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T h e Function s o f  Finit e Support :  a  Canonica l  Learnin g Proble m ̂  

RusigS Freivalds^ 
Inslitui e o f  Malhcina(ic s an d Compute r  Scienc e 

Universit y o f  Latvia ,  Raiij a bulvSri s  29 ,  LV-1459 ,  Riga ,  Latvi a an d 
Elin i  Kinbe r 

Departmen t  o f  Compute r  an d Informatio n Scienc e 
Sacre d Hear t  University ,  515 1 Par k Avenu e Fairfield ,  C T 06432 ,  U S A an d 

Car l  H .  Smith ^ 
Departmen t  o f  Compute r  Scienc e 

Universit y o f  Maryland ,  Colleg e Park ,  M D 20912 ,  U S A 

Abstrac t 

The functions of finite support have played a ubiquitous role in 
th e stud y o f  inductiv e inferenc e sinc e it s inception .  I n additio n 
t o providin g a  clea r  an d simpl e exampl e o f  a  leamabl e class , 
th e function s o f  finite  suppor t  ar e employe d i n man y proof s 
tha t  distinguis h variou s type s an d feature s o f  learning .  Recen t 
result s sho w tha t  thi s ostensibl y simpl e clas s require s a s muc h 
spac e t o lea m a s an y othe r  leamabl e se t  and ,  furthermore ,  i s  a s 
intrinsicall y difficul t  a s an y othe r  leamabl e set .  Thi s make s th e 
function s o f  finite  suppor t  a  candidat e fo r  bein g a  canonica l 
learnin g problem .  W e argu e fo r  thi s poin t  i n th e pape r  an d 
discus s th e ramifications . 

I n t r o d u c t i o n 

The startin g poin t  fo r  studie s i n inductiv e inferenc e i s th e 
model  o f  learnin g b y exampl e introduce d b y Gol d (1967) . 
Thi s i s a  simpl e mode l  o f  learnin g algorithm s tha t  inpu t  exam -
ple s o f  som e functio n an d produc e program s tha t  ar e intende d 
t o comput e th e functio n generatin g th e examples .  Learnin g 
take s plac e a s th e "correct "  progra m mus t  b e produce d afte r 
th e learnin g algorith m ha s see n onl y finitely  man y examples . 
The function s use d a s inpu t  ar e typicall y (partial )  recursiv e 
functions .  Usin g traditiona l  encodin g techniques ,  thi s clas s 
of  function s i s rich  enoug h t o mode l  a  wid e rang e o f  phenom -
ena (Anglui n &  Smith ,  1983) .  Simila r  model s wer e use d b y 
philosopher s o f  scienc e w h o wer e intereste d i n understandin g 
th e scientifi c  metho d (Burks ,  1958 ;  C a m a p ,  1952 ;  C a m a p & 
Jeffrey ,  1971 ;  Popper ,  1968 ;  Putnam ,  1975) . 

The mathematicall y ric h stud y o f  inductiv e inferenc e pro -
ceed s b y definin g variation s o f  Gold' s mode l  an d showin g 
tha t  the y giv e ris e t o a  differen t  clas s o f  learnabl e set s o f 
functions .  Fo r  example ,  th e stud y o f  tea m inferenc e (Smith , 
1994b )  wa s starte d b y th e earl y resul t  tha t  ther e ar e tw o set s 
of  functions ,  eac h o f  whic h i s leamable ,  bu t  thei r  unio n i s no t 
(Blu m &  Blum ,  1975) .  Th e function s o f  finite  suppor t  wer e 
one o f  th e tw o set s used .  Subsequently ,  thi s exampl e se t  wa s 
use d man y time s i n th e stud y o f  inductiv e inferenc e t o distin -
guis h betwee n tw o type s o f  leamability . 

'Thi s wor k wa s facilitate d b y a n internationa l  agreemen t  unde r 
NSF Grant s 911954 0 an d 942164 0 
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^Supporte d i n par t  b y N S F Grant s 902007 9 an d 930133 9 an d 

th e Fulbrigh t  Commision .  Currentl y o n leav e a t  th e Universit y o f 
Kaiserslautem . 

O ne o f  th e criticism s o f  wor k i n inductiv e inferenc e i s tha t 
th e example s use d ar e artificial ,  o r  i n th e cas e o f  th e function s 
of  finite  support ,  overl y simplistic .  Th e ubiquitou s us e of ,  an d 
th e simplicit y o f  th e function s o f  finite  suppor t  m a k e the m 
a candidat e fo r  bein g a  "canonical "  learnin g problem .  Re -
cen t  result s (Freivald s e t  al. ,  1995 ,  Freivalds ,  Kinbe r  &  Smith , 
1995 )  concernin g variou s notion s o f  complexit y fo r  learnin g 
strongl y sugges t  tha t  th e reaso n fo r  th e numerou s appearanc e 
of  th e function s o f  finite  suppor t  i n th e literatur e i s becaus e 
the y pla y a  rol e fo r  learnin g analogou s t o th e rol e playe d b y 
th e C N F satisfiabilit y  proble m fo r  genera l  complexit y theor y 
(Gare y &  Johnson ,  1979) . 

I n wha t  follows ,  w e presen t  th e Gol d mode l  i n greate r  de -
tai l  an d the n revie w th e recen t  result s allude d t o above .  I n 
an effor t  t o minimiz e notation ,  forma l  definition s hav e bee n 
place d i n th e appendix .  W e conclud e wit h a  deepe r  analysi s 
of  th e function s o f  finite  suppor t  wit h respec t  t o learning . 

The Gold Model 

Virtuall y al l  learnin g b y exampl e model s ar e enhancement s 
or  restriction s o f  Gold' s notio n o f  learnin g i n th e limi t  (Gold , 
1967) .  I n thi s model ,  a n algorithmi c devic e take s inpu t  ex -
ample s representin g th e grap h o f  a  functio n (o r  string s i n a 
language )  and ,  fro m tim e t o time ,  output s programs .  I f  th e 
inpu t  example s wil l  exhaus t  th e se t  o f  al l  possibl e example s 
and ther e i s a  singl e progra m tha t  i s almos t  alway s th e pro -
gra m produce d b y th e devic e an d thi s progra m compute s th e 
functio n represente d b y th e input ,  the n w e sa y tha t  th e de -
vic e ha s learne d th e function .  Clearly ,  som e typ e o f  learnin g 
must  hav e take n plac e a s th e correc t  functio n i s produce d afte r 
th e devic e ha s see n onl y finitely  m a n y o f  th e infinitel y m a n y 
examples .  I n thi s way ,  eac h algorithmi c devic e wil l  lea m a 
certai n (undecidable )  se t  o f  recursiv e functions .  T h e collec -
tio n o f  al l  suc h sets ,  acros s al l  algorithms ,  give s ris e t o th e 
collectio n o f  al l  leamabl e set s o f  recursiv e functions . 

Thi s mode l  i s calle d "learnin g i n th e limit "  a s i t  i s  neve r 
know n whe n th e correc t  progra m ha s firs t  appeare d a s a n 
outpu t  o f  th e learnin g algorithm .  I n rea l  lif e situations ,  on e 
frequentl y neve r  know s whe n the y hav e completel y learne d 
something .  Fo r  example ,  technolog y frequentl y introduce s 
ne w word s int o th e language .  I s anyon e willin g t o sa y the y 
k n o w al l  o f  an y natura l  language ? Whil e m a n y o f  u s clai m t o 
be exper t  drivers ,  relativel y fe w driver s k n o w abou t  suc h fine 
point s a s "heal-to e maneuvers "  o r  " 4 whee l  drifts. "  I n som e 
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cases ,  suc h a s learnin g singl e digi t  multiplicatio n tables ,  i t  i s 

eas y t o determin e whe n th e learnin g i s complete .  Suc h case s 

hav e bee n studie d i n th e inductiv e inferenc e community ,  an d 

the y represen t  anothe r  exampl e o f  a  restrictio n o f  th e basi c 

Gol d mode l  o f  learnin g i n th e limit . 

I f  th e input s fo r  th e Gol d mode l  ar e draw n fro m som e dis -

tribution ,  th e learnin g devic e i s constraine d t o operat e withi n 

some complexit y bounds ,  an d th e progra m produce d b y th e 

devic e nee d no t  b e correc t  o n ever y input ,  bu t  jus t  ofte n 

enoug h wit h respec t  t o th e distributio n o f  input s an d a  func -

tio n o f  th e numbe r  o f  example s seen ,  the n th e P A C mode l 

of  learnin g (Valiant ,  1984 )  results .  Similarly ,  an y mode l  o f 

learnin g b y exampl e ca n b e induce d b y restrictin g o r  aug -

mentin g th e basi c Gol d model . 

We procee d wit h a n example .  Below ,  w e describ e a n algo -
rith m tha t  wil l  lear n al l  th e function s o f  finite  support .  Thes e 

ar e th e recursiv e function s tha t  tak e th e valu e zer o o n al l  bu t 

finitely  man y inputs .  Whil e th e nam e o f  thi s clas s o f  func -

tion s come s fro m th e branc h o f  Mathematic s know n a s Anal -

ysis ,  th e first  us e i n compute r  scienc e o f  a  recursiv e versio n o f 

th e function s o f  finite  suppor t  appear s t o b e i n (Meyer ,  1972) . 
Th e algorith m A  w e hav e i n min d start s b y initializin g a 

tabl e T  t o b e nul l  an d output s a  progra m fo r  th e everywher e 

zer o function .  A  the n proceed s t o perpetuall y execut e th e 

followin g thre e steps : 

1. Read another input pair (x, J/), 

2. Add (x, 3/) to T iff 2/ 7^ 0 (indicating that another "support" 
poin t  ha s bee n located) ,  an d 

3. Output a program p described below. If the table T has not 
changed ,  th e progra m produce d a s outpu t  i s  identica l  t o th e 

most  recen t  previousl y produce d program . 

p has a copy of T and, on input x will output y such 

tha t  th e pai r  (x ,  y )  i s  i n T  an d outpu t  0  i f  ther e i s n o 
suc h pai r  i n th e curren t  tabl e T . 

It remains to be verified that A works correctly on any 
functio n o f  finite  support .  Sinc e A  output s a  ne w progra m 
onl y whe n th e tabl e changes ,  an d tha t  happen s onl y whe n a 
nonzer o rang e poin t  o f  th e functio n i s found ,  convergenc e t o a 

singl e progra m wil l  b e achieved .  Furthermore ,  thi s final  pro -

gra m wil l  hav e al l  th e suppor t  point s i n th e table ,  a s otherwis e 
i t  wouldn' t  b e th e final  program .  Finally ,  thi s las t  progra m i s 

correct ,  a s al l  th e no n zer o point s ar e i n th e tabl e an d thi s i s 

consulte d firs t  b y ever y progra m tha t  i s produce d b y A .  I f 
th e valu e i s no t  foun d i n th e table ,  the n th e inpu t  canno t  m a p 
t o a  suppor t  poin t  an d a  0  i s th e valu e returne d b y th e final 

program . 
Gol d wa s primaril y intereste d i n languag e learning .  Vi a 

a standar d encodin g o f  string s o f  symbol s a s natura l  num -
bers ,  a  languag e ca n b e viewe d a s a  functio n tha t  map s en -
coding s o f  string s i n th e languag e t o 1  an d al l  othe r  input s 

t o 0 .  Gol d (1967 )  prove d tha t  an y clas s containin g al l  th e fi-
nit e language s an d on e infinit e languag e coul d no t  b e learned . 

Of  course ,  whe n th e finite  language s ar e viewe d a s functions . 

the y becom e th e function s o f  finite  support .  A s mentione d 

earlier ,  th e function s o f  finite  suppor t  wer e use d t o prov e th e 

non unio n theore m o f  (Blu m &  Blum ,  1975) .  Th e function s 

of  finite  suppor t  hav e infinit e V C dimension ,  s o the y can -

not  b e P A C learned .  However ,  usin g dynami c sampling ,  th e 

concep t  clas s o f  al l  finite  subset s o f  th e natura l  number s (es -

sentiall y  th e function s o f  finite  support )  ca n b e P A C learne d 
(Linial ,  Mansou r  &  Rivest ,  1991) . 

Learning with a Limited Memory 

The observatio n tha t  human s lear n withou t  th e benefi t  o f  a 

perfec t  memor y ha s stimulate d researcher s i n man y fields  t o 

conside r  som e for m o f  memor y restricte d learning .  Fo r  exam -

ple ,  i n th e field  o f  neura l  modeling ,  i t  ha s bee n suggeste d tha t 
on e o f  th e function s o f  rapi d ey e movemen t  ( R E M )  slee p i s t o 

discar d som e memorie s t o kee p fro m overloadin g ou r  neura l 
network s (Cric k &  Mitchison ,  1983) .  Independen t  simula -

tion s hav e verifie d tha t  occasiona l  "unlearning "  aid s i n learn -

in g (Hopfield ,  Feinstei n &  Palmer ,  1983) .  I n a  simila r  vein , 
neura l  network s wit h a  limitatio n o n th e typ e o f  th e weigh t 

i n eac h nod e wer e considere d i n (Siegelman n an d Sontag , 

1992) .  Th e type s considere d ar e integer ,  rationa l  an d real . 

Each successiv e typ e can ,  potentially ,  plac e highe r  demand s 
on memor y utilizatio n withi n eac h node .  Eac h typ e als o ex -

pand s th e inheren t  capabilitie s o f  th e neura l  network s usin g 

tha t  typ e o f  nod e weights . 
Linguist s hav e als o considere d th e effec t  o f  memor y fo r 

learning .  Brain e (1971 )  suggeste d tha t  huma n memor y i s or -

ganize d a s a  cascadin g sequenc e o f  memories .  Th e ide a i s 
tha t  item s t o b e remembere d ar e initiall y  entere d i n th e firs t 

leve l  o f  th e memor y an d the n late r  move d t o successiv e lev -

els ,  finally  reachin g lon g ter m memory .  I n Braine' s model , 
eac h o f  th e transitionar y memor y component s ar e subjec t  t o 

degradations .  Consequently ,  item s t o b e remembere d tha t  ar e 
not  reinforce d b y subsequen t  input s m a y b e eliminate d ft-om 

some leve l  o f  th e memor y befor e the y becom e permanentl y 
fixed  i n memory .  Wexle r  an d Culicove r  (1980 )  formalize d 

many notion s o f  languag e learning ,  includin g on e wher e th e 
learnin g algorith m wa s t o hav e acces s t o th e mos t  recentl y 
receive d dat a an d th e machines '  o w n mos t  recen t  conjecture . 
Thei r  mode l  wa s generalize d i n Osherson ,  Sto b &  Weinstein , 
1986 )  t o allo w th e learnin g mechanis m acces s t o th e las t  n 

conjecture s a s wel l  a s th e mos t  recentl y receive d dat a item . 
Thi s generalizatio n wa s show n no t  t o increas e th e potentia l 
of  suc h mechanism s t o lear n languages . 

Withi n th e stud y o f  inductiv e inference ,  ther e hav e bee n 
simila r  investigation s o f  learnin g algorithm s tha t  d o no t  re -
member  al l  th e dat a the y hav e seen ,  no r  remembe r  al l  th e 

program s tha t  the y hav e produce d a s output s (Jantk e &  Be -
ick ,  1981 ;  Miyahara ,  1987 ;  Wiehagen ,  1976) .  Simila r  re -
sult s wer e obtained .  A  differen t  approac h t o memor y lim -
ite d learnin g wa s investigate d i n (Heat h e t  al. ,  1991) .  Th e 
issu e addresse d i n thei r  wor k i s t o calculat e h o w man y passe s 
throug h th e dat a ar e neede d i n orde r  t o learn . 

Al l  of f  th e abov e mentione d forma l  approache s restric t  th e 

number  o f  item s t o b e retaine d i n memor y withou t  addressin g 
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th e siz e o f  thos e items .  Sinc e standar d encodin g technique s 

can b e use d t o represen t  man y item s a s a  singl e integer ,  spac e 

utilizatio n i s no t  accuratel y addresse d b y thi s work .  Li n an d 

Vitte r  conside r  m e m o r y requirement s fo r  learnin g sufficientl y 

smoot h distribution s (Li n &  Vitter ,  1994) .  Sinc e the y assum e 
tha t  th e input s ar e i n som e readabl e form ,  th e issu e o f  ho w 

much spac e i t  take s t o stor e a  numbe r  neve r  arises .  A n attemp t 

t o rectif y thi s difficul t  wa s mad e b y researcher s workin g wit h 
th e P A C (probabl y approximatel y correct )  mode l  o f  learnin g 

(Valian t  1984) .  However ,  thei r  result s wer e no t  a  tru e measur e 

of  spac e complexit y becaus e the y measure d spac e utilizatio n 

as a  functio n o f  th e siz e o f  th e smalles t  answer ,  no t  th e siz e 

of  th e inpu t  (Bouchero n &  Sallantin ,  1988 ;  Haussler ,  1985) . 
P AC learnin g whil e rememberin g onl y a  fixed  numbe r  o f  ex -

amples ,  eac h o f  a  bounde d siz e i s considere d i n (Ameu r  e t  al. , 

1993 ;  Hoyd ,  1989 ;  Helmbold ,  Sloa n &  Warmut h 1989) .  Th e 
most  genera l  investigatio n o n thi s lin e wa s th e observatio n 

i n (Schapire ,  1990 )  tha t  th e boostin g algorith m ca n b e mad e 
reasonabl y spac e efficien t  a s well . 

Sampl e complexit y give s onl y a  ver y crud e accountin g o f 

spac e utilization .  Learnin g procedure s m a y wan t  t o remem -
ber  othe r  informatio n tha n jus t  prio r  examples .  Fo r  example , 
al l  algorithm s ar e base d o n som e underlyin g finite  stat e de -
vice .  Th e state s o f  th e underlyin g finite  stat e machin e ca n 

als o b e use d a s a  for m o f  lon g ter m memory .  T o se e thi s 
point ,  conside r  th e standar d exampl e fro m automat a theor y 
of  th e finite  stat e automato n tha t  accept s al l  string s o f  lengt h 
0 m o d 3 .  Thi s machin e ha s onl y thre e states ,  th e star t  stat e 

So an d S i  an d S2 -  Ever y symbo l  rea d force s a  chang e o f  stat e 
fro m eithe r  s q t o si ,  o r  fro m s i  t o S 2 o r  fro m S 2 t o sq .  Th e 
onl y acceptin g stat e i s sq .  I n effect ,  stat e S i  ( i  <  2 )  "remem -
bers "  tha t  th e inpu t  strin g see n s o fa r  i s o f  lengt h i  m o d 3 . 

Thi s techniqu e ca n b e applie d t o learnin g algorithms .  T o en -
cod e a  singl e bi t  i n th e stat e space ,  jus t  doubl e th e numbe r 
of  states .  Th e secon d cop y o f  th e origina l  stat e se t  behave s 
th e sam e wa y a s th e original .  I f  th e machin e i s i n th e origina l 
stat e space ,  the n a  " 0 "  i s  bein g remembered .  I f  th e machin e 
i s i n th e ne w stat e space ,  the n a  " 1 "  i s bein g remembered . 
I n thi s fashion ,  a n arbitrar y amoun t  o f  informatio n m a y b e 

remembere d i n th e stat e spac e o f  a n algorithm .  Th e siz e o f 
th e algorith m ma y becom e enormous ,  bu t  th e amoun t  o f  stor -
age use d b y th e algorith m m a y stil l  b e miniscul e a s measure d 
by th e technique s mentione d above .  Hence ,  eve n th e sampl e 
complexit y metri c neglect s t o coun t  som e o f  th e lon g ter m 
storag e employe d b y learnin g algorithms . 

Al l  o f  th e abov e mentione d shortcoming s o f  memor y limi t 
learne d wer e addres s i n th e mode l  introduce d i n (Freivalds , 
Kinber & Smith ,  1995) .  There ,  memor y utilizatio n wa s mea -
sure d a s a  functio n o f  th e numbe r  o f  bit s o f  inpu t  see n s o far . 
Bot h lon g an d shor t  ter m memor y wer e considered .  Th e shor t 
ter m memor y i s erase d ever y tim e th e learnin g algorith m pro -
duce s a n outpu t  o r  read s anothe r  dat a item .  Al l  th e stat e infor -
mation ,  retaine d data ,  remembere d outputs ,  an d whateve r  i s 
kep t  i n th e lon g ter m memory .  I t  i s  assume d tha t  eac h learnin g 
algorith m receive s it s inpu t  i n suc h a  wa y tha t  i t  i s  impossi -

bl e t o bac k u p an d rerea d som e inpu t  afte r  anothe r  ha s bee n 

read .  Thi s mode l  eliminate s th e possibilit y  o f  codin g lot s o f 

dat a int o a  singl e locatio n a s i t  i s th e numbe r  o f  bit s o f  m e m-

or y tha t  i s counted .  Furthermore ,  i f  th e stat e spac e i s use d t o 

remember  something ,  the n thi s spac e i s als o counte d a s th e 

stat e informatio n i s als o kep t  i n th e lon g ter m memory .  Fi -

nally ,  thi s mode l  i s a  tru e complexit y theoreti c accountin g o f 

spac e utilizatio n a s th e reckoning  i s don e a s a  functio n o f  th e 

siz e o f  th e input . 

O ne o f  th e result s tha t  wa s show n i n (Freivalds ,  Kinbe r  & 

Smith ,  1995a )  i s tha t  i f  som e se t  S  i s learnable ,  the n i t  i s 

learnabl e b y a n algorith m tha t  use s linea r  lon g storage .  I n 

fact ,  th e linea r  storag e functio n tha t  come s ou t  o f  th e proo f  i s 
c +  { 1 +  e )  •  n ,  wher e n  i s th e numbe r  o f  bit s o f  input ,  c  i s a 

constan t  larg e enoug h t o accommodat e th e stat e informatio n 

of  a  universa l  simulato r  an d e  i s arbitraril y  small .  Hence ,  th e 

spac e complexit y worl d fo r  learnin g i s ver y compact .  Every -
thin g lie s betwee n constan t  an d linea r  space .  Th e ide a o f  th e 

proo f  i s  tha t  th e facto r  n  storag e i s use d t o remembe r  al l  th e 
dat a see n a s inpu t  an d th e e  •  n  facto r  i s use d b y th e universa l 
simulato r  t o simulat e tha t  operatio n o f  th e learnin g algorith m 
tha t  i s purporte d t o exis t  b y th e fac t  tha t  S  wa s learnable .  A s 

n grow s larg e enough ,  th e e  -  n  facto r  i s sufficien t  t o ru n th e 
simulation . 

Severa l  lowe r  boun d result s wer e prove n i n (Freivalds , 

Kinbe r  &  Smith ,  1995a) .  I n particular ,  a  linea r  lowe r  boun d 
on lon g ter m memor y wa s show n fo r  learnin g th e function s o f 
finite  support .  Th e ide a o f  thi s proo f  i s  tha t  i f  th e inpu t  come s 
as a  bi t  strin g representin g th e rang e o f  a n initia l  segmen t 
of  som e functio n o f  finite  support ,  the n th e entir e bi t  strin g 
must  b e remembered .  I f  not ,  the n ther e woul d b e tw o differ -
ent  bi t  strings ,  representin g initia l  segment s o f  tw o differen t 

function s o f  finite  support ,  tha t  woul d driv e th e learnin g al -
gorith m int o th e sam e memor y state .  Hence ,  an y algorith m 
usin g les s tha n linea r  lon g ter m m e m o r y woul d converg e t o 
th e sam e answe r  fo r  tw o differen t  function s o f  finite  support . 
Hence ,  thi s allege d learnin g procedur e i s erroneous . 

Intrinsic Complexity 

The complexit y o f  learnin g ha s bee n addresse d i n for -

mall y wit h th e P A C mode l  (Valian t  1984 )  an d Angluin' s 
teacher/learne r  mode l  (Angluin ,  1988) .  Thes e studie s care -
full y counte d th e resource s use d b y variou s learnin g algo -
rithms .  However ,  th e complexit y o f  learnin g algorith m i s dif -
feren t  fro m th e complexit y o f  th e learnin g task . 

To se e this ,  conside r  th e followin g example .  W e wil l  giv e 
an algorith m t o lear n al l  th e polynomia l  tim e computabl e 
functions .  Th e algorith m use s th e enumeratio n techniqu e o f 
(Gol d 1967) .  A s a  preliminar y step ,  defin e a n enumeratio n 
of  al l  an d onl y th e linea r  tim e computabl e functions .  Th e i*' * 
progra m i n thi s enumeratio n interpret s i  a s a n ordere d pai r 
(j ,  k ) ,  an d run s th e f ^  Turin g machin e (fro m som e standar d 
list )  o n an y inpu t  x f o r k - x +  k  steps .  Th e learnin g algorith m 
initiall y  guesse s th e first  progra m i n it s enumeratio n an d the n 
start s readin g data .  W h e n som e dat a i s inpu t  tha t  disagree s 
wit h outpu t  o f  th e curren t  guess ,  th e learnin g algorith m con -
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sider s th e nex t  progra m i n it s  lis t  tha t  doe s no t  contradic t  th e 
inpu t  i t  ha s see n s o far .  A  moment s relkctio n i s al l  tha t  i s 
necessar y t o realiz e that ,  give n inpu t  fro m som e linea r  tim e 
computabl e function ,  thi s procedur e will ,  i n th e limit ,  con -
verg e t o a  correc t  program . 

I n contras t  wit h th e simpl e learnin g procedur e describe d 
above ,  conside r  learnin g th e exponentia l  tim e computabl e 
functions .  I n fact ,  th e sam e basi c algorith m works .  Th e 
onl y modificatio n necessar y i s t o chang e th e simulatio n tim e 
boun d t o somethin g lik e A: *  -I -  k .  Thi s trivia l  modificatio n 
leave s th e essenc e o f  th e algorith m unchanged .  I t  i s  har d 
t o argu e tha t  th e modifie d algorith m i s mor e difficul t  t o un -
derstan d o r  create .  Th e learnin g proces s represente d b y th e 
origina l  algorith m an d th e modifie d on e ar e essentiall y  th e 
same.  However ,  du e t o th e cos t  o f  exponentia l  simulation s 
compare d wit h linea r  simulations ,  th e complexit y o f  th e al -
gorith m abov e fo r  learnin g th e exponentia l  tim e computabl e 
function s i s m u c h greate r  tha n it s complexit y whe n learnin g 
th e linea r  tim e functions . 

I n (Freivalds ,  Kinbe r  &  Smit h 1995 )  a  natura l  notio n o f  re -
duction s betwee n learnin g problem s wa s presented .  Th e basi c 
ide a o f  th e reductio n i s t o m a p th e example s fro m on e con -
cep t  int o suitabl e example s t o anothe r  concep t  tha t  yo u kno w 
h o w t o learn .  Then ,  appl y th e know n learnin g algorith m t o 
th e transforme d example s an d m a p th e conjecture s produce d 
by th e algorith m bac k t o suitabl e conjecture s fo r  th e origina l 
concep t  domain .  Th e forma l  definitio n i s a  bi t  mor e intricat e 
as "suitable "  need s carefu l  elaboration .  Pleas e refe r  t o th e 
appendi x fo r  thes e details . 

I t  turn s ou t  tha t  th e learnin g o f  th e polynomia l  tim e com -
putabl e function s an d th e learnin g o f  th e exponentia l  U m e 
computabl e function s ar e reducibl e t o eac h othe r  (Freivalds , 
Kinbe r  &  Smith ,  1995b) .  So ,  b y th e notio n o f  complexit y 
of  learnin g problem s induce d b y th e natura l  notio n o f  reduc -
tion ,  thes e tw o learnin g problem s ar e equivalent .  I t  i s  als o th e 
cas e tha t  th e function s o f  finite  suppor t  ar e complet e wit h re -
spec t  t o th e notio n o f  reductio n (Freivalds ,  Kinbe r  &  Smith , 
1995b) .  Thi s mean s tha t  a  se t  o f  recursiv e function s S  i s 
leamabl e if f  ther e ar e tw o mappings ,  on e tha t  transform s ev -
er y functio n i n S  int o a  functio n o f  finite  support ,  an d on e 
tha t  transform s th e program s tha t  resul t  fro m givin g th e trans -
forme d functio n a s inpu t  t o a n algorith m tha t  learn s th e func -
tion s o f  finite  suppor t  int o suitabl e program s fo r  function s i n 
S.  Anothe r  vie w i s tha t  anythin g tha t  make s learnin g difficult , 
but  no t  impossible ,  i s  s o m e h o w reflecte d i n th e function s o f 
finite  support .  Thi s poin t  i s  elaborate d o n i n th e nex t  section . 

The Functions of Finite Support Revisited 

We hav e see n i n th e previou s section s tha t  th e function s o f  fi-
nit e suppor t  ar e a  surprisingl y comple x learnin g proble m wit h 
respec t  t o spac e utilizatio n an d reduction s fro m othe r  learn -
in g problems .  Sinc e learnin g th e function s o f  finite  suppor t 
appear s s o simple ,  thi s mus t  b e a  canonica l  learnin g prob -
lem .  I n thi s sectio n w e attemp t  t o analyz e th e learnin g o f  th e 
function s o f  finite  suppor t  t o se e wha t  al l  th e component s o f 
learnin g are . 

Recallin g th e algorith m t o lear n th e function s o f  finite  sup -

port ,  w e se e tha t  th e algorith m ha s on e larg e loop ,  th e first 
ste p o f  whic h i s t o reques t  mor e data .  Afte r  som e ne w dat a 
arrives ,  a  decisio n mus t  b e mad e a s t o whethe r  o r  no t  i t  i s 
importan t  and/o r  relevant .  I n th e cas e o f  learnin g th e func -
tion s o f  finite  support ,  thi s decisio n i s trivial ,  a  simpl e tes t 
fo r  0 .  I n general ,  a  relevanc y decisio n m a y b e mor e compli -
cated .  However ,  fo r  an y learnin g problem ,  i f  th e proble m i s 
solvabl e the n ther e mus t  b e a  computabl e algorith m t o decid e 
relevanc e o f  ne w data . 

Th e nex t  componen t  o f  th e algorith m t o lear n th e function s 
of  finite  suppor t  i s  th e productio n o f  anothe r  progra m conjec -
ture s t o comput e th e functio n represente d b y th e input .  Her e 
again ,  wha t  happen s i s ver y simple .  A  progra m i s produce d 
tha t  i s correc t  assumin g tha t  al l  th e suppor t  point s hav e al -
read y occurre d i n th e input .  Briefly ,  i f  al l  th e relevan t  dat a 
i s present ,  the n th e progra m produce d i s correct .  I n general , 
ther e mus t  b e a n effectiv e wa y t o generat e a  correc t  progra m 
fro m al l  th e relevan t  data .  Th e algorith m t o lear n th e func -
tion s o f  finite  suppor t  i s  correc t  because ,  i n part ,  al l  th e correc t 
dat a wil l  arriv e b y som e point .  Sinc e al l  learnin g b y exampl e 
take s plac e b y generalizin g fro m a  finite  se t  o f  "relevant "  ex -
amples ,  fo r  learnin g t o happe n a t  al l  ther e mus t  b e som e su b 
algorith m tha t  transform s th e se t  o f  "al l  relevan t  data "  int o a 
correc t  program . 

The las t  observatio n t o mak e i s tha t  whil e learnin g th e 
function s o f  finite  support ,  on e i s neve r  quit e sur e i f  al l  th e 
relevan t  dat a (point s o f  support )  hav e bee n see n a s input .  N o 
matte r  wha t  finite  se t  o f  dat a ha s bee n observed ,  ther e ar e 
infinitel y m a n y differen t  function s o f  finite  suppor t  tha t  ar e 
consisten t  wit h tha t  data .  I f  i t  wer e no t  fo r  thi s uncertainty , 
al l  learnin g b y exampl e tha t  wa s possibl e woul d b e rot e learn -
ing ,  o r  simpl e memorization . 

I n summary ,  ther e ar e thre e mai n points :  1 .  Th e relevanc e 
of  eac h dat a ite m mus t  b e effectivel y determined ,  2 .  Th e cor -
rec t  answe r  mus t  obtainabl e uniforml y fro m th e complet e se t 
of  relevan t  examples ,  an d 3 .  Ther e i s n o wa y t o effectivel y 
determin e whe n th e complet e se t  o f  relevan t  example s ha s 
bee n observed . 

Withou t  th e first  tw o points ,  ther e ca n b e n o learnin g 
by computers .  Th e thir d poin t  abou t  th e indeterminac y o f 
completio n separate s rot e learnin g fro m th e mor e interesfin g 
learnin g scenarios .  Learnin g o f  th e sel f  describin g function s 
provide s a n exampl e matchin g th e onl y th e first  tw o points . 
Thi s clas s o f  function s contain s al l  thos e function s that ,  o n 
argumen t  0 ,  evaluat e t o a  complet e descriptio n o f  a  progra m 
fo r  th e function .  A t  first,  thi s clas s m a y soun d ver y contrived . 
However ,  sinc e an y learnin g require s th e existenc e o f  a  fi-
nit e se t  o f  dat a tha t  enable s th e learning ,  th e sel f  describin g 
function s ar e merel y thos e function s wher e thi s dat a se t  i s 
concisel y encode d i n a  singl e point .  Furthermore ,  thi s exam -
pl e represent s th e minima l  siz e se t  o f  relevan t  example s an d 
th e mos t  trivia l  unifor m procedur e t o tur n th e se t  o f  relevan t 
example s int o a  correc t  program .  I n th e Introduction ,  th e ex -
istenc e o f  tw o learnabl e set s whos e unio n wa s no t  leamabl e 
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was mentioned .  Th e function s o f  finite  suppor t  wa s on e o f  th e 
tw o sets ,  th e sel f  describin g function s ar e th e other .  Not e tha t 
sinc e th e relevan t  dat a se t  i s a  singl e point ,  i t  i s ver y eas y t o 
kno w whe n al l  th e relevan t  dat a ha s bee n received .  Th e sc l  o \ 
sel f  describin g function s i s no t  complet e (Freivalds ,  Kinbe r 
& Smith ,  1995b) . 

Conclusions 

A ver y simpl e learnin g problem ,  tha t  o f  learnin g th e func -
tion s o f  finite  suppor t  wa s examine d i n detail .  Thi s clas s ca n 
be learned ,  bu t  onl y wit h requirement s o n memor y utiliza -
tio n tha t  matc h th e theoretica l  maximum .  Furthermore ,  th e 
set  i s complet e wit h respec t  t o a  ver y natura l  notio n o f  re -
ductio n betwee n learnin g problems .  Th e function s o f  finite 
suppor t  ar e a n idea l  canonica l  learnin g problem .  Th e straigh t 
forwar d procedur e t o lear n th e function s o f  finite  suppor t  i s 
th e cleares t  schem a possible .  Al l  o f  th e fundamenta l  com -
ponent s o f  learnin g ar e present ,  i n th e simples t  for m i n thi s 
example .  Thes e component s are :  assessin g relevanc e o f  ex -
amples ,  turnin g th e complet e se t  o f  relevan t  example s ont o a 
solution ,  an d lac k o f  certaint y abou t  whe n th e complet e se t  o f 
relevan t  example s ha s bee n seen . 
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A p p e n d i x 

The completel y forma l  definition s fo r  th e concept s discusse d 
i n th e pape r  appea r  i n thi s appendix .  Som e familiarit y wit h 
th e fundamenta l  notion s o f  recursio n theor y i s assumed .  Fo r 
an discussio n o f  al l  th e materia l  assume d below ,  se e on e o f 
(Machte y &  Youn g 1978 ;  Smit h 1994) . 

Definitio n 1  lY\e .  function s o f  finite  suppor t  ar e th e se t  o f  al l 
recursiv e function s /  suc h tha t  f{x )  — 0  fo r  al l  bu t  finitely 

many x's . 

Definition 2 
1.  A n inductiv e inferenc e machin e i s a n algorithmi c devic e 

th e input s example s interprete d a s ordere d pair s fro m th e 
grap h o f  som e functio n an d output s programs . 

2. Suppose inductive inference machine M is given the entire 
grap h o f  som e functio n /  an d output s a  sequenc e o f  pro -

grams:  Po.Pi.P2 .  •  •  • •  Th e M converge s o n f  iffeitherth e 
sequenc e o f  output s i s finite  o r  ther e exist s a n i  suc h tha t 
fo r  al l  j  >  i,p j  =p i . 

3. An inductive inference machine M learns a function f iff 
M converge s o n /  t o a  progra m tha t  compute s / . 

4. An inductive inference machine M learns a set of functions 
5 if f  M learn s eac h /  i n S . 

5. A set of functions S is learnable iff there is an inductive 
inferenc e machin e M tha t  learn s S . 

Notic e tha t  n o mentio n i s mad e o f  th e orde r  i n whic h a n 
inductiv e inferenc e machin e receive s it s inpu t  i s mad e men -
tio n o f  i n th e abov e definition .  Thi s i s becaus e an y inductiv e 
inferenc e machin e ca n b e mad e t o operat e i n a  mano r  whic h 
i s independen t  o f  th e orde r  th e input s arriv e i n withou t  an y 
los s o f  generalit y (Blu m &  Blu m 1975) . 

N ow w e giv e th e definition s o f  learnin g proble m reduc -
tions .  Le t  th e natura l  number s serv e a s name s fo r  program s 
and (fi i  denot e th e functio n compute d b y progra m i .  An y nat -
ura l  wa y o f  associatin g name s fo r  program s wit h actua l  pro -
gram s result s i n wha t  i s calle d a  Gode l  numberin g (Roger s 
1958 )  o r  a n acceptabl e programmin g system . 

Definitio n 3  A n admissibl e sequenc e fo r  a  recursiv e functio n 
/  i s a  sequenc e o f  program s po ,  Pi ,  •  •  suc h tha t  fo r  som e n , 

fp n =  / '  an d fo r  al l  n '  >  n ,  p„ '  =  p„ . 

Definitio n 4  A n operato r  i s a  mappin g fro m function s t o 
functions .  6  i s a  recursiv e operato r  if f  ther e i s a  recursiv e 
functio n /  suc h that ,  fo r  an y progra m i ,  0(Vi )  =  ^/(i) . 

Definitio n 5  Suppos e U  an d V  ar e learnabl e set s o f  recursiv e 
functions .  Then ,  U  i s reducibl e t o V  if f  ther e ar e recursiv e 
operator s 0  an d E  suc h tha t 

1.  0  i s injectiv e o n U ,  an d 

2. 0(C/) C V, and 

3. for any f G U and any admissible sequence r for ©(/), 
E(r )  i s a n admissibl e sequenc e fo r  / . 
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