model simulations: (B) the SVE-R simulations to
train the random forest regressors, (C) the pattern simulations to validate the RF emulation
approach, which use both R/G-SVE-R and R/G-emulator models, and (D) the pattern sim-
ulations to explore the sensitivity to storm climatology. Within each section, where multiple
parameters are listed, the cases were run factorially to explore all parameter combinations.
Note that these factorial combinations included the storm parameters listed in section (A).
Duplicate parameter listings are included where necessary for clarity. Landscape parameters
(hillslope gradient and soil parameters) are explicitly prescribed in the SVE-R simulations,
and implicitly prescribed in the pattern simulations through the RF regressors.

Parameter Description Units Values

(A) Storm parameters
d Storm depth cm 0.4, 0.8, 1.2, 1.6
tstorm Storm duration min 10, 20, 30, 40

(B) Parameters for the SVE-R simulations to train the RF regressors (See Chapter 4).
Model SVE-R
Lx × Ly Hillslope dimensions m 200× 100
So Hillslope gradient % 2.0
KS,V Hydraulic conductivity (vegetated sites) cm/hr 1.5
KS,B Hydraulic conductivity (bare soil) cm/hr 0.15

(C) Parameters for the pattern simulations to validate the RF emulation approach.

Models R/G-SVE-R and R/G-emulator
Lx × Ly Hillslope dimensions m 200× 100
R Annual precipitation mm 440
s Random seed − 0,1,2,3
φV,0 Initial fractional vegetation cover − 0.5
PT Threshold biomass g m−2 20.

(D) Parameters for the pattern simulations to explore the climate sensitivity.

Model R/G-emulator
Lx × Ly Hillslope dimensions m 800× 400
R Annual precipitation mm 290, 365, 440, 515, 585
s Random seed − 0,1,2,...,9
φV,0 Initial fractional vegetation cover − 0.5
PT Threshold biomass g m−2 20.
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Replacing the SVE-R Model with a Random Forest Emulator

Fully exploring the effects of the rainfall climatologies shown in Tables 5.2 and 5.3 on pattern
morphologies requires simulating individual storms many hundreds of times. Due to the
high computational demands of the SVE-R model, this is either numerically expensive or
intractable. To reduce the computational demand of simulating these storms, I developed an
emulation approach which replaces the use of the SVE-R model in the R/G-SVE-R model
with random forest regression. This reduces the computational time by several orders of
magnitude relative to the R/G-SVE-R model (see Chapter 4). A random forest regressor
can be used to emulate the SVE-R model predictions in this context, because it can adapt
to the variable biomass fields that will evolve as the pattern forming model is run.

The R/G-emulator model relies on trained RF regressors, which were obtained following
the methods described in Chapter 4. The RF regressors can extrapolate to new vegetation
patterns, but are storm and landscape-specific. Accordingly, a separate RF was trained for
each of the 16 unique storms (Table 5.2) and the landscape parameters listed in Table 5.3B.
To train each RF regressor, the SVE-R model was run for a set of 20 randomly generated
vegetation patterns with a range of vegetation cover fractions and patch length scales (see
Chapter 4). The RF regressors were trained on the SVE-R model predictions using the
Python library sci-kit learn, and, once trained, predict the cumulative infiltration depth for
an input binary vegetation pattern. The trained RF regressors then replaced the SVE-R
model in the R/G-SVE-R model, so that the storm-scale predictions were made by an RF
regressor. With this replacement, I addressed the research questions as follows:

1. Can ML emulation of the SVE-R model predictions, specifically runoff and
infiltration, replace direct predictions by the SVE-R model in a pattern
forming model, and preserve the predicted vegetation patterns?

To validate the use of the RF regressor as a replacement for the SVE-R model, I first
established the fidelity of the infiltration fields produced by RF regression to the SVE-R
predictions for representative vegetation patterns (see Chapter 4). I also verified that the
simulations using the RF model could extend the domain size beyond the training space to
a 400×200 cell grid, also with 2 m resolution, without domain effects significantly altering
the infiltration behavior. The larger domain size becomes important when exploring pattern
morphology, in order to resolve patterns with long wavelengths.

Having established robust infiltration emulation, I tested the effects on pattern morphol-
ogy of substituting an RF regressor for the SVE-R model, using common, random initial
conditions. The SVE-R and RF emulator versions were run for every combination of the
parameters listed in Table 5.3C (and the storms listed under ‘Storm parameters’). For each
storm case, the simulations were replicated 4 times with different random seeds to generate
the initial vegetation fields. The SVE-R and RF emulator versions of the R/G model were
run for over one hundred storms (108 to 192, varying for each simulation), and the resulting
pairs of patterns were visually and quantitatively compared.
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Because the model undergoes strong transient conditions (particularly in evolving vege-
tation patterns from the initial random condition to the final patterned state), I expected to
see differences in the details of the patterns in each case. Quantitative comparisons therefore
focused on the mean wavelength, mean biomass density and peak biomass predicted in each
case. Mean biomass density, P̄ , is defined as the hillslope-mean biomass, including bare soil
areas, evaluated at the final time. The peak biomass, P90%, is defined as the 90th percentile of
the within-patch biomass density. To estimate the mean wavelengths, λ, I used the Fourier
windowing method developed by Penny et al. [2013], which computes the wavelengths of
subsets of the pattern using a moving window. The windows are then merged to create a
map of pattern wavelengths, from which the hillslope mean wavelength λ is obtained. These
metrics were computed for each pattern produced by the R/G-SVE-R and R/G-emulator
models.

To validate the use of the R/F-emulator model to explore the pattern sensitivity to
storm climatology, I checked whether the relationships between pattern morphology and
storm characteristics were preserved between the R/G SVE-R and R/G-emulator models.

2. How does pattern morphology - specifically the mean wavelength, the
biomass density and peak biomass - respond to storm depth and duration?

To address this question, the R/G-emulator model was used to explore a larger parameter
space, listed in 5.3D. This included a larger hillslope domain (800×400 m), and multiple
values of R. For each unique storm climatology, the simulations were replicated with 10
different random seeds (initial vegetation patterns), in order to characterize the range of
variability in the resultant pattern morphologies. The patterns were allowed to evolve for
10,000 days, which was sufficient for the biomass density to reach a steady state. Simulations
were terminated if the vegetation field arrived at a bare or completely vegetated state.

The pattern sensitivity to storm climatology was explored by plotting the final patterns
for various cross sections in the parameter space (which includes R, d, tstorm, and the random
seed). Visual inspection assessed (i) whether the wavelengths and biomass densities varied
with rainfall parameters, and (ii) the sensitivity of the pattern morphology to variation
in the random seed. Visual inspection also explored whether observed trends in pattern
morphology with tstorm and d could be explained by rain intensity alone. This step was
necessary because increasing d and decreasing tstorm both correspond to increasing p in the
storm parameter space (Table 5.2).

Summary metrics, including the pattern wavelength, mean biomass density, and peak
biomass, were extracted from the biomass fields at the final timestep. For each set of rainfall
parameters, final metrics were obtained by averaging over the 10 random seeds. The range
of values obtained by varying the random seed was used to assess the range of pattern
variability associated with each storm climatology.
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3. What correspondences can be drawn between the parameterization of
rainfall processes in a phenomenological model and the rainfall processes in a
model that emulates storm runoff?

While the R/G-emulator model has the distinct advantage of more realistic storm-scale
hydrology, it lacks the analytical tractability of the Rietkerk-Guttal model. A mapping from
the R/G-emulator parameters to the R/G parameters would provide a way to recover this
analytical tractability while retaining realistic storms. There are many features that one
might want to replicate with such a mapping, for example, the steady state biomass density,
pattern wavelength, patch size distribution and timescales of biomass growth and decay.
Conceptually, an m-dimensional space of relevant pattern features exists, and parameters
from both models can be mapped to this space (see Figure 5.5). By passing through this
m-dimensional space, a mapping from real storm characteristics to phenomenological R/G
parameters could thus be obtained. The relevant pattern features can be related to the
model parameters via sensitivity analysis, but this is not known a priori for either model.

Figure 5.5: A schematic illustrating how the R/G-emulator model parameters could be
mapped to the Rietkerk-Guttal model, by passing though a multidimensional space of pre-
dicted features (here, biomass and wavelength).

A general approach to obtain such a mapping is outlined here, with the caveat that
the implementation specifics would depend on the goals of the end user. The potential
to map the storm characteristics (d and tstorm) in the R/G-emulator model to the R/G
parameters is examined in an example using two features: average biomass density and
pattern wavelength. The R/G-emulator simulations produce a space of P̄ -λ points, each
corresponding to a different combination of d, tstorm and R. I attempted to replicate this
space of P̄ -λ points with the R/G model by varying R, ν and the infiltration parameters α,
k2, W0 (see Table 5.4 for parameter values). For parameters that the R/G and R/G-emulator
models have in common, the same values were used (see Table 5.1), with the exception of
R, because the models produce patterns for different ranges of annual rainfalls.
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Table 5.4: Parameters for the Rietkerk-Guttal model simulations. The parameter cases were
run factorially to include all parameter combinations.

Parameter Values Units

α 0.1, 1.0, 2.0 day−1

k2 5, 25, 50 g m−2

W0 0.01, 0.1, 0.5 −
R 1.4, 1.8, 2.2, 2.6, 3.0, 3.4 mm day−1

ν 1, 25, 50 m day −1

5.3 Results

The research questions listed in the previous sections are addressed in the following.

1. Can ML emulation of the SVE-R model predictions, specifically runoff and
infiltration, replace direct predictions by the SVE-R model in a pattern
forming model, and preserve the predicted vegetation patterns?

An example of the visual comparison is presented in Figure 5.6 (compare panel A, the SVE-
R version, and panel B, the RF emulator version). The generated patterns are visually
similar, while differing in details, as expected. Scatter plots comparing the R/G-SVE-R
and the R/G-emulator model predictions are shown in Figure 5.7 for wavelength (panel A),
biomass density (panel B), and peak biomass (panel C). The R/G-emulator model predicts
lower wavelengths than the R/G-SVE-R model for some of the longer wavelength cases. The
R/G-SVE-R model also tends to predict larger peak biomass values than the R/G-emulator
model.

Figure 5.6: Vegetation patterns simulated by the SVE-R (A) and the RF emulator (B)
versions of the pattern forming model after 1200 days (108 storms). Storm parameters:
tstorm = 30 min, d = 1.6 cm, R = 440 mm.
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Figure 5.7: Comparing the predictions of the R/G-SVE-R and the R/G-emulator models for
pattern wavelength (A) biomass density (B), and peak biomass (C).

Figure 5.8 assesses the ability of the R/G-emulator model to reproduce the R/G-SVE-R
model predictions of the sensitivity of the pattern morphologies to storm depth and duration.
The R/G-SVE-R model produces longer wavelengths for some short duration storms than
those produced by the R/G-emulator model (panel A), specifically for the cases with d =
0.8 and 1.2 cm. Additionally, in the 1.6 cm, 10 min storm case, the SVE-R version did not
produce patterns, while the RF emulator version did. The relationships between biomass
density and storm characteristics (panel B) are very similar between the SVE-R and emulator
versions, with the exception of the 1.6 cm, 10 and 20 min storms. The SVE-R model tends to
predict higher peak biomass values (panel C), but the sensitivity to d and tstorm is preserved
(also with the exception of the 1.6 cm, 10 and 20 min storms). Overall, the results are
similar enough that the trends found with the R/G-emulator model are inferred to be a
good representation of the trends associated with the R/G-SVE-R model.

Computational limitations prevent running the R/G-SVE-R model until steady state.
Despite this limitation, the results suggest that the SVE-R and RF emulator versions produce
similar pattern morphologies, as quantified by the wavelength, biomasss density and peak
biomass. Because simulations using the SVE-R and emulator versions started from the same
initial conditions, Figures 5.7 and 5.8 quantify the divergence between these versions after
365 - 1600 days. Thus, since the goal was to assess the suitability of RF emulation as a
replacement of the SVE-R model, the computational restrictions are less problematic than
if the goal were to assess the final pattern morphologies.
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Figure 5.8: Box plots compare the sensitivity of pattern wavelength (panel A), biomass
density (panel B), and peak biomass (panel C) associated with the SVE-R and emulator
versions of the R/G model. The boxes with hatches show R/G-emulator model predictions,
and boxes without show the R/G-SVE-R model predictions.

2. How does pattern morphology - specifically the mean wavelength, biomass
density, peak biomass - respond to storm depth and duration?

The sensitivity of the pattern morphology to storm depth, duration and annual rainfall can
be visualized by plotting the final patterns for different cross-sections of the storm parameter
space (R, d and p). Figure 5.9 illustrates this sensitivity in a grid of all 16 storms, with annual
rainfall held constant at 440 mm. For fixed storm duration, pattern wavelengths increase
with increasing storm depth. Conversely, with depth held constant, pattern wavelengths
increase with decreasing duration (more intense) storms. To confirm that these trends in
pattern morphology cannot be explained by rainfall intensity alone, Figure 5.10 compares
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4 pattern morphologies with the same storm intensity (p =2.4 cm/hr) and annual rainfall
(R = 440 mm). With storm intensity held constant, pattern wavelength and peak biomass
increase with increasing storm depth and duration, indicating that variations in pattern
morphology are not solely attributable to variations in storm intensity.

For fixed storm characteristics, increasing annual rainfall produces shorter wavelength
patterns with larger peak biomass densities, as illustrated by Figure 5.11.

Figure 5.12 compares the final patterns for different random seeds, with all other pa-
rameters the same. The patterns differ in the details, but are qualitatively very similar,
indicating that the sensitivity of the pattern morphology to initial conditions is small for
this parameter case.

Figure 5.13A summarizes the mean wavelength sensitivity to R, d and tstorm, confirming
the trends visible in Figures 5.9 and 5.11. Pattern wavelength increases with increasing R,
in agreement with many previous studies [Borgogno et al., 2009]. Biomass density increases
with d and R and decreases with tstorm in most cases (panel B), however, there are several
cases where the biomass density sharply decreases with increasing rain depth (e.g. 30-40
minute storms with R=290 mm). In these cases, there is a similar decrease in peak biomass
density (panel C) and infiltration fraction (panel D). Figure 5.14 shows the corresponding
vegetation maps for one such case (R = 290 mm, tstorm = 30 min), which reveals that the
collapse in biomass reflects a change in pattern morphology from stripes to spots. These
results may suggest an alternate path to desertification: for the same annual rainfall, a
landscape may progress from striped to spotted and eventually bare if the plants are unable
to access the rainfall inputs. With less frequent, more intense storms, more water is lost as
runoff and plant water resources decline.

For the highest intensity storms, the patterns do not reach the divide (e.g. tstorm =
10 min, d = 1.6 cm in Figure 5.9), presumably because the runon source area is limited
by the no-flow upper boundary and the vegetation does not receive sufficient water inputs.
McGrath et al. [2012] observed a similar effect from a no-flow boundary at the divide, in a
study of the effects of micro-topography on pattern formation.
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Figure 5.9: Patterns obtained for all storms (as listed in Table 5.2A) and R = 444 mm.
Wavelength increases with decreasing storm duration (left to right panels) and with increas-
ing storm depth (upper to lower panels), both corresponding to increasing storm intensity.
For the highest intensity storms (e.g. tstorm = 10 min, d = 1.6 cm), the patterns do not
reach the divide.
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Figure 5.10: Patterns obtained for the same rainfall intensity (p = 2.4 cm/hr) and annual
rainfall (R = 440 mm), for different combinations of d and tstorm, to illustrate that variations
in pattern morphology are not solely attributable to variations in storm intensity. With storm
intensity held constant, pattern wavelength and peak biomass increase with increasing storm
depth and duration.

Figure 5.11: Illustrating the effects of varying R, for fixed d = 1.2 cm and tstorm = 20 min.
Increasing R corresponds to decreasing wavelength and increasing biomass density.



CHAPTER 5. STORM-SCALE HYDROLOGY IN PATTERN FORMING MODELS 72

Figure 5.12: Illustrating the effects of changing the random seed, with all other parameters
fixed (R = 360 mm, d = 1.2 cm, and tstorm = 30 min). The final patterns differ in the
details, but are qualitatively very similar.
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A
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Figure 5.13: Sensitivity of the pattern morphology to R, d and tstorm, including wavelength
(A), biomass density (B), peak biomass (C) and infiltration fraction (D). Bars indicate the
range of values spanned with different initial conditions (random seeds), and lines drawn
between points are as visual aides only. In most cases, biomass density and peak biomass in-
crease with R and d, and decrease with tstorm, with exceptions where the pattern morphology
transitions from stripes to spots as storm depth increases.
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Figure 5.14: For lower annual rainfall inputs, pattern morphology changes from stripes to
spots with increasing rain depth (R = 290 mm, tstorm = 30 min).

3. What correspondences can be drawn between the parameterization of
rainfall processes in a phenomenological model and the rainfall processes in a
model that emulates storm runoff?

To visually assess the potential of a mapping from R/G-emulator parameters to R/G pa-
rameters, scatter plots of the biomass density - wavelength (P̄ -λ) values generated with the
R/G-emulator and R/G models are compared in Figure 5.15. There is clearly no unique
mapping from R/G-emulator parameters (panel A) to R/G parameters (panel B), because
the R/G-emulator patterns span a larger range of biomass densities. In panel A, multiple
specifications of R, d and tstorm will produce comparable biomass-wavelength values, sug-
gesting that including additional landscape features may be necessary to produce a unique
mapping from R/G to R/G-emulator parameters.

The range of R/G parameters represented by Figure 5.15B is large, but I have not
confirmed that it comprehensively spans the pattern forming domain of either of the R/G
or the R/G-emulator models. Consequently, the existence or lack of existence of a mapping
between R/G and R/G-emulator cannot be definitively determined at this stage. This lack
of clarity reflects the early stage of development of both the R/G and the R/G-emulator
model. While the establishment of the full domain of stable pattern forming solutions in
each model as a function of their input parameters is an obvious next step, mapping this
domain is highly non-trivial [Siteur et al., 2014, 2016]. As such, I have elected to treat
it as lying beyond the scope of this initial study. With these caveats, the lack of overlap
between the pattern properties of the R/G model and those of the R/G-emulator model is
nonetheless striking, and is suggestive of non-trivial changes in modeled pattern dynamics
associated with a more comprehensive representation of within-storm processes.
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Figure 5.15: Scatter plots of biomass density and wavelength for (A) the R/G-emulator and
(B) the Rietkerk-Guttal models, where marker colors show the peak biomass. Peak biomass
is better correlated with biomass density in the R/G-emulator model than the original R/G
model.

5.4 Conclusions

This chapter established that machine learning provides a viable pathway towards including
greater process complexity within models that exhibit a strong timescales separation between
interdependent processes. By replacing a phenomenological representation of overland flow
with a machine learning-emulated representation of a surface hydrological model, I was able
to introduce within-storm processes to vegetation pattern forming systems without compro-
mising model runtime. The properties of the patterns generated by the full hydrological
model and those generated by the ML emulator were similar in terms of wavelength and
biomass distribution on the landscape. Minor differences did arise, which are attributed
to the nonlinearity of the pattern forming model, and the potential for small errors in the
ML emulator to be amplified by these nonlinearities. Despite these differences, the patterns
produced by the ML emulator were similar enough to those produce by the physical model
to enable the exploration of a large parameter space of storm climatologies. For the first
time, I was able to demonstrate the sensitivity of pattern morphology to storm properties.
Specifically, increased storm depths and reduced storm durations were associated with longer
wavelengths, higher biomass density and higher peak biomass. In dry climates (i.e. those
with lower annual rainfall totals), the pattern morphology was also sensitive to increased
intensity, fragmenting from bands to spots. No similar behavior can be produced with the
R/G model in the absence of a representation of storm properties. This observation raises
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the possibility of an alternative path to desertification, where for fixed R, increasing storm
intensity causes more water to be lost to runoff, leaving plants unable to use this water. This
path to desertification could be important given that in many locations, climate change is
projected to increase storminess [Knapp et al., 2008, Wang et al., 2012]. Future work will fur-
ther explore this phenomenon by refining the storm parameter space, including simulations
for lower R values.

The focus of this chapter was on a more explicit representation of storm properties;
however, the same methods could be applied to characterize the pattern sensitivity to the
hillslope gradient or soil infiltration capacity, although this would require training additional
random forest regressors. Because KS,V : KS,B and So have direct analogues in the R/G
model (Wo and ν, respectively), exploring hillslope and infiltration controls on morphology
would be an interesting avenue for future research. There remain many challenges to making
quantitative predictions about real world patterns with the modified R/G model, because
this model still has many phenomenological aspects, including the representation of soil
water and biomass evolution. Replacing these phenomenological descriptions with more
process-based equations, however, is less a challenge due to time-scale separation, and more
associated with the need for a better understanding of plant physiology in dryland systems.
Nevertheless, the work presented here makes an important stride towards a more realistic
representation of the processes driving vegetation pattern formation.
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Chapter 6

A Web Tool for Vulnerability
Assessment and Restoration Planning.

6.1 Introduction

Land degradation, defined as the deterioration in the quality of land, its topsoil, vegeta-
tion, and/or water resources, is a global problem with adverse implications for biodiversity,
greenhouse gas emissions, food security, poverty eradication, socio-economic stability and
sustainable development [Keenelyside et al., 2012, Johnson et al., 1997, Eswaran et al., 2001].
Rather than allowing degraded lands to persist in their damaged state, recent international
agreements, including the land degradation neutrality (LDN)s target adopted by the parties
to the United Nations Convention to Combat Desertification [Lal, 2004, Bestelmeyer et al.,
2013], advocate for the restoration of degraded lands. Current interpretations of restoration
are more nuanced than a literal objective of returning landscapes and ecosystems to some
pre-degraded, ‘natural state’ [Palmer et al., 2016, Suding et al., 2015, Hobbs et al., 2009].
Today, restoration ecologists recognize that such a return is likely impossible - whether
due to uncertainty in natural recovery processes, the background of ongoing environmental
change or irreversible physical or biotic modifications (e.g. urbanization) [Chazdon, 2014,
Higgs et al., 2014, Hobbs et al., 2009, Suding et al., 2015]. Contemporary restoration efforts
embrace a holistic approach which recognizes that restoration involves tradeoffs between
multiple goals, including ecological integrity, historical fidelity, and societal needs [Suding,
2011, Palmer et al., 2016, Higgs et al., 2014]. To navigate these tradeoffs, Suding et al. [2015]
proposed four principles for ecological restoration: (i) ecological integrity, which describes the
ability of an ecosystem to support and maintain ecological processes, (ii) self-sustainability,
which requires restoration efforts to establish systems that are resilient in the long term,
(iii) historical perspective, which can provide a reference for determining feasible restoration
goals, even where returning to past ecological conditions is impossible, and (iv) cultural
values, which recognize the importance of ecosystems to people through the provision of
ecosystem services, such as improved water quality, drought and flood buffering, genetic
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diversity, and carbon sequestration.
Although land degradation impacts all terrestrial biomes [Blaikie and Brookfield, 2015,

Keenelyside et al., 2012, Le et al., 2016], dryland degradation, often known as desertifica-
tion, is particularly widespread and damaging. The degradation of drylands has profound
social, environmental and economic consequences [Reynolds et al., 2007], including increased
soil erosion and flooding, the generation of as much as 25% of global greenhouse gas emis-
sions, forced migration of rural populations, health risks from dust pollution [Bashan et al.,
2012], and loss of agricultural productivity, with implications for global food security [Lal,
2004]. Desertification has a long history [Barker, 2002], and consequently there have been
many attempts to restore degraded drylands. These efforts have not always been successful.
Challenges include the maintenance of biodiversity [Veldman et al., 2015], species selection
for dryland climates [Cao, 2008], and challenges associated with tradeoffs between different
restoration targets [Bremer and Farley, 2010, Ciccarese et al., 2012]. Consequently, there
remains considerable scientific uncertainty about best practices for implementing dryland
restoration projects [Menz et al., 2013, Suding, 2011].

The holistic approach to restoration defined by Suding et al. [2015] places an emphasis
on restoring ecological functions, particularly those associated with key ecological processes
(or supporting ecosystem services) such as nutrient cycling, primary production and de-
composition [Palmer et al., 2016]. Typically, these ecological functions are tightly coupled
to the physical structure of the landscape [Suding et al., 2015, Larkin et al., 2006]. This
is particularly true in drylands where rainfall is insufficient to support continuous vegeta-
tion cover, and the landscape consists of vegetated patches surrounded by bare soil areas
[Schlesinger and Pilmanis, 1998]. This ‘patch-mosaic’ structure facilitates the redistribution
of water and other resources, primarily by overland flow following rainfall events [Schlesinger
and Pilmanis, 1998]. Bare sites generate runoff on compacted, crusted or sealed soil surfaces
[Assouline, 2004, Belnap, 2006, Rietkerk et al., 2000], while vegetated locations slow water
flow and enable infiltration [Thompson et al., 2010]. This ‘runoff-runon’ mechanism provides
additional water, nutrients and soil to vegetation, creating ‘islands of fertility’ in the desert
landscape that enable plant growth and are critical to ecosystem function and biodiversity
[Schlesinger and Pilmanis, 1998, Noy-Meir, 1979, Menaut and Walker, 2001].

Given the critical role of runoff-runon resource redistribution mechanisms for drylands, it
follows that efforts to restore dryland ecosystem function should necessarily incorporate the
restoration of the patch-mosaic landscape structure [Palmer et al., 2016]. Several successful
restoration efforts lean on this principle: for example, Tongway and Ludwig [1996] simulated
natural patchiness in mulga bushlad in Australia by placing brush piles along slope con-
tours to fragment surface runoff and generate resource sinks. After three years, soil under
branches had more nutrients, more soil moisture, and less extreme soil temperatures. Similar
approaches, using pits, mounds or depressions to retain water have been successfully used in
restoration activities in Israel, Texas and Niger [Boeken and Shachak, 1994, Whisenant, 2002,
Whisenant et al., 1995]. Ideally, restored patch-mosaic landscapes should be self sustaining
[cf Suding et al., 2015], and should support key ecological functions, including sustaining
vegetation, controlling erosion, and mitigating flooding [Bromley et al., 1997, Li et al., 2008,
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Ludwig et al., 2005], as illustrated in Figure 6.1. Of course, these are minimum, rather
than complete criteria for restoration success, focused on the physical functioning of the
landscape, and the constraints these will place on other restoration choices.

Figure 6.1: Landscape structure and ecological functions are tightly coupled in drylands,
where patch-mosaic structure facilitates runoff-runon resource redistribution from bare to
vegetated areas. Restoring patch-mosaic structure supports key ecosystem services, includ-
ing controlling erosion, reducing flood risk, and sustaining vegetation. Because patch-mosaic
functionality is derived from within-storm hydrological processes, these ecosystem services
can be related to quantitative predictions about single storm events: the maximum over-
land flow velocity (Umax), the hillslope runoff volume (Qtotal), and spatial distribution of
infiltration (I) are measures of erosive power, flood risk and water supply to the vegetation,
respectively.

Patch-mosaic functionality is derived from a series of fast, within-storm, hydrological
processes. The design of landscape restorations that aim to restore such functions should
therefore be informed by a detailed understanding of these processes. As Figure 6.1 shows,
the functionality of the patch-mosaic system is determined by the outcomes of single storm
events: erosion mitigation by the reduction of overland flow velocities Umax, reductions in
flash flood risk by reductions in the hillslope hydrograph Qtotal, and supply of sufficient water
to vegetation by the spatial distribution of infiltration, I, relative to the location of plants.
Designing a patch-mosaic restoration strategy thus incorporates a non-trivial hydrological
problem that requires quantitative predictions about storm scale overland flow and infiltra-
tion dynamics [Cantón et al., 2011, Bracken and Croke, 2007]. While mean-field estimates
of suitable planting density can be readily made based on climate and plant water require-
ments, these have major limitations due to the nonlinear relationships between storm, soil
and slope properties, in particular, the distribution of vegetation patch sizes, and the result-
ing hydrological outcomes. For example, vegetation patches that are too small or sparsely
distributed through space can result in a highly connected landscape which sheds significant
runoff. If planting is too dense, resource redistribution may be insufficient to meet plant
needs, resulting in plant mortality or growth inhibition - a mode of restoration failure that
has been observed in large regions of the Loess Plateau of China [Shao et al., 2018, Feng
et al., 2016, Guangquan et al., 2010]. It would be preferable, therefore, to simulate hydrolog-



CHAPTER 6. A WEB TOOL FOR VULNERABILITY ASSESSMENT AND
RESTORATION PLANNING. 80

ical outcomes for specific proposed planting strategies in order to evaluate these outcomes
against plant water requirements and other design criteria (e.g. avoiding flow velocities high
enough to promote surface erosion). Unfortunately, such simulations are complex, requiring
the use of advanced, computationally intensive models to solve nonlinear coupled equations
such as the Saint-Venant and Richards Equations (Chapter 2). The specialized nature of the
knowledge and equipment (e.g. supercomputers) needed to use such models presents a ma-
jor barrier to their adoption by restoration ecologists and landscape designers. Overcoming
this barrier is a scientific challenge to improving dryland restoration practice, and forms the
main goal of this chapter, which presents a web-based tool to predict hydrological outcomes
at the storm scale as a function of the spatial arrangement of vegetation (equivalently, high
infiltration capacity areas) within a lower infiltration capacity bare soil matrix.

I selected a web-based platform to support these predictions based on the growing interest
in using such tools for the democratization of knowledge and to promote shared decision-
making across diverse arenas in land stewardship, restoration and development. Such tools
address, for example, rapid assessment of erosion risk [Hewett et al., 2018], optimizing the
location of microhydropower infrastructure [Müller et al., 2016], and, with respect to dry-
land manacement, geographic range matching tools to support seed selection for rangeland
restoration [Doherty et al., 2017]. The tool presented here is the Storm and Hillslope-scale
Assessment for Dryland Ecosystems (SHADE) web app, which is intended to provide infor-
mation about the spatial distribution of plant available water following storm conditions,
as well as an index of the risk of surface erosion during the runoff process for user-specified
landscape, vegetation and storm characteristics. Users supply a spatial distribution of veg-
etation (e.g. an aerial photograph or a planting design), and select soil, slope and storm
parameters most pertinent to their site’s landform and climate. The web app applies the
machine learning emulator approach introduced in Chapter 4 to the spatial vegetation pat-
tern and predicts the distribution of infiltration and maximum overland flow velocities for
a single storm. The web app draws on a library of trained random forests (RF) spanning a
broad parameter space of hillslope gradients, storm durations and intensities, soil parame-
ters, and vegetation patterns, enabling rapid assessment of hydrological outcomes associated
with specific design or restoration decisions.

This chapter firstly presents the web app, and then presents an example use-case in which
restoration activities on a degraded and barren hillslope consist of as soil amendment (rip-
ping and mulching), followed by contour planting of vegetation, using the early successional
Australian species Acacia saligna as an example. As illustrated in Figure 6.2 key design
considerations in this instance include the width and spacing of the amended contour bands.
If bands are too widely spaced, overland flow velocities may increase to the point of risking
surface erosion. If bands are too closely spaced, runoff from bare sites may not provide
sufficient additional water (beyond rainfall) to support vegetation growth. The web app is
used to estimate the appropriate contour spacing and to quantify the benefits of the soil
amendment, considering plant water availability and erosion control as important outcomes.
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Figure 6.2: Schematic to illustrate hillslope contour planting.

6.2 Methods and Results

Implementation

To web app is in written in Flask, a Python micro-framework [Ronacher, 2010], and hosted
by Heroku, a cloud application platform that enables developers to deploy web applications.
Data hosting for the random forest files is provided by the Consortium of Universities for
the Advancement of Hydrologic Science, Inc. (CUAHSI) on their HydroShare platform. The
web app can be found at: https://hillslope.herokuapp.com/.

The random forest regressors are trained on a collection of SVE-R model simulations,
using the methods described in Chapter 4. The SVE-R model domain is restricted to planar
hillslopes with dimensions 100 × 50 m and 1 m resolution. The landscape has a patch-
mosaic structure, where each grid cell is classified as vegetated or bare. The RF regressors
are designed to extrapolate to new vegetation patterns and hillslope dimensions, but not
to interpolate between storm characteristics, hillslope gradients or soil infiltration capaci-
ties. Thus, the specification of the SVE-R model parameter space required to train the RF
regressors is an important component of the web app design, as described in the following
section.

Once parameters were specified, the SVE-R simulations were run on the Berkeley super-
computer Savio in batches of 80 simulations. The SVE-R results were used to train separate
RF regressors for I and Umax for each combination of landscape and storm characteristics
in the SVE-R simulations, as outlined in Chapter 4. The web app accesses the trained RF
regressors directly, based on a user specified set of landscape and storm parameters (KS,V ,
p, tstorm and hillslope gradient), and uses them to predict I and Umax.
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Table 6.1: Parameter space of the SVE-R simulations used to train the RF regressors.

Parameter Description Units Values

So Slope gradient % 0.5, 2.0, 10, 30
φV Vegetation density − 0.2, 0.4, 0.6, 0.8
KS,V Saturated hydraulic conductivity

(vegetated sites)
cm/hr 2.5, 5.0, 7.5, 10.0

tstorm Storm duration hr 0.5, 1, 3, 6
p Rainfall intensity cm/hr (see Table 6.2)

nB Manning’s n (bare soil) s m−1/3 0.03

nB Manning’s n (vegetated sites) s m−1/3 0.1
Lx Hillslope length m 100
Ly Hillslope width m 50
dx Grid resolution m 1.0

Parameter space design

The parameter space consists of a representative range of storms, hillslope gradients, and
soil parameters as summarized in Tables 6.1 and 6.2. Storm durations include 0.5, 1, 3 and
6 hours, with the longest duration primarily restricted by the computational feasibility of
running the SVE-R model. A range of rainfall intensities were obtained from the Australian
Bureau of Meteorology Intensity-Frequency-Duration (IFD) curves [Ball et al., 2016], based
on data from two seasonally rainy, dryland cities: Perth and Darwin. The lowest intensity
storm corresponds to a 1-year storm in Perth, and the highest intensity to a 5-year storm in
Darwin. I did not model low intensity storms that would not produce significant runoff on
natural surfaces; equivalently, I did not model truly extreme storms, which are too infrequent
to be a reasonable basis for estimating plant water availability.

Soil properties for the vegetated patches were set to span a range of typical saturated
hydraulic conductivity values for clay loam to sandy loam soils [Carsel and Parrish, 1988].
I neglected sandy soils, where infiltration rates are likely to be so high that little runoff is
generated, and I neglected heavy clays, which conversely have such low infiltration capacities
that limited infiltration would occur. The water retention curve was described using the van
Genuchten model, using representative parameters measured on a loamy desert soil by Chen
et al. [2013]. Rather than specifying bare soil infiltration capacities independently of the
vegetated sites, I specified a ratio of vegetated : bare soil infiltration capacities, KS,V :KS,B,
which I set to 100:1. Although a wide range of values for this ratio is reported in the literature
[Valentin et al., 1999, Chen et al., 2013, Thompson et al., 2010], this 100:1 ratio is consistent
with reported measurements for strongly sealed or crusted soils [Assouline, 2004].

The parameter space covered by the web app thus consists of factorial combinations of 4
soils, 4 hillslope gradients, 4 rainfall durations, with 4 unique intensities per duration. This
corresponds to 256 unique hillslope/storm parameter cases. As described in Chapter 4, the
SVE-R model simulations include 20 vegetation patterns per case, for a total of 5120 total



CHAPTER 6. A WEB TOOL FOR VULNERABILITY ASSESSMENT AND
RESTORATION PLANNING. 83

Table 6.2: Storm duration - intensity combinations. Intensities are drawn from the Aus-
tralian Bureau of Meteorology IFD curves, and range from a 1 year Perth storm to a 5 year
Darwin storm.

Rain duration (hr) Rain intensity (cm/hr)
0.5 2.5 5.0 7.5 10
1.0 1.7 3.4 5.1 6.8
3.0 0.8 1.6 2.4 3.2
6.0 0.5 1.0 1.5 2.0

simulations.

User interface

Figure 6.3 shows a screenshot of the homepage, where the user is prompted to upload an
image file of the vegetation, such as an aerial photograph or a design image. To convert the
image to binary information about vegetation presence/absence as required by the random
forest model, the web app converts the image to grayscale, and prompts the user to specify
a threshold value to distinguish vegetated and bare sites. The user must also rotate the
image to align the top of the frame with the top of the hillslope. Drop-down menus are then
used to select storm intensity, storm duration, hillslope gradient, and saturated hydraulic
conductivity. At this point, the user can ‘Run the random forest’ via a mouse click, and the
web app returns the random forest predictions.

Figure 6.4 shows a screenshot of random forest predictions corresponding to the veg-
etation patterns in Figure 6.3, which are returned on the same web page and below the
input data. The predictions include the infiltration map (left) and maximum overland flow
velocities (right), and summary statistics for both outputs. The random forest predictions
are the hydrological outcomes from a single storm event, and interpretation is required to
provide detailed insights into plant water availability and erosion risk. Such interpretation is
landscape, climate and species specific, and at this point in time is not included in the web
app. I illustrate in the next section how such interpretation can be applied in combination
with site-specific details to inform, in this case, the design of a re-vegetation project.

Contour planting example

To set up the use case, I considered restoration of a bare slope in an arid region that
experiences a climate comparable to the Negev Desert in Israel, which receives an annual
rainfall of 200 mm/year, distributed in eight 30 minute storms with p = 5 cm/hr. I assumed a
monocultural revegetation project with Acacia saligna (Labill.) H.L.Wendl (Golden Wreath
Wattle, koojong, orange wattle), a widely used species for revegetation and agroforesty due
to its early successional growth, deep root system and drought resistance [Nativ et al.,
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Figure 6.3: Screenshot of the web app homepage, showing a user uploaded vegetation map
(left) and the binarized version. Three additional steps are required before the image is
input to the random forest model: the user is asked to (1) rotate the image that the top of
the frame coincides with the top of the hillslope, (2) adjust the grid size, so that one pixel
represents 1 m, and (3) adjust the threshold value distinguishing vegetated from bare soil
areas.

1999]. The annual water requirements of Acacia saligna exceed the rainfall at the site, such
that the patch-mosaic function of a desert landscape will be needed to enable a sustainable
restoration design. I consider a 10% slope gradient, with loess-type soils that are prone to
surface crusting. To provide additional soil moisture resources prior to planting, the soil is
tilled in 3m-wide contours across the hillslope, increasing the infiltration capacity and surface
roughness, slowing overland flow, reducing runoff and increasing the volume of water that
infiltrates in the root zone. Tilling is assumed to increase the infiltration capacity of the
soil from nearly impermeable (KS = 0.1 cm/hr) to relatively high (KS = 10 cm/hr), and to
increase the surface roughness from n = 0.03 to n = 0.1. Seedlings are to be planted in the
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Figure 6.4: Screenshot of the web app results, showing the random forest predicted infil-
tration depth (left) and maximum overland flow velocity (right). Summary statistics are
displayed below.

contours with 4 m along-contour spacing, with the assumption that the adult canopies will
span 4 m. The question to be resolved is: what the optimal spacing of these contours is in
order to meet plant water availability while preventing erosion?

Acacia saligna water requirement estimates were obtained from Nativ et al. [1999], who
reported a transpiration demand of 111.2 L for 6 month old seedlings during July-October
in the Negev desert, Israel. Assuming that (i) seedling leaf area was approximately 1 m2, (ii)
seedlings have a root zone that extends over 1 m2, and (iii) July-October water demand can
be scaled to the calendar year using annual potential evaporation data [Kidron, 2009], these
measurements imply an annual water requirements for seedlings of 0.25 m3 per m2 ground
area. I assumed that seedlings and adult trees have the same water requirement per leaf
area, but that adult tree canopies are closer to 25 m2, with along-contour root extent limited
to 2 m, due to the 4 m spacing between plants [Zegada-Lizarazu et al., 2007]. Assuming that
infiltration in the bare soil areas is negligible compared to the contour area, the infiltration
zone for each plant is 12 m2. With these considerations, 520 mm would need to infiltrate on
average within the contour to meet the water requirements of the plants.

Erosion risk for the landscape was computed by estimating the critical bed shear stress
for rill erosion, τc from tabulated values for loess soils at 3 Pa [Yao et al., 2008, Gilley et al.,
1993]. This value is at the lower end of the range reported for rill incision in bare topsoils
(i.e. 1.8 - 10.6 Pa [Poesen et al., 2003]), providing a conservative estimate of a ‘safe’ Umax.
The bed shear stress is estimated from the flow depth by assuming kinematic conditions
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(So = Sf , see Chapter 3):
τ = ρghSo (6.1)

With roughness specified by Manning’s equation, flow velocity and depth are related as:

U =
1

n
h2/3S1/2

o (6.2)

Rearranging, the critical flow velocity, Uc, can be related to the critical shear stress as:

U =
1

n

(
τc
ρgSo

)2/3

S1/2
o (6.3)

For τc = 3 Pa, the estimated critical flow velocity is 29 cm/s.
To evaluate the potential contour designs, I varied contour spacing from 5 to 30 m, and

computed the mean annual infiltration depth in vegetated areas and the maximum flow
velocities in the domain. The dependence of these outputs on contour spacing is shown in
Figure 6.5. The results suggest that the water requirements of the plants could be met with
a contour spacing of 20 m without the peak overland flow velocities exceeding the critical
threshold. These results were applicable to the design case of a 30 minute, 5 cm/hr storm.

Figure 6.5: (A) Annual infiltration depth in vegetated areas as a function of contour spacing.
The dashed horizontal line shows the estimated total plant water requirements per unit area.
(B) The estimated maximum flow velocity as a function of the spacing between contours.

6.3 Discussion

The web app presented here offers a way to rapidly test the hydrological implications of
a design of vegetation planting at hillslope scales. As illustrated above, this can be used
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to inform planting densities, species selection, fractional cover, or the distribution of soil
amendments, provided that site specific information about climatology (e.g. a reasonable
basis for estimating a design rain storm and relating it to annual infiltration volumes), plant
requirements (e.g. rooting area and plant-specific annual water requirements), soil properties
and erosion risks (e.g. a reasonable basis for estimating a critical velocity) are available.

These predictions, naturally, come with some caveats. The web app is constrained by the
limitations of the SVE-R model and random forest emulators that underpin it. The SVE-R
model construction assumes infiltration excess overland flow, with shallow, free draining soils
and thus no saturation excess, and it ignores any subsurface redistribution of water. These
assumptions are not appropriate in all environments, and may be particularly inappropriate
in mesic-humid regions. The web app also assumes an initial wetness in the soil that ap-
proximates field capacity. Thus runoff predicted by the web app will be over-estimated for
very dry soils, and underestimated for very wet soils. This constraint is only one of several
that are introduced by the need to creating a collection of pre-computed SVE-R simulations
on which to train the RF regressors, which means that the parameter space is discrete and
limited. The RF regressor, as approximations of the SVE-R model, are an additional source
of errors. Consequently, the web app is intended to provide estimates for the user-supplied
landscape, rather than precise predictions. If a given site is not sufficiently close to one of
the provided parameter cases, or high accuracy predictions are required, the web app may
not be an appropriate tool. For example, the web app is not recommended for landscapes
with relatively permeable bare soil areas (i.e. KS,B >> 0.1 cm/hr). Complex topography,
channelization of flow, convergence and divergence are also omitted from the planar slopes
simulated by the web app.

Beyond these practical limitations, the web app is limited in its scope to a focus on hy-
drology. When used for restoration planning, it should be only one component of a broader
framework that incorporates ecological integrity, local species diversity, resilience, sustain-
ability, and opportunities for community engagement. It may need to be combined with other
tools or assessments that account for technological constraints on implementing any design,
financial viability, and community priorities [Hobbs et al., 2009, Chazdon et al., 2018], and
which provide information about a broader range of ecosystem functions and services such
as carbon sequestration, biodiversity etc. [Veldman et al., 2015, Shao et al., 2018]. The web
app is not a replacement for stakeholder engagement, buy-in and co-production of knowledge
about landscape maintenance, which are associated with improved restoration outcomes in
drylands [Reynolds et al., 2007, Hewett et al., 2018]. In its current form, the web app is a
prototype intended as a starting point for further communication and exchange. The web
app has not yet been tested by potential users, and would likely benefit from further iterative
development with feedback from practitioners. But by providing a readily accessible tool
for landscape assessment and restoration planning, the web app may facilitate knowledge-
sharing and collaboration between stakeholders and the scientific community [Hewett et al.,
2018].

This chapter outlined the development of a web app, which provides a spatially-resolved
means to assess the hydrological outcomes of storms at the hillslope scale. Integrated into
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a broader framework, this application may be used to estimate plant water availability and
erosion risk associated with natural, degraded or restored landscapes. While somewhat
restricted in scope to a set of idealized and protoypical storm, slope and soil characteristics,
I nonetheless hope that it could assist in restoration or re-vegetation efforts, as illustrated
in the contour planting example. To continue improving the accessibility of predictive tools,
I will work to make the SVE-R model open source, enabling practitioners to apply the full
model at their site. While this option will require significantly more coding work for the
user, it will remove errors associated with the RF-emulator approach and limited parameter
space, and allow a broader range of landscapes, climates and soil conditions to be explored.
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Chapter 7

Conclusion

This thesis presented the development of a coupled 2D Saint Venant Equation - 1D Richards
equation (SVE-R) model, and its application to simulate storm-driven overland flow and
infiltration in patchily vegetated dryland ecosystems. The SVE-R model coupled two com-
ponents, the finite element SVE solver developed by Bradford and Katopodes [2001] and the
Richards equation solver developed by Celia et al. [1990]. The coupled model was validated
against analytical solutions of the kinematic wave equations [Giraldez and Woolhiser, 1996]
(see Chapter 2), demonstrating that the coupling was implemented appropriately. The re-
sulting model provided a way to represent the generation and routing of infiltration excess
overland flow on patchily vegetated landscapes on within-storm timescales.

The remainder of the thesis addressed a number of practical challenges to its implemen-
tation, including the representation of energy dissipation due to frictional resistance, the
computationally intensive nature of the model, and the difficulties faced by practitioners
who may wish to use this model to inform design or dryland management. Firstly, I demon-
strated that there is minimal sensitivity of the hydrologically relevant outputs of the SVE-R
model (for sheet flow on hillsopes) to the specification of the friction slope (see Chapter 3).
In addition to suggesting that modelers can select the resistance formulation of their prefer-
ence without biasing results, I showed that the results are sensitive to the parameterization
of such an equation. Next, I developed a method to emulate the SVE-R model predictions
using machine learning, specifically random forest (RF) regression (see Chapter 4). This
approach involved training random forests regressors on collections of pre-computed SVE-R
model runs to predict the spatial distributions of infiltration and maximum flow velocities.
Once trained, the random forest regressors were accurate, with NRMSE scores typically
ranging from 5-15% on the test sets. The machine learning approach was several orders of
magnitude faster than the SVE-R model, requiring less than a second to make predictions.
Because this advance enabled such rapid predictions, I was able to use it to improve the
representation of within-storm processes in an ecohydrological model describing the spatial
patterning of vegetation on the landscape (see Chapter 5). I was able to show for the first
time that modeled spatial patterns of vegetation are sensitive to within-storm characteris-
tics, such as depth and duration, and I identified a potential new pathway to desertification
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in these landscapes associated with the intensification of individual storm events. Finally,
I developed a web-based tool to assess plant water availability and erosion risk at hillslope
scales (see Chapter 6) that embeds random forest regressors within a library of prescribed
storm and slope conditions. With these conditions fixed, users can predict infiltration, runoff
and peak flow velocities for different spatial patterns of vegetation on the landscape. A pro-
totype of this application is now available online, and I hope to iterate on its development
in the future by engaging with practitioners.

Important scope for future work with these tools remains. I hope to further validate
the SVE-R modeling framework by comparison to experimental results from dryland envi-
ronments, and potentially, by adding Lagrangian particle tracking to tracer experiments. I
also hope to generalize the use of the RF emulation approach. A major caveat to its use
at present is that users can only adjust vegetation fields while holding landscape and storm
characteristics constant. Assessing the conditions under which RF regressors could interpo-
late between landscape and storm characteristics is outstanding, and if found to be feasible,
could improve the generality of the approach. This would, for instance, increase the utility
of the current web app without requiring the simulation of a larger collection of SVE-R
model runs and training of additional RF regressors. Of course, the most general predictions
about surface hydrology on patchy hillslopes can be made via the SVE-R model itself, and
to that end I hope to publish an open-source version of the code. While an open source
SVE-R model would require significantly more programming experience and coding work for
the user, it would also give the user more control over the model domain and remove errors
associated with the RF emulation approach. To my knowledge, there are currently no open
source SVE-R models implemented in Python, and such a model would be a useful tool in
many applications. For example, I am currently exploring the extent to which these mod-
eling tools can be incorporated into urban stormwater management settings, where similar
runoff behaviors occur.

Restoration and conservation of dryland ecosystems is an important and often overlooked
international environmental challenge. Restoration of drylands is now a centrepiece of in-
ternational attempts to address this challenge, such as the Land Degradation Neutrality
pledge made by the parties to the United Nations Convention on Combating Desertification
(UNCCD). By reducing the barriers - whether computational or in terms of expertise re-
quired - to the adoption of hydrological predictions for dryland environments, I hope that
this thesis has contributed to the ability of restoration ecologists and land managers to meet
this challenge. This thesis illustrates a spectrum of approaches, from full simulation, to ML
emulation and ultimately web-based platforms, which together can be leveraged to democra-
tize information access, and hopefully improve management decisions in some of the world’s
most vulnerable environments.
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Appendix A

Roughness schemes

Section A.1 provides additional details about select roughness schemes from Chapter 3,
including the Cylinder Array, Poggi, Transitional and depth-dependent Manning schemes.
Section A.2 presents the derivation of analytical expressions relating the log f -log Re and
log f -logSo slopes to the exponents in Equation 6 in Chapter 3.

A.1 Roughness scheme details

The depth-dependent Manning scheme is based on the premise that roughness decreases
with increasing flow depth:

n = n0

( h
h0

)−ε
for h < h0 and n = n0 for h ≥ h0 (A.1)

where n is the depth dependent Manning coefficient. n0 is the value of minimum Man-
nings roughness, which corresponds to the flow depth h0 beyond which n is assumed con-
stant. ε is an exponent related to vegetation drag, yielding an effective scaling of m = 2/3−ε.
Conceptually, n decreases with increasing flow depth to represent reduced resistance with
increasing inundation of the roughness elements. This scheme is used by Jain et al. [2004]
to represent flow through vegetation in a distributed rainfallrunoff model, and adapted by
Mügler et al. [2011] to model flow experiments on a non-vegetated runoff plot. Jain et al.
[2004] and Mügler et al. [2011] select ε = 1/3, producing an apparent m=1 scaling, which is
the value we use in the main text.

The transitional scheme with m = 1 comes from experimental studies involving high Re
sheet flow over surfaces with short vegetation (e.g. grasses), from which m values close to
unity have been observed Brutsaert [2005]. For example, in deriving the rising hydrograph,
Horton [1938] suggested that m = 1 might represent flow that is 75% turbulent and 25%
laminar. Similarly, Wooding [1965] observed that flow over irregular surfaces may vary
spatially and temporally between laminar and turbulent, owing to the roughness fluctuations.



APPENDIX A. ROUGHNESS SCHEMES 92

Finally, Brutsaert [2005] notes that, even if flow is turbulent near the surface, flow within the
grass stems and leaves may more closely resemble laminar flow through a porous medium.

The depth-dependent Manning and transitional schemes illustrate how similar mathe-
matical forms of the roughness scheme may arise from different conceptual models of the
land surface. These schemes have the same power law scaling (m=1, η=1/2), despite differing
physical interpretations.

The Poggi and cylinder array schemes represent flow through vegetation, and are pa-
rameterized with canopy-specific values. The Poggi scheme is derived from canopy mixing
length theory [Katul et al., 2011], with f approximately constant for low-depth flows:

f = 8β2 exp

(
Hc

β2Lc

)
(A.2)

where Hc is the canopy height, β is a the momentum absorption coefficient that varies
with canopy density, and Lc is an adjustment length scale parameterizing the loss of turbulent
kinetic energy from advecting eddies due to their dissipation by drag element.

The cylinder array scheme is derived from flume studies representing vegetation as an
array of infinitely tall cylindrical rods [Tanino and Nepf, 2008, Wang et al., 2015]. A force
balance approach, wherein the weight of the fluid is balanced by vegetation resistance to
flow, is used to relate the physical characteristics of the canopy to a drag coefficient [James
et al., 2004, Wang et al., 2015, Tanino and Nepf, 2008]. The roughness parameter is related
to the vegetative drag coefficient Cd as:

α =

√
CdmD

(1− φ)2g
(A.3)

where Dveg is the stem diameter, φ is the area concentration of stems within the vegetated
patches, and m is the number of vegetation stems per unit ground area (φveg = mπD2

veg/4).
Cd can be experimentally determined from flume experiments. For example,Cheng and
Nguyen [2010] use a large library of experiments to fit Cd as a function of Reynolds number
and cylinder attributes.

A.2 Resistance sensitivity to scheme

In experimental studies, the sensitivity of f to Reynolds number or slope is frequently ex-
amined with a log-log plot. Accordingly, we assume that f can be described by a power law
expression of the form:

f = aRebSco (A.4)

where a, b and c are constant parameters. As in Section 2.3, we consider the case of
steady-state, kinematic flow on a uniformly vegetated hillslope under constant rainfall.
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Combining the definition of f with the general form of the resistance equation:

U =

(
8gh

f
So

)1/2

=
1

α
Sηoh

m (A.5)

Next, with the combined constraints of continuity and kinematic flow, h can be determined
as a function of distance x from the ridge. Combining resistance and continuity equations
and solving for h:

hm+1 = αqS−ηo (A.6)

Substituting Equation A.6 into Equation A.5 and simplifying:

fm+1 = (8g)m+1α3Sm+1−3η
o q1−2m (A.7)

Finally, substituting Re = q/ν:

fm+1 = (8g)m+1α3Sm+1−3η
o (νRe)1−2m (A.8)

By comparison to Equation A.4, the resistance sensitivity to Reynolds number is related
to m by:

b =
1− 2m

1 +m
(A.9)

Similarly, the f sensitivity to slope is related to m and η by:

c =
m+ 1− 3η

1 +m
(A.10)

For example, for laminar flow (m=2, η=1), Equations A.9 and A.10 yield the familiar
f = aRe−1.
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Appendix B

Predicting Velocity with Random
Forest Regression

The application of the RF regression approach to the maximum overland flow velocities
(Umax) is presented here. The approach is nearly identical to that described in Chapter 4,
and presented using the same collection of SVE-R simulations (see Figure B.1 for examples
of the simulated Umax fields, for the same cases as Figure 4.5). The principal difference is in
the assessment metrics: the RMSE is normalized by the maximum overland flow velocities,
because very small velocities produce very large NRMSE values otherwise. The hillslope
mean Umax is used in place of the infiltration fraction as a hillslope-scale assessment metric.

The same features were used to predict Umax and I, as summarized in Table 4.2. Several
examples of the features engineered for bare soils are displayed in Figure B.2, analogous to
Figure 4.7.

As in Chapter 4, visual inspection was used to assess the RF performance (see Figure B.3).
RF performance was further assessed as a function of patch length scale (Figure B.4), and
rain depth and duration (Figure B.5). The performance is slightly worse for the test set (σ =
2), as expected. The accuracy tends to improve with increasing σ (increasing patch size),
possibly because the spatial correlation of the simulated flow fields also increases, making the
emulation problem easier (fewer degrees of freedom). The NRMSE is relatively insensitive
to rain depth, but increases slightly with increasing duration. The increase in NRMSE with
increasing duration may reflect the construction of the storm parameter space such that
increasing storm duration corresponds to decreasing intensity, less runoff production, and
thus less spatial coherence in the overland flow field.
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Figure B.1: Maximum velocity maps for a 20 minute storm with p = 9.6 cm/hr, So = 2%,
KS,V = 1.5 cm/hr and KS,B = 0.15 cm/hr, using the vegetation maps from Figure 4.3.
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Figure B.2: Examples of RF features used to make predictions for bare soil areas: (A) dis-
tance to the nearest upslope vegetated cell, (B) across-slope distance to the nearest vegetated
cell, (C) the length of the upslope vegetated patch. Panels D-F show the upslope vegetation
fraction computed with window lengths 12, 20 and 28, respectively (values in vegetated areas
are set to 0 in panels D-F for clarity). Scattered green points indicated vegetated cells.
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Figure B.3: Example comparison between the SVE-R and RF predictions of Umax for a
hillslope from withheld set (vegetation density φV = 0.4, σ = 2, tr = 10 min and d = 1.2
cm). The SVE-R simulated Umax (panel A) and the corresponding RF prediction (panel B)
are visually very similar.

Figure B.4: A box plot summarizing the NRMSE, grouped by patch length-scale (σ), with
hatches to indicate the test-set (σ = 2). The NRMSE is generally higher for the test set,
and decreases with increasing σ.
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Figure B.5: NRMSE grouped by rain depth (panel A) and duration (panel B). The NRMSE
is insensitive to rain depth, and increases slightly with increasing rain duration.
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Appendix C

Random Forest Methods

This appendix describes the approach used to select the feature parameters (the window
size λ and the smoothing kernel ζ) and the random forest parameters (max depth and
min sample split). Rather than optimize the RF performance, the parameter selection pro-
cess qualitatively considered several factors: (i) predictive accuracy, (ii) the memory usage
and (iii) the time required to fit the RF regressors to the SVE-R model output.

Two representative subsets of SVE-R simulations were selected for assessing the param-
eters, each consisting of 80 simulations. The first is a subset of the simulations detailed in
Chapter 5, consisting of all storms with d = 0.4 cm, and referred to here as the ‘pattern sim-
ulations’. These simulations were also introduced in Chapter 4 to describe the RF emulator
methods, and the parameter values are given in Table C.1, case A. The second subset of
SVE-R simulations consists of the 30 minute storms on hillslopes with So = 10%, KS,V = 10
cm/hr from the Chapter 6 simulations, referred to as the ‘web-app simulations’ (see Table
C.1, case B). The storm characteristics, soil parameters and slopes are sufficiently different
between the pattern and web-app simulations that they are considered to span a range of
landscapes and storms, and thus be appropriate for parameter testing.

Random forest performance was assessed with the NRMSE of the test set (consisting of
all vegetation patterns with σ=2, as defined in Chapter 4). The NRMSE of predictions made
on vegetated cells, NRMSE(veg), was used to quantify the RF performance at predicting
infiltration, because vegetated areas are more relevant than bare soil areas to plant water
availability and the hillslope runoff coefficient. Similarly, the RF performance for Umax, was
assessed on the NRMSE for bare soil areas, NRMSE(bare), because overland flow velocities
tend to be greater in bare soil areas and therefore more relevant to erosion risk assessment.
The NRMSE(veg) is computed as the mean RMSE(veg) of the hillslopes in the test set,
divided by the mean SVE-R predictions, and similarly for NRMSE(bare). In assessing
the results, I examined whether adding more features or increasing tree size resulted in
overfitting, which would be observed as worsening performance on the test set with increasing
model complexity.

In addition to random forest predictive performance, I also evaluated the training time
and the storage size of the RF regressors. This allows for assessment of the relative trade-
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Table C.1: Parameters for the two subsets of SVE-R simulation used to select the feature
parameters (ζ and λ) and RF parameters (max depth and min sample split). Where Case
A and Case B simulations differ, duplicate parameters are included for clarity.

Parameter Description Units Values

(Case A) Subset from the pattern (Chapter 5) simulations
So Hillslope gradient % 2.0
KS,V Hydraulic conductivity (vegetated sites) cm/hr 1.5
KS,B Hydraulic conductivity (bare soil) cm/hr 0.15
d Storm depth cm 0.4
p Rainfall intensity cm/hr 0.6, 0.8, 1.2, 2.4
Lx, Ly Domain size m 200 × 100
dx Grid resolution m 2.0

(Case B) Subset from the web-app (Chapter 6) simulations
So Hillslope gradient % 10
KS,V Hydraulic conductivity (vegetated sites) cm/hr 10
KS,B Hydraulic conductivity (bare soil) cm/hr 0.1
tstorm Storm duration min 30
p Rainfall intensity cm/hr 2.5, 5, 7.5, 10
Lx, Ly Domain size m 100 × 50
dx Grid resolution m 1.0

Common parameters

nB Manning’s n (bare soil) s m−1/3 0.03

nB Manning’s n (vegetated sites) s m−1/3 0.1
φV Vegetation fraction − 0.2, 0.4, 0.6, 0.8
σ Patch length scale − 0, 1, 2, 3, 4

offs between the RF performance and the computational demands associated with the RF
regression. Since the use of RF regression is intended to speed up predictions and analysis,
these performance metrics are pertinent to the specification of the regressors.

C.1 Feature Parameter Selection

Obtaining features from the input vegetation patterns involves a number of spatial operators,
which decompose the 2D vegetation field into a cell-level, ‘neighborhood’ representation of
each grid cell, as described in Chapter 4. The feature parameters, λ and ζ, are used by
the spatial operators. Specifically, λ is the window length used to compute the upslope
vegetation fractions, and each value of λ corresponds to a unique feature φV,λ. ζ describes
the length-scale of Gaussian smoothing, which is applied to all features (including the φV,λ
features). Visual examples of λ can be seen in Figure 4.7 for vegetated cells and Figure B.2
for bare soil cells, and an example of ζ is given in Figure 4.8.
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Table C.2: Window lengths used to compute average upslope vegetation fraction. Window
lengths are specified as the number of grid cells.

Case abbreviation Window lengths

L1 −
L2 4, 12, 20, 28
L3 4, 12, 20, 28, 36, 44, 52
L4 3, 4, 5, 6, 10, 14, 18, 22, 30, 38, 46, 54

To select the upslope window lengths, four sets of λs were tested, as listed in Table C.2.
These cases range from no values of λ (i.e. omitting upslope vegetation fraction) to 12 values
of λ. In case L4, the window lengths are closely spaced for small upslope distances, with
decreasing resolution for larger upslope lengths. Cases L2 and L3 have the same uniform
distribution of window lengths, but case L3 includes larger λ values. There are, of course,
many combinations of windowing lengths that could be tested, and the primary objective
was to establish the sensitivity of the RF performance to the specification of the upslope
windowing lengths.

Figure C.1 presents the RF training time versus NRMSE for cases L1 - L4, for the
pattern (panel A) and web-app (panel B) simulations. Increasing the number of window
lengths increases the training time, with small improvements in performance. For the pattern
simulations (Panel A), NRMSE decreases from L1 to L2 for infiltration and Umax, but does
not further decrease with more window lengths. For the web app simulations (Panel B),
the infiltration predictions are not improved by including upslope vegetation density (left).
There is a small decrease in Umax NRMSE from L2 to L3 (suggesting that, for the steeper
slopes, longer length scales are relevant to predicting Umax in bare soil areas). The NRMSE
does not increase with the addition of more window lengths in any of these cases, suggesting
that the multicollinearity introduced by adding correlated features (i.e. upslope vegetation
fractions computed at multiple window lengths) does not lead to overfitting. The marker
sizes show the RF memory usage (Mb), and the similarity amongst the marker sizes in all
cases indicates that the memory usage is insensitive to the number of window lengths.

A range of feature smoothing options was tested, including: ζ= 0,1,2,3, [1,2], and [1,2,3],
where values in brackets indicate smoothing with multiple length scales, and 0 indicates
that no feature-smoothing was applied. Figure C.2 shows the NRMSE versus training time
for each option, with marker sizes scaled to show memory use. In most cases, introducing
some smoothing (ζ = 0 vs. ζ=1,2 or 3) improves predictor accuracy, with small increases
in training time (the exception is Umax in the web-app simulations). Introducing more than
one ζ does not improve accuracy, and increases training time significantly. On the basis of
these results, limiting the smoothing length scale to one value (ζ = 2 or 3) was determined
to be the best choice.
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Figure C.1: NRMSE versus training time for the pattern (panel A) and web-app ( panel
B) simulations. SVE-R simulations, with the upslope windowing lengths case indicated by
marker color. Marker sizes are proportional to the memory use, suggesting low sensitivity
to the number of window lengths. The RF regressors were trained with ζ = 2, max depth
= 15 and min sample split = 20.

C.2 Random Forest Parameters

In fitting the random forest regressors, the optimal size of the individual decision trees is
an important factor. Trees that are too large risk overfitting the training data and poorly
generalizing to new samples, while trees that are too small may not capture important
structural information about the sample space [Hauskrecht, 2003]. Random forests are made
up of a large number of decision trees, where every node in a decision tree is conditioned
on a single feature, which splits the data so that similar values are grouped in the same
subsets [Shih, 2012]. To grow a decision tree, each split condition is chosen to reduce the
impurity measure (typically the variance for regression trees), which quantifies how well the
two classes are separated. In sci-kit learn, the default values for the parameters controlling
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Figure C.2: The sensitivity of the NRMSE and training time to ζ for the pattern (panel
A) and web-app (panel B) simulations. In panel A, smoothing with ζ = 2 or ζ = 3 results
in the best performance, with respect to NRMSE and training time. Smoothing does not
significantly improve the RF predictions in the web-app case (panel B), most likely because
the steeper slope results in flow more closely aligned along the slope gradient. In both case,
smoothing at multiple length scales does not improve performance. Marker size shows file
size, indicating low sensitivity to the smoothing length scale.

the size of the trees (e.g. max depth, min samples split) result in fully grown and unpruned
trees, where each leaf node corresponds to the lowest impurity. The default parameters
can result in overfitting and potentially very large trees on some data sets, so controlling
the complexity and size of the trees is needed to obtain good results with respect to both
predictive accuracy and memory consumption.

Preliminary tests indicated that the accuracy and memory usage were sensitive to param-
eters controlling the tree size, and that the best performance would be obtained by specifying
these parameters to limit tree growth. While sci-kit learn provides built-in parameter tuning
functionality (e.g. GridSearchCV), this functionality does not allow for assessment across
multiple criteria (i.e. RF memory usage, RF training time). Consequently, following an ini-
tial exploratory analysis, a small parameter grid, consisting of all combinations of max depth
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= 10, 15, 20 and min sample split = 10, 15, 20, was manually tested (i.e. by fitting a RF
regressor for each parameter combination, and assessing the test set NRMSE, training time
and memory usage).

Figure C.3 displays the NRMSE versus memory usage for this parameter space, with
marker size scaled by training time. The NRMSE and training time sensitivity to max depth
and min sample split are low, while memory usage ranges from approximately 8 Mb to
100 Mb with increasing RF complexity. The RF accuracy improves slightly by increasing
max depth from 10 to 15, but further increases in max depth result in only marginal im-
provements in performance. The results suggest that when memory usage / storage limits
are not constraining factor, max depth = 15 and min sample split = 20 are good choices.
Where memory or storage constraints arise, max depth = 10 also performs well, for any
value of min sample split (see Table C.3).

Figure C.3: Points represent each combination of max depth and min sample split, indicat-
ing very little sensitivity in terms of performance to the RF specification. The max depth =
10 results, circled in green, are the same for all values of min sample split. Increasing tree
complexity beyond max depth = 15, min sample split = 20 (red circles), does not lead to
improvements in accuracy.
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Table C.3: Select NRMSE scores for the ‘best’ (max depth = 15, min sample split = 20)
and ‘best if space limited’ (max depth = 10, min sample split = 20) parameter cases.

Target max depth min sample split NRMSE(veg) NRMSE(bare) File size (Mb)

Case A (Ch 5 subset with d = 0.4)
I 10 20 0.205 0.071 7.04
I 15 20 0.198 0.0678 34.4
Umax 10 20 0.358 0.134 6.53
Umax 15 20 0.348 0.128 28.1

Case B (Ch 6 subset with So = 10%,KS,V = 10 cm/ hr, tstorm = 30 min)
I 10 20 0.104 0.0512 6.91
I 15 20 0.0926 0.0505 41.3
Umax 10 20 0.172 0.109 8.14
Umax 15 20 0.152 0.106 53.2

C.3 Discussion and Conclusion

The sensitivity to varying the feature parameters and random forest parameters was indepen-
dently assessed for each parameter, while holding all other parameters fixed. For example,
ζ = 2 was selected as the best smoothing length scale by assessing a range of ζ options
while holding the RF parameters and λs fixed. A more thorough approach would involve a
grid search over these parameters. However, because the sensitivity of the NRMSE to the
parameter specification was low, this approach was deemed sufficient.

In selecting the feature parameters and random forest parameters, I did not attempt to
optimize across all potential combinations. Instead, I attempted to determine a set of param-
eters that would achieve good predictive accuracy, while also limiting the required storage
requirements and training time. Increasing the number of features increases the required
training time (see Figures C.1 and C.2), with marginal improvements in accuracy and little
change in memory usage. Increasing the tree complexity (i.e. increasing max depth or de-
creasing the min sample split) results in increased memory usage, but does not significantly
influence the training time. Finally, because the RF performance is not very sensitive to
the selection of these parameters, the parameters determined here to obtain the best results
were used to fit the RF regressors in all Chapter 5 and Chapter 6 cases.
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