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Abstract

Isoperimetric and Sobolev problems under various curvature assumptions

by

Fabio Ricci

Geometric inequalities are one of the main ways in which curvature controls the

analysis and geometry of a Riemannian manifold. Sobolev-type inequalities compare a

function with its derivatives and are closely connected to volume growth, heat flow, and

concentration phenomena. Isoperimetric inequalities compare the volume of a region

with the area of its boundary and give a geometric measure of how efficiently a space

encloses volume. In comparison geometry, such inequalities are often understood by

comparing a manifold or submanifold with a model space, such as Euclidean space, a

sphere, or a space form of constant curvature. This thesis studies two problems in this

direction: logarithmic Sobolev inequalities for submanifolds and comparison theorems for

isoperimetric profile functions. In both cases, the goal is to extend classical comparison

principles under weaker or more flexible curvature assumptions. The results are obtained

in joint work with Jihye Lee.

The first part of the thesis concerns logarithmic Sobolev inequalities for submanifolds.

Logarithmic Sobolev inequalities have been extensively studied in analysis, geometry, and

probability, beginning in Euclidean and Gaussian settings and later extending to Rieman-

nian manifolds and submanifolds. In the submanifold setting, these inequalities reflect

not only the behavior of a function and its gradient, but also the mean curvature of

the submanifold and the geometry of the ambient space. A pioneering result of Bren-

dle established a logarithmic Sobolev inequality for compact submanifolds, placing the
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classical Euclidean theory in a geometric framework. We extend this result to ambient

manifolds satisfying weaker curvature assumptions than those previously required. We

also prove a version under an asymptotic curvature condition, allowing the comparison

principle to persist under a controlled large-scale weakening of the hypothesis. As an

application, we obtain nonexistence results for closed minimal submanifolds in ambient

manifolds with Euclidean volume growth.

The second part of the thesis concerns isoperimetric comparison. The isoperimetric

problem asks for the least possible boundary area among regions of a prescribed volume.

A natural way to organize this problem is through the isoperimetric profile function,

which records this optimal boundary area for every volume. Explicit lower bounds for

the isoperimetric profile are isoperimetric inequalities, while comparison theorems for

the profile compare the geometry of a manifold with that of a model space. Classical

profile comparison theorems are known under pointwise Ricci curvature lower bounds.

We extend these comparison results to integral Ricci curvature bounds, where curvature

is controlled in an averaged sense rather than pointwise. The resulting estimates compare

the isoperimetric profile of the manifold with that of the corresponding model space, with

quantitative error terms measuring the deviation from the classical comparison setting.

When this deviation vanishes, the classical comparison theorems are recovered. We also

obtain corresponding results for the relative isoperimetric problem inside convex bodies.

Together, these results place both parts of the thesis within comparison geometry.

They show that fundamental Sobolev-type and isoperimetric inequalities continue to

hold under curvature hypotheses beyond the traditional settings. In the logarithmic

Sobolev problem, the curvature condition is adapted to the geometry of the submanifold

and admits an asymptotic version; in the isoperimetric-profile problem, pointwise Ricci

control is replaced by integral curvature control. Thus the thesis develops comparison

principles for geometric inequalities in broader curvature regimes.
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Chapter 1

Introduction

One of the most elegant themes in geometric analysis is the interplay between the under-

lying geometry of a space and the analytical objects defined upon it. This relationship

is made rigorous and quantitative through geometric inequalities. They relate quantities

such as volume, boundary area, gradients, entropy, and mean curvature, and they often

reveal how close a space is to a model geometry. A first model example is the classical

isoperimetric inequality in Euclidean space: if Ω ⊂ Rn is a bounded smooth domain,

then

|∂Ω| ≥ nω1/n
n |Ω|

n−1
n ,

where ωn denotes the volume of the unit ball in Rn, and equality holds precisely for balls.

This inequality says that balls enclose volume most efficiently. Although it is a geometric

statement, it has direct analytic consequences. Through the coarea formula, it leads to

Sobolev-type inequalities, such as(∫
Rn

|u|
n
n−1 dx

)n−1
n

≤ Cn

∫
Rn

|∇u| dx,

for suitable compactly supported functions u. Thus isoperimetric and Sobolev inequalities

are two expressions of the same general principle: geometry controls analysis.
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Logarithmic Sobolev inequalities are another important member of this family. In

their simplest Euclidean form, they control the entropy of a function by its energy. For

instance, if f ≥ 0 is smooth on Rn and
∫
Rn f dx = 1, then the sharp Euclidean logarithmic

Sobolev inequality can be written as∫
Rn
f log f dx ≤

∫
Rn

|∇f |2

f
dx−

(
n+

n

2
log(4π)

)
.

The sharp constant is chosen so that equality is attained by the Gaussian density. While

these inequalities take their simplest form in flat space, they naturally extend to Rie-

mannian manifolds. In this setting, geometric inequalities reveal how the curvature of

a manifold influences its analysis. As a result, the basic entropy-energy comparison is

modified by the curvature of the ambient space, by volume growth, and, for submanifolds,

by the mean curvature.

On a Riemannian manifold, these inequalities are often comparison theorems. The

philosophy of comparison geometry is that a curvature assumption should allow one to

compare a given manifold with a model space such as Euclidean space, a round sphere,

or a simply connected space form of constant curvature. A fundamental example is the

Lévy–Gromov isoperimetric inequality. If (Mn, g) is closed and satisfies Ric g ≥ (n−1)g,

then its normalized isoperimetric profile is bounded below by that of the round sphere:

h1(β, g) ≥ h1(β, gSn), β ∈ (0, 1). (1.1)

Here

h1(β, g) := inf

{
|∂Ω|
|M |

: Ω ⊂M is a smooth domain with
|Ω|
|M |

= β

}
.

This is a model comparison theorem: a Ricci curvature lower bound forces the isoperi-

metric behavior of M to be no worse than that of the corresponding sphere [35, 11].

Similar comparison principles appear throughout geometric analysis, relating curvature

assumptions to volume growth, heat kernel estimates, Sobolev inequalities, eigenvalue
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estimates, and rigidity phenomena.

For the unnormalized isoperimetric problem, the main object is the isoperimetric

profile function. For a Riemannian manifold (Mn, g), define

h2(β, g) := inf {|∂Ω| : Ω ⊂M is a smooth domain with |Ω| = β} . (1.2)

Thus an explicit lower bound

h2(β, g) ≥ F (β)

is an isoperimetric inequality. On the other hand, comparison theorems for the profile

compare h2(β, g) with the corresponding profile of a model space. For example, if Ric ≥

(n−1)k, then the classical profile comparison theorem of Morgan–Johnson and Ni–Wang

gives

h2(β, g) ≤ h2(β, gk), (1.3)

where (Mn
k , gk) is the simply connected space form of constant curvature k [59, 63]. The

direction of the comparison depends on the normalization and on the model being used,

but in each case the profile gives a quantitative way to compare the manifold with a

model geometry.

The thesis focuses on two problems in this comparison-geometric direction. The

first concerns logarithmic Sobolev inequalities for compact submanifolds of complete

non-compact ambient manifolds. In this setting, the curvature assumption is chosen

to reflect the dimension and codimension of the submanifold, rather than requiring full

non-negative sectional curvature of the ambient space. The precise condition is the

k-intermediate Ricci curvature condition, whose definition appears in (1.4) below; its

asymptotic version is formulated in (1.5) and (1.6). The second concerns comparison

theorems for the isoperimetric profile function under integral Ricci curvature bounds,

where the deviation from a pointwise Ricci lower bound is measured in an averaged

3



sense; see (1.10). These two directions are technically different, but they share the same

guiding idea: one seeks to preserve a model geometric inequality while replacing the

classical curvature hypothesis by a weaker or more flexible one. The results described in

this thesis are obtained in two joint works with Jihye Lee [54, 53].

We first discuss the logarithmic Sobolev side. Logarithmic Sobolev inequalities have

been studied extensively in analysis, geometry, and probability. They appeared in early

work of Stam [79] and Federbush [31], and Gross’s foundational work [36] placed them

in their modern form by relating them to hypercontractivity of semigroups; see also

[37]. Since then, they have become a central tool in concentration of measure, heat

kernel estimates, entropy methods, and geometric analysis [52, 65, 64]. In the Euclidean

setting, the logarithmic Sobolev inequality can be viewed as a sharp form of the principle

that entropy is controlled by energy, with equality governed by Gaussian functions.

For submanifolds, the inequality must also see the extrinsic geometry. The classical

Michael–Simon Sobolev inequality [58] shows that the usual Sobolev inequality on a

submanifold involves not only the gradient of a function, but also the mean curvature of

the submanifold. Ecker [30] established logarithmic Sobolev inequalities in the Euclidean

submanifold setting, and Brendle later proved a sharp logarithmic Sobolev inequality for

compact submanifolds of Euclidean space [16]. In one common normalization, Brendle’s

inequality says that if Σn ⊂ Rn+m is compact without boundary and f > 0 is smooth,

then ∫
Σ

f
(
log f + n+

n

2
log(4π)

)
dV −

∫
Σ

|∇f |2

f
dV −

∫
Σ

f |H|2 dV

≤ (∫
Σ

f dV

)
log

(∫
Σ

f dV

)
,

where H is the mean curvature vector of Σ. This formula is a useful model for the first

part of the thesis: the Euclidean logarithmic Sobolev inequality is modified by a mean

curvature term, and the goal is to understand what ambient curvature assumptions allow

4



the same structure to persist.

A major development behind several recent results is the use of the Alexandrov–

Bakelman–Pucci method. In its geometric form, the method starts from an auxiliary

elliptic equation and uses a contact set together with a Jacobian estimate for a naturally

defined map. The method was introduced into the Riemannian setting by Cabré [20, 19]

and was subsequently used in several geometric inequalities [87, 82]. Brendle’s work [14,

16] showed that this approach is especially effective for Sobolev and Michael–Simon type

inequalities on non-compact manifolds and for submanifolds in curved ambient spaces.

What makes the method well suited to comparison geometry is that curvature enters

through the control of a Jacobian along geodesics. Thus the method naturally leads to

the question of which curvature assumptions are actually needed for the relevant Jacobian

estimates.

For submanifolds of higher codimension, non-negative sectional curvature of the ambi-

ent space is a strong assumption. The geometry of the submanifold only samples certain

averages of sectional curvatures along directions determined by the tangent and normal

bundles. This points toward intermediate Ricci curvature, a family of curvature condi-

tions interpolating between sectional curvature and Ricci curvature. This notion goes

back to work of Wu [85] and has since played an important role in comparison geometry

and topology, including work of Shen [78], Guijarro and Wilhelm [39, 40, 38], Reiser

and Wraith [71], and others. It also has a natural connection with optimal transport

through the formulation of Ketterer and Mondino [51]. From the point of view of geo-

metric inequalities, Ma and Wu [57] and Wang [81] showed that Brendle’s Sobolev and

Michael–Simon–Sobolev inequalities can be extended under suitable intermediate Ricci

curvature assumptions. One contribution of this thesis is to show that the logarithmic

Sobolev inequality fits into the same picture.

We also consider an asymptotic version of this curvature condition, defined precisely

below in (1.5) and (1.6). The general idea of asymptotically non-negative curvature is

5



that curvature may fail to be non-negative everywhere, but its failure is controlled at

large distances. This framework was developed for sectional curvature by Abresch [1]

and Kasue [49], and for Ricci curvature by Abresch–Gromoll [2] and Zhu [90]; see also

[70, 89]. It has proved useful because many comparison phenomena remain valid when

the curvature defect decays sufficiently fast. In the logarithmic Sobolev part of the the-

sis, we extend Brendle’s inequality from the classical sectional-curvature setting to an

intermediate Ricci curvature setting, and further to an asymptotically non-negative ver-

sion. This gives a logarithmic Sobolev comparison theorem whose curvature hypothesis

is adapted to the submanifold geometry and whose error terms record the large-scale

weakening of the curvature condition.

Let us now place the profile comparison (1.3) in its broader context. Classical profile

comparison theorems are based on pointwise curvature lower bounds. The Lévy–Gromov

inequality (1.1) compares the normalized isoperimetric profile of a manifold with positive

Ricci curvature to that of the round sphere [35, 11]. Morgan and Johnson proved (1.3)

by deriving a differential inequality for the isoperimetric profile [59]; related arguments

and refinements were developed by Bayle [8], Bayle–Rosales [9], and Ni–Wang [63], the

latter using viscosity methods. More recently, profile comparison has also been studied

in non-smooth settings with lower Ricci curvature bounds [5]. These results show that

the isoperimetric profile is not merely a way of organizing isoperimetric inequalities: it

is itself a geometric quantity governed by curvature comparison.

The second contribution of the thesis is to extend this profile-comparison viewpoint

to integral Ricci curvature bounds. Instead of requiring a pointwise lower bound Ric ≥

(n − 1)k, one measures the part of the Ricci curvature below the model value (n − 1)k

using the integral curvature defect defined later in (1.10). When this curvature defect

vanishes, the pointwise theory is recovered; when it is small but non-zero, the curvature

is controlled in an averaged sense. To put this in context, two foundational results

in comparison geometry are the Bishop–Gromov relative volume comparison and the
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Laplacian comparison theorem. If Ric ≥ (n− 1)k, then the volume ratio

volBr(x)

v(n, k, r)
is monotonically nonincreasing in r,

where v(n, k, r) denotes the volume of a ball of radius r in the simply connected space

form of constant curvature k, and the Laplacian of the distance function satisfies

∆ d(·, x) ≤ (n− 1)
sn′

k(r)

snk(r)

pointwise on M \ ({x} ∪Cut(x)),where snk is the standard comparison function defined

later in (3.6). These two results control volume doubling, precompactness, and heat

kernel estimates, and they underlie much of the structure theory of manifolds with lower

curvature bounds. A natural question is whether such comparison results persist when

the pointwise assumption Ric ≥ (n− 1)k is replaced by an integral condition.

This program began with Gallot’s work on isoperimetric inequalities under integral

Ricci bounds [33] and was developed substantially by Petersen and Wei [66], who proved

that the Bishop–Gromov monotonicity survives in an approximate sense under Lp curva-

ture conditions with p > n/2: the volume ratio is no longer monotone, but an appropriate

power of it is almost monotone, with an additive error controlled by the integral curva-

ture defect. Their work also established the mean curvature and Laplacian comparison

theorems in the integral setting, which provide the basic comparison tools. Further

developments include work of Petersen–Sprouse [67], Aubry [6], Chen–Wei [23], Dai–

Wei–Zhang [25], and Chahine [22]; related questions have also appeared in connection

with stability problems such as the positive mass theorem [4].

Integral curvature bounds are natural from the comparison-geometric point of view

because they separate the model comparison from the exact pointwise curvature condi-

tion. The price is that the classical monotonicity statements acquire error terms, and

these errors must be propagated through the differential inequalities that govern the

profile. In this thesis we prove comparison estimates for the isoperimetric profile un-
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der integral Ricci curvature bounds in both non-positive and positive model-curvature

regimes. The estimates recover the Morgan–Johnson and Ni–Wang comparison (1.3)

when the integral curvature defect is zero, and in general they quantify the deviation

from the classical comparison in terms of the size of the curvature defect. We also obtain

corresponding relative isoperimetric profile comparisons for convex bodies.

The two parts of the thesis therefore fit into a single narrative. Both begin with a

classical geometric inequality that can be understood through comparison with a model

space. Both ask whether the comparison survives when the curvature hypothesis is

adjusted to a broader setting. In the logarithmic Sobolev problem, the adjustment is

to use curvature assumptions adapted to the codimension of the submanifold, including

an asymptotic version. In the isoperimetric-profile problem, the adjustment is to replace

pointwise Ricci control by integral control of the curvature defect. The common goal is to

enlarge the range of comparison geometry while retaining inequalities whose constants,

model terms, and error terms have clear geometric meaning.

1.0.1 Main Results

We now state the main results of this thesis. We begin with the results on logarithmic

Sobolev inequalities under intermediate Ricci curvature conditions, and then turn to the

comparison results for the isoperimetric profile function under integral Ricci curvature

bounds.

Logarithmic Sobolev inequality under intermediate Ricci curvature.

Let (Mn+m, g) be a complete non-compact Riemannian manifold of dimension n+m.

For 1 ≤ k ≤ n +m − 1, given a k-dimensional subspace P ⊂ TxM at x ∈ M and any

tangent vector v ∈ TxM with v ⊥ P , the k-intermediate Ricci curvature with respect to

P in the direction of v is defined as

Rick(P, v) :=
k∑

i=1

Sec(v, ei) |v|2 , (1.4)
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where {e1, . . . , ek} is an orthonormal basis of P . When k = n +m − 1, this reduces to

the Ricci curvature, and when k = 1, it reduces to the sectional curvature. The manifold

M is said to have asymptotically non-negative Rick if there exist a base point o ∈M and

a non-negative non-increasing continuous function λ : [0,∞) → [0,∞) with

b0(λ) :=

∫ ∞

0

t λ(t) dt <∞, b1(λ) :=

∫ ∞

0

λ(t) dt <∞, (1.5)

such that

Rick(P, v) ≥ −k λ(d(o, x)) |v|2 (1.6)

for all appropriate P and v. When λ ≡ 0, this reduces to the usual non-negative Rick

condition, and b0 = b1 = 0.

We also use the Gaussian factor

P (t) := (4π)−
n+m

2

∫
Rn+m

e−
(|z|+t)2

4 dz. (1.7)

Our first main result extends Brendle’s logarithmic Sobolev inequality [14, 16] to this set-

ting. The choice k = min{n−1,m−1} is natural, as the codimension of the submanifold

determines the partial average of sectional curvatures entering the inequality.

Theorem 1.1 ([54])

LetMn+m be a complete, non-compact manifold of dimension n+m with asymptotically

non-negative Rick and Euclidean volume growth, where k = min{n− 1,m− 1}. Assume

that Σn is an n-dimensional compact submanifold without boundary. Then, for any

positive smooth function f , we have∫
Σ

f

(
log f + log

(
P (4b1n)θh

)
+
n

2
log(4π) + n+ 4b21n

2

+ (n+m− 1) log
1 + b0
e2r0b1+b0

)
dV (x)−

∫
Σ

|∇f |2

f
dV −

∫
Σ

f |H|2 dV

≤
∫
Σ

f dV (x)

(
log

∫
Σ

f(x) dV (x)

)
, (1.8)
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where θh is the asymptotic volume ratio of M associated to the comparison function

determined by λ, H is the mean curvature vector of Σ, and r0 = maxx∈Σ d(o, x).

The additional terms involving b0, b1, and P (4b1n) quantify the effect of the asymp-

totic weakening of the curvature hypothesis in (1.6). When λ ≡ 0, these terms reduce

to the non-negative curvature case and θh becomes the usual asymptotic volume ratio.

Setting λ ≡ 0 in Theorem 1.1 yields the following cleaner statement.

Corollary 1.2

Let Mn+m be a complete, non-compact manifold of dimension n + m with Euclidean

volume growth and Rick ≥ 0, where k = min{n− 1,m− 1}. Let Σn be an n-dimensional

compact submanifold without boundary. Then, for any positive smooth function f , we

have ∫
Σ

f
(
log f + n+

n

2
log(4π) + log θ

)
dV −

∫
Σ

|∇f |2

f
dV −

∫
Σ

f |H|2 dV

≤
(∫

Σ

f dV

)
log

(∫
Σ

f dV

)
, (1.9)

where θ is the asymptotic volume ratio of M and H is the mean curvature vector of Σ.

We believe the k-intermediate Ricci curvature condition may be optimal for this

inequality. Evidence for this comes from one of our corollaries, concerning the existence

of closed minimal submanifolds, which fails under the weaker assumption of mere non-

negative Ricci curvature. Determining the truly optimal curvature condition remains an

important open question.

Isoperimetric profile comparisons under integral Ricci curvature. We now turn

to isoperimetric profile comparisons. Let (Mn, g) be a Riemannian manifold and let ρ(x)

denote the smallest eigenvalue of the Ricci tensor at x ∈M . Given k ∈ R, we define the
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Ricci curvature defect and the integral Ricci curvature by

Rick−(x) := max{0, (n− 1)k − ρ(x)},∣∣∣∣Rick−∣∣∣∣p := (∫
M

(
Rick−(x)

)p
dvol

) 1
p

. (1.10)

The condition
∣∣∣∣Rick−∣∣∣∣p = 0 is equivalent to the pointwise bound Ric ≥ (n− 1)k. When∣∣∣∣Rick−∣∣∣∣p is small but non-zero, the Ricci curvature is allowed to dip below (n− 1)k in a

controlled Lp sense.

Recall the isoperimetric profile h2(β, g) from (1.2). Our comparison theorems relate

the profile of (Mn, g) to that of the model space form (Mn
k , gk) of constant curvature k.

We state two results: the first for k ≤ 0, including the non-compact case, and the second

for k > 0 under a diameter and smallness condition.

Theorem 1.3 ([53])

Let (Mn, g) be a Riemannian manifold, p > n
2
and k ≤ 0 be given. When k = 0, assume

that diam(M) = d <∞. Then for any β ∈ (0, |M |), we have

h2(β, g)− h2(β, gk) ≤
(
(n− 1)(2p− 1)

2p− n

∣∣∣∣Rick−∣∣∣∣p) 1
2

β
2p−1
2p

+ f(β, n, p, k, d,
∣∣∣∣Rick−∣∣∣∣p),

where (Mn
k , gk) is a complete simply connected space of constant curvature k and f ≡ 0

when
∣∣∣∣Rick−∣∣∣∣p = 0, recovering the classical comparison (1.3).

Theorem 1.4 ([53])

Let (Mn, g) be a Riemannian manifold, p > n
2
and k > 0 be given. Assume additionally

that d := diam(M) < π
2
√
k
. Then there exists ε > 0 such that if

∣∣∣∣Rick−∣∣∣∣p < ε, then for
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any β ∈ (0, |M |), we have

h2(β, g)− h2(β, gk) ≤
(
(n− 1)(2p− 1)

2p− n

∣∣∣∣Rick−∣∣∣∣p) 1
2

β
2p−1
2p

+ f(β, n, p, k, d,
∣∣∣∣Rick−∣∣∣∣p),

where (Mn
k , gk) is a complete simply connected space of constant curvature k and f ≡ 0

when
∣∣∣∣Rick−∣∣∣∣p = 0, recovering the classical comparison (1.3).

These results highlight both the potential and the difficulty of working with integral

curvature bounds. Controlling curvature in the Lp sense is significantly weaker than im-

posing pointwise conditions, and it introduces new technical challenges in the analysis of

volume comparison and isoperimetric inequalities. Our proofs build upon the Bishop–

Gromov volume comparison and Laplacian comparison results of Petersen and Wei [66],

whose additive error terms persist in our estimates. When the integral curvature term

vanishes, both theorems recover the classical pointwise comparison of Morgan and John-

son [59] and the viscosity-based results of Ni and Wang [63]. What is new is the ability

to quantify and control the error when the Ricci curvature defect in (1.10) is nonzero,

thereby extending the scope of these comparison theorems beyond the traditional point-

wise regime.

Together, Theorems 1.1–1.4 expand the range of comparison geometry for geometric

inequalities. They show that classical Sobolev-type and isoperimetric comparisons persist

under broader curvature regimes, with the effect of the weakened hypotheses measured

by explicit geometric and analytic quantities.

1.0.2 Overview of the thesis

The thesis is organized as follows.

In Chapter 2, we introduce the Alexandrov–Bakelman–Pucci (ABP) method in the

Riemannian setting. We discuss the construction of the transport map via a PDE in
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divergence form on a contact set, the associated matrix Riccati equation along geodesics,

and the resulting monotonicity formula for the Jacobian. We explain how this framework,

originally developed by Cabré [20, 19] and further advanced by Brendle [14], provides a

unified approach to Sobolev-type and isoperimetric inequalities on manifolds with cur-

vature bounds.

In the same chapter, we prove our Michael–Simon type logarithmic Sobolev inequal-

ity under intermediate Ricci curvature conditions. After introducing the necessary back-

ground on k-intermediate Ricci curvature and the asymptotically non-negative frame-

work, we present the proof of Theorem 1.1 and Corollary 1.2. We explain how the

monotonicity formula for the Jacobian of the transport map interacts with the interme-

diate curvature condition, discuss the role of the Euclidean volume growth assumption

and the optimality of the curvature condition, and derive several consequences of the

main inequality. The content of this chapter is based on [54].

In Chapter 3, we study the isoperimetric profile function under integral Ricci curva-

ture bounds. We begin by presenting basic properties of integral curvature conditions and

surveying the relevant comparison results, including the Bishop–Gromov volume compar-

ison and Laplacian comparison theorems of Petersen and Wei [66]. We then prove our

comparison theorems for the isoperimetric profile, Theorem 1.3 and Theorem 1.4, dis-

cussing the structure of the error terms, the role of the diameter assumption in the

positive curvature case, and the recovery of the classical comparison theorems when the

integral curvature vanishes. The content of this chapter is based on [53].
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Chapter 2

The ABP Method and the

Logarithmic Sobolev Inequality

The Alexandrov–Bakelman–Pucci (ABP) method is a PDE-based technique that has

proven remarkably effective for establishing a wide range of geometric inequalities, in-

cluding isoperimetric, Sobolev, logarithmic Sobolev, Michael–Simon, eigenvalue, and

Willmore-type inequalities, by reducing them to three analytical ingredients: a suitable

elliptic equation, a surjectivity argument for the induced gradient map, and a pointwise

Jacobian bound via the arithmetic-geometric mean inequality. For a comprehensive sur-

vey of the method and its geometric applications, see Brendle [13]. In this chapter, we

present the method first in its Euclidean setting, where the key ideas can be seen most

clearly and without the additional technicalities introduced by curvature, and then de-

scribe its extension to Riemannian manifolds. We begin with the classical isoperimetric

inequality, discuss the Sobolev and logarithmic Sobolev inequalities, and give a detailed

ABP proof of the global logarithmic Sobolev inequality on Rn, which serves as the model

for the curved setting. We then survey the manifold ABP framework and the results it has

produced, and finally present the full proof of our main result [54]: the sharp logarithmic

Sobolev inequality for submanifolds under asymptotically non-negative k-intermediate
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Ricci curvature.

2.1 The ABP Method in Euclidean Space

2.1.1 The Classical Isoperimetric Inequality

We present a proof of the classical isoperimetric inequality in Rn using the ABP method,

following the approach introduced by Cabré [20, 19] and later surveyed by Brendle [14].

This method, which relies only on the existence and regularity theory for linear elliptic

PDEs, serves as the analytical foundation for the results developed in subsequent sections.

We emphasize the structure of the proof, particularly the surjectivity of the gradient map

on the contact set, as this step is precisely where curvature enters in the Riemannian

generalization.

Theorem 2.1 (Classical isoperimetric inequality)

Let Ω ⊂ Rn be a bounded smooth domain. Then

|∂Ω|n ≥ nnωn |Ω|n−1 ,

where ωn = |Bn
1 | denotes the volume of the unit ball in Rn. Equality holds if and only if

Ω is a ball.

The proof proceeds in several steps. We first set up an auxiliary Neumann problem,

then analyze the gradient map on a natural contact set, and finally combine a surjectivity

argument with the arithmetic-geometric mean inequality.

The Neumann problem. Set c = |∂Ω|
|Ω| and consider the Neumann problem

∆u = c in Ω,
∂u

∂ν
= 1 on ∂Ω, (2.1)

where ν denotes the outward-pointing unit normal to ∂Ω. The compatibility condition
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for solvability of (2.1) requires ∫
Ω

∆u dx =

∫
∂Ω

∂u

∂ν
dS,

which, by our choice of c, reduces to c |Ω| = |∂Ω|. This is satisfied by construction, and

classical elliptic regularity theory [34] guarantees the existence of a smooth solution u,

unique up to an additive constant.

The contact set. We define the lower contact set of u by

Γ− =
{
x ∈ Ω : u(y) ≥ u(x) + p · (y − x) for some p ∈ Rn and all y ∈ Ω

}
.

At any interior point x ∈ Γ− ∩Ω, the supporting hyperplane condition forces ∇u(x) = p

and D2u(x) ≥ 0, i.e., the Hessian is non-negative definite. The contact set is thus the

locus where the graph of u is touched from below by an affine function, and the gradient

map Φ: x 7→ ∇u(x) is well-defined on it.

Remark 2.1. The contact set plays a role analogous to that of the subdifferential in convex

analysis. On Γ− ∩ Ω, the function u is “locally convex” in the sense that its Hessian is

non-negative definite. This is the key structural feature that makes the AM-GM estimate

in Lemma 2.3 below possible.

The following surjectivity result is the heart of the proof. It shows that the gradient

map on the contact set captures at least the open unit ball.

Lemma 2.2 (Surjectivity of the gradient map)

Let u be a solution of (2.1). Then B1(0) ⊂ ∇u(Γ− ∩ Ω).

Proof. Let e ∈ Rn with |e| < 1. Consider the function φ(x) = u(x) − e · x on Ω. Since

Ω is compact, φ attains its minimum at some point x0 ∈ Ω. We claim that x0 ∈ Ω, i.e.,

the minimum is attained in the interior.

Suppose for contradiction that x0 ∈ ∂Ω. Then the outward normal derivative of φ at
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x0 must satisfy

∂φ

∂ν
(x0) ≤ 0.

On the other hand,

∂φ

∂ν
(x0) =

∂u

∂ν
(x0)− e · ν(x0) = 1− e · ν(x0) ≥ 1− |e| > 0,

which is a contradiction. Therefore x0 ∈ Ω.

Since x0 is an interior minimizer, we have ∇φ(x0) = 0, i.e., ∇u(x0) = e. Moreover,

for all y ∈ Ω,

u(y)− e · y = φ(y) ≥ φ(x0) = u(x0)− e · x0,

which gives u(y) ≥ u(x0) + e · (y− x0). This means x0 ∈ Γ− ∩Ω with p = e. Since e was

an arbitrary point in B1(0), we conclude that B1(0) ⊂ ∇u(Γ− ∩ Ω).

Remark 2.2. Lemma 2.2 is the most delicate step to in the manifold setting. The proof

relies on two ingredients: the Neumann boundary condition ∂u
∂ν

= 1, which prevents the

minimum from being attained on the boundary, and the flatness of Rn, which ensures

that the affine function e · x is globally well-defined and compatible with the supporting

hyperplane construction.

When one moves to a Riemannian manifold (Mn, g), the role of the affine function e·x

is replaced by the distance function or, more precisely, by geodesic-based constructions.

In Brendle’s work [14], the gradient map ∇u is replaced by a map Φ defined using the

exponential map, and the surjectivity of Φ onto a suitable region relies on analyzing a

matrix Riccati equation along geodesics. It is in this Riccati analysis that the curvature

of the manifold enters: non-negative sectional (or intermediate Ricci) curvature provides

the monotonicity estimates needed to control the Jacobian of Φ.

The second ingredient is the pointwise Jacobian estimate on the contact set.

Lemma 2.3 (AM-GM estimate on the contact set)
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At any point x ∈ Γ− ∩ Ω, we have

detD2u(x) ≤
( c
n

)n
,

where c = |∂Ω|
|Ω| .

Proof. At x ∈ Γ− ∩ Ω, the Hessian D2u(x) is non-negative definite. Let λ1, . . . , λn ≥ 0

be its eigenvalues. Since ∆u(x) = c, we have λ1+ · · ·+λn = c. The arithmetic-geometric

mean inequality gives

detD2u(x) = λ1 · · ·λn ≤
(
λ1 + · · ·+ λn

n

)n

=
( c
n

)n
.

Remark 2.3. In the Riemannian setting, the AM-GM inequality is replaced by a more

refined Jacobian estimate that accounts for the curvature of the manifold. The Lapla-

cian condition ∆u = c becomes a divergence-form equation, and the eigenvalue bound is

obtained through a monotonicity formula for the Jacobian of the transport map along

geodesics. The curvature of the manifold contributes additional terms to this monotonic-

ity formula via the Riccati equation, and the sign of these terms is controlled by the

assumed curvature condition.

We are now in a position to complete the proof of the isoperimetric inequality.

Proof of Theorem 2.1. By Lemma 2.2, B1(0) ⊂ ∇u(Γ− ∩ Ω). The area formula (change

of variables for ∇u) gives

|B1| ≤
∫
Γ−∩Ω

detD2u dx.

Applying the pointwise estimate of Lemma 2.3 and using the fact that Γ− ∩ Ω ⊂ Ω, we

obtain

ωn = |B1| ≤
( c
n

)n
|Ω| .

Substituting c = |∂Ω| / |Ω| yields

ωn ≤ |∂Ω|n

nn |Ω|n
· |Ω| = |∂Ω|n

nn |Ω|n−1 ,

18



which is equivalent to |∂Ω|n ≥ nnωn |Ω|n−1.

Equality is achieved when Ω is a ball BR: since |∂BR| = nωnR
n−1 and |BR| = ωnR

n,

one verifies directly that |∂BR|n = nnωn |BR|n−1.

Conversely, suppose that equality holds in the isoperimetric inequality, that is,

|∂Ω|n = nnωn |Ω|n−1 .

Recall that the proof established the chain of inequalities

|B1| ≤
∫
Γv

detD2v dx ≤
∫
Γv

(
∆v

n

)n

dx =

(
|∂Ω|
n |Ω|

)n

|Γv| ≤
(
|∂Ω|
n |Ω|

)n

|Ω| . (2.2)

If the isoperimetric inequality is an equality, then

|B1| =
(
|∂Ω|
n |Ω|

)n

|Ω| ,

so all four quantities in (2.2) must coincide. The last inequality becoming an equality

forces the contact set to have full measure: |Γv| = |Ω|.

Equality in the arithmetic-geometric mean inequality, applied to the eigenvalues of

D2v(x) at each point of Γv, forces all eigenvalues to be equal. Since ∆v = |∂Ω| / |Ω| is

constant, writing c = |∂Ω| /(n |Ω|) gives

D2v(x) = c I for every x ∈ Γv.

Since Γv has full measure in Ω and v ∈ C2,γ(Ω̄), continuity extends this to all of Ω:

D2v ≡ c I throughout Ω.

It follows that v must be a quadratic,

v(x) =
c

2
|x− x0|2 + a,

for some point x0 ∈ Rn and constant a ∈ R, with gradient ∇v(x) = c(x − x0). The
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surjectivity established earlier, B1 ⊆ ∇v(Γv), now reads

B1 ⊆ c(Ω− x0),

which gives Ω ⊇ B1/c(x0). On the other hand, the condition |∇v| ≤ 1 on Γv yields

c |x− x0| ≤ 1 for a.e. x ∈ Ω,

so Ω ⊆ B1/c(x0). Combining these two inclusions,

Ω = B1/c(x0) = BR(x0), R =
1

c
=
n |Ω|
|∂Ω|

,

so Ω is a ball (see [18]).

Remark 2.4. We close this subsection by highlighting the duality between the ABP ap-

proach and optimal transport as pointed in [14] and [13]. In the optimal transport proof

of the isoperimetric inequality (see, e.g., [24]), one solves the Monge–Ampère equation

detD2u = 1 for a convex function u and concludes ∆u ≥ n by AM-GM. In the ABP

approach, the logic is reversed: one solves ∆u = c and concludes detD2u ≤ (c/n)n on

the contact set by AM-GM. Both approaches yield the isoperimetric inequality, but the

ABP method has the advantage of requiring only linear PDE theory. This makes it more

amenable to generalization to curved settings, where the Monge–Ampère approach faces

additional difficulties.

2.1.2 The Sobolev and Logarithmic Sobolev Inequalities

The isoperimetric inequality (Theorem 2.1) admits a natural functional extension. Rather

than comparing the volume and perimeter of a domain directly, one can ask for an in-

equality involving a test function f and its gradient. This leads to the Sobolev inequality.

Theorem 2.4 (Sobolev inequality in Rn)
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Let D be a compact domain in Rn with smooth boundary. Let f be a smooth positive

function on D. Then ∫
D

|∇f |+
∫
∂D

f ≥ n |Bn|
1
n

(∫
D

f
n
n−1

)n−1
n

,

where Bn denotes the open unit ball in Rn.

Choosing f ≡ 1 in Theorem 2.4 reduces the left-hand side to |∂D| and the right-hand

side to n |Bn|1/n |D|(n−1)/n, so the isoperimetric inequality is recovered as a special case.

Conversely, the Sobolev inequality can be proved using the coarea formula together with

the isoperimetric inequality applied to level sets of f . This equivalence is classical and

we omit the details.

What is more relevant for us is that the Sobolev inequality also admits a direct proof

via the ABP method. The argument parallels the one given for Theorem 2.1: the Laplace

equation ∆u = c is replaced by a weighted divergence-form equation div(f∇u) = RHS

with the same Neumann condition ⟨∇u, ν⟩ = 1 on ∂D, and the surjectivity and AM-GM

steps carry through with minor modifications. We refer to Cabré [19] and Brendle [14]

for the complete argument.

Beyond the Sobolev inequality, there is a logarithmic variant that plays a central role

in this thesis. Logarithmic Sobolev inequalities control the entropy of a function in terms

of its energy, and they arise naturally in the study of concentration of measure, heat

kernel estimates, and information theory (see Chapter 1 for a broader discussion). In the

Euclidean submanifold setting, the sharp result is due to Brendle [16].

Theorem 2.5 (Logarithmic Sobolev inequality in Rn+m, Brendle [16])

Let Σ be a compact n-dimensional submanifold of Rn+m without boundary. Let f be a

positive smooth function on Σ. Then∫
Σ

f
(
log f + n+

n

2
log(4π)

)
−
∫
Σ

|∇f |2

f
−
∫
Σ

f |H|2 ≤
(∫

Σ

f

)
log

(∫
Σ

f

)
,
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where H denotes the mean curvature vector of Σ.

Remark 2.5. By the substitution f = (4π)−n/2e−|x|2/4 φ, Theorem 2.5 can be recast as

an inequality with respect to the Gaussian measure dγ = (4π)−n/2e−|x|2/4 dvol on Σ, in

which the submanifold geometry enters through the shifted mean curvature H + 1
2
x⊥. In

this form it sharpens Ecker’s logarithmic Sobolev inequality for submanifolds [30] and

connects to the classical inequality of Gross [36] for the Gaussian measure on Rn.

The proof of Theorem 2.5 again fits into the ABP scheme, though the PDE and the

geometry of the transport map are more involved. Since Σ has no boundary, there is no

Neumann condition; instead, the divergence-form equation

divΣ(f∇u) = f log f − |∇f |2

f
− f |H|2 on Σ

is solvable by the Fredholm alternative (the right-hand side integrates to zero by the

normalization assumption). The gradient map ∇u is then lifted to a map Φ from a

subset of the normal bundle of Σ into Rn+m, defined using the ambient exponential map,

and the surjectivity and Jacobian estimates proceed as before. See [16, 14] for the full

details.

In the next subsection, we give a detailed proof of the global logarithmic Sobolev

inequality on Rn (Theorem 2.6 below), following Wang, Xia, and Zhang [80]. This

inequality is distinct from Theorem 2.5, which concerns compact submanifolds: it applies

to the non-compact setting Σ = Rn without boundary and involves a Gaussian weight

rather than a boundary term. Nevertheless, the proof shares the same ABP architecture,

an elliptic PDE, a surjectivity argument on a contact set, and an AM-GM Jacobian

bound and it is the first application of this technique in a non-compact setting.
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2.1.3 The Global Logarithmic Sobolev Inequality in Rn

We now present a complete ABP-based proof of the classical global logarithmic Sobolev

inequality on Rn using the ABP method.

Theorem 2.6 (Euclidean logarithmic Sobolev inequality)

Let f ≥ 0 be a smooth function on Rn with
∫
Rn f dx = 1. Then∫

Rn
f log f dx ≤

∫
Rn

|∇f |2

f
dx−

(
n+

n

2
log(4π)

)
. (2.3)

Without the normalization
∫
f = 1, the inequality takes the following equivalent

form: for any f ≥ 0 with 0 <
∫
Rn f dx <∞,∫

Rn
f log f dx−

∫
Rn
f dx log

∫
Rn
f dx ≤

∫
Rn

|∇f |2

f
dx−

(
n+

n

2
log(4π)

)∫
Rn
f dx. (2.4)

Indeed, setting M =
∫
f dx and f̃ = f/M and applying (2.3) to f̃ yields (2.4) after

multiplying through by M .

Both formulations are equivalent to the Gaussian logarithmic Sobolev inequality.

We define the Gaussian probability measure on Rn by dγ = γ(x) dx, where γ(x) =

(4π)−n/2e−|x|2/4.

Corollary 2.7 (Gaussian form)

For any φ ≥ 0 with
∫
Rn φdγ = 1,∫

Rn
φ logφdγ ≤

∫
Rn

|∇φ|2

φ
dγ. (2.5)

Proof. Given φ ≥ 0 with
∫
φdγ = 1, set f = φγ. Then

∫
f dx = 1 and

∇f = γ
(
∇φ− x

2
φ
)
,

so that

|∇f |2

f
= γ

∣∣∇φ− x
2
φ
∣∣2

φ
= γ

(
|∇φ|2

φ
− x · ∇φ+

|x|2

4
φ

)
.
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Also,

f log f = φγ (logφ+ log γ) = φγ logφ+ φγ

(
−n
2
log(4π)− |x|2

4

)
.

Substituting into (2.3), the |x|2
4
φ terms cancel. For the remaining cross term, we integrate

by parts:

−
∫
Rn
x · ∇φdγ =

∫
Rn
φ divγ(x) dγ, where divγ(x) = div(x) + x · ∇ log γ = n− |x|2

2
.

All extra terms cancel, yielding (2.5).

Remark 2.6. The sharp constant n + n
2
log(4π) in (2.3) is precisely the entropy–Fisher

information gap evaluated at the Gaussian density γ:

n+
n

2
log(4π) =

∫
Rn

|∇γ|2

γ
dx−

∫
Rn
γ log γ dx.

In other words, the Gaussian saturates the inequality. The clean form (2.5), free of any

explicit constant, reflects that the Gaussian measure is the natural background for the

logarithmic Sobolev inequality: the constant has been absorbed into the measure.

Reduction to a PDE problem

We now describe the ABP proof of Theorem 2.6. Assume
∫
Rn f dx = 1 and suppose we

can find a function u : Rn → R and a constant α satisfying:

(i) (PDE) div(f∇u) = f log f − |∇f |2

f
+ αf in Rn,

(ii) (Growth)
u(x)

|x|
→ +∞ as |x| → ∞,

(iii) (Divergence-free)

∫
Rn

div(f∇u) dx = 0.

Integrating the PDE over Rn and using the divergence-free condition gives

0 =

∫
Rn
f log f dx−

∫
Rn

|∇f |2

f
dx+ α,
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so that

α =

∫
Rn

|∇f |2

f
dx−

∫
Rn
f log f dx. (2.6)

Thus the logarithmic Sobolev inequality (2.3) is equivalent to the lower bound

α ≥ n+
n

2
log(4π). (2.7)

The main difficulty in the non-compact setting is the existence of a solution (u, α)

satisfying all three conditions. The key observation, due to Wang, Xia, and Zhang [80],

is that the Gaussian density provides a canonical solution to the PDE.

Lemma 2.8 (The Gaussian extremizer)

Let f0(x) = (4π)−n/2e−|x|2/4, u0(x) =
1
2
|x|2, and α0 = n+ n

2
log(4π). Then (u0, α0) solves

the PDE, satisfies the growth and divergence-free conditions.

Proof. We have ∇u0 = x and ∆u0 = n. Also log f0 = −n
2
log(4π)− |x|2

4
, so ∇ log f0 = −x

2

and ∇f0 = −x
2
f0, giving

|∇f0|2
f0

= |x|2
4
f0. The left-hand side of the PDE is

div(f0∇u0) = div(f0 x) = ∇f0 · x+ f0 div(x) = −|x|2

2
f0 + nf0 =

(
n− |x|2

2

)
f0.

The right-hand side is

f0 log f0 −
|∇f0|2

f0
+ α0f0 =

(
−n
2
log(4π)− |x|2

4

)
f0 −

|x|2

4
f0 +

(
n+

n

2
log(4π)

)
f0

=

(
n− |x|2

2

)
f0.

Both sides agree. The growth condition is immediate since u0(x)/ |x| = |x| /2 → ∞. For

the divergence-free condition,∫
Rn

div(f0∇u0) dx =

∫
Rn

(
n− |x|2

2

)
f0 dx = n− 1

2
E[|X|2] = n− 1

2
(2n) = 0,

since f0 is the density of N (0, 2I) and thus E[|X|2] = 2n.
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Using this canonical solution, one perturbs f by setting fε =
1

1+ε
(f+εf0) for ε > 0 and

solves the PDE for fε by writing u = u0 + w, where w satisfies a linear elliptic equation

with bounded coefficients. The existence of w and the verification of the growth and

divergence-free conditions are carried out in detail in [80, Section 2]. For our purposes,

we take the existence of (uε, αε) as given and focus on the ABP argument that yields the

lower bound (2.7).

The ABP argument

Assume (u, α) satisfies conditions (i)–(iii) above for some f > 0 with
∫
f = 1. We define

the contact set and the gradient map as follows.

Definition 2.1. The contact set of u is U = {x ∈ Rn : D2u(x) ≥ 0}, and the gradient

map is Φ: Rn → Rn defined by Φ(x) = ∇u(x).

Lemma 2.9 (Surjectivity)

We have Φ(U) = Rn.

Proof. Fix ξ ∈ Rn and consider q(x) = u(x)−ξ ·x. The growth condition u(x)/ |x| → +∞

ensures that q(x) → +∞ as |x| → ∞, so q attains a global minimum at some x̄ ∈ Rn.

At this minimizer, ∇q(x̄) = 0 gives ∇u(x̄) = ξ, and D2q(x̄) ≥ 0 gives D2u(x̄) ≥ 0, so

x̄ ∈ U and Φ(x̄) = ξ.

Remark 2.7. In contrast to the isoperimetric case (Lemma 2.2), where surjectivity onto

the unit ball B1 was achieved using the Neumann condition ∂u
∂ν

= 1 to prevent the

minimum from reaching the boundary, here the domain is all of Rn and there is no

boundary. Instead, the superlinear growth of u ensures that q(x) → +∞ at infinity,

guaranteeing a global interior minimizer. This is precisely the role of the growth condition

(ii).

The next step is to obtain a pointwise bound on the Jacobian detD2u on the contact

set.
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Lemma 2.10 (Jacobian bound)

On the contact set U , we have

e−
1
4
|∇u|2 detD2u ≤ f eα−n. (2.8)

Proof. Expanding the PDE div(f∇u) = f∆u+∇f · ∇u and dividing by f gives

∆u+
∇f
f

· ∇u = log f − |∇f |2

f 2
+ α.

Rearranging,

∆u = log f − |∇ log f |2 + α−∇ log f · ∇u.

We complete the square: setting A = ∇ log f and B = ∇u,

− |A|2 − A ·B = −
∣∣A+ 1

2
B
∣∣2 + 1

4
|B|2 ≤ 1

4
|B|2 ,

so that

∆u ≤ log f + α+
1

4
|∇u|2 . (2.9)

On U , the Hessian D2u is non-negative definite with eigenvalues λ1, . . . , λn ≥ 0 satisfying

λ1 + · · ·+ λn = ∆u. By the AM-GM inequality,

detD2u =
n∏

i=1

λi ≤
(
∆u

n

)n

.

Since log t ≤ t − 1 applied with t = ∆u/n gives
(
∆u
n

)n ≤ e∆u−n, we obtain detD2u ≤

e∆u−n. Combining with (2.9),

∆u− n ≤ log f + α− n+
1

4
|∇u|2 ,

and therefore

e−
1
4
|∇u|2 detD2u ≤ e−

1
4
|∇u|2e∆u−n ≤ f eα−n.

Proof of Theorem 2.6. We carry out the proof for fε =
1

1+ε
(f +εf0) and pass to the limit
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at the end. Let (uε, αε) be the solution provided by [80, Proposition 2.2]. By Lemma 2.9,

Φ(U) = Rn. Using the area formula and Lemma 2.10,

1 = (4π)−n/2

∫
Rn
e−|ξ|2/4 dξ

≤ (4π)−n/2

∫
U

e−|∇u(x)|2/4 detD2u(x) dx

≤ (4π)−n/2

∫
U

fε(x) e
αε−n dx

≤ (4π)−n/2 eαε−n

∫
Rn
fε dx

= (4π)−n/2 eαε−n.

In the first inequality, we used Φ(U) = Rn together with the change of variables ξ =

∇u(x). It follows that eαε−n ≥ (4π)n/2, i.e.,

αε ≥ n+
n

2
log(4π).

By the identity (2.6) applied to fε and the divergence-free condition, this gives the loga-

rithmic Sobolev inequality for fε. Passing to the limit ε → 0 by dominated convergence

yields (2.3) for f .

Remark 2.8. The proof exhibits the same three-step structure as the isoperimetric case:

an appropriate elliptic PDE, a surjectivity lemma for the gradient map, and a pointwise

Jacobian bound via AM-GM. The key differences in the non-compact setting are: the

surjectivity relies on superlinear growth of u rather than a Neumann boundary condition,

and the Jacobian bound involves an additional Gaussian weight e−|∇u|2/4 arising from the

completing-the-square step. This Gaussian weight is what connects the ABP proof to

the Gaussian measure and explains why the sharp constant involves log(4π).
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2.1.4 Brendle’s Logarithmic Sobolev Inequality for Submani-

folds

In this subsection we describe the proof of the sharp logarithmic Sobolev inequality for

compact submanifolds of Euclidean space (Theorem 2.5), due to Brendle [16]. While the

global logarithmic Sobolev inequality on Rn proved in the previous subsection involves a

single gradient map Φ = ∇u : Rn → Rn, the submanifold case requires a richer construc-

tion: the map Φ is defined on the total space of the normal bundle of Σ and takes values

in the full ambient space Rn+m. This is the same construction that, when adapted to

curved ambient spaces, yields the results described in our work [54] and the subsequent

developments surveyed in Section 2.2.

Setup. Let Σn ⊂ Rn+m be a compact connected submanifold without boundary, with

second fundamental form II and mean curvature vector H. Let f > 0 be smooth on Σ.

By scaling, one may assume∫
Σ

f log f dvol−
∫
Σ

|∇f |2

f
dvol−

∫
Σ

f |H|2 dvol = 0. (2.10)

Since Σ is compact and connected, the operator u 7→ divΣ(f∇u) has one-dimensional

kernel (the constants) and cokernel. The normalization (2.10) ensures that the right-hand

side

divΣ(f∇u) = f log f − |∇f |2

f
− f |H|2 (2.11)

integrates to zero, so a smooth solution u exists by the Fredholm alternative.

The normal bundle map. The key departure from the codimension-zero case is the

definition of the transport map. One considers the total space of the normal bundle

U =
{
(x, y) : x ∈ Σ, y ∈ T⊥

x Σ
}
and defines a map Φ: U → Rn+m by

Φ(x, y) = ∇u(x) + y.
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Since ∇u(x) ∈ TxΣ and y ∈ T⊥
x Σ are orthogonal, we have |Φ(x, y)|2 = |∇u(x)|2 + |y|2.

The contact set is defined as

A =
{
(x, y) ∈ U : D2

Σu(x)− ⟨II(x), y⟩ ≥ 0
}
,

where ⟨II(x), y⟩ denotes the symmetric bilinear form (ξ, η) 7→ ⟨II(ξ, η), y⟩ and the in-

equality means non-negative definiteness.

Remark 2.9. When m = 0 (the codimension-zero case), the normal bundle is trivial,

y = 0, H = 0, and A reduces to {x ∈ Rn : D2u(x) ≥ 0}, which is the contact set U from

Definition 2.1. For m ≥ 1, the condition D2
Σu(x) − ⟨II(x), y⟩ ≥ 0 couples the intrinsic

Hessian of u with the extrinsic geometry of Σ through the second fundamental form.

The three main lemmas of the proof mirror the three steps of the codimension-zero

argument—surjectivity, Jacobian computation, and Jacobian bound—but now adapted

to the normal bundle setting.

Lemma 2.11 (Surjectivity, [16, Lemma 3])

Φ(A) = Rn+m.

The proof is short and elegant. Given ξ ∈ Rn+m, one minimizes the function w(x) =

u(x) − ⟨x, ξ⟩ over the compact manifold Σ. At a minimizer x̄, the first-order condition

∇w(x̄) = 0 gives ∇u(x̄) = ξ⊤ (the tangential component), so ξ = ∇u(x̄) + ȳ where

ȳ = ξ⊥ ∈ T⊥
x̄ Σ. The second-order condition D2

Σw(x̄) ≥ 0 yields D2
Σu(x̄)− ⟨II(x̄), ξ⟩ ≥ 0,

and since ⟨II(x̄), ξ⟩ = ⟨II(x̄), ȳ⟩ (the tangential part of ξ does not contribute), this shows

(x̄, ȳ) ∈ A with Φ(x̄, ȳ) = ξ.

Remark 2.10. In the isoperimetric proof (Lemma 2.2), surjectivity onto B1 was achieved

by the Neumann boundary condition. In the global log-Sobolev proof (Lemma 2.9),

surjectivity onto all of Rn was achieved by superlinear growth of u. Here, surjectivity

onto all of Rn+m is achieved by the compactness of Σ: a continuous function on a compact

set always attains its minimum, and the decomposition ξ = ξ⊤ + ξ⊥ into tangential and
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normal components does the rest. The normal directions are “free,” in the sense that the

map Φ is automatically surjective in the fiber directions—it is the tangential surjectivity

that requires the contact set argument.

Lemma 2.12 (Jacobian formula, [16, Lemma 4])

For each (x, y) ∈ U ,

detDΦ(x, y) = det
(
D2

Σu(x)− ⟨II(x), y⟩
)
.

This follows from the block structure of DΦ: the tangential-to-tangential block is

D2
Σu(x) − ⟨II(x), y⟩, the normal-to-normal block is the identity, and the off-diagonal

blocks cancel. In particular, on the contact set A, the Jacobian is nonnegative.

Lemma 2.13 (Jacobian bound, [16, Lemma 5])

For each (x, y) ∈ A,

0 ≤ e−
|Φ(x,y)|2

4 detDΦ(x, y) ≤ f(x) e−
|2H(x)+y|2

4
−n. (2.12)

The proof follows the same completing-the-square strategy as in Lemma 2.10. Divid-

ing the PDE (2.11) by f and rearranging gives

∆Σu− ⟨H, y⟩ = log f − |∇Σ log f |2 + α−∇Σ log f · ∇Σu− ⟨H, y⟩ ,

where the right-hand side is bounded above by log f + 1
4
(|∇u|2 + |y|2) − 1

4
|2H + y|2

after completing the square. The AM-GM inequality detB ≤ etrB−n for the nonnegative

definite matrix B = D2
Σu− ⟨II, y⟩ (whose trace is ∆Σu− ⟨H, y⟩) then yields the bound.

Proof of Theorem 2.5. The three lemmas are combined through the area formula
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applied to Φ: U → Rn+m:

1 = (4π)−
n+m

2

∫
Rn+m

e−
|ξ|2
4 dξ

≤ (4π)−
n+m

2

∫
Σ

(∫
T⊥
x Σ

e−
|Φ(x,y)|2

4 |detDΦ(x, y)| 1A(x, y) dy

)
dvol(x)

≤ (4π)−
n+m

2

∫
Σ

f(x)

(∫
T⊥
x Σ

e−
|2H(x)+y|2

4
−n dy

)
dvol(x).

The inner integral over the m-dimensional normal fiber is a Gaussian integral:∫
T⊥
x Σ

e−
|2H(x)+y|2

4 dy = (4π)m/2,

since the integrand is a Gaussian centered at−2H(x) with covariance 2Im, and a Gaussian

integral is invariant under translation. This cancels the (4π)−m/2 factor, leaving

1 ≤ (4π)−n/2 e−n

∫
Σ

f dvol,

which gives n+ n
2
log(4π) ≤ log

∫
Σ
f dvol. Combined with the normalization (2.10), this

yields Theorem 2.5.

Remark 2.11. Several features of this proof are worth highlighting, as they reappear in

the Riemannian setting:

(i) The map Φ(x, y) = ∇u(x) + y uses the ambient Euclidean structure to combine

tangential and normal components. On a Riemannian manifold, this is replaced by

Φ(x, y) = expx(∇u(x) + y), where the exponential map of the ambient manifold

provides the nonlinear analogue. The Jacobian of Φ then involves the Jacobian of

the exponential map, which is controlled by the curvature of the ambient space.

(ii) The Gaussian integral over the normal fiber produces the factor (4π)m/2 that ab-

sorbs the codimension. On a manifold with nonnegative sectional curvature, the

Bishop–Gromov inequality Jac expx ≤ 1 ensures that the normal fiber integral is

bounded above by the Euclidean value, so the same cancellation occurs.
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(iii) The contact set condition D2
Σu− ⟨II, y⟩ ≥ 0 couples the PDE (through D2

Σu) with

the extrinsic geometry (through II). On a curved manifold, the Hessian comparison

from Lemma 2.14 provides an additional correction to this condition, and the k-

intermediate Ricci curvature enters through the bounds on the partial traces of

D2(d2y/2).

2.2 The ABP Method on Riemannian Manifolds

The Euclidean proofs presented in the previous section rely on the flatness of the ambient

space in two essential ways: the affine functions e · x used in the surjectivity argument

are globally well-defined, and the Hessian of the squared distance function |x|2 /2 is the

identity. On a Riemannian manifold, neither of these holds, and the ABP method must be

reformulated. The key idea, due to Cabré [20], is to replace affine functions by concave

paraboloids built from the squared Riemannian distance. We begin by describing this

construction, as it motivates all subsequent developments.

2.2.1 The manifold contact set

Let (Mn, g) be a complete Riemannian manifold with nonnegative sectional curvature.

The starting point is the following Hessian comparison, which is a consequence of the

Rauch comparison theorem.

Lemma 2.14 (Hessian comparison, see e.g. [20, Lemma 3.1])

Let (Mn, g) be a complete Riemannian manifold with nonnegative sectional curvature.

For any y ∈M and any x /∈ Cut(y),

D2

(
d2y
2

)
(x)(ξ, ξ) ≤ |ξ|2 for all ξ ∈ TxM,

where dy = d(·, y) denotes the Riemannian distance to y.
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In Rn, the squared distance function |x− y|2 /2 has Hessian equal to the identity, so

Lemma 2.14 says that nonnegative sectional curvature makes the squared distance less

convex than in the flat case. This is precisely the bound needed to control the Jacobian

of the transport map.

In the Euclidean ABP argument (Subsection 2.1.1), the contact set Γ− consists of

points where the graph of u is touched from below by an affine function a + e · x. On a

manifold, there are no global affine functions, but for each y ∈M the function C − d2y/2

serves as a “concave paraboloid” that plays the same role. Given a function u on M and

a parameter R > 0, one considers for each y ∈ BR the function

wy(x) = R2u(x) +
d(x, y)2

2
,

which is the sum of the rescaled solution and the squared distance. Minimizing wy over

a suitable ball produces a contact point x at which the paraboloid C− d2y/2 touches R2u

from below. The following result, which is the heart of Cabré’s approach, shows that

the transport map defined via the exponential map is surjective, and that its Jacobian is

controlled by the operator applied to u.

Lemma 2.15 (Cabré [20, Lemma 4.1])

Let u be a smooth function on B7R satisfying u ≥ 0 in B7R\B5R and infB2R
u ≤ 1. Define

the map ϕ : B7R →M by

ϕ(z) = expz ∇(R2u)(z).

Then:

(i) For every y ∈ BR, there exists x ∈ B5R with u(x) ≤ 6 such that wy attains its

minimum at x and

y = expx∇(R2u)(x). (2.13)

In particular, BR ⊂ ϕ({u ≤ 6} ∩B5R).
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(ii) The area formula and the Jacobian bound yield

|BR| ≤
∫
{u≤6}∩B5R

Jacϕ dV ≤ 1

cn0

∫
{u≤6}∩B5R

{
(n−1R2Lu+ C0)+

}n
dV,

where L = tr(D2u ◦ A) is a uniformly elliptic operator with ellipticity constants

c0, C0.

The identity (2.13) is the manifold analogue of the Euclidean relation y = x+R2∇u(x)

that appeared in Lemma 2.2: the linear shift x 7→ x+p is replaced by the exponential map

x 7→ expx(p). The Jacobian bound in (ii) is obtained by combining Lemma 2.14 with the

AM-GM inequality (as in Lemma 2.3) and the Bishop–Gromov inequality Jac expx(ξ) ≤

1, which holds under nonnegative Ricci curvature. The factorization

Jacϕ(x) = Jac expx(∇v(x)) ·
∣∣∣∣detD2

(
v +

d2y
2

)
(x)

∣∣∣∣
(where v = R2u and y = ϕ(x)) makes the role of the Hessian comparison transparent:

the matrix D2(v + d2y/2)(x) is nonnegative definite at the contact point, and its trace is

bounded by R2Lu(x) + C0 thanks to Lemma 2.14.

Remark 2.12. In the Euclidean case, d2y/2 = |x− y|2 /2 has Hessian equal to the identity,

so D2(v + d2y/2) = D2v + Id, and the contact condition reduces to D2v ≥ −Id, which is

the usual notion of semiconvexity. On a general manifold, the contact condition involves

the full Hessian D2(v+ d2y/2), and the curvature enters through the bound on D2(d2y/2).

This is the fundamental reason why the ABP method on manifolds requires curvature

hypotheses.

2.2.2 Survey of results

Cabré’s foundational work [20] used the contact set construction described above to

prove a global Krylov–Safonov Harnack inequality for nondivergent elliptic operators

on manifolds with nonnegative sectional curvature. Wang and Zhang [82] subsequently
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extended the ABP estimate to manifolds with a Ricci curvature lower bound, and Xia and

Zhang [87] applied the manifold ABP framework to prove the Heintze–Karcher inequality

and new Minkowski-type inequalities. In a different direction, Cabré, Ros-Oton, and

Serra [21] used ABP in convex cones of Rn to establish sharp weighted isoperimetric

inequalities with a natural class of homogeneous weights.

Brendle’s results on manifolds. The results surveyed in Section 2.1 all concern sub-

manifolds of Euclidean space. The passage to curved ambient spaces was accomplished

by Brendle [14], who proved a sharp Sobolev inequality on complete non-compact mani-

folds with nonnegative Ricci curvature, depending on the asymptotic volume ratio, and

a sharp Michael–Simon inequality for submanifolds in manifolds with nonnegative sec-

tional curvature. Earlier, Brendle [15] had used the same technique to resolve a conjecture

of Almgren by proving the sharp isoperimetric inequality for minimal submanifolds of

Rn+m of codimension at most two. An alternative proof of the Michael–Simon–Sobolev

inequality via optimal transport was given by Brendle and Eichmair [17]. Agostiniani, Fo-

gagnolo, and Mazzieri [3] independently obtained sharp geometric inequalities for closed

hypersurfaces in manifolds with nonnegative Ricci curvature using nonlinear potential

theory; Brendle’s ABP method later provided an alternative proof of their main result.

The ABP framework for geometric inequalities is surveyed comprehensively in [13].

Intermediate Ricci curvature. For submanifolds of codimension m ≥ 2, Bren-

dle’s Michael–Simon inequality requires nonnegative sectional curvature, which is strictly

stronger than nonnegative Ricci curvature. A natural question is whether this can be

relaxed to a condition adapted to the codimension. Ma and Wu [57] showed that Bren-

dle’s Sobolev and Michael–Simon inequalities extend to manifolds with nonnegative k-

intermediate Ricci curvature, where k = min{n − 1,m − 1}, and Wang [81] obtained a

related result via optimal transport. In our work [54], joint with Jihye Lee, we proved

that the sharp logarithmic Sobolev inequality also holds under this intermediate curva-

ture condition, and moreover extends to the asymptotically nonnegative setting (Theo-
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rem 2.16). Recently, Ji and Kwong [45] established a Fenchel–Willmore inequality with

curvature index k = min{n,m− 1}.

Asymptotically nonnegative curvature. Another direction of generalization allows

the curvature to be negative in compact regions, provided it decays at a controlled rate.

Yi and Zheng [88] extended the logarithmic Sobolev inequality to manifolds with non-

negative sectional curvature, and Dong, Lin, and Lu [27, 29] further generalized both

the Sobolev and logarithmic Sobolev inequalities to manifolds with asymptotically non-

negative sectional curvature. The same authors [28] treated the weighted setting of

asymptotically nonnegative Bakry–Émery Ricci curvature, building on Johne’s [48] ear-

lier work in the nonnegative case. More recently, Impera, Rimoldi, and Veronelli [43]

introduced the elliptic Kato constant of the negative part of the Ricci curvature as a tool

for establishing isoperimetric inequalities in the presence of genuine negative curvature,

and Impera, Pigola, Rimoldi, and Veronelli [44] developed a localized ABP technique

that proves isoperimetric and Michael–Simon inequalities on manifolds whose sectional

curvature is nonnegative only outside a compact set.

Non-compact submanifolds. Extending the ABP method to non-compact submani-

folds introduces analytical difficulties beyond the curvature question: the PDE may lack

a solution, the transport map may fail to be surjective, and the divergence theorem needs

justification. As discussed in Section 2.1.3, Wang, Xia, and Zhang [80] addressed these

issues by perturbing the data with the Gaussian extremizer, proving an optimal loga-

rithmic Sobolev inequality for complete non-compact properly embedded self-shrinkers.

Independently, Balogh and Kristály [7] established sharp logarithmic Sobolev inequal-

ities on non-compact Euclidean submanifolds via optimal transport, characterizing the

equality case as isometry to Rn.

Free boundary and capillary problems. The ABP method has also been adapted

to settings with boundary conditions. Liu, Wang, and Weng [55] proved optimal rela-

tive isoperimetric inequalities for minimal submanifolds with free boundary on a convex
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support surface, as well as relative Michael–Simon and logarithmic Sobolev inequalities.

Fusco, Julin, Morini, and Pratelli [32] solved the capillary isoperimetric problem for hy-

persurfaces with general contact angle θ ∈ (0, π) outside arbitrary convex sets, and Jia,

Wang, Xia, and Zhang [46] proved Willmore-type inequalities in unbounded convex sets

with a sharp constant involving the asymptotic volume ratio.

Further extensions. Pham [69] applied the ABP method to prove a logarithmic Sobolev

inequality for closed minimal submanifolds of the sphere, a Sobolev-type inequality for

positive symmetric 2-tensors, and an inequality for quermassintegrals. Wu, Yi, and

Zheng [86] generalized the Michael–Simon–Sobolev inequality to symmetric positive def-

inite (0, 2)-tensor fields on submanifolds with nonnegative sectional curvature. Lu [56]

established the optimal Lp logarithmic Sobolev inequality on manifolds with nonnegative

Ricci curvature with sharp constants depending on the asymptotic volume ratio. In the

non-smooth setting, Han [41] extended the ABP estimate to metric measure spaces with

synthetic Ricci curvature lower bounds (RCD spaces) via optimal transport.

The breadth of these developments illustrates the versatility of the ABP contact set

technique introduced in Section 2.1. In the next section, we present the full proof of

our contribution to this program: the extension of the logarithmic Sobolev inequality

to manifolds with non-negative and asymptotically non-negative k-intermediate Ricci

curvature.

2.3 The Logarithmic Sobolev Inequality Under In-

termediate Ricci Curvature

In this section we present the proof of the sharp logarithmic Sobolev inequality for

submanifolds of complete non-compact Riemannian manifolds with asymptotically non-

negative k-intermediate Ricci curvature and Euclidean volume growth. This is joint work

with Jihye Lee [54], extending results of Brendle [16], Yi–Zheng [88], and Dong–Lin–Lu
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[27].

2.3.1 Intermediate Ricci curvature

Let (Mn, g) be a complete non-compact Riemannian manifold. For 1 ≤ k ≤ n− 1, let P

be a k-dimensional subspace of TxM at x ∈M . Given any unit tangent vector v ∈ TxM

with v ⊥ P , the k-intermediate Ricci curvature (or kth-Ricci curvature) with respect to

P in the direction of v is defined as

Ric k(P, v) =
k∑

i=1

Sec(v, ei) |v|2 ,

where {e1, . . . , ek} is an orthonormal basis of P . The k-intermediate Ricci curvature in-

terpolates between sectional and Ricci curvature: Ric 1 ≥ 0 is equivalent to non-negative

sectional curvature, while Ric n−1 ≥ 0 is the usual non-negative Ricci curvature condi-

tion. A Riemannian manifold has non-negative k-Ricci curvature if Ric k(P, v) ≥ 0 for

any x ∈M , any k-dimensional subspace P ⊂ TxM , and any unit tangent vector v ∈ TxM

perpendicular to P . This condition exhibits a monotonicity property: if k1 ≤ k2, then

Ric k1 ≥ 0 implies Ric k2 ≥ 0. (We note that some papers [81, 51] require the stronger

condition that Ric k(P, v) ≥ 0 holds for all v, not only those perpendicular to P .)

Historical background. The notion of k-intermediate Ricci curvature appears implic-

itly in the work of Bishop and Crittenden [12] and was first studied systematically by

Hartman [42] in connection with oscillation criteria for second-order differential systems.

The foundational results for manifolds with Ric k ≥ 0 were established by Sha [76, 77],

who introduced the notion of p-convexity and proved handle-attachment results, and by

Wu [85], who studied manifolds of “partially positive curvature” and proved Frankel-type

intersection theorems for compact submanifolds. Shen [78] subsequently obtained volume

growth estimates, finite topological type results, and vanishing theorems for complete

open manifolds of non-negative kth-Ricci curvature. Wilhelm [83] proved restrictions

on the fundamental group under positive intermediate curvature, and Guijarro and Wil-
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helm [38, 40] later developed a “softer connectivity principle” and focal radius bounds

that extended classical results of Frankel and Wilking [84] to the intermediate curvature

setting.

In recent years, there has been a surge of activity on k-intermediate Ricci curvature,

particularly from the point of view of geometric inequalities and existence of positively

curved metrics. Ketterer and Mondino [51] characterized lower bounds of k-intermediate

Ricci curvature via optimal transport, providing a synthetic formulation. Mouillé [62,

61] studied torus actions on manifolds with positive intermediate Ricci curvature and

proved symmetry rank bounds, and Kennard and Mouillé [50] obtained maximal sym-

metry rank results. Domı́nguez-Vázquez, González-Álvaro, and Mouillé [26] constructed

infinite families of manifolds with positive Ric k for small k, and Reiser and Wraith [71,

73, 72] established Gromov-type Betti number bounds and proved existence of positive

intermediate Ricci curvature on fibre bundles and connected sums.

The study of geometric inequalities under Ric k ≥ 0 was initiated by Ma and Wu [57],

who extended Brendle’s Sobolev and Michael–Simon inequalities to this setting, and

independently by Wang [81], who obtained a related result via optimal transport. In our

work [54], joint with Jihye Lee, we proved that the sharp logarithmic Sobolev inequality

also holds under the k-intermediate Ricci curvature condition, and moreover extends to

the asymptotically nonnegative setting. More recently, Ji and Kwong [45] established

a Fenchel–Willmore inequality with the curvature index k = min {n,m− 1}. Chahine

[22] studied volume estimates for tubes around submanifolds using integral intermediate

curvature bounds. A comprehensive and regularly updated bibliography of results on

intermediate Ricci curvature has been compiled by Mouillé [60].

Asymptotically non-negative curvature. The notion of asymptotically non-negative

sectional curvature was introduced by Abresch [1] to extend Toponogov’s triangle com-

parison theorem beyond the constant curvature bound setting. The key insight is that

if the sectional curvature satisfies Sec ≥ −λ(d(o, ·)) for a non-increasing function λ with
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∫∞
0
tλ(t) dt <∞, then geodesic triangles can still be compared with triangles in a model

surface of revolution whose Gaussian curvature matches −λ(r). This integrability con-

dition ensures that the negative curvature decays faster than 1/t2, and Abresch used

it to prove that such manifolds have finite topological type and a controlled number of

ends. The threshold is sharp: Jiang and Yang [47] later constructed manifolds of posi-

tive Ricci curvature with only quadratic curvature decay (Sec ≥ −C/r2, which fails the

integrability condition) that have infinite Betti numbers.

Kasue [49] developed the analytic infrastructure for this class, constructing a natu-

ral compactification via Busemann functions and proving that harmonic functions with

polynomial growth conditions span finite-dimensional spaces, extending results of Li and

Tam from the Sec ≥ 0 case. Abresch and Gromoll [2] then shifted focus to Ricci cur-

vature, introducing the condition Ric ≥ −(n − 1)λ(d(o, ·)) with the same integrability

condition. Their main contribution—the excess estimate—provides a pointwise bound

on the excess function e(x) = d(x, q+) + d(x, q−) − d(q+, q−) in terms of the distance to

the geodesic segment, and has become a foundational tool in the Cheeger–Colding theory

of Ricci limit spaces.

The volume comparison theorem for this setting was proved using the analogue of

the Bishop–Gromov inequality with the constant curvature model replaced by a variable

curvature model (see e.g. Zhu [90]). Specifically, if h(t) solves the ODE h′′ = λ(t)h with

h(0) = 0, h′(0) = 1, then the ratio |Br(o)| /(nωn

∫ r

0
hn−1(t) dt) is non-increasing in r.

This ensures that the asymptotic volume ratio θh is well-defined, and Zhu showed that

h(t) ≤ eb0t, so the model volume growth is at most polynomial. When λ ≡ 0, this

reduces to the classical Bishop–Gromov inequality. Zhu’s comparison is the key technical

ingredient in the proof of Theorem 2.16: it provides the Gaussian volume ratio estimates

of Lemmas 2.20–2.22 and controls the t→ ∞ limit in the final step.

Further structural results were obtained by Bazanfaré [10], who proved a generalized

Toponogov theorem and a rigidity result for manifolds with asymptotically non-negative
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curvature, and by Zhang [89], who studied open manifolds with asymptotically non-

negative Ricci curvature and large volume growth. Yi and Zheng [88] and Dong, Lin,

and Lu [27, 29] applied Zhu’s comparison theorem in the context of geometric inequalities,

extending the Sobolev and logarithmic Sobolev inequalities to this setting. Our work [54]

further extends these results to the intermediate curvature setting, as described in the

next subsection.

To state our result in its most general form, we use the following definition.

Definition 2.2 (Abresch [1]). A complete non-compact Riemannian manifold (M, g)

with base point o has asymptotically non-negative Ric k if there exists a non-negative,

non-increasing function λ : [0,∞) → [0,∞) such that:

(i) b0(λ) =

∫ ∞

0

tλ(t) dt <∞,

(ii) Ric k(P, v) ≥ −kλ(d(o, p)) at each point p ∈ M , for any k-dimensional subspace

P ⊂ TpM and any unit tangent vector v perpendicular to P .

We also set b1(λ) =

∫ ∞

0

λ(t) dt <∞, which is implied by condition (i).

When λ ≡ 0, this reduces to Ric k ≥ 0. The class of manifolds with asymptoti-

cally non-negative Ric k includes those with Ric k ≥ 0 outside a compact set as well

as asymptotically flat manifolds. The monotonicity property persists: if k1 ≤ k2, then

Ric k1 ≥ −k1λ implies Ric k2 ≥ −k2λ.

To formulate the inequality, we replace the asymptotic volume ratio θ by a modified

quantity adapted to the curvature decay. Define h(t) as the unique solution of

h′′(t) = λ(t)h(t), h(0) = 0, h′(0) = 1. (2.14)

The asymptotic volume ratio with respect to h is

θh = lim
r→∞

|Br(o)|
nωn

∫ r

0
hn−1(t) dt

,
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where ωn is the volume of the unit ball in Rn. The corresponding version of Bishop–

Gromov, due to Zhu [90], ensures that the ratio is non-increasing in r, so the limit exists.

We say M has Euclidean volume growth if θh > 0. When λ ≡ 0, we have h(t) = t and θh

reduces to the usual θ.

We also define, for t ≥ 0,

P (t) = (4π)−N/2

∫
RN
e−

(|x|+t)2
4 dx, (2.15)

where N = n+m. Note that P (0) = 1.

2.3.2 Statement of results

Theorem 2.16 (Lee–Ricci [54])

LetMn+m be a complete, non-compact manifold of dimension n+m with asymptotically

non-negative Ric k, where k = min {n− 1,m− 1}, and Euclidean volume growth. Let

Σn be an n-dimensional compact submanifold without boundary. Then, for any positive

smooth function f on Σ,∫
Σ

f

(
log f + logP (4b1n)θh +

n

2
log(4π) + n+ 4b21n

2 + (n+m− 1) log
1 + b0
e2r0b1+b0

)
dV

−
∫
Σ

|∇f |2

f
dV −

∫
Σ

f |H|2 dV ≤
(∫

Σ

f dV

)
log

(∫
Σ

f dV

)
, (2.16)

where H is the mean curvature vector of Σ and r0 = maxx∈Σ d(o, x).

When λ ≡ 0 (i.e., b0 = b1 = 0), all the error terms vanish and we obtain:

Corollary 2.17

Let Mn+m be a complete, non-compact manifold with Ric k ≥ 0 and Euclidean volume

growth, where k = min{n − 1,m − 1}. Let Σn be a compact submanifold without
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boundary. Then, for any positive smooth function f ,∫
Σ

f
(
log f + n+

n

2
log(4π) + log θ

)
dV −

∫
Σ

|∇f |2

f
dV −

∫
Σ

f |H|2 dV

≤
(∫

Σ

f dV

)
log

(∫
Σ

f dV

)
, (2.17)

where θ is the asymptotic volume ratio of M .

Choosing f ≡ 1 in Corollary 2.17 yields two immediate consequences.

Corollary 2.18

LetMn+m be a complete, non-compact manifold with Ric k ≥ 0, k = min {n− 1,m− 1},

and Euclidean volume growth. Then there is no closed minimal submanifold of dimension

n in M .

Corollary 2.19

Let Mn+m be as above. If there exists a closed minimal submanifold of dimension n in

M , then the asymptotic volume ratio of M is zero.

Remark 2.13. For hypersurfaces (m = 1) under non-negative Ricci curvature, k =

min {n− 1, 0} = 0, so our result does not apply. In that case, Corollaries 2.18 and 2.19

were proved by Agostiniani–Fogagnolo–Mazzieri [3]. For higher dimension and codimen-

sion, these corollaries are new even in the non-negative Ric k setting. When k = 1,

Ric 1 ≥ 0 is equivalent to non-negative sectional curvature, and we recover the corollaries

of Yi–Zheng [88]. Note that Corollaries 2.18 and 2.19 do not hold for Ric ≥ 0 in to-

tal dimension 4: the Eguchi–Hanson metric on TS2 is Ricci-flat with Euclidean volume

growth and has a totally geodesic S2.

Remark 2.14. Ji and Kwong [45] recently proved a Fenchel–Willmore inequality for sub-

manifolds under Ric k ≥ 0 with the curvature index k = min {n,m− 1}, they recover

Corollaries 2.18 and 2.19 under this assumption.

Remark 2.15. Corollaries 2.18 and 2.19 are derived from Corollary 2.17 (the λ ≡ 0 case)
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by setting f ≡ 1 and applying the scaling argument from [88, Section 4]. This argument

cannot be applied in the asymptotically non-negative setting of Theorem 2.16, because

the error terms b0, b1, r0 are not scale-invariant: they blow up under the metric rescaling

used in [88].

2.3.3 Asymptotic volume ratio estimates

The following estimates relate the asymptotic volume ratio θh to integrals of Gaussian-

type functions on M . They are used in the final step of the proof.

Lemma 2.20 ([27, Lemma 2.2])

Let M be a complete non-compact Riemannian manifold of dimension N with non-

negative Ricci curvature. Then

θ = lim
r→∞

(4π)−N/2

rN

∫
M

e−
d(x,p)2

4r2 dV (x)

for any p ∈M .

The proof of Lemma 2.20 is based on the Bishop–Gromov volume comparison. In

the asymptotic case, we use the inequality r ≤ h(r) (with upper bound h(r) ≤ eb0r

from [90]) in place of the flat comparison. However, the presence of b0 > 0 generally

precludes replacing rN by h(r)N in Lemma 2.20. Following Dong–Lin–Lu [27], the correct

replacement is rN by r h(r)N−1.

Lemma 2.21 ([27, Lemma 2.2])

Let M be a complete non-compact Riemannian manifold of dimension N with asymp-

totically non-negative Ricci curvature. Then

P (t)θh = lim
r→∞

(4π)−N/2

r h(r)N−1

∫
M

e−(
d(x,o)
r

+t)
2
/4 dV (x), (2.18)

where o is the base point of M .
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Proof. By de l’Hôpital’s rule applied to the definition of θh,

θh = lim
r→∞

|Br(o)|
NωN

∫ r

0
hN−1(t) dt

= lim
r→∞

|∂Br(o)|
NωNhN−1(r)

. (2.19)

Now compute:

(4π)−N/2

r h(r)N−1

∫
M

e−(
d(x,o)
r

+t)
2
/4 dV (x) = (4π)−N/2

∫ ∞

0

|∂Brs(o)|
hN−1(r)

e−(s+t)2/4 ds

= (4π)−N/2

∫ ∞

0

|∂Brs(o)|
hN−1(rs)

· h
N−1(rs)

hN−1(r)
e−(s+t)2/4 ds.

Taking r → ∞ and using (2.19) and the monotone convergence theorem,

= (4π)−N/2NωN θh

∫ ∞

0

sN−1e−(s+t)2/4 ds = θh (4π)
−N/2

∫
RN
e−(|x|+t)2/4 dx = P (t)θh.

Lemma 2.22

Let M be a complete non-compact manifold of dimension N with asymptotically non-

negative Ric k. Then for any Borel map ψ : M → K, where K ⊂M is compact,

lim
r→∞

(4π)−N/2

r h(r)N−1

∫
M

e−(
d(x,ψ(x))

r
+t)

2
/4 dV (x) = lim

r→∞

(4π)−N/2

r h(r)N−1

∫
M

e−(
d(x,o)
r

+t)
2
/4 dV (x).

Proof. This follows from the triangle inequality: |d(x, ψ(x))− d(x, o)| ≤ maxz∈K d(o, z),

so the difference in the exponents vanishes as r → ∞.

2.3.4 The PDE and contact set

We now begin the proof of Theorem 2.16. Let Mn+m be a complete non-compact

manifold with asymptotically non-negative Ric k and Euclidean volume growth, where

k = min {n− 1,m− 1}. Let Σn ⊂ M be a compact connected submanifold without

boundary, and let f > 0 be smooth on Σ. (The disconnected case is handled at the end

by summing over components, using a log a+ b log b < (a+ b) log(a+ b) for a, b > 0.)

By scaling f , we may assume∫
Σ

f log f dV −
∫
Σ

|∇f |2

f
dV −

∫
Σ

f |H|2 dV = 0. (2.20)
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Indeed, replacing f by cf for a suitable constant c > 0 achieves this, since log(cf) =

log c+ log f and log c can be any real number. It then suffices to show

logP (4b1n)θh +
n

2
log(4π) + n+ 4b21n

2 + (n+m− 1) log
1 + b0
e2r0b1+b0

≤ log

∫
Σ

f dV. (2.21)

Since Σ is compact, connected, and f > 0, the operator u 7→ divΣ(f∇u) has one-

dimensional kernel (the constants) and the normalization (2.20) ensures solvability. By

the Fredholm alternative, there exists a smooth function u : Σ → R satisfying

divΣ(f∇u) = f log f − |∇f |2

f
− f |H|2 on Σ. (2.22)

For each r > 0, define the map Φr : T
⊥Σ →M by

Φr(x, y) = expx(r∇u(x) + ry), (2.23)

where T⊥Σ =
{
(x, y) : x ∈ Σ, y ∈ T⊥

x Σ
}
is the total space of the normal bundle. The

contact set Ar ⊂ T⊥Σ is defined as the set of all (x̄, ȳ) ∈ T⊥Σ satisfying

r u(x) +
1

2
d
(
x, expx̄(r∇u(x̄) + rȳ)

)2 ≥ r u(x̄) +
r2

2

(
|∇u(x̄)|2 + |ȳ|2

)
(2.24)

for all x ∈ Σ.

Lemma 2.23 (Surjectivity, [88, Lemma 3.2])

For each r ∈ (0,∞), Φr(Ar) =M .

Proof. Take any p ∈M . Since Σ is compact, the function x 7→ r u(x) + 1
2
d(x, p)2 attains

its minimum at some x̄ ∈ Σ. Let γ̄ be a minimizing geodesic with γ̄(0) = x̄ and γ̄(r) = p.

Then γ̄ minimizes the functional u(γ(0)) + 1
2

∫ r

0
|γ′(t)|2 dt among all smooth curves γ

with γ(0) ∈ Σ and γ(r) = p. By the first variational formula,

∇u(x̄)− γ̄′(0) ∈ T⊥
x̄ Σ,

so there exists ȳ ∈ T⊥
x̄ Σ with ∇u(x̄) + ȳ = γ̄′(0). One checks that Φr(x̄, ȳ) = p and
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(x̄, ȳ) ∈ Ar using the geodesic γ̄.

The surjectivity lemma yields a map ψ : M → Σ defined by ψ(p) = x̄, where x̄

is the point where r u(x) + 1
2
d(x, p)2 attains its minimum. Using the area formula for

Φr : Ar →M , together with Lemma 2.23, we obtain∫
M

e−(
d(ψ(p),p)

2r
+2b1n)

2

dV (p)

≤
∫
Σ

(∫
T⊥
x Σ

e−(
d(x,Φr(x,y))

2r
+2b1n)

2

|detDΦr(x, y)| χAr(x, y) dy

)
dV (x). (2.25)

2.3.5 Jacobi fields and the Riccati equation

We now estimate the integrand on the right-hand side of (2.25). Fix r > 0 and (x̄, ȳ) ∈ Ar.

Define the geodesic γ̄(t) = expx̄(t∇u(x̄) + tȳ) on [0, r]. Choose an orthonormal basis

{e1, . . . , en} of Tx̄Σ such that HessΣ u(ei, ej) − ⟨II(ei, ej), ȳ⟩ is diagonal. Let Ei denote

the parallel transport of ei along γ̄ for 1 ≤ i ≤ n. Choose an orthonormal frame

{en+1, . . . , en+m} of T⊥Σ near x̄ such that ⟨∇eieα, eβ⟩ = 0 at x̄ for all 1 ≤ i ≤ n and

n+ 1 ≤ α, β ≤ n+m.

For 1 ≤ i ≤ n, let Xi(t) be the Jacobi field along γ̄(t) with initial conditions
Xi(0) = ei

⟨X ′
i(0), ej⟩ = HessΣ u(ei, ej)− ⟨II(ei, ej), ȳ⟩ for 1 ≤ j ≤ n

⟨X ′
i(0), eα⟩ = ⟨II(ei,∇u(x̄)), eα⟩ for n+ 1 ≤ α ≤ n+m.

(2.26)

For n+ 1 ≤ α ≤ n+m, let Xα(t) be the Jacobi field along γ̄(t) with

Xα(0) = 0 and X ′
α(0) = eα. (2.27)

Define the (n+m)× (n+m) matrices P (t) and S(t) by

Pij(t) = ⟨Xi(t), Ej(t)⟩ , Sij(t) = R̄(γ̄′(t), Ei(t), γ̄
′(t), Ej(t)),

for 1 ≤ i, j ≤ n +m, where R̄ denotes the Riemann curvature tensor of M . Since each
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Xi(t) is a Jacobi field, P ′′(t) = −P (t)S(t). Define Q(t) = P−1(t)P ′(t). Then

Q′(t) = −(Q(t))2 − S(t). (2.28)

Partial traces and curvature bounds

Let trnQ(t) =
∑n

i=1Qii(t) and trmQ(t) =
∑n+m

α=n+1Qαα(t) denote the tangential and

normal partial traces. From (2.28) and the Cauchy–Schwarz inequality,

(trnQ)
′ +

1

n
(trnQ)

2 ≤ − trn S, (trmQ)
′ +

1

m
(trmQ)

2 ≤ − trm S, (2.29)

where

trn S(t) =
n∑

i=1

R̄(γ̄′(t), Ei(t), γ̄
′(t), Ei(t)), trm S(t) =

n+m∑
α=n+1

R̄(γ̄′(t), Eα(t), γ̄
′(t), Eα(t)).

Curvature decomposition

The curvature assumption cannot be applied directly because γ̄′(t) may not be perpen-

dicular to the plane spanned by E1(t), . . . , En(t). Since Ei(t) is the parallel transport of

ei along γ̄, we need only consider the angle at t = 0. Let a denote the angle between

γ̄′(0) = ∇u(x̄) + ȳ and the tangent plane Tx̄Σ.

We consider the generic case ∇u(x̄) ̸= 0 and ȳ ̸= 0. Now we choose an adapted

orthonormal basis as follows (cf. [57]). Set

E1(0) =
∇u(x̄)

|∇u(x̄)|
,

En+1(0) =
ȳ

|ȳ|
,

and now extend this to an orthonormal frame {E1(0), . . . , En+m(0)} by choosing

{E2(0), . . . , En(0)} as an orthonormal basis of {∇u(x̄)}⊥ ∩ Tx̄Σ
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and {En+2(0), . . . , En+m(0)} as an orthonormal basis of {ȳ}⊥∩T⊥
x̄ Σ. With this choice,

γ̄′(0)

|γ̄′(0)|
= cos(a)E1(0) + sin(a)En+1(0),

so Ei(0) ⊥ γ̄′(0) for all i ̸= 1, n + 1. We then parallel transport this frame along γ̄ to

obtain Ei(t) for all t.

For the tangential partial trace trn S(t) =
∑n

i=1 R̄(γ̄
′, Ei, γ̄

′, Ei), we separate the i = 1

term from the rest. Since γ̄′ = |∇u(x̄)|E1 + |ȳ|En+1 and R(E1, E1, ·, ·) = 0 by the

symmetries of the curvature tensor,

R̄(γ̄′, E1, γ̄
′, E1) = |ȳ|2 R̄(En+1, E1, En+1, E1) = sin2(a) |γ̄′(0)|2 Sec(En+1, E1).

For i = 2, . . . , n, since Ei ⊥ γ̄′,

R̄(γ̄′, Ei, γ̄
′, Ei) = |γ̄′(0)|2 Sec

(
γ̄′

|γ̄′|
, Ei

)
.

Summing, and noting that

Sec(γ̄′/ |γ̄′| , En+1) = Sec(E1, En+1)

since the 2-plane Span(γ̄′/ |γ̄′| , En+1) coincides with Span(E1, En+1), we obtain

trn S(t) = sin2(a) |γ̄′(0)|2Ric n

(
γ̄′(t)

|γ̄′(t)|
, P1(t)

)
+ cos2(a) |γ̄′(0)|2Ric n−1

(
γ̄′(t)

|γ̄′(t)|
, P2(t)

)
, (2.30)

where P1(t) = Span(E2(t), . . . , En+1(t)) is an n-dimensional subspace and

P2(t) = Span(E2(t), . . . , En(t))

is an (n − 1)-dimensional subspace. Applying the curvature bound Ric k ≥ −kλ(d(o, ·))
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with k = min {n− 1,m− 1},

trn S(t) ≥ −n sin2(a) |γ̄′(0)|2 λ(d(o, γ̄(t)))

− (n− 1) cos2(a) |γ̄′(0)|2 λ(d(o, γ̄(t)))

=
(
cos2(a)− n

)
|γ̄′(0)|2 λ(d(o, γ̄(t))),

since −n sin2(a)− (n− 1) cos2(a) = −n(sin2(a) + cos2(a)) + cos2(a) = cos2(a)− n. Thus

trn S(t) ≥ (cos2(a)− n) |γ̄′(0)|2 λ(d(o, γ̄(t))). (2.31)

Similarly,

trm S(t) ≥ (sin2(a)−m) |γ̄′(0)|2 λ(d(o, γ̄(t))). (2.32)

These bounds also hold in the degenerate cases.

When ∇u(x̄) = 0, the angle is a = π/2 since γ̄′(0) = ȳ ∈ T⊥
x̄ Σ. In this case γ̄′ is

perpendicular to P3(t) = Span(E1(t), . . . , En(t)), so

trn S(t) = |γ̄′(0)|2Ric n

(
γ̄′(t)

|γ̄′(t)|
, P3(t)

)
≥ −n |γ̄′(0)|2 λ(d(o, γ̄(t)))

= (cos2(a)− n) |γ̄′(0)|2 λ(d(o, γ̄(t))).

For the normal trace, setting En+1 = ȳ/ |ȳ|, the term R̄(γ̄′, En+1, γ̄
′, En+1) = 0 since En+1

is parallel to γ̄′, so

trm S(t) =
n+m∑

α=n+2

R̄(γ̄′(t), Eα(t), γ̄
′(t), Eα(t))

= |γ̄′(0)|2Ricm−1

(
γ̄′(t)

|γ̄′(t)|
, P4(t)

)
≥ −(m− 1) |γ̄′(0)|2 λ(d(o, γ̄(t)))

≥ (sin2(a)−m) |γ̄′(0)|2 λ(d(o, γ̄(t))),
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where P4(t) = Span(En+2(t), . . . , En+m(t)) and the last step uses sin2(π/2)−m = 1−m =

−(m− 1).

When ȳ = 0, the angle is a = 0 since γ̄′(0) = ∇u(x̄) ∈ Tx̄Σ; setting E1(t) =

γ̄′(t)/ |γ̄′(t)|, one verifies that (2.31) and (2.32) hold by the same reasoning.

Combining (2.29) with (2.31)–(2.32) and using the triangle inequality d(o, γ̄(t)) ≥

|d(o, x̄)− d(x̄, γ̄(t))| together with the definition of Ar, we obtain: for (x̄, ȳ) ∈ Ar \

{(0, 0)},
(trnQ)

′ +
1

n
(trnQ)

2 ≤ (n− cos2(a)) |γ̄′(0)|2 λ
(∣∣∣∣d(o, x̄)− t

√
|∇u(x̄)|2 + |ȳ|2

∣∣∣∣)
(trmQ)

′ +
1

m
(trmQ)

2 ≤ (m− sin2(a)) |γ̄′(0)|2 λ
(∣∣∣∣d(o, x̄)− t

√
|∇u(x̄)|2 + |ȳ|2

∣∣∣∣) .
(2.33)

2.3.6 Comparison ODE and Jacobian bound

Tangential comparison

Define ϕ(t) = e
1
n

∫ t
0

∑n
i=1 Qii(τ) dτ . From (2.33),

ϕ′′(t) ≤ n−cos2(a)
n

|γ̄′(0)|2 λ
(∣∣∣∣d(o, x̄)− t

√
|∇u(x̄)|2 + |ȳ|2

∣∣∣∣)ϕ(t)
ϕ′(0) = 1

n
(∆Σu(x̄)− ⟨H(x̄), ȳ⟩)

ϕ(0) = 1.

(2.34)

To apply comparison, define ψ1(t) and ψ2(t) as solutions to
ψ′′
1(t) =

n−cos2(a)
n

|γ̄′(0)|2 λ
(∣∣∣∣d(o, x̄)− t

√
|∇u(x̄)|2 + |ȳ|2

∣∣∣∣)ψ1(t)

ψ1(0) = 0, ψ′
1(0) = 1

(2.35)
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and 
ψ′′
2(t) =

n−cos2(a)
n

|γ̄′(0)|2 λ
(∣∣∣∣d(o, x̄)− t

√
|∇u(x̄)|2 + |ȳ|2

∣∣∣∣)ψ2(t)

ψ2(0) = 1, ψ′
2(0) = 0.

(2.36)

The function ψ(t) = ψ2(t) +
1
n
(∆Σu(x̄) − ⟨H(x̄), ȳ⟩)ψ1(t) satisfies the same ODE as ϕ

with the same initial conditions, so the Sturm comparison theorem gives ϕ′(t)/ϕ(t) ≤

ψ′(t)/ψ(t), and hence

trnQ(t) = n · ϕ
′(t)

ϕ(t)
≤ n · ψ

′(t)

ψ(t)
=
ψ′
2 +

1
n

(
∆Σu(x̄)− ⟨H(x̄), ȳ⟩

)
ψ′
1

ψ2 +
1
n

(
∆Σu(x̄)− ⟨H(x̄), ȳ⟩

)
ψ1

. (2.37)

Normal comparison

Define ϕ̄(t) = t e
1
m

∫ t
0

∑n+m
α=n+1(Qαα(τ)−1/τ) dτ . Then

ϕ̄′′(t) ≤ m−sin2(a)
m

|γ̄′(0)|2 λ
(∣∣∣∣d(o, x̄)− t

√
|∇u(x̄)|2 + |ȳ|2

∣∣∣∣) ϕ̄(t)
ϕ̄(0) = 0, ϕ̄′(0) = 1.

(2.38)

Let ψ̄ solve
ψ̄′′(t) = m−sin2(a)

m
|γ̄′(0)|2 λ

(∣∣∣∣d(o, x̄)− t
√

|∇u(x̄)|2 + |ȳ|2
∣∣∣∣) ψ̄(t)

ψ̄(0) = 0, ψ̄′(0) = 1.

(2.39)

The comparison gives trmQ(t) = m · ϕ̄′(t)/ϕ̄(t) ≤ m · ψ̄′(t)/ψ̄(t).

Determinant bound

Since d
dt
log(detP (t)) = trQ(t) = trnQ(t)+trmQ(t), the two comparison estimates yield

d

dt
log(detP (t)) ≤ n · ψ

′

ψ
+m · ψ̄

′

ψ̄
=

d

dt
log(ψnψ̄m).
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Integrating from ε to t and taking ε→ 0,

detP (t) ≤ ψ(t)n ψ̄(t)m =

(
ψ2(t) +

1

n
(∆Σu(x̄)− ⟨H(x̄), ȳ⟩)ψ1(t)

)n

ψ̄(t)m. (2.40)

Standard comparison theorems give the following bounds:

ψ2

ψ1

≤ 2b1(n− cos2(a))

n

√
|∇u(x̄)|2 + |ȳ|2 +

1

t

ψ1(t) ≤ t e
n−cos2(a)

n
(2b1d(o,x̄)+b0)

ψ̄(t) ≤ t e
m−sin2(a)

m
(2b1d(o,x̄)+b0).

(2.41)

Substituting into (2.40),

detP (t) ≤
(
ψ2(t)

ψ1(t)
+

1

n
(∆Σu(x̄)− ⟨H(x̄), ȳ⟩)

)n

ψ1(t)
n ψ̄(t)m

≤
(
2b1

√
|∇u(x̄)|2 + |ȳ|2 +

1

t
+

1

n
(∆Σu(x̄)− ⟨H(x̄), ȳ⟩)

)n

· tn e(n−cos2(a))(2b1d(o,x̄)+b0) · tm e(m−sin2(a))(2b1d(o,x̄)+b0)

≤
(
2b1

√
|∇u(x̄)|2 + |ȳ|2 +

1

t
+

1

n
(∆Σu(x̄)− ⟨H(x̄), ȳ⟩)

)n

· tn+m e(n+m−1)(2b1d(o,x̄)+b0)

≤
(
2b1

√
|∇u(x̄)|2 + |ȳ|2 +

1

t
+

1

n
(∆Σu(x̄)− ⟨H(x̄), ȳ⟩)

)n

tn+m eα, (2.42)

where α = (n+m− 1)(2r0b1 + b0) and r0 = maxx∈Σ d(o, x).

2.3.7 The completing-the-square lemma

Lemma 2.24

For (x, y) ∈ Ar,

∆Σu(x)− ⟨H(x), y⟩ ≤ log f(x) +
|∇u|2 + |y|2

4
− |2H(x) + y|2

4
. (2.43)
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Proof. From the PDE (2.22), dividing by f ,

∆Σu− ⟨H(x), y⟩ = log f − |∇f |2

f 2
− |H(x)|2 − ⟨∇f,∇u⟩

f
− ⟨H(x), y⟩ . (2.44)

Now complete the square. For the gradient terms:

|∇f |2

f 2
+

⟨∇f,∇u⟩
f

=
|2∇f + f∇u|2

4f 2
− |∇u|2

4
. (2.45)

For the mean curvature terms:

|H(x)|2 + ⟨H(x), y⟩ = |2H(x) + y|2

4
− |y|2

4
. (2.46)

Substituting (2.45) and (2.46) into (2.44),

∆Σu− ⟨H(x), y⟩ = log f +
|∇u(x)|2 + |y|2

4
− |2∇f + f∇u|2

4f 2
− |2H(x) + y|2

4

≤ log f +
|∇u(x)|2 + |y|2

4
− |2H(x) + y|2

4
.

2.3.8 Jacobian estimate and proof of the main theorem

Lemma 2.25

For (x̄, ȳ) ∈ Ar \ {(0, 0)},

|detDΦt(x̄, ȳ)| ≤ eα+
n
t
−n−4b21n

2

tm+n f(x̄)

· exp

((
d(x̄,Φt(x̄, ȳ))

2t
+ 2b1n

)2
)
exp

(
−|2H(x̄) + ȳ|2

4

)
. (2.47)

Proof. Combining the determinant bound (2.42) with Lemma 2.24, we obtain

detP (t) ≤
(
2b1

√
|∇u(x̄)|2 + |ȳ|2 +

1

t

+
1

n

(
log f +

|∇u|2 + |ȳ|2

4
− |2H(x̄) + ȳ|2

4

))n

tn+m eα.
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By the inequality λ ≤ eλ−1,

|detDΦt(x̄, ȳ)| ≤ exp

(
2b1n

√
|∇u(x̄)|2 + |ȳ|2 +

n

t
+ log f

+
|∇u|2 + |ȳ|2

4
− |2H + ȳ|2

4
− n

)
tn+m eα

= eα+
n
t
−n tm+n f(x̄)

· exp
(
2b1n

√
|∇u(x̄)|2 + |ȳ|2 +

|∇u|2 + |ȳ|2

4
− |2H + ȳ|2

4

)
.

To handle the remaining exponential, we complete the square in the
√
· terms:

2b1n

√
|∇u|2 + |ȳ|2 +

|∇u|2 + |ȳ|2

4
=


√

|∇u|2 + |ȳ|2

2
+ 2b1n

2

− 4b21n
2

=

(
d(x̄,Φt(x̄, ȳ))

2t
+ 2b1n

)2

− 4b21n
2,

where we used d(x̄,Φt(x̄, ȳ)) ≤ t
√

|∇u(x̄)|2 + |ȳ|2 . This gives (2.47).

Proof of Theorem 2.16. Combining (2.25) with Lemma 2.25,∫
M

e−(
d(ψ(p),p)

2t
+2b1n)

2

dV (p) ≤
∫
Σ

(∫
T⊥
x Σ

eα+
n
t
−n−4b21n

2

tm+n f(x) e−
|2H(x)+y|2

4 dy

)
dV (x)

= tn+m e
n
t
−n+α−4b21n

2

(4π)m/2

∫
Σ

f(x) dV (x),

where the inner integral
∫
T⊥
x Σ

e−|2H(x)+y|2/4 dy = (4π)m/2 is a Gaussian integral over the

m-dimensional normal fiber. Thus

(4π)−(n+m)/2

t (h(t))n+m−1

∫
M

e−(
d(ψ(p),p)

2t
+2b1n)

2

dV (p)

≤ (4π)−n/2 tn+m−1

(h(t))n+m−1
e
n
t
−n+α−4b21n

2

∫
Σ

f dV. (2.48)

Taking t→ ∞: the left-hand side converges to P (4b1n)θh by Lemmas 2.21 and 2.22. For

the right-hand side, we use

lim
t→∞

tn+m−1

(h(t))n+m−1
=

(
lim
t→∞

t

h(t)

)n+m−1

=

(
lim
t→∞

1

h′(t)

)n+m−1

≤ 1

(1 + b0)n+m−1
,

56



where the last step uses h′(t) ≥ 1 and limt→∞ h′(t) ≤ 1 + b0. We obtain

P (4b1n)θh ≤ (4π)−n/2 e−n+α−4b21n
2 · 1

(1 + b0)n+m−1

∫
Σ

f dV. (2.49)

Taking logarithms,

logP (4b1n)θh +
n

2
log(4π) + n− α + 4b21n

2 + (n+m− 1) log(1 + b0) ≤ log

∫
Σ

f dV.

(2.50)

Substituting α = (n+m− 1)(2r0b1 + b0), the left-hand side becomes

logP (4b1n)θh +
n

2
log(4π) + n+ 4b21n

2 + (n+m− 1) log
1 + b0
e2r0b1+b0

,

which is exactly (2.21). Multiplying by f and integrating over Σ,∫
Σ

f

(
logP (4b1n)θh +

n

2
log(4π) + n+ 4b21n

2 + (n+m− 1) log
1 + b0
e2r0b1+b0

)
dV

≤
(∫

Σ

f dV

)
log

(∫
Σ

f dV

)
.

Adding the normalization (2.20) yields the full inequality (2.16). The disconnected case

follows by applying the inequality to each connected component and using a log a +

b log b < (a+ b) log(a+ b).
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Chapter 3

Isoperimetric Profile function

comparison

Isoperimetric inequalities quantify the fundamental relationship between the volume of

a domain and the area of its boundary, and their study on Riemannian manifolds has

a long history going back to the work of Lévy, Gromov, Bérard–Besson–Gallot, and

Morgan–Johnson, among others. The central object is the isoperimetric profile function,

which records the minimal boundary area among all domains of a given volume. Under

a pointwise Ricci curvature lower bound Ric ≥ (n − 1)k, sharp comparison theorems

for the isoperimetric profile were established by Morgan and Johnson [59] and Ni and

Wang [63], who showed that the profile is controlled by that of the simply connected

space form of constant curvature k. In this chapter, we extend these comparison results

to the setting of Lp integral Ricci curvature bounds, following our joint work with Jihye

Lee [53]. We begin with a survey of the comparison geometry under integral Ricci

curvature, the Petersen–Wei mean curvature and volume comparisons, the Chen–Wei

improvement, the Petersen–Sprouse Heintze–Karcher inequality, and Aubry’s generalized

Bonnet–Myers theorem, which form the technical foundation for our results. We then

define the isoperimetric profile functions h1 and h2, state the main theorems, and give
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their complete proofs. A noteworthy feature of our h2 comparison is that it applies in

the non-compact setting k < 0 without assuming finite diameter, which is made possible

by the bounded constant in the Chen–Wei volume comparison.

3.1 Comparison Geometry under Integral Ricci Cur-

vature

The comparison theorems surveyed in this section replace the classical pointwise lower

bound Ric ≥ (n− 1)k with an Lp condition on the negative part of the Ricci curvature,

and they constitute the technical foundation for the isoperimetric profile comparisons

proved later in this chapter. We begin by recalling the relevant definitions, then trace the

development of the theory from Gallot’s pioneering work through the Petersen–Wei mean

curvature comparison, which is the central result from which all subsequent estimates

flow.

Let (Mn, g) be a complete Riemannian n-manifold. Denote by ρ(x) the smallest

eigenvalue of the Ricci tensor at x ∈M . For a given constant k ∈ R, we define the Ricci

curvature deficit below (n− 1)k as

Ric k
−(x) = max{0, (n− 1)k − ρ(x)},

and the integral Ricci curvature as

∥∥Ric k
−
∥∥
p
=

(∫
M

(Ric k
−(x))

p dvol

)1/p

.

We also use the local version

∥∥Ric k
−
∥∥
p
(r) = sup

y∈M

(∫
By(r)

(Ric k
−)

p dvol

)1/p

,

which measures the worst-case integral curvature excess on balls of radius r. When

Ric ≥ (n − 1)k pointwise, all of these quantities vanish and the classical comparison

59



theorems apply. The integral theory studies what happens when they are merely small.

Throughout, the critical exponent is p > n/2. This threshold is sharp: Gallot [33] con-

structed manifolds Mj with bounded diameter and ∥K−∥n/2 ≤ ε, but with second Betti

numbers b2(Mj) → ∞, showing that for p ≤ n/2 no meaningful geometric conclusions

follow.

Gallot’s pioneering work. The systematic study of integral curvature conditions in

comparison geometry was initiated by Gallot [33], who worked on compact manifolds

with bounded diameter. Using a modification of the Bochner method combined with

Sobolev embedding, Gallot proved that if
∥∥Ric k

−
∥∥
p
is sufficiently small for p > n, then the

Cheeger isoperimetric constant, the Sobolev constants, and the first eigenvalue λ1(M) are

all controlled in terms of vol(M), diam(M), and the Lp curvature norm. In particular, he

obtained Gromov–Lévy type isoperimetric inequalities with additive error terms. Gallot’s

approach required the stronger exponent p > n/2 for several of his estimates and did not

yield a relative volume comparison; both limitations were addressed by the subsequent

work of Petersen and Wei.

Mean curvature comparison under integral Ricci curvature. The central result

of the integral curvature theory is an L2p estimate for the excess mean curvature of

geodesic spheres, due to Petersen and Wei [66]. In geodesic polar coordinates centered

at x ∈ M , the mean curvature m(r, θ) = ∆r of the geodesic sphere ∂Bx(r) satisfies the

Riccati inequality

m′ +
m2

n− 1
≤ −Ric (∂r, ∂r).

Recall that on the simply connected space form (Mn
k , gk) of constant curvature k, the

mean curvature is m̄(r) = (n−1) sn′
k(r)/snk(r), where snk is as defined in (3.6). Define the

mean curvature excess mk
+(r, θ) = (m(r, θ) − m̄(r))+. The Riccati inequality, combined

with the curvature decomposition Ric (∂r, ∂r) ≥ (n − 1)k − Ric k
−, yields a differential

inequality for mk
+. The key step is to multiply this inequality by (mk

+)
2p−2A(r, θ), where
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A(r, θ) is the volume element in polar coordinates satisfying A′/A = m, integrate along

geodesic rays over the unit sphere Sn−1, and apply Hölder’s inequality. The condition

p > n/2 is essential: it ensures the convergence of the integral
∫ r

0
v(n, k, t)−1/(2p) dt near

t = 0, where v(n, k, t) ∼ tn is the model volume element. This procedure yields the

following fundamental estimate.

Theorem 3.1 (Mean curvature comparison, Petersen–Wei [66])

Let (Mn, g) be a complete Riemannian manifold, p > n/2, and k ≤ 0. Then

∥∥mk
+

∥∥
2p
(r) := sup

y∈M

(∫
By(r)

(mk
+)

2p dvol

)1/(2p)

≤
(
(n− 1)(2p− 1)

2p− n

∥∥Ric k
−
∥∥
p
(r)

)1/2

.

This is the integral analogue of the classical pointwise Laplacian comparison ∆r ≤

m̄(r), which holds when Ric ≥ (n−1)k. Under integral bounds, the pointwise inequality

is replaced by an L2p estimate: the mean curvature excess mk
+ need not vanish, but its

L2p norm is controlled by the square root of the Lp norm of the Ricci deficit.

For positive curvature k > 0, the model mean curvature m̄(r) changes sign at r =

π/(2
√
k ), which causes the above Riccati-based argument to break down in the second

half of the geodesic interval. This difficulty was resolved by Petersen and Sprouse [67]

using an integrating factor technique, and later refined by Aubry [6], who introduced

the factor sin4p−n−1(
√
k r) to obtain a mean curvature estimate valid on the full interval

(0, π/
√
k ).

Relative volume comparison. From the mean curvature estimate, Petersen and Wei

[66] derived a relative volume comparison that generalizes the Bishop–Gromov inequality.

The classical Bishop–Gromov theorem states that if Ric ≥ (n − 1)k, then the volume

ratio volBr(x)/v(n, k, r) is monotonically nonincreasing in r, where v(n, k, r) denotes the

volume of a ball of radius r in the space form Mn
k . Under integral curvature bounds, one

obtains “almost monotonicity” of the (1/2p)-th power of this ratio.

Theorem 3.2 (Relative volume comparison, Petersen–Wei [66])
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Let (Mn, g) be a complete Riemannian manifold, p > n/2, and k ≤ 0. Then for 0 < r <

R, (
volBR(x)

v(n, k,R)

)1/(2p)

−
(
volBr(x)

v(n, k, r)

)1/(2p)

≤ C(n, p, k, R)
∥∥Ric k

−
∥∥
p
(R)1/(2p).

When
∥∥Ric k

−
∥∥
p
= 0, the error vanishes and the classical monotonicity is recovered.

However, the original Petersen–Wei constant C(n, p, k, R) diverges as R → ∞ when

k < 0, because the model volume element Ak(s) grows exponentially. This divergence

renders the estimate ineffective for large balls on non-compact manifolds with negative

curvature bounds.

Chen–Wei’s improved volume comparison. This limitation was resolved by Chen

and Wei [23], who proved that a key constant in the volume ratio differential inequality

can be taken to be exactly 1 for all values of k and r, eliminating the divergence. The

resulting volume comparison, which is the version used later in this chapter, takes the

following form.

Theorem 3.3 (Improved volume comparison, Chen–Wei [23])

Let (Mn, g) be a complete Riemannian manifold, p > n/2, and k ≤ 0. Then for any

x ∈M ,

|Bx(r)| ≤
(
1 + C(n, p, k, r)

∥∥Ric k
−
∥∥
p
(r)1/2

)2p
|Bx̄(r)| ,

where Bx̄(r) denotes the ball of radius r in (Mn
k , gk) and the constant is

C(n, p, k, r) =

(
(n− 1)(2p− 1)

2p− n

)1/2 ∫ r

0

(
1

|Bx̄(t)|

)1/(2p)

dt.

When k < 0, this constant is bounded for all r; we denote

C(n, p, k, d) = lim
r→∞

C(n, p, k, r).

For k = 0, compactness (finite diameter) is needed since C increases with r.

The structural form matches Petersen and Wei’s original result, but the constant
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C(n, p, k, R) now remains bounded as R → ∞ when k < 0. This is the essential

improvement: it enables meaningful volume comparison for arbitrarily large balls on

non-compact manifolds. Among its applications, Chen and Wei obtained optimal es-

timates for the volume entropy: under the condition k̄(p, k) ≤ δ, one has h(M) ≤

(n − 1)
√
−k + c(n, p, k, d) δ1/2, recovering the classical bound as δ → 0 for each fixed

p > n/2. Aubry’s earlier volume entropy estimate [6] achieved this only as δ → 0 and

p → ∞ simultaneously, precisely because of the divergent constant in the Petersen–Wei

inequality.

The Heintze–Karcher inequality under integral Ricci curvature. Later in this

chapter, the proof of the comparison for the normalized isoperimetric profile function

h1 relies on the Heintze–Karcher inequality, which controls the volume enclosed by a

hypersurface in terms of its area and mean curvature. The classical Heintze–Karcher

inequality requires a pointwise Ricci lower bound. Its generalization to the integral

curvature setting was obtained by Petersen and Sprouse.

Theorem 3.4 (Heintze–Karcher under integral curvature, Petersen–Sprouse [67, Theo-

rem 4.1])

Let (Mn, g) be a closed Riemannian manifold with diam(M) < D, p > n/2, and k > 0.

Let H ⊂M be a hypersurface with constant mean curvature η dividing M into domains

Ω±, and let Ω̄± be the corresponding regions bounded by the geodesic sphere of mean

curvature |η| in the space form Sn
k . For any α > 1, there exists ε = ε(n, p, α, k) > 0 such

that if
∥∥Ric k

−
∥∥
p
≤ ε, then

vol(Ω±) ≤ α · area(H)

area(H̄)
· vol(Ω̄±).

By adding the two inequalities, one obtains vol(M) ≤ α · area(H)

area(H̄)
· vol(B̄), where B̄ is the

ball of radius diam(M) on Sn
k .

The classical Heintze–Karcher inequality corresponds to α = 1 under pointwise Ric ≥
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(n − 1)k. Under integral curvature smallness, the multiplicative factor α can be taken

arbitrarily close to 1, with the required smallness ε depending on α.

The Bonnet–Myers theorem under integral curvature. The final ingredient

needed for the isoperimetric profile comparisons in the positive curvature regime is a

generalization of the Bonnet–Myers theorem. The classical theorem states that Ric ≥

(n−1)k for k > 0 implies diam(M) ≤ π/
√
k and, in particular, compactness. The diam-

eter bound was first extended to the integral curvature setting by Petersen and Sprouse

[67]: for any δ > 0 there exists ε > 0 such that
∥∥Ric k

−
∥∥
p
(R) < ε implies diam(M) <

π/
√
k + δ. The proof uses the excess function e(x) = d(x, y−) + d(x, y+)− d(y−, y+) for

points with d(y−, y+) > π/
√
k + δ; the integral mean curvature estimate gives an upper

bound for ∆e, and a generalized maximum principle (based on Sobolev embedding and

Moser iteration) yields a contradiction. Aubry [6] subsequently completed the picture by

establishing finiteness of the fundamental group under the same hypotheses.

Theorem 3.5 (Generalized Bonnet–Myers, Aubry [6, Theorem 1.2])

Let k > 0 and p > n/2. There exists ε = ε(n, p) > 0 such that if (Mn, g) is a closed

Riemannian manifold with(
1

vol(M)

∫
M

(Ric k
−)

p dvol

)1/p

≤ ε,

then diam(M) ≤ π/
√
k + C(n, p) ε1/2 and π1(M) is finite.

Later in this chapter, Aubry’s theorem is applied as the first step: it ensures that

a manifold with small integral Ricci curvature below (n − 1)k for k > 0 is compact, so

that the normalized isoperimetric profile function h1 is well-defined. It also guarantees a

uniform diameter bound, needed in the subsequent application of the Petersen–Sprouse

Heintze–Karcher inequality (Theorem 3.4).

Local Sobolev constants and further developments. Beyond the comparison the-

orems used directly in this thesis, the integral curvature theory has developed into a
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comprehensive analytic toolkit. Petersen and Wei [68] obtained a generalized maximum

principle, excess estimates with sharp Hölder exponents, and an almost splitting theorem

under integral curvature bounds, all derived from the L2p mean curvature estimate. A

significant advance came with the work of Dai, Wei, and Zhang [25], who proved the

first local Sobolev constant estimate for integral Ricci curvature without a non-collapsing

assumption: if the scale-invariant curvature quantity κ(p, 1) is sufficiently small, then a

local (1, 1∗)-Sobolev inequality holds on Br(x). From this single inequality they derived

two-sided Gaussian heat kernel bounds, gradient estimates for harmonic functions, and

L2 Hessian estimates for parabolic approximation of distance functions, extending the

Colding–Naber machinery to the collapsed integral curvature setting.

Isoperimetric constant estimates in the integral curvature setting were also explored

by Gallot [33] and Dai, Wei, and Zhang [25]. More recently, the integral Ricci compari-

son framework has been extended in two directions: to the Kato-class setting by Carron,

Rose, and Stollmann, where the Lp condition on Ric k
− is replaced by a strictly weaker con-

dition involving the heat kernel, and to synthetic curvature-dimension conditions, where

Ketterer showed that sequences with Lp Ricci deficit converging to zero subconverge to

metric measure spaces satisfying the condition CD(K,N) of Lott–Sturm–Villani.

The results surveyed in this section—specifically, the Petersen–Wei mean curvature

comparison (Theorem 3.1), the Chen–Wei improved volume comparison (Theorem 3.3),

the Petersen–Sprouse Heintze–Karcher inequality (Theorem 3.4), and Aubry’s general-

ized Bonnet–Myers theorem (Theorem 3.5)—are the four ingredients that enter into the

proofs of the isoperimetric profile comparisons later in this chapter.
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3.2 Isoperimetric Profile Functions

Let (Mn, g) be an n-dimensional Riemannian manifold. The isoperimetric profile function

h2(β, g) is defined on the interval (0, |M |) by

h2(β, g) := inf
{
|∂Ω|

∣∣ Ω is a smooth domain in M with |Ω| = β
}
. (3.1)

Here, |Ω| denotes the n-dimensional volume and |∂Ω| denotes the (n − 1)-dimensional

area of ∂Ω. The case |M | = ∞ is allowed. A region Ω in M with |∂Ω| = h2(β, g) and

|Ω| = β is called an isoperimetric region of volume β. The existence and regularity of

such regions are well understood; for detailed discussions, see Chapter 6 of [75].

In the context of a compact Riemannian manifold M , the normalized isoperimetric

profile function h1(β, g) is defined for any β ∈ (0, 1) by

h1(β, g) := inf

{
|∂Ω|
|M |

∣∣∣∣ Ω is a smooth domain in M with
|Ω|
|M |

= β

}
.

The function h1(β, g) is Hölder continuous and satisfies the asymptotic

lim
β→0

h1(β, g)

β
n−1
n

= n

(
ωn

|M |

)1/n

, (3.2)

where ωn denotes the n-dimensional volume of the unit ball in Rn. For a compact

manifold M , the following relationship holds:

h1(β, g) =
h2(β |M | , g)

|M |
. (3.3)

Classical comparison results. The pointwise comparison for h2 was originally proven

by Morgan and Johnson [59] and later given an alternative proof by Ni and Wang [63].

Theorem 3.6 (Morgan–Johnson [59], Ni–Wang [63])

Let (Mn, g) be a complete Riemannian manifold. For a given k ∈ R, assume that
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Ric ≥ (n− 1)k. Then for β ∈ (0, |M |),

h2(β, g) ≤ h2(β, gk), (3.4)

where (Mn
k , gk) is a complete simply connected space of constant curvature k. If equality

ever holds somewhere, then (Mn, g) is isometric to (Mn
k , gk).

The Lévy–Gromov isoperimetric inequality [35] can be reformulated as h1(β, g) ≥

h1(β, g1), where g1 is the standard metric on the unit sphere. Combining this with the

relation (3.3) and the inequality (3.4) yields (Corollary 3.2 in [63]):

h1(β, g1) ≤ h1(β, g) ≤
|Sn|
|M |

· h1
(
|M |
|Sn|

β, g1

)
. (3.5)

Define the usual comparison functions

snk(t) =



1√
k
sin(

√
k t), k > 0,

t, k = 0,

1√
−k

sinh(
√
−k t), k < 0.

(3.6)

Main results. The main results of this chapter extend the above comparison theorems

to the setting of integral Ricci curvature. The first two results concern the h2 profile

function, extending the inequality (3.4) to a quantitative estimate with error controlled

by
∥∥Ric k

−
∥∥
p
. The first pertains to the non-compact setting k ≤ 0, which is particularly

noteworthy due to the scarcity of results for integral curvature on non-compact manifolds.

In the compact setting k > 0, the result can be used to assess the degree to which the

second inequality in (3.5) must be relaxed when transitioning from pointwise to integral

curvature conditions.

Theorem 3.7

Let (Mn, g) be a Riemannian manifold, p > n/2, and k ≤ 0 be given. When k = 0,
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assume that diam(M) = d <∞. Then for any β ∈ (0, |M |),

h2(β, g)− h2(β, gk) ≤
(
(n− 1)(2p− 1)

2p− n

∥∥Ric k
−
∥∥
p

)1/2

β
2p−1
2p + f(β, n, p, k, d,

∥∥Ric k
−
∥∥
p
),

where (Mn
k , gk) is a complete simply connected space of constant curvature k and f ≡ 0

when
∥∥Ric k

−
∥∥
p
= 0, recovering (3.4).

Theorem 3.8

Let (Mn, g) be a Riemannian manifold, p > n/2, and k > 0 be given. Assume additionally

that diam(M) < π
2
√
k
. Then there exists ε > 0 such that if

∥∥Ric k
−
∥∥
p
< ε, then for any

β ∈ (0, |M |),

h2(β, g)− h2(β, gk) ≤
(
(n− 1)(2p− 1)

2p− n

∥∥Ric k
−
∥∥
p

)1/2

β
2p−1
2p + f(β, n, p, k, d,

∥∥Ric k
−
∥∥
p
),

where (Mn
k , gk) is a complete simply connected space of constant curvature k and f ≡ 0

when
∥∥Ric k

−
∥∥
p
= 0, recovering (3.4).

Remark 3.1. The function f is increasing in β and vanishes at β = 0. In the case k = 0,

it can be written down explicitly:

f =

[(
1 + C(n, p, k, d)

∥∥Ric k
−
∥∥1/2
p

)2p/n
− 1

]
n (ωn)

1/n β
n−1
n .

The next two results involve the h1 isoperimetric profile function in the positive

curvature regime k > 0.

Theorem 3.9

Let (Mn, g) be an n-dimensional Riemannian manifold, p > n/2. For any k > 0 and

α > 1, there exists δ = δ(n, p, α, k) > 0 such that if
∥∥Ric k

−
∥∥
p
≤ δ, then the isoperimetric

profile function h1(β, g) is a positive super solution of

αψ

(
k +

(
ψ′

n− 1

)2
)n−1

2

=
1∫ d′

0
snn−1

k t dt
, (3.7)
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where d′ = min{π, diam(M)}.

This generalization extends Theorem 4.1 of Ni and Wang [63] and retrieves it by

taking the limit α → 1+. Compactness is not assumed, as it follows from the generalized

Bonnet–Myers theorem of Aubry [6]. Combining the Petersen–Sprouse estimate [67]

with the approach of Ni and Wang yields the following quantitative Lévy–Gromov type

estimate.

Theorem 3.10

Let (Mn, g) be an n-dimensional Riemannian manifold, p > n/2. For any k > 0 and

α > 1, there exists δ = δ(n, p, α, k) > 0 such that if
∥∥Ric k

−
∥∥
p
≤ δ, then

h1(β, g) ≥ Lh1(β, gk)− ε(n, d′, α, k),

where d′ = min
{

π√
k
, diam(M)

}
, gk is the standard metric on Sn

k , and the constants are

L =

(
γn
λkn,d′

)1/n

, γn =

∫ π/
√
k

0

snn−1
k t dt,

λkn,d′ =

∫ d′

0

snn−1
k t dt, ε(n, d′, α, k) =

(α− 1)L

α
· 1∫ π

0
sin(

√
k t) dt

.

Since L ≥ 1, this improves the classical Lévy–Gromov isoperimetric inequality (the

first inequality in (3.5)). For a complete Riemannian manifold with Ric ≥ (n − 1)k

for k > 0,
∥∥Ric k

−
∥∥
p
= 0 and limα→1+ ε(n, d

′, α, k) = 0, so the following corollary is

immediate.

Corollary 3.11

Let (Mn, g) be a complete Riemannian manifold with Ric ≥ (n − 1)k for k > 0. Then

for any β ∈ (0, 1),

h1(β, g) ≥ Lh1(β, gk),

which is Bérard–Besson–Gallot’s estimate.
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3.3 Comparisons for the h2 Isoperimetric Profile

This section contains the proofs of Theorem 3.7 and Theorem 3.8, followed by their

extension to the relative isoperimetric setting.

3.3.1 Proof of Theorem 3.7 and Theorem 3.8

The proof begins with two preliminary observations on positive increasing functions,

which will be used to compare the radius of a ball of a given volume on the manifold

with the corresponding radius on the model space.

Proposition 3.12

Let A ∈ C∞([0, 2r]) be positive on (0, 2r) and strictly increasing on the subset (0, r] ⊆

[0, 2r]. Let 1 ≤ α ≤ 2 and assume that for all s ∈ [0, r], A(r + s) ≥ A(r − s). If∫ r̄

0

A(s) ds ≤ α

∫ r

0

A(s) ds,

then r̄ ≤ αr.

Proof. When α = 1, since A is positive,
∫ r̄

0
A(s) ds ≤

∫ r

0
A(s) ds implies r̄ ≤ r. Now

consider the case 1 < α ≤ 2. Assume r̄ > αr to get a contradiction. Then∫ r̄

0

A(s) ds >

∫ αr

0

A(s) ds =

∫ r

0

A(s) ds+

∫ αr

r

A(s) ds.

Let B(s) = A(r − s) on [0, r]. Then B′(s) = −A′(r − s) < 0, so B is strictly decreasing.

Since 1 < α ≤ 2, (α− 1)s < s and so B(s) < B((α− 1)s). Thus,

(α− 1)B(s) < (α− 1)B((α− 1)s)
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for 0 < s < r. Integrating,

(α− 1)

∫ r

0

B(s) ds <

∫ r

0

(α− 1)B((α− 1)s) ds =

∫ (α−1)r

0

B(t) dt

=

∫ (α−1)r

0

A(r − t) dt ≤
∫ (α−1)r

0

A(r + t) dt =

∫ αr

r

A(s) ds.

Thus, ∫ r̄

0

A(s) ds >

∫ r

0

A(s) ds+ (α− 1)

∫ r

0

B(s) ds

=

∫ r

0

A(s) ds+ (α− 1)

∫ r

0

A(r − s) ds = α

∫ r

0

A(s) ds,

which contradicts the assumption. Thus r̄ ≤ αr.

The next proposition mirrors the previous one for the scenario k < 0. The computa-

tion is carried out explicitly in the space form of constant sectional curvature k = −1;

the general case follows straightforwardly. Since sinh(s) is increasing everywhere, the

assumption α ≤ 2 is not needed.

Proposition 3.13

Denote A(r) = sinhn−1(r) with r ∈ [0,+∞), let α ≥ 1, and assume that∫ r̄

0

A(s) ds ≤ α

∫ r

0

A(s) ds.

Then r̄ ≤ α1/nr.

Proof. Define the function f(r) =
∫ r
0 A(s) ds

rn
. The assumption can be rewritten as f(r̄) ≤

αf(r) r
n

r̄n
. By directly computing the derivative, f is strictly increasing. Consider the case

0 < r < r̄. Then f(r) < f(r̄) ≤ αf(r) r
n

r̄n
, implying 1 < α rn

r̄n
, which gives r̄n < αrn. The

case r̄ ≤ r follows easily since α ≥ 1, yielding r̄n ≤ αrn and thus the desired conclusion

r̄ ≤ α1/nr.

Remark 3.2. In the case k = 0, let A(s) = sn−1. By direct computation,
∫ r̄

0
A(s) ds ≤

α
∫ r

0
A(s) ds implies r̄ ≤ α1/nr.
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Proof of Theorem 3.7 and Theorem 3.8. The proof strategy entails considering the dif-

ference between the measures of the boundaries of balls in the manifold and those in

the model space. This offers a straightforward upper bound for the difference of the h2

functions. To estimate this difference, the derivatives are computed explicitly, leading to

the emergence of a mean curvature term, which is controlled by the Petersen–Wei mean

curvature comparison (Theorem 3.1).

Fix a point x ∈M and β ∈ (0, |M |). Define a function Ix(t, g) = |∂Bx(r)|, where r is

determined by |Bx(r)| = t. Then

h2(β, g) = inf
|Ω|=β

|∂Ω| ≤ Ix(β, g).

Note that h2(β, gk) = Ix̄(β, gk) for x̄ ∈Mk. Combining,

h2(β, g)− h2(β, gk) ≤ Ix(β, g)− Ix̄(β, gk). (3.8)

Let D(t) = Ix(t, g)− Ix̄(t, gk). We seek an upper bound for D(β). Recall that Ix(t, g) =

|∂Bx(r)| with |Bx(r)| = t. Using geodesic polar coordinates centered at x, where m(r, θ)

is the mean curvature and A(s, θ) dθ ds is the volume form,

d

dr
|∂Bx(r)| =

d

dr

∫
Sn−1

A(r, θ) dθ =

∫
Sn−1

m(r, θ)A(r, θ) dθ

and

dt

dr
=

d

dr
|Bx(r)| =

∫
Sn−1

A(r, θ) dθ = |∂Bx(r)| .

Thus,

I ′x(t, g) =
d

dt
|∂Bx(r)| =

∫
Sn−1 m(r, θ)A(r, θ) dθ

|∂Bx(r)|

and

I ′x̄(t, gk) =

∫
Sn−1 m̄(r̄)Ā(r̄) dθ

|∂Bx̄(r̄)|
= m̄(r̄),
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where Bx̄(r̄) is the ball on Mk with |Bx̄(r̄)| = t. Then

D′(t) = I ′x(t, g)− I ′x̄(t, gk)

=

∫
Sn−1 m(r, θ)A(r, θ) dθ

|∂Bx(r)|
− m̄(r̄)

=

∫
Sn−1 [m(r, θ)− m̄(r)]A(r, θ) dθ

|∂Bx(r)|
+ [m̄(r)− m̄(r̄)].

Let mk
+(r, θ) := (m(r, θ)− m̄(r))+. Then∫

Sn−1 [m(r, θ)− m̄(r)]A(r, θ) dθ

|∂Bx(r)|
≤
∫
Sn−1 m

k
+(r, θ)A(r, θ) dθ

|∂Bx(r)|
.

Since Ix(0, g) = 0 and Ix̄(0, gk) = 0, D(0) = 0. Thus,

D(β) =

∫ β

0

D′(t) dt ≤
∫ β

0

∫
Sn−1 m

k
+(r, θ)A(r, θ) dθ

|∂Bx(r)|
dt+

∫ β

0

(m̄(r)− m̄(r̄)) dt

≤
∫ r0

0

∫
Sn−1

mk
+(r, θ)A(r, θ) dθ dr +

∫ β

0

(m̄(r)− m̄(r̄)) dt, (3.9)

where r0 is determined by β = |Bx(r0)|. By Hölder’s inequality,∫ r0

0

∫
Sn−1

mk
+(r, θ)A(r, θ) dθ dr

≤
(∫ r0

0

∫
Sn−1

(mk
+)

2pA(r, θ) dθ dr

)1/(2p)(∫ r0

0

∫
Sn−1

A(r, θ) dθ dr

)(2p−1)/(2p)

=

(∫
Bx(r0)

(mk
+)

2p dvol

)1/(2p)

|Bx(r0)|(2p−1)/(2p) .

Now the mean curvature comparison under integral Ricci curvature (Theorem 3.1) gives

∥∥mk
+

∥∥
2p
(r) = sup

y∈M

(∫
By(r)

(mk
+)

2p dvol

)1/(2p)

≤
(
(n− 1)(2p− 1)

2p− n

∥∥Ric k
−
∥∥
p
(r)

)1/2

.

Combining these inequalities,

D(β) ≤
∥∥mk

+

∥∥
2p
(r0) |Bx(r0)|(2p−1)/(2p) +

∫ β

0

(m̄(r)− m̄(r̄)) dt

≤
(
(n− 1)(2p− 1)

2p− n

∥∥Ric k
−
∥∥
p
(r0)

)1/2

β(2p−1)/(2p) +

∫ β

0

(m̄(r)− m̄(r̄)) dt. (3.10)
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Thus,

h2(β, g)− h2(β, gk) ≤
(
(n− 1)(2p− 1)

2p− n

∥∥Ric k
−
∥∥
p

)1/2

β(2p−1)/(2p) +

∫ β

0

(m̄(r)− m̄(r̄)) dt.

(3.11)

To estimate the second term, r and r̄ are compared using the improved volume com-

parison theorem of Chen and Wei [23] (Theorem 3.3):

|Bx̄(r̄)| = |Bx(r)| ≤
(
1 + C(n, p, k, r)

∥∥Ric k
−
∥∥
p
(r)1/2

)2p
|Bx̄(r)| ,

where

C(n, p, k, r) =

(
(n− 1)(2p− 1)

2p− n

)1/2 ∫ r

0

(
1

|Bx̄(r)|

)1/(2p)

dt.

When k < 0, this constant is bounded for all r, eliminating the need for compactness.

We denote C(n, p, k, d) as the limit of the constant as r → ∞. For k = 0, compactness

is necessary as C increases with r. In the positive case k > 0, the diameter restriction is

already assumed to apply the mean curvature and volume comparison.

Since
∥∥Ric k

−
∥∥
p
(r) is also increasing in r,∫ r̄

0

Ā(s) ds ≤
(
1 + C(n, p, k, d)

∥∥Ric k
−
∥∥1/2
p

)2p ∫ r

0

Ā(s) ds, (3.12)

where d = diam(M).

Now depending on the sign of k, Proposition 3.12 or Proposition 3.13 is applied.

Define q = 2p if k > 0 and q = 2p/n if k ≤ 0. For positive k > 0, there exists

ε > 0 such that
∥∥Ric k

−
∥∥
p
< ε implies

(
1 + C(n, p, k, d)

∥∥Ric k
−
∥∥1/2
p

)2p
≤ 2. Since Ā(s)

is a positive increasing function on (0, r], Proposition 3.12 applies. For negative k < 0,

Proposition 3.13 applies and
∥∥Ric k

−
∥∥
p
is not required to be small. In either case,

r̄ ≤
(
1 + C(n, p, k, d)

∥∥Ric k
−
∥∥1/2
p

)q
r. (3.13)

For k = 0, the above inequality follows from a direct computation (Remark 3.2).
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Since the mean curvature m̄ on the model space is decreasing in r,

m̄(r) ≤ m̄

 r̄(
1 + C(n, p, k, d)

∥∥Ric k
−
∥∥1/2
p

)q
 .

Thus,

∫ β

0

(m̄(r)− m̄(r̄)) dt ≤
∫ β

0

m̄
 r̄(

1 + C(n, p, k, d)
∥∥Ric k

−
∥∥1/2
p

)q
− m̄(r̄)

 dt.

Let

f(β, n, p, k, d,
∥∥Ric k

−
∥∥
p
) :=

∫ β

0

m̄
 r̄(

1 + C(n, p, k, d)
∥∥Ric k

−
∥∥1/2
p

)q
− m̄(r̄)

 dt.

Combining with (3.11),

h2(β, g)− h2(β, gk)

≤
(
(n− 1)(2p− 1)

2p− n

∥∥Ric k
−
∥∥
p

)1/2

β(2p−1)/(2p) + f(β, n, p, k, d,
∥∥Ric k

−
∥∥
p
).

3.3.2 Relative Isoperimetric Profile Function Comparison

The relative isoperimetric comparison extends the above results to convex bodies. The

difference is that the perimeter is considered relative to a convex body Ω, which is a

convex smooth domain with compact closure in (Mn, g). If a hypersurface splits Ω

into two sets, the relative perimeter of each is the surface area of the hypersurface; pieces

from the boundary of Ω do not contribute to the relative perimeter. For a more extensive

discussion of the relative isoperimetric problem, see Chapter 9 of [74].

Define the relative isoperimetric profile function with respect to a convex body Ω as

hΩ2 (β, g) = inf
{
|∂D ∩ Ω|

∣∣ D is a smooth domain in Ω with |D ∩ Ω| = β
}
.

Here ∂D ∩ ∂Ω may be nonempty. Denote by Hn
k a half space in the simply connected

space form (Mk, gk) of constant sectional curvature k, and denote by h
Hnk
2 (β, gk) its relative
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isoperimetric function.

Theorem 3.14

Let (Mn, g) be a Riemannian manifold and Ω a convex body on M . Let p > n/2 and

k > 0 be given. Assume that diam(M) = d < π
2
√
k
. Then there exists ε > 0 such that if∥∥Ric k

−
∥∥
p
< ε, then for any β ∈ (0, |Ω|),

hΩ2 (β, g)− h
Hnk
2 (β, gk) ≤

(
(n− 1)(2p− 1)

2p− n

∥∥Ric k
−
∥∥
p

)1/2

β
2p−1
2p + f̃(β, n, p, k, d,

∥∥Ric k
−
∥∥
p
)

Theorem 3.15

Let (Mn, g) be a Riemannian manifold and Ω a convex body on M . Let p > n/2 and

k ≤ 0 be given. When k = 0, assume that diam(M) = d <∞. Then for any β ∈ (0, |Ω|),

hΩ2 (β, g)− h
Hnk
2 (β, gk) ≤

(
(n− 1)(2p− 1)

2p− n

∥∥Ric k
−
∥∥
p

)1/2

β
2p−1
2p + f̃(β, n, p, k, d,

∥∥Ric k
−
∥∥
p
).

Remark 3.3. In particular, f̃ = 0 when
∥∥Ric k

−
∥∥
p
= 0, which recovers the h2 comparison

theorem under pointwise Ricci curvature lower bounds in [9].

Only the differences from the proof of Theorem 3.7 and Theorem 3.8 are detailed.

Proof of Theorem 3.14 and Theorem 3.15. Now take any x ∈ ∂Ω. Define Ix(t, g) =

|∂Bx(r) ∩ Ω| when t = |Bx(r) ∩ Ω| and Ix̄(t, gk) =
∣∣∂B̄(r̄) ∩Hn

k

∣∣ when ∣∣B̄(r̄) ∩Hn
k

∣∣ = t.

Let

Ut =
{
θ ∈ Sn−1

∣∣ (t, θ) ∈ Bx(r) ∩ Ω
}
,

where (t, θ) denotes geodesic polar coordinates centered at x. Convexity of Ω implies
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that if a ≤ b, then Ub ⊆ Ua. Thus,

d

dr
|∂Bx(r) ∩ Ω| = lim

h→0

|∂Bx(r + h) ∩ Ω| − |∂Bx(r) ∩ Ω|
h

= lim
h→0

∫
Ur+h

A(r + h, θ) dθ −
∫
Ur
A(r, θ) dθ

h

≤ lim
h→0

∫
Ur
A(r + h, θ) dθ −

∫
Ur
A(r, θ) dθ

h

=

∫
Ur

A′(r, θ) dθ =

∫
Ur

m(r, θ)A(r, θ) dθ.

Also, from |Bx(r) ∩ Ω| = t,

dt

dr
=

d

dr

∫ r

0

∫
Us

A(s, θ) dθ ds =

∫
Ur

A(r, θ) dθ = |∂Bx(r) ∩ Ω| .

These two inequalities imply

I ′x(t, g) =
dIx
dr

dr

dt
≤
∫
Ur
m(r, θ)A(r, θ) dθ

|∂Bx(r) ∩ Ω|
.

Take any x̄ on the boundary of Hn
k . Then

I ′x̄(t, gk) =

∫
Sn−1
+

m̄(r̄)Ā(r̄) dθ

1
2
|∂Bx̄(r̄)|

= m̄(r̄),

where r̄ is determined by |Bx̄(r̄) ∩Hn
k | = t. Defining D(t) = Ix(t, g)− Ix̄(t, gk) as before,

D′(t) ≤
∫
Ur
[m(r, θ)− m̄(r)]A(r, θ) dθ

|∂Bx(r) ∩ Ω|
+ [m̄(r)− m̄(r̄)].

Letting mk
+(r, θ) = (m(r, θ)− m̄(r))+,

D(β) ≤
∫ r0

0

∫
Ur

mk
+(r, θ)A(r, θ) dθ dr +

∫ β

0

(m̄(r)− m̄(r̄)) dt, (3.14)

where r0 is determined by β = |Bx(r0) ∩ Ω|. By Hölder’s inequality,∫ r0

0

∫
Ur

mk
+Adθ dr ≤

(∫
Bx(r0)∩Ω

(mk
+)

2p dvol

)1/(2p)

|Bx(r0) ∩ Ω|(2p−1)/(2p)

≤
∥∥mk

+

∥∥
2p
(r0) β

(2p−1)/(2p).

For the second term on the right-hand side of (3.14), a volume comparison on a convex
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set with integral Ricci curvature is needed:

|Bx(r) ∩ Ω| ≤
(
1 + C1(n, p, k, d)

∥∥Ric k
−
∥∥1/2
p

)2p
|Bx̄(r) ∩Hn

k | ,

where C1(n, p, k, d) is a constant multiple of C(n, p, k, d) from the proof of Theorem 3.7

and Theorem 3.8. This inequality can be obtained by modifying the proof in Chen

and Wei [23]. The remainder of the proof follows the same lines as Theorem 3.7 and

Theorem 3.8.

3.4 Comparisons for the h1 Isoperimetric Profile

This section contains the proofs of the differential comparison for the h1 isoperimetric pro-

file function (Theorem 3.9) and the quantitative Lévy–Gromov estimate (Theorem 3.10).

The error term arises from the choice of α > 1, as the Heintze–Karcher generalization

for integral curvature of Petersen and Sprouse (Theorem 3.4) is used to replace the con-

ventional Heintze–Karcher estimate in the argument of Ni and Wang [63]. The pointwise

result is recovered by taking α→ 1+.

Proof of Theorem 3.9. The proof begins by applying Aubry’s generalized Bonnet–Myers

theorem (Theorem 3.5), which establishes that the diameter of manifolds with small

integral Ricci curvature is uniformly bounded. This ensures compactness of M and

enables the subsequent application of the Petersen–Sprouse Heintze–Karcher inequality

(Theorem 3.4).

Choose any β0 ∈ (0, 1) and let U be a small neighborhood of β0. Within U , let

0 < ψ(β) ≤ h1(β, g) be a smooth function satisfying ψ(β0) = h1(β0, g). Suppose Ω is

an isoperimetric region with volume β0, meaning |∂Ω|
|M | = h1(β0, g) = ψ(β0). Then Ω has

constant mean curvature m on the smooth part of ∂Ω, and by the first variation formula

(see the proof of Theorem 2.2 in [63]),

m = ψ′(β0).
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Define

r0 = max{dist(x, ∂Ω) | x ∈ Ω},

r1 = max{dist(x, ∂Ω) | x ∈M \ Ω} ≤ d− r0.

Given α > 1 and p > n/2, the Heintze–Karcher inequality with integral Ricci curvature

bounds (Theorem 3.4) ensures the existence of δ(n, p, α, k) > 0 such that if
∥∥Ric k

−
∥∥
p
≤ δ,

then

vol(Ω) ≤ α
area(∂Ω)

area(∂Ω̄)
vol(Ω̄)

and

vol(M \ Ω) ≤ α
area(∂Ω)

area(∂Ω̄)
vol(B̄ \ Ω̄),

where Ω̄ is the ball of radius r0 with constant mean curvature m and B̄ is the ball of

radius diam(M) on the model manifold Sn
k . Adding the two inequalities,

vol(M) ≤ α
area(∂Ω)

area(∂Ω̄)
vol(B̄).

Thus,

1 ≤ αψ(β0) ·
vol(B̄)

area(∂Ω̄)
. (3.15)

Now
∣∣∂Ω̄∣∣ is computed. The volume element on the model manifold Sn

k is Ā(r) =

snn−1
k (r), and the mean curvature on the boundary of a ball of radius r on Sn

k is m̄(r) =

(n− 1)
√
k cot(

√
k r). Thus,

snk(r) =
n− 1√

(m̄(r))2 + (n− 1)2k
.

Since Ω̄ has radius r0 and constant mean curvature m = m̄(r0) = ψ′(β0),

∣∣∂Ω̄∣∣ = ∣∣Sn−1
∣∣ snn−1

k (r0) =

(
k +

(
ψ′(β0)

n− 1

)2
)−(n−1)/2

. (3.16)

Note that ∣∣B̄∣∣ = ∣∣Sn−1
∣∣ ∫ d′

0

snn−1
k t dt, (3.17)
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where d′ = min{π, diam(M)}. Combining (3.15), (3.16), and (3.17),

1 ≤ αψ(β0) ·
∣∣B̄∣∣∣∣∂Ω̄∣∣ = αψ(β0) ·

∫ d′

0
snn−1

k t dt

snn−1
k (r0)

= αψ(β0)

(
k +

(
ψ′(β0)

n− 1

)2
)(n−1)/2 ∫ d′

0

snn−1
k t dt.

Hence

αψ(β0)

(
k +

(
ψ′(β0)

n− 1

)2
)(n−1)/2

≥ 1∫ d′

0
snn−1

k t dt
.

Proof of Theorem 3.10. First, there exists δ1 > 0 such that if
∥∥Ric k

−
∥∥
p
< δ1, then M

is compact, as ensured by the generalized Bonnet–Myers theorem with integral Ricci

curvature bounds (Theorem 3.5). The normalized isoperimetric profile function h1(β, g)

is considered on a manifold (M, g) with
∥∥Ric k

−
∥∥
p
< δ = min{δ1, δ2}, where δ2 is as defined

in Theorem 3.9.

To obtain a contradiction, assume that there exists β ∈ (0, 1) satisfying

h1(β, g) < Lϕ(β)− ε, (3.18)

where ϕ(β) = h1(β, gk). Define a function f on (0, 1) by

f(β) :=
h1(β, g) + ε

Lϕ(β)
.

By the asymptotic (3.2) of h1 and ϕ,

lim
β→0+

f(β) = lim
β→0+

h1(β, g) + ε

Lϕ(β)
= +∞.

Since h1 and ϕ are symmetric, f(1 − β) = f(β) and so limβ→1− f(β) = +∞. Therefore

f attains its minimum λ at some β0 ∈ (0, 1):

h1(β0, g) + ε = λLϕ(β0), h1(β, g) + ε ≥ λLϕ(β) ∀ β ∈ (0, 1).

Moreover, the assumption (3.18) implies λ < 1.

Consider a smooth function ψ such that 0 < ψ(β) ≤ h1(β, g) near β0 and ψ(β0) =
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h1(β0, g). Then

ψ(β0) = λLϕ(β0)− ε, ψ′(β0) = λLϕ′(β0). (3.19)

By Theorem 3.9 applied with the support function ψ,

1

λkn,d′
≤ αψ

(
k +

(
ψ′

n− 1

)2
)(n−1)/2

. (3.20)

At β0, the equations (3.19) and (3.20) imply

1

λkn,d′
≤ α(λLϕ− ε)

(
k +

(
λLϕ′

n− 1

)2
)(n−1)/2

< α(Lϕ− ε)

(
k +

(
Lϕ′

n− 1

)2
)(n−1)/2

,

(3.21)

where the last inequality follows from L ≥ 1, ϕ(β0) > 0, λ < 1, and α > 1. Since ϕ is a

solution of the differential equation

ϕ

(
k +

(
ϕ′

n− 1

)2
)(n−1)/2

=
1

γn
, (3.22)

combining (3.21) and (3.22) gives

α(Lϕ− ε)

(
k +

(
Lϕ′

n− 1

)2
)(n−1)/2

>
γn
λkn,d′

ϕ

(
k +

(
ϕ′

n− 1

)2
)(n−1)/2

= Ln ϕ

(
k +

(
ϕ′

n− 1

)2
)(n−1)/2

= Lϕ

(
L2k +

(
Lϕ′

n− 1

)2
)(n−1)/2

≥ Lϕ

(
k +

(
Lϕ′

n− 1

)2
)(n−1)/2

.

Thus α(Lϕ− ε) > Lϕ, and

ε <
(α− 1)Lϕ

α
≤ α− 1

α
· L∫ π

0
sin(

√
k t) dt

,

which is a contradiction.
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nite families of manifolds of positive kth-intermediate Ricci curvature with k small”.

In: Math. Ann. 386 (2023), pp. 1979–2014.

[27] Yuxin Dong, Hezi Lin, and Lingen Lu. “Sobolev inequalities in manifolds with

asymptotically nonnegative curvature”. In: Calc. Var. Partial Differential Equa-

tions 63 (2024), p. 110.

[28] Yuxin Dong, Hezi Lin, and Lingen Lu. “Sobolev inequality on manifolds with

asymptotically nonnegative Bakry-Émery Ricci curvature”. In: Bull. Lond. Math.

Soc. 56.7 (2024), pp. 2395–2407.

84



[29] Yuxin Dong, Hezi Lin, and Lingen Lu. “The logarithmic Sobolev inequality for a

submanifold in manifolds with asymptotically nonnegative sectional curvature”. In:

Acta Math. Sci. Ser. B (Engl. Ed.) 44.1 (2024), pp. 189–194.

[30] Klaus Ecker. “Logarithmic Sobolev inequalities on submanifolds of Euclidean

space”. In: J. Reine Angew. Math. 522 (2000), pp. 105–118.

[31] Paul G. Federbush. “Partially Alternate Derivation of a Result of Nelson”. In:

Journal of Mathematical Physics 10 (1969), pp. 50–52.

[32] Nicola Fusco et al. The isoperimetric inequality for the capillary energy outside

convex sets. arXiv:2509.10200. (2025).

[33] Sylvestre Gallot. “Isoperimetric inequalities based on integral norms of Ricci cur-
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