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PROTON-PROTON ELASTIC SCATTERING AT 
I 3, 5, Au~ 7 BEV/C 

Allan Roy Clyde 

Lawrence Radiation Laboratory 
University of California 

Berkeley, California 

·May 1966 

ABSTRACT 

Differential cross sections for ~p elastic scattering have been 

measured for incident momenta, 3, 5, and 7 BeV/c. The backward scattered 

protons were momentum analyzed with magnetic spectrometers and detected 

·, ~"·o· 

with scintillation counters for the missing mass spectrum of p + p -+ p + x 

for x = a proton. A hydrogen gas target was used for recoil momenta 

from 75 to. 600 MeV/c and polyethylene >-lith matched carbon for subtraction 

was used from 500 to 4000 MeV/c. Statistical errors were approximately 

2% at lm-r momentum transfer, and increased to about 5% for 90° scattering 

in the center-o~-mass. The data indicates srJinkage of the diffraction 

peak with incident energy, a strong energy dependence of da/dl 4cl at 90° 

and is consistent with a logaritbmic decrease in the total elastic cross 

section with the center-of-mass energf. 'I'he behavior of the forward scattering 

indicates the presence of a real scattering amplitude. The values obtained 

for tl1e ratio of the real to the imaginary scattering amplitudes are 43, 397 

and 34% respectively. An assumption of similar angu.lar dependence of the 

real and inlB.g::i.nary parts of the nucleon scattering amplitude is indieated 

by these data. 
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I. I.l'1TRODUCTION 

It has been pointed out by G. F. Chew, S. C. Frautschi, and others that 

a Regge model \'lf:ith the Pomeranchuk or vacuum pole, though only approximate, 

. 1 2 
leads to definf.te predictions for the behavior of' elastic cross sections. ' 

Previous experillnents on elastic p-p scattering have established the exponential 

dependence of tl"le forward scattering on t, the indicated shrinkage of' the 

diffraction peak., and a logarithmic decrease in the total elastic cross 

section vith s ~ where s is total center-of-mass energy and t is the four­

momentum trans:f"er. 
2

' 3'
4

' 27 

More rece!!Jitly, however, there has·been considerable interest in various 

models in an attempt to understand more fully the appearanc.e of' a siguificant 

Using a dispersion relation approach, P. SoO.ing predicts 20 to 34% for the 

I lO 
real part of the scattering amplitude in the 5 to 30 BeV c range. Although 

it does little to explain the mechanism, the agreement with present data is 

rather good. lrf~ Rarita and R.J.N. Phillips have obtained reasonable agree-

ment with experiment using a Regge Model containing the P, P', w, and p 

ll 
poles. Hm-rever, it is confined to energies above 10 BeV. Also, there is 

continued interest in optical models using short range phase shifts and 

tapered potent:Lals. 

In the high. momentum transfer (large angle) region of the elastic 

differential cro.ss section the statistical model has been applied with some 

success by L. iff. Jones at 9 > 70° for .high energy data bet>veen 10-20 
em 

I 
12 

BeV c . ..._ More dramatically, J. Orear has shown very good agreement with 

experiment thrcrugh 12 orders of magnitude in the· dj_fferential cross section 



·• . 

-·..,._, 

· ing · ·. 13 14 
usirig - decreas / exponential dependence on transverse three-momentum •.. ' , . 

. 2 ·. 
<' "'"His fit to the recent Brookhaven data ·goes from 3 to 25 (BeV/c) in four-. 

momentum transfer for .incident momenta between 10-30 GeV/c and extends-into 

the region of 

· -(d aId It I } 
(~/ 16n) 

It seems clear that· an eventual understanding of the p-p interaction · 

is going to require a more detailed knowledge of the entire angular de- .. 

pendence of the elastic scattering. This experiment.has been ariattempt to 

improve p-p elastic scattering statistics and display the differential cross 

section over a wide range (5° < 8 :2_ 90°) for incident momenta 3, 5, and·· em 

7 BeV/c. 

.-;:, 

I 
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II. EXPERD-iENT.AL ARRANGE1vfENT 

Incident Beam Characteristics 

The Bevatron EPB (External Proton Beam) at Berkeley was used for 

··" 
this experiment with a momentum spread of ± .Jcfo. The intensity was 

Il 
approximately 10 protons per pulse \·Ti th a spill length Of about 300 

milliseconds. Data -.1as taken at incident beam momenta 3, 5, and 7 BeV /c. 

General Layout 

The apparatus consisted of three momentum spectrometers. These were 

located in a fixed array about the target area as show-n in Fig. la. This 

vras enclosed by a. large vacuum tank vhich served to support the target 

mechanism and transport the secondary beam to the appropriate focusing 

elements. One momentum spectrometer was set at 69.5° to the EPB. Another 

was set at ·33.5° ..!...."!-·.:-: -·- _, --- -
V.l.l..!..l. U. Yi'CLV 

--.L. 
vc v 

side of the EPB and. consisted of one horizontal bending element. The first 

or I.mr Momer:turrr Channel (IJviC) utilized a fixed H2 gas target. This channel 

detected recoil :particles from roughly 87° down to 66° in the lab system, 

corresponding to scattered momenta of 87 to 600 MeVjc. The second or High 

f.iomentu:n Channel (h"l'!;C) was used to take data from matched polyethlyene and 

carbon targets. Beginning at about 75°, this channel was operated in t'vro 

d · t · t d · · 1· · · + ' 1 d t .L. 1 d t about 2o"0 ;,.., +he lS 1nc mo es enao lng ~L vO caxe a a at., ang es own o ~· v. 

laboratory (just abou.t 90° in the center-of-mass system for the 7.0 BeV jc 

incident momenta) for the observation of scattered momenta of 450 to lt,OOO 

MeV /c. The general I~ocusing properties of these tvo modes are shmvn in 

Figs. lb and lc. The third channel ':Jas used to detect the recoil protons 

for ela.stic scattering near the 90° center--of-mass point or between 25° and 

35° in th(:~ laboratory. In this rec;iou of very small cross sectlons, it 

·wa~ desirable to use coincidence to detect both protons in their 

l 
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TorQet Area 

Quadrupole lens 

Quadrupole lens 

(do1.1blet) 

{a) 

Target plane 

Beam (b) 

Torgel plone 

Beam (c) 

MUB-8870 

Fig. l. The experimental lc::.yo-..1t, (a) shows the three momentum spectrometers, 
tk: ta.rget ;,reaJ and the shJelding. Diagram (b) illustrates the basic 

. n:J.ture of' the second;.ry beam. focusing for the "cross-over" mode of the 
HlviC. '1'1.1.0 "P:~r.~llcl" mo<le is shOim in (c). 

· .. , .. ,,: 
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appropriate kinematic relationship in order to· resolve the elastic .p-p · 

. , scatteringabove.background . 
; 

In both the High Homentum Channel and Low Momentum Channel the 

• scattered. protons -were focused by a set of magnetic quadrupole elements 

(Fig. 1) and momentum analyzed by magnetic spectrometers. The tuning of 

these quadrupole elements entered only to second order in the calculation 

of the cross section. Terphenyl loaded polystyrene scintillation counters . ...,,.~.~ 

were used for the particle detection. In addition, an array of ~0 

Cerenkov counters was used in the third channel. 

Low Homentum Spectrometer 

The LMC consisted of three magnetic elements. The first was a 

horizontal bending magnet. This ivas used to direct the scattered bea.'D. 

dovm the channe.l for the various angles selected. It was possible to 

eliminate any significant focusing or distortion in the vertical plane for 

this element, by utilizing pole faces of an effectively circular geometry. 

With the L..fv1C orientation of 69.5° to the EPB, 16° was the maximum deflection 

required to bend. the scattered beaJ!l down the channel. Following the 

II 

horizontal bend there was a quadrupole doublet vhich was tuned for point-t<r-

" point focusing in both planes, 1vhere this requires that beam particles from 

a given point at the source are focused to a untque point at the image plane 

independent of their slope vith respect to the optic axis for a monochromatic 

bea.rri. The upst.ream element 1vas operated as· a converging lens in the horizontal 

plane. The bea"R was then deflected vertically dmmward through 45•2° ~>rith an 

H-type bending .magnet into the detector system. 

There ~rere 4 scintillation counters in the LMC detector telescope. 

Looking downstream, they _were luLeled L
1

, L
2

, 1
3

, and L4• The I1
3 

counter 

was used for vertical positioning, and the L
2 

and r14 counters were sec.tioncd 

for left) r:i.ght be.lance oi' the scattered bea..i'll during tuning. An illustration 
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of the detection system is shown in Fig. 2. The counter dimensions of the 

telescope are ·given in Fig~ J. 

The LMC counter telescope was operated in three basic configurations. 

Ir:.~- each case, the one used depended on the energy loss in the polystyrene. 

For momenta from 75 to 125 MeV/c the L1 counter (l/32" thick) was sufficient 

to stop the scattered beam and was -therefore used alone to count the secondary 

beam particles. In the range of 150 to 250 MeV/c, L, was operated in 
.J.. 

coincidence with the~ counter (l/8n thick). The third configuration was an 

L2 coincidence with the ~ counter (1/4" thick) for the 300 to 600 MeV/c range. 

By pulse height analysis on the ~' ~' or-L4 counter it was possible . 

to select :protons by :proper plateauing of the discriminators in the LMC 

coincidence circuit. The block diagra'Tl of this circuit is shown in Fig. 4. 

For the higher mome!'lta of 500 to 600 NeVjc, range in copper was used to 

calibrate the liiVlheu L WJl a..s d. 
..L ,_ -
V11C 

.L-1,...- ....... ~,_+- ..... -
V.LJ.\,.;. a.;)J 6.J V.._.U.le 

Hydrogen gas at one atmosphere pressure and room temperature was 

used as a target. The entire Low Momentum Channel was enclosed in a 

vacuum. The target container Hindow for the scattered beam was .001" mylar. 

In the vertical plane, the quadrupdle was focused for a source along 

the EPB line to an image plane just beyond the L
2 

counter. The height of· 

the source vas less than 1/2", defined by the vertical height of the EPB. 

However, in the horizontal plane the source was taken to be the effective 

. target defined by a movable brass collimator located between the pole faces 

of the first bending magnet. This arrangement is illustrated in Fig. 5. 

The effective source was located from 11 to 13 inches from the EPB, depending 

on the scattering angle selected. 

Using the angular dependence of the scattered momentum, and the verti-

cal dispersion in tlJe system, t.he anvular acceptance in the horizontal plane 

wa.s c<!lculated from the \r~rtical dimensions of' the L
1 

and L
2 

scintillation 

counters. Over the ,..;nt:;.n~ momentum range 

.. ·., 

-.. / 
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Fig. 4. Block diagra"D. of the Lmr Momentum Channel circuit logic. 
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shoHing the. H2 gas contnincr, the moval;le brass collilllator, and 
the coprer collimator used. a.s the aperture stop. 
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observed >:rith this channel, the angular acceptanc~ did not exceed'2.8 1= 1.1°. 

Therefore, with 69
1 

small,there is no significant difference betvreen the 

length determined by the brass gap/sin 8 1 and the average length of the 

actual source distribution subtended by the gap. 

A rectangular copper collimator 2" in thickness was located between 

the horizontal bending magnet and the quadrupole. The downstream edge 

was 6.875" upstream from the effective entrance face of the quadrupole. 

It was adjusted in the horizontal dimension for a 9" gap so that the 

scattered beam would not be significantly limited by this aperture in the 

horizontal plane. However, the vertical dimension was fixed at 2.5", and 

was used to define the azimuthal angle l::I<P of the scattered beam. 

A computer program named LOTCH, for 'tow Transfer channel"., was used to 

calculate tuning currents in the magnet elements and the running systematics. 

These parameters were found to be accurate to lcfo and they greatly simplified 

the final empirical tuning that was·· carried out for each point before data 

wel:'e taken. 

The resolution is most conveniently given in terms of mass for 

p + p _., p + X, where X is the miss1.ng mass. For the Low Momentum Channel 

t:sm./m < 8%, where in Appendix A it is shown that in the region of X = 9313 'MeV /c
2 

I 
f§n.jm (A-7) 

High Momentum Spectrometer 

SiJnilar to the LMC, the High Nomentum Channel also contained 3 basic 

magnetic elements, consisting of a horizontal·.bending..,~~ernent followed by a 



. · 
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Drive mechanism 

I" Polyethylene 

I" 
8 Carbon. 

ac"uc.noo 

Fig. 6. T'ne movable pantograph arrangement for the High Momentum 
. Char..nel targets shoving the l/2" carbon target in position in t~1e 
EPB • 
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focusing magnet and then a vertical deflection element used as a momentum 

spectrometer. This channel was set at 33.5° to the EPB. The horizontal 

bending elemerit (Sagane magnet) was used to deflect the scattered beam 

into the channel_ for any of the possible target positions corresponding to 

0 - 0 
scattering angles between 25 and 75 in the lab. The design of the Sagane-

magnet provided a large horizontal aperture. The pole faces were circular 

with a 40" diameter and were separated by 10". Figure l shows its position 

in the scattered beam. 

Polyethylene targets of l" and l/4" thickness were used to take data 

for subtraction with their respective carbon targets of l/2" and 1/8 11 

thickness. These were attached to a pantograph arrangement mounted on a 

movable cart. This allowed any of the four targets to be raised individually 

int-.n i-.)1p BP"R R.nri ::tl r:;n tn hA movec'l along the F!PR. An illustration of this 

arrangement is shown in Figure 6. Target selection and positioning was done 

remotely. 

Typically, several cross sections were taken alternately with the 

polyethylene and carbon targets after the system had been tuned for the 

scat_~~ring angle selected. The actual procedure varied somewhat depending 

on the mode of' operation and focusing. The l/4" polyethylene target was 

used to overlap the g.as target data and the 1" polyethylene target was used 

to obtain data in the 90° center of mass region. 

The HHC vas operated in t·wo distinct modes. · The "Crossover Mode" 

utilized 'point-t'Cr2point" focusing in both pla...11.es where the vertical focus 

occurred at the detectorE with the horizontal focus 13' upstream. 

This focusing condition avoided certain physical aperture limitatJons of 

the secondary beam transport system. 

.·.· .. 

.~~· '•' 
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of tlte beam i~.ransport vacuu1n pipe. 
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The data from this mode overlapped the gas target data of the lovT 

momentum channel for scattered beam ~omenta in the range of 450 to 2000 

HeV/c. In this mode the upstream element of the four element quadrupole 

;,ras operated as a converging lens in the horizontal plane vri th the outside 

elements and the inside elements being run in tandem (CDDC). This, in 

addition to a 6.0 11 horizontal and 3.03ST' vertical Fb aperture located 

15.28" upstream f'rom the effective entrance face of the quadrupole (see 

Fig. 1) helped prevent some loss of the scattered beam. The angular 

distribution of this beam was spread significantly at the lower momenta 

( 450 to 800 MeV/c ) by coulom~ scattering. - In this mode, the counters 

shmm in Fig. 7 were used in their horizontal position. This figure also 

shmrs the 1 11 wide, l/4" thick, vertical counter that 1-ras mounted on a 

cart for motion transverse to the scattered bea.rn. The solid angle in 

this mode was determined vertically (~¢) by the aperture and horizontally 

(Ae) by the vertical width of the H3 counter. 

Tvro separate detector configurations were used in this mode. The 

first utilized the vertica;Lly mounted cart counter, ailmving transverse _ 

motion to the scattered beam in the horizontal plane (see Fig's. 7 and lO)e 

This scintillator was run in coincidence with the H3 and H2 counters, the 

H1 and .L\.H2 counters being in anti-coincidence (see Scaler L of the block 

circuit diagram in Fig.-8). Data 1vas taken by focusing the image on H3 

and then sca~ning it vri th the cart. T.:.11e second con:f'iguration vras used to 

integrate this curve directly using the H3 and H2 in coincidence. vrith the 

H
1 

and AH2 counters in anti-coincidence. Here, as before, the ~ 

counter ,,,as used for 

"i' r . 
' 
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·MUB-7531 

Fig. 8. Block diagn:un of the High Momentum Channel circuit 
logic.for the Crossover Mode. '-· ;-" 
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OPTIC AXIS 

of HMC 

MU-36598 

Fig. 9· Polystyrene scintillator used in anti--coincidence as the 
aperture stop for the Parallel Mode, light pi-pes and phototubes 
were mounted at top and. bottom.· 
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beam definition in the vertical direction transverse to the optic axis. 

The "Parallel Modeu utilized point-to-point focusing in the vertical 

plane and parallel to point f_ocu~iB~ in the horizontal. This means that 

all orbits ofunique slope to the optic aY.is in the horizontal plane vrere 

focused to a unique point in the detection plane. This led to a unique 

spatial relationship between missing mass and secondarymomentum at the 

image plane. The scattered beam rate "tras small for those laboratory angles 

observed in this mode, making desirable the use of the lrr polyethylene 

target. Tbe solid angle 11ras determined by an aperture located 15.28" up-

stream .from the ef.fective entrance face of the quadrupole magnet. This 

aperture was a polystyrene scintillator operated in anti-coincidence ·w-ith 

the detector telescope. T!'lis counter and tbe geometry of the hole are 

shovrn in Fig. 9. The basic horizontal dimension was 3 .on and the vertical 

. vras 6.0" lvith two small triangular sections top and bottom to provide more 

efficient light collection. 

These ~rrere isosceles right triangles with l" legs. The light 

pipes and 6310A phototubes 1vere then mounted c.bove and belOI-r. To a good 

approximation the aperture bad an effec~i ve shape of a recta~gle 3. orr vride 

and 64375 11 high. To be compatible with the orientation of the aperture 

the outside elements of the quadrupole l·rere ru...'1 diverging and the inside 

elements vrere run converging in the horizontal (DCCD). 

In the image plane the counter arrangement was placed at an angle to 

the horizontal. T}}is angle b 1ras required by the horizontal and vertical 

di::persion in the system, and. was uniquely determined by the optics and 

the kinematics of ela:3tically scattered protons. Tht:ret'ore, ideally, a 

:;iven i.ncidt:nt momentum 

.~ ( . 
' ... ~~ 

'• ... 

i ._, 

j 

1 
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Fig. 10. The Higli. MOTI1entum Cha...Tinel detector di.-'llerisions showing the 
pos.ition of the H1 COlli"1ter for the Parallel McYle data. In the 
Crossover Iviode the H1 scintillator "\offi.S used in anti-coincidence, 
being replaced by a·. counter vi th a hole and located midway in 
the be21n transport pipe. The nar:row portion of this pipe 
(1 ~ 625 ID) to the right is the neck of the transport pj,pe. · 
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Fig. ll. Block diagra111 of the High Momentum Channel circuit logic 
for the Parallel Mode. The 3rd Channel circuit was connected 
for data taken nt 90° in the center of mass. The Sl\l and SAz 
counters •rore connected for :1perture calilJn1tton :~tt low l1ea.m 
lntensl tie:::;. For some du:t:,:. the H4 counters repl:1ced tlle E3 
counterlo~ ln tht~ coincilicnce circuit. 
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and missing mass was represented by a line in the image plane of. unique 

angle to the~ horizontal, the length of the line being determtned by the 

ses,.ondary momentUm. width accepted by the aperture. Actually, of course, 

the line was a distribution whose width was determined by the finite source 

size, vertical magnification, and optical effects. This was typically 

about 1/2 ", the R4 counter being 1/2!' and the ~ being 2" wide (see Fig. 10) •· 

The block diagram. in Fig. 11 shows the circuit logic for the coincidence 

telescope. The .H
2 

counter was used to integrate the elastic peak. This · 

was operated in coincidence with the H
1 

counter sho\o,'D. in Fig. 10. The P..H
2 

left and right counters along with the aperture were used in anti-coincidence. 

The AH
2 

cotm.ters shown in Fig. 10 were separated by 12" and served only 

to eliminate a small amount of random background. The scattered beam 

distribution v;::;.s broad and flat. being almost trapezoidal with a width of 

around. 8 '1 • 

Data was taken by scanning the image past the ~ counter through 

variation of the vertical bending magnet current ab~~t the central tuning 

value. The operation of this mode overlapped the Crossover Mode with the 

scattered beam momenta ranging from 1160 to 4000 MeV/c, providing data 

through the 90° center of mass region or dmm to lab angles of 25°. 
. ~ . u 

A computer program named HIT~rl, for high momentum transfer channel, 

was used to determine the tuning parameters for the ffiviC to about 1%. 

Fine tuning for each data point i.,ras facilitated by left-right balance of 

the H
3 

and H4 counters. The resolution of the system depends, as does 

the LMC, on scattering angle: but is less than 2r:Jfo f'or ru./m given by 

Eq. (A-7) of Appendix A. 

..,.... . /.~, 
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III. BE.A1"1 CALIBRATION 

·""The external :proton beam was monitored by an ionization chamber located 

on the downstream side of the vacuum tank that enclosed the target area. 

Absolute normalization of the elastic scattering cross section req_uired a 

careful calibration of this detector. For this purpose, two small scintilla-

tion counters were located at the entrance and exit windows of the vacuum 

tank, and mounted on actuators that allowed them to be remotely moved into 

the EPB during the calibration runs. These counterswere 1-3/4" sq_uare 

and l/8" thick. In addition, two large 12 x 18 x 2-in. scintillators 

were placed in the beam at some 33 feet downstream from the vacuum tank 

exit windoi-r. These were centered in the beam and separated by about 4' . 

along the beam line. 'Ihe t1...ro sma.L.L counie.n; Wt::.n::: 

whereas the two larger ones 1-1ere B
5 

and B
7

, the subscripts increasing in 

the direction of the beam. The ,layout of the calibration telescope is 

sho1-m in Fig. 12. 

The outputs f'rom the scintillators were split, providing scaler 

readout for the individual counting rates in addition to a B
5 

B
7 

coincidence, and al..so a B
1 

B
5 

and B
2 

B
5 

coincidence. The electronics 
I 

for the B
5 

B
7 

coincidence circuit began to jam at rates just beyond 10
4 

protons per pulso:; :for a spill time of "' 300 ms. The cou ... "J.ting ratios 

sity, but increased about 

B
1 

B
5
/B

5 
B

7 
1.,rhich shm,.ced 

use a 2 1 x 2' x 6~" block 

B
7

, and B1 B
5
/B

5 
B

7 
were constant below this inten-

5% bet1-reen 1. 5 x 10
4 

and 1.. 5 x 105, except 

a decrease < 17b. Therefore, it was desirable to 
heavy 

of/concrete to attenuate the EPB for beam inten-

si ties above 10
4 

_protons :per pulse._ 'l'b.is block ~>Jas located 8' upstrea-m 

·i'rom the B5 counte:r, and 
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. .VACUUM TANK 
e. TARGET AR£A 

10M . CHAMIER 
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I 

. {HEAVY) 
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Fig. 12. 'rhc scintill<xtion counter. arrangement for the calibration of. 
til•.: ionizu.tion chu.mbcr, shoHing th::: concrete blocl_ used' for 
,~_ttenuution .. 
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could be easily moved into the beam. The 6' thickness of the block and the_. -'_ . ...,._, -,.-, 

.01 steradian solid angle subtended at it by Rj gave .:..n attenuation factor 

of .,...,; 10-2. This was sufficient to prov·ide the necessary overlap with the ion 
,.-. 6-

chamber at 10- protons per pulse. 

Data were taken '·;ith the EPB focused at B
1 

and then again at B2 • For 

the focus at B
1 

the two fold coincidence of B
5

, B
7 

was used to normalize 

counts from B
1 

and also counts from the B
1

,B
5 

coincidence. These data were 

2 4 obtained at incident beam intensities of 10 to 10 protons per pulse with 

the concrete out. With the block in the_beam data was again taken at these 

beam intensities to calculate the attenuation in the block. The intensity 

was then increased to 10
6 where the ion chamber was read in micro~Coulombs and 

normalized by the B
5

.,B
7 

coincidence. 

The calibration constant is then 

in protons/micro-Coulomb where the ratios were averaged over all intensities 

within the ranges allowed by the counter efficiencies. Similarly, data 

were taken for a focus at B2 , where the appropriate expression for calculating 

the calibration constant is exactly as above with the replacement of B
1 

with 

The calibration constants calculated ih this fashion for the incident 

momenta 3, 5 and 7 BeV/c are su~~arized in Table 1. The errors sho>m 

depend principally on the uncertainty in the focusing of the EPB and the 

statistical error in the measurements. However, the reproducibility of the 

measurements due to the focusing uncertainty at the target and scintillators 

1-ras the dominant source of error. The design characteristics and operating 

parameters of the ionization chamber are given in Appendix B. 



-... · .. ··. '· .. 

· .. ·,.. 

- 25. ~ .. •' P .• 

. r 

TABLE 1. 

p in BeV/c Colinter ·· N/Q in protons/micro-Coulomb . 
0 

3·0 Bl . L45 X 1010 ± 3·5% 

3-0 ·. B 1.30 X 10
10 +15% 

2 - 0. (Yf;, 

5·0 B1. 1.48 X 10
10 

± 2.0% 

7·0 B ·1 1.42 X 1010 ± 2.1~ 

7·0 B2 L42 x u?o ± 2.1%. :. ~ 
.--;;. ~ 
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rv. ·ANALYSis· 

TI1e systematics of the Low Momentum Channel and the two modes of the 

High Momentum Channel were sufficiently distinct as to require an almost 

unique analysis of the respective data. This was particularly true of the 

various corrections, their calculation, and their relative importance . 

. R?:Wever, it is shown in Appendix F that the differential cross-section 

is represented by 

( 1 ) 

Even so, the determination of the various parameters 

depends on the systematics of the particular mode used.~ ln trlic t:ix.i:Jn::.s.->lv<1, 

N
8 

= No. of scattered protons at the detector, 

N
1 

= No. of incident protons seen by the ion chambe~ (beam 

monitor, 

nt .= Target thickness expressed in number of protons/mb, 

(31 = Lab velocity/c for the scattered protons. 

6¢ Azimuthal angle allowed by the vertical aperture limits 

of the system, 

6P
1 

= The momentum bite determined by the system, and 

C n/m c = 3-3485 for m c in Be.V/c. 
0 0 

The number of incident beam particles N
1 

was read from a continuous 

pen recorder that indicated the output of a.n integrating electrometer 

connected to the ionization cha.'llber. Tnis gives 

·.· ... · 
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N ::: ( :i,ntegrator reading L11 volts) 
I 

x (capacitance in ~f) 

x (calibration constant in counts/~ Caul.) 

- Number of particles czy~nted. 

In general, the calibration constant is a function of position alongthe 

EPB because of the focusing characteristics of the oea.m~ Therefore, the 

calibration constant used was an interpolation of the B1 and B2 values in 

Table 1. 

Low Momentum Channel 

The:oe data were taken with the hydrogen gas target. It is convenient 

therefore to express the parameter nt of the general relation as nt ~ igp' 

where £ is the effective target length in centimeters and p is the density 
g 

of the gas expressed in protons/ (mb--cm). The effective length is related 

to the brass collimator gap and the scattering angle by tg = gap/sin el, 

where the gap was set at 5.152 em. The density of the gas was determined 

by 

'<There 

P = pressure of the gas in inches of H , 
g 

P = 29.92 inches of H J 
o. g 

T ~ absolute temperature, 

T - 273.16 degrees Kelvin, 
0 

p
0 

density at S.T.P. == .53713 x 10-7 protons/(nib-<:m). 

( 2 ) 

.·---·,.:.-,. ···.·-. 
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The target pressure was :·obt·ained in inches of Hg with a mercury Manometer • 
. . ~ .. -: ;· ... ~ .. 

The temperature was measured by a thermistor·bridge calibrated by a mercury 

tb:rmometer. The calibration of the brass collimator, copper collimator, 

and thermistor bridge is given in Appendix B. 

The parameter ~2 is the lab velocity at the detector and is related 

to the observed particle momentum P
2 

by ~2 == (P
2
/H)/J(P

2
/M) 2 + 1. The 

momentum was def'ined by the vertical spectromete;:r: through careful pre-

tuning and current calibration of the magnetic elements of the system and 

the proper positioning of the brass collimator. Unlike the systematics ?f' 

position of the target did not define the production kinematics, rather it was 
calculated · 

/from p-p kinematics f'or elastically scattered protons of a given initial 

momentllll P
1

J where the energy loss in the target and w-lndow relates P
1 

to 

P
2 

by the range relation derived in Appenauc (; giving 

with fill given by 

The eff'ecti--Te length in H
2 

gas for the • 001" mylar window i-Tas found to 

be~= 1.33 mg/cm
2

• The distance traversed in H
2 

gas by the scattered 

beam in exiting from the target is given by 

( 3 ) 

( 4 ) 

( 5 ) 
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and p is defined by Eq. ( 2) where p
0 

==.08988 mg/cm.3, giving.£ p < 1.77 mg/c:m?"'~·"''"/ s -
or 6R < 3 mg/cm

2
• The constants nand bare determined from published rarige­

mowentwn curves.(l7) 

The azimuthal angle .6¢1 determined by the copper collimator is calculated 

from the matrix for the horizontal bending region given in Appendix D. This 

gives the phase space at the aperture as a function of' the source vectors. 

Therefore, using the appropriate matrix element 

( 6) 

where y = vertical aperture 2. 5", 

(D-25h) 

In this expression 

.et :::: 24 "/sin e
1 

for the distance f'rom the center of the bending 

magnet to the target, 

.£ = 21.57" for the distance from the center of the bending a 

magnet to the aperture; 

R 14.55" for the effective radius of the magnet, and 
e 

4>11 ( 69. 5° - e
1

) f'or the horizontal angle of deflection. 

It is important to note that .et was measured along e
1 

to the EPB or actual 

target. 

The momentum bite of the observed momentum Pr was determined by the 
~ -

vertical dimension of the L
1 

or L
2 

counters depending on the detector that 

\,{as used. 
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An expression for this is derived in Appendix E, vrhere it is shown that 

6P = P •· v/L .2 2 (E--7). 

where w is defined as the vertical dimension of the defining scintillator. 

It has the values 

w 
.L 

L-985". for the L1 counter and 

w
2 

L508' for the L
2 

counter. 

The parameter L.is given by 

L 

where d is defined as the f.ield free distance along the optic axis froni 

(E-8) .. 

the effective exit :fa-ce of the H
1 

bending magnet to the defining scintillator •. · 

It has the values 

d 
l 

18.905" for the Ll -· coi.L.J.ter and 

d2 == 22-90:5" for the L2 counter. 

Also, 

--

.eeff == -46" for the effective pole tip length of the ~ magnet, and 

<P 45.2° for the vertical deflection of the M, magnet. 
v J.. 

The parameter € -vras obtained empirically frOm. the optics and geometry 

of the H
1 

magnets and is- referred to as the wedge angle. The pole faces 

of the vertical. ber:iding magnet were rectangular, in vlhich case the> wedge 

·-

'! ·-. ~ .. 
! 

\." 
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angles El and €2 at the entrance and exit are equal to <fJv/2 for a 

synnnetrical orientation of the magnet about the turning point of the 

. 4 0 scattered beam. However, because of the large deflection of. 5.2 , the 

entrance and. exit of the scattered beam was some~orhat below the centerline 

of the magnet. Therefore, the effective shape of the pole tip did not 

appear rectangular because of the fringing field. This led to wedge 

angles E = El = E2 > <fJ/2 (see a more detailed description of the bending 

magnet parameters and matrix in reference 18 and in Ap:pei1d.ix D). Using 

the bending element matrix and the measured focal length of f = 4oon for 

the H
1 

magnet, it is shmm in Appendix E that 

tan € = {1 + cot2 ~ v - p/(f sin 
"'I 1/2 

<pv) J - cot <p v 

co"'"rc+am 
-"tJ -· --~, 

(E.;ll) 

were taken alternately with H2 gas in and then with the target container 

evacuated. Therefore, 

(7) 

The attenuation of the scattered beam by the gas target and windo~or, 

which together ~orere less than 3 mg/cm
2 

in equivale:qt H2 , can be shown to 

be very small compared with the statistics and -vms therefore neglected. 

The geometry of the LMC i-.'C.S such that. it allowed a small ra rt of the 

rate at the lower momenta to be contriouted by degraded higher energy 

particles that penetrated the thin parts of the brass collimator around 

the gap. This and some scattering from the edges of the brass gap . ····:-.· 

required a -.3% correction to the cross section at 83 .MeV/c increasing 

.:-·. 
;· ~~~ 

-~ ... ,. -:-" · .. 
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to -3% at 600 MeV/c. This correction was made by graphical methods usi11g 

.average lengths for scattering and energy loss in the brass. 

The correction for the energy loss of the scattered beam in the target 

and window is most conveniently descTibed by (see Appendix c'). 

(32 &2 exp[~log. (P 2 + m2) (1 ~ 2n) 
pl J l + log 

(31 6.?1 (P 2 + m2) 
p .. } 

n 2 2 

(C-9) 

where the subscript 2 labels the observed pararneters and the subscript l 

labels the actual values. The constant n is deterniined by published range-momen­

tum curves. l7 This correction is + 15% at 83 MeV/ c :J dropping rapidly to 

lF:ss than 1% at about 300 MeV/c. 

Chromatic aberrations and focusing in the quadrupole lead to second-

order effects in the phase space at the image plane that have a significar,t 

&1 
effect on &

1
. It is convenient to express this effect in the form &' 

l 
which was found to be .964 _:s: .6Pl, _:s: .980 'for 83 _:s: P

1 
< 600 J/f.eV/c., 

&' 
l 

respectively, or a correction of -2.0 to -3.6% in the cross-section. This. 

effect is contained in the product matrix ~ = U Qi' where the ~ are the 
1. 

matrices of the various elements of the LMC system (see Appendix D). The 

calculation of &]_ was done by the 7094 program LOTCH. This :routine generated 

a plot at the detection plane for y ·(vertical t9 the optic axis) against 
·.... .. ' 

momentum for orbits passing through the top, bottom, and center of the ;;ertical 

aperture. In principle this . is computed by X == ~ x
0

, where 

!. 
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A. Orbits Ttl rough .Top of Aperture 

B. Orbits Through Center of Aperture 

C. Orbits Through Bottom of Aperture 

4. 

2 . 

P
0

= 7.0 BeV/c 

~ • 636:5 MeV /c 

s,a 69.44. 

Zt 9.0 irrches 

.· . . 
' ----------- --.-1-.:::~..,.,..~r.:::--.,.--~ ----------- ;_ ___________ -

! 
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.010 .015 .020 

t:;.812 • X'= RAOIANS=>P.-. ,• 2 

MUB-7532 

Fig. IJ.. Plot of y measured vertically in a plane perpendicular to 
the. optic axis at the detector against P2 calibrated in units 
of x~ in radians at the source. Also show-n is the superposition 
ofthe zn H3 counter and the projected momentum distribution with 
arbitrary normalization for the ordinate. -_ 
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are the initial and final vectors respectively. Superimposing the counter 

width on this plot, it is then possible to calculate an arbitrarily normalized 

intensity distribution for P
1 

from which an average width &]_ can be obtained 

(see Fig. 13). No correction was required for the Coulomb scattering of the 

secondary beam in the target and window because of the very large 9" horizontal 

aperture which was sufficient to accept a broad spatial distribution of the 

scattered u~~u ~t the .......... ,.....,....+,.,,....0 '-"'1:-"---------· 

High Momentum Channel 

In this channel the initial momentum P
1 

of the scattered protons was 

defined by the location of the target along the EPB. The target position 

zt was taken as the distance from the intersection of the perpendicular 

from the center of the Sagane magnet to the EPB, to the center of the target 

looking upstream along the incident beam. Therefore, in Eq. (1) for the 

cross section, ~ is uniquely related to Zt by {see Appendix F) 

f3 = 
1 

pl/rri /J(P )2 + 1 
. 1/m . 

, (8) 

where 

. pl 2m ~ cos B/ (1 - 13
2 2 

81) -· cos em . em 

.. 
• ci- ,_..,.:~ ?'""'• ,-:'. .. "' .· 

~·-·' 
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-~-.,_,_,.,. __ -_1 
: 0. . 

-:- 7 + l ' 
0 

. -1 
el =tan 

48 

._i p 2 

ro ;,Jcmo) + l 
' 

( Zt in inches and P
0 

- incident 
{)eam momentum) • 

The five targets that were used to take data in the liHC. are summarized 

in Table 2. The target .thickness parameter nt of Eq. (1) was given by 

6 • 024~ X 10,._4 

HYdrogen Atoms/rob for the polyethylene- target. 

NI is given by the ion che.mber reading in ll Coul multiplied by the 

calibration constant given .in Table 1. 

TABLE 2 

Target .£p gram/em 
2 

Thickness = 

D (CH
2

) ·. 2.3735 l" .J.2 

pl (CH ) -. 2· 2.3737 l" 

p· 
4 

(CH
2

) ·5701 1/4" 

c2 (carbon) 2.6806 . 1/2"_ 

c 10 (carbon)-· .6884 1/8" 

· Crossover t-1ode 

In this mode of the HMC the momentum bite 6P of the observed scattered 
2 

beam was defined. by the vertical dimensions df the H counter which •ras 
3 

horizontally orier~ted for t:b.ese data (see Fig. <7). Using a matriX representa­

tion of the magnetG-Optical system (Append:i:x D) the 7094 program HITCH was 

.--

i . ...... 
' 

:(: '" 

·::··;;~;11f'::--~'i\~1-:.···· ~-.-.. 

. :· 

.. ·~ 

·: 
. -

.. ".; 

._I 
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used to calculate &
2 

from the optics of the Crossover Mode and the detector 

width. Therefore using the scheme described for the LMC, & 2 was obtained 

as the width of the distribution of P
2 

against y measured vertically at the 

detector. Figure 13 is an example of one of these graphs. 

· The proton~proton elastic scattering cross section is obtained by 

subtraction of the polyethylene and carbon target data. This is expressed 

by 

dcr 

dTtT 

where 

E the combined correction to the polyethylene data 
p 

E = the combined. correction to the carbon data. 
c 

The constant C is the carbon target matching ratio for the uumber of 
m 

equivalent carbon atom.s/cm
2 

in the polyethylene target. This is given by 

(9) 

6 c = < -
7

) c .e P ) I c .e P ) • c 10) .m pp c c 

The subscripts throughout are p for polyethylene, c for carbon, and b for 

background. 
.!J_ II N 

The ... arget out data ( ~) was constant with little scatter 

NIb 
over the entire Crossa: .. r.er Mode range at each incident momentum. However, 

the background subtraction becomes very important a.t the larger mOmentum 

transfer 1.;here small differences become involved. The combined correction E 

represents the product of the energy loss correction, the attenuation 

correction, and. the correction for tru.ncation of the angular distribution of 

the scattered be run from horizontal aperture stopping· in the quadrupole 

cmd in the vacuw'1l transport pipe dmmstream from the bending magriets. 
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The azimuthal angle t::.~ was determined by the vertical dimension of· 

the collimator •. The dependence of ~ ~n e
1 

is given by Eq. (6) where 

.et = 48'j sin 8 
l 

.e = 86.625" 
a 

.· Re 22.6" 
0 

'· 1J = 33·5 el ', h 

y = 3-038". 

The energy loss in the target· is conveniently expressed by 

t::.P r· 2 l-n - = exp (-) & n l ' 
ln c;l)] , 

2 '', 
(ll) 

where the observed rriomentum is given by (see Appendix C) 

P2 ~ exp~ ln b + n ln [--£\R + exp (~ ln :
1

)] ~. (12) '' 

l J 

In this expressionb and n are functions of the scattered momentum p
1

. 

As iri Eq. (3) these parameters are determined by the range curves. The 
' ' 

average path transversed by the scattered beam in leaving the target is 

given in g/cm2 by 

DR =' 1.-1 , for 0 < tc:.n e - < -~ 
cos el 1 - 2w , (13) 

a < .._ . (a + 2h) 
2w van el .:: ,' 2w , 

(a + h) r 
l·~ 1 sin e ' 

.l 

· __ 2 . -~ 2 
(a + 2ah + 3_D 

4w (a + b) 
cot 

--__ ~ . a + 2h · . 

&1 J for Zw S tan G . 

(14) 

( 15) 
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In these relations 

w .£pj2 for the target iri g/cm
2 

, 

h i/2 the vlidth of the incident beam in effective g/cm
2 

of target, 

l/2 the width of the target minus h in g/cm
2 

• a 

The correction for attenuation of the scattered beam in the target is 

:partially offset by the correction for.attenuation of the incident beam. 

Even so their combined effect is significant in the lower momer1tum region 

of 500 to 800 MeV/c. This is expressed by 

observed incident beam) .0:-nitial scattered beam) 
initial incident beam) x (observed scattered be~ exp &n (.6.R-w ~ • 

The total nucleon cross section a for the carbon and polyethylene was 
n 

(!0_2n\ 
taken from F. F.o Chen, et al.' -' 

As shown in Fig. 7, the H
3 

and H
4 

counters o;.rere split into left and 

right sections. These '.-lere wrapped independently ·to provide left, right 

balancing capability for tuning the channel in both modes. This choice 

led to a small dead space betv7een the left and right counters of about 

l/32". In this mode the dead space requires a correction to the cross 

section of ~ +1.3%· 

The correction 1'or horizontal aperture stopping is obtained by 

evaluating the e.ngular acceptance of the beam transport system in terms 
1 

of X , and then compe.ring this acceptance to the angular distribution or 
0 

the scattered beaTJJ. intensity projected on the source. The cross section 

is corrected for the.t part of' the distribution which is outside of the 

tl.ng'..llar region accepted by the system. Figure 14 show-s the dependence of 

this' distribution on th~ scattered momentum P
1 

and the thickness .of the 

car-bon and polyethylene targets. h.t a gj_ven P 
1 

and for a gj_ ven te.rget, 

(16) 

tl!e angular distr:ibu".:.ion of tile scatte~·e_, beo.Jn is a fold c:n' three independent 

,, .. _ ...... ~--:, " 

I 
J 
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P.•$.0 BEVIC 
. vz• cAF!BON 

• P.• ~ MeVIc 
• P,a t000 MeV /e. 
• P.•i500 M<VIt 

P'.•5.0 8EVIC 
VS"CARBON 

1.0 

x.· 

: ·~ .... : ·. 

Po•$0 SEVJt: 
l 

I" POLYEnffLE~ 

-- --------'-----, 
P.•5.0 BEVJt:· 
114" POLYETHYLENE 

• R• 500 Mtollr; 
• R"tOOO ~/c 
• R•l500 fl.t!llc 

Figure llt. T;;e angular distributions of the scattered beam 
intensity projected on the ~ource plane for tl~ Crossover 
Ivlode. The cut off areas represent the part of the dis­
tribution -~rhich vmuld also have been Geen by the detection 
but is lost due to the limited angular acceptance of the 
beam traco:port system. These curves illustrate the stopping 
of the system for a point source. 
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effects: the effective source distribution arising from the finite target 

size; the angular spread of the secondary beam due to coulomb scattering in 

the target; and a. momentu.l'Jl distribution about Pi determined to first order 

by the detector vidth and by significant second order optical effects. This 

fcld is a triple integral which depends, among other things, on the geometrJ 

of the system and the beam optics. The calculation was performed on the 7094 

using the program ERRTOT which incorporated HITCH as a subrouti11e for the 

computation of those parameters depending on the optics of the system. The 

triple inte~rals may be written 

A 
0 

Joo 00 

j yl(xl) Y2 (x~)y3 (x3-x~) d.x3 d.x~ dxl 

s2(xl) 

r 
j 

roo 
j y 1 (x1 ) y2 (x~)y3 (x3-x~) dx3 dx~ dx1 , 

sl(xl) -ro 

where the y 's are the probability distribution given by 

for the effective spatial distribution 

of the target, 

(17a) 

(l7b) 

== IP ( ae ) 
2. c 

for the angular distribution of the coulomb 

scattering, 

for the unobstructed momentum distribution 

v1hich (without stopping in the system) would 

be seen by the detector. 

Tl1e 11
1 

and llz are the spatial limits of the source and s
1 

(x
1

) and s
2

(x
1

) are 

the acceptance limits oT the system. 

•'· 
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The dummy variables are taken along the horizont~:~.l a.Xis at the source 

and 

o~ ~ x
1 

=.inches 

·.· ·. oe = -x ' . = radians 
·. ·. c . 2 

' 

where Eq. (F-30) gives 

l 
dP 

el [(l + t32 2 e · )/ (l-f?> 2 2 
el)J. 

l -tan (18) = cos cos 
.~r de

1 
em l em 

.-;~:.~ 

The distribution CP
1 

(oTJ) for .the effective target is' given by an isosceles .. ·· 

1:'.rfl:t'E''Z0~r1 rP!mlting from the rectangular shape of' the·actual target.··· The top 

of this distribution i~L then given by 

b1 = lw sin e1 7 h cos e1 1, 
and the base by · 

1'herefore the limits of integration 111 a,nd 11
2 

of Eq. (17) are given by 

111 ~ -:b2/2 ' 

The coulomb SC?attering distribution JP
2 

(oec) i~ well approximated by a 

gaussian for the relatively short exit :paths traversed in the targets. 

Therefore 

where 

with 

(i9) 

(20) 

(2la) 

(2lb) 

(22) 
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' Ji 
; 

6R = average length traversed in e;dt, 

L = radiation length of the material, rad 

t3
1 

= lab velocity of the scattered protons, and 

P
1 

= momentum of the recoil proton in MeV/c 

The distributiontP
3 

(op) for the·momentum spread was.co::nputed from beam 

optics by the 7094 program HITCH in connection with the computation of 

its w-idth. That is, in the calculation of &
2 

illustrated in Fig. 13. 

The angular acceptance limits s
1

(x
1

) and s
2

(x
1

) were computed by a 
..... , 

modified version of HITCH called VIGNET. This is a CDC 6600 system which 

uses the matrix re-presentation of the optics to determine the maximum 

possible angular exc1rrsions for protons as a function of position (x ) 
0 

on the target for each geometry. 

The form (A
0
/At) of the acceptance correction makes the normaliza-" 

tion of the three distributions entirely arbitrary. The combined correction 

due to the energy loss, attenuation, and the horizontal acceptance vras 

then applied in the form 

E = (Eb.erg:y loss) x (Attenuation) x (Acceptance). 

·This is a function of the target geometry and material. Therefore, as 

shown in Eq. (9) it is necessary to apply this to the carbon and polyethylene 

cross section_s before subtraction. These corrections are summarized in 

Table J. Additional corrections must be applied to these cross section 

data for inelastic background and counting inefficiency. In the region of 

the Crossover Mode data this background is closely parameterized bY 

For counting inefficiency due to bie;h particle rates at the H 2. counter 

c ::::.. 1.013, c 

lvhere both CB and C c are then applied ~irectly to the numbers obtained 

from F~q. 9 for tbe i~inal eros::; <;ection::;. 

(23a) 

(23b) 

"'k···· ·.~., 
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Paralle 1 · Mcxle 

In this ::node -&
1 

is determined by the. horiZontal dimension & of- the . 

aperture. 
From the matrix for the Sagane magnet given in Appendix D . 

{24) 

for 

' 
,.""'"'""'"''''-r' ;:-.,.y ... , 

(l}-25b) 

(D-25c) 

'- (16) 
From P-P elastic kinematics 

By substitution 

··.for 

IS;{ = 3·0" .. 

For .the calculation of the cross s.ection it is convenient to use the -

form given in Eq. 1 with 

~where 

n /n = (n /n.) . -·.- - . 1 . 

s i s l • OH"' ~ C ( n / n ) -
_<::: . m s i carbon 

for the polyethylene--Carbon subtraction. The factor 

cos o/w 
c 

(27a) 

(27b) 
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TABLE 3· 

l.OO.' 

"I,QO.l 

J,cr;.· 

1.001 

1.~ 

1.0!1 

!.005 

l.OO~ 

;.oo~ 

!.»· 

l.OO 

!,OJ? 

;.ro. 

1_.00:. 

l.Ol~ 

.!.oo;, 

:.{)(N 

1.01)• 

J,OQ•, 

.!.01 I 

:.010 

'·""' 
·l.oo.:. 

.l.QPJO 

~ oOO': 

l.Oo.i' 

l.W: 

1.0()>.· 
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1.025 

!.009 

'·""' 
l.IJI:IIZ 

l.OOJ_ 

l.OOi 

l.v.·::: 

l.O.i.'< 

1.~ 

.l.005 

1.0\)Z 

1.001 

1..001 
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1.01\i 

:..QOl. 

·.!,Q' .• ~ 

l,OlJ 
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is the verti.ca~ dimension of the R2 scintillator seen by the scattered 

beam -vrhen the counter is oriented at the appropriate angle 5 to the hori-

zontal in a plane perpendicular to the optic a..xis. The arrangement of the 

detector system and the definition of 5 is illustrated in Fig. 7· The 

counter width is given by 

w ·= J .. O.-". 
c 

The variable of' integration I is the current in. eq_ui valent milli-Volts 

fo1· a known·. shunt resistance of the c
1 

and c2 vertical bending magnets. 

Throughout both modes of the High Momentum Channel these magnets were 

operated im tandem as one momentum spectrometer. The angle of deflection 

in each was 8.0°, giving an overall deflection of 16.0° for ct> v' The quantity 

dP
1
/di = (MeV/c)/milli-Volt 

is taken from the empirical magnetization curves for the c
1 

and c
2 

bending 

magnets. The quantity 

'· 

dyjdP. = inches/(MeV/c) 
). 

is the dispersion of the momentum spectrometer; it depends to first order 

on the angle of deflection illv' the central scattered momentum P
1

, andthe 

distance St from the turning point to the plane of the R2 counter. 

Therefore 

' 
Hovever: there are significant second order effects that depend on the 

optical aberrations and focusing of the system, and on the variation of the 

c
1

, c2 current ... for ·the data scan. By using the phase space at the H2 

counter calculated :from the Matrix representation of the system, it was 

found that dy/dPl can be represented by 
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·.(!I I). 
0 

(26) 

where I
0 

is the central value.of the c1, c
2 

current. 

The. abscissas of polyethylene and the carbon data iri general do not·. 

coincide. Therefore it "Yl8.S desirable to generate a curve for the carbon 

with which one could perform the subtraction indicated by Eq. 27. Figure 

l5a is a typical set· of data from a spectrometer scan. The ordinate being 
( . 

given in counts at .. H
2 

per number of incident beam .protons, and the abscissa 

in milli-Volts. · It is convenient to rewrite Eq_• 27 as 

for '· 

YH. 
~ 

Yu. 
1. 

Yp_ 
l 

= Yp_ - yj 
~ 

n /n. = 
s l 

They. deuends on the carbon data -noints J ~ . . . ~ 

y · ·· C (n /n ·) . .. 
c · m · s . i carbon 

k 

--·' 

(29) 

:. ( 30a) 

(30b) 

(30c) 

:._ 1 

t 
1 

: ~ 

! 
·, 

.. ' 
f 

·I 

l ... 
i 
I 
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Po=3. 0 BeV/c 
30.0 P.=l.l6 BeV/c 
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20.0 

15.0 

10.0 
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0.0 -----------------
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0 
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Q 

MilliYOI!s 

(a) 

Q 
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,. 
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d! 
~ ·u 
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5.0 
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Po=3.0 BeV!c 
P,= 1.16 BeV/c 

Q = 
Milfivolts 

(b) 

Fig. 15. Raw data from a typical Parallel Mode scan is sho;m in (a). 
The upper 2.nd lm·rer sets of points 1-rere taken by varying the 
current in the C1, c2 bend:i.ng magnets for- the polyethylene and 
carbon targets respectively. The ordinate is given in raw counts 
at the H2 counter per incident bet;Jn proton. In acL~itioil; the 
c~crbon points are nonnalized by c:. tn.rget matching constant. The 
c~rLon bac1~gTOUl1d h::.>.s been subtrnctecl from the points plotted in 
(b), where the remaining background is due to inelastic p-p 
sc;~tttering. The curve shown is .s. fit to the final data after 
sub:tract.i.11g tile ine lc.st ic bac1~grormd •. 

·.:. ... ..-
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Now this CUI'Ve for the carbon(shown passing .tbrough a typicaT set of data 

points J y ,, I l in Fig.l5a)is 
[ ck . ckJ ··. ·.· 

on CJ. collect:ion of second 9rder 

. . 

generated fl"Om, a set of points { y j' I j} 
polynomial-s. · These quadratics are 

constrainecl to pass through the data points, and to be continuous in the 

value of the. functions and their first derivatives. Each point (y j' I j) 

of this curve.there:fore lies on one bf two polynomials each of·which is 

~
. \ 

forced .to pass through a closest pair of data points. y , I ) , one 
ck. ck. .· 

. . 

polynomj_al f'br the closest pair on the rigb.t,and the bther for the closest 
l·· 

pair on the lef't of the region. of (yj, I)• These functions are then 

matched midway between the 2 in..7'J.e.rmost of the 4 data point sequence. 

y. 
J 

(31) 

where the constants- are obtained by inverting the matrix equation· 

y MX, .·· ( 32) 

for 

·?· .• 
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,. 

.· 

,. 

. '- .. 

"' 

yc 
-~~ ' 2 

0 

0 

Yc 
3 

y 
c4 

and 

,. 

M~ 
I2 I 1 c· c1 .1 

I2 ' ' 

1 I c, c~· 

I 
[:; c. 

' 1 
I2 I 1 

I m m 

2I 1 0 
m 

0 0 0 

0 0 0 

In these expressions the set, 

(yc· ' I ) ' 
l c1 

{y ' I ... ) ' 
c c 

',,' 3 3 

(y c ' Ic ) ~ 4 4 ,· 

~ 
. ··-··. .;_ .. · 

a· 
2 

a3 
(33) 

a4.~ 

a5 

a6 

0 0 

0 0 
' .i 
\ 

., 

-I2 -I -1 
m m 

(34) 
-21 -1 0 

m 

I2 I 
c3 c3 

I2 I 
c4 c4 
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are the coordinates of' the 4 points selected as described for the region 

Ij = j · M 1 
--:.. :l 

for 

. .6I = (upper bound-lower bound)/100 • 

The parameter I of' M is the abscissa for which the quadratics are matched. 
m 

This is just 

The statistical error in yH is given by 

where 

4 

(cy j)2 - ·I c .• q~ 
£-1 

' 

(35) 

(36) 

(37) 

-1 and the q£ are a linear combination of the elements of the matrix M and 

therefore depend only on the constants I , I , I , I 1 and I . 
c

1 
c2 c

3 
c4 m 

Figure 15b shows the subtracted data points {yli , L_ }
1 

for the l i lli 

original set of Fig. 15a. 1ne curve shown is again generated by a set 

f · ._ ( I l Th' i f 0 . polnl.S ~ y J 

1
. . lS S DOVl or a 

l n n · 

po~~omials constrained to pass tbrou~h 

collection of second order 

the points J yH , I_ } for the 
t 'i . tli 

purpose of perfbrming the integration indicated in Eq. 26. This integral 

is expressed as a finite sum of the form 



':· -. ' 

·. 

: --~ 

zoo 
:-'1' .. _·· ·y ·· (ey/dP ) . (dP1/di) .6L. 

n . 1 · · n n 
n.::=::l., 

for c3'D.venience;· -in computation, where . 

1
2 .+ . I + . 

Y. =a- a · . a -y 
n. ·.· ~ n 2 · n 3 · ·bn ' 

and the vector Y of' the matrix Eq. 32 is now given by 

and M by 

.Y = 

y . 
-~-· 

0 

\ y~ I . \y~/ 
·.· 2 IIi· ····l}r 

2 ' 2 

2I 1 
m 

0 ·0 

0-· 0 

' 

l 

" 

1 

0 

0 

0 

0 .o 0 

0 0 0 

-I2 :...r ~1 
m m 

-"-2I l 0 
m 

. 2 I .. 

IH3 H3 

2 
·. I IH 

4 .. H4 
.. · 

1]b.e values of yb··. are the estimated inelastic background. 
·. n ... :.· 

·;".: . 
. . -.: .... ~ . .,~--~~-,~;:~- ~¥::-· 

(39) 

·, (40) 

(41) 

i. 

' 
i 
I 

I 
l 
f 
! 

• .. : 
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The statistical error for the integral is given by 

.·1/21 
· .. J 

where 

4 

t:S:l ) n = _.J 

and the 'l,e are again linear combinations of the constants which are now 

and I . 
m 

The proton-:proton elastic peale overlaps the broad inelas-

tic distribution. This bac.V:;.grounC. is s!lmm in i'igure 16, for each of' 

s c-5_:.!+.::5 llation counters. This effect is given in 

percent of the elastic cross-section measured under the peak. T"ne 

absolute normE3.ization of the inelastic backgrolli~d does not, of course, 

depend on the.detector. However, for the purpose of correcting the 

data, it is desirable to plot it in this fonn. These curves then 

represent a best estimate of the inelastic backgrolL~d as averaged over 

a collection o:f all the Parallel ivlodc data. This a.."'ld data from a more 

recent e;cperiment by c. l1. fl .... 'lkenbrandt, A. R. Clark, B. Cor1c, T. Eliof'f, 

L T ·r t' ~ " ' " l ( 
2 j) ' t t · t• th - l • . • 1~cr .n, a..rra. ••. .n. ~·~enze_ ~rc cons1.s en. ;n_ 11 a snoo , 'i·ie.L -

defin8d oo.ckground under the sharply resolved p-p elastic peaks. · The 

error in the elastic cross-section from the uncertainty in subtracting 

this contribution to the peak is: 

1.76 ,.I :for the H2 counter coincidence, 'jJ 

h.lB cl. for the JL. counter coincidence: I' ., 
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Fig. 16. The inelastic LackgrounJ from raw counts at the detectors 
for the Parc~llel MO:ie in percent of the elastl<:: cross section 
measured tinder the peak. The four momentuJn transfer is given in. 
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4-.oo% for the H4 counter coincidence, and 

.5ujo for 3rd Channel coincidence at 90° em. 

Fo.r a large part of the 7 BeV/c data of the Parallel Mode, good resolution 

and low inelastic background were found to be more important than statistics. 

Therefore it was desirable to use an H
3 

or H4 counter coincidence to obtain 

the best data for tbe cross-sections. This choice gave a maximum (raw 

count) inelastic background of less than 45% of the elastic peak (see 

Figure 16). 

The anti-coincidence counter used as an·aperture in this mode (see 

Fig. 9) was found to jam. at normal beam intensities, thus requiring a 
-+4 .o% correction to the cross section. Therefore it was desirable to 

operate the system with this counter off. The data was then corrected to 

aperture (anti-coincidence-counter) turned on geometry by taking calibration 

data at low beam intensity with this aperture counter both turned on and off •. 

This correction is written for convenience in the form: 

anti~in co~t~~-~t the detector) 
anti-out counter at the detector 

dcr r 
dlt' -'-

OUt. 

Over the range of 1 to 3·5 BeV/c for the scattered momentum P1 , this 

correction is .88 to .84 respectively with an uncertainty of 1.5%· 

The aperture in this mode must also be corrected for limitations 

(44) 

occurring in the quadrupole and in the vacuum beam-transport pipe located 

downstream from the c2 bending magnet. For a given value of P
0

., P1 and a 

given point (x ) y ) at. the source, the effects of this aperture stopping 
. 0 0 

in the system are calcu~ated from the matrix representation using the 

VIGNET code on the 7094. For the accuracy desired, a sufficient number of · 

apertures tl'J.Tough the quadrupole elements are projected on the source along 

with the limiting "neck" of the transport pipe. T"nis neck was· a narrow-

. section of the HMC beam. transport pipe located 12" do•mstream frorn the 

. vertical ben. ding mrt,mets f see Fit~. 10),. Th"S"" pr~o · t ·· 1 • ~ \ ~ • t. ... . JCC lOns are p~ot,;ed in 
.. , -

~· ·· ... 

. ·.;-" -~ 
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Fig. 17. The superposition of the effective apertures due to the pipe neck, 
quadrupole, and anti-counter aperture for their projections on the x~, y~ 
plane at the source, the curve of largest area resulting from a 
projection of the transport pipe neck. The common area deterillines the 
available aperture of the Parallel Mode for a given P 

0
, P1 , and (x

0
, y

0
). 

This figure is for P0 = 3.0 BeV/c, P1 = 1.16 BeV/c, and x0 = y 0 = 0. 

• ... 

~-. 
··,~ 

., 
; 

I 

I 
I 
I 



the x 1 y 1 plane where 
o" o 

-56-

x 1 = d.x /dz 
0 0 

y' = dy /dz , 
0 0 

and where z is. the optic axis .. ·. The coimnon area obtained from a superposition 

of these curves and a similar projection of the anti-counter aperture deteP-

mines the solid angle available to a point (x ; y ) at the source. Figure 17 
0 0 

illustrates a superposition of the pipe neck, the effective quadrupole 

aperture, and the anti-counter aperture projected on the source in the 

x 1 y' plane. Using the transformations 
o' o 

x' = 
oi 

The solid angle for a given (x
0

, y
0

), p
0

, P1 is computed from 

n = fon = JF (1- t p) dp d<ll 

N 

:::: \' (p~/2) (1 - 3P./4) h.<lli L l 1 

wl;lere the common area of the superposition is computed in the form of an 

array{~'., y 1
• t for this final calculation. By varying {x , y ) over 

Ol OlJ 0 0 

(45) 

the extent of the target, this computer program provides-an average solid 

angle < n > available for each p
1

, p
0

; If DA is the solid angle subtended 

at the s rurce by the anti-counter aperture, then the appropriate correction 

to the elastic cross-section is 

I da · 
[DA < D >] d t • (46) 

The uncertainty in this correction is .5~. 
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V. RESULTS 

The measured differential cross sections at low-momentum transfer are 

given irt Table 4 in the Lorentz invariant form 
2 .. 

da/d!tl[mb/(BeV/c) ]. This 

table is a collection of all the data taken by LMC with the hydrogen gas 

target. The error shown represents the combined counting statistics and 

experimental uncertainties for each point. The significant contributions 

to the experimental error arise from the combined uncertainties of target 

density, the determination of e
1

, magnet tuning and stability, and from the 

uncertainties in the calculation of the experimental corrections to the 

data (see the analysis section "Low Momentum Channel" for a discussion of 

these corrections). 

The target density, calculated from the measured pressure and tempera-

ture of t:-ne ~ gc:Ls, n<:J.u. an Uilcertaint.y of 

of the brass collimator for the measurement of e lead to an uncertainty of 
1 

±,2% in these data. Magnet tuning and stability errors were ±.9% for the 

P
0 

= 3 BeV/c data and ± L&/o f.orthe P
0 

= 5 and ·7 BeV/c data. The 

uncertainty in calculating the experimental corrections to these data lead 

to an error of "!. .• 9%· These errors added in quadrature give 

± 1.5% for P 3 BeV/c data, 
0 

± 2.0ojo for P = 5 BeV/c data, 
0 

± 2.0% for P 7 BeV/c data, 
0 

for the experimental errors. 

Of particular interest is the ratio between the real and imaginary 

parts of the forward scattering amplitude. This may be determined .from 

the coulomb interference with the nuclear scattering amplitude. It is 

expressed by 



'', -

dcr/dlt I It! Error 

mb/(BeV/c) 2 .. (BeV/c)2 
±r0 

... . 
... ,l 

p .. 
o' 

(BeV/c) ._ 
'. ~ 

121.2 ~Oi083 1.80 
112.3 .01617 1.77. 

.. ;1.0) .. 9 .02282 1.2.0 
·~ ."''- ,., ... ·-::. . ....,.-

97.01 .0307~ L76 

91-33 .03965 1.68 
78.41 .06163 1. 72 
66.10 .08796 1.66 
53~16 .ll86 1.72 
42.74 .1534 1.70 

... 32;14 .1921·. 1.73 
2lt.84 .23h-5 1.75 
19.06 .2603 L74 
13.69 .3293 1.76 ",,: 

.,.:~-- . 

5.0 106.5 ~01081 2.34 
96.85 .01615 2.23 
85~89 .02281 2.37 
7h-95 .03984 2.23 
8.660 -3293 3-09 

98.89 .01081· 2.22 
91.17 .01615 2.14 
82.27 .02281 2.22 

.. 

74.96 .03072 2.15 
. 70. 51~ .03984 2.15 
. 63.96 .05015 2.14 

~-_ )-

56.69 .06163 2.11 
45.89 

. 
.08796 2.13 

37.48 .11B6 2.12 
27.75 .· .1534 2.07 
'1).59 ~2345 2. 21+ 

10.62 .?301 ?.10 

'!. '( :.~? ~ ' .. ~;-~!:) 1 ,.,. "' ;'_ . ' ) 

4-~--·~----------- H.---···-·--·-·----.-- ••·-- -·-·•- -··· ··- . .._. ______ - ------:--:- -------~-.. -----------.. -· ... -. _______ ., __________ ----- ·-·----- .. ~ ----- - - -~ ---- - -- -·- -------- ··- -- ____ ,. ______ --·--·-------

. '··_,•. 



cr . 
T = mb 

.· . 2 
.. dcr .· = rob/ (BeV/c) 

n lt. I 
··-- '.. 'O.P 

... .( I -2 A= BeV c) 

P = ~eal/imaginary 

l- percentage points 

Number .of' 
data points 

. 2 ( 2 
E = BeV' em · 1 

-59:.. 

TABLE 5 

. + . 
43.60 - 2.0% 

+ 6.50 - .5% 

.f11 d - • 426 JO 

.77 

13 

7.66 

p - 5.0 
0 

I + of 41.10 - 1.4;o 

7.44 ~ .6% 

8 + -.3 9- ·a a1 /0 

.14 

5 

11.31 

p = 7.0 
0 

40.30 ~ 1.4% 

82.44 

- .339-t ll % 

.06 

13 

15.01 

.. t" ."'.1' 

'· 

t , 
l 
i 
I 
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The coulomb scattering amplitude adapted from It. A. Bethe is ( 24 ) 

,., 

··.:":•" 

with 

c 
f' 

0 (l + i €)' = 
f3lltl c 

c = -.01617 
0 

~l = laboratory velocity of scattered proton/c 

E = .0073 in (.0437/Jtj). 

(47) 

(48) 

From recent work it has been shown that a purely imaginary spin dependent 

form for the forward scattering amplitude is entirely inadequate to 

describe the behavior of the angular distributions at small momentum 

(5-9 2~ 26) 
transfer. ' ), Accordingly fits were made to these data (Table 4) 

where 

from the optical theorem. To obtain a simple two parameter form it is 

assumed that A 
r 

A. ~ A and that the parameter p, which represents the 
l 

ratio of the real to the imaginary scattering amplitude, is independent 

(49) 

of the four momentum transfer t. The value of p is particularly sensitive· 

to the total cross section and the absolute normalization of the differential 

cross section. 

From the fits to these data (.0108 <It! S .32 (BeV/c) 2
] it can be 

shown that the average contributjon of f is small, as expressed by 
c 

< I r + r 1 I lr I > = 1.02. n c 1 n (50) 
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.2 

lti=(BeV/cf 

Po=3.0 

.4 

MU-36808 

Fit;. l8o.. T..ne forwo.rd scattering data taken with the hydrogen 
gas target <::.tt incident momentu..--rt P0 = 3.0 BeV/c. The upper 
.curve is the· theoretical fit to the data points for p = -:-;426. 
'rhe lmre.I' curve is shown for comparison with p "'- 0. 

··•·· 
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Po=5.0 

~········ .• ~ . 

10 

Fig·. 

.0 .2 .4 

It I= (BeV/c}2 

MU -36·8,05 

18b. 'l'b.e for.;ard scattering data taken w-ith the hydrogen 
gas target at ·incident, momentum P0 = 5;0 BeV/c. T'ne upper 
curve is the theoretical fit to the date. points for p = -~ 389 ~ 
The lm...-er curve is sho· .. 'Yl for compe.rison · •ri th p = 0. 
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. Fig. l8c. The for:vmrd scattering data taken with the hydrogen 
. gas target at j_ncident momentum P0 "' 7.0 BeV/c. The upper 
curve is the theoretical fit to tlle data. points for p = -. 339. 
The lower curve is shoHn for compari.son with· p = 0 .. 
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Differentiating Eq. 47, one obtains 

.6( dcr/d]tJ) = 2 I r + f I · b. l:r I n c n 

or 

Using Eq. 49 this may now be "'Titten 

which to a good approximat-ion is the effective error in crT from the 

uncertainty, in normalization of dcr/a-1 t I· This normalization uncertainty 

(51) 

(52) 

(53) 

is obtained from the calibration error given in Table I and a 1.7~ overall 

systematic uncertainty. The significant contributions to this systematic 

fro~ thP. combined uncertainties of the measured focal length 

and physical characteristics of the H
1 

vertical bending magnet~ and the 

measured geometry of the system. ·This affects, among other less significant 

parameters., the determination of &
2 

and ll.!ll. 

The values of crT are taken from the recent experiment of R. F. George, 

K. F. Riley) .Re J. Tapper, D. V. Bu.gg, D. c. Satter, and G. H. Stafford 

. . . (22) 
with an error {.6crT/crT)j

5 
of -31%. .. Therefore, the effective, combined 

uncertainty is 

(54) 

(numbers frOJJl the evaluation of this expression are quoted 1-rith crT in 

Table 5). 
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Fig. 19. V::.,fues of p taken from recent experiments (see References 
5-9J 25, 26). Tlle 3 v;:;.lues of tnis experiment are also shown. 
The two. t:be oret ical curves ;: .. re from the) work of p. Sodirig; ( 10) . 
an:l R. J M N. Phillips :::.n.:t W. Re.ri ta. (ll .· . 
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The error in p is calculated oy 

1/2 
,., 

/jp [(~1st (~I ar] ::: + 
' p 

(55) 

where~~ is given oy the error matrix from the least squares fitting 
s 

procedure and ~ 1 is obtained by fitting :with a variation of one standard 
a 

deviation in aT. 

Similarly, 

The !"esult<:< of' the calculations are given in Table. 5. The values of 

the i indicate the good agreement of the model with the ·behavior of the 

forward scattering for the presence of a real spin-independent amplitude, 

. 34 to 43'% of the linaginary part ove:r; the range 3.0 ~ 7.0. On the basis 

of the good x2 
it is also apparent that the assumption of similar behavior 

of the real and imaginary amplitudes must be reasonable. 

These data are shown in Figs. 18a, 18o, and ~Be f;r the incident 
. . 2 

moment 3, 5, and 7 respectively with do/dltl in mo/(-PeV/c) as a function 

of four momentum transfer lt\ in (BeV/c)
2

• These figures also shm·r the 

the calculated fits to the data. In addition, a curve for p ~ c = 0 is 
0 

sho·wn on each graph for comparison. 

From this experiment and from recent i.-rork dorie by a number of 

investigators (see References 5 to 11, 25, 26) the absolute value of the 

real part a.ppear,s to decrease ifi th increasing energy. These data are shown 

'. 

'•-._:. > 

' 
·. I 
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in Fig. 19, along with two recent theorical curves. The upper curve is 

obtained from. a dispersion relation calculation by P. s"Oding. (lO) The 

lower curve fs, from the work of R. J. N. Phillips and w; Rarita using a 

f'~~-pole Regge model. {ll) 

The f'o~ard scattering data from the gas target are shown plotted 

together in Fig. 20. These data show clearly the shrinkage of' the 

diffraction peak with increasing energy. This was predicted by a number 

. (2 3 4 ll) 
of' Regge models.· ' , ' · However, there is no reason to expect the 

description to be as simple as the original one vacuum pole model. ( 2 ,3,4) 

The total elastic cross sections were calculated by integrating the 

differential elastic scattering cross sections, 

2q2 

( r a aId I t l J d I t I (57a) 
1.1 c 

where q is the center-of-mass momentum. This integral was computed in two 

separate parts 1dth 

for 

and 

cr e 
(l) + (2) cr c 
E e 

5 2 
cr{l) { • I 

e = '. o f'n I 

The integral of Eq •. 57c was calcula;ted from the small angle scattering 

parameterization of' the data (see Eq. 49) for the fitted values of A and 

p giving 

.~ ". 

(57b) 

(57c) 

(57d) 



i · ·I 
I. l-
l . p l 
l 0 j 

I BeV/c .j 
L _________ J.:.... .. _ 
:---·-··-··-·--"'---

! 3 ±-4% 

I 5 
i 
I 
1 7· j . .; 
----------J--

±~.3'/o . . j 

I 
.l . ±-3% 

---' 

..,.•(f)•-

TABLE .. 6 

· ...... 

I cr :ot--:~~otic -,l 
· · .. li e cross section ! 

. mb . . I n_ 

-~ ! 
==::!~====±=====d=h=============c- i 

j I l 
±3-9% I 16.83±3-9% ll. 61±7. 0% 118.44±3-9% I 

. i I · 1 

±2. 7'1> 
1 
~2 .96±2. 7% I . 74±5. 7% 

1
13 .71±2. 7% 

1 ~~-8% 111. 70±2.8% l .j8±5 .8% __ __1__12 .08±2 -~% ---. ___ .! 

• ..• 
. : .·' .· -~·-·~·.-.._J- ·- . 
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J
·5 · . If I d:lt-f: n-. .· . 

. 0 . 

- (P2 + J.}(f~ /A)<l - . ~--A/2 ) 1. 5 

0 

The integra..i. or· Eq~ 57d f'or ·5 < Iii< 2q
2 ~s calculated numericallyfrom ,.., . - ..... ·- . .. -, 

the data. The: va:Ilaes of' .the total elastic cross sections are given in 

Table 6. The: error was determined from · 

.. · . J ... '----. -. _2 _____ 2_,___ 

A..ai (A cr{l)) +(~ a{ 2)) . 
e . e. e 

where 6. a( Z) is a:n. -upper limit uncertainty on the numerical integration 
e 

and 

(59) 

(60) 

with 6. a I the_e~or resulting from 6. crt of Eq. 54, or equivalently, .f · e .o 
a 

in Eq. 58, and· 

r · 2 2 , . 1/2 

6iJ I ~Va rJ (1.)/aA} DA I ] . . . _+· ft .... ( a oe( 1. ) / 5P ) !::P _I sl ~ · 
e . n.: e · . s , .J s 

(61) 

for 

(62) 

and 

~ ... C:L}_/ ~" f 2 ·( .· -:-A/2). 1. · 
Uv U!-" = 2 p l - e . A • 

0 
(63) 

.. . -:·· 
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The data taken at large momentum transfer are given in Table 7 where 

the Lorentz invarient dif':ferential cross section dcr/altl is given as a 

function of the :four momentum transfer lt 1. The error given is the 
• .r! 

combined counting statistics and the experimental uncertainty on each 

:point. The counting statistics range .from about!.2 to~:+.O%, increasing 

roughly with Jt J, where fevl points have statistical errors greater than!l.O·%. 

For the Crossover Mode, the error arising from the systematics of the 

experiment is the combined result of a~l.5% uncertainty in the data from 

magnet tuning and stability, in addition to a:=4o% uncertainty ~n the inelastic 

background correction (0. t0"~.3.2% uncertainty in the data:). These corrections 

are discussed in detail in the analysis section rrcrossover t.fode". 

The experimental error in the Parallel Mode results :from the combinat-

ion of a ~1.5% uncertainty in the data from magnet tuning and stability; 

a~ 1.3 to =3.5% uncertainty in the data :from the correction for inelastic 

background; a ~ 1.5% uncertainty in the data from the anti-coincidence 

aperture correction; and a ~.5% lL~certainty ~n the the data from the 

correction for aperture stopping in the system. These corrections are 

discussed in detail in the analysis section "Parallel Mode"., 

0 ' The data obtained at 90 in the center-of-mess sys-cem had an exper-

imental error .of :!: • 5% from the uncertainty in the inelastic background 

correction, in add:i.tion to an uncertainty of '!:5.% resulting from the anti-

coincidence aperture. These dat·a are given in Ti:!tr.le 8. 

In addition to the calibration uncertainty g_uoted in Table 1, a 

systematic error of ~l. 5~~ must be included to obtain the normalization 

error of the HtliC. This error results frbm· \mcertainties in the measured 

f,:::ometry of the system and the empericall;r determined properties of the 
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Tabl< 1 

Po It I . . 4•/d I• I . '!! _ , Error 
9eV/c \9eV/e) 2 mb/(9eV/e) ~ 

3.0 .1'.039 .786. 2.6 

1.172 .703 2.6 

1.363 .587 2.6 

1.<.&7 .552 1.5 

. 1.559 .544 l-9 

l.76o •• 78 2.6 

~.., 1.965 .471 1.9 

2.o68 .~9 2.6 
.. 

5.0 o23"-+ I 18.9 ·1.6. .. 
. 2433. 17;0 1.7 

.3292.•' 8.00 1.6 

.3497· ·6.91 1.7 

.3920. .5.34 1.7 

.436o • •·09 1.7 

. .817. 3.25 1.7 

.5289. 2.47 1.8 

.5531' ·. 2.18 1.6 

.5776' 1.89 1.8 

.6532. 1.32 2.2 

.7316 • ·909 2.0 

.8125 .650 1.0 

.8957 .499 2.1 

1.010 .3.S .• 1.4 

i.o98 .283 1 ... 
1.2;.8 .1,:. . 2.2 

1.-o2 .138 1.7 

1.559 .100 2.~ 

1.883 .o617 2.4 

2.385 .. 031:4- 1.7 
"-:t.' 

3.250 .0195 6.0 

3.64S .0!..18 6.2 

3.893 .016o 5.5 

7.0 . ~2344 ' 15.7 1.6 

.28o?. 1ll.9' 1.6 

.3292 6.97 1.6 

.3812 ... 77 1.6 

·.436o 3.12 '1.6 

.5170 1-99 1.7 

.• 5531 :1.6!. 1.2 

.6277 1.01 1.2 

,67"' :772 1•2' 

.7052 .665 2.9 

.7853 .411 1.5 

.8125 .366 l-7 

.8677 .2;4 2.2 

-95" .187 1.8 

1.039 .126 2.7, 

1.'\02 .0467 2,2 

1.639 .0255 ... 3 

.1. 720 .02<*· 2".0 

1.683 .cil65 2.7 

2.0•18. .0128 3.0 .. . 
2.132 • 0124 4.5 • 

2.385 ;CJC198. 2.9 

7.o6 2.385 .oo671 . 2,8 

.2.81'• .00465 ~-5 
··\ 

3.250 .o026i ·2;6 

3.692 .oo:llc> -~~:(' 

•.na .00136 2.5 

... 587 .OO'ff! 3.8 

5.039 .000'181 . 5.4 
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quadrupole and Sagane magnets. The combined systematic and calibration 

for the m.:rc are 

3.8% for P = 
0 

3 Bevjc, 
-.:"; ..... 

2."5% for P = 5 BeVjc, 
0 

2.6% for P = 7 BeV/c. 
0 

The .data gjven in Tables 4 and 7 are plotted by incident momenta 

in the Figures 2la, b, and c for P =3, 5, a.nd 7 BeV/c respectively. 
0 

0 
The 90 · center-of-mass data of Table 8 are plotted in Fig. 22. 

At large angle-s the cross sections are nearly independent of It 1. The 

presence of strong energy dependence makes hard core scatteringunlikely. 
.. (12,29,30) 

The statistical .. model of Fast, Hegedorn, and Jones gives the simple form 

d<r /d It I = ( crj2qE) e -3.27{E - 1.88) (64) 

where 

q,-= center-of-mass momentum in BeVjc, 

cr = total cross section less the diffraction scatter-

ing_in mb, 

E = center-of-mass energy in BeV, 

for p-p elastic s·cattering in the region of 90° in the center-of-ma$8 

system. Fig. 22 shows Eq. 61~ as a solid curve in a comparison with the 

data. In view: cf' the low energies and the simple assumptions the fit to 

these data seems rather good. 

At high energies ( 10 to 31 BeV ) , in the region of large angle 

scattering, where one is sufficiently removed hom the diffraction peak, 

considerable success in par&-neterizing p-p elastic scattering has been 

attained by Orear. ( 28) This relation for the angular dependence of the 

cross section is a simple exponential function of the Lorentz tnvarient 
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.01083 ~ lt·l ~ 3 .. 893 where ltl = 3.893 corre::;ponds to 90° in the 

center-of''-mass system$ 

. r 
i 

. ! 

I 
. i 

. ~~ j 

L 
f· 

·r 

·.! 

' 

.! 
; 

; 

j 



·_.·.-, 

. · . ; ~ 

.. · .. 

,, 
mb-: 

(BeV/c)2 
:-

.01 

- . .-. . 

.OOI:c -

0 

- . 
J -

. . 

- I 

I _-

1.0 

:· \ 

- 76 - :.; . 

Po= 7.0 BeV/c 

1 

2.0 3.0 4.0 
-_ - __ - 2 
ltl=(BeV/c) 

MU8·9935 
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transverse momentum. Pu'1 energy dependent gaussian term, which becomes 

significant in the region of the diffraction peak is also included by 

Orear to give 

where 

d~r· 

s· = 
d.£~ 

2 -Lea sin0 )
2 

-aq_ sin9 
s Bq e ' • em + A e em 

' em· 

2 
A 595,:t 135 BeV mu/ str, 

~ 33 .... - ,, 
a=~~ .. -J..~ 1/( BeV/c), 

2 
s = ti1e center-of-mass energy squared il1 ( BeV) , 

q:_ = the center-of-mass momentum in BeV/c. 

( 65) 

Compariso:-1 of :Eq .. 65 witl1 the data taken in the experiment is graphically 

illustrated in Fig. 23, where these data have center-of-mass energies from 

2. 77 to 3.89 BeV _ There is good qualitative agreement of these data With 

the model of Orear 2.t all three energies (within D to 2·}%). 

-with the center-of-mass energy 3. 89 BeV, in· the range of 2. 4 ·:: It [ ·;: 5.0 

( ""/\2 r:.ev C! , the agreement is excellent giving the values 

2 
A= 653. (BeV) , 

a=· 6.4 1/(BeV/c), 

for the normalization and slope of ti1e expoc1ential, respectively. The 

quantitative agreement f'or data at the center-of-mass energy 3.36 BeV is 

good over the ra~ge of 1.0 
2 . 

< 3.9 (r.evjc) where the slope of the 

exponential is 7./(BeV/c), and where these data, within the errors 

of this ex:9erimei':'it, are significantly higher (10 to 17%) than Eg_. 65. 

At 2.77 EeV in the center-of-mass, for 1.0 ~ It I-:: 2.1 
2 

( BeV/c) , these 

data are vlithin l'Jj~ of Orear~ s rr:odel. Hmvever, t11e slope o:f the 

ezponential is ~. /( BeV/cL 
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·Table 8. ' •. 
•.: 

p 
··o It! dcr Error 

BeV/c (Bev/c)2 
dt . 

,_,j(n --; )2 ffi.J "\.1:..~\i/ c % 

3·0 2.068 .449 2.0 
-.~ 

3.2 2 .2i~8 .249 3.8 

4.0 2.974 .0670 5.4 

4.6 3.505 .0250 5.). 

5 .o 3.593 .0160 5.5 

6.0 +.817 .00335 5.5 

··--:: 

.· 

-· .• _,__ 

< ·:·. 
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lines ·inclu:ie tile snussian ter..n. 

...... 

• ... ; 
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APPENDIX A 

DETERMINATION OF MASS RESOLUTION ' .. 

Assuming p + p .... p + x, it can be shown from relativistic kinematics 

that 

and 
2 - m2 f 2 -- -- ) 

P2 = x2 t Po - 2 p o Pi cos ~ + p~ J ' 
1vhere 

p = P/m • 

This leads to 

and reduces to 

/l = pl _T + 5 

or 

p
2 

( T
2 

- 1) + p
1

· 2T5 + (5
2 

- 1_) = 0 , 
.l 

which gives 

where 

and· 

pl = T 5 + -J;j. - ( 1 - T
2

) 

l - T
2 

T =- t) cos fJ em 

lim 

x _, m 
or 

) 

1 
2) I , 
.~ 

---- (A-1) 

(A-2) 

2 
X 

l -2 ,_ 
Ill 

(A-3) 

._! 

J 
! 
I 
l 

I 
I 
i 
i 
: 

:j. 
I 

' i 
! 
I' 
l 
j 

. ~ ·_ 
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. . . 2 2 
p1 .= 2 f3 cOs e.j(l-' !3 cos e1 ) ... 

em em 

· Takin8'; the derivative of Eq. · ( A-.:.3) 

Therefore, if D.Pl is the dispersion iil the system, then 
pl . 

or m· 

is the mass resolution •. 

(A:,.l+.). 

(A-7) 

- j. 

• I • 

·. '· 
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APENDIX BG 

L0\!1 MOMENTUM CHA.r-Il\i'EL CALIBRATIONS Allffi ION CHA1-1BER DESCRIPTION 

The remotely controlled brass collimator of the Low Momentum Channel 

was dri veri by stepping motors v.i. th separate controls and direct digi-. 

tal · readout for both the throat gap and the azimuth. The azimuth readout 

was adjusted to give zero when the collimator was set at 69.5° to the 

EPB. Tnis was the effective target position that allowed the scattered 

bea..11 to travel directly dcmn the LMC without need of horizontal deflection. 

The calibration for the azimuth is given by 

(B~·l) 

where N
8 

ic the readout number, and ~and A
2 

are eur.flirical constantG. These 

have the values 

and 

where 

A1 .~ 69.5 (for 50.0° ~ eB ~ 69.5°), 

.~~.., = 327.8 (for 69.5° ::: OB ~ 95.0°), 

. - 0 0 
A2 = l/3b5.55 (for 50.0 ::: 8B ::: 95.0 }. 

The calibration for the gs.p spacir>..g is given by 

Rl = 14. + 22/32 

R2 = ]}+. + 23/32 

c = (130/ ;r) ( 320/360) (72/3• 32) ( 2) (10) = 22,093· 

(B-2) 

which gives the gap G in inches. 'rhe constants R
1 

and R
2 

are taken from 

the e;eomet.ry of the brass colJ.imu.tor. 'l~r1e nu.rnoer C contains the dependence 
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of the reading on the various gear ratios that coupled the remote system ... 

The temperature of the gas target was read by a thermistor located on ... ,_ '·':.'"'· 

the target container.. Using a simple bridge circuit containing the thermis~or, 

two 2.0 Iill resistors, and a helipot, the temperature was read in ohms. The 

calibration of this device in centigrade degrees is given by a curve that 

was generated empirically. With this arrangement it was possible to 

determine the temperature of the target in Kelvin degrees to better than 

-5%· 
The ionization chamber used in this experiment was designed by w. A. 

Wenzel. It consisted of 11 parallel aluminum foils .00025" in thickness. 

These were separated by 1/8" giving a beam path length of 1-1/4" in the 

sensitive region. The plates were enclosed in a container and operated at 

1 atm pressure. The gas in the container consisted of 93% argon and 7% methane. 

Alternate plates were connected to a 200 volt D.C. source. The other plates 

were connected to an integrating electrometer, thus·proyi!;iin,g 10 sensitive 
·- ~- . . . . . - :· ·-·.· ' 

gaps. With the electrometer attached to the inner 5 alternate plates it 

was possible to avoj.cl collection of charges outside of the· sensitive volume. 
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APPENDIX C 

DETERMINATION OF El\TERG~' LOSS IN THE TARGETS 

Let tl;t_e path traversed in the target by the scattered beam be given 

by 

(C-1) 

where R
1 

is the range of the initial scattered momenta P
1 

and R
2 

is the 

range of the observed scattered momenta P
2

• For a sufficiently small 

region of momenta the range-momentum curves of John H. Atkinson, Jr. and 

Beverly Hill Willis can be approximated by straight line segments on a 

(17) 
log-log plot of the curve. These have the form 

log P log b + n log R, (C-2). 

where a sufficient number of these line segments are taken to appruxirn~~~ 

the range-momentum curve within the original reading errors. The constants 

b and n are then evaluated from the curve, being uniquely determined by 

requiring the line (C-2) to pass through (log P ai' log Rai) and (log Pbi·' 

log Roi), which are the e~d points of a typical line segment approximating 

the curve. This leads to a set of constants n. and b. that serve to define 
). l· 

the range-momentum curve through equation (C-2) for momenta such that 

P. <P. <Pb .. 
aJ. - J. - .L 

Dropping the subscripts, one may re-write (C-2) in the form 

(C-3a) 

for the initial momenta; B...."ld 

P., 
c, 

(C-3b) 

for the observed momenta. 'J'he:>c: ti>'O re:luticn~' may bt.; inverted to glve 

I 
~~ 

I 
i 
r 

""i .,. 

I 
I 
i 
i 
! 



p 1/n 

.. 6R = Rl - R2 = (b 1) 
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p 1/n 
2 (-) 

b 

Nowthis can be,.solved for P
1 

or P
2 

giving 

.· . . / p .•.. 1 
f · . . r . 1 . ?)1. 

P . = EXP''ilog b + n log 16R. + EXP (- log ,....::.. . . f, 
. 1 · '- · ·. n .. b ~ . .. .. .. .. . '· . ·: . 

. . . . 

-
·and 

' .. 
·. ;-

·•"·-· .. ,.~>~<>•"'·'·''"'"""'';;¥:«~· I :/l 

. . 

{C-5a) 

.·f 

' 
·., 
' - l ·- .. :· ., 
' 

, ( C-5b) 

From relativistic kinematics 

or one may ~Tite 

B~ . 
. G 

t31 

fqr the ratios of the observe-d to the initial velocity of the scattered· 

beam~ particles. · By differentiating (C-3a) and ( C-3b) with respect to R 

one obtains 

or 

P (1'-n)/n 

(pl)' 
2 

(1-n)/n 

E\P [ (l;;") log ;~] 

The composite energy loss correction to the cross-section is then 

just the PTOduct of the equations ( C-6) and ( Ce-8) which: gives 

.. ·' 
-.1..:. 

(C-6) 

(C~7) 

.. 

(C~) 
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'· 
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,~1 61'1 
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EXP 1;-2 
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·APPE~"DIX D 

l'-1AI'RIX REPRESENTATION OF !:'~:E BEAIVI OPTICS 

It is convenient to describe a magneto-optical system by a matrix. 

representation of' each element. In the absence of a mass spectrometer, a 

.5 x 5 matrix is sufficient for the description:, where the vector space is 

.given by 

X 

x' 

y 

y' 

where x is measirred positive to the left when looking downstream and y 

is measured ·in the vertical directi.on in a plane perpendicular to the optic 

axis. Also 

x' dx/dz 

· y' = dy/dz 

where z is the optic a..xis and is measured in the direction of the beam. 

If xd· is a vector at the detector plane and X a vector taken at the 
·S 

source, then the:r are related by. 

where ~~ is the product matrix of t::e system, that is 
l~ 

(D-1) 

{D-2) 

The Q
1 

.::tre scm<= combination of the elements that make up the configuration 



Qf· = . 

Q,; .. = q 
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{f .. } 
ij 

for the :field free .regions·; 

{%j} for the quadrupole ele:r::tents; 

{b .. } :for the bending magnets; 
~J 

.:; 

ts .. J :for the horizontal bending elements with the 
. ~J 

circular poie forces. 

The m~tri~es f'or the field free region, the· quadrupole, and the 
. . . the work of . (lS) 

bending magnet are: adapted from/Thomas J. Devlin. . Thus, for ~ one 

may write 

fll = .·1 (D-3a) 

fl2 .ef (D--3b) 

f22 = l (D--3c} 

f . = l . .(D-3d) 
33 

f34 = .e:f (D-3e). 

f44 l (D--3f} 

f55 l. (D--3g) 

(all other matrix e~e:ments = 0), where £f is the >length of the field free 

.- ·. .·(t ,. .t· . d .·· ·, . I) (15) 
reg1on . o f1rs . or er 1n x , y .. 

' The quadrupole matrix Q has the form 
q 

qll cos e. 

ql2 = £ sin eje 
q 

q21 = -e sin ej .e . 
_q 

q22 - cos 6 

- - -::- co!1tinued on riext page 

(D-4a) 

(D-4b) 

(D-4c) 

(D-4d) 

'
. · . 

. · . .-

.:·!·•· 

.··,·l' 
··.·;_ 

: i .. 
a·. 

. '· . ~: .... 

·!·· .. 

' v ..... 

•· .f 

I ..... 1 . 

. ';· 
1 . 
i 

J 

i 
i 
i 

. ('.•. 
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... 

q ·= cosh e · 
33 

q34 = .eq sinh e/ e 

= e sinh e/£ 
q 

91-

q44 = cosh e (all other q 's = o) 

{D4e) 

(D-4t) 

(D-4g) 

_(~h)· 

for a convergirig focusing condition in the horizontal plane •. For a diverging 

lens in the horizontal, the two independe~t 2 x 2 matrices for the x andy· 

planes simply replace each other. The parameter £ is defined as the 
q 

effective length of the field and 

with 

and 

e2 = £2 .·ddB /(1313.2 Pl) 
q r 

dB · 
-d = the field gradient in the :magnet r . 

. '· .': . .. · .. 

P
1 

= the scattered beam momentum in MeV/c 
; -~ .. . .. ~ ..... 

-~.-

The matrix ~-·for a magnetic spectrometer oriented to give a downward 

·-.·: 

_;,. 

· .. ·_.··'4' 
'··. /.·· 

;t• ...... -;,". 

deflection 
.·. ( 16) 

is adapted to first order in 1St. from the equations· given by W. G. Gross, 

where 

b12 = p q, 
v 

= l - Q> tan E 
v 

COS (Q> - E) COS -~ . v 

p sin 0 
v 

b
35 

= p (1- cos<llv) 

b~-3 =~sin. ( Ov - 2E )/(p cos2 €) .· 

- --:- - contir1ued on next page 

-(~5b)·'· 

........... 

(~.5d) 

(~5e) 

(D-§f) 

(D-5g) 

(~5i) 
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.. ·.· . 
• • •• < 

: ( ~5j ) ,,, •:c>(:::;;,~>fl~:."!r"'""'"' 

where 

b55 = l. (all other matrix elements = 9)"',~ . 

sin cp ) 
v 

£ = the effective length of the pole'face. 
eff 

. ~ . . 

(D-5k) 

In these matrix elements € is the wedge angle.. This is the angle between 

the optic axis and the normal to the entrance or exit pole face of the 

magnet. In general the entrance and exit wedge angles are different. 

However,; in the case \-rhere the bending magnet is oriented symmetrically about 
. ..: .· ... ·. 

the turning point) they are the same. For pole faces that have an effective 

rectangular shape J the wedge angle is just 1/2 the angle of deflection, or 

The bending magnet matrix in this case reduces .to 

b l-cp tan (¢> /2) (D-6a) ll v v 

bl2 p- cp 
v (D-6b) 

b21 == [¢>' tan2 (¢ /2) -2 tan (¢ /2)]/p (I}-6c) 
v v ·. v • .. 

b22 l - <1> tan (¢ /2) (D-6d) v v 

b3'3 == l . (1}-{)e) 

b34 = p sin 0 (D-6f) v 

b35 p (l - cos 0 ).· (D-6g) v 

blj.3 - 0 (D-6h) 

b44 l (D--tii). 

b4,.. 2 tan (9 /2) . (n-:-<)j) ') y. ._ 

·- b, .... l (all other m:1tr:Lx elements o) (D-611) 
J) 

- - . 
··-:" .. 

... 

.. ·1f&· 
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f• -~ _·--s-· ... t.,.,.r.r \ 
For the derivation of' a matrix representation of' a deflection magnet vitli · 

cylindrical pole f'aces it is useful to define the following parameters indi- · 

cated in Fig. D-1. 

Re the effective radius of the pole tip, 

.£ :::: the distance from the center of the pole tip to the aperture, 
a 

P,t the distance from the center of the pole tip to the target, 

<l>h the horizontal deflection angle of the scatteredbea.m.7 

x' dx /dz, 
0 c 

X 
1 dx/dz.7 

p' ;::: p + .6p 

If one considers initial vectors such that 

X = (x, x', y, y', .6p
1
jp

1
) << 1 .1 

0 0 0 0 0 . 

then the entire field including the fringe region can be considered unifonn 

with no vertical focusing to a very good approximation in first order. In 

a uniform field the proportionality of p and p
1 

may be expressed by 

It is also useful to relate P; R, and <I>. From Fig. D-1 

p = R cot <I>/2 • (D--8) 

The slope x ' of the orbit after leaving the field is determined by 

three independent effects. This may be •rritten 

tiX I = tiX I + .6<1> I + ,6@ I ' 
0 .6p f::,s 

(D-9) 

where ,6(JJJ
6

p relates to the change in p and hence of <I> as a function of 

variations 6p in p. The term 6<1>1/::,s relates to the change in cD determined 

by xl 
0 

and x • 
0 

This is more conveniently treated as just one factor · 

s = x'(£ + x /x') = (x' P, + x ) . (D-10) 
0 t 0 . 0 0 t 0 

'f.he dependence of x 1 on 6<I>I
6

p may be obtained directly from Eq_. (D-8) by 
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MU.'368~5 

F:lg. D-1. The definition of the various parameters used in the derivation 
of the matrix representation of a cylindrical magnet are illustrated 
for a typical orbit. Re is. the effective radius o.f the field; .et ani 
£8_ are the Ai.st:::,nces from the center of the pole faces to the target 
and aperture respectivel;y. The angle of deflection is given by ¢· 

~. 
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.·. .. ' . :'·. ·. . 

.< .·: 
differentiating'w:ithrespect to <I> which gives 

t:,p =·.:-R csc2 (<I>/2)(6<1>/2) , · . 

. _~;.·~-~,-~~~:.:~~ 
... ·- ... ,;· 

. .· (~11) '> -~· . 

. . . . ~ 

or by substituting Eqs. {D-7) and (D-8) · 

R(6p/p} cot (<I>/2) = -R(D<I>/2}/sin
2 (<I>/2) • 

T'nis reduces to 

6<1> I
6

P = ~(D.pjp) sin 4> • 

For the dependence of x ' on 6<1> I D.s one may write f'rom geometry 

R/x ' = -T/cos a e ,o · 

for 

T = (£t + x0/x~) . 

This reduces to 

cos a.'= -s/R • . . .. e 

Also, from the geometry 

cos (.<D'/2) =Jp2 +R2 - 2oR.· cos a+ p2 - R2 l/··J2p(p2 

•l· e · e e! j ... · 
j ', : 

Sub,.,stituting Eq .. (D-14), this reduces to 

. .· . . 2 2 l/2 
cos (<I>t/2 = (p + s) / (R + p + 2ps) 

2 2 + R .· -·· pR e e 

(D-12) 

(D-13) 

(D-14) 

cos al/2 

' . r· 
- (D-15) . 

(D-16) 

By differentiating IP'' with respect to s with p held constant one attains 

-{2 sin ((J}'/2) cos(<I>'/2)J [0.\P'/2}[R; + p
2 

+ 2ps] 

+ 2 p6.s cos
2 

(<I>' /2) == 2 pD.s + 2 s6.s (D-17) 

Now by evaluating t.his expression at x' = x ;, O·and substituting Eq.· (D-8) 
0 0 

-6<1> R! sin (CJ>/2) cos (<J'>/2) [) + cot
2 (~/2)] 

. . . . 

= 2 Re D.s cot (1')/2) [1 - cos
2 

(<I> /2 )] , 

. or 

(D-1b) 

!'!.~ '-" j),t. ~.A. I ·I IV. 
. . () 0 

. fl" ' 
.. . : ;:_ 

.t. 

' 

·:.Z· 

·,. .. 
' 

"•;. 

":' 
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Therefore, by substituting eqs. (D-13) and (D-18) into eq. {D-9) one obtains 

. 2 1 . 2 
~; =: ~0[ -2 sin .(¢/2)/Re] + .CVC

0
(l - 2£t sin ( <V/2)/Re] 

+{4J/p){- sin~] (D-19) 

The displacement o-f an orbit :from the optic axis in the x, z plane. at 

the aperture is. giv.en by 

t:SX = ill;!· T + ft:~ J, • 
a a. (D-20) 

Using eq. (D-l~l_:'tnis may. be written 

&. ·= & 0 [1 ~-~a sin
2

( ¢1/2)/ Re] 
·. : 2 

. ·+ ~f.tt +£a- 2.£a£t sin (v/2)/Re] 

_ + (bl>/!>H -ta sin~] (D-21) 

The length. o:f the optic axis :from the target to the aperture is obtained 

directly from the. geometry giving 

L = t + £ - 2R + R ¢ cot (- ~·/·2 ) . • 
t: a e e (D-22) 

Theref'ore 

/l.u ::: lsy + ~~r [I-t + .£ - 2..11 + R ¢ cot ( ~/2) ], 
--v. o o a e e (D-23) 

also 

(D-24) 

It is nm..; possi.ble f'rom the eCls. (D-19), (D-21), (D-23), (D-24) to 

· • .rrite dm.;n the 5 .x: 5 mattix representation of' this magnet: 
. 2 

8ll. = 1 ~ 2 .£ sin ( 4>
1 

/2)/R . ·. a 1 e 

8. = f, ~ i; - 2 n b Sl.~n2 ( -7) /2)/R 12' t · a x-a ..t-t '- "h · e 

815 = -.£a sin oh 
0 

8
21 

= -2 sin"'" (oh/2)/Re 

s =I - 2 £ sin
2 (~h/2)_/Re 22 t 

~·- . 

(D-25a) 

(D-25b) 

(D-25c) 

(D-25d) 

(D-25e) 

(D-25:f) 

(D~25g) 
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s34 = £t + .ea - 2 Re +Re ~h cot (tPr/2). 

(all u'"Jler matrix elements = 0} 

'.·-.' · ..... 

(D,..25h)· 

EqUations of' this type have been previou51.y derived cy w. A. Wenzel, but 
. . . (21) ·, 

with .a. somewhat different approach. 

_,-,_ ..... 

. ' . .~; . 

·· .... 
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.Al'PENDIX · E: .. ··_ .•.. 
. .. ,. 

• DETERHNATION OF THE WEDGE ANGI..E FDR H1 BE~IDJ:i'TG MAGNET 

Assume an initial vector 

1L 
~ 

. . 

-:: . . · . 
·.-. :" 

(~1). 

at the entrance. face of the H
1 

vertical bendtng magnet,· where the coordinates 

·are. measured ih a plane p~rpe~dicula~ to the optic· a.'<: is. · Looking do;.;~stream, 
.;: 

the x-a.xis is pos.itive to the left in the _horizont~i, and the y-a.xis is 

positive in the vertical direction. This system of coordinates is used· 

throughout in both the LMC and the .HJvlC for the matrix calculation of the 

· magneto-optics• 

· Using the matriX -~ for a vertical bending magnet, one may ·write · 

(see Appendix D) 

.. ' 

at the exit face of' the magnet.. If 

this gives 

and 

y. 
l. 

·y 
.e 

.. , .. 
Ye 

0 and y ;_ = o, · 

b35 
L)J>2 

p 
2 

tiP 
b45 

2 --p 
2 

.··:.- · .. · 

.(~2) 

(:&-3) .. 

(E-4} .'. 

. :'i 

. ."' 

' ., 
f 

t.: 

., 

. ~ 
f 

i 

·i 

. ~ 



"·;; ). 

'f-

-. ...~ -·: . 

('. 

.: . . 

.q 

<1 

,_ 

,From the matrix ·_ffbr- .a f'ie~.d free region (see Appendix D) 

x~· = Q_, x 
~:~.c ~- e 

at the detector•. For: d equal to the length· £f of the. field free region, • one 

--:obtains-

where 

This gives 

There.foreJ if yd is just the scintillator width_w; then 

-where· 

and 

&-. = w.-. P~/_L; 2. L. 

- b-..,"1:; 
J'..l) 

-ill-
= £eff' sin v , 

2 
-~ q;-

, _ ~ . __ - v ( - v) 
o4-- ,... -=:;. t::_ s1n - cos E - -;:- _ cos e:. 
- 2 .2 - <::: 

. ' . 

(E-5) 

(D-3b)' 

(E-7) 

(EH3).-_ 

Referring again to the bending matrix --~- of Appendix D, the focal 

length f due- to focusing in the -vertical plane is defined as 

where 

This leads to 

f =--~/b - J 

--.--43 

Q 
t' 

l¢ 
\ v 2e:)/(P ,_ 2 _E)­cos -

-- 2 
[sin~ ~os 2€ ~cos$ sin 2e:l/_cos ~-v v 

(Er-9) 

(~10) 

·; 

I 
f 
i 
~ . 

·f·. 
..i ; ' 

. ;·.· 

) 
- f 

i ' 
i 
i 
! 
! _, 
!.. 

- -' 

! 
I' 
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.. :~ 

--100 

.· <. .• ·1·· 

. . . . : 

Solving for €. one obtains 

. 2 1/2 
ta..ll € = [l+cot 0 ._ pj(t sin~')] : -cot·~ 

v .. y < .. N" 
{E-ll) 

T'nereforej this gives the wedge angle E. oas a funCtion of the geometric 

parameters. 

·.for 

<!I =- angle of deflection 
v 

p,· f . .., = the effective length of the field 
e r 

where the focal -length f can be measured empirically • 

·.':... 

..;_.·. 
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APPENDIX.F ·., -

·TI1PORT1U"VT PROTON:..PROTON ELASTIC SCATTERDTG BEIATIOI-J'SHIPS 

For the derivation 'of a number. of important relations for p + p -+ p + p · 

it is convenient to define the four vectors 

- (P , E ) j ··(.9:,._, ·E/2) 
-o.oLab v c.m. 

p· ::;:: (o, m ) j (~o' E/2) ....... t 
0 La.b ·C .m. 

pl - (Rl' El) .; (_g,l, E/2) . 
Lab c .m. 

where the subscripts o, t, 1, 2 refer to the inCident, target, and si::~ttered 

protons 'respectively. In the center of mass 

~ ·.:· 

is the magnitude of the momentum. and E i.s the energy of the system. Therefore 

the four momentum transfer for P
2 

is defined by . ·. 

t = (P - P )
2 

2 -o -2 . (F-1) 

which is Lorentz invariant.. In the center of mass coordinates this gives 

or 

t
2 

== .;.....2 q
2 

( 1 - cos e
2 

· ) • 
em 

'(,' · ·From the Lorentz invariant direct product of· ..!:t a.."ld ~1 one obtains 

.. 
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p . p 
-t -1. 

= (q
0 

q
1 

cos e
1 

) +E2/4 . 
· ·Gm ,.:·· 

or 

and 

Using the relations .· 

·. El = Tl + mo 

E2 /4 ·=q2 + mo2 ., 

(F-4) 

(F-5) 

(F~) 

·where T
1 

is the laboratory kinetic energy- of the scattered proton •. Then 

from Eqs. (F--3) and (F-4) one obtains 

However, 

2 q
2 

(1 + cos e
1 em 

) = 2 T m .• 
1 0 

cos·e
1 · em 

= - cos 82 
em 

Therefore, from Eqs.- (F-:-2), (F-7), and (F.,...B) one may write 

I 
. . 2 

. t I = 2 q ( 1 ':'"" cos e . ) = 2 Tl mo .. 2 ·. ·. ·. 2 . · em 

Thus, for looking at large .angles·· in the laboratory system ( e
1 Lab 

the form· 

It] = 2 T m 
. 1 0 

(F--:7) 

(F.,...B) .· 

( F-:-9) . 

large)··· 

used to plot the. data of this experiment is the four momentum transferred 

tothe forward scattered particle. 

The cross section in the center of mass system,may be defined by 

aa/an 
. c.m .. 

(F-aO) 

i ·' 
:.· ,: . 

..... 
. .~ . -

;. 

·. ~ . 

~ -

:·-. 
. . ~ : . 

' 1 . 

-~ . 

.. __ ~ - . 

·I 

. ·. . . 

) ;, -

: .. ';'"·-··.- ·- ·. 

; .. 
; ·. 
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where 
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Ng = number scatter particles 

NI: =·number of incident protons 

nt = target thickness- in p~otons/mb 

oo ·. = t::.~ t::. cos e • , 
e;~m. , c .m. 

Using Eq. (F.;..:.lO), the Lorentz invariant differential cross section is given 

by 

dcr/dltl (F-l:t) 

From Eq; (E-9) one obtains 

(F-12) 

where 

(F~l3) 

and 

TheJa. one re--vrrites Eq. (F-ll) in the form 

(F'-15) 

·.Frain the momentum relation 

one may write the relation 

-o
2 p 2·+-P 2 -2P P e -J.2 o 1 1. o_cos lLab (F-ll) 

The total incident and .final_labbratory energies are conveniently related 

··.·-by the form 

' ; .t 
t 
r ., 

.. . -;,~:_::{~:.<;{. L 
. !' 

. :_ -~ ' ·. !. 

· .. • '·"{'""'<.,~·~· - ,,,, l' 
,.;_ 

."'• 

t. 
!•' 

··, 

.i . . 

' ,. 

l 
., 

. : ·--~-

-::: 

, . 
. ' 
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·' 

~ :: . . 

- .... 2 . 
E + m e = E + E • 

.. 0 0 ' 1 . 2 

alSO_,_ 'II and 'A. are defined by. _.-
10 . 1:-'0 

P·=r13 m:c; 
0 0 0 0 

2 
.·E ='~~me 
. 0 I 0 0 

/;" .. 

\,. 

. . . ·- . 

... :._. 

c:F--1s) : -, • 

.· .. ··.: .···: · ... 

(F~19) 

{F--20) 

Now by substituti.ilg Eq. (F-17) and the definitions {F-13), (F-14), (F-19), 

and (F...;.:.20) into Eq. (F-'-18), one obtains 

By. using the indentities 

(F--22) 

one may reduce Eq. (F-21) to 
' . 

. r1 : [1 +{ (r 
0
-l)/(r 

0 
+ 1)} cos

2 e
11
J / [1 ~(r 

0 
l)/(y

0
+ 1)}eos

2 e1LaJ .·. (F-24) 

From Eq. ( F~ ), :where e = n, one obtains 
.2 •' em 
2 ' '' ' 

. 2 q ( 2 ) -= 2T m , 
. 0 0 

or 

2 ( "-1), 2 2/2 q=y- m c •. -
·. 0 0 

However, by substituting the definitions. 

q = 13em y em. moe 

and 

into Eq.· (F-25) one may· obtain 

(F-25) 

. (F...;.26) 

t·' 



..... 

. .-' 

'J 
•. · .. 

' ...... ~· .. 

.':;• 
. . ! .. ;: 

-. . .. 
·. 105 

{y ~-i)/(i -+_1) 
' 0 . :. 0'' . 

(F...;z8) 

Therefore Eq~. (.F--24) may be written 
. . . .· .. _..... ,· . 

7 = ··[1 __ + ~\- .. 2 cos2 e. • ---·]/·-· -. [1. - ~-- 2 cos2: e ._: .. :_:Jj·· · -. 
1 . em. . L . · em ... - L "._, . 
' . '• . .· : ·.. :Lab - ' . '· '' - ~~ ' 

(F~9)·· 

:. ' . ,:-_· :,.._. ~-_ ... :_1 ~:_. __ .. _;~-~~--:,'_~:./ 
.., ....... ~.- ~ •: • .:.. ·••• • - l"! 

From Eqs. ( F~2} and ( p....,.29} .the 1abor~t_ory mamer;tU!Ji of the scattered beam is 
... ·· ~~ ;:-~~:.; .. _<i~_~;_'~.:~:.;:.-

or· 

p . 
. 1 

F,"'-' .. ••':~ '::;, 

.. ,._.; 

(F-30) 

F ,•" ' ', ··--

' ~ .·~ 

... _ 
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ma£ion, apparatus, method, or proce~s disclosed 1n 
th:is report. 

As used in the above, "person acting on behalf .of the 
Commission~ includes any employee or contractor ·of the Com­
mission,. or employee of such contractor, to the extent that 
such employ-ee or contractor of the Commis.sion, or employee 
of such concractor prepares, disseminates, or pro~ides access 
to, any- information pursuant to his employment or cantract 
with the Commission, or his employment with such contractor • 
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