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December 13, 1966 

ABSTRACT 
., 

The magnetic -moment adiabatic -invariant series IS evaluated 

through second order in the expansion parameter €: = p/L, i. e. the ratio 

of the gyro radius p = pc/eB to the McIlwain shell parameter, for the 

particular case of a particle at the equatorial plane of a dipole magnetic 

field. The resulting expression for the Inagnetic-moment series is com-

pared with computed values of the magnetic moment for particle orbits 

in a dipole magnetic field obtained by numerically integrating the equations 

of motion. Orbits have been calculated for particles with 1.22. X1Q - 2. 

< 
-2. 

€: < S.29X10 • Under conditions of stable particle motion, the 

numerical results verify the constancy of the magnetic-moment series 

throughO(€:2.) to accuracies (J (S. D.) = 0.02.6 to 3.20/0 depending on the 

value of E:. 
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Quantities that are adiabatically conserved during particle motion 

are asymptotic series of the form: constant:::: AO + eA i + c2AG + 

[Northrop, 1963]. The magnetic -moment adiabatic invariant of motion 

for a particle in a dipole magnetic 

2 
constant = MO + eM1 + c M2 + ..• 

field can the refore be expres sed as: 

2 
, where MO = mv 1 /2B, and the ex-

pansion parameter C is the ratio of the gyroradius at the median plane, 

p = pc/eB, to the McIlwain shell parameter, L. 

To date theoretical calculations on the higher-order terms in the 

magnetic -moment series have been principally limited to the constant 

and linear term in c [Kruskal, 1958; Dr~!, 1964; and Mo.!~, 1966]. 

Gardner [ 1966] gives the following expression for the magnetic -moment 

adiabatic invariant series through the second order, 1. e. 0(e
2

), for the 

particular case of a particle at the equatorial plane of an axially symmetric 

field: 

, 2 3 2 2 
constant = v 1 /B-C (BI/B ) [v + v

1l 
] v 

, ,<I> 
2 11/ 4 [ 2 2 2 2;.' 2 2 ] -c (B 2B) v<j> v II + (v <I> + v 1 .:4) (v + v II ) 

2 1 2/' 5 [12 2 2 2 . 4/] 1 +c (B B) l' (3v <I> ' + VII ) (v + v II ) + 3v 1 ,8 ( ) 

2 1 / ,4[ 2 2 2 2 2 2 2 2], +c (B 2rB) v<l> (v + 2v ll ) -v1 VII ~ 5v1 (v +vU )/4. 

Here we define v 1 = y sin n, VII = v cos n, v <I> = r~ = v sin (l sin A, and 

BI = dB/dr, etc. 
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By numerically integrating the equations of motion for a particle 

in a dipole magnetic field. l McCracken et al.. 1962. and Heckman and 

Brady. 1966] we ha"ve evaluated the magnetic -moment adiabatic invariant 

for particle orbits at the equatorial plane.· The purpose of this note is to 

~ompare these numerical results with equation 1. 

Following Northrop [ 1963]. we utilize the fact that the canonical 

angular momentum p. = '(mrv <j> + erA<j> is a constant of the motion. in 
. <j> 

order to express the magnetic moment adiabatic invariant se ries. 

equation 1. for a dipole field in the form 

C( "\) . 2 [ ., "\ 
0.. f\. = constant = cos 0. a O - a i E: Sln 0. Sln f\. 

2 . 2 . 2>.. 3 2 (1 8 2)] + a 2E: Sln 0. Sln + 4" E: - cos 0. 

where the coefficients derived from equation i are a O = i. at = 6. and 

(2) 

a 2 = 5i/2. In this equation. 0. is the angle between the particle's velocity 

vector and the local magnetic field. i. e. the pitch angle. and >.. is the 

phase angle between the radius vector ;.. and .!l (Fig. i). 

Representative orbit calculations for particles with 

1.22X10- 2 < €< 8.29X iO- 2 were carried out in a dipole magnetic field 

3 
having a magnetic moment M = 0.3132 gauss re ::::: Mearth' The cor-

responding proton kinetic energies at L = 1.45 rare 62.5 < T < 1600 MeV. 
e 

The starting points for the orbit calculations were in the equatorial plane 

at a radial distance L = 1.45 r. The initial equatorial pitch angle m . e 

each case was given by cos 00 = 0.7448. 

Figure 2 presents the results of these calculations. where we 

have plotted the quantity cos
2
no/cos

2
0. vs sino. sin>... The calculated 

points for the phase .and pitch angles are shown for 10 to i5 consecutive 

.' traversals of the equatorial plane. 'The numerical data generate smooth. 

_ ... ;::.-,-
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well-defined loci indicative of stable particle motion [Garren et al. , 1958]. 

" -2 
For values of E: ~ 2.6 X 10 ,the numerical results are in good agreement 

'with theo·ry. At higher values of €, however, systematic differences are 

apparent between the numerical data and the adiabatic theory. Unstable, 
/ 

nonadiabatic motion, characterized by large, irregular fluctuations in the 

-2 
phase -pitch-angle points (not shown) developed between € = 7.53 X 10 

(1400 MeV) and 8.29X10- 2 (1600 MeV). 

As demonstrated by Dr~.sEJ 1965], particle motion in a dipole 

field may exhibit long-term stability even though MO = mv 12/2B may 

vary by ± 400/0 in the equatorial plane. This behavior is illustrated in 

Fig. 2, where the zero-order approximation of the magnetic-moment 

series, C(aO'O) = cos
2

a o' can vary up to := 50% from the true value of 

C(a,\) for the particular orbits we have examined. 

Using the numerically computed quantities cos a and sin a sin \ 

at the median plane, we find that the magnetic -moment series, C(a, \), 

equation 2, deviates from constancy by 0.026 to 3.2% (5. D.), depending 

upon E:. In order to examine the upper limits of the computation errors 

involved in the evaluation of C(a,\), we adjusted the coefficients a O' a 1 , 

and a 2 })y the method of least-squares to fit the data points shown in 
. 1 

Fig. 2 and reevaluated equation 2.' The standard deviation of the re-

sultant C(a, \) L5 from constancy is 0.1 to 0.3 of that observed for C(a, \). 

The results of these calculations are summarized in Table I. The actual 

values of C(a, \) and C(a, \) LS vs .sin a sin \ at the equatorial plane of the 

dipole are shown in Figs. 3 and 4, respectively. 

1 
The signs of the least-squares coefficients a

O
' a 1 , and a 2 agree with 

theory, equation 2. Upon fitting the data to third order, i. e. O(e:
3

), in 

sin a sin. \, we find the sign of a 3 is negative. 
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Errors of integration introduced fractional changes in the particle 

velocity of (1. 5±0. 9) X 10 -4 during the course of each computation'- -in-

dicative of the overall accuracy of the calculations. As a final check on 

the computational accuracy, the 1l5-MeV orbit calculations were traced 

backwards in time from terminus to starting point. We found that, while 

the phase and pitch angles are not precisely duplicated, the quantities 

co:/ uO/cos ~ a continue to fall on the loci of data points (Fig. 2) to an 

'accuracy of (3±2.)X10-
30/0. We c~nclude, therefore, that these numerical 

results are subject to small computational errors, thereby validating a 

comparison with the adiabatic theory. The magnetic -moment series, 

equation 2, predicted by theory has been verified to 0((2) for orbits at 

,... -2 
the median plane of a dipole field for ( < 2.6X 10 ,within the accuracies 

of our numerical results. It is clear, however, that C(a, X,) varies 

... -2 
systematically from theory for ( > 2.6 X10 • Also, the standard devia-

tion of both C(a, X,) and C(a, X,) LS from their mean values increases 

monotonically with E, i. e., with kinetic energy, which is consistent with 

increasing nonadiabatic behavior. 

" 

• , it'::" . 
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TABLE 1. Standard deviation (J of the 

equatorial magnetic-moment adiabatic series, equation 2., using 
theoretical and least-squares (LS) coefficients a O' ai' and a 2.' 

iOO <:: T(MeV) (J(C) (J (C) LS 
--~-, .. ~.- .. -

1. 758 12.5 2..6XiO -4. 8.iXiO -:; 

3.831 500 3.1XiO- 3 2.. 5XiO- 4 

5.961 1000 1.6X10 -2 1. 3XiO- 3 

7.527 1400 3, 2.XiO - 2. 3.6X10 -3 



~·8- UCRL-1. 7308 

FIGURE LEGENDS 

Fig. 1. Coordinates. of the trajectory at the equatorial plane of a magnetic 

dipole. 

Fig. 2. Curves showing phase angles (>..) and pitch angles (a) for particles 

with 0.0122 ~ c ~0.0753 at the equatorial plane of a magnetic 

dipole. Equivalent proton kinetic energies at L = 1.45 rare 
e 

given. The circles are numerical results; the solid lines are 

theoretical curves derived from· equation 2, with a
O 

= 1, a 1 = 6, 

and a 2 = 51/2. 

Fig. 3. The adiabatic constant C(a, >..), equation 2, plotted as a function 

of sin a sin >.., using theoretical coefficients a
O 

= 1, a 1 = 6, 

and a 2 = 51/2. 

Fig. 4. The adiabatic constantC(a, >..) LS' where the coefficients a O' a 1 r 

and a 2 arc obtained by a least-squares fit to the computed 

results (Flg.2). 
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