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Abstract of the Dissertation

Array Independent Component Analysis with
Application to Remote Sensing

by

Irina A. Kukuyeva
Doctor of Philosophy in Statistics

University of California, Los Angeles, 2012

Professor Jan de Leeuw, Chair

There are three ways to learn about an object: from samples taken directly from

the site, from simulation studies based on its known scientific properties, or from

remote sensing images [64]. All three are carried out to study Earth and Mars.

Our goal, however, is to learn about the second largest storm on Jupiter, called

the White Oval, whose characteristics are unknown to this day [55]. As Jupiter is

a gas giant and hundreds of millions of miles away from Earth [13], we can only

make inferences about about the planet from retrieval algorithms and remotely

sensed images.

Our focus is to find latent variables from the remotely sensed data that best ex-

plain its underlying atmospheric structure. Principal Component Analysis (PCA)

is currently the most commonly employed technique to do so. For a data set

with more than two modes, this approach fails to account for all of the vari-

able interactions, especially if the distribution of the variables is not multivariate

normal; an assumption that is rarely true of multispectral images. The thesis

presents an overview of PCA along with the most commonly employed decom-

positions in other fields: Independent Component Analysis, Tucker-3 and CAN-

DECOMP/PARAFAC and discusses their limitations in finding unobserved, in-

dependent structures in a data cube.
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We motivate the need for a novel dimension reduction technique that generalizes

existing decompositions to find latent, statistically independent variables for one

side of a multimodal (number of modes greater than two) data set while account-

ing for the variable interactions with its other modes. Our method is called Array

Independent Component Analysis (AICA). As the main question of any decom-

position is how to select a small number of latent variables that best capture the

structure in the data, we extend the heuristic developed by Ceulemans and Kiers

in [10] to aid in model selection for the AICA framework.

The effectiveness of each dimension reduction technique is determined by the

degree of interpretability of the uncovered hidden variables. AICA discovered two

temperature gradients of the White Oval that matched the ones above the visible

clouds of the Great Red Spot (in the North-South and West-East directions) [26],

isolated the small storm to the South-East of the White Oval and identified the

Raleigh scatter of gas molecules [52]. The other techniques, including PCA, did

not isolate these or any other interpretable components.
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CHAPTER 1

Introduction

1.1 Statement of the Problem

Multivariate data sets are common in statistics, though it is not usually the case

that all variables and their interactions can be modeled simultaneously. In many

cases, analyses suffer from the “curse of dimensionality” and need to find a compro-

mise between model complexity and fit. Because of this tradeoff, researchers use

dimension reduction techniques to simultaneously reduce the data volume while

retaining most of the information in the data set. We extend these techniques by

relaxing the normality assumption for a multivariate data set with more than two

modes in order to reduce its volume and to find latent, independent variables for

one of its modes, accounting for the variable interactions with its neighbors.

We call our method Array Independent Component Analysis (AICA) and apply

it to multispectral images of the White Oval, a storm on Jupiter, captured by

the Hubble Space Telescope and the Infrared Telescope Facility. By reducing the

data volume, we are interested in learning about the characteristics of the storm,

which are unknown to this day [55]. AICA is able to extract temperature profiles,

the small storm to the South-East of the White Oval, and the Raleigh scatter

of gas molecules [52]. These findings outperform previously developed and most

commonly used dimension reduction techniques because they arrived at directly

interpretable components.

1



1.2 Data Representation

We consider all data sets to be arrays, which generalize the notion of vectors and

matrices, and make a distinction between a mode of an array and the dimension

of a mode. With this formulation, a vector XN is an array that has only one mode

of dimension N , where N is the number of elements in the vector; a matrix XN×M

is an array with two modes, with dimensions N and M , respectively for number

of rows and columns; a data cube XN×M×K is an array with three modes, with

dimensions N , M , and K, respectively for its height, width and depth. For a more

concrete example, an array with two modes may store responses of 10 subjects to

five questions, as shown in Figure 1.1, where Mode 1 contains the 10 subjects, one

per row; and Mode 2 corresponds to the subjects’ responses to five questions, one

per column. Therefore, the dimensionality of Mode 1 is 10, and five for Mode 2.

An example of a data cube XN×M×K , which has three modes, is shown in Fig-

ure 1.2. We can use it, for instance, to represent 10 subjects’ ratings for three

brands on five attributes, as shown in Figure 1.3. Then Mode 1 corresponds to

10 subjects, one in each row; Mode 2 to each of five questions, one per column,

asked of each subject about a particular brand; and Mode 3 associates that in-

formation with each brand; there will be one questionnaire for each brand, from

each respondent. The resulting dimensions of the modes of this array are: ten,

five, and three respectively.

1.3 Notation

In this thesis, we use the following conventions. Upper case, italicized letters in

calligraphic font, as in X , are arrays with three or more modes. Its slices or two

mode arrays are denoted by boldface upper case letters, for instance, X. Columns

2



Figure 1.1: Schematic of a two mode array that contains 10 subjects’ responses

to five questions about a particular brand.

Xi

N

M

X

K

Figure 1.2: Schematic of a three mode data set XN×M×K , where each Xi is a slice

of the data set.

of two mode arrays are represented by italicized upper case letters, such as Xi.

Scalars or elements of an array with an appropriate number of subscripts are in

italicized lower case letters: x, xi, xij or xij···k.

1.4 Thesis Outline

The thesis is organized as follows: Chapter 2 provides an overview of the most

commonly used dimension reduction techniques; Chapter 3 introduces a novel

3



Figure 1.3: Schematic of a three mode array that contains 10 subjects’ responses

to five questions for three brands.

dimension reduction technique called AICA, which extends previously developed

methodology and finds independent components for one side of a data cube, ac-

counting for the variable interactions with its neighboring sides; Chapter 4 in-

troduces a heuristic for selecting the number of components per mode for the

dimension reduction techniques discussed in the thesis; Chapter 5 presents an

overview of the White Oval on Jupiter and the interpretable results of AICA in

the analysis of the remotely sensed images of the storm. We close with a dis-

cussion of findings and remarks on further research in Chapter 6. The relevant

background needed to understand the concepts presented here are introduced in

Appendices A-C. We found results of previously developed dimension reduction

techniques uninterpretable; we include them for completeness in Appendix D.
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CHAPTER 2

Previous Work in Dimension Reduction

Techniques

2.1 Overview

Dimension reduction techniques find latent (or unobserved) variables, called com-

ponents, which reveal the data set’s structure more effectively than the original

(raw) variables. Usually a relatively small number of components are extracted

and analyzed as a new data set, thereby reducing the data volume [45], [47].

The methods discussed in the thesis assume that the latent variables or com-

ponents are linearly mixed within our data set. These techniques find loading

matrices that tell us how to weight (or load) the observed variables such that we

un-mix the components. By examining the size and magnitude of the coefficients

used to form these components, we gain insight into which variables are more

important in explaining the original relationships in the data set [44]. There have

been many approaches developed for finding the components. They differ in how

they quantify the structure in the data set, determine how many components cap-

ture most of its information and how to find the coefficients needed to form these

components.

We reduce the volume of the data set by extracting a smaller number of compo-

nents than the number of variables in a given mode. Suppose that our data set X

is an N ×M ×K data cube whose latent structure we want to find by reducing

5



its volume to get a smaller data cube Y . There are three scenarios for the sizes of

the modes for Y . We can (without loss of generality) either reduce the depth of

X only, to get an N ×M ×L (L < K) cube; or reduce all three of its sides to get

a P ×Q×R (P < N , Q < M , R < K) cube1; or reduce all three of its sides such

that they are also equal, to get a cube that is R×R×R (R < N , R < M , R < K).

This chapter discusses how to find Y via the most commonly employed dimen-

sion reduction approaches for two and three mode data sets. First we present the

techniques aimed at analyzing a two mode representation2 of a data cube. We

then outline some of the existing methods developed for analyzing the data cube

directly via three mode data decompositions. The last section of this chapter con-

trasts the approaches, and paves the way to understanding the AICA framework

and its contribution to extending existing dimension reduction techniques.

2.2 Two Mode Dimension Reduction Techniques

2.2.1 Principal Component Analysis of Two Mode Data

Principal Component Analysis (PCA) is the most commonly used dimension re-

duction technique. Its goal is to find uncorrelated components that best recreate

the variance of a two mode data set in fewer dimensions. We only need to know

the mean and variance of the data set (second order statistics) 3 to do so.

To perform PCA, we unfold the original data set XN×M×K as outlined in Ap-

pendix A.2.1.1 to get X̃NM×K . Then, we standardize4 the columns of X̃NM×K

and denote the new data set by XS. Let Z = XT
SXS be the K × K full rank

1If there were only two strict inequalities, the decomposition is called Tucker-2; the one with
only one strict inequality is a Tucker-1 or PCA [42]. We focus on the most general case, which
reduces all three modes and is hence called Tucker-3.

2Please see Appendix A for an overview of how to reshape a data set to have two modes.
3Please see Appendix B for an introduction to order statistics.
4To standardize the data values, first subtract the column means from the column’s obser-

vations and then divide by the column’s standard deviation.
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variance-covariance5 data matrix, where K is the dimensionality of the third mode

of X . We then minimize the loss function in Equation 2.1 to find U and V with

diagonal constraints on their sums of squares.

min
UT U diagonal
VT V diagonal

||Z−UV||2. (2.1)

Following the derivation of Appendix C.3, PCA is deterministic and we only need

to perform Singular Value Decomposition (SVD) on Z to decompose it without

error and find orthogonal eigenvectors U (UTU = IK) such that6:

Z = UDUT =
K∑
i=1

λ2
iUiU

T
i =

K∑
i=1

λ2
i (Ui ⊗ Ui), (2.2)

where D is a K × K diagonal matrix of eigenvalues denoted by λ2
i (or squares

of singular values λi); and ⊗ denotes the outer product.7 The expression on the

right hand side of Equation (2.2) [43] states that Z can also be expressed as a

sum of rank-one matrices. We return to this idea in Section 2.3.2 when discussing

generalizations of SVD to data sets with more than two modes.

To find the latent variables in PCA, called the Principal Components (PCs) and

denoted by Y, weight the columns of the variance-covariance matrix Z by the

eigenvectors U [2] as expressed in Equation 2.3:

Y = ZU. (2.3)

In PCA literature, U is usually called the loading matrix. By the properties of

SVD, the components resulting from the rotation of the variables by the load-

ing matrix are uncorrelated with one another and have maximum variance. For

5Because, in this case, we have standardized the data values prior to finding their variance,
the matrix Z is also the correlation matrix. To be consistent with the methodology discussed
later in the thesis, we will, nonetheless, refer to Z as a variance-covariance matrix.

6Because Z is symmetric, the result of SVD is equivalent to an Eigen Decomposition (ED).
PCA can also be used to decompose the original standardized (not square) data set XS via
Singular Value Decomposition as XS = UDVT, where the singular vectors U from SVD are
equivalent to eigenvectors U from the ED of the variance-covariance matrix of XS .

7For an overview of outer product, please see Appendix A.
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Gaussian data, uncorrelated components are also independent [33].8

Since we want to reduce the depth of the original data set, suppose that we chose

to extract L components (L < K).9 As a result, the smaller loading matrix U0

will have L columns, corresponding to the eigenvectors associated with the largest

eigenvalues.10 Then, following the logic of Equation 2.3, we will have L principal

components, each of length NM :

Y0 = ZU0. (2.4)

We can approximate the original data by manipulating Equation (2.4) to get:

Ẑ = Y0U
T
0 , (2.5)

as the inverse of an orthonormal matrix is its matrix transpose. We use Equa-

tion 2.5 to evaluate how well we captured the information in the preprocessed data

set by extracting a limited number of PCs. To do so, we compute and analyze

the residuals for patterns. Equation 2.6 expresses the residuals as any structure

left over in the data set after we approximate it:

Ψ = Z− Ẑ

= Z−Y0U
T
0

= Z− (ZU0) UT
0 .

(2.6)

If patterns are present in the residuals, then the model has not captured all of the

important features of the data. In that case, one can either include a different

number of components (per rule of thumb discussed in Chapter 4) or switch to a

different dimension reduction technique.

8Please see Appendix B for further details.
9Please see Appendix D for a discussion on how to choose the number of PCs to extract.

10If matrix Z was not of full rank, then in the decomposition, some eigenvalues will be exactly
zero. Hence we will be able to reduce the dimensionality of the matrix without compromising
the model fit by omitting the columns of U associated with null eigenvalues.

8



Chapter 5 provides an example of PCA applied to a remotely sensed data set and

compares the resulting components to those of other techniques discussed in the

thesis.

2.2.2 Independent Component Analysis of Two Mode Data

For arrays with two modes, PCA finds uncorrelated components [33]. They are

also independent if the distribution of the variables is jointly normally distributed

[33]. If that is not the case, we can find independent components of a two mode

data set via ICA and reduce its depth by selecting a smaller number of Indepen-

dent Components (ICs) than the size of its third mode.11 Unlike PCA, there is

no closed form solution to ICA and components are not ordered in terms of a

percentage of variance of the data set explained, but by largest measure of non-

gaussianity, which acts as a proxy for quantifying variable independence [33]. To

familiarize the reader with ICA, we begin with an overview and then discuss the

most common optimization criteria used for finding the components.

The preprocessing steps of ICA are similar to performing PCA. We first unfold the

data array (per Appendix A) and center the columns to get an NM×K array X̃C

[33]. We then decompose the full-rank variance-covariance matrix ZC = X̃T
CX̃C of

the centered data via SVD: ZC = UDUT, where D is a K×K diagonal matrix of

eigenvalues denoted by λ2
i (or squares of singular values λi) and UTU = IK [33].

If we define the whitening matrix to be V = D−
1
2 UT , then we can decorrelate

the data to get ZD = X̃CV [33]. It is this data set with uncorrelated components

that we rotate toward independence via W. As ICA does not have a closed form

solution, we optimize an objective function or contrast to find it.12 The resulting

components S = ZDW, will be statistically independent.

11Please see Chapter 4 for a discussion of how to choose the number of Independent Compo-
nents to extract.

12Please see Appendix C for an overview of contrast functions.
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To reduce the dimensionality of the original data set, suppose we chose to extract

L components (L < K).13 We denote the smaller set of these via Equation 2.7:

S0 = ZDW0 (2.7)

and use it to evaluate how well a limited number of components L (L < K)

capture the salient features of the preprocessed data set. To do so, we evaluate

the residuals from the approximation:

Φ = ZD − ẐD

= ZD − S0A0,
(2.8)

where A0 is the Moore-Penrose inverse14 of the matrix W0. One way to evaluate

model fit is to examine plots of residuals versus each of the original variables for

patterns. If such patterns exist, our model did not capture all of the important

information and either we need to include a different number of components (as

outlined in Chapter 4) or another technique is more appropriate.

We now take a step back and present the most common optimization criteria one

can employ to quantify variable independence and find W.15 By definition of

ICA, we know that the observed centered variables of the data set X̃C are made

up of a sum of independent sources that we have to un-mix via W [33]. The

Central Limit Theorem tells us that (under certain conditions) the distributions

of these sums tends toward a Normal distribution as we extract a large (large

→∞) number of components [33], [15]. Therefore, to un-mix the ICs, we search

for one component in each maximally non-gaussian direction [33]. We begin by

describing how to do so in terms of Mutual Information.

13Please see Chapter 4 for a discussion on how to choose the number of components to extract.
14The Moore-Penrose inverse is a generalized inverse for non-square matrices.
15Please see Appendix C.2 for an overview of properties for a loss function, aimed at evaluating

source separation criteria.
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2.2.2.1 Contrast Based on Mutual Information

Mutual Information (MI) is one way to quantify variable independence for a ran-

dom variable; in our case, the random variable is an independent component. MI

measures how much information is lost when we estimate the joint distribution of

the sums of the components by one whose components are independent [15], [16],

[33], [71]. The quantity is always nonnegative and vanishes if and only if a vari-

able is statistically independent [33], [32].16 It is formulated via Kullback-Leibler

divergence [15], [16], [33], [71]:

I(pS) = KL

(
pS;

K∏
i=1

pSi

)
=

∫
pS log

pS∏M
i=1 pSi

dS, (2.9)

where pS represents the joint probability distribution function (PDF) for the sums

of the components (or the PDF of the original data set); and pSi
represents the

marginal PDF of one component [16].

MI is difficult to estimate in practice, as we have to integrate over the PDF [33].

As a result, there are two possible estimation scenarios. Authors in [14] and

[5] (as discussed in [32]) recommend approximating MI via polynomial density

estimations employing higher order cumulants, which, unfortunately, are sensitive

to outliers [33]. Alternatively, we can use kernel density estimation, but the result

will be sensitive to the kernel function and smoothing parameters used [33], [32].

We discuss the former in more details in the following section, as it is the least

subjective among the two approaches.

2.2.2.2 Contrast Based on Approximations of Mutual Information

One way to approximate the probability density function of a variable is via an

Edgeworth expansion [33], [32]. For a standardized univariate random variable x,

16Because our goal is to extract a predetermined number of independent components at the
same time (deemed the “parallel” approach by Hyvärinen et al. in [32] as opposed to the
“deflatory” approach where the components are extracted one-by-one), we use MI to quantify
nongaussianity.
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an estimate for MI via an Edgeworth expansion is:

I(px) ≈ Constant +
1

12
κ2

3 +
1

48
κ2

4 +
7

48
κ4

3 −
1

8
κ2

3κ4 + o(m−2), (2.10)

where κ3 is skewness (or third order cumulant17) and κ4 is kurtosis (or fourth

order cumulant) [33], [15], [32].

To derive a multivariate estimate of MI via an Edgeworth expansion, we need to

account for all possible dependencies between the variables. The generalization

simplifies for the joint PDF of the ICs, because, by definition, they are mutually

independent of one another [16]. Furthermore, if the variables that make up the

components are whitened beforehand (as outlined in Section 2.2.2), the multivari-

ate approximation of MI will involve only marginal cumulants [15], [16], as shown

in Equation 2.11:

I(pS) ≈
K∑
i=1

[
1

12
κ2
iii +

1

48
κ2
iiii +

7

48
κ4
iii −

1

8
κ2
iiiκiiii

]
. (2.11)

The subscripts emphasize the fact that only diagonal elements of the joint cumu-

lant array matter, as the sources are independent at the optimal solution [15], [16].

Unfortunately, there are drawbacks to approximating MI by an Edgeworth expan-

sion as well. First, the approximation is valid only when the distribution of the

original data set is close to normal [32]. Second, there has been no research refut-

ing or proving the claim that Equation 2.11 is a contrast function [15]. As such,

we cannot proceed to optimize it, since convergence is no longer guaranteed [15].

In the next section we present a simpler approach, and one that is also a contrast

function, to approximate the independence of the components via multivariate

cumulants.

17Please see Appendix B for an overview of cumulants.
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2.2.2.3 Contrast Based on Multivariate Marginal Cumulants

An alternative approach to quantifying independence of components is via multi-

variate cumulants. Close inspection of Equation 2.11 suggests that if the fourth

order marginal cumulants are significantly smaller than those of the third order,

we can instead optimize over the sum of the third order marginal cumulants only

[15]. Equation 2.12 shows one formulation of the loss function for evaluating

independence of components [20]:

K∑
i=1

K∑
j=1

K∑
k=1

(
cijk −

L∑
i=p

γpaipajpakp

)2

, (2.12)

where cijk denotes the elements of the third order cumulant array for a standard-

ized data set X̃ with K variables; L is the number of components we wish to

extract; γi is the theoretical univariate skewness of each independent component;

and A is the loading matrix that is equivalent for each mode of C, as cumulant

arrays are symmetric.18

Similarly, if the third order marginal cumulants are significantly smaller than

those of the fourth order, we can diagonalize the sum of the fourth order marginal

cumulants instead [15]. Equation 2.13 shows a generalization of Equation 2.12 for

finding independent components in this case [20]:

K∑
i=1

K∑
j=1

K∑
k=1

K∑
l=1

(
cijkl −

L∑
i=p

κpaipajpakpalp

)2

, (2.13)

where cijkl are the elements of the fourth order cumulant array for a standardized

data set X̃ with K variables; L is the number of components we wish to extract;

κi is the theoretical univariate kurtosis for each independent component; and A

is the loading matrix that is equivalent in each mode of C.

18Please see Appendix B for more details.
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As mentioned in Section 2.2.2.1, the main drawback of optimizing over cumulants

is their sensitivity to outliers [33]. Their main advantage is that Comon in [15]

proved that Equations 2.12 and 2.13, which find the marginal cumulants, are in

fact contrast functions, if no more than one independent component has a standard

cumulant that vanishes for order higher than two. We return to these contrasts

in Chapter 3 when we discuss how we find independent components for a data set

of three or more modes via Array Independent Component Analysis.

2.3 Three Mode Dimension Reduction Techniques

While data cubes can be analyzed by two mode dimension reduction techniques,

as we saw in previous sections, they do not take into account the relationships

between all three modes and tend to overfit [37]. As a result, three-mode dimen-

sion reduction technique applied to a three-mode data set will be more robust and

interpretable at the expense of a better fit [63], [37].

To reduce the volume of a data cube X to a smaller data cube Y that is P ×Q×R

(P < N , Q < M , R < K) or R×R×R (R < N , R < M , R < K) that also sheds

light on the hidden structures of X , we employ three mode dimension reduction

techniques Tucker-3 and CP. They are two generalizations of SVD to data sets of

three or more modes [41]. Tucker-3 explains a percentage of the total variance in

the data set [50]; its solution is unique up to an orthogonal transformation [41].

CP offers a unique solution of the decomposition up to scale and permutation

of the indices [41]. The two techniques are also the most commonly used for

reducing the volume of three mode data sets [40]. We discuss these techniques in

more detail in the next two sections.
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2.3.1 Principal Component Analysis for Three Mode Data via Tucker

Decomposition

Tucker-3 [69] is one generalization of Principal Component Analysis for data sets

consisting of more than two modes19, where the “3” stands for the number of

modes that we want the loading matrices for [42], [27]. Tucker-3 finds compo-

nents for each mode of the data set that best explain the variability in each mode,

without accounting for the variable relationships in all the other modes [41].

Xi

N

M

X

K

= N

P

A

Q

P

R

G

Q

M B

K

R

C

Figure 2.1: Schematic of the Tucker-3 decomposition, where the loading matrices

for each mode are stored in A, B and C; G is the core array that captures how

each side of the data cube X relates to one another [43].

The decomposition is shown graphically in Figure 2.1, where the loading matrices

for each mode are stored in A, B and C; G is the core array that captures how

each side of the data cube X relates to one another [43]. As in the previous

formulations of dimension reduction techniques, if the aim is also to reduce the

volume of XN×M×K , we choose a smaller number of components per mode, denoted

19Please see [41] for references on extensions of Tucker-3 to higher mode data sets as well as
[40], [36].
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by P , Q and R, respectively (P < N , Q < M and R < K).20 To find them, we

minimize the following loss function [43]:

inf
A,B,C,G

σ(A,B,C,G) =

=
N∑
i=1

M∑
j=1

K∑
k=1

(
xijk −

P∑
p=1

Q∑
q=1

R∑
r=1

aipbjqckrgpqr

)2

.

(2.14)

As Tucker-3 does not have a closed form solution, re-expressing Equation 2.14 by

Equation 2.15 per Appendix C, we get a formulation that is no longer a function

of G, and hence, is faster to optimize:

inf
A,B,C

σ(A,B,C) =

= ||X ||2 − ||X ×1 AT ×2 BT ×3 CT ||2.
(2.15)

where the n-mode product, denoted by ×i is described in Appendix A.2.5; and

the inverse and the transpose of an orthonormal matrix are equivalent. At the in-

fimum, Tucker-3 generates loading matrices for each side of the data cube (stored

in matrices AN×P , BM×Q and CK×R, respectively) as well as a core array GP×Q×R.

We now describe one way to optimize Equation 2.14 and perform the decompo-

sition. First preprocess the data prior to analysis. There are many possibilities

to do so, such as those described in [43] and [38]. For the remotely sensed data

set discussed in Chapter 5, we standardize each slice of the data set X to get X̃ ,

and fix the number of components to be extracted per mode.21 Denote the new

column dimensions of A, B and C by P , Q, and R, respectively (P < N , Q < M ,

R < K), and initialize the loading matrices A, B, and C [4] as:

• AI×P ←− P left, leading singular vectors of X̃(1) associated with the largest

singular values, where notation X̃(i) denotes matricizing or unfolding of the

array X in the ith mode, as discussed in Appendix A.

20Please see Appendix 4 for details on choosing how many components to extract.
21Please see Chapter 4 for a discussion on diagnostics for determining how many components

to extract for a Tucker-3 decomposition.
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• BJ×Q ←− first Q left singular vectors of X̃(2) associated with the largest

singular values;

• CK×R ←− first R left singular vectors of X̃(3) associated with the largest

singular values,

where ←− denotes an update to the matrix.

Next, we proceed to find a solution to the loss function in Equation 2.15 via

Alternating Least Squares (ALS). The idea behind ALS is to fix all the unknown

parameters except for one, update it from the fixed quantities, and cycle through

each of the other unknowns, similarly updating each one, one at a time, until

convergence [42].22 One iteration of the ALS approach, derived in Appendix C.4,

with three steps for updating each of the three unknowns, one at a time, appears

below [4], [41]:

Step 1: Fix B(t) and C(t). Then A(t+1) ←− 1st leading P eigenvectors of:

X̃ ×1 I×2 BT (t) ×3 CT (t) = X̃ ×2 BT (t) ×3 CT (t), (2.16)

Step 2: Fix A(t+1) and C(t). Then B(t+1) ←− 1st leading Q eigenvectors of

X̃ ×1 AT (t+1) ×3 CT (t). (2.17)

Step 3: Fix A(t+1) and B(t+1). Then C(t+1) ←− 1st leading R eigenvectors of

X̃ ×1 AT (t+1) ×2 BT (t+1). (2.18)

We iterate over these three steps to find the optimal loading matrices A, B and

C. The algorithm finishes when the array approximation is within the tolerance

level: ∣∣∣∣||X̃ ||2 − ||G||2∣∣∣∣ < ε.

22The motivation for the steps of the Tucker-3 ALS algorithm are derived in Appendix C.4.
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(We use ε = 10−6.)

To check for global convergence and to evaluate the quality of the solution, authors

in [27] recommend to run the algorithm with a different set of initial conditions

(for instance with random starts). At convergence, compute the core array G as

G , X̃ ×1 AT (t+1) ×2 BT (t+1) ×3 CT (t+1), (2.19)

which is also our desired data cube Y that reduces the volume of X .23

To evaluate how well the method approximates the preprocessed data set, we find

the residuals via Equation 2.20:

Θ̂ , X̃ − X̃ ×1 AT (t+1) ×2 BT (t+1) ×3 CT (t+1), (2.20)

which we reshape to be an array with three modes. By plotting the residuals

for each slice in the array, we can determine if patterns are present; if that is

the case, the algorithm does not account for all of the information in the data

set. We can try to correct for this by extracting a different number of compo-

nents (as discussed in Chapter 4) or choosing a different decomposition technique.

One drawback of Tucker-3, however, is its lack of a unique solution without further

constraints [41], which is not the case for the Canonical Decomposition discussed

in the next section.

23To find uncorrelated components for a three mode data set, the technique can be applied to
virtually any three mode data set where the slices are of equivalent dimensions. For instance,
authors of Principal Component Cumulant Analysis [57] and Moment Component Analysis [35]
employ this framework to analyze higher order cumulants and moments, respectively, of a two
mode data set of stocks. Here we do not restrict X to be symmetric.
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2.3.2 Principal Component Analysis for Three Mode Data via CAN-

DECOMP/PAFARAC

The Tucker-3 decomposition allowed us to reduce the volume of the data cube

XN×M×K to Y that is R × R × R by setting P = R and Q = R. However, if

the researcher’s main objective is to address the uniqueness of the solution and to

overcome its indeterminacy, we recommend a technique called Canonical Decom-

position [9] or Parallel Factors Analysis [30], which we abbreviate as CP (following

the convention of [41]). The solution of CP is unique up to scale of the compo-

nents [41].

The decomposition is shown graphically in Figure 2.2, where the loading matrices

are stored in A, B and C [43]. The diagram shows that here, each component is

linked exclusively with one component from the remaining modes [43]. Its formu-

lation is equivalent to expressing our data set as a sum of R (R < N , R < M ,

R < K) rank-one arrays [41]. As such, it is also a generalization of SVD to higher

mode data sets, and a special case of Tucker-3, where P , Q and R are equal and

the core array G is diagonal [41].

Like Tucker-3, the CP decomposition does not have a closed form solution. As

such, to find the unknown loading matrices, we minimize the following loss func-

tion:

inf
A,B,C,Λ

σ(A,B,C,Λ) =
N∑
i=1

M∑
j=1

K∑
k=1

(
xijk −

R∑
p=1

λiaipbjpckp

)2

. (2.21)

At the infimum, CP generates the loading matrices for each side of the data cube

(stored in matrices A, B and C, respectively), where each column is normalized

to unit length, and λi, i = 1, . . . , R absorbs the column lengths (as in the case

of PCA, shown in Equation 2.2.) [41]. A more common formulation is to further
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absorb λ’s into one of the loading matrices, as shown in Equation 2.22 [41]:

inf
Ã,B,C

σ(Ã,B,C) =
N∑
i=1

M∑
j=1

K∑
k=1

(
xijk −

R∑
p=1

ãipbjpckp

)2

. (2.22)

(In the following equations, we drop the tilde for readability.) The steps to op-

timizing the simplified loss function of Equation 2.22 and performing the decom-

position are outlined below.

The first step is to preprocess the data by centering each column of the original

data set X to get X̃ [8]. We then fix the number of components we wish to extract

per mode to R.24 To finish the preprocessing steps, initialize the loading matrices

A, B, and C as follows [4]:

• AI×R ←− first R left singular vectors of X̃(1) associated with the largest

eigenvalues25;

• BJ×R ←− first R left singular vectors of X̃(2) associated with the largest

eigenvalues;

• CK×R ←− first R left singular vectors of X̃(3) associated with the largest

eigenvalues.

We proceed to find a solution to the loss function in Equation 2.22 via iterating

over the three steps of the ALS [4] algorithm, derived in Appendix C.5:

Step 1: Fix B(t),C(t). Then:

T←− C(t) �B(t)

A(t+1) ←− X̃(1)T(TTT)−1.

24Please see Chapter 4 for a discussion on diagnostics for determining how many components
to extract for a CP decomposition.

25Notation X̃(1) denotes matricizing or unfolding of the array X in the first mode, as discussed
in Appendix A.
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where � is the Khatri-Rao product and is described in Appendix A.

Step 2: Fix A(t+1),C(t). Then

T←− C(t) �A(t+1)

B(t+1) ←− X̃(2)T(TTT)−1.

Step 3: Fix A(t+1),B(t+1). Then

T←− B(t+1) �A(t+1)

C(t+1) ←− X̃(3)T(TTT)−1.

We iterate over the steps until a desired level of tolerance ε is reached:

∣∣∣∣∣
∣∣∣∣∣X(1) −A(t+1)

(
C(t+1) �B(t+1)

)T ∣∣∣∣∣
∣∣∣∣∣
2

< ε. (2.23)

(We use ε = 10−6.)

To check for global convergence and evaluate the quality of the solution, authors

in [27] recommend to run the algorithm with a different set of initial conditions

(for instance with random starts). At convergence, we find the residuals via

Equation 2.24:

Θ̂ , X̃(1) −A(t+1)
(
C(t+1) �B(t+1)

)T
, (2.24)

which we reshape to be an array with three modes. By plotting the residuals for

each slice of the array, we can determine if patterns are present; if that is the case,

the algorithm does not account for all of the information in the data set. In that

case, we can include a different number of components (as discussed in Chapter 4)

or conclude that the CP decomposition is not appropriate for this data set and

use another approach.
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Figure 2.2: Schematic of the CP decomposition extracting R (R < N , R < M ,

R < K) components per mode, where each component is linked exclusively with

one component of the remaining modes [43].

22



After performing the decomposition, we find the data cube Y that is smaller in

volume than the original data cube X , also via Equation 2.1926:

Y = X̃ ×1 AT (t+1) ×2 BT (t+1) ×3 CT (t+1).

2.4 Discussion

In this chapter, we introduced the most commonly used decompositions for re-

ducing the volume of a data cube XN×M×K to obtain a data cube Y that was

smaller in at least one mode. We discussed scenarios where Y was N ×M × L

(L < K) via PCA or ICA, if we extracted L components. If the data set was

jointly multivariate normal, the Principal Components would be independent and

uncorrelated otherwise. In the latter case, we recommended ICA, a generaliza-

tion of PCA, for finding independent components. For three mode data sets, we

presented generalizations of PCA: Tucker-3 and CP, which obtained a data cube

Y that is P ×Q×R (P < N , Q < M , R < K) and R×R×R (R < N , R < M ,

R < K), respectively. We build on these previously developed methods to extend

the framework of ICA to find latent, independent components for one mode of a

three (or higher) mode non-normally distributed data set, and reduce its volume.

We call this approach Array Independent Component Analysis (AICA). While

the AICA framework quantifies the variable independence via cumulants similar

to ICA, it builds on algorithms of Tucker and CP to find the optimal loading

matrices.

26Note, that if the λ’s are absorbed into the estimation of the loading matrices in the CP
decomposition, Y will be an identity matrix IR.
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CHAPTER 3

Array Independent Component Analysis

3.1 Introduction

In the previous chapter we reduced the volume of the data cube X and found

uncorrelated latent variables from its two and three mode representations, and

its independent components from the two mode representation only. There has

been no analog for finding independent components via ICA for three (or higher)

mode data sets until now. We call this generalization of ICA – Array Independent

Component Analysis (AICA).

The AICA framework allows us to find independent components for one mode of

the data cube X while accounting for its relationship with the other modes. To

do so, similar to its two mode counterpart, AICA leverages the non-normality of

the distribution of each slice of the data set. In the process, it can also reduce the

volume of XN×M×K to get a smaller data cube Y that is N ×P ×P (P < M and

P < K).1

There are many different ways to quantify variable independence, as we saw in

the previous chapter. In the case of AICA, we focus on quantifying independence

for a group of variables via joint cumulants [31].2,3 Appendix B emphasizes that

1By the nature of the framework, it is not possible to reduce all three modes of the data set
X . However, since the order of the modes is arbitrary, this is only a weak constraint.

2Please see Appendix B for a discussion on cumulants and their properties.
3If we know a priori that some variables are independent of the others in a given mode,

the AICA framework is flexible to allow dimension reduction for a partition of a disjoint set of
variables of X , analyzing each disjoint data cube separately and pooling the results.
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Figure 3.1: Illustration of volume reduction for a data cube as a result of AICA.

the order of the cumulant dictates how many modes it has. As a result, we work

with third order cumulants (of standardized variables) in the AICA framework

for ease of model derivation, computational efficiency and interpretation.

In Section 2.2.2 we learned that there are two possible contrast functions to con-

sider for diagonalizing third or fourth order joint cumulants. Because in the appli-

cation of the thesis (discussed in the following chapter), the slices of the remotely

sensed data are not symmetric, and hence the joint third order cumulants do not

vanish, we proceed to introduce AICA as a technique to decompose third order

cumulants for each slice of the data set.4

For the remainder of the chapter, we familiarize the reader with AICA. First we

discuss how to preprocess the original data set with three (or more) modes and find

the cumulants for each data slice. We then introduce the loss function we need to

optimize in order to find the loading matrices that will rotate the variables in one

of the modes of the original data set towards independence. In closing, we present

the algorithm we developed to find the solution of the optimization problem. The

next chapter focuses on the application of this new methodology in the context

4In the case of symmetric data sets (where third orders vanish and fourth do not), the
framework developed can easily be generalized to decomposing fourth order cumulants. In that
case, we need to add only one extra step to the Alternating Least Squares algorithm to find and
update the loading matrix for the additional mode.
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of remote sensing.

3.2 Methodology

3.2.1 Overview

AICA is a generalization of ICA to three (or higher) mode data sets. To begin the

decomposition, we standardize each N ×M slice of the original three mode data

set XN×M×K and find its joint third order cumulant (for M column variables this

results in an M×M×M data cube); we do that for all K slices. We then combine

all K third order cumulants into one array A, which will now be M×M×M×K,

as shown in Figure 3.2. The goal is to decompose A to find loading matrices for

each side of A that will rotate the third order cumulants to be diagonal. If the

cumulants are diagonal, this means that each rotated variable is independent of

the others. These rotated variables are our independent components. Three of the

matrices responsible for the rotation are equal because cumulants are symmetric.

Figure 3.3 highlights these steps of AICA graphically. Since AICA does not have a

closed form solution, the remainder of this chapter discusses the details for finding

the independent components by diagonalizing array A, namely, the optimization

problem and the algorithm.

3.2.2 Formulation of Loss Function

To derive the loss function of AICA, we begin by introducing the most general

and unconstrained loss function for decomposing and reducing the volume of a

(general) four mode array Z. This is essentially the Tucker-4 model, where we

reduce the dimensionality of an N×M×K×L array Z to one that is O×P×Q×R

(O < N , P < M , Q < K and R < L). In the process, we find matrices U, V,

W, H and a four mode core array G, where:

• U is an N×O matrix, where O is the number of components to be extracted
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Figure 3.2: Schematic of a four mode AM×M×M×K that is composed of third order

cumulants, denoted by Ci for each ith (i = 1, . . . , K) slice of the standardized data

set X .

from Z(1);

• V is an M×P matrix, where P is the number of components to be extracted

from Z(2);

• W is a K×Q matrix, where Q is the number of components to be extracted

from Z(3);

• H is an L×R matrix, where R is the number of components to be extracted

from Z(4);

• G is a core array of dimensions O × P × Q × R that links the components

from each mode [43].

We find the unknown core array and loading matrices by optimizing the loss

function in Equation 3.1:

inf
U,V,W,H,G

σ(U,V,W,H,G) =

=
N∑
i=1

M∑
j=1

K∑
k=1

L∑
l=1

(
aijkl −

O∑
o=1

P∑
p=1

Q∑
q=1

R∑
r=1

uiovjpwkqhlrgopqr

)2

.

(3.1)

Because one of the goals of AICA is to find a relatively small number of indepen-

dent components from the original data by diagonalizing array A containing third
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Figure 3.3: Schematic of AICA, where X is the preprocessed three mode data set; A

is the core array that stores the joint third order cumulants for each N ×M slice of X ;

B and D are the loading matrices (accounting for symmetry in first three modes) that

rotate A to be diagonal; and Y is the smaller data cube, resulting from the analysis,

with P < M and P < K.
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order cumulants, which is symmetric in three modes (by properties of cumulants

discussed in Appendix B), we need to modify the loss function in Equation 3.1 to

include this constraint.

Suppose we want to reduce the volume of the core array A such that it is also

diagonal. We restrict ourselves to a special case of Equation 3.1, where the reduced

sizes of its modes are smaller and equal; we denote the new dimension of the modes

by P (P < M and P < K). The loss function that accounts for these constraints

is presented in Equation 3.2:

inf
B,D

σ(B,D) =
M∑
i=1

M∑
j=1

M∑
k=1

K∑
l=1

(
aijkl −

P∑
p=1

bipbjpbkpdlp

)2

, (3.2)

where

• B is an M × P matrix (P < M) that rotates the variables in mode 2 of X

to obtain P independent components;

• D is a K×P matrix (P < K), which rotates the variables in the third mode

of X to obtain P uncorrelated components;

• the core array G is diagonal and absorbed into D, as in the CP decomposition

[41].

From the decomposition, we find the smaller data cube Y by

Y = X ×2 BT (t+1) ×3 DT (t+1),

where the second mode of Y contains the independent components.

3.2.3 Optimization of Array Independent Component Analysis

We now proceed to discuss how to minimize the loss function introduced in the

previous section. While we expect the loading matrices for the first three modes

of A to be equivalent at the optimum, as array A is symmetric in three modes,
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this is not guaranteed. To account for this, we denote the three loading matrices

with different letters U, V and W. The initial conditions for the method are as

follows5:

• UM×P ←− first P left singular vectors of A(1);
6

• VM×P ←− first P left singular vectors of A(2);

• WM×P ←− first P left singular vectors of A(3);

• DK×L ←− first P left singular vectors of A(4).

Note that by the symmetry of the third order cumulants, matrices U, V and W

are initially equal.

To reduce the width and depth of the data cube X to get Y whose new width

and depth are smaller and equal, we find the infimum of Equation 3.2. To do so,

we introduce an ALS algorithm that is based on the CP decomposition for arrays

with four modes and derived in Appendix C.6:

Step 1: Fix V(t),W(t),D(t). Then

T←− D(t) �W(t) �V(t)

U(t+1) ←− A(1)T(TTT)−1

Step 2: Fix U(t+1),W(t),D(t). Then

T←− D(t) �W(t) �U(t+1)

V(t+1) ←− A(2)T(TTT)−1

5Please see Chapter 4 to determine how many components to extract.
6Notation A(i) denotes matricizing or unfolding of the array A in the ith mode, as discussed

in Appendix A.2.1.2.
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Step 3: Fix U(t+1),V(t+1),D(t). Then

T←− D(t) �V(t+1) �U(t+1)

W(t+1) ←− A(3)T(TTT)−1

Step 4: Fix U(t+1),V(t+1),W(t+1). Then

T←−W(t+1) �V(t+1) �U(t+1)

D(t+1) ←− A(4)T(TTT)−1

We repeat Steps 1-4 until a desired level of tolerance is reached, per Equation 3.2.

There are two scenarios to check for global convergence. Either the first three

loading matrices U,V and W are the same, or they are equivalent up to scale.

The former is straightforward to check. We can check the latter via Equation 3.3:

U ' V if and only if
(
UTU

)−1 (
UTV

) (
VTV

)−1 (
VTU

)
= IP (3.3)

for U and V as shown, and by symmetry for U and W and V and W. If this

is not the case, we recommend initializing the algorithm with a different set of

initial conditions and proceeding from Step (1).

Alternatively, we can guarantee equivalent loading matrices for the first three

modes of A by adding Step 5 to the ALS algorithm above, where we update U,

V and W by the element-wise average of the three matrices:

Step 5: T←− avg
(
U(t+1),V(t+1),W(t+1)

)
U(t+1) ←− T

V(t+1) ←− T

W(t+1) ←− T
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One caveat with the approach is that monotone convergence is no longer guaran-

teed.

Even at a global minimum, we need to evaluate model fit. One way to do so is to

compute the residuals via Equation 3.4:

Θ̂ = A(1) −U(t+1)
(
D(t+1) �W(t+1) �V(t+1)

)T
(3.4)

and reshape the residual matrix to be an array with four modes. By plotting

the residuals for each slice of the array, we can determine if patterns are present.

If that is the case, the algorithm does not account for all of the information in

the data set. We can try to correct for this by choosing a different number of

components as outlined in Chapter 4, or another decomposition method. The

decomposition is practical if the resulting components are also interpretable.

3.3 Discussion

In this chapter, we introduced and discussed a generalization of ICA to three

(or higher) mode data sets called AICA. The technique allows us to reduce the

volume of a data cube XN×M×K to obtain a smaller cube Y that is N × P × P ,

and find latent, independent components for the second mode of the data set with

slices that are not normally distributed. As there is no closed form solution of

the decomposition, we developed a loss function and an optimization scheme to

find the loading matrices, to do so, once the number of components are fixed at

P . The next chapter discusses a heuristic for determining how to best select the

sizes of the modes for Y to reduce each mode of two to four mode arrays (X or

A) via the decompositions presented in the thesis.
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CHAPTER 4

Determining the Number of Components to

Extract

4.1 Introduction

One of the key questions of any dimension reduction technique is how many com-

ponents to extract, as we want to reduce the dimensionality of the data set while

explaining most of its variability with as few components as possible. In this chap-

ter, we discuss how to find the optimal tradeoff between fit and model complexity

in decompositions of two to four modes. We do so via the first programable diag-

nostic originally developed by Ceuleimans and Kiers in [10], and its extension to

the case of AICA.

4.2 Methodology

The main idea behind the heuristic is that it finds the optimal solution on the

convex hull of all possible solutions, which allows the researcher to compare model

fit across decompositions with different numbers of components [10]. To find

the hull, we specify the complexity of the model either as the number of free

parameters in the model or the total number of components [10]. For preiously

developed dimension reduction techniques, we are approximating XN×M×K . In

the case of AICA, we approximate array A containing third order cumulants for

the variables in each N ×M slice of X . We evaluate fit as a percentage of sum of

squares of X or A (depending on the decomposition) that we are able to explain.
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The details for quantifying model complexity and fit follow.

4.2.1 Model Complexity

First we discuss how to evaluate model complexity for three mode data sets. Let

X be the data cube that we wish to reduce the volume of, to get a smaller data

cube Y .

4.2.1.1 Three Mode Asymmetric Decompositions

There are three possible scenarios for the dimensions of the modes of Y that

will reduce the volume of XN×M×K via previously developed dimension reduction

techniques:

• N ×M × L, with L < K via PCA and ICA;

• P ×Q×R, with P < N , Q < M and R < K via Tucker-3;

• R×R×R, with R < N , R < M and R < K via CP.

There are two ways to quantify model complexity; either as the total number of

components for all modes of the data set we wish to extract, or as the number of

free parameters in the model. The former is straightforward to calculate. To find

the latter, we use Equation 4.1 [43], [10], [39]:

number of free parameters = number of observations in loading matrices

+ number of observations in core array

− rotational indeterminacy of orthogonal loading matrices

(in Tucker models)

− scale indeterminacy of loading matrices (in CP models),

(4.1)

where the indeterminacy of the Tucker models comes from the loading matrices

that are unique up to an orthogonal transformation [43], [41]. A non-singular

34



orthogonal transformation of order O has O(O−1) parameters, as the last column

of the matrix is determined from the other (O− 1) columns [18]. Table 4.1 shows

us how to quantify model complexity for both metrics for three mode arrays.1

Decomposition Total Number of Components Free Parameters

PCA L KL+NML− L(L− 1)

ICA L —

Tucker-3 P +Q+R NP +MQ+KR + PQR

−P (P − 1)−Q(Q− 1)

−R(R− 1)

CP R +R +R (N +M +K)R +R− 3R

Table 4.1: Quantification of model complexity for previously developed dimension

reduction techniques for three mode data arrays.

Simulations performed by authors in [10] showed that if model complexity for

Tucker-3 is calculated as the total number of components, the diagnostic was able

to identify the correct model more often. As a result and for simplicity, we use this

quantification to access model complexity for the methodologies discussed in the

thesis when we apply them to analyze a remote sensing data set in the following

chapter.

4.2.1.2 Four Mode Asymmetric Decompositions

The generalization of the framework developed in the previous section is straight-

forward for four mode asymmetric decompositions. Let X be N ×M × K × L.

There are two possible scenarios for the dimensions of the modes of Y that will

reduce all four modes of X via previously developed dimension reduction tech-

1In the case of ICA, the number of free parameters depends on the optimization method. It
is beyond the scope of the thesis to list all possible quantifications of free parameters for a two
mode decomposition that we do not recommend using, for finding independent components of
a three mode data array.
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niques:

• O × P ×Q×R, with O < N , P < M Q < K and R < L via Tucker-4;

• P × P × P × P , with P < N , P < M , P < K and P < L via CP.

The summary of quantification of complexity for the decompositions is shown in

Table 4.2.

Decomposition Total Number of Components Free Parameters

Tucker-4 O + P +Q+R NO +MP +KQ+ LR

+OPQR−O(O − 1)

−P (P − 1)−Q(Q− 1)

−R(R− 1)

CP P + P + P + P (N +M +K+L)P +P 2−4P

Table 4.2: Quantification of model complexity for previously developed dimension

reduction techniques for four mode asymmetric data arrays.

4.2.1.3 AICA Decomposition

We extend the framework developed in the previous section to allow for symmetry

in some modes of the array, to be consistent with the AICA model. In the case of

AICA, we reduce an array X that is M×M×M×K to one that is P×P×P×P ,

with P < M and P < K. Following the conventions described in the previous

section, model complexity for AICA is shown in Table 4.3.

Decomposition Total Number of Components Free Parameters

AICA P + P + P + P (M +K)P + P 2 − 2P

Table 4.3: Quantification of model complexity for AICA.
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4.2.2 Model Fit

There are numerous ways to evaluate model fit. One way is via residual analysis

for each slice of the data cube. If there are many slices or modes, the diagnostic

proves cumbersome. Another approach is cross validation, which is computation-

ally intensive [7], especially when combined with the slow convergence of the ALS

algorithm.

For practical purposes, we evaluate fit by comparing how well a given model is

able to explain the sum of squares in the preprocessed data set, per Equation 4.2:

100×
∑

ij...k ẑ
2
ij...k∑

ij...k z
2
ij...k

, (4.2)

where ẑij...k is the approximation to the data set Z (which is either a preprocessed

array X or A, depending on the decomposition) we can derive via each decom-

position discussed in the thesis. Table 4.4 summarizes how to do so in each case;

the matrix notation follows definitions of Chapters 2 and 3.

Number of Modes (D) Model Z Ẑ

D ≥ 2
PCA Z ZU0U

T
0

ICA ZD SA0

3
Tucker X̃ AG(1) (C⊗B)T

CP X̃ A (C�B)T

4 AICA A U (D�W �V)T

Table 4.4: Quantification of data approximations for dimension reduction tech-

niques discussed in the thesis; the matrices are defined in Chapters 2 and 3.

4.2.3 Approximate Model Fit for Tucker and CP Models

The ALS algorithm for the Tucker and CP models is iterative, with potentially

slow convergence. Without an approximation to the decomposition, to find the
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convex hull among the models with different complexities, we would have to fit

each of the models. In the next two sections we present previously developed work

that addresses this difficulty by approximating the model fit by a deterministic

approach.

4.2.3.1 Approximate Model Fit for Tucker Model

Authors in [39] and [10] suggest a deterministic approximation for the Tucker-3

decomposition, based on the original formulation by Tucker [69] (as referenced

in [39]), where all of the model approximations are calculated in one go. The

approach finds the loading matrices for each mode of the array by performing

PCA on the data array unfolded in each of its modes [39], [10]. We outline the

steps for the preprocessed three mode array X below.

Step 1: Unfold the data array in mode 1 to get XN×MK . Decompose it via

SVD and extract P components that are associated with the largest eigen-

values. Denote the resulting loading matrix by A [39], [10].

Step 2: Unfold the data array in mode 2 to get XM×NK . Decompose it via

SVD and extract Q components that are associated with the largest eigen-

values. Denote the resulting loading matrix by B [39], [10].

Step 3: Unfold the data array in mode 3 to get XK×NM . Decompose it via

SVD and extract R components that are associated with the largest eigen-

values. Denote the resulting loading matrix by C [39], [10].

Step 4: Find G as G(1) = ATX(1) (C⊗B) [39], [10].

We estimate model fit by X̂ = G ×1 A ×2 B ×3 C [39], [10]. Notice that if we

set P,Q and R to the largest desired number of components per mode, we need

to perform SVD for each mode only once, and subset the loading matrices to

calculate model fit with a smaller number of extracted components [39], [10].
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4.2.3.2 Approximate Model Fit for CP Model

We can also use a modification of the Tucker-3 deterministic framework presented

above, called CORCONDIA, to approximate the CP model fit [7]. The idea behind

the approach is that it evaluates how different the core array G from the Tucker

framework is, when compared to an array with ones on the diagonal (denoted by

D) in the case of CP [7]. It can be found via Equation 4.3 [7]:

100×
∑R

i=1

∑R
j=1

∑R
k=1(gijk − dijk)2∑R

i=1

∑R
j=1

∑R
k=1 d

2
ijk

. (4.3)

From the equation, we can see that if the CP model is the true one, the diagnostic

can be close to or equal to one [7]. To find G, we fit a Tucker-3 model extracting

the same number of components for all three modes.

4.2.4 Finding Solution on the Convex Hull

To find a solution on the convex hull, we first have to find the hull. Following the

convention of [10], let fp denote model complexity of the decompositions either

as the number of free parameters or the total number of components, as defined

in Section 4.2.1 [10]. Let f denote model fit, as defined in Section 4.2.2 [10].

The steps to finding the solution on the convex hull are as follows. First, deter-

mine the largest number of components we wish to extract per mode (denoted by

P,Q,R for three mode data sets, and O,P,Q,R for four mode data arrays) [10].

Calculate model complexity fp and its associated model fit f for the decomposi-

tions, as shown in Figure 4.1(a) [10]. For each level of fp, choose only the best

solution, which is the one with the best fit, as shown in Figure 4.1(b) [10]. Order

solutions from smallest to largest number of fp (such as when f is plotted against

fp) [10]. For all pairwise relationships between fp and f , exclude suboptimal

solutions [10]. That is, exclude those models with more free parameters (or com-

ponents) but worse fit as shown in Figure 4.1(c) [10]. From the remaining pairwise
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relationships between fp and f , analyze all triplets [10]. Exclude the point in the

middle of the triplet if it falls on or below the line that could be drawn between

the other two points, up to a tolerance level λ as shown in Figure 4.1(d) [10]. (We

used λ = 0.5.)

When we can no longer delete any points, the result is the convex hull of solutions

[10], as shown in blue in Figure 4.1(e). To choose the solution that best balances

fit and complexity and is also on the hull, authors in [10] have devised a scree test,

denoted by st, to find it. We calculate it for all of the remaining points, excluding

the first and last point due to boundary conditions, via Equation 4.4 [10]:

sti =
fi − fi−1

fpi − fpi−1

/
fi+1 − fi
fpi+1 − fpi

. (4.4)

The recommended solution is the one with the largest st value [10], shown in green

in Figure 4.1(f). Authors in [10] emphasize that this procedure is a rule of thumb

that is best used as a recommendation tool and suggest further analysis of the

top subset of solutions on the hull based on interpretability.

4.3 Discussion

In this chapter we introduced a diagnostic that can be used as a rule of thumb

for determining the number of components to extract for previously developed

dimension reduction techniques as well as for AICA. We assess model fit and

complexity for each of the decompositions discussed in the thesis, along with this

approach, in the next chapter, to learn about a storm on Jupiter.
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(b) Step 1: For each complexity level, choose the

best solution.

Figure 4.1: Steps 0 and 1 (out of 5) for finding an optimal solution on the convex

hull to determine how many components to extract.
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Figure 4.1: Steps 2 and 3 (out of 5) for finding an optimal solution on the convex

hull to determine how many components to extract.
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Figure 4.1: Steps 4 and 5 for finding an optimal solution on the convex hull to

determine how many components to extract.
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CHAPTER 5

Application of Array Independent Component

Analysis to Study the White Oval

5.1 Introduction

Researchers and amateurs have been fascinated with Jupiter for years, because it

is the largest planet in our solar system, and its two largest storms – the Great

Red Spot (GRS) and the White Oval are, respectively – three times and about the

size of Earth [22], [56]. In addition, understanding Jupiter’s chemical composition

may shed light on the solar system as a whole [44], since it is similar to the solar

nebula, which gave rise to our solar system [34].

While the dynamics of the GRS1 have not changed for hundreds of years, the

White Oval is relatively new to Jupiter [61]. It is composed of three storms that

formed in the 1930’s and merged by the year 2000 into what is now known as

Oval BA or the White Oval, as shown in Figure 5.1 [60]. It turned red late in

2005 [67].2 The cause of its color change is still unknown [55].

Because Jupiter is hundreds of millions of miles away from Earth [13], we can-

not directly observe its chemical and atmospheric composition [44]. We can learn

about it from analysis of multispectral images of the planet or by retrieval algo-

rithms that incorporate the known chemical and physical properties of the planet

1For a time-lapse video of Jupiter as seen from the 1979 Voyager 1 flyby, please see [3].
2Because of the color change, it is now also referred to as Little Red Spot [12] or Red Spot

Junior [2] in the literature.
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[64]. Our thesis focuses on the former: analyzing remotely sensed images of the

sotrm captured in different wavelengths. Each wavelength tells us how much ra-

diation is transmitted, absorbed or reflected by the object in the image [6]; for

instance, the storm.3 Since different elements have unique spectral footprints, the

more images we take of the target in different wavelengths, the more accurately we

can determine its composition [6]. Because no single atmospheric gas can explain

Jupiter’s color [11] or that of the White Oval, we need more than a handful of

multispectral images to learn about the storm [67]. However, the more data we

have, the harder it is to analyze. As a result, we turn to dimension reduction

techniques to filter out noise and redundant information to understand the char-

acteristics of the White Oval and the cause of its color change, which are unknown

to this day [55].

The outline of the chapter is as follows. First, we discuss the data in more detail,

with a focus on the joint distribution of the variables and motivate the need for

volume reduction and robust inference. Second, we present the results of AICA,

which is the only decomposition that uncovered interpretable components in the

data, ones that explained spatial patterns in the White Oval in the longitudinal

direction (or mode one of X ). For completeness, the results of previously devel-

oped decompositions, whose components did not shed light on the structure of

the data, are presented in Appendix D.

3For more details on wavelengths as well as the electromagnetic spectrum, please see [59] and
[70].
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Figure 5.1: Formation of the White Oval [1][60].

5.2 Overview of the Data Set

We analyze images of the White Oval taken on April 8, 2006 shortly after it turned

red in late 2005. The data set comes from two sources4: Infrared Telescope Fa-

cility (IRTF) with ground-based observations, and the Hubble Space Telescope’s

(HST) Advanced Camera for Surveys (ACS) with orbit-based images [67], [44].

There are six IRTF images taken in infrared channels (8.59, 10.77, 13.04, 17.65,

18.73 and 19.50 micrometer (µm)5 wavelengths) and seven from HST (0.22, 0.25,

0.33, 0.435, 0.55, 0.658 and 0.892 µm) [67], [44]; the first three channels from the

HST are in the ultraviolet; 435 nm, 550 nm, and 658 nm correspond to blue, green

and red visible channels, respectively; the 892 nm wavelength is in near-infrared

[29], [70]. The color-enhanced image [2] of the White Oval as captured by the

HST is shown in Figure 5.2 [1].

4The data set was “(b)ased on observations made with the NASA/ESA Hubble Space Tele-
scope, obtained at the Space Telescope Science Institute, which is operated by the Association
of Universities for Research in Astronomy, Inc., under NASA contract NAS 5-26555. These
observations are associated with programs GO10192, GO10782 and GO10783” [67]. It has been
generously provided by Dr. Amy Simon-Miller of NASA’s Goddard Space Flight Center and
Dr. Padma Yanamandra-Fisher of (formerly Jet Propulsion Laboratory and currently) Space
Science Telescope.

51 µm (micrometer) = 1000 nm (nanometer).
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The spectral channels are sensitive to certain characteristics of the Jovian atmo-

sphere, which is shown in [73] and [11]. Past studies have indicated that remote

sensing images of the Jovian atmosphere captured in the six infrared wavelengths

(8.59, 10.77, 13.04, 17.65, 18.73 and 19.50 µm) can be used to derive temperature

variations [12], [25] (as referenced in [12]). In addition, the 10.77 µm wavelength

detects ammonia gas [12]. The 17.65 µm channel senses the temperatures in the

tropopause, the area right above the troposphere and above the visible cloud tops

[11], [73]; the 13.04 µm wavelength discerns the temperatures in deeper cloud

layers [11], [73]. Images in the 0.25 µm and 0.892 µm, which correspond to the

ultraviolet and infrared channels respectively, probe the haze and high clouds on

Jupiter [67]. The 0.892 µm wavelength is also the methane absorption band [67].

In addition, short wavelengths (shorter than 3.5µm) pick up the Raleigh scatter

of gas molecules [68].

The data set, visualized in Figure 5.3, is composed of 13 images (or slices of our

data cube), one per wavelength, with an image size of 61 × 43 pixels. Summary

statistics for radiances across wavelengths are shown in Figure 5.4, and illustrate

that (a) the means and standard deviations at different wavelengths vary; and (b)

the distributions also vary by wavelength and need not be normally distributed

or symmetric. As such, we will need to use higher order cumulants (order greater

than two) in our search for independent components.

Two previous studies focused on analysis of the same remotely sensed images

of the White Oval. The first focused on interpreting the Principal Components

to shed light on the color change of the White Oval [67]. We show that while

we also cannot explain the color change, our approach yields more interpretable

components. The second study directly compared images of the White Oval with

that of the GRS in order to make inferences about equality of their temperature
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Figure 5.2: Contrast-enhanced image taken of the White Oval in red and blue

light taken by HST ACS at 02:33 Universal Time on April 8, 2006 [2]. The Great

Red Spot is partially visible on the far right [1].
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profiles [12]. We confirm these findings via AICA.

5.3 Results of Array Independent Component Analysis

The goal of the decomposition is to reduce the dimensionality of the data set and

find latent interpretable components that shed light on the characteristics of the

White Oval. We use the framework developed in Chapter 4 to find an optimal so-

lution on the convex hull of points to make a decision as to how many components

to extract. For simplicity, we quantify model complexity as the total number of

components we choose to extract from all modes.

We use AICA to find independent components for one mode of the data cube,

accounting for its neighboring sides and vaiable interactions. For the analysis, we

reorient our data to be 43×61×13, with a corresponding 61×61×61×13 array A,

in order to try to understand the longitudinal direction of the storm. In Chapter 3,

we introduced two versions of the AICA decomposition: one that allowed three out

of four loading matrices to be equivalent up to span, and another approach that

guaranteed exact equivalence of the three loading matrices. We present results of

both decompositions in this section.

5.3.1 Array Independent Component Analysis with Loading Matrices

up to Span

In the first version of AICA, we allow the first three loading matrices of A that

relate the third order cumulants of each slice of our data set X to be equivalent

up to span. We employ the convex hull diagnostic visualized in Figure 5.5 to

determine how many components to choose. The top five models are highlighted

in Table 5.1. While the diagnostic suggests we interpret six components from

Modes 2 and 3 of the data set X , the third-best option of 11 components, shown

in Figure 5.6, gave us more interpretable components.
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Figure 5.3: Plots of the raw images of the White Oval captured on April 8, 2005

in different wavelengths (µm). We can see that the ranges of the radiances vary

across wavelengths.
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Figure 5.4: Exploratory analysis of the radiances shows that: (a) means and

standard deviations vary by wavelength; and (b) distributions for the radiances

at different wavelengths also vary and need not be gaussian.
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Two out of 11 loadings, colored in grey and green, match the temperature gradi-

ents of the White Oval (up to an inversion along the x-axis) to that of the Great

Red Spot [26]. In particular, the loadings shown in grey suggest equivalence in

the temperature of the White Oval with that of the GRS in the North-South di-

rection at 140 millibars or 0.14 bars, as shown in Figure 8 of [26] and reproduced

in Figure 5.7 with the permission of the authors. The weights highlighted in green

uncover another correspondence in the temperature gradient of the White Oval

with that of the GRS in the West-East direction at 240 millibars or 0.24 bars,

as shown in Figure 8 of [26] and reproduced in Figure 5.8 with the permission of

the authors. The temperature gradients of the GRS were derived from remotely

sensed images of the storm by the Very Large Telescope’s (VLT) spectrometer

and imager VISIR [23] captured over a period of three years, from 2006 to 2008

[26].

Figure 11.4 of [11] and image in [73] show that 0.14 bar and 0.24 bar (on the right

hand side of the figures) correspond to the region right above the visible clouds,

called the tropopause on Jupiter. This is precisely the region where the infrared

wavelengths are known to be sensitive to temperature gradient, confirming our

findings. The equivalence of the gradients in the two storms confirms a stable

atmospheric layer [28] on Jupiter that is responsible for the creation of storms on

the planet [54] (as referenced in [55]).

5.3.2 Array Independent Component Analysis with Equivalent Load-

ing Matrices

Our second implementation of AICA guarantees equivalence of three of the load-

ing matrices that diagonalize array A and find independent components; this is

at the expense of monotone convergence. Because monotone convergence of the
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Figure 5.5: Tradeoff between model complexity and fit for AICA. Convex hull is

highlighted in blue and the optimal solution in red.

algorithm is no longer guaranteed, we did not build a convex hull of solutions,

but extracted 13 components – as many as there are wavelengths – for interpreta-

tion. The results show that the method also finds interpretable components. We

suggest interpreting the four components derived from the loadings highlighted in

color in Figure 5.9 as follows.

Components 9 and 3, created from the yellow and green loadings respectively,

illustrate, similar to the discussion in Section 5.3.1 above, that the temperature

gradients of the White Oval matches the ones above the high clouds of the Great

Red Spot in the North-South and West-East directions [26] as shown in Figures 5.7

and 5.8, respectively.
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Rank Complexity Fit (%) Scree-test Value

1 6 0.89 4.46

2 3 0.69 2.88

3 11 0.95 1.72

4 9 0.93 1.62

5 5 0.84 1.52
...

Table 5.1: Top five solutions on the convex hull for AICA.

AICA uncovered two more interpretable components. Component 7, derived from

the loadings in red, isolates the smaller storm to the South-East of the White Oval,

shown in Figure 5.2. Component 2, formed by the blue weights in the region of

columns seven through 15, picks up the Raleigh scatter of gas molecules [68].

While currently we cannot interpret the remaining nine components, it is some-

thing that we will strive to do with further research and collaboration and is

discussed in more detail in the following chapter. For completeness, the loading

matrix responsible for finding uncorrelated components from the third mode of X

(and the fourth mode of A) is shown in Figure 5.10.

5.4 Discussion

In this chapter we applied the new methodology introduced in the thesis to ana-

lyze remotely sensed images of the White Oval. Comparing the results of AICA

to those of previously developed dimension reduction techniques (which did not

find any interpretable components and have been included for completeness in Ap-

pendix D), the components uncovered by AICA included a discovery of similarity

in the temperature gradients between the White Oval and the GRS, a relationship
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previously developed dimension reduction techniques did not pick up on. As a re-

sult, we conclude that AICA was the most appropriate decomposition for analysis

of the remote sensing data set of the White Oval.
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Figure 5.6: Results of AICA decomposition extracting 11 components, where the

highlighted loadings suggest that the temperature gradient of the GRS [26] and

the White Oval match. The weights in gray mimic the North-South profile, repro-

duced in Figure 5.7; the weights in green mimic the West-East profile, reproduced

in Figure 5.8 with permission of the authors [26].
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Figure 5.7: Reproduction of a subfigure of Figure 8 of [26] with the North–South

temperature gradient of the Great Red Spot derived from remotely sensed images

by the Very Large Telescope’s (VLT) spectrometer and imager VISIR.
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Figure 5.8: Reproduction of a subfigure of Figure 8 of [26] with the West–East

temperature gradient of the Great Red Spot derived from remotely sensed images

by the Very Large Telescope’s (VLT) spectrometer and imager VISIR.
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58



Figure 5.10: Loading matrix from the AICA decomposition for the fourth mode

of A, extracting 13 components.
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CHAPTER 6

Conclusion

6.1 Discussion

The goal of the thesis was to introduce a new dimension reduction technique called

Array Independent Component Analysis (AICA) that found independent compo-

nents for a mode of a data cube that incorporated variable interactions with its

other modes. To motivate the need for the approach, we presented an overview

of the most commonly used dimension reduction methods and discussed their

limitations for finding independent components for a three mode data set. The

techniques found independent components via ICA for an array with two modes,

or uncorrelated components for an array with two or three modes, via PCA and

its three mode analogs, Tucker-3 and CP. Our approach is a generalization of ICA

for three mode data sets, decomposition that has not been possible until now.

In addition, we presented an overview of a diagnostic that can be used as a rule of

thumb to answer one of the key questions of any dimension reduction technique:

how many components to extract for each mode of the data cube. It has been

applied to study decompositions for two and three mode data sets previously. We

extended its framework to aid with AICA in a decomposition of a four mode array,

with symmetries in three modes.

If we did not need to compare across the dimension reduction techniques, residual

analysis of each slice of the array would have sufficed for this remotely sensed
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data set, as we only had 13 slices to analyze. However, this is not practical

for other remotely sensed applications, for instance, in the case of Atmospheric

Infrared Sounder (AIRS), where a new remotely sensed data cube of Earth is

captured in over 2,000 wavelengths and generated virtually every second for a

different part of the globe [58]. In addition, we did not evaluate the techniques

based on cross-validation, because it would greatly increase computation time of

each decomposition, most of which are based on the slowly converging Alternating

Least Squares algorithm [7]. As a result, we evaluated all of the decompositions

described in the thesis based on interpretability of the components derived from

analysis of remotely sensed images of the White Oval on Jupiter; AICA was the

only technique to meet our criteria.

Although PCA is the most commonly employed decomposition, by evaluating the

interpretability of the components derived from the techniques discussed in the

thesis, we learned about more general methods.

6.2 Further Research

We conclude with remarks on further extensions of the AICA approach, focusing

on the areas of application, methodology and algorithm implementation.

First and foremost, we would like to see more of the components derived from

AICA interpreted. This may be possible by comparing the components derived

by AICA from analyzing the White Oval before and after the color change. While

the primary goal of the thesis was to introduce a new dimension reduction tech-

nique and discuss it via a case study, it is worthwhile to evaluate the robustness

of AICA and its contribution to discovering meaningful latent variables, by de-

composing other data sets as well. We recommend analyzing remotely sensed

Atmospheric Infrared Sounder (AIRS) data and comparing the resulting compo-
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nents with the chemical and atmospheric patterns that are known and derived via

retrieval algorithms.

In its current formulation, AICA finds a set of independent components for one

mode of a data array, diagonalizing an array of third order cumulants for each

slice of the original data set to do so. We would like to see each of those con-

ditions relaxed: to find independent components for multiple modes of the data

cube, while simultaneously diagonalizing cumulants of orders one through four

(for instance), and allowing the possibility of extracting one component at a time.

Another extension we envision is a framework flexible enough to handle augment-

ing the current data set, for instance, as in the case of AIRS data, where a new

region of the Earth is sensed approximately every second [58].

Our further considerations for the current algorithm, based on the Alternating

Least Squares Algorithm, are as follows. As with any computing problem, we rec-

ommend an acceleration of the algorithm to obtain faster results. While we have

tried speeding up the second version of the AICA algorithm (which guarantees

equivalent loading matrices for the first three modes of array A that is symmetric

in three modes) in serial via a vector-epsilon approach (as in [48] and [51]), the

original algorithm’s lack of a monotone convergence hindered the process. As a

result, we recommend solving the convergence problem, which will allow us to

implement the AICA framework in distributed environment. Only then will it be

able to handle decompositions of massive data sets that are too large to be stored

on one machine, such as analysis of AIRS data, whose acquisition of raw data is

about 13.4 GB per day [74].
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APPENDIX A

Introduction to Array Operations

A.1 Overview

In this thesis, we focus on dimension reduction techniques for finding latent vari-

ables for data sets with at least two modes. To best retain the variables’ relation-

ships, the data sets are stored and analyzed as arrays, which generalize the notion

of a matrix.1 In this chapter, we present the concepts needed to understand the

array operations discussed in the body of the thesis.

A.2 Array Operations

A.2.1 Matricizing an Array

As we saw in Section 1.2, three mode data sets are common in practice. Unfor-

tunately, the usual practice is not to use the three-mode data set’s representation

for analysis; instead, researchers reshape a higher mode (number of modes greater

than two) data set to two modes (as discussed in the following section) and use

two mode dimension reduction techniques, such as PCA and ICA for the decom-

position. There are drawbacks to analyzing a matricized array, as discussed in

Section 2.4. For more robust [37] and interpretable results, we do not recommend

matricizing a higher mode (order greater than two) data set.

There are other applications for a matricized array, however. For instance, we

1A vector is an array with one mode; a matrix is an array with two modes.
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need to matricize an array as part of a higher mode data decomposition that finds

loading matrices for each of its modes. To do so, we unwrap the array in a given

mode; this matricization scheme is slightly different than unwrapping an array

for PCA or ICA. There are many ways to unfold an array in a given mode, as

described, for instance in [38] and [40]. Authors in [40] mention that the order in

which we unwrap the modes does not affect the results of the decomposition as

long as we are consistent, as we can always rotate the array. We outline one way

to do so in the following sections for three and four mode arrays, respectively.

A.2.1.1 Matricizing a Three Mode Array for PCA or ICA

One way to reshape a three-mode data set such that it will have two modes is to

have the column vectors in the new data set correspond to the vectorized slices2

of the original data set; the rows of this new matrix then, will correspond to all

possible values Mode 1 and Mode 2 can take. For instance, the three mode ex-

ample discussed in Section 1.2 (and visualized in Figure 1.3) can be unwrapped

as shown in Figure A.1.

A.2.1.2 Matricizing a Three Mode Array for a Higher Order Data

Decomposition

We illustrate how to unwrap a three-mode array XI×J×K in each of its modes by

example. Suppose that our array X4×3×2 has two slices:

X1 =


1 5 9

2 6 10

3 7 11

4 8 12

 (A.1)

2A slice that is vectorized has the matrix columns stacked one below the other to form a
matrix with one long column.
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Figure A.1: Schematic of one way we can unwrap a three mode array introduced

in Figure 1.3, by vectorizing the slices.

and

X2 =


13 17 21

14 18 22

15 19 23

16 20 24

 (A.2)

X(1) =



col1,slice1 col2,slice1 col3,slice1 99
9 col1,slice2 col2,slice2 col3,slice2

row1 1 5 9 99
9 13 17 21

row2 2 6 10 99
9 14 18 22

row3 3 7 11 99
9 15 19 23

row4 4 8 12 99
9 16 20 24



Figure A.2: An example of unwrapping an array defined in Equations A.1 and

A.2 in Mode 1.

By unwrapping X in Mode 1 (by our convention), we get a two mode array shown
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in Figure A.2, which is a 4× (3× 2) = 4× 6. In the general case, by unwrapping

an I × J × K array X in mode 1, we get an I × (JK) matrix. Figure A.3

illustrates how to unwrap the array X in Mode 2, which in our example results in

a 3× (4× 2) = 3× 8 array; in general, this corresponds to an J × (IK) array. For

completeness, the consistent way to matricize our array in Mode 3 is to generate

a 2× (4×3) = 2×12 array as shown in Figure A.4; in general, unfolding an array

XI×J×K in mode 3 results in a K × (IJ) array.

A.2.1.3 Matricizing a Four Mode Array for a Higher Order Data De-

compositions

AICA decomposes four-mode arrays by operating on their unfolded versions. Let

Y be one such array, with dimensions I, J , K, and L, respectively, as shown in

Figure A.5. Figures A.6–A.9 illustrate how to unwrap the array Y in each of

its modes, resulting in matrices I × JKL, J × IKL, K × IJL and L × IJK,

respectively. For arrays with higher modes, we proceed to unfold the arrays in

each of its modes similarly.

A.2.2 Hadamand Product

The Hadamand product is the element-wise product of two matrices with the same

dimensions; it is denoted by ∗. To illustrate this via an example, let A = X(1)

and B = X(2), as defined in Equations A.1 and A.2, respectively. We find their

Hadamand product as described in Equations A.3 and A.4:

A ∗B ,



a11b11 a12b12 a13b13

a21b21 a22b22 a23b23

a31b31 a32b32 a33b33

a41b41 a42b42 a43b43


= (A.3)
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9
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999
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22
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24

    

Figure A.3: An example of unwrapping an array defined in Equations A.1 and

A.2 in Mode 2.
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e 1
1
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9
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11
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e 2
13

14
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999

··
·
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21
22

23
24

 

Figure A.4: An example of unwrapping an array defined in Equations A.1 and

A.2 in Mode 3.
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Y ,

J

I

K

J

I

K

· · ·

J

I

K

L

Figure A.5: Schematic of array Y that we unwrap in different modes.

Y(1) : I

J

. . .

J

K

. . .

J

. . .

J

K

L

Figure A.6: Visualization of one way to matricize Y with dimensions I×J×K×L

in mode 1, to get an I × JKL matrix.

=



13 85 189

28 108 220

45 133 253

64 160 288


. (A.4)

A.2.3 Kronecker Product

A matrix that can be expressed as a Kronecker product of two matrices A and

B simplifies the formulas for finding its eigenvalues [66]. We define the product
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Y(2) : J

I

. . .

I

K

. . .

J

. . .

J

K

L

Figure A.7: Visualization of one way to matricize Y with dimensions I×J×K×L

in mode 2, to get a J × IKL matrix.

Y(3) : K

I

. . .

I

J

. . .

J

. . .

J

J

L

Figure A.8: Visualization of one way to matricize Y with dimensions I×J×K×L

in mode 3, to get a K × IJL matrix.

Y(4) : L

I

. . .

I

J

. . .

I

. . .

I

J

K

Figure A.9: Visualization of one way to matricize Y with dimensions I×J×K×L

in mode 4, to get an L× IJK matrix.

70



below and return to it in the discussion of the Tucker-3 decomposition for three

(or higher) mode arrays.

The Kronecker product is a generalization of the outer product between two vec-

tors, to a product of two matrices. Suppose that

A =

1 3

2 4


and

B =

 5 7 9

6 8 10

.
Then the Kronecker product of matrix A and B, denoted by A⊗B, is defined as:

A⊗B ,

 a11B a12B

a21B a22B

 (A.5)

=



5 7 9 99
9 15 21 27

6 8 10 99
9 18 24 30

999 999 999 999 999 999 999

10 14 18 99
9 20 28 36

12 16 20 99
9 24 32 40


. (A.6)

In general, we can perform this operation on any two matrices; that is, if dim(A) =

I × J and dim(B) = K × L, then dim(A⊗B) = (IK)× (JL).
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A.2.4 Khatri-Rao Product

The Khatri-Rao product is a column-wise Kronecker product [40]. It is useful in

the formulation of the CP decomposition discussed in the body of the thesis [40].

It is defined for two matrices A and B that have the same number of columns M :

A�B , (A1 ⊗B1 A2 ⊗B2 · · · AM ⊗BM)

That is, if A is as defined in Section A.2.3, and

B =

 5 7

6 8



with B1 =

 5

6

 and B2 =

 7

8

. Then

A�B ,

 a11B1 a12B2

a21B1 a22B2

 (A.7)

=



5 99
9 21

6 99
9 24

999 999 999

10 99
9 28

12 99
9 32


(A.8)

where the dimension of A � B is 4 × 2. In general, if dim(A) = I × K and

dim(B) = J ×K, then dim(A�B) = (IJ)×K.
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A.2.5 n-mode Product

A matrix is a two mode array, where we can operate on each of its two modes

via a vector or a matrix. That means that for an n-mode array, we can operate

on any of its n modes. Figure A.10 shows graphically how a three mode array

XN×M×K can be multiplied on each side by matrices AP×N , BQ×M and CR×K

to result in an array that is P × Q × R. This concept will be useful when we

discuss the Tucker, CP and AICA decompositions. The multiplication symbol ×i

specifies that we want the multiplication to take place in the ith mode of the array.

Examples of how to carry out the product for one and more than one mode follow.

P

N

A

M

N

K

X

M

Q B

R

K

C

Figure A.10: Schematic of multiplying a three mode array XN×M×K on all three

sides by matrices AP×N , BQ×M and CR×K to get a P ×Q×R array.

A.2.5.1 Multiplying an Array in One Mode

Suppose that we wish to multiply the first mode of array X4×3×2 defined in Equa-

tions A.1 and A.2 by C, where

C =

 1 3 5 7

2 4 6 8

 . (A.9)
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Mathematically, this is expressed as follows:

Y = X ×1 C =

, C X(1)

=

 50 114 178 242 306 370

60 140 220 300 380 460

 ,

(A.10)

with elements arranged as follows:

Y1 =

 50 114 178

60 140 220

 (A.11)

and

Y2 =

 242 306 370

300 380 460

 . (A.12)

In our case, the dimension of the modes for array Y = X ×1 C are 2× 3× 2. In

general, if dim(C) = L×I and dim(X ) = I×J×K, then dim(X×1C) = L×J×K.

A.2.5.2 Multiplying an Array in Multiple Modes

We use similar notation to multiply more than one mode of array XI×J×K . For

instance, suppose we want to multiply X by matrices CP×I , DQ×J and HR×K in

each of the modes of X , respectively. We can express the product as follows [40],

[41], [27]:

Y = X ×1 C×2 D×3 H

= H

(
D

(
CX(1)

)
(2)

)
(3)

(A.13)

which means that, reading from the inside of Equation A.13, we:

1. multiply C by array X that is unfolded in the first mode to get a P × JK

matrix;
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2. reshape the matrix into a P × J ×K array;

3. multiply D by array from Step (2) that is unfolded in the second mode to

get a Q× PK matrix;

4. reshape the matrix into a P ×Q×K array;

5. multiply H by array from Step (4) that is unfolded in the third mode to get

an R× PQ matrix;

6. reshape the matrix into a P ×Q×R array.

This framework is useful in the Tucker, CP and AICA decompositions, where we

use n-mode multiplication to reduce the dimensionality of each mode.
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APPENDIX B

Cumulants

B.1 Motivation for Using Cumulants

The goal of AICA is to find a new set of variables from the original data set, such

that one mode of the new data set contains independent variables. One way to

quantify independence of a group of variables is via joint cumulants; if they vanish

(or are zero), then we can conclude that the variables are independent [31]. In

this chapter, we describe how to find cumulants for univariate and multivariate

random variables.

B.2 Overview of Cumulants

The mean and variance of a random variable are its first and second order cu-

mulants, respectively. From elementary statistics books, we know that a Normal

distribution is exactly determined by its mean and variance. As a result, for nor-

mally distributed variables, we say that only second order statistics are needed

to quantify the distribution, and higher order cumulants1 vanish (or are zero) [33].2

For non-normally distributed variables, we need to know all of their non-zero

cumulants to determine the joint multivariate distribution correctly. For a set

of variables, the cumulant of order one is a vector (or an array with one mode)

1As higher order moments need not vanish for independent variables, we will use cumulants
to define the distribution [15].

2For instance, the third order cumulant, or skewness, is zero for a Normal distribution because
it is symmetric; and its fourth order cumulant, or kurtosis, usually measured in deviations from
the Normal distribution, hence is also zero.
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of variable means; the cumulant of order two is a matrix (or an array with two

modes) with variables’ variances and covariances; the third order cumulant mea-

sures skewness for the variables and is an array with three modes; the fourth order

cumulant measures kurtosis and is a four more array; and so on. We can see that

the order of the cumulant dictates the number of modes it has and its complex-

ity. For practical purposes, we work with third order cumulants (of standardized

variables) in the AICA framework for ease of derivation, computational efficiency

and interpretation.

In general, we can think of the relationship between moments and cumulants as

correlation and covariance matrices; that is, both contain the same information

and can be used to express one in terms of the other [33]. However, because

of certain properties of cumulants (discussed below), they are more preferable

than moments to work with [33]. Denote the cumulant array by C, with elements

cijk for those of third order. While cumulants and moments share the following

properties:

a). are not affected by Gaussian noise for cumulants of order greater than two

[16],

b). are equivalent for any permutation of the variables [16], [57]:

cijk = cikj = cjik = cjki = ckij = ckji;

c). and are multilinear [16], [15]:

Cumulant (X1, X2, AX3, X4, . . .) = A · Cumulant (X1, X2, X3, X4, . . .) ,

it is the additional characteristics specific to cumulants, that make them desirable

optimization criteria.3 The ones most relevant to the methodology discussed in

the body of the thesis are as follows:

3Please see [15] for more details on cumulants that are beyond the scope of the thesis.
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d). they vanish in odd cumulants for variables with even probability distribu-

tions [16];

e). they vanish in even cumulants for variables with odd probability distribu-

tions [16]; and

f). are diagonal for independent variables [16]. That is, if X1, X2, . . . , Xn are

independent of Y1, Y2, . . . , Ym, then [16]:

Cumulant (X1, X2, . . . , Xn, Y1, Y2, . . . , Ym) = 0.

Point (f) suggests that if we diagonalize the joint cumulants of the data array, we

will find the independent components.4 We return to this notion in the formulation

of AICA in Chapter 3.

B.3 Theoretical Cumulants

The cumulants are found from the Cumulant Generating Function, which is re-

lated to the Moment Generating Function. The multivariate Moment Generating

Function (MGF) is [16]:

MX(t) = E
(
etT X

)
, (B.1)

and the Cumulant Generating Function (CGF) is:

ΨX(t) = logMX(t). (B.2)

By expanding the Cumulant Generating Function via Taylor’s Series around zero

and finding the roots of the polynomial, we can find the expressions for the cumu-

lants in terms of moments. Notice that the CGF is a composition of two functions

4For instance, in the case of two variables, the variance-covariance matrix is the variables’
second joint cumulant; their marginal second order cumulants are the univariate variances. If
we use PCA to find two Principal Components (PCs) from the data (not performing dimension
reduction), then the covariance of the PCs will be zero and they will be uncorrelated. If the
original variables were also normally distributed, then the PCs would also be independent of
each other.
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[17]:

f = log(Y) and Y = g(t) = MX(t). (B.3)

We will use this relationship between the functions to derive the formula for the

univariate cumulants in terms of moments in the next section. We present its

multivariate analog in Appendix B.3.2.

B.3.1 Univariate Case

To find univariate cumulants in terms of moments, we first derive the equation

to do so, and apply it to find the third order univariate cumulant. We close

the section by introducing a simplified formulation of the relationship between

cumulants and moments for standardized variables.

B.3.1.1 Derivation

To find the formula for the nth univariate cumulant in terms of moments, we use

the MGF:

µn =
dn

dtn
MX(0) = E[Xn]. (B.4)

We begin the derivation by stating the univariate analog of Equation B.3, as it

directly relates cumulants and moments:

f = log(y) and y = g(t) = MX(t). (B.5)

We proceed to expand the function f via a Taylor’s series around zero. To do so,

we need to differentiate a composition of two functions. We can either use the

chain rule or a shortcut called Faà di Bruno’s formula [49], which tells us that

[65]:

κn =
dn

dtn
f
(
g(t)

)
=
∑
k

n!

m1!(1!)m1m2!(2!)m2 . . .mn!(n!)mn
×

f (m1+m2+...+mn)
(
g(t)

)
×

n∏
j=1

(
g(j)(t)

)mj

,

(B.6)
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where we sum over all possible non-negative solutions to the following equations:
n∑
i=1

mi = k (B.7)

and
n∑
i=1

imi = n, (B.8)

and n is the order of the cumulant [49].

Equation B.6 shows us that we will be taking the derivatives of f , which in our

case, is the logarithm function. The kth univariate derivative of the logarithm

function is:

f (k)(y) = log(k)(y) =
(−1)k−1(k − 1)!

yk

and evaluating it at 0 yields:

f (k)
(
Mx(t)

)∣∣∣
x=0

=
(−1)k−1(k − 1)!

[E (e0)]k
= (−1)k−1(k − 1)!. (B.9)

Substituting Equations B.4 and B.9 into Equation B.6, we get:

κn =
dn

dtn
log
(
MX(t)

)∣∣∣
t=0

=
∑
k

n!

m1!(1!)m1m2!(2!)m2 . . .mn!(n!)mn
×

log(k)
(
MX(t)

)∣∣∣
t=0

)
︸ ︷︷ ︸

(−1)k−1(k−1)!

n∏
j=1

(
g(j)(t)

∣∣∣
t=0︸ ︷︷ ︸

=µj

)mj

=
∑
k

(
n

m1,m2, . . . ,mn

)
(−1)k−1(k − 1)!

(1!)m1(2!)m2 . . . (n!)mn
× µm1

1 µm2
2 · · ·µmn

n �

(B.10)

where the summation is over the sums defined in Equations B.7 and B.8 [49].

B.3.1.2 Equation Verification for a Third Order Cumulant

We verify Equation B.10 by finding the univariate skewness (or third order cumu-

lant) denoted by κ3, for a non-standardized random variable. To do so, we need

to know n, k and mi. We now present the details to finding these unknowns.
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1. n is the order of the cumulant, which is three in this case.

2. To solve for mi, expand
∑n

i=1 imi = n to get 1m1 + 2m2 + 3m3 = 3. There

are three possibilities where the relationships hold:

(a) m3 = 1⇒ m1 = m2 = 0

(b) m1 = m2 = 1⇒ m3 = 0

(c) m1 = 3⇒ m2 = m3 = 0.

3. Next, substitute the three scenarios from Step (2) into
∑3

i=1mi = k to find

the value for k in each case:

(a) k = m1 +m2 +m3 = 0 + 0 + 1 = 1

(b) k = m1 +m2 +m3 = 1 + 1 + 0 = 2

(c) k = m1 +m2 +m3 = 3 + 0 + 0 = 3

4. For each k, each term in Equation B.10 will look like:

(a) k = 1: (
3

0, 0, 1

)
(−1)1−1(1− 1)!

(1!)0(2!)0(3!)1
× µ0

1µ
0
2µ

1
3 = µ3

(b) k = 2: (
3

1, 1, 0

)
(−1)2−1(2− 1)!

(1!)1(2!)1(3!)0
× µ1

1µ
1
2µ

0
3 = −3µ1µ2

(c) k = 3: (
3

3, 0, 0

)
(−1)3−1(3− 1)!

(1!)3(2!)0(3!)0
× µ3

1µ
0
2µ

0
3 = 2µ3

1

5. Combining terms from Steps 4(a)–(c), we get the desired result:

κ3 = µ3 − 3µ2µ1 + 2µ3
1. �

.
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B.3.1.3 Finding Cumulants from Moments

In the previous section we found the univariate third order cumulant in terms of

moments. Expanding Equation B.10 similarly for orders one, two and four, we

can express the first four cumulants in terms of moments:

κ1 = µ1 (B.11)

κ2 = µ2 − µ2
1 (B.12)

κ3 = µ3 − 3µ1µ2 + 2µ3
1 (B.13)

κ4 = µ4 + 4µ1µ3 − 3µ2
2 + 12µ1µ

3
2 − 6µ4

1. (B.14)

For a standardized univariate random variable, the expressions for the cumulants

simplify; the first four appear below:

κ1 = 0 (B.15)

κ2 = 1 (B.16)

κ3 = µ3 (B.17)

κ4 = µ4 − 3. (B.18)

B.3.2 Multivariate Case

In this section we present the multivariate analog of Equation B.10 (omitting the

proof) and illustrate how to use the formula.

B.3.2.1 Finding Cumulants from Moments

The multivariate analog of Equation B.10 shows us how to find all of the multi-

variate cumulants of order D in terms of moments [16]:

κ[D] =
∑
ν

(−1)|ν|−1(|ν| − 1)! E

{∏
i∈V1

xi

}
E

{∏
i∈V2

xi

}
. . . E

{∏
i∈VL

xi

}
, (B.19)

where ν represents different partitions or (different) group sizes that, say, k people

can arrange themselves into, where each group {V1, V2, . . ., VL}, for 1 ≤ L ≤ k is
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composed of at least one person and the number of blocks |ν| tells us how many

groups there are (|ν| = L). It is easier to understand the formula via an example,

which we present in the following section.

B.3.2.2 Equation Verification

To better understand Equation B.19, suppose we wish to find the expression for the

fourth order multivariate cumulant κ[4] for four random vectorsX1, X2, X3 and X4.

Because cumulants capture all possible relationships between the variables, we can

think of the variables as four people given instructions to arrange themselves into

any size group they wanted. Then the only possible group sizes are: a group of

four, four groups of one, two groups of two each, or two groups with three people

in one and one person in the other group. We discuss these scenarios (or parti-

tions) in the context of Equation B.19 below, in order to find the joint fourth order

cumulant for a matrix with four random variables (represented here by people).

• In the first scenario, everyone chose to work together and there is only

one group of four. In the notation of Equation B.19, we see that there is

one block (blocks are separated by commas) and one partition of size four

(partitions are separated by parentheses):

{V1 = (X1X2X3X4)}.

Plugging this information into Equation B.19, we get the first term in the

formula for κ[4]:

(1− 1)!(−1)1−1E[X1X2X3X4] = E[X1X2X3X4] = µ[4].

• Suppose that next we look at the different ways that four people can be

arranged into two groups, with three people in one and one person in the

other group. There are
(
4
3

)
= 4 different ways that four people can be

selected to be a member of a group of three. They are: X1X2X3, X1X2X4,
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X1X3X4 and X2X3X4. This means that the remaining person is in a group

by him/herself. Thus, we get four blocks of two partitions each:

{V1 = (X1X2X3)(X4), V2 = (X1X2X4)(X3),

V3 = (X1X3X4)(X2), V4 = (X2X3X4)(X1)}.

As a result, for this set, the associated term in the summation in Equa-

tion B.19 reduces to:

(2− 1)!(−1)2−1E [X1X2X3] E[X4] + · · ·

+(2− 1)!(−1)2−1E[X2X3X4]E[X1] = 4µ[1]µ[3].

• Another way to have a set with two partitions each, is if there are two groups

with two members each. There are
(
4
2

)
= 6 different ways that four people

can be selected to be a member of a group of two. However, since the order

of a group the person belongs to does not matter, there are only three ways

we can choose two variables out of four, for two groups (without repeats and

up to permutation):

{V1 = (X1X2)(X3X4), V2 = (X1X4)(X2X3), V3 = (X1X3)(X2X4)}.

As such, there are three blocks of two partitions each, suggesting that the

next term in the summation in Equation B.19 reduces to:

(2− 1)!(−1)2−1E[X1X2]E[X3X4] + (2− 1)!(−1)2−1E[X1X4]E[X2X3]

+ (2− 1)!(−1)2−1E[X1X3]E[X2X4] =

= −

(
E[X1X2]E[X3X4]+E[X1X4]E[X2X3]+E[X1X3]E[X2X4]

)
= −3µ2

[2].

(B.20)

• Four people can also work in three groups: one of size two and two of one

person each. From Case (3), we saw that there are six ways that we can
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have four people arrange themselves into groups of two. We can break up

the second group of two people into two groups of one to get three people

to work individually. This gets us six blocks of three partitions each:

{V1 = (X1X2)(X3)(X4), V2 = (X1X4)(X2)(X3), V3 = (X1X3)(X2)(X4),

V4 = (X2X4)(X1)(X3), V5 = (X2X3)(X1)(X4), V6 = (X3X4)(X1)(X2)},

(B.21)

which corresponds to the following term in Equation B.19:

(3− 1)!(−1)3−1E[X1X2]E[X3]E[X4] + · · ·

+(3− 1)!(−1)3−1E[X3X4]E[X1]E[X2] = 12µ2
[1]µ[2].

• Our last scenario is the case when all four people decide to work by them-

selves. Then there is only one block with four partitions. This is the final

term in the summation in Equation B.19:

(4− 1)!(−1)4−1E[X1]E[X2]E[X3]E[X4] =

6E[X1]E[X2]E[X3]E[X4] = −6µ4
[1].

Combining all the terms together, we get all the possible scenarios that we can

get information out of four variables, and form the joint fourth order cumulant:

κ[4] = µ[4] + 4µ[1]µ[3] − 3µ2
[2] + 12µ2

[1]µ[2] − 6µ4
[1]. �

B.4 Empirical Cumulants

In the previous section we discussed theoretical moments and cumulants. We now

present how to use the equations to estimate moments and cumulants from the

data.
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B.4.1 Univariate Case

In the univariate case, we can find the kth moment of a random variable X (rep-

resented here as a column vector) as follows:

mk =
1

N

N∑
i=1

xki ,

where xi are the N elements of a column vector X.

B.4.2 Multivariate Case

For multivariate variables, we illustrate how to find the third and fourth order

joint cumulants from the data; cumulants of higher order can be found similarly.

Let C correspond to the empirical higher order cumulant array (order higher than

two) of a standardized data matrix XN×M . We can find each element of the third

order cumulant array M ×M ×M as follows:

cijk =
M∑
m=1

ximxjmxkm, (B.22)

where M the number of variables (or columns) in matrix X. The other terms are

omitted because the variables are assumed to be standardized.

Similarly, we can find the elements of the fourth order joint cumulant array M ×

M ×M ×M as follows:

cijkl =
M∑
m=1

ximxjmxkmxlm − 3
M∑
p=1

xipxjp

M∑
q=1

xkqxlq. (B.23)

The other terms are omitted because the variables are assumed to be standardized.
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APPENDIX C

Derivations of Alternating Least Squares

Algorithms for Dimension Reduction Techniques

Discussed in the Thesis

C.1 Introduction

In this section we define and motivate the need for contrast functions in the for-

mulation of data decompositions, and proceed to derive algorithms for finding the

unknown loading matrices and core arrays (where applicable) in the formulations

of contrast functions for PCA, Tucker-3, CP and AICA decompositions.

C.2 Overview of Contrast Functions

Since we are interested in the underlying unobserved or latent variables, we cannot

evaluate model fit via a Mean Squared Error criterion [16].1 As a result, we turn

to contrast functions as an alternative optimization criteria for determining how

the sources were mixed and how to separate them via consistent estimates [16].

Inherent to the optimization criteria discussed in this section is the assumption of

a noise-free model for ICA [16], [15].2

1Mean Squared Error Criterion (MSE) is found as the E[(estimated sources−true sources)2].
Because the independent components are, by definition, unobserved, we cannot use MSE to
evaluate model fit.

2A noise-free ICA model can be formulated mathematically as Z = SA. This assumption is
equivalent to assuming Gaussian noise in the ICA model because higher order cumulants (for
order greater than two) vanish for Gaussian random variables [33]. (Please see Appendix B for
more details on Gaussian random variables.)
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To be a contrast function, the optimization criteria has to satisfy the following

properties:

• should not be affected by a permutation of the components [14];

• be scale invariant [14];

• and decrease the contrast function if sources were independent to begin with

[15], [14].

We now discuss how to optimize the contrast function of PCA and its higher mode

analogs Tucker-3 and CP introduced in Chapter 2.

C.3 Principal Component Analysis

The goal of PCA is to express the observed, preprocessed data set XNM×K as a

product of two orthonormal matrices U and V. To find the unknown matrices,

we minimize the following loss function [19]:

min
UT U diagonal
VT V diagonal

||X−UVT ||2 =

= min
{

tr
[(

X−UVT
)T (

X−UVT
)]}

= min tr

(
XTX −XTUVT −VUTX −VUTUVT

)
.

(C.1)

Using the properties of trace [72], we can rearrange the loss function in Equa-

tion C.1 as follows:

L1 = tr

(
XTX −VUTX −VUTX−VUTUVT

)
(C.2)

and

L2 = tr

(
XTX −UVTXT −VTXTU−UVTVUT

)
. (C.3)
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Taking the derivative of Equation C.2 with respect to the unknown matrix V,

and employing the property of derivatives with respect to the trace function [21]:

∂

∂V
trace (VU) = UT , (C.4)

we get one of the stationary equations [19]:

∂L1

∂V
= −2

(
UTX

)T
+
(
UTUVT

)T
+
(
VUTU

)
= 0

= −2
(
XTU

)
+ 2

(
VUTU

)
= 0

⇒ XTU = V
(
UTU

)
.

(C.5)

Taking the derivative of Equation C.3 with respect to the unknown matrix U, and

employing the property of derivatives with respect to the trace function shown in

Equation C.4 [21], we get the second stationary equation [19]:

∂L2

∂U
= −2

(
VTXT

)T
+
(
VTVUT

)T
+
(
UVTV

)
= 0

= −2 (XV) + 2
(
UVTV

)
= 0

⇒ XV = U
(
VTV

)
.

(C.6)

Because we required UTU and VTV to be diagonal, this is equivalent to [19]:

XTU = VΛ (C.7)

XV = UΛ (C.8)

As such, we find U, V and Λ by decomposing X without error by Singular Value

Decomposition: X = UΛVT , where U contains K left singular vectors; V con-

tains K right singular vectors; UTU = IK , VVT = INM as desired; and Λ is a

diagonal matrix that stores the singular values.

As a result of SVD, the loss function of Equation C.1 simplifies to [19]:

min
UT U diagonal
VT V diagonal

||X−UVT ||2 = min
K∑

i=L+1

λ2
i . (C.9)

That is, we want to minimize the information in the data set left over after ex-

tracting L components.
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C.4 Tucker Decomposition

In the formulation of the loss function of the Tucker-3 decomposition, we have

four unknowns: three loading matrices A, B and C and one core array G. We

present one way to simplify the loss function: eliminating G from the model [40].

The derivations of the associated loss function and ALS algorithm follow the logic

of [40].

C.4.1 Derivation

We begin the derivation of the simplified loss function for the Tucker-3 decom-

position by expressing its loss function as a way of minimizing the error in the

approximation of our data set:

inf
||A||=IP

||B||=IQ

||C||=IR
G

||X − X̂ ||2 = inf
||A||=IP

||B||=IQ

||C||=IR
G

||X − G ×1 A×2 B×3 C||2

= inf
||A||=IP

||B||=IQ

||C||=IR

||X ||2 − 2 < X ,G ×1 A×2 B×3 C >

+ ||G ×1 A×2 B×3 C||2

= inf
||A||=IP

||B||=IQ

||C||=IR
G

||X ||2 − 2 < X ×1 AT ×2 BT ×3 CT ,G >

+ ||G ×1 A×2 B×3 C||2

= inf
||A||=IP

||B||=IQ

||C||=IR
G

||X ||2 − 2||G||2 + ||G ×1 A×2 B×3 C||2

= inf
G
||X ||2 − ||G||2

(C.10)

where the:

• second equality follows from the definition of the norm;

• third equality is due to Proposition 3.11 of [40], which states that the n-mode
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product is commutative in the inner product;

• fourth equality is by definition of G. That is, if

X = G ×1 A×2 B×3 C

then

G = X ×1 A−1 ×2 B−1 ×3 C−1

= X ×1 AT ×2 BT ×3 CT ,
(C.11)

because each matrix is orthonormal, its matrix inverse is equivalent to its

matrix transpose.

• fifth equality is due to Proposition 3.12 of [40], which states that multiplying

an array in a particular mode by an orthogonal matrix leaves its norm

unchanged [40].

This means that to minimize Equation C.10, we need to maximize ||G||2 [40]. By

making A, B and C larger and larger (to infinity), we can maximize the norm [46].

To have meaningful matrices A, B and C, we constrain them to be orthonormal.

Hence, the optimization becomes:

sup ||G||2 = sup
||A||=IP

||B||=IQ

||C||=IR

||X ×1 AT ×2 BT ×3 CT ||2. (C.12)

C.4.2 Alternating Least Squares Algorithm Algorithm

To find the unknown loading matrices A, B and C, we proceed to use ALS. We

iterate by fixing all of the unknowns, one at a time except for one, and updating it

from the others until convergence. Suppose B and C are fixed. Then, to update
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A, we need to find:

sup ||G||2 = sup
||A||=IP

||X ×1 AT ×2 BT ×3 CT ||2

= sup
||A||=IP

∣∣∣∣∣∣∣∣(X ×1 I×2 BT ×3 CT

)
×1 AT

∣∣∣∣∣∣∣∣2
= sup
||A||=IP

||Y ×1 AT ||2

= sup
||A||=IP

||ATY(1)||2

= sup
||A||=IP

(
ATY(1)

)T (
ATY(1)

)
.

(C.13)

Via Singular Value Decomposition, let Y(1) = UDVT . Then Equation C.13,

becomes:

sup ||G||2 = sup
||A||=IP

(
ATY(1)

)T (
ATY(1)

)
=
(
VDUTA

) (
ATUDVT

)
= VD

(
UTA

) (
ATU

)
DVT

= VD
(
e1e

T
1 + e2e

T
2 + · · ·+ eP e

T
P

)
DVT

=

(
P∑
i=1

λ2
i eiei

)
VVT

=
P∑
i=1

λ2
i

(C.14)

That is, we want to maximize the information contained in the P components by

choosing the P largest singular values.

This means that the ALS algorithm for finding the optimal loading matrices A,

B and C (by symmetry of the arguments) is:

1. Fix B(t) and C(t). Then A(t+1) ←− 1st leading P eigenvectors of

X ×1 I×2 BT (t) ×3 CT (t) = X ×2 BT (t) ×3 CT (t) (C.15)
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2. Fix A(t+1) and C(t). Then B(t+1) ←− 1st leading Q eigenvectors of

X ×1 AT (t+1) ×3 CT (t) (C.16)

3. Fix A(t+1) and B(t+1). Then C(t+1) ←− 1st leading R eigenvectors of

X ×2 AT (t+1) ×3 BT (t+1). (C.17)

We iterate over these steps to find the optimal loading matrices A, B and C, until

a desired level of tolerance is achieved:∣∣∣∣||X ||2 − ||G||2∣∣∣∣ < ε.

C.5 CANDECOMP/PARAFAC Decomposition

In the formulation of the loss function of the CP decomposition, we have three

unknowns: the three loading matrices A, B and C. We present the derivation for

the ALS algorithm for the CP decomposition following the logic of [40].

C.5.1 Derivation

Similar to Tucker-3, we begin the derivation of the ALS formulation for CP by

expressing its loss function as a way of minimizing the error in the approximation

of our data set:

inf
A,B,C

||X − X̂ ||2 = inf
A,B,C

||X(1) −A (C�B)T ||2, (C.18)

where the loading matrices are stored in A, B and C. This means that at infimum,

X(1) = A (C�B)T

and

XT
(1) = (C�B) AT .
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Let Y = vec
(
XT

(1)

)
, Z = (C�B) and β = vec

(
AT
)
, where vec(·) results in one

column with NM elements. Then,

Y = Zβ.

Multiplying both sides by ZT , we get:

ZTY = ZTZβ.

Isolating β, we get the familiar regression equation:

β =
(
ZTZ

)−1
ZTY.

Substituting back our variables, we get:

AT =

(
(C�B)T (C�B)

)†
(C�B)T XT

(1),

where † denotes the generalized Moore-Penrose inverse. Using the properties of

the Khatri-Rao product [40], the equation simplifies as follows:

AT =

((
CTC

)
∗
(
BTB

))†
(C�B)T XT

(1). (C.19)

Transposing both sides, we get:

A = X(1) (C�B)

((
CTC

)
∗
(
BTB

))†
; (C.20)

we drop the transpose on the last term because it is symmetric.

C.5.2 Alternating Least Squares Algorithm Algorithm

To find the unknown matrices A, B and C via ALS, we use Equation C.20 and

the symmetry of the arguments in the loss function to specify the loading matrix

updates:

A(t+1) ←− X(1) (C�B)

((
CTC

)
∗
(
BTB

))†
B(t+1) ←− X(1) (C�A)

((
CTC

)
∗
(
ATA

))†
C(t+1) ←− X(1) (B�A)

((
BTB

)
∗
(
ATA

))†
.
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C.6 Array Independent Component Analysis Decomposi-

tion

The formulation of the AICA loss function contains four unknowns: the four

loading matrices U, V, W and D. It is based on the generalization of the CP de-

composition to four mode arrays. We present the derivation for the ALS algorithm

for the AICA decomposition following the logic of Section C.5.

C.6.1 Derivation

Similar to CP, we begin the derivation of the ALS formulation for AICA by ex-

pressing its loss function as a way of minimizing the error in the approximation

of the four mode array A that contains the third order cumulants for each N ×M

slice of X :

inf
U,V,W,D

||A − Â||2 = inf
U,V,W,D

||A(1) −U (D�W �V)T ||2, (C.21)

where the loading matrices are stored in U, V, W and D. This means that at

infimum,

A(1) = U (D�W �V)T .

and

AT
(1) = (D�W �V) UT .

Following the derivation of the ALS for the CP decomposition above, we can

derive the ALS updates shown in Chapter 3 for the AICA framework.
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APPENDIX D

Application of Previously Developed Dimension

Reduction Techniques to Study the White Oval

D.1 Introduction

We evaluate the success of a decomposition based on its ability to uncover inter-

pretable latent structures in the remotely sensed images of the White Oval. The

components extracted via AICA are meaningful and are discussed in Chapter 5.

As the results of existing dimension reduction methods not interpretable, which

is our main criteria, we present them in this chapter for completeness.

D.2 Results of Previously Developed Dimension Reduc-

tion Techniques

D.2.1 Principal Component Analysis

Principal Component Analysis is by far the most commonly employed dimension

reduction technique, especially in remote sensing applications. We use it to re-

duce the volume of the data cube by shrinking the size of one mode. As with any

dimension reduction technique, we first have to determine how many components

to extract. For our data set, following the discussion in Chapter 4, we considered

extracting three and four components based on solutions on the convex hull shown

in Table D.1. The loading matrix U that will rotate the unfolded data cube to

have uncorrelated components is shown in Figure D.1.
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Given the preprocessed data set ZK×K and the loading matrix U, we can find the

first component:

PC1 = u11Z1 + u21Z2 + · · ·+ uK1ZK

= 0.2× Z1 + 0.3× Z2 + . . .− 0.2ZK−1 − 0.1ZK

(D.1)

where Zi, i = 1, . . . , 13 is a column of the preprocessed data set, as outlined in

Chapter 2.2.1. The second component is found by weighting the columns of Z by

the second column of U shown in red in Figure D.1; the third component is found

by weighting the columns of X by the third column of U shown in green. We

find components from the loading matrices resulting from other decompositions

similarly.

Rank Complexity Fit Scree-test Value

1 3 0.89 4.60

2 4 0.94 2.57

3 11 1 1.85

4 10 0.99 1.68

5 6 0.97 1.64
...

Table D.1: Top five solutions on the convex hull for PCA.

Among all of the dimension reduction techniques presented in the thesis, PCA is

the only one whose formulation for finding the components is deterministic and

solutions are nested1. In addition, PCs are also ordered in terms of explaining the

most variability. However, its major drawbacks are overfitting noise when higher

1Nested solutions are those, that if we compute the Singular Value Decomposition of the
preprocessed data XNM×K (as outlined in Section 2.2.1) and find all K principal components,
to find a solution that will reduce the depth of X to P (P < M), we choose those P columns of
the complete solution that are associated with P largest singular values.
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Figure D.1: Loading matrix from PCA, extracting three components that explain

89% of variance.

mode data sets are reshaped into matrices [37]; and assuming normally distributed

variables. Based on Figure 5.4, which showed the distributions of the radiances

across wavelengths, this is not the case for our data set. With these problems, we

expect methods that relax either or both of these assumptions to be more robust.

D.2.2 Independent Component Analysis

Because we saw that the distribution of the original data cube containing the

White Oval was not normal, we also tried to reduce its third mode via ICA. To

do so, we decompose a two mode representation of the data cube as described in

Chapter 2.2.2. In the process, ICA finds the un-mixing matrix W that rotates

the Principal Components towards independence.

We begin ICA by choosing the number of components we want to extract. The
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convex hull approach introduced in Chaper 4 suggests that ICA fits the data

perfectly with eight components, as shown in Table D.2. Yet the un-mixing matrix

2 W for these components, shown in Figure D.2, illustrates that they are not

informative, as the weights forming the components are multiples of each other

and seem to mimic the variance in the data cube.3,4 As a result, we conclude

that, for this data set, ICA is not effective in providing inference about the White

Oval on Jupiter. We now proceed to analyze the data set as a cube rather than

a matrix.

Rank Complexity Fit Scree-test Value

1 8 1 116.04

2 3 0.9992710 9.09

3 4 0.9998863 6.59

4 5 0.9999796 6.21

5 6 0.9999947 4.65
...

Table D.2: Top five solutions on the convex hull for ICA.

D.2.3 Tucker-3

One technique generalizing Singular Value Decomposition (SVD) to three mode

data sets is Tucker-3 [41]. Similar to SVD, the components of Tucker-3 are also

found to explain the variability in each mode, regardless of other modes [41]. The

technique makes it possible to reduce each mode of the data cube.

2We used the R package fastICA to perform the analysis for simultaneously extracting L
components [53], [62].

3Because preprocessing for ICA requires only centering of the column variables, it is possible
to have the components mimic the variance of each slice of the data cube.

4Even when we extracted three components, which is the recommended next-best option
based on the hull, the weights of the resulting un-mixing matrix closely resembled those in
Figure D.2.
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Figure D.2: Plot of the columns of the loading matrix that shows how the original

variables would be combined to form eight Independent Components; they cannot

discern the hidden structure in the data set.

Similar to the other decompositions, we begin by choosing the number of compo-

nents to extract by employing the diagnostic introduced in Chapter 4. The plot

with all possible model constraints and the associated data approximations are

shown in Figure D.3.5,6 The top five models are shown in Table D.3.

5Multiple models may have the same number of components but varying degrees of fit,
because to get a model with a total of 10 components, we can extract (3,4,3) or (5,3,2) or
(2,3,5), etc. total number of components.

6We used the R package ThreeWay to perform the analysis for extracting P , Q and R com-
ponents for each of the modes, respectively [24], [62].
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Rank P Q R Fit (%) # Constraints Scree-test Value

1 2 10 13 97.22 25 5.60

2 5 10 13 97.30 28 5.51

3 2 7 13 96.28 22 3.69

4 7 10 13 97.30 30 3.26

5 2 5 10 87 17 2.12
...

Table D.3: Top five solutions on the convex hull for Tucker-3.

While the diagnostic recommends we use the decomposition with 2, 10 and 13

components for each of the three modes respectively, we analyze the loading ma-

trices from the second best model with 5, 10 and 13 components. This is because

the columns of the loading matrix, in this case, are more distinct. Similar to the

findings of PCA and ICA, the plots of the loading matrices for each mode of the

data set, shown in Figures D.4–D.6 suggest that they cannot uncover the struc-

ture in the data set, as they are not easily interpretable. As a result, we turn to

CP and evaluate the interpretability of its components.

D.2.4 CANDECOMP/PARAFAC

Another technique generalizing SVD to three mode data sets is CP, whose de-

composition is unique up to scale [41], [43]. It reduces each mode of the data

cube to form a smaller cube with equal sides. To determine how many compo-

nents to extract per mode, we use the diagnostic tool presented in Chapter 4 and

shown for the CP decomposition in Table D.4. It recommends we try to interpret

the decomposition with 2 components per mode. However, the weights forming
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Figure D.3: Tradeoff between model complexity and fit for the Tucker-3 model.

Convex hull is highlighted in blue and the optimal solution based on the scree test

in red.

the components were near multiples of one another and lacked clear patterns.7

We considered extracting four components per mode, which resulted in two dis-

tinct non-interpretable components for the first mode of the data set shown in

Figures D.7–D.9.

7We used the R package ThreeWay to perform the analysis for extracting R components for
each of the modes [24], [62].
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Rank Complexity Fit (%) Scree-test Value

1 2 99.6354 14.21

2 4 99.8171 2.81

3 5 99.851 1.37

4 6 99.8797 1.72

5 7 99.8993 1.62
...

Table D.4: Top five solutions on the convex hull for CP.

D.3 Discussion

This chapter showed that the previously developed dimension reduction techniques

are not adequate at quantifying the structure of the White Oval. As a result, a new

technique has been developed, called AICA, to generalize these approaches and

uncover the characteristics of the storm. Its findings are presented in Chapter 5.
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Figure D.4: Loading matrix from the Tucker-3 decomposition for the first mode,

extracting five components.
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Figure D.5: Loading matrix from the Tucker-3 decomposition for the second mode,

extracting 10 components.
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Figure D.6: Loading matrix from the Tucker-3 decomposition for the third mode,

extracting 13 components.
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Figure D.7: Loading matrix from the CP decomposition for the first mode, ex-

tracting four components.
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Figure D.8: Loading matrix from the CP decomposition for the second mode,

extracting four components.
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Figure D.9: Loading matrix from the CP decomposition for the third mode, ex-

tracting four components.
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