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Abstract

A numerical study is made of the decay of statistical dependence in
chaotic orbits of the iterated mappings of Chirikov and of Rannou. The
decay appears to be exponential; the decay exponent is proportional to,

but smaller than, the Liapunov exponent.

* This work was supported by the Director, Office of Energy Research,
Division of Engineering, Mathematical and Geo-Sciences of the U.S.
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1t is now widely recognized that a deterministic equation of evolu-
tion, representing a dynamical system, may have chaotic solutions. A
family of such solutions may be interpreted as the set of realizations
of a réndom process.

Concepts fkom the theory of random processes may thus be carried
over to the study of chaotic orbits of a deterministic system. In this
paper we examine one such concept, the joint probability for two events
separated by a time-interval 7. |

A basic postulate in this thecry is asymptotic statistical inde-
pendence: that as v - «, events become independent. It is widely be-
lieved that the decay of dependence with T should be exponential. How-
ever, there is no theory for this, to our knowledge, nor predictions for
the decay rate. |

In this paper we present numer1ca1 ev1dence for exponent1a1 decay
and values for the decay exponent v, for two dynamical systems the

1 and of Rannou.2 On

iterated area-preserving mappings of Chirikov
heuristic grodnds, it has been felt that there should be a relation
between the decay exponent v and the Liapunov chéfacteristic exponent x;
but again there is as yet no theory. In the present paper, we report on
numerical tests for the relation between these two expénents.

Let x(t;xo) represent an orbit in state space,‘for initial state
Xoe For a mapping T: x ' x', the state evolves as x(t+1;xo) =

C and TR’ due to Chirikov and

Rannou, respectively. These are area-preserving maps of a two-torus onto

Tx{t;x ). Here we study the maps T

itself, and depend on a single parameter K. The coordinates of x are

denoted by p,q (mod 2¢); i.e., 0 < p,q < 2x.
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Tc: p' =p+ K sing
q' =q+p'

Tpi P' =p+K(1+sing- cosq)
q'=q+p' +1-cosp'

These systems are integrable for K = 0. As K increases, they become in-

creasingly ergodic. For K >> 1, the ergodic region fills nearly the

whole space. An initial state X, in this region has an unstable or-

bit, with Liapunov exponent A= MK - 2N 2 and ap= 2N K - g- an 2.
Although the state space (p,q) is continuous, it is convenient to
partition this space into a finite set of A cells, labeled j = 0,1,2,...,

A-1. (Here we choose A=10). An orbit is then "coded" by a semi-infi-
nite sequence: {j{0), j(1), j(2), ...}, where j(t) is the label of the

cell visited at time t. In our study,3 we select the ten strips
0.1j < p/2w < 0.1(j+1), all q. The label j is then simply the first
digit in the decimal representation of p/2x.

Thus the initial state (p/2x = 0.30879, q/2» = 0.6703) has the

“coded orbit," under T, with K = 7.5: (3,2,7,6,6,6,5,7,0,0,9,8...).

C
The t'th digit thus identifies the cell visited at time t.
Now we identify the set of cells with an event space in probability

theory. Then Pj, the probability of event j, is the relative fre-

-3 - 1096A/aa



quency of label j in the coded orbit. Likewise Pij(T) is the relative
frequency of the pair of cells i,j separated by t iterations. Stqtisti-

cal dependence of events along a single orbit is thus represented

by

We observe that Qij(T) >0 as T - «, and examine the t-dependence.

In Fig. 1, we display Qij Qs v, for (i=9, j=0), K=7.5, initial
state as above, and an orbit of length t = 1.5 x 106, Since there are
A2 = 100 pairs (1,j), the expected error due to the finite orbit is
(t/lOO)"l/Z; this is indicated by the error bar.

We note that Qij falls off significantly more rapidly for the
Rannou map (---) than for the Chirikov map (—-). This is found for

2

all A pairs (i,j). However, the oscillations dominate the fall-off

for small 1, while the finite-sample error affects the large t be-
havior. Hence, to determine the asymptotic (Tt ) behavior, we next

2

average over all A“ pairs, by forming the root-mean-square statistical

dependence Q(t):

2 p A 2
Q°(t) = A"" & Q5. (T).

i,3j=0 1J
This is exhibited in Fig. 2; the finite-sample expected error
(‘t/AZ)"l/2 has been subtracted from Q. The error bar represents the

expected residual error t-1/2,
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The Rannou plot (---) appears to be an exponential fall-off, with

decay exponent v, = 0.67. For the Chirikov map, the decay is much

R

slower, with a fit from the tail (4 < T < 11) given by v 0.27. The

C E=1
respective ratios r of decay exponent v to Liapunov exponent ) are
rC = 0.2, rR—-095.

We have examined this ratio for a range of parameters: 5 < K < 15,
We have found that the ratio r = v/x is roughly independent of K for
each map, but the two maps have significantly different ratios: e =

0.25 i_osos, r. = 0.50 + 0.05.

R
Rannou suggested2 that the qualitative difference between her map
and Chirikov's is due to the symmetry properties of the latter. This
explanation seems reasonable to us.
We defer to a Tonger pubTication4 discussions of sample error and
round-off error, the question of time reversal, the dependence on the

partition, studies of three-point probabilities and the Markov property,

and the relation of statistical dependence to correlation functions.
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Figure Captions

Statistical dependence Qi3 vs. T for the Chirikov (——) and Rannou
(---) maps. K = 7.5 and % 1.5 x 100 for both mappings.

Root-mean-square statistical dependence § vs. T for the Chirikov
(——) and Rannou (---) maps. K = 7.5 for both mappings, but t = 1.2

x 10° for Chirikov and t = (.45 x 106 for Rannou. The expected
numerical error (t/AZ )- 1/2 nas been subtracted.
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