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CAVITY RESONATOR SYSTEMS FOR SUPPORTING
-~ .~ NONSINUSOIDAL PERIODIC WAVEFORMS"

Quentin A, Kerns
Lawrence Radiation Laboratory .
University of California

Berkeley, California

June 30, 1965
Abstract

The phenomenon of resonance allows a modest power flow to build ui:
a large-amplitude wave. Although resonators are commonly‘designed for waves

varying sinusoidally in time, any waveform describable as a Fourier series

o0

f(x) = (_An cos nx + Bn sin nx)
n=1

can be supported by designing the rneta.llic enclosure for the wave so that reso-
nance oICCurs at all integer mgltiples of the fundamental frequency. |

The principle is not limited to stabnding -wav‘e'resona.tors; it can be applied.
to traveling~wave cavities as well, by incorpo;ating a suitable circulator between
output and input ports of the cavity.

Several experimental "superpésition" resonators constructed in the course
of the Berkeley Accelerator Study are descr‘ibed, together with their rf | driving
circuits.. | |

Potential api)lications include, on one hand, ;ontinuously operating devices

such as sawtooth wave-form bunchers or cavities providing specialized waveforms

for particle acceleration, separation, or extraction. Pulsed cavities, on the other

‘hand, by the accumulation of large energy over a period of time for later rapid -

discharge, can provide fast-rising, shaped pulses of high'geak power for track

or discharge chambers.

“Work done under auspices of the U. S. Atomic Energy Commission.
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Introduction

Electroﬁagnetié fiélds v.a'rying periodically in time have widespread -
te,éh‘nological application'. | Low -power eleétronic systeﬁ;s like télemetxy,
oscilloscopes, and digitéﬂ. computéfs exhibit a great variety of waveforms
iﬁcluding narfow spikeé, flat-topped pulses, sa‘wfooth forms, and many others.
In contrast, high-power rf systems in accelerators, fad'ar, and communica-
tions tend to rely on waveforms that may be modulated in various ways, but
are almost sinusoidal in time. |
The reason low-power electronic s‘ystems_ fréely utilize waveforms of
practically arbitrary shape, whéreas high-power systems tend fowgrd sine
~ waves, is largely that cost scales up rapidly with power,. Low-am'_plitudie wave -
forms can be geﬁerated by inefficient, wideband devices without the wasted |
power's being conspic_uogs; large-amplitude waves similarly gene'rated woulvd
be prohibitively expensive in terms of the scale of the apparatus and the lost
powef, which rises in proportion té the sqﬁa;e of thé amplitude. Thus, an
osqilloscope can easily afford té have'a recurrént sawtooth sweep=-voltage
wa&eform applied .to the plates of its cathode ray tube for b‘ea.m deflection;“
the lost power is typically only‘va few watts. Conversely, ifa 100-kV 50-Mc
sawtooth wave weré similarly_ gene.rat'ed in 'iRC éifc_uits ‘and applied to deflec-

5 tion plates of 56_pF capacita'nce,. the average power loss in the re.si_stabnce R
woulé be more than 10 MW. |

The results presented here deméns;:ate that a large-amplitude wave cén

be obtained via resonance in a low -los.s systefn. Although re.sonators and.vs./a'vc.e- "
guide structures éi'e com‘monly' used for sup?ortiﬁg sine Wé.ves, what is réquireé

I3

'in this case is a resonator capable of supporting periodic waves of arbitrary d

shape. Itis possii)le to construct and excite such resonators to obtain any
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commonly enc.ounte'red waveform as a tifn_e -varyi_h_g electromagnetic field within
the resonator. The method may bte‘"described as waveform synthesis by Fourier
series superposition in a resoﬁator posvsessing‘zvz harmonically'rel.ated spectrum
of resonances. . Although it is impractical to attempt to .satisfy completely the |
infinite trigonomet:ric séries, intereéting and useful results hé&e been obtained

with practical circuits..

Fourier Series Representation

We assume the pulse being considered (i.e., the tifne function or wave-
form) has va finite nurﬁber of points of ordinary discontinuity and a finite number
of maxima and minima: vthe'Dirichle‘t conditions are satisfied. This is.cerfainly
true for all commonly entl:ou.ntered wa\}eforms. - We further assume thé resonator
is to handle a continuous train of such pulses, periodic with period T, énd de-

fined by its values in the interval 0 to T. If f(x) represents the time varia-

~ _tion of the E or H fieid, the Fourier expression is given by

AO S ™ ”
' f(x)=7-+ (An cos ZnTX+Bn sin ZnTx)
n=1
and the coefficients ' T - ,
_2 _ 2nmx
A = T j;) f(x) cos T dx

and

s o2 [ £(x) sin 227X g
n —.T‘ 5 X .S n . T X
3 |

We can provide the constant term AO/Z in the E or H field by employing

dc power supplieé:ﬁ although for many applications, the waveform can be chosen

to have zero average value without impairing its usefulness.. Thus, for examplé,
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a.. sawt.o'oth waveform in a buncher cavity mé.y as well have a zero average, '
since no Ane_:t beéﬁi acceleration is required, but only velocity modulé.tion.
Turning our attention now t_o'the terms under the summation, it isv clear.
that the desired circuits must tfar;smit a line spectrum Vhaving many lines,
extending up to very high frequencies in some cases. The total spectrum space
: ils viftually empty nevertheless, and the commonly u.bsed wide -band circuité
Iprovide fnuch more bandwidth than is really necessary. If a limited rather -
than a continuous train of pulses is to be transmitted, more space in the fre-
quency spectrum is required, because the line spectrum of the continuous train
goes. over into a series of bands. Even.here, however;, 'it'.isf.lrai'e'liy;.that',-a;-large
’fraction of the épectrum is used. -
Thé individual trigonometric terms could be provided by>an_array: of
individual sine-wave oscillators, properly adjuéted in amplitude and phase,
but such an arrangement is unnecessalrily' cumbersome. We can generate the
- 'waveforms directly; for example, grounded grid tubes may bé attached to the
system in such a manner that their anode circuits appear electrically as a
‘part of the resonator. If is then necessary to modulate the electron stream

appropriately; a method of doing this will be discussed.

Resonator Configurations

Figure 1 shows a riﬁg resonator, consisting of a 56-ft‘ length of 125-ohm
coaxial line havirig its ends joined fo form a continuous transmission path,
(Fof convenience, the line is arranged in two turns. ) The .probes couple into
the resorx.ator and sample the radial E field between the inner and oufer con; :
ductors of the coaféial line, Waves are propagated in both senses around the |

‘ring. - ) : .
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For such a line, the velocity of propagation {/¢ is nearly independent
of frequency. Cable mode (TEM) resonances occur in the ring at each fre-
quency fn' at wﬁich the total line length £ 1is an integral number of wave-

lengths. The mode spectrum is thus:

| xnz‘%, or fn=%v¢, for'n=v"1,2,3',.---.
Measurements of the mode. .spectrum made over.the range of 15 to 2400
Mc showed that Vo is essentially constant at about 0.885 c. Although rﬁeas‘-
urements were not made higherAthan 2100 Mc, other evidence indicates that :
the TEM mode spectrum would be measura;ble to at least 10 kMc. Modes
occur every 15.56 Mc. The pictured resonator has been excited with a varivet_y
of waveform, including Z—néec pulses recurring every 64.3 nsec, a sawtooth
of 15.56 Mc fundamental freq.uency., and flat-topped waveforms. Figure 2
shows a flat-topped wave circulating at 15.56 Mc in the resonator. The ex-
‘ ~.citing pulse, shown below the pulse train in the figur‘e, i.s. set.to recur at a
subharmonic freqx;ency to illustrate the gradual decay of fh'e sto_reci pulses
when the signal is not replenished eacﬂ cycle.r The decay time constant of
the fundé.mentall, T = ZO/w,' is about 4 psec. The variousl fzi'equencies do not

all decay at preciseviy the same rate, but the agreement is near enough so the '

waveform remains recognizable as its amplitude diminishes:.

Strip Transmission-Line Resonator

Figure 3 shows a resonator formed of a flat conductor facing a gro'undr
plane, shorted‘.-to‘the ground plane at one end and open at the other.»v, 'The ,
structure }_ias the ﬁhysical appearance of a .k/4 resbrié;c.or,.but the \‘Nidth and
spacing have been gcijusted to give a harmonic mode spectrum. Whereas a
‘uniform )\/4 resonator has moc'iebs at 1, 3, 5,-++ times the fundamental, the

strip line of Fig. 3 varies in characteristic impedance ZO inversely as the
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square of the,_disfance :from the opén_end," achieving the desired‘property‘of
resonating to ail integ:al muitiples éf the lbwest—m‘ode freque‘ncy. Some
empirical adj_ustmerit t.ovcov'unterac;t edge effects (which are difficult to com-
pute) is.desirablé in strip—line resonators. Sawteeth and various bfher
waveforms have been excited on strip--liﬂe resonators like Fig. 3.

One feature of a strip-line resonator is that it provides an E-field
gap between nearly parallel planes, a feature useful for particle deflection
or modulation. Figure 4 shows the contour of a strip-line resonator for
which the spacing to the ground plane is a linear function of distance.

“Each of the strip-line resonatérs above could be constr!ucted, as an

alternative, in the form of a concentric line. As before, the inversé-square

variation of Z‘O with &istance must be maintained.

Cylindfical Symmetry

Figure 5 111ustrates a harmomc mode resonator derived from a ?nodx-
f1cat1on of the TM o, n resonances of the familiar rlght circular _c_yhnder.

This structure, .Fi..g. 5a, may belrelgarded as supporting radial TEM
‘modes on a two-conductor line extending outward from the axis to a short
circuit around the periphery. Figure 5b illustrates the method of excitatiboﬁl
by buﬁched electron beam. The elc_actron gun excitation arrangément is use-
fﬁl, inter alia, for energy-storage applications‘ where time is available to

build up a large-amplitude wave, which. is subsequently dzscharged rapldly

'Flgure 5¢ illustrates an apphcatlon of a hollow electron beam for sustaining

the desired waveform in the resonator, which may be used, e.g., for bunching

R

or particle separiation,
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Traveling-Wave Structures

Harmbn.ic -méde resonators can be made ffom traveling-wéve structures
by céuplihg the oﬁtpﬁt and input ports with a circulator; the i‘ing resonator is a
simple example of this technique. If each of the necessary frequency.components'
s.pans an integral nur_nbe‘r of wavelengths a;oimd the traveling-wave path, waves
of arbitrary shape may be excited. In the ring resénator of Fig. 4, a direc- |
tional coupler could be ‘employed to limit the excitation to a wave traveling in
one direction around the ring. Omniharmonic couplers are not commercially

available, but there seems to be no reason why they could not be constructed.

Resonator Excitation by Sampling; the Use of Feedback

Since the resonator recirculates the pul}sé energy, it is possible to excite
at-a subharmonic mode, as Fig. 2 shows. An extension of the idea of sub-
harmonic excitation is that of-samplingva different (short) portion of the stored
: pulse ori:each cycle, adding energy as necéssary on a sample-by-sample basis.
) This method of excitation,' although quite different from the pulse technique of
Fig. 2, was successfully used to excife various waveforms in thé resonafor of
Fig. 1.

The arrangement was as follows: A 1-nsec sampling pul_sé was introduced
at a frequency different by Af from the 15.56-Mc fundamental frequency. The
amplitude of the 1-nsec pulse was modulated at the difference frequenc? by a
wave of;fhe desired form, but lower in 'frequency by the ratio 15.56/Af. The
Af was chosen in the range of 0.1 to 0.5 Mc because suitable pulse genérators',
were handy; the pé’%riod of Af should be shorter tiian_the resonator decay con-
stant. One advantége of excitation by the sampling procedure is that it allows

negative feedback tb be used to maintain the desired rf waveform in agreement \.
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with a wavefofm standard céf ':_co_mpalrbison ghat chcurs at a lower ffequeﬁcy. The
resonator of Fig. 5, e. g .bcould well be evxci‘tvéd by this technique where accu-
rate waveforms are required; the electr_on bunch would be kept short, approxi-
mating a & function in timé, while the charge in each bunch would be .adjusted'
in accordance with the error signal determined at an earlier sampling instanv%.
The use of feedback makes it possible to mé.intain a desired voltage waveforn%

despite frequency-dependent load and loss variations.

. Energy Storage

The use of harmonic-mode resonators fof'pulse storage is attractive
becauée of the great flexibility in pulse shape permitted; the pulse shape rnayv -
easily. be programmed electronically, in contrast to the fixed output pulse
shape of line-typé pulse gene?étors. | A

Eventually, it is hoped, supe;‘conducting resonators will beéoine low
. enough in cost to consider; they would proﬁde virtually loss-free .energy o
storage. | |

For low-duty—_cycle programmed pulse applications, the résonator energy

loss rnigh'tl‘not be ag important consideration.  The cavity c‘ould be built up to
its full amplitude Just before switching it into the load. In such applications
‘resonator size can?be ‘scaled down and breakdown strength incr.eased'by filling

the cavity with a uniform isotropic dielectric material,

Summary and Remarks

- d

Waveform génerators. involvihg‘parallel RC circuits cannot be extended

to high amplit,udev t high frequeﬁéy without encountering serious power limi-

L

tations, as noted iﬁg the Introduction. In the special case of periodic \va\(eforméﬁ

however, the circuits need not provide a large instantaneous bandwidth; it is
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sufﬁciept to provide tr_ansrnission for a line spectruﬁn of equallyrspaced fre-
qﬁencies \.:vhich:’are integer _mulvti'pv'les_'of the fundamental; Although some wave-
forms involve only odd harmonics, or only even harmonics, the circuit to
transrrﬁt arbitrary waveforms must supéort both even and odd ha.rmonics,
e. g, for a sawtooth, f£(t) = 2A(%—+ T—ir-sin ¢ -éi—v sin 2 ¢ + % sin 3¢ ).
Resonators possessing a series of resonances which occur at all integef
multiples of a fundaﬁxeﬁtal frequency .should, accoraing to the foregoing, be
capable of supporting almost any desired waveform; ekperimentall’y,.a variety
of waveforms, including a sawtooth, have been e_xcited in suitable resonators.
The advantage of using a resonator is that the power loss. associated with
producing the waveform is reduced By a factor of 100 to 1000, depending'on
the resonator Q and shunt resistance for each resonance.- The shunt re-
sistance is not a vconstant with frequency, of course. In general, the shunt

b

resistance tends to fall off with the inverse square root of the harmonic order;

‘'on the other hand, for many waveforms (refer to the sawtooth) the required

amplitudes of the higher-order terms in the series fall off at least as fast,
Thus it i§toften the case that the presence of the harmonics ’addé vlittle to the
total power loét in the resonator.

The presence of absorption provides a finite bandwidth in the neighbor-
hood of each resonance, an effect which, ~a1though it wastes power, permits

tuning errors so long as they are much less than 1 partin Q. The half-

 power bandwidth around each resonance equals the resonant frequency divided

by the associated Q.
The resonatér geometries which have been discussed here are no doubt
only a sample of bvhat could be developed.” For one thing, analysis of a given

set of boundary conditions to find the resonance spectrum proves to be faster
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v than the synthesis of a resonator shape, given the desired spectrum. A ré.pid

| synthesis technique would allow a wider investigation to be made than has been B

made up to the present.

A vprinciplé of similitude may bé applied to cavity resonators, viz:v if all
the linear dimensions of a resonator are changed by a’ conétant factor, the
resonant wavelebngth of all the nofmal modes will be scaled by the same factor. _

Concerning driving circuits, some progress has beeﬁ made (for other
purposes) in the use of gridded power tubes to produce short pulses of anode
current. In a cavity like that of Fig. 5, a pair of 8533 triodes could be placed’
in push-pull across the cavity gap as an alternative to the eletctron gun shown.
The 8533 is capable of producing waveforms having rise times less tﬁan 4 x-asec.

It is worth mentioning that a sawtooth volfage wave form appears auto-

matically in a harmonic superposition resonator if the driving current waveform

approximates a § function and its recurrence rate is deliberately made slightly

different from the resonator fundamental frequency. Since the absorption loss

in the cavity can be quite small (high Q), sawtooth waveforms can be excited
with practicai values of peak current.
The harmonic resonator-has an inter_esting' application for small signals

apart from driving circuits; as a filter element tuned to a given fundamental

- frequency it can be used to-transmit periodic waves while discriminating against

noise. Thus filtering and averaging can be performed on periodic signals with-
out losing detail in the waveform.

In conclusion, we note the converse to the ideas of this pap’ei‘: since
nearly all rf c'uf?eht generators are nonli;;ear and .thl.ls emi£ a series of_.
harmonics rather':éhan a pure tone, resonant syst.ems' for supporting sine waves’
should be construc;ed to deéfinitely avoid harmonic relationships between unused

resonanceé and the signal frequency.
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-Figure Captions

1. 'Ring resonator for Fourier synthesis of periodic waveforms.

2.  Pulse storage pattern in ring resonator. '

Pulée width 20 nsec, pulse repetition rate, = '1'5.5 Mc/sec.
3. _v.“vHarmonic resonator in strip-line form.

4..v .Harmonic resonator of planar construction,

5. .'Axially symmetric resonator.
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ZN-5171
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ZN-5172

Fig., 3
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ZN-5170
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sponsored work. Neither the United States, nor the Com-
mission, nor any person acting on behalf of the Commission:

A. Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

B. Assumes any liabilities with respect to the use pof,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report.

As used in the above, "person acting on behalf of the

Commission" includes any employee or contractor of the Com-

mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee

of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.








