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An Analytical Model for Solute Transport in Unsaturated
Flow through a Single Fracture and Porous Rock Matrix

J. E. Houseworth

Abstract

Exact analytical solutions are presented for solute transport in an unsaturated fracture and porous rock
matrix. The problem includes advective transport in the fracture and rock matrix as well as advective and
diffusive fracture-matrix exchange. Linear sorption in the fracture and matrix and radioactive decay are
also treated. The solution is for steady, uniform transport velocities within the fracture and matrix, but
allows for independent specification of each of the velocities. The problem is first solved in terms of the
solute concentrations that result from an instantaneous point source. Superposition integrals are then used
to derive the solute mass flux at a fixed downstream position from an instantaneous point source and for the
solute concentrations that result from a continuous point source. Solutions are derived for cases with the
solute source in the fracture and the solute source in the matrix. The analytical solutions are closed-form
and are expressed in terms of algebraic functions, exponentials, and error functions. Comparisons between
the analytical solutions and numerical simulations, as well as sensitivity studies, are presented. Increased
sensitivity to cross-flow and solute source location is found for increasing Peclet number. The numerical
solutions are found to compare well with the analytical solutions at lower Peclet numbers, but show greater
deviation at higher Peclet numbers.

1. Introduction

Transport in fractured rock typically results from a combination of relatively fast
transport in fractures coupled with much slower transport in the rock matrix. Fracture
pathways typically carry most of the flow but have relatively small water content;
therefore transport velocities in fractures are high. The rock matrix lying between
fractures often carries a smaller fraction of the total flow, but is dominant in terms of bulk
water content, leading to much lower transport velocities. Transport through saturated
fractured rock was investigated in analytical models by Tang et al. (1981) and Sudicky
and Frind (1982). Although complete water saturation is not a strict requirement for the
application of these models, they are limited to diffusive exchange between fractures and
matrix, with no flow in the matrix.

Advection through the rock matrix can affect transport of solutes in fractured rock. Flow
in the rock matrix results from both capillary and gravity forces. In unsaturated fractured
rock systems, advective transport between the fractures and matrix may occur as a result
of flow driven by differences in capillary pressure. Such effects have been noted to result
in slower transport because capillary pressure conditions typically lead to flow from the
fractures to the matrix (Ho, 2001). On the other hand, advection through the matrix in the
direction of the mean flow will facilitate overall transport. Therefore, the effects of
advection in the matrix on solute transport can affect transport in qualitatively different
ways.

An analytical model for transport in a single fracture through a porous rock matrix is

presented here. This model includes three independent advective velocities for global
fracture and matrix advective transport and advective fracture-matrix exchange. The
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model also treats diffusive exchange between the fractures and matrix, linear sorption in
the fracture and matrix, and radioactive decay.

The problems to be solved are shown in Figures la and 1b. These figures represent
solute transport in a single fracture through a porous rock matrix with the initial solute
source in the fracture (Figure 1a) or matrix (Figure 1b). The analyses presented here are
restricted to the following conditions:

1. Steady, spatially uniform flow in parallel plane fracture and associate rock matrix.

Two-dimensional geometry, semi-infinite domain longitudinally and infinite domain

laterally.

Longitudinal diffusion and dispersion are negligible.

4. Advective transport velocity in the fracture is larger than the advective transport
velocity in the matrix.

5. Transverse mixing in the fracture produces a uniform concentration across the
fracture-water film.

[98)

Condition 1 is needed to restrict the flow sufficiently for analytical treatment of the
transport problem. This restricts the class of problems to those in which the cross-flow is
a small in comparison to the flow through the fracture and rock matrix. Such conditions
are expected when capillary pressure differences between the fracture and matrix water
are small. Cross-flow between the fracture and rock matrix is idealized as flow driven by
a uniform capillary pressure gradient laterally across the matrix. Condition 2 concerning
the problem’s geometry is also needed to specify and simplify the problem for analytical
treatment. Longitudinal dispersion is neglected, as stated in condition 3, to simplify the
problem but in actual applications involving dual-permeability systems this is generally a
good approximation. Fracture-matrix exchange, which is included explicitly, will
typically predominate over other longitudinal diffusive or dispersive processes. This
restriction is investigated further in Section 5.5. Condition 4 is generally true if fracture
flow is a significant factor in the system. Condition 5 is also generally true because
diffusion is effective at lateral mixing across the thin water films typical of flow in
fractures.

Transport occurs in the longitudinal direction due to advection. The initial condition for
the matrix solute source is symmetric about the fracture centerline, i.e., one point source
on each side of each fracture at equal distances from fracture-matrix interface.
Independent and distinct longitudinal velocities are allowed for the fracture and matrix,
subject to condition 4. Exchange between the fracture and matrix occur through both
advection and diffusion. Although flow between these domains is expected to be
primarily from the fracture to the matrix because of the typically higher capillary
pressures in the matrix as compared to the fractures, the model is also applicable to
advective exchange in either direction. Independent and distinct linear sorption is
included in the formulation for the fracture and the matrix, leading to retardation factors
for each domain.
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Coupled transport equations for solute transport through the fracture and the rock matrix
are developed in Section 2. The coupling takes the form of a distributed source term in
the conservation equation for the fracture and a boundary condition for the rock matrix.
The two-dimensional transport problem in the rock matrix is reduced to a one-
dimensional problem through a transformation to a coordinate system that moves at the
longitudinal advective velocity in the rock matrix. The equations and boundary
conditions are then transformed into dimensionless form. The solution for the solute
concentration from an instantaneous point source in the fracture is presented in Sections
3.1 and 3.2 using a Laplace transform method. Integrated forms of the solution
representing the cumulative mass arrivals at a downstream location and concentrations
from a continuous source are derived in Sections 3.3 and 3.4, respectively. Analogous
solutions for a point source in the rock matrix are presented in Section 4. Comparisons
with numerical simulations and sensitivity analyses are presented in Section 5.

2. Mathematical Formulation
2.1 Development of Conservation Equations

The conservation equation for solute mass transport in a fracture is,

ox LmCm

oc,, xoj (1)

oc, oc, oc,
Y W_F/?“cf TPy ot +4cy, +q.f’E:AvﬁnAr 6,5, D,

The first two terms on the left-hand side of Equation (1) represent the rate of change in
solute mass as a dissolved and sorbed species, respectively, including radioactive decay
(see Notation at the end of the paper for a definition of mathematical terms). The third
term represents the gradient in the advective solute mass flux through the fracture. The
two terms on the right hand side of Equation (1) represent the diffusive and advective
exchange of solute mass between the fracture and the rock matrix. Note that the fracture
porosity allows for rock mass within the fracture volume that may participate in reactions
with the solute resulting in sorption during transport through the fracture.

For a plane-parallel fracture, the fracture-matrix interface area for some representative
fracture control volume is two times the fracture length (z-direction) times the fracture
depth (y-direction). The fracture bulk volume for this same control volume is the fracture
aperture, b, times the same length and depth. Therefore, the fracture-matrix interface
area per unit fracture volume is,

2
A =7 )

vfm

The fracture-matrix interface area per unit volume is multiplied by an area reduction
factor, 4, . This factor is introduced to acknowledge the possibility that the fracture

water contact with the rock matrix may be less than the full geometric contact area
represented in Equation (2). Such a reduction factor has been postulated for unsaturated
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flow to account for effects such as flow instability, heterogeneity, and preferential flow
(Liu et al., 1998; Doughty 1999).

Similarly, the fracture water flux, ¢g,, is given by the volumetric flow rate per unit
fracture depth (y-direction) through the representative fracture volume, Q,, divided by

the fracture aperture,

_ <

3
=7 3)
For a linear sorption process,
¢ =Ky “4)

where K, is the linear sorption coefficient in units of solution volume per unit rock

mass.

Using Equations (2) through (4) in Equation (1) gives,

oc oc 24 S R . 0
A + Vf JA :( r ){¢m m=‘m Dm Conz | _ vfm c,, = (5)

ot oz b SR, ox | _,
where
R =1 PyKy . . . .

s =14+ 55 is the retardation coefficient in for transport in the fractures

1o

v, = L is the advective transport velocity in the fractures.

- bgSR,
Vi = % is the advective transport velocity in the matrix (x-direction)

. D . . . .
D, =—"and R is the retardation factor for transport in the matrix (defined below)

m

and ¢, and c,, are the solute mass concentrations in the fracture and matrix waters,

respectively, multiplied by the radioactive decay factor, e’'.

The conservation equation for solute mass transport in the rock matrix is,

oc 0%c
—" =0 S D n 6
8)6' ¢m m—m 8)(2 ( )

oc oc oc
S ~+Ac, |+ =+ A +q,—=+4q;
¢m m ( at cm ) pbm ( ﬁt cma J qm 82 q/m
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The first two terms on the left-hand side of Equation (8) represent the rate of change in
solute mass as a dissolved and sorbed species, respectively, including radioactive decay.
The third and fourth terms represent the gradient in the advective solute mass flux
through the matrix in the longitudinal and transverse directions, respectively. The term
on the right hand side of Equation (8) represents the gradient in the transverse diffusive
flux through the rock matrix.

For a linear sorption process,

cma = Kdm cm (7)

where K, is the linear sorption coefficient in the rock matrix.

Using Equation (7) in Equation (6) gives,

oc oc oc . 0%c
mA + v, mA + vfm maA _ Dm ’;M (8)
ot 0z Ox 0x
where
K, . . . . .
. =1+ Ponlan s the retardation coefficient for transport in the matrix.
qm

v, = ¢S—R is the advective transport velocity in the matrix in the z direction.

2.2 Boundary Conditions
The boundary condition in fracture is,

dim ¢, (z,0)=0 ©)

This is a result of the fact that no tracer can exist for z <v_ ¢, provided an initial source at
z=0.

The boundary condition for solute transport in the rock matrix at the fracture interface is
that the solute concentrations in the fracture and matrix are equal,

cmﬂ(o’z’t):cﬂ(zat) (10)

Given a semi-infinite domain for the rock matrix, the solute concentration as x — o is
zero,

Aim ¢, (x,2,0)=0 (11)
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2.3 Initial Condition — Fracture Solute Source

The initial condition in the fracture is an instantaneous point source represented as a delta
function,

MO
Cﬁ(z,O):W 6(2) (12)

where A4, is the fracture cross-sectional area orthogonal to the z axis, M, is the initial

mass of solute (including solute sorbed), and §(z) is the delta function.

This initial condition is defined to ensure the following total solute mass condition,
A,4,5,R, [c,,(20)dz = M, (13)

The initial condition for solute mass in the rock matrix is zero concentration given the
initial solute source in the fracture,

c,,(x,z,0)=0 (14)
The initial condition for a matrix solute source is given in Section 4.1.

24 Transformation to a Moving Coordinate System

Introduce a transformation to moving coordinate system. Let

G=z-v,t (15)

Using Equation (15), Equations (5) becomes,

oc, , Oc, R «
7 . 7o 24, )\ 4,S,.R, D’ 8cmz| Vil s (16)
o " ac b )\ 4,SR, ox |, .

where v.*/, =v, —v,, is the longitudinal velocity in the fracture relative to the matrix.

The boundary and initial conditions, Equations (9) and (12), for the fracture become,
respectively,

lim ¢, (5,0 =0 (17)
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MO
¢, (c,0) = 45 E 5(s) (18)

The conservation equation for the matrix, Equation (8) under this transformation
becomes,

dc,, dc, . 0°c,
A e Y (%)

Note that the multidimensional advective transport in the matrix as expressed in Equation
(8) is now reduced to a single dimension in the transverse direction. The boundary and
initial conditions for the matrix as given in Equations (10), (11), and (14) become,
respectively,

cmﬂ (09 gat) = Cfﬂ (ga t) (20)
x mwcmﬂ (x’ g’t) = 0 (21)
Cor (x,6,0)=0 (22)

2.5 Transformation to Dimensionless Form

The collection of terms found on the right-hand side of Equation (16) is a convenient
length scale, 7, for the development of nondimensional variables,

_ b 4S5k,
24 ¢S R

m-m-"m

(23)

Note that this length scale represents an effective fracture water volume divided by the
corresponding effective matrix water area in contact with the fracture water (see also
Equation (2)). The length scale also accounts for the effects of sorption through the
retardation factors, which represent additional solute storage resulting from sorption.

With this length scale, the following dimensionless variables may be defined:

3 v;t
T= _E (24)
_s
§= ; (25)
X
n= 7 (26)
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_ Af¢foRf€c

Cu M, 7 (27)
A.¢.S R
ST
_ 28
md MO mA ( )
Using these dimensionless variables, Equation (16) becomes
oc oc,
Jfd + Jfd _ L acmd | _ chd ) (29)
or 0 Pe On| 10
where
pe= it (30)
e=—
Dm
is the Peclet number and
v
yo 31)
v,

is the cross-flow velocity ratio. The boundary and initial conditions for the fracture,
Equations (17) and (18), respectively, become,

Aim e, (£,7)=0 (32)
cu(S,0)= 5(5) (33)

Note that the nondimensional delta function in Equation (33) is related to the delta
function in Equation (17) through the following total mass condition at t =0,

__T5(§)d§ :_T %5(5)512 = _Té(z)dz = 0(&)=15(2)

Using the nondimensional variables, Equation (19) becomes,

acmd + V 8cmd L 826‘md

- 34
or on  Pe on’ G4

The nondimensional forms for the boundary and conditions in Equations (20), (21), and
(22) are, respectively,
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Cmd (09 é:’ T) = Cfd (é:’ T) (3 5)

im ¢, (7.6.7)=0 (36)
Cpq (11,6,0)=0 (37)
3. Mathematical Solution — Fracture Solute Source

3.1 Solution for the Laplace Transformed Matrix and Fracture Concentrations

The Laplace transform may be represented as the following integral change of variables,

H()e (1.8.0)= 5 [, (n.ésle ds G8)

c+ioo

H(r)e, (5,2’)2% jc a(&os)e ds (39)

where H(r) is the step function defined by,

H(r)=0;7<0
H(r)=1,7>0

Substituting Equation (38) for ¢,, in Equation (34) leads to the following differential
equation in terms of ¢, ,,
dzémd démd

—2=—PeV
dn dn

—sPec,, =0 (40)

The solution to Equation (40) that is consistent with the transformed initial and boundary
conditions from Equations (35) and (36) is,

2
N A PeV PeV
Cma(1.E,5)=C 4y (&,5) exp Z —J( ; j +5Pe |1 (41)

The fracture solute mass conservation equation, given in Equation (29), becomes the
following using Equations (38) and (39) subject to the initial condition in Equation (33),
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Substituting Equation (41) for ¢,, into Equation (42) gives,

dé I/ ]r/ 2 Ky
Jd ~
PSS F— 4y —+— =0
dé {s 2 4 Pe H (é)

Integrating Equation (43) from —oo to & and using Equation (32) gives,

éfd(f,s)=exp[ [s+§+,/%z+%e}§]H(f)

where H (&) is the step function.

3.2 Inversion of the Laplace Transformed Solutions

(42)

(43)

(44)

The convolution theorem is used to simplify the dependence on s in Equation (44). The

convolution theorem states,

Jte=o)rielia= [0 e a
Let

fils)=e

which implies

F(r)=6(r-¢)

and let

fz(s)—exp[—{T VT é}f}H(é)

so that
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c+ioo 2
Fz(r)zé I H(f)expl—(%+ \/%W/PZV +s}g+sz’] ds (49)

—100

To evaluate F>», let

2
P iL (50)
Substituting Equation (50) into (49) gives

c+P67V2iao \/—
VE PeVir| 1 ¢ Ex

F,\t)=H()exp| —————— |— exp| — +yt|dy (51)
2() () { 2 4 }27” Pe-l[z { \/ﬁ

4

which is tabulated to give (Abramowitz and Stegun, 1972, Equation 29.3.82),

Fy(r)= H(§)exp{—V—§— b eszH g Jexp{ i } (52)

wWrPer ) L4Per

Integrating Equation (45) using Equations (47) and (52) and using the definition of ¢, in
Equation (39) and integrating gives,

_ & g+Pev(c=¢)|
o) e(e-e) [ o (17t &

The dimensionless fracture concentration is a function of the dimensionless longitudinal
position, dimensionless time, Peclet number and cross-flow velocity ratio. To obtain the
solution for the matrix concentration, substitute Equation (44) into Equation (41) to give,

2
émd(n,ﬁ,s)H(ﬁ)epoHL V—2+i}:}exp [PQV (Per +spe}7 (54)
Pe 2 2

2 4

which upon rearranging, gives

Cas06:5)= HE) x| - (¢ Pen) el ) p“ | ] 55
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Following a similar series of steps as performed for the inversion of the fracture
concentration using the convolution theorem, the solution for the matrix concentration is
found to be,

01 6.5)= HH (e - Sexol-2v ] J;(j;_ii)g)% exp“P “ jp_‘j f(gj“f)} } (56)

The dimensionless matrix concentration is a function of the dimensionless transverse
position in addition to the other factors that were found to affect the dimensionless
fracture concentration. Equations (53) and (56) are the complete solution for the solute
concentration resulting from an instantaneous point source located in the fracture.

33 Cumulative Mass Arrivals at a Downstream Location

The description of transport from a given source is often represented as a breakthrough
curve, which gives the cumulative mass arrival relative to the total mass release at some
point downstream of the source. Mathematically, this is the time integral of the mass flux
at the downstream location divided by the total source mass.

For the fracture, the integrated mass flux over time at a fixed downstream position, zy, is,
T

M (T)=[ 4,8,5,Rvc,(z,t)dt (57)
0

where T is the time of observation. Using the definition of the dimensionless
concentration in Equation (27), the cumulative flux integral becomes,

?\I/I_Z(T)=Icfd(zo,t)exp{— [f—f](%}d(% (58)

Define the following dimensionless variables,

vft
o=— 59
. (59)

va
=/ 60
/ (60)

and

2= (61)

f

Also, ﬁsing the definition of & (see Equations (15) and (25)), define the following
variables:

S =6 Vo (62)
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such that 7 —&, = 0 — ¢, where

G=22 (63)

V,=— (64)
Vr
is the longitudinal velocity ratio.
Using Equations (59), (60), (61), and (63)in Equation (58) gives
M, "
B )= [ealrolensl- 2okio (65
0 0

The details of the integration of Equation (65) using Equation (53) for ¢, are given in
Appendix I. The result is,

v exp{— ;;ge {1V, XPeV —V,)+2Pel, }}
L(y)-

2{(PeV —V,) +4Pel, }%

_ {(PeV—V/)2+4Pe/1d}%+m exp M{(Pelf—mzwpeﬂd}% .
% e |

Pe
o APV =V P +4Pes, Py — )+ £, (1-7)) (66)
2\/P_e\/§” — %o

_ {{(PeV U} +aPes,f - Vf}exl{_ %?em (o1} sare }i} .

o APV V.Y +4Pes, Ply —,)-¢,(1-7))

2\/P_e\/l//—§0

go Mf é/ Mf Mf é,
for <y <22 Fory<(,, —L(w)=0andfory >22  —L(y)=—>L|22].
sy sy v <¢, MO(!//) v>y MO(V/) "7,

The relative cumulative mass is found to be a function of the dimensionless observation
time, and also depends on the dimensionless downstream position, Peclet number, cross-
flow velocity ratio, and longitudinal velocity ratio. The bounds on the solution between
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¢, and % represent the fastest and slowest possible travel times to the downstream

¢
boundary defined by the downstream distance divided by the fracture and matrix
longitudinal velocities, respectively.

For the matrix, we also integrate the mass flux over time at a fixed position, zy. However,
in this case, the integration is also performed over the cross-sectional direction, x, as
given by,

Mm(T):2J(AfA’ JgﬁmS RV Tcm(x,zo,t)dxdt (67)

m=tm"m
0 b 0

Note that the 2 is needed to account for tracer mass on both sides of each fracture. The

A
term% is the depth dimension.

Using Equation (28) in Equation (67) gives

M, (12 24 $uSuRy v o[ (A 2 g 2
M, )= bt ¢,S/R, Vfg ”CM (X,Z,t)exp{ [Vf J[ ¢ J}d(f Jd( ¢ j ©9

00

Noting the definition of /in Equation (23) and the previously defined dimensionless
variables gives for Equation (67),

%j )= ijc (7.60,0)exp(=4y0)dn do (69)

The integration of Equation (69) using Equation (56) for ¢, , is similar to that shown in
Appendix I for the derivation of Equation (66). The result is,
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-7, exp{— %o (1-V,)PeV —V,)+2PeA, ]}
()= - -

4rv, -2, ){(PeV —V,f +4Pel, }5

_£4(VV5 ~2,)- V[PeV +V,—{(PeV -V, +4Pes, };D .

exp(—40 (211:;9 Wpev =y, +apea, j .

erfe (Pev —v,) +apea, Py -¢,)+ ,1-7)
2\/%\/1// _éVo

+[4(VV€ —ﬂd)-V{PeV+ v, +{(Pev -V} +4Pe, };D-

exp[_%?:‘) {(PeV —V, Y +4Pel, };J .

e APev =1, ) +aPes, Py -,)-,0-7,)
2\/P_e\/l//—é’0
: : (70)

s el raliv s el - Al -l

erfc{(PeV +me—40)—:0(1—m)}
2@\/V/ _é/o

o M Sy M M, [ ¢
for {, <y <22 Fory<(,, —= =0 and for > 2% |, — 2 (y)=—=|20| .
sy sy V<l 3f (v) v (v) w7,

The combined cumulative mass arrival at the downstream location is given by the sum of
Equations (66) and (70).
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M, M, - exp{— ;Ege [(1-7, XPeV -7, )+ 2Pe,1d]} .
M, 4, ~ 2, )(Pev -7, ) + 4Pes,
{VV{PeV (1—%}(1@ — {(PeV—IQ)Z +4Pe), };ﬂ}-
[CO(zpe ){(P V—V,) +4Pe). }J
ol Lpev v, +aper S0
Zx/ﬁ%/f G
+{VV{PeV—(1—12/?/" j(V,Jr{(PeV V,) +4Pe) }1 ﬂ}
G(1-7) e
exp( e {(P V-V, +4Pel, | ]
i (Pev =y} +ape; ly-c)-c1-7)
2\/P_e\/l// g
- - (71)
%exp{ Vgo(l_ V, +%)} exp[(VIQ — 44 )(‘// - )]'
(PeV +V, )y ~&,)-¢,(1-V,)
erfc{ Zm\/l//—é}
for &, Sl//S%. For v < ¢, M’#OM'”@//)=O and for 1//>% ,
M,+M, M,+M, (¢,
v, ¥, (V] |
For a non-decaying solute (A= 0), the result in Equation (71) simplifies to,
M, +M, 1 QVO_VZ‘//"‘PeV(‘//_Co)
—L—"(y)=—erf
M, (‘//) 2er c{ 2@\/1//_40 }
(72)
1 o_Vfl//_P Viy - 0
+Eexp{— V( O_VEW)} erfc{g 2@\/; _(4'0 g )}
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34 Concentration from a Continuous Point Source

The concentration field that evolves from a continuous point source, ¢, , may be derived

through superposition in time of the solution for an instantaneous point source,
cfcs(z,T): ——cf(z,T —7)dt (73)

where c; 1s the concentration from an instantaneous release in the fracture based on a

mass M, and c, is the resulting concentration from a continuous solute mass source

released at a constant rate of %ﬂ:M . Note in what follows that 7 is the time of
T

observation and 7 represents the time of source release.

Equation (73) may be transformed to dimensionless form using Equation (27),

M v
cfcs(é"al//)=W[%(QV/—U)GXP{—%(V/—U)}dG (74)
PSRV,
where as before,
va v, T z
= — , O = , = —
V=T 6T
and
T
Vi
Let
AP.S R v,
_ TSNS
cfcsd - chcs (75 )

Substituting Equation (75) into (74) gives,
74

C fesd (4: '//) = J.Cfd (é,a | O')GXP{_ Aq (‘/’ - 0)}‘10_ (76)
0

Let u=wy—o. Thendu=—-do; u=w atc=0; u=0at o=y

Then,
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C fesd (C, '//) = jcfd (é/, ,u)exp(— /1d,u)d,u (77)

This integral is the same as evaluated for the mass flux at a fixed position in Equation
(65), except in this case the solution is for a general longitudinal coordinate. The solution

4

is restricted to ¢ <y <=-. For w<g, c¢,, =0, because this corresponds to a time
/

before a solute, released at the time zero, could reach the downstream location moving at

4

the fastest advective (fracture) velocity. For y > =, the solute concentration becomes
l

steady, i.e., €y (Cw)=c fos d({; ,éj , because the last solutes, released at time zero, have
v

reached the downstream location moving at the slowest (matrix) advective velocity. The
result of the integration in Equation (77) is identical to Equation (66), with ¢, replaced

by ¢ .

The concentration field in the rock matrix, ¢, that evolves from a continuous source in

mcs 2

the fracture given by the following superposition integral analogous to Equation (76),

Coesa 11:60) = [ € (1,8, 1) exp(= 2, 1) d (78)

_ A SRy,
mesd T Tcmcs .
The function ¢, (77,4“ ,0') is given in Equation (56). The integral in Equation (78) differs

where ¢

from the solute mass flux integral in Equation (69) because integration over the
transverse coordinate, 77, is not performed. The integration of Equation (78) is similar to

that shown in Appendix I for the derivation of Equation (66). The result is,
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1
o (Com)- {(Pev -V} +4per, v,

2(Pev—v,} +4pes, P

oexp{—%{(l V,\PeV -V,)+ 2Pe/1d}+g(PeV+ I//)}

oexp({g(l_m)+Pen}{(P V-V, +4Pe), }lj

2Pe

(Pev =1, P +aPer, B (y )+ 1=V, )+ Pen
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. For w<¢, ¢, (77,4’ ,z//) =0 and for V£ <y, the solution has achieved

4

steady-state, c,,., (77, N7 ) = Cmcsd[ﬂ, g ,gJ .
?

The solutions in Equation (66) (with ¢, replaced by ¢ ) and Equation (79) may be

compared with Equations (42) and (44) given in Tang et al. (1981) for concentrations
from a continuous source in the fracture, Tang et al. (1981) derived solutions for a
saturated system with no flow in the rock matrix both with and without with longitudinal
dispersion in the fracture. The solutions in Equations (42) and (44) of Tang et al. (1981)
are for the no dispersion case. The comparable case for the model presented here is
obtained by setting /' =0 and V, =0, which assigns no flow in the matrix. Saturated

conditions and full contact area imply S, =1, S, =1, and 4, =1. The solution

presented by Tang et al. (1981) also assumes no fine materials in the fracture, so the
fracture porosity, ¢,, is 1. Note the following differences in mathematical terms between

the present solution and Tang et al. (1981): R, =R, R, =>R', D, = D", q, =V,
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¢, =6, and g: b. Note also that Equation (42b) in Tang et al. (1981) contains a

typographical error. The term

WL contained in both complementary error functions in
V.

Equation (42b) of Tang et al. (1981) should be

. This can be seen from the
2vAT'

solution presented here, Equation (66), when applied to the case with no flow in the
matrix and from the derivation leading up to Equation (42b) in Tang et al. (1981). The
solutions in Equations (66) and (79) are otherwise found to be in agreement with the
solutions presented in Equations (42) and (44) of Tang et al. (1981).

4. Mathematical Solution — Matrix Solute Source

The general solution scheme is the same as described for the solution with a fracture
solute source. The only difference in the formulation is in the initial conditions, as shown
in Figure 1, which locates the solute source in the matrix.

4.1 Modified Initial Conditions for the Matrix Solute Source

The dimensionless form of the solute mass conservation equation for the fracture is given
in Equation (29). The boundary condition given in Equation (32) is also unchanged. The
initial condition for the matrix solute source case is

cu(£,0)=0 (80)

The dimensionless form of the solute mass conservation equation for the matrix is
unchanged from the previous case, as given in Equation (34). The boundary conditions
given in Equations (35) and (36) are also unchanged. The initial condition for the matrix
solute source case is

o0 00 AfAr
J. j 2( 5 j¢mSmRmcm (x, Z,O)dxdz =M, (81)
0 —o0

where the total source mass = M, (see Figure 1b) and

¢, (x,2,0)= % 5(x - x,)5(2) (82)

m-—m-"m

where x, is the transverse coordinate of the solute source. Using Equation (28) for ¢, in

Equation (82) gives,
S/ R bl
Cond (x, Z,O): mé‘(x—xo )5(2) (83)
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Using Equation (23) in Equation (83) gives
Ca (%,2,0) = 126(x = x0)5(2) = (17 = 1 )6 (&) (84)

Substituting Equation (28) for ¢, in Equation (80) and using Equation (23) gives

(s (£.0)dnde =1 (85)

—0o0

O'—.S

4.2 Solution for the Laplace Transformed Matrix and Fracture Concentrations

Following the same strategy as used for the fracture solute source case, Equation (34) for
the matrix concentration, with boundary conditions in Equations (35) and (36), are solved
subject to the initial condition for a matrix source in Equation (84). Details concerning
the development of the solution, obtained using the Laplace transform, are given in
Appendix II. The solution for the Laplace transformed matrix concentration is given by,

For n<n,
Coa(1.8.5)= ¢4 (§.5)exp {PZV \/(PQVJ +sPe}77
Pe5( & Jexp + (P;VJ +sPe 77 770
+ (86)
Per + sPe
2
PeV
Pea‘(g)exp (77 M)~ [ [ ; j +SP6J(77+770)
N 2
2 (P er +sPe
2
For n>n,
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The solution for the Laplace transformed matrix concentration is then used to derive the
solution of Equation (29) for the Laplace transformed fracture concentration, subject to
the boundary condition given in Equation (32), the initial condition given in Equation

(80) and the solution for é;d(n,é,s) in Equation (86). Details concerning the

development of the solution, obtained using the Laplace transform, are given in
Appendix II. The solution for the Laplace transformed fracture concentration is given by,

¢ s)= e |z V—2 — e
al&s)=H(&) exp! [2+ YR ](§+P no)] (88)

4.3 Inversion of the Laplace Transformed Solutions

As for the fracture solute source case, the transform to real time is performed using the
convolution theorem. The details of the inversion are similar to those presented for the
fracture solute source case in Section 3.2. The resulting solution is,

)= L &+ Pen, exp| §+Pe?]o+PeV(T—.§) ’
cqlé7)=H(E)H(z &) (pr_e(r_ )%J p { Peirt } (89)

This solution, analogous to Equation (53) for the fracture solute source case, contains the
additional variable 7, defining the transverse position of the source in the matrix.

The transformation of the matrix concentration is performed using the convolution
theorem and following a similar approach as used for the fracture solute source case.
Note that the solution for the Laplace transformed matrix concentration is split into two
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domains, for 77 <7, and for 77>, as given in Equations (86) and (88). However, the

solution transformed to real time gives identical results for the two domains. The details
of the inversion are similar to those presented for the fracture solute source case in
Section 3.2. The resulting solution is,

c )= . &+ Peln +1,) o
wa1,€,7) = H(E)H( é){z V= @(Té)%}

exp _{§+Pe(n+n0)+PeV(r—§) ’

24 Pe T—é } exp(PeVn)

o) [VPeln=no)-Peve)
P 2t

+

—exps— (\/P_e(n +Z\0/%_ \/P_eVrj exp[— PeVn, ]

4.4 Cumulative Mass Arrivals at a Downstream Location

The same procedure as outlined for the fracture solute source case is used here, only
using the concentration solutions for the matrix solute source case as given in Equations
(89) and (90).

The cumulative mass flux in the fracture is found by performing the integration as given
in Equation (65), using Equation (89) for ¢, . This integration is similar to that shown in

Appendix I for the derivation of Equation (66). The result is,
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The cumulative mass flux in the matrix is found by performing the integration as given in
Equation (69), using Equation (90) for c,,. This integration is similar to that shown in

Appendix I for the derivation of Equation (66). The result is,
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The combined cumulative mass arrival at the downstream location is given by the sum of
Equations (91) and (92). The result is,
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For a non-decaying solute (A= 0 ), the result in Equation (93) simplifies to,

M, +M, 1
fT(W):EeXp{_ V(é/o —V/,/W+P€770)}’
0
orfe é’o—V(y/+Pe770—P€V(l//_élo)
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+2erfc{ 2@\/1//_(0 }+2H[l// J

v,

o]

_—exp( PeVn, effc{ \/—\/Z_O{ - V)%}}J

4.5 Concentration from a Continuous Point Source

(94)

The concentration field that evolves from a continuous point source in the matrix, ¢,

may be derived through the superposition integral in Equation (76) as done for a
continuous point source in the fracture. The results of this calculation are the same as

those given in Equation (91), with &, replaced by ¢ and for % < and that the solution

/

has achieved steady-state, ¢ ., (g“ , l//) = C fega {{ ’VQJ .
l

Similarly, the concentration field in the rock matrix, ¢, . , that evolves from a continuous

source in the fracture given by the superposition integral in Equation (78). The function
Cou (77,4“ ,0') is given in Equation (90). As before, the integral in Equation (78) differs
from the solute mass flux integral in Equation (69) because integration over the
transverse coordinate, 77, is not performed. The integration of Equation (78) is similar to
that shown in Appendix I for the derivation of Equation (66). The result is,
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l
S. Solution Behavior of the Analytical Model and Comparisons with Numerical

Simulations

Numerical simulations were performed using TOUGH2 simulation tools (Pruess et al.,
1999) to compare with the analytical model. Flow was computed using the TOUGH2
unsaturated flow module, EOS9 (Pruess et al., 1999), and transport was computed using
the T2R3D module (Wu et al.,, 1996). The numerical model was developed to
approximate the model restrictions concerning spatially uniform flow and saturation
within the fracture and within the matrix. The relative permeability functions for the
fracture and matrix are linear and the capillary pressures are assigned fixed values to
drive a uniform cross-flow. The dimensions of the model are 100 m in the direction of
flow and 12.7 m in the transverse direction, with a fracture aperture of 0.001 m. For both
fracture and matrix solute source cases, the sources are located at the top of the model.
For the matrix solute source case, the source is approximately 1 m in the transverse
direction from the primary fracture-matrix interface. The numerical grid utilizes more
refined gridding in the transverse direction near the primary fracture-matrix interface,
ranging from 0.02 m to about 1.1 m. The gridding in the longitudinal direction is a
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uniform 1 m spacing. To accommodate a cross-flow, a second fracture is included on the
opposite side of the model. This fracture is sufficiently far from the primary fracture such
that only a negligible amount of tracer released in the different cases was able reach the
right hand side of the model.

The fracture velocity in the cases investigated here is approximately 10,000 times faster
than the matrix velocity. The fracture velocity is about 2700 m/yr, resulting in a travel
time in the fracture of about 13 days. The travel time in the matrix is approximately 367
years. Two flow fields with different levels of transverse flow (from fracture to matrix)
were investigated for the fracture solute source case. One flow field has a low cross-flow
velocity of about 0.1 percent of the matrix longitudinal velocity. A second flow field has
a higher cross-flow velocity of about 2 percent of the matrix longitudinal velocity. Only
the low cross-flow case was investigated for the matrix solute source case because very
little fracture interaction occurs for the high cross-flow case. For each case, transport
under three different Peclet numbers (Equation (30)), ranging over three orders of
magnitude, were investigated. The Peclet number was varied by changing the diffusion
coefficient. Note that although longitudinal and transverse dispersion were not included
in the numerical model, diffusion was modeled as isotropic. This differs from the
analytical model, which only accounts for transverse diffusion.

For the high cross-flow case, water was introduced as a distributed source along the
length of the fracture to maintain the uniform saturation conditions in the fracture and
matrix. This additional source of water was introduced because the fracture saturation is
significantly depleted by the cross-flow. This depletion leads to a reduced cross-flow
into the matrix because the linear relative permeability function used for the fracture is
isotropic. The fracture relative permeability is used to model the permeability along the
fracture direction as a function of saturation. However, it is expected that the
permeability transverse to the fracture direction is much less sensitive to saturation.
Therefore, the transverse flow rate is expected to remain relatively constant, even though
the fracture saturation drops off with distance along the fracture. This also presumes that
the fracture capillary pressure is constant over the range of fracture saturations. The
fracture saturation itself should decrease with distance along the fracture, but the
introduction of water along the flow path forces the fracture saturation to remain
constant. However, as shown in Section 5.4, transport is found to be insensitive to
fracture saturation. Thus, the significance of the introduced water is to maintain a
constant saturation in the matrix.

Table 1 presents the flow conditions used for the comparison calculations. Two flow
fields were investigated that have different levels of transverse flux, or cross-flow,
between the fracture and the matrix. The radionuclide source in the fracture lies at a z-
coordinate of zero. For the case of a source term in the matrix, the source lies at a z-
coordinate of zero and an x-coordinate of 0.988 m from the fracture-matrix interface.
Transport properties are shown in Table 2. Three different matrix diffusion coefficients
were used to investigate the effects of variations in Peclet number.
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Table 1. Flow results for low and high cross-flow cases.

Flow Conditions Low Cross-Flow | High Cross-Flow
fracture flow rate, O (m’/s) | 1.89 x 107 1.96 x 10”

matrix flux, g, (m/s) 6.97x 107 7.02x 107"
transverse flux, ¢z, (m/s) 7.11x 107" 1.42x 10"

fracture saturation, S, 0.0219 0.0227

matrix saturation, S, 0.808 0.814

Table 2. Parameter values used for the transport calculations.

Transport and Source Parameters | Values

fracture porosity, ¢, 1

matrix porosity, ¢, 0.1

fracture retardation, R f 1

matrix retardation, R, 1

fracture aperture, b (m) 0.001

fracture-matrix area reduction factor, 4, 1

matrix diffusion coefficient, D,, (m?/s) 32x10"; 32x 10" ; 32x 107"
longitudinal distance, z, (m) 100

solute mass released, M (kg) 22.7

5.1 Comparisons of Cumulative Mass Arrival

The normalized cumulative mass arrival curves for the low-Peclet-number scenarios are
shown in Figure 2. The fractional breakthrough refers to the fraction of solute initially
released that has arrived at the 100-m boundary. The analytical model is based on
Equation (72) for fracture solute source and Equation (94) for the matrix solute source.
The low Peclet number case shows some effects of longitudinal diffusion at the long-time
tails of the breakthrough curves for the numerical model. The effects of cross-flow are
seen to increase arrival times over most of the curve. For the matrix solute source case,
the analytical model shows that approximately 30 percent of the mass arrives at the
matrix travel time of 367 years. This fraction of the solute did not interact with the
fracture flow. The analytical and numerical models show generally good agreement, with
the matrix solute source case having somewhat larger discrepancies. This may be
attributed to the coarser gridding in the numerical model at the location where the solute
is released, resulting in delayed transport in the numerical model.

The normalized cumulative mass arrival curves for the medium-Peclet-number scenarios
are shown in Figure 3. As for the low-Peclet number case, some effects of longitudinal
diffusion are seen at the long-time tails of the pronounced than in the low-Peclet number
cases, although these effects are smaller than for the low-Peclet-number cases. The initial
breakthrough times for the fracture solute source cases are shorter than for the low-
Peclet-number cases, with arrivals starting at less than 10 years. The effect is the
opposite for the matrix solute source case, with initial arrivals starting at about 100 years
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and nearly 80 percent of the solute arrives at the matrix travel time of 367 years. In
general, the effects of cross-flow and solute source location are seen to result in greater
differences in the cumulative arrival curves than for the low-Peclet-number cases.

The normalized cumulative mass arrival curves for the high-Peclet-number cases are
shown in Figure 4. The effects of longitudinal diffusion are seen to be less here than for
the other Peclet-number cases. The initial breakthrough times for the fracture solute
source cases are the shortest of any of the cases, starting at less than 1 year. For the
matrix solute source case, all of the solute arrives at the matrix travel time of 367 years.
The effects of cross-flow and solute source location are most pronounced for the high-
Peclet-number cases. Differences between the analytical and numerical models for the
fracture solute source cases are slightly larger at high Peclet numbers. These differences
indicate the effects discretization in the numerical model.

5.2 Comparisons of Concentration Distributions in the Fracture

Figure 5 shows the concentration profiles in the fracture for an instantaneous fracture
solute source, low cross-flow, and the three values for Peclet number. The solutions are
found to be in reasonable agreement, with discrepancies increasing with Peclet number.
For the higher-Peclet number cases, the profiles are at times following breakthrough.
Figures 6 and 7 show the comparisons of the higher-Peclet number cases at earlier times.
These figures show that the numerical and analytical models are significantly different in
terms of the concentration profiles at early times. These differences are attributed to the
numerical approximations inherent in the particular spatial and temporal discretizations
used in the numerical model. The concentration profiles are found to show much larger
discrepancies than found in the corresponding cumulative mass arrival curves in Figures
3 and 4.

5.3 Comparisons of Concentration Distributions in the Matrix

Figure 8 shows a sequence of longitudinal concentration profiles at successively larger
distances from the fracture-matrix interface, all at 13 years for an instantaneous fracture
solute source and a Peclet number of 37. At larger longitudinal distances, the
concentrations are monotonically decreasing with increasing distance into the matrix.
This indicates diffusive solute flux into the matrix from the fracture. Lower
concentrations are found for the profiles nearest the fracture at lower longitudinal
coordinates, indicating diffusion of the solute from the matrix back into the fracture.
Figure 9 shows the comparison of matrix concentrations as a contour map. The effect of
clean water following the tracer mass is seen near the fracture at longitudinal distances
less than about 20 m. The analytical model shows a sharp trailing edge at about 3.5 m
which represents the slowest travel in the model. The numerical model shows a more
diffuse edge due to the effects of longitudinal matrix diffusion.

A sequence of longitudinal concentration profiles at successively larger distances from

the fracture-matrix interface is given in Figure 10. As for Figure 8, the profiles are all at
13 years for a fracture solute source, but the Peclet number in this case is 370, as
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compared with a Peclet number of 37 in Figure 8. The results at a higher Peclet number
show a similar pattern with the low Peclet number case, with the peak concentration in
the first matrix cells along the fracture (x = 0.0105 m) about twice as far downstream as
in the low Peclet number case. Figure 11 shows the more limited diffusion into the
matrix for the higher Peclet number conditions.

Figure 12 shows a further progression of the same patterns at a higher Peclet number of
3700. In this case, the peak concentration in the first matrix cells along the fracture (x =
0.0105 m) has exited the model. Figure 13 shows that diffusive penetration into the
matrix is limited to about 20 cm compared with about 1.8 m for the case with a Peclet
number of 37 and about 0.6 m for the case with a Peclet number of 370. In general,
agreement between the analytical and numerical models appears to be better for lower
Peclet numbers.

54 Sensitivities of the Solution

The results presented show that the solution is sensitive to the Peclet number (Equation
(30)), cross-flow velocity ratio (Equation (31)), and the location of the source. The
solution sensitivity to the cross-flow velocity ratio and source location increase with
Peclet number because averaging over the different transport velocities in the fracture and
matrix is reduced at higher Peclet number. Sensitivity calculations using the analytical
model have shown expected trends with changes in fracture flux, matrix flux, matrix
porosity, matrix saturation, matrix retardation, matrix diffusion, and the fracture-matrix
area reduction factor. Breakthrough times are reduced for higher fracture flux and matrix
flux and for lower matrix porosity, matrix saturation, matrix retardation, matrix diffusion,
and fracture-matrix area reduction factor.

Somewhat surprisingly, breakthrough times are not sensitive to fracture porosity, fracture
saturation, fracture retardation, and fracture aperture over a fairly wide range. These
sensitivity studies assume that the fracture flux fracture-matrix area reduction factor are
not affected by changes in these properties. The product of these factors appear in the
definitions of fracture velocity and the length scale. Although changes in these factors
directly influence the transport velocity in the fracture, they also influence the effective
fracture water volume per unit fracture-matrix interface area. For example a reduction in
fracture water saturation leads to higher fracture velocities if all other factors remain the
same. However, the reduction in fracture saturation also leads to a smaller fracture water
volume per unit fracture-matrix interface area, resulting in greater fracture-matrix
interaction. The opposing effects nearly balance, resulting in breakthrough times that are
insensitive to these factors. Sensitivity to these factors begins to increase when the
dimensionless downstream distance (Equation (63)) falls below 2 x 10*. A calculation
showing the effects of a one order of magnitude decrease in fracture porosity is given in
Figure 14. Although the numerical model solution shows a slightly earlier breakthrough
for lower fracture porosity, this is attributed to numerical discretization effects resulting
from fracture velocities that are 10 times larger than for the base case.
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5.5 Effects of Longitudinal Dispersion

Longitudinal dispersion is not included in the analytical model to simplify the solution to
the governing equations. The effects of dispersion are caused primarily by smaller-scale
velocity fluctuations not captured in the analytical or numerical flow fields. Dispersion is
also caused by molecular diffusion, but this component is typically not a significant
factor for field-scale transport problems. Dispersion may be modeled using the numerical
solution method; the results with a dispersivity of 10 m is shown in Figure 14. The
dispersivity length scale is only used for transport in the fracture. Dispersion in the
matrix is relatively small because of the small velocities in the matrix and the smaller
dispersivities characteristic of matrix flow. The figure shows that dispersion leads to
reduced arrival times, however, the effects are not large compared with other
sensitivities. The figure shows a comparison against the analytical model with an area
reduction factor of 0.8 compared with a factor of 1. This is seen to result in a
breakthrough curve close to the case with dispersion. The relatively small sensitivity to
dispersion is primarily a result of the dispersion caused by fracture-matrix interaction,
which is explicitly represented in both the analytical and numerical models. Thus,
additional dispersion strictly for fracture transport appears to be a smaller component of
the overall dispersion in this case. Clearly, conditions defining transport in the fracture
and matrix and conditions that influence fracture-matrix interaction may significantly
affect the relative contributions to dispersion. However, given the uncertainties that are
generally associated with transport problems in fractured rock, the inclusion of a
dispersion term may be of limited value when explicitly treating fracture and matrix
transport.

6. Discussion

Standard numerical solutions of the governing equations are found to be quantitatively
consistent with solutions from the analytical model. This agreement lends support to the
use of numerical simulation methods for transport in fractured rock. The solutions
presented indicate that discretization errors for numerical solutions of transport in
fractured rock are more significant for cases with high Peclet numbers, that is, as the time
scale for diffusive exchange becomes long in comparison with the time scale for
advective transport through the fracture. This is partially a result of the finite spatial
resolution for fracture-matrix interaction which leads to an underestimate of the diffusive
exchange between the fracture and matrix for the initial solute penetrating a fracture. In
the analytical model, this exchange is captured with infinite resolution that more
effectively attenuates the initial solute penetration. The comparison between the
numerical and analytical models also shows that the predictions of concentration may
have errors substantially larger than those found for the corresponding cumulative mass.

The solution for cumulative mass is found to be insensitive to fracture aperture, porosity,
saturation, and retardation. Note that for the single-fracture model, the porosity refers to
the ratio of the fracture void volume to the fracture volume. Thus, a “clean” fracture
would have a porosity of 1, and lower porosities result from materials that may fill the
fracture. For a fracture continuum, the fracture porosity is often taken to be the fracture
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void volume divided by the rock bulk volume. This definition of fracture porosity is
affected by the fracture frequency as well as the aperture and presence of fracture filling
materials. The extension of the sensitivity results to a fracture continuum suggest that the
sensitivity to fracture porosity is low provided that the fracture frequency does not vary.
Transport sensitivity to fracture frequency is expected because this affects the quantity of
flow per fracture. Note, however, that the single-fracture model is only applicable to a
fracture continuum provide that the fracture spacing is sufficiently large such that
transport interactions between fractures are negligible.

A number of specific geometric and process restrictions have been used to define the
problem as discussed in the introduction. Of these, the first two are most likely to result
in serious errors in applying the model presented here. The condition of steady, uniform
flow is not always appropriate for unsaturated flow in fractured rock. Unsaturated flow is
frequently linked to unsteady infiltration boundary conditions and the weak capillary
forces common to unsaturated fracture flow may allow deep penetration of transient
flows. In such situations, transient flow will result in faster solute transport (assuming the
solute is introduced during the transient flow period) than expected based on the solutions
presented here if the flow rate is assigned the time-averaged value. Similarly, average
flow rates under steady flow conditions may underestimate or overestimate transport
rates resulting from nonuniform flow conditions. The cross-flow is represented as a
constant velocity in the transport model, although this can only be approximately true
near the fracture; symmetry requires that this velocity goes to zero at the midpoint
between fractures. The flow and saturation fields may be approximated as spatially
uniform if water flux between the fracture and matrix is small compared with the
longitudinal flux in either domain. Therefore, the application of this model to any
particular problem requires an assessment of the model’s suitability relative to the
expected flow behavior.

The condition of an infinite domain in the transverse direction is not appropriate when the
transport is affected by the presence of multiple fractures. The analytical solutions
presented here will initially be accurate if the other conditions are suitable for the
problem. However, after sufficient time has elapsed for the solute to migrate laterally
such that it is affected by the presence of more than one fracture, the solutions become
increasingly inaccurate. The solutions can be accurate over the entire transport problem if
the time scale for longitudinal transport of solute through the system is sufficiently short
compared with the time scale for lateral migration between fractures. The effects of
multiple fractures have been investigated for a transport in a fractured rock for the case
where advective transport is limited to the fractures (Sudicky and Frind 1982).

7. Conclusions

A set of analytical solutions are presented for transport in a single fracture through a
porous rock matrix with global flow in both the fracture and matrix, as well as advective
and diffusive exchange between the fracture and rock matrix. The solutions are derived
for instantaneous point sources in either the fracture or the rock matrix. Integrals of these
solutions for cumulative mass arrivals at a downstream location and the evolution of
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concentrations from a continuous point source are also derived. The solutions for a
continuous source in the fracture are found to reduce to the no-dispersion case derived by
Tang et al. (1981) for a continuous source in the fracture of a saturated system where
flow occurs exclusively in the fracture.

Comparisons between the analytical model and numerical simulation methods shows the
effects of numerical approximations as well as restrictions used in the analytical model.
The comparison of analytical and numerical models indicates that numerical
discretization effects are generally more significant for predictions of concentrations than
for predictions of cumulative arrival distributions. Also, discretization effects are found
to result in greater differences between the analytical and numerical models as Peclet
number increases. The effects of the restriction of no dispersion in the analytical model
were investigated through numerical solutions, which show that arrival times are reduced
by dispersion. The analytical and numerical model results also show that overall
dispersion of tracer arrivals in the case investigated is dominated by the fracture-matrix
interaction, which is explicitly represented in the analytical model.

Sensitivity studies with the analytical model show that the solution is sensitive to changes
in Peclet number, and shows increasing sensitivity to cross-flow velocity and source
configuration with increasing Peclet number. Sensitivity to fracture porosity, fracture
water saturation, fracture retardation factor, and fracture aperture are found to be small
for large values of the dimensionless longitudinal distance. These factors affect both
advective velocity in the fracture and fracture-water contact with the rock matrix. The
opposing effects of these factors on advective velocity and fracture-matrix interaction for
solute transport lead to the predicted low sensitivity.

This work was supported by the Director, Office of Science,
Office of Basic Energy Sciences, of the U.S. Department of Energy
under Contract No. DE-AC03-76SF00098.

Notation

Primary Variables

A, = fracture cross-sectional area orthogonal to the z axis (L)

A = fracture-matrix interface area reduction factor (-)

A, = fracture-matrix interface area/unit fracture volume (1/L)

b fracture aperture (L)

¢, solute mass concentration in fracture water (M/L?)

Ch sorbed concentration; mass of sorbed solute per unit mass of rock (-)

¢,  fracture concentration field from a continuous point source (M/L?)
c solute mass concentration in matrix water (M/L)

c solute sorbed concentration expressed as mass of sorbed solute per unit mass of
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rock matrix (-)

c,. matrix concentration field from a continuous point source (M/L?)
D,  matrix diffusion coefficient (LY/T)
K,  linear sorption coefficient (L /M)

K,  linear sorption coefficient in the rock matrix (L*/M)

,  Initial mass of solute (including solute sorbed) (M)

oM :
= . solute mass release rate from a continuous source (M/T)
T

Q,  volumetric flow rate per unit fracture depth (y-direction) through the
representative fracture volume (LYT)

qs fracture water flux (fracture water flow rate per unit fracture area) (L/T)

q;  fracture-matrix flow rate per unit bulk area in x direction (L/T)

q, matrix water flow rate per unit bulk area (in z direction) (L/T)

S, fracture water saturation (fracture water volume per unit fracture volume) (-)
S, matrix water saturation (matrix water volume per unit matrix bulk volume) (-)
t time (T)

X horizontal coordinate (L)

z vertical coordinate (L)

¢, fracture porosity (fracture pore volume per unit fracture volume) (-)

2, matrix porosity (matrix pore volume per unit matrix bulk volume) (-)

A decay constant for the radioactive solute (1/T)

Py rock mass available for sorption per unit fracture volume (M/L%)

Py, Tock mass per unit bulk volume (M/L?)

Derived Variables

A/'¢/'SfRfo . . . . .
Cpgg =— = ———C,,, dimensionless fracture concentration from a continuous point
M
source (-)
Af¢foRfo . . . . . .
Cposyg = ——————c,,.. , dimensionless matrix concentration from a continuous point
M
source(-)
Cy = TC P dimensionless fracture concentration from an instantaneous point
0
source (-)
A$SRL . . . .
Cog = Tcm , dimensionless matrix concentration from an instantaneous point
0

source (-)
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¢,.» Laplace transformed dimensionless matrix concentration (-)

¢ 4 » Laplace transformed dimensionless fracture concentration (-)

¢y (77,5,5), Laplace transformed dimensionless matrix concentration (-) for 7 < 7, with
a matrix solute source

e (77, §,s) , Laplace transformed dimensionless matrix concentration (-) for 77 > 7, with
a matrix solute source

*

D . e .
D’ == effective matrix diffusion coefficient (L*/T)

m

m

_ b ¢Sk,
2 AV ¢ﬂl Sﬂl Rﬂl
M, (T), cumulative mass arrivals in the fracture (M)

, length scale (-)

M, (T ), cumulative mass arrivals in the matrix (M)
Vs

1
Pe = D Peclet number (-)

m

P K . . . :
VT retardation coefficient in for transport in the fracture (-)

fo

f:1+

R =14LmZam , retardation coefficient for transport in the matrix (-)

m
m—m

s , Laplace transform variable (-)
T ; time of observation (T)

v, = Q—f , advective transport velocity in the fracture (L/T)
b¢f Sf Rf
Vi = %’ advective transport velocity in the matrix (x-direction) (L/T)
v; =v, —v, (L/T)
v, = ¢;’q—mR , advective transport velocity in the matrix in the z direction (L/T)

v
yo=- velocity ratio for cross-flow in the matrix (-)
V.,
!

Vv, = Yu velocity ratio for longitudinal flow in the matrix (-)
\%
/
PeV?
4

=5+

)

X . . .
n= vk dimensionless transverse distance (-)
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A, = %, dimensionless decay rate (-)
v,
u=y-o (-
% ft . . .
o= - dimensionless time (-)

¢ =z —v,t,longitudinal coordinate in reference frame moving at the matrix velocity
(L/T)
vt . . . .
T= W dimensionless time in reference frame moving at the matrix velocity (-)

E= % , dimensionless longitudinal coordinate for reference frame moving at the matrix

velocity (-)

v, T
v = 17 , dimensionless observation time (-)

S, = 20 dimensionless longitudinal distance (-)

Special Functions

5(&) = delta function
H(&) = step function
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Appendix I — Derivation of Cumulative Mass Arrival in the Fracture From a
Fracture Solute Source

The derivation of Equation (66) uses the new variables defined in Equations (59), (63),
and (64) in Equation (53) for ¢, . This gives,

¢ ulC0)=H(G, ~Vo)H(o-¢,)—20 VT o —{PeV(“‘4°)+4°‘V?“} (I-1)
_/( o o (G )2\/;@(0-_40)26 p 2@\/0__40

The step functions define range of o : {, <o < %; this with Equation (I-1) in
l

Combining Equation (I-1) with Equation (65) gives,

<

_f(w):u/ ¢ —V,o —exp _{PeV(O-_go)"’é/o_Vao-} exp(—/lda)da
M, !02\/2\/%(0—4))2 2JPe Jo-¢,

I-2)
Let
1 1 1 du
re— o=l dy=—
o= Y 2(0-_4/0)E
c=¢(, = y—o©
o=y = y= !
N
Substituting for o in Equation (I-2) gives,
1) | [per 1’|
e
M @ Co_Ve(é/o"'zJ 2+§0_V€(Co+zJ
Yoy |~ el 11 o
M, ! Jr/Pe 24/ Pe
l//—é’ (1'3)
! I

exp{— A, (go + sz} dy
v

rearranging terms in Equation (I-3) gives
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T [401 AN ]
1 \/_\/P_e \/;\/P_ejfz

]

2

PeV

V
+§07—V4;é/07—i

/4 /4 1
exp| — -1 +—|\|d
p 2@ d(é,o ]/zJ Ve

)= | [401 AN J
1 \/_\/P_e \/;\/P_ejfz

N
1 2
GV +(Pev 1) |
exp| — 2@ —ﬂd(g“oJrFJ dy

Expanding the square in the exponential term gives,

fat=ry+trer- V)l}z =V, V24,0, \Pe =1, )+ (Pev -1, ] L
Ve V4

Substituting Equation (I-6) into Equation (I-5) gives,

T {4:7_1\/1% \/_Ii/P_ey } Xp{ 0 {1=7, Y PeV —V,)+2PeA, }}

exp[ {5"2(31)_;/)} : {(PZZP_ZJ 1}1]@

Rearranging terms gives,

Draft 8-11-04 I-2

d-4)

-5)

(I-6)

d-7)



w)=;°( _VZ)exp[ 24;3 {1=7, \PeV —V,)+2PeA, }}

R aie oot

W—é’oV é/ (1-8)
- —exp| ——=2\(1-V, \PeV -V, )+2PeA
e -V Py 1 ) 2red )
Tl &, (1- V)} - (PeV Vj 1
—-ex +A,0— |d
! 7o { { 2/Pe 2/Pe 4
v=Co
For the second integral in Equation (I-8), let
a):l da):—%d;/
v 4
y—>o = w=0
y=—rt = 0=y -¢
N/ ’
Substituting for y in the second integral gives,
Moy ell=V) T &
L(y)==2 1=V, \PeV =V, )+2PeA,
)= S e Sy ey v} 2res, )
T ¢, (1- V)} ) (PeV Vj 1
ex + 4, d
J p{ { wre |7 T\ ovpe !
W d1-9)
& }
ex 1-V, \PeV —=V,)+2PeA,q|®
\/_\/ﬁ p‘: {( z)( z) d}
Tob (7 -3
p + A, 0 dw
) 2/ Pe 2/ Pe
In general,
2x2_£
Je * dx = ﬁ[ez‘”’erf(ax + éj + ez””’erf[ax —~ éﬂ +C (1-10)
4a X X

where C is a constant.

Expressing the integrals in Equation (I-9) in this general form gives,
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0 2
]]\‘2( )—%\/%)exp( A) Jl. exp(—azyz—b—zjdy
¥=Co
v, W& b
—\/;\/ﬁexp(—A) ! exp(— 1) —Fjdw

II‘
f—H
VR
o |

~
A

~
%

+

R

(3]

SN

|

vy
1 ==
7]

Q \Q

N—"

(I-11)

Using the general result in Equation (I-10) to evaluate the integrals in Equation (I-11)

gives,

Mf(l//) &0-v) x
e T
2/ Pe

exp(— A4 —2ab)+exp(— 4+ 2ab)

)
w—]

—exp(— 4 - 2ab)erf(

ﬂ

—exp(— A4+ 2ab)erf(

v Jr
\/Z\/P_e{

(=0

_exp(— A- Zab)erf(a'm = \/Wb?J |

ﬂ

+exp(—A+2ab)erf(a’1/t//—é’+\/V/b’7]

+exp(— A —2ab)—exp(— A+ 2ab)
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Rearranging, and using the definition of the complementary error function, Equation (I-
12) becomes,

<

L (w)

MO

1
2

]

Draft 8-11-04

1

exp(— A+ 2ab)erfc(\/l//a? + by — Q’J
_+ exp(— A- 2ab)erfc(\/lya7 —b\ly — {]

+exp(— 4 - 2ab)erfc( —l//b— z - a'\/ﬁj

- exp(— A+ 2ab)erfc[a'1/l// -+ \/Wb’?J

!

I-5

(1-13)



Substituting for 4, a, b, a, and b in Equation (I-13) gives,

exp{—%{(l—m)(PeV—Vz)wu 2Pel, |+

&(01-7,) [PeV—V;
JPe 2/ Pe

. (-7, (PeV—ngz P
B erfC{Z\/P_e\/y/—g”o +{ Ve + A0 AV =G
—0)=3
M, 2
& &=V, ) Pev -V,
+exp = {0=V,XPeV —V,)+2Pel, |- Tre 7o
e e e

é/o(l_V(z)

PeV -V,

2\/P_e\/§//_§o

° erfc{

+

Vi

o

2+ Pe

PeV -V,

24/ Pe

up—{(

o

exp| —
p{ 2Pe

é/o(l_V/,)

]

{0=V, X PeV —V,)+2PeA, }+

PeV -V,

szd}ZM

joof

1

4/0(1_V6)

PeV -V,

Jouf|

[

VPe 2/ Pe

WPeJu=¢, '

° erfck

I

2+ Pe |

j +/1d} \/W_é/o

jouf|

1

(1-7)

PeV -V,

—exp{—f—]ge{(l—lf,)(PeV—V})Jr 2Pel, |~ 50@

1

2+ Pe

f_/;\

o

|

go(l_V/,)

PelV -V,
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Note that

2 2
2@{})61/ V”] +/1d} +7,

S+ Ve . all 1 (I-15)
pev-v,\ |’ pev-v,\ |
4@{( N ] +/1d} 4\/P_e{[ N j + d}
pev-v,Y |
WPe| S| 4, b -
1 v, \/P_e{( 2/Pe J ' d} g
>- '* = 1 (1-16)
pev-v,Y | pev-v,Y |
4 4 /1
4¢p—{( o) +ﬂ,d} 4¢p—{( A=A }
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Using Equations (I-15) and (I-16) in Equation (I-14) gives,

1
2 P
2@{(1)61/_[/“} +/1d} +V,

M 2Pe
)= .
’ Pev -V, Y .
4@{( N j zd}

9 n)(rer-vy |
exp{—2Pe{(l—V[)(PeV—V[)+2Pe/1d}+ N {( +J7o ] md} ]-

exp{ ;;e{@m(PeVm+zpezd}%SEV@){PZEV‘TW}Z]-

(1-17)
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Simplifying equation (I-17) gives,

1
M) (Pev -7, +4Pea, } +7, |
1
My 2{(Pev -1, +4Per,

1

p{ ;;oe{(1—m<zw—n>+zpezd}+—4°§,;}){<f)ev—mz+4Pe%}2}

2\/5\/‘//_4/0

1

~ {(PeV—Vg Y +4Pei, -V, .

erfc{{(f’eV —V,) +4Pel, };(w:o)wo(lm}

1
2{(PeV —V,) +4Pel, }5
1

ex - Sac 0= per < )oaren, |- S0 e nparen, |

erfc{{(PeV_V/)z +4Peﬂd}5(w—§o)—§0(1—m

2VPeJy ¢,

(I-18)

Further simplification of equation (I-18) gives Equation (66) of the main text,
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e
o

0

for £, <y <

for v <¢,,

g
exp| — 20 {(1-V,\PeV —V,)+2Pel,}
M- & |

2{(PeV ~V,) +4Pel, }%

{{(PeV—m)2 c4Pel, P+ V,}.

GXP{%;V‘*) {(Pev —v,} +4Pe, };} o

erfc {(PeV_Vf)z+4Peﬂd}5(w—§o)+§o(I—Ve)

2\/P_€\/l//—é/0

—{{(PeV—V[)Z+4Pe/1d};—V[}o

1

exp{— %;V") {(PeV ~V,) +4Pe, }2} .

erfc{{(PeV_Vé)z +4P€ﬂd}%(w—§o)—é”o(1—1/€)

2“Pe\/‘//_é,0
So
V/,
Mf B

0

|

4 | | M,
for 70 < , the solution has achieved steady-state and V([//) =

/
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Appendix II — Derivation of the Solution for the Laplace Transformed Matrix and
Fracture Concentrations from an Instantaneous, Point Source in the Matrix

As for the fracture source case, solve Equation (34) using the Laplace transform.

Substitute for ¢, using the Laplace transform:

Cc+ioo A

Cmd(n,f,z'):z—m j Cmd(ﬂ,écas)esr ds

c—io

which leads to the following ordinary differential equation:

N
2
e

o p ma =—Ped(n—1,)5(&)

The general solution, ¢, (77,5,8), for n<n, is,

2

Cma (77’ §’S)z A(f’ S)eXP[[P;V + (Perz +SP6}7] +B(§,s)exp[{PZV _

and the general solution, ¢, , (77,5,8), for n>n, is,

2
Ena (1:6,5)= C(ffas)expﬁ PZV * [P;Vj + sPe}]} + D(«f,s)epo Pev _

2

Boundary and continuity conditions:
é;d(O g, S) éfd( )

Sm, & (7.£,5) =0
é;;d(%a ) ;;(770555)

(

%

PeV
2

PeV

and integrating Equation (II-2) from n—& to n+e&, lim, gives,

déi dcmd = Ped
|: d?] }770 |: dﬂ :|’70 i (5)

Equation (II-6) implies C(ﬁ,s) =

Using Equation (I1-5) in Equation (II-3) gives,
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A(g,5)+ B(&,s5)= C 1 (&,5) (I1-9)

Using Equation (II-7) with Equations (II-3) and (II-4) gives,

2
A(&,s)exp P;V+\/(P;Vj +sPe |1,

2
+ B(&,5)exp PZV—\/[PZVJ + sPe |1, (II-10)

2
:D(cf,s)exp PZV—\/(PZVJ +sPe |n,

and using Equation (II-8) with Equations (II-3) and (II-4) gives,

2 2
A(fys{P§V+ [P;Vj +SPeJeXpHP;V+ (P;Vj +sPe]770]

PeV |(Pev Y (pev [(Pevy (1I-11)
+B(§,s{ ; - ( ; j +sPe exp{ ; - ( ; ) +sPeJ770]
2 [ 2
_D(f,s{PSV— (PZV) +sPe |exp [PZV— (PZV) +sPe]770]_Pe5(cf)

Let

. PeV (PeV)z
yo= + + sPe
2 2

PeV PeV )
y—= - +sPe
2 2

Then from Equations (I1-9), (II-10), and (II-11)

A+B=¢, (11-12)
Aey*ryo + Be;f'?o — De}/fﬂo (11-13)
Ay*e’™ + By e’ ™ =Dy e’ ™ + PeS(&) (1I-14)

Use equation (II-12) to solve for B and substitute into equations (II-13) and (II-14) to
give,
A(e}”r]n _ 677770 )+ éfd 677770 — De}’iﬂn (II_IS)
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Note: D =¢, — A+ deV 7 I (11-16)
A(y*ef”‘) —y el )+ éar e’ ™ =Dy e’ ™ + Pes (11-17)

Eliminate D; multiply equation (II-15) by —»~and add to equation (II-17) to give,

A(}/Jref"" _ 7,—67770 _ 7,—67*770 n 7—67’770 )+ @fd (7—67’770 _ 7,—67’% )

) ) (I-18)
= D()/_ey T —yel )+ Ped
Simplifying equation (II-18) gives,
Aly* =y )™ = Pes (11-19)

or
_ Peoe”™

A= ] (11-20)

Using equations (II-12) and (I1-20), solve for B,

PeSe” ™

B_¢ oc (11-21)
=)

and using equations (II-16) and (I1I-20), solve for D,

. P ~7" 1 P v
D=¢,- coe’ " | Peoe (11-22)

-r) b-r)

Now,

2
Ay =2\/(P§V) + sPe

Therefore, A(&,s),B(£,s),and D(&,s) become,

2
Pe5(§)exp - P;V+\/(P;Vj + sPe 1,

A(g,s)= (11-23)
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(11-24)

(11-25)

Using Equations (II-23) and (II-24) in Equation (II-3) gives (for 1 < 1),

2
é;,d(n,.f,s)=éﬁ(.f,s)epoP;V— (P;Vj +sPe}77]

Pes() epoPEV + (PeVT + sPeJ(n -1 )} (I1-26)

2 2

2
2 (P;Vj +sPe

+

~

o

S,
—
o
SN—

5

)

1

N‘:?
~

<)

|

3
T/

7~ N\

7~ N\
~
o
<

5 jz + sPe](n +77, )]

Using Equation (II-25) in Equation (II-4) and noting that C (ff,s) =0 gives (for > 1n,),
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2

Pes(£ )exp{[PZV - [PZVT + sPe}(n /) )] (I1-27)

2
ZJ(P;VJ +sPe

2
é,:d(ﬂ,é,s)=5fd(§»s)epoPeV_ (PZVJ +sPe}77]

+

Equations (II-26) and (II-27) are the results presented in Equations (86) and (87) of the
main text.

To solve Equation (29) for the fracture concentration, use the Laplace transform for the
fracture and matrix concentrations given in Equations (38) and (39), which leads to the
following ordinary differential equation,

dc 1 dé
My 56, =— " md

= —Vé
dé " Pe dp

n=0

md | = (11-28)

Evaluate the derivative of ¢, , using Equation (iV-26),
dé:, |pev |(PeVY . PeV | PeVY
= - +sPe ¢, exp - +sPe |n
dn 2 2 2 2
_ _ ;
Pe5(§>{PeV+\/[Per +sPe}o
2 2
1
2
Pel ?
2\/[ j +sPe | exp PeV+ Pey + sPe (77—770)
2 2 2
[ 2
Pe5(§){PeV\/(Per +sPe}o
2 2
1
2 2
PeV PelV PelV
2 P 5 (h=p)=1 || 2=
\/( 5 j +sPel expl —=(n—m,) {\/[ : j +SP6}(77+770) (11-29)

Draft 8-11-04 II-5



Evaluating equation (iV-29) at 7 =0 gives,
peV | Pev) .
= - +sPe (¢,
2 2
0
Pe5 f iid + PeV +sPe ;o
2 2
1
2
PelV PeV
2 + sPe _
\/[ 2 j =P [ 2 +\/
Pe§ f){P;V \/ + sPe} o
1
2
PelV PelV
2 + sPe _
\/( 2 j =P [ 2 {\/
Simplifying Equation (II-30) gives,

PelV PelV n
_{ 5 —\/( 5 +sPe}c,d

2
+ Ped(&)exp| — PeVJr\/[P;Vj +sPe}70

de,,
dn .

+

(PeV
2

+ sPe ]770

+SP€} N (11_30)

[

dc,,
dn o

(I1-31)

2

Therefore,

1 d¢,,
Pe dn -

(11-32)

simplifying equation (II-32) gives,
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(11-33)

Substituting equation (II-33) into equation (II-28) gives,

dep voov: s e PeV | PeV
+9S+—+ | —+—rcu =0(&)exp| - + + sPe 11-34
a2z { 5 2 Pe} sa = 8(E)exp 5 \/( 5 j no | (II-34)

Let

14 v: s
F(s :s+—+1/—+— 11-35
(s) 2 4 Pe ( )

then Equation (II-34) becomes,

d/C\’_fd
dé

+Fcp =06(E)exp|(s — F)Pen,] (11-36)
Integrating Equation (II-36) from &= —o to & gives,

¢a(,5) = H(Ee ™ expl(s - F)Pen, ] (11-37)

where H(&) is the step function:
H()=0,6<0

HE=1;¢>0

Using Equation (II-35) for F in equation (I1-37) gives,

A 2
(] (rf, s) = H(&)e ™ exp{— [g + / VT + PieJ(é + Pern, )} (11-38)

This is the result presented in Equation (88) of the main text.
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A X A
soluteatr=0 ) solute atr=0 solute at_t =0
mass = My x=0,z=0 Y X=-X0,2=0 X= X0, 2= 0
\ L mass = (1/2)/‘/10\A mass = (1/2)Mo
— % ¥
Definition diagram Definition diagram
for a single fracture — rock matrix for a single fracture — rock matrix
fracture solute source matrix solute source
Vi s qm Vin > qm
v v
Vi 4y V4
a) b)

Figure 1. Definition diagrams for the single-fracture model. a) solute source in fracture; b) solute
source in rock matrix.
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Red - fracture source with low crossflow .
Blue - fracture source with high crossflow

0.8 Green - matrix source with low crossflow =

Analytical Model
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. T2R3D
0.6 Analytical Model
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Analytical Model :
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107 10°
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Figure 2. Breakthrough curves for an instantaneous point release and Peclet number
of 37.

Note: Analytical model based on Equation (72) for fracture source and Equation (94) for
matrix source. Peclet number for high cross-flow case is 38.
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Red - fracture source with low crossflow
Blue - fracture source with high crossflow
Green - matrix source with low crossflow

Analytical Model

o
©

o
)

S5 _F - T2R3D :
3 0.7 Analytical Model .
= F . T2R3D
06 Analytical Model .
s . T2R3D
=05k
m o F I
2 oaf
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© B
© 03
L =
0.2
01}
0 : | | | | | | Ll | L1 1 | Il
10° 107 10°

Time (years)

Figure 3. Breakthrough curves for an instantaneous point release and Peclet number
of 370.

Note: Analytical model based on Equation (72) for fracture source and Equation (94) for
matrix source. Peclet number for high cross-flow case is 380.
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Red - fracture source with low crossflow
Blue - fracture source with high crossflow
Green - matrix source with low crossflow

°
©

Analytical Model

0.8 - T2R3D -
Analytical Model

0.7 . T2R3D .
Analytical Model

T2R3D

o
o

Fractional Breakthrough
© o o o
N w H (3]

g
-

| | | IIIIII | | | | IIIII | | | IIIIII
10° 10’ 10° 10°
Time (years)

o

Figure 4. Breakthrough curves for an instantaneous point release and Peclet number
of 3700.

Note: Analytical model based on Equation (72) for fracture source and Equation (94) for
matrix source. Peclet number for high cross-flow case is 3800.
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Analytical Model, Pe = 37
T2R3D, Pe = 37

Analytical Model, Pe = 370
T2R3D, Pe =370

Analytical Model, Pe = 3700
T2R3D, Pe = 3700 e

Solute Concentration in Fracture (kg/m®)
-— =Y = =N =N =Y
© = N W » O O N 00 ©O © = N O b O

0 25 50 75 100
Longitudinal Distance (m)

Figure 5. Concentrations profiles in the fracture from an instantaneous point release in
the fracture at 13 years.

Note: Analytical model based on Equation (53). Low cross-flow case.
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(/p)
1 0-1 d o1
0 25 50 75 100

Longitudinal Distance (m)

Figure 6. Concentrations profiles in the fracture from an instantaneous point release in
the fracture for a Peclet number of 370.

Note: Analytical model based on Equation (55). Low cross-flow case.
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Figure 7. Concentrations profiles in the fracture from an instantaneous point release in
the fracture for a Peclet number of 3700.

Note: Analytical model based on Equation (53). Low cross-flow case.
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Analytical Model - x=0.0105 m
. T2R3D -x=0.0105m
Analytical Model - x=0.31 m
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25 5075
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Figure 8. Concentrations profiles in the matrix from an instantaneous point release in
the fracture for a Peclet number of 37.

Note: Analytical model based on Equation (56). The profiles are at 13 years after
release of the solute. Low cross-flow case.
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Red Solid Lines - Analytical Model
Green Dashed Lines - T2R3D
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Figure 9. Solute concentration isopleths in the matrix from an instantaneous point
release in the fracture for Peclet number = 37.

Note: Analytical model based on Equation (56). The isopleths are at 13 years after
release of the solute. Low cross-flow case.
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Figure 10. Concentrations profiles in the matrix from an instantaneous point release in
the fracture for a Peclet number of 370.

Note: Analytical model based on Equation (56). The profiles are at 13 years after
release of the solute. Low cross-flow case.
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Figure 11. Solute concentration isopleths in the matrix from an instantaneous point
release in the fracture for Peclet number = 370.

Note: Analytical model based on Equation (56). The isopleths are at 13 years after
release of the solute. Low cross-flow case.
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Figure 12. Concentrations profiles in the matrix from an instantaneous point release in
the fracture for a Peclet number of 3700.

Note: Analytical model based on Equation (56). The profiles are at 13 years after
release of the solute. Low cross-flow case.
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Figure 13. Solute concentration isopleths in the matrix from an instantaneous point
release in the fracture for Peclet number = 3700.

Note: Analytical model based on Equation (56). The isopleths are at 13 years after
release of the solute. Low cross-flow case.
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Figure 14. Breakthrough curves for an instantaneous point release in the fracture
showing the effects of fracture porosity.

-
o
o

Note: Analytical model based on Equation (72). Low cross-flow case and Pe =370. Red
line is not visible because it lies entirely beneath the blue line.
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0.9
[ Analytical Model (no dispersion)
0.8 n L] T2R3D with field-scale dispersion
O L Analytical Model (no dispersion)

= B with fracture-matrix area reduction = 0.8
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Figure 15. Breakthrough curves for an instantaneous point release in the fracture
showing effects of longitudinal dispersion.

Note: Analytical model based on Equation (72). Fracture solute source with low

cross-flow. Pe =370 for numerical (red points) and analytical model (red line). Pe =
460 for sensitivity case (green line), with reduced fracture-matrix interface area.
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