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Abstract: 

. 16 40 48 Ground State Propert1es of 0 , Ca and Ca 

in a Relativistic Hartree Theory of Nuclear Matter* 

,L Boguta 

Nuclear Science Division 
Lawrence Berke 1 ey Laboratory 

University of California 
Berkeley, CA 94720 

LBL- n894 

A relativistic field theory model of nuclear matter is solved in a 

Hartree approximation for finite nuclei. We show that the theory predicts 

small shell effects for the charge density distributions in magic nuclei and 

is in agreement with recent electron scattering data. The effects of the 

small component of the relativistic wave function are investigated as well 

as the role of the isospin dependent force generated by the rho field. 

*This work was supported by the Division of Nuclear Physics of the Office of 

High Energy and Nuclear Physics of the U. S. Department of Energy 9 under 

Contract W-7405-ENG-48. 
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Recently we reported on the ground state and thermally excited states 

of finite nuclei in a Thomas-Fermi approximation to a relativistic quantum 

field theory of nuclear matter1). These calculations were able to repro-

duce the observed characteristics of finite nuclei such as charge density 

distributions, level density parameter and rms radii reasonably well in terms 

of a few, well-understood parameters, The shortcoming of those calculations 

was the Thomas-Fermi approximation itself, which neglects the shell structure 

of a nucleus and the effects it has on the ground state properties. One 

knows that these shell effects are important, though the magnitude of these 

effects has been the source of considerable uncertainty. Many Hartree-Fock 

calculations based on two-body nucleon-nucleon interaction have predicted 

considerable shell influence on the charge density distributions 2
). Recent 

experimental data on electron scattering has revealed that these effects are 

actually not as big as believed 3). To account for this fact, one needs 

quite a sophisticated nuclear model, such as density dependent Hartree-Fock 

(DDHF) 4). 

The quality of our results in the T-F approximation was sufficiently 

good that one must ask the question whether shell effects in this model will 

spon the T-F picture and eliminate the relativstic quantum field model as a 

viable phenomenological theory. The purpose of this work is to investigate 

the ground state properties of o16 , Ca40 and Ca48 nuclei where shell 

effects would be most important and show that in the Hartree approximation 

the reported T-F results are improved just where improvement was needed; a 

shell contribution of correct magnitude to the density distributions together 

with a correct density falloff at the boundary of the nucleus. We show that 

the relativistic theory even in its simplest form does not have large shell 

oscillations for the central nuclear density as predicted by conventional 

Hartree-Fock calculations. 
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The relativistic quantum field theory of nuclear matter assumes that 

nuclear matter saturation is obtained by the interplay of attraction gener-

ated by a scalar meson and repulsion generated by a vector meson. The 

density dependence of these forces is dictated by relativistic covariance. 

Duerr and Teller exploited these ideas some years ago quite successfully5). 

They were able to predict the energy dependence of the optical potential and 

the size of spin-orbit splitting in finite nuclei. These ideas were cast in 

field theory form by Walecka6 ) and extended by Boguta and Bodmer7) to 

include sigma meson sel interactions. 

The relativistic quantum field theory of nuclear matter as proposed by 

Walecka assumes that the nucleon w interacts with a scalar meson 0~ a vector 

meson w
11

, and isovector meson R
11 

and el 

Lagrangian for the system is taken to be 

romagnetic field A11 • The 

A (1 + ) 
+ i gr~ y A~ ·Rll/J + ie~y ~ -~__,;;;- 1iJA~ - gs~t/Ja 

-+ 

(1) 

where the field tensors F flV' G
11
v, H

11
v are given by the usual expression 

( ) 

(2c) 
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and the isotopic spin structure of ~ is 

(3) 

In the Lagrangian m , m and m are the masses of the scalar sigma 
s v n 

meson, the vector mesons omega and rho, and the nucleon, respectively. The 

quantum field theory is approximated by the use of the mean field approxima-

tion. in which the quantum field operators are replaced by their expectation 

values o 7 <o> = o o' 
<R(k)> 

11 
= 0 cS R(o). 

k 0 )JO 0 

w + <cu > = 
)J )J 

0 w A +<A > = cS A R(k) + 
JJO o' )J )J )JO 0 )J 

The validity of this approximation has not 

been proven for densities encountered in finite nuclei. Chin has shown that 

at high densities the mean field approximation becomes accurate8). One did 

not expect the theory to be phenomenologically useful at normal nuclear den

sities until it was shown by Boguta and Rafelski 9) that such a theory can 

indeed approximate the ground state properties of finite nuclei reasonably 

well. The fact that a relativistic field theory seems to work in describing 

magic nuclei must be considered as a phenomenological statement, The mean 

field approximation is, so to speak, a relativistic extension of the shell 

model and not its justification. 

The equations of motion 
2 

for spherically symmetric nuclei are given by 

d oo 2 dcro 2 
~-+- ~=ma 

dr2 r dr s (4a) 

2 
d wo 2 dwo 2 ( ) ( )) 
- + - - - m "' ~ g If\ n + " P dr2 r dr - vwo V\V ~v (4b) 

(4c) 

(4d) 
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( 
(n) ~(P) p(n) P(p) 

The neutron and proton seal ar and vector densities o5 , us , v ' v 

are given by 

+ where t/J = l/J Y. and we sum over all occupied proton and neutron states of 
0 

the nucleus. The proton and neutron wave functions satisfy the Dirac 

equation. For spherical geometry they can be written as 

1 (iU(r) ) 
~ = - ~·~ (A) 

r V(r)8·A J m 

where the functions U and V satisfy the following coupled equations 

with 

and 

dV _ K 
dr - (mn - E + gsa+ W)U + r V 

l 
= 9, + 2 

W = g w + eA - g R ( O) 
v o o r o 

= g w + g R( O) 
v o r o 

(4e) 

( ) 

(5) 

(6a) 

(6h) 

(6c) 

(?a) 

(7b) 

The solutions of the Dirac equation for small distances (r ~ 0) are given by 

the spherical Bessel functions of the first kind 
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u ZjK(Z) K > 0 (Sa) 

Zj_l-K(Z) K < 0 (8b) 

v :;: 
sz 

jK-l(Z) K > 0 (8c) 
(E-W)+m* 

v "' { E-~J+m* j_K( Z) K < 0 (8d) 

B = {(E' - W)2 + m*2 (8e) 

Z = Br (8f) 

Asymptotically the wave functions are given in terms of modified spherical 

Bessel functions of the third kind for neutrons and Whittaker functions for 

the protons, the latter being the solution to the Dirac equation with a 

static Coulomb potential, 

The small distance behavior of the relativistic wave functions is of 

interest, because it determines the central de•nsity distribution in nuclei. 

For the s-wave states s112 (K = -1) U ~ j
0

(Br), V ~ j 1(Br) while for 

the p-wave state p112 (K = +l) U ~ j 1(Br), V ~ j
0

(Br), At the origin 

( r ""'0) the large component of the s-wave will contr·i bute and the small com

ponent will not. For the p112 state the reverse will be true; the small 

component will contribute, while the large one will not. All other waves 

vanish at the origin. Nonrelativistically, only the s-waves are nonzero at 

the origin and all other waves vanish at the origin, The size of the p112 

contribution at the origin is interesting to compute in that it gives a 

direct measure of relativistic effects that are not included in the kinemat-

ics but are in the structure of the wave function itself and are explicitly 

neglected in a nonrelativistic calculation. Of course, relativistic kine-

matics do not suffice to reconstruct the small component. For the model we 
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are presently discussing the p112 contribution is about 3% to 4% of the 

total density in o16 at the origin. 

The parameters of the model that have to be determined are the coupling 

constants gs, gv, grand the mass of the sigma meson m
5

• The sigma 

meson is taken to be the uudd member of the 0++ nonet 10 ). Its mass in 

the present model is determined by fitting to the surface thickness of a 

nucleus. The acceptable range of the mass is 500 MeV~ m ~ 525 MeV. A s 

mass of 508 MeV for a zero width sigma meson is determined by fitting 

nucleon-nucleon phase shifts 11 ). We take ms = 500 MeV in this work. 

The saturation and binding energy per particle in infinite nuclear matter 

determine Cs. = (g /m )m and C = (g /m )m • For saturating s s n v v v n 

Fermi momentum kF = 1.325 fm-l and binding energy per particle of -15.75 

MeV and symmetry energy coefficient of 35 MeV Cs = 18.296, Cv = 15.94, 

Cr = 3.5. The values of the coupling constants thus determined are 

consistent with those obtained from phase shift analysis 12 ). The work of 

Miller and Green13 ) and Brockmann and Weise14 ) does not start from the 

saturation properties of infinite nuclear matter. The coupling constants 

they use lead to incorrect saturation properties of infinite nuclear matter 

and to incorrect density distributions in finite nuclei. 

In Fig. 1 we show the proton and neutron density distributions in o16
, 

ca40 , and ca48 . The form factors have not been folded into the distri-

butions. For comparison and to see how the Hartree approximation compares 

with Thomas-Fermi approximation we show in Fig. 2 both Hartree and T-F 

results for Ca40 for a saturating Fermi momentum of kF = 1.34 fm-l 

corresponding to C
5 

= 17.95 and Cv = 15.60. We see that the Hartree 

approximation improves the distributions in just the right direction. 

Furthermore. a comparison of Fig. 1 and Fig. 2 shows the effects of the 
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assumed saturating density on the predicted proton distributions. A 

reduction of the saturation Fermi roomentum from 1.34 fm-l to 1.325 fm-l 

reduces the central density by about 7% in ca40 . 

The nucleus o16 is of particular interest in that it has a small 

central depression. In the relativistic model, the central density is not 

given only by the the s112 states but also by the small component of the 

p112 wave function. The small component contribution can be easily seen 

by looking at the difference between the vector and scalar particle densi

ties. The difference is just twice the square of the p112 small component. 

In Fig. 3 we show the scalar and vector proton density in o16 . The differ-

ence is about 8% at the origin. The p112 small component fills in the 

depression and accounts for about 4% of the total central density. From a 

conventional nuclear physic point of view this is a very large contribution. 

The origin of this effect in the relativistic model is easily understood. 

The effective mass m* = m + g o in infinite nuclear matter is m*/mn n s o 

= 0.56. This small effective mass comes from the very large vector field 

repulsion, g w ~ 350 MeV, that is required to have a reasonable spin-orbit v 0 

splitting in finite nuclei. Such a large reduction in the effective mass 

indicates that relativistic effects will be important since the relevant mass 

is no longer the free mass, as normally used in arguing relativistic effects, 

but the effective mass. In the model considered by Boguta and Bodmer m*/m n 

~ 0.90 resulting in a negligible p112 contribution and also in a very small 

spin-orbit splitting. 

The above considerations show an interesting interconnection between the 

size of the relativistic effects, the value of m*/mn and the magnitude of 

the spin-orbit splitting. We have previously shown that the energy depen

dence of the optical potential lS) is related to these quantities. The 



-9-

spin-orbit splitting can be directly obtained from the single particle 

eigenstates by solving the Dirac equation self-consistently. In Table l we 

show the single particle levels for o16
, ca40 , and Ca

48
. Here one 

should note the predicted 2s 112 and ld312 subshell crossing for the 

40 48 d ld protons when going from Ca to Ca . Also, neutron 2s 112 an 312 

states in Ca48 are almost degenerate. The protons in Ca48 are more 

tightly bound than in ca40 . This suggests that the proton surface thick

ness of Ca48 should be slightly smaller than that in ca40 . We find this 

change to be about 8%. In Table 2 we show the rms radii for neutrons and 

protons in these nuclei. It should be noted that the eigenvalues and rms 

radii are somewhat dependent on the mass of the scalar meson used and the 

saturating density of infinite nuclear matter. For example, forms = 525 

MeV, the proton rms radius in Ca40 is 3.345 fm while forms = 500 MeV it 

is 3.410 fm. As for the eigenvalues of energy, the p312 eigenenergy seems 

to be the most sensitive one. The energy levels predicted by the model are 

quite good, Not so well reproduced is the total energy per particle. For 

ca40 it is -5.7 MeV/particle for m
5 

= 500 MeV and -6.4 MeV/particle for 

m ~ 525 MeV. The deficiency of the Walecka roodel for the binding energy s 

per particle in finite systems was first discussed by Boguta and Bodmer
7
), 

where it was found that the surface energy coefficient was too large. It 

carries about 2 MeV/particle too much energy. That is precisely what is 

missing to obtain good total binding energy per particle. This situation can 

be easily remedied by introducing nonlinear sigma field self-interactions and 

slightly readjusting Cs and Cv. 

From Table 2 we see that the rms radius of protons . c 48 . 1n a 1s 

predicted to be less than . c 40 
1n a , It is interesting to know what is the 

role of the rho field R(O) 
0 

. c 48 1n a . From eq. (7) one sees that the 
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rho field R;o), with R~O) > 0, will decrease the energy of the 

protons and increase it for neutrons. That is, the protons will be attracted 

by the rho field, whi 1 e the neutrons will be repelled. The fie 1 d equation 

for R(O) 
0 

tells us that R(O) 
0 

rv(P~n)- p~p)). Thus, with 

a larger number of neutrons than protons in a nucleus, such 48 as Ca , we 

obtain a larger rho field. In Fig. 4 we show the calculated rho field in 

Ca
40 

and ca
48

. For Ca40 the rho field is slightly negative for r 

3.7 fm and it actually repels protons and attracts neutrons sightly, while 

in Ca
48 

it is always positive and surface peaked. It will displace protons 

slightly inward and neutrons slightly outward. The rms radius of protons in 

Ca
48

, without isospin field, is 3.39 fm. With the rho field present, it 

decreases to 3.359. There is a difference of about 0.03 fm. For the 

neutrons there is an increase in rms radius of the same size. In this model, 
40 

a substantial portion of the difference in proton rms radii inCa and 

C 
48 f th · · f1·eld R

0
(0). a comes rom e 1Sosp1n 
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TABLE 1 

S. 1 . 1 1 1 . 016 c 40 c 48 1ng e part1c e energy eves 1n , a , a 

for protons and neutrons. We list the occupied states. 

p 

34.7 

14.8 

7.7 

n p n 

38.7 46.6 53.7 

18.3 29. l 36.8 

11.3 23.9 31.5 

13.4 20.6 

7.1 14. 1 

5.8 12.8 

TABLE 2 

Rms radius of protons and neutrons in 

016 c 40 d c 48 • a an a 

rp(fm) 

2.620 

3.410 

3.359 

rn 

2.573 

3.307 

3. 545 

p 

51.0 

35.7 

31.2 

20. l 

11.6 

12.3 

n 

57.2 

40.7 

36.4 

24.4 

16.8 

16.7 

9.35 

r p - r n 

0.047 

0.103 

-0. 186 
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Figure Captions 

Fig. la. Proton and neutron density distributions in o16
• The solid 

curve is for protons and the dashed curve for neutrons. 

Fig. lb. Proton and neutron density distributions in Ca40 . The solid 

curve is for protons and the dashed curve for neutrons. 

Fig. lc. Proton and neutron density distributions in Ca
48

. The solid 

curve is for protons and the dashed curve for neutrons. 

Fig. 2. Comparison of Hartree and Thomas-Fermi proton distributions in 

Fig. 3. 

Fig. 4. 

40 -1 Ca with kF = 1.34 fm . 

Scalar and vector proton densities in o16
. 

Isospin on rho field R~O) in ca48 and Ca40 . The solid 

curve is for Ca40 and dashed curve for Ca48 . 
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