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Abstract

Measurement-based quantum feedback controls for quantum computation

by

Song Zhang

Doctor of Philosophy in Physics

University of California, Berkeley

Professor Birgitta Whaley, Co-chair

Professor Irfan Siddiqi, Co-chair

The advance of experimental techniques in circuit quantum electrodynamics over last decade
has made it possible to monitor the evolution of qubits under continuous measurements in
real time . This kind of measurements, as compared to the discrete ones, provides a stream
of information for feedback to alter the system’s quantum dynamics continuously in a desired
manner, thus allowing broader possibilities. We obtain the information at a cost, the back-
action on the states. However, the back-action turns out not to be just something disturbing
and harmful to the control but instead can be harnessed, together with the control, to
steer the system to our targets. This thesis discusses one such application, namely to use
measurements to create entanglement from remote qubits under locally optimal control. It
is illustrated that by carefully designing symmetric measurement and feedback operators, we
can construct efficient Markovian or non-Markovian protocols which generate N-qubit W,
general Dicke and Greenberger–Horne–Zeilinger states with high fidelity above 94% up to
N = 100. In some cases, the fidelity even approaches unity. Following that, we describe how
to take advantages of the continuous stream of information to protect the unitary dynamics of
a quantum system subject to noises. We develop a practical protocol for continuous operation
of a quantum error correcting code for protection of coherent evolution due to an encoded
Hamiltonian against environmental errors, using the three qubit bit-flip code and bit-flip
errors as a canonical example. We demonstrate, for both quantum memory and adiabatic
Hamiltonians, that the protocol, once optimized, can significantly reduce logical errors with
a performance which is close to the theoretical limit of the bit-flip code’s capability. In the
adiabatic Hamiltonian case, we also propose some novel correction operators instead of the
conventional ones to further reduce the logical errors.
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Norm, Jefferey, Roćıo, Sudi and Katie for their support, the cheers, joys and food we shared
together and oh, the great magic shows by Carlos. There are also all the other Whaley group
members I would like to thank for all the wonderful conversations we had and inspirations
I got from their talks. I also want to thank my friends Chin-shen and Avinash, who were
my housemates when I first came to Berkeley and also pursuing Ph.D. at UC Berkeley, for
all the moments we spent together. I am also very grateful to Irfan Siddiqi, my co-advisor
in the physics department, for being my co-advisor and being considerate of me when I was
coping with my inner problems. The gratitude also goes to the graduate student advisors in
the physics department, Anne, Donna and Joelle, for the excellent services they provided. I
also want to thank myself for constantly fighting the battles within my mind. Eight years
and a half is long for completing a physics Ph.D. I wouldn’t call the fights a victory, but I
didn’t give in and am not defeated. And therefore, I claim the win. Finally and above all, I
give my greatest thanks to my parents Yonghua and Hong, for everything.



1

Chapter 1

Introduction

1.1 Background and overview

In pursuit of the holy grail of quantum computation, the research on superconducting qubits
has rapidly progressed over the past two decades - ever since the first observation of their
coherent time-domain oscillations in 1999 [1]. Compared to other candidates for quantum
computation platforms such as trapped ions, nitrogen-vacancy (NV) centered diamonds, etc.,
superconducting qubits have considerable advantages in scalability and controllability, due to
the well-developed technologies in circuit fabrication. The disadvantage of superconducting
qubits is their short coherence time due to various decoherence channels like spontaneous
emission and photon loss into uncontrolled environmental degrees of freedom, quasiparticle
tunneling etc. In fact, the coherence time was only in the nanosecond time scale in [1]. Since
then, many efforts have been dedicated to improve the coherence time, such as increasing the
resonator-qubits coupling, going to the dispersive regime, and utilizing the transmon qubits
[2–5]. Now the coherence time has been significantly extended to a scale of microseconds.
Superconducting qubits have indeed become the leading architecture in studying and building
a quantum computer in the noisy intermediate-scale quantum (NISQ) era [6].

The advances in measurement techniques of superconducting qubits make it possible to
continuously monitor the system state. In 2013, by using a near quantum-limited amplifier
and measuring the quadratures of the resonator field, Murch et al. [7] observed the real-time
evolution of the qubit state, i.e., the quantum trajectory of the qubit, for the first time. From
a theoretical point of view, this real-time monitoring, or continuous measurement serves as
the natural playground for quantum feedback control, since it allows more controllability
compared to feedback on discrete measurements. So this motivates us to think about the
question of how we can use the continuous measurement-based control to assist quantum in-
formation processing. Exploring along this direction, we present two applications of quantum
feedback control in this thesis.

The reminder of the thesis is organized as follows. In section 1.2, we give a quick introduc-
tion to the background knowledge about the density operator that is essential to understand
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the rest of the thesis (which is intended to be accessible to anyone who has taken an un-
dergraduate quantum mechanics class). In chapter 2, we give a short introduction to circuit
QED, with a focus on the experimental aspects of superconducting qubits. The purpose of
this chapter is to provide a bridge to the experimental side for the readers who have a theo-
retical background. Chapter 3 introduces the framework of generalized measurements and,
in particular, continuous measurements. The core of this chapter is the stochastic master
equation describing the diffusive evolution of conditioned states under real-time monitoring
and its interpretations. The last section of this chapter is dedicated to a short discussion on
measurement-based feedback control.

Chapter 4 is our research work [8] on how to use joint continuous measurement on remote
qubits to efficiently generate states possessing multi-qubit entanglement. Section 4.3 gives
the general formalism of our locally optimal protocols, which we refer as proportional and
quantum state-based (PaQS) feedback and explains how we can use these for a Markovian
feedback, which is much more feasible than a non-Markovian type of feedback that relies
on knowledge of the complete history of the state under the continuous measurement. Sec-
tions 4.4 and 4.5 demonstrate how we apply PaQS to efficiently generate multi-qubit Dicke
and Greenberger–Horne–Zeilinger (GHZ) states with high fidelity. It turns out that the
symmetries of these entangled states play an important role in choosing the proper form
of both the measurement and the feedback operators. The main results are summarized in
Figures 4.5, 4.6, 4.7 & 4.8.

Chapters 5 & 6 present our work [9] on protecting coherent evolution from noise by de-
veloping a protocol to continuously correct errors on quantum memory and time-dependent
Hamiltonian systems. Using bit-flip errors and the three qubit repetition code as a canonical
example, the formalism of the protocol is explained in Sections 5.3 and 5.4 where we derive
an effective master equation in the codespace for the logical qubits dynamics with continuous
error correction applied. With this equation we can facilitate the optimization and bench-
marking of our protocol. A specific example is presented in Section 5.6 for quantum memory
and in Section 6.4 for systems driven by adiabatic Hamiltonians. Finally we conclude the
thesis with an outlook in chapter 7.

One convention used in the thesis is that we set ~ = 1 occasionally. It should be under-
stood from the context whenever we use this convention.

1.2 Density operators

Considering a quantum system, if we know the system completely, its state can be represented
by the state vector |ψ〉. An alternative way to describe the state is to rewrite it in this form

ρ = |ψ〉〈ψ|. (1.1)

We call ρ the density operator or density matrix of the system. If we expand these two
mathematical objects in some basis, it is not hard to show that we can construct one from
another up to a global phase term of the wavefunction. So these two representations of the
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system’s state are equivalent. But what if we don’t have perfect knowledge of the system’s
state? Suppose all we know about the system is that it can be in a state |ψi〉 with probability
pi for i = 1, · · · , n. The mathematical object to describe the state in this situation is still
the density operator, but now constructed as

ρ =
n∑
i

pi|ψi〉〈ψi|, (1.2)

where
∑

i pi = 1. We refer to the former state where the system can be described by a state
vector as the pure state and to the latter case where the system is described by an ensemble
of pure states (n > 1) as the mixed state. There are three characteristic properties of the
density operator:

1. ρ is Hermitian.
2. Tr(ρ) = 1
3. ρ is a semi positive-definite operator.

The probability distribution {pi|i = 1, · · ·n} reveals the classical uncertainties in the system,
e.g., we don’t know which of the pure states the system is in, only the set of states and the
probability of being in each of them. The degree of uncertainty can be very different for
different density operators. One extreme case is when we have an equal mixture of the basis
states. In this case, it is referred as completely mixed state. For example, suppose we have a
spin system with basis vectors |0〉 and |1〉, the completely mixed state is

ρ =
1

2
(0〉〈0|+ |1〉〈1|) =

I

2
(1.3)

where I is the identity operator. It means we have no knowledge of which pure state the
system can be in. One metric to quantify how mixed or how pure the states are is the purity

γ = Tr(ρ2) (1.4)

This quantity must be positive and upper bounded by 1. For a pure state, γ = 1. For
any mixed state γ < 1 and in particular, for a completely mixed state, γ = I/d, where d
is the dimension of Hilbert space of the system and I is the identity operator. It can be
shown that the completely mixed state has the lowest purity. We want to point out the pure
state decomposition (Eq. (1.2)) of a density operator may not be unique. For example, the
completely mixed state can be constructed from the any basis set of the system since it is
just proportional to an identity.

Qubits and Bloch vectors

In this subsection, we consider a two-level quantum system, i.e., the qubit, which is the
primary object we study in our research. Any density operator of a qubit can be written in



CHAPTER 1. INTRODUCTION 4

the so-called Bloch vector form

ρ =
1

2
(I + xσ̂x + yσ̂y + zσ̂z) (1.5)

where the three matrices σ̂x/y/z are the Pauli matrices. The three coordinates x, y, z are
real numbers and termed as the Bloch components. The 3-tuple (x, y, z) is an equivalent
representation of the most general qubit state. We can treat it as a vector in R3 and hence
the name Bloch vector. Each individual coordinate is called a Bloch component. They can
be computed from the density operator by

x = Tr(σ̂xρ), y = Tr(σ̂yρ), z = Tr(σ̂zρ), (1.6)

where Tr(·) denotes the trace over any eigenbasis of the qubit. Let ~r = (x, y, z) denote
the Bloch vector. Due to the positivity of the density operator, the Bloch vector length
r ≡ ‖~r‖ =

√
x2 + y2 + z2 ≤ 1. The equal sign holds when the state is pure. Hence the

Bloch vector is bounded inside a sphere with center at the origin and radius being 1. The
origin denotes a completely mixed state, while the surface denotes pure states. The Bloch
vector length can be related to the state purity by

r = 2Tr(ρ2)− 1. (1.7)

So Bloch vector length is a strict increasing function of the purity. There are some special
points on the Bloch surface worth mentioning

~r = (0, 0,±1) denotes eigenstates of σ̂z

~r = (±1, 0, 0) denotes eigenstates of σ̂x

~r = (0,±1, 0) denotes eigenstates of σ̂y.

(1.8)

An example of the Bloch sphere is illustrated in Figure 4.9.

Composite system and reduced density operator

Consider a composite system with two subsystems A and B. Let {|ψi〉|i = 1, · · · } be a basis
set of A and {|φi〉|i = 1, · · · } be a basis set of B. We can define the partial trace on the
subsystem B as

ρA = TrB(ρ) =
∑
m

〈φm|ρ|φm〉. (1.9)

This partial trace gives us an operator acting on subsystem A. We can check it satisfies the
three characteristic properties we introduced above and hence it is a density operator on the
subsystem A. The physical meaning of ρA is that by tracing out the degree of freedoms of
the subsystem B, we are left with the best state-of-knowledge of the subsystem A. This is
the information available to us if we can only observe A instead of having full access to the
composite system. We can also interpret this from a measurement point of view. Suppose
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we want to measure an observable Ô defined on A. This means we want to know the trace
average1 of the observable Ô

〈Ô〉 = Tr(Ôρ) = TrATrB(Ôρ) = TrA
(
ÔTrB(ρ)

)
= TrA(ÔρA) (1.10)

The last equality on the right hand side of this equation tells us to compute the trace average
of the operator Â on the subsystem A (we call the operator a local operator in this case), i.e.,
we don’t have to know the entire state. All we need is the reduced state of the subsystem,
i.e., ρA. Hence indeed, the quantity ρA captures all the information we need about the
subsystem A if we can only perform local measurements. Let us give some specific examples
of reduced states.
Product state: ρ = |ψ〉|φ〉〈ψ|〈φ| with |ψ〉 being any state of A and |φ〉 any state of B.
Taking the partial trace on B, we have ρA = |ψ〉〈ψ|, a pure state. So if A and B are not
entangled, we would have a well-defined state of A.
Maximally entangled state: We consider two qubits. Let |0〉, |1〉 be the spin up and
down states, respectively. Suppose the composite system is in a maximally entangled state
(see Chapter 4), e.g.,

ρ =
1

2
(|01〉+ |10〉)(〈01|+ 〈10|). (1.11)

Then the reduced state obtained by tracing over the second qubit is ρA = 1
2
(|0〉〈0|+ |1〉〈1|),

the completely mixed state. This tells us that when A is maximally entangled with B, we
know nothing about the subsystem A if we can only perform local measurements on A itself.

Unitary time evolution

The coherent evolution of a density operator caused by a Hamiltonian follows from the
Schrödinger equation. We first consider its form for a pure state. Using the Schrödinger
equation, we have

dρ = (d|ψ〉)〈ψ| − |ψ〉d〈ψ|

= − i
~
H|ψ〉〈ψ|dt+

i

~
|ψ〉〈ψ|Hdt

= − i
~

[H, ρ]dt.

(1.12)

Hence we have the evolution equation

ρ̇ = − i
~

[H, ρ]. (1.13)

The unitary time evolution for mixed states has the same expression due to linearity.

1Or rather the trace averages of all the moments of Â. But the arguments follow from Eq. (1.10).
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Chapter 2

A short introduction on circuit
quantum electrodynamics

Generally speaking, our research work mainly focuses on measurement-based control of
qubits. While theoretical, it is not a castle in the sky and has indeed solid connection
with real world experiments. We feel it is necessary to spend a chapter discussing the rel-
evant experimental topics and this serves as the purpose of this chapter. We will describe,
although briefly, the experimental realization, measurement and control of superconducting
qubits, which is nowadays a leading architecture for quantum computation and in for general
for quantum information processing [5, 6]. Hopefully, this short introduction can partially
fill in the gap between the theory and experiment side of the story.

Superconducting qubits are artificial atoms which are implemented through non-linear su-
perconducting circuits, of which the central component is usually a Josephson junction (JJ).
To probe and manipulate these qubits, the experimentalists couple them to linear resonators
which contain quantized light in the microwave domain (around 1 GHz). Figure 2.1 is a
schematic diagram illustrating the whole circuit. The study of the interaction between the
non-linear superconducting circuits and the resonator is known as circuit quantum electrody-
namics (c-QED). This is a field with interplay of quantum optics, superconducting conden-
sates, decoherence, circuit signal processing, etc., which not only demonstrates rich physical
phenomena but also has important applications like quantum information processing. It is
fascinating to realize that all of these processes can happen on tiny and controllable chips.
In the next two sections, we introduce the basic building blocks of circuit QED, namely the
linear resonators and the non-linear artificial atoms. Then we discuss a common type of
interaction between the two building blocks, the Jaynes-Cummings model. Following that,
we turn to the standard approach to measure the qubits in circuit QED, the dispersive qubit
readout. We conclude the chapter with a discussion on how to control the qubits.
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Figure 2.1: A lumped-element circuit diagram representing a capacitive coupling between
an LC oscillator and a Cooper pair box. The circuit symbols have their standard meaning.
In particular, the box with a cross in it denotes the Josephson junction, denoted JJ. The
notation C with possibly a subscript denotes the capacitance of that specific device, L is the
inductance and EJ is the Josephson energy.

2.1 Quantum LC resonator

A resonator is a device which stores photons and thus energy. A linear resonator can be
considered as a harmonic oscillator and thus has constant separation between energy levels
after quantization. It can come in many forms. The simplest one is perhaps a lumped-
element1 LC circuit as shown in Figure 2.1. The energy or Hamiltonian of the system can
be written as

HLC =
Q2

2C
+

Φ2

2L
, (2.1)

where Q is the charge on the capacitor plate, Φ is the magnetic flux through the inductor,
C is the capacitance and L is the inductance. We can quantize this circuit by imposing the
commutation relation [10]

[Φ, Q] = i~ (2.2)

1Lumped-element circuits are circuits with small physical dimensions compared to signal wavelength
such that currents or voltages do not vary through the circuits. So basically, they can be considered as point
elements in the entire circuit.
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This Hamiltonian is then identical to a quantum harmonic oscillator and produces a constant
spacing of energy levels

εn = ~ωr(n+ 1/2) (2.3)

where ωr = 1/
√
LC is the oscillator frequency. This resonator has thus only a single fre-

quency mode and stores photons with frequency ωr. We can also write the Hamiltonian
in the ladder operator formalism of the harmonic oscillator. We introduce the resonator
creation/annihilation operators a and a† by the relations

Φ̂ =

√
~Zr

2
(â† + â)

Q̂ = i

√
~

2Zr
(â† − â),

(2.4)

where Zr = 1/ωrC =
√
C/L is the resonator impedance. The prefactors in front of the

ladder operators carry the dimension and represent the zero-point fluctuation in the flux
and charge. Note that the form of these relations indicates that the flux operator Φ̂ is
the analog of position and the charge operator Q̂ is the analog of momentum for the usual
harmonic oscillator.

In practice, in order to operate the resonator in the quantum regime, at least two re-
quirements must be met: low linewidth and low temperature. We will explain these one by
one. The linewidth or photon loss rate of the resonator, denoted by κ, tells us how fast the
photon is lost into the surrounding environment. The coherent lifetime of the photon stored
in the resonator can be thought as 1/κ. To observe quantum effects, we need the resonator
to be weakly enough coupled to the environment such that its energy broadening must be
less than the energy separation, i.e., the quality factor Q = ωr/κ should be large [11].

The low temperature requirement means that we do not want too much thermal excitation
of the photon mode, which will decohere the quantum nature as a pure quantum state can
become mixed under thermal noise. A more precise condition is thus ~ωr � kBT . For a
photon in the microwave domain, ωr ∼ 1GHz. This corresponds to a thermal temperature
of T ≈ 50 mK.

Other typical types of linear resonator include two-dimensional planar forms (2D res-
onator) or a three-dimensional volume forms (3D resonator). These can be considered as a
collection of quantum harmonic oscillators with different frequency modes. For example, a
λ/2 coplanar waveguide consisting of a conductor, two ground planes and a substrate, is a
1D transmission resonator with open boundary conditions at two ends of the waveguide [3].
It has quantized frequency modes fm = (m+ 1)f0, where f0 is the fundamental frequency.

2.2 Artificial atom

We already saw that the resonators are linear components of the circuit. In order to have
an artificial atom or qubit, we need non-linearity in the circuit. The reason is that a linear
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device gives equal spacing energy levels, but in order to operate as a qubit, we only need two
adjacent energy levels for which the transition frequency is well separated from the transition
frequencies of any other two energy levels. Non-linearity achieves this for us.

The JJ is a non-linear superconducting component which can have a high quality factor
and operate at low temperature, which makes it a perfect candidate as an artificial atom2.
It consists of two superconducting electrodes with some thin insulating material inbetween.
A supercurrent can flow through the junction provided it is below the critical current. The
supercurrent is related to the phase difference of the two superconductors in the following
way

I = Ic sin(φ), (2.5)

where Ic is the supercurrent and φ is the phase difference or the Josephson phase. The
voltage V across the junction is related to the time derivative of φ

φ̇ = 2π
V

Φ0

, (2.6)

where Φ0 = ~/2e is the magnetic flux quantum. The above two equations together are called
the Josephson equations [12]. Introducing a new quantity which carries the unit of magnetic
flux (note that there is no real magnetic field in the interior of a superconductor

Φ = Φ0
φ

2π
, (2.7)

allows us to rewrite Eq. (2.5) & (2.6) as I = Ic sin(2πΦ/Φ0) and Φ̇ = V . We can then make
an analogue between the JJ and a linear inductor. The voltage equation is like Faraday’s
law and the current equation is a relation between the current and the flux. Except that in
this case, unlike the linear inductor, the latter relation is non-linear. The energy stored in
the JJ can be computed as

E =

∫
dt V (t)I(t) = Ic

∫
dt Φ̇ sin(2π

Φ

Φ0

) = −EJ cos(2π
Φ

Φ0

), (2.8)

where EJ = Φ0Ic/2π is the Josephson energy. When the JJ is coupled to a capacitor, it is
called the Cooper pair box (CPB), which together serves as the qubit. The Hamiltonian of
the CPB is

Hq =
(Q̂−Qg)

2

2Cq
− EJ cos(2π

Φ̂

Φ0

)

= 4EC(n̂− ng)2 − EJ cos(φ̂),

(2.9)

where Cq is the total capacitance of the circuit including the contribution from the JJ

itself, n̂ = Q̂/2e is the charge number operator, φ̂ = (2π/Φ0)Φ is the phase operator and

2To be more precise, we still need to connect it in parallel to a shunt capacitor to form the so called
Cooper pair box or charge qubit (See Figure 2.1)
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Figure 2.2: Figure illustrates the first three energy levels of a Cooper pair box (CPB) as a
function of ng. We have chosen the ground energy as a reference point for each value of ng,
i.e., what we have plotted is Ei − E0. Each panel has a different EJ/EC ratio, as indicated
on top. Figure adapted from [4].

EC = e2/2C is the charge energy. A possible offset charge Qg or offset charge number
ng = Qg/2e is included to account for the fact that the CPB may be connected to an
external voltage or coupled to uncontrolled environmental degrees of freedom. The latter
results in fluctuation of the offset charge number and is a source of decoherence for the
qubit. The non-linearity or anharmonicity of this Hamiltonian comes from the cosine term.
This introduces non-equal spacing between the energy levels and enables the possibility of
isolating two energy levels from others. Thus effectively, we can treat the CPB as a two-level
system.

Transmon qubits

The spectrum of the CPB Hamiltonian (2.9) depends on the energy ratio EJ/EC and the
offset charge number ng. By varying the ratio EJ/EC , we have different types of qubit3. The
first three energy levels are shown in Figure 2.2 as an illustration. We can see the dependence
on ng changes a lot as the ratio parameter EJ/EC varies. When this ratio is small, like in
panel a), we call it a charge qubit. The transition frequency is very sensitive to ng for this
type of qubit. We mentioned above that ng can fluctuate due to environmental noise. This
sensitive dependence will cause random disturbance in the transition frequency, thus leading
to dephasing in the charge qubit. To fix this problem, Koch et al. [4] proposed a new

3The specific experimental realization of these can be quite different from the basic CPB circuit. For
example, Koch et al. [4] implemented their transmon qubits by using two JJs connected in parallel to a shunt
capacitor.
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type of qubit called a transmon qubit which operates in the domain of large EJ/EC ratio.
As we see in Figure 2.2 panels b) and c), the dependence on ng becomes less sensitive as
the ratio increases. However, the anharmonicity in these energy levels (transition frequency
difference) also decreases as the ratio increases, and in the limit of EJ/EC →∞ we recover
perfect harmonicity with transition frequency ωq =

√
8EJEC − EC . Luckily, the drop in

anharmonicity has a much weaker dependence on the ratio EJ/EC [11]. So we can find a
sweet spot of the ratio which gives us both improved coherence time compared to the charge
qubit and also enough anharmonicity in the energy levels.

2.3 The Jaynes-Cummings interaction and its

dispersive limit

The Jaynes-Cummings model (JCM) is an exactly solvable model in quantum optics de-
scribing the interaction of photons in a cavity and a two-level atom through electric dipole
coupling. A classic review on the model itself is given by Shore and Knight [13]. The original
form of the model is

HJCM = ~ωcâ†â+ ~ωq
σz
2

+ ~g(âσ̂+ + â†σ−). (2.10)

Here â/â† is the photon creation/annihilation operator, σ̂± is the spin raising/lowering oper-
ator, ωc is the single mode photon frequency or cavity frequency, ωq is the atomic transition
frequency, and g is the light-atom coupling strength. We have assumed the interaction is
small and near resonant, i.e., g � ωc, ωq, |ωc−ωq| � ωc+ωq, in order to utilize the rotating-
wave approximation4. When g = 0, the eigenstates of the system are called the bare states
and denoted as |s, n〉, where s = g or e means the atom is in the ground state or excited
state, respectively, and n refers to the photon occupation number. These states form a basis
and we can pair the bare states by their total excitation number. The system ground state
|g, 0〉 has excitation number 0, while the two states |g, n〉, |e, n−1〉 have n excitations. After
we turn on the interaction (i.e., make g 6= 0), we notice that the Hamiltonian is decoupled
between subspaces with different excitation numbers. So in the bare state basis, HJCM is a
direct sum of 2 by 2 submatrices. We can diagonalize these submatrices easily. The resulting
eigenstates become dressed

|g, 0〉 = |g, 0〉

|g, n〉 = cos(
θn
2

)|g, n〉 − sin(
θn
2

)|e, n− 1〉

|e, n− 1〉 = sin(
θn
2

)|g, n〉+ cos(
θn
2

)|e, n− 1〉,

(2.11)

4In the rotating-wave approximation, the fast oscillation terms ωc + ωq can be neglected since they are
far off-resonant [14]. This means we drop the double excitation/de-excitation terms â†σ̂+ and âσ̂− in the
JCM Hamiltonian.
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where θn = arctan(2g
√
n/∆), with ∆ = ωq − ωc being the qubit-cavity detuning and n > 1.

The energy spectrum is given by

Eg,0 = Eg,0 = −~ωq
2

Eg,n = n~ωc −
~ωc
2
− ~

2

√
∆2 + 4g2n

Ee,n−1 = n~ωc −
~ωc
2

+
~
2

√
∆2 + 4g2n

(2.12)

The energy splitting between the two levels with excitation number n is ~
√

∆2 + 4g2n which
increases with n, in contrast to the bare states whose energy separation is independent of n.

We have learned the eigenstate structure of the JCM Hamiltonian. Now let’s come back
to the superconducting circuit. The circuit structure is as shown in Figure 2.1. Assuming
the coupling capacitance Cg is weak compared to that of the resonator and CPB, the circuit
Hamiltonian is [3]

Ĥ = 4EC(n̂+ n̂r)
2 − EJ cos(φ̂) +

∑
m

~ωmâ†mâm (2.13)

where the resonator is now multi-mode with frequencies ωm and creation/annihilation oper-
ator âm/â†m (Eq. (2.4)). The offset charge in Eq. (2.9) is replaced by the resonator charge
number operator (ng → −n̂r) since this bias is now caused by the quantized resonator mode.
The bias charge number operator is given by

n̂r =
∑
m

n̂m =
∑
m

Cg
Cm

Q̂m

2e
, (2.14)

where n̂, as introduced before, is the charge number of the CPB, Cm is the resonator ca-
pacitance associated with each resonator mode and n̂m denotes the bias charge contribution
from the mth mode of the resonator. As mentioned above, we assumed Cg � Cm, Cq. The
quadratic term (n̂ + n̂r)

2 in Eq. (2.13) represents the interaction between the resonator
and the CPB. If we assume the transmon frequency ωq of interest is much closer to one
resonator mode ωr than to all the other modes, effectively the qubit is only coupled to a
single mode. It can be shown, in the transmon qubit case (EJ � EC), that under these
conditions the Hamiltonian Eq. (2.13) reduces to the pre-rotating-wave form of the Jaynes
Cummings Hamiltonian, i.e., to the parent form of Eq. (2.10) before applying the rotating
wave approximation [11]:

Ĥ = ~ωrâ†â+ ~ωq b̂†b̂−
EC
2
b̂†b̂†b̂b̂− ~g(b̂† − b̂)(â† − â). (2.15)

In Eq. (2.15) b̂†/b̂ is the creation/annihilation operator for the qubit. The third term denotes
virtual transitions to other levels in the artificial atom and will disappear when we restrict
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the Hamiltonian to the two levels of interest. The coupling strength g between the resonator
mode and the qubit is given by

g = ωr
Cg
Cq

(
EJ

2EC

)1/4√
Zr
Zvac

√
2πα (2.16)

where ωr is the relevant resonator mode frequency, Zvac =
√
µ0/ε0 is the vacuum impedance

with µ0 and ε0 being the vacuum permittivity and permeability, respectively, and α is the
fine structure constant. Compared to the charge qubit, the coupling strength can now be
very large due to the factor EJ/EC . However, in common laboratory settings, g is still much
smaller than microwave frequencies, i.e., g � ωr, ωq. This makes it possible to apply the
rotating-wave approximation and after also restricting the Hamiltonian to the two levels, we
then arrive finally at the JCM Hamiltonian [3, 15]

ĤJCM = ~ωrâ†â+
~ωq
2
σ̂z + ~g(â†σ̂− + âσ̂+), (2.17)

where we have made the replacement b̂† → σ̂+ and b̂ → σ̂− and we now have the explicit
form of both the qubit frequency ωq =

√
8EJEC − EC and the coupling g in terms of the

resonator and qubit parameters, Eq. (2.16).

Dispersive limit

A widely used regime that the experimentalists work in to probe and detect the qubit is the
so-called dispersive limit, g � ∆ with ∆ = |ωr − ωq| being the resonator qubit detuning.
We will give two motivations below on why working in this regime is beneficial. First, in
this regime, direct exchange of energy between the resonator and transmon qubit is greatly
limited, yet at the same time the photons still carry information about the state of the
qubit. This allows us to learn much about the qubit state using quantum non-demolition
measurement (QND)5. We will come back to this later in the next section. For now, we
can get some ideas by looking at the dressed states, Eq. (2.11). In the opposite regime, i.e.,
on resonance, ∆ → 0, the dressed states become maximally entangled between the photon
number state and the qubit state. If we only look at the qubit, its state (the reduced density
matrix) becomes mixed. For example, if the qubit is initially in the excited state and the
resonator is in the vacuum state, then it will not stay that way. Instead, the entire system
state will evolve along the maximally entangled dressed states. This results in a mixed state
of the qubit during most time of the evolution and thus causes additional relaxation. On the
other hand, in the dispersive regime, the dressed state is only minimally coupled between
the bare states. For example,

|e, 0〉 ∼ |e, 0〉+
g

∆
|g, n〉, (2.18)

5In reality, a measurement takes finite time to accomplish. QND is a type of quantum measurement
whose only back-action is to project the system state into the observable eigenstate without disturbing its
evolution during the measurement time. See more discussions in Section 3.2.



CHAPTER 2. A SHORT INTRODUCTION ON CIRCUIT QUANTUM
ELECTRODYNAMICS 14

where we have ignored the normalization factor. This is very close to the product state |e, 0〉.
So a state initialized in |e, 0〉 can more or less stay in that state.

Second, in the dispersive regime, the Purcell effect can be suppressed. When we put an
atom in a cavity (or connect the qubit to a resonator in our case), the atom decay and the
photon loss processes would actually enhance each other. The origin of this phenomenon lies
in the fact that the qubit state is entangled with a photon state. Photon loss results in qubit
decay and vice versa. It may not be surprising that compared to the on-resonance case,
this effect can be less harmful at large detuning, since in the latter regime the qubit-photon
entanglement is not as significant. It has been calculated [4, 16] that when on resonance the
spontaneous emission rate is enhanced by κ

2
, where κ is the bare photon loss rate when there is

no atom. At large detuning, the spontaneous emission rate is enhanced by (g2/∆2)κ� κ/2.
An effective Hamiltonian can be derived in the dispersive limit as [3, 4]

ˆHdisp = ~ωrâ†â+
~ω′q
2
σ̂z + ~χâ†â σ̂z, (2.19)

where χ is the dispersive coupling strength, and ω′r and ω′q are the dressed frequencies. These
parameters are given by

χ = − g2EC/~
∆(∆− EC/~)

ω′r = ωr −
g2EC/~

∆− EC/~

ω′q = ωq +
g2

∆
.

(2.20)

Clearly the eigenstates are the bare ones but there is a crucial difference from the no interac-
tion case. Now the energy splitting between the photon levels depends on the qubit state, as
illustrated in Figure 2.3. The dispersive Hamiltonian is actually obtained in a perturbative
manner with an interaction term that depends on the photon number and on the excitation
of the artificial atom. A more precise condition for Eq. (2.19) to be valid is that the average
photon number has to be much smaller than a critical number [11]

n̄� ncrit =
1

2j + 1
(
|∆− jEC/~|2

4g2
− j), (2.21)

where j = 0, 1, · · · refers to the artificial atom’s states that we are using as the qubit levels.

2.4 Dispersive readout of the qubit

In the last section, we mentioned that the dispersive regime is excellent for doing qubit
measurement without unnecessary disturbance to its state. This can also be understood from
the dispersive Hamiltonian. Eq. (2.19). The interaction term χâ†â σ̂z does not cause any
transition between qubit states. Instead, it introduces a Stark shift to the qubit frequencies
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Figure 2.3: An illustration of the first few energy levels of the dispersive Hamiltonian
(Eq. (2.19)). We divide the energy levels into two groups, one containing the qubit ground
state |g〉 and the other containing the excited state |e〉. |n = 0, 1, 2〉 is the photon number
state.

which depends on the dispersive coupling strength and the photon number. If we only focus
on the qubit itself, this will result in some unavoidable measurement-induced dephasing as
a cost of observing σz. From the resonator’s point of view, the interaction term causes a
photon frequency shift depending on the qubit state, as mentioned previously. So the photon
state evolution is different for different qubit states. Suppose we prepare the photon in a
coherent state |α(0)〉 and the qubit is in a superposition state c0|g〉 + c1|e〉. Then as the
system evolves, it is not hard to show that due to the dispersive coupling, its state will
become an entangled state of the photon coherent states and the qubit states

|ψ(t)〉 = c0|g〉|αg(t)〉+ c1|e〉|αe(t)〉, (2.22)

where the two coherent states |αg/e(t)〉 rotate at a qubit-state dependent angular speed in
the phase space. The subscript is to emphasize the dependence of the coherent states on
the qubit state. The former behave like pointer states for the qubit and can be measured
by a homodyne or heterodyne measurement [17]. In the lab, due to the presence of photon
loss, the story is slightly more complicated. We need to drive the resonator a little bit to
compensate the loss. In practice, the experimentalists send microwave probe photons to the
resonator-qubit system through a transmission line for this purpose. Formally, this means
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Figure 2.4: Illustration of the photon’s initial state, denoted by the purple circle, and the
two steady states associated with the qubit ground (red) and excited (blue) states.

we add a driving field to the dispersive Hamiltonian [3]

Ĥd
disp =

~ω′q
2

+ ~δrâ†â+ ~χâ†â σ̂z + ~[εd(t)â
†e−iωdt + ε∗d(t)âe

iωdt] (2.23)

where ωd is the driving frequency, ε(t) is the time-dependent driving amplitude, δr = ωr−ωd
is the detuning from the bare resonator frequency to the driving frequency. We have assumed
the driving is far off-resonance from the qubit frequency. Also the Hamiltonian is written in
the driving frame, i.e., we transformed to the rotating frame of the resonator at frequency
ωd. The evolution of the coherent state amplitudes can be obtained by solving the master
equation [18] which treats the photon loss or gain from input-out theory applied at the
boundary between the transmission line and the resonator [11]. We omit the calculation
here and only quote the results

α̇e(t) = −iεd(t)− i(δr + χ)αe(t)− καe(t)/2
α̇g(t) = −iεd(t)− i(δr − χ)αg(t)− καg(t)/2.

(2.24)

The ± sign difference in the equations (second term on the RHS) is the signature of the
dependence on the qubit state. We are interested in their steady state values which can be
obtained by setting the derivative to zero,

αse/g = − ε

(δr ± χ)− iκ/2
. (2.25)
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where the driving amplitude is taken to be a constant, ε. When δr = 0, the difference is only
in the x axis of the phase space6. Figure 2.4 illustrates a initial vacuum state of the photon
and its two steady states in the phase space. By measuring the x quadrature, we can know
which state the qubit is in.

2.5 Controlling a single qubit

In this section, we will focus on how to control a single qubit, i.e., to make a single qubit
gate, which is what our research work presented later involves (e.g., the quantum feedback
operations employed in Chapter 4). Implementations of two qubit gates or multi-qubit gates
can be found in [11, 19]. In addition to facilitating qubit readout, a driving field can also be
used to control the qubit if we choose a proper phase and stay in the right frequency regime.
If we connect the transmon qubit to a transmission line with a driving tone at frequency ωd,
in the rotating frame, the qubit Hamiltonian comes with an additional driving term similar
to the one in Eq. (2.23) [11]:

Ĥ ′ = Ĥ ′q + ~ε(t)(b̂†e−iφd + b̂eiφd), (2.26)

where Ĥ ′q is the qubit Hamiltonian in the rotating frame, b̂†/b̂ is the qubit creation/annihilation
operator, ε(t) is the driving amplitude as before, and φd is the phase of the driving tone.
Rewriting b̂†/b̂ in terms of Pauli operators, we have

Ĥ ′ =
~δq
2
σ̂z +

~ΩR(t)

2
[cos(φd)σ̂x + sin(φd)σ̂y] (2.27)

where δq = ωq − ωd is the detuning from the qubit frequency to the driving frequency, and
ΩR(t) = 2ε(t) is the Rabi frequency. At resonance, we are left with an arbitrary linear
combination of spin x and spin z. The Hamiltonian can then generate rotations around
any axis in the xy plane by choosing a proper phase. In particular, φd = 0 gives us an
x̂ rotation and φd = π/2 gives us a ŷ rotation. Due to the fact that any rotation in the
Bloch sphere can be decomposed into x̂ and ŷ rotations, we can then perform an arbitrary
rotation. There is also a direct way of doing a ẑ rotation. If instead of staying on-resonance,
we make the detuning large, then the dominant term in Eq. (2.27) is σ̂z. Effectively, we are
then performing a ẑ rotation the angle of which is determined by the time over which the
Hamiltonian is applied.

6In the phase space, the two axes or quadratures are defined as x̂ = Re[â] and p̂ = Im[â]
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Chapter 3

Continuous measurement theory and
measurement-based control

3.1 Projective measurement

We start the discussion of this section with the standard projective measurement in quantum
mechanics. Say we have some initial state ρ and a Hermitian observable Â which we would
like to measure. The operator Â gives us a spectrum of real eigenvalues ai and the cor-
responding eigenstates |ai, j〉, where the additional label j denotes the possible degeneracy
of the spectrum. From these eigenvectors, we can construct a set of projection operators1

{Πi|i = 1, · · · }
Πi =

∑
j

|ai, j〉〈ai, j| (3.1)

These operators are mutually orthogonal and complete

ΠiΠj = δij (3.2)∑
i=1

ΠiΠj = I (3.3)

where I is the identity operator. Each projector correspond to a measurement outcome ai.
The state ρ collapses into one of the eigenstates of Â after the measurement. The resulting
conditioned state given the outcome ai is

ρ→ ρ(i) =
ΠiρΠi

Tr(ΠiρΠi)
(3.4)

and this happens with probability

P(i) = Tr(ΠiρΠi) = Tr
(
(Πi)

2ρ
)

= Tr(Πiρ) (3.5)

An interesting observation here is that the conditioned state will not necessarily be pure
when the initial state is mixed and the outcome eigenspace is degenerate.

1A projection operator is Hermitian and the square of it equals to itself.
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3.2 Generalized measurement

Von Neumann extended the concept of measurement beyond the projective case by formu-
lating it as a dynamical procedure [20]. To motivate the formulation, let’s think about how
we measure an object in real world. For example, when we measure the current through a
resistor, we connect it in parallel to an ammeter. The pointer of the ammeter will then move
from its 0 initial value to the value of the current we are measuring at the present time (the
initial value is zero if we calibrated it carefully, but the specific value doesn’t matter here).
By reading out the value at which the pointer is, we know how large the current is. Now to
retell the same story in a quantum setting, this means that to measure an object, referred as
the target, we couple it to a measurement device, referred as the probe. Let’s say the target
is in an initial state ρs(0) and the probe is in a default state |0〉 which is independent of the
target state. Then we let the probe interact with the target, which leads to a unitary evo-
lution of the combined target/probe state. Let’s denote the unitary operator by U(t, 0). At
a later time t, we perform an instantaneous projective measurement on the probe. This
means we project the combined system onto the probe’s basis {|n〉|n = 0, 1, · · · }, referred
as the pointer states. The label of the pointer states can be interpreted as the outcome
of the measurement, or the pointer value 2. Rewriting the unitary operator in the basis
{|n, α〉 ≡ |n〉|α〉} where {|α〉} are the basis states of the target, we have

U(t, 0) =
∑

m,n,α,β

|m〉〈m| ⊗ |α〉〈α|U(t, 0)|n〉〈n| ⊗ |β〉〈β|

=
∑
m,n

|m〉
(∑
α,β

〈m,α|U(t, 0)|n, β〉|α〉〈β|
)
〈n|

=
∑
m,n

Ωmn|m〉〈n|,

(3.6)

where we have defined the set of operators acting on the target state

Ωmn ≡ 〈m|U(t, 0)|n〉 =
∑
α,β

〈m,α|U(t, 0)|n, β〉|α〉〈β|. (3.7)

Since for any unitary operator we have U †U = UU † = I, the Ωmn operators must satisfy
some completeness relation ∑

i

ΩmiΩ
†
ni = δmnI∑

i

Ω†imΩin = δmnI.
(3.8)

2We assume no degeneracy in the pointer states for simplicity.
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Using Eq. (3.4) & (3.5), the whole system state at time t after the measurement conditioned
on the pointer value n will be

ρ
(n)
tot (t) =

1

pn
|n〉〈n|[U(t, 0)

(
|0〉〈0| ⊗ ρs(0)

)
U(t, 0)†]|n〉〈n|

=
1

pn
|n〉
(
〈n|U(t, 0)|0〉

)
ρs(0)

(
〈0|U(t, 0)†]|n〉

)
〈n|

=
1

pn
|n〉〈n| ⊗

(
Ωn0 ρs(0)Ω†n0

)
.

(3.9)

Note that the subscript n0 indicates the change in the pointer value from 0 to n induced by
the measurement. Here the denominator pn is the trace of the nominator and also turns out
to be the probability

pn = Tr(|n〉〈n|U(t, 0)

(
|0〉〈0| ⊗ ρs(0)

)
U(t, 0)†|n〉〈n|)

= Trs(Ω
†
n0Ωn0 ρs(0))

(3.10)

where the notation Trs denotes that the trace is taken over the target system. While this
equation seems simple and intuitive, an important observation derives from it. The left
hand side (LHS) represents the statistics we can obtain by measuring the probe. The right
hand side (RHS) has the target’s initial state, ρs(0). This equation thus tells us how the
measurement statistics of the probe contains the target’s initial state information.

We are interested in the target state after the measurement, which can be computed by
tracing over the probe degree of freedom on ρ

(n)
tot(t):

ρ(n)
s (t) = Trp

(
ρ

(n)
tot (t)

)
=

Ωn0 ρs(0)Ω†n0

Trs(Ω
†
n0Ωn0 ρs(0))

, (3.11)

where the notation Trp means tracing over the probe states. Comparing Eq. (3.9)-(3.11)
with Eq. (3.4) & (3.5), we see a similarity, i.e., the projective operator Πi and probability pi
in the latter have been replaced by the operator Ωn0 and probability pn, respectively, in the
former. In addition, the operator Ωn0 also satisfies the completeness relation to preserve the
trace (this is equivalent to setting m = n = 0 in Eq. (3.8))∑

n

Ω†n0Ωn0 = I. (3.12)

The difference is that now the operators don’t need to be mutually orthogonal and there
can be non-zero overlaps between the conditioned states ρ

(n)
s (t) of different measurement

outcomes. Thus the set {Ωn0|n = 0, · · · } describes a measurement process just as well
as the set of projection operators Πi. In fact, it can be shown that any set of operators
{Ωi|i = 0, · · ·n} subject to the completeness condition∑

n

Ω†nΩn = I (3.13)
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describes a measurement procedure in the von Neumann sense that we have discussed above
(See [21] Chapter 2). We call this kind of generalized measurement a positive operator-valued
measure (POVM) and Ωn the measurement operators. The term POVM comes from the fact
that the operator Ω†n0Ωn0 appearing in the conditioned probability (Eq. (3.10)) is positive
and thus guarantees that the probability is positive. We also define the unconditioned state
of the POVM measurement as

ρuncon
s (t) =

∑
n

pnρ
(n)
s (t) =

∑
n

Ωn0ρs(0)Ω†n0 (3.14)

Conceptually, the unconditioned state means we have done the POVM measurements but
do not look at the individual outcomes, only at the averaged result. It is easy to show this
unconditioned state is nothing but the reduced state (Eq. (1.9) of the target

ρs(t) ≡ Trp
(
ρtot(t)

)
=
∑
n

〈n|U(t, 0)|0〉ρs(0)〈0|U(t, 0)†|n〉

=
∑
n

Ωn0ρs(0)Ω†n0 = ρuncon
s (t),

(3.15)

where we have traced out over the probe’s degrees of freedom.

Using POVMs for probing quantum states

It seems that we have already understood what a generalized quantum measurement is. But
wait, other than giving a bunch of definitions and terminologies, did we really explain what
we can get from the target/probe measurement? Let’s remind ourselves what the goal of
the experiment is — this is to learn the target by reading out the value of the probe.
Suppose the quantity that we actually want to know is the target observable Â, which has
eigenstates |α〉 with corresponding eigenvalue α. We want to learn which eigenstate the
target is in. To gain this information, we must have strong correlations between the basis
states |α〉 of the observable Â and the pointer states |n〉 of the probe. Using the resistor-
ammeter measurement as an analogue, we have some current going I through the resistor:
after we couple the ammeter to the resistor the pointer always moves from the default state
to a unique state which is labelled by the same I each time that we make the measurement.
It will not end up at any other state that is labelled by a different current value. To put it in
other words, the current has a very strong correlation with the pointer position. In this case
for the ammeter, the value of the current passing through it has a one-to-one correspondence
to the pointer position.

Let us come back to the quantum target/probe system. To make the dynamics during
the measurement more transparent, let us write down the Hamiltonian of the whole system

Htot = Hs +Hp +HI , (3.16)
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where Hs, Hp is the Hamiltonian of the target and probe, and HI is the interaction. Say the

target is initially in the eigenstate |α〉 of Â and the probe is in the default state |0〉. Assume
the combined state will still be a product state at time t,

|0, α〉 → |ψα(t)〉|α〉, (3.17)

where |ψα〉 is the probe state which depends on the target eigenvalue α. This can be realized
if [Hs, HI ] = [Hs, Â] = [HI , Â] = 0. If we prepare the target at a different state |β〉 in the
beginning, the probe state will be |ψβ(t)〉 at time t. We can then learn well from the probe
state which state the target is in, provided that the two probe states |ψα(t)〉, |ψβ(t)〉 are well
separated. In this case, the two states are close to the basis states of some probe observable
P̂ . We can measure P̂ and its basis states serve as the pointer states. Equivalently, another
good candidate for a probe observable P̂ is one such that its expectation values with respect
to the states |ψα(t)〉 and |ψβ(t)〉 are far apart enough compared to their corresponding

variances. So by measuring the expectation values of P̂ , we can then distinguish the target
state |α〉 and |β〉. Hence, effectively, we have implemented the projective measurement of Â
through a combination of the target-probe interaction and projective measurements on P̂ .

The dispersive readout described in Sec. 2.4 is one such example. The target (transmon
qubit) observable that we want to learn is σ̂z, while the probe (photon) observable that we
actually measure is the quadrature x̂. Also notice, for the dispersive Hamiltonian (2.23),
we do have [Hs, HI ] = [σ̂z, Hs] = [σ̂z, HI ] = 0. We prepare the probe in the vacuum state
which eventually evolves into the qubit-state-dependent steady state |αse/g〉 (Eq. (2.25)).

For a strong enough dispersive coupling strength χ, the two averages 〈αse|x̂|αse〉 = Re(αse),
〈αsg|x̂|αsg〉 = Re(αsg) are well separated as in Figure 2.4. Then by measuring the quadrature
x̂, we can learn the qubit state information.

Quantum non-demolition measurement

Using the generalized measurement scheme discussed above, such a POVM measurement is
defined as a quantum non-demolition measurement (QND measurement) for some observable
Â if the probability distribution of the outcomes for a projective measurement of Â remains
unchanged before and after the generalized measurement period [22, 23]. The motivation
of the QND concept is that we don’t want to affect the state in terms of the measurement
statistics. A sufficient condition for this is clearly

[Â,Htot] = [Â,Hs +HI ] = 0. (3.18)

The definition of QND measurement can also be restated as that all the moments of Â do
not change, i.e., for k = 1, 2, ..., we have

Tr(Âkρs(0)) = Tr(Âkρs(t)) (3.19)
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where ρs(t) is the reduced state of the target (see Eq. (1.9) & (1.10)). Using Eq. (3.14) & (3.15),
Eq. (3.19) can be written as

Tr(Âkρs(t)) =
∑
n

Tr
(
Ω†nÂ

kΩnρs(0)
)

= Tr(Âkρs(0)), (3.20)

where we have dropped the subscript 0 corresponding to the initial pointer state value in
the measurement operators for notational simplicity. Inserting the completeness condition
(Eq. (3.8)) to the RHS, the above equation can be rewritten as∑

n

Tr
(
Ω†n[Âk,Ωn]ρs(0)

)
= 0 (3.21)

If this equation is true for all initial states ρs(0), we have another sufficient condition for a
QND measurement, namely

[Â,Ωn] = 0 for all n. (3.22)

In particular, the projective measurement of Â itself is a QND measurement. The second
sufficient condition, Eq. (3.22), is weaker than the first one, Eq. (3.18), since we do not
impose any condition on other Ωmn operators (Eq. (3.7)) and in Eq. (3.22) we are only
considering the measurement operators defined at the end time of the whole process.

An interesting observation follows from the QND condition Eq. (3.22). We assume further
that there is no degeneracy in the eigenbasis of Â. Due to the commutativity of Â and Ωn,
we can then write the measurement operators in the common eigenbasis of A as

Ωn =
∑
α

f(n, α)|α〉〈α|, (3.23)

where f(n, α) = 〈α|Ωn|α〉 is in general a complex number. Let sn be the eigenvalue of the
probe observable P̂ corresponding to the state |n〉, i.e., sn is the pointer value. Denoting
the reduced density matrix for the probe as ρp(t) and making use of Eq. (3.10), we find after
some algebra that

Tr
(
P̂ kρp(t)

)
=
∑
n

(sn)kpn =
∑
n

(sn)k
∑
α

〈α|Ω†nΩnρs(0)|α〉

=
∑
α

〈α|ρs(0)|α〉
∑
n

(sn)k|f(n, α)|2

=
∑
α

gk(α)〈α|ρs(0)|α〉

= Tr
(
gk(Â)ρ(0)

)
,

(3.24)

where we have defined
gk(α) =

∑
n

(sn)k|f(n, α)|2. (3.25)
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Notice that |f(n, α)|2 is in fact a probability distribution function for n due to the com-
pleteness condition (Eq. (3.8)). The information we can obtain by directly and repeatedly
measuring the probe observable P̂ is Tr

(
P̂ kρp(t)

)
for k = 1, 2, · · · . Eq. (3.24) tells us how

this is related to the expectation values of a set of functions of the target observable Â.

3.3 Formalism of continuous measurement

In this section, we follow the approach in [24] to introduce continuous measurements. Say we
want to measure an observable X of a quantum system using the POVM approach. We start
the whole process at time 0 and stop at T . Let us divide the whole period into small intervals
with length ∆t. On each of the intervals, we repeatedly perform the POVM measurement
described by a set of measurement operators {Ω(α)|α ∈ R}3. In general Ω(α) depends on
the interval length ∆t. This is called a continuous measurement if as ∆t→ 0, Ω(α)→ I for
all α. Without loss of generality, assume the operator X has a continuous spectrum

X|x〉 = x|x〉. (3.26)

Let us further assume the spectrum is non-degenerate and the measurement operators of the
POVM commute with X:

[X,Ω(α)] = 0 for all α. (3.27)

This is indeed a QND measurement. These two additional assumptions imply i) that Ω(α) is
diagonal in the |x〉 basis, and ii), mutual commutativity between the measurement operators.
Finally, we also assume the measurement operators have a Gaussian form in the basis |x〉:

Ω(α) = (
2κ∆t

π
)1/4e−κ∆t(X−α)2

= (
2κ∆t

π
)1/4

∫ ∞
−∞

dx e−κ∆t(x−α)2|x〉〈x|.
(3.28)

Here κ is the measurement strength. The prefactor in front is to make the measurement
operators satisfy the completeness relation (Eq. (3.8)). Consider the time interval [t, t+ ∆t].
Given the system state ρ(t) at time t, the probability to have an outcome α at t + ∆t is
(Eq. (3.10))

p(α) = Tr
(
Ω(α)†Ω(α)ρ(t)

)
. (3.29)

3It doesn’t matter whether α is continuous or discrete. Unlike in the previous section, we choose it to
be continuous here to facilitate our discuss below.
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Its expectation value can be computed as

〈α〉(t+ ∆t) =

∫ ∞
−∞

dααp(α)

=

∫ ∞
−∞

dααTr
(
Ω(α)†Ω(α)ρ(t)

)
=

√
2κ∆t

π

∫ ∞
−∞

dx 〈x|ρ(t)|x〉
∫ ∞
−∞

dααe−2κ∆t(α−x)2

=

∫ ∞
−∞

dx x〈x|ρ(t)|x〉

= 〈X〉(t),

(3.30)

where 〈X〉 denotes the trace average. We would like to make some comments about this
expression. First, the LHS of the equation is a quantity which we can get by directly
measuring the probe. So this equation is a demonstration of how we get to learn the target
observable X by measuring the probe. Second, this equation does not hold in general. We
have used here the fact that Ω(α) commutes with X and also the special properties of the
Gaussian function.

The probability p(α) can also be computed

p(α) = Tr
(
Ω(α)†Ω(α)ρ

)
=

√
2κ∆t

π

∫ ∞
−∞

dx 〈x|ρ|x〉e−2κ∆t(α−x)2 .
(3.31)

When κ∆t� 1, the Gaussian weight is much wider than the function 〈x|ρ|x〉. We can thus
replace 〈x|ρ|x〉 by a delta function centered at the expectation value 〈X〉

p(α) ≈
√

2κ∆t

π

∫ ∞
−∞

dx δ(x− 〈X〉)e−2κ∆t(α−x)2

=

√
2κ∆t

π
e−2κ∆t(α−x)2 .

(3.32)

Thus α is a Gaussian random variable with mean 〈X〉 and variance 1/4κ∆t. We can write
it in an alternative way

α(t+ ∆t) = 〈X〉(t) +
∆Wt

2
√
κ∆t

, (3.33)

where ∆Wt is a Gaussian random variable with zero mean and variance ∆t. We have
denoted the time-dependence of Wt explicitly with a subscript, to stress the point that this
is a time-dependent process. Also notice that the values of ∆Wt on different time intervals
are independent, since the measurements that we are performing are not correlated. To make
things simpler, we assume that the initial state at t = 0 is pure. Then the conditioned state
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would remain pure during the entire measurement procedure by construction (assuming that
the measurement is the only source of dynamics). We then can safely replace ρ(t) by |ψ(t)〉.
The conditioned state after the measurement is (see Eq. (3.11)4)

|ψ(t+ ∆t)〉 ∝ Ω(α)|ψ(t)〉
∝ e−κ∆t(α−X)2|ψ(t)〉
∝ e−κ∆tX2+X(2κ〈X〉∆t+

√
κ∆W )|ψ(t)〉

(3.34)

where we have ignored the normalization factor and dropped all the scalar terms in the
exponential. The continuous limit is obtained by making ∆t → 0. Normalizing and
expanding the above equation, keeping everything up to order O(∆t)5 and replacing ∆t by
dt, and ∆Wt by dWt, we have the normalized stochastic Schrödinger equation(SSE)

d|ψ〉 = [−κ
2

(X − 〈X〉)2dt+
√
κ(X − 〈X〉)dWt]|ψ(t)〉. (3.35)

Notice this equation is non-linear, due to the presence of the trace term 〈X〉 = Tr(Xρ). In
the continuous limit, the random variable ∆Wt goes to its infinitesimal version dWt which
has the properties

dW t = 0 (3.36)

(dW t)
2 = dt, (3.37)

and at different times t, the values of dWt are independent. In fact, dWt is the infinitesimal
increment of a Brownian motion [25]. Dividing dWt by dt, we have the so called white noise
ξ(t) = dWt/dt. We rewrite the measurement outcome (3.33) in an increment form

dy ≡ αdt = 〈X〉dt+
1

2
√
κ
dW. (3.38)

This quantity is called the measurement record and is the data we continuously collect during
the continuous measurement. The SSE (3.35) describes the evolution of a state conditioned
on a stream of measurement outcomes {α(t)|t : 0→ T}. The solution |ψ(t)〉 of the equation
given a particular realization of the outcomes {α(t)|t : 0→ T} is called a quantum trajectory.
Figure 3.1 shows how the quantum trajectory looks like for a continuous measurement on a
single qubit. To allow the situation for a mixed initial state, we can also derive the stochastic
master equation (SSE) in the same way as for the pure state from Eq. (3.11). The final result
is

dρ = κD[X]ρdt+
√
κH[X]ρdWt (3.39)

where, in the general case when X is not Hermitian, the two superoperators are given by

D[X]ρ = XρX† − 1

2
(X†Xρ+ ρX†X)

H[X]ρ = Xρ+ ρX − ρTr(Xρ+X†ρ)
(3.40)

4The pure state version trivially derives from this equation.
5Note in the infinitesimal limit, (∆Wt)

2 = ∆t.
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Figure 3.1: Illustration of a quantum trajectory for a single qubit continuously measured
along the ẑ axis. The qubit is initialized in the completely mixed state. The measurement
operator is X = σ̂z, and the measurement strength κ = 1. The notation x, y, z refers to
the three Bloch components and r =

√
x2 + y2 + z2 is the Bloch vector length. The x and y

values stay at zero while z gradually approaches −1, suggesting that the qubit is projectively
measured into the |1〉 state in the long run. The fact that r gradually approaches 1 from 0
is an indication that the qubit is being purified by the measurement, i.e., being driven by
the measurement from a completely mixed state to a pure state.

Now let us pause a little and try to understand this SME a bit more. We can get the
unconditioned state by averaging out the second term. So then we are only left with the first
term, which denotes pure dephasing in the eigenbasis of the observable X. In the long time
limit, it results in complete dephasing from any superposition state, the same effect that we
would observe from a projective measurement on X. The second term denotes the continuous
information gain from measurements. It makes the eigenstates of X the only possible steady
states and rules out the mixed steady states as allowed by the first term6. Hence, in the
long time limit, the continuous measurement results in a projective measurement on X (See
Figure 3.1). For the sake of completeness, we also show below the continuous measurement
SME for a system with coherent evolution and an inefficient detector:

dρ = −i[H, ρ] + κD[X]ρdt+
√
ηκH[X]ρdWt. (3.41)

Here the Hamiltonian term can be simply included as a commutator term, due to the fact
that the unitary evolution operator commutes with the POVM operator (Eq. (3.28)) in the

6This is a consequence of the non-linear term Tr(Xρ)ρ in the second term.
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infinitesimal time interval limit. The quantity η ∈ [0, 1] is the measurement efficiency, which
describes how effectively the detector can collect data. Qualitatively, when η < 1, we only
have partial access to the measurement records. We will omit its precise definition and the
derivation to include it, which can be found in [24]. In particular, we want to point out the
detector efficiency does not affect the evolution of the unconditioned state, i.e. if we average
the SME over all trajectories, we are only left with the first two terms and η is absent.

3.4 Implementation of continuous measurement on a

computer

In this section, we would like to discuss the various numerical approaches we used for our
research work to simulate continuous measurement processes described by the following
stochastic master equation (SME)

dρ = κD[X]ρdt+
√
κηH[X]ρdWt (3.42)

where dWt is the white Gaussian noise process with zero mean and variance dt, κ is the
measurement strength, and η is the detector efficiency. The two superoperators D[·] and
H[·] acting on ρ are as in Eq. (3.40). At each time step, the incremental measurement signal
is

dy =
〈X +X†〉

2
dt+

dW√
4κη

(3.43)

where the bracket notation denotes the trace average 〈A〉 = Tr(Aρ) for an arbitrary operator
A. In the following subsections, we first summarize the different approaches to integrate
Eq. (3.42) and then finally we compare the advantages and disadvantages of each approach.

POVM method

In Jacob and Steck’s paper [24], they formalized the outcome of an ideal (η = 1) continuous
measurement as a Gaussian process, which is valid for ideal quantum measurements by a
coherent state probe field, and derived the corresponding positive-operator valued measure
(POVM) when X is Hermitian

Mdy ∝ e−κdt(
dy
dt
−X)2 (3.44)

where we dropped the normalization factor (hence we use the notation ∝). The resulting
conditioned state given the output dy is then

ρ(t+ dt) =
Mdyρ(t)M †

dy

Tr(Mdyρ(t)M †
dy)

(3.45)
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Expanding the above equation up to order dt, we will recover the master equation (3.42). I
will briefly describe the steps here. First, we expand the POVM operator up to order dt

Mdy ∝ e
−κdt((X−〈X〉)2− (X−〈X〉)dW√

kdt
+ 1

4κdt
)

∝ e
−κdt((X−〈X〉)2− (X−〈X〉)dW√

κdt
)

≈ 1− κ

2
dt(X − 〈X〉)2 +

√
κ(X − 〈X〉)dW

(3.46)

To obtain the second line, we have dropped the scalar term in the exponent since it will only
contribute to the norm. Then using Eq. (3.45), we arrive at the master equation

ρ(t+ dt) ∝Mdyρ(t)M †
dy

= ρ+ (−k{(X − 〈X〉)2, ρ}+ 2k(X − 〈X〉)ρ(X − 〈X〉))dt+
√

2kdW{(X − 〈X〉), ρ}
= ρ+ κD[X]ρdt+

√
κH[X]ρdW

Notice this form is already normalized so we can ignore the denominator in Eq. (3.45)
safely. Then we can use the POVM operator (3.44) to numerically simulate a continuous
measurement provided η = 1 and X is Hermitian. We just discretize the process and at each
time step and replace the infinitesimal dt with a finite step size ∆t. Then we update the
density matrix with Eq. (3.44) and (3.45). In some works from the Whaley group, e.g., [26],
and our work [8], we have used this exponential-form POVM directly.

Kraus decomposition method

Eq. (3.42) can be rewritten in a Kraus decomposition form since the measurement is actually
a completely positive map

ρ(t+ dt) =
∑
n

Anρ(t)A†n (3.47)

This motivates our second method to simulate a continuous measurement. Starting from
the smallest number of Kraus operators and by doing a term matching, we can find out the
density matrix can be updated in the following way

ρ(t+ dt) =
Ωdyρ(t)Ω†dy + (1− η)κXρX†dt

Tr(Ωdyρ(t)Ω†dy + (1− η)κXρX†dt)
(3.48)

where
Ωdy = I − κ

2
X†Xdt+ 2κ

√
ηdyX (3.49)

and dy is as defined in Eq. (3.43). Notice in the special case when X is Hermitian and η = 1,
Ωdy is just the linear expansion of the POVM Mdy. This approach has been proposed by
Rouchon and Ralph [27]. We often use this on account of its good stability.
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Bayesian method

The Bayesian method has root in experiments and many experimentalists use this to update
the state. It provides an exact update when we continuously measure a diagonal observable
in the absence of Rabi oscillation. This is the method we used in our work [9]. The physical
motivation is explained in [28–31]. Supposing X is Hermitian and diagonal, the Bayesian
method updates the density matrix in the following way:

ρij(t+ dt) =

√
pi
(
ẏ(t)

)
pj
(
ẏ(t)

)
p
(
ẏ(t)

) e−γijdt × ρij(t), (3.50)

where pi(ẏ) =
√

2ηκdt
π

exp [−2ηκdt(ẏ(t)− 〈i|X|i〉)2] is the conditional probability density for

the output signal ẏ(t) given that the system is in the state |i〉, p(ẏ(t)) =
∑

i ρii(t)pi(ẏ) is
the unconditioned probability of the signal ẏ(t), and γij = κ(1 − η) (〈i|X|i〉 − 〈j|X|j〉)2 /2.
The reason for our notation ẏ will become clear below. In the case of ideal measurement,
γij = 0 and it seems that Eq. (3.50) is no different from Eq. (3.45) but now just written
in components form. But there is a crucial difference when numerically implementing these
two methods. In a Bayesian update the output signal is generated as

ẏ = x(t) +
1√
4ηκ

dW

dt
, (3.51)

where x(t) is a random variable taking the eigenvalues of the observableX and the probability
to get x(t) is 〈x|ρ(t)|x〉 (|x〉 is eigenstate of X corresponding to the eigenvalue x). We make
x(t) explicitly dependent on t, in order to emphasize the fact that its probability is changing
with time although the value it can possibly take is always one of the eigenvalues. Note the
difference from Eq. (3.43), in which dy is not divided by dt.

When we do a real measurement in the lab, the infinitesimal dt should be replaced by a
finite step size ∆t, corresponding to the discretized time interval over which we record the
signal or the finite time-resolution of measurement devices. Eq. (3.51) is valid over a wider
range of step size than Eq. (3.43) in the sense that the latter is only true when ∆t → 0,
while the former always holds. This can be seen by looking at the probability distribution
of the signal ẏ (see Eq. (24) in [24])

P (ẏ) =

√
2κ∆t

π

∑
x

〈x|ρ|x〉e−2κ∆t(x−ẏ)2 , (3.52)

where we have assumed an ideal measurement for now, i.e., η = 1. Using the conditional
probability formula P (ẏ) =

∑
x P (ẏ|x)P (x), this probability suggests that we can actually

write the random variable ẏ as a summation of two random variables which is exactly given
by Eq. (3.51).

We can see that Eq. (3.51) is true no matter how large ∆t is. An important approxima-
tion now enters here (the same approximation is made in [24]). In the limit ∆t → 0, the
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Gaussian function in Eq. (3.52) has a much broader width than 〈x|ρ|x〉. So the latter can
be approximated by a delta function which must be centered at 〈X〉 = Tr(Xρ). Then the
equation reduces to

P (ẏ) =

√
2κ∆t

π

∑
x

δ(x− 〈X〉)e−2κ∆t(x−ẏ)2

=

√
2κ∆t

π
e−2κ∆t(〈X〉−ẏ)2 .

(3.53)

Now the random variable ẏ is a Gaussian distribution centered at 〈X〉. Its form will reduce
to Eq. (3.43) divided by dt.

With this in mind,7 it is now straightforward to show the equivalence between Eq. (3.50)
and (3.42). For η = 1, Eq. (3.50) is just Eq. (3.45) but written in components form. When
η < 1, expanding everything up to order dt, we have from the Bayesian method√

pi(ẏ(t)) ∝ e−ηκdt(ẏ−xi)
2

= e
−ηκdt[(〈X〉−xi)+ 1√

4ηκ
dW
dt

]2

∝ e
−ηκ[(〈X〉−xi)2dt+(〈X〉−xi) dW√ηκ ]

ρii(t)

≈ [1 +
√
ηκ(xi − 〈X〉)dW −

ηκ

2
(〈X〉 − xi)2dt]

(3.54)

e−γijdt ≈ 1− κ(1− η)(xi − xj)2dt/2 (3.55)

ρij(t+ dt) ∝
√
pi(ẏ(t))pj(ẏ(t))e−γijdtρij(t)

≈ [1− κ

2
(xi − xj)2dt+ 2

√
ηκ(

xi + xj
2

− 〈x〉)dW ]ρij(t)
(3.56)

where xi is a short-hand notation for 〈i|X|i〉 and we have dropped all scalar terms as before.
This is exactly a restatement of Eq. (3.42) written in the eigenbasis of the operator X.

Taylor expansion method

The usual way of simulating ordinary differential equation (ODE) is based on Taylor ex-
pansion and its generalizations. In this subsection, we would discuss briefly how to use this
kind of method to simulate stochastic differential equation (SDE). In general, when it comes
to SDE, these traditional methods do not work as well as for simulating ODEs. The main
reference for this subsection is Chapter 10 in [32].

Consider a general type of SDE

dYt = a(t, Yt)dt+
m∑
j=1

bj(t, Yt)dW
j
t (3.57)

7Technically we have only proved the η = 1 case here, but it is not hard to generalize this to the non-ideal
case with η < 1. See section VII in [24] on how to treat inefficient measurement as limited access to multiple
ideal measurement channels.
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where Y , a and bj are in general d-dimensional vectors. We can also write it in an integral
form

Y (t+ ∆t) = Y (t) +

∫ t+∆t

t

a(s, Ys)ds+
m∑
j=1

∫ t+∆t

t

bj(s, Ys)dW
j
s (3.58)

By substituting in Ys recursively and truncating it, we can have approximations at different
orders. This is called Ito-Taylor expansion (see Eq. (5.3) in Chapter 5 of [32]. The detailed
form can be very tedious to write down. We omit it here) and gives us a way to numerically
simulate Eq. (3.57).

Taking s = t and Ys = Yt, we have the Euler-Maruyama method, which is order 0.5 of
strong convergence, or weakly convergent to first order8

Y (t+ ∆t) = Y (t) + a(t, Yt)∆t+
∑
j

bj(t, Yt)∆W
j
t (3.59)

Substituting Ys in once, truncating it and then Taylor expanding the function a and b, we
will have the Milstein method, which is order 1.0 of both strong and weak convergence,

Y (t+ ∆t) = Y (t) + a(t, Yt)∆t+ b(t, Yt)∆Wt + b(t, Yt)
∂b

∂Y
(t, Yt)(∆W

2 −∆t) (3.60)

where we assumed d = 1 and m = 1 for simplicity. For the general case when m 6= 1 and
d 6= 1, please refer to Eq. (3.2) and (3.3) of Chapter 10 in [32].

The Euler-Maruyama and Milstein method is widely used in simulating general type of
SDEs. Going to higher orders is possible but the analytical form is more tedious and is more
computationally expensive. We will not discuss them here. Interested readers can find the
details in Chapter 10 of [32].

Advantages and disadvantages of each approach

In this subsection we discuss the advantages and disadvantages of each method to simulate
Eq. (3.42). First of all, we would like to point out that for numerical simulations using
the first three approaches, a good (empirical) rule of thumb is that the time step should
be such that dtκ ≤ 1/20. The Taylor-expansion-based methods are not very suitable to
simulate continuous measurement, which is a physical process in the sense that the property
of density matrix must be preserved during the evolution. These properties include:

1. ρ has unit trace,

2. ρ is semi-positive definite,

3. for η = 1, an initial pure state must remain pure throughout the evolution.

8Simply put, strong convergence characterizes how the numerical errors behave per trajectory and weak
convergence characterizes how the errors behave on average. For exact definition, see page xxv and xxvi
in [32].
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Figure 3.2: Averaged relative error as a function of time step size. The left panel is for
η = 1 and the right panel is for η = 0.64. Green dots in both panels is for Bayesian method,
Blue dots in both panels is for Kraus decomposition method, and red dot in the left panel is
for POVM method. Parameters: κ = 1

2
, total time T = 10Γ−1

m , and number of trajectories
averaged over is 10000.

Taylor expansion methods do not guarantee these properties, no matter how high the
order is. In contrast, it should be clear that both the POVM and Kraus decomposition
method automatically preserve these properties by design. Also it is easy to see the Bayesian
method guarantees the first and third property. For the second property, we have checked
that the Bayesian method preserves it when ρ is a 2 by 2 matrix. When the dimension goes
higher, we are currently not sure whether it still holds. But in principle, by checking the
principal minors of ρ, we can find out whether it remains as a semi-positive definite matrix.
So the conclusion is that we better avoid using Taylor expansion methods when simulating
the continuous measurement process.

Now we compare the first three methods in terms of accuracy and computational time.
First we should be clear about the conditions when each method can or should be used. The
POVM method only works when X is Hermitian and η = 1.9 The Bayesian method only
works when X is Hermitian. The Kraus decomposition method doesn’t have either of these
restrictions.

From the discussion in previous sections, we know Bayesian method provides a more
accurate description of the output signal. For a finite step size ∆t, usually the Bayesian
method gives the smallest error. For POVM and Kraus decomposition method, we currently

9It can be extended to η < 1 by including multiple measurement channels, as noted above. But it is
best to avoid using the POVM method when η < 1 since this involves sampling additional noises and taking
averages.
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don’t have any theoretical argument which one performs better in general. Instead, we
numerically simulate a continuous measurement process on a single qubit with all the three
methods and computed the accuracy for each method. We choose X = σz at all times and
start from a completely mixed state. The analytical solution for the averaged Bloch vector
length is available for this process and it turns out to be

ranalytic
dW (t) = erf(

√
2κηt) (3.61)

where r is the Bloch vector length, the notation (·)dW denotes average over all trajectories,
and erf(·) is the error function. We use the time averaged relative error as the metric to
determine the accuracy, which is defined as

ε =
1

N

N∑
i=1

|ranalytic
dW (ti)− rnumeric

dW (ti)|
ranalytic

dW (ti)
(3.62)

where rnumeric
dW is the averaged Bloch vector length obtained numerically, ti is the discretized

time for each step, and N is the number of time steps in a single trajectory. We summarize
the result in Fig. 3.2. At least for this particular example, it seems Bayesian method is
the most accurate while POVM is the worst. In terms of computational time, one thing
we need to pay attention to is that the Bayesian method involves sampling extra random
variables x(t) (See Eq. (3.51)). This can be very expensive if the process goes too long and
if we need to generate very many trajectories. Another thing that we need to take into
account is whether we should diagonalize X very frequently. When X is diagonal like the
Pauli σz operator, of course we don’t need to worry about that. When it is not diagonal
but still a constant operator, for the exponential POVM and Bayesian method, we can
update ρ in the eigenbasis of X and do a transformation at the end of the calculation. This
is still not harmful to the computational time. The real cost comes when we change the
measurement axis continuously, i.e., the operator X now depends on time. If we insist on
using exponential POVM and Bayesian method in this situation, we have to diagonalize
the matrix at every step and constantly transform ρ back and forth. This can significantly
increase the computational time. In this situation, the Kraus decomposition method may
be preferred since it doesn’t involve diagonalizing X.

3.5 Measurement-based quantum feedback control

In a measurement-based quantum feedback control (MQFC), we measure the quantum sys-
tem which is our control target, collect the measurement signal, Eq. (3.38) as an example,
and use that classical information to decide how we make changes to the quantum system.
This process involves explicit measurements on the quantum system and thus is sometimes
also called incoherent control. The complete state-of-knowledge that we can have about a
quantum system is represented by its density matrix. One way to do MQFC is to estimate
the density matrix from the measurement records we have collected up to that point. This
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estimation step, based on the classical data, of the true quantum state is referred as quantum
filtering [33–35]. Controls based on the resulting estimations are often termed as Bayesian
feedback control [36, 37]10. Our research work on continuous quantum error correction in
Chapters 5 & 6 utilizes the idea of filtering the measurement records to estimate the state
and then use a unitary feedback operator to correct any error that occurred.

Another type of MQFC is to directly feed back the measurement signals into the system
without any filtering, first introduced by Wiseman and Milburn [38–40]. This approach is
referred as Markovian feedback due to the fact that the averaged state evolution can be
described by a Markovian master equation. One of the implementations of the feedback
schemes we propose in Chapter 4, the ASLO implementation, can be considered as a non-
trivial generalization of this approach and is also of Markovian type. Below we illustrate
the Markovian control of Wiseman and Milburn, since it naturally fits into the continuous
measurement setting and is commonly used. It is obtained by simply adding a Hamiltonian
term in Eq. (3.39) that is proportional to the measurement signal, i.e.,

dρc = −i[H + a(t)F, ρc]dt+ κD[X]ρc +
√
ηκH[X]ρdW, (3.63)

where a(t) is the measurement signal given by a(t) = dy
dt

for the dy in Eq. (3.38) and F
is some Hermitian operator which determines the form of a unitary feedback. Since the
control Hamiltonian a(t)F is proportional to the signal, this approach is often referred to as
proportional feedback. Averaging over the noise term, we have the Wiseman-Milburn master
equation for the unconditioned state

ρ̇c = −i[H, ρc] + κD[X]ρc − i
√
κ[F, {X, ρc}] +

1

η
D[F ]ρc, (3.64)

where {·, ·} is the anti-commutator. The third term in the equation oherently steers the
system to the desired target state and represents the goal of our control. In particular,
in Chapter 4 we seek to find the locally optimal form of this term at each time t in the
evolution. The fourth term causes extra decoherence due to the control, which is something
we usually don’t want. A fine-tuned control should also suppress the effect of this term.
This decoherence term actually decays to zero in the locally optimal protocol we propose in
Chapter 4.

10If we consider the continuous measurement introduced earlier, a full integration of the SME (3.39),
given the collected measurement records up to that time and the initial state, can be done in principle to
obtain the true density matrix. But in practice, this is computationally expensive and much slower than the
time scale of the system evolution itself. The quantum filtering involves a much simplified integration of the
records and thus provides only an approximation of the true density matrix.
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Chapter 4

Entanglement generation for
multi-qubit system

4.1 Introduction

Entanglement is a crucial resource for quantum information science, with applications in se-
cure cryptography [41] long-range quantum state transfer [42], quantum computation [43],
quantum-enhanced sensors [44–46] and quantum simulation [47]. Many applications, par-
ticularly large-scale quantum information processing, will require modular quantum devices
that are able to talk to each other [48, 49]. However, the objects that we would like to
entangle often have little or no direct interaction to enable entanglement generation, either
because they are separated by significant distances, or because of intrinsically weak physi-
cal interactions. The former is the case in most quantum networking applications, as well
as in nitrogen vacancy centers, for which large inter-qubit spacing is necessary to maintain
coherence properties [50]. The latter is the case for dilute neutral atoms, which have re-
ceived considerable interest for generation of spin-squeezed states involving large numbers
of entangled atoms [51, 52].

When no direct interaction is available, joint measurement on all parties offers a prac-
tical method to project the total system into a desired entangled state. This has been
demonstrated by interfering spontaneously emitted optical photons emitted from (artificial)
atomic systems [53–56], and also by performing cavity-QED-based joint measurements on
superconducting qubits [57] or cold neutral atoms [58].

However, often the stochastic nature of a quantum measurement prevents such an ap-
proach from succeeding with unit probability target [59]. In order to improve the probability
of reaching an entangled state, or to obtain it deterministically, one can then add control
via feedback unitary operations. Several experimental and theoretical works have shown
that this approach can yield deterministic remote entanglement generation between two
qubits [26, 60, 61]. Multi-partite entanglement generation has been experimentally demon-
strated in Ref. [52], with a feedback strategy for deterministically preparing an ensemble of
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atoms near the maximally spin-squeezed subspace. Generation of multi-spin states has also
been discussed in the theoretical control literature in the context of state stabilization [62–
64]. Refs. [65], [51], and [66] have proposed state-based i.e., non-Markovian protocols for
deterministic preparation of Dicke states. In the conclusion of Ref. [51], the authors em-
phasize both the experimental difficulty of implementing non-Markovian protocols and the
importance of constructive methods to derive feedback control laws, but leave these issues
as open problems for future research.

In this chapter we address both of these issues with a general method for constructing
locally optimal measurement-based feedback protocols. Measurement-based feedback pro-
tocols rely on the fact that realistic measurements acquire only partial information over a
finite time interval. Such protocols can in principle be applied to any system in which the
measurement signal is collected with high efficiency, and have proven particularly useful in
recent years for superconducting qubits [17, 57, 61, 67–69]. In these systems, the finite time
interval is taken to be small enough that the measurements may be regarded as continuous
and feedback consists of applying additional control unitary operations conditional on the
outcome of the continuous measurement.

Our approach to design locally optimal protocols is based on the introduction of time-
dependent feedback unitaries composed of two independently varying components, one of
which depends linearly on the measurement outcome with a state-dependent coefficient,
while the other depends only on the quantum state. We term this approach “Proportional
and Quantum State” (PaQS) feedback, to emphasize the increased flexibility offered by
these two independent feedback components. We also show how this construction can be
modified to guarantee Markovianity, meaning that each feedback operation only depends
on the immediately proceeding measurement outcome, which greatly simplifies experimental
implementation. We demonstrate this formalism by first using it to reproduce several well-
established measurement-based feedback protocols, and then giving a systematic treatment
of entanglement generation in three-qubit systems and beyond, emphasizing the crucial role
that symmetry plays in the protocols in order to achieve high fidelities. We consider genera-
tion of both the N -qubit GHZ states and the full range of N -qubit symmetric Dicke states,
from W states to the half-filled states, which are maximally spin-squeezed. Our protocols
are characterized by a high degree of symmetry and are derived using general analytic tech-
niques that allow us study up to 100 qubits. These advantages also confer remarkably simple
experimental implementations of the feedback controller.

The remainder of the chapter is organized as follows. Section 4.2 will discuss basic
concepts and background knowledge of entanglement which will be involved in our work. In
section 4.3, we first summarize the evolution of a general quantum state under continuous
measurement and feedback as described by the stochastic master equations, and then present
our PaQS formalism for efficiently computing locally optimal protocols in the context of a
general measurement-based feedback system.

In sections 4.4 and 4.5 we apply the PaQS formalism to the task of generating entangled
many-qubit states, considering specifically Dicke states and GHZ states. In section 4.5 we
then show that the PaQS formulation of section 4.3 can be extended to systems undergo-
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ing multiple distinct measurements and commuting feedback Hamiltonians, and use this to
obtain a second protocol for GHZ states. A third protocol for GHZ states that is based
on optimizing an entanglement measure rather than a target state fidelity is presented in
appendix 4.8. Section 4.6, which is mainly Martin Leigh’s (Co-author of the paper [8])
contribution, shows how under certain conditions the feedback can be chosen to eliminate
the randomness introduced by the “quantum noise” inherent to the measurement process.
We introduce a strict condition for deterministic evolution, given fixed measurement and
feedback operators and show that this provides a simple tool for finding solutions to propor-
tional feedback master equations in general. Section 4.7 provides a summary of the results
and an outlook for future work. Key calculational details and supplementary materials are
presented in the Appendix.

4.2 Entanglement in a nutshell

Simply put, entanglement is a situation where the state of a composite system cannot be
represented as product states of the individual entities. It may sound simple, yet it has
profound consequences and a complicated structure of its own. One telling observation
was made by Schrödinger, which perhaps best explains why entanglement phenomenon is
bizarre and intriguing: ”The best possible knowledge of a whole does not include the best
possible knowledge of its parts”. In this section, we will only mention a few basic concepts
and techniques that will be helpful in understanding our work. Interested readers should
definitely take a look at the classic review on this topic [70].

Basic concepts

As mentioned above, entanglement can be easily defined as the negative of what is not
entanglement. Consider a composite system which consists of n bodies. Restricting to pure
states first, the global state |ψ〉 is entangled if it cannot be written in the following way

|ψ〉 6= ⊗ni=1|ψi〉, (4.1)

for any local state |ψi〉 of the ith body. For a mixed state ρ, the definition is a bit more
complicated. We can always write the mixed state as a convex linear combination (or an
ensemble) of pure states

ρ =
∑
α

pα|ψ(α)〉〈ψ(α)|. (4.2)

Notice this pure state decomposition is not unique. The mixed state ρ is entangled if we
cannot find a decomposition of which every pure state is not entangled. No matter whether
pure or mixed, when a state is not entangled, we call it separable. A special case is when we
can write the global mixed state as product of local mixed states

ρ = ⊗ni=1ρi, (4.3)



CHAPTER 4. ENTANGLEMENT GENERATION FOR MULTI-QUBIT SYSTEM 39

where ρi is a possibly mixed state for the ith object. Rewriting each of the ρi as an ensemble
of pure states

ρi =
∑
α=1

p
(α)
i |ψ

(α)
i 〉〈ψ

(α)
i |, (4.4)

then the global state has the form

ρ =
∑
α

(Πn
i=1 p

(α)
i )(⊗ni=1 |ψ

(α)
i 〉)(⊗ni=1 〈ψ

(α)
i |). (4.5)

It is clear that this form satisfies the definition of a separable state and has one additional
property—the classical ensemble probability distribution is a product of individual prob-
abilities p

(α)
i . This reminds us of the fact that for a mixed separable state, the classical

joint ensemble probability distribution pα can still have correlations among the individual
components.

Now we have clarified the basic notion of what is an entangled state. Let’s look at some
concrete examples.
Bell state The four Bell states of a two-qubit system are defined as

|Ψ±〉 =
1√
2

(|01〉 ± |10〉) (4.6)

|Φ±〉 =
1√
2

(|00〉 ± |11〉). (4.7)

W state The W state is a tri-partite entangled state

|W〉 =
1√
3

(|100〉+ |010〉+ |001〉). (4.8)

GHZ state There is another distinct type of tri-partite entangled state called the GHZ
state [71]

|GHZ〉 =
1√
2

(|000〉+ |111〉) (4.9)

Through proof by contradiction, all three states can be verified easily to be entangled from
the definition. However, in order not to mislead the readers, we would like to point out in
general it can be very hard to determine whether a given state is entangled or not just from
the definition itself.

Entanglement measures

We have seen that there are four Bell states. They share the common name for a reason.
Every Bell state can be transformed into every other Bell state through some local unitary
rotation acting on each qubit. A local unitary should not change the nature of the entangled
state since entanglement is a global property. In this sense, all the four states are equivalent.
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So we may determine whether two entangled states are the same by checking whether they
are connected by some local unitary operations. But we may ask whether there is a simpler
way of doing this. Can we just use some numbers to describe different entangled states?

Furthermore, the Bell states are certainly not the only entangled states of a bipartite
system. We can easily construct an entangled state of the form

|ε〉 ∝ |01〉+ ε|10〉 (4.10)

where ε is a very small positive number. Let us ignore the normalization factor for a moment.
This state is entangled but very close to the product state |01〉. We may feel that this state
is not as entangled as the Bell state and this feeling is indeed correct. A legitimate question
to ask here is how we can describe the degree of entanglement or, more specifically, how we
can quantify the entanglement.

Researchers have proposed quantities called entanglement measures to characterize and
quantify entanglement. There are many of these. We will only mention a few basic ones
here.1

Schmidt rank The Schmidt theorem tells us for any bipartite system consisting of two
subsystems A and B, the global state |ψ〉 can be decomposed in the following way

|ψ〉 =
n∑
i=1

ci|ai〉|bi〉, (4.11)

where |ai〉 and |bi〉 are the basis states for the subsystem A and B respectively, the ci,
called Schmidt coefficients, are real non-negative numbers, and n = min{dim(A), dim(B)}.
The Schmidt rank is defined as the number of non-zero terms in the expression. When the
Schmidt rank is 1, the state is separable. Otherwise, it is entangled. The Schmidt theorem
is very useful to study bipartite systems but unfortunately the Schmidt rank doesn’t tell us
how much the system is entangled. For example, both the Bell states and the |ε〉 state have
Schmidt rank 2.

An interesting consequence of the Schmidt theorem is that the reduced density matrix
for subsystem A and B is the same for both subsystem up to a basis change, i.e. ρA = TrA ρ
is identical to as ρB = TrB ρ if we equate their basis.
Concurrence Concurrence is a measure defined for two-qubit systems. For pure states, it
has the form

c(ρ) =
√

2(1− Tr ρ2
A). (4.12)

Expressed in terms of Schmidt coefficients, the concurrence is c(ρ) = 2c1c2. A larger con-
currence means that we have more entanglement in the state. For example, the Bell states
have concurrence 1 while the |ε〉 state, Eq. (4.10), has concurrence c ∝ ε. Concurrence can
fully characterize the entanglement for all pure two-qubit states [72].

1We only discuss pure states here. These measures can be extended to mixed states through a convex
roof construction [70].
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Three-tangle The three-tangle is a genuine tri-partite entanglement measure for three-
qubit system, in the sense that it vanishes for some tri-partite entangled states as well as
for any bi-separable state. For instance, it is zero on the W state, although we cannot find
a separable bipartititon for it. Considering three qubits A, B and C, the definition is as
follows [73, 74]:

τ(A : B : C) = τ(A : BC)− τ(AB)− τ(AC). (4.13)

In contrast to the function τ(A : B : C) on the left hand side, here the functions τ(AB), τ(BC)
on the right hand side act on only two qubits. They are referred to as 2-tangles and can
be computed as the square of the concurrence for the two-qubit system. Note that now
the reduced density matrices for both subsystem AB and subsystem AC are mixed. We
need to use the convex roof extension of Eq. (4.12) to compute the 2-tangles (see [75]). The
symbol A:BC means that we treat BC as a single system and consider the total system as
a bipartite system between A and BC, although in this case the two-qubit system BC has
dimension 4. The state of the entire system is still pure by assumption. So we can formally
use Eq. (4.12) to compute τ(A : BC), being careful not to forget the square when computing
the concurrence).

The three-tangle takes values ranging from 0 to 1. The GHZ state happens to have the
maximum value of 1. It can also be written as a hyperdeterminant [76]. In that way, it is
clear that the three-tangle has S3 permutation symmetry as it should be.

4.3 Continuous measurement with locally optimal

feedback

Continuous measurement and feedback

We consider a joint measurement that is realized by an indirect simultaneous measurement
on multiple qubits. Such measurements are routinely made for superconducting qubits in
the dispersive regime, using homodyne detection of cavity transmission [17, 18, 57, 61]. The
readout voltage of the signal is given by

dV = 〈X〉(t)dt+
dW√
8ηk

(4.14)

where X is the measurement operator which will be specified in detail below, 〈·〉 denotes
the trace average of this, dW is a Wiener increment satisfying dW (t)dW (t′) = δ(t − t′)dt
that represents the quantum uncertainty in the homodyne detection (represented by white
Gaussian noise in the continuous limit [77, 78]), η is the measurement efficiency, and k is the
measurement strength.

The evolution of the quantum state conditioned on this measurement signal is given by
a stochastic master equation (SME),

dρ = − i
~

[HS, ρ]dt+ 2kD[X]ρ(t)dt+
√

2kηH[X]ρdW. (4.15)
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Weak 
Measurement

Ω𝑑𝑉

Feedback 
Rotation
𝑈𝐹

𝜌𝑡 𝜌𝑡+𝑑𝑡
𝑀 𝜌𝑡+𝑑𝑡

𝑐

Figure 4.1: A diagrammatic picture illustrating what happens during a measurement-
feedback cycle over time dt.

Here HS is the system Hamiltonian which is not relevant to this analysis and will henceforth
be set to 0, D[X]ρ = XρX†− 1

2
(X†Xρ+ρX†X), and H[X]ρ = Xρ+ρX†−〈X +X†〉ρ. The

second, deterministic, term of order dt describes the dephasing effect of the measurement
and is just the usual dissipator term in the Markovian master equation. It describes the
unconditioned dynamics of an open system coupled to an external bath, i.e., the dynamics
after averaging over all possible measurement records. The third, stochastic, term of order
dW continuously updates ρ based on knowledge gained from the measurement.

As the qubits are assumed to be too remote to allow direct interactions, we construct a
unitary feedback operator in the form of local operations on each of the N qubits,

UF =
N⊗
i=1

Ui. (4.16)

In the first instance we shall employ

Ui = e−iθiHi/~, (4.17)
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with Hi = 1
2
n̂ · ~σ, where (θi, n̂i) are rotation angle parameters for the ith qubit. The single

qubit unitaries are then simply rotation operators on a single qubit, Ui = e−i
θ
2
n̂·~σ/~, with

~σ = (σx, σy, σz) denoting the usual Pauli operators. These rotation angles will be determined
based on the measurement result. For simplicity, we assume that these rotations are realized
instantaneously.

After adding the feedback, the complete evolution of the qubits over a single infinitesimal
cycle of measurement and feedback (see Fig. 4.1) is described by the following:

ρct+dt = UFρ
M
t+dtU

†
F = UF (ρt + dρ)U †F (4.18)

where dρ is taken from Eq. (4.15), the superscript M indicates it is the conditioned state
resulting from the measurement, and the superscript c indicates that this state is obtained
after the feedback control.

General locally optimal control protocol with PaQS

Now we are ready to state the locally optimal control problem in complete generality and to
find the solution. Suppose we have a state ρt at time t, and that we ultimately wish to reach
some target state |ψT 〉. In this work we shall focus primarily on the fidelity with respect
to the target state as the cost function, whose optimization determines the parameter of
the feedback operator. (Appendix 4.8 presents optimization under an alternative, non-linear
cost function given by an entanglement measure.) For the entangled states of interest in later
sections, i.e., Dicke and GHZ states, we shall take all values of θi to be equal, to ensure that
the permutation symmetry of the state is maintained by the feedback operations (sections 4.4
and 4.5) although we shall relax this assumption when considering feedback with multiple,
simultaneous measurements (section 4.5). Our feedback unitary is then

UF (θ) = e−iθHF /~. (4.19)

For the time being, we place no constraints on HF , although for practical settings it will
often be useful to take this to be separable. The fidelity after a feedback operation is given
by

Ft+dt(θ) = 〈ψT |ρc(θ)|ψT 〉, (4.20)

ρc(θ) ≡ U(θ)(ρ+ dρ)U †(θ).

For convenience, we shall set ~ = 1 from now on. Our local optimality condition is given by

G ≡ ∂Ft+dt(θ)
∂θ

= 〈ψT |
[
U ′F (θ)(ρt + dρ)U †F (θ) + h.c.

]
|ψT 〉 (4.21)

= −i〈ψT |[HF , ρ
c]|ψT 〉 = 0

with U ′F the derivative of UF .
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Using the fact that dρ is infinitesimal, we can derive an analytical expression for the
optimal rotation angle θ, which we denote θ∗. Assuming that ρt is already optimized from
the previous time step, then typically θ∗ will also be O(dρ) (we deal with possible exceptions
below). We can therefore parameterize the rotation angle as

θ∗ = A1(t)dW + A2(t)dt. (4.22)

Expanding UF to second order in dW and making use of Ito’s lemma [78] yields

U ≡ I − iA1HFdW − (iA2HF +
1

2
A2

1H
2
F )dt. (4.23)

Expanding Eq. (4.18) and using the measurement stochastic master equation Eq. (4.15)
for dρ, together with this second order expansion, yields the master equation

dρc = D[Y ]ρdt+H[Y ]ρdW − i(A1dW + A2dt)[HF , ρ]

+ A2
1D[HF ]ρdt− i√ηA1[HF , Y ρ+ ρY †]dt, (4.24)

where we have defined Y =
√

2kX to suppress k in the result. Employing ρc in Eq. (4.21)
leads to the following explicit form for G:

G =− i〈ψT |[HF , ρt]|ψT 〉 (4.25)

− i〈ψT |[HF ,D[Y ]ρtdt+
√
ηH[Y ]ρtdW ]|ψT 〉 − A1〈ψT |[HF , [HF , ρt]]|ψT 〉dW

− iA2
1〈ψT |[HF ,D[HF ]ρt]|ψT 〉dt− 〈ψT |[HF , [HF ,

√
ηA1H[Y ]ρt + A2ρt]]|ψT 〉dt,

We now solve Eq. (4.25) order by order in dW . Despite the large number of terms, it
is nevertheless possible to solve for A1 and A2 in complete generality. The assumption
that the optimal rotation was applied at the immediately preceding time step implies that
∂Ft(θ)/∂θ|θ=0 = −i〈ψT |[HF , ρt]|ψT 〉 = 0, so that the first term in Eq. (4.25) may be dropped.
Terms proportional to dW yield a linear equation in A1, which is easily solved. Once A1 is
known, terms proportional to dW 2 = dt are gathered to yield another linear equation, this
time for A2. The final result in full form is

A1 =
−i〈ψT |[HF ,

√
η(Y ρt + ρtY

†)]|ψT 〉
〈ψT |[HF , [HF , ρt]]|ψT 〉

(4.26)

A2 =
−〈ψT |[HF , iD[Y ]ρt +

√
ηA1[HF , Y ρt + ρtY

†] + iA2
1D[HF ]ρt]|ψT 〉

〈ψT |[HF , [HF , ρt]]|ψT 〉
.

Using Eq. (4.14) and (4.22), the locally optimal feedback rotation can also be written as

θ∗ =
√

8ηkA1dV + (A2 − 2A1〈Y 〉)dt, (4.27)

from which we see that A1 can be identified with a proportional feedback term, while the sec-
ond term - dependent on A1, A2, and the state at time t - can be identified with an additional
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time dependent effective Hamiltonian drive. These two terms motivate the designation of
“PaQS”.

Note that as A2 only appears in Eq. (4.24) to first order, ∂(dF)/∂A2 is not a function
of A2, so then the naive method of computing the locally optimal protocol by maximizing
dF ≡ 〈ψT |dρ|ψT 〉 with respect to A2 would not yield Eq. (4.26).

So far, we have assumed that the optimal angle is infinitesimal. However, Eq. (4.26)
only guarantees that the solution θ∗ is a local extremum and does not guarantee that it is
necessarily a maximum. A sufficient condition for θ∗ to be a local maximum is that the
second derivative of the fidelity function evaluated at θ∗ be negative:

∂2Ft+dt(θ)
∂θ2

∣∣∣∣
θ=θ∗

= −〈ψT |[HF , [HF , ρ
c]]|ψT 〉

∣∣∣∣
θ=θ∗

< 0. (4.28)

Failure of this test, i.e., when the second derivative is positive, suggests the presence of a local
minimum from the infinitesimal solution. Then we will need a large (i.e., non-infinitesimal)
rotation, which we compute by maximizing the fidelity over the entire angular range.

It should be noted that A1 and A2 can in principle become singular. However as ρct−dt|θ∗ =
ρt, the denominator diverges only when the second derivative test failed at the previous time
step (compare Eq. (4.28) to the denominator of Eq. (4.26)). Thus this divergence is typically
prevented by the global search described above. A special case is [HF , ρt] = 0, in which case
feedback has no effect on the state, so that we may simply set θ∗ = 0.

To simulate this form of feedback in practice, we assume that the controller chooses the
rotation angle θ∗ that ensures a global maximum of Ft=0 at the initial time step. During
evolution of the state, the above protocol typically continues to pick θ∗ as the global maxi-
mum of Ft and thus maintains the system on a locally (time-)optimal trajectory. However
even if Eq. (4.28) remains negative, it is possible that the nearest local maximum of Ft(θ)
can fail to be the global maximum. The only way to catch such instances is to occasionally
undertake a brute force maximization of F over the full range of θ and to thereby check
whether the local maximum identified by Eq. (4.26) is also a global maximum. In practice,
such global maximization procedures are often unnecessary. Table 4.1 shows many combi-
nations of measurement operators X and feedback Hamiltonians HF that allow Eqs. (4.26)
and (4.28) to reproduce the indicated feedback protocols established in the control literature.
Global searches are only required when indicated by Eq. (4.28). We shall see examples of
this in the following section.

The functions A1 and A2 are dependent on both the initial and target states, as well
as on the state at time t. Dependence on the current state implies implicit dependence
on the full measurement record, yielding a potentially non-Markovian feedback protocol in
general. In experimental situations, non-Markovian protocols are significantly more difficult
to implement than Markovian protocols. The feedback controller must either calculate ρ(t)
in real time, which is both challenging and time-consuming, or else perform an exponential
amount of precomputation to determine the optimal action for all possible measurement
records. This is illustrated schematically in Fig. 4.2a. However we can also use the feedback
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Feedback Measurement Feedback Target state
protocol operator (X) Hamiltonian (HF ) (|ψT 〉)

Adaptive phase σ σz (Heisenberg (|0〉+ i|1〉)/
√

2
measurement [79]∗ picture)

Rapid qubit σz σy (|g〉+ |e〉)/
√

2
purification [80]∗

Half-parity Bell σz,1 + σz,2 σy,1 + σy,2 (|eg〉+ |ge〉)/
√

2
state preparation [26]∗

Full-parity Bell state σz,1σz,2 σx,1 (|gg〉+ i|eg〉
preparation [60, 81]∗ +i|eg〉+ |ee〉)/2
N-qubit Dicke states

∑
i σz,i

∑
i σy,i N-qubit Dicke state

[51, 65, 66]† with n excitations
N-qubit GHZ

∑
i 6=j σz,iσz,j

∑
i σx,i N -qubit GHZ state

states†

N-qubit GHZ σz,i − σz,j σy,i − σy,j N -qubit GHZ state
states∗† for all i, j for all i, j

Hong-Ou-Mandel i(σ1 + σ2), σx,1 + σx,2 (|gg〉+ |ee〉)/
√

2
Bell state [82]∗ σ1 − σ2 σy,1 − σy,2

Table 4.1: Summary of some measurement-based feedback protocols that may be derived
from Eq. (4.26) or its generalization to multiple measurement and feedback operators in
section 4.5. † denotes this work. Protocols in which perfect noise cancellation (cancellation
of dW terms, see discussion in section 4.6) can occur are marked with an asterisk. Note
that for N -qubit GHZ states, noise cancellation occurs only for the multiple measurement
operator protocol with N = 2 and N = 3.

master equation to simulate a memoryless controller, which ensures that all realizations
have the same feedback, regardless of the individual measurement records. This is the
average state locally optimal (ASLO) protocol of Ref. [26]. The basic concept is illustrated
in Fig. 4.2b.

In an ASLO protocol, instead of using the controlled state ρct+dt of Eq. (4.18) to determine
the feedback operation for the next time step, we use an unconditioned state that is obtained
by averaging over the entire measurement record at time t. We express the evolution of the
conditioned state as

ρMt+dt =
ΩdV ρtΩ

†
dV

Tr(ΩdV ρtΩ
†
dV )

, (4.29)
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Figure 4.2: (a) Schematic of a non-Markovian feedback protocol. The number of possible
states, and hence the number of potentially distinct feedback operations needed in response
scale exponentially in time. We refer to this as the trajectory ensemble approach (TEA).
(b) Schematic of the average state locally optimal (ASLO) feedback protocol, which applies
controls that are determined using only the average time-evolved state and the most recent
measurement outcome [26]. This is the behavior of a “forgetful” or Markovian controller.

where ΩdV is the POVM for continuous measurement with I =
∫
dV Ω†dV ΩdV (Eq. (3.44)):2

ΩdV =

(
4k

πdt

) 1
4

exp

[
−2kdt

(
dV

dt
−X

)2
]
. (4.30)

Eqs. (4.29) and (4.30) are equivalent to the stochastic master equation of Eq. 4.15 with
HS = 0. Averaging over the measurement record at time t then gives the unconditioned
state

ρ̄t+dt ≡
∫ ∞
−∞

d(dVt)P (dVt)ρ
c
t+dt, (4.31)

where P (dVt) = Tr(ΩdV ρ̄tΩ
†
dV ) and ρct+dt is implicitly dependent on dVt (Eq. (4.18)). Inspec-

tion of Eq. (4.18) shows that the averaged state ρ̄t+dt is equal to

ρ̄t+dt =

∫ ∞
−∞

d(dV ) UFΩdV ρ̄tΩ
†
dVU

†
F . (4.32)

At the end of the next time step t+ 2dt, the feedback controller then computes θ∗ based on
this unconditioned averaged state ρ̄t+dt instead of based on ρt+dt. Iterating this procedure
results in replacing ρ by ρ̄ in Eq. (4.26). The state ρ̄t along the evolution is then understood

2Technically, this POVM is applicable only to an ideal measurement. However, inefficient measurement
can be treated as limited access to multiple ideal measurement channels. The analysis below can be thereby
readily extended to inefficient measurements.
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as an averaged state. It has deterministic dynamics, as can be seen by averaging over, (i.e.,
dropping, since 〈dW 〉 = 0) the terms proportional to dW in the second order expansion
Eq. (4.24). This allows efficient simulation of an arbitrary ASLO feedback protocol by a
single trajectory. The feedback protocol is now essentially Markovian, since the dependence
on the previous measurement history has been removed by the averaging.

The averaging procedure in Eq. (4.31) is a mathematical step that corresponds exactly to
the averaging over trajectories with different measurement records and hence over quantum
noise histories that is done in an experiment. The feedback unitary characterized by A1(t)
and A2(t) for the averaged state can then be applied to any individual realization of the
state at each instant. This provides significant advantages for experimental implementation,
since the functions A1(t) and A2(t) can be pre-calculated efficiently with the same procedure
as for the TEA approach above but using a single calculated trajectory for ρ̄(t), and the
resulting feedback operation applied to each experimental trajectory without the need for
real-time state estimation.

Finally, we note that although the general optimization formalism above has been il-
lustrated using fidelity with respect to a desired target state as the cost function, it can
straight-forwardly be applied to other cost functions that are linear in ρ, such as the expec-
tation value of an operator. In addition, one can also go beyond linear protocols to consider
alternative cost functions based on entanglement measures.

In the next two sections we apply the PaQS protocol to N -qubit Dicke states (section 4.4)
and to N -qubit GHZ states (section 4.5). These two canonical examples of entangled N -qubit
states are simple generalizations of the 2-qubit Bell states. For simplicity, we shall employ
perfect measurement efficiency, η = 1, in all simulations throughout the rest of this chapter,
although the theory described in this section is valid also for inefficient measurements with
η < 1.

4.4 Generation of Dicke states

The Dicke states are defined as

|N, k〉 =
1√(
N
k

)ΣP∈SNP (|0〉⊗(N−k) ⊗ |1〉⊗k) (4.33)

where P is an operator belonging to the permutation group SN on N qubits. When k = 1,
we have the well-known W state. When k = N

2
(N even or k = N+1

2
when N is odd), we

have the half-filled Dicke state. |N, n〉 is a uniform superposition over all states with the
same number of excitations, and is also known as a spin squeezed state. The Dicke states
have been proposed for applications in a wide range of sensing protocols, including very long
baseline interferometry [83] and Heisenberg-limited measurement sensitivity [84].

We shall first consider the canonical W state with N = 3, before addressing the generation
of general Dicke states for arbitrary N values.
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Generation of the N = 3 W state

The N = 3 W state, given by

|W 〉 =
1√
3

(|001〉+ |010〉+ |100〉), (4.34)

represents a generic type of weak three qubit entanglement that is characterized by zero three-
way entanglement but maximal retention of bipartite entanglement on loss of a qubit [71].
For simplicity, in the rest of this section we shall refer to the N = 3 state just as the W
state. To prepare this state, we first choose a measurement observable

XW = σz,1 + σz,2 + σz,3, (4.35)

where σz,i is the Pauli operator along the ẑi axis for qubit i. Note that this measurement
operator has the same permutation symmetry as the W state. It is also a linear combination
of single-body observables, which is the easiest form to implement on spatially separated
qubits, in particular, on remote qubits, such as superconducting qubits in different microwave
cavities.

The W state is an eigenstate of XW , with eigenvalue +1. This implies that for any initial
state ρ0, the long time limit of evolution under continuous measurement of XW in the absence
of feedback will result in projection onto the W state with probability pW = 〈W |ρ0|W 〉.

To increase this success probability, we apply the fidelity-optimized protocol of the pre-
vious section, choosing the target state as |ψT 〉 = |W 〉. To choose a proper feedback rotation
operator, we generalize the locally optimal two-qubit feedback unitary used to generate the
2-qubit W state [|10〉+ |01〉] /

√
2 in Ref. [26], which was shown to provide a globally opti-

mal protocol for both maximal fidelity and concurrence [60]. As in that work, we restrict
the evolution of each qubit to lie in the xz plane (φi = 0, i = {1, 2, 3}), with local rotations
around the y axis having equal angles for each of the three qubits, i.e., θ1 = θ2 = θ3 = θ. The
latter condition is consistent with the fact that both the target W state and the observable
XW are symmetric with respect to any permutation of the three qubits. For the W state,
the rotation operator in Eq. (4.19) then takes the following form

UW
F (θ) = e−i

θ
2

(σy,1+σy,1+σy,3), (4.36)

where σy,i are the Pauli operators along the ŷi axis for qubit i.
Now the permutation symmetry of both measurement XW and feedback UW

F (θ) operators
induces a symmetric subspace HS

W that is spanned by

|φ1
W 〉 = |000〉

|φ2
W 〉 =

1√
3

(|001〉+ |010〉+ |100〉)

|φ3
W 〉 =

1√
3

(|011〉+ |101〉+ |110〉)

|φ4
W 〉 = |111〉 (4.37)
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Thus, if our initial state is also symmetric to all permutations of the qubits, then the state
will only evolve in the subspaceHS

W under the action of XW and UW
F (θ). To see this, consider

an arbitrary operator P from the permutation group S3. This clearly commutes with both
XW and UW

F (θ) in Eqs. (4.35) and (4.36). Then we can use Eq. (4.18) to obtain

Pρct+dtP = PUW
F ρMt+dtU

W †
F P = UW

F PρMt+dtPU
W †
F

= UW
F (PρtP + PdρP )UW †

F

= UW
F (ρt + dρ)UW †

F

= ρct+dt,

(4.38)

where to arrive at the final equality, we have used the assumption that ρt is in the subspace
HS
W and the fact that XW commutes with P . Provided that the initial state ρ(0) is in HS

W ,
this assumption will hold at any time t. Now we wish to control the evolution so that the
quantum state evolves from the initial state to the W state, which is |φ2

W 〉. Noting that
the basis vectors in Eq. (4.37) constitute non-degenerate eigenspaces of the measurement
operator XW in the symmetric subspace, we can then achieve the desired evolution by
implementing a feedback protocol in which the control angle θ is determined by a cost
function that specifically targets the state |φ2

W 〉 within HS
W . The fidelity FW = 〈φ2

W |ρt|ψ2
W 〉

is a suitable cost function for this.
Experimentally it is generally easy to prepare qubits in a product state, so we shall

assume without loss of generality that the initial state is |000〉. The advantage of keeping
state evolution in the symmetric subspace is that this will help us rule out many unwanted
states. This makes reaching the target state in the end more likely as well as finding the
optimal angle numerically more efficient. We shall discuss this role of symmetry further
when developing feedback protocols for the GHZ state, where it places important physical
constraints on the measurement observable. To numerically test the PaQS protocol, Eqs.
(4.22) and (4.26), we start from the product state |000〉. Before evolving this state, we first
locally rotate it with UW

F (θ) to a state with maximum fidelity. Following this initial rotation,
we evolve under the local optimization protocol, computing the optimal feedback coefficient
at every time step using Eq. (4.26).

Fig. 4.3 shows the resulting trajectory ensemble average (TEA) fidelity (red solid line)
with respect to the W state, obtained by averaging over 1000 trajectories. The TEA results
are seen to saturate at fidelity ∼ 1 at a time of ∼ 1.5µs. We note that in order to ensure that
the fidelity saturates at 1, it is necessary to occasionally apply non-infinitesimal rotations
when the second derivative test fails (Eq. (4.28)). Approximately 100 out of 104 trajectories,
i.e., ∼ 1% required at least one non-infinitesimal rotation angle (for a total of ∼ 105 time
steps). Without feedback, the fidelity remains constant at the value 0.44 that is obtained
after an optimal rotation of θ = 2 arcsin( 1√

3
), which we plot for comparison with a blue

dashed line.
We now compare the TEA-based protocol, which implicitly assumes knowledge of the

entire measurement record for ρ and requires real-time state estimation, with the more
computationally and experimentally efficient ASLO protocol in which the feedback controls
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Figure 4.3: Fidelity of controlled state with respect to the W state, FW starting from the
initial product state |000〉. The solid red line shows results calculated with the trajectory
ensemble approach (TEA) and the dashed red line shows results calculated with the ASLO
approach. The dashed blue line shows the results obtained with measurement alone, i.e., in
absence of feedback, after an initial rotation to the state of maximum fidelity with the W
state that is achievable by UW

F (θ). Over 1000 trajectories were averaged for TEA, and over
10, 000 trajectories for the ASLO and zero feedback calculations. The measurement strength
is set to k = 1 MHz, corresponding to realistic values for superconducting qubits [17, 26],
and the time step is set at ∆t� 1

k
.

are optimized based on the average state ρ̄(t), Eq. (4.31). Fig. 4.4 shows the evolution of the
optimal feedback angle coefficients A1(t) and A2(t) evaluated by the ASLO protocol. The
coefficient A2(t) determines the average value of θ∗, while A1(t) determines its variance. It
is evident that the average value is considerably smaller than the variance at all except the
earliest times in the evolution.

Using the optimized ASLO feedback angles, Eq. (4.27), with ρt replaced by the uncondi-
tioned state ρ̄t to control the averaged state dynamics gives rise to the fidelity shown in Fig.
4.3 by the dashed red line. The same initial condition is used here as for the TEA protocol,
i.e., the 3-qubit product state |000〉. It is apparent that while the W state is reached with
high fidelity within a comparable time of approximately 600 ns, the ASLO protocol neverthe-
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Figure 4.4: Optimal angle coefficients A1 and A2, evaluated as a function of time for the
ASLO protocol for generation of the N = 3 W state from the initial product state |000〉.

less saturates slightly below unity, at ∼ 0.98. The origin of this difference lies in the different
sampling of the density matrix that is enabled by the TEA and ASLO approaches. Note that
while the procedure for generating the coefficients A1(t) and A2(t) is identical, Eq. (4.31),
the input density matrices are different, with the TEA approach sampling these from many
trajectories while the ASLO approach takes just one averaged trajectory. However, these
two approaches can be identical in the situation where feedback cancels measurement noise
exactly, as is the case for two-qubit optimal control [60].

It should be noted that although the ASLO protocol does not achieve unit fidelity, one
can nevertheless still produce unit-fidelity states by adding a final projective measurement.
As the symmetry reduction has removed all degeneracy from the measurement operator X,
the resulting measurement outcome now uniquely determines the state. Although the success
probability under the ASLO protocol is less than one, it has been significantly enhanced by
feedback. This argument applies to all protocols in which the symmetry reduction is made,
so that one may thereby interpret the final ASLO fidelity as a success probability for perfect
state preparation.
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Generation of general Dicke states

We now consider the general Dicke states of Eq. (4.33) with k > 1 and arbitrary N . Several
previous works have demonstrated deterministic Dicke state preparation with feedback, but
these protocols were state-based and hence non-Markovian[51, 65, 66]. It is interesting to
ask how well a Markovian protocol performs for the same task, particularly since the dy-
namical state estimation required for non-Markovian protocols becomes exponentially more
challenging for larger systems. The most straightforward generalization of our N = 3 qubit
protocol is to simply add more operator components to XW and HF

XN
D = σz,1 + σz,2 + · · ·+ σz,N (4.39)

HN
F = σy,1 + σy,2 + · · ·+ σy,N .

HN
F is still local as required. XN

D can be measured by placing each qubit in a separate cavity
in an extension of the scheme demonstrated in [57], or by coupling many qubits dispersively
to the same cavity. The latter method (without continuous feedback) has been applied to
generate spin squeezing in cold neutral atoms coupled to an optical cavity [52].

Imposing the permutation group symmetry on N qubits allows the Dicke states to be
represented within the symmetric subspace of dimension N + 1 [85]. Each state in this sub-
space is just a Dicke state with k excitations, which is also associated with a non-degenerate
eigenspace of the observable XN

D . In particular, the W state for N qubits, defined as

|W 〉 =
1√
N

(|10 · · · 0〉N + |01 · · · 0〉N + · · ·+ |00 · · · 1〉N) (4.40)

belongs to the eigenspace of XD with eigenvalue (N − 1)− 1 = N − 2. This implies that the
computational resources required to compute the feedback protocol scale only polynomially
with the number of qubits, which is a huge improvement compared to the exponential scaling
of the full Hilbert space dimension. We note that other than for the smallest case of N = 2
[26, 60], the average state ρ̄ does not remain pure under ASLO feedback, so the stochastic
terms do not cancel in Eq. (4.24) and the unaveraged dynamics (i.e. conditioned on the
entire measurement record) depends on the entire measurement record.

The results of ASLO calculations with the locally optimal protocol of section 4.3 (see
Eq. (4.24)) for Dicke states with variable excitation number k for up to N = 48 qubits, are
shown in Fig. 4.5. We see that the final fidelities in Fig. 4.5 are all above 94% despite the fact
that the system does not take a predictable path through Hilbert space and hence an ASLO
feedback controller does not know the true state. This is exemplified in the two inserts. The
lower inset in Fig. 4.5 shows that the maximum fidelity for the W state (k = 1) decreases
with the number of qubits N . This is not surprising, given the increased dimensionality of
the system. However it is remarkable that the fidelity decreases only to ' 0.94 for N = 100,
indicating a strong robustness of the ASLO protocol for these target states. The upper
inset shows how the maximum fidelity depends on the excitation number k for Dicke states
of N = 48 qubits. Here the fidelity increases with k, indicating that the more symmetric
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Figure 4.5: Fidelity with respect to generalized Dicke states |N, k〉 under the ASLO protocol
with locally optimal feedback, equations (4.31) - (4.32), with UF determined by the PaQS
approach of section 4.3. Panel a) shows fidelity as a function of number of qubits N (from 3
to 48, in increments of 3) and excitation number k. The two right panels show cuts through
this two-dimensional plot for fixed values of N and k. Panel b): k-dependence of fidelity
for N = 48 qubits. Panel c): N -dependence for states with k = 1 excitation (W states),
extending to N = 100 qubits.

states, i.e., states that have closer to half of the qubits in |0〉 and half in |1〉, are more
efficiently prepared. Indeed we find empirically that A2 = 0 for half-filled Dicke states with
even N . The high performance thus appears to be due in part to the highly symmetric
nature of the problem. The symmetry reduction to |N, n〉 has removed all degeneracy from
the measurement operator XN

D , so that the measurement outcome now uniquely determines
the state.
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4.5 Generation of Greenberger–Horne–Zeilinger

states

The Greenberger–Horne–Zeilinger (GHZ) state

|GHZ〉 =
1√
2

(|000〉+ |111〉) (4.41)

is the three-qubit state with both maximal multi-particle entanglement and maximal fragility
of three-way entanglement [71, 86]. The state

|GHZ〉N =
1√
2

(|00 · · · 0〉N + |11 · · · 1〉N). (4.42)

is the extension to N qubits. We shall use the notation |GHZ〉 to refer specifically to the
N = 3 state.

Generation of GHZ states using the above method poses new challenges. As noted above,
measurement operators that are linear combinations of single-body observables like Z are
the easiest to implement in remote and weakly interacting settings. The GHZ state is an
eigenvector of such operators, with the general form

XG = (a+ b)Z1 − aZ2 − bZ3. (4.43)

However, such an operator does not satisfy the full permutation symmetry of the target
state. Furthermore, the target state |GHZ〉 is now one of a degenerate set of eigenstates
of XG. As we saw for the W state above, it is important that the target state constitute
a non-degenerate eigenspace within a subspace that is determined by a symmetry imposed
by the measurement operator. In order to achieve this, we first need to impose the correct
symmetry requirement on the measurement operator.

We consider here two forms of measurement operators for the GHZ state. Both of these
possess the full S3 permutation symmetry and the additional bit-flip symmetry that charac-
terizes the GHZ state. The first approach uses a symmetrized sum of two-qubit operators
that imposes the additional bit flip symmetry of the GHZ state. The second approach
achieves the same symmetries by the action of multiple measurement operators with single-
qubit components.

Two-qubit measurement operators

To prepare the GHZ state we can use the following symmetric two-qubit measurement ob-
servable

XS
G = σz,1σz,2 + σz,2σz,3 + σz,3σz,1. (4.44)

XS
G is the lowest order n-qubit observable that possesses both full permutation symmetry

and bit-flip symmetry. Together, these two symmetries induce a symmetric subspace HS
G of
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the full Hilbert space. The basis vectors of HS
G are expressed in the computational basis as

|φ1
G〉 =

1√
2

(|000〉+ |111〉) (4.45)

|φ2
G〉 =

1√
6

(|011〉+ |101〉+ |110〉+ |100〉+ |010〉+ |001〉). (4.46)

|φiG〉, i = 1, 2 are eigenstates of XS
G with eigenvalues e1 = +3 and e2 = −1. Within this sub-

space, the GHZ state |φ1
G〉 is then a non-degenerate eigenstate of the measurement operator

XS
G. Thus, restricting the dynamics governed by Eq. (4.18) to this subspace and employing

a cost function that is biased towards the state |φ1
G〉, will allow continuous measurement of

XS
G together with the feedback controls to extract the GHZ state. Similarly to the procedure

for the Dicke states in the previous section, we achieve this by using the fidelity with the
target state as the cost function, i.e., FG = 〈φ1

G|ρt|ψ1
G〉. But in contrast to the imposition of

only permutation symmetry on the feedback operator in section 4.4, we need to now impose
the full permutation and bit-flip symmetry of XS

G on the feedback rotation operator UF , to
ensure that the action of this does not take the state out of HS

G. Therefore we define UF here
by a single rotation around the x axis, which is consistent with the bit-flip symmetry, and
set the rotation angles to be equal for all three qubits, to be consistent with the permutation
symmetry. This yields the rotation operator

UG
F (θ) = e−i

θ
2

(σx,1+σx,2+σx,3). (4.47)

If the initial state is within HS
G, then the combined action of UG

F (θ) and XS
G will ensure that

the subsequent evolution always remains in HS
G.

Similar to the analysis above for the W state, we then determine the locally optimal
angle θ∗ by maximizing the fidelity at each time step

FG(t+ dt) = 〈GHZ|ρct+dt|GHZ〉, (4.48)

where ρct+dt is again the output state given by Eq. (4.18). When the symmetric feedback
operator (4.47) is used with the GHZ state target, we can obtain an exact solution for ∂F/∂θ
and ∂2F/∂θ2 and hence find the explicit values for the optimal angle θ∗. Full details of the
solution are given in appendix 4.8, where we show that the optimal angle is always either 0
or π/2, with the specific choice given by the sign of a state-dependent term. Thus there is
no need to use a PaQS protocol based on infinitesimal rotation angles in this situation. This
also means that we cannot use the SME Eq. (4.24), which assumes infinitesimal rotations,
to simulate the dynamics and instead we must use the full POVM equation, Eq. (4.18).

The GHZ state also allows an interesting alternative optimization approach, deriving from
the fact that after the dynamics are constrained to the symmetric subspace, the dimension
of the Hilbert space is reduced from eight to two. Consequently, under these constrained
dynamics the three-qubit problem can be mapped to a single qubit problem. This mapping
is described explicitly in appendix 4.5, where it is shown that this allows an alternative
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Figure 4.6: Fidelity FG(t) of the controlled state with respect to GHZ state as a function of
time, obtained from the locally optimal ASLO approach. The red line is the result obtained
with the symmetric two-body measurement operator XS

G. The blue line shows the result
obtained with the non-symmetric one-body measurement operator XG. All simulations were
run with measurement strength k = 1MHz and time step ∆t � 1

k
, starting from the

complete superposition state (see text).

approach to determination of the optimal angle that also results in an optimal angle of
either 0 or π

2
.

Fig. 4.6 shows the time dependence of the fidelity of formation of the GHZ state ob-
tained using the locally optimal protocol within the ASLO approach, with the symmetrized
measurement XS

G, and using as initial condition the complete superposition state

1(√
2
)3 (|0〉+ |1〉)⊗ (|0〉+ |1〉)⊗ (|0〉+ |1〉) . (4.49)

We see that in this situation the fidelity under the ASLO protocol asymptotically approaches
unity.

It is instructive to compare the performance of this protocol with a symmetrized two-
body measurement operator, to that obtained from feedback control based on measurements
of an observable not respecting this permutation symmetry. We consider here the one-body
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observable of Eq. (4.43) with a = b = 1, which is permutation symmetric only with respect
to exchange of the last two qubits. The target state is then contained in a degenerate
eigenspace with eigenvalue zero that is spanned by 1√

2
(|000〉 ± |111〉). While we can still

impose the symmetry condition on the feedback rotation operator, the measurement is now
unable to distinguish the target GHZ state from another state ( 1√

2
(|000〉 − |111〉)) within

the degenerate eigenspace. We therefore expect that any feedback protocol based on this
measurement will be unlikely to reach unit fidelity. In fact, the results achieved with this
protocol, shown as the blue line in Fig. 4.6, are of very low quality.
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Figure 4.7: Fidelity of four-qubit GHZ state, computed with the TEA protocol using the
complete superposition as initial state.

We can also generalize our protocol to the GHZ state of N qubits, which is defined as

|GHZ〉N =
1√
2

(|00 · · · 0〉N + |11 · · · 1〉N). (4.50)

The observable we use is still the two-body symmetrized observable

XS
G = Σ

i<j
σz,iσz,j. (4.51)

After imposing both the permutation and bit flip symmetry, the corresponding symmetric
subspace HS

G now has dimension N+1
2

when N is odd, and dimension N
2

+ 1 when N is even.
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Explicitly, the symmetrized basis set is given by

|φ1
G〉 =

1√
2

(|00 · · · 0〉N + |11 · · · 1〉N) (4.52)

|φ2
G〉 =

1√
2N

ΣP∈SNP (1 + Π)|10 · · · 0〉N (4.53)

...

|φmG〉 =
1√

2
(
N
m

)ΣP∈SNP (1 + Π)| 11 · · · 1︸ ︷︷ ︸
m

0 · · · 0〉N (4.54)

where Π = X1X2 · · ·XN is the N -qubit bit flip operator. The index m indicates how many
spins are pointing downward and runs from 0 to either N−1

2
(N odd) or N

2
(N even). Note that

every basis vector |φmG〉 is a non-degenerate eigenstate of the observable XS
G. In particular,

the GHZ state is just |φ1
G〉, with eigenvalue

(
N
2

)
. Following the same procedure as for N = 3,

we choose the feedback rotation operator to be of the form UF (θ) =
N⊗
i=1

e−i
θ
2
Xi and start

from the symmetric initial state |ψ(0)〉 =
N⊗
i=1

|0〉+|1〉√
2

. The locally optimal rotation angles

are calculated using the same local expansion approach employed for N = 3 qubits (see
appendix 4.8).

Results obtained with the trajectory ensemble approach for generation of the N = 4
GHZ state using this locally optimal GHZ protocol are shown in Fig. 4.7. Undertaking
these non-Markovian locally optimal calculations for the GHZ state is significantly more
expensive than the corresponding calculations for the W state in section 4.4. While possible
in principle, this again motivates the use of the ASLO approach for larger N values, as was
done for the generalized Dicke states for large N in section 4.4. In the following subsection
we address this, together with the goal of finding a feedback protocol for GHZ states that
also uses only single qubit measurement and feedback Hamiltonian operators. To do this, we
have to first generalize our PaQS protocol to allow multiple operators acting on each qubit.

Multiple measurement and multiple feedback Hamiltonian
operators

The extension of PaQS to handle multiple simultaneous measurement operators and feed-
back Hamiltonians is straightforward so long as the feedback Hamiltonians commute. In
what follows, we extend PaQS to cover these cases. The result also turns out to hold for
non-commuting Hamiltonians under certain conditions [82]. We then show that with this
generalization it is possible satisfy the permutation symmetry of the GHZ state, while also
restricting the measurements to the experimentally more accessible linear combinations of
single-body observations. We start by noting that the GHZ state is also an eigenstate of the
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following operators

Mij =
σz,i − σz,j

2
, i, j = 1 · · ·N, i 6= j. (4.55)

These resemble the half-parity measurement operators of Table 4.1, with the crucial difference
that Mij now give identical outcomes on the states |00〉, |11〉 rather than on the states |01〉,
|10〉 of each i, j pair of qubits. The action of this set of measurement operators imposes both
permutation and bit flip symmetry on the corresponding set of terms in the SME, Eq. (4.15).

To find the locally optimal protocol, we need to generalize the expression for θopt. to
handle multiple simultaneous measurements Mi and multiple feedback operations Hj. In
general there is no preferred pairing between the measurement and feedback operations in
these groups, so that the ith measurement outcome may affect how we apply the jth feedback
Hamiltonian. This forces us to rederive the feedback master equation with a more general
feedback unitary,

U = exp

(
−i
∑
j

Hjθj

)
(4.56)

= I − i
∑
ij

AijHjdWi −

[
i
∑
j

BjHj +
1

2

∑
ijk

AijAikHjHk

]
dt

θj = Bjdt+
∑
i

AijdWi,

where Aij and Bi are analogous to A1 and A2 respectively, and our goal is now to find
the locally optimal values of all {Aij} and {Bi}. The presence of cross terms in Eq. (4.56)
modifies the resulting feedback master equation

ρ(t+ dt) = ρ− i
∑
j

Bj[Hj, ρ]dt+
∑
i

[
2kD[Mi]ρ dt+

√
ηi2kH[Mi]ρ dWi

− i
∑
j

Aij[Hj, ρ]dWi − i
∑
j

√
ηiAij[Hj,

√
2k(Miρ+ ρM †

i )]dt

+
∑
jk

AijAik[HkρHj −
1

2
(HjHkρ+ ρHjHk)]dt

] (4.57)

In contrast to Eq. (4.24), the last term is not in Lindblad form due to the presence of cross
terms, though it may be cast into Lindblad form by defining the modified feedback operators
H̃i =

∑
j AijHj. For simplicity, we assume that the control Hamiltonians commute pairwise,

although the end result is essentially unmodified if one relaxes this assumption [82].3 The

3In general, one must have that the Hi form a Lie algebra i.e., that the vector space formed by Hi is
closed under commutation.
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locally optimal feedback coefficients must satisfy 〈ψT |[Hα, dρ]|ψT 〉 = 0, this time for all α.
Dealing first with the dW terms, we find∑

i

[∑
j

−iAij 〈ψT |[Hα, [Hj, ρ]]|ψT 〉︸ ︷︷ ︸
cjα

(4.58)

+
√
ηi〈ψT |[Hα,

√
2k(Miρ+ ρM †

i )]|ψT 〉︸ ︷︷ ︸
aiα

]
dWi = 0

The solution is evident if we rewrite the expression in matrix form with the help of a and c,
which are state-dependent

−iAc+ a = 0 =⇒ A = −iac−1. (4.59)

In general, one should use the Moore-Penrose pseudoinverse to handle the case in which c
is not invertible[82]. With a solution for A in hand, we can solve for the B coefficients by
collecting O(dt) terms from 〈ψT |[Hα, dρ]|ψT 〉 = 0

bα ≡ 〈ψT |[Hα,
∑
i

[
D[Mi]ρ− i

∑
j

√
ηiAij[Hj,

√
2k(Miρ+ ρM †

i )]

+
∑
jk

AijAik[HkρHj −
1

2
(HjHkρ+ ρHjHk)]

]
]|ψT 〉

− i
∑
i

Biciα + bα = 0 =⇒ ~B = −i~bc−1

(4.60)

treating ~b and ~B as row vectors. Eqs. (4.59) and (4.60) generalize Eq. (4.26).
Now we have a locally optimal solution for general measurements and feedback. To

generate the GHZ states, we will set the measurement operators Mi to be Mij as given
in Eq. (4.55), which ensures that the measurement term in the SME Eq. (4.57) satisfies
both permutation and bit-flip symmetries. Then we still need to choose a set of feedback
operators. For simplicity, we limit ourselves to local σy rotations. c can fail to be invertible
if there are to many His, and we have learned the importance of symmetry, so some care
is required in choosing them. One obvious choice of Hamiltonian basis is Hi = σy,i, one for
each qubit. However, this basis does not enforce the |11...1〉 ↔ |00...0〉 bit flip symmetry of
the GHZ state and the Mij operators. A better choice would be a set orthogonal to

∑
i σy,i,

such as

Hi =
σy,i − σy,i+1

2
, i = 1...N − 1 (4.61)

where N is the number of qubits. Although this basis appears to break permutation sym-
metry, any Hamiltonian of the form

Hij =
σy,i − σy,j

2
(4.62)
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can be written as a linear combination of the set of Hi. Thus the locally optimal solution
can retain permutation symmetry.

The time dependence of GHZ state generation under ASLO feedback is plotted in Fig. 4.8.
The 2-qubit case reproduces the half-parity measurement of Refs. [57] and [26] under the
transformation σz,2 ↔ −σz,2, while the remaining results N = 3 through N = 8 are novel.
Although we use Eq. (4.61) as our feedback Hamiltonians, the locally optimal protocol takes
linear combinations of the form Eq. (4.62), so that each Hij is paired with its corresponding
Mij. We speed up the numerics by taking this observation into account, so that many terms
in Eq. (4.57) may be set to zero. Perhaps most interestingly, the N = 3 case reaches exactly
unit fidelity, and the purity of the average state remains 1 throughout the feedback process,
as in the example at the beginning of this section. One can derive an analytic solution in
this case.

Figure 4.8: Fidelity and purity of the controlled state under the multiple measurement and
multiple feedback operator protocol for generation of N qubit GHZ states, in the ASLO
implementation. For N = 2 and N = 3 the purity remains exactly 1 for all time.

Feedback protocols for GHZ states based on non-fidelity measures

As noted in section 4.3 above, it is also possible to construct feedback protocols based on
cost functions providing a direct measure of entanglement, rather using as cost function the
fidelity with a specific target state. While, as seen above, the latter choice simplifies many
calculations, it does however require that a single specific target state is singled out. This
ignores the possibility that one might be able to do better by targeting a different target
state that is nevertheless locally equivalent to the desired target state. In appendix 4.8 we
present a method for deriving locally optimal protocols based on entanglement measures, and
apply it to directly optimize the three-tangle, a measure of entanglement for three qubits
that achieves its maximal unit value for a GHZ state and all locally equivalent states.
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4.6 Conditions for deterministic evolution under

measurement-based feedback control

This work has revealed a number of intriguing examples in which feedback perfectly elimi-
nates the randomness of the measurement process. These cases are highlighted with asterisks
in table 4.1. All of these specific protocols can be shown to be globally optimal for the task
at hand, except for the 3-qubit GHZ protocol that we conjecture to also be optimal. These
examples also yield analytic solutions in all cases, further indicating that they belong to a
natural class of protocols in continuous measurement. Ref. [60] provides detailed analysis of
this for the half- and full-parity Bell state measurements in table 4.1.

It is straightforward to introduce a strict necessary condition for whether or not de-
terministic evolution is possible, given fixed measurement and feedback operators. This
condition also provides a simple tool for finding solutions to the general proportional feed-
back master equation, supposing that we apply proportional feedback of the form U =
exp(−iH(Pdr+cdt)), where H is the feedback operator, P and c are time-dependent scalars,
and dr =

√
η〈M + M †〉 + dW is the incremental output signal for the measurement opera-

tor M .4 Applying U to the stochastic Schrödinger equation yields a pure-state equation of
motion for |ψ〉 valid for η = 1

|ψ(t+ dt)〉 =
[
I + (M −m− iPH)dW − 1

2
(M †M − 2Mm+m2 + P 2H2)dt (4.63)

− iH(P (M +m) + c)dt
]
|ψ(t)〉

where m ≡ 〈M +M †〉/2. We should allow for the solution to be deterministic up to a global
phase, so we make the substitution

H → H + V0. (4.64)

For a deterministic solution, the dW terms of the stochastic Schrödinger equation must
cancel, i.e.,

[M −m− iPH − iPV0]|ψ〉 = 0. (4.65)

This is a nonlinear constraint on |ψ〉, since the expectation value m depends on the state.
It can only be satisfied if |ψ〉 is a right eigenvector of M − iPH. To see that this necessary
condition is also sufficient, compute the corresponding eigenvalue λ by taking an expectation
value

〈ψ|[M − iPH]|ψ〉 = λ = 〈M〉 − iP 〈H〉 (4.66)

4Note that we have absorbed the measurement strength into M here.
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and then compute the left-hand side of (4.65)

[M −m− iPH − iPV0]|ψ〉 =
[
〈M〉 − iP 〈H〉 − 〈M +M †〉

2
− iPV0

]
|ψ〉 (4.67)

=
[〈M † −M〉

2
− iP 〈H〉 − iPV0

]
|ψ〉

As 〈M † −M〉 is purely imaginary, we can always find a V0 such that the above expression
is zero. Thus feedback can exactly cancel the measurement-induced noise on |ψ〉 if and only
if |ψ(t)〉 is a right eigenvector of M − iPH. As P is a free parameter, we can check if this
condition is possible for any value of it.

With the stochastic terms cancelled, the next step is to see if the deterministic part of the
equations of motion can maintain the above condition for a finite time interval. Given the
above result, we can search for such solutions within each eigenspace of M − iPH separately
(the eigenspaces will typically evolve continuously as a function of P ). Let {|vi(P (t))〉}
be a set of orthonormal eigenvectors associated with a chosen eigenspace. To obtain a
deterministic solution, we must have

|ψ(t)〉 =
∑
i

ci(t)|vi〉. (4.68)

Now consider the deterministic part of the equation of motion. Using the above expansion,
we have

d|ψ〉
dt

=
∑
i

ċi(t)|vi〉+ ci(t)
dP

dt

d|vi〉
dP

(4.69)

=

[
1

2
(M †M − 2Mm+m2 + P 2H2)dt− iH(P (M +m) + c)dt

]
|ψ(t)〉.

As m = Re(λ) and λ(t) is fixed by working within a fixed eigenspace, the above equation
of motion is linear in |ψ〉, which significantly simplifies the finding of a solution. One can
use the above procedure to identify candidate solutions, which appear to be plentiful and
relatively unexplored. For example, the multiple measurement, multiple feedback operator
GHZ state protocol in section 4.5 yields an analytic solution for N = 2 and N = 3 under
the above procedure.

4.7 Discussion and Conclusions

We have presented a general, analytic construction of locally optimal measurement-based
feedback protocols, termed PaQS, in which the feedback unitary has two independently
varying components, one having dependence on the measurement outcome and the other
having dependence only on the quantum state. We showed that the resulting protocol can
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be modified to generate an average state locally optimal (ASLO), or Markovian protocol
that can be efficiently implemented.

In this work we demonstrated the effectiveness of PaQS feedback by applying it to the
generation of W, general Dicke and GHZ states for N = 3 − 100 qubits, highlighting the
utility of symmetry constraints. The ASLO versions of these protocols reach target state
fidelities above 94%, despite the significant constraints imposed by Markovianity. This shows
that a simple Markovian-type feedback strategy exists to prepare any of these maximally
spin-squeezed states deterministically.

While we have focused on application to entanglement generalization, the full scope of
Eqs. (4.57)-(4.60) extends to virtually any application of measurement-based feedback. The
ability of these equations to reproduce all existing feedback protocols that we have tried
them on (see table 4.1) and the ease with which they generate new protocols suggests that
there is much more to be gained from them. One immediate extension of this work would
be to study the behavior under non-ideal measurement conditions, i.e., for η < 1.

Several interesting challenges remain regarding systematization of this PaQS feedback
approach. Although we have so far only considered specific target states, one may ask
more generally which classes of quantum states may be generated under constraints on the
measurement and feedback operators. Similar questions have been successfully answered in
the context of Markovian stabilization [87, 88] and it would be natural to apply and extend
these questions to non-Markovian situations. Another important direction for future applied
work would be to classify what states can be prepared deterministically (under a suitable
definition) using local feedback and measurement operators that are linear combinations of
local observables. Alternatively, one could ask the converse question of how to efficiently
determine suitable measurement and feedback operators given a desired target state. Finally,
questions of state stabilization and robustness leave important directions for future work.
Recent work has shown that global exponential stabilization of two-level systems is possible
using a quantum state and proportional control method similar to that introduced here [89].
Whether PaQS yields global or exponential stabilization for higher dimensional quantum
systems is an important question for further work.

4.8 Appendix

Second Derivative Test for Local Optimal Control

In this appendix we discuss the situation when the infinitesimal solution Eq. (4.22) with
Eq. (4.26) fails to pass the second derivative condition, Eq. (4.28). Using the same expansion
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as in section 4.3, we have

〈ψT |[H, [H, ρc]]|ψT 〉 = 〈ψT |[H, [H, ρ]]|ψT 〉
+ 〈ψT |[H, [H,

√
η(Y ρ+ ρY †)]]− iA1[H, [H, [H, ρ]]]|ψT 〉dW

+ 〈ψT |[H, [H,D[Y ]ρ]] + A2
1[H, [H,D[H]ρ]]|ψT 〉dt

− i〈ψT |[H, [H, [H,
√
ηA1(Y ρ+ ρY †) + A2ρ]]]|ψT 〉dt > 0

(4.70)

We can see that due to the stochastic nature of dW , there will always be some non-zero
probability that this condition is violated. Specifically, when

|dW | >
∣∣∣∣ 1

〈ψT |[H, [H,
√
η(Y ρ+ ρY †)]]− iA1[H, [H, [H, ρ]]]|ψT 〉

∣∣∣∣×∣∣∣∣〈ψT |[H, [H, ρ]]|ψT 〉+

〈ψT |[H, [H,D[Y ]ρ]] + A2
1[H, [H,D[H]ρ]]− i[H, [H, [H,√ηA1(Y ρ+ ρY †) + A2ρ]]]|ψT 〉dt

∣∣∣∣
(4.71)

the infinitesimal solution will give a local minimum instead of a maximum. As long as
the term 〈ψT |[H, [H, ρ]]|ψT 〉 is not zero (note that this term is always non-negative if the
fidelity of ρ is assumed to be locally maximal), in the limit that dt goes to zero, the violation
probability will be small for sufficiently small dt.

Optimal Angle for GHZ State with Two-body Observable

Local Expansion Method We can also use the calculus method of local expansion em-
ployed in section 4.3 in order to find the optimal angle for the GHZ state. Using Eq. (4.21),
we have an explicit expression of G proportional to sin(2θ) provided the input state is an
extremal state. So the optimal angle would be either 0 or π

2
. However, an extremal state

can be either a local maximum or minimum. To determine which of these will be generated
at time t+ dt, we look again at the second derivative of the fidelity function (Eq. (4.28)):

d2F
dθ2

= cos(2θ)[
3− 6ρ11 − 2

√
3ρ12

2
(4.72)

+ 4
√

2kdW (6ρ2
11 −
√

3ρ12 + 2ρ11(−3 +
√

3ρ12))

+ 16
√

3kρ12dt].

It is then evident that the optimal choices of angle to ensure that the sign of the second
derivative is negative are θ∗ = 0 or θ∗ = π/2, depending on the sign of the state-dependent
term in parentheses.

Mapping of N = 3 GHZ state to a single qubit state Since the symmetric subspace
obtained by imposing the S3 permutation symmetry on three qubits, has dimension two, we
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Figure 4.9: Bloch sphere illustrating the geometric meaning of the locally optimal control
protocol for the GHZ state. The blue vector n̂ = (

√
3

2
, 0, 1

2
) is the rotation axis. Initially, our

state is located exactly along this direction. Note that the measurement will always keep
the state in the xoz plane, where o denotes the origin. Suppose that after a measurement,
the state is one of the two red dashed vectors. The feedback operator will rotate this vector
along the yellow circle around the n̂ axis. To maximize the fidelity with respect to the |0̃〉
state, we should always rotate it to the upper position labeled by |ψ〉. This means that the
rotation angle θ should be 0 or π

2
, depending on whether the state is above or below n̂ after

the measurement. The green circle at constant z is drawn for reference as a visual aid.

can map the three-qubit problem into an effective single-qubit representation. The geometric
meaning of the resulting control protocol will become clear below.

In order to ensure that the state stays in the symmetric subspace, we have to apply a
symmetric rotation around the qubit x axes:

UF = e−i
θ
2

(σx,1+σx,2+σx,3). (4.73)
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Then the symmetric subspace within which the dynamics takes place is spanned by

|0̃〉 =
1√
2

(|000〉+ |111〉) (4.74)

|1̃〉 =
1√
6

(|100〉+ |010〉+ |001〉+ |011〉+ |101〉+ |110〉) (4.75)

The |0̃〉 basis is just the GHZ state we are trying to generate. Let us see how encoded
operations are realized in this subspace. First, the rotation axis Σ ≡ σx,1 + σx,2 + σx,3 is
equivalent to

Σ̃ =

(
〈0̃|Σ|0̃〉 〈0̃|Σ|1̃〉
〈1̃|Σ|0̃〉 〈1̃|Σ|1̃〉

)
=

(
0
√

3√
3 2

)
(4.76)

= Ĩ +
√

3X̃ − Z̃

where Ĩ, X̃, and Z̃ are the 2 by 2 identity, Pauli X and Z matrix. We can drop the identity
here since it only gives a global phase. Then we have

Σ̃ =
√

3X̃ − Z̃ = 2n̂ · ~̃σ, (4.77)

where n̂ = (
√

3
2
, 0, 1

2
) is a unit vector lying in the x − z plane which gives us the rotation

axis, and ~̃σ is just the vector of the effective Pauli matrices. So in the effective single qubit
picture, the rotation operator σ̃ and the corresponding rotation angle θ̃ are given by

σ̃ =

√
3

2
X̃ − 1

2
Z̃ (4.78)

θ̃ = 2θ (4.79)

Note that the rotation angle in the effective single qubit space is equal to twice that in the
original space.

Now let us look at the measurement process, which is given by the encoded operator

X̃obs ≡
(
〈0̃|Xobs|0̃〉 〈0̃|Xobs|1̃〉
〈1̃|Xobs|0̃〉 〈1̃|Xobs|1̃〉

)
=

(
3 0
0 −1

)
= Ĩ + 2Z̃ (4.80)

The evolution equation is given by Eq. (4.15) of the main text. In our case, the Hamiltonian
is zero, and for the terms deriving from the measurement, we have

D[Ĩ + 2Z̃] = D[2Z̃] (4.81)

H[Ĩ + 2Z̃] = H[2Z̃]. (4.82)

Dropping the identity in the measured observable, we find that the measurement in the
effective single qubit subspace is a measurement along the encoded z axis, with a four-fold
increase in the measurement strength, i.e.,

X̃obs = Z (4.83)

k̃ = 4k. (4.84)
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where k̃ is the effective measurement strength in the single qubit space.
It is easy to show that the initial state |ψ〉0 = ( 1√

2
(|0〉+ |1〉))⊗3 becomes

|ψ̃〉0 =
1

2
|0̃〉+

√
3

2
|1̃〉 (4.85)

in the effective single qubit space, or in Bloch vector form,

ρ̃0 = |ψ̃〉0〈ψ̃|0 ∼ (

√
3

2
, 0,−1

2
) (4.86)

The fidelity with respect to the GHZ state is then given in terms of this Bloch vector by

f ≡ 〈0̃|ρ|0̃〉 =
1 + z̃

2
, (4.87)

where z̃ is the z component of the Bloch vector in the effective single qubit space. Clearly
the rotation angle has to be equal to either 0 or π

2
, in order to ensure that this fidelity is

optimal at each time step (See Fig. 4.9).

Tangle-based protocols

Here we present an alternative locally optimal protocol for generation of a three-qubit GHZ
state that is based on optimization of the three-tangle τ , which provides a measure for tri-
partite entanglement [70, 90]. This protocol has the advantage that it not only differentiates
between the two distinct types of tri-partite entanglement of three-qubit states, but is also
invariant under local rotations of the state. Under this measure the GHZ state reaches the
upper bound, with value τ = 1, while all two-particle entanglements are zero [91, 92]. In the
following we shall maximize the tangle under measurements of the symmetrized two-body
operator XS

G, Eq. (4.44).
We note first that starting from a pure state, the conditioned state after the weak mea-

surement will still be pure. So if we avoid averaging the state along the evolution over
measurement outcomes, the state will remain pure at all times. This allows us to use the
pure state definition of the three-tangle [70]

τ = τ(ABC) = τ(A|BC)− τ(A|B)− τ(B|C), (4.88)

where the quantities on the right hand side (referred to as “two-tangles”) are given by
squares of the relevant concurrences [70]. This considerably simplifies the determination
of the feedback angles, since computing the tangle for a mixed state can be very difficult,
involving determination of a convex roof extension [93].

Since the tangle is invariant under our feedback unitary operations, the maximization
procedure used for the fidelity cost function in the main text of the chapter does not work
here. Instead, we determine the optimal angle by maximizing the expected increase in tangle
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Figure 4.10: Time dependence of the three-tangle τ and the fidelity FG for three qubits
with the TEA protocol using feedback based on direct optimization of the three-tangle
cost function τ (Eq. (4.88)). The initial condition here is the complete superposition state,
Eq. (4.49). Red solid curve: three-tangle for state measured with two-body observable,
averaged over 1000 trajectories. Red dashed curve: fidelity with respect to GHZ state, same
state evolution as the red solid curve. Blue solid curve : three-tangle of state measured with
one-body observable, averaged over 100 trajectories. For all trajectories the measurement
strength was k = 1 and time step dt� 1

k
.

after measurement. The feedback angle at each infinitesimal time step is now computed as
follows. At time t, the (pure) input state |ψ〉t is rotated using the feedback control operator
UG
F (t) (Eq. (4.47))

|ψ〉ct = UG
F (t)|ψ〉t, (4.89)

with the rotation angle parameter determined as described below. We then make a weak
measurement on the controlled state:

|ψ〉ct+dt =
ΩdV |ψ〉ct
‖ΩdV |ψ〉ct‖

(4.90)

=
ΩdVU

G
F (t)|ψ〉t

‖ΩdVUG
F (t)|ψ〉t‖

.

Note that we are now controlling the state before the measurement instead of after mea-
surement: we choose to do this because a local rotation on a pure state will not change the
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(a) Histograms of control angle distribution as a function of time. 20 snapshots of the angle
distribution are taken between the initial and final times, with the control angle space [0, π] divided
into 50 bins in each snapshot. The count ratio for the 0 angle bin gradually increases to 1, indicating
approach to a steady state.

(b) Four snapshots of the angular distribution, at times t = 0, 0.1 µs, 0.2 µs, and 1.9 µs. The
distribution rapidly becomes dominant in the first bin, and subsequent rotations of the state are
very small.

Figure 4.11: Histograms of control angle distributions resulting from optimization of the
three-tangle at different times. The total trajectory count is 1000. The y-axis shows the
normalized count in each bin.
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value of the tangle for the state, so the tangle is not affected by the control.
Now the choice of rotation should not be determined by a particular measurement out-

come that occurs after imposition of the control. Therefore in order to obtain the optimal
rotation angle while avoiding issues of causality, we may simply average the tangle over all
possible measurement outcomes and choose the control rotation as the value maximizing this
average, i.e.,

U∗F (t) = argmax
UF (t)

∫
dV τ(|ψ〉ct+dt). (4.91)

This requires sampling values of rotation angle and evaluating the average over measurement
outcomes for each case. The state is then evolved forward by acting with the measurement
after the optimal rotation, yielding the evolution described by Eq. (4.91) with UF (t) replaced
by U∗F (t).

Fig. 4.10 shows that when this tangle-based protocol is implemented using the two-body
measurement observable XS

G, both the value of the three-tangle τ and the corresponding
fidelity FG appear to asymptotically reach a value of one, although on a slower timescale
than the corresponding fidelity under the fidelity based approach (compare with Fig. 4.6).
We also demonstrate how the control angle distributions vary with time for this situation in
Fig. 4.11. In contrast, when the tangle-based optimization is used with the non-symmetrized
one-body observable XG for measurement, a significantly lower value of the tangle is obtained
(not shown), with an asymptotic value of approximately 0.7 being reached. It is thus evident
again that a protocol based on symmetrized two-body observable measurements significantly
outperforms a protocol based on measurement with a non-fully symmetrized observable.

The three-tangle τ is one of five non-trivial polynomial invariants that characterize nor-
malized three-qubit states [91, 92]. Our work suggests that optimization of multiple in-
variants might be useful for construction of feedback protocols to systematically generate
arbitrarily entangled three-qubit states. For three-qubit states, τ achieves its maximal value
for the GHZ state and all other invariants automatically reach the boundary value. In this
case, optimizing the tangle alone then guarantees that the other invariants reach the correct
values for the state. This is not the case for other states in general. One alternative choice of
cost function in more general situations is to use the sum of the squared differences between
the invariants of the current state and the target state, which can act as a measure of the
distance between the two states.
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Chapter 5

Continuous error correction I:
quantum memory

5.1 Introduction

Quantum error correction (QEC) is an essential component of quantum information process-
ing. The need to either avoid or correct errors on quantum states due to imperfect quantum
operations or decohering interactions with the environment places stringent requirements
on realization of the promise of quantum computation and quantum simulations. Various
tools have been developed to mitigate the effect of such errors, including encoding into de-
coherence free subspaces or subsystems [94, 95], addition of penalty Hamiltonians [96–98],
dynamical decoupling methods [99–101] and other applications of pulse sequences [102], as
well as the use of quantum error correcting codes (QECC) that delocalize the errors over
multiple physical qubits, combined with error recovery operations [103–106]. The latter
provides a powerful approach to systematically correct errors that can also be made fault
tolerant [107].

The canonical operation mode for quantum error correction codes [21, 108–110] employ
projective measurements and discrete recovery operations to provide reduction of errors that
are treated as discrete events occurring at a specified rate. The formalism of QEC has been
developed to provide firm guarantees of protection in terms of reduced scaling of the logical
error rate for an encoded state. However, in practice, few measurements can be described as
projective, and are instead better described as finite strength weak measurements that are
characterized by a gradual collapse of the measured system wavefunction [7, 69, 111–121]. A
continuous quantum error correction code, i.e., a CQEC, is based on the continuous quantum
measurement of the error syndrome operators of the conventional QEC code. Another reason
to utilize CQEC instead of traditional discrete QEC lies in the fact that with continuous
measurement we only collect partial information but in a much shorter time period and
thus the error can be detected and corrected faster than that with discrete QEC [122]. For
reasons which will be clear later, this is especially more important in the presence of a
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time-depending Hamiltonian. Previous theoretical work on such continuous quantum error
correction has been devoted primarily to analysis of the continuous operation performance
of stabilizer [123–135] and subsystem [136, 137] QEC codes for quantum memory, where
the Hamiltonian of the encoding physical qubits is disregarded in the analysis. In contrast,
in this work we focus on protecting the coherent evolution of an encoded qubit system
evolving under a time-dependent Hamiltonian, against environmental decoherence. This
problem is particularly important for the development of quantum error correction for a broad
range of quantum information applications employing continuously varying Hamiltonians.
These include quantum annealing and adiabatic quantum computation [138], and quantum
simulation [139].

A major challenge for application of either discrete or continuous QEC to protect co-
herent evolution of an encoded qubit system is that perfect identification and correction of
errors (in the example studied here, these will be bit-flip errors) does not imply absence of
logical errors [140]. We can understand this difficulty by thinking of the action of errors on
the Hamiltonian instead of on the quantum state—a perspective somewhat similar to the
Heisenberg picture. In this picture, an error causes the Hamiltonian to effectively change
from H(t) to EH(t)E, where E is the operator associated to the error that occurred and is
assumed to be a single-qubit Pauli operator. Subsequent coherent evolution is due to the
new Hamiltonian EH(t)E, until the moment when the error that occurred is detected and
corrected. During this period of error diagnosis and correction, logical errors will accrue if
the original Hamiltonian does not commute with the error operators, i.e., if H(t) 6= EH(t)E.
Since Hamiltonians that commute with all error operators are difficult to implement [140],
this problem has constituted a major stumbling block for the development of quantum error
correction for quantum annealing and for analog quantum simulation in general. This is
precisely the situation that we address in this work.

We consider here the continuous operation of a quantum code that is designed to protect
the coherent evolution of the encoded qubit system. As a specific example we consider a
single logical qubit and encode it with the three-qubit bit flip code [21], which is a stabilizer
code [110] with two commuting stabilizer operators that constitute the measurement opera-
tors. We will divide the discussion of CQEC into two chapters. In the current chapter, we
will focus on the case of quantum memory while in the next chapter, we will consider the
case in the presence of a time-dependent Hamiltonian. In Section 5.2, we briefly introduce
what the discrete error correction is about. Section 5.3 describes the continuous operation
of this code. In Section 5.4 we propose and analyze an error detection protocol based on
time-averaging (filtering) of the bare readout signals from simultaneous continuous moni-
toring of the error syndrome operators, together with a double error thresholding scheme
that is applied to the filtered readout signals in order to explicitly diagnose errors. Unlike
previous schemes [124, 127], partial errors are not acted on—the error diagnosis is acted
on only when occurrence of a complete, i.e., discrete, error has been diagnosed with high
probability. Filtering is necessary in the protocol to reduce (but not eliminate) the amount
of noise in the filtered readout signals, while double error thresholding is essential to reduce
the probability of mis-identification of single bit-flip errors that affect several readout signals
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at the same time [137].
As for the next chapter, in Section 6.1, we give a short introduction on quantum an-

nealing, which is the primary context of the time-dependent Hamiltonian we considered. In
Section 6.3 we develop an effective open quantum system model to describe the Hamiltonian-
driven evolution of the encoded qubit system in the presence of both bit-flip errors and
CQEC. In Section 6.4 we use this model to optimize the performance of the proposed con-
tinuous QEC protocol for operation under quantum annealing. In this case, the performance
of our protocol depends on the relative strength of three parameters; namely, the error rate
γ, the Hamiltonian strength parameter Ω0, and the strength Γm of the continuous measure-
ments. We find that our CQEC protocol yields a significant reduction of the final logical
state infidelity when the measurements are sufficiently strong relative to the Hamiltonian.
We show that further improvements are possible by using modified error correction operators.
To demonstrate the capability of our proposed CQEC approach, we present detailed results
for one logical qubit and then show that the strategy can be readily generalized to quantum
simulation with many encoded qubits. We show explicitly that a high level of protection
can be obtained for quantum annealing of two logical qubits. In addition, we analyse the
performance of the proposed continuous QEC protocol for quantum memory operation, in
the absence of a Hamiltonian. We minimize the logical error rate and find that its optimal
value is slightly larger than the logical error rate obtained from using the linear variant [134]
of the optimal Wonham filter [131, 132] for error diagnosis. The advantage of our continuous
QEC protocol is that it can be simpler to implement. We also show that the resulting opti-
mized double thresholding error diagnosis scheme is very effectively combined with discrete
recovery operations to obtain the reduced scaling of the logical error rate that is necessary
for a valid quantum error correcting code. Finally, in Section 6.5, we provide a summary and
discussion, with additional analysis of the time-to-solution metric for estimating the cost of
applying CQEC to quantum annealing problems. We conclude with a prognosis for future
applications and useful directions for further work. The main reference of these two chapters
is our paper [9].

5.2 Discrete error correction in a nutshell

In this section we give a brief introduction to discrete error correction and stabilizer codes.
More detailed discussion of quantum error correction can be found in [141, 142]. In real world
quantum computation, qubits are subject to noise. The evolution of the qubits can then be
described by quantum noise channels [23]. These quantum noise channels are completely
positive trace-preserving (CPTP) maps which have the general form

ρ→
∑
i

EiρE
†
i . (5.1)

The subscript i indicates the ith noise channel and Ei is the error operator, which can be
represented as linear combinations of tensor products of Pauli operators acting on different
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qubits. The error operators must satisfy the completeness condition∑
i

E†iEi = I. (5.2)

Three-qubit code

We will begin the introduction with a gentle example, the three-qubit repetition code. Con-
sidering a computational single qubit subject to pure bit-flip errors X, we would like to
encode this logical qubit by three physical qubits to protect it from the error. This means
that instead of using the single qubit basis |0〉 and |1〉 as the logical basis, we would rather
choose the logical basis as

|0L〉 = |000〉 (5.3)

|1L〉 = |111〉. (5.4)

The subspace spanned by these two logical basis states is called the codespace. Any vector
inside this codespace is called a codeword. In this simple example, there is only one single
error type - the bitflip error. Assume for now only a single qubit error has happened. In order
to correct the error, we only need to locate the error position. We can obtain this information
by measuring two observables, Z1Z2 and Z2Z3. The good thing about this measurement is
that it does not change the state if it is in the codespace, since any codeword is a eigenvector
of the two observables, with eigenvalue labels (+1,+1). If an error happened on the first
qubit, then the state will be in the error subspace that is spanned by |100〉 and |011〉. This
in turn is an eigenspace of the observables with the eigenvalue labels (−1,+1). Similarly,
an error on the second qubit results in a transition to the subspace with labels (−1,−1)
and an error on the third qubit results in transition to the subspace with labels (+1,−1).
Notice that each subspace has a different pair of labels. A measurement on the state (made
via an ancilla) can then give us this information about the labels and we can correct the
state accordingly by applying a bitflip at the location of the error. These labels are called
error syndromes and the operators corresponding to the two observables are called stabilizer
operators.

General properties of quantum error correcting codes

Now we can discuss error correction in a more general setting. We mentioned that a general
error can be a superposition of tensor products of Pauli operators. But let us assume first
that errors are pure tensor products of Pauli operators. Consider two errors Ea and Eb of
this type that act on two different basis codewords |ψi〉 and |ψj〉, respectively. if we want to
correct these two errors, then a necessary condition is that the two resulting states must be
distinguishable. This implies

〈ψi|E†aEb|ψj〉 = 0 for i 6= j. (5.5)
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This condition alone is not enough to characterize the correctable errors. We also need
to guarantee that the measurement doesn’t disturb the codeword itself. This gives us the
following condition:

〈ψi|E†aEb|ψi〉 does not depend on i, (5.6)

since otherwise we are able to learn what the original state is from the outcome of the
measurement. Combining these two equations, we have

〈ψi|E†aEb|ψj〉 = Cabδij. (5.7)

In fact this is also a sufficient condition for correctable errors [143, 144].
If the two errors Ea and Eb are correctable through some measurements, their linear

combinations must also be correctable. To see this, say an error type of aEa + bEb has
happened. Then we can just do the same set of measurements. This will project the
system to Ea|ψ〉 with probability 〈ψ|E†a(aEa+bEb)|ψ〉|2 = |a|2 and to Eb|ψ〉 with probability
〈ψ|E†b(aEa+ bEb)|ψ〉|2 = |b|2. No matter which case happens, we can always detect the error
type and correct the state accordingly. This fact means we can focus on correcting errors
which are pure tensor products of Pauli operators and not worry about a separate protocol
for linear combinations of these.

The weight of an error (considering now only tensor products of Pauli operators) is the
number of qubits on which this error acts non-trivially. The distance of the code is the
smallest weight of E†aEb such that Eq. (5.7) does not hold. To correct weight t errors, we at
least need a distance 2t+1 code. We use the notation [[n, k, d]] to denote a distance d quantum
code which encodes k logical qubits by n physical qubits. For example, the three-qubit code is
a [[3, 1, 3]] code. With an encoding into the computational basis, |0L〉 = |000〉, |1L〉 = |111〉,
this corrects only bitflip errors and not phase errors. Phase errors can be corrected by
encoding into the Hadamard basis |0L〉 = |+++〉, |1L〉 = |−−−〉 with |±〉 = 1/

√
2(|0〉+ |1〉).

To be able to correct all type of single-qubit errors, we can concatenate these two codes to
form the [[9, 1, 3]] nine-qubit Shor code [108].

Stabilizer codes

Consider n physical qubits and the Pauli group Pn ≡ {±1,±i}⊗{I,X, Y, Z}⊗n. A subgroup
S ∈ Pn which consists of 2n−k mutually commuting operators without the negative identity
−I is called the stabilizer group. Ruling out the negative identity from the stabilizer group
make all the operators in the group Hermitian with eigenvalues±1. These stabilizer operators
can be generated from a smaller subset of itself, of which the element is called the stabilizer
generator. The size of the smallest generator set is n− k [141] and we denote it by 〈S〉. The
eigenspace C(S) of the stabilizer group with simultaneous eigenvalue +1 for all stabilizer
operators is the codespace of the stabilizer group. It can be shown that this codespace has
dimension k [141].
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Consider a set E of errors which contains all linear combinations of some basis errors.1

This is a correctable error set if for any two different basis errors Ea and Eb, we have

{E†aEb, Si} = 0 for a 6= b (5.8)

for some element Si in the stabilizer group. Note that there can be multiple Si satisfying
this condition.

Proof: For any basis codeword |ψi〉 and |ψj〉 in the codespace, we have

〈ψi|E†aEb|ψj〉 = 〈ψi|SiE†aEb|ψj〉 = −〈ψi|E†aEbSi|ψj〉 = −〈ψi|E†aEb|ψj〉 = 0 (5.9)

where we have used the anticommutation relation Eq. (5.8) to obtain the second equality
and made use of the simultaneous +1 eigenvalue for all codewords in the third equality. This
satisfies Eq. (5.7). �

By default, the identity I is always in the correctable error set E . Let’s illustrate how to
correct the errors in this set. We measure all the operators in the generator set 〈S〉. The
mutually commuting property means that we can do a simultaneous measurement on all of
them. Assuming that the initial state |ψ〉 is in the codespace and no error has occurred,
then this measurement does not disturb the state, since |ψ〉 is the simultaneous eigenstate
of the stabilizers. The measurement produces all +1 eigenvalues. Notice any two operators
from the Pauli group Pn either commute or anticommute. If an error Ea has happened,
the state becomes Ea|ψ〉. An element Mi from the generator set 〈S〉 either commutes or
anticommutes with Ea. The measurement of Mi on the state Ea|ψ〉 produces +1 eigenvalue
if [Mi, Ea] = 0 and −1 eigenvalue if {Mi, Ea} = 0. The collection of ±1 eigenvalues obtained
by measuring the generator set 〈S〉 is called the error syndrome.

Condition (5.8) guarantees that every error in the set E has a unique error syndrome.
To see this, consider two different errors Ea and Eb in E . Then there exists Mi from the
generator set which satisfies Eq. (5.8), i.e. {E†aEb,Mi} = 0, since otherwise, all stabilizer
operators have to commute with the product E†aEb, which contradicts the condition (5.8).
Assuming [Eb,Mi] = 0, 2 we have

E†aEbMi = E†aMiEb = −MiE
†
aEb (5.10)

The second equality implies that Ea anticommutes with Mi since Eb is invertible and E†a =
Ea or −Ea. Thus, measuring Mi gives different eigenvalues for the two errors. Then by
examining the error syndrome, we know exactly which error happened and can correct it by
applying the Hermitian conjugate of that error to the state.

To make the discussion complete, let’s consider other possible situations for the errors.
Denote the product of two errors Ea and Eb as E = E†aEb. Condition (5.8) describes the
situation when E anticommutes with some stabilizer operators. It is also possible that E
commutes with all the operators in the stabilizer group, i.e., E belongs to the centralizer

1We call an error from the Pauli group as a basis error.
2The argument would be similar if Eb anticommutes with Mi.
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group Cen(S) of S.3 Note S itself is in Cen(S). When E ∈ S, following a similar argument
leading to Eq. (5.10), we can show the two errors Ea and Eb must have the same error
syndrome. These two errors are indeed effectively the same error. Once we detect the
corresponding error syndrome, we can always correct the state back by applying E†a no
matter which error actually happened, since E†aEb is the identity operator when we restrict
to the codespace. Ea and Eb are called the degenerate errors in this case. For the situation
when E ∈ Cen(S) − S, any codeword transformed by E must remain as a codeword. Also
there must be some codeword |ψ〉 such that E|ψ〉 6= |ψ〉. This implies Eq. (5.7) cannot be
satisfied and thus Ea, Eb are not correctable errors [141].

5.3 Continuous operation of the three-qubit bit flip

code.

In contrast to the discrete operation of the three-qubit bit flip code [21], in the continuous
operation, the error syndrome operators (stabilizer generators),

S1 = Z12 = Z1Z2 and S2 = Z23 = Z2Z3, (5.11)

are continuously measured at the same time. In Eq. (5.11), Z1 represents the Pauli z operator
that acts on the first physical qubit; that is, Z1 |q1 q2 q3〉 = (−1)q1|q1 q2 q3〉, where the set of
states |q1 q2 q3〉 with q1, q2, q3 = {0, 1} defines the computational basis. Similar definitions
hold for the Pauli z operators Z2 and Z3. The corresponding normalized readout signals are
given by (k = 1, 2)

Ik(t) = Tr[Sk ρ(t)] +
√
τk ξk(t), (5.12)

where ρ(t) is the 8 × 8 density matrix of the three physical qubits and τk is the so-called
“measurement time” to distinguish between the ±1 eigenvalues of the stabilizer generator
Sk with a signal-to-noise ratio (SNR) of 1 [29]. Note that the detector readout signals Ik(t)
are given by the sum of the “signal part” Tr[Sk ρ(t)] and the noise part ξk(t), which has a
vanishing mean. In the Markovian approximation, the noises ξk(t) are assumed Gaussian
and white with a two-time correlation function:

〈ξk(t)ξk′(t′)〉 = δkk′δ(t− t′), (5.13)

where 〈·〉 denotes average over an ensemble of noise realizations.
The evolution of the three-qubit quantum state ρ(t) in the absence of environmental

decoherence is described by (in Itô interpretation [114])

ρ̇(t) = −i[H(t), ρ]+∑
k=1,2

[Γk
2

(SkρSk − ρ) +
ξk√
τk

(Skρ+ ρSk
2

− ρTr[Skρ]
)]
. (5.14)

3The set whose elements commute with all the elements in S is called the centralizer of S and the
centralizer is a group.
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The first line of Eq. (5.14) describes the coherent evolution of the three physical qubits due
to a time dependent Hamiltonian and in this chapter it will be set to 0 as for quantum
memory.

The second line of Eq. (5.14) describes the measurement-induced quantum back-action
on the three-qubit quantum state that is due to simultaneous continuous measurement of
the stabilizer generators Z12 and Z23. Each measurement channel is characterized by the
measurement time parameter τk and the measurement-induced ensemble dephasing rate Γk,
which are related via the quantum efficiency ηk as follows τk = 1/(2Γkηk) [29]. For ideal
detectors, the quantum efficiency is unity, while for nonideal detectors the quantum efficiency
is less than one. For simplicity of notation, we shall assume below that both detectors have
identical parameters:

Γk = Γm, τk = τm, and ηk = η (k = 1, 2). (5.15)

(This assumption can be readily removed and the analysis continued with different parame-
ters for each detector.)

Encoding with the three-qubit bit flip code effectively divides the full eight-dimensional
Hilbert space of the three physical qubits into four two-dimensional subspaces, where the
stabilizer generators Z12 and Z23 have definite ±1 values. As usual, the two-dimensional sub-
space where both stabilizer generators have values +1 is referred to as the code space, denoted
as Q0, while the two-dimensional subspaces where (Z12, Z23) have values (−1,+1), (−1,−1)
and (+1,−1) are referred to as the error subspaces, denoted as Q1, Q2 and Q3, respectively.
The code space is spanned by the zero and one logical states, which are expressed in the
computational basis as

|0L〉 = |0 0 0〉 and |1L〉 = |1 1 1〉, (5.16)

respectively.
In the presence of bit-flip errors, the (mixed) three-qubit state ρ(t) evolves according

to the evolution equation that results from adding to the right-hand side of Eq. (5.14) the
following decoherence terms

ρ̇decoh(t) =
∑
q=1,2,3

γq [Xq ρXq − ρ] , (5.17)

where γq denotes the bit-flip error rate of the qth physical qubit. Thus in the presence of
bit-flip errors, the full three-qubit state evolves as

ρ̇(t) = −i[H(t), ρ]+∑
k=1,2

[
Γk
2

(SkρSk − ρ) +
ξk√
τk

(Skρ+ ρSk
2

− ρTr[Skρ]
)]

+∑
q=1,2,3

γq [XqρXq − ρ]. (5.18)
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Our analysis of logical errors presented below is based on the jump/no-jump method [21]
for bit-flip errors. In this method, gradual decoherence due to the terms (5.17) is described
as the average effect of bit-flip errors X1, X2 or X3 that occur at random times, as follows.
At the infinitesimal time interval (t, t+δt), a bit-flip error Xq occurs with probability δtγq. If
this error occurs, the system state “jumps” from ρ(t) to ρ(t+δt) = Xq ρ(t)Xq; otherwise, the
system state continuously evolves according to Eq. (5.14), without environmental decoher-
ence. On averaging over many instances of the bit-flip errors, the jump/no-jump approach
reduces to the open quantum system model (5.18), where errors continuously change the
mixed system state ρ(t).

The encoded logical state is obtained from the mixed three-qubit state ρ(t) as follows

%L(t) =

〈
1

pcode-space(t)

[
ρ000,000(t) ρ000,111(t)
ρ111,000(t) ρ111,111(t)

]〉
, (5.19)

where pcode-space(t) = ρ000,000(t) +ρ111,111(t) is the probability of the system being in the code
space.

Our goal is to maximize the fidelity between the target logical wavefunction (6.14) and
the true (mixed) logical state (5.19), at some final time, where the evolution includes the
decoherence effect of bit-flip errors as well as the effect of the spurious coherent evolution in
the error subspaces due to an added Hamiltonian. To counteract the latter two effects, we
introduce the double threshold CQEC protocol described in the following section.

5.4 The double threshold CQEC protocol

In the three-qubit bit flip code, the conventional error correction operations are (we will
modify these operations to improve the continuous operation performance in Section 6.4):

Cop = X1, X2 or X3. (5.20)

These operations are applied on the physical qubits when the error syndrome (defined as the
values of the stabilizer generators Z12 and Z23, in this order) is equal to (−1,+1), (−1,−1)
or (+1,−1), respectively. To apply these error correction operations in the continuous op-
eration, we have to estimate the error syndrome from the noisy readout signals Ik(t) given
in Eq. (5.12). To do this, we filter the latter to obtain smoother signals Ik(t) that obey the
following filter equation:

İk(t) = −Ik(t)
τ

+
Ik(t)

τ
, (5.21)

where τ plays the role of an averaging time parameter. The initial condition for Eq. (5.21)
is discussed below. In practice, the filtered readout signals Ik(t) can be obtained, e.g.,
by passing the bare readout signals Ik(t) through a resistor-capacitor circuit (RC lowpass
filter [145]). Note that the SNRs of the filtered readout signals can be increased by choosing
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a larger value of τ . For instance, in the absence of bit-flip errors, the filtered readout signals
read as

Ik(t) =

∫ t

0

dt′
e−

t−t′
τ

τ
Ik(t

′) (5.22)

in the stationary regime (t � τ) and their SNRs are equal to 2τ/τm. The averaging time
parameter τ , however, should not be chosen arbitrarily large; there is an optimal value that
is obtained below.

To diagnose the error syndrome, we use a double thresholding scheme that is applied to
the filtered readout signals I1(t) and I2(t). We introduce two error threshold parameters Θ1

and Θ2 (Θ1 < Θ2) that define the interval [Θ1,Θ2], which is referred to as the “syndrome
uncertainty region”, see Fig. 5.1. If at least one of the filtered readout signals lies within this
interval, we say that we are not certain about the value of the error syndrome, and do nothing.
More precisely, the double thresholding scheme works as follows. If I1(t) and I2(t) are both
larger than Θ2, the diagnosed error syndrome is (+1,+1) and no error correction operation
is applied, since the system quantum state is most likely in the code space. If I1(t) < Θ1 and
I2(t) > Θ2, the diagnosed error syndrome is (−1,+1) and the error correction operation to
be applied is Cop = X1, since the system quantum state is most likely in the error subspace
Q1. If I1(t) and I2(t) are both smaller than Θ1, the diagnosed error syndrome is (−1,−1)
and the error correction operation to be applied is Cop = X2, since the system quantum state
is most likely in the error subspace Q2. If I1(t) > Θ2 and I2(t) < Θ1, the diagnosed error
syndrome is (+1,−1) and the error correction operation to be applied is Cop = X3, since the
system quantum state is most likely in the error subspace Q3.

The error correction operations Cop must now be applied immediately after an error is
detected. Note that this contrasts with the situation in operation of a quantum memory,
where correction of errors can be delayed to the end of the continuous operation of the
code [131, 132, 134, 137]. In the present analysis, we shall assume that the error correction
operations are applied instantaneously on the physical qubits, changing the three-qubit state
from ρ(t) to Copρ(t)Cop when the error correction operation Cop is applied.

Finally, the filtered readout signals Ik(t) are reset to the initial condition +1 at the
moment when an error is diagnosed (see Fig. 5.1). Their subsequent values are dictated by
the filter equation (5.21) until the next error is diagnosed, and so on.

Figure 5.1 depicts an example showing how the filtered readout signals I1(t) and I2(t)
are affected by the occurrence of a bit-flip error X2 at the moment terr = 162Γ−1

m . Before this
error occurs, the system state is in the code space, so the filtered readout signals fluctuate
around 1. After the occurrence of the error X2, the “signal part” of the filtered readout
signals becomes (for t ≥ terr)

〈I1(t)〉 = 〈I2(t)〉 = −1 + 2 e−(t−terr)/τ . (5.23)

Equation (5.23) is the solution of Eq. (5.21) with Ik(t) replaced by −1, which is the “signal
part” of the bare readout signal Eq. (5.12) after the error X2 occurs. Even though both
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Γm𝑡

𝑋2 error occurs

Filtered signals reset to +1

𝑋2 error diagnosed

Syndrome 
uncertainty 
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Figure 5.1: Example of filtered readout signals I1(t) and I2(t) when a bit-flip error X2

occurs. This error is detected by the CQEC protocol (see main text) at the moment when
both filtered readout signals have exited the “syndrome uncertainty region” below the lower
error threshold Θ1. The filtered readout signals Ik(t) are discontinuous since the CQEC
protocol reset them to the value +1 at the moment when the occurred error is diagnosed.

filtered readout signals have the same “signal part”, we see in Fig. 5.1 that these signals
follow different paths due to noise. This indicates that if we had used a single error threshold
to detect errors, the error X2 would have been most likely misdiagnosed, because the filtered
readout signals do not cross the given error threshold at the same time, see Fig. 5.1. In
contrast, our double thresholding scheme performs well unless relatively large fluctuations
occur in the filtered readout signals. For instance, in the example considered above, the
error X2 would be diagnosed as X1 if a relatively large positive fluctuation (of magnitude
of the order of Θ2 − Θ1) had made the filtered readout signal I2(t) be above the upper
error threshold Θ2 at the moment when the other filtered readout signal I1(t) is below the
lower error threshold Θ1. We will show below that the probability to misdiagnose errors in
our double threshold scheme can be made exponentially small by both increasing the length
of the “syndrome uncertainty region” and increasing the averaging time parameter τ , see
Fig. 5.2. Generally speaking, detecting errors that affect several error syndrome signals Ik(t)
at the same time are the most difficult to detect under continuous monitoring (e.g., error
X2 in the three-qubit bit flip code), and the performance of the latter critically depends on
suppressing misdiagnosis of such errors [137].
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Figure 5.2: Probability p
(Xq)
misdiag that the CQEC protocol misdiagnoses the bit-flip error Xq

as function of the measurement averaging time parameter τ . The error thresholds are fixed
at Θ1 = −0.54 and Θ2 = 0.8. Symbols indicate numerical results and the solid line depicts
the analytical formula (6.22) of the main text with c = 1.607. The dashed lines are guides
to the eye.

5.5 Effective logical error rate

With our double threshold protocol, a single-bit flip error could be detected and fixed cor-
rectly most of the time. However, there are situations our scheme could fail, the rate for
which to happen is called effective logical error rate. In this section, we will derive a semi-
analytical form for this quantity. There are two leading cases for which the protocol can
diagnose the error wrongly. We will discuss them one by one.

Case I: mis-diagnosis of single qubit error
Considering a small time interval ∆t, the probability for a Xq error to happen within

it is γq∆t. Then given that a single error Xq has happened, let’s call the probability to

mis-diagnose it as p
(Xq)
misdiag. We will first derive the probability p

(X2)
misdiag to misdiagnose the bit-

flip error X2. In the continuous operation, misdiagnosis of single bit-flip errors occurs when
relatively large fluctuations affect one or both filtered readout signals Ik(t). The bit-flip
error X2 is misidentified as X1 if, at the moment when the filtered readout signal I1(t) exits
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the ”syndrome uncertainty region” by crossing the lower error threshold Θ1 (see Fig. 5.1),
the filtered readout signal I2(t) is above the upper error threshold Θ2 due to a unusually
large positive fluctuation of size larger than Θ2 − Θ1. The probability that this situation
occurs is given by the probability that ∆I(t) ≡ I2(t) − I1(t) ≥ Θ2 − Θ1. From Eq. (5.21),
we have

d∆I(t)

dt
= −∆I(t)

τ
+

√
τm

τ
(ξ2(t)− ξ1(t)) , (5.24)

where the noises ξ1(t) and ξ2(t) are the uncorrelated noises of the bare readout signals Ik(t)
(see Eqs. (5.12)–(5.13)). Note that Eq. (5.24) is valid both before and after the occurrence of
the bit-flip error X2 because the ”signal parts” of the readout signals I1(t) and I2(t) cancel
each other in ∆I(t). Specifically, before (after) occurrence of the error X2, the ”signals
parts” of I1(t) and I2(t) are both equal to +1 (−1). This implies that the probability that
∆I(t) ≥ Θ2 − Θ1 can be obtained from the stationary probability distribution, pst(∆I), of
∆I(t). From Eq. (5.24), we obtain

pst(∆I) =

[
τ

2πτm

]1/2

e−(∆I)2τ/2τm . (5.25)

The probability that ∆I(t) is larger than Θ2 −Θ1 is then equal to

p(∆I ≥ Θ2 −Θ1) =
1

2

[
1− erf

(√
τ

2τm

(Θ2 −Θ1)

)]
,

≈ 1√
2π

e−(Θ2−Θ1)2τ/2τm

(Θ2 −Θ1)
√
τ/τm

, (5.26)

where erf(·) is the error function and the approximation applies in the limit of large averaging
time parameters τ . The result (5.26) is our estimation for the probability that the bit-
flip error X2 is misdiagnosed as the error X1. The same result can also obtained for the
probability that the error X2 is misdiagnosed as the error X3. Therefore, the probability
that the error X2 is misdiagnosed is given by

p
(X2)
misdiag = c

e−(Θ2−Θ1)2τ/2τm

(Θ2 −Θ1)
√
τ/τm

(5.27)

The numerical coefficient c that follows from the above analysis is
√

2/π ≈ 0.7979. By
fitting our numerical results to Eq. (5.27), we obtain a larger coefficient c. Specifically, fitting
to the data in Fig. 5.2 yields c ≈ 1.607. Equation (5.27) with c ≈ 1.607 has been successfully
tested against numerical results for various values of the error threshold parameters Θ1 and
Θ2 in addition to the values indicated in Fig. 5.2.

The other two mis-diagnosis probability p
(X1)
misdiag and p

(X3)
misdiag are actually equal to each

other due to symmetry in the protocol. They can be derived in a similar argument and turns
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out to be much smaller than p
(X2)
misdiag in the parameter regime we are interested in (τ & 2τm).

So practically we set them to 0. This is again verifed in Fig. 5.2. So overall probability for
this case to happen is

pcase-1 =
∑
q

γq∆tp
(Xq)
misdiag = 1.607γ2∆t

e−(Θ2−Θ1)2τ/2τm

(Θ2 −Θ1)
√
τ/τm

(5.28)

Case II: mis-diagnosis of two consecutive single qubit errors
This case will happen if two single qubit errors occurred consecutively in time. Instead,

the protocol diagnoses a different (false) error. It should be clear that if two consecutive
errors occur sufficiently far apart in time, both errors will be correctly diagnosed. On the
other hand, if these errors occur sufficiently close in time, the CQEC protocol can fail, since
our protocol determines the error syndrome from the filtered readout signals Ik(t), which
are slow and take some time (proportional to the averaging time parameter τ) to exit the
“syndrome uncertainty region”, as evident in Fig. 5.1. Let us denote ∆tqq′ as the time
window within which two consecutive errors, first Xq and then Xq′ , are misdiagnosed as the
false error Xq′′ (q 6= q′ 6= q′′). The probability for this scenario is given by

pcase-2 = 2 (γ1γ2∆t12 + γ2γ3∆t23 + γ1γ3∆t13) ∆t, (5.29)

where the factor of 2 comes from the fact the order of the two errors does not matter. The
time windows ∆t12, ∆t23 and ∆t13 can be easily evaluated in the noiseless approximation,
which means we assume SNR is large and negelect the noisy part of the signal. As illustrated
in Fig. (5.3) and by using Eq. (5.23), this yields

∆t12 = ∆t23 = τ ln

[
2

1 + Θ1

]
and ∆t13 = τ ln

[
1 + Θ2

1 + Θ1

]
. (5.30)

The factor of 2 in Eq. (5.29) is due to the fact that the time window ∆tqq′ is the same as
∆tq′q, which is the corresponding time window for the case where the error Xq′ occurs before
the error Xq.
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Figure 5.3: Time windows ∆tqq′ for two consecutive bit-flip errors Xq (first) and Xq′ (second)
to be diagnosed as a single (false) error Xq′′ , in the noiseless approximation. This is scenario
three of the main text. The first error (Xq) occurs at the moment t = 0. The solid lines
depict the “signal part” of the filtered readout signals I1(t) [blue lines] and I2(t) [red lines].
In panels (a) and (b), the window times ∆t12 and ∆t23 are both equal to the time that the
blue solid line [i.e., 〈I1(t)〉, given in Eq. (5.23) of the main text] takes to cross the lower error
threshold Θ1. In panel (c), the window time ∆t13 is given by the time that the blue solid
line spends inside the “syndrome uncertainty region”. Explicit formulas for the windows
times ∆tqq′ are given in Eq. (5.30) of the main text. If the second error occurs within the
time window t = ∆tqq′ , the depicted two-error combinations are diagnosed in the noiseless
approximation as Xq′′ = X3 [panel (a)], X1 [panel (b)] and X2 [panel (c)].
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Figure 5.4: Logical error rate ΓL as function of the measurement averaging time parameter
τ . The curves depict formula Eq. (5.31) of the main text, evaluated for bit-flip error rates
γq = γ = 1.25× 10−3Γm (q = 1, 2, 3), error threshold parameters Θ1 = −0.54 and Θ2 = 0.8,
and quantum efficiencies η = 0.5 (dashed curve) and η = 1 (solid curve). Γm denotes
measurement strength from continuous measurement.

Finally, we can sum up the probability for both cases and write down the formula for
logical error rate

ΓL =
pcase-1 + pcase-2

∆t

= 1.607 γ2
e−(Θ2−Θ1)2τ/2τm

(Θ2 −Θ1)
√
τ/τm

+ 2(γ1γ2 + γ2γ3)τ×

ln

[
2

1 + Θ1

]
+ 2γ1γ3τ ln

[
1 + Θ2

1 + Θ1

]
.

(5.31)

Note that ΓL implicitly depends on the efficiency of the measurement, η, via the explicit
dependence on measurement time τm = 1/(2Γmη). In a given experimental setup, the pa-
rameters τ,Θ1,Θ2 would constitute a minimal set of tunable parameters.

Figure 5.4 shows the non-monotonic dependence of ΓL on the time-averaging parameter
τ , for fixed values of the error threshold parameters Θ1 = −0.54 and Θ2 = 0.8, and equal
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bit-flip error rates γq = γ = 1.25× 10−3Γm. Note that, in the limit of relatively small τ , the
logical X error rate increases exponentially because the SNR of the filtered readout signals
decreases, leading to more frequent false diagnoses of X2 errors. In this limit, the first term
of Eq. (5.31) is dominant. In the opposite limit of relatively large τ , the logical X error
rate increases linearly in τ , due to misdiagnosis of two errors that occur sufficiently close
in time. We see that measurement inefficiency η ≤ 1 affects the logical error rate only for
small averaging times τ and has no effect at large τ . This reflects the fact that while the
mis-diagnosis of single qubit errors that dominates ΓL at small τ depends on measurement
efficiency via τm (measurement time parameter), the mis-diagnosis of two errors occurring
close in time was evaluated in the noiseless approximation and does not depend on η.

5.6 Optimization and benchmarking

As we pointed in previous section, there are three tunable parameters, the averaging filtering
time τ , and the two threshold θ1, θ2. We can adjust these quantities to minimize the logical
error rate. Notice there are extra parameters γq and η (which is hidden in the measurement
time τm) in ΓL. These parameters come from the hardware setup and are not part of the
control scheme. It is expected that the optimized control parameters should depend on the
hardware parameters. In all the numerical discussion below in this and next chapter, we
will assume the bit-flip is identical on each physical qubit, i.e. γq = γ for all q. It turns out
the two threshold parameters are insensitive to the bit-flip rate and measurement efficiency.
Approximately, their optimal values are Θ2 = 0.8 and Θ1 = −0.54. On the other hand, the
optimal value of τ varies a lot depending on the hardware parameters, as shown in figure 6.2.
We will wait until next chapter to discuss its behavior together with the case when the system
is also under coherent evolution.

Figure 5.5 depicts the optimized value of the logical X error rate Γopt
L for quantum

memory. We find that this logical error rate scales approximately quadratically with the
error rate γ:

Γopt
L ≈ 27.3208

(
γΓ−1

m

)1.897
Γm (η = 0.5),

≈ 15.7580
(
γΓ−1

m

)1.904
Γm (η = 1). (5.32)

The numerical factors and exponents in the above equation are obtained from fitting for
γ ∈ [10−6Γm, 10−4Γm]. The approximate quadratic scaling of Γopt

L with γ indicates that the
double threshold CQEC protocol is both effective and accurate in diagnosing single bit-flip
errors. Figure 5.5 also shows the logical X error rate for the linear variant of the optimal
Wonham filter, ΓWonham

L = 3γ2τm ln(2/γτm), that was obtained in Ref. [134]. We point out
that our optimized logical error rate Γopt

L is very close to that of the linear variant of the
optimal Wonham filter.

In addition, we find that the discrete and continuous operations can exhibit similar
performance if the cycle time ∆tcycle from the discrete operation is related to the strength
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Figure 5.5: Optimized logical X error rate Γopt
L for quantum memory operation. Solid red

and blue lines depict Γopt
L , obtained using our double threshold CQEC protocol (Eq. (5.31)),

and the dashed red and blue lines depict the logical X error rate, ΓWonham
L = 3γ2τm ln(2/γτm),

for the linear variant of the optimal Wonham filter [134]. Γm and τm = (2Γmη)−1 denote the
measurement strength and “measurement time” from continuous measurement, respectively.
Red and blue lines depict results for quantum efficiencies η = 0.5 and 1, respectively. The
dotted line depicts the quadratic scaling ΓL ∼ γ2.

Γm of the continuous measurements as follows:

tcycle ≈ 9.1069γ−1
(
γΓ−1

m

)0.897
(η = 0.5),

≈ 5.2527γ−1
(
γΓ−1

m

)0.904
(η = 1). (5.33)

The above results are obtained from the relation Γopt
L = Γdisc

L , where Γdisc
L = 3γ2∆tcycle is the

logical X error rate for the discrete operation.



91

Chapter 6

Continuous error correction II:
time-dependent Hamiltonian system

6.1 Adiabatic quantum computation in a nutshell

Adiabatic quantum computation (AQC) is an alternative model for quantum computation
in contrast to circuit gate model. It is a universal computation model which utilizes the
dynamical evolution of a quantum system. In AQC, we encode the solution of a computation
problem in the ground state of a constant Hamiltonian, which is usually called the problem
Hamiltonian Hp. We start the evolution from an initial state which is experimentally easy
to prepare. Usually it is the symmetric superposition state of the standard basis. The initial
state is also the ground state of some initial Hamiltonian H0. The system Hamiltonian is
controlled to transit from the initial Hamiltonian H0 to the final problem Hamiltonian Hp.
If this transition is sufficiently slow that we are in the adiabatic limit, the adiabatic theorem
guarantees the system to evolve along the ground state. Then at the final moment of the
whole evolution, the system would be in the ground state of Hp. For system consisting of
qubits, which is the case we are interested in, local measurements on the final state along
the z axis of each qubit can tell us the solution.1

The system Hamiltonian is time-depend and can be written as

H(t) = a(t)H0 + b(t)Hp (6.1)

where in the time interval [0, top], a(t) starts from 1 and ends at 0 while b(t) starts from 0
and ends at 1. top is the operation time when we stop the evolution. The ground state of
H0 is usually required to be non-degenerate while Hp can have a generate ground state since
the solution of a problem may not be unique. So over time, H(t) will gradually transit from
H0 to Hp. How slow we should make the transition to be depends on the minimum gap ∆
of between energy of the ground state and the first excited state. A sufficient condition is

1The solution is represented by a binary string of 0s and 1s which correspond to product state of the
standard basis of qubits.
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that (up to some polylogarithmic factor in ∆) [146]

top ∼ O(
1

∆2
) (6.2)

Adiabatic theorem

In this subsection, we briefly review the adiabatic theorem.2 This theorem tells us if the
Hamiltonian of the system varies slowly enough or adiabatically, then a state starting in an
eigenstate will stay as the eigenstate of the same energy level. To prove this theorem, consider
a time-dependent Hamiltonian H(t). Let |εi(t)〉 be the instantaneous eigenstate with
energy ε(t). We assume the energy levels never touch each other throughout the evolution.

Let’s introduce a unitary transformation which maps the instantaneous basis back to the
fixed initial basis at t = 0

U(t, 0) =
∑
i

e−i
∫ t
0 dt
′ εi(t′)|εi(0)〉〈εi(t)| (6.3)

where the exponential prefactor is the dynamical phase term. Instead of looking at the
original system state |ψ(t)〉, we transform it to a co-moving state

|ψc(t)〉 = U(t, 0)|ψ(t)〉 (6.4)

The meaning of this state is clear if we do a basis expansion

|ψc(t)〉 =
∑
i

e−i
∫ t
0 dt
′ εi(t′)|εi(0)〉〈εi(t)|ψ(t)〉 (6.5)

It is a state with the same coefficients (up to a phase) of the instantaneous basis as |ψ(t)〉 but
this time, the coefficients are along the initial basis. We would like to find the Hamiltonian
which governs the dynamics of this new state. Taking time derivative of the state and
applying Schrödinger equation to |ψ〉 (setting ~ = 1)

d|ψ(t)〉
dt

= −iH(t)|ψ(t)〉 (6.6)

we arrive at the equation of motion for |ψc(t)〉
|ψc(t)〉
dt

= −iHc(t)|ψc(t)〉 (6.7)

where the co-moving Hamiltonian Hc(t) is given by

Hc(t) = i
∑
ij

e
∫ t
0 dt
′ (εi(t′)−εj(t′))〈ε̇i(t)|εj(t)〉|εi(0)〉〈εj(0)|

= i
∑
i

〈ε̇i(t)|εi(t)〉|εi(0)〉〈εi(0)|

+ i
∑
i 6=j

e
∫ t
0 dt
′ (εi(t′)−εj(t′))〈ε̇i(t)|εj(t)〉|εi(0)〉〈εj(0)|

(6.8)

2We only consider the simplest case here, neglecting the possibility of having multiple time scales in the
Hamiltonian. So the only relevant time scale is top.
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We can further evaluate the inner product term

〈ε̇i(t)|εj(t)〉 =
〈εi(t)|Ḣ|εj(t)〉
εi(t)− εj(t)

for i 6= j (6.9)

This Hamiltonian is not diagonal yet. Dropping the i 6= j term in Eq. (6.8) gives us the
diagonal adiabatic Hamiltonian. We can do this as long as the adiabatic condition is satis-
fied [147]

|〈ε̇i(t)|εj(t)〉|
|εi(t)− εj(t)|

=
|〈εi(t)|Ḣ|εj(t)〉|
|εi(t)− εj(t)|2

� 1 for all i 6= j and t ∈ [0, top] (6.10)

We would like to point out that there are cases that the evolution is not adiabatic even
when this condition is satisfied. For a more careful condition when multiple time scales
appear in the Hamiltonian, see [148, 149]. This concludes our minimal introduction to
adiabatic quantum computation. The basic concepts in this section should be enough to
help the readers understand the quantum annealing part for our research work, which will
be discussed in the following sections. For a comprehensive review of AQC, see [138].

6.2 Encoding the time-dependent Hamiltonian

In this chapter we shall focus on CQEC with the encoded quantum annealing Hamiltonian
(~ = 1)

H(t) = −Ω0 [a(t)XL + b(t)ZL] , (6.11)

where the frequency parameter Ω0 sets the energy scale of the above Hamiltonian, and the
coefficients a(t) and b(t) are functions of time with magnitudes smaller than 1. The operators
XL and ZL denote the logical X and Z operators, given by

XL = X1X2X3 and ZL =
Z1 + Z2 + Z3

3
, (6.12)

where Xq represents the Pauli x operator that acts on the qth physical qubit. Note that
the system Hamiltonian (6.11) and the stabilizer generators (5.11) exhibit a block-diagonal
matrix representation in the computational basis.

As in the previous chapter, we label the two logical basis states as

|0L〉 = |000〉 and |1L〉 = |111〉 (6.13)

In the absence of errors, the target logical wavefunction

|ψL(t)〉 = αL(t)|0L〉+ βL(t)|1L〉 (6.14)
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evolves according to the following Schrödinger equation for the probability amplitudes of the
zero (αL) and one (βL) logical states:[

α̇L(t)

β̇L(t)

]
= −ihL(t)

[
αL(t)
βL(t)

]
. (6.15)

In the above equation, hL(t) represents the Hamiltonian of the logical qubit and is given by
the 2× 2 diagonal sub-matrix of H(t) that corresponds to the code space, i.e.,

hL(t) = −Ω0 [a(t)σx + b(t)σz] . (6.16)

Here σx and σz denote the conventional Pauli x and z matrices of the logical qubit, and the
coefficients a(t) and b(t) are the coefficients given in Eq. (6.11). In this chapter, we shall use
the notation |ψL(t)〉 to denote the column matrix [αL(t) βL(t)]T.

We combine the evolution under the quantum annealing Hamiltonian Eq. (6.11) with the
stochastic master equation describing the continuous measurement of the stabilizer genera-
tors Sk, (5.14). We emphasize that evolution of the target logical wavefunction (6.14) is not
affected by measurement and on the other hand, the population in each subspace Qi is not
affected by the Hamiltonian. This is because the system Hamiltonian (6.11) and the three
stabilizer generators (Sk = Z1Z2, Z2Z3, and Z1Z3) commute with each other3. Thus there is
no quantum Zeno effect (unlike the non-commuting situation, see e.g., [150]).
The error subspace Q1 is spanned by the computational states |1 0 0〉 = X1 |0L〉 and |0 1 1〉 =
X1 |1L〉; the error subspace Q2 is spanned by the computational states |0 1 0〉 = X2 |0L〉
and |1 0 1〉 = X2 |1L〉; and the error subspace Q3 is spanned by the computational states
|0 0 1〉 = X3 |0L〉 and |1 1 0〉 = X3 |1L〉. In addition, the 2× 2 diagonal sub-matrices of H(t)
that correspond to these error subspaces are all identical and equal to

hspurious(t) = −Ω0

[
a(t)σx +

1

3
b(t)σz

]
. (6.17)

Note the factor of 1/3 in the above equation. This derives from the action of the system
Hamiltonian H(t), Eq. (6.11), on a state with support in one of the three error subspaces.
For instance, for the system state, |ψ(t)〉 = αX1 |0L〉 + β X1 |1L〉, which is in the error
subspace Q1, we obtain H(t)|ψ(t)〉 = −Ω0a(t)

[
αX1 |1L〉 + β X1 |0L〉

]
− (1/3)

[
αX1 |0L〉 −

β X1 |1L〉
]
Ω0b(t). In contrast, this factor of 1/3 does not appear when the system Hamiltonian

H(t) acts on the (code space) logical states, Eq. (6.14). We can therefore say that when the
system state is in the error subspaces, coherent evolution in those subspaces is due to the
spurious Hamiltonian (6.17), instead of the intended logical Hamiltonian (6.16).

3For collecting the error information, we only need two of these. However in order for this statement to
hold, we need all three.
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6.3 Effective open-system model for the logical qubit

Quantum master equation for the logical qubit

In this subsection we develop an approximate evolution equation for the mixed logical state
%L(t) that describes the combined action of both bit-flip errors and the above CQEC protocol,
and the action of an applied time-dependent Hamiltonian. We are particularly interested in
the limit of sufficiently small bit-flip error rates γq, where single bit-flip errors are the most
probable, followed by two bit-flip errors, and so on. In this regime there are three different
scenarios that can give rise to logical errors during the time evolution—a single misdiagnosed
bit-flip error, spurious coherent evolution in an error subspace prior to a correctly diagnosed
bit-flip error, and two bit-flip errors that are misdiagnosed as one. Not surprisingly, two
of the scenarios are the same as for the quantum memory case since our protocol has not
been changed. We should expect to see a term with the logical error rate ΓL (Eq. (5.31)
appearing in the final master equation. The only difference now is we will have spurious
coherent evolution which leads to additional logical errors. We analyze each of these in turn
below.

For the following analysis it is convenient to introduce a timestep ∆t such that

tdet � ∆t, ∆t� γ−1
q , ∆t� ~

|HL(t)|
, and ∆t� top, (6.18)

where tdet denotes the characteristic time to detect a bit-flip error by our CQEC protocol,
and top is the operation time of the continuous implementation. Because of the second
inequality of Eq. (6.18), we assume below that at most two bit-flip errors occur within each
timestep ∆t. We shall eventually send ∆t to zero, to obtain an effective evolution equation
for the encoded density matrix %L(t).

We consider first the scenario where a single bit-flip error that occurs in the time interval
(t, t + ∆t) is misdiagnosed by the CQEC protocol. In this case, a wrong error correction
operation is applied to one of the physical qubits: this incorrect operation transfers the
system state to another error subspace, instead of back to the code space. For instance, if
the actual error is X2 but the diagnosed error syndrome is (−1,+1) instead of (−1,−1),
the error correction operation that will be applied is Cop = X1 instead of Cop = X2. This
will incorrectly transfer the system state from error subspace Q2 to error subspace Q3,
resulting in a logical X error, since X1X2 = X3XL and XL is the logical X operator. The
system state will be returned to the code space by the next iteration of the CQEC protocol
if this iteration successfully diagnoses the new error syndrome. We shall assume that the
probability to misdiagnose a bit-flip error is small enough that a series of two consecutive
misdiagnoses is unlikely, and the next iteration does indeed return the system state to the
code space. After completion of the next (successful) iteration of the CQEC protocol, the
system state at the moment t+∆t is equal to XL ρ(t)XL, which implies that the 2×2 logical
density matrix at that moment is

%scn-1
L (t+ ∆t) = σx %L(t)σx. (6.19)
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Recall the probability of this scenario is given by

pscn-1 = ∆t
(
γ1 p

(X1)
misdiag + γ2 p

(X2)
misdiag + γ3 p

(X3)
misdiag

)
, (6.20)

where the misdiagnosis probability p
(Xq)
misdiag is as given in Chapter 5 and we restate them here

p
(X1)
misdiag = p

(X3)
misdiag ≈ 0 (6.21)

p
(X2)
misdiag = 1.607

e−(Θ2−Θ1)2τ/2τm

(Θ2 −Θ1)
√
τ/τm

(6.22)

This scenario results in a contribution ∆%
(1)
L to the actual logical state %L(t + ∆t) at the

moment t+ ∆t (Eq. (6.37)), with

∆%
(1)
L = pscn-1%

scn-1
L (t+ ∆t). (6.23)

Note that in the argument leading to Eq. (6.19), we have disregarded the coherent evolution
of the system state in the error subspaces because this leads to correction terms of the order
of (tdet Ω0)2 � (∆tΩ0)2. These can be neglected since we shall take the limit ∆t→ 0 below
and thus only need to keep terms up to first order in ∆t in Eq. (6.23).

The second scenario corresponds to the case of a single bit-flip error that is correctly
diagnosed by the CQEC protocol. The probability for this scenario is

p
(q)
scn-2 = ∆tγq(1− p(Xq)

misdiag). (6.24)

In contrast to the first scenario, logical errors are now due only to spurious coherent evolution
in the corresponding error subspace during the time that it takes to diagnose and correct the
occurred error. Let us assume that the bit-flip error Xq occurs at the instant t′ ∈ [t, t+ ∆t].

We shall denote the time to detect such an error as t
(q)
det, where the upper index q indicates

that in general the error detection time may depend on the bit-flip error type, Xq = X1, X2

or X3. The system density matrix at the moment t+ ∆t is

ρscn-2(t+ ∆t) =
γq
N

∫ t+∆t−t(q)det

t

Vq(t′) ρ(t)V†q (t′) dt′, (6.25)

where N = (∆t − t
(q)
det)γq is a normalization factor such that Tr[ρscn-2(t + ∆t)] = 1. The

integral in Eq. (6.25) evaluates the average over the error instant t′,

Vq(t′) = U(t′ + t
(q)
det, t+ ∆t)Xq U(t′, t′ + t

(q)
det)Xq U(t, t′), (6.26)

and U(t1, t2) with t1 ≤ t2 denotes the unitary evolution operator associated to the system
Hamiltonian (6.11). If we read the right-hand side of Eq. (6.26) from right to left, the
first Xq operator accounts for the error that occurred, and the second Xq operator accounts
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for the application of the error correction operation, which is Cop = Xq since the occurred
error is correctly diagnosed. We now seek to approximate ρscn-2(t+ ∆t) to first order in ∆t.
Because the integral in Eq. (6.25) is over a time interval of duration approximately equal
to ∆t, we may write ρscn-2(t + ∆t) ≈ Vq(t) ρ(t)V†q (t), where the integrand of Eq. (6.25) has
been evaluated at t′ = t. In addition, the operator Vq(t) may be replaced by its zero-order
approximation in ∆t:

Vq(t) ≈ eiH(t)t
(q)
det Cop e

−iH(t)t
(q)
det Xq (6.27)

= eiH(t)t
(q)
det Xq e

−iH(t)t
(q)
det Xq

= eiH(t)t
(q)
det e−iXqH(t)Xqt

(q)
det .

Note that the 8 × 8 matrices XqH(t)Xq and H(t) exhibit a similar block-diagonal matrix
representation in the computational basis, since both commute with the stabilizer generators.
This block-diagonal structure consists of 2 × 2 diagonal submatrices for each subspace Q`.
In particular, the 2 × 2 diagonal submatrices of XqH(t)Xq and H(t) corresponding to the
code space are given by the spurious Hamiltonian hspurious(t) and the logical Hamiltonian
hL(t) defined in Eqs. (6.16) and (6.17), respectively. This implies that the 2 × 2 diagonal
submatrix of Vq(t) that corresponds to the code space can be approximated as

Vq(t) = exp
[
it

(q)
det hL(t)

]
exp

[
−it(q)det hspurious(t)

]
. (6.28)

Up to first order in ∆t, the logical state at the moment t+ ∆t is then given by

[%scn-2
L ]q(t+ ∆t) = Vq(t) %L(t)V †q (t). (6.29)

Equation (6.28) provides an effective parameterization of the effective action of the logical
error operation Vq(t) due to spurious coherent evolution in an error subspace during detection

of a single bit-flip error, in terms of the error detection time t
(q)
det. We can estimate this time

from the “signal part” of the filtered readout signals Ik(t), i.e., disregarding the noise. In
this noiseless approximation, the error-detection time is the same for all bit-flip errors; i.e.,
t
(q)
det = tdet, so we may consider a particular case. Let us consider the bit-flip error X2. If we

apply the CQEC protocol to the “signal part” of the filtered readout signals, the error X2

will be diagnosed when 〈Ik(terr+tdet)〉 = Θ1 for k = 1, 2. From this condition and Eq. (5.23),
we obtain the error-detection time

t
(q)
det = tdet = τ ln

[
2

1 + Θ1

]
, q = 1, 2, 3. (6.30)

More generally, the presence of noise in the filtered readout signals will make the error-
detection times random. For simplicity, and to obtain analytic estimates, we shall assume
in this work that they are deterministic and given by Eq. (6.30).
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The contribution of this scenario to the logical state %L(t+ ∆t) at the moment t+ ∆t is
(see Eq. (6.37))

∆%
(2)
L =

∑
q=1,2,3

p
(q)
scn-2 [%scn-2

L ]q(t+ ∆t). (6.31)

The third scenario is the case of two errors that occur sufficiently close in time that
they are not individually diagnosed by the CQEC protocol. This probability is as shown in
Eq. (5.29) & (5.30)

pscn-3 = 2 (γ1γ2∆t12 + γ2γ3∆t23 + γ1γ3∆t13) ∆t, (6.32)

where the window times are

∆t12 = ∆t23 = τ ln

[
2

1 + Θ1

]
and ∆t13 = τ ln

[
1 + Θ2

1 + Θ1

]
. (6.33)

Neglecting spurious coherent evolution in the error subspaces, application of the wrong
error correction operation Cop = Xq′′ effectively induces a logical X operation on the system
state ρ(t) since CopXq′Xq = Xq′′Xq′Xq = XL, and then the logical density matrix changes
from %L(t) to

%scn-3
L (t+ ∆t) = σx %L(t)σx (6.34)

at the moment t + ∆t (see also Eq. (6.19)). The contribution of this scenario to the logical
state %L(t+ ∆t) at the moment t+ ∆t is (see Eq. (6.37))

∆%
(3)
L = pscn-3 %

scn-3
L (t+ ∆t). (6.35)

Finally, if none of the above three scenarios occur, the logical state at the moment t+ ∆t
is given by the time evolved state under the logical Hamiltonian hL(t) of Eq. (6.16) and is
equal to

%scn-0
L (t+ ∆t) = %L(t)− i[hL(t), %L(t)]∆t, (6.36)

where we have disregarded terms of order (∆t)2.
The logical state at the moment t + ∆t that takes into account all of the above four

scenarios is then given by

%L(t+ ∆t) =(
1− pscn-1 −

∑
q=1,2,3

p
(q)
scn-2 − pscn-3

)
%scn-0

L (t+ ∆t)+

pscn-1 %
scn-1
L (t+ ∆t) +

∑
q=1,2,3

{
p

(q)
scn-2 [%scn-2

L ]q(t+ ∆t)
}

+

pscn-3 %
scn-3
L (t+ ∆t). (6.37)
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Inserting the approximations Eqs. (6.19)–(6.20), (6.29)–(6.24), (6.34)–(5.29) and (6.36) into
Eq. (6.37) and then taking the limit ∆t → 0, we obtain the following effective evolution
equation for the logical state %L(t):

%̇L = − i[hL(t), %L] + ΓL

[
σx %L σx − %L

]
+∑

q=1,2,3

γq

(
1− p(Xq)

misdiag

)[
Vq %L V

†
q − %L

]
. (6.38)

Here ΓL is nothing but the logical error rate for quantum memory operations [134, 136]. The
initial condition for Eq. (6.38) reads as

%L(0) = |ψL(0)〉〈ψL(0)| =
[
|α2

L(0)| αL(0)β∗L(0)
α∗L(0)βL(0) |β2

L(0)|

]
. (6.39)

Equation (6.38) is the main result of this subsection. To the best of our knowledge,
the last term at the right-hand side of Eq. (6.38) has not been previously discussed in the
context of QEC for quantum simulation or quantum annealing. This term quantifies the
logical errors due to spurious coherent evolution in the error subspaces.

The numerical calculations presented at the end of this subsection show that the ef-
fective open-system model for the logical qubit [Eq. (6.38)] together with the estimates
Eqs. (5.31), (6.28), (6.21) and (6.22) for the parameters ΓL (logical X error rate), Vq(t)

(logical error operation parameterized in terms of error-detection times t
(q)
det, see Eq. (6.30))

and p
(Xq)
misdiag (probability to misdiagnose bit-flip error Xq) provide a good description for the

true evolution of the logical state %L(t) that is encoded into the full system state ρ(t), which
evolves according to Eq. (5.18).

Final logical state fidelity

The figure of merit that we aim to maximize under evolution due to a time-dependent
Hamiltonian is the final fidelity F between the target, Eq. (6.14), and the true, Eq. (5.19)
logical states, defined as

F = 〈ψL(top)|%L(top)|ψL(top)〉 . (6.40)

Note that the target state ψL(top) is exactly equal to the ground state of the problem Hamil-
tonian only in the adiabatic limit as top →∞.

Using the effective evolution equation (6.38) for the logical state %L(t), we can derive the
following analytical expression for the final logical state infidelity

1−F = ΓL

∫ top

0

(
1−

∣∣〈ψL(t)|σx|ψL(t)〉
∣∣2) dt+∑

q=1,2,3

γq
(
1− p(q)

mis

) ∫ top

0

(
1−

∣∣〈ψL(t)|Vq|ψL(t)〉
∣∣2) dt, (6.41)
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which is expressed in terms of the coherent evolution of the target logical state |ψL(t)〉. The
first term on the right-hand side of Eq. (6.41) is the usual term in quantum memory, i.e.,
ΓLtop, generalized here to the case of a finite and time-dependent logical Hamiltonian (6.16).
Note that the time integral accounts for the accumulated loss of fidelity due to logical X
errors on the time-evolving logical state. The second term is due to the spurious coherent
evolution in the error subspaces. Note that this term is positive, i.e., contributes a finite
infidelity, because the operator Vq, given in Eq. (6.28), is unitary. Equation (6.41) is the
main result of this subsection.

To obtain this result in Eq. (6.41), we have applied the jump/no-jump method in Eq. (6.38)
to estimate %L(top) as follows:

%L(top) = [1− ΓLtop − γ̃tottop] |ψL(top)〉〈ψL(top)|+

ΓL

∫ top

0

dt′ UL(t′, top)σx |ψL(t′)〉〈ψL(t′)|σx U †L(t′, top) +∑
q

γ̃q

∫ top

0

dt′ UL(t′, top)Vq |ψL(t′)〉〈ψL(t′)|V †q U
†
L(t′, top), (6.42)

where γ̃q = γq
(
1− p(q)

mis

)
, γ̃tot = γ̃1 + γ̃2 + γ̃3 and UL(t1, t2) is the unitary evolution operator

associated to the error free Schrödinger evolution equation (6.15). When the jump/no-jump
approach is applied to Eq. (6.38), we see that logical errors come in two forms. First, the
usual logical X errors that change the logical wavefunction from |ψL(t)〉 to σx|ψL(t)〉 (second
term in Eq. (6.42)). These occur at the logical X error rate ΓL given in Eq. (5.31). Second,
logical errors that are characterized by the logical error operation Vq given in Eq. (6.28) (third
term in Eq. (6.42)). This new type of logical errors is specifically due to spurious coherent
evolution in the error subspaces. Such errors change the logical wavefunction from |ψL(t)〉 to
Vq|ψL(t)〉 and occur at the rate γ̃q. In addition, we also have the coherent no-jump evolution
that is described by the unitary evolution operator UL(t1, t2) (first term in Eq. (6.42)). Note
that in Eq. (6.42) we have disregarded cases where there are more than one logical error
occurrences during the continuous operation duration top. This approximation is valid in the
limit of small bit-flip error rates γq that we assume here.

6.4 Optimization and benchmarking

Optimization of the CQEC protocol

In this subsection we derive the optimal parameters (Θopt
1 , Θopt

2 and τ opt) of the CQEC
protocol that maximize the final logical state fidelity (6.40). The optimization will be specific
to a particular choice of Hamiltonian evolution, i.e., to the choice of hL(t), since the temporal
dependence of |ψL(t)〉 is determined by this. We shall consider here both quantum memory,
hL(t) = 0, and quantum annealing with the specific choice of a linear schedule. In the latter
case the logical Hamiltonian hL(t) is given by Eq. (6.16) with the coefficients a(t) and b(t)
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equal to

a(t) = 1− t

top

and b(t) =
t

top

. (6.43)

Following convention, we shall refer to the Hamiltonian component multiplied by b(t) as
the problem Hamiltonian, i.e., the final Hamiltonian at t = top. In the context of quantum
annealing we shall assume that the adiabatic limit holds, topΩ0 � 1, so that we may ap-
proximate the target logical wavefunction as the instantaneous ground state, which reads
as

|ψL(t)〉 = cos

(
θ(t)

2

)
|0L〉+ sin

(
θ(t)

2

)
|1L〉, (6.44)

where θ(t) = arctan
(
a(t)/b(t)

)
.

Inserting Eq. (6.44) into Eq. (6.41), we obtain for the final logical state infidelity

1−F =
ΓLtop

2
+
∑
q=1,2,3

3π − 8

54

(
1− p(q)

mis

)[
Ω0t

(q)
det

]2

γqtop, (6.45)

which is the cost function that we use in the optimization procedure. We emphasize that
the result (6.45) applies to the special case of quantum annealing with a linear schedule, and

note also that we have included terms up to second order in Ω0t
(q)
det. The linear dependence of

the infidelity Eq. (6.45) on the operation time top is valid for small infidelities, less than 0.1
for the parameters used in this work. More generally, the final infidelity 1−F for arbitrary
annealing schedule parameters a(t) and b(t) can also be easily obtained, as long as these
coefficients also satisfy the adiabatic condition |ȧ(t)|, |ḃ(t)| � Ω0. This can be accomplished
by writing the first integrand of Eq. (6.41) as 1 − |〈ψL(t)|σx|ψL(t)〉|2 = cos2

(
θ(t)

)
and

the second integrand as 1 −
∣∣〈ψL(t)|Vq|ψL(t)〉

∣∣2 = sin2
(
θ(t) − θ̃(t)

)
sin2

(
Ω̃(t)t

(q)
det

)
, where

θ̃(t) = arctan
(
3a(t)/b(t)

)
and Ω̃(t) = Ω0

√
a2(t) + b2(t)/9 is half the instantaneous energy

gap of the spurious Hamiltonian (6.17). To obtain a final numerical value for the infidelity,
the integrals of Eq. (6.41) would have to be evaluated numerically for evolution under a
specific annealing Hamiltonian.

For simplicity, we discuss here the case of equal bit-flip error rates

γ1 = γ2 = γ3 = γ. (6.46)

When Ω0 = 0 the system operates as a quantum memory. The final logical state infi-
delity 1− F is given by the first term of Eq. (6.41) since the second term exactly vanishes.
Assuming that the initial logical state is |ψL(0)〉 = |0L〉 or |1L〉, we find that 1− F reduces
to ΓLtop, because the target logical evolution is trivial in the quantum memory case (|ψL(t)〉
is constant). In addition, we may assume that the operation duration top is fixed. Then
minimization of the final infidelity in quantum memory is equivalent to optimization of the
logical X error rate ΓL in Eq. (5.31), as what we did in Chapter 5.
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When Ω 6= 0, this is the case for quantum annealing. We now discuss the results of
optimizing the double threshold error detection parameters in this context. To quantify the
effectiveness of the CQEC protocol in correcting logical errors, we introduce here the ratio
of the infidelity for an unencoded calculation, to the infidelity for an encoded calculation
using the optimized double-threshold parameters. This ratio, R(γ,Ω0), is defined for a given
error rate and annealing Hamiltonian, which we shall denote here only by its strength Ω0.
Specifically,

R(γ,Ω0) =
1−Funenc

1−Fopt

, (6.47)

where Fopt is the value of the final logical state fidelity Eq. (6.45), optimized with respect
to τ,Θ1,Θ2 (see below), and

Funenc = 〈ψL(top)|ρunenc(top)|ψL(top)〉 (6.48)

is the fidelity between the final target logical state |ψL(top)〉 and the final state ρunenc(top)
of an unencoded qubit subject to bit-flip errors with rate γ and coherent evolution due to a
Hamiltonian hL(t). We refer to R(γ,Ω0) as the “reduction factor” of the final logical state
infidelity, since by construction it shows by how much the infidelity is reduced by encoding
together with optimization of the error detection.

It is easy to see, using the jump/no-jump method, that the unencoded final infidelity
1 − Funenc can be estimated by the first term of Eq. (6.41) with ΓL replaced by γ. For the
quantum annealing problem with a linear schedule, we obtain

1−Funenc =
γtop

2
, (6.49)

which is linear in the operation time top for sufficiently small physical error rate γ.
Figure 6.1 shows the dependence of the reduction factor (6.47) on the physical qubit error

rate γ. We see that R(γ,Ω0) increases as γ decreases, saturating at the value Rplateau in the
limit of small bit-flip error rate γ. This behavior indicates our protocol works best in the
case of small bit-flip error rate. This makes sense since now the errors occur further apart
and the protocol has sufficient time to detect them out. This plateau value increases with
decreasing Ω0 as follows

Rplateau ≈
0.7174

[Ω0Γ−1
m ln (1.694 Ω0Γ−1

m )]2
(η = 0.5)

≈ 2.512

[Ω0Γ−1
m ln (1.289 Ω0Γ−1

m )]2
(η = 1). (6.50)

The numerical factors and exponents of Eq. (6.50) are obtained from fitting for Ω0 =
Γm/2430, Γm/810, Γm/270, Γm/90, Γm/30 and Γm/10. Note that, in the quantum annealing
operation considered here, the operation duration top and the frequency parameter Ω0 have
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Figure 6.1: Reduction factor R(γ,Ω0) of the final logical state infidelity due to continuous
QEC, Eq. (6.47), for operation time top = 500Γm, shown as a function of the bit-flip error rate
γ for a range of strengths Ω0 of the annealing Hamiltonian. Lines present analytic estimates,
symbols depict numerical results averaged over an ensemble of 60,000-80,000 realizations
of the conditional quantum master equation Eq. (5.18) together with our CQEC protocol.
Black lines depict results for the quantum memory (QM) limit, Ω0 → 0, see Eq. (6.16) of the
main text. The other lines depict the results for quantum annealing (QA) for Ω0 = Γm/90
(green lines), Γm/30 (blue lines), 0.1Γm (purple lines) and 0.3Γm (red lines). The plateau
values Rplateau are evident on the left hand side of the plot. Solid and dashed lines depict
the results for quantum efficiencies η = 1 and 0.5, respectively. Γm denotes the strength of
the continuous measurement.

to satisfy the adiabatic condition, Ω0top � 1, which allowed us to use the instantaneous
ground state (6.44) as the target logical state. Assuming that this condition is satisfied, the
reduction factor (6.47) of the final logical state infidelity due to CQEC is independent of
top. This monotonic decreasing is expected since smaller Ω0 means a less harmful spurious
evolution.

Finally, we summarize the optimized parameters τopt,Θ
opt
1 ,Θopt

2 employed in Fig. 6.1.
Figure 6.2 depicts the results for the optimal measurement averaging time τopt that mini-
mizes the logical X error rate ΓL in the case of quantum memory (black lines) and the final
logical state infidelity (6.45) in the case of quantum annealing for Ω0 = Γm/90 (green lines),
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Γm/30 (blue lines), 0.1Γm (purple lines) and 0.3Γm (red lines). We see that the optimal av-
eraging time parameter τopt generally increases when the measurement quantum efficiency η
decreases, due to the additional noise at the output of the readout signals, see Eq. (5.12) [29].
In the particular case of quantum memory (Ω0 = 0), we obtain

τQM
opt ≈ − 1.027 Γ−1

m log
(
9.6955 γΓ−1

m

)
(η = 0.5),

≈ − 0.5192 Γ−1
m log

(
5.2891 γΓ−1

m

)
(η = 1). (6.51)

The above results are obtained from fitting τQM
opt for the range of error rates indicated in

Fig. 6.2. In the case of quantum annealing, for a fixed and finite Ω0, the optimal measurement
averaging time τopt tends to increase as the error rate γ is decreased until it reaches a plateau

level τplateau
opt that depends on Ω0 as follows

τplateau
opt ≈ − 1.759Γ−1

m log
(
1.3880 Ω0Γ−1

m

)
(η = 0.5),

≈ − 0.9079Γ−1
m log

(
1.2408 Ω0Γ−1

m

)
(η = 1). (6.52)

The relations (6.52) are obtained from fitting for Ω0 = Γm/810, Γm/270, Γm/90, Γm/30 and
Γm/10.

Qualitatively, τopt increases with decreasing bit-flip rate γ and Hamiltonian frequency
Ω0. Keeping in mind this parameter is directly related to detection time (Eq. (6.30)), this
suggests that when errors do not happen very often and the spurious evolution is less harmful,
i.e. smaller Ω0,, we can allow more detection time to collect more information and make
more accurate decisions.

The optimal values for the error threshold parameters (Θopt
1 and Θopt

2 ) are found to exhibit
only a weak dependence on γ and Ω0 parameters. For practical purposes these are given
here for both the quantum memory and quantum annealing cases by

Θopt
1 ≈ −0.54 and Θopt

2 = 0.8. (6.53)

We point out that in our optimization procedure we have imposed two constraints: −1 ≤
Θ1 ≤ 0 and 0 ≤ Θ2 ≤ 0.8. The reason for the constraint on Θ2 is that our analytical
estimates for the logical error rate ΓL, see Eq. (5.31), and the error detection time tdet, see
Eq. (6.30), are not accurate when Θ1 approaches 1. The optimization finds that the optimal
position of the upper error threshold should be as close to 1 as it is allowed. If we instead
use the constraint 0 ≤ Θ2 ≤ 1 (with the same previous constraint on Θ1), the optimization
finds that Θopt

1 ≈ −0.4 and Θopt
2 = 1.0. This indicates that the optimal position of the lower

error threshold is robustly located around −0.5.

Overall performance of the double threshold CQEC protocol

To quantify the effectiveness of the double threshold CQEC protocol in correcting logical
errors during the entire continuous operation, we introduce the time-dependent reduction
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Figure 6.2: Optimal measurement averaging time parameter τopt. Black solid and dashed
lines depict the results for quantum memory (QM), where the frequency parameter Ω0 van-
ishes, see Eq. (6.16) of the main text. The other lines depict the results for quantum annealing
(QA) with Ω0 = Γm/90 (green lines), Γm/30 (blue lines), 0.1Γm (purple lines) and 0.3Γm

(red lines). Solid and dashed lines depict the results for quantum efficiencies η = 1 and 0.5,
respectively. Γm denotes the strength of the continuous measurement.

factor Rt of the logical state infidelity. This is defined analogously to Eq. (6.47);

Rt =
1−Funenc.(t)

1−Ft
, (6.54)

where Funenc.(t) is now the time-dependent unencoded fidelity, defined as in Eq. (6.48) with
the operation time top replaced by t ∈ [0, top], and Ft is the time-dependent logical state
fidelity

Ft = 〈ψL(t)|%L(t)|ψL(t)〉. (6.55)

Figure 6.3 shows the time dependence of the logical state infidelity, 1 − Ft = 1 −
〈ψL(t)|%L(t)|ψL(t)〉, obtained using two approaches: “full numerics” and ”effective model”.
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Figure 6.3: Accuracy of the effective evolution equation (6.38) for the logical state infidelity
during quantum annealing. The frequency parameter Ω0 determines the strength of the
logical Hamiltonian (6.16), where the coefficients a(t) and b(t) correspond to quantum an-
nealing with linear schedule, see Eq. (6.43). Solid lines: full numerical calculations averaged
over an ensemble of 20,000 realizations. Dotted lines: effective model of Eq. (6.38). Dashed
line: unencoded qubit infidelity [see Eq. (6.48)] for Ω0 = 0.1Γm. Parameters: Θ1 = −0.54,
Θ2 = 0.8, τ = 2.5Γ−1

m , η = 1, top = 500Γ−1
m and γ = 1.25× 10−3Γm.

In the first approach, the logical state %L(t) is obtained by projecting out the code space
components from the full system density matrix ρ(t), where the latter evolves according to
the evolution equation (5.18), together with the action of the instantaneous error-correction
operations Cop [Eq. (5.20)] that are applied to the physical qubits whenever an error is di-
agnosed by the double threshold CQEC protocol. The ensemble average of Eq. (5.19) is
generated over an ensemble of 20,000 realizations. The results of this approach are depicted
in Fig. 6.3 by the solid lines, for Hamiltonian strength parameters Ω0 = 0.1Γm, 0.2Γm and
0.3Γm. The second approach is that of our effective model derived in the previous section.
Here the logical state infidelity is obtained from the numerical solution of the effective open-
system model given by Eq. (6.38). The results of this approach are depicted in Fig. 6.3
by the dotted lines. The good agreement between the solid and dotted lines in Fig. 6.3
demonstrates that the effective open-system model accurately describes the evolution of the



CHAPTER 6. CONTINUOUS ERROR CORRECTION II: TIME-DEPENDENT
HAMILTONIAN SYSTEM 107

1
−
ℱ
𝑡

𝑡Γm

no QEC

solid line: full numerics
dotted line: effective model

with CQEC

two logical qubits

Figure 6.4: Logical state infidelity for two logical qubits. Parameters: γ = 1.25 × 10−3Γm

(error rate of all qubits), Ω0 = 0.1Γm (Hamiltonian strength, see Eq. (6.56)), Θ1 = −0.54
and Θ2 = 0.8, τ = 2.1Γ−1

m , η = 1, and Γm denotes the strength of continuous measurement.
Blue dotted line: effective model of Eq. (6.57). Red solid line: full numerical calculations
averaged over an ensemble of 5,000 realizations (see text).

logical qubit during the entire continuous operation. This validates our analysis above for
the optimized performance of the double threshold CQEC protocol. The inset of Fig. 6.3
shows the reduction factor Rt for the logical state infidelity during the entire duration of the
continuous operation for Ω0 = 0.1Γm. Here also, good agreement is found between the full
numerics and the effective model approaches. Although in this specific example the reduc-
tion factors of the logical state infidelity are modest (varying from 5 to 15), larger reduction
factors can be readily achieved with stronger continuous measurements. This can be seen
explicitly in Fig. 6.1, where the increase in R is evident for Γm larger than 10Ω0.

We now discuss how to generalize the effective open-system model for one logical qubit,
Eq. (6.38), to the general case of multiple logical qubits. In this general case, we again
have logical errors that come in two forms: logical X errors, and logical errors that are
characterized by a logical error operation V

(l)
q , where q now labels the three physical qubits

that encode the lth logical qubit. The logical error operations V
(l)
q are again given by

Eq. (6.28), where hL(t) (logical Hamitonian) and hspurious(t) (spurious Hamiltonian) are now
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specified respectively by the code space diagonal submatrices of the system Hamiltonian
H(t) and XqH(t)Xq. Logical X errors acting on the lth logical qubit occur at a rate Γ

(l)
L

that is also given by Eq. (5.31). Note that the set of parameters of the double threshold

CQEC protocol (τ , Θ1 and Θ2) can differ for different logical qubits, so Γ
(l)
L may not be the

same for all logical qubits. The logical errors that are characterized by V
(l)
q occur at the rate

γ̃q = γq(1 − p(Xq)
misdiag) (Eq. (6.38)). This is approximately equal to the bit-flip error rate γq

of the qth qubit, since the probability p
(Xq)
misdiag to misdiagnose the error Xq is typically much

smaller than one (see Fig. 5.2). As an example, we consider two logical qubits encoded by
the physical qubits q = 1, 2, 3 (logical qubit with label l = 1) and q = 4, 5, 6 (logical qubit
with label l = 2). Consider the two-qubit logical Hamiltonian

h̃L(t) = − Ω0

[
a(t)

(
σ(1)
x + σ(2)

x

)
+ b(t)

(
σ(1)
z + σ(2)

z +

σ(1)
z σ(2)

z

)]
, (6.56)

where σ
(l)
x and σ

(l)
z are the Pauli x and z operators corresponding to the lth logical qubit

(l = 1, 2), and the quantum annealing coefficients a(t) and b(t) are given in this example by
Eq. (6.43). We will assume that the initial condition for the target logical state evolution is
|ψL(0)〉 = (|0L〉+ |1L〉)⊗ (|0L〉+ |1L〉)/2. For this example of two logical qubits, the effective
open-system model reads as

%̇L = −i[h̃L(t), %L] +
∑
l=1,2

Γ
(l)
L

[
σ(l)
x %L σ

(l)
x − %L

]
+

∑
q=1,2,3

γq
[
V (1)
q %LV

(1)
q

†− %L

]
+
∑
q=4,5,6

γq
[
V (2)
q %LV

(2)
q

†− %L

]
, (6.57)

where V
(1)
q (for q = 1, 2, 3) is obtained from Eq. (6.28) with hL(t) replaced by h̃L(t) and

hspurious(t) now given by Eq. (6.56) with σ
(1)
z replaced by σ

(1)
z /3. Similarly, V

(2)
q (for q = 4,

5, 6) is obtained from Eq. (6.28) with hL(t) also replaced by h̃L(t) and hspurious(t) given by

Eq. (6.56) with σ
(2)
z replaced by σ

(2)
z /3. Figure 6.4 shows that the logical state infidelity

obtained from the effective open-system model for two logical qubits [Eq. (6.57), (dotted
blue line)] agrees very well with the corresponding infidelity obtained from the full numerical
calculations, (solid red line). This indicates that the effective model can be used to accurately
estimate and optimize the performance of our CQEC protocol in order to protect the coherent
evolution of several logical qubits. Most importantly, both effective model and full numerical
calculations show that the CQEC protocol provides a significant reduction in the final state
infidelity by a factor of ∼ 14 relative to the value obtained without error correction. For
the two-logical qubit Hamiltonian considered here, Eq. (6.56), this reduction is similar to
that obtained for the corresponding single logical qubit in Fig. 6.3. However, in general,
different values of R(γ,Ω0) may be found, since the reduction also depends on the form of
the coupling between the logical qubits. Thus if the coupling term is changed, the logical
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𝑡opΓm

𝑅

Figure 6.5: Reduction factorR of the final logical state infidelity as a function of the operation
time top for single logical qubit annealing under CQEC. Blue, orange and purple lines depict
the reduction factors corresponding to the cases where the error correction operations are
given by C̃op(t) [Eq. (6.58)], C̃approx

op (t) [Eq. (6.59)] and Cop = Xq, respectively. Parameters:
γ = 1.25× 10−4Γm, Ω0 = 0.1Γm, τ = 2.5Γ−1

m , Θ1 = −0.54, Θ2 = 0.8, and η = 1.

state infidelity can change since both h̃L(t) and the V
(i)
q terms in Eq. (6.57) are dependent

on this coupling (see Eq. (6.28)). For example, if the sign of the σ
(1)
z σ

(2)
z term in Eq. (6.56)

is flipped, then the final time reduction factor R is close to 6 instead of 14.

Modified logical error operations

Our analysis of logical errors due to spurious coherent evolution in the error subspaces during
error diagnosis (scenario 2 in Sec. 6.3) employed the conventional error correction operators
of the three-qubit bit flip code as the correction operators, i.e., Cop = Xq with Xq = X1, X2

or X3 (see Eq. (6.26)). It is possible to further increase the reduction factors R of the final
logical state infidelity by using the following modified error correction operations:

C̃op(t) = exp
(
−it(q)detH(t)

)
exp

(
it

(q)
detXqH(t)Xq

)
Xq, (6.58)
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where t is the time moment when the error Xq is detected, and t
(q)
det is the time that it takes to

diagnose such error. To analyze the performance of the modified error correction operations
C̃op(t), we can use the effective evolution equation (6.38) for the logical state without the term
describing the logical errors due to spurious evolution in the error subspaces; i.e., without
the last term at the right-hand-side of Eq. (6.38). This can be shown by carrying out the
analysis of Sec. 6.3 with error correction operations given by Eq. (6.58). We emphasize that
spurious evolution is not fully compensated by using the modified error correction operations
in an experimental setup because the error-detection times t

(q)
det are random.

From the solution of Eq. (6.38) without the last term at its right-hand-side, we have
estimated the reduction factor R for the final logical state infidelity that corresponds to
our CQEC operation with error correction operations given by Eq. (6.58). The blue line in
Fig. 6.5 shows our results for this situation and for a bit-flip error rate γ = 1.25×10−4Γm. By
comparing the blue and the purple lines in Fig. 6.5, we see that, by using the modified error
correction operations, R increases by a factor of ' 3.3 with respect to the case of CQEC with
conventional error correction operations, Cop = X1, X2 or X3. This improvement factor in
R depends on the physical error rate γ; for instance, for γ = 1.25×10−3Γm we obtain that R
is increased by a smaller factor ' 1.7 by using the modified error correction operations. We
have also calculated the reduction factor R from (computationally expensive) full quantum
trajectory simulations of Eq. (5.18) with the double-thresholding error detection protocol and

error correction operations given by Eq. (6.58), where t
(q)
det is given by Eq. (6.30). Our results

show that the reduction factors indicated by the blue line in Fig. 6.5 are somewhat larger
than those from full trajectory simulations by ' 15%, for operation times top in the range
100 Γ−1

m to 1000 Γ−1
m , which is the region where the reduction factor is roughly independent

of the operation time, see Fig. 6.5.
The modified error correction operations C̃op(t), Eq. (6.58), may be challenging to imple-

ment, so we have also analyzed the performance of the following error correction operations
that can be regarded as an approximate version of C̃op(t):

C̃approx
op (t) = exp

(
it

(q)
det

(
XqH(t)Xq −H(t)

))
Xq. (6.59)

We note that the exponent in Eq. (6.59) is 2Ω0b(t)Zq/3 for the Hamiltonian given in
Eq. (6.11). If we carry out the analysis of Sec. 6.3 with error correction operations given by
Eq. (6.59), we arrive to an effective evolution equation for the logical state that is similar to
Eq. (6.38) with the operator Vq(t) replaced by

Ṽ approx
q (t) = exp

(
it

(q)
det hL(t)

)
×

exp
(
it

(q)
det(hspurious(t)− hL(t))

)
exp

(
−it(q)dethspurious(t)

)
. (6.60)

From this effective evolution equation for the logical state we have estimated the performance
of our CQEC operation with error correction operations given by Eq. (6.59). The reduction
factors in this case are somewhat smaller than those corresponding to the case of using error
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correction operations given Eq. (6.58), see orange and blue lines in Fig. 6.5, respectively.
The main advantage of using C̃approx

op (t) as the error corrections operations is that they can
be simpler to implement.

Time-to-solution metric

The reduction factor expresses the decrease in error probability due to quantum error correc-
tion. This is the metric of success that is used for analysis of performance of error correcting
codes in quantum computation, and can be also be used for quantum simulations. The cost
of CQEC will depend on the specific application. Since quantum annealing is a heuristic
analog approach that is not guaranteed to find the global minimum of the final Hamiltonian
in a single run and instead finds it with a less than unit success probability ps, it is conven-
tional to measure the cost of quantum annealing on a specific device by measuring the time
to achieve a desired success probability at least once during multiple runs, defined as the
time-to-solution (TTS), often also taking the parallelization possible on a given device into
account [151]. This TTS metric, which is applied to both algorithmic and error mitigation
protocols, reflects a trade-off between a high single-run success probability with a long op-
eration time, and a low single-run success probability with a short operation time [152]. It
is generally defined for quantum annealing as

TTS(top) = topRs(top)
N

Nmax

(6.61)

with

Rs(top) =
log(1− pd)

log(1− ps(top))
. (6.62)

This refers just to the pure annealing time and not to the wall-clock time that also contains
the setup, cooling and readout times on a real device. In Eq. (6.62), pd is the desired success
probability to get the solution at least once, ps(top) is the success probability of a single
run, N is the required number of qubits in a single run, and Nmax is the total available
number of qubits in the device. Rs is the number of total runs needed to get the solution
at least once with desired probability pd and the factor N/Nmax takes into account the
possible reduction by parallelization of runs. A separate analysis applies to the time for
readout and state preparation. Comparing the TTS for our CQEC protocol with a classical
protection strategy utilizing parallelization alone shows that CQEC provides a smaller TTS
for the quantum annealing dynamics than does the classical strategy. This improvement over
the classical strategy is noteworthy since at small encodings such as the three-qubit code
employed here, proposals for suppression of errors during quantum annealing using stabilizer
encodings with penalty Hamiltonians have shown that these perform worse than the classical
parallelization scheme [153].

We present here analysis of the application of our CQEC protocol to quantum annealing
with the time-to-solution (TTS) metric. In particular, we show how the value of this metric
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Figure 6.6: Final infidelity with respect to the ground state of the problem Hamiltonian
for one qubit annealing as a function of operation time top. Panel (a): γ = 1.25 × 10−4Γm.
Panel (b): γ = 1.25× 10−3Γm. Red line: one unencoded physical qubit, no error correction.
Green line: classic protection scheme of Ref. [153] (see text). Blue line: one logical qubit
with CQEC and modified error correction, Eq. (6.58). Parameter values: η = 1, Ω = 0.1Γm,
θ1 = −0.54, θ2 = 0.8, and τ = 2.5Γ−1

m .
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Figure 6.7: Ratio of the TTS value for the classical (C) strategy to that for CQEC, as a
function of top. Panel (a): one logical qubit, γ = 1.25 × 10−4Γm. Panel (b): one and two
logical qubits, γ = 1.25×10−3Γm. Green lines are for one logical qubit, with error correction
operations in the CQEC calculations given by Eq. (6.58) (solid lines) and Eq. (6.59) (dashed
lines). Blue lines are for two logical qubits, with error correction operations in the CQEC
calculations given by Eq. (6.58) (solid line) and Eq. (6.59) (dashed line). Parameters: one
logical qubit calculations use the same values as in Fig. 6.6, two logical qubit calculations
employ τ = 2.1Γ−1

m , with all other parameter values the same as for one logical qubit.
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depends on the annealing operation time top. We compare the performance of our CQEC
protocol with regard to TTS with that of the so-called classical (C) strategy of Ref. [153], in
which annealing is carried out on m unencoded copies in parallel and the infidelity estimated
from the binomial distribution function (1− punenc

s (top))m, with punenc
s (top) the probability of

successfully reaching the ground state of the problem Hamiltonian, i.e., the final Hamiltonian
at t = top, for a single unencoded qubit (see Ref. [153]). We use the example of single
qubit quantum annealing from Section 6.4 for this detailed analysis, before summarizing the
performance of both single qubit and two-qubit quantum annealing problem at a particular
value of top.

Figure 6.6 shows how the final CQEC infidelity (blue lines, with modified logical error
correction operations, see Eq. (6.58)) depends on the operation time top for single qubit
quantum annealing, and compares this with the corresponding infidelities obtained for the
unencoded dynamics (red lines) and the classical (C) strategy (green lines). Note that here
we are plotting the final fidelity with respect to the ground state of the problem Hamiltonian.
The two panels show results for two different physical error rates γ, with the value of the
product γtop for the maximal value of top held constant at 2.5. This corresponds to the
same overall average number of errors at the largest shown value of top in both panels. The
calculations related to the blue lines in Fig. 6.6 were carried out using the effective evolution
equation Eq. (6.38) without the last term at its right-hand-side. The accuracy of this was
confirmed by full quantum trajectory simulation of Eq. (5.18) together with the double-
thresholding error detection protocol and error correction operations given by Eq. (6.58).
For example, for γ = 1.25 × 10−4Γm and top = 104Γ−1

m , we obtain infidelities of 6.6 × 10−3

from the quantum trajectory simulations (averaging over 1000 trajectories) and 5.14× 10−3

from the effective evolution equation (6.38), respectively. The unencoded calculations (red
lines) are simulated directly from Eq. (5.18) without the measurement terms, and the classical
strategy values (green lines) are obtained as the third power of the unencoded values.

It is evident that CQEC performs better than both the unencoded annealing and the
classical strategy at longer operation times. The final infidelity of unencoded annealing of
the single qubit tends towards that of the completely mixed state on the time scales shown
here, consistent with the lack of any error correction, while that of the classical strategy tends
to the corresponding binomial function of this. In contrast, once the operation time is long
enough that non-adiabatic errors are small, the CQEC strategy is successful in correcting
the bit-flip errors due to coupling to the environment and can achieve significantly lower
infidelities.

The data in Fig. 6.6 are then used to evaluate the TTS for single qubit annealing, ac-
cording to Eqs. (6.61)–(6.62) in the main text. We have chosen the target success probability
pd = 0.99. Figure 6.7 shows how the ratio of the TTS value for the classical strategy to that
for the CQEC strategy varies with operation time top, for a given value of physical error
rate γ. At the longer operation times in the time scale range shown here, this TTS ratio is
larger than 1, indicating that the classical strategy will require a longer time to reach the
desired ground state solution for the annealing problem. In terms of this TTS metric, the
CQEC strategy thus clearly outperforms the classical strategy at the longer operation times
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top that suppress non-adiabatic errors and are preferred for quantum annealing.
To illustrate the performance on larger systems, we have also calculated the correspond-

ing ratio of TTS values for quantum annealing of two logical qubits, using the effective
two qubit model Eq. (6.57). The blue lines in Fig. 6.7 panel (b) show the resulting ratio
TTSC/TTSCQEC as a function of top. Comparing with the green lines for one logical qubit, it
is evident that in terms of the TTS metric, the CQEC protocol performs increasingly better
than the classic strategy when scaled up to two qubits. This is encouraging for the use of a
modular form of CQEC for larger systems.

6.5 Discussion and conclusions

We have developed a continuous quantum error correction protocol for operation under both
quantum memory and evolution under a time-dependent Hamiltonian. We illustrated the
approach with a detailed analysis of the continuous operation performance of the three-
qubit bit flip code, which is designed to preserve the coherent evolution of the logical qubits
against decoherence from bit-flip errors. Error detection is carried out using a relatively
simple and nearly optimal protocol that consists of filtering (time-averaging) the noisy bare
readout signals and using a double thresholding scheme to diagnose the error syndrome in
real time. In addition, immediately after diagnosing an error, discrete (i.e., instantaneous)
error correction operations are applied to the physical qubits, as in the conventional code
operation. We have shown that this combination of continuous detection of errors in real time
with discrete correction of errors is very effective and yields, e.g., in the case of quantum
memory operation, a logical X error rate that exhibits a nearly quadratic scaling on the
physical qubit error rate and has a magnitude that is slightly larger than the logical X error
rate of the linear variant of the optimal Wonham filter [134]. The advantage of our double
threshold CQEC protocol is that it can be simpler to implement.

Spurious coherent evolution of the system state in the error subspaces [140], due to a
(time-dependent) encoded Hamiltonian, leads to a new type of logical errors, for which we
have found the corresponding effective Kraus logical error operators, Vq(t), that act on the
instantaneous logical state. The Kraus logical error operator Vq(t) is parametrized by the

time t
(q)
det that the CQEC protocol takes to detect the error Xq, see Eq. (6.28). The time t

(q)
det

should be as small as possible in order to minimize the detrimental effect of logical errors due
to spurious evolution on the performance of the double threshold CQEC protocol. For this
protocol, t

(q)
det is estimated to be proportional to the averaging time parameter τ (Eq. (6.30)),

which, however, cannot be arbitrarily small without degrading the performance of the CQEC
protocol to correctly diagnose single bit-flip errors X1, X2 or X3.

We have developed an effective open-system model for the logical qubit state [see Eq. (6.38)]
that accounts for the two types of logical errors that are relevant for, e.g., quantum simulation
and quantum annealing applications: logical errors due to spurious coherent evolution in the
error subspaces and the usual logical X errors of quantum memory operation. This effective
model is very useful because it allows us to readily estimate and optimize the performance of
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the double threshold CQEC protocol without performing computationally expensive numer-
ical calculations on the full encoding qubit system (full numerics). We have shown that the
effective model accurately describes the actual logical state during the continuous operation,
see Fig. 6.3. In addition, we have discussed how to generalize the effective model for multiple
logical qubits, where we have again found excellent agreement with the more cumbersome
and computationally expensive full numerics approach, see Fig. 6.4.

Using the effective open-system model for one logical qubit, we have analyzed the per-
formance of the double threshold CQEC protocol to preserve the coherent evolution of the
logical qubit due to a quantum-annealing type Hamiltonian with a linear schedule. We have
introduced the reduction factor R of the final logical state infidelity, see Eq. (6.47), as a
measure of the performance of the CQEC protocol. The performance depends on the rela-
tive magnitudes of three problem-specific parameters; namely, the bit-flip error rate, γ, the
strength of the logical Hamiltonian, Ω0, and the strength of the continuous measurements
of the code stabilizer generators, characterized by the measurement strength parameter Γm.

For a given magnitude of the error rate γ, the reduction factor R increases as the magni-
tude of Ω0 decreases, which our analysis shows is due to the fact that a reduction in Ω0 causes
the contribution of spurious coherent evolution to logical errors to decrease. In contrast, for
a given ratio Ω0/Γm, the reduction factor R increases as we decrease the physical qubit error
rate γ, until R reaches a plateau level Rplateau. This reduction factor is the analog of the
reduction of error probability obtained with discrete operation of quantum error correcting
codes, which becomes increasingly effective as the physical qubit error rate decreases [154].
The plateau level depends on the relative magnitude of the logical Hamiltonian strength Ω0

and the strength of continuous measurements Γm, as is evident in Fig. 6.1. For instance, we
obtain Rplateau ≈ 37, 184 or 1002 for measurement strengths Γm = 10Ω0, 30Ω0 or 90Ω0, re-
spectively, assuming that continuous measurements are performed by ideal detectors (η = 1).
These reduction factors become Rplateau ≈ 15, 66 or 340, respectively, if the measurement
efficiency is η = 0.5 (nonideal detectors).

Overall, our results reveal that the region of optimal performance is defined by the
following hierarchy of timescales:

10

Γm

≤ Ω−1
0 � top

For example, for measurement rate Γm = (10 ns)−1 ≈ 2π × 16 MHz, effective correction of
bit flip errors can be achieved for annealing Hamiltonians of strength Ω0 = 2π × 1.6 MHz
and operation time top . γ−1, with bit flip error rates γ = (10µs)−1 ≈ 2π × 16 kHz. Such
decoherence rates are the same order of magnitude as thermal relaxation rates of quantum
annealers operating at temperatures of 8-20 mK [155–157]. In this case, the reduction factors
R are approximately equal to 10 and 20 (see purple lines in Fig. 6.1) for measurement
quantum efficiencies η = 0.5 and 1, respectively.

It is useful to consider here the feasibility of parity measurements on these timescales.
Parity measurement with superconducting qubits [158] can be realized by dispersively cou-
pling two qubits with a single resonator (cavity) such that their interaction Hamiltonian is
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Hint = χ(Z1 + Z2)n̂, where χ is the dispersive coupling parameter and n̂ is the intracavity
photon number. In this setup, a superposition of odd-parity states |01〉 and |10〉 does not
decohere due to measurement, because they do not shift the cavity resonance frequency.
In contrast, a superposition of even-parity states |00〉 and |11〉 exhibits decoherence due to
measurement at a rate that is proportional to (κ/χ)2 when χ � κ. In this situation the
odd parity states show an identical high response and the even parity states an identical low
response to the cavity drive. To use this setup for parity measurement, it is required that
χ � κ and the cavity is driven at a frequency equal to the average of the cavity resonance
frequencies corresponding to the four two-qubit states: |c, d〉 with c, d = {0, 1} [120]. The
measurement rate is then Γm ≈ κ n̄01/2, where n̄01 is the average number of intracavity
photons when the two-qubit state is |01〉. This measurement rate dictates the exponential
decay of the off-diagonal matrix elements of the two-qubit density matrix connecting states
of even and odd parities; i.e., 〈ρ00,01(t)〉 ∼ e−Γmt. Now, assuming realistic parameter values
of κ/2π = 3 MHz and n̄01 = 10, we find that Γm ≈ (10.6 ns)−1.

The CQEC approach developed in this work is applicable to a wide range of analog quan-
tum simulations, allowing the encoded logical quantum states to be efficiently corrected as
they evolve under a general time-varying Hamiltonian and in the presence of environmental
decoherence. The reduction factor Rt measures the overall effectiveness and success of the
CQEC strategy under a given Hamiltonian evolution, while the quadratic scaling of the log-
ical error rate ΓL with physical qubit error rate γ guarantees that the strategy is correcting
single physical qubit errors. As in discrete quantum error correction, this active correction
of errors for greater fidelity of quantum simulation comes with an overhead of additional
qubits for the logical encoding. However, unlike discrete protocols, we do not require addi-
tional ancilla qubits and entangling operations to transfer the logical state information for
measurement.

Overall, the high level of reduction of infidelity achieved by this CQEC for a small three-
qubit code requiring overhead of just two additional qubits in both quantum memory and
quantum simulation under a time-evolving Hamiltonian is excellent. The reduction in time-
to-solution relative to classical parallelization for quantum annealing shows the benefits of
this in application to analog quantum simulations. In principle, one can expect even better
performance with larger encodings. Indeed, the continuous time quantum error correction
protocol presented in this work can be readily applied to any subspace stabilizer QEC code,
such as the three-qubit repetition code studied here, and can also be extended to subsystem
stabilizer codes [137]. In practice, the limitations will be achieving continuous measurement
of multi-qubit stabilizer operators. For larger systems, subsystem codes [159] such as the
Bacon-Shor codes [160, 161] or generalizations of this [162, 163] would be preferred since
these require measurement of only two-body operators.

An important direction for further work is to apply the CQEC protocol to other error
models. Clearly arbitrary single qubit errors can be corrected using this approach with
larger stabilizer codes. Of particular interest for quantum annealing is correction of thermal
errors. The bit-flip code alone is not effective here, since it cannot correct X and Y errors
at the same time. However, active continuous correction of thermal errors can be achieved
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by implementing the present CQEC protocol in a adiabatic frame and combining this with
error suppression techniques in which an energy penalty consisting of the negative of the bit
flip code stabilizer operators is added to the time-dependent Hamiltonian [164].

More generally, one would like to develop CQEC protocols for architecture-specific errors,
such as biased noise. In the future, developing error correction diagnostics for physical errors
encountered in realistic devices may be assisted by the use of machine learning techniques
[165] or filters for non-Markovian noise [166]. In addition, experimental implementations
frequently see drift of the key parameters such as the measurement rate Γm and efficiency
η as well as slow temporal variations of the offset of the measurement signals. Exploring
the use of machine learning techniques to track these parameters and adjust the CQEC
protocol accordingly in real time during an experiment would be a useful direction for further
work. Another important direction for further study based on CQEC is the extension of this
approach to fault tolerant error correction [161, 167, 168].

The favorable performance of the CQEC protocol seen for the quantum annealing appli-
cation presented here, in particular the lack of any significant decrease in performance going
from one to two logical qubits, indicates the potential viability of modular approaches to
quantum error correction for quantum simulation and for quantum annealing in particular.
For quantum computation and simulation on near term quantum machines, it is advanta-
geous to use encodings that generate only low weight logical operators, while also requiring
only low weight measurement operators. Since the weight of the logical operators of sta-
bilizer codes, whether subspace or subsystem, always grow with the number of encoding
qubits, small codes are therefore highly attractive from this perspective. Indeed, quantum
annealing Hamiltonians of the Ising spin glass form, i.e., containing only terms of the form
HZ =

∑
i h

z
iσ

z
i , HX =

∑
i h

x
i σ

x
i , HZZ =

∑
ij Jijσ

z
i σ

z
j , that are encoded with the three-qubit

stabilizer code result in logical operator terms of only weight two and three. The three-
qubit code thus presents an attractive modular option for implementing error correction of
quantum annealing with large numbers of logical qubits.
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Chapter 7

Conclusion and outlook

In this thesis, we have developed and demonstrated two applications of continuous measurement-
based feedback control to assisting quantum computation. In chapter 4, we proposed the
PaQS protocol for steering states of remote qubits and applied this to generate the highly
symmetric multi-qubit Dicke and GHZ states. The symmetries appear to be essential to
guarantee the performance. It is interesting to ask what other entangled states could be
generated using PaQS? One good class of candidates is the cluster states. They have high
symmetries and are widely used in measurement-based quantum computing [169]. Choosing
the proper measurement operator with as low weight as possible may be a potential challenge
for this problem. Looking at the protocol from another perspective, a broader question can
also be asked—what are the possible states that can be generated from joint measurement
and local controls without any non-local Hamiltonian interactions, and with what fidelity
can they be generated? This is a hard theoretical question but it is very relevant if we want
to achieve large scale distributed quantum computation. Another interesting question for
PaQS is that while the PaQS protocol can be treated as a heuristic for finding pathways to
entangled states and provides local optimality, we do not currently know whether the PaQS
protocol is globally optimal in any situation. Motivating or showing global optimality from
PaQS is thus another useful direction to explore.

In chapters 5 and 6, we developed a practical continuous error correction scheme to
protect quantum computation from the noisy environment. Approaches to suppress the
decoherence are essential and critical for realization of a large-scale fault tolerant quantum
computer. In this thesis we demonstrated the effectiveness of our protocol against bit-flip
errors. The next step is to consider more realistic error channels like thermal noise. In fact,
this is a project we are currently working on. For this we again encode the qubits with
the three-qubit repetition code to do continuous error correction, but now we also add a
penalty Hamiltonian which separates the code spaces from the error subspaces. Promising
preliminary results have been produced. Another problem we need to address is how to
effectively protect the coherent evolution when we have strong noise. The bit-flip code
works in the limit tdetγ � 1 (See Eq. (6.30)). This leads to another on-going project in the
Whaley group, which is investigating how to use machine learning techniques to fully harness
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the information in the continuous signal and thereby possibly shorten the detection time.
Reducing the detection time is one way to raise the upper bound for the effectively correctable
error rate. Another way to combat the effects of noise is to employ larger encodings such
as the [[11, 1, 5]] code [170] or surface code [171], which encode more qubits at the cost of
measuring more stabilizers. Testing the performance of the double-threshold protocol using
these encodings is a good next step for this work.
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