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Abstract

Niobium and Oxygen: A First Principles Study of Phase Stability and Solute Behavior

by

Colleen Reynolds

Niobium oxides and alloys are of growing interest to both battery engineers and high

temperature structural alloy designers in recent years. The niobium oxide Wadsley-

Roth crystallographic shear phases are promising next generation Li-ion battery anode

materials while a new class of refractory multi-principal metals alloys is of interest for

extreme temperature aerospace applications. The phase stability of niobium and oxygen

was originally studied during alloy development efforts in the 1950s and 1960s, but has

not been recently revisited with modern first principles and statistical mechanics tools.

Both niobium and other refractory metals used in these alloys can dissolve significant

quantities of oxygen and readily react to form complex and often highly non-protective

oxide scales. It is thus of great interest to revisit and evaluate the phase stability and

defect behavior of niobium alloys and related oxides.

Throughout this work, a computational approach was applied to determine not only

thermodynamic phase stability, but to illuminate the underlying structural and chemi-

cal factors which drive this behavior. From first principles and statistical mechanics, a

revised phase diagram of the Nb-O system is proposed. This includes a solubility curve

determined from a Bayesian cluster expansion approach which allowed the uncertainty

of the solubility curve to be directly probed. We also determined a systematic way to

classify and enumerate Wadsley-Roth block structures and then identified electrostatic

repulsion and lattice relaxations as the key factors determining phase stability. At the

other compositional extreme, the multifaceted interactions between interstitial oxygen

vii



atoms dissolved in niobium were analyzed. Notably, closed-shell hybridization between

oxygen-oxygen pairs drives strong repulsion at short distances which leads to the suppres-

sion of high energy pair clusters which persists to high temperatures. Similar closed-shell

hybridization is also observed in some repulsive oxygen-solute interactions in dilute al-

loys, though frequently electrostatic interactions are dominant in this scenario. Finally,

through first principles calculations we found that the topology of generalized stacking

fault energy curves in BCC Nb are drastically altered when interstitial oxygen atoms

are contained within a glide plane. These findings suggest that mechanical deformation

mechanisms may be impacted by interstitial oxygen in unexpected ways.
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Chapter 1

Introduction

In both structural and functional applications, many of our technologies are fundamen-

tally limited by the properties of the materials which make them up. As we as a society

strive to reduce the environmental footprint of our electrical grid and transportation

sectors we seek new technologies which can improve efficiency of traditional power gen-

eration methods and power density and safety of energy storage technology. Niobium

alloys and oxides are key in both of these worthy goals.

Lithium ion batteries are an essential technology for converting our power grid to re-

newable sources and switching to electric vehicles. In particular, finding battery materials

with greater power density and faster charge rates which are also safer to operate are key

to expanding the electric vehicle market. Niobium oxides, particularly the Wadsley-Roth

block structures, are promising candidates for next generation battery anode materials

[1, 2]. These materials have a high power density and can cycle both quickly and repeat-

edly, features made possible by their unique crystal structure. These niobium oxides are

stable across several oxidation states and contains large tunnel features through which

lithium can quickly diffuse [2]. Additionally, these oxides operate at a higher voltage

than typical graphite anode which significantly reduces the risk of thermal runaway and
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Introduction Chapter 1

dangerous fires[1].

The efficiency of traditional combustion engines, used in both aerospace and util-

ity scale power generation, are thermodynamically limited by the maximum operating

temperature. This temperature is determined by the phase stability and mechanical

performance of the materials they are made out of. Currently, turbine blade in the hot

section of jet engines are composed of Ni superalloys which, with the help of some ac-

tive cooling and thermal barrier coating, can operate at temperatures above the alloy’s

solidus temperatures. Clearly, new materials are needed to realized even higher peak

engine temperatures.

Researchers are now pursuing a new promising class of alloys for these high tempera-

ture applications, called refractory multi-principal element alloys (RMPEAs). Traditional

niobium alloys, as well as other refractory metal alloys were initially studied as part of

the space race in the mid 20th century and have found uses in specialty applications

such as the nozzle flaps on rockets [3]. These high melting temperature metals, often

with a body-centered cubic crystal structure, have proved challenging to optimize due to

manufacturing restrictions and oxidation behavior[3, 4]. In contrast, RMPEAs can with

stand high temperatures, have been shown to have increased oxidation resistance, and

maintain mechanical properties suited to various applications including nuclear reactor

walls and turbine blades in gas combustion engines. RMPEAs consists of five or more

elements which as present in near equiatomic amounts, such that there is no small num-

ber of base elements. These are the cousins of the ”high entropy” alloys (HEAs) which

were first reported by Ye and Cantor [5, 6].

Niobium is an essential constituent element to RMPEA alloys, due to its relatively

high melting point to density ratio[7] and affordability. However, alloys containing high

concentration of Nb as well as other early transition metals such as Ti, Zr, Hf, V and

Nb can dissolve significant amounts of oxygen,[8, 9, 10, 11] both during manufacturing

2



Introduction Chapter 1

and use. Interstitial oxygen typically causes embrittlement in refractory alloys [12]. It is

therefore essential to understand, predict and control oxygen behavior and solubility in

these alloys.

1.1 Overview

Over the following chapters, we will use first principle and statistical mechanics ap-

proaches to study first the phase stability of the entire Nb-O binary system. Chapter

2 presents an overview of the Nb-O system and the crystallographic phases commonly

observed across the compositional range and their applications. Chapter 3 will then pro-

vide a brief discussion of the basic theory and methods which will be used through out

the following chapters. Next, a study of the phase stability across the Nb-O system with

a particular focus on the interstitial O-O interactions in BCC niobium and defects in

the rocksalt monoxide phase will be covered in Chapter 4. Chapter 5 will then examine

the underlying factors which drive phase stability in the Wadsley-Roth niobium oxides.

Next, in Chapter 6 the solute-solute interactions in BCC niobium will be examine both

between oxygen interstitial solutes in pure niobium, and between interstitial oxygen and

substitutional alloyed elements. Lastly, a preliminary study of the impact of interstitial

oxygen on deformation mechanisms in BCC Nb will be reported in Chapter 7 before

some concluding remarks in Chapter 8.

1.2 Permissions and Attributions

1. The content of Chapter 4 and Appendix A is adapted from reference [13] an article

in preparation for publication in Physical Review Materials : C. Reynolds, T.M.

Pollock, and A. Van der Ven. (2023) ”Prediction of Nb-O phase stability and

3
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analysis of common defects in BCC Nb and vacancy ordered rocksalt NbO.” In

Preparation.

2. The content of Chapter 5 and Appendix B is adapted from reference [14] an article

submitted for publication in Inorganic Chemistry : M. Saber, C. Reynolds, T.M.

Pollock, and A. Van der Ven. (2023) ”Chemical and structural factors affecting the

stability of Wadsley-Roth block phases.” Submitted.

3. The content of Chapter 6 and Appendix C is adapted from reference [15] an article

submitted for publication in Acta Materialia: C. Reynolds, T.M. Pollock, and A.

Van der Ven. (2023) ”Solute-Solute Interactions in Dilute Nb-X-O Alloys From

First Principles.” Submitted.

4. Many of the crystal structure images throughout this work were generated with

VESTA.

5. The author of this work was supported by the National Science Foundation Grad-

uate Research Fellowship under Grant No. 2139319. .

6. We are grateful for computing resources from the National Energy Research Scien-

tific Computing Center (NERSC), a U.S. Department of Energy Office of Science

User Facility, operated under Contract No. DE-AC02-05CH11231 using NERSC

award BES-ERCAP0023147.

7. This work also made of computational facilities purchased with funds from the

National Science Foundation (CNS-1725797) and administered by the Center for

Scientific Computing (CSC). The CSC is supported by the California NanoSystems

Institute and the Materials Research Science and Engineering Center (MRSEC;

NSF DMR 2308708) at UC Santa Barbara.
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8. This work is also made possible by the support of the ONR BRC Program, Grant

Number N00014-18-1-2392.
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Chapter 2

Niobium Oxides and Alloys

Over the past century, researchers have evaluated the thermodynamic stability of phases

in the niobium oxygen binary system across the full the range of compositions. The

commonly excepted phase diagram in the literature (Figure 2.1) contains four main solid

phases in addition to the gaseous oxygen phase that have been identified. At the nio-

bium rich extreme pure niobium adopts a bcc crystal structure which can dissolve oxygen

interstitially into octahedral sites. As oxygen concentration increases a monoxide phase

forms with a cubic crystal structure related to rocksalt, but with 25% vacancies on

each sublattice. Next, NbO2 has a high temperature metallic rutile phase which under-

goes a metal-insulator transition to a monoclinic phase as low temperatures. Finally,

a number of different polymorphs have been observed for the highest oxidation states

at the composition Nb2O5, though many of these could be described as belonging to

the family of Wadsley-Roth crystallographic shear structures. Additionally, a number of

off-stoichiometric Wadsley-Roth structures with compositions between NbO2 and Nb2O5

have been observed and are sometimes included on phase diagrams[16].

In this chapter, we will discuss each of these phases, key characteristics and relevant

application requirements. We will start with a discussion of the oxygen-rich Wadsley-

6
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Figure 2.1: The niobium-oxygen binary phase diagram available in the literature
adapted from [17, 18]

Roth phases and their role as lithium-ion battery anodes. We will then discuss the other

oxide phases with increasing niobium composition. Finally we will focus on the BCC

NbOx interstitial solid solution and its relations to alloy properties.

2.1 Niobium Oxides for Lithium Ion Batteries

Many modern technologies from electric cars to the cell phone in your pocket are

powered with lithium ion batteries. These devices consist of two electrodes, and anode

and cathode, separated by an electrolyte material. When discharged, the lithium ions

move from the anode through the electrolyte to the cathode while an electron travels

through an external circuit powering a device. During charging the process is reversed.

Intercalation materials are typically used as electrode, which can accommodate the ad-

ditional lithium ions in the interstices of the crystal. Should the voltage of the anode

becomes too low, as may occur during fast charging rates, lithium dendrites can grow into

the electrolyte causing a short which can result in dangerous fires[1, 2]. Thus researchers
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are motivated to find safe, fast charging anode materials, preferably with high specific

capacity. Wadsley-Roth block structures have been one of the most promising class of

materials studied [2].

Wadsley-Roth phases, first characterised in the mid-20th century [19, 20, 21, 22, 23,

24], are a set of crystallographic shear phases found most commonly in the Nb-O, Nb-

W-O, and Ti-Nb-O systems [20, 21, 22, 23, 24] though a number of other phase with

other cations have also been synthesized [25, 26, 27, 28]. They are composed of regions

of corner-sharing octahedra separated by a planes of edges-sharing octahedra. These

plane of edge sharing octahedra are are also called crystallographic shear planes, which

refers only to the relative geometry of the crystal structure and not mechanical shear.

The blocks of corner sharing octahedra may be different sizes and can tile together to

generate a wide variety of related structures with different compositions and geometries.

Wadsley-Roth block phases have shown lots of promise as next generation anode

materials, and have been studied as such since the 1980s [29]. As one of the primary

components, niobium can undergo multiple redox events amplifying the storage capacity

of the materials. Niobium remains stable in the octahedral site across multiple charge

states. Furthermore, the open channels between the corner sharing octahedra provide a

low barrier for diffusion resulting in fast charging and discharging kinetics. These oxides

also have a higher relative voltage than the graphite alternative, making then a much safer

alternative [2]. One such oxide, TiNb2O7 has even been commercialized by Toshiba for

automotive applications [30]. However, between the broad geometric and compositional

design space there still much room to better understand and improve these materials.

8
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2.2 Other Stable Nb Oxides

Both NbO2 and NbO are experimentally observed oxides of niobium and typically

included on the phase diagram. The NbO2 phase is an rutile crystal structure at high

temperatures which undergoes a metal to insulator transition at lower temperature as it

transforms to a related but distorted monoclinic phase at 808◦C [31, 32, 33]. The NbO

phase has a unique cubic crystal structure which is composed a three dimensional net of

square planar Nb atoms. Alternatively, this crystal structure can be considered related

to rocksalt but with 25% vacancies which are well ordered on both the metal and oxygen

sublattices. [34, 35, 36]. Both of these phase only grow at very low oxygen pressures and

not typically a major component of oxide scales.

2.3 The BCC Interstitial Solution

Oxygen can dissolve into BCC niobium by occupying interstitial octahedral sites (Fig-

ure 2.2). In the BCC crystal structure this site is asymmetric with one of the three major

axis being shorter than the others in the ideal BCC lattice. For each niobium atom in a

bcc lattice there are three interstitial octahedral sites which may have this shorter axis

can be aligned with the x̂, ŷ, or ẑ axis of the cubic cell. Due to this asymmetry, the inter-

stitial atom imposes a tetragonal distortion on the surrounding lattice Figure 2.2. Since

the sites are occupied randomly in a dilute solution, the oxygen concentration has been

linked to a volumetric expansion and increase in the lattice constant. One of the first

methods used to measure oxygen solubility by measuring the lattice parameter with x-ray

diffraction methods [37, 38]. When strain is applied, one of the interstitial orientations

becomes preferred in what is called the Snoek effect. Internal friction measurements

make use of this effect by applying an oscillating strain and measuring to effectively
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measure oxygen concentration[39, 40]. However, this methods is difficult to interpret

beyond the dilute limit after which multi-body interstitial interactions can complicate

measurements [40, 41]. Oxygen has also been long shown to increase the hardness of nio-

bium, so hardness tests have also been used to measure oxygen concentration [42]. Other

properties measures as a proxy for oxygen concentration include electrical resistivity and

electromotive force measurements [43].

Figure 2.2: Interstitial oxygen atoms prefer asymmetric octahedrally coordinated in-
terstitial sites in BCC niobium. This leads to a tetragonal distortion along the axis
illustrated here. These octahedral sites can be found on the face center and edge
center sites in the BCC conventional cell with three orthogonal orientations. Here the
niobium atoms are dark blue while the interstitial oxygen atom is orange.

Over the past 75 years several attempts have been made to measure the solubility

of oxygen in niobium as a function of temperature using the above mentioned methods.

Massih and Perez [44] reviewed the Nb-O phase stability data in the literature for a

CALPHAD study and found that some of the most successful and reliable have been by

Bryant [42], Gehardt and Rothenbacher [45], and Nickerson&Altsetter [46] were consid-

ered the most accurate. Nickerson and Altsetter also proposed a model to extend their

measurements to higher temperatures [46]. Their CALPHAD results closely mirror the

solubility curve of the phase diagram by [18], with a maximum solubility of 9% [44].
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It is worth noting that out that several of these early measurements are published in

German, and therefore difficult to independently evaluate. There have also been only

limited measurements at elevated temperatures.

2.4 High Temperature Structural Alloys

Traditional niobium alloys, as well as other refractory metal alloys were initially stud-

ies as part of the space race in the mid 20th century [4]. However, these high melting

temperature BCC metals were challenging to optimize because alloys which had high

strength at high temperatures typically proved too brittle to form into parts at lower

temperatures limiting their use [4, 47, 48]. Additionally, a high oxygen solubility could

also lead to embrittlement while non-protective oxide scale formation was difficult to

suppress. Ultimately, the niobium alloy C103(Nb-10Hf-1Ti) is became the most commer-

cially successful refractory alloys and was used, along with a silicide coating to prevent

corrosion, for the nozzle flaps of jet engines and rockets [4, 48]. Without this coating, the

alloy would rapidly oxide to form a nonprotective coating of Nb2O5. With the coating a

mixture of Nb2O5 and SiO2 form below a niobium silicide coating which oxidizes through

a pesting mechanism[49].

In recent years, there has been a revival in refractory alloy development thanks to

the advent of advanced manufacturing techniques such as additive manufacturing and

a new class of materials called refractory multi-principal element alloys (RMPEAs)[53].

While additive manufacturing methods can help circumvent some of the limitations of

traditional methods, RMPEAs open the door to a new space of alloy design. The field of

RMPEAs grew as an extension of the study of multi-principal element alloys, originally

termed high entropy alloys [54, 6, 53, 55], which initially focused on late transition metals

such as Co, Ni, and Fe. Figure 2.3 illustrates the difference between traditional alloys
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Figure 2.3: Schematics compare the disordered decorations of traditional alloys (a)
and RMPEAs(b). (c)The class of RMPEA alloys have significantly higher temperature
strength than state-of-the-art superalloys. This illustration of the relationship between
yield strength and temperatures based on work by [50, 51, 52]

(Figure 2.3a) in which small alloy additions are randomly dispersed in a matrix which

contains a small number of base elements and multi-principal element alloys (Figure 2.3b)

which contain a mixture of 5 or more elements in roughly equiatomic quantities. Senkov

et al took the critical step to expand the field to refractory metal alloys in 2010 [56]

which had high strength at elevated temperatures. This initial study focused on alloys

in the W-Nb-Ta-Mo-V family which have a high density of greater than 12 g/cm3 [56]

A year later, the W and Mo were swapped for Hf and Zr and the equiatomic TaNbH-

fZrTi ”Senkov alloy” was introduced[50]. This formulation has high specific strength and

room temperature ductility [50]. Figure 2.3c illustrates how the high temperature yield

strength of these RMPEAs can greatly exceed commercial alloys used aerospace applica-

tions opening new opportunities for increasing the operating temperatures and efficiency

of combustion engines. Since this initial work, hundreds of RMPEAs have been synthe-

sized and studied, some of which form a single phase BCC solid solution like the Senkov

alloy and many more multiphase materials comprised of disordered phases (BCC, HCP,
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or FCC) or intermetallic phases (such as laves phases and B2)[53, 55]. More recent work

has focused on multiphase materials such as BCC-B2 ”refractory super alloys” [57, 55],

so named for their morphology reminiscent of nickel superalloys. Niobium is an essential

constituent element to RMPEA alloys due to its relatively high melting point to density

ratio[7] and affordability. Alloy designers explore and refine this RMPEA compositional

space with the goal of balancing a number of often conflicting criteria such as high spe-

cific strength at high temperatures, sufficient room temperature ductility, affordability,

good creep properties, acceptable oxidation behavior.

However, alloys with high concentrations of Nb as well as other early transition met-

als such as Ti, V, Zr and Hf can dissolve significant amounts of oxygen,[8, 9, 10, 11]

which can greatly impact their performance. Several refractory elements such as Nb and

Ta for oxides scales which are known to be non-protective while others for oxides which

volatilize (MoO3 and WO3)[58]. Despite this affinity for oxygen and unfavorable indi-

vidual oxidation behaviors, some RMPEAs have shown improved oxidation resistance

compared to traditional refractory alloys [59, 53, 60].

Even in traditional niobium alloys, the addition of other elements can change the

oxygen solubility [61, 62] and oxidation rate [63]. Refractrory alloys and RMPEAs have

complicated oxidation reaction behaviors which are currently the subject of ongoing

research. The oxidation kinetics and reaction mechanisms can vary significantly as the

composition of the alloy is altered at times significantly surpassing the performance of

commercial alloys [10, 64, 53] Typically the oxidation kinetics of RMPEAs are driven by

oxygen diffusion into the metal substrate where an internal oxidation occurs [64, 10, 65].

Controlling oxygen solubility, diffusion, and oxidation reactions with these materials are

thus key challenges to developing RMPEAs for real-world applications.

More favorable oxidation rates in RMPEAs and related alloys are sometimes associ-

ated with a multiphase oxide scale which contain complicated oxide phases, many with
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Wadsley-Roth crystal structures that have a mixture of cation species which may be

disordered [10, 65, 66]. To date it has been challenging to predict the formation of these

more complicated phases due to the wide range of structural and compositional com-

plexity which must be considered. Additionally, uncertainty of the cation ordering in

complex oxides which make computational evaluation difficult to rely on [64]. While

the oxidation mechanisms are still a subject under study, a multi-step process has been

proposed in which the simple binary oxides form rapidly first, then these react with one

another and/or the metal substrate to generate more complex oxide phases [10].

Though while of great interest, the underlying mechanisms through which composi-

tion and local atomic environments impact oxygen solubility and diffusion are not yet

well understood. Computational tools are needed to facilitate the study of complex ox-

ide phase in a predictive manner that does not rely solely on the slow, expensive, and

labor-intensive process of fabricating and testing each individual alloy composition. The

following work will attempt to provide tools to facilitate systematic study of the complex

crystal structures, by focusing the niobium oxides which form many crystal structures

common to the chemical complex RMPEA oxide scales. The following work seeks to

generate mechanistic insight into the factors which stabilize these complicated crystal

structures and the behavior of interstitial oxygen in BCC niobium.
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Chapter 3

Methods and Theoretical

Background

In the following chapters, computational methods are used to investigate the formation

energies, finite temperature properties, and features of the electronic structure. Density

Functional Theory (DFT) is a powerful methods based on quantum mechanics which can

be used to probe properties such as formation energy, lattice parameters, and electronic

structure from first principles, which is to say without experimental inputs. This method

is applied to determine the properties of the ground state system at 0 Kelvin. Statistical

mechanics approaches such as grand canonical Monte Carlo simulations are then used to

extend the results to finite temperature properties. These simulations require millions of

evaluates of energies of systems consisting of thousands of atoms. DFT is computationally

expensive and thus not suitable for such taxing applications. Instead, we use a cluster

expansion model as a surrogate model.

Over the following chapter, the theoretical foundation of DFT will be briefly dis-

cussed. Then the cluster expansion formalism will be explained. Next, the application

of statistical mechanics to calculate thermodynamic quantities will be discussed. Lastly,
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the CASM software package [67], which was used to execute this workflow, is described.

3.1 Electronic Structure Theory

DFT calculations are based on the basic quantum mechanics and electron structure

theory which were developed in the early 20th century. The following two sections sum-

marize the electronic structure theory following ”Electronic Structure: Basic Theory

and Practical Methods” by Martin [68] and ”Materials Modeling using Density Function

Theory” by Giustino [69]. The ground state energy of a system is determined by the

time-independent Schrödinger equation for the many-body wavefunction Ψ.

E |Ψ⟩ = Ĥ |Ψ⟩ (3.1)

This is an eigenvalue problem where the eigenfunction is the many body wavefunction

which describes the electronic states. The energy of the system is then defined by the

expectation value of the Hamiltonian Ĥ for the given wavefunction Ψ. The Hamiltonian

for a system of non-relativistic interacting electrons and nuclei can be expanded as [68]

Ĥ =− ℏ2

2me

∑
i

∇2
i −

∑
i,I

ZIe
2

|ri −RI |
+
∑
i ̸=j

e2

|ri − rj|

−
∑
I

ℏ2

2MI

∇2
I +

1

2

∑
I ̸=J

ZIZJe
2

RI −RJ

,

(3.2)

where the r and R indicates the position of electrons and nuclei respectively and me

and M are their masses. Compared to size and speed of the electrons in the system,

the nuclei are very massive and stationary. As the mass of the nuclei MI approximately

approaches ∞, the forth term of the Hamiltonian, which represents the kinetic energy of

the nuclei, becomes negligible. This is called the Born-Oppenheimer approximation [70].
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The Hamiltonian can then be rewritten more compactly as

Ĥ = T̂ + V̂ext + V̂int + EII (3.3)

The Hamiltonian thus contains terms for the kinetic energy for the electrons (T̂ ), the

potential energy due to the electrostatic interactions between the electrons and the

fixed charged nuclei ( ˆVext), the potential energy due to the interactions with other

electrons( ˆVint), and the classical interactions between the nuclei (EII) [68].

One simplification called the ”Hartree” approach [68] is to treat the electrons as

independent and noninteracting such that each electron could be represented by a non-

interacting wavefunction ψi.

This method was later augmented by Fock [71] to use a Slater determinant to define

the wavefunction which enforces that the wavefunctions are antisymmetric. In this way

the Hamiltonian is directly solvable and can provide reasonable approximations of the

energy for small molecules. Unfortunately essential quantum mechanical effects such

electron correlations are entirely missing from this Hamiltonian making it unsuited for

the study of extended solids.

3.2 Density Functional Theory

In 1964, Hohenberg and Kohn proposed two key theorems [72] which became the

foundation of Density Functional Theory (DFT):

1. The Hamiltonian for a system can be fully determined with the specification of

Vext(r) which is uniquely determined by the ground state electron density n0(r)

2. There exists a universal functional E[n] which for a given Vext is at a global mini-

mum at the ground states density n0(r).
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From these statements we can recast the Hamiltonian as a function of electron density,

greatly simplifying the problem from 3N dimensions which describe each of N electrons

to 3 dimension to describe one electron density. An electron density operator can be

defined as follows.

n̂(r) =
∑
i=1,N

δ(r− ri) (3.4)

The energy of the many body electron system can then be rewritten as

E[n(r)] = Ts[n(r)] + Eext[n(r)] + EHartree[n(r)] + EXC [n(r)] (3.5)

The first three terms have already been introduced. They are the single electron kinetic

energy,

Ts[n(r)] = − ℏ2

2me

∑
i

∫
ψ∗
i (r)∇2ψi(r)dr (3.6)

the energy due to Coulombic interactions with an external potential, which includes the

nuclear charges

Eext[n(r)] =

∫
Vext(r)n(r)dr, (3.7)

and the classical Coulomic interactions between the electrons proposed by Hartree which

can be written in terms of the electron density The V̂int term is then replaced by a Hartree

potential

EHartree =
1

2

∫
n(r)n(r′)

|r− r′| d
3rd3r′ (3.8)

The final term is called the exchange-correlation functional and it accounts for all other

quantum mechanical effects which are not captured by these classical interactions[68].

This functional is simply defined as follows.

EXC [n(r)] = E[n(r)]− T − Eext − EHartree =

∫
drn(r)ϵXC([n], r) (3.9)
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Here ϵXC is an energy density at the point r that depends on the electron density near

r[68]. A variational minimization of the above equations would result in an exact value of

the ground state energy and the ground state electron density. However the exact form

of the exchange-correlation functional is unknown which has prompted the development

of a number of approximations over the past several decades[68]. The local density

approximation (LDA) uses an exchange-correlation functional which depends only on

the local charge density[73]. A more exact approximation uses an additional dependence

on the gradient of electron density in the ϵ[n(r)] and is called the generalized gradient

approximation (GGA)[74, 75]. GGA functionals were used for the calculations in the

following chapters though a number of increasingly complex approximations have been

developed[68].

The most common method for minimizing the energy as a function of the electron

density was proposed by Kohn and Sham in 1965 [73]. They proposed an ansatz that there

exists a non-interacting system which has the same electron density as the interacting

system. Since the energy of these two systems would be only a function of the electron

density, finding the electron density of the simpler non-interacting system could be more

straight forward. The non-interacting electrons could be described by a set of single

electron wave functions and the energy of the system would thus be [73]

(
− ℏ2

2me

+ VKS(r)

)
ψKS
i (r) = Eiψ

KS
i (r) (3.10)

VKS(r) = Vext(r) + VHartree(r) + VXC(r) (3.11)

For a system of N electrons, there would then be N simultaneous of these Kohn-Sham

equations[73]. These equations, however, cannot be solved directly since the Hartree

and exchange-correlation potentials are both dependant on the electron density. Instead,
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an iterative self-consistent method is used. An initial guess for the electron density is

proposed and the equations are solved until a convergence criterion is met [73, 68].

To simplify the computational cost of solving the Kohn-Sham equations, a pseudopo-

tential approach is often used [68, 75]. Since the important physics is not strongly depen-

dant on the core electrons, these electrons are not explicitly included in the calculations,

but become part of the external Coulombic potential along with the atomic nuclei. This

effectively reduces the number of Kohn-Sham equations which need to be solved. The

planewave basis is also practically limited by a planewave cutoff energy. Practical im-

plementations of DFT calculations often use reciprocal space integration methods which

require the user to also specify a grid of points in reciprocal space called k-points [68].

Both of these user specified parameters are typically chosen by testing for a minimum

energy and k-point grid which satisfies a convergence criteria.

Throughout the following work, the Vienna Ab initio Simulation Package (VASP)

[76, 77] was used to perform DFT calculations. Projected Augmented Wave (PAW)

[78, 79] psuedopotentials were implemented with a GGA functional parameterized by

PBE [75]. In general, DFT calculations are effective and efficient for calculating the

ground state energies of relatively few atoms in a periodic unit cell. Later sections will

discuss other methods which can probe large systems at finite temperatures.

3.3 Ground States from First Principles

DFT calculations of the total energy of a system can be directly used to learn about

the ground states in a multicomponent system. The formation energy of a crystal struc-

ture can be calculated by referencing to the total energies of reference crystals of each

component (eg the total energy of BCC Nb and gaseous O2 as calculated by DFT). The

formation energies of many structures can be plotted as a function of their composition.
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Figure 3.1: Shown above is a convex hull for a binary system of materials A and
B. The dashed horizontal line is the reference energy used to calculate the formation
energy of each configuration and is based on the reference states of pure A and B. Each
point represents the formation energy as a function of composition for a configuration
on one of two crystal structures.Local convex hulls enclose the shaded region for each
crystal structure while the global convex hull is outlined in black. The ground states
on the global hull include configurations on both crystal structure 1 and 2.

A convex hull for a binary system is illustrated in Figure 3.1. An envelope of the lowest

energy structures can be drawn which is commonly referred to as the convex hull. The

structures which intersect this convex hull are the stable ground state structures for the

system at 0K. At any composition along the convex hull between vertices, a two phase

equilibrium between the two structures of the surrounding vertices is predicted at 0K.

If multiple crystal lattices are considered across a compositional range, their formation

energies can be directly compared to determine the relative stability of each phase, as

long as the formation energies were calculated relative to the same reference states. If we

consider only one phase at a time, a local convex hull can be drawn around the lowest

energy structures which can be described by the same crystal lattice. The point on the
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local hull would be the ground states in the event that the formation of other crystal

lattices was suppressed. If no systems are suppressed then the global convex hull, which

is the convex envelope enclosing data from all relevant crystal systems, will intersect the

true ground states of the system.

3.4 Cluster Expansion Formalism

To calculate finite temperature thermodynamic properties of the systems of inter-

est, we have used semi-grand canonical Monte Carlo simulations. This method requires

many energy evaluations of systems with thousands of atoms which is clearly beyond the

capabilities of DFT, and motivates the use of a fast and accurate surrogate model for

calculating the energy of a system. The cluster expansion model has been the surrogate

model of choice for this work.

First described by Sanchez [80], the cluster expansion formalism is a rigorous way

to systematically describe the energy of a crystal as a function of site degrees of free-

dom. These may be descriptions of the elemental occupation, magnetic moment, atomic

displacements, or other descriptors at each crystal site [81]. To study the energy of an

alloy as a function of compositional changes and atomic ordering on a crystal lattice,

the site occupational degrees of freedom are most important. The alloy is first described

by a parent crystal lattice which has a lattice with the vectors l⃗x, l⃗y, l⃗z and some set of

basis sites are locations b⃗1, b⃗2, ...⃗bB. In a binary alloy, site i could be occupied by either

an atom of type A or B as represented by a site variable such as σi of 0 or 1. All site

variables for a given configuration are denoted by the vector σ⃗. A cluster basis function

for each cluster of sites, α can be defined according to [80]

Φα =
∏
i∈α

σ (3.12)
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The infinite collection of all cluster basis functions, one for each cluster of sites ina crystal,

form a complete basis. Any extensive property, such as the formation energy, can then

be calculated via the following [80, 82]

E(σ⃗) =
∑
α

VαΦα (3.13)

Here the sum over α is over the set of all clusters, and Vα are the effective cluster

interactions (ECI). Each ECI captures the contribution of a given cluster to the total

extensive property of the structure. In practical applications, this sum is truncated

at a finite cluster size since interactions which involve many atoms and which span

a large distance tend to be weaker. The cluster expansion expression can be further

reduced by taking advantage of the symmetry of the crystal. All clusters which are

symmetrically equivalent should have equivalent contributions to the energy (or which

ever scalar property has been expanded). By calling the set of symmetrically equivalent

clusters in orbit Ωβ, equations 3.13 can be rewritten [80, 82]

E(σ⃗) =
∑
Ω⃗α

Vα
∑
β∈Ωα

Φβ (3.14)

A training set of configurations for which the formation energy has been calculated

via DFT can then be use to fit a cluster expansion for the formation energy as function

of site occupation. A number of linear regression methods could be applied to determine

the ECI values for this model.
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3.5 Thermodynamics and Statistical Mechanics

The fundamental equation of thermodynamics is a differential form of the total energy

[83]

dU = TdS − PdV +
∑

µidNi (3.15)

This formula indicates that the total energy is a function of each of extensive properties.

However, under various circumstances it can be interesting to vary intensive properties.

In this case, a Legendre transform can change this internal energy into a characteristic

potential for a given boundary conditions. For instance, when temperature and pressure

are constant, the characteristic potential is the Gibbs free energy, G [83].

G = U − TS + PV (3.16)

In computational methods it is also possible to specify and control the chemical potential

of one or more species. For each characteristic potential, we can rewrite a differential

form such as in the case of the Gibbs free energy,

dG = −SdT + V dP +
n∑

i=1

µidNi (3.17)

Taking partial derivatives with respect to each natural variable of the ensemble, in this

case T, P and N, we derive the equations of state [83].

S = −
(
∂G

∂T

)
P,Ni

(3.18)

V = −
(
∂G

∂P

)
T,Ni

(3.19)

24



Methods and Theoretical Background Chapter 3

µi = −
(
∂G

∂Ni

)
T,P,Nj ̸=i

(3.20)

Closely related to the grand canonical ensemble is the condition where the number of

unit cells is fixed and the largest number of chemical potentials are controlled, called the

semi-grand canonical ensemble [84]. While this is not relevant to experimental conditions,

in computational methods such as lattice based Monte Carlo methods, simulations are

performed on a fixed lattice. The characteristic potential of these boundary conditions

is the semi-grand canonical potential Φ. For this ensemble, the natural variable is the

intensive variable which is conjugate to a parametric composition x⃗. The parametric

composition can be defined generally as [84]

n⃗ = n⃗0 +
m∑
i=1

xiq⃗i = n⃗0 +Qx⃗ (3.21)

Here the vectors q⃗i, which are then rewritten as Q, span the compositional subspace and

are defined in reference to the composition at a reference point n⃗0[84]. To determine

the conjugate variables to the parametric composition we can turn to the Gibbs-Duhem

relation

G =
n∑

i=1

µiNi = Nuµ⃗
T n⃗ (3.22)

Here the variable Nu is the number of unit cells. Combining equations 3.21 and 3.22 we

obtain

G = Nuµ⃗
T (n⃗0 +Qx⃗) = Nu(µ⃗

T n⃗0 + µ̃T x⃗) (3.23)

From here it is apparent that the variable µ̃ can be defined as

µ̃ = QT µ⃗ (3.24)
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This variable µ̃ is the vector of parametric chemical potentials, or exchange chemical

potentials[81, 84]. These are natural variables of the semi grand canonical ensemble.

The semi grand canonical free energy can then be written

Φ = G−Nu
⃗̃µT x⃗ (3.25)

It can be useful to normalize this by the number of unit cells as follows.

ϕ = g − ⃗̃µT x⃗ (3.26)

In thermodynamic equilibrium at 0 K only the lowest energy ground state of a system

is observed. However, at finite temperatures, other states can be access via thermal

excitations. In each state sampled by the system, some degrees of freedom of the system

may be altered, and each of these unique states is called a microstate [83]. For instance,

in a binary alloy system, the each site i on the lattice may be occupied by either and

A or B atom as indicated by an order parameter σi ± 1 and given microstate may be

described by a vector of order parameters which indicate which element occupies each

site. Each possible microstate C, thus has a unique vector σ⃗ which describes the unique

configuration. Additional degrees of freedom such as magnetic spin or displacements

may also be described with variables for each site. The probability of a given state being

sampled by the system at some temperate T is equal to [83]

P (C) =
e−βΩc

Z
(3.27)

where β = 1
kBT

, Ωc is the characteristic potential energy of the microstate C, and Z is
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the partition function.

Z =
∑
C

e−βΩC (3.28)

At finite temperatures, many microstates are expected to be sampled but the overall ob-

served properties of the system are ensemble average properties. These ensemble average

property of system can be calculated with the partition function

⟨X⟩ = 1

Z

∑
C

XCe
−βΩC (3.29)

The partition function is related to the semi-grand canonical free energy as follows

βϕ = − lnZ (3.30)

Grand canonical Monte Carlo can be used to calculate thermodynamic averages ⟨x⟩

of quantities such as potential energies and composition [?]. Free energy integration

techniques can then be used to calculated free energies[?].

3.6 The CASM Project

To facilitate the first principles thermodynamics approach to study phase stabil-

ity of the Nb-O system, the Clusters Approach to Statistical Mechanics (CASM) [67,

85]software package was used. This package is designed to managed the entire workflow

from systematic configuration enumeration for DFT calculations, basis set enumeration

and evaluation, and semi grand canonical Monte Carlo simulation. Each CASM project

starts with a parent crystal structure which has a set of crystal lattice vectors and ba-

sis sites, along with a list of possible degrees of freedom which can be varied such as

site occupation, magnetic moments, displacements. In one project, the parent crystal
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structure was a BCC Nb primitive cell with an occupational degree of freedom on each

interstitial site such that they could be occupied by either a vacancy or an oxygen atom.

In another project, an ordered NbO rocksalt parent structure was used which included

two sublattices, one which could be occupied by either niobium or a vacancy and one

which could be occupied by either an oxygen atom or a vacancy.

Given these parent structures, CASM takes advantage of the symmetry of the crystal

to systematically enumerate unique structures in small supercells [86]. There is then a

built in framework of the software package to enable submission of DFT jobs with a

number of commonly used DFT codes, including VASP. CASM also includes efficient

methods for enumerating a basis set which can be used to describe these configurations.

Once these basis sets and DFT formation energies are calculated, the user can fit the

cluster expansion model. Once a set of ECI values have been determined for the cluster

expansion model, CASM has an efficient grand canonical Monte Carlo code which can

quickly evaluate cluster expansion at each step of the algorithm and ensure convergence

given a set of user specified criteria while recording ensemble average thermodynamic

properties. These properties are used to determine free energies as a function of temper-

ature and generate a phase diagram as a function of temperature and composition.
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Chapter 4

Prediction of Nb-O Phase Stability

and Analysis of Common Defects in

BCC Nb and Vacancy Ordered

Rocksalt NbO

4.1 Introduction

High temperature structural alloys are needed to improve the efficiency of gas turbine

engines used in both aerospace applications and utility scale power generation. Niobium

and its alloys are of great interest, particularly in the context of refractory multi-principal

element alloys (MPEAs) [87, 56, 88]. Compared to the other refractory materials, nio-

bium has a high melting point to density ratio[7] and is relatively cheap, making it a

popular and important constituent element in MPEAs. However, MPEAs containing

high concentrations of early transition metals such as Ti, Zr, Hf, V and Nb tend to dis-

solve oxygen,[8, 9, 10, 11] both during manufacturing and use. Niobium metal exhibits
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a fairly high oxygen solubility, with a maximum experimentally reported value of ap-

proximately 9 at.% oxygen [18, 17]. Interstitial oxygen can have deleterious effects on

mechanical properties, alter phase stability, and lead to the formation of corrosive oxides

[89, 7, 90].

Niobium oxides are also of technological interest due to their ability to rapidly inter-

calate Li ions. The oxygen rich niobium oxides adopt complex crystal structures known

as Wadsley-Roth phases [20, 91]. The open crystal structures of Wadsley-Roth phases

make them attractive anode materials for Li-ion batteries[92, 93, 29, 94, 95], where dura-

bility and charge rates of electrode materials remain limiting factors in the widespread

adoption of battery-powered automobiles [96, 97, 98].

The technological importance of Nb and its oxides motivates a fundamental study

of the thermodynamic and electronic properties of phases in the Nb-O binary. In this

work, we report on a first principles and statistical mechanics study of the the Nb-O

system. First principles calculations were used to determine stable ground states and to

train cluster expansion models of the energy as a function of configurational degrees of

freedom. The cluster expansion models were then applied in Monte Carlo simulations to

determine phase stability at elevated temperatures and to calculate a temperature versus

composition phase diagram. A Bayesian approach was used to fit the cluster expansion

model[99] and to perform uncertainty quantification [100, 101] on the predicted oxygen

solubility limit in BCC Nb as a function of temperature.

A high oxygen solubility limit is predicted in BCC Nb, while the vacancy ordered

rocksalt NbO phase is predicted to accommodate excess oxygen at elevated temperature

through the introduction of Nb vacancies. Short range repulsion between interstitial

oxygen is predicted in BCC Nb leading to short range ordering at elevate temperatures.

An analysis of the formation energies and the electronic structure of interstitial solutes

reveals that electrostatic repulsions and closed shell bonding interactions dominate at
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short range while strain mediated interactions extend to longer distances. In the vacancy

ordered rocksalt NbO monoxide, the costs of introducing a niobium vacancy raises the

energy of nonbonding states when bonds are broken, but does not increase antibonding

state occupancy as is the case in other defects. These distinct defect preferences in the Nb-

O binary are essential to understand diffusion and phase transformation pathways in Nb

and its oxides. The electronic interactions that determine the stability of certain defects

in the Nb-O system provide a foundation from which to understand similar interactions

in other BCC and rocksalt materials.

4.2 Methods

The reader is referred to Chapter 3 for more details and background on the first

principles methods used in this chapter. A combination of first principles calculations

and statistical mechanics methods were applied to evaluate finite temperature thermody-

namic properties and analyze electronic structure of the Nb-O binary. Density Functional

Theory (DFT) calculations were performed with the VASP package [76, 77] using the

Perdew, Burke, Ernzehof (PBE) exchange correlation functional [75]. The projector aug-

mented wave method (PAW) [78, 79] pseudopotentials (Nb sv, O) were used to describe

the interactions between core and valence electrons. A plane wave cut-off energy of 575

eV was used for all calculations along with a Γ-center grid with a k-point density of 45

Å to achieve energy convergence within 1.0 meV/atom. All calculations were spin polar-

ized and final static calculations used the tetrahedron method with Blöchl corrections.

Similar DFT calculations were performed to obtain densities of states (DOS) and partial

charge densities. Bader charges were calculated using the methodology of Henkelman

et al[102, 103, 104, 105]. Crystal Orbital Hamilton Population (COHP) analysis was

performed using the LOBSTER [106, 107, 108, 109] software package to determine the
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energies and distribution of electronic states in the NbO monoxide material.

Alloy cluster expansion Hamiltonians were used to interpolate first-principles DFT

energies within Monte Carlo simulations to calculate finite temperature thermodynamic

properties. Alloy cluster expansions describe the dependence of the energy of a crystal

on the degree of order among its chemical constituents and thereby enable a rigorous

treatment of configurational excitations with Monte Carlo simulations. Cluster expan-

sions were constructed to treat oxygen-vacancy disorder over the interstitial sites of BCC

Nb and vacancy disorder over the Nb and O sublattices of the rocksalt NbO compound.

The expansion coefficients of the cluster expansion Hamiltonians were sampled from a

Bayesian posterior distribution that was informed by a training set of DFT energies. The

Bayesian Ridge regression method implemented in scikit-learn, which follows the method-

ologies by Tipping[110] and McKay[111], was used to obtain a mean vector of cluster

expansion coefficients and an accompanying covariance matrix to generate a Gaussian

posterior distribution of cluster expansion models. The CASM software package [67] was

used to enumerate structures, evaluate cluster expansion basis sets, and perform semi-

grand canonical Monte Carlo simulations [85, 81]. Free energy integration techniques

were applied to data generated by the semi-grand canonical Monte Carlo simulations.

The phase boundaries of the temperature versus composition phase diagram were deter-

mined with a common tangent construction applied to the calculated free energies.

4.3 Results

4.3.1 Grounds States of the Nb-O Binary System

Figure 4.1a shows the formation energies for a large number of structures in the Nb-

O binary as calculated with DFT-PBE. Formation energies per atom are referenced to
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Figure 4.1: The global convex hull is shown in part a with the boxed region enlarged
in part b. The structures for the Wadsley-Roth ground states are illustrated.

pure Nb and the lowest energy Nb2O5 structure. The structures with formation energies

that reside on the lower convex hull, shown as dashed lines, correspond to the predicted

ground states in the Nb-O binary. The zero-Kelvin DFT-PBE ground states include

BCC Nb, a rocksalt NbO compound with an ordered arrangement of vacancies and a

variety of NbpOq oxides that adopt Wadsley-Roth crystal structures shown as insets in

Figure 4.1(b).

Each data point in Figure 4.1 is color-coded to indicate the parent crystal structure

from which it is derived. The blue points represent formation energies of different oxygen-

vacancy orderings over the interstitial sites of BCC Nb. Oxygen prefers the octahedral
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a. b.

O
Nb

Figure 4.2: (a) Oxygen occupies the octahedral insterstitial sites of BCC Nb. (b)
The NbO compound has a rocksalt crystal structure in which one fourth of both the
Nb and O sublattices are vacant. The vacancies order, resulting a four-fold planar
coordination of Nb by O and of O by Nb.

interstitial sites in BCC Nb, (Figure 4.2a), an asymmetric site that tends to undergo

a tetragonal distortion along its shortened axis when occupied. The formation energies

of 215 oxygen-vacancy orderings over the octahedral sites of BCC Nb were calculated,

including 98 structures with 16, 27, or 54 Nb atoms having dilute oxygen concentrations.

The first oxide that forms upon the addition of oxygen to Nb is a vacancy ordered

rocksalt phase (Figure 4.2b). One fourth of the Nb and the O sublattices of NbO are

vacant, with the vacancies adopting an ordered arrangement that leads to four-fold planar

coordination of the Nb by O and of O by Nb (Figure 4.2b). The red points in Figure

4.1b correspond to the formation energies of configurations in which additional vacancies

were introduced on the Nb and O sublattices of NbO or a subset of the vacant sites of

the NbO ground state were filled with Nb and/or oxygen.

The rutile form of NbO2 as well as low temperature distorted rutile structure is exper-

imentally observed to form in the Nb-O binary. Both rutile NbO2 and its low temperature

derivative, along with the closely related Magnéli structures, were also considered in this

study. The formation energies of these structures are shown in purple in Figure 4.1a.

None of the rutile derived structures appear on the convex hull and are, therefore, not

predicted as ground states using DFT-PBE. The formation energy of the low-temperature

distorted rutile NbO2 structure is predicted to be about 5 meV/atom above the convex

hull.
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Many of the experimentally observed niobium oxide structures belong to the family of

Wadsley-Roth shear structures. These phases are derived from a perovskite-like structure

adopted by ReO3 and consist of n×m×∞ blocks of corner-sharing octahedra that are

connected to each other along edge-sharing ”shear boundaries”. Algorithmic approaches

have been developed to systematically enumerate a subset of Wadsley-Roth phases [14]

and was used to generate Wadsley-Roth crystal structures that augment those found in

the literature and the ICSD.[112] Energies of five additional structures studied by Koçer

et al [92] were also included in this study. A total of five Wadsley Roth structures having

stoichiometries Nb3O7, Nb12O29, Nb25O62, Nb22O54, and Nb2O5, are predicted to reside

on the DFT-PBE convex hull of Figure 4.1.

4.3.2 Finite Temperature Predictions

BCC Nb can dissolve high concentrations of interstitial oxygen at elevated temper-

ature. The vacancy order rocksalt form of NbO is also able to tolerate some degree of

off-stoichiometry that is stabilized at elevated temperature by configurational entropy.

We performed first-principle statistical mechanics calculations to assess the role of con-

figurational entropy on phase stability between BCC Nb and rocksalt NbO at finite

temperatures. As described in Sec. 4.2, cluster expansion Hamiltonians were used to

interpolate DFT-PBE formation energies within Monte Carlo simulations. A Bayesian

approach was used to sample 100 cluster expansion models describing the configura-

tional energy of oxygen-vacancy disorder over the interstitial sites of BCC Nb. A total

of 215 DFT-PBE formation energies were used as part of the likelihood distribution used

to construct the posterior Bayesian distribution of cluster expansion models. A clus-

ter expansion describing dilute defects within the vacancy ordered rocksalt NbO phase

was constructed using a L2-regularized least square approach with leave one out cross-
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validation. The training set used to parameterize the rocksalt cluster expansion consisted

of the NbO ground state structure, FCC oxygen, FCC Nb, and 2× 2× 2 and 3× 3× 3

supercells of the vacancy ordered ground state structure with point and pairs defects

enumerated up to a distance of 3 Å.

Figure 4.3 shows the calculated temperature versus composition phase diagram. The

light blue single-phase domain corresponds to BCC Nb containing dissolved oxygen while

the yellow domain corresponds to the rocksalt NbO phase. The Wadsley-Roth phases

were modeled as line compounds and are stable up to high temperatures. The oxygen sol-

ubility within BCC Nb is predicted to increase substantially with increasing temperature,

reaching a maximum predicted solubility of 9.7 at.% at 1915 . The vacancy ordered rock-

salt NbO phase is also predicted to exhibit some degree of oxygen solubility at elevated

temperatures.

Uncertainty bounds on the predicted oxygen solubility were estimated by calculating

the solubility limit for each of the 100 cluster expansions sampled from the posterior

Bayesian distribution of cluster expansion models for oxygen-vacancy disorder on the

BCC Nb. A red region in Figure 4.3 is centered on the mean of the 100 solubility

limits highlights with a range of ±1 standard deviation. The solubility limit in blue

is determined from the average solubility limit calculated from the 100 sampled cluster

expansion models, while the dashed black line indicates the solubility limit based on

experimental studies.[18, 17, 44]

4.3.3 Interstitial Solutes in BCC Niobium

The high solubility of oxygen in BCC Nb makes O-O pair interactions an important

contribution to the thermodynamic properties of the metal. In this section, we first

examine isolated oxygen interstitial atoms to generate insight about the electronic and
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Figure 4.3: The single phase BCC Nb and vacancy ordered NbO phases are indicated
by the blue and yellow regions respectively. The red region near the phase boundary
between the BCC single phase region and the two phase BCC Nb and NbO region
indicated the variability in the oxygen solubility predicted by the distribution of cluster
expansion models in the Bayesian BCC cluster expansion. The black red line is from a
phase diagram reported in the literature [18, 17, 44] which predicts a somewhat lower
oxygen solubility than was predicted in this work. The five additional ground states
were all treated as line compounds.

elastic interactions between the solute and the Nb matrix. We next analyze the nature

of interactions between pairs of oxygen solutes as they are brought closer together.

Electronic Structure of an Isolated Interstitial

We first consider the electronic structure of an isolated solute in BCC Nb. Figure 4.4

shows the density of states (DOS) of one such oxygen in an octahedral site in a supercell

of 128 BCC niobium atoms. The projected density of states show two narrow peaks at

about 7.38eV below the Fermi level with very localized electronic charge densities having

p character that are centered on the interstitial oxygen. These states hybridize negligibly

with the Nb host, but split into two distinct peaks due to the asymmetry of the octahedral

site in BCC. The higher energy peak corresponds to a p-orbital having lobes that are

aligned with the short axis of the octahedral site, while the lower energy peak corresponds

to the two orthogonal p-orbitals that in combination produce a ring-like charge density
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a.

b.

Figure 4.4: A single oxygen atom in an octahedral site in 128 atom BCC niobium
supercell results in two p states at 7.38 eV below the Fermi level which are mostly
non-bonding in character. The boxed region in part a. is enlarged in part b.

within the plane spanned by the two long axes of the octahedral site. Since these p-states

lie far below the Fermi energy, they are filled by electrons from the niobium host. The

oxygen atom is thus negatively charged while the surrounding niobium atoms acquire a

slight positive charge. This is confirmed by a Bader charge calculation of a lone oxygen

atom, which gains a Bader charge of -1.08 while the surrounding nearest neighbor Nb

atoms lose electron density having Bader charges that range between +0.40 to +0.77.

Strain field of an Isolated Interstitial

The octahedral site in the BCC crystal structure shown in Figure 4.2a is asymmetric

and imposes a tetragonal distortion on the surrounding matrix when occupied by an

interstitial atom such as oxygen. The displacement field of the neighboring Nb atoms

that surround an interstitial oxygen produce an overall dilational elastic dipole with

tetragonal symmetry. However, the Nb atoms along the waist of the octahedron actually

move slightly closer to the oxygen atom (Appendix A Figure A.1).
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Figure 4.5: The energy of idealized pair structures are plotted as a function of the
oxygen-oxygen distance and referenced to the energy of the 12th nearest neighbor
pair.

Pair interactions in the absence of relaxations

We next seek to identify the dominant interactions between pairs of oxygen dissolved

in BCC Nb. To isolate chemical and electronic interactions from strain interactions,

we start with an analysis of the energies for the ideal BCC crystal in the absence of

structural relaxations. The dependence of the energy of a pair of interstitial oxygen

atoms as a function of distance was calculated using a 128 atom super cell of BCC Nb.

Figure 4.5 shows the unrelaxed energy as a function of distance relative to the energy

of a 12th nearest neighbor O-O pair. A positive (negative) energy signifies a repulsive

(attractive) interaction compared to the 12th nearest neighbor pair. The results are in

good agreement with similar calculations by Blanter et al [113, 114]. Figure 4.6 shows

the geometries of the first six nearest neighbor pairs. The pair energies of Figure 4.5

differ negligibly from zero beyond a distance of 5 Å. They become increasingly repulsive

at short distances, but the dependence on distance is not monotonic. For example, there

are two symmetrically distinct fourth nearest neighbor pair configurations (Figure 4.6(d)

and (e)), with oxygen separated by 3.3 Å in both unrelaxed configurations, that have
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appreciably different energies.

Niobium

Oxygen

a.

b.

c.

d.

e.

f.

g.

Figure 4.6: Depicted are the idealized pair clusters for the first 6 nearest neighbor
where a is the first nearest neighbor pair and g is the 6th nearest neighbor. The pair
clusters d and e are the two fourth nearest neighbor pairs, 4a and 4b respectively. The
two fourth nearest neighbor pairs are the same distance apart, but there is a niobium
atom directly between the oxygen atoms in the 4b arrangement. The pairs shown are
idealized. After atomic relaxations the local atoms are displaced from these positions
to reduce the stress imposed by the defect atom.

Two interactions can be identified that contribute to the unrelaxed pair energies of

Figure 4.5. The first is electrostatic in nature and arises from the fact that the dissolved

oxygen atoms have a local negative charge (see Section 4.3.3). Electrostatic interactions

between two negatively charged species are repulsive and increase with decreasing dis-

tance. We note, however, that the electrostatic interactions between a pair of dissolved

oxygen atoms in Nb should only be significant at very short distances as the itinerant

electrons of the metallic Nb host will screen the negatively charged oxygen atoms at

larger distances.

Electrostatic interactions between dissolved oxygen does not fully explain the varia-

tion in the pair energies of Figure 4.5, however. This is already evident when considering
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the symmetrically distinct fourth-nearest-neighbor configurations, which, while having

identical O-O pair distances, have very different energies. The symmetrically distinct

fourth nearest neighbor configurations are shown in Figure 4.6(d) and (e). In both con-

figurations the oxygen atoms acquire a Bader charge of -1.30. In the O-O configuration

of Figure 4.6(d), the oxygen atoms are separated by two Nb atoms having Bader charges

of +0.13 that are 45ff axis from the O-O pair. In the O-O configuration of Figure 4.6(e),

in contrast, a single niobium atom directly separates the two oxygen atoms and acquires

a significantly larger Bader charge of +0.82. Electrostatic interactions alone would favor

the configuration of Figure 4.6(e) due to the presence of a positively charged Nb that

blocks a direct line of sight between the pair of negatively charged oxygen. Neverthe-

less, the unrelaxed DFT-PBE calculations of Figure 4.5 predict that the configuration of

Figure 4.6(d) has a lower energy.

A second interaction between a pair of dissolved oxygen atoms has a chemical nature

and can be attributed to an unfavorable hybridization between filled atomic orbitals.

This interaction has been referred to as a closed-shell repulsive interaction.[115, 116] As

shown in Section 4.3.3, the valence p orbitals of oxygen atoms dissolved in BCC Nb remain

very localized and hybridize negligibly with the surrounding Nb matrix. Furthermore,

since the energies of the oxygen p orbitals are far below the Fermi level they are fully

occupied. When a pair of dissolved oxygen atoms come close to each other, their fully

occupied p orbitals will overlap and hybridize to form bonding and antibonding states.

Since the oxygen p orbitals are fully occupied, however, the interaction is akin to that

of two closed-shell atoms forced to form a bond: at short distances, the hybridization is

unfavorable due to the filling of anti-bonding states and incurs an energetic cost.

The closed-shell interaction is clearly illustrated by examining the electronic structure

of the relaxed third nearest-neighbor O-O pair configuration shown in Figure 4.7. The

DOS for the relaxed structure is used for this illustration because the localized states were
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a b c

d e

a b c d e

Figure 4.7: The density of states and the partial charge density of localized bands for
the 3rd nearest neighbor pair are shown.

extremely narrow and difficult to sample for the idealized structure. Otherwise, the DOS

are very similar in both cases. The sharp peaks in Figure 4.7, far below the Nb d-states,

correspond to molecular-orbital-like states that emerge from the hybridization of the p

orbitals of a pair of oxygen atoms in a third nearest neighbor configuration within a BCC

Nb matrix. The peaks (a) and (e) correspond to bonding and anti-bonding orbitals, as

is evident from the electronic charge densities associated with those peaks in Figure 4.7.

The bonding state has a lowered energy and enhanced electronic charge density along the

O-O bond, while the anti-bonding state has a higher energy with a depletion of charge
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between the O-pair. The three mid-energy localized states in Figure 4.7(b), (c), and (d)

are all composed of p orbitals that are perpendicular to the bond. These orbitals do

not undergo any significant hybridization with each other, but do hybridize slightly with

surrounding niobium atoms.

Since these states are far below the Fermi level, both the bonding and antibonding

molecular orbitals are occupied and no benefit is derived from the hybridization.

The closed-shell repulsion is especially pronounced for a first-nearest-neighbor O-O

configuration. In this configuration (Figure 4.6(a)), oxygen atoms occupy overlapping

octahedral sites and are very close to one another. The electronic states of the oxygen

atoms have a substantial spacial overlap and undergo a significant degree of hybridization

that results in a low energy bonding orbital and a high energy antibonding orbital.

The degree of hybridization between oxygen p orbitals can be correlated with the

separation in energy, ∆Ehybrid, between the bonding and antibonding states. For the

third nearest neighbor pair, for example, ∆Ehybrid is equal to the difference in energy

between the bonding peak a and the antibonding peak e in Figure 4.7. Figure 4.8(a),

shows that the unrelaxed O-O pair energy, as calculated for each O-O pair configuration

up to the 12th nearest neighbor, is strongly correlated with ∆Ehybrid calculated from

the electronic structure of each idealized pair configuration. The larger the degree of

hybridization between oxygen p orbitals, and therefore the larger the value of ∆Ehybrid,

the larger the repulsion between the O-O pair.

Interactions mediated by strain

A dissolved oxygen atom in BCC Nb imposes a tetragonal distortion on the surround-

ing matrix. The displacement fields surrounding interstitial oxygen solutes will produce

a strain mediated interaction between pairs of oxygen that act in concert with purely

electronic and chemical interactions. The importance and nature of strain mediated in-

43



Prediction of Nb-O Phase Stability and Analysis of Common Defects in BCC Nb and Vacancy
Ordered Rocksalt NbO Chapter 4

P
ai

r 
B

in
d

in
g 

E
ne

rg
y 

(e
V

) ba

S
ta

tic
 B

in
d

in
g 

E
ne

rg
y 

(e
V

)

∆Ehybrid
(eV)

c dPair 4a

Ideal Relaxed

Pair 4b
Ideal

Relaxed

Figure 4.8: (a) The static pair binding energy is plotted as a function of ∆Ehybrid.
The idealized and relaxed binding energies of each pair are shown in (b) with the
relaxation of the 4th nearest neighbor pairs illustrated in (c) and (d)

teractions can be assessed by comparing fully relaxed pair energies to unrelaxed pair

energies. This is done in Figure 4.8(b) where all O-O pair energies are again referenced

to the 12th nearest neighbor pair. All structures experienced a reduction in energy upon

relaxation, however, those that reduced their energy more than the 12th nearest neighbor

pair upon relaxation have a lower binding energy after relaxation than before relaxation.

The effects of relaxations are especially pronounced for the first nearest neighbor pair.

In fact, the first-nearest neighbor pair configuration relaxes to a new configuration in

which the oxygen atoms become tetrahedrally coordinated. The pair configurations that

benefit the least from relaxations relative to the 12th nearest pair have a higher binding

energy after relaxation than before, as occurs for the fourth nearest neighbor of Figure

4.6(e).

The nature of the strain mediated interactions between a pair of interstitial oxygen

atoms becomes evident upon close inspection of the relaxations that accompany the two

symmetrically distinct 4th nearest neighbor pairs. As is clear in Figure 4.8(b), the O-O

pair labeled 4a has a very low energy after relaxation, while the O-O pair labeled 4b

has the highest energy after relaxation. Due to the asymmetry of the BCC octahedral

interstitial sites, the relaxations of the short O-Nb bonds are larger than those of the

longer O-Nb bonds, resulting in a tetragonal distortion that produces an elastic dipole.

The difference in pair energies between the 4a and 4b pairs highlights the importance of
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Figure 4.9: (a) The ECI parameters are plotted for the mean cluster expansion from
the posterior distribution of cluster expansions with the corresponsing diagonal value
of the covariance matrix plotted as the error bar. (b) The Warren-Cowley short range
order parameters calculated at 1915 using grand Canonical Monte Carlo with the
mean cluster expansion.

the relative orientations of the short O-Nb bonds of the interacting octahedra. For the 4a

pair cluster, shown in Figure 4.8(c), the axis of their tetragonal distortions are parallel.

In the relaxed structure shown in Figure 4.8(c), the elastic dipoles act in a coordinated

way to distort the surrounding Nb lattice and locally achieve a more open environment

for both oxygen atoms. The high energy pair cluster 4b, shown in Figure 4.8(d), has a

Nb atom directly between the two oxygen atoms. The tetragonal elastic dipoles of the

interacting octahedra are aligned as illustrated with the arrows in Figure 4.8(d). The two

interstitial oxygen atoms apply opposing forces on the intermediate Nb atom, thereby
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preventing either octahedron from fully relaxing.

Finite temperature short-range order

Since the O-O pair binding energies vary in a non-monotonic manner, it is of interest

to explore the extent to which this may lead to short range order. Warren-Cowley short

range order (SRO) parameters[117] were calculated using grand canonical Monte Carlo.

For a given pair cluster i, The SRO parameter αi for a particular pair cluster, i, is defined

as

αi = 1− pi
m2

O

(4.1)

where pi is the probability that both sites of pair cluster i are simultaneously occupied by

oxygen. The m2
O appearing in the denominator is the square of the fraction of interstitial

sites that are occupied by an oxygen atom and is equal to the probability of an O-O pair

for a random distribution of oxygen, in the absence of any short-range order.

When αi is positive (negative), the pair cluster is less (more) likely to be observed

relative to a random mixture of oxygen over the interstitial sites. The ECI values for

the pair correlations used in the Monte Carlo simulation are plotted in Figure 4.9(a)

which prove to be a good predictor of the short range order parameters. Figure 4.9(b)

shows the values of αi at 1915oC from a Monte Carlo pass at the maximum solubility.

Pairs 1, 2, and 4b have very large and positive order parameters, exceeding a value

of 0.80, signifying very low probabilities that these O-O pairs are sampled at elevated

temperature. Moderately negative order parameters are predicted for the 3rd, 5th and

10ath O-O pairs, signifying a slight preference for these clusters than would be expected

for a random mixture of oxygen over the octahedral interstitial sites of BCC Nb.
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4.3.4 Point Defects in Niobium Monoxide

The NbO crystal structure is a vacancy ordered rocksalt (Figure 4.2b) in which one

fourth of both the Nb and O sublattices are vacant. This generates a network of Nb

(O) atoms that are each coordinated by four O (Nb) atoms in a square planar geometry.

There are four possible point defects when excluding anti-site defects: either additional

vacancies can be created on each sublattice, or the existing vacancies on the Nb (O)

sublattice can be filled by Nb (O). These defects can result in configurational disorder

and lead to some degree of off-stoichiometry of the oxide compound.

Point Defect Preference in Rocksalt

The predicted phase diagram in Figure 4.3 shows some oxygen solubility in the NbO

monoxide phase at elevated temperatures. The ground state NbO structure contains a

high concentration (25%) of vacancies on both the Nb and O sublattices, and therefore

can accommodate additional oxygen by either filling vacancies on the oxygen sublattice

or by creating additional Nb vacancies. Figure 4.10 shows the sublattice concentrations

within rocksalt NbO as a function of the overall oxygen concentration at a 1917oC as

calculated with Monte Carlo simulations applied to the cluster expansion of the rocksalt

phase. This temperature is near the solidus line. Both the Nb and O sublattices have an

occupancy of 0.75 at the stoichiometric composition NbO, coinciding with an oxygen atom

fraction of 0.5. In the region between the two dotted lines, where the vacancy ordered

rock salt is thermodynamically stable, the concentration of the Nb sublattice decreases

with increasing oxygen concentration, indicating a clear preference for additional Nb

vacancies when the compound becomes oxygen rich. In contrast, the concentration on

the oxygen sublattice remains unchanged.
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Figure 4.10: Plotted above are the sublattice occupancy for the Nb and oxygen sublat-
tices in NbO observed in Monte Carlo calculations as the oxygen composition increases
at a 1917 , a high temperature near the solidus. While the oxygen sublattice retains its
75% occupancy, the niobium sublattice occupancy drops indicating an accumulation
of additional vacancies. Regions in grey are beyond the range of the rocksalt phase
stability

Electronic Structure Analysis of the NbO Ground State

Before examining the bonding interactions that are altered in the presence of defects,

we first describe the electronic structure of the pristine vacancy ordered NbO ground

state. Similar analyses have been published previously [118, 35, 36, 34, 119], with Burdett

and Hughbanks [118] emphasizing the importance of d-p π bonding between oxygen and

niobium and d-d σ and π bonding between Nb-Nb pairs. Crystal Orbital Hamilton

Population (COHP) analysis was performed using the software package LOBSTER [106,

107, 108, 109] to determine the energies and distribution of electronic states from Nb-Nb

and Nb-O interactions in this structure.

First, the electronic structure of Nb-O bonds is examined. Figure 4.11 shows the

five types of Nb-O bonding interactions allowed by the square planar symmetry in the

vacancy ordered rocksalt NbO structure. The total -COHP of both Nb-O and Nb-Nb

bonds is shown as a dashed line in each plot in Figure 4.11. The filled light blue states in

the -COHP plots of Figure 4.11 indicate electronic states arising from the hybridization
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Figure 4.11: In each of the above plots, the total -COHP of the niobium-oxygen inter-
actions are shown with a black line, the filled light blue region indicate the contribution
from orbitals of a given symmetry in the square planar NbO crystal structure, and
the total -COHP for the structure is shown with a dashed line. Above each plot is
an illustration of the orbitals involved in the interaction. In a, b, and c the relevant
orbitals are all located in the plane of oxygen whereas in d and e the orbitals involved
extend out of the plane of oxygen. The gold circles at the corners of the square in-
dicate oxygen atoms while the blue circle in the center represents the niobium atom.
(g-f) The Nb-Nb interactions are also plotted as filled red states. Above each plot, a
{020} slice of the NbO unit cell is shown with the rotated orbitals involved in each
the Nb-Nbσ-bond (f) and π-bond (g).

of the depicted orbitals, where a positive density of states is a bonding interaction and a

negative density of states is an antibonding interaction. The first two bonding interactions

have a B1g type symmetry and are comprised of strong σ bonds between the Nb dx2−y2

and either oxygen px and py or oxygen s orbitals, all contained within the plane of atoms

as shown in Figure 4.11a and b, respectively. The interactions have bonding states far

below the Fermi level while the corresponding antibonding states are pushed far above

the Fermi level and thus are unoccupied.

Figure 4.11c, shows a π bonding interaction with B2g symmetry between niobium dxy

orbital and oxygen px and py orbitals contained within the plane of Nb and O atoms.

Although the oxygen p-orbitals point into the neighboring vacancy, they are able to π

bond with the dxy of the central niobium. This overlap is weaker than the σ bond of
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Figure 4.11a, as manifested by a less significant energetic splitting of the bonding and

antibonding states in blue in 4.11c. The antibonding states for this interaction lie just

above the Fermi level.

Continuing to Figure 4.11d, the orbitals with A1g symmetry, the niobium d3z2−r2 and

oxygen s orbitals are mostly non-bonding in character.

The final niobium-oxygen bond consists of oxygen pz orbitals overlapping with nio-

bium dxz or dyz one of which is illustrated in Figure 4.11e. There are two instances of

this type of interaction which has Eg symmetry. This orbital overlap is once again a π

bond though it has even weaker splitting that the B2g state. The antibonding orbital is

only slightly higher in energy than the bonding orbital and spans a wider energy range.

Since these states straddle the Fermi level they must be partially occupied incurring some

energetic cost.

Next, the Nb-Nb interactions are examined using a similar approach. The niobium

dxz(yz) orbital which points directly at neighboring niobium atoms, and niobium d3z2−r2

orbital which points towards the oxygen vacancy, both play an important role in metal-

metal bonding. Since the vector between niobium atoms is at a 45◦ angle from the

Cartesian coordinate system we have defined so far, it is more intuitive to study the

-COHP of the Nb-Nb interactions with a rotated basis set [120] of atomic orbitals (Sup-

port Information Figure S3) . With the rotated basis, the σ bonding and antibonding

states can be entirely described by the ⟨d′3z2−r2|d′3z2−r2⟩ interaction (Figure 4.11f). The σ

bonding states are near but below the Fermi level while the antibonding states are above

the Fermi level and are unoccupied. According to Burdett and Hughbanks[118], this σ

interaction is largely composed of dxz orbitals in the original coordinate system, though

there are some contributions from other interactions.

With this rotated basis, significant Nb d-d π bonding and antibonding states can be

entirely described by the ⟨d′xz|d′xz⟩ interaction (Figure 4.11g). For the π bond, the bonding
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state and lower edge of the antibonding states are below the Fermi level. There are

also some contributions from other interactions such as the ⟨dyz|dyz⟩, which are parallel

orbitals. Both Nb-Nb bonding states make up significant electron density below the Fermi

level, overcoming the antibonding Nb-O states and resulting in a bonding character for

the total -COHP until 1.45 eV below the Fermi level, as indicated by the dashed line in

Figure 4.11. Prior work has shown that this shift of Nb d-orbital electron density from

antibonding(nonbonding) ⟨Nb dxz(yz)|Opz⟩ (⟨Nb d3z2−r2 |Os⟩) states into favorable Nb-Nb

σ (π) bonding states stabilizes the NbO vacancy ordered structure compared to the ideal

rocksalt [118].

Thus, there are three features of the electronic structure which lead to the stabilization

of the vacancy ordered NbO structure:

• Unfavorable: Nb dxz-O pz π bonding is somewhat unfavorable due to a subset of

anti-bonding states that are below the Fermi level. The vacancy ordered structure

reduces these interactions.

• Favorable: Nb-Nb σ and π have a stabilizing effect and span the space left by

oxygen vacancies, promoting their formation.

• Favorable: The σ Nb-O bonding has a stabilizing effect which prevents larger

numbers of oxygen or Nb vacancies from forming.

Electronic Structure Analysis of the NbO Defects

This understanding of the NbO ground state informs a subsequent examination of the

electronic structure of different defects in NbO. According to Figure S2 in the Appendix

A Figure A.2, vacancy generation is less costly than the addition of atoms into the vacancy

ordered NbO crystal, with the highest energy point defect consisting of an oxygen atom

filling a vacancy.
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Figure 4.12: Part a shows the idealized NbO crystal structure where the blue spheres
represent niobium atoms and the small yellow one s are oxygen atoms. On the right
(part b) is an idealized NbO crystal structure with an additional oxygen atom filling
a vacancy.

First, this highest energy defect, the addition of an oxygen atom, is studied. Com-

pared to the the pristine NbO structure, the extra oxygen atom fills a vacant site that is

octahedrally coordinated by Nb (Figure 4.12), changing the coordination environments

of the surrounding six niobium atoms from a square planar symmetry to that of a square

pyramid.
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Figure 4.13: Plotted are the -COHP for the NbO structure with an additional oxygen
atom normalized per bond. On the left, the Nb-O bonds near the defect are compared
to the rest of the Nb-O bonds in idealized 2x2x2 supercell. On the right, the Nb-Nb
bonds near the oxygen defect is compared to the rest of the Nb-Nb bond. The energy
is referenced to the Fermi level.

The calculated -COHP for the the Nb-O and Nb-Nb bonding interactions in a 2 ×

2 × 2 idealized supercell with an additional oxygen atom are shown in Figure 4.13. In

Figure 4.13a, the red curve which represents the bonds between the oxygen defect atom
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Figure 4.14: Plotted are the -COHP, normalized per bond, for the NbO structure
with an additional Nb vacancy. On the left, the Nb-O bonds near the defect are
compared to the average Nb-O bonds in idealized 2x2x2 supercell. On the right, the
Nb-Nb bonds near the defect are compared to the average Nb-Nb bond. The energy
is referenced to the Fermi level.

and surrounding Nb atoms is significantly different from the rest of the Nb-O bonds

in the structure, which are shown in grey. Lower energy isolated states which would

stabilize the defect, correspond to the σ bonds between the additional oxygen atom

and the surrounding oxygen similar to those in Figure 4.11a and b. However there is a

significant addition of antibonding states near and just below there Fermi level. From

Figure 4.11c and e, we see that the antibonding Nb-O states near the Fermi level are

typically composed of π bonding between the dxy,xz,yz orbitals and oxygen p orbitals. This

is verified by a project DOS plot in the Appendix A (Figure A.4), where a lower energy

from the two peaks includes contributions from the Nb dxz,yz orbitals which corresponds

to enhancement of the antibonding Nb-O π bonds examined in Figure 4.11(e). The

peak at the Fermi level in the Figure 4.13(a) also includes contributions from the Nb

dxy orbital according to Figure A.4. This verifies that there is additional filling of the

antibonding Nb-O π bonds seen the Figure 4.11(c). The oxygen defect atom has enhanced

the Nb-O π interactions, pulling the antibonding states below the Fermi level, which has

a destabilizing effect.
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In Figure 4.13b the Nb-Nb bonds adjacent to the oxygen atom defect are compared

to the the rest of the Nb-Nb bonds in the structure. These bonds are disrupted, with

a lower overall density. Due to the intervening oxygen atom, electron density from the

d3z2−x2 and dxz(yz) orbitals is shifted from the favorable Nb-Nb bonds into the Nb-O π

bonds discussed in the previous paragraph. Thus the additional oxygen atom increases

Nb-O hybridization resulting in the occupation of antibonding orbitals while also mildly

disrupting the neighboring Nb-Nb bonding. The occupation of these antibonding states

are extremely costly and destabilized this defect.

This analysis can be contrasted to the effect of a niobium vacancy, the lowest energy

point defect (Appendix A Figure S2). The -COHP of the Nb vacancy defect in a a similar

idealized 2× 2× 2 NbO supercell is shown in Figure 4.14. In Figure 4.14a, the red curve

representing Nb-O bonds involving oxygen p-orbitals which points into the new vacancy

is compared to the average Nb-O bonds in the overall structure in grey. The oxygen p-

orbitals still participate in bonding with other surrounding Nb orbitals but have dangling

bonds facing the vacancy. The energy of bonding states, which correspond to the σ bonds

in Figure 4.13a and b, are thus raised and broadened in energy near the defect, however

no new antibonding interactions are added. In Figure 4.14b, the Nb-Nb bonds of the

surrounding Nb are also relatively unchanged compared to the average Nb-Nb bonds

in the structure. Since -COHP analysis cannot probe non-bonding states directly, these

Nb-Nb defect states instead correspond to any Nb-Nb bonds which involve one atom that

would have bonded with the missing Nb atom. In contrast to the Nb-O bonds which

are raised in energy when the neighboring Nb atoms is absent, the Nb-Nb bonds are

relatively unperturbed. However, there would be fewer present in the structure lowering

their stabilizing contribution to the overall electronic structure.

The raised energy of Nb-O bonds contributes to the defect energy but is clearly less

costly than the additional antibonding interaction seen in the oxygen atom defect.
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When either a niobium or oxygen atom are added into the NbO structure, an octa-

hedral site is filled creating six new nearest neighbor Nb-O pairs Meanwhile, when an

additional vacancy is generated on either sublattice, bonds are broken with four sur-

rounding nearest neighbor atoms of the other species. Thus, the destabilizing effects of

an additional atom on surrounding Nb-O bonds have a 6-fold impact on the defect energy,

while the destabilizing impact on surrounding bonds of Nb vacancy have only a 4-fold

impact on the energy of the structure. This results in both vacancy generating defects

tending to have a lower energy than the corresponding vacancy filling defects (Appendix

A Figure S2)

4.4 Discussion

Through first principles calculations we have predicted eight ground states in the

Nb-O binary system which include four off-stoichiometric Wadsley-Roth phases, which

were previously not considered ground states. We used a statistical mechanics approach

to predict a finite temperature phase diagram for the NbO system. Our predictions

suggest oxygen solubility in both the BCC interstitial solution and the ordered rocksalt

monoxide phase at elevated temperatures. The Bayesian cluster expansion method used

to describe the configurational energy of interstitial oxygen in BCC Nb system enabled

an assessment of the uncertainty of the predicted oxygen solubility limit in BCC Nb

due to numerical errors on the DFT training data and errors due to cluster expansion

truncation. The experimentally predicted solubility limit is about a standard deviation

below the computationally predicted solubility limit. Notably, vibrational excitations are

excluded from our analysis and could impact the solubility limit [121, 122, 123].

The most frequently cited Nb-O phase diagram proposed by Okamoto in 1990 [18,

17, 124] depicts the solubility of interstitial oxygen in BCC niobium along side three line
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compounds, NbO, NbO2, and Nb2O5. There is a notable absence of additional oxide

phases between NbO2 and Nb2O5. A study by Naito et al. [16] attempted to address

this compositional range by detailing the phase diagram between NbO2 and Nb2O5.

The solubility curve proposed by Okamoto et al [18] shown in Figure 4.3, is motivated

by several conflicting solubility curves measured in the 1960s [42, 125, 38, 45] and an

empirically fit models [46]. However, these studies contained very few measurements at

high temperatures. The solubility curve has not been revisited in recent experimental

studies. CALPHAD studies [126, 127, 44] build upon the same early measurements, the

Zircobase database [128], and rely on a private communication from Dupin and Ansara

[129]. No first principles prediction of the full binary system has been performed to date.

We have demonstrated that some short range ordering of interstitial atoms occurs at

high oxygen concentrations despite high temperatures. The high energetic costs of certain

O-O pairs manifests as a significant suppression of these pairs in thermal equilibrium

at elevated temperatures. While some of the pair binding energies can certainly be

attributed to strain mediated effects and electrostatic repulsion, in many of the shorter

range pairs closed-shelled repulsion plays a significant role. These unfavorable electronic

interactions are the result of filling both bonding and antibonding orbitals. The short

range ordering of O-O pairs may play a significant role in the diffusion and mechanical

properties in niobium and other BCC interstitial solutions.

Lastly, an in-depth analysis of the electronic structure of point defects in the NbO

monoxide structure was performed. The additional oxygen atom defect causes Nb-O

⟨dxy,xz,yx|px,y,z⟩ π antibonding orbitals to be pulled below the Fermi level and occupied

while disrupting favorable Nb-Nb σ and π bonding interactions, resulting in a significant

energetic penalty. For the vacancy generating defects, dangling bonds are created which

raise the energy of neighboring NbO bonding interactions. However, since antibonding

states are not added and there is minimal impact on the Nb-Nb σ and π bonding in-
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teractions, these defects are less costly. Furthermore, defects which create additional

vacancies raise the energy of fewer NbO interactions than the additional atoms making

them less costly to generate than defects that fill vacancies.

Short range ordering of interstitial oxygen solutes may lead to a depression in sol-

ubility in the models solid solution. In the predicted phase diagram (Figure 4.3), the

predicted oxygen solubility increases quickly at moderate temperatures, but at higher

temperatures it because challenging to dissolve larger amounts of oxygen. This is likely

related to short range order effects becoming more significant above about 5% and re-

ducing the entropic benefit of dissolving additional oxygen. Since certain oxygen con-

figurations are promoted by the short range ordering, they may play a role in phase

transformations in BCC alloys. For instance when niobium alloyed with HCP elements,

a BCC-HCP phase transformation is sometimes observed in parts of the matrix resulting

in a second phase [130]. This phase transformation may be promoted by the elastic dipole

of oxygen interstitial solutes and particular arrangements of these solutes may lower the

energy barrier along the Burgers path. Future work could calculate the energy barrier

along this path as a function of oxygen concentration and configurations.

4.5 Conclusion

The thermodynamic behavior of the Nb-O binary system has been evaluated from

eight predicted 0-K ground states to finite temperature where off-stoichiometry is pre-

dicted in the BCC and monoxide phases. We have highlighted the short range electronic

interactions and long range elastic interactions which result in stabilized or destabilized

O-O pair configurations. These diverse O-O pair interactions lead to short range order

of interstitial oxygen in BCC Nb which persists to high temperatures and without an

imposed strain. This lays a foundation for interpreting the behavior of interstitial de-
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fects in other BCC materials including newly developed BCC refractory multi-principle

element alloys. Analysis the electronic structure of defects in the vacancy ordered NbO

rocksalt also sheds light on the interactions which stabilize the Nb vacancy defect over

all others. These findings may extend beyond defects in the niobium monoxide to other

rocksalt monoxide materials. Understanding the behaviors of point defects in both the

BCC metals and vacancy ordered rocksalt is essential for studying diffusion, oxidation,

and phase transformation pathways.
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Chapter 5

The Niobium Oxide Wadsley Roth

Block Phases

The electrification of vehicles and high-power electronics requires the development of

battery electrodes that can sustain fast charging rates and high power densities after

many charging cycles. An especially promising class of materials to serve as high power

anodes in Li-ion batteries are the Wadsley-Roth block phases.[131, 132, 133, 134, 135,

136, 137, 93, 138, 139, 140, 94, 95] Also referred to as crystallographic shear structures,

the Wadsley-Roth crystal structures are adopted by early transition metal oxides and

constitute a large family of phases that can intercalate Li at high rates. Their structures

can accommodate Li over multiple redox couples and their crystallographic flexibility

makes it possible to tune their structure through alloying. While there are several Nb-

oxides that form Wadsley-Roth block phases,[141, 142, 143, 144, 145, 146, 147, 148]

many more have been synthesized by combining different early transition metals such as

Nb, Ti, W and Mo.[20, 22, 21, 23, 24, 149, 150, 151, 152, 153, 154, 155, 156, 157, 158]

For example, TiNb2O7, which has already been commercialized as an anode material,

exhibits reversible capacities up to 341mAh/g and high reversible charge rates [139, 136,
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159]. Other titanium-niobates such as TiNb24O62 [160] and Ti2Nb10O29 [161] also exhibit

high rate capabilities. Recent work by Griffith et al.[93] has demonstrated high rate

capabilities in Wadsley-Roth phases containing different mixtures of Nb and W.

Wadsley-Roth phases are also important for refractory metal alloys [4, 130] as they can

form as part of their oxide scales. There is currently much interest in the development of

multi-principal element (MPE) structural alloys made of early transition metals such as

Ti, Zr, Hf, V, Nb, Ta, Cr, Mo and W for high temperature structural applications.[56, 55]

Structural alloys for extreme environments require protective and passivating oxide scales

such as Al2O3.[162, 163, 164, 165, 166, 167] The formation of desirable oxide scales re-

quires a careful tuning of the alloy composition that is guided by a comprehensive charac-

terization of oxide phase stability as a function of oxygen partial pressure and base metal

chemical potentials.[124] The flexibility of Wadsley-Roth phases to accommodate mul-

tiple early transition metals makes them important oxidation products when refractory

MPE alloys are exposed to extreme oxidizing environments.

In this chapter, we investigate the structural diversity of Wadsley-Roth phases and

identify chemical and crystallographic factors that determine phase stability among the

many possible structural variants. We develop approaches to systematically enumerate

Wadsley-Roth phases and extend the naming scheme proposed by Cava[29] to enable

a more precise specification of each Wadsley-Roth crystal structure. We next explore

the crystallographic features that make some Wadsley-Roth phases more stable than

others and find that stable Wadsley-Roth phases minimize the number of edge-sharing

octahedra. The flexibility of the metal-oxygen octahedra to undergo structural distortions

play a secondary role in determining the relative stability among different Wadsley-Roth

crystal structures.
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5.1 Methods

The reader is referred to Chapter 3 for more details and background on the first

principles methods used in this chapter. Density Functional Theory (DFT) calculations

were performed with the Vienna ab initio simulation package (VASP)[76, 77, 168, 169]

. The projector augmented wave (PAW)[78, 79] method was used to treat interactions

between valence and core electrons. All calculations were performed within the general-

ized gradient approximation (GGA) as parameterized by Perdew, Burke, and Ernzerhof

(PBE).[75] A 575 eV plane wave energy cutoff and a Γ-centered k-point grid with a

reciprocal space discretization of 45 Å was used. All calculations were performed spin

polarized and were initialized in a ferromagnetic state. All structures were relaxed with

respect to the lattice and atomic coordinates using a force convergence of 0.02 eV/Å and

an energy convergence of 10−5eV.

5.2 Results

5.2.1 Wadsley-Roth Block Structures

Wadsley-Roth phases are made of octahedrally coordinated metal cations (Figure

5.1(a)) that assemble into infinitely long n × m blocks as illustrated in Figure 5.1(b).

The corners of the octahedra represent oxygen ions. Each octahedron shares a corner

oxygen with an adjacent octahedron within the same block. The integer n (m) refers to

the number of corner sharing octahedra along the x̂ (ŷ) axis of the Cartesian coordinate

system of Figure 5.1. There is no bound on the number of corner sharing octahedra along

the ẑ axis of each n×m block.

Different n × m blocks of a Wadsley-Roth phase are joined together as illustrated

in Figure 5.1(c), which shows a side view in the x̂ − ẑ plane. The octahedra along the

61



The Niobium Oxide Wadsley Roth Block Phases Chapter 5

Figure 5.1: Wadsley-Roth crystallographic shear structures are made of MO6 octahe-
dra (M = metal, O = oxygen) (a) that form infinitely long n×m corner-sharing blocks
(b). The blocks are joined along “shear boundaries” (c). The blocks can tile space
in a multitude of ways to generate a rich variety of Wadsley-Roth crystal structures
(d)-(h).

62



The Niobium Oxide Wadsley Roth Block Phases Chapter 5

periphery of a block share edges with octahedra of neighboring blocks, which leads to

an off-set along the ẑ-axis between adjacent blocks by half the height of an octahedron.

The plane of edge sharing octahedra between neighboring n×m blocks is referred to as

a crystallographic shear boundary (not to be confused with a mechanical shear).

There are multiple ways to join different n × m blocks of corner sharing octahedra

when viewed down the ẑ axis. Figure 5.1(d) shows a simple checker-board pattern of

3× 4 corner sharing blocks within the x̂− ŷ plane. More complex arrangements are also

possible in which the relative positions of neighboring blocks are shifted by an integer

number of the width of an octahedron d. In Figure 5.1(e), block B is shifted by a distance

d along the x̂ axis relative to block A. In Figure 5.1(f), block C is shifted upwards along

the ŷ axis by a distance d relative to block A. Another arrangement can be realized by

shifting both the B and C blocks relative to the A block as illustrated in Figure 5.1(g),

leading to a tunnel along the ẑ axis of tetrahedrally coordinated sites, shown in purple.

To achieve this pattern, block B shifts by a distance d along the x̂ axis and block C shifts

down by a distance d along the ŷ axis.

An infinite number of Wadsley-Roth crystal structures can be enumerated by varying

the dimensions n and m of the block in the x̂− ŷ plane and by varying the relative shift

of adjacent blocks as illustrated for the 3 × 4 blocks of Figure 5.1. Only a subset of all

possible Wadsley-Roth phases that can be generated in this manner have been observed

experimentally. Furthermore, some experimentally observed Wadsley-Roth phases have

crystal structures that cannot be generated by tiling a single n ×m block. These more

complex Wadsley-Roth phases are generated by tiling a collection of differently sized

corner-sharing blocks. An example is illustrated in Figure 5.1h, an idealized crystal

structure for Nb47O116 as described by Koccer et al[92]. This structure combines 3 × 4

and 3×3 blocks that tile space to produce a mix of tetrahedral and edge-sharing corners.

Cava introduced a naming scheme to distinguish different classes of Wadsley-Roth
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Figure 5.2: Seven different examples of Wadsley-Roth shear structures. With the
augmented naming scheme of Cava, these can be referred to as (a) E0[3 × 3], (b)
E1x[3 × 4], (c) E2y[3 × 4], (d) E[3 × ∞], (e) T[3 × 3], (f) M[3 × 3, 3 × 4], and (g)
M[3× 4, 3× 4]. Both (b) and (c) have the same block dimensions but have a different
relative offset between neighboring blocks. (f) and (g) both fall into the broader
category of the more complicated mixed Wadsley-Roth structures.
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phases.[29] Wadsley-Roth phases that exclusively have edge-sharing octahedra at the

corners of each block are labeled E while those that have tetrahedrally coordinated sites

at each corner are labeled T. The Wadsley-Roth phases made of a single block that only

have a relative shift along x̂ or along ŷ, but not both, are E structures (e.g. Figures 5.1(d),

(e) and (f)). Those with a relative shift of adjacent blocks in both the x̂ and ŷ directions

that result in a tetrahedrally coordinated site at each block corner are T structures

(Figure 5.1g). Those with a mixture of edge sharing octahedra and tetrahedral sites at

block corners are type M. These more complex structures tend to be composed of motifs

that are made of multiple block sizes.

Here we augment Cava’s naming scheme to enable a more precise specification of the

Wadsley-Roth phases within a particular category of structures. For the category of E

Wadsley-Roth phases, made of a single n×m block, we append a modifier to E to specify

the block size and the relative shift between neighboring blocks. To avoid ambiguity, we

orient the block such that the shorter edge length is parallel to the x̂ axis. By this

convention, the Wadsley-Roth phases of Figures 5.2(a), (b), (c) and (d) can be uniquely

labeled. The Wadsley-Roth phase of Figure 5.2(a), for example, becomes E0[3× 3], with

the subscript 0 indicating that there is no relative shift between neighboring blocks. The

structures of Figures 5.2(b) and (c), which have undergone relative shifts along the x̂ and

ŷ directions, respectively, are labeled E1x[3 × 4] and E1y[3 × 4]. The integer subscript

indicates the number of units of the width of an octahedron that a neighboring block has

been shifted along the x̂ or ŷ direction. Block shifts of up to n − 1 along x̂ and m − 1

along ŷ can generate symmetrically unique structures. For square blocks (i.e. n = m),

there is no need to specify a shift direction since a shift along x̂ or along ŷ will generate

symmetrically equivalent structures. Meanwhile, the structure made of 3×∞ blocks in

Figure 5.2(d) becomes E[3 × ∞], where the subscript has been omitted since all shear

boundaries are parallel. A method to systematically enumerate E Wadsley-Roth phases
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is described in Appendix B.

Following Cava, we continue to label the Wadsley-Roth phases that host tetrahedrally

coordinated sites as T, but suggest an additional modifier to specify the block size. Hence,

the structure of Figure 5.2(e) becomes T[3× 3]. There is no need to specify the relative

shifts between neighboring blocks as there is only one set of shifts that will generate a

tetrahedral site at the junction of four blocks: a positive shift by a distance d along x̂ and

a negative shift by d along the ŷ. Any other combination of x̂ and ŷ shifts of neighboring

blocks will generate unphysically large open tunnels at the junctions of four blocks that

are not present in any experimentally observed Wadsley-Roth phases.

Finally, the more complex Wadsley-Roth structures with a mixture of edge sharing

octahedra and tetrahedral sites at block corners are designated as type M in accord with

Cava’s nomenclature. These more complex structures tend to be composed of repeating

motifs that consist of multiple blocks with different dimensions n and m.[160, 170, 144,

171, 172, 173] Two simple M structures are illustrated in 5.2 g and f. These are composed

of pairs of blocks that either have a different shape (f) or the same shape (g) and that

are then tiled as a unit to generate the crystal structure. As these structures can be

quite elaborate, containing multiple blocks in their repeat units that themselves are then

tiled in diverse of ways, we did not determine an unambiguous method with which to

specify the resulting structure. Instead, we simply modify the label M with a list of the

dimensions of the blocks that define the repeat unit that tiles space. Thus the structure in

Figure 5.2 f is designated M[3×3, 3×4] while that of g becomes M[3×4, 3×4]. Similarly

the more complicated structure in Figure 5.1 h becomes M[3×4, 3×4, 3×3, 3×4]. While

the T and E nomenclature can designate a specific crystal structure, there may be more

than one structure which can fit a given M-type description.
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Figure 5.3: (a) The ratio of oxygen to metal of Eiα[n ×m] Wadsley-Roth structures
as a function of block dimensions n and m. Each curve represents a fixed value of n
while the horizontal axis tracks m. (b) The ratio of oxygen to metal of T[n×m] Wad-
sley-Roth structures as a function of block dimensions. A variety of technologically
important crystal structures emerge as part of a systematic generation of E and T
Wadsley-Roth block structures. The blue and orange octahedra indicate neighboring
blocks which are offset by d

2 ẑ.

5.2.2 Wadsley-Roth composition and relation to structure

The structural versatility of Wadsley-Roth phases enables oxide stoichiometries that

span a wide range of oxygen to metal ratios. The oxygen to metal ratio of an oxide MpOq,

defined as ϕ = q/p, can be tuned by varying the block size and relative shifts between

neighboring blocks. Figure 5.3(a) shows the dependence of the oxygen to metal ratio, ϕ,

of the E type Wadsley-Roth phases as a function of block size. The compositions of the

E type Wadsley-Roth phases are only affected by the block size and not the relative shift

between neighboring blocks. Each curve corresponds to a particular value of n, while the

horizontal axis corresponds to m in the Eix[n×m] and Ejy[n×m] family of Wadsley-Roth

phases. The composition of the E Wadsley-Roth phases can be calculated according to
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[23]

ϕ =
3nm− n−m

nm
(5.1)

Values of ϕ consistent with E Wadsley-Roth phases range between 1 and 3.

The upper horizontal dashed line at ϕ = 3 in Figure 5.3 corresponds to the stoichom-

etry of WO3 and is asymptotically reached when the block dimensions become infinitely

large (i.e. E0[∞ × ∞]). The resultant structure is simply the corner-sharing ReO3

perovskite-like crystal adopted by WO3 without any crystallographic shear boundaries.

The introduction of crystallographic shear boundaries between finite-sized n×m blocks

reduces the oxygen to metal ratio from its maximum value at ϕ = 3 due to the replace-

ment of corner-sharing octahedra with octahedra that share edges along crystallographic

shear boundaries. The lowest dashed line at ϕ = 1 in Figure 5.3 can only be achieved with

1× 1 blocks, which when combined with neighboring 1× 1 blocks through edge-sharing

crystallographic shear planes generates the dense rocksalt MO crystal structure.

Figure 5.3 clearly shows that the Wadsley-Roth structures are bracketed by the

densely-packed rocksalt crystal, equivalent to E0[1 × 1], at one extreme and the open

perovskite-like crystal structure of ReO3, E[∞×∞], at the other extreme. The rocksalt

structure consists of only edge-sharing octahedra, while the perovskite-like structure of

ReO3 is made of only corner-sharing octahedra. All other Wadsley-Roth type phases

combine local environments of both rocksalt and the perovskite-like ReO3 structures.

The dashed line at ϕ = 2.5 in Figure 5.3(a) corresponds to the oxygen to metal ratio

of Nb2O5 and Ta2O5. This ratio is asymptotically approached for a Wadsley-Roth phase

with n = 2 and m → ∞. The resultant E[2 × ∞] Wadsley-Roth phase is the stable

polymorph of Ta2O5. The same horizontal line at ϕ = 2.5 also crosses the n = 4 line

at m = 4, corresponding to Ei[4 × 4], and the n = 3 line at m = 6, which corresponds

to the Eix[3 × 6] and Ejy[3 × 6] structures. The horizontal dashed line at ϕ = 2, the
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stoichometry of TiO2, is asymptotically approached from by below by the n = 1 line as

m → ∞. The resulting Wadsley-Roth phase, E[1 × ∞], is hypothetical, consisting of

two-dimensional sheets of edge-sharing octahedra that are corner sharing with adjacent

sheets. This structure does not coincide with any polymorph adopted by TiO2. The

same oxygen to metal ratio of ϕ = 2, however, can also be realized with the Ei[2 × 2]

Wadsley-Roth structures. In fact, E1[2× 2] can be shown to be the structure of TiO2-B,

a polymorph of TiO2 that is generally not recognized as belonging to the Wadsley-Roth

family of crystals. Similar to other Wadsley-Roth phases, the TiO2-B polymorph is a

promising anode material for Li-ion batteries.[174, 175, 176, 177] Another interesting

enumerated structure is that of E1[1 × 2] at ϕ = 1.5, which can also be viewed as a

rocksalt structure with cation vacancies and which was recently predicted to have a low

energy in the Ti-O binary.[9]

As with the E type Wadsley-Roth phases, it is possible to systematically enumerate

T[n ×m] Wadsley-Roth structures, which contain tetrahedral sites at the junctions be-

tween four n×m blocks of corner sharing octahedra. In these structures the oxygen to

metal ratio can be calculated with [23]

ϕ =
3nm− n−m+ 4

nm+ 1
(5.2)

where the tetrahedral site accounts for the addition of 4 oxygen atoms and 1 metal atom

to the chemical formula. The tetrahedral sites may be filled by a transition metal[140,

178, 134, 27, 179, 180, 181], or by small cations such as phosphorus. At most half of the

tetrahedral sites are filled and the ordering in which these sites are filled offers another

degree of freedom for these crystal structures [94].

Figure 5.3(b) shows the relation between the oxygen to metal ratio, ϕ = q/p in MpOq,

as a function of n andm. Each curve corresponds to a fixed value of n while the horizontal
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axis corresponds to m. As with the E type structures, the asymptotic limit of infinitely

large blocks, i.e. T[∞×∞], is the ReO3 perovskite-like structure adopted by WO3. At

the other extreme, T[1× 1] is a structure consisting of a high density of octahedral and

tetrahedral sites as illustrated in the inset in Figure 5.3(b). This structure is adopted by

many phosphate compounds, such as MoOPO4[182] and NbOPO4[183, 184], where the

tetrahedral sites are occupied by phosphorus and the octahedral sites by the transition

metal. This structure is also seen in high pressure TaOPO4[185] and similar structures

are observed for Cr and V phosphates, though in these cases Cr and V distort away from

the center of their octahedra and thereby adopt a pyramidal coordination by oxygen.

The tetrahedral sites is also filled by phosphorus in the T[3x3] structure of PNb9O25,

a promising electrode material for Li-ion batteries [95, 186]. In contrast to the other T

structures, the oxygen to metal ratio, ϕ, for T[1×m] decreases with increasing m. This is

because an increase in the length of the 1×m block increases the number of edge sharing

octahedra in the structure without generating any additional corner sharing octahedra

as occurs in other block geometries.

The oxygen to metal ratios of ϕ = 3, 2.5 and 2 have a special significance as these

correspond to the stoichiometries of WO3, Nb2O5 and TiO2 in which the metals are

in their maximum oxidation states. Oxygen to metal ratios that deviate from those of

WO3, Nb2O5 and TiO2 can be realized by combining cations with different oxidation

states. Cations such as Nb can accommodate multiple formal oxidation states and form

Wadsley-Roth phases that contain a mix of Nb5+ and Nb4+. Cations with different

maximum oxidations states can also be combined to form a wide variety of Wadsley-

Roth structures. For example, a range of Wadsley-Roth phases have been synthesized

[29, 93, 187, 188, 23, 54] with values of ϕ between those of WO3 at ϕ = 3 and Nb2O5

at ϕ = 2.5 by combining different ratios of W6+ and Nb5+ cations. These can adopt

Wadsley-Roth structures that lie between the dashed lines at ϕ = 3 and ϕ = 2.5 in
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Figure 5.3(a) and (b). Wadsley-Roth phases have also been synthesized by combining

Ti4+ with Nb5+. These can adopt structures between the dashed lines at ϕ = 2 and

ϕ = 2.5 in Figure 5.3(a) and (b). As is clear from Figure 5.3, the Wadsley-Roth phases

containing W6+ and Nb5+, which have high oxidation states, have larger block sizes than

those containing Ti4+.

5.2.3 Stability of Eiα[n×m] WR structures for NbpOq

While multiple MpOq Wadsley-Roth phases can be enumerated for common oxygen to

metal ratios ϕ = q/p, only a subset of them are observed experimentally. To explore the

structural features that determine the relative stability among enumerated Wadsley-Roth

structures, we calculated the energy of NbpOq in Eix[n×m] and Ejy[n×m] Wadsley-Roth

structures for values of i ≤ n − 1 and j ≤ m − 1. Five different values of ϕ = q/p were

explored, corresponding to the oxides Nb2O5, Nb12O29, Nb15O37, Nb3O7 and NbO2. As

encapsulated in Figure 5.3, the stoichiometry of the oxide restricts the values of n and

m to particular values.

Figure 5.4 shows the calculated energies for each stoichiometry as a function of the

shift i or j along the x̂ or ŷ directions, respectively. Figure 5.4(a) shows the energies for

idealized Wadsley-Roth phases in which all the octahedra retain their cubic symmetry.

Only the volumes of each structure were allowed to relax. These energies do not account

for the effects of atomic relaxations, which for Wadsley-Roth phases are dominated by

distortions of the MO6 octahedra and changes in the distances between edge-sharing

cations. Figure 5.4(b) shows the energies of the fully relaxed structures, while Figure

5.4(c) shows the difference between (b) and (a) and represents the energy gained as a

result of atomic relaxations. As is clear in Figure 5.4, the unshifted E0[n×m] WR phases

are unfavorable both with and without atomic relaxations. The E1α[n ×m] structures,
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A

B

C

Figure 5.4: The formation energy per atom of NbpOq in several Eiα[n × m] Wads-
ley-Roth structures as a function of the shift i in the α = x̂ or α = ŷ directions. Each
line color represents a different n×m block size (and therefore composition ϕ = q/p).
The formation energies are calculated relative to Nb2O5 in the E1[4 × 4] structure
and bcc Nb. The solid lines refer to Eix[n×m] structures while the dashed lines refer
to Eiy[n × m] structures. (a) Unrelaxed energies, (b) fully relaxed energies and (c)
relaxation energy, calculated as the difference between the relaxed energy of (b) and
the unrelaxed energy of (a).
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with α = x or y, have the lowest energies for all five stoichiometries when allowing for

full relaxations. Even in the absence of relaxations, these structures are either the most

favored or a close second. While the E2α[n×m] and E3α[n×m] structures have energies

that are similar to those of the E1α[n×m] structures in the absence of atomic relaxations,

they are much less favored after relaxations, indicating that they have less flexibility to

lower their energy during relaxation. In fact, Figure 5.4(c) shows that the amount of

energy gained during relaxation decreases (i.e. becomes less negative) with increasing

shift, i, with the E0[n×m] structures able to lower their energy by the largest margin as

a result of atomic relaxations.

The trend exhibited by the unrelaxed energies in Figure 5.4(a) can be explained in

terms of the number of edge-sharing octahedra. The high oxidation state of Nb results

in large repulsive electrostatic interactions between edge-sharing cations. The number

of edges shared by Nb per unit cell in E0[4 × 4], for example, is 36, while the number

of shared edges in the other three Wadsley-Roth structures (E1[4 × 4], E2[4 × 4] and

E3[4 × 4]) is 34. More generally, the number of edges shared by Nb in the E0[n × m]

structure is larger than that in the Eiα[n×m] structures when i > 0 and α is either x or

y. In the absence of relaxations, these electrostatic interactions dominate and penalize

the E0[n × m] structure relative to E1α[n × m], E2α[n × m] and E3α[n × m], the latter

three having very similar energies, which is consistent with the fact that they have the

same number of edge sharing Nb cations.

Figure 5.4(c) shows that E0[n×m] is able to lower its energy by the largest amount

during relaxation, and that the energy lowering during relaxation for the other Eiα[n ×

m] Wadsley-Roth structures decreases with increasing shift i. There are two dominant

driving forces that direct relaxations in Wadsley-Roth phases. The first is due to a second-

order Jahn-Teller instability of d0 cations, such as Nb5+, which leads to a displacement

of those cations away from the centers of their octahedrally coordinated sites. The
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second is the large electrostatic repulsion between cations of octahedra that share edges

which increases cation-cation distances through an additional off-centering of the cations

involved. The off-centering in response to the cation-cation repulsions of edge-sharing

octahedra also leads to further collateral distortions of the surrounding oxygen ions.

The E0[n×m] structures undergo a larger reduction in energy during relaxation than

the other Eiα[n × m] Wadsley-Roth structures (with i > 0) because they have more

edge-sharing octahedra per transition metal. The E0[n×m] structures benefit more per

transition metal from the off-centering of the cations of edge-sharing octahedra to reduce

electrostatic repulsion during relaxation. The number of edge-sharing octahedra per

transition metal, however, does not fully explain the variation in relaxation energy with

structure since the Eiα[n×m] structures with i > 0, which all have the same number of

edge-sharing octahedra, continue to exhibit small differences in relaxation energy. More

subtle differences between the Eiα[n×m] structures with i > 0, such as the orientation of

the shared edges relative to the block length, lead to small variations in their relaxation

energies. This is discussed in more detail in Appendix B.

By calculating the fully relaxed energies of systematically enumerated Eiα[n × m]

Wadsley-Roth phases for NbpOq at various values of ϕ = q/p and those of experimentally

observed Wadsley-Roth structures, it is possible to assess zero Kelvin phase stability in

the oxygen rich portion of the Nb-O binary phase diagram. Figure 5.5 shows calculated

formation energies and the resultant convex hull of the Nb-O binary in the vicinity of

the Nb2O5 stoichiometry. The reference states for the formation energies are pure Nb in

the bcc crystal structure and the lowest energy Nb2O5 structure, which has the E1[4× 4]

Wadsley-Roth crystal structure. A variety of experimentally observed and enumerated

Wadsley-Roth phases are predicted to reside on the convex hull. We note that DFT-PBE

does not predict the distorted rutile form of NbO2 as a ground state. The Nb3O7 ground

state in Figure 5.5 is therefore in equilibrium with the vacancy ordered rocksalt form
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Figure 5.5: Formation energies of systematically enumerated Wadsley-Roth structures
and other known structures of the Nb-O binary. The reference states for the formation
energies are Nb2O5 in the E1[4×4] structure and bcc Nb. Five of the predicted ground
states along the Nb-O binary are Wadsley-Roth phases: Nb3O7, Nb12O29, Nb25O62,
Nb22O54, and Nb2O5.

of NbO. The predicted Nb12O29 ground state has the E1y[3 × 4] structure while only

the monoclinic form of Nb12O29 with the E1x[3 × 4] structure has been experimentally

synthesized[92]. Both structures have similar formation energies, with a difference of less

than 1meV per atom.

5.3 Discussion

The Wadsley-Roth family of crystal structures are adopted by a wide variety of early

transition metal oxides containing Ti, V, Nb, Ta, Cr, Mo and W. Many Wadsley-Roth

phases are promising anode materials for Li-ion batteries due to their ability to intercalate

Li ions at high rates and at low voltages.[187, 92, 181, 136, 139, 94, 95, 54, 189, 190, 191,

134, 143, 192, 193, 194, 195, 196, 2, 197, 198, 135] They are also important for structural
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applications as they are formed by many of the early transition metals of multi-principal

element refractory alloys. Their open crystal structures, however, make them unsuited

as protective oxide scales for corrosive or high temperature structural applications and

strategies are desired to suppress their formation in favor of more dense and protective

oxide scales.

In this work, we have analyzed and classified Wadsley-Roth phases and developed

approaches to systematically enumerate an important subset of their crystal structures.

We have extended Cava’s naming scheme [29] to be more precise and descriptive by

adding specifications for the block size and relative offset of neighboring blocks. By

systematically enumerating the structures of two subclasses of Wadsley-Roth phases we

have been able to identify relationships between important oxide crystal structures that

were not previously evident. These are summarized in the structure-composition maps

of Figures 5.3(a) and (b).

Building on the work of Roth and Wadsley [23], the structure-composition maps in

Figures 5.3(a) and (b) show that the rocksalt structure and the perovskite-like ReO3

structure are the asymptotic extremes of the Wadsley-Roth family of phases. The

perovskite-like ReO3 structure, also adopted by WO3, can be viewed as a Wadsley-Roth

phase with infinitely sized blocks of corner sharing octahedra (i.e. E0[∞ × ∞]), while

the rocksalt MO structure can be viewed as a Wadsley-Roth phase with 1× 1 blocks of

corner-sharing octahedra (i.e. E0[1 × 1]). Interestingly, other well-known crystal struc-

tures can be viewed as belonging to the Wadsley-Roth family of phases. For example,

the bronze B-TiO2 crystal structures can be viewed as an E1[2× 2] Wadsley-Roth phase.

The stable polymorph of Ta2O5 is also a Wadsley-Roth phase with an E[2×∞] structure.

The extreme end of the T type block structure with 1 × 1 block generates a common

phosphate structure adopted by NbPO5 and MoPO5. While many of these important

crystal structures were not previously recognized as belonging to the family of Wadsley-
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Roth crystal structures, they naturally emerge as part of the generative algorithms of

Wadsley-Roth phases developed in this study. Generative algorithms and accompanying

naming schemes have been developed for two subclasses of Wadsley-Roth phases, though

similar approaches to generate the more complex class of Wadsley-Roth phases consisting

of multiple differently sized blocks remain to be developed.

Another factor affecting phase stability is the flexibility of the Wadsley-Roth backbone

structure in accommodating relaxations. The majority of transition metal cations in

Wadsley-Roth phases are in their maximum oxidation state.

The second-order Jahn-Teller distortion leads to an off-centering of the transition

metal cation Niobium exhibits a sizable off-centering when occupying the corner sharing

octahedra at the center of the block. The off-centering of the transition metal is amplified

in edge-sharing octahedra due to the large repulsion between neighboring cations that

share a common edge. To first order, the gain in energy due to relaxations correlates with

the number of edge-sharing pairs. But when comparing different Wadsley-Roth phases

having the same number of edge-sharing pairs, other more subtle structural features affect

the ability of cations to favorably relax.

Implications for batteries and at higher temperatures: Anode chemists can used the

compositional plots in Figure 5.3 to make predictions of possible phases which can form

for novel chemistries and readily generate proposed structure files for theoretical study

allowing for more efficient screening of potential battery materials. The collaborations

with the author, Dr. Muna Saber [14] showed that electrostatic effects and octahedral

relaxations also determine the preferred decorations of cations on Ti-Nb-O Wadsley Roth

phases with cations which have lower oxidation states preferring block corners sites.

This insight allows battery anode chemists to better predict the placement of cations in

these complex structures which can impact electronic properties both in the maximum

oxidation states and during lithiation. For instance, over the course of lithiation, prior
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work has shown that cePNb9O25 undergoes a volume change related over the course of

lithiation [94] related to the formation of metal-metal bonds at the block corners. The

[n×m] block corners may tend to reduce first which both reduces electrostatic repulsion

and generates metal-metal bonds leading to the observed volume change.

5.4 Conclusion

We have presented a systematic way to generate a subset of Wadsley-Roth block

structures and have linked them to a wide variety of experimentally observed and tech-

nologically important oxide crystal structures. This perspective unifies a diverse range

of structures that include rocksalt, bronze TiO2 and the perovskite framework of WO3

among many others. The explicit connections established in this work between Wadsley-

Roth crystal structures and the oxygen to metal ratio of an oxide will facilitate structure

predictions of alloyed oxides with mixed oxidation states. Our first-principles calculations

on enumerated Wadsley-Roth structures has revealed the importance of the number of

edge-sharing octahedra and the orientation of the shared edges as the drivers of stability

among different Wadsley-Roth structures. In cation alloyed Wadsley-Roth phases, our

first-principles calculations have shown that the cations with the highest oxidation states

will segregate to octahedra that share the lowest number of edges with neighboring octa-

hedra, while the cations with the lowest oxidation states will accumulate in edge sharing

sites along the crystallographic shear boundaries. The systematic approach to gener-

ating Wadsley-Roth crystal structures described in this work will enable first-principles

search efforts for promising multi-principal element oxides without being restricted to

experimentally known crystal structures and provides guidance as to how other families

of complex oxide structures can be enumerated algorithmically.
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Chapter 6

Solute-Solute Interactions in Dilute

Nb-X-O Alloys From First Principles

6.1 Introduction

The need for new high temperature structural materials to improve the efficiency

of combustion engines for utility and aerospace applications has motivated a revival of

refractory alloy development. Refractory alloys were initially studied during the space

race in the 1950s to early 70s. However, the best performing alloys at high temperatures

were often brittle and unworkable at lower temperatures, limiting their manufacturabil-

ity [199, 47, 4, 12]. Many of these metals have a strong tendency to dissolve oxygen,

which can embrittle the material [200, 12] and complicate the stabilization of protec-

tive oxide scales [201, 202]. Recent advances in additive manufacturing techniques have

greatly revised the workability requirements for refractory alloys [4], while the advent

of refractory multi-principal element alloys (RMPEAs) has unlocked a new means for

tuning mechanical properties and oxidation resistance [53, 59].

RMPEAs have demonstrated improved oxidation resistance compared to traditional
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b. c.

a.

Niobium
X Solute
Oxygen

Figure 6.1: (a) The 14 substitutional atoms studied are highlighted on the periodic
table in pink while the matrix Nb and oxygen are in light blue and orange respectively.
Part b and c show the first and second nearest neighbor environments for the X-O
pairs. When and oxygen atom occupies the asymmetric octahedral interstitial site, it
imposes an elastic dipole on the surrounding lattice as shown.

refractory alloys [59, 60]. Recent work has shown that oxygen diffusion controls the

oxidation rates of RMPEAs[66]. Many of the early transition metals of RMPEAs can

dissolve exceptionally high concentrations of interstitial species such as oxygen, nitrogen

and carbon. [38, 61, 62, 127, 203, 9, 8]. Alloying can modify interstitial solubility

limits [115] and oxidation rates [63], but a clear understanding as to why certain alloying

additions bind or repel interstitial oxygen remains to be established. Recent theoretical

work focused on calculated binding energies between substitutional solute atoms and

interstitial oxygen [204, 115, 205] and used this to predict diffusion coefficients in niobium

[206, 207]. Trends in electronegativity and solute size have been used to rationalize

calculated binding energies, however, established correlations remain empirical and many

notable exceptions remain to be explained [206].

The refractory metal niobium is technologically important as a common constituent
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material in RMPEAs as well as the primary component of the most widely used refrac-

tory alloys C103 [3]. Niobium has a high melting point of 2468 and a density of 8.5 g/cm3

[208], which is low relative to other refractory metals, making it an attractive material for

high temperature aerospace applications. Niobium has a BCC crystal structure and has

a maximum oxygen solubility approaching 10 atomic percent [18, 17]. Both experimental

[209] and computational [206] studies have demonstrated that substitutional alloying ele-

ments can slow the diffusion of oxygen in niobium, while other studies have demonstrated

that the oxygen solubility can be increased or decreased by alloying [42, 126, 38, 61, 62].

In this contribution, we examine interactions between substitutional and interstitial

solutes for fourteen X-O pairs ( X= Al, Si, Sc, Ti, V, Cr, Y, Zr, Mo, Ru, Hf, Ta, W, or

Re) dissolved in niobium. These fourteen substitutional elements are highlighted in light

blue in the periodic table of Figure 6.1a and include twelve transitional metals as well

as Al and Si. We use first-principles calculations based on Density Functional Theory

(DFT) to calculate binding energies and analyze the electronic structure of X-O solute

pairs in BCC Nb. The results of the calculations demonstrate relationships between

electronegativity and the accumulated charge and size of substitutional solute atoms in

the Nb matrix. These each play an important role in determining the binding energies of

substitutional solutes to interstitial oxygen at both the first and second nearest neighbor

distance. We also identify a short-ranged repulsive interaction that arises from the closed-

shell hybridization of localized atomic orbitals that plays an important role for a subset

of X-O solute pairs.

6.2 Methods

The reader is referred to Chapter 3 for more details and background on the first

principles methods used in this chapter. Substitutional solute-oxygen binding energies
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in BCC Nb were calculated with Density Functional Theory (DFT) using a cubic super

cell of the bcc unit cell that contained 54 substitutional sites. The binding energies are

estimated as the difference between the energy of nearest neighbor solute-oxygen config-

urations (≈ 1.6− 2 Å) and a configuration in which the solute and oxygen are separated

by a large distance (≈ 7.35 Å). DFT calculations were performed using the VASP pack-

age [76, 77] with the Perdew, Burke, Ernzehof (PBE) exchange correlation functional

[75]. The interactions between the core and valence electrons were treated with projector

augmented wave method (PAW) [78, 79] pseudopotentials (PAW pseudopotentials with

the following names were used for each element: Al, Si, Sc sv, Ti sv, V sv, Cr pv, Y sv,

Zr sv, Nb sv, Mo sv, Ru pv, Hf pv, Ta pv, W sv, Re, O). A 575 eV plane wave cut-off

energy and a Γ-centered k-point grid with a density of 45 Å was used. All calculations

were spin polarized and final static calculations used the tetrahedron method with Blöchl

corrections. Similar DFT calculations were performed to obtain densities of states (DOS)

and partial charge densities. Bader charges [210, 211] were calculated using the method-

ology of Henkelman et al[102, 103, 104, 105]. The volume and shape of the supercell were

kept fixed, while the atomic positions were allowed to relax until the forces converged to

0.02 eV/Å.

6.3 Results

6.3.1 Geometry of an octahedrally coordinated interstitial in

BCC

Dissolved oxygen atoms in niobium occupy the octahedral interstitial site in the

BCC lattice. This site is asymmetric and has one axis that is shorter than two others.

Figure 6.1 illustrates the two symmetrically distinct sites that a solute atom in BCC can
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a.

b.

c.

d.

Figure 6.2: (a) The projected DOS for Nb54O is plotted with the total density of states
shown as a dotted line. Highlighted below are the partial charge densities correspond-
ing to the oxygen p orbitals. Those aligned with the symmetric axes indicated by the
grey plane(b) are lower in energy while the states associated with the asymmetric axis
are higher in energy(d). The region between (c) contains contributions from all three
p-orbitals.

occupy when directly coordinating an interstitial oxygen atom. A solute atom occupying

one of the sites along the short axis of the octahedron is in a first-nearest neighbor

position relative to the interstitial oxygen (Figure 6.1b), while a solute atom on one of

the remaining sites (on the equator of the flattened octahedron) is in a second nearest

neighbor position relative to the oxygen interstitial (Figure 6.1c). An interstitial oxygen

atom will induce a strain on the surrounding matrix as illustrated by the arrows in Figure

6.1 b and c.
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6.3.2 Electronic Structure of Dilute Oxygen in Niobium

Figure 6.2(a), shows the calculated electronic density of states (DOS) of a 54 atom

supercell of BCC Nb and one oxygen atom in an octahedral site. The Fermi level is

indicated by the vertical dashed line and cuts through states that are primarily derived

from niobium valence states having d character. Far below the Nb d states are highly

localized states at approximately 7.4 eV below the Fermi level. These states, which

have p character, have charge densities that localize around the interstitial oxygen. The

high energy region of these states derives from a localized p state with its lobes aligned

along the short axis of the octahedral site (Figure 6.2b), while the states with slightly

lower energy derive from orthogonal p-like orbitals with increased charge density along

the waist of the octahedron as denoted by a blue plane (Figure 6.2d). In a neutral

oxygen atom, the valence p orbitals are partially occupied. The states between contain

contributions from all three p orbitals Figure 6.2c. However, since the p-orbitals of the

dissolved oxygen in niobium are far below the Fermi level, they become fully occupied,

resulting in a local accumulation of charge around the oxygen atom. The Bader charges

on the oxygen in all calculations are approximately -1.3 (Appendix C S2).

6.3.3 Electronic Structure of Dilute Nb-X Alloys

Most of the studied Nb-X-O alloys have very similar density of states (Appendix C

C3-5) to Nb with dilute oxygen (Figure 6.2). Figure 6.3 shows the projected and total

DOS for a BCC supercell with 53 Nb atoms and 1 Ru atom. Since Ru is dilute, the

density of states projected onto the Ru atom is plotted separately in Figure 6.3(b) for

the same energy range. The valence states associated with the Ru solute (band for the Ru

atom) and the Nb atoms are very similar, spanning the same energy range and exhibiting

a similar mix of d, p and s character. The valence states of many of the studied 3d, 4d,
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and 5d elements are very similar to those of Ru in Nb53Ru and overlap with the niobium

states. These metal states are well-separated in energy from the low energy oxygen p

states localized on oxygen. However, there were some notable outliers, particularly the

group 3 elements Si and Al (Figure C3).

a.

b.

Figure 6.3: The projected DOS for a Nb53Ru cell is shown along with the total DOS
as a dotted line(a). The contribution from the Ru atoms is highlighted in (b). Since
Ru is dilute its electrons constitute only a small portion of the electron density. The
Ru electronic states nearest the valence band consist mostly of d states and largely
overlap with the niobium electron band. These overlapping partially filled electronic
state near the Fermi level are typical of the majority of the transition metal alloying
elements studied.

6.3.4 Electronegativity and Charged Solutes

Previous studies of solute binding energies in Ti have revealed the importance of short-

range electrostatic interactions between neighboring solutes. Electrostatic interactions

emerge as a result of electron transfer between the host and the solutes [115, 205]. Bader

charges [210, 211] serve as a measure of the degree with which charge is transferred

between different elements within a solid. Figure 6.4a plots the calculated Bader charges
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of the different substitutional solute elements in the Nb host when the solute is next to

an interstitial oxygen atom. A non-zero Bader charge on a substitutional solute indicates

that there is some degree of charge transfer between the solute and the Nb host. The

Bader charges tend to decrease when moving from left to right in the periodic table. This

trend is more pronounced when the substitutional solute is in the 2nd nearest neighbor

site relative to an oxygen interstitial. A positive Bader charge indicates a transfer of

electrons from the solute to the Nb host, while a negative Bader charge indicates an

opposite transfer of electrons. With the exception of Al and Re, all Bader charges are

enhanced for the second nearest neighbor site compared to first nearest neighbor site.

Bader charges on the solutes when the they are at large distances from the interstitial

oxygen can be found in the Appendix C C1.

Figure 6.4b plots the calculated solute Bader charges as a function of the difference

in the electronegativities, ∆χ, between the solute and Nb, revealing a clear correlation

between the two quantities. When the substitutional solute atom has a higher electroneg-

ativity than Nb (∆χ > 0), it tends to attract electrons from the matrix and accumulate

an additional negative charge (Figure 6.4b). Conversely, when Nb has a higher elec-

tronegativity than the solute atom (∆χ < 0), it tends to pull electrons away from the

solute atom, resulting in a positively charged solute (Figure 6.4b). Since the solid as a

whole is comprised primarily of Nb which has a sizable density of states at the Fermi

level and is metallic, any local accumulation of positive or negative charge on a solute

is screened by mobile electrons. Therefore, electrostatic interactions with other locally

charged species such as oxygen will only be significant at very short distances.
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Figure 6.4: (a) The Bader charge calculated on each of the 14 substitutional atoms in
the first nearest neighbor and second nearest neighbor sites are shown. The dashed
vertical lines separate the 3rd, 4th, 5th, and 6th period elements. (b) The charge a
solute atom accumulated in the niobium matrix is related to the difference between
the electronegativity (∆χ) of the solute atom and the niobium matrix (part b)

6.3.5 Volume Changes of Solute Atoms

Interstitial solutes such as oxygen strain the host crystal as illustrated in Figure 6.1(b)

and (c). The resultant strain field interacts with substitutional solutes whose volume

differs from that of Nb. The Bader analysis, in addition to measuring the degree of charge

transfer, is also able to provide a measure of the volume of an atom [210, 212, 102, 103].

Since substitutional solute atoms can accumulate or surrender charge when dissolved in

Nb, their volume in the Nb matrix will deviate from their atomic volume in free space.

As is clear in Figure 6.5a, ∆V , defined as the difference in Bader volume and the atomic
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Å3

(   )

Al

Al

Si

Si

Sc Sc

Ti
Ti

V
V

Cr
Cr

Y Y

Zr Zr

Mo
Mo

Ru

Ru

Hf
Hf

Ta

Ta

W
WRe
Re

Nb

−1.0 −0.5 0.0 0.5 1.0

1.40

1.45

1.50

1.55

1.60

1.65

1.70

1.75

r B
ad
er

(̊A
3 )

Al

AlSi

Si

Sc
Sc

Ti
Ti

V
VCr

Cr
Y Y

Zr Zr

Mo
Mo

Ru

Ru

Hf

HfTa

Ta
W

WRe

Re

Figure 6.5: Part a. shows the impact of the Bader charge accumulated by a solute
atom on the volume of that atom is shown. Blue and orange points correspond to the
first and second nearest neighbor sites respectively while the volume change of the
Nb matrix is shown as a black point. In Part b, the Bader volume for each solute is
plotted as a function of Bader charge with the radius of the niobium matrix atoms
indicated by the horizontal dashed line.

volume as tabulated by Slater [213], is strongly correlated with the Bader charge of the

solute when dissolved in Nb. This indicates that solute atoms with a large positive or

negative Bader charge as a result of electron transfer with the host undergo a sizable

change in their atomic volume when dissolved in Nb. For example, Y and Sc, which

have atomic volumes that are larger than that of Nb as free atoms, shrink dramatically

when dissolved in the Nb matrix. Similarly, several solute atoms with smaller atomic

radii, such as W, Re, and Ru, become larger than the Nb host atoms as a result of the

accumulation of additional electrons. Figure 6.5b shows the absolute Bader volumes of

each solute as a function of Bader charge and compares it to that of niobium (horizontal

dashed line). The solutes above (below) the dashed line are larger (smaller) than the

Nb host atoms and are expected to interact unfavorably (favorably) with the tetragonal

strain fields induced by the interstitial oxygen atoms. Note that the Bader volume of an

atom is systematically larger than that of a free atom as it counts some of the interstitial
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Figure 6.6: (a) The binding energy for each first and second nearest neighbor X-O pair
were calculated by subtracting the energy of the a similar unit cell where the oxygen
and substitutional element were 7.35 Å apart. (b) The binding energy between oxygen
and each of 14 substitutional elements in the first nearest neighbor and second nearest
neighbor sites are shown. The dashed vertical lines separate the 3rd, 4th, 5th, and
6th period elements.

space between atoms in a crystal. A measure of this systematic shift is apparent in the

positive ∆V for Nb in Figure 6.1(a), which has a zero Bader charge.

6.3.6 Solute-Oxygen Binding Energies and Trends

The binding energies between interstitial oxygen and substitutional solutes, X = Al,

Si, Sc, Ti, V, Cr, Y, Zr, Mo, Ru, Hf, Ta, W and Re in BCC Nb were calculated as the

difference in energy between a first or second nearest neighbor X-O configuration and a
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Figure 6.7: The X-O binding energy for the first (blue) and second nearest neighbor
(orange) sites are plotted as a function of the Bader charge on solute X.

configuration in which X and O are separated by a large distance. The calculations were

performed using a super cell of BCC that contains 54 substitutional sites as illustrated in

Figure 6.6(a). The binding energy between an interstitial oxygen atom and each of the

14 substitutional elements placed in the first and second nearest neighbor shell of oxygen

are shown in Figure 6.6b. The binding energies range between -0.6 eV and 0.6 eV, with

positive (negative) values indicating repulsive (attractive) interactions between X and O

in BCC Nb.

Variations in the binding energies can in large part be explained as arising from

local electrostatic and strain interactions. This is evident in Figure 6.7, which plots

binding energies as a function of solute Bader charges. Most solutes fall within the blue

band in Figure 6.7, with negative (positive) solute Bader charges correlated with positive

(negative) and repulsive (attractive) binding energies. Since oxygen is negatively charged,
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having a Bader charge of -1.3, it will experience a repulsive electrostatic interaction when

placed next to a solute with a negative Bader charge. Likewise, the negatively charged

oxygen will be attracted to solutes that are positively charged. This qualitative trend is

revealed by the blue band of Figure 6.7. Since the Nb host is metallic, with abundant

free electrons at the Fermi surface, the electrostatic interactions are strongly screened

and should only dominate at very short distances.

Strain interactions are also likely to play an important role in determining binding

energies. Interstitial oxygen exerts a tetragonal strain on the BCC lattice that can be

relieved by replacing nearest neighbor Nb atoms with smaller solute atoms. Hence smaller

solute atoms will be attracted to oxygen, while larger solutes will repel oxygen. As is

predicted in Figure 6.5b, the smaller solutes tend to also have positive Bader charges,

while the larger solutes accumulate charge from Nb and are negatively charged. Due to

this correlation between solute size and Bader charge, strain interactions reinforce the

trend that can be explained by short-range electrostatic interactions. Hence, it is not

directly evident as to how much of the correlation between the binding energy and the

Bader charge in Figure 6.7 can be attributed to electrostatic versus strain interactions.

Several solute elements fall outside the blue band in Figure 6.7. For example, Cr and

V have lower (more negative) binding energies than would be expected from their Bader

charges if they were to follow the trends of most of the other solute atoms. Figure 6.5b

shows that Cr and V have smaller Bader volumes than many other solutes, especially

when compared to those with similar Bader charges. Their smaller volume will favor

their proximity to the interstitial oxygen, which locally dilates the BCC crystal. Hence,

a possible explanation for the lower binding energies of Cr and V is that strain interactions

are more favorable for these elements than for others with similar Bader charges (and

therefore similar short-range electrostatic interactions).

There are additional outliers in the upper orange triangle of Figure 6.7, with Si, Al, Y
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and to some extent Zr having higher (more positive) binding energies in the first nearest

neighbor shell of oxygen than would be expected from their Bader charges. In fact, all

four of these elements have smaller radii than Nb (Figure 6.5b) and should also have

a favorable strain energy contribution. Nevertheless, they have large binding energies,

indicating that an additional mechanism is causing a significant energetic cost for a

subset of first nearest neighbor X-O pairs. Previous studies on O-X interactions in a Ti

host revealed the importance of a closed-shell repulsion that arises from the interaction

between filled atomic orbitals when the solutes are brought in close proximity [115, 205].

This possibility for Si, Al and Y is explored next .

6.3.7 Closed Shell Repulsion Between Solutes

In a study of interactions between substitutional solutes and interstitial oxygen in

Ti, Gunda et al [115, 205] revealed the existence of a closed-shell repulsive interaction

due to the hybridization between filled atomic-like orbitals centered on the solute atoms.

The effect was found to be especially pronounced for Si-O and Al-O solute pairs in a

Ti host. A similar hybridization phenomenon involving closed-shell atomic-like orbitals

occurs between interstitial oxygen and substitutional Si, Al and Y solutes within a Nb

host. The closed-shell hybridization between solutes is apparent in the electronic density

of states and is most clearly illustrated for the Si-O pair in BCC Nb.

Figure 6.8a shows the density of states of a supercell of BCC Nb (54 substitutional

sites) containing a substitutional Si solute and an interstitial oxygen that are separated

by a large distance. Once again, the oxygen p states are localized with energies far below

the Nb states. The degeneracy of the oxygen p orbitals is lifted due to the asymmetry of

the octahedral site in BCC, with the higher energy p orbital aligned with the shorter axis

of the octahedron(Figure 6.8c) and the two other degenerate p orbitals aligned with the

92



Solute-Solute Interactions in Dilute Nb-X-O Alloys From First Principles Chapter 6

b. c. d.

a.

Figure 6.8: (a) The projected DOS is plotted for Nb53SiO where oxygen and silicon
are about 7.35 Å apart. Isolated states about 8eV below the Fermi level correspond
to the partial charge densities below. These states correspond to the fully occupied
atomic orbitals from the silicon s orbitals(b) and oxygen p-orbitals (c,d). The Fermi
level is indicated by a vertical dashed line at E=0 eV and the total DOS is plotted
with a dotted line.

two longer axes of the octahedron (Figure 6.8d). The Si s orbital is also very localized

and has a lower energy than the oxygen p states. All of these states are well below the

Fermi level and are therefore fully occupied (Figure 6.8b). When Si is brought within

the first-nearest-neighbor shell of oxygen, the localized s and p orbitals hybridize. This

is evident in Figure 6.9a, which shows the electronic DOS for a configuration in which

Si is a first-nearest-neighbor of oxygen. The oxygen p orbital that is aligned with the

short axis of the octahedron hybridizes with the Si s state to form a lower energy bonding

orbital (Figure 6.9b) and a higher energy anti-bonding orbital (Figure 6.9d). Since all

participating orbitals are fully occupied, there is a significant energy cost to forcing this

closed-shell interaction at such short distances. The other two p orbitals are only weakly

affected by the neighboring oxygen as they are oriented orthogonal to the Si-O bond

(Figure 6.2c).
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Figure 6.9: The projected DOS is plotted for Nb53SiO where oxygen and silicon are in
the first(a) and second(d) nearest neighbor position. Isolated states between -10 and
-6 eV below the Fermi level correspond to the partial charge densities shown below.
These states correspond to the fully occupied bonding(b, and f), 2 nonbonding oxygen
p orbitals (c, g and h), and antibonding orbitals (d and i). The Fermi level is indicated
by a vertical dashed line at E=0 eV and the total DOS is plotted with a dotted line.

When oxygen occupies the second nearest neighbor site to a Si solute atom, a sim-

ilar hybridization is predicted (Figure 6.8e). Once again a lower energy bonding state

(Figure6.9f) and higher energy anti-bonding state (Figure6.9i) emerges. The bonding

state has enhanced charge along the bond, while the anti-bonding state has a depletion

of charge between Si and O. Since Si is no longer on the short axis of the octahedron,

the degeneracy of the non-bonding states is broken, with a non-bonding oxygen p or-

bital aligned with the long axis that does not contain a Si solute (Figures 6.9g) and a

second non-bonding oxygen p orbital pointing to the short axis (Figures 6.9h). Due to
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a.

b. c. d.

Figure 6.10: (a) The projected DOS is plotted for Nb53YiO where oxygen and yttrium
are in the first nearest neighbor position. Isolated states about 22eV below the Fermi
level correspond to the partial charge densities below. These states correspond to the
fully occupied bonding (b), nonbonding (c), and antibonding orbitals (d) resulting
from the hybridization of the yttrium p and oxygen s atomic orbitals. The Fermi level
is indicated by a vertical dashed line at E=0 eV and the total DOS si plotted with a
dotted line.

the larger distance between Si and O in the second-nearest neighbor configuration, the

hybridization is weaker than in the first-nearest neighbor configuration, as manifested by

a significantly smaller splitting between the bonding and anti-bonding states.

A similar closed-shell repulsive interaction is predicted for an Al-O solute pair in

Nb, due to the hybridization between an Al s orbital and an oxygen p orbitals. The Al

s orbital of an isolated Al solute far way from an oxygen atom sits slightly above the

energy of the oxygen p orbitals, but still far below the Fermi level and is therefore fully

occupied. When the Al and O atoms are brought together their orbitals hybridize into

bonding and antibonding orbitals, much like the Si-O pair. The anti-bonding orbital is

pushed higher in energy and approaches the bottom of the metallic states derived from

the Nb host.

Closed-shell hybridization between substitutional solutes and interstitial oxygen can
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also involve the deeper lying oxygen s orbitals. This occurs for the Y-O solute pair in Nb.

Figure 6.10 shows closed-shell hybridization in the the first nearest neighbor configuration

of a Y-O solute pair in BCC Nb. Here the oxygen s state and Y p states hybridize in spite

of the fact that their energy levels are more the 20eV below the Fermi level. Clear bonding

and anti-bonding states between O s and Y p orbitals form with charge distributions

shown in Figure 6.10 b and d respectively. There is a significant energy penalty for

pushing the electrons up in energy in the fully occupied antibonding orbital. A similar

interaction is predicted between a first nearest neighbor Zr-O configuration involving a

p state of Zr and an oxygen s orbital (Appendix C C7). The closed-shell hybridization

involving the O s states are only evident in the first nearest neighbor configuration and

are absent at larger distances. This is likely because the oxygen s atomic orbital is more

contracted than the oxygen p atomic orbital, thereby limiting its overlap with orbitals

on neighboring atoms to only very short distances.

Inspection of the electronic DOS plots for all substitutional solute-oxygen pairs in Nb

indicates that the closed-shell hybridization described above is most pronounced in the

solutes that have high binding energies, even when they have favorable Bader charges and

Bader volumes. Both Al and Y, for example, have positive Bader charges and smaller

Bader volumes compared to Nb, and are therefore expected to have negative (attractive)

binding energies with oxygen. The closed-shell hybridization at short distances, however,

leads to a repulsive interaction due to the filling of high energy anti-bonding orbitals.

Zr also exhibits some degree of closed-shell hybridization with oxygen and is a possible

explanation for the prediction that its binding energies is higher than expected based on

the general trend of most other elements Figure 6.7.
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6.4 Discussion

Refractory metals such as Nb can dissolve high concentrations of interstitial oxy-

gen, with significant consequences for their mechanical properties and oxidation behav-

ior [200]. Alloying of refractory metals is a common way of modifying oxygen solubility

and oxidation behavior. In this study, we have sought to elucidate the electronic and

chemical factors that determine the interactions between dilute substitutional solutes and

interstitial oxygen in BCC Nb.

Our calculations have shown that an electronegativity difference between a solute and

the surrounding Nb matrix, ∆χ, drives a transfer of charge and an accompanying change

in volume of the solute. A useful measure of the extent of charge transfer between a solute

and the surrounding matrix is the Bader charge [210, 211]. Similarly, the Bader volume

of a dissolved atom [210, 211, 102, 103] is a more accurate reflection of the volume of a

solute embedded in a matrix than its atomic volume in free space. Generally, elements

that are less electronegative than Nb tend to transfer electrons to the host, accumulating

a positive charge and reducing their volume. The opposite trends are predicted for solutes

that are more electronegative than Nb.

The charge transfer and volume changes of solute atoms that are correlated with ∆χ

play an important role in determining solute-oxygen binding energies. This explains the

strong correlation between X-O binding energies and the electronegativity difference ∆χ

in Nb that was revealed in an earlier study by Chen et al [206]. The local accumulation or

depletion of electron density on substitutional solutes leads to short-ranged electrostatic

interactions with interstitial oxygen. Since interstitial oxygen in Nb is negatively charged,

due to the complete filling of its valence p orbitals, solutes with a positive Bader charge

tend to attract oxygen, while those with a negative Bader charge repel oxygen. The

electrostatic interactions should only dominate at very short distances, however, since
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the Nb crystal is metallic with a high density of itinerant electrons at the Fermi level

to screen charges at large distances. Strain mediated interactions between substitutional

solutes and interstitial oxygen are also important. Interstitial oxygen induces a tetragonal

strain on the surrounding crystal that can be partially relieved by substitutional solutes

that are smaller than the Nb solvent. The size of a solute is found to correlate with its

Bader charge, and by extension with ∆χ; Solutes that have a positive (negative) Bader

charge due to electron loss (accumulation) are generally predicted to have a smaller

(larger) Bader volume than that of Nb. Hence, the short-range electrostatic and strain

mediated interactions work in the same direction and reinforce each other.

Short-range electrostatic and strain-mediated interactions do not explain the pre-

dicted trends in binding energies for all solutes. For solutes such as Si, Al and Y, our

analysis has shown the importance of a close-shell hybridization that produces a re-

pulsive X-O interaction at short distances. The hybridization involves localized atomic

orbitals with energies below the Fermi level of the matrix and produces bonding and

anti-bonding orbitals that are both filled. Similar closed-shell interactions were found

between substitutional solutes and oxygen in a Ti host [115, 205].

Both attractive and repulsive interactions between substitional solutes and oxygen

have been shown to slow oxygen diffusion in Nb. Attractive solutes that trap inter-

stitial oxygen tend to slow diffusion more efficiently [209, 206], but may increase the

solubility of oxygen in the alloy as in the case of Nb-Ti alloys [42]. Elements that have

strongly repulsive binding energies can create an exclusionary zone around the solute

atom, thereby restricting the number of sites that oxygen can visit and thus depressing

oxygen movement and solubility [115].

A fundamental understanding of the underlying factors that determine X-O inter-

actions in Nb can provide insights about similar interactions in other BCC metals and

alloys. Short-range electrostatic interactions due to local charge transfer between solutes
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and matrix likely play a role in other early transition metals as well. The current study

has revealed the importance of charge transfer in affecting the solute volume when dis-

solved in the matrix. Solute size also plays a role in relieving or exacerbating the tetrag-

onal strain fields induced by interstitial oxygen. The repulsive closed-shell hybridization,

which is predicted here to be significant for some solutes in Nb and by Gunda et al for

Ti [115, 205], is also likely to persist in most early transition metals and alloys since it

is a function of the relative energy of core states of the solutes and of oxygen. However,

the extent to which it manifests itself may be sensitive to the host crystal structure and

lattice parameters as these geometric constraints affect the degree of overlap between the

atomic orbitals that undergo rehybridization.

Many of the solute elements studied tend to form second phases when alloyed with Nb

alloys. For instance, several of the studied elements (Sc, Ti, Y, Zr, Hf) form hexagonal

closed-packed (HCP) crystals as a metal tend to form HCP phases in alloys [53, 55, 65].

Many of these elements are attractive to oxygen as solute in the BCC material. Previous

work has noted that as regions near these HCP preferring element begin to undergo-

ing a BCC to HCP transformation along the Burgers path, oxygen prefers their local

environment[65, 130]. This has previously been attributed to the materials have signifi-

cantly higher oxygen solubility in the HCP phase and oxygen preferring these HCP-like

environments. However, in this study we see that even in a locally BCC environment,

these elements attract oxygen more than the Nb matrix. This suggests that even before

beginning the BCC-HCP transformation these elements attract oxygen. The transfor-

mation along the Burgers path and attraction to oxygen both in the BCC structure and

HCP structure are likely symbiotic. An increase in oxygen concentration near HCP form-

ing element will deform the lattice locally pushing the structure along the Burgers path.

At the same time, a BCC lattice which has partially deformed along the Burgers path

can trap interstitial oxygen which may further promote the structural transformation.
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Meanwhile, other elements such as Ru and Al [57, 214] tend to form B2 precipitates

in RMPEAS and are often specifically chosen to generate coherent precipitates. These el-

ements may interact with interstitial oxygen as they diffuse to regions to form secondary

phases. Elements such as Ru and Al tend to repel oxygen and may reject oxygen from

their surrounding environment while diffusing into precipitates. Alloys designers must be

careful to control the oxygen concentration through the heat treatment of these materials

as dissolved oxygen which is expelled by the diffusing Ru may locally increase the oxygen

concentration in the matrix which could lead to unexpected embrittlement or additional

precipitation of oxide phases in the matrix. Such oxide precipitates could have strength-

ening effects if well controlled, though if deposited on defects or grain boundaries, could

generate interior flaws which become nucleation points for crack generation and growth.

Other B2 forming elements, such as Hf, attract oxygen and may pull oxygen along with

them as they diffuse into the precipitates. If the oxygen concentration is appropriately

controlled this could lead to an increased hardness of the B2 phase, while pulling inter-

stitial atoms out of the softer matrix improving its ductility. Solute-oxygen interactions

can thus have interesting impacts on the final morphology and properties of alloys and

can provide an additional avenue for alloy designers to engineer new materials.

6.5 Conclusion

The binding energies between oxygen and 14 solute elements in two configuration in

BCC Nb have been calculated from first principles. We have discussed how the relative

electronegativity between the solute atom and the surrounding Nb matrix can influence

the size and accumulated charge of the solute atom. These factors along with a repulsive

interaction that emerges from a close-shell hybridization between localized atomic levels

determine the solute-oxygen binding energies. Slowing oxygen diffusion and controlling
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oxygen solubility is essential for alloy designers who are tasked with balancing the com-

plex interplay of alloy weight, thermal performance, mechanical properties, and oxidation

behavior to find an optimal material for a given application. These more in-depth rela-

tionships will allow alloy designers to accurately predict which solutes will getter oxygen

or depress solubility to realize optimal oxidation behavior.
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Chapter 7

Generalized Stacking Fault Energies

in BCC Niobium with Interstitial

Oxygen from First Principle

7.1 Introduction

Refractory metals such as niobium and its alloys dissolve large amounts of oxygen in

an interstitial solution [8, 9, 13] which has been shown experimentally to cause embrittle-

ment of these metals [200, 12]. Oxygen interstitials impose a significant tetragonal strain

field on the BCC lattice due to the geometry of the octahedral site which they occupy.

This strain field and that of other defects within the matrix, such as grain boundaries or

dislocations will interact leading to accumulation of oxygen in regions where it can relieve

the tensile strain in the crystal. One well known phenomena, caused by these strain me-

diated interactions, occurs when interstitial atoms accumulate below dislocations forming

a Cottrell atmosphere which can impact dislocation movement[215]. At closer ranges to

the dislocation, linear phase formations called linear complexions have been observed in
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some materials [216, 217, 218, 219, 220] which can increase the hardening of materials.

However similar shorter range linear complexes with interstitial oxygen in bcc materials

have not been studied.

Work by Fey et al [221], used a phase field dislocation dynamics method based on

the generalized stacking fault energies and elastic dipole interactions to study disloca-

tion motion when oxygen was near dislocation in BCC niobium. Oxygen was seen to

increase the energy required to move dislocations in the BCC material which lead to

oxygen concentration dependant mechanisms of dislocation motion. The elastic dipole

was also calculated and found to interact with the dislocation strain tensor when the

dislocations were fixed in place. Oxygen would defuse to tensile regions surround the

dislocation resulting in regions with interstitial concentrations which were twice that of

the bulk nominal concentration [221]. It is thus reasonable to propose that oxygen could

accumulate not only near but within a dislocation core, drastically changing the mecha-

nisms of glide. Since plastic deformation in BCC materials is dominated by dislocations

motion, it is important to understand how oxygen can alter their motion.

The generalized stacking fault energy (GSFE) is related to the Peierls stress for dislo-

cation movement and is a quantity which can be directly calculated through first principle

approaches [222]. First principles calculations of GSFE curves and traction curves have

previously been applied to study decohesion and slip in the presence of interstitial atoms

in both metallic and intercalation materials[223, 224] In this work, we will examine how

GSFE curves are impacted when oxygen is allowed to accumulate within the glide plane

itself. In BCC metals, slip typically occurs along the ⟨111⟩ which is the closest pack

direction in the crystal. The {110} plane contains two ⟨111⟩ vectors accounting for 12

⟨111⟩{110} slip systems in the crystal. The ⟨110⟩ direction also contained in the {110}

is not closed packed and but is useful for studying the extema of the GSFE curve in

the glide plane. This study focuses on slip in the {011} plane with and without oxygen
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contained in the the glide plane. We find that oxygen can overall lower the energy range

across the entire γGSFE surface. Furthermore, our results indicate local energy minimum

correspond to the generation of preferential interstitial sites during slip.

7.2 Methods

The reader is referred to Chapter 3 for more details and background on the first

principles methods used in this chapter. Vienna ab initio simulation package (VASP)[76,

77, 168, 169] was used to perform Density Functional Theory (DFT) calculations with the

interactions between core and valence electrons treated using the projector augmented

wave (PAW)[78, 79] method. The generalized gradient approximation (GGA) functional

as parameterized by Perdew, Burke, and Ernzerhof (PBE)[75] was used with a 575 eV

plane wave cutoff energy and Γ-centered k-point grid which was automatically generated

with a density of 45 Å along each reciprocal lattice vector. Calculations were performed

spin polarized and were initialized in a ferromagnetic state. All structures were relaxed

at a constant shape and volume with only the oxygen atoms free to adjust their position

to a convergence of 10−5eV. The MultiShifter software package [225, 226] was used to

generate supercells with incremental shears along the glide plane, as well as structures

with a range of cleavage distances at each shear vector. Each calculation contained six

layers of {110} Nb atoms between each glide plane. For each shear vector, an ultimate

binding energy relation curve[227, 228, 229, 230] was fit to the surface energy as a function

of cleavage distance to determine the minimum energy.
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a. b.
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A
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Figure 7.1: The {110} plane is shown with the Nb atoms on either side of the glide
plane illustrate. (a) The unit cell is outlined with the two possible interstitial sties
indicated by the A and B. (b) The {110} glide plane is illustrated where each A site
is filled with an oxygen interstitial atom.

7.3 Results

A view of the {110} plane (Figure 7.1) shows the geometry of the slip plane in

primitive unit cell used in this investigation with and without oxygen. For the Pure Nb,

a grid of 12 x 12 incremental slip vectors were sampled across the the unit cell. When

oxygen was present, GSFE curves were sampled at 22 increments across each Burgers

vector. When oxygen dissolves in niobium, it prefers to occupy octahedral sites. In the

BCC lattice, the octahedral interstitial site is asymmetric so when it is occupied by an

oxygen atom, it imposes a tetragonal elastic dipole upon the surrounding matrix. There

are actually two distinct octahedral sites in the {110} primitive cell (Figure 7.1a) which

we will call site A and B. If both sites A and B s are occupied this would amount to

occupying ever 2nd nearest oxygen-oxygen pair in a plane. However this oxygen-oxygen

pair is high energy and expected to be significantly suppressed even at high temperatures,

as seen in Chapter 4 Figure 4.9. If only site A is occupied (Figure 7.1b), this would be

equivalent occupying every 6th nearest neighbor pair in a plane. This pair interaction is

much lower in energy and much more likely to occur (Figure 4.9). Therefore only site A

is filled at a time in the following calculations. Figure 7.3 illustrates how the tetragonal

elastic dipole from an oxygen interstitial atom acts on the surrounding {110} planes at
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Figure 7.2: The GSFE curves for slip along the ⟨111⟩ (a) and ⟨110⟩(b) directions are
shown with the γGSFE surface for the {110} plane shown in (c) for pure Nb.

an angle, applying both a stretch and shear. If oxygen atoms occupy only A sites, their

dipoles will be aligned applying a net shear within the ⟨110⟩ slip plane.

7.3.1 GSFE curves and γGSFE surface in pure niobium

In Figure 7.2a, the γGSFE surface for slip in the {011} for pure Nb is shown. Each point

in the surface defines the slip vector used in the calculation. The only local minimum

in this surface is at the corners of the surface where the plane above the glide plane

is unslipped. The GSFE curves (Figure 7.2 a and b) for each of the high symmetry

directions are both symmetric with a higher energy peak found in the ⟨110⟩ direction

than in the ⟨111⟩ direction, consistent with results in the literature and our expectations.

Slip along the 111⟩ is preferred because the Burgers vector is smaller and the energy

barrier between lattice points is lower than other high symmetry directions.

7.3.2 GSFE curves for dense layer of oxygen

The calculated the ⟨111⟩{110} and ⟨100⟩{110} GSFE (Figure 7.4) for a system with

a dense plane of oxygen (Figure 7.1b) looks significantly different from those without

oxygen. This calculation was performed in a unit cell with six {110} type layers which

corresponds to a concentration of 14.3 atomic % oxygen. While this is higher than the
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Nb Above

Nb Below

Oxygen

A B

Figure 7.3: Each interstitial oxygen imposes a tetragonal distortion along one axis of
the octahedra. Site A and B in the {110} plane are oriented so that the component
of their tetragonal dipole which is parallel to the glide plane are opposing.

bulk oxygen solubility in niobium, it would be achievable with the 2-fold increase in

local oxygen concentration at dislocations reported in Fey et al [221] at a nominal bulk

concentration of only 7 atomic %. Along the ⟨111⟩ direction a new minimum has emerged

about 0.9 Å from the origin with a second smaller local minimum about 2.25 Å from the

origin (Figure 7.4a). Meanwhile along the ⟨110⟩ the curve looks drastically different with

three local minima at about 1.0, 2.25, and 4.0 Å respectively (Figure 7.4b).

The energy range of each of these GSFE curves is significantly smaller than the GSFE

curves without oxygen. While the peak energy for the unstable stacking faults along both

the ⟨111⟩ and ⟨110⟩ are 1.55 J/m2 and 2.5 J/m2 respectively, the curves with oxygen span

less than 0.7 J/m2. This suggests that a dense layer of oxygen in the glide plane can

significantly reduce the barrier to shear in both directions.
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Figure 7.4: The GSFE curve for slip along the ⟨111⟩ (a, b) and ⟨110⟩(c) directions
are shown for the {110} plane shown for the structure with a dense plane of oxygen
in the glide plane. The regions in which the oxygen atom occupies different local
coordinations (octahedral, prismatic, and tetrahedral) are noted in (a). The green
dash-dotted line in (b) indicates the ⟨111⟩ GSFE curve for oxygen in Site B.

7.3.3 Interstitial geometry of local minima

Each of the local minima in the GSFE curves with oxygen correspond to a configu-

rations in which the interstitial oxygen atom has found a locally favorable environment.

Without oxygen present, the plane only has a minimum when the niobium atoms are

aligned to the BCC matrix. Along the ⟨100⟩ direction, the GSFE is lowered to the first

local minimum when the shearing of the neighboring planes stretches the oxygen octahe-

dral environment along shorter axis of the site. The energy is lowered as the octahedron

achieves a more optimal, symmetric geometry. Continuing to shear along the ⟨110⟩, the

next minimum occurs at 1/2⟨110⟩, which was previously the highest energy point in the

γGSFE surface in the absence of oxygen. In this geometry the oxygen interstitial environ-

ment evolves into a prismatic site. Finally if the structure is sheared further along the

⟨110⟩ vector, the shallowest of the local minimum corresponds to tetrahedral interstitial

oxygen environment.

Similar structures are also observed at the local minima of GSFE curve along the

⟨111⟩ direction. At the first minimum the oxygen has square pyramidal coordination.

This is clearly related to the octahedral site, but with lower symmetry which results in

the oxygen atom relaxing to one side. A second local minimum occurs at 2.4 Å along
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Figure 7.5: The γGSFE surface for the {110} plane with 1 oxygen atom per unit cell
is shown which contain a new lowest energy path and three local minima.

the ⟨111⟩ where the oxygen is once again in a tetrahedral site similar to the one found

along the ⟨110⟩ shear direction.

Oxygen interstitial atoms are mobile in the BCC matrix, so at elevated temperatures,

or slow strain rates, the oxygen atoms may be able to diffuse to more favorable positions

during shear. If the oxygen were to occupy site B instead of site A in the glide plane, the

GSFE curve would be simply be a reflection of the GSFE curve for Site A. Therefore, if

oxygen could diffuse, the lowest energy curve would allow the oxygen to diffuse from site

A to site B after the a shear of 1.5 Å along the ⟨110⟩ or 3.0 Å along the ⟨111⟩ direction,

ensuring that it is always in the lowest energy site.

7.3.4 The {110} γGSFE surface with dense layer of oxygen

Regions of the 2-dimensional γGSFE surface were calculated by initializing the in-

terstitial atom at the nearest local minimum. A full γGSFE surface for the case with a

dense layer of oxygen is shown Figure 7.5. This surface is significantly different from the

surface calculated without oxygen (Figure 7.2c). This surface shows the γGSFE with the
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assumption that the oxygen atoms is not allowed to diffuse from the initial site A to site

B on the other side of the unit cell. While the corner of the unit cell is no longer an energy

minimum, there is a minimum at about 1 Å along the ⟨110⟩ direction where oxygen is

in an optimized octahedral site. The energy is smoothly varying between the octahedral

site minimum along the ⟨110⟩ direction and the pyramidal site along the ⟨111⟩. The

configuration with a pyramidal is a saddle point between those with the oxygen in either

an octahedral site or a prismatic site. There is a low energy and smoothly varying path

across the unit cell, where the oxygen atoms moves from the octahedral site, through

the pyramidal saddle point to a prismatic site then through to another pyramidal saddle

point before recovering the octahedrally coordinated site after the top slab has slip into

the next unit cell.

7.3.5 GSFE for moderate layers of oxygen

Thus far we have examined the extreme surface concentrations of oxygen, both high

and low and found that the slip behavior varies significantly. To examine how this slip

behavior changes as the oxygen concentration is varied, a unit which is twice as large

was also examined. In this unit cell one of the ⟨111⟩ lattice vectors was twice as long

extending to another unit cell. The oxygen concentration was thus cut in half as only

one oxygen cite was occupied in the supercell, resulting in a glide plane with alternating

rows of oxygen interstitial atoms (Figure 7.6). This corresponds to a local concentration

of 7.69 atomic % oxygen. Since the local oxygen concentration is amplified by 2x at a

dislocation, this could be observed in a bulk concentration of only 3.85 atomic %. In this

unit cell, the two ⟨111⟩ vectors are no longer symmetrically equivalent. The GSFE curves

for the ⟨110⟩ and two ⟨111⟩ directions are shown in Figure 7.7. Each curve has a minimum

corresponding to the octahedral site (Figure 7.8a) or pyramidal site, similar to the GSFE
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Figure 7.6: The {110} plane is shown with the Nb atoms on either side of the glide
plane illustrated. Here a larger unit cell is shown where only half of the A type
interstitial sites are filled with oxygen resulting in every other row of oxygen sites
filled.

cruves in denser oxygen layer. However along the ⟨111⟩ direction with alternating rows of

oxygen, the minimum is shallower in energy. Along the ⟨110⟩ direction, the prismatic site

(Figure 7.8b) is no longer a globally favorable configuration, though it is a local minimum

along the ⟨110⟩ vector. The tetrahedral site (Figure 7.8c), while still observable at shears

greater than 4Å along the ⟨110⟩ or 2 Å ⟨111⟩, is not a local minimum along the either

direction. The overall energy range of the curve is still smaller than in the GSFE curves

without any oxygen present.

7.4 Discussion

When oxygen is present in the {110} fault plane it can dramatically alter the γGSFE

surface both quantitatively and qualitatively. The energy range of GSFE curves in all

calculations with oxygen are are least half of that in the absence of oxygen suggesting
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Figure 7.7: The GSFE curve are shown for the ⟨110⟩(a) and two distinct ⟨111⟩(b, and
c) vectors in a supercell where half the A type oxygen sites are occupied which are
labeled as ⟨111⟩a and ⟨111⟩b Figure 7.6.

a. b. c.

Figure 7.8: Over the course of slip along the ⟨110⟩ vector, the oxygen interstitial atom
occupied three different site, and octahedral site (a), and prismatic site (b), and a
tetrahedral site(c). The dark blue Nb atoms are below the slip plane while the light
blue Nb atoms are above.

that oxygen can significantly lower the Peierls stress. The topology of the energy sur-

face is significantly different in the presence of oxygen as shear vectors which result in

favorable interstitial sites are preferred over those which recover an ideal BCC lattice.

This preference for optimizing the interstitial environment is reduced as we decrease the

oxygen concentration. Ultimately, interstitial oxygen changes the preferred slip direction,

to a path through the lowest energy interstitial site. If slip is forced through the ⟨111⟩

direction in the presence of oxygen, the energy barrier would still be reduced. Further-
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more, if oxygen was able to diffuse between site A and B, this could further reduce the

energy barrier for this slip direction.

As a BCC material, dislocation motion is largely dominated by kink-pair nucleation.

Since this process is typically thermally activated, mobile oxygen atoms may play a role

in lowering the barrier for the nucleation of these pairs.

7.5 Conclusions and Future Directions

The presence of oxygen in a slip plane can dramatically change deformation mech-

anisms in BCC niobium. While this study was limited to one slip plane, and only two

arrangements of oxygen, these findings could profoundly alter how we expect oxygen to

interact with dislocations in BCC materials. While the local concentration of oxygen

studied in this chapter may seem higher than is typically seen in bulk Nb or approaching

the maximum solubility, the presence of a dislocation can lead to a local oxygen concen-

tration which is twice that seen in the bulk material [221] Thus the oxygen concentrations

in this study can be observed near defects at relevant experimental oxygen concentra-

tions. The γGSFE surface is a result of the competing energetic benefits of recovering an

ideal BCC metal lattice and providing an optimal interstitial site for the oxygen atom.

Clearly at the dilute extreme, the former will win out, while we have shown that providing

an optimal interstitial environment becomes a dominant factor at higher concentrations

of oxygen. More research is need to determine this transition as a function of oxygen

concentration.

Since interstitial oxygen is a mobile species in the bcc lattice, the γGSFE surface will

be impact by the interstitial atoms ability to diffuse during the slip event. This mobility

will vary as a function of temperature, strain rate, and slip vector. The oxygen atom

may have very steep diffusion barriers from some sites when partially slipped, but not
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other. For instance, the octahedral site may be more difficult to diffuse from than the

prismatic site. Further investigation will be needed to tease out these nuances.

Future researchers should also work closely with experimentalists who are studying

the role oxygen in BCC refractory alloys. STEM and TEM methods may be able to

identify slip behavior including the formation of stacking faults or slip on systems such

as those discussed in this chapter which would be lower in energy in the presence of

oxygen but unexpected without it present. Rate and temperature dependant tensile

and compression tests with varied amounts of oxygen as well as in situ tensile tests

could further elucidate the effect oxygen and oxygen diffusion have on the deformation

mechanisms in BCC metals. It would also be of interest to vary the matrix composition

from a simple BCC interstitial solution such as pure niobium, to a binary alloy system

such as Nb-Ti, to a multi principal element alloy. If the BCC lattice is less idealized in

the matrix, lower concentrations of oxygen may be necessary for the oxygen interstitial

environment to dominate the slip behavior. Alternately, a larger lattice parameter or

stiffer matrix could lead to a smaller oxygen elastic dipole reducing its ability to impact

slip in the material. Both experimental work and additional calculations are needed to

fully understand this phenomena and its role the deformation of BCC alloys.
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Conclusion

In this thesis, a first principles investigation of the phase stability Nb-O binary system

and the behavior of oxygen solutes in BCC niobium was presented. Throughout this

work, I strove to not only describe but provide a physical explanation for the behavior

of the system.

In the Wadsley-Roth study, a wider range of of crystallographic possibilities were

explored than had previously investigated while a systematic nomenclature was defined

to facilitate discussion. These crystal structures span a continuum between rocksalt and

the perovskite like WO3. Additionally many important materials such as the TiO2 –B

can be described by this crystallographic family. This framework and nomenclature are

intended to aide in the design of new Wadsley-Roth oxides and the continued study of

this promising class of Li-ion battery materials.

First principles calculations demonstrated that the E1[n × m] shift type structures

were consistently preferred due to a balance of electrostatic considerations and atomic

relaxations. The number and orientation of octahedra edge sharing instances in each

structure were effective indicators of each of these energetic contributions. This analysis

is the first explanation for the tendency for the E1[n×m] seen in Wadsley-Roth phases
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reported across the literature. In addition, our collaboration with Muna Saber [14] also

demonstrated how similar logic can be applied to explain the cation ordering preferences

in Ti-Nb-OWadsley-Roth structures. The ordering of cations in these and other Wadsley-

Roth structures can have significant impact on the Li-ion intercalation mechanisms and

kinetics. It is therefore essential to accurately predict the cation ordering in mixed

Wadsley-Roth oxides when studying their Li-intercalation behavior.

One theme revealed across this body of work is the complex interplay of strain me-

diated effects and electronic interactions in determining the relative phase stability, de-

fect formation, and solute-solute interaction energies. In the vacancy ordered rocksalt

NbO phase, partial filling of anti-bonding π orbitals strongly destabilized a defect which

plugged a vacancy on the oxygen lattice. This structure, unexpectedly, strongly favors an

additional niobium vacancy defect over other point defects. The short range interactions

of oxygen-oxygen interstitial pairs in BCC niobium, similarly were destabilized when

overlapping p-orbitals hybridized resulting in closed-shell bonding and antibonding in-

teractions deep below the Fermi level. This repulsive interaction significantly outweighed

electrostatic interactions of many short range O-O pair interactions. Overall, intersti-

tial O-O pair interactions were derived from a combination of electrostatic, closed-shell

bonding and strain mediated effects due to the tetragonal elastic dipole. The strong

short range interactions led to significant preference for pair interactions which resulted

in short-range ordering of interstitial atoms persistent to high temperatures. The high

solubility both predicted here, and observed in literature [18, 44, 45, 42, 46] suggest,

that this non-ideal behavior of oxygen interstitials may contribute to deviations from

ideal behaviors. For instance, pair interaction will impact diffusion kinetics, while the

preferential order could play a role in phase transformation pathways.

In Chapter 6, similar themes were studied in the context of the dilute Nb-X-O alloys.

Here, electrostatics played a dominant role. Bader analysis revealed electronegativity dif-
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ferences between substitutional solute and a niobium matrix caused charge accumulation

and solute size changes for substitutional elements. Oxygen also accumulated a negative

charge resulted in electrostatic interactions which to first order determined the stability

of the X-O pairs in the Nb matrix. However some X-O pairs, particularly at the first

nearest neighbor distance defied this simple trend. Some solute were very small, which

further lowered the energy of the X-O pair, while other pairs experienced a destabilizing

closed-shell bonding interaction. Some of these closed-shell bonding interaction, such as

Zr-O, included states deep below the Fermi level, such as the Zr-p orbitals.

This thesis is closed out with a brief but exciting study of the impact of interstitial

oxygen atoms on GSFE when they are located within the glide plane. Interstitial oxygen

could profoundly alter the energy landscape suggesting a potential to drastically alter

dislocation behavior. When significant oxygen is present the GSFE curve reflect a pref-

erence for shear vectors which optimize the interstitial coordination environment, often

at the expense of the BCC lattice. The energy range of the entire γGSFE surface is also

significantly decreased suggesting that the material could be drastically softened. This

scenario is further complicated by the mobile nature of the interstitial oxygen atoms.

Further study could reveal the temperature, rate, and compositional dependence of the

dislocation glide behavior on interstitial oxygen.

8.1 Future Directions

The work presented in this thesis illuminated key mechanistic details underlying the

behavior of oxygen as an interstitial solute in niobium, as well insights into the driving

forces behind phase stability across the Nb-O binary system. These results lead to further

questions about the phase stability and behavior of refractory alloys and oxides which

we are now more well equipped to address.
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The study of Wadsley-Roth oxide phases in Chapter 5 details a systematic way to

study this broad class of oxides. While most of the literature focuses on the application of

these oxides as anode materials, Wadlsey-Roth phases with multiple cations and cation

disorder also play a role in depressing oxidation rates in RMPEAs [10, 65, 66]. Since

these oxidation processes are typically driven by oxygen diffusion through the oxide scale

and into the metal substrate, it is essential to understand the mechanism of oxygen

diffusion through Wadsley-Roth crystal structures. The mechanism of oxygen diffusion,

crystallographic shear plane migration, and Wadsley-Roth oxide formation remain open

questions in the research community. Several theories of shear boundary formation and

migration have been proposed [231, 232, 233]. Since an increase in the density of these

shear planes reduces the local oxygen concentration, these planar features could diffuse

in the opposite direction from oxygen diffusion. Many of the proposed migration and

growth mechanisms required coordinated motions of many atoms to shift and entire

shear boundary or part of a boundary. Vacancy mediated diffusion of oxygen through

the oxygen sublattice may also provide a means to diffuse oxygen through the oxide.

Oxygen diffusion through the square tunnels between corner sharing octahedra could

also productive a means for oxygen diffusion.

A first principles approach could explore the relative energies associate with each of

these diffusion mechanisms and any associate intermediate states. The energy barriers

for these diffusion mechanisms would indicate which mechanism is most likely to occur

and whether more than one might be observed at higher temperatures. These calcula-

tions could be repeated for oxides with different E1[n ×m] structures. Similarly, these

calculations could also be repeated in structures with a mixture metal cations. This

can provide insights in how the diffusion mechanism is influenced by oxide composition

and cation ordering. The results may indicate that certain metal cations tend to slow

diffusion or change the dominant diffusion mechanism.
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In Chapter 6, we developed a nuanced understanding of the X-O pair interactions in

the dilute niobium alloys providing a baseline from which to compare X-O interactions

in more complex alloys. If we consider a refractory multi-principal element alloy, it is

not as straightforward to compare the electronegativity for a given constituent element

to the surrounding matrix. The alloy average, local neighborhood, or nearest neighbors

atoms may be relevant points of comparison. While we have only considered the dilute

alloy, the degree of charge accumulation may be tied more explicitly to composition. At

first glance, we would not expect a significant change in the closed-shell bonding X-O

interactions in other BCC alloys, as they are a result of the relative levels of the atomic

core states. However, the change in lattice parameter upon alloying may somewhat

change the relative energy level of core states and could also tune the degree of overlap

due to the different bond distances. These uncertainties warrant further investigation in

more complex alloys.

A number of straightforward studies could elucidate some of these questions by ex-

tending this computational approach to study the solute binding energies in alloys as a

function of composition. It would be simple to first change out the matrix element from

Nb to another BCC element such as W or Mo which have much higher electronegativity.

By comparing the binding energies, Bader charges, and volume changes of solute elements

in the the similar dilute alloy may confirm the electronegativity driven charge transfer.

This study could also prove an effective way to test the persistence of the closed-shell

bonding effects in another BCC materials with a different lattice parameter.

It is of particular interest to understand how solute-oxygen interactions change as a

function of the matrix composition. For instance, alloy designers may wish to effectively

predict how key elements such as Re or Ru, which are often used to increase ductility,

or of Hf and Zr which are often used to getter oxygen and reduce weight, have different

solute-oxygen interactions in different matrices. From a computational perspective, a
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solute of interest could be tested by first generating a number of alloy supercells could be

generated for a set of compositions. For instance, a sample of Nb-Mo-Ti special quasir-

andom supercells could be generated across a range of compositions. For each unique

interstitial site the oxygen binding energy could be calculated. Then Bader analysis with

a focus on each of the six coordinated atoms could address some open questions such as

whether the solute behavior is driven by the first nearest neighbor charge, or if is strongly

dependent on the six coordinated atoms. Furthermore, considering this behavior as a

function of alloy composition and local environment will illuminate how these effects are

changed by the matrix environment. While the electronegativity difference between the

solute and the Nb matrix drove charge transfer and solute size changes in dilute Nb al-

loys, it is unclear how this translates into a more compositionally complex environment.

Charge transfer could be dependent on a atoms electronegativity compared to the near-

est neighbor atom electronegativities, the total matrix average electronegativity, or some

intermediately sized environment.

Experimentalists may be most interested in how these solute interactions impact the

composition and properties of multiphase refractory alloys. To study the possibility of

some atoms pulling oxygen into precipitates or rejecting oxygen from precipitates into

the matrix, experimentalists could generate an alloy with a range of controlled oxygen

concentrations. Then the oxygen concentration could be measured in each phase of heat

treatment which involved a second phase formation. Additional SEM and characteri-

zation of the grain morphology and phase compositions would be necessary to identify

whether oxide formation occurred.
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8.2 Closing Remarks

Throughout this thesis, I sought to develop a mechanistic understanding of Nb-O

phase stability and solute interactions which will aid to alloy designers and battery en-

gineers alike. The insights generated and methods applied led us to new interesting

questions about the stability and behavior of other refractory alloys and oxides. This

work brings us one step closer to a complete understanding of these fascinating material

systems which can transform the technologies that shape our world.
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Supplementary Information for the

Thermodynamic Evaluation of the

Nb-O Binary

A.1 Oxygen Interstitial Atom Lattice Distortions

An oxygen interstitial atom in an octahedral site in the BCC niobium imposes a

tetragonal elastic dipole on the surrounding matrix. Although the overall effect is di-

alational, atoms along the waist of the asymmetric octahedron are drawn closer to the

oxygen atom.
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Figure A.1: The displacement vectors, amplified by a factor of 300, are illustrated
for the atoms in a 128 Nb atom BCC cell with one interstitial oxygen atom. The
displacement of the first nearest neighbor atoms is excluded for clarity,though they are
an order of magnitude larger than the displacements rest of the cell. The displacement
vectors which point toward the oxygen interstitial atom are shown in blue and are only
found along the waist of the octahedral site. The rest of the displacements in red lead
to an overall dialational elastic dipole.

A.2 Grand Canonical Defect Energies

The grand canonical potential energy for a given configuration σ is defined as

Ω(σ) = E(σ)−
∑
i

µini(σ) (A.1)

where E(σ) is the total energy of the configuration and µi and ni are the chemical

potential and number of atoms of each i component of the material. From this, the

grand canonical defect potential energy, ∆Ωd, is defined from the difference between the

grand canonical energy of a structure with a particular defect and the pristine ground

state structure.
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∆Ωd = Ed −
∑
i

µixid − (E0 −
∑
i

µini0)

= ∆E −
∑
i

µi∆ni

(A.2)

Here E0 and Ed are the total energy of the ideal structure and defected structure respec-

tively.

Figure A.2: The grand canonical defect energy for the four point defects in NbO
was calculated. The white region in the center of the plot is the chemical potential
window in which NbO is the stable ground state, and across this entire range the
Nb vacancy defect is lowest in energy. When µO is lowered the BCC niobium phase
becomes stable while at higher µO the Nb3O7 phase becomes stable. Dashed vertical
lines represent two phase equilibria.

Figure A.2 shows ∆Ωd as calculated for the four point defects in the NbO rocksalt

ground state as a function of µO. These values are based on the DFT calculated energies

of the pristine vacancy ordered rocksalt supercell with 162 atoms and the same super-

cell containing a point defect after atomic relaxations. The relevant chemical potential

window was determined from the convex hull.The value of µO can be written in terms of

µNb as follows:

µO = 2E0 − µNb (A.3)

At µO = −9.045 eV, denoted by a vertical dashed line in Figure A.2, BCC Nb and NbO
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are in a two phase equilibrium. At lower µO BCC Nb is the stable phase. Similarly,

when µO = −8.61 eV the rocksalt is in equilibrium with the Nb3O7 ground state which

becomes the stable ground state at increased µO.

Across the µO window in which the rocksalt phase is stable, the Nb vacancy defect

has the lowest ∆Ω out of all possible point defects while the extra oxygen atom defect is

highest in energy. If the BCC phase formation were suppressed and µO were reduced to

below -9.18 eV, then the oxygen vacancy would become the most stable defect. However,

this is fairly far into the chemical potential range in which BCC niobium is stable, so it

is unlikely to be realized in an experimental setting.

A.3 Rotated Orbital Basis

The orbital basis was rotated by 45 degrees about the y axis to align the z′ axis with

the vector between two Nb atoms as shown in Figure A.3. This allowed the sigma bonds

and pi bonds between neighboring Nb atoms to be more directly examined with -COHP

analysis.

Figure A.3: The original basis set in the Cartesian coordinate system was rotated by
45 degrees about the y-axis was used to study the Nb-Nb interactions in the pristine
NbO system. This aligns the d3z2−r2 orbitals of neighboring Nb atoms as shown.
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A.4 Electronic Structure of NbO with Defect

x
y

z

a

b

c

Figure A.4: Part a shows the idealized NbO crystal structure where the blue spheres
represent niobium atoms and the small yellow one s are oxygen atoms. On the right is
an idealized NbO crystal structure with an additional oxygen atom plugging a vacancy.
Part b shows the projected density of states for the p-orbitals of two oxygen atoms
while part c shows the projected density of states for the d-orbitals of two niobium
atoms in a 163 atom supercell. The filled grey curve is the projected DOS from atoms
in a square planar environment far from the oxygen defect atom while the blue line is
the DOS projected onto the extra oxygen atom or niobium atom directly below the
extra oxygen atom. The dashed vertical line at E=0 indicates the Fermi level.

The electronic structure of NbO structure with an extra oxygen atom filling a vacant

site reflects the octahedral coordination environment the oxygen atom has been placed

in (Figure A.4a) and the changing the coordination environments of the surrounding

six niobium atoms from a square planar symmetry to that of a square pyramid. The

projected density of states for oxygen p-orbitals and Nb d-orbitals was calculated in a

3 × 3 × 3 supercell with an additional oxygen atom allowing atomic relaxations. In
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Figure A.4b, the projected density of states of the oxygen p-orbitals are examined where

the grey filled curve correspond to the states related to an atom with square planar

geometry distant from the defect such that the pz orbital points into the vacancy. The

blue line indicates the oxygen p-states related to the additional oxygen atom. Each of

these orbitals contributes to a narrow band about -9.0 eV below the Fermi level. There

are also a few additional peaks near and just below the Fermi level.

Figure A.4c shows the projected density of states of the niobium d-orbtials where

the grey filled curve are the states related to an atom with square planar geometry

distant from the defect such that the dz2−r2 orbital points into the vacancy. The blue

line indicates the oxygen d-states related to the Nb atom directly below the extra oxygen

atoms, such that the dz2−r2 orbital points at the defect. The dx2−y2 density of states,

shown at the top of A.4c, is largely unaffected by the change in coordination environment.

In contrast, the next three orbitals in A.4c, the dz2−r2, dyz, and dxz, all acquire some

contribution to a narrow band near -9.0 eV relative to the Fermi level. This narrow band

matches that seen in oxygen p-orbitals and indicates a new bonding interaction with the

neighboring oxygen atom. For the dz2−r2 orbital, this is mostly a strong σ-bond which

pushes some of the density of states further above the Fermi level. However, for the the

dxz and dyz in A.4c, this interaction is a weaker π-bonding interaction which does not

result in as significant splitting. These two orbitals also have two smaller spikes at and

just below the Fermi level which match those seen in the defect oxygen p-orbitals. This

π-bond would be similar to the B2g states in Figure 4.11b which has antibonding states

just above the Fermi level in the pristine crystal structure. Similarly, in Figure A.4e, the

dxy orbital also experiences additional filling of states which are pulled lower in energy.
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B.1 Algorithm for the enumeration of Wadsley-Roth

block structures

To generate an arbitrary Wadsley-Roth block structure of type Eiα[n×m] or T[n×m],

a set of lattice vectors for a primitive cell is defined and then populated with a grid of

corner sharing octahedra representing a single block motif. This starts in Cartesian

space with the origin at the metal cation in the bottom left corner octahedron of block A

oriented such that the cation-oxygen bonds of the idealized octahedron are aligned with

the x, y, and z axes. By convention the n×m block motif sits in the x-y plane. In figure

B.1 the origin sits on the central niobium atom of the bottom left corner of Block A.

Primitive lattice vectors a⃗ and b⃗ are then selected that connect the cation of the corner

octahedron at the origin to the cation in the similar corner octahedra of neighboring

blocks B and C as shown in figure B.1. The c⃗ lattice vector accounts for height of a
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Figure B.1: The lattice vectors a⃗ and b⃗ are illustrated for an E1x[3× 4] Wadsley-Roth
structure.

single layer of octahedra. These lattice vectors can be written as follows:

a⃗ =


∆xd

md− d
2

d
2

 b⃗ =


nd− d

2

∆yd

d
2

 c⃗ =


0

0

d

 (B.1)

Here d is the distance between two niobium atoms in adjacent corner sharing octahedra.

Once this lattice is defined, an octahedron centered at each position in the Cartesian

space is placed

p⃗ =


kd

ld

0

 (B.2)

where k and l are integers in the intervals (0, n] and (0,m], respectively. Lastly, all atomic

positions defined by Cartesian coordinates, some of which may lie outside of the first unit

cell, is converted into fractional coordinates within the primitive unit cell defined above.

To enumerate Eix[n×m] (Ejy[n×m]) structures, i (j) ranges between 0 and i = n− 1

(j = m− 1).
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B.2 Dependence of relaxation energies of NbpOq WR-

phases on the nature of shared edges

a. b.

c.

Figure B.2: Wadsley-Roth shear structures have octahedra that share edges that are
(a) oriented parallel to the x̂-ŷ plane (x-y-edges) and (b) oriented out of the x̂-ŷ plane
(z-edges). (c) The number of x-y-edges steadily increases with block shift i.

The variation in the relaxation energy for the Eiα[n×m] NbpOq structures with i > 0

is correlated with the frequency of different orientations of the shared edges. Wadsley-

Roth structures have varying numbers of shared octahedral edges that reside within the

x̂ − ŷ plane (xy-edges), highlighted in black in Figure B.2(a), and shared octahedral

edges that are oriented out of the x̂− ŷ (z-edges), as illustrated in Figure B.2(b). Figure

B.2(c) shows that the number of shared octahedral edges that lie in the x̂ − ŷ plane

increases as the relative block shift i increases. Figure B.3 shows the correlation between

the relaxation energy and the fraction of xy-edges for Eiα[n×m] with i > 0. Each set of

points connected by a line have the same number of shared edges. They do differ by the

fraction of shared xy-edges to total number of shared edges. For a fixed number of edges
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Figure B.3: The relaxation energy per Nb if plotted versus the fraction of x-y edges
for Eix and Ejy for each of the examine [n×m] block structures.

per Nb, the correlation between relaxation energy and fraction of xy-edges is reasonably

linear for the Eiα[n × m] structures with i > 0. Figure B.3 suggests that as the shift

between neighboring blocks i increases, the increasing number of in-plane edges limits

the degree with which the structure can relax, thereby reducing the energy gain during

relaxation.
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Bader charge analysis was performed on similar unit cells with 53 Nb atoms and 1

substitutional atom X (X=Al, Si, Sc, Ti, V, Cr, Y, Zr, Mo, Ru, Hf, Ta, W, or Re) both

with and without an interstitial oxygen atom present. The interstitial atom can be either

in the 1st or second nearest neighbor site. The Bader charge was also calculated on the

oxygen atom at the 1st nearest neighbor site and the distant reference site.
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Figure C.1: The Bader charge on the substitutional atom are plotted for configura-
tions where interstitial oxygen atoms are in the first near est neighbor site, the second
nearest neighbor site, or not present. When oxygen is not present the Bader charges
are more slightly more negative than the second nearest neighbor site, with the ex-
ception of Re where the difference in charge is more pronounced.
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Figure C.2: The Bader charge on the interstitial oxygen is plotted for the 1st nearest
neighbor site and the distance reference site. The charge for oxygen in all structures
is very similar.
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Figure C.3: The DOS for a 54 atom BCC supercell is shown with one substitutional
alloying element atom and 53 Nb atoms. For each material, part 1 shows the projected
DOS and total DOS as a dotted line while part 2 highlights the states projected onto
the substitutional atom. Part a-f correspond to the electron structure niobium alloyed
with Al, Si, Sc, Ti, Cr, and V respectively. While Si and Al both have states where
are lower in energy than the band of Nb valence states and isolated, the rest of the
metals have relatively similar densities of states to the Nb metal. Their d electron
states mix with the niobium states and become part of the same electronic band.
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Figure C.4: The projected density of states for a 6 more dilute Nb-X alloys are shown.
For each material, part 1 shows the projected DOS and total DOS as a dotted line
while part 2 highlights the states projected onto the substitutional atom. Part g-l
correspond to the electron structure niobium alloyed with Y, Zr, Mo, Ru, Hf, and Ta
respectively. These transition metals have relatively similar densities of states to the
Nb metal. Their d electron states mix and become part of the same electronic band.
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m.1
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n.1
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Figure C.5: The projected density of states for a 6 more dilute Nb-X alloys are shown.
For each material, part 1 shows the projected DOS and total DOS as a dotted line
while part 2 highlights the states projected onto the substitutional atom. Part m and
n correspond to the electron structure niobium alloyed with W and Re respectively.
These transition metals have relatively similar densities of states to the Nb metal.
Their d electron states mix and become part of the same electronic band.

a.

b. c. d.

Figure C.6: The projected density of states (a) for Nb53AlO is shown for the first
nearest neighbor configuration with the total DOS plotted with a dotted line. Below
is the partial charge density for these isolated and fully occupied electronic states.
There are a low energy bonding (b), a mid-energy nonbonding (c), and an high energy
antibonding orbital (d) due to hybridization between the Al s orbitals and oxygen
p-orbitals.
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a. b.

Figure C.7: The projected DOS for Nb53ZrO is shown for the first nearest neighbor
configuration with the total DOS plotted with a dotted line. Below the partial charge
density if shown for isolated and fully occupied electronic states. There is a low energy
bonding (a) and higher energy antibonding orbital (b) due to hybridization between
the Zr p orbitals and oxygen s-orbitals.
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Dunn, A. Van der Ven, R. Seshadri, and L. Pilon, Potentiometric entropy and
operando calorimetric measurements reveal fast charging mechanisms in PNb9O25,
Journal of Power Sources 520 (2022) 230776.
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