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Abstract: Non-stationary non-Gaussian random vibration problems of structures are
challenging and drawing increasing attention. In the present study, firstly, an explicit
time-domain method (ETDM) is proposed to determine the higher-order response statistics of
linear systems subjected to non-stationary non-Gaussian random excitations, in which the first
four orders of cumulants of dynamic responses are directly formulated through the cumulant
operation rule based on the explicit expressions of responses. Secondly, an equivalent
linearization — explicit time-domain method (EL-ETDM) is further developed to solve the
non-stationary non-Gaussian random vibration problems of Duffing systems, in which the
equivalent linear system is derived discarding the assumption of Gaussian response, and the
corresponding higher-order cumulant analyses of the linearized system are accomplished by

the efficient ETDM. The present approach can account for non-Gaussian random excitations
1
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with arbitrary forms, and two specific applications to the Poisson white noise and the square
form of Gaussian random process are investigated. Four numerical examples are presented to
demonstrate the effectiveness of the proposed methods.

Keywords: non-Gaussian; non-stationary; random vibration; Duffing system; equivalent

linearization method; explicit time-domain method

1 Introduction

The external loads exerting on engineering structures may exhibit significant
non-Gaussian random characteristics, such as the earthquake load [1], wind load [2] and wave
load [3], among others. In most cases, the above external loads are assumed as Gaussian
random processes for the convenience of statistical description and random vibration analysis.
However, such approximation may lead to an underestimation of structural peak response and
an overestimation of structural fatigue life [4-5], which will pose a potential threat to the
structural safety. Therefore, random vibration analysis of structures should be conducted
considering the non-Gaussian nature of random excitations and it is of great necessity to
develop an effective method for non-Gaussian random vibration analysis.

For random vibration analysis of linear systems under Gaussian excitations, extensive
research has been done on this aspect and several analysis methods have been well developed
[6-8]. By contrast, the research considering non-Gaussian random excitations relatively lags
behind but also receives certain attention [9-15]. In particular, Grigoriu and Ariaratnam [10]
investigated the higher-order moments and mean crossing rates of responses of linear
oscillators under polynomials of stationary Gaussian processes by use of Ito's calculus. Hu [11]
derived the analytical solutions to the higher-order moments and cumulants of responses of a
linear oscillator excited by stationary Poisson white noise also via Ito's calculus. Settineri and

Falsone [14] employed the probability transformation method to obtain the evolutionary
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probability density functions of responses of linear systems subjected to the square form of a
non-stationary Gaussian random process. The above methodologies were only developed for
non-Gaussian random excitations with specific forms. Sheng et al. [15] extended the power
spectrum method (PSM) to solve the random vibration problems of linear systems considering
general non-Gaussian excitations, in which the higher-order spectra of responses can be
determined once the higher-order spectra of the non-Gaussian random excitations are
provided. However, to evaluate the time-varying higher-order spectra of responses under
non-stationary non-Gaussian random excitations, a large number of linear time-history
analyses need to be conducted at different frequency intervals, which will be very
time-consuming for large-scale systems.

Over the past few decades, significant research effort has been devoted to the random
vibration analysis of nonlinear systems subjected to Gaussian excitations, and various
nonlinear random vibration analysis methods have been developed [16-22]. In comparison,
the research on non-Gaussian random vibration analysis of nonlinear systems has been limited
and deserves more attention. Zeng and Zhu [23] and Zeng and Li [24] investigated the
stationary responses of different kinds of nonlinear oscillators driven by Poisson white noise
using the stochastic averaging method. Guo et al. [25] developed an exponential polynomial
closure approximate method to analyze the non-stationary responses of Duffing oscillators
excited by filtered Poisson white noise. Grigoriu [26], Sobiechowski and Socha [27] and Cai
and Suzuki [28] addressed the stationary non-Gaussian random vibration problems of
nonlinear oscillators via the statistical linearization technique, in which the non-Gaussian
excitations are modelled by a Poisson white noise, a polynomial of a Gaussian process and an
approach of nonlinear filter, respectively. It can be seen from the above literatures that the
research on nonlinear random vibration under non-Gaussian excitations is mainly restricted to

single-degree-of-freedom problems with specific non-Gaussian forms.
3
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In view of the above limitations, the current study is dedicated to developing an effective
method for non-stationary random vibration analysis of linear and nonlinear systems
subjected to general non-Gaussian excitations. In recent years, an efficient explicit
time-domain method (ETDM) [8] and a fast equivalent linearization — explicit time-domain
method (EL-ETDM) [29-31] have been proposed for solving the non-stationary Gaussian
random vibration problems of linear and nonlinear systems, respectively. In the present study,
the ETDM is further extended for non-Gaussian random vibration analysis of linear systems,
in which the first four orders of cumulants of dynamic responses are directly formulated by
the cumulant operation rule based on the explicit expressions of responses. Thereafter, the
EL-ETDM is further developed for non-Gaussian random vibration analysis of Duffing
systems, in which the equivalent linear system is derived without introducing the traditional
assumption of Gaussian response, and the numerous higher-order cumulant analyses of the
linearized system involved in non-stationary problems are accomplished efficiently by ETDM.
The present ETDM and EL-ETDM can be implemented given the first four orders of
cumulant functions of the non-Gaussian random excitations, and the two methods are
therefore applicable to arbitrary forms of non-Gaussian excitations. Four numerical examples
including a linear oscillator with the stationary Poisson white noise, a 20-degree-of-freedom
linear system with the square form of a non-stationary Gaussian random process, a Duffing
oscillator with the square form of a non-stationary Gaussian random process and a
5-degree-of-freedom Duffing system with the non-stationary Poisson white noise are

presented to validate the feasibility of the proposed methods.
2 Moment and cumulant functions of non-Gaussian random processes

Through introducing the characteristic and log-characteristic function of a non-Gaussian

process, the relationships between the moment and cumulant functions of the non-Gaussian
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random process are established in this section. On this basis, the analytical cumulant functions
of the Poisson white noise and the square form of a Gaussian random process are further
presented.
2.1 Moment and cumulant functions

Suppose X (¢) is a non-Gaussian random process, and the kth-order joint probability
density function of X(¢#) can be denoted as p,(x,,%;x,,%; -+;x,,t,). Define the kth-order
characteristic function of X(#) as the Fourier transform of the ith-order probability density
function, i.e.

+00 @ +00 +00 . k
M (030,15 -500,0) = [ [ [ pCntisxy,tysesxt)exp(Y. 6,x,)dxdx, -+-dx,

k (1)
= E[exp(iZ:j:1 0,X;)]

where X, =X(¢,) (j=12,---,k) ; E[+] denotes the mathematical expectation; and 1
denotes the imaginary unit.
From Equation (1), one can derive the kth-order moment function of X (¢) as follows:

1 0"M(6,,1505,155 30,1,
s (ptaoest) = LYY, X, ] = S Ot 20 ) @
1 2 k

‘e, =0,=-=0,=0

Subsequently, define the kth-order cumulant function of X (¢) as

10 M, (0,130,153 30,.1)|
it 060,00, ---00),

Zx,k(tlatza"'atk):Cum[Xsza"'an] (3)

‘e, =0,=-=0,=0

where cum[e] is the cumulant operator; and InM ,(6,,¢;0,,t,;---;0,,t,) 1is termed as the
kth-order log-characteristic function of X (¢).

Based on Equations (2) and (3), the relationships between the moment and cumulant
functions of the non-Gaussian random process X (¢) can be determined [32]. For instance,
the first four orders of cumulant functions can be expressed in terms of the first four orders of

moment functions as follows:
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Xxi #)= My (%)
Xx» (t,8)= my , (t,8)— my (t )mX,l ()
Xx3 (t:0,5) = my 4 (t1,1,1) = my (@ )mX,z (t,,t)— My, (t, )mx,z (t,t)— my (t )mx,z (,5)
+2my (t)my  (8,)my, (8)
Xxa .1, f, )= my 4 (.t o1, )= my , .t )mx,z (t3 )= my , (t, L )mx,z (t,,t,) — my , (@ ,t4)mX!2 (@, ts) (4)

—my (8)my 5 (8, 0,0) —my ((G)my 5 (8, 8,0) —my ((G)my 5 (8,8,,8) —my ((8)my 5 (8,1,,8)
My, ( )mX,l (%, )mX,z (t5,8,) + My, (@ )mX,l ( )mx,z (t,,t,)+ My (& )mX,l (, )mx,z (t,,1) :|
+my (t, )mx,l (t3 )mx,z (#,t,)+ my (, )mx,l (, )mx,z (t, 4 )+ my (t3 )mx,l (@ )mx,z ()]

_6mx,1 (¢ )mX,I (t, )mX,I (ts )m)(,l )

Conversely, the first four orders of moment functions can also be written in terms of the first

four orders of cumulant functions as follows:

my ()= 2y, (&)
My o (t50,) = Yoo (0, 0) + X (6) X1 (1)
My (b0, 0) = Yo s (G by )+ X 0D Xx 2 (G 5) + Xy () 2 2 s 85) + 2 (8) X x5 (85, 8)
a6 Xy a () 2, (1)
My (8,0, t5,0) = Xy o (s by, b, 0) + X o (G 8) X s (o b)) + X s (G 5) Xy 2 (G5 80) + Xy 2 (8, 8) Xy 5 (85, 8) (5)
0 ) X3 (G0 + 2 () X 5 (b 8) + X (6) X s (85655 8) + X (0) X 5 (8515,85)
J{ZX,I DX ) X U t) + X i 0 Xy ) X s (s 8) + Xy D) X G X 2 (85,8)
FXea G X ) 2w 2 Wt ) + X ) X ) X s (G5 15) + Xy G X3 0D X o (8151,)
e ) Xy () Xy () 2, ()

Setting ¢, =t, =t, =t, =t, Equations (4) and (5) become

Xx, )= my (0, Xx2 ()= My, () - mfm (), Xx3 ()= My 3 (- 3my, (t)mx,z )+ 2’7’3{,1 () 6)
Xxa ()= My 4 (t)- 3m)2(,2 ) - 4mx,1 (t)mx,3 @)+ 12m)2(,1 (t)mx,z (t)— 6mj(,1 ()
and
mX,l(t) = Zx,l(t)’ my,(6)= Xy, )+ Z)zr,l(t)a my 5 (0= Xx3 )+ 3ZX,1(t)ZX,2 )+ Zi(,l ) %)
My ()= 2y s+ 375, O+ 37,0 /(D215 +6 15, (D 2y, () + 2, (D)
respectively.

It can be seen from Equations (4)-(7) that the moment and cumulant functions of a
non-Gaussian random process are interconvertible, and both of them can be used for
time-domain statistical description of the random process. The cumulant functions are

typically preferred for a non-Gaussian white noise since the second-order cumulant function
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and higher-order cumulant functions of the noise are in the form of impulse function, and the
corresponding power spectrum and higher-order spectra via Fourier transform are flat [32].
Therefore, in the context of non-Gaussian random vibration, it is generally recommended that
the cumulant functions be employed for description of the time-domain statistics of the
non-Gaussian random excitation.

It is noteworthy that the research on analytical models of cumulant functions of
non-Gaussian random processes is limited, and to the best knowledge of the authors, only the
cumulant functions of certain types of non-Gaussian random processes can be analytically
derived, e.g., the non-Gaussian white noise and the polynomial form of a Gaussian random
process. In what follows, the cumulant functions of the Poisson white noise, a special type of
non-Gaussian white noise, and the square form of a Gaussian random process will be given.
2.2 Poisson white noise

Suppose X(¢) is a non-stationary Poisson white noise and can be expressed as
X()=g®)X(t), in which g(¢) is the modulation function and X(r) is a stationary

Poisson white noise defined as [33]

0 N()=0
X =W (8)

> Z65(1-t,) N()>0
=]
where O(-) is the Dirac function; N(¢) is a time homogeneous Poisson counting process
with a mean arrival rate of A; ¢ ; (J=12,---,N(2)) are the arrival time instants of the
random impulses; and Z, (j=12,---,N(#)) are the amplitudes of the random impulses,
which are independent and identically distributed random variables.
The kth-order cumulant function of the stationary Poisson white noise X (t) can be
expressed as [33]
Xy (st osty) = AB[ZR16(t, —1)3(t, — 1) S(t, —1,) 9)
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where E[Z*] is the kth-order moment of an arbitrary Z ;- Correspondingly, the kth-order
cumulant function of the non-stationary Poisson white noise X(¢) can be expressed as

ZX,k(tlatza"'atk) :g(tl)g(tz)“'g(tk)z/\?’k(tlatzf"atk) (10)

It can be seen from Equations (9) and (10) that the cumulant functions of a Poisson white
noise are equal to zeros as long as ¢, =t, =---=¢, is not satisfied. Such delta-correlated
property can significantly simplify the analysis of non-Gaussian random vibration problems,
which will be demonstrated in Sections 3 and 4.

2.3 Square form of Gaussian random process

For fluid-structure interaction problems, the fluid-induced forces can be expressed in
terms of the square form of the fluid velocities. Therefore, even though the fluid velocities,
e.g., the wind velocity and the wave-particle velocity, can be modeled as Gaussian processes,
the fluid-induced forces, e.g., the aerodynamic force and the hydrodynamic force, should be
considered as non-Gaussian processes. To investigate this aspect, now suppose X (z) is of
the square form of a non-stationary Gaussian random process Y (), i.e., X(¢)=Y*(¢). Then,
based on the Gaussian closure technique [16], the moment functions of X(¢) can be
formulated only in terms of the second-order moment function of Y(¢). For instance, the first

four orders of moment functions of X (¢) can be expressed as

my (1) =my 5 (1)
my 5 (,1y) = my , (1, )my , (1) + zm;z (1)
my (4, 1,,15) = my 5 (1)my , (6,)my 5 (1) +2m,, (’H)m;.z (1,1) + 2mm(t2)m;2 (t,,t5) +2my (t3)m§!2(tl,t2)
+8my,2(117t2 ymy , (11713)my,2(lz7t3)
my 4 (8,1,,0,8,) = my , (t,)m, , (tz)my,z(l3)my,z(l4)
+2my,2 (tl)my,z(tz )miz (t5,1,) + zmy,z (tl)my,z(t3)m§,z(tz7t4) + zmy,z (tl)my,z(l4)m)2/,2(lzalz) 1 1)
+2my , (1, )my 5 (t ymy 5 (t,,t,) +2m, (¢, )mY.2(l4)m;,2 (t,) +2my , (t3)mY!2(t4)m§’2 (1:1)
+H8my , (1)my 5 (ty,85)my 5 (4,8, my 5 (85,8,) +8my o (,)my 5 (4, 15)my 5 (8,1,)my 5 (85,1,)
+8my , (15)my o (t,0,)my 5 (4, 8,)my 5 (1y,1,) +8my 5 (8)my , (8,8,)my 5 (4, 1)my 5 (1,,1;)
+4m;2 (tptz)mi,z (t5,t,) + 4m§,z (tl,t3)m§’2(t2,t4) + 4m§’2 (ll,t4)m§’2(12,t3)
+16my , (1, t,)my (8, 6)my 5 (1, 1,)my ,(t5,8,) +16my (8, 1,)my, , (8,8,)my 5 (1, 85)my 5 (8;,1,)
+16my,2 (t17l3)my,z(lut4)my,z (lz7lz)my,z(lz7l4)
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Substitution of Equation (11) into Equation (4) yields the first four orders of cumulant

functions of X(z) as follows:

Zxa(t) =my (1)
Zia(tity) =2m3 5 (4,0,)
Zxa(uty,ty) =8my, , (8,0, my 5 (1,8, my , (t,1,) (12)
Xy a(listyts,t,) =16my (8,8, my 5 (8,6 my (8, my 5 (8,t,) +16my (8,8, my 5 (8,8 my 5 (8, 6)m, 5 (t5,t,)
+16m, , (4, t)my , (8t )my ,(t,,6)my 5 (,,1,)

It is implied from Equation (12) that, once the analytical model of the second-order
moment function of the Gaussian process Y(¢) is known, the first four orders of cumulant
functions of the non-Gaussian process X(¢) can then be analytically derived, which will
greatly reduce the storage space required for the first four orders of cumulant functions of
X(1).

It should be noted that, given the covariance function of the non-Gaussian random
process and the corresponding non-Gaussian marginal distribution, the covariance function of
the underlying Gaussian random process needs to be determined based on the translation
process theory. In this case, certain compatibility conditions of the non-Gaussian random
process need to be satisfied to ensure that the covariance function of the underlying Gaussian
random process is obtainable [34-35], from which the non-Gaussian random process can be

generated in a more general sense.

3 Non-stationary non-Gaussian random vibration analysis of linear

systems by ETDM

In this section, the ETDM [8] originally proposed for non-stationary random vibration
analysis of linear systems under Gaussian excitations is extended to the case considering
non-Gaussian excitations. The explicit expressions of dynamic responses are first derived for
the linear system based on the Newmark kinematic assumptions, and the first four orders of

cumulants of an arbitrary critical response are then explicitly formulated through the cumulant

9
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operation rule with non-Gaussian random excitations.

3.1 Explicit expressions of dynamic responses

The equation of motion for a linear system can be expressed as

MU()+CU(¢) +KU(t) = LX (¢) (13)

where M, C and K are the mass, damping and stiffness matrix of the system,
respectively; U(¢), U(¢) and U(¢) are the displacement, velocity and acceleration vector
of the system, respectively; X(¢) is the external excitation assumed to be a non-stationary
non-Gaussian random process; and L is the orientation vector of the external excitation.

Equation (13) can be recast in the form of state equation as follows:

V(t)=HV()+ WX(t) (14)

where V(6)=[U"(t) U"(t)]" is the state vector of the system; and H and W are

el Y
a=| o Lo w0 (15)
-MK -MC ML

in which 0 and I are the zero matrix and the unit matrix, respectively.

expressed as

Suppose the system is initially at rest. Then, solving Equation (14) by the use of
Newmark kinematic assumptions [36], one can derive the explicit expression of the state

vector as

V= A X, +ALX, 4 A, X, +A, X, (i=1,2,-,n) (16)

where n is the number of time steps for time-history analysis; V,=V(t,) with ¢ =iAt
and At Dbeing the time step; X, =X(t)) with t;=JjAt (j=L2,---,i) ; and
A, (j=L2,---,i) are the coefficient vectors with regard to the state vector V,, which can be

expressed in closed form as

10
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A1,1 =Q,, Az,l =TQ,+Q,, Ai,l = TAi—l,l (3<i<n) (17)
A =A_ , (2<j<i<n)
where T, Q, and Q, are expressed as [37]
T=-H-R)'(R,+R,H), Q,=—(H-R))'R,W, Q,=—(H-R,)"'W
al 0 al al
R1 — 3 , ]}2 — 4 5
al 0 al al (18)
1 1 1 At
Uy =——5, @y =——, @y =———1, a;= . ’a4:l_’ 5__(1_ )
LAt PAt 205 PAt p 2 B

where »=0.5 and £ =0.25 are adopted for unconditionally stable integration scheme.

It can be observed from Equation (17) that only the coefficient vectors
A, (i=1,2,---,n) shown in the first row need to be calculated and stored, and based on the
recursive relation shown in the second row, the other coefficient vectors can be directly
obtained from A, (i=1,2,---,n) . From the physical point of view, when the external
excitation X(¢) takes the form of an impulse excitation applied at time ¢, as shown in Figure
1, one can easily obtain V, = A, from Equation (16). This indicates that the coefficient vector
A, actually represents the state vector at time #, induced by the aforementioned impulse
excitation. Therefore, the computational cost for the coefficient vectors A, (i=1,2,---,n) is

equal to that required by only one time-history analysis of the linear system.

X(0)

4 | | | | | >
0 tl t2 t3 e Zn—2 tn—l tn t

Figure 1 The impulse excitation X (¢)

3.2 Higher-order cumulant analysis
As the explicit expression of the state vector has been established in Equation (16), one
can focus on any structural responses of interest for higher-order cumulant analysis, which

implies that dimension-reduced statistical analysis can now be easily conducted. Suppose
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r=r(t) is an arbitrary critical response of the system. Then, from Equation (16), the explicit
expression of the critical response r =7(#,) can be obtained as

n=q'V,=a X, +a,X,++a X, _ +a X, (i=12,,n) (19)

i,i—1

where q" is the response transfer row vector for the critical response r» ; and
a; . =q'A,, (j=1,2,---,i) are the coefficients with regard to 7.

Suppose the first four orders of cumulants are of interest for description of the statistical
characteristics of a non-Gaussian response. Based on the cumulant operation rule [32], the
first four orders of cumulants of the critical response 7, can be directly formulated from

Equation (19) as follows:

Zr,l (ti) = Cum(’;) = zair,jcum(X,‘)

Jj=1

X, (t) =cum(r;,r) = ZZal/al mcum(X ,X,)

Jj=1 m=1

2,5(t)=cum(r,7;,7,) = ZZZal”malpcum(X X))

Jj=1 m=1 p=1

Zr,4(li) Cum(I’, 1’ z’ 1) Zzzza,, ,m lp ,qcum(X Xp’Xq)

j=1 m=1 p=1 g=1

(i=12,n) (20)

where  cum(X;) , ocum(X,X, ) , cum(X,X, X)) and cum(X, X X X )
(j,m,p,q=12,---,i) can be determined from the first four orders of cumulant functions of
the non-Gaussian random excitation X (7), i.e., x,,(t), xy,(t,8), xys(t.1,,4) and
Xxa(t,1,5,t,) , respectively.

Thus far, the explicit formulation of the first four orders of cumulants of the response r,
has been achieved. Given the first four orders of cumulant functions of the non-Gaussian
random excitation X (¢), the first four orders of cumulants of the response 7 can be directly
calculated using Equation (20). In this sense, the present approach is applicable to arbitrary
forms of non-Gaussian random excitations. Moreover, if the first four orders of response

moments are desired, they can be easily determined by Equation (7) based on the first four
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272

orders of response cumulants obtained by Equation (20). Note that, as the explicit expression
of response shown in Equation (19) holds for different time instants, one can also compute the
cross cumulants/moments of responses with respect to different time instants using the
cumulant/moment operation rule, which will certainly require more computational cost where
necessary.

In particular, suppose X (¢) is a non-stationary Poisson white noise. Then, based on the

delta-correlated property shown in Equations (9) and (10), Equation (20) can be simplified as

Z,,(6) = cum(r) =" al cum(X )
Jj=1
Zr,z(ti) = cum(ri,rl.) = Z(azj)zcum(Xj,Xj)
" (=12, (2D
Z,5(8) =cum(r, 7, 1) =Y (4] ) cum(X , X, X ;)

J=1

X4t =cum(r,r,r,r) =Y (a ) oum(X , X, X, X))
j=l

where cum(X;), cum(X,, X)), cum(X,, X, X,) and cum(X X, X, X)) (j=L2,-.i)
can be determined from y, (1), x,,(!), x,5(0) and yx, ,(¢), respectively, which are
presented in Equation (10).

Suppose X (¢) is of the square form of a non-stationary Gaussian random process Y (?),

i.e., X(t)=Y?(t). Then, based on Equation (12), Equation (20) can be further derived as
Z,4(t;) = cum(r;) = Za,f JE(D)

X, (6) =cum(r,r) =2)">"al al EB(Y,Y, )’
i i i j=1 m=1 (l _ 1’2’”.’”) (22)
2,5t =cum(r,r,n) =8> 3" > al al a E(Y,Y,)E(Y,Y,)E(Y,Y,)

Jj=1 m=1 p=1

Za(6) = cum(n, 1) =483 ST Y Y a a0 B, JEQY, JE(Y,Y, E(Y,Y,)

Jj=1 m=1 p=1 g=1

where the second-order moments involved can be completely determined from the

second-order moment function of the non-stationary Gaussian random process Y(z).
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It is worth noting that, in general, the response cumulants are slowly varying functions,
and one can calculate these response statistics at a larger time interval, i.e., A7 = NAt with
N being the times of Az, by focusing on the specific time instants using the explicit
formulations shown in Equations (20)-(22), which can further enhance the computational
efficiency of ETDM for higher-order cumulant analysis.

From the above formulation of ETDM, it can be seen that there exist two advantages of
the present approach over PSM. First, only the higher-order cumulant functions of excitations
are required in ETDM, which are generally more easily obtained from the time-domain
records of excitations, and in contrast, it is still a tough task to establish the evolutionary
higher-order spectra of non-stationary non-Gaussian random excitations required by PSM.
Second, as can be seen from the discussion on the physical meanings of the coefficient
vectors shown in Equation (16), only one single impulse response time-history analysis of the
system is involved in ETDM for constructing the explicit expressions of dynamic responses,
while for PSM, a large number of time-history analyses need to be conducted at different
frequency intervals for obtaining the evolutionary power spectra, bi-spectra and tri-spectra of
non-stationary non-Gaussian responses, leading to much more computational time than

ETDM.

4 Non-stationary non-Gaussian random vibration analysis of Duffing

systems by EL-ETDM

In this section, the EL-ETDM [29-31] originally developed for non-stationary random
vibration analysis of nonlinear systems subjected to Gaussian excitations is extended to the
case considering non-Gaussian excitations for Duffing systems by combining the equivalent
linearization (EL) method and the ETDM. Owing to the influence of non-Gaussian excitations,

the traditional assumption of Gaussian response can no longer be adopted in the EL method,
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and a series of higher-order cumulant analyses of the linearized system need to be conducted,
which can be accomplished by the efficient ETDM presented in Section 3.
4.1 Equivalent linear system

For a Duffing system with hardening springs, the nonlinear equation of motion can be

expressed as

MU(7) + CU(t) + KU(¢) + Fy () = LX () (23)

where M, C and K are the mass, damping and linear elastic stiffness matrix of the
Duffing system, respectively; U(¢), U(¢) and U(¢) are the displacement, velocity and
acceleration vector of the Duffing system, respectively; X(¢#) is the non-stationary
non-Gaussian random excitation and L is the corresponding orientation vector; and F (¢)

is the nonlinear elastic force vector of the Duffing system, which can be expressed as

Fu ()= ElfNE,l(t) + EszE,z @)+ + Ens fNE,nS () (24)

fNE,i(t) = Uikidf(t) (l = 19 29""”3) (25)

where n_ is the number of hardening springs; f.,(¢) (i=1,2,---,n) is the nonlinear elastic
force of the ith hardening spring and E. is the corresponding orientation vector; &, and 7,
are the linear elastic stiffness and the coefficient reflecting the nonlinearity of the ith
hardening spring, respectively; and d,(#) is the nodal relative displacement of the ith
hardening spring.

For a specific time instant 7, Equation (25) can be replaced by the following equivalent

linear equation as

e =k, (D)d (1) (0<t<7;i=12,,n) (26)

where k_,(7) is the equivalent stiffness of the ith hardening spring, which can be determined
by minimizing the mean square of the difference between Equations (25) and (26) at time

instant 7 and can be expressed as
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_ L Ed@ .,
ke’i(r)_niki—E[diz(r)] (i=12,---,n) (27)

The nodal relative displacement of the ith hardening spring can be written in terms of the

nodal displacement vector of the Duffing system as follows:

d(O)=E'U@F) (=12,n) (28)

where E, is the orientation vector for fy. . (¢) (i=1,2,---,n,) shown in Equation (24).
Substitution of Equations (24), (26) and (28) into Equation (23) yields the equation of
motion for the equivalent linear system of the Duffing system corresponding to the time

instant 7 as follows:

MU(t)+CU(t) +[K + K _(1)]U(t) =LX(¢) (0<¢<7) (29)

where K, (7) is the equivalent stiffness matrix expressed as

K.(7)=Ek (DE/ +Ek ,(0)E; +---+E k (T)E:S (30)

ng'e,ng

It can be seen from Equations (27) and (30) that, for the specific time instant 7, the
equivalent stiffness matrix K_(z) depends on the second-order and fourth-order moments of
responses, i.e., E[d](r)] and E[d/(r)] (i=1,2,--,n), which, in turn, need to be determined
via the higher-order cumulant analysis of the linearized system shown in Equation (29).
Therefore, an iterative process involving a series of non-stationary non-Gaussian linear
random vibration analyses is required for obtaining the equivalent linear system and the
corresponding response statistics, which will be elaborated in Section 4.2.

It should be noted that, for the case of Gaussian excitations, the Gaussian assumption of
d.(r) is acceptable provided that the Duffing system is not heavily nonlinear, and thus
Equation (27) can be reduced to k_;(7) =3nkE[d (r)] (i=1,2,--,n) [29], in which only
the second-order moment of d,(zr) is required. However, under non-Gaussian excitations,

the response of the Duffing system is no doubt non-Gaussian regardless of the degree of
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system nonlinearity. Therefore, for non-Gaussian random vibration analysis of nonlinear
systems within the framework of the EL method, the assumption of Gaussian response is by
no means feasible and should be abandoned, leading to the requirement of higher-order
moment analysis for determination of the equivalent stiffness.
4.2 Higher-order cumulant analysis of the linearized system

For the linearized system shown in Equation (29), the explicit expression of the state
vector at the specific time instant 7 can be obtained from Equation (16) as

V@)=V,=A, X +A X, ++A, X _+A, X, 31

n,n—1*"n

where n=7/At with Az being the time step; X, =X(¢;) with ¢, = jAr (j=12,---,n);
and A, (j=1,2,---,n) are the coefficient vectors with regard to the state vector V, , which,

from Equation (17), can be expressed in closed form as

A, =TA, ., (=12,.n=-2), A, ,=TQ,+Q,, A, =Q, (32)

where T, Q, and Q, can be determined using Equations (15) and (18) with K being
replaced by K+K_ (7). Note that, to determine K (7) using Equations (27) and (30), the
initial values of E[d’(r)] and E[d'(7)] (i=1,2,---,n)) can be taken as the convergent
results at the previous time instant.

From Equation (31), the explicit expression of the nodal relative displacement of the ith
hardening spring, d,(7), can be readily obtained as

d(0)=q"V(1)=a; X, +a;, X, ++ay, X, +a), X, (=12n) (33)

n,n—1“"n

where afj]. :qd"An,j (j=1,2,---,n) are the coefficients with regard to d,(r); and q“ is the
corresponding response transfer row vector.
Similar to Equation (20), the first four orders of cumulants of d,(r) can be directly

formulated from Equation (33) as follows:
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cum[d,(7)]= iafﬁ seum(X)

n n

cuml[d,(7),d,(7)] = Zz a,‘fjjajfmcum(Xj ,X,)

Jj=1 m=1

n n n dl dl dl
cum[d,(7),d,(7),d,(t)] = z zz an’jan’man’pcum()(j X, Xp)

Jj=1 m=1 p=1

(i=12,---,n) (34)

cum[d,(7),d,(7),d,(7),d,(t)] = zzzZafjjafj”,afjpaqucum(Xj,Xm X, ,Xq)

Jj=1 m=1 p=1 gq=1

In particular, when X(¢) is a non-stationary Poisson white noise, similar to Equation

(21), Equation (34) can be reduced to

cum[d, (7)) = Y @ cum(X )

J=1

cumld(¢).d,(r)] = 3" (a’, Yeum(X . X )

cum[d, (7),d (7),d.(7)] = i (a,‘fjj )3cum(Xj X X))

J=1

cumld, (7)., (0).d,(0).d,(r)] = (a* Yeum(X . X . X, X,)

When X(¢) is of the square form of a non-stationary Gaussian random process Y (z),

i.e., X(t)=Y*(t), similar to Equation (22), Equation (34) can be further derived as

cum[d,(z)] = Zn:ajij(sz)
cum[d,(0),d, ()] =2 Y @ @ E(Y Y,)?
oo (i=12,-,n) (36)
cum[d,(7),d,(z),d,(t)]=8D.> > al at al E(YY,)E(Y,Y,)E(Y,Y,)

Jj=1 m=1 p=1

cum[d,(7),d,(7),d,(7),d,(t)]=48>. > > > al al al al E(YY,)E(Y,Y,)E(Y, Y )E(Y,Y)

Jj=1 m=1 p=1 g=1

Once the first four orders of cumulants cum[d,(7)] , cum[d (7),d,(7)] ,
cum[d,(7),d (7),d,(r)] and cum[d (7),d,(7),d.(7),d(7)] (i=12,---,n) are obtained, they
can be directly converted to the second-order and fourth-order moments of responses,
E[d’(r)] and E[d'(7)] (i=1,2,---,n), as shown in Equation (7), and the equivalent
stiffness matrix K_(z) can then be updated through Equations (27) and (30). Repeat the
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394

calculation process until the above response statistics are convergent. By now, the equivalent
linear system of the Duffing system corresponding to the time instant 7 has been obtained
considering non-Gaussian random excitation, and the first four orders of cumulants of the
other concerned responses can be calculated in the same way as those shown in Equation (34),
which, if required, can be further utilized to determine the first four orders of moments of
these concerned responses using Equation (7). Thereafter, one can move on to the next
specified time instant 7+ A7 and repeat the above calculation process until all the concerned
time instants have been considered. It should be noted that the value of Az should be set to
meet the requirement of describing the evolutionary higher-order statistics adequately, and in
general, A7 can be taken as certain times of Az provided that the higher-order statistics are

slowly varying functions.

—>| Assign initial values to E[d}(7)] and E[d}(r)] (i =1, 2,~--,ns)|

v
4’| Calculate K, (7) by Egs. (27) and (30) |
| Calculate A, |,A, ,,--, A, |, A, by Eq. (32) |
ETDM
| Update E[d’(7)] and E[d}(z)] (i=1,2,---,n,) by Egs. (34)-(36)|

Convergent?

Yes

Is 7 the last
instant?

Figure 2 Solution procedure of EL-ETDM

For clarity, the procedure for the present EL-ETDM is illustrated in Figure 2, from which
it can be seen that, although a series of higher-order cumulant/moment analyses of the

linearized system need to be conducted, they can be accomplished by the efficient ETDM,
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making the EL method feasible for non-Gaussian problems. This will be validated in Section

5.
5 Numerical examples

In this section, two numerical examples including a linear oscillator subjected to
stationary Poisson white noise and a 20-degree-of-freedom linear system under the square
form of a non-stationary Gaussian random process are analyzed to validate the efficacy of the
present ETDM for solving non-Gaussian random vibration problems of linear systems.
Furthermore, the other two numerical examples involving a Duffing oscillator under the
square form of a non-stationary Gaussian random process and a 5-degree-of-freedom Duffing
system subjected to non-stationary Poisson white noise are investigated to demonstrate the
feasibility of the present EL-ETDM for non-Gaussian random vibration analysis of nonlinear
systems.

5.1 A linear oscillator

The equation of motion for a linear oscillator can be expressed as

ii(t) + 2Cani(t) + o’u(t) = X (¢) (37)

where @ =10rad/s and ¢ =0.05 are the natural frequency and damping ratio of the linear
oscillator, respectively; and X () is the stationary Poisson white noise shown in Equation
(8), in which the mean arrival rate is taken as A=2s"', and the amplitudes of random
impulses are set to be mutually independent standard Gaussian random variables. The first
four orders of cumulant functions of X () can then be readily determined using Equation
9).

The ETDM presented in Section 3 is utilized to conduct the non-Gaussian random
vibration analysis of the linear oscillator, and the Monte Carlo simulation (MCS) with 5x10*

samples is employed for obtaining the reference solutions to the response statistics. In the

20



419

420

421

422

423

424

425

426

427

428

429

430

431

432

433

434

435
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001 _____________________________________ VA s
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above analysis, the time duration and time step are taken as 7 =10s and A¢=0.002s,
respectively. Note that, for a linear oscillator under stationary Poisson white noise, the
analytical solutions to the response cumulants and moments can be derived [27], which will
also be used as the reference solutions.

The second-order and fourth-order cumulants of the displacement are shown in Figure 3
and Figure 4, respectively, and the second-order and fourth-order moments of the
displacement are presented in Figure 5 and Figure 6, respectively. It can be observed from the
above figures that the results obtained by ETDM agree well with those obtained by MCS, and
the ETDM results are identical to the analytical solutions after they enter the stationary state,
indicating the good accuracy of the present approach. Note that, for this example, as the
amplitudes of random impulses involving in the Poisson white noise are mutually independent
standard Gaussian random variables, the first-order and third-order cumulants and moments
of the response are zeros, and the second-order cumulant is equal to the second-order moment
of the response, as shown in Figure 3 and Figure 5. Furthermore, for the results of MCS, the
higher-order cumulants of response generally require much more sample analyses to achieve
the convergent results than the higher-order moments of response. In view of this, in the

following examples, only the results of the response moments are presented for comparison.

x107

1.4

1.2

l L

0.8r

0.6

Fourth-order cumulant of displacement (m*)

04+
--—--Analytical solution --—--Analytical solution
0.002 - ETDM 02 --—ETDM
—MCS —MCS
0 1 1 ) 0 1 1 1
0 2 4 6 8 10 0 2 4 6 8 10
Time (s) Time (s)
Figure 3 Second-order cumulant of Figure 4 Fourth-order cumulant of
displacement displacement
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Figure 5 Second-order moment of displacement Figure 6 Fourth-order moment of displacement

436 5.2 A 20-degree-of-freedom linear system

437 For a 20-degree-of-freedom shear-type linear system, as shown in Figure 7, the mass and
438  lateral stiffness of each storey are taken as m, =1.8x10'kg and &, =8.9x10°kN/m
439  (i=1,2,---,20), respectively, and the Rayleigh damping model is adopted with the damping
440  ratio ¢ =0.05. The system is subjected to a non-Gaussian random excitation X (¢)=Y?(¢),
441 and Y(¢)= g(t)}} (¢) 1is a uniformly modulated non-stationary Gaussian random process, in

442  which g(¢) is the modulation function expressed as

443 g(t)=4.0(e""—e"*) (38)

444  and Y(f) isa zero-mean stationary band-limited white noise.

445 The second-order moment function of Y(#) can be expressed as [38]

446 my o (t1,) = g(6)g(6)m, (6,.1,) (39)
28, .

447 mm(tl,tz) = —, sin[a, (¢, —t,)] (40)

17~ %2
448  where S,=5x10’N-s is the spectral density; and @, =100rad/s is the half-width of the
449  frequency range. Based on the second-order moment function of Y(¢#) shown in Equations

450  (39) and (40), the first four orders of cumulant functions of X (¢) can be easily obtained

451  using Equation (12).
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Figure 7 A 20-degree-of-freedom shear-type linear system

The ETDM and the MCS with 5x10* samples are utilized to solve the non-Gaussian
random vibration problem of the linear system, in which the time duration and time step are
taken as 7 =15s and Af=0.02s, respectively. The first four orders of moments of the
top-storey lateral displacement of the system are depicted in Figures 8 to 11, from which it
can be seen that the results obtained by ETDM and MCS are in good agreement, further
demonstrating the good accuracy of the present approach.

It can be seen from Section 3.2 that the ETDM can achieve dimension-reduced analysis
of higher-order statistics focusing on any arbitrary responses of interest. Furthermore, it can
be observed from Figures 8 to 11 that the response moments are slowly varying with time,
and thus it is not necessary to calculate the moments at so small a time interval as that used in
establishing the explicit expression of the state vector shown in Equation (16). To validate the
influence of the above considerations on the computational efficiency, the elapsed time of
ETDM for different numbers of responses, i.e., 1, 10 and 20, and different time intervals, i.e.,
10At =0.2s, 20Ar=0.4s and 30Ar=0.6s, is presented in Table 1. It can be seen from

Table 1 that, by taking advantage of the unique feature of dimension-reduced analysis just
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regarding the critical responses as well as the concerned time instants, the ETDM can achieve

even higher efficiency in the process of statistical analysis.

Table 1 Elapsed time of ETDM

Time interval At

Number of responses

0.2s 0.4s 0.6s

1 214.4s 102.0s 75.4s
10 2135.6s 1011.3s 745.9s
20 4108.7s 2022.8s 1490.4s

Note: All the above computations were done on a laptop PC with an Intel Core 17-3632QM processor and 8
GB RAM.

To further demonstrate the efficiency of ETDM, the PSM is also employed to calculate
the second- and third-order moments of the top-storey lateral displacement of the system,
which are also depicted in Figures 9 and 10, respectively. It can be seen from Figures 9 and 10
that the results obtained by ETDM and PSM are both in good agreement with those obtained
by MCS. However, for execution of PSM, the frequency domain of interest is discretized into
250 intervals, and a total of 250x2=500 time-history analyses of the system are required to
obtain the evolutionary bi-spectra and third-order cumulants of responses, leading to much
more computational cost than ETDM, in which only one single impulse response time-history
analysis of the system is required. Furthermore, for obtaining the evolutionary tri-spectra and
fourth-order cumulants of responses, the number of frequency intervals should be set much
larger to ensure the accuracy due to the fast-varying property of the response tri-spectra,
resulting in huge computational cost that has not been affordable in practice thus far, and
therefore the fourth-order moment of the top-storey lateral displacement by PSM is not

available in Figure 11.
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5.3 A Duffing oscillator

The equation of motion for a Duffing oscillator can be expressed as

ii(6) + 2Cu(t) + 0’u(t) + nen’ () = X (1) A1)

where @ =10rad/s and ¢ =0.05 are respectively the natural frequency and damping ratio
of the Duffing oscillator at the initial state; 7 is the coefficient reflecting the nonlinearity of
the Duffing oscillator, which is taken as 7=0.5m™ and 7=1.5m™ for different levels of
nonlinearity; and X(¢f)=Y?(¢) is the non-Gaussian random acceleration excitation with
Y(¢) being a zero-mean non-stationary Gaussian random process. The second-order moment

function of Y(¢) is shown in Equations (39) and (40), in which S, =0.05m/s and

25



502

503

504

505

506

507

508

509

510

511

512

513

514

515

516

517

518

519

@, =100rad/s are adopted, and on this basis, the first four orders of cumulant functions of
X(t) can be determined accordingly using Equation (12).

The EL-ETDM presented in Section 4 is employed for the non-Gaussian random
vibration analysis of the Duffing oscillator, in which the time step is taken to be Az =0.02s
for explicit formulation of the response of the linearized systems, while the time step for EL
analysis shown in Figure 2 is set to be A7 =0.2s with the duration 7 =15s. For comparison,
the MCS with 5x10* samples is also utilized to obtain the reference solutions to the response
statistics, in which the duration and time step for time-history analysis are set to be 7 =15s
and Atr=0.02s, respectively.

The first four orders of moments of the displacement corresponding to 7=0.5m™ and
n=1.5m™ are presented in Figure 12 and Figure 13, respectively. It can be observed that the
results obtained by EL-ETDM are in good agreement with those obtained by MCS, showing
that the present approach is of good accuracy. Furthermore, by comparing the results shown in
Figure 12 and Figure 13, it can be found that the accuracy of the statistical linearization
technique decreases to a certain degree when the Duffing oscillator undergoes stronger
nonlinearity, and the relative error of EL-ETDM may reach 6.1% for the fourth-order moment

of displacement under the case of 7 =1.5m™.

0.1 0.04

0.035

0.08
0.03 -

0.06 0.025 -

0.02

0.04 0.015

0.01 -

0.02

----EL-ETDM
—MCS

----EL-ETDM
—MCS

0.005

First-order moment of displacement (m)

Second-order moment of displacement (m?)

0 5 10 15 0 5 10 15
Time (s) Time (s)

(a) First-order moment (b) Second-order moment

26



—~ %107 ey x107
o9 vy
Nal ----EL-ETDM e ----EL-ETDM
=87 —MCS g35¢ ——MCS
g g
a6r &
% =251
o St o
2 2
S 40 g
%]
g 215}
230 A
gat < 17
5 5]
L1t &£ 05
= 2
0 ‘ : ! 5 0 ‘ : !
=% 5 10 15 = o 5 10 15
Time (s) Time (s)
(c) Third-order moment (d) Fourth-order moment
Figure 12 First four orders of moments of displacement (7 = 0.5m™)
520
T 01 " 0.035
é SRR g 0.03] AN
= < 0.025 /
% 4 N % //
2 006 | S 002) /
B ° /
E E
€ 0.04/ g 0.015
c E
- = 0.01
2 0.02} 5
g -~~~ EL-ETDM £ 0.005 -~~~ EL-ETDM
7 —MCs T —MCs
0 5 10 15 & 0 5 10 15
Time (s) Time (s)
(a) First-order moment (b) Second-order moment
— -3 P -3
ma 8—><10 g 3.5 x10
e -~~~ EL-ETDM e . [--—ELETDM
g1 ——MCS £ 3t ——MCS
5 o)
g O S 25]
= &
E5F 2
: z
S :
g ol g 15+
s) Qo
g g 1
o 2F =
5] %
£ T
S1f g 05
2 =
20 - - 2 0
B o 5 10 15 = 0
Time (s) Time (s)
(c) Third-order moment (d) Fourth-order moment
Figure 13  First four orders of moments of displacement (77 =1.5m™)
521
522 5.4 A 5-degree-of-freedom Duffing system
523 For a 5-degree-of-freedom shear-type Duffing system, as shown in Figure 14, the mass
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and stiffness of each storey are taken as m, =3x10’kg and k, =3x10*kN/m (i =1,2,---,5),
respectively, and the Rayleigh damping model with the damping ratio ¢ =0.05 is adopted to
define the damping matrix C. To reflect different levels of nonlinearity, three cases are

considered for the nonlinear coefficients, i.e., 7, =10m~, 7 =30m~ and 7, =50m"~

(i=12,-,5).

Figure 14 A 5-degree-of-freedom shear-type Duffing system

The Duffing system is subjected to a uniformly modulated non-stationary Poisson white
noise X(¢)= g(t)f( (), in which g(#) is the modulation function shown in Equation (38),
and X (¢) is the stationary Poisson white noise shown in Equation (8). For the Poisson white
noise, the mean arrival rate is set to be 1 =0.5s"", and the amplitudes of random impulses are
taken as mutually independent Gaussian random variables with the mean and standard
deviation being 0 and 10kN-s, respectively. The first four orders of cumulant functions of
X(t) can be easily determined using Equations (9) and (10).

The EL-ETDM and the MCS with 5x10* samples are utilized to solve the non-Gaussian

random vibration problem of the Duffing system. For EL-ETDM, the time step is taken to be
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At =0.02s for explicit formulation of the responses of the linearized systems, and the time
step for EL analysis shown in Figure 2 is set to be Az =0.2s with the duration 7 =15s. For
MCS, the duration and time step for time-history analysis are set to be 7 =15s and
At =0.02s, respectively. To investigate the effects of the assumption of Gaussian response on
the results of statistical linearization technique considering non-Gaussian random excitation,
the EL-ETDM with Gaussian assumption is also adopted for the non-Gaussian random
vibration analysis of the Duffing system, in which, instead of the formula shown in Equation
(27), the equivalent stiffness of the ith hardening spring 1is expressed as
k., (t)=3nkE[d} ()] (=12,---,n) [29].

The second-order and fourth-order moments of the top-storey lateral displacement
corresponding to 7, =10m™, 7 =30m~ and 7, =50m~ are presented in Figures 15 to 17,
respectively. It can be seen from the above figures that, although the accuracy of EL-ETDM
(no Gaussian assumption) may decrease to a certain extent with the increase of the degree of
system nonlinearity, the results obtained by EL-ETDM (no Gaussian assumption) are
basically in good agreement with those obtained by MCS, validating the feasibility of the
present approach. It can be further observed from Figures 15 to 17 that, if the assumption of
Gaussian response is adopted, the accuracy of the statistical linearization technique
deteriorates significantly and the results become unacceptable when stronger nonlinearity
exists in the Duffing system. This is due to the fact that the response distribution of the
Duffing system under Poisson white noise is never Gaussian regardless of the degree of
system nonlinearity, and the error caused by the Gaussian assumption may increase as the
degree of nonlinearity of the system increases.

Finally, in view of the fact that the Monte Carlo solutions may not be available for
comparison when the problem becomes more complex, it is of great importance to have an

estimate of the level of accuracy of the proposed EL-ETDM for nonlinear random vibration
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567 analysis. For this purpose, besides the comparisons shown in Figures 15 to 17, a series of
568  nonlinear coefficients, i.e., 7 =10m~,15m~,---,50m™> , have been investigated with
569 EL-ETDM (Gaussian assumption), EL-ETDM (no Gaussian assumption) and MCS. The
570  relative discrepancy between the results of EL-ETDM (Gaussian assumption) and EL-ETDM
571  (no Gaussian assumption) as well as that between the results of EL-ETDM (no Gaussian
572 assumption) and MCS are depicted in Figure 18. It can be observed from Figure 18 that the
573  relative discrepancy between the results of EL-ETDM (Gaussian assumption) and EL-ETDM
574  (no Gaussian assumption) is considerably larger than that between the results of EL-ETDM
575  (no Gaussian assumption) and MCS, in particular for the second-order moments, indicating
576  the error induced by the assumption of Gaussian response is the major error compared with
577  that induced by the linearization criterion in the EL method. This implies that the relative
578  discrepancy between the results of EL-ETDM (Gaussian assumption) and EL-ETDM (no
579  Gaussian assumption) can be regarded as an upper bound for the error of the results of
580 EL-ETDM (no Gaussian assumption). In this sense, one can have an estimate of the level of
581 accuracy of the present EL-ETDM (no Gaussian assumption) without resort to the execution
582  of MCS.

583
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(a) Second-order moment (b) Fourth-order moment

Figure 15 Second-order and fourth-order moments of top-storey lateral displacement (77, =10m™)
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Figure 16 Second-order and fourth-order moments of top-storey lateral displacement (77, =30m™)
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Figure 17 Second-order and fourth-order moments of top-storey lateral displacement (77, = 50m ™)
585

EL-ETDM (Gaussian assumption)

vs EL-ETDM (no Gaussian assumption)
12 + |-®=-EL-ETDM (no Gaussian assumption) vs MCS
Sl S
> > 10
S 4t Q
= =]
< @
= 2 gl
<} 9]
53l 5
b E
S| < 6
¢, ©
E R
= EL-ETDM (Gaussian assumption) =
[ —— R . ]
o~ 1T vs EL-ETDM (no Gaussian assumption) o=t
--e—-EL-ETDM (no Gaussian assumption) vs MCS 27
- -——9
0 e ¢----@-—-—@-—-0@-———0-——9 - ) 0 . . . |
10 20 30 40 50 10 20 30 40 50

7; (m?) 7; (m?)
(a) Second-order moment (b) Fourth-order moment
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second-order and fourth-order moments of top-storey lateral displacement
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6 Conclusions

There exist two challenges involved in extending ETDM and EL-ETDM from Gaussian
to non-Gaussian problems. The first challenge lies in the explicit formulation of the
higher-order cumulants of non-Gaussian responses with much more concise forms compared
with the traditional moment-based formulation adopted in ETDM for Gaussian problems, and
such explicit formulation can significantly reduce the computational cost for evolutionary
higher-order statistics of non-Gaussian responses compared with the existing PSM. The
second challenge is to extend the EL method for nonlinear non-Gaussian problems without
the use of the assumption of Gaussian responses, which can be readily accomplished by the
present ETDM with high-efficient calculation of higher-order moments of non-Gaussian
responses for the series of linearized systems involved in the linearization process.

The present approach is applicable to arbitrary forms of non-Gaussian random excitation
since the only prerequisite for the approach is that the cumulant functions of the non-Gaussian
random excitation are known. Four numerical examples considering two kinds of
non-Gaussian random excitations, i.e., the Poisson white noise and the square form of
Gaussian random process, have been investigated to demonstrate the effectiveness of the
present approach.

It should be noted that, only uniform random excitations are considered in the present
study, whereas the wind load and wave load that exert on a real structure are usually modelled
as non-uniform random excitations. Therefore, the present approach needs to be further
developed to account for the spatial correlation effects of non-uniform non-Gaussian random
excitations in future study. Moreover, in this study, only Duffing systems are investigated in
the nonlinear analysis, and the more general nonlinear systems, e.g., the nonlinear hysteretic

systems and the nonlinear viscously damped systems, need to be further considered in the
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context of the present approach.
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