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Abstract

Isoperimetric and Sobolev problems under various curvature assumptions
by

Fabio Ricci

Geometric inequalities are one of the main ways in which curvature controls the
analysis and geometry of a Riemannian manifold. Sobolev-type inequalities compare a
function with its derivatives and are closely connected to volume growth, heat flow, and
concentration phenomena. Isoperimetric inequalities compare the volume of a region
with the area of its boundary and give a geometric measure of how efficiently a space
encloses volume. In comparison geometry, such inequalities are often understood by
comparing a manifold or submanifold with a model space, such as Euclidean space, a
sphere, or a space form of constant curvature. This thesis studies two problems in this
direction: logarithmic Sobolev inequalities for submanifolds and comparison theorems for
isoperimetric profile functions. In both cases, the goal is to extend classical comparison
principles under weaker or more flexible curvature assumptions. The results are obtained
in joint work with Jihye Lee.

The first part of the thesis concerns logarithmic Sobolev inequalities for submanifolds.
Logarithmic Sobolev inequalities have been extensively studied in analysis, geometry, and
probability, beginning in Euclidean and Gaussian settings and later extending to Rieman-
nian manifolds and submanifolds. In the submanifold setting, these inequalities reflect
not only the behavior of a function and its gradient, but also the mean curvature of
the submanifold and the geometry of the ambient space. A pioneering result of Bren-
dle established a logarithmic Sobolev inequality for compact submanifolds, placing the

xii



classical Euclidean theory in a geometric framework. We extend this result to ambient
manifolds satisfying weaker curvature assumptions than those previously required. We
also prove a version under an asymptotic curvature condition, allowing the comparison
principle to persist under a controlled large-scale weakening of the hypothesis. As an
application, we obtain nonexistence results for closed minimal submanifolds in ambient
manifolds with Euclidean volume growth.

The second part of the thesis concerns isoperimetric comparison. The isoperimetric
problem asks for the least possible boundary area among regions of a prescribed volume.
A natural way to organize this problem is through the isoperimetric profile function,
which records this optimal boundary area for every volume. Explicit lower bounds for
the isoperimetric profile are isoperimetric inequalities, while comparison theorems for
the profile compare the geometry of a manifold with that of a model space. Classical
profile comparison theorems are known under pointwise Ricci curvature lower bounds.
We extend these comparison results to integral Ricci curvature bounds, where curvature
is controlled in an averaged sense rather than pointwise. The resulting estimates compare
the isoperimetric profile of the manifold with that of the corresponding model space, with
quantitative error terms measuring the deviation from the classical comparison setting.
When this deviation vanishes, the classical comparison theorems are recovered. We also
obtain corresponding results for the relative isoperimetric problem inside convex bodies.

Together, these results place both parts of the thesis within comparison geometry.
They show that fundamental Sobolev-type and isoperimetric inequalities continue to
hold under curvature hypotheses beyond the traditional settings. In the logarithmic
Sobolev problem, the curvature condition is adapted to the geometry of the submanifold
and admits an asymptotic version; in the isoperimetric-profile problem, pointwise Ricci
control is replaced by integral curvature control. Thus the thesis develops comparison

principles for geometric inequalities in broader curvature regimes.
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Chapter 1

Introduction

One of the most elegant themes in geometric analysis is the interplay between the under-
lying geometry of a space and the analytical objects defined upon it. This relationship
is made rigorous and quantitative through geometric inequalities. They relate quantities
such as volume, boundary area, gradients, entropy, and mean curvature, and they often
reveal how close a space is to a model geometry. A first model example is the classical
isoperimetric inequality in Euclidean space: if 2 C R™ is a bounded smooth domain,

then
09 > nwl/m |5

where w,, denotes the volume of the unit ball in R™, and equality holds precisely for balls.
This inequality says that balls enclose volume most efficiently. Although it is a geometric
statement, it has direct analytic consequences. Through the coarea formula, it leads to

Sobolev-type inequalities, such as

(/ |u\ﬁ da:) ' SCn/ |Vu| dz,

for suitable compactly supported functions u. Thus isoperimetric and Sobolev inequalities

are two expressions of the same general principle: geometry controls analysis.



Logarithmic Sobolev inequalities are another important member of this family. In
their simplest Euclidean form, they control the entropy of a function by its energy. For
instance, if f > 0 is smooth on R"™ and fRn f dx =1, then the sharp Euclidean logarithmic

Sobolev inequality can be written as

2
flog fdx < md:z:— n—{—ﬁlog(élﬁ) .
no f 2

Rr
The sharp constant is chosen so that equality is attained by the Gaussian density. While
these inequalities take their simplest form in flat space, they naturally extend to Rie-
mannian manifolds. In this setting, geometric inequalities reveal how the curvature of
a manifold influences its analysis. As a result, the basic entropy-energy comparison is
modified by the curvature of the ambient space, by volume growth, and, for submanifolds,
by the mean curvature.

On a Riemannian manifold, these inequalities are often comparison theorems. The
philosophy of comparison geometry is that a curvature assumption should allow one to
compare a given manifold with a model space such as Euclidean space, a round sphere,
or a simply connected space form of constant curvature. A fundamental example is the
Lévy-Gromov isoperimetric inequality. If (M", g) is closed and satisfies Ric, > (n—1)g,

then its normalized isoperimetric profile is bounded below by that of the round sphere:

hl(ﬁag) 2 hl(ﬁaQS")v ﬁ € (07 1) (11)
Here
109 . R (1] }
hi(6,g) = 1nf{— : 2 C M is a smooth domain with — = (.
(00 2]

This is a model comparison theorem: a Ricci curvature lower bound forces the isoperi-
metric behavior of M to be no worse than that of the corresponding sphere [35, 11].
Similar comparison principles appear throughout geometric analysis, relating curvature

assumptions to volume growth, heat kernel estimates, Sobolev inequalities, eigenvalue



estimates, and rigidity phenomena.
For the unnormalized isoperimetric problem, the main object is the isoperimetric

profile function. For a Riemannian manifold (M", g), define
ha(B, g) == inf {|0Q] : & C M is a smooth domain with |Q| = 5} . (1.2)
Thus an explicit lower bound

is an isoperimetric inequality. On the other hand, comparison theorems for the profile
compare hy(f3, g) with the corresponding profile of a model space. For example, if Ric >
(n—1)k, then the classical profile comparison theorem of Morgan—Johnson and Ni-Wang

gives

ha(B, 9) < ha(B, gk), (1.3)

where (M}, gx) is the simply connected space form of constant curvature & [59, 63]. The
direction of the comparison depends on the normalization and on the model being used,
but in each case the profile gives a quantitative way to compare the manifold with a
model geometry.

The thesis focuses on two problems in this comparison-geometric direction. The
first concerns logarithmic Sobolev inequalities for compact submanifolds of complete
non-compact ambient manifolds. In this setting, the curvature assumption is chosen
to reflect the dimension and codimension of the submanifold, rather than requiring full
non-negative sectional curvature of the ambient space. The precise condition is the
k-intermediate Ricci curvature condition, whose definition appears in (1.4) below; its
asymptotic version is formulated in (1.5) and (1.6). The second concerns comparison
theorems for the isoperimetric profile function under integral Ricci curvature bounds,

where the deviation from a pointwise Ricci lower bound is measured in an averaged



sense; see (1.10). These two directions are technically different, but they share the same
guiding idea: one seeks to preserve a model geometric inequality while replacing the
classical curvature hypothesis by a weaker or more flexible one. The results described in
this thesis are obtained in two joint works with Jihye Lee [54, 53].

We first discuss the logarithmic Sobolev side. Logarithmic Sobolev inequalities have
been studied extensively in analysis, geometry, and probability. They appeared in early
work of Stam [79] and Federbush [31], and Gross’s foundational work [36] placed them
in their modern form by relating them to hypercontractivity of semigroups; see also
[37]. Since then, they have become a central tool in concentration of measure, heat
kernel estimates, entropy methods, and geometric analysis [52, 65, 64]. In the Euclidean
setting, the logarithmic Sobolev inequality can be viewed as a sharp form of the principle
that entropy is controlled by energy, with equality governed by Gaussian functions.

For submanifolds, the inequality must also see the extrinsic geometry. The classical
Michael-Simon Sobolev inequality [58] shows that the usual Sobolev inequality on a
submanifold involves not only the gradient of a function, but also the mean curvature of
the submanifold. Ecker [30] established logarithmic Sobolev inequalities in the Euclidean
submanifold setting, and Brendle later proved a sharp logarithmic Sobolev inequality for
compact submanifolds of Euclidean space [16]. In one common normalization, Brendle’s
inequality says that if ¥ C R™" is compact without boundary and f > 0 is smooth,

then

/Zf<logf+n+glog(47r)> dv—/E|fo‘2dv—/zf|H|2 v

(Lde)log(/Zde),

where H is the mean curvature vector of Y. This formula is a useful model for the first

part of the thesis: the Euclidean logarithmic Sobolev inequality is modified by a mean

curvature term, and the goal is to understand what ambient curvature assumptions allow

4



the same structure to persist.

A major development behind several recent results is the use of the Alexandrov—
Bakelman—Pucci method. In its geometric form, the method starts from an auxiliary
elliptic equation and uses a contact set together with a Jacobian estimate for a naturally
defined map. The method was introduced into the Riemannian setting by Cabré [20, 19]
and was subsequently used in several geometric inequalities [87, 82]. Brendle’s work [14,
16] showed that this approach is especially effective for Sobolev and Michael-Simon type
inequalities on non-compact manifolds and for submanifolds in curved ambient spaces.
What makes the method well suited to comparison geometry is that curvature enters
through the control of a Jacobian along geodesics. Thus the method naturally leads to
the question of which curvature assumptions are actually needed for the relevant Jacobian
estimates.

For submanifolds of higher codimension, non-negative sectional curvature of the ambi-
ent space is a strong assumption. The geometry of the submanifold only samples certain
averages of sectional curvatures along directions determined by the tangent and normal
bundles. This points toward intermediate Ricci curvature, a family of curvature condi-
tions interpolating between sectional curvature and Ricci curvature. This notion goes
back to work of Wu [85] and has since played an important role in comparison geometry
and topology, including work of Shen [78], Guijarro and Wilhelm [39, 40, 38|, Reiser
and Wraith [71], and others. It also has a natural connection with optimal transport
through the formulation of Ketterer and Mondino [51]. From the point of view of geo-
metric inequalities, Ma and Wu [57] and Wang [81] showed that Brendle’s Sobolev and
Michael-Simon—Sobolev inequalities can be extended under suitable intermediate Ricci
curvature assumptions. One contribution of this thesis is to show that the logarithmic
Sobolev inequality fits into the same picture.

We also consider an asymptotic version of this curvature condition, defined precisely

below in (1.5) and (1.6). The general idea of asymptotically non-negative curvature is



that curvature may fail to be non-negative everywhere, but its failure is controlled at
large distances. This framework was developed for sectional curvature by Abresch [1]
and Kasue [49], and for Ricci curvature by Abresch—Gromoll [2] and Zhu [90]; see also
[70, 89]. It has proved useful because many comparison phenomena remain valid when
the curvature defect decays sufficiently fast. In the logarithmic Sobolev part of the the-
sis, we extend Brendle’s inequality from the classical sectional-curvature setting to an
intermediate Ricci curvature setting, and further to an asymptotically non-negative ver-
sion. This gives a logarithmic Sobolev comparison theorem whose curvature hypothesis
is adapted to the submanifold geometry and whose error terms record the large-scale
weakening of the curvature condition.

Let us now place the profile comparison (1.3) in its broader context. Classical profile
comparison theorems are based on pointwise curvature lower bounds. The Lévy—Gromov
inequality (1.1) compares the normalized isoperimetric profile of a manifold with positive
Ricci curvature to that of the round sphere [35, 11]. Morgan and Johnson proved (1.3)
by deriving a differential inequality for the isoperimetric profile [59]; related arguments
and refinements were developed by Bayle [8], Bayle-Rosales [9], and Ni-Wang [63], the
latter using viscosity methods. More recently, profile comparison has also been studied
in non-smooth settings with lower Ricci curvature bounds [5]. These results show that
the isoperimetric profile is not merely a way of organizing isoperimetric inequalities: it
is itself a geometric quantity governed by curvature comparison.

The second contribution of the thesis is to extend this profile-comparison viewpoint
to integral Ricci curvature bounds. Instead of requiring a pointwise lower bound Ric >
(n — 1)k, one measures the part of the Ricci curvature below the model value (n — 1)k
using the integral curvature defect defined later in (1.10). When this curvature defect
vanishes, the pointwise theory is recovered; when it is small but non-zero, the curvature
is controlled in an averaged sense. To put this in context, two foundational results

in comparison geometry are the Bishop—Gromov relative volume comparison and the



Laplacian comparison theorem. If Ric > (n — 1)k, then the volume ratio

vol B,.(x)
v(n, k,r)

is monotonically nonincreasing in 7,

where v(n, k,r) denotes the volume of a ball of radius 7 in the simply connected space

form of constant curvature k, and the Laplacian of the distance function satisfies

pointwise on M \ ({z} U Cut(x)),where sny is the standard comparison function defined
later in (3.6). These two results control volume doubling, precompactness, and heat
kernel estimates, and they underlie much of the structure theory of manifolds with lower
curvature bounds. A natural question is whether such comparison results persist when
the pointwise assumption Ric > (n — 1)k is replaced by an integral condition.

This program began with Gallot’s work on isoperimetric inequalities under integral
Ricci bounds [33] and was developed substantially by Petersen and Wei [66], who proved
that the Bishop—Gromov monotonicity survives in an approximate sense under L” curva-
ture conditions with p > n/2: the volume ratio is no longer monotone, but an appropriate
power of it is almost monotone, with an additive error controlled by the integral curva-
ture defect. Their work also established the mean curvature and Laplacian comparison
theorems in the integral setting, which provide the basic comparison tools. Further
developments include work of Petersen—Sprouse [67], Aubry [6], Chen—Wei [23], Dai-
Wei-Zhang [25], and Chahine [22]; related questions have also appeared in connection
with stability problems such as the positive mass theorem [4].

Integral curvature bounds are natural from the comparison-geometric point of view
because they separate the model comparison from the exact pointwise curvature condi-
tion. The price is that the classical monotonicity statements acquire error terms, and
these errors must be propagated through the differential inequalities that govern the

profile. In this thesis we prove comparison estimates for the isoperimetric profile un-



der integral Ricci curvature bounds in both non-positive and positive model-curvature
regimes. The estimates recover the Morgan—Johnson and Ni-Wang comparison (1.3)
when the integral curvature defect is zero, and in general they quantify the deviation
from the classical comparison in terms of the size of the curvature defect. We also obtain
corresponding relative isoperimetric profile comparisons for convex bodies.

The two parts of the thesis therefore fit into a single narrative. Both begin with a
classical geometric inequality that can be understood through comparison with a model
space. Both ask whether the comparison survives when the curvature hypothesis is
adjusted to a broader setting. In the logarithmic Sobolev problem, the adjustment is
to use curvature assumptions adapted to the codimension of the submanifold, including
an asymptotic version. In the isoperimetric-profile problem, the adjustment is to replace
pointwise Ricci control by integral control of the curvature defect. The common goal is to
enlarge the range of comparison geometry while retaining inequalities whose constants,

model terms, and error terms have clear geometric meaning.

1.0.1 Main Results

We now state the main results of this thesis. We begin with the results on logarithmic
Sobolev inequalities under intermediate Ricci curvature conditions, and then turn to the
comparison results for the isoperimetric profile function under integral Ricci curvature

bounds.

Logarithmic Sobolev inequality under intermediate Ricci curvature.

Let (M™™ g) be a complete non-compact Riemannian manifold of dimension n +m.
For 1 <k <n+4+m —1, given a k-dimensional subspace P C T, M at x € M and any
tangent vector v € T, M with v L P, the k-intermediate Ricci curvature with respect to

P in the direction of v is defined as

k
Ricy(P,v) := Z Sec(v, e;) |v|*, (1.4)
i=1
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where {ej,...,e,} is an orthonormal basis of P. When k = n + m — 1, this reduces to
the Ricci curvature, and when k& = 1, it reduces to the sectional curvature. The manifold
M is said to have asymptotically non-negative Ricy, if there exist a base point o € M and

a non-negative non-increasing continuous function A: [0, 00) — [0, 00) with
bo(A) := /Ooot)\(t) dt < oo, bi(A) := /OOO A(t) dt < oo, (1.5)
such that
Ric(P,v) > —k A(d(o,2)) |v]? (1.6)

for all appropriate P and v. When A = 0, this reduces to the usual non-negative Ricy
condition, and by = b; = 0.

We also use the Gaussian factor

P(t) = (47)~ " / e~ . (1.7)
Rntm

Our first main result extends Brendle’s logarithmic Sobolev inequality [14, 16] to this set-
ting. The choice k = min{n —1, m —1} is natural, as the codimension of the submanifold

determines the partial average of sectional curvatures entering the inequality.

Theorem 1.1 ([54])

Let M™™ be a complete, non-compact manifold of dimension n +m with asymptotically
non-negative Ricy and Euclidean volume growth, where & = min{n — 1, m — 1}. Assume
that >" is an n-dimensional compact submanifold without boundary. Then, for any

positive smooth function f, we have

/E f (log [+ log(P(4bin)6y) + g log(47) + n + 4b*n?

+ (n+m—1)log 1+ bo )dV(a:) /'Vf‘ dv — /f]H\ dv
¥

e2robi+bo

/de (log/f )V (x ) (1.8)




where 6, is the asymptotic volume ratio of M associated to the comparison function

determined by A, H is the mean curvature vector of ¥, and ro = max,ex d(o, x).

The additional terms involving by, by, and P(4b;n) quantify the effect of the asymp-
totic weakening of the curvature hypothesis in (1.6). When A = 0, these terms reduce
to the non-negative curvature case and 6, becomes the usual asymptotic volume ratio.

Setting A = 0 in Theorem 1.1 yields the following cleaner statement.

Corollary 1.2

Let M™™ be a complete, non-compact manifold of dimension n + m with Euclidean
volume growth and Ricy > 0, where kK = min{n — 1, m — 1}. Let X" be an n-dimensional
compact submanifold without boundary. Then, for any positive smooth function f, we

have

v/

/f(logf+n+—log(47r)+log9 dV / dv — /f|H| %

(/ de) log (/ de) (1.9)

where 6 is the asymptotic volume ratio of M and H is the mean curvature vector of X.

We believe the k-intermediate Ricci curvature condition may be optimal for this
inequality. Evidence for this comes from one of our corollaries, concerning the existence
of closed minimal submanifolds, which fails under the weaker assumption of mere non-
negative Ricci curvature. Determining the truly optimal curvature condition remains an

important open question.

Isoperimetric profile comparisons under integral Ricci curvature. We now turn
to isoperimetric profile comparisons. Let (M™, g) be a Riemannian manifold and let p(x)

denote the smallest eigenvalue of the Ricci tensor at x € M. Given k € R, we define the
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Ricci curvature defect and the integral Ricci curvature by
Ric® (z) := max{0, (n — 1)k — p(z)},

|[Rict || = </M(Rick(x))pdvol); . (1.10)

The condition HRicli ‘ {p = 0 is equivalent to the pointwise bound Ric > (n — 1)k. When
HRiclf ‘ ‘p is small but non-zero, the Ricci curvature is allowed to dip below (n — 1)k in a
controlled L? sense.

Recall the isoperimetric profile hy(5, g) from (1.2). Our comparison theorems relate
the profile of (M™, g) to that of the model space form (M7, gx) of constant curvature k.
We state two results: the first for £ < 0, including the non-compact case, and the second

for k > 0 under a diameter and smallness condition.

Theorem 1.3 ([53])
Let (M™, g) be a Riemannian manifold, p > % and k < 0 be given. When k = 0, assume

that diam(M) = d < oco. Then for any 3 € (0, |M|), we have

1

o)~ ) < (M5 2 k] ) %

+f(/87n7p7 k7d’ HR‘iCIi|‘p)7

where (M7, gx) is a complete simply connected space of constant curvature k and f =0

k

when ||Ric” || =0, recovering the classical comparison (1.3).

IR

Theorem 1.4 ([53])
Let (M™", g) be a Riemannian manifold, p > % and k£ > 0 be given. Assume additionally

that d := diam(M) < 5ur- Then there exists € > 0 such that if HRic’in < g, then for
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any 5 € (0,|M]), we have

—1)(2p—1 P oo
ha(B.9) = ha(B. gr) < (<” Qp)(f; )HRic’in) g

+ f(B,n,p, k,d, HRiC’in),

where (M}, gx) is a complete simply connected space of constant curvature k and f =0

k

when ||Ric® || = 0, recovering the classical comparison (1.3).

IR

These results highlight both the potential and the difficulty of working with integral
curvature bounds. Controlling curvature in the LP sense is significantly weaker than im-
posing pointwise conditions, and it introduces new technical challenges in the analysis of
volume comparison and isoperimetric inequalities. Our proofs build upon the Bishop—
Gromov volume comparison and Laplacian comparison results of Petersen and Wei [66],
whose additive error terms persist in our estimates. When the integral curvature term
vanishes, both theorems recover the classical pointwise comparison of Morgan and John-
son [59] and the viscosity-based results of Ni and Wang [63]. What is new is the ability
to quantify and control the error when the Ricci curvature defect in (1.10) is nonzero,
thereby extending the scope of these comparison theorems beyond the traditional point-
wise regime.

Together, Theorems 1.1-1.4 expand the range of comparison geometry for geometric
inequalities. They show that classical Sobolev-type and isoperimetric comparisons persist
under broader curvature regimes, with the effect of the weakened hypotheses measured

by explicit geometric and analytic quantities.

1.0.2 Overview of the thesis

The thesis is organized as follows.
In Chapter 2, we introduce the Alexandrov—Bakelman—Pucci (ABP) method in the

Riemannian setting. We discuss the construction of the transport map via a PDE in
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divergence form on a contact set, the associated matrix Riccati equation along geodesics,
and the resulting monotonicity formula for the Jacobian. We explain how this framework,
originally developed by Cabré [20, 19] and further advanced by Brendle [14], provides a
unified approach to Sobolev-type and isoperimetric inequalities on manifolds with cur-
vature bounds.

In the same chapter, we prove our Michael-Simon type logarithmic Sobolev inequal-
ity under intermediate Ricci curvature conditions. After introducing the necessary back-
ground on k-intermediate Ricci curvature and the asymptotically non-negative frame-
work, we present the proof of Theorem 1.1 and Corollary 1.2. We explain how the
monotonicity formula for the Jacobian of the transport map interacts with the interme-
diate curvature condition, discuss the role of the Euclidean volume growth assumption
and the optimality of the curvature condition, and derive several consequences of the
main inequality. The content of this chapter is based on [54].

In Chapter 3, we study the isoperimetric profile function under integral Ricci curva-
ture bounds. We begin by presenting basic properties of integral curvature conditions and
surveying the relevant comparison results, including the Bishop—Gromov volume compar-
ison and Laplacian comparison theorems of Petersen and Wei [66]. We then prove our
comparison theorems for the isoperimetric profile, Theorem 1.3 and Theorem 1.4, dis-
cussing the structure of the error terms, the role of the diameter assumption in the
positive curvature case, and the recovery of the classical comparison theorems when the

integral curvature vanishes. The content of this chapter is based on [53].
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Chapter 2

The ABP Method and the

Logarithmic Sobolev Inequality

The Alexandrov-Bakelman-Pucci (ABP) method is a PDE-based technique that has
proven remarkably effective for establishing a wide range of geometric inequalities, in-
cluding isoperimetric, Sobolev, logarithmic Sobolev, Michael-Simon, eigenvalue, and
Willmore-type inequalities, by reducing them to three analytical ingredients: a suitable
elliptic equation, a surjectivity argument for the induced gradient map, and a pointwise
Jacobian bound via the arithmetic-geometric mean inequality. For a comprehensive sur-
vey of the method and its geometric applications, see Brendle [13]. In this chapter, we
present the method first in its Euclidean setting, where the key ideas can be seen most
clearly and without the additional technicalities introduced by curvature, and then de-
scribe its extension to Riemannian manifolds. We begin with the classical isoperimetric
inequality, discuss the Sobolev and logarithmic Sobolev inequalities, and give a detailed
ABP proof of the global logarithmic Sobolev inequality on R"™, which serves as the model
for the curved setting. We then survey the manifold ABP framework and the results it has
produced, and finally present the full proof of our main result [54]: the sharp logarithmic

Sobolev inequality for submanifolds under asymptotically non-negative k-intermediate
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Ricci curvature.

2.1 The ABP Method in Euclidean Space

2.1.1 The Classical Isoperimetric Inequality

We present a proof of the classical isoperimetric inequality in R™ using the ABP method,
following the approach introduced by Cabré [20, 19] and later surveyed by Brendle [14].
This method, which relies only on the existence and regularity theory for linear elliptic
PDEs, serves as the analytical foundation for the results developed in subsequent sections.
We emphasize the structure of the proof, particularly the surjectivity of the gradient map
on the contact set, as this step is precisely where curvature enters in the Riemannian

generalization.

Theorem 2.1 (Classical isoperimetric inequality)

Let © € R™ be a bounded smooth domain. Then
109" > n"w, |Q|n*1 ,

where w,, = | B"| denotes the volume of the unit ball in R”. Equality holds if and only if
2 is a ball.

The proof proceeds in several steps. We first set up an auxiliary Neumann problem,
then analyze the gradient map on a natural contact set, and finally combine a surjectivity

argument with the arithmetic-geometric mean inequality.

The Neumann problem. Set ¢ = %—Qﬂ and consider the Neumann problem
0
Au=c in§, 8—1: =1 on 09, (2.1)

where v denotes the outward-pointing unit normal to 0€2. The compatibility condition
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for solvability of (2.1) requires

/Auda::/ @dS,
Q o0 OV

which, by our choice of ¢, reduces to ¢ |2 = [092|. This is satisfied by construction, and
classical elliptic regularity theory [34] guarantees the existence of a smooth solution u,

unique up to an additive constant.

The contact set. We define the lower contact set of u by
I ={ze€Q:uly) >u(z)+p-(y—x) for some p € R" and all y € Q}.

At any interior point x € I'" N, the supporting hyperplane condition forces Vu(z) = p
and D?*u(x) > 0, i.e., the Hessian is non-negative definite. The contact set is thus the
locus where the graph of u is touched from below by an affine function, and the gradient

map ¢: z — Vu(z) is well-defined on it.

Remark 2.1. The contact set plays a role analogous to that of the subdifferential in convex
analysis. On I'™ N ), the function u is “locally convex” in the sense that its Hessian is
non-negative definite. This is the key structural feature that makes the AM-GM estimate

in Lemma 2.3 below possible.

The following surjectivity result is the heart of the proof. It shows that the gradient

map on the contact set captures at least the open unit ball.

Lemma 2.2 (Surjectivity of the gradient map)
Let u be a solution of (2.1). Then B;(0) C Vu(I'" N Q).

Proof. Let e € R™ with |e| < 1. Consider the function ¢(x) = u(z) — e -z on Q. Since
Q is compact, ¢ attains its minimum at some point z, € Q. We claim that z € €, i.e.,
the minimum is attained in the interior.

Suppose for contradiction that zo € 9€2. Then the outward normal derivative of ¢ at
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o must satisfy

On the other hand,

) )
a—f(xo) - 8—3(%) —evlmg) =1—e-v(xg) >1—|e| >0,

which is a contradiction. Therefore zg € €.
Since ¢ is an interior minimizer, we have Vip(zo) = 0, i.e., Vu(xy) = e. Moreover,
for all y € ,

u(y) —e-y=p(y) > ¢(xo) = ulxo) — € - 20,

which gives u(y) > u(zg) + e (y — xo). This means o € I'" N Q with p = e. Since e was
an arbitrary point in By (0), we conclude that B;(0) C Vu(I'" N Q).

]

Remark 2.2. Lemma 2.2 is the most delicate step to in the manifold setting. The proof
relies on two ingredients: the Neumann boundary condition % = 1, which prevents the
minimum from being attained on the boundary, and the flatness of R™, which ensures
that the affine function e - x is globally well-defined and compatible with the supporting
hyperplane construction.

When one moves to a Riemannian manifold (M™, g), the role of the affine function e-x
is replaced by the distance function or, more precisely, by geodesic-based constructions.
In Brendle’s work [14], the gradient map Vu is replaced by a map ® defined using the
exponential map, and the surjectivity of ® onto a suitable region relies on analyzing a
matrix Riccati equation along geodesics. It is in this Riccati analysis that the curvature

of the manifold enters: non-negative sectional (or intermediate Ricci) curvature provides

the monotonicity estimates needed to control the Jacobian of ®.

The second ingredient is the pointwise Jacobian estimate on the contact set.

Lemma 2.3 (AM-GM estimate on the contact set)
17



At any point x € I'" N2, we have

det D*u(z) < (ﬁ) ! :

where ¢ = %.

Proof. At x € T~ N, the Hessian D?*u(x) is non-negative definite. Let A\y,..., A\, >0
be its eigenvalues. Since Au(z) = ¢, we have A; +- - -+ \,, = ¢. The arithmetic-geometric

mean inequality gives

n n

Remark 2.3. In the Riemannian setting, the AM-GM inequality is replaced by a more
refined Jacobian estimate that accounts for the curvature of the manifold. The Lapla-
cian condition Au = ¢ becomes a divergence-form equation, and the eigenvalue bound is
obtained through a monotonicity formula for the Jacobian of the transport map along
geodesics. The curvature of the manifold contributes additional terms to this monotonic-
ity formula via the Riccati equation, and the sign of these terms is controlled by the

assumed curvature condition.

We are now in a position to complete the proof of the isoperimetric inequality.

Proof of Theorem 2.1. By Lemma 2.2, B;(0) C Vu(I'" N Q). The area formula (change
of variables for Vu) gives

| By | g/ det D*u dz.
r-nQ

Applying the pointwise estimate of Lemma 2.3 and using the fact that '™ N Q C Q, we

obtain

Substituting ¢ = |092] / |€?| yields

Lo Jo” 0l = 09"
"= | ne Q"
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which is equivalent to [9Q|" > n"w, |Q* "
Equality is achieved when 2 is a ball Bg: since |0Bg| = nw,R"* and |Bgr| = w, R",
one verifies directly that [0Bg|" = n"w, |Bg|" "

Conversely, suppose that equality holds in the isoperimetric inequality, that is,
109" = n"w, \Q\"fl :
Recall that the proof established the chain of inequalities
Av\" |09 |09
|B;| < / det D*vdx < / (—) dr = ( ) T < ( |Q| (2.2)
. L\ 7 € v
If the isoperimetric inequality is an equality, then

_ (199 \"

so all four quantities in (2.2) must coincide. The last inequality becoming an equality
forces the contact set to have full measure: |T',| = |Q].

Equality in the arithmetic-geometric mean inequality, applied to the eigenvalues of
D?v(z) at each point of T, forces all eigenvalues to be equal. Since Av = [99Q] /|] is

constant, writing ¢ = |0€2| /(n |$2]) gives
D*v(z) =clI  for every x € I,
Since T', has full measure in Q and v € C*7(Q2), continuity extends this to all of €
D*vw=cl throughout €.
It follows that v must be a quadratic,

c
— |z —zo|° +a,

v(z) = 5

for some point z; € R™ and constant a € R, with gradient Vo(z) = ¢(z — x). The
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surjectivity established earlier, B; C Vu(I',), now reads
By C (2 — zy),
which gives 2 2 By .(x0). On the other hand, the condition |Vo| <1 on I', yields
cle —xo| <1 for a.e. x € Q,
so ) C m. Combining these two inclusions,
Q = By)c(w0) = Br(wo), R=-=——

so 2 is a ball (see [18]).
[l

Remark 2.4. We close this subsection by highlighting the duality between the ABP ap-
proach and optimal transport as pointed in [14] and [13]. In the optimal transport proof
of the isoperimetric inequality (see, e.g., [24]), one solves the Monge-Ampere equation
det D?*u = 1 for a convex function u and concludes Au > n by AM-GM. In the ABP
approach, the logic is reversed: one solves Au = ¢ and concludes det D*>u < (¢/n)™ on
the contact set by AM-GM. Both approaches yield the isoperimetric inequality, but the
ABP method has the advantage of requiring only linear PDE theory. This makes it more
amenable to generalization to curved settings, where the Monge-Ampere approach faces

additional difficulties.

2.1.2 The Sobolev and Logarithmic Sobolev Inequalities

The isoperimetric inequality (Theorem 2.1) admits a natural functional extension. Rather
than comparing the volume and perimeter of a domain directly, one can ask for an in-

equality involving a test function f and its gradient. This leads to the Sobolev inequality.

Theorem 2.4 (Sobolev inequality in R")
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Let D be a compact domain in R™ with smooth boundary. Let f be a smooth positive

function on D. Then

/D|Vf|+/an2n B (/Df>

where B™ denotes the open unit ball in R".

Choosing f = 1 in Theorem 2.4 reduces the left-hand side to |0D| and the right-hand
side to n |B"[Y™ |D|"""Y/" o the isoperimetric inequality is recovered as a special case.
Conversely, the Sobolev inequality can be proved using the coarea formula together with
the isoperimetric inequality applied to level sets of f. This equivalence is classical and
we omit the details.

What is more relevant for us is that the Sobolev inequality also admits a direct proof
via the ABP method. The argument parallels the one given for Theorem 2.1: the Laplace
equation Au = c¢ is replaced by a weighted divergence-form equation div(fVu) = RHS
with the same Neumann condition (Vu,r) = 1 on 0D, and the surjectivity and AM-GM
steps carry through with minor modifications. We refer to Cabré [19] and Brendle [14]
for the complete argument.

Beyond the Sobolev inequality, there is a logarithmic variant that plays a central role
in this thesis. Logarithmic Sobolev inequalities control the entropy of a function in terms
of its energy, and they arise naturally in the study of concentration of measure, heat
kernel estimates, and information theory (see Chapter 1 for a broader discussion). In the

Euclidean submanifold setting, the sharp result is due to Brendle [16].

Theorem 2.5 (Logarithmic Sobolev inequality in R™*™ Brendle [16])
Let X be a compact n-dimensional submanifold of R"* without boundary. Let f be a

positive smooth function on . Then

[ 5 (o n s roson) ~ [ 5[ pap< ([ 1) ([ ).
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where H denotes the mean curvature vector of X.

Remark 2.5. By the substitution f = (47r)_”/26_|’”‘2/4 ¢, Theorem 2.5 can be recast as
an inequality with respect to the Gaussian measure dy = (47)~"/ 2e=121*/4 dyol on Y, in
which the submanifold geometry enters through the shifted mean curvature H + %xL. In
this form it sharpens Ecker’s logarithmic Sobolev inequality for submanifolds [30] and

connects to the classical inequality of Gross [36] for the Gaussian measure on R”.

The proof of Theorem 2.5 again fits into the ABP scheme, though the PDE and the
geometry of the transport map are more involved. Since 3 has no boundary, there is no

Neumann condition; instead, the divergence-form equation

ik

; — fIH? on¥

divg(f Vu) = flog f —

is solvable by the Fredholm alternative (the right-hand side integrates to zero by the
normalization assumption). The gradient map Vu is then lifted to a map ¢ from a
subset of the normal bundle of ¥ into R™*™, defined using the ambient exponential map,
and the surjectivity and Jacobian estimates proceed as before. See [16, 14] for the full
details.

In the next subsection, we give a detailed proof of the global logarithmic Sobolev
inequality on R™ (Theorem 2.6 below), following Wang, Xia, and Zhang [80]. This
inequality is distinct from Theorem 2.5, which concerns compact submanifolds: it applies
to the non-compact setting > = R" without boundary and involves a Gaussian weight
rather than a boundary term. Nevertheless, the proof shares the same ABP architecture,
an elliptic PDE, a surjectivity argument on a contact set, and an AM-GM Jacobian

bound and it is the first application of this technique in a non-compact setting.
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2.1.3 The Global Logarithmic Sobolev Inequality in R"

We now present a complete ABP-based proof of the classical global logarithmic Sobolev

inequality on R"™ using the ABP method.

Theorem 2.6 (Euclidean logarithmic Sobolev inequality)

Let f > 0 be a smooth function on R™ with fR" fdxr =1. Then

IV f|°

n

Flog fdz < / dr — (n + g log(47r)) . (2.3)

Rn
Without the normalization [ f = 1, the inequality takes the following equivalent
form: for any f > 0 with 0 < fR" fdx < o0,
flog fdx — f dxlog fdx < / w dr — (n + n log(47r)) fdx. (2.4)
R7 R7 R™ no 2 R7
Indeed, setting M = [ fdx and f = f/M and applying (2.3) to f yields (2.4) after
multiplying through by M.
Both formulations are equivalent to the Gaussian logarithmic Sobolev inequality.
We define the Gaussian probability measure on R™ by dy = v(x)dz, where v(x) =

(47) /2 Iel*/4,

Corollary 2.7 (Gaussian form)

For any ¢ > 0 with [, ¢dy =1,

Vol
/ gploggpdvg/ | ;0| d. (2.5)

Proof. Given ¢ > 0 with [pdy =1, set f = ¢~. Then [ fdx =1 and

Vf=7<V<p—g90),

so that

2k Vo — 2op|? Vol 2
f P @ 4
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Also,
||

n i
flog f =@~ (logy+logy) = pvylogp + @y (—§1og(47r) - T) :

2
Substituting into (2.3), the %(p terms cancel. For the remaining cross term, we integrate

by parts:
, . . o
— | x-Vedy= ¢ div,(x)dy, where div,(z)=div(z)+2-Vlogy=n— -
All extra terms cancel, yielding (2.5). O

Remark 2.6. The sharp constant n + 5 log(4m) in (2.3) is precisely the entropy—Fisher
information gap evaluated at the Gaussian density ~:

V|
"

n—i-glog(élﬁ):/ dx—/ ~vlog~y dzx.

In other words, the Gaussian saturates the inequality. The clean form (2.5), free of any
explicit constant, reflects that the Gaussian measure is the natural background for the

logarithmic Sobolev inequality: the constant has been absorbed into the measure.

Reduction to a PDE problem

We now describe the ABP proof of Theorem 2.6. Assume fRn fdx =1 and suppose we

can find a function u: R” — R and a constant « satisfying:

() (PDE) div(/Vu) = flog f — VI o
= gf 7 +af inR",

(ii) (Growth) % — 400 as |z| = oo,
T

(i) (Divergence-free) div(fVu)dx = 0.
R

Integrating the PDE over R™ and using the divergence-free condition gives

2
0= flogfdx—/ @dw—ka,

Rn
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so that

a:/n@dx—/nflogfda:. (2.6)

Thus the logarithmic Sobolev inequality (2.3) is equivalent to the lower bound
n
a>n+ B log(4m). (2.7)

The main difficulty in the non-compact setting is the existence of a solution (u, )
satisfying all three conditions. The key observation, due to Wang, Xia, and Zhang [80],

is that the Gaussian density provides a canonical solution to the PDE.

Lemma 2.8 (The Gaussian extremizer)
Let fo(x) = (47?)*”/26*”'2/4, up(z) =1 z|?, and ap = n+ 5 log(4m). Then (ug, ap) solves

the PDE, satisfies the growth and divergence-free conditions.

Proof. We have Vuy = x and Aug = n. Also log fy = —F log(4m) — %, so Vlog fo = —3
and V fo = —3 fo, giving lvf# = %fo. The left-hand side of the PDE is

jaf*

2
div(foVuo) = div(foz) = Vo 2+ fo div(z) = =5~ fo+nfo = (n - ﬁ) fo

The right-hand side is

fotog fo— L oty = (= Zrogam - LY o 2L fy 4 (0 2 logiam) 5
0108 Jo A Qo Jo = oglam 1 0 40 n 208;77 0

Both sides agree. The growth condition is immediate since ug(z)/ || = |x| /2 — oo. For

the divergence-free condition,
: || 1 5 1
div(foVug) do = n— - | fode =n— SE[XP]=n—5(2n) =0,

since fo is the density of M/(0,21) and thus E[|X|*] = 2n. O
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Using this canonical solution, one perturbs f by setting f. = ﬁ( f+efo) fore > 0 and
solves the PDE for f. by writing u = ug + w, where w satisfies a linear elliptic equation
with bounded coefficients. The existence of w and the verification of the growth and
divergence-free conditions are carried out in detail in [80, Section 2]. For our purposes,
we take the existence of (uc, a.) as given and focus on the ABP argument that yields the

lower bound (2.7).

The ABP argument

Assume (u, ) satisfies conditions (i)—(iii) above for some f > 0 with [ f = 1. We define

the contact set and the gradient map as follows.

Definition 2.1. The contact set of v is U = {x € R": D*>u(x) > 0}, and the gradient

map is : R" — R™ defined by ®(z) = Vu(x).

Lemma 2.9 (Surjectivity)
We have &(U) = R™.

Proof. Fix £ € R™ and consider ¢(z) = u(z)—&-x. The growth condition u(z)/ |z| — 400
ensures that ¢(z) — 400 as || — o0, so ¢ attains a global minimum at some z € R".
At this minimizer, Vq(z) = 0 gives Vu(z) = £, and D?q(z) > 0 gives D?u(z) > 0, so
z€Uand () =¢. O
Remark 2.7. In contrast to the isoperimetric case (Lemma 2.2), where surjectivity onto
the unit ball B; was achieved using the Neumann condition % = 1 to prevent the
minimum from reaching the boundary, here the domain is all of R™ and there is no
boundary. Instead, the superlinear growth of u ensures that ¢(x) — +oo at infinity,
guaranteeing a global interior minimizer. This is precisely the role of the growth condition
(ii).

The next step is to obtain a pointwise bound on the Jacobian det D?u on the contact

set.
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Lemma 2.10 (Jacobian bound)

On the contact set U, we have
eIV det D2u < fem. (2.8)
Proof. Expanding the PDE div(fVu) = fAu+ V f - Vu and dividing by f gives

2
Au+v7f-Vu:logf— |ij;|

+ «

Rearranging,

Au=1log f—|Vieg f|* +a— Vlog f - Vu.

We complete the square: setting A = Vlog f and B = Vu,
—|AP—A-B=—|A+iB?+ 1B <1 B,
so that
1 2
Au<logf+a+ 1 |Vu|”. (2.9)

On U, the Hessian D?u is non-negative definite with eigenvalues \{, ..., \, > 0 satisfying

AL+ -+ A\, = Au. By the AM-GM inequality,

n A'U,n
detD*’u=||N<|=—) .
o le ()

i=1
Since logt < t — 1 applied with ¢t = Au/n gives (%)n < eAvn we obtain det D?*u <

eAv=" Combining with (2.9),
1 2
Au—nglogf—i—a—n—kﬂvm ,

and therefore

1 2 1 2
e~ 1IVU” det Dy < emalVul eBumn < o, O

Proof of Theorem 2.6. We carry out the proof for f. = %ﬁ(f—l—afo) and pass to the limit
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at the end. Let (u., o) be the solution provided by [80, Proposition 2.2]. By Lemma 2.9,

®(U) = R™. Using the area formula and Lemma 2.10,

1 = (471)_”/2/ e 16P/4 gg

< (47r)_"/2/ e~ IVu@I*/4 qet D?u(x) dx
U

< (4#)"/2/Uf€(x) e "dx

< (4m) M2 e fedx
Rn

= (4m) e,

In the first inequality, we used ®(U) = R™ together with the change of variables { =

Vu(zx). It follows that e®~™ > (47)"/2 i.e.,
n
a. >n+ 3 log(4m).

By the identity (2.6) applied to f. and the divergence-free condition, this gives the loga-
rithmic Sobolev inequality for f.. Passing to the limit € — 0 by dominated convergence

yields (2.3) for f. O

Remark 2.8. The proof exhibits the same three-step structure as the isoperimetric case:
an appropriate elliptic PDE, a surjectivity lemma for the gradient map, and a pointwise
Jacobian bound via AM-GM. The key differences in the non-compact setting are: the
surjectivity relies on superlinear growth of u rather than a Neumann boundary condition,

and the Jacobian bound involves an additional Gaussian weight e~IVu/*/4

arising from the
completing-the-square step. This Gaussian weight is what connects the ABP proof to

the Gaussian measure and explains why the sharp constant involves log(4m).
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2.1.4 Brendle’s Logarithmic Sobolev Inequality for Submani-

folds

In this subsection we describe the proof of the sharp logarithmic Sobolev inequality for
compact submanifolds of Euclidean space (Theorem 2.5), due to Brendle [16]. While the
global logarithmic Sobolev inequality on R™ proved in the previous subsection involves a
single gradient map ® = Vu: R® — R", the submanifold case requires a richer construc-
tion: the map & is defined on the total space of the normal bundle of ¥ and takes values
in the full ambient space R™*. This is the same construction that, when adapted to
curved ambient spaces, yields the results described in our work [54] and the subsequent

developments surveyed in Section 2.2.

Setup. Let X" C R™"™ be a compact connected submanifold without boundary, with
second fundamental form II and mean curvature vector H. Let f > 0 be smooth on .

By scaling, one may assume

2
/Zflogfdvol—/2|vff| dvol—/2f|H|2 dvol = 0. (2.10)

Since ¥ is compact and connected, the operator u +— divs(fVu) has one-dimensional
kernel (the constants) and cokernel. The normalization (2.10) ensures that the right-hand

side

2
divs(fVu) = flog f — A7 flH? (2.11)

f

integrates to zero, so a smooth solution u exists by the Fredholm alternative.

The normal bundle map. The key departure from the codimension-zero case is the
definition of the transport map. Omne considers the total space of the normal bundle

U= {(:E,y) A<D YN TS TJ}E} and defines a map ®: U — R"™™ by

O(z,y) = Vu(r) +y.
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Since Vu(z) € T, and y € T-Y are orthogonal, we have |®(z, y)|> = |Vu(z)|* + |y|*.

The contact set is defined as
A= {(z,y) €U : Diu(x) — (Il(z),y) > 0},

where (II(z),y) denotes the symmetric bilinear form (&,n) — (II(¢,7n),y) and the in-

equality means non-negative definiteness.

Remark 2.9. When m = 0 (the codimension-zero case), the normal bundle is trivial,
y =0, H=0, and A reduces to {x € R" : D?>u(x) > 0}, which is the contact set U from
Definition 2.1. For m > 1, the condition DZu(z) — (II(z),y) > 0 couples the intrinsic

Hessian of v with the extrinsic geometry of ¥ through the second fundamental form.

The three main lemmas of the proof mirror the three steps of the codimension-zero
argument—surjectivity, Jacobian computation, and Jacobian bound—but now adapted

to the normal bundle setting.

Lemma 2.11 (Surjectivity, [16, Lemma 3])
O(A) = R*™,

The proof is short and elegant. Given £ € R"*", one minimizes the function w(z) =
u(z) — (z,€) over the compact manifold 3. At a minimizer Z, the first-order condition
Vw(z) = 0 gives Vu(z) = &7 (the tangential component), so & = Vu(Z) + § where
y =&+ € TY. The second-order condition Dw(z) > 0 yields Diu(z) — (I1(z),£) > 0,
and since (I1(z), &) = (II(Z), y) (the tangential part of & does not contribute), this shows
(z,y) € A with ®(z,7y) = &.

Remark 2.10. In the isoperimetric proof (Lemma 2.2), surjectivity onto B; was achieved
by the Neumann boundary condition. In the global log-Sobolev proof (Lemma 2.9),
surjectivity onto all of R™ was achieved by superlinear growth of u. Here, surjectivity
onto all of R"*™ is achieved by the compactness of ¥J: a continuous function on a compact

set always attains its minimum, and the decomposition £ = £ + ¢+ into tangential and
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normal components does the rest. The normal directions are “free,” in the sense that the
map @ is automatically surjective in the fiber directions—it is the tangential surjectivity

that requires the contact set argument.

Lemma 2.12 (Jacobian formula, [16, Lemma 4])

For each (z,y) € U,
det D®(z,y) = det (Diu(z) — (1I(z),y)) .

This follows from the block structure of D®: the tangential-to-tangential block is
D%u(x) — (II(x),y), the normal-to-normal block is the identity, and the off-diagonal

blocks cancel. In particular, on the contact set A, the Jacobian is nonnegative.

Lemma 2.13 (Jacobian bound, [16, Lemma 5])

For each (z,y) € A,

_e(zw))? _2H@)+yl%
4

0<e 1 detDP(x,y) < f(z)e " (2.12)

The proof follows the same completing-the-square strategy as in Lemma 2.10. Divid-

ing the PDE (2.11) by f and rearranging gives
Asu— (H,y) =log f — ]Vglogf]2 +a—Vylog f-Vsu— (H,y),

where the right-hand side is bounded above by log f + 1(|Vul> + [y*) — L |2H + y|?
after completing the square. The AM-GM inequality det B < e =" for the nonnegative

definite matrix B = D%u — (I, y) (whose trace is Axu — (H,y)) then yields the bound.

Proof of Theorem 2.5. The three lemmas are combined through the area formula
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applied to ®: U — R™™:

2
1 = (47)" % / e de
Rn+m

< (47)" " /Z ( /T Lze—‘“ﬁ”' ldet D®(x, )| 1a(z, ) dy) dvol(z)

< (4m) 5" /Z f(x) ( /T lze_W_”dy) dvol(z).

The inner integral over the m-dimensional normal fiber is a Gaussian integral:

2
/ LI dy = (4r)™/2,
TS

since the integrand is a Gaussian centered at —2H (z) with covariance 21,,, and a Gaussian

integral is invariant under translation. This cancels the (47)~™/2 factor, leaving

1< (4m)™™/2 e"/ f dvol,
s

which gives n + % log(4m) < log [, f dvol. Combined with the normalization (2.10), this
yields Theorem 2.5.

Remark 2.11. Several features of this proof are worth highlighting, as they reappear in

the Riemannian setting:

(i) The map ®(z,y) = Vu(x) + y uses the ambient Euclidean structure to combine
tangential and normal components. On a Riemannian manifold, this is replaced by
O(z,y) = exp,(Vu(zr) + y), where the exponential map of the ambient manifold
provides the nonlinear analogue. The Jacobian of ® then involves the Jacobian of

the exponential map, which is controlled by the curvature of the ambient space.

(ii) The Gaussian integral over the normal fiber produces the factor (47)™/? that ab-
sorbs the codimension. On a manifold with nonnegative sectional curvature, the
Bishop-Gromov inequality Jacexp, < 1 ensures that the normal fiber integral is

bounded above by the Euclidean value, so the same cancellation occurs.
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(iii) The contact set condition DZu — (II,y) > 0 couples the PDE (through DZu) with
the extrinsic geometry (through II). On a curved manifold, the Hessian comparison
from Lemma 2.14 provides an additional correction to this condition, and the k-

intermediate Ricci curvature enters through the bounds on the partial traces of

D2(d2/2).

2.2 The ABP Method on Riemannian Manifolds

The Euclidean proofs presented in the previous section rely on the flatness of the ambient
space in two essential ways: the affine functions e - x used in the surjectivity argument
are globally well-defined, and the Hessian of the squared distance function |z|* /2 is the
identity. On a Riemannian manifold, neither of these holds, and the ABP method must be
reformulated. The key idea, due to Cabré [20], is to replace affine functions by concave
paraboloids built from the squared Riemannian distance. We begin by describing this

construction, as it motivates all subsequent developments.

2.2.1 The manifold contact set

Let (M", g) be a complete Riemannian manifold with nonnegative sectional curvature.
The starting point is the following Hessian comparison, which is a consequence of the

Rauch comparison theorem.

Lemma 2.14 (Hessian comparison, see e.g. [20, Lemma 3.1))
Let (M™,g) be a complete Riemannian manifold with nonnegative sectional curvature.

For any y € M and any x ¢ Cut(y),

2
D’ (%) ()66 <[} forall € € T,

where d, = d(-,y) denotes the Riemannian distance to y.
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In R", the squared distance function |x — y|2 /2 has Hessian equal to the identity, so
Lemma 2.14 says that nonnegative sectional curvature makes the squared distance less
convex than in the flat case. This is precisely the bound needed to control the Jacobian
of the transport map.

In the Euclidean ABP argument (Subsection 2.1.1), the contact set I'~ consists of
points where the graph of u is touched from below by an affine function a +e-x. On a
manifold, there are no global affine functions, but for each y € M the function C' — dfj /2
serves as a “concave paraboloid” that plays the same role. Given a function v on M and

a parameter R > 0, one considers for each y € B the function

d(z,y)?
2 )

wy(z) = R*u(z) +

which is the sum of the rescaled solution and the squared distance. Minimizing w, over
a suitable ball produces a contact point x at which the paraboloid C' — d; /2 touches R?u
from below. The following result, which is the heart of Cabré’s approach, shows that
the transport map defined via the exponential map is surjective, and that its Jacobian is

controlled by the operator applied to u.

Lemma 2.15 (Cabré [20, Lemma 4.1])
Let u be a smooth function on Byp satisfying v > 0 in Brg \ Bsg and infp,, u < 1. Define

the map ¢: B;g — M by
¢(2) = exp, V(R™u)(z).

Then:

(i) For every y € Bp, there exists © € Bsp with u(z) < 6 such that w, attains its

minimum at z and
y = exp, V(R*u)(z). (2.13)

In particular, Br C ¢({u < 6} N Bsg).
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(ii) The area formula and the Jacobian bound yield
1 n
|Br| < / JacgpdV < — {(n"R’Lu+ Cy),}" dV,
{u<6}NBsg Co J{u<6}NBsr
where L = tr(D?u o A) is a uniformly elliptic operator with ellipticity constants

Co, Co.

The identity (2.13) is the manifold analogue of the Euclidean relation y = x+ R*Vu(x)
that appeared in Lemma 2.2: the linear shift x — x+p is replaced by the exponential map
x +— exp,(p). The Jacobian bound in (ii) is obtained by combining Lemma 2.14 with the
AM-GM inequality (as in Lemma 2.3) and the Bishop—Gromov inequality Jacexp, (§) <

1, which holds under nonnegative Ricci curvature. The factorization

d2
Jac ¢(z) = Jacexp,(Vv(x)) - |det D? (v + gy) (x)

(where v = R*u and y = ¢(z)) makes the role of the Hessian comparison transparent:
the matrix D*(v + d2/2)(z) is nonnegative definite at the contact point, and its trace is

bounded by R%Lu(z) + Cy thanks to Lemma 2.14.

Remark 2.12. In the Euclidean case, d?/2 = |z — y|? /2 has Hessian equal to the identity,
so D*(v +d;/2) = D*v +1d, and the contact condition reduces to D*v > —Id, which is
the usual notion of semiconvexity. On a general manifold, the contact condition involves
the full Hessian D*(v 4 d;/2), and the curvature enters through the bound on D*(d;/2).
This is the fundamental reason why the ABP method on manifolds requires curvature

hypotheses.

2.2.2 Survey of results

Cabré’s foundational work [20] used the contact set construction described above to
prove a global Krylov—Safonov Harnack inequality for nondivergent elliptic operators

on manifolds with nonnegative sectional curvature. Wang and Zhang [82] subsequently
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extended the ABP estimate to manifolds with a Ricci curvature lower bound, and Xia and
Zhang [87] applied the manifold ABP framework to prove the Heintze—Karcher inequality
and new Minkowski-type inequalities. In a different direction, Cabré, Ros-Oton, and
Serra [21] used ABP in convex cones of R™ to establish sharp weighted isoperimetric

inequalities with a natural class of homogeneous weights.

Brendle’s results on manifolds. The results surveyed in Section 2.1 all concern sub-
manifolds of Euclidean space. The passage to curved ambient spaces was accomplished
by Brendle [14], who proved a sharp Sobolev inequality on complete non-compact mani-
folds with nonnegative Ricci curvature, depending on the asymptotic volume ratio, and
a sharp Michael-Simon inequality for submanifolds in manifolds with nonnegative sec-
tional curvature. Earlier, Brendle [15] had used the same technique to resolve a conjecture
of Almgren by proving the sharp isoperimetric inequality for minimal submanifolds of
R™™ of codimension at most two. An alternative proof of the Michael-Simon—Sobolev
inequality via optimal transport was given by Brendle and Eichmair [17]. Agostiniani, Fo-
gagnolo, and Mazzieri [3] independently obtained sharp geometric inequalities for closed
hypersurfaces in manifolds with nonnegative Ricci curvature using nonlinear potential
theory; Brendle’s ABP method later provided an alternative proof of their main result.

The ABP framework for geometric inequalities is surveyed comprehensively in [13].

Intermediate Ricci curvature. For submanifolds of codimension m > 2, Bren-
dle’s Michael-Simon inequality requires nonnegative sectional curvature, which is strictly
stronger than nonnegative Ricci curvature. A natural question is whether this can be
relaxed to a condition adapted to the codimension. Ma and Wu [57] showed that Bren-
dle’s Sobolev and Michael-Simon inequalities extend to manifolds with nonnegative k-
intermediate Ricci curvature, where k = min{n — 1,m — 1}, and Wang [81] obtained a
related result via optimal transport. In our work [54], joint with Jihye Lee, we proved
that the sharp logarithmic Sobolev inequality also holds under this intermediate curva-

ture condition, and moreover extends to the asymptotically nonnegative setting (Theo-
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rem 2.16). Recently, Ji and Kwong [45] established a Fenchel-Willmore inequality with

curvature index k = min{n, m — 1}.

Asymptotically nonnegative curvature. Another direction of generalization allows
the curvature to be negative in compact regions, provided it decays at a controlled rate.
Yi and Zheng [88] extended the logarithmic Sobolev inequality to manifolds with non-
negative sectional curvature, and Dong, Lin, and Lu [27, 29] further generalized both
the Sobolev and logarithmic Sobolev inequalities to manifolds with asymptotically non-
negative sectional curvature. The same authors [28] treated the weighted setting of
asymptotically nonnegative Bakry—Emery Ricci curvature, building on Johne’s [48] ear-
lier work in the nonnegative case. More recently, Impera, Rimoldi, and Veronelli [43]
introduced the elliptic Kato constant of the negative part of the Ricci curvature as a tool
for establishing isoperimetric inequalities in the presence of genuine negative curvature,
and Impera, Pigola, Rimoldi, and Veronelli [44] developed a localized ABP technique
that proves isoperimetric and Michael-Simon inequalities on manifolds whose sectional

curvature is nonnegative only outside a compact set.

Non-compact submanifolds. Extending the ABP method to non-compact submani-
folds introduces analytical difficulties beyond the curvature question: the PDE may lack
a solution, the transport map may fail to be surjective, and the divergence theorem needs
justification. As discussed in Section 2.1.3, Wang, Xia, and Zhang [80] addressed these
issues by perturbing the data with the Gaussian extremizer, proving an optimal loga-
rithmic Sobolev inequality for complete non-compact properly embedded self-shrinkers.
Independently, Balogh and Kristaly [7] established sharp logarithmic Sobolev inequal-
ities on non-compact Euclidean submanifolds via optimal transport, characterizing the

equality case as isometry to R".

Free boundary and capillary problems. The ABP method has also been adapted
to settings with boundary conditions. Liu, Wang, and Weng [55] proved optimal rela-

tive isoperimetric inequalities for minimal submanifolds with free boundary on a convex
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support surface, as well as relative Michael-Simon and logarithmic Sobolev inequalities.
Fusco, Julin, Morini, and Pratelli [32] solved the capillary isoperimetric problem for hy-
persurfaces with general contact angle 6 € (0, 7) outside arbitrary convex sets, and Jia,
Wang, Xia, and Zhang [46] proved Willmore-type inequalities in unbounded convex sets

with a sharp constant involving the asymptotic volume ratio.

Further extensions. Pham [69] applied the ABP method to prove a logarithmic Sobolev
inequality for closed minimal submanifolds of the sphere, a Sobolev-type inequality for
positive symmetric 2-tensors, and an inequality for quermassintegrals. Wu, Yi, and
Zheng [86] generalized the Michael-Simon—Sobolev inequality to symmetric positive def-
inite (0, 2)-tensor fields on submanifolds with nonnegative sectional curvature. Lu [56]
established the optimal L? logarithmic Sobolev inequality on manifolds with nonnegative
Ricci curvature with sharp constants depending on the asymptotic volume ratio. In the
non-smooth setting, Han [41] extended the ABP estimate to metric measure spaces with

synthetic Ricci curvature lower bounds (RCD spaces) via optimal transport.

The breadth of these developments illustrates the versatility of the ABP contact set
technique introduced in Section 2.1. In the next section, we present the full proof of
our contribution to this program: the extension of the logarithmic Sobolev inequality
to manifolds with non-negative and asymptotically non-negative k-intermediate Ricci

curvature.

2.3 The Logarithmic Sobolev Inequality Under In-
termediate Ricci Curvature

In this section we present the proof of the sharp logarithmic Sobolev inequality for
submanifolds of complete non-compact Riemannian manifolds with asymptotically non-
negative k-intermediate Ricci curvature and Euclidean volume growth. This is joint work

with Jihye Lee [54], extending results of Brendle [16], Yi-Zheng [88], and Dong-Lin-Lu
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27].

2.3.1 Intermediate Ricci curvature

Let (M™, g) be a complete non-compact Riemannian manifold. For 1 <k <n—1, let P
be a k-dimensional subspace of T, M at x € M. Given any unit tangent vector v € T, M
with v L P, the k-intermediate Ricci curvature (or kth-Ricci curvature) with respect to

P in the direction of v is defined as
k
Ricg(P,v) = Z Sec(v, &;) |v]?,
i=1

where {ej, ..., e} is an orthonormal basis of P. The k-intermediate Ricci curvature in-
terpolates between sectional and Ricci curvature: Ric; > 0 is equivalent to non-negative
sectional curvature, while Ric,,_; > 0 is the usual non-negative Ricci curvature condi-
tion. A Riemannian manifold has non-negative k-Ricci curvature if Ric (P, v) > 0 for
any r € M, any k-dimensional subspace P C T, M, and any unit tangent vector v € T, M
perpendicular to P. This condition exhibits a monotonicity property: if k; < kg, then
Ricg, > 0 implies Ricy, > 0. (We note that some papers [81, 51] require the stronger

condition that Ric (P, v) > 0 holds for all v, not only those perpendicular to P.)

Historical background. The notion of k-intermediate Ricci curvature appears implic-
itly in the work of Bishop and Crittenden [12] and was first studied systematically by
Hartman [42] in connection with oscillation criteria for second-order differential systems.
The foundational results for manifolds with Ricy > 0 were established by Sha [76, 77],
who introduced the notion of p-convexity and proved handle-attachment results, and by
Wu [85], who studied manifolds of “partially positive curvature” and proved Frankel-type
intersection theorems for compact submanifolds. Shen [78] subsequently obtained volume
growth estimates, finite topological type results, and vanishing theorems for complete
open manifolds of non-negative kth-Ricci curvature. Wilhelm [83] proved restrictions

on the fundamental group under positive intermediate curvature, and Guijarro and Wil-
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helm [38, 40] later developed a “softer connectivity principle” and focal radius bounds
that extended classical results of Frankel and Wilking [84] to the intermediate curvature
setting.

In recent years, there has been a surge of activity on k-intermediate Ricci curvature,
particularly from the point of view of geometric inequalities and existence of positively
curved metrics. Ketterer and Mondino [51] characterized lower bounds of k-intermediate
Ricci curvature via optimal transport, providing a synthetic formulation. Mouillé [62,
61] studied torus actions on manifolds with positive intermediate Ricci curvature and
proved symmetry rank bounds, and Kennard and Mouillé [50] obtained maximal sym-
metry rank results. Dominguez-Vazquez, Gonzalez-Alvaro, and Mouillé [26] constructed
infinite families of manifolds with positive Ricy for small k, and Reiser and Wraith [71,
73, 72] established Gromov-type Betti number bounds and proved existence of positive
intermediate Ricci curvature on fibre bundles and connected sums.

The study of geometric inequalities under Ric, > 0 was initiated by Ma and Wu [57],
who extended Brendle’s Sobolev and Michael-Simon inequalities to this setting, and
independently by Wang [81], who obtained a related result via optimal transport. In our
work [54], joint with Jihye Lee, we proved that the sharp logarithmic Sobolev inequality
also holds under the k-intermediate Ricci curvature condition, and moreover extends to
the asymptotically nonnegative setting. More recently, Ji and Kwong [45] established
a Fenchel-Willmore inequality with the curvature index & = min{n,m — 1}. Chahine
[22] studied volume estimates for tubes around submanifolds using integral intermediate
curvature bounds. A comprehensive and regularly updated bibliography of results on

intermediate Ricci curvature has been compiled by Mouillé [60].

Asymptotically non-negative curvature. The notion of asymptotically non-negative
sectional curvature was introduced by Abresch [1] to extend Toponogov’s triangle com-
parison theorem beyond the constant curvature bound setting. The key insight is that

if the sectional curvature satisfies Sec > —\(d(o, -)) for a non-increasing function A with
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fooo tA(t) dt < oo, then geodesic triangles can still be compared with triangles in a model
surface of revolution whose Gaussian curvature matches —A(r). This integrability con-
dition ensures that the negative curvature decays faster than 1/t?, and Abresch used
it to prove that such manifolds have finite topological type and a controlled number of
ends. The threshold is sharp: Jiang and Yang [47] later constructed manifolds of posi-
tive Ricci curvature with only quadratic curvature decay (Sec > —C'/r?, which fails the
integrability condition) that have infinite Betti numbers.

Kasue [49] developed the analytic infrastructure for this class, constructing a natu-
ral compactification via Busemann functions and proving that harmonic functions with
polynomial growth conditions span finite-dimensional spaces, extending results of Li and
Tam from the Sec > 0 case. Abresch and Gromoll [2] then shifted focus to Ricci cur-
vature, introducing the condition Ric > —(n — 1)A(d(o,-)) with the same integrability
condition. Their main contribution—the excess estimate—provides a pointwise bound
on the excess function e(z) = d(x,qy) + d(z,q-) — d(q+,q-) in terms of the distance to
the geodesic segment, and has become a foundational tool in the Cheeger—Colding theory
of Ricci limit spaces.

The volume comparison theorem for this setting was proved using the analogue of
the Bishop—Gromov inequality with the constant curvature model replaced by a variable
curvature model (see e.g. Zhu [90]). Specifically, if h(t) solves the ODE h” = A(t)h with
h(0) = 0, W'(0) = 1, then the ratio |B,(0)| /(nwy [, k" *(t)dt) is non-increasing in r.
This ensures that the asymptotic volume ratio 6, is well-defined, and Zhu showed that
h(t) < ebt, so the model volume growth is at most polynomial. When A = 0, this
reduces to the classical Bishop—Gromov inequality. Zhu’s comparison is the key technical
ingredient in the proof of Theorem 2.16: it provides the Gaussian volume ratio estimates
of Lemmas 2.20-2.22 and controls the t — oo limit in the final step.

Further structural results were obtained by Bazanfaré [10], who proved a generalized

Toponogov theorem and a rigidity result for manifolds with asymptotically non-negative
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curvature, and by Zhang [89], who studied open manifolds with asymptotically non-
negative Ricci curvature and large volume growth. Yi and Zheng [88] and Dong, Lin,
and Lu [27, 29] applied Zhu’s comparison theorem in the context of geometric inequalities,
extending the Sobolev and logarithmic Sobolev inequalities to this setting. Our work [54]
further extends these results to the intermediate curvature setting, as described in the
next subsection.

To state our result in its most general form, we use the following definition.

Definition 2.2 (Abresch [1]). A complete non-compact Riemannian manifold (M, g)
with base point o has asymptotically non-negative Ricy if there exists a non-negative,

non-increasing function A: [0,00) — [0, 00) such that:

(i) bo(\) :/Ooot)\(t) dt < o,

(ii) Ricg(P,v) > —kA(d(o,p)) at each point p € M, for any k-dimensional subspace

P C T,M and any unit tangent vector v perpendicular to P.
We also set by () = / A(t) dt < oo, which is implied by condition (i).
0

When A\ = 0, this reduces to Ricy > 0. The class of manifolds with asymptoti-
cally non-negative Ricy includes those with Ricy > 0 outside a compact set as well
as asymptotically flat manifolds. The monotonicity property persists: if k; < ko, then
Ricg, > —ki A implies Ricg, > —koA.

To formulate the inequality, we replace the asymptotic volume ratio § by a modified

quantity adapted to the curvature decay. Define h(t) as the unique solution of
R"(t) = A(t)h(t), h(0) =0, R'(0)=1. (2.14)

The asymptotic volume ratio with respect to h is

Gh = lim |TBT<O)| s
r—oo nwy, [ hn(t) dt
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where w,, is the volume of the unit ball in R™. The corresponding version of Bishop—
Gromov, due to Zhu [90], ensures that the ratio is non-increasing in 7, so the limit exists.
We say M has Fuclidean volume growth if 6, > 0. When A\ = 0, we have h(t) =t and 6,
reduces to the usual 6.
We also define, for ¢t > 0,
P(t) = (47)~N/2 / e (2.15)
R

where N = n + m. Note that P(0) = 1.

2.3.2 Statement of results

Theorem 2.16 (Lee-Ricci [54])

Let M™™ be a complete, non-compact manifold of dimension n +m with asymptotically
non-negative Ricy, where k& = min{n — 1,m — 1}, and Euclidean volume growth. Let
> be an n-dimensional compact submanifold without boundary. Then, for any positive

smooth function f on X,

1+0
/ f <logf + log P(4b1n)6), + g log(4m) +n + 4bin* + (n +m — 1) log A) av
2

e2robi+bo
/.

2
|fo| dV—/f|Hy2 dv < (/de) log </fdv), (2.16)

where H is the mean curvature vector of ¥ and ry = max,cy, d(o, ).
When A =0 (i.e., by = by = 0), all the error terms vanish and we obtain:

Corollary 2.17
Let M™™ be a complete, non-compact manifold with Ricj > 0 and Euclidean volume

growth, where & = min{n — 1,m — 1}. Let X" be a compact submanifold without
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boundary. Then, for any positive smooth function f,

/f(logf+n+210g(47r)+log9 dV /'Vf| dv — /fyHy %

(/fdv) log (/fdv) (2.17)

where 6 is the asymptotic volume ratio of M.

Choosing f =1 in Corollary 2.17 yields two immediate consequences.

Corollary 2.18
Let M™™ be a complete, non-compact manifold with Ricy, > 0, k = min {n — 1,m — 1},
and Euclidean volume growth. Then there is no closed minimal submanifold of dimension

nin M.

Corollary 2.19
Let M™™ be as above. If there exists a closed minimal submanifold of dimension n in

M, then the asymptotic volume ratio of M is zero.

Remark 2.13. For hypersurfaces (m = 1) under non-negative Ricci curvature, k =
min {n — 1,0} = 0, so our result does not apply. In that case, Corollaries 2.18 and 2.19
were proved by Agostiniani-Fogagnolo-Mazzieri [3]. For higher dimension and codimen-
sion, these corollaries are new even in the non-negative Ricy setting. When £ = 1,
Ric; > 0 is equivalent to non-negative sectional curvature, and we recover the corollaries
of Yi-Zheng [88]. Note that Corollaries 2.18 and 2.19 do not hold for Ric > 0 in to-
tal dimension 4: the Eguchi-Hanson metric on T'S? is Ricci-flat with Euclidean volume

growth and has a totally geodesic S2.

Remark 2.14. Ji and Kwong [45] recently proved a Fenchel-Willmore inequality for sub-
manifolds under Ric, > 0 with the curvature index k& = min {n,m — 1}, they recover

Corollaries 2.18 and 2.19 under this assumption.

Remark 2.15. Corollaries 2.18 and 2.19 are derived from Corollary 2.17 (the A = 0 case)
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by setting f = 1 and applying the scaling argument from [88, Section 4]. This argument
cannot be applied in the asymptotically non-negative setting of Theorem 2.16, because
the error terms by, b1, ¢ are not scale-invariant: they blow up under the metric rescaling

used in [88].

2.3.3 Asymptotic volume ratio estimates

The following estimates relate the asymptotic volume ratio ) to integrals of Gaussian-

type functions on M. They are used in the final step of the proof.

Lemma 2.20 ([27, Lemma 2.2])
Let M be a complete non-compact Riemannian manifold of dimension N with non-

negative Ricci curvature. Then

—N/2 2.p)2
6 = lim %/ e i dV (x)
M

r—00 T’N

for any p € M.

The proof of Lemma 2.20 is based on the Bishop—Gromov volume comparison. In

the asymptotic case, we use the inequality r < h(r) (with upper bound h(r) < e%

r
from [90]) in place of the flat comparison. However, the presence of by > 0 generally
precludes replacing ¥ by h(r)Y in Lemma 2.20. Following Dong-Lin-Lu [27], the correct

replacement is ¥ by r h(r)N L.

Lemma 2.21 ([27, Lemma 2.2])
Let M be a complete non-compact Riemannian manifold of dimension N with asymp-

totically non-negative Ricci curvature. Then
4 —N/2 vo 2
P = i ST [ () v ), (2.13)
M
where o is the base point of M.
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Proof. By de I'Hopital’s rule applied to the definition of 6y,

P 1 10 IO )-X )

,, = lim — 2L 2.19
r—00 NOJNfo thl(t)dt TLI?O NthN_l(T) ( )

Now compute:

(4m) N/ e—(Mﬂ)Qm 2 = (47)-N/2 lﬁBm(o)] (s+0)2/4 g
rh(r)N-1 /M dV(z) = (4n) /0 N1 1(7“) (s+ d
(o) PN"'(rs)

9B;5(0)|
— (4 —N/2/ | rs —(s5+t)2 /4d
G R ) ¢ )

Taking r» — oo and using (2.19) and the monotone convergence theorem,

= (4m) ™2 Nuwy Qh/ Nl (/4 g5 = ¢, (47T>_N/2/ e~ (=024 gz = P(1)),.00
0 RN
Lemma 2.22

Let M be a complete non-compact manifold of dimension N with asymptotically non-

negative Ricy. Then for any Borel map v: M — K, where K C M is compact,

(4m) N2 / (mn ) (47) N/ / () )
lim ———— v d = lim ————— v d .
rg?orh( yN-1 Me Vi(z) = lef}orh( N1 Me V(z)

Proof. This follows from the triangle inequality: |d(z, ¥ (z)) — d(x,0)| < max,ex d(o, 2),

so the difference in the exponents vanishes as r — oo. O

2.3.4 The PDE and contact set

We now begin the proof of Theorem 2.16. Let M™™ be a complete non-compact
manifold with asymptotically non-negative Ric; and Euclidean volume growth, where
k= min{n —1,m—1}. Let ¥" C M be a compact connected submanifold without
boundary, and let f > 0 be smooth on ¥. (The disconnected case is handled at the end
by summing over components, using aloga + blogb < (a + b) log(a + b) for a,b > 0.)

By scaling f, we may assume

2
/Zflogde—/E|fo| dV—/Ef|H]2 AV = 0. (2.20)
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Indeed, replacing f by cf for a suitable constant ¢ > 0 achieves this, since log(cf) =

log ¢ + log f and log ¢ can be any real number. It then suffices to show
n
log P(4byn)0), + B) log(4n) +n +4b*n* 4+ (n +m — 1) log me +b0 < / fdv. (2.21)

Since ¥ is compact, connected, and f > 0, the operator u + divy(fVu) has one-
dimensional kernel (the constants) and the normalization (2.20) ensures solvability. By

the Fredholm alternative, there exists a smooth function u: ¥ — R satisfying

2
divy(fVu) = ‘fo‘ on X. (2.22)

For each r > 0, define the map ®,: T+% — M by
D, (r,y) = expy(rVulz) + ), (223

where T+ = {(x,y) reX, yeE TjE} is the total space of the normal bundle. The
contact set A, C T*Y is defined as the set of all (Z,7) € T+ satisfying

ru(x) + %d( exp; (rVu(z) + ry))2 > ru(z) + %( |Vu(3?)|2 + \§|2) (2.24)

for all x € X.

Lemma 2.23 (Surjectivity, [88, Lemma 3.2])

For each r € (0,00), ®,.(A,) = M.

Proof. Take any p € M. Since X is compact, the function z +— ru(z) + 3d(z, p)* attains
its minimum at some Z € ¥. Let 4 be a minimizing geodesic with 4(0) = z and 7(r) = p.
Then 4 minimizes the functional u(y(0)) + & ["[v/(¢)|* dt among all smooth curves 7

with 7(0) € ¥ and y(r) = p. By the first variational formula,
Vu(z) - 7'(0) € T, %,
so there exists § € T3Y with Vu(z) + § = 4/(0). One checks that ®,(7,3) = p and
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(z,y) € A, using the geodesic 7. O

The surjectivity lemma yields a map ¢¥: M — X defined by ¢(p) = Z, where
is the point where ru(x) + 3d(x,p)? attains its minimum. Using the area formula for

®,.: A, — M, together with Lemma 2.23, we obtain

[ -t aygy
M

(e L op )
S e 2r ‘det D@r(x7y)‘ XAT(x,y) dy dV((L’) (225)
by T+

2.3.5 Jacobi fields and the Riccati equation

We now estimate the integrand on the right-hand side of (2.25). Fixr > 0 and (z,7) € A,.
Define the geodesic ¥(t) = exp;(tVu(z) + ty) on [0,r]. Choose an orthonormal basis
{e1,...,e,} of T;X such that Hessy u(e;, e;) — (l(e;, €;), ) is diagonal. Let E; denote
the parallel transport of e; along 4 for 1 < ¢ < n. Choose an orthonormal frame
{ens1,--€nrm} of THX near 7 such that (Ve,,e5) = 0 at z for all 1 < i < n and
n+l1<aB<n+m.

For 1 <i <mn, let X;(t) be the Jacobi field along 7(¢) with initial conditions

§
(X1(0),¢e;) = Hessy u(e;, ;) — (I(es,e;),5) for 1 <j<n (2.26)
<Xz/(0)7 €a> = <II(627 Vu(j))a €a> for n +1 S o S n+m.

(

For n+1 < a <n+m,let X,(t) be the Jacobi field along 7(t) with
X,(0)=0 and  X.(0) = e,. (2.27)
Define the (n +m) x (n + m) matrices P(t) and S(t) by
Py(t) = (Xi(t), E;(),  Sii(t) = R(Y(t), Ei(t),7 (1), E; (1)),

for 1 <i,7 < n+m, where R denotes the Riemann curvature tensor of M. Since each
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X;(t) is a Jacobi field, P"(t) = —P(t)S(t). Define Q(t) = P~'(t)P'(t). Then
Q'(t) = —(Qt))* — S(t). (2.28)

Partial traces and curvature bounds

Let tr, Q(t) = S0, Qu(t) and tr,, Q(t) = >.01" | Qualt) denote the tangential and

normal partial traces. From (2.28) and the Cauchy—Schwarz inequality,

(tr, Q) + %(trn Q)? < —tr, S, (tr,, Q) + %(trm Q)? < —tr, S, (2.29)
where
tr,, S(t) = Z R(Y(t), Ei(t), 7 (t), Ei(t), trm S(t)= > RV (), Ea(t), ¥(t), Ea(t)).

Curvature decomposition

The curvature assumption cannot be applied directly because 4'(t) may not be perpen-
dicular to the plane spanned by Ei(t),..., E,(t). Since E;(t) is the parallel transport of
e; along 7, we need only consider the angle at t = 0. Let a denote the angle between
7 (0) = Vu(Z) + i and the tangent plane T;3.

We consider the generic case Vu(z) # 0 and § # 0. Now we choose an adapted

orthonormal basis as follows (cf. [57]). Set

Vu(z)
El(o) = N
[Vu(z)]
Yy
En 0 = T
+1( ) |y|
and now extend this to an orthonormal frame {FE;(0),..., E,,(0)} by choosing

{E(0),...,E,(0)} as an orthonormal basis of {Vu(z)}" NTzX
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and {E,.5(0), ..., E,1mm(0)} as an orthonormal basis of {7} NTE%. With this choice,

7'(0)
7'(0)]

so E;(0) L 4/(0) for all i # 1,n + 1. We then parallel transport this frame along 7 to

= cos(a) £1(0) + sin(a) E,41(0),

obtain FE;(t) for all .
For the tangential partial trace tr,, S(t) = Y., R(Y, E;,¥', E;), we separate the i = 1
term from the rest. Since 7' = |Vu(z)| Ey + |y| Eyny1 and R(Ey, Ey,-,-) = 0 by the

symmetries of the curvature tensor,
R(ﬁla El; ,_)/7 El) = |g|2 R(En-l-la E17 ETH—l? El) - Sinz(a) ‘/7/(0”2 SeC(En+17 El)

. . =
Fori=2,... n,since F; L 7/,

=/
R(V,E;.,7,E) = 7(0) Sec(?—/l, Ez) _
8

Summing, and noting that

SeC(’_)/,/ H/| 7En+1> = SeC(Ela En+1)

since the 2-plane Span(¥'/|¥|, Eyt1) coincides with Span(E, E,, 1), we obtain

tr,, S(t) = sin?(a) |5 (0)|° Ric,, (’z—g;’ P, (t))

(1
+ cos?(a) |7'(0)]” Ric (#, PQ(t)) : (2.30)
7' (#)]
where Pi(t) = Span(Es(t), ..., E,+1(t)) is an n-dimensional subspace and

Py(t) = Span(Es(t), ..., E,(t))

is an (n — 1)-dimensional subspace. Applying the curvature bound Ricy > —kA(d(o, -))
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with k = min{n — 1,m — 1},

tr, S(t) = —nsin®(a) [(0)|* A(d(0, %(¢)))

= (cos’(a) — n) |7/ (0)* A(d(0,7(t))),

since —n sin®(a) — (n — 1) cos®(a) = —n(sin®(a) + cos?(a)) + cos®(a) = cos?(a) — n. Thus
tr, S(t) > (cos*(a) —n) [¥'(0)]” A(d(o, 3(t)))- (2.31)
Similarly,
tr () > (sin*(a) —m) [5'(0)]* A(d(0, 5(t)))- (2.32)

These bounds also hold in the degenerate cases.
When Vu(z) = 0, the angle is a = 7/2 since 4/(0) = §j € TZY. In this case 4’ is

perpendicular to Ps(t) = Span(Fy(t),. .., E,(t)), so

For the normal trace, setting E, .1 = / |y|, the term R(Y', Eny 1,7, Eny1) = 0 since E, ;1

is parallel to 7/, so

n+m

a=n+2

— |5/(0)” Ric (h P4(t))

> —(m — 1) |5¥(0)]> \(d(0,5(t)))
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where Py(t) = Span(E, 2(t), ..., Enym(t)) and the last step uses sin?(7/2)—m = 1—m =
—(m—1).

When y = 0, the angle is a = 0 since 7/(0) = Vu(z) € T:%; setting Fi(t) =
7' (t)/ |7 (t)|, one verifies that (2.31) and (2.32) hold by the same reasoning.

Combining (2.29) with (2.31)-(2.32) and using the triangle inequality d(o,%(t)) >
|d(o,Z) — d(z,75(t))| together with the definition of A,, we obtain: for (z,7) € A, \

{0,003,
‘2)

(1, Q) + (10, Q) < (1 = cost(@) O A[ato,2) — 0/ /Wt

1
(10 Q) 4 (010 QP < (m — sn@) YO A [alor2) ~ 0/ [Vut@) + 15T ).
(2.33)
2.3.6 Comparison ODE and Jacobian bound
Tangential comparison
Define ¢(t) = en Jo Tt QM dr | From (2.33),
( 2
1) < =220 ) A [dlo,) - 0/ [Vut@) + ) ot
¢(0) = 1(Acu(®) — (H(z),5)) (2:34)
6(0) = 1.
To apply comparison, define ;(t) and () as solutions to
10 = == 0 A [d0,0) - 0/ [Vat@ + 15 |) i)
(2.35)
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and

%wzﬂi%ﬁvaWA(dw@»—qﬂvmmf+wF

U2(0) =1, ¢5(0) =0.

) Pa(t)
(2.36)

The function ¥(t) = ¢o(t) + 2(Asu(z) — (H(Z),y))¢1(t) satisfies the same ODE as ¢
with the same initial conditions, so the Sturm comparison theorem gives ¢'(t)/¢p(t) <

' (t)/(t), and hence

e ) st (Asu(@) - (H(2),9)Y
QU= S T vt (A — (HE ) )
Normal comparison
Define ¢(t) = t em o ZaZns1(Qua(r)=1/T)dr Thep
1) < =0 ) [dto,7) ~ 1y [vuto)F + 15 |) 600
(2.38)
¢(0) =0, ¢'(0)=1
Let v solve
@%wzﬂ%%ﬂmeA(aa@—wwvmmf+wF)@@
(2.39)

The comparison gives tr,, Q(t) = m - ¢'(t)/o(t) < m-¢'(t) /1 (t).

Determinant bound

Since 4 log(det P(t)) = tr Q(t) = tr, Q(t) +tr,,, Q(t), the two comparison estimates yield

4 log(det P(t)) <n -

zzl_d n,;m
y m = g "),

dt

=%
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Integrating from ¢ to t and taking ¢ — 0,

et P(0) < 00" 50" = (Valt) + (Bs(a) — (H@. D)) FO™. 240

Standard comparison theorems give the following bounds:

( ﬂ 2b1(n — cos?
(I

n—cosz(a) =
Ui (t) < ten (201d(0,2)+bo) (2.41)

1
D fu@P o+ +

D) < 1" Chitomy i)

\

Substituting into (2.40),

det P(t) < (ZTE ; %(Agu(f) — (H(z), g>))n V()" ()™

< (20 IOu@ 19+ 4+ L) - o)

S e(nchSQ(a))(2b1d(0,f)+b0) S e(mfsin2(a))(2b1d(o,§ﬁ)+b0)

< (20/IVa@F 415+ + L 8su(a) - (@)

_qntm €(n+m—1)(2b1d(07i’)+b0)

< (2VIVu@F + 15+ {4 2 (@sulo) - ()0 e (2

where oo = (n +m — 1)(2rob; + by) and g = max,ex d(o, ).

2.3.7 The completing-the-square lemma

Lemma 2.24

For (z,y) € A,,

Vul® + lyI®  [2H(x) +yI’
4 4 '

Asu(z) — (H(z),y) <log f(z) + (2.43)
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Proof. From the PDE (2.22), dividing by f,

|V fI?
f2

V[, Vu)

Asu— (H(x),y) = log f — VI _jpayp ! :

— (H(z),y).

Now complete the square. For the gradient terms:

VI VLV 2V Ve V)
f? e 4

For the mean curvature terms:

2H@) P P

H@) + (H(z),9) : A

Substituting (2.45) and (2.46) into (2.44),

(Vu(@)|® + [yl [2Vf+ fVul*  [2H(z) +y[*

Asu — (H(z),y) = log f +

4 Af2 4
2 2 2
V 2H
< tog [V £ b ) +of

2.3.8 Jacobian estimate and proof of the main theorem

Lemma 2.25

For (z,7) € A\ {(0,0)},

|det D@t(f,gﬂ < 6a+%—n—4b%n2 gmtn f(lf)

d(z, ®,(2, 7)) i 2H (z) + g’
- exp ((T + 2bln> ) exp (—T> )

Proof. Combining the determinant bound (2.42) with Lemma 2.24, we obtain

1
det P(t) < <2b1\/|Vu(:7u)|2+ 71> + -

Vul’ +1g" _ [2H(3) +y|2>)"tn+m .
: .

1
+—(logf+
n 4

%)

(2.44)

(2.45)

(2.46)

(2.47)



By the inequality A < e !

|det D®y(z,7)| < exp <2b1n\/]Vu )P+ |9 + ; +10gf

v 7 2H + j|?
_'_| U|4+|y| _| Z—y| _n>tn+mea

— 6a+%—n tm—‘rn f(ff)

Vau|” + 2H + g
exp<2b1n\/|Vu Vg + | |4 gl _ | 4y|)‘

To handle the remaining exponential, we complete the square in the /- terms:

2
2 —12
Vul? + |7 VIVul” +y|
by |Wuf + [+ el EpTE

= 2
A 9 + bln
d(z, ®(x,y 2
_ < (Z, 24(7,9)) +2b1n) —4b§n2,
2t
where we used d(z, ®4(7,7)) < t\/|Vu )+ \y| This gives (2.47). O

Proof of Theorem 2.16. Combining (2.25) with Lemma 2.25,

/ €,(W+2b1n)2 dV(p) < / (/ €a+%—n—4b%n2 gmtn f(fl') 6—‘215((364)+y|2 dy) dV(;p)
M s \Jris

— ntm e%fn+a74bfn2 (47T)m/2/ f(&l) dV(:U),
)

where the inner integral lez e 2H@)+yl*/4 dy = (47)™? is a Gaussian integral over the

m-dimensional normal fiber. Thus

4r)~(ntm)/2 (AR oy 2
i f,CE T v

(47r)—n/2 grtm—1
= @y

et ~ta—dbin / fav. (2.48)

Taking ¢ — oo: the left-hand side converges to P(4b;n)0), by Lemmas 2.21 and 2.22. For

the right-hand side, we use

tn—‘rm 1 ¢ n+m—1 1 n+m—1 1

lim —— = ( lim — (1 <L

ti{& (h(t))n-‘rm—l (tl{& h(t)) (ti{& h/(t)) — (1 n bo)n+m_17
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where the last step uses A/(t) > 1 and lim; o A'(t) < 14 by. We obtain

P(4bin)), < (4m) "2 emnrotin® fav. (2.49)

1
(L + bo)rtm=t /2

Taking logarithms,

log P(4b1n)0), + glog(élﬂ) +n—a+4bin® + (n+m—1)log(1l +by) < log/ fav.
>
(2.50)
Substituting o = (n +m — 1)(2rgb; + by), the left-hand side becomes

14 by

n
log P(4b1n)0), + 5 log(4m) +n +4bin* + (n +m — 1) log o2robi+bo

which is exactly (2.21). Multiplying by f and integrating over X,

1+5b
/ f(log P(4b1n)0), + glog(éhr) +n 4 4b3n* + (n+m — 1) log % > av
>

2rob1+bg
([ s [ ), 6

Adding the normalization (2.20) yields the full inequality (2.16). The disconnected case
follows by applying the inequality to each connected component and using aloga +

blogb < (a + b)log(a + b). O
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Chapter 3

Isoperimetric Profile function

comparison

Isoperimetric inequalities quantify the fundamental relationship between the volume of
a domain and the area of its boundary, and their study on Riemannian manifolds has
a long history going back to the work of Lévy, Gromov, Bérard—Besson—Gallot, and
Morgan—Johnson, among others. The central object is the isoperimetric profile function,
which records the minimal boundary area among all domains of a given volume. Under
a pointwise Ricci curvature lower bound Ric > (n — 1)k, sharp comparison theorems
for the isoperimetric profile were established by Morgan and Johnson [59] and Ni and
Wang [63], who showed that the profile is controlled by that of the simply connected
space form of constant curvature k. In this chapter, we extend these comparison results
to the setting of L? integral Ricci curvature bounds, following our joint work with Jihye
Lee [53]. We begin with a survey of the comparison geometry under integral Ricci
curvature, the Petersen—Wei mean curvature and volume comparisons, the Chen—Wei
improvement, the Petersen—Sprouse Heintze—Karcher inequality, and Aubry’s generalized
Bonnet-Myers theorem, which form the technical foundation for our results. We then

define the isoperimetric profile functions h; and hsy, state the main theorems, and give
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their complete proofs. A noteworthy feature of our hy comparison is that it applies in
the non-compact setting k < 0 without assuming finite diameter, which is made possible

by the bounded constant in the Chen—Wei volume comparison.

3.1 Comparison Geometry under Integral Ricci Cur-
vature

The comparison theorems surveyed in this section replace the classical pointwise lower
bound Ric > (n — 1)k with an L” condition on the negative part of the Ricci curvature,
and they constitute the technical foundation for the isoperimetric profile comparisons
proved later in this chapter. We begin by recalling the relevant definitions, then trace the
development of the theory from Gallot’s pioneering work through the Petersen—Wei mean
curvature comparison, which is the central result from which all subsequent estimates
flow.

Let (M™, g) be a complete Riemannian n-manifold. Denote by p(z) the smallest
eigenvalue of the Ricci tensor at x € M. For a given constant k& € R, we define the Ricci

curvature deficit below (n — 1)k as
Ric* (z) = max{0, (n — 1)k — p(x)},
and the integral Ricci curvature as

Iric], = ([ @ick @y ava) "

We also use the local version

1/p
HRiCIin (r) = sg]\g (/B ( )(Ricli)p dvol) :
Yy y(r

which measures the worst-case integral curvature excess on balls of radius r. When

Ric > (n — 1)k pointwise, all of these quantities vanish and the classical comparison
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theorems apply. The integral theory studies what happens when they are merely small.

Throughout, the critical exponent is p > n/2. This threshold is sharp: Gallot [33] con-
structed manifolds M; with bounded diameter and [|[K~[[, , < €, but with second Betti
numbers by(M;) — oo, showing that for p < n/2 no meaningful geometric conclusions

follow.

Gallot’s pioneering work. The systematic study of integral curvature conditions in
comparison geometry was initiated by Gallot [33], who worked on compact manifolds
with bounded diameter. Using a modification of the Bochner method combined with
Sobolev embedding, Gallot proved that if HRic k ||p is sufficiently small for p > n, then the
Cheeger isoperimetric constant, the Sobolev constants, and the first eigenvalue A\; (M) are
all controlled in terms of vol(M), diam(M), and the LP curvature norm. In particular, he
obtained Gromov-Lévy type isoperimetric inequalities with additive error terms. Gallot’s
approach required the stronger exponent p > n /2 for several of his estimates and did not
yield a relative volume comparison; both limitations were addressed by the subsequent

work of Petersen and Wei.

Mean curvature comparison under integral Ricci curvature. The central result
of the integral curvature theory is an L? estimate for the excess mean curvature of
geodesic spheres, due to Petersen and Wei [66]. In geodesic polar coordinates centered
at © € M, the mean curvature m(r,8) = Ar of the geodesic sphere 0B, (r) satisfies the

Riccati inequality

m2

m +

1 < —Ric(0,,0,).

n p—
Recall that on the simply connected space form (M, gr) of constant curvature k, the
mean curvature is m(r) = (n—1) sn}(r)/sng(r), where sny, is as defined in (3.6). Define the
mean curvature excess m* (r,0) = (m(r,0) — m(r))+. The Riccati inequality, combined
with the curvature decomposition Ric (9,,9,) > (n — 1)k — Ric*, yields a differential

inequality for m”%. The key step is to multiply this inequality by (m%)*~2A(r,6), where
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A(r,0) is the volume element in polar coordinates satisfying A’/A = m, integrate along
geodesic rays over the unit sphere S"~!, and apply Holder’s inequality. The condition
p > n/2 is essential: it ensures the convergence of the integral fOT v(n, k,t)~/P) dt near
t = 0, where v(n,k,t) ~ t" is the model volume element. This procedure yields the

following fundamental estimate.

Theorem 3.1 (Mean curvature comparison, Petersen—Wei [66])

Let (M™, g) be a complete Riemannian manifold, p > n/2, and k < 0. Then

1/(2p) 12
k k\2p n—1)2p—1 ok
Il 0y ([ ot (2 e )

yeM 2p—n

This is the integral analogue of the classical pointwise Laplacian comparison Ar <
m(r), which holds when Ric > (n—1)k. Under integral bounds, the pointwise inequality
is replaced by an L? estimate: the mean curvature excess m* need not vanish, but its
L?" norm is controlled by the square root of the LP norm of the Ricci deficit.

For positive curvature £ > 0, the model mean curvature m(r) changes sign at r =
7/(2Vk’), which causes the above Riccati-based argument to break down in the second
half of the geodesic interval. This difficulty was resolved by Petersen and Sprouse [67]
using an integrating factor technique, and later refined by Aubry [6], who introduced

the factor sin®"~1(v/k ) to obtain a mean curvature estimate valid on the full interval

0, 7/VE).

Relative volume comparison. From the mean curvature estimate, Petersen and Wei
[66] derived a relative volume comparison that generalizes the Bishop—Gromov inequality.
The classical Bishop—Gromov theorem states that if Ric > (n — 1)k, then the volume
ratio vol B,.(z)/v(n, k,r) is monotonically nonincreasing in r, where v(n, k, ) denotes the
volume of a ball of radius r in the space form M}’. Under integral curvature bounds, one

obtains “almost monotonicity” of the (1/2p)-th power of this ratio.

Theorem 3.2 (Relative volume comparison, Petersen—Wei [66])
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Let (M™, g) be a complete Riemannian manifold, p > n/2, and k < 0. Then for 0 < r <

R,

vol B(z) \/®  (vol B,(z)\ " - e
— (=== < P
(v(n,k, R)) o k,r) < C(n,p b, R) ||Rict ]| (R)

When ||Ric’i Hp = 0, the error vanishes and the classical monotonicity is recovered.
However, the original Petersen-Wei constant C'(n,p, k, R) diverges as R — oo when
k < 0, because the model volume element Ay (s) grows exponentially. This divergence
renders the estimate ineffective for large balls on non-compact manifolds with negative

curvature bounds.

Chen—Wei’s improved volume comparison. This limitation was resolved by Chen
and Wei [23], who proved that a key constant in the volume ratio differential inequality
can be taken to be exactly 1 for all values of £ and r, eliminating the divergence. The
resulting volume comparison, which is the version used later in this chapter, takes the

following form.

Theorem 3.3 (Improved volume comparison, Chen—Wei [23])
Let (M"™, g) be a complete Riemannian manifold, p > n/2, and & < 0. Then for any
reM,

B.(r)] < (14 Cln.p, kv [[Rick |, ()2) " |Bo(r)].

where Bz(r) denotes the ball of radius r in (M}, gr) and the constant is

CW%hﬂ:CW;fZJUWAKBLOmmﬁ

When £k < 0, this constant is bounded for all r; we denote

C(n,p, k,d) = lim C(n,p,k,r).
r—00
For k = 0, compactness (finite diameter) is needed since C' increases with 7.

The structural form matches Petersen and Wei’s original result, but the constant
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C(n,p,k, R) now remains bounded as R — oo when k < 0. This is the essential
improvement: it enables meaningful volume comparison for arbitrarily large balls on
non-compact manifolds. Among its applications, Chen and Wei obtained optimal es-
timates for the volume entropy: under the condition k(p,k) < 4, one has h(M) <
(n — 1)vV/=k "+ c(n,p, k,d) 6*/2, recovering the classical bound as § — 0 for each fixed
p > n/2. Aubry’s earlier volume entropy estimate [6] achieved this only as § — 0 and
p — oo simultaneously, precisely because of the divergent constant in the Petersen—Wei

inequality.

The Heintze—Karcher inequality under integral Ricci curvature. Later in this
chapter, the proof of the comparison for the normalized isoperimetric profile function
hy relies on the Heintze-Karcher inequality, which controls the volume enclosed by a
hypersurface in terms of its area and mean curvature. The classical Heintze-Karcher
inequality requires a pointwise Ricci lower bound. Its generalization to the integral

curvature setting was obtained by Petersen and Sprouse.

Theorem 3.4 (Heintze-Karcher under integral curvature, Petersen—Sprouse [67, Theo-
rem 4.1])

Let (M™,g) be a closed Riemannian manifold with diam(M) < D, p > n/2, and k > 0.
Let H C M be a hypersurface with constant mean curvature 7 dividing M into domains
4, and let Q4 be the corresponding regions bounded by the geodesic sphere of mean
curvature |n| in the space form Sp. For any a > 1, there exists ¢ = ¢(n, p, o, k) > 0 such

that if HRic’in < g, then

area(H) -

vol(21) < o m -vol(€y).

- 2D 6] (B), where B is the

By adding the two inequalities, one obtains vol(M) < arca (D)

ball of radius diam(M) on S}.

The classical Heintze—Karcher inequality corresponds to o = 1 under pointwise Ric >
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(n — 1)k. Under integral curvature smallness, the multiplicative factor o can be taken

arbitrarily close to 1, with the required smallness € depending on «a.

The Bonnet—Myers theorem under integral curvature. The final ingredient
needed for the isoperimetric profile comparisons in the positive curvature regime is a
generalization of the Bonnet—Myers theorem. The classical theorem states that Ric >
(n—1)k for k > 0 implies diam(M) < 7/+/k and, in particular, compactness. The diam-
eter bound was first extended to the integral curvature setting by Petersen and Sprouse
[67]: for any 0 > 0 there exists € > 0 such that HRiC’in (R) < € implies diam(M) <
7/Vk + 6. The proof uses the excess function e(z) = d(z,y~) + d(z,y*) — d(y~,y™) for
points with d(y~,y™) >/ Vk + 8; the integral mean curvature estimate gives an upper
bound for Ae, and a generalized maximum principle (based on Sobolev embedding and
Moser iteration) yields a contradiction. Aubry [6] subsequently completed the picture by

establishing finiteness of the fundamental group under the same hypotheses.

Theorem 3.5 (Generalized Bonnet-Myers, Aubry [6, Theorem 1.2])
Let £ > 0 and p > n/2. There exists € = £(n,p) > 0 such that if (M",g) is a closed

Riemannian manifold with

1 . 1/P
1 p 1 <
<vol(M) /M(Rlc_) dVO) <e,

then diam(M) < 7/vVk + C(n,p) e¥/? and 7, (M) is finite.

Later in this chapter, Aubry’s theorem is applied as the first step: it ensures that
a manifold with small integral Ricci curvature below (n — 1)k for £ > 0 is compact, so
that the normalized isoperimetric profile function h; is well-defined. It also guarantees a
uniform diameter bound, needed in the subsequent application of the Petersen—Sprouse

Heintze—Karcher inequality (Theorem 3.4).

Local Sobolev constants and further developments. Beyond the comparison the-

orems used directly in this thesis, the integral curvature theory has developed into a
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comprehensive analytic toolkit. Petersen and Wei [68] obtained a generalized maximum
principle, excess estimates with sharp Holder exponents, and an almost splitting theorem
under integral curvature bounds, all derived from the L?’ mean curvature estimate. A
significant advance came with the work of Dai, Wei, and Zhang [25], who proved the
first local Sobolev constant estimate for integral Ricci curvature without a non-collapsing
assumption: if the scale-invariant curvature quantity x(p, 1) is sufficiently small, then a
local (1, 1*)-Sobolev inequality holds on B, (x). From this single inequality they derived
two-sided Gaussian heat kernel bounds, gradient estimates for harmonic functions, and
L? Hessian estimates for parabolic approximation of distance functions, extending the
Colding-Naber machinery to the collapsed integral curvature setting.

[soperimetric constant estimates in the integral curvature setting were also explored
by Gallot [33] and Dai, Wei, and Zhang [25]. More recently, the integral Ricci compari-
son framework has been extended in two directions: to the Kato-class setting by Carron,
Rose, and Stollmann, where the L? condition on Ric” is replaced by a strictly weaker con-
dition involving the heat kernel, and to synthetic curvature-dimension conditions, where
Ketterer showed that sequences with L” Ricci deficit converging to zero subconverge to

metric measure spaces satisfying the condition CD(K, N) of Lott—Sturm—Villani.

The results surveyed in this section—specifically, the Petersen—Wei mean curvature
comparison (Theorem 3.1), the Chen-Wei improved volume comparison (Theorem 3.3),
the Petersen-Sprouse Heintze-Karcher inequality (Theorem 3.4), and Aubry’s general-
ized Bonnet—Myers theorem (Theorem 3.5)—are the four ingredients that enter into the

proofs of the isoperimetric profile comparisons later in this chapter.
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3.2 Isoperimetric Profile Functions

Let (M™, g) be an n-dimensional Riemannian manifold. The isoperimetric profile function

ha(5,g) is defined on the interval (0, |M]) by
ha(B, g) == inf{|0€] | Q is a smooth domain in M with |Q| = 3}. (3.1)

Here, |2 denotes the n-dimensional volume and |0€2| denotes the (n — 1)-dimensional
area of 0. The case |[M| = oo is allowed. A region Q in M with |0Q] = he(f,g) and
|| = [ is called an isoperimetric region of volume (. The existence and regularity of
such regions are well understood; for detailed discussions, see Chapter 6 of [75].

In the context of a compact Riemannian manifold M, the normalized isoperimetric

profile function hy(f3,g) is defined for any g € (0, 1) by

09

Q
hi(5,g) := inf {|M_| ‘ Q is a smooth domain in M with it ﬁ} )

[a]

The function hy(f, g) is Holder continuous and satisfies the asymptotic

. hl(ﬁ7g) _ Wn e

where w, denotes the n-dimensional volume of the unit ball in R™. For a compact

manifold M, the following relationship holds:

hi(B,9) = W- (3.3)

Classical comparison results. The pointwise comparison for hy was originally proven

by Morgan and Johnson [59] and later given an alternative proof by Ni and Wang [63].

Theorem 3.6 (Morgan—Johnson [59], Ni-Wang [63])

Let (M™, g) be a complete Riemannian manifold. For a given & € R, assume that
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Ric > (n — 1)k. Then for 8 € (0,|M]),

ha(B,9) < ha(B, g1), (3-4)

where (M, g) is a complete simply connected space of constant curvature k. If equality

ever holds somewhere, then (M",g) is isometric to (M}, gi).

The Lévy—Gromov isoperimetric inequality [35] can be reformulated as hy(3,g9) >

hi(5,91), where g; is the standard metric on the unit sphere. Combining this with the

relation (3.3) and the inequality (3.4) yields (Corollary 3.2 in [63]):

5" | M]
h <h < -h . 3.5
1(5791)— 1(ﬁ7g)— ‘M’ 1 |Sn‘ﬁ’ (51 ( )
Define the usual comparison functions
(
ﬁsin(\/?t), k>0,
elt) = 3¢, k=0, (36)

\/+T sinh(vV—k t), k <O.
\

Main results. The main results of this chapter extend the above comparison theorems
to the setting of integral Ricci curvature. The first two results concern the ho profile
function, extending the inequality (3.4) to a quantitative estimate with error controlled
by HRic’j Hp. The first pertains to the non-compact setting & < 0, which is particularly
noteworthy due to the scarcity of results for integral curvature on non-compact manifolds.
In the compact setting k& > 0, the result can be used to assess the degree to which the
second inequality in (3.5) must be relaxed when transitioning from pointwise to integral

curvature conditions.

Theorem 3.7

Let (M™, g) be a Riemannian manifold, p > n/2, and £ < 0 be given. When k& = 0,
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assume that diam(M) = d < co. Then for any 8 € (0, |M]),

1)(2p —
2p—n

(n — 1) V2
(9.~ ha() < [Rick],) 85 b Rt ).

where (M}, gx) is a complete simply connected space of constant curvature k and f =0

when HRiC’in = 0, recovering (3.4).

Theorem 3.8
Let (M™, g) be a Riemannian manifold, p > n/2, and k > 0 be given. Assume additionally
that diam(M) < -Z=. Then there exists £ > 0 such that if HRiC'ij < ¢, then for any

AV
B € (0,[M]),

(n—1)(2p—
2p—n

1/2 2p_1
h?(ﬁag) - h?(ﬁ’gk) < ( 1) HR,ICIin) 57 + f(57n7p7kad7 Rlc’in>7

where (M}, gx) is a complete simply connected space of constant curvature k and f =0

when HRiC’in = 0, recovering (3.4).

Remark 3.1. The function f is increasing in  and vanishes at § = 0. In the case k = 0,

it can be written down explicitly:

fo [(1 + Cln,p, k) [Rick %) - 1} ()1 575

The next two results involve the h; isoperimetric profile function in the positive

curvature regime k£ > 0.

Theorem 3.9
Let (M™,g) be an n-dimensional Riemannian manifold, p > n/2. For any k£ > 0 and
a > 1, there exists § = d(n, p, a, k) > 0 such that if HRic’in < ¢, then the isoperimetric

profile function hy(f3, g) is a positive super solution of

w/ >2 nT_l 1
k - 3.7
o ( " (n —1 ) fod sny e dt (3.7)
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where d’ = min{x, diam(M)}.

This generalization extends Theorem 4.1 of Ni and Wang [63] and retrieves it by
taking the limit & — 1. Compactness is not assumed, as it follows from the generalized
Bonnet—Myers theorem of Aubry [6]. Combining the Petersen—Sprouse estimate [67]
with the approach of Ni and Wang yields the following quantitative Lévy—Gromov type

estimate.

Theorem 3.10
Let (M™,g) be an n-dimensional Riemannian manifold, p > n/2. For any k£ > 0 and

a > 1, there exists § = d(n, p, a, k) > 0 such that if ||Ric’ij < 0, then

h1(57g) Z th(/87gk) - €<n7d,7a7k)7

where d’ = min {%, diam(M )}, gr is the standard metric on S}, and the constants are

g
/y 1/TL ﬂ‘/\/E
L= )\kn , Yn :/ sny 't dt,
n,d’ 0
d/
- 1)L 1
)\Zd,:/ snp 't dt, e(n,d o, k) = (a= DL —— :
’ 0 e IN sin(vVk't) dt

Since L > 1, this improves the classical Lévy—Gromov isoperimetric inequality (the
first inequality in (3.5)). For a complete Riemannian manifold with Ric > (n — 1)k

for £ > 0,

‘Riclin = 0 and lim, .1+ e(n,d’,a, k) = 0, so the following corollary is

immediate.

Corollary 3.11
Let (M™, g) be a complete Riemannian manifold with Ric > (n — 1)k for £ > 0. Then
for any 5 € (0,1),

hi(B,9) > L hi(B, gk),

which is Bérard—Besson—Gallot’s estimate.
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3.3 Comparisons for the h, Isoperimetric Profile

This section contains the proofs of Theorem 3.7 and Theorem 3.8, followed by their

extension to the relative isoperimetric setting.

3.3.1 Proof of Theorem 3.7 and Theorem 3.8

The proof begins with two preliminary observations on positive increasing functions,
which will be used to compare the radius of a ball of a given volume on the manifold

with the corresponding radius on the model space.

Proposition 3.12
Let A € C*°([0,2r]) be positive on (0,2r) and strictly increasing on the subset (0,7] C

[0,2r]. Let 1 < o <2 and assume that for all s € [0,r], A(r +s) > A(r —s). If
/ A(s)ds < a/ A(s) ds,
0 0
then 7 < ar.

Proof. When « = 1, since A is positive, [ A(s)ds < [] A(s)ds implies 7 < 7. Now

consider the case 1 < a < 2. Assume 7 > ar to get a contradiction. Then

/OFA(S) ds > /OMA(S) ds = /OTA(s) ds + /TMA@ ds.

Let B(s) = A(r — s) on [0,7]. Then B'(s) = —A'(r — s) < 0, so B is strictly decreasing.

Since 1 < a <2, (aa—1)s < s and so B(s) < B((aw —1)s). Thus,

( —1)B(s) < (¢ —1)B((a —1)s)
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for 0 < s < r. Integrating,

(a—1) /OTB(S) ds < /Or(a —1)B((a —1)s) ds = /O(Q_l)TB(t) dt
_ /O A bt < /0 Y Aty dt = / " A(s) ds.

Thus,
/OTA(s)ds > ATA(S)dS+ (a0 — 1)/OTB(s)ds
—/OTA(s)der(oz— 1)/OTA(r—s)ds—a/OrA(s)ds,
which contradicts the assumption. Thus 7 < ar. O

The next proposition mirrors the previous one for the scenario k£ < 0. The computa-
tion is carried out explicitly in the space form of constant sectional curvature k& = —1;
the general case follows straightforwardly. Since sinh(s) is increasing everywhere, the

assumption o < 2 is not needed.

Proposition 3.13

Denote A(r) = sinh™ ' (r) with r € [0, +00), let a > 1, and assume that

/OTA@) ds < @/OTA(S) ds.

Then 7 < al/™r.

Proof. Define the function f(r) = w. The assumption can be rewritten as f(7) <
af(r)%:. By directly computing the derivative, f is strictly increasing. Consider the case
0 <r <7. Then f(r) < f(F) < af(r)%, implying 1 < a’;, which gives 7 < ar™. The

case 7 < r follows easily since a > 1, yielding 7 < ar™ and thus the desired conclusion

7 < al/mr u

Remark 3.2. In the case k = 0, let A(s) = s"~!. By direct computation, [j A(s)ds <
a [ A(s) ds implies 7 < a/™r.
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Proof of Theorem 3.7 and Theorem 3.8. The proof strategy entails considering the dif-
ference between the measures of the boundaries of balls in the manifold and those in
the model space. This offers a straightforward upper bound for the difference of the ho
functions. To estimate this difference, the derivatives are computed explicitly, leading to
the emergence of a mean curvature term, which is controlled by the Petersen—Wei mean
curvature comparison (Theorem 3.1).

Fix a point x € M and § € (0,|M]|). Define a function I,(¢,g) = |0B.(r)|, where r is
determined by |B,(r)| = t. Then

lm@%g):‘ggﬂaﬁ\SJgﬂig)
Note that hs(8, gx) = 1z(5, gx) for T € Mj. Combining,

Let D(t) = L,(t,g) — Iz(t, gr). We seck an upper bound for D(3). Recall that I,(t,g) =
|0B,(r)| with |B,(r)| = t. Using geodesic polar coordinates centered at x, where m(r, 0)

is the mean curvature and A(s, ) df ds is the volume form,

d d
Slonwl =4 [ awow- /S ol 0)A(6) d6
and
dt d
il |B.(r)] = . A(r,0)df = |0B,(r)|.
Thus,
L d  faram(r,0)A(r, 0) d6
and
m(PAF) 0
1t g¢) = L MO <, )Y _ ),
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where Bz(7) is the ball on M}, with |Bz(7)| = t. Then

D'(t) = L(t,9) — I;:(t, gx)

Let m* (r,0) := (m(r,8) — m(r));+. Then

fsn,l[m(r, 0) — m(r)]A(r,0) do < fS"71 mﬁ(r, 0)A(r,0) do
0B,(r)] - 0B, (r)]

Since 1,(0,g) = 0 and 1z(0, gx) = 0, D(0) = 0. Thus,

s fsnfl m* (r,0)A(r,0) df it /ﬁ(
0

B8
b = [ poyas | 9B.(]

S
=
|
3
S
Q,
ey

< /0 K /S k(. 6)AG,6) do dr + /0 () — m() d. (3.9)

where rq is determined by 8 = |B,(ro)|. By Hoélder’s inequality,
To
/ / mk (r,0) A(r,0) df dr
0 Jgn-1

ro /@) / rro (2p—1)/(2p)
g(// (mi)%A(r,e)dedr) (// A(r,@)d@dr)
0 Sn—1 0 Sn—1
1/(2p)
- < / (mi)%dvol) | B, (rg)| P~ 1/P)
Bx("’O)

Now the mean curvature comparison under integral Ricci curvature (Theorem 3.1) gives

1/(2p) o B o
il r) = s (/ m(mi)%dvol) < ("5 et ), )

yeM 2p—n

Combining these inequalities,

B

D) < [m [, o) 1B @+ [ ) = ()

1/2
. ((n —1)(2p—1) [Ric* ||, (To)) BEP=1/Cr) / B(mm —m(F))dt. (3.10)

2p—n 0
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Thus,

n—12p—1) ... 12 g
ha(B,9) = ha(6, k) < (< 2]0)(_7;  |IRic* ||p> plermnier 4 /0 (m(r) — m(F)) dt.
(3.11)
To estimate the second term, r and 7 are compared using the improved volume com-

parison theorem of Chen and Wei [23] (Theorem 3.3):

[Ba()| = |B.()| < (1+Cln.p, k. 7) |[Rick |, (7,)1/2)2,9 1Ba(r)],

C(n,p, k,7) = ((” _2;)(_2];_ 1))1/2 /0 (|Bj—l(r>|>l/(2p) dt.

When k < 0, this constant is bounded for all r, eliminating the need for compactness.

where

We denote C(n,p, k,d) as the limit of the constant as r — oco. For k = 0, compactness
is necessary as C' increases with r. In the positive case k > 0, the diameter restriction is
already assumed to apply the mean curvature and volume comparison.

Since HRic’i”p (r) is also increasing in 7,

/OTA(s) ds < (1 +C(n,p, k,d) HRic’iH;/Q)Qp /(;TA<8) ds, (3.12)

where d = diam(M).

Now depending on the sign of k, Proposition 3.12 or Proposition 3.13 is applied.
Define ¢ = 2p if k > 0 and ¢ = 2p/n if £ < 0. For positive k& > 0, there exists
€ > 0 such that HRic’in < ¢ implies <1 + C(n,p, k,d) HRiCkH;/Q)QP < 2. Since A(s)

is a positive increasing function on (0, 7], Proposition 3.12 applies. For negative k& < 0,

k

Proposition 3.13 applies and ||Ric is not required to be small. In either case,

I,

7 < (14 Clnp,k,d) [Rick]])*) " (3.13)

For k = 0, the above inequality follows from a direct computation (Remark 3.2).
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Since the mean curvature m on the model space is decreasing in r,

_ _ T

= (1+ COnp. k) [Rick]|)

Thus,
8 o s - o
/O(m<r)—m(r))dt§/0 m (1+C’(n,p,k,d) ||R1c’zH;/2)q () | dt.

Let

. ) 7 o

J@ b e, ::/0 " (1+ Cnp, &, d) [Rick[|}*) —m(r) | dt.

Combining with (3.11),

h2(579) - h2(579k)

(n=1)=1) o ) ac |
< ( % —n HRlC’in) 5(21) D/(p) 4 f(B,n,p,k,d, ||Rlc]in). O

3.3.2 Relative Isoperimetric Profile Function Comparison

The relative isoperimetric comparison extends the above results to convex bodies. The
difference is that the perimeter is considered relative to a convex body (), which is a
convex smooth domain with compact closure in (M", g). If a hypersurface splits Q
into two sets, the relative perimeter of each is the surface area of the hypersurface; pieces
from the boundary of 2 do not contribute to the relative perimeter. For a more extensive
discussion of the relative isoperimetric problem, see Chapter 9 of [74].

Define the relative isoperimetric profile function with respect to a convex body 2 as
hy (B, 9) = inf{|dDNQ| | D is a smooth domain in Q with |[DNQ| = B}.

Here 0D N 02 may be nonempty. Denote by H} a half space in the simply connected

space form (M, gi) of constant sectional curvature k, and denote by hf[? (B, gx) its relative
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isoperimetric function.

Theorem 3.14

Let (M™, g) be a Riemannian manifold and © a convex body on M. Let p > n/2 and
k > 0 be given. Assume that diam(M) =d < v~ Then there exists ¢ > 0 such that if
HRiC’ij < g, then for any g € (0,|9]),

(n-1Ep-1)
2p—n

. 1/2 ap1 B
hg(ﬁag)_h];ﬂk(ﬁuqk‘) S ( HRIC]in) BT+f(ﬁ7n7p7k>d7||R1C]in)

Theorem 3.15
Let (M", g) be a Riemannian manifold and Q a convex body on M. Let p > n/2 and
k < 0 be given. When k£ = 0, assume that diam(M) = d < co. Then for any 5 € (0, |9]),

(n—1)(2p —
2p—n

n 1/2 2p—1 ~
(5.9) ~ 15500 < ( Rick]],) B 5 [Rick )

Remark 3.3. In particular, f = 0 when HRic’j Hp = 0, which recovers the hy comparison
theorem under pointwise Ricci curvature lower bounds in [9].

Only the differences from the proof of Theorem 3.7 and Theorem 3.8 are detailed.

Proof of Theorem 3.14 and Theorem 3.15. Now take any x € 0. Define I,(t,g) =
|0B,(r) N Q| when ¢ = |B,(r) N Q| and I;(t, ) = |0B(F) NH}| when |B(r) NHy| = ¢.
Let

U={0eS5""|(t0) e B.(r)nQ},

where (t,0) denotes geodesic polar coordinates centered at z. Convexity of € implies
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that if a < b, then U, C U,. Thus,

|0B.(r + h) N Q| — |0B,(r) N Q|

d
— [0B,(r) N Q] = lim
L 10B.(r) N | = lim

h—0 h
[, A(r+h,0)df — [, A(r,6)ds
— hm r+h T
h—0 h,
[ A(r+h,0)df — [, A(r,0)d6
< lim == r
h—0 h
:/ A'(r,0)do = | m(r,0)A(r,0)ds.
™ U'r

Also, from |B,(r) N Q| =t,

dr // s@d@ds_/A(re)dg_mB()mm

These two inequalities imply

I'(t.g) = dI, dr fU A(r,0) do
=09 =gy dt |aB()mQ|

Take any Z on the boundary of H. Then

fsi_l m(7)A(7) do
5 0B (7)|

where 7 is determined by |Bz(7) NH}| = ¢. Defining D(t) = I,(t, g) — Iz(t, gx) as before,

’ fUT [m<r7 9) - ﬁl(r)]A(r’ (9) do
D) < |0B,(r) N Q|

+ [m(r) — m(r)].
Letting m” (r,0) = (m(r,0) — m(r))+,
To B
D(p) < / mk (r,0)A(r, 0) df dr +/ (m(r) —m(r)) dt, (3.14)
o Ju, 0
where 7 is determined by § = |B,(r¢) N §2|. By Hélder’s inequality,

ro 1/(2p)
/ m’_‘;A dl dr < (/ (m’i)% dvol) | B, (ro) N Q|(2p71)/(2p)
0o Ju, Bz (ro)N2

< Hm+” 5(21) 1)/(2p)

For the second term on the right-hand side of (3.14), a volume comparison on a convex
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set with integral Ricci curvature is needed:

B.(r) N0 < (14 Cin,p, k. d) | Rick |V) |Bo(r) g,
where C1(n,p, k,d) is a constant multiple of C'(n,p, k,d) from the proof of Theorem 3.7
and Theorem 3.8. This inequality can be obtained by modifying the proof in Chen
and Wei [23]. The remainder of the proof follows the same lines as Theorem 3.7 and

Theorem 3.8. O

3.4 Comparisons for the h; Isoperimetric Profile

This section contains the proofs of the differential comparison for the h; isoperimetric pro-
file function (Theorem 3.9) and the quantitative Lévy—Gromov estimate (Theorem 3.10).
The error term arises from the choice of o > 1, as the Heintze-Karcher generalization
for integral curvature of Petersen and Sprouse (Theorem 3.4) is used to replace the con-
ventional Heintze—Karcher estimate in the argument of Ni and Wang [63]. The pointwise

result is recovered by taking oo — 17.

Proof of Theorem 3.9. The proof begins by applying Aubry’s generalized Bonnet—Myers
theorem (Theorem 3.5), which establishes that the diameter of manifolds with small
integral Ricci curvature is uniformly bounded. This ensures compactness of M and
enables the subsequent application of the Petersen—Sprouse Heintze-Karcher inequality
(Theorem 3.4).

Choose any By € (0,1) and let U be a small neighborhood of §y. Within U, let
0 < ¥(B) < hi(B,g) be a smooth function satisfying ¥(5y) = hi(5o, g). Suppose Q is
an isoperimetric region with volume fJy, meaning % = h1(Bo, g) = ¥(By). Then Q has

constant mean curvature m on the smooth part of 9€2, and by the first variation formula

(see the proof of Theorem 2.2 in [63]),

m = W(ﬁo)-
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Define

ro = max{dist(z, Q) | = € Q},

ry = max{dist(x,09Q) | x € M \ Q} < d — .

Given a > 1 and p > n/2, the Heintze—Karcher inequality with integral Ricci curvature

bounds (Theorem 3.4) ensures the existence of §(n, p, o, k) > 0 such that if HRic’j Hp <9,

then
area(0S?) -
<oq——==
vol(2) < « arca(00) vol(2)
and
area(0€) ~ =
<oq—m—x=
vol(M \ Q) < « arca(00) vol(B\ ),

where ) is the ball of radius 7, with constant mean curvature m and B is the ball of

radius diam(M/) on the model manifold S}'. Adding the two inequalities,

vol(M) < a %Eggi vol(B).

Thus,

vol(B)

" area(0Q) (3.15)

1 < ap(Bo)

Now |8Q’ is computed. The volume element on the model manifold SP is A(r) =

sn} ' (r), and the mean curvature on the boundary of a ball of radius r on S} is m(r) =

(n — 1)vk cot(v/k'r). Thus,
n—1
Vm(r)? + (n =12k
Since  has radius 7y and constant mean curvature m = m(rq) = 1'(3),

, 2\ ~(1)/2
0] = |S" 7 snp~ (ro) = <k+ (M> ) : (3.16)

n—1

sng(r) =

Note that

d/
1B = |5 /0 sl dt, (3.17)
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where d’ = min{r, diam(M)}. Combining (3.15), (3.16), and (3.17),

we]

fod/ snz_lt dt

snj " (ro)

1 < a(Bo) - || = arp(Bo) -

]

¢,<6o) 2 (n—1)/2 d
— RERYS n—1
= ap(Bo) (k—l—(n_l) > /0 sy tdt.

w3\ |
aw(ﬁo) (k + (m) ) > m-

0

Hence

Proof of Theorem 3.10. First, there exists d; > 0 such that if HRic’ij < 61, then M
is compact, as ensured by the generalized Bonnet—Myers theorem with integral Ricci
curvature bounds (Theorem 3.5). The normalized isoperimetric profile function hy (53, g)
is considered on a manifold (M, g) with ||Ric* Hp < 0 = min{dy, d }, where 0 is as defined
in Theorem 3.9.

To obtain a contradiction, assume that there exists 8 € (0,1) satisfying

hi(B8,9) < Lo(B) — ¢, (3.18)

where ¢(3) = h1(5, gx). Define a function f on (0,1) by

L hl(ﬁag) +e€
0= L)
By the asymptotic (3.2) of hy and ¢,
. R T hl(ﬁ?Q) +¢€ _
P - e 7 B

Since h; and ¢ are symmetric, f(1 — ) = f(8) and so limg_,;- f(8) = +00. Therefore

f attains its minimum A at some 5y € (0,1):

hi(Bo.g) + & = ALo(Bo),  ha(fB,g) +e = ALo(B) VS € (0,1).

Moreover, the assumption (3.18) implies A < 1.

Consider a smooth function ¢ such that 0 < ¥(8) < hyi(5,g) near 5y and ¥(5y) =
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hi1(Bo,g). Then
Y(Bo) = ALo(Bo) — &, W(ﬁo) = AL(ﬂ(ﬁo)- (3.19)

By Theorem 3.9 applied with the support function v,

(n—1)/2
1 v \?
< . .
N < arh (k:+ (n — 1) ) (3.20)

At Sy, the equations (3.19) and (3.20) imply

o\ (n—1)/2

oy (112 ,
Akl < a(AL¢ —¢) <k+ <2L_¢1> ) < alle—e) <k+ (nLjsl) ) |
n,d’

(3.21)

where the last inequality follows from L > 1, ¢(5p) > 0, A < 1, and « > 1. Since ¢ is a

solution of the differential equation

(n-1)/2
o\ 1
¢<k+ (n—l) ) = (3.22)

combining (3.21) and (3.22) gives
(n—1)/2 9\ (n—1)/2
Ly \’ Yo ¢
a(L¢—5)<k‘+(n_1)) >/\Z,d/¢(k+(”_1>>
L2\ (D)2
rofee (4))
n—1
o\ (D)2
= L¢ <L2k+< e ) )
n—1
L2\ (-2
> Lo (k + < Lo ) ) .
n—1

(oz—l)ng5<oz—1. L
« a7 sin(vVk t) dt’

Thus a(L¢ — €) > L¢, and

€<

which is a contradiction. OJ
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