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CHAPTER 1

Introduction

In this thesis we consider the existence and behavior of solutions to semilinear Schrodinger
equations, and discuss harmonic analysis questions related to their associated operators. In

general, a semilinear Schrodinger equation takes the form
iOu = —3Au+ Vu+ pF(u), u(0, z) = up(x). (1.0.1)

Here u : Ry x R? — C is a complex-valued function of time and space and ug is the given

initial data.

The semilinear Schrodinger model strikes an important balance between being
robust enough to describe a wide range of physical phenomena, and being lean enough to
make it vulnerable to fruitful mathematical analysis. For example, when V' =0 and F = 0,
we recover the traditional linear Schrédinger equation, which models the evolution of a
quantum system with a free particle. When V = 0 and F(u) = |u|Pu (p > 0), we recover
the nonlinear Schrédinger equation, which models a wealth of physical phenomena like light
in nonlinear media, Bose-Einstein condensates, and water waves. To model Bose-Einstein

condensates in a trap, for example, one may study the model with V' = 22 and F (u) = |ulPu

(p>0).



1.1 Background

In the last thirty years, considerable effort has been spent trying to understand the existence
and behavior of solutions to semilinear Schrodinger equations of the form
iug = —Au + u|u\p.u, p>0 (L11)
u(0,2) = up(z) € HE(R?).
In fact, this model is so ubiquitous we will simply refer to it as the nonlinear Schrodinger
equation (NLS). Since the linearization of the nonlinearity in is diagnolized by the
Fourier Transform, harmonic analysis techniques are well-suited to analyze this model. We

say that (1.1.1)) is defocusing if p = 1 and focusing if p = —1. Solutions to (|1.1.1)) conserve

both their mass

M(u(t)) :== lu(t, z)* de, (1.1.2)

R4

and their energy

1 1
H(u(t)) := /Rd §|Vu(t, z)? + P lu(t, z) [P dr.

1.1.1 Enmergy-Criticality with Scaling Symmetry.

The class of solutions to (1.1.1)) enjoy a number of useful symmetries. Of particular impor-

tance is the invariance of the class of solutions under the scaling
u(t, z) = up(t, ) = Aru(N2t, \v). (1.1.3)

The effect of the scaling on the initial data is given by

d_2

fseay = X270 |u(0)]

[|ux(0)]

H (R):
Thus, when s = ¢ — ]%, the scaling (|1.1.3]) leaves invariant both the class of solutions and the

size of the initial data.
Definition 1.1.1. Consider the initial value problem (|1.1.1]). Let

Se =

NI,
N

We say ((1.1.1)) is critical when s = s, subcritical when s > s., and supercritical when s < s..
2



When s = s. = 1, the energy H(u(t)) is left invariant by the scaling (1.1.3)), giving rise
to the energy-critical NLS

iuy + Au = \ulﬁu, d>3

, (1.1.4)
u(0,7) = up(z) € HL(RY).

When s =1 and p < 7% (i.e. s. < 1), we say that (L.1.1)) is energy-subcritical.

In the last two decades the energy-critical NLS has been the subject of a relent-
less, inspiring, and successful campaign to understand the local and global behavior of its
solutions. Local well-posedness was first proved by Cazenave and Weissler in [CW90], who
showed that the length of a solution’s lifespan depends on the profile of uy rather than the
norm of ug. The first victory on the front of large-data global well-posedness was made by
J. Bourgain in [Bou99], who proved global well-posedness and exhibited global spacetime
bounds for spherically symmetric initial data in d = 3,4 by introducing what is now known
as the ‘induction on energy’ paradigm. Using this paradigm, and introducing a wealth of
new ideas and techniques, the authors of [CKS08] managed to remove Bourgain’s assump-
tion of spherically symmetric data in d = 3. Adapting these techniques to handle newfound
difficulties in high dimensions, the problem was completely resolved by the authors of [RV07]
(d =4) and [Vis07] (d > 5).

1.1.2 Energy-Criticality without Scaling Symmetry

Though the notion of energy-criticality in d > 3 is defined through an available scaling
symmetry, it is important to understand the characteristic features of the energy-subcritical

and energy-critical nonlinearities independent of this symmetry.

As (|1.1.3) reveals, energy-criticality is determined by the response of the H; norm at
fine scales or, equivalently, high-frequencies. In the energy-critical case, the kinetic and
potential energy norms are equally strong at all scales. In the energy-subcritical case, the

kinetic energy norm dominates the potential energy norm at fine scales. This phenomenon



is expressed concisely in the Sobolev inequality, which in d > 3 reads

HfHLd% < Cul[V fllrz, (1.1.5)

2d
sup ||ul|z < C(p,d) 2<p< Pt (1.1.6)
(st -

Heuristically, Sobolev embedding informs us of how strong our nonlinearity may be, i.e. how

large p may be, before the potential energy norm overpowers the kinetic energy norm.

These features present themselves in the well-posedness theory in a few ways. In the
energy-subcritical setting the time of existence guaranteed in the local theory depends only
on the size of the initial data; in the energy-critical setting, the time of existence depends
on its profile. The local theory may be iterated to extend the lifespan of a local solution

provided there is no energy concentration. A computation shows that
H(uy) = N0 H(u) = oo,

which converges to co as A — oo in the energy-subcritical case s. < 1. Thus, energy conser-
vation discourages concentration in this case. In the energy-critical setting s. = 1, however,

the conservation of energy does not immediately rule out the possibility of concentration.

1.2 Doubly Critical Semilinear Schrodinger Equations

In this thesis, we consider two “doubly critical” semilinear Schrodinger equations. Heuris-
tically, we say a nonlinearity is “doubly critical” if its nonlinearity is energy-critical and

critical in another sense. We clarify this point below.

In Chapter 2, we follow [Azz15] and consider the Cauchy problem for a defocusing non-

linear Schrodinger (NLS) equation on R?:

i + Au = Fy(u) = u(e*™* — 1)

(1.2.1)
u(0,2) = ug(x) € H(R?)

We address the question of whether global solutions to (|1.2.1)) obey global spacetime bounds

and scatter in H! in the energy-subcritical case. This equation enjoys no scaling symmetry,
4



and so some explanation is needed to justify in what sense we regard ((1.2.1) as energy-
critical. In R?, Sobolev embedding guarantees that every polynomial nonlinearity is energy-
subcritical. Indeed, if u € H} is localized to frequency ~ N and ||ul|g1 g2y < 1 (say), then

Bernstein’s inequalities show that

lullfy Sp N2Vl

At fine scales (N > 1), we see that the kinetic energy dominates the potential energy. Thus,
if we are to identify an energy-critical nonlinearity, it is natural to consider an exponential

nonlinearity. For more insight on our use of the honorific “energy-critical” for (1.2.1)), see
Chapter 2.

We regard ([1.2.1)) as doubly critical in light of the main obstacle to scattering. The chief
difficulty in establishing scattering results for ((1.2.1)) stem from the poor decay of the cubic

term in the Taylor expansion of Fj(u):
Fi(u) = drulul® + 872ulul* + - - .

Indeed, Fi(u) can only decay at least as slow as the cubic nonlinearity 4ru|u|* does. Thus,
we may only expect global solutions to (1.2.1]) to scatter in H! if we expect scattering in H!

for global solutions to the the associated Cauchy problem

iug + Au = 47 |ul*u
(1.2.2)
u(0,7) = up(z) € HL(R?).
In R?, this corresponds to the mass-critical NLS. Indeed, when s = s. = 0 the mass M (u(t))
is left invariant by the scaling (1.1.3)), giving rise to the mass-critical NLS. In two space

dimensions, this takes the form:

iug + Au = g(u) := |u*u (1.23)
uw(0,7) = up(z) € L2(R?).
The local theory for was established by Cazenave and Weissler in [CW89]. Anal-
ogously to the local theory for the energy-critical case in d > 3, the lifespan of the local
solutions they constructed depended on the profile of the initial data and not just the L2-

norm. Two decades later, in [KTV09], Killip-Tao—Vigsan showed that for radial initial data,
5



(1.2.3)) is globally well-posed and that solutions obey global spacetime bounds; in particu-
lar, scattering holds. Soon after, in [Dod16], Dodson removed the radiality assumption and

established the theorem in its full generality.

To better understand (|1.2.1)), we decompose the nonlinearity
Fi(u) = At|ulPu + Fy(u),  Fo(u) == u(e*™™” — dxful> — 1),

and thus view as a perturbation of the mass-critical NLS with error Fy(u).
We exploit the insights of Tao-Visan-Zhang from [TVZ07] and the estimates from [IMM12]
to show that the error term Fy(u) is mild enough to derive global spacetime bounds from
those enjoyed by global solutions of the mass-critical problem. These results are summarized
in the following theorem.

Theorem 2.1.3 For ug € H} with Hi(ug) < 1, there exists a unique strong solution

u:R xR?— C to (1.2.1)). If Hy(ug) < 1, then u satisfies
/ lu(t,2)|* + [Vu(t, 2)|[* de dt < C(||uol|m)
R JR2

and scatters both backwards and forwards in time.

In Chapter 3 we follow [Azz17] and turn our attention to another doubly critical semilinear
Schrodinger equation. We consider, for a < %1, the energy-critical NLS with inverse-square

potential

. . a 4 3
0w = (—A — W)U + [ul*u, (t,2) R xR, (1.2.4)
u(0,2) = uo(r) € Hy(R?)

The restriction a < 1 will be motivated below. Note that when a = 0, the model (1.2.4)

reduces to the traditional 3D energy-critical NLS.

The family of operators
(1.2.5)

appear often in the study of quantum mechanics, combustion theory, and electrostatics (see

[Cash0], [KSWT5]). Since the potential term is homogenous of order —2, the potential
6



and Laplacian scale exactly the same. For this reason, this makes the study of
particular mathematical interest. Indeed, since the potential and Laplacian are of equal
strength at every scale, analysis of is immune to standard perturbative methods.
Thus, Schrodinger equations with inverse square potentials have necessitated a more delicate
approach. This challenge has been met with a long campaign to understand those properties

enjoyed by H, and the local and global behavior of solutions to (|1.2.4)).

Substantial progress has been made in understanding the operator H, and the model
. In Chapter 3 we give a detailed history of this progress. Of note are the advances
made in [KMV15b], where Killip-Miao-Vigan-Zhang-Zheng prove a variety of harmonic anal-
ysis tools for studying H, when a < All. In particular, they develop a Littlewood-Paley theory
for H,, which allows them to prove in [KMV15a] that is globally well-posed when
a < }l — % This represents the first progress made in treating the energy critical nonlinearity

|u|*u in the presence of an inverse square potential.

In Chapter 3 we consider harmonic analysis questions related to the operator

1
Afl?

The choice of the constant a = 1 in this chapter makes the nonlinearity in (1.2.4) critical in

another sense. This constant corresponds to the sharp constant in the Hardy inequality.

Lemma 1.2.1 (Hardy Inequality). If u € Cg°(R3?), then

L[ fu(z)?

4] faf

dr < /|Vu(m)|2 dz. (1.2.6)
Moreover, (1.2.6)) fails if the constant }l is replaced by any constant a > i.

When a < 1 and u € C§°(R?) we see that

(Hou, u) 2 (ws) = /}R3 \Vu(z)| de — a/ ‘U‘S:'%P dx >0, (1.2.7)

1

and so H, is positive semi-definite. When a > 7, all self-adjoint extensions of H, are

unbounded below. In this case the spectrum of H, has infinitely many negative eigenvalues

that diverge to —oo ([PSTO03]), making it impossible to obtain global dispersive estimates.
7



In this chapter, we advocate for the idea that any problem involving the critical inverse
square potential should be decomposed into a system of equations: one for the radial part
of the solution (which is more susceptible to classical ODE techniques), and another for the
remainder. Indeed, what is clear from previous advances in [BPS03], [Miz16], and [BM16] is
that data in L?& L2 ; enjoy a wealth of useful estimates for H, which in turn yield Strichartz

estimates that are not immediately available in the general case. When restricted to higher

angular momentum, the operator H, enjoys estimates that mirror those of the Laplacian.

To make this discussion more precise, let P : L?(R?) — L2 ,(R?) be the projection defined

by
PIa) = 33 [, flela)do(w)

We define P+ = I — P to be the orthogonal projection onto L? := L? © L2 ,, the space of

rad’

angular functions. As P and P+ commute with A and —ﬁ, they commute with H. We

will often write
H*:=P'H=HP"
when convenient.
The advantage of restricting to functions in L? is due, in part, to an improvement to

Hardy’s inequality in this setting. For a clear exposition, see [EF00].

Lemma 1.2.2 (Improved Hardy Inequality). If f : R® — C is a Schwartz function, then

9 |1 J |2 / 1712
— dr < P dz. 1.2.8
/3 | |2 x < \ |V 7‘| X ( )

Moreover, (1.2.8) fails if the constant § is replaced by any constant a > 3.

For data in L% this improvement allows one to apply techniques available only in the

at the critical constant a = }1. In this paper, we exploit this

subcritical regime a < }l
improvement to expand upon the harmonic analysis tools developed in [KMV15b]. We seek
out which embeddings enjoyed by A are also enjoyed by H in order to develop a Littlewood-
Paley theory for H. Towards this end, we study the resolvent of H and, in particular, how

it differs from the resolvent of A when projected to angular functions.

8



In Chapter 3 we improve upon the best known resolvent estimates for H and prove the

following:

Theorem 3.2.2. Let (¢,s) € [1,00) X [1,00) satisfy

§< .ty <3 (1.2.9)
If, additionally,
\/§>max{2—§,2—§,§—g,§—g}, (1.2.10)
then
IPH((H +1)7" = (A + 1) 7| g sy s sy < 00 (1.2.11)

This estimate allows us to improve the range of Bernstein estimates enjoyed by H*
that are currently known. Indeed, we obtain that H* obeys many of the useful Bernstein

estimates enjoyed by the Laplacian. More precisely, we prove the following;:

Corollary 3.2.3 (Sharp Sobolev Embedding). If f:R? — C is Schwartz, then
1PH(H + 1) fllrems) S 11|22 - (1.2.12)
Corollary 3.2.4. If f:R3 — C is Schwartz, then

1P +1)7 fllzeey S 12 e (1.2.13)

IPH(H + 1) fllzesy S f @) (1.2.14)

Theorem 3.2.5 (Bernstein Estimates). The operator Pte ™ : L}(R3) — L*(R?) is
bounded.



CHAPTER 2

The 2D Nonlinear Schrodinger Equation with

exponential nonlinearity.

2.1 Introduction

In this chapter, we consider the Cauchy problem for a pair of defocusing nonlinear Schrodinger

(NLS) equations on R?:

iug + Au = Fy(u) := u(et ™ — 1) (2.1.1)
u(0,z) = ug(z) € Hy(R?)
g+ Au = Fy(u) = u(e™* — drfuf? — 1) (2.1.2)

w(0,7) = up(z) € HL(R?).

Here u : R x R? — C is a complex-valued function of time and space. In this paper, our
chief interest will be to understand the long-time behavior of solutions to ( - ) and (2.1.2] -

Of course, before we do this, we must first clarify what we mean by a solution.

Definition 2.1.1. Let I C R be an interval containing the origin. We say u : I x R? — C
is a (strong) solution to (2.1.1)) (resp. (2.1.2))) if it belongs to Cy(K; H!) for every compact

interval K C I and satisfies the Duhamel formula

u(t) = e u(0) — i/o e IR (ju, + Au)(s) ds, (2.1.3)

for all t € I. We refer to the interval I as the [ifespan of u. We say wu is a global solution if
I =R.

10



Solutions to (2.1.1)) and (2.1.2)) conserve, respectively, the following energies:

Hi(u(t)) == 5 Vu(t,z)]” + £ <e4”|“|2 —1- 47r\u|2) (t,z) de, (2.1.4)

Hy(u(t)) == [ |Vu(t,z)]*+ £ ((34”'“'2 — 1 —4nful* - 87r2|u]4> (t,x) dx. (2.1.5)

RQ

Moreover, solutions to (2.1.1)) and (2.1.2) both enjoy the conservation of mass

M(u(t)) = / lu(t, 2)|? da. (2.1.6)
R2
When there is no chance of confusion, we will write Hy for Hy(u(t)), Hy for Ho(u(t)) and M
for M (u(t)).

The study of (2.1.1)) (resp. (2.1.2))) began in [CIMO09], where it was shown that global
solutions exist provided Hi(ug) < 1 (resp. Ha(ug) < 1). The different techniques, estimates,

and difficulties involved in the study of (2.1.1)) and (2.1.2)) in the cases H;(uo) < 1, H;(uo) = 1,

and H;(ug) > 1 prompted the authors to adopt the following trichotomy.

Definition 2.1.2. We say that (2.1.1)) (resp. (2.1.2))) is energy-subcritical if Hy(ug) < 1 (resp.

Hy(ug) < 1), energy-critical if Hy(ug) = 1 (resp. Ha(ug) = 1), and energy-supercritical if
Hi(up) > 1 (resp. Ha(ug) > 1).

Traditionally, the honorific “energy-critical” has been given to a family of semilinear NLS
in d > 3, where an available scaling symmetry leaves invariant both the energy and class of

solutions. In our case neither equation enjoys a scaling symmetry, and so some explanation

is needed to justify in what sense we regard (2.1.1)) and (2.1.2)) as energy-critical. To properly

explain this, we will begin with a brief review of the familiar energy-critical NLS in d > 3.
Our goal in doing so is to understand the defining features of energy-criticality independent
of scaling, and how these features manifest themselves in the theory of well-posedness. Once

this is accomplished, we will draw analogies between the theory of (2.1.1) and (2.1.2)) and
the theory of the energy-critical NLS in dimension d > 3.

11



2.1.1 Energy-Critical NLS in R?, d > 3.

In dimension d > 3, consider the defocusing nonlinear Schrodinger equation

iug + Au = |ulPu, p>0

. (2.1.7)
u(0,2) = up(z) € HE(R?).

Solutions to (2.1.7)) also enjoy the conservation of mass (2.1.6) and that of energy

lu(t, z)|P*? da.

H(u(t)) := /Rd %|Vu(t, z)|? + ’ le 5

The class of solutions to (2.1.7) is invariant under the scaling
u(t,x) = uy(t,x) = /\%u()\zt, Ax). (2.1.8)

The effect of the scaling on the initial data is given by

d_ 2

[[ux (0) 5ty = A°™ 22 || (0)]] 1y ey

Thus, when s = g — %, the scaling (2.1.8)) leaves invariant both the class of solutions and the

size of the initial data.

Definition 2.1.3. Consider the initial value problem ([2.1.7)). Let

NI

Se =

|
S I

We say the problem is critical when s = s., subcritical when s > s., and supercritical when

s < Se.

When s = s. = 1, the energy H(u(t)) is left invariant by the scaling (2.1.8]), giving rise
to the energy-critical NLS
iug + Au = \u|ﬁu, d>3
_ (2.1.9)
u(0,z) = uo(z) € HE(R?).
When s =1 and p < 745 (i.e. s, < 1), we say that ([2.1.7) is energy-subcritical.

In the last two decades the energy-critical NLS (2.1.9)) has been the subject of a relent-

less, inspiring, and successful campaign to understand the local and global behavior of its
12



solutions. Local well-posedness was first proved by Cazenave and Weissler in [CW90], who
showed that the length of a solution’s lifespan depends on the profile of uy rather than the
norm of ug. The first victory on the front of large-data global well-posedness was made by
J. Bourgain in [Bou99], who proved global well-posedness and exhibited global spacetime
bounds for spherically symmetric initial data in d = 3,4 by introducing what is now known
as the ‘induction on energy’ paradigm. Using this paradigm, and introducing a wealth of
new ideas and techniques, the authors of [CKS08] managed to remove Bourgain’s assump-
tion of spherically symmetric data in d = 3. Adapting these techniques to handle newfound
difficulties in high dimensions, the problem was completely resolved by the authors of [RV07]
(d = 4) and [VisQ7] (d > 5).

Though the notion of energy-criticality in d > 3 is defined through an available scaling
symmetry, it is important to understand the characteristic features of the energy-subcritical

and energy-critical nonlinearities independent of this symmetry.

As reveals, energy-criticality is determined by the response of the H; norm at
fine scales or, equivalently, high-frequencies. In the energy-critical case, the kinetic and
potential energy norms are equally strong at all scales. In the energy-subcritical case, the
kinetic energy norm dominates the potential energy norm at fine scales. This phenomenon

is expressed concisely in the Sobolev inequality, which in d > 3 reads

1711 2, < CallV fllsz (2.1.10)

2d
sup HUHLQ § C(p, d) 2 § P S m (2111)
(st -

Heuristically, Sobolev embedding informs us of how strong our nonlinearity may be, i.e. how

large p may be, before the potential energy norm overpowers the kinetic energy norm.

These features present themselves in the well-posedness theory in a few ways. In the
energy-subcritical setting the time of existence guaranteed in the local theory depends only
on the size of the initial data; in the energy-critical setting, the time of existence depends

on its profile. The local theory may be iterated to extend the lifespan of a local solution

13



provided there is no energy concentration. A computation shows that
H(uy) = N0 H(u) = oo,

which converges to oo as A — oo in the energy-subcritical case s. < 1. Thus, energy conser-
vation discourages concentration in this case. In the energy-critical setting s. = 1, however,

the conservation of energy does not immediately rule out the possibility of concentration.

2.1.2 Energy-Critical NLS in R?

In R?, Sobolev embedding guarantees that every polynomial nonlinearity is energy-subcritical.
Indeed, if u € H;, is localized to frequency ~ N and [|ul|g1®2)y < 1 (say), then Bernstein’s
inequalities show that

[lul]

ig Sp N_2||Vu||%i.

At fine scales (N > 1), we see that the kinetic energy dominates the potential energy. Thus,

if we are to identify an energy-critical nonlinearity, it is natural to consider an exponential

nonlinearity.

In |[CIM09] and [IMMI12], the authors identified the nonlinearities Fj(u) and Fy(u) in
(2.1.1) and as energy-critical when H;(ug) = 1 and Hs(ug) = 1, respectively, using
a substitute for the end-point Sobolev inequality known as the Moser—Trudinger
inequality. We will discuss the Moser-Trudinger inequality and its many variants in detail
below. In analogy to the end-point Sobolev embedding in d > 3, the Moser—
Trudinger inequality informs us of the exact speed at which a nonlinearity may grow before
the potential energy term overpowers the kinetic energy norm. Unlike the end-point Sobolev
embedding however, the Moser—Trudinger inequality holds only for functions with sufficiently
small [} norm. Thus, in the case d = 2, we fix one nonlinearity F(u) or Fy(u) and classify

energy-criticality depending on the size of initial energy.

In [CIMQ9], the authors established a complete trichotomy analogous to the energy-

critical case in d > 3, corresponding to the size of the initial data’s energy. In the terminology

of Definition the Cauchy problems (2.1.1)) and (2.1.2)) are globally well-posed in the

14



energy-subcritical and energy-critical cases. In analogy to the d > 3 case, the lifespan of a
local solution in the energy-subcritical cases of and depend on the size of the
initial data, whereas the lifespan in the energy-critical cases depend fully on the profile of the
initial data. Moreover, they demonstrate that and are ill-posed for a subset
of initial data in the energy-supercritical case (though no ill-posedness results are known for

slightly energy-supercritical data).

With global well-posedness established in the energy-critical and energy-subcritical cases,
the next natural question to investigate was whether global solutions scatter in H}. In
[IMM12], the authors proved the existence of global spacetime bounds which imply scattering
for global solutions to in the energy-subcritical case. The key insight was to use the
a-priori Morawetz estimate established independently by Colliander—Grillakis—Tzirakis in
[CGT09] and Planchon-Vega in [PV09]. In [BIP14], the authors expanded on [IMMI12], by
proving the existence of global spacetime bounds which imply scattering for global solutions

in the energy-critical case of (2.1.2)) under the additional assumption of radial initial data.

The chief difficulty in establishing similar results for the corresponding cases of (2.1.1)

stem from the poor decay of the cubic term in the Taylor expansion of Fj(u):
Fi(v) = dmulul® + 872uful* + - --

Indeed, Fi(u) can only decay at least as slow as the cubic nonlinearity 47u|u|* does. Thus,
we may only expect global solutions to (2.1.1]) to scatter in H! if we expect scattering in H!

for global solutions to the the associated Cauchy problem

iug + Au = 4r|ul?u

(2.1.12)
u(0,2) = ug(x) € H(R?).

In R2, this corresponds to the mass-critical NLS, whose theory we review briefly below.

15



2.1.3 Mass-Critical NLS in R?

When s = s, = 0 the mass M (u(t)) is left invariant by the scaling (2.1.8]), giving rise to the

mass-critical NLS. In two space dimensions, this takes the form:

iug + Au = g(u) := |u*u

(2.1.13)
uw(0,7) = up(z) € LA(R?).

The local theory for (2.1.13|) was established by Cazenave and Weissler in [CW89]. Anal-
ogously to the local theory for the energy-critical case in d > 3, the lifespan of the local
solutions they constructed depended on the profile of the initial data and not just the L2-
norm. Two decades later, in [KTV09], Killip-Tao-Visan showed that for radial initial data,
is globally well-posed and that solutions obey global spacetime bounds; in particu-
lar, scattering holds. Soon after, in [Dod16], Dodson removed the radiality assumption and

established the theorem in its full generality.

Theorem 2.1.4 (Radial [KTV09], Non-Radial [Dod16]). For ug € L?, there exists a unique
strong solution u : R x R? — C to (2.1.13)). Moreover, u satisfies

[ [ttt do at < Cunliz)
R JR2

and scatters both backwards and forwards in time.

Thus, when uy € L2 the global solution u : R x R?> — C scatters in L2. Returning
to (2.1.12), we would like to know, for H} data, whether the global solution guaranteed by
Theorem scatters in H!. Luckily, this follows from a standard lemma (See, for example,
Lemma 3.10 in [TVZ07]).

Lemma 2.1.5 (Persistence of Regularity). Let k = 0,1 and I be a compact time interval.

Let v be the unique solution to (2.1.13)) on I x R? with
[0l Lz rxr2y < L (2.1.14)
Then, if to € I and v(ty) € HY, we have

|| 51 (1xr2) < C(L)|[v(to)|] - (2.1.15)
16



2.1.4 Main Results

In this paper we address the question of whether global solutions to (2.1.1)) obey global
spacetime bounds and scatter in H! in the energy-subcritical case. To do so, we exploit the

insights of Tao-Visan-Zhang from [TVZ07].

In [TVZ07], the authors embark on a systematic study of Cauchy problems of the form

iug + Au = |u|Pu + |ulP?u

U(O,Q?) = uO(x) € H;,

(2.1.16)

withu : Ry xR? — Cand 0 < p; < py < ﬁ. They show that for various values of p; and po,
if (2.1.16]) is globally well-posed then a solution to (2.1.16) can be viewed as a perturbation

of a solution to

iuy + Au = |u|Pu

u(0,2) = up(x) € HY,

(2.1.17)

with error |u|P2u. In these cases, they show, the solution to (2.1.16)) may inherit global
spacetime bounds, if they exist, for (2.1.17)).

Our approach is similar. We write
Fi(u) = 4r|ul?u + Fy(u),

and thus view as a perturbation of the mass-critical NLS with error Fy(u).
We exploit the estimates from [IMM12] in the energy-subcritical case of to show that
the error term Fy(u) is mild enough to derive global spacetime bounds from those enjoyed by
global solutions of the mass-critical problem. These results are summarized in the following

theorem.

Theorem 2.1.6. For ug € H} with Hy(ug) < 1, there exists a unique strong solution u :

R x R? — C to (2.1.1)). If Hi(uo) < 1, then u satisfies

// lu(t, z)|* + |Vu(t, z)[* de dt < C([|uol| 1)
R JR?

and scatters both backwards and forwards in time.
17



The merit of our approach is that it provides a framework to treat a doubly critical
nonlinearity. Our techniques provide a method to show that estimates proven for solutions to
(2.1.2]), whose nonlinearity enjoys better spacetime estimates, may be inherited for solutions

to [@.1.1).

To establish spacetime bounds on global solutions to (2.1.1)) or (2.1.2), the Strichartz

inequality (see Section [2.2)) informs us that we need only investigate which spacetime bounds
are available to estimate the nonlinearity. This requires an inquiry into which 1 < p,q < oo

do we have control over

[ Fi(w)|] r L2 mxr2y, (2.1.18)

for i € {1,2}. Indeed, the analysis in [BIP14],[CIM09], and [IMMI2] relied crucially on
estimating terms like (2.1.18). Our second main result describes a wide range of exponents

for which one may control ([2.1.1§]).

Theorem 2.1.7 (Moser—Trudinger—Strichartz). Let u : R x R? — C satisfy
lullneey <1 and  JJu(®)lT2@e) = M, (2.1.19)

foreveryt e R. If s >4 and 1 < p,q < oo are such that

/

L1, (2.1.20)
p
then
4
s dm|ul? D
|HU‘ 64 . HL?L%(Rx[RQ)fSM Hu”z?H;A(RXRZ). (2121)

Conversely, if (2.1.21)) holds for all u satisfying (2.1.19), then q and p must satisfy (2.1.20]).

It is important to understand that Theorem holds for arbitrary spacetime func-

tions satisfying ([2.1.19)). Though every solution to (2.1.1]) and (2.1.2)) satisfies (2.1.19) in the

energy-subcritical and energy-critical cases, it is obvious that not every spacetime function

satisfying (2.1.19) solves (2.1.1)) or (2.1.2)). Thus, improvements into the range of exponents

may be made if we restrict ourselves to only consider solutions to (2.1.1) and (2.1.2)). For
18




example, in [BIP14], the authors demonstrate that one may improve if u(t) was
sufficiently small in an Orlicz space for all times ¢ € R. While many specific instances of
Theorem have been important in the study of to date, to the author’s knowl-
edge, there has yet to be a systematic treatment of such inequalities. The importance of
this approach is to see that several of the ad-hoc uses of space-time Moser-Trudinger-type in-
equalities are special instances of Theorem [2.1.7] It is our hope that this treatment simplifies

these arguments moving forward.

The endpoint in (2.1.2]) represents a frustrating obstacle in extending Theorem to
the energy-critical case of . Indeed, even assuming conditionally the existence of global
spacetime bounds in (2.1.2)), we are unable to extend the results to similar ones for .
This obstacle arises in the perturbation theory, when one has to estimate a dual Strichartz

norm of the form

IV Fa(u)]]

21,
Lt1+25 L1176
for 0 < § < 3. At times when |[u(t)|] 120 (re2) is large, this term behaves like

| Vaulu|*e*™ )| 2
LFP L3

To close our perturbation argument, we may only estimate Vu in L°L2 or L{L;. By

|4647r|u\2

interpolation and Holder this requires one to estimate the term |u in a space LYL?

with % = 1, the unavailable end-point case of Theorem [2.1.7]

The investigation into which exponents in (2.1.20]) are permissible for solutions to (2.1.1]

or (2.1.2) is an important line of future inquiry.

2.2 Preliminaries

We begin by fixing some notation. We will write X < Y if there exists a constant C' so that
X < CY. When we wish to stress the dependence of this implicit constant on a parameter
e (say), so that C' = C(e), we write X <. Y. Wewrite X ~Y if X SYand YV < X. If

there exists a small constant ¢ for which X < ¢Y we will write X < Y.

For 1 < r < oo we recall the Lebesgue space L’ (R?), which is the completion of smooth
19



compactly supported functions f : R?> — C under the norm

11l = 111l oz = ( / @ dx)r

When r = oo, we employ the essential supremum norm. For f: R x R? — C we use LYL4

to denote the spacetime norm

1 £llpe = 11F 1]z 00 ey = ( / ( / 1o dx)q dt)

with the natural modifications when either p or ¢ is infinity, or when R x R? is replaced by

some other spacetime region. In particular, on the spacetime slab [T, T]| x R? we write

W zezaq-rmxrey = [ flceLa-

When ¢ = p we write Li,, = Ly L.
Our convention for the Fourier transform on R? is

1 )
= —_— 7ZI.£
o /R2 e S f(x) dx.

The Fourier transform allows us to define the fractional differentiation operators

G
VEFE© = 1Eff©)  and  (V)F(E) = (1+ €73 f(©).

The fractional differentiation operators give rise to the (in-)homogenous Sobolev spaces. We
define A" (R?) and H'"(R?) to be the completion of smooth compactly supported functions

f : R? — C under the norms

U llir@ey = V1Al and {1 l]ar@e) = (V) f]zg-

When r = 2, we simply write H'" = H! and H"" = H'.

Throughout this paper, we will often need to dampen the mass term in the Sobolev norm

and so for 0 < u < 1 we define
lullz = wllullze + [[Vullz,.
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In two dimensions, we say that a pair of exponents (q,r) is Schrodinger-admissible if
é + % = % and 2 < ¢,r < oo but (¢q,7) # (2,00). We say that a pair of exponents (g, r) is
dual Schrodinger-admissible if their Holder conjugates (¢/, 1) are Schrodinger-admissible. It
is straightforward to show that (g, r) is dual Schrodinger-admissible if and only if % +1i=3
and (q,7) # (2,1). If I x R? is a spacetime slab, we define the S°(I x R?) Strichartz norm
by

Hu||SO(I><R2) = sup HUHLZL;(I><R2)-
q,r) admissible

The attentive reader will notice that since we are in two dimensions, we need to restrict the
supremum to a closed subset of admissible pairs (as to avoid the inadmissible endpoint).

Every argument in this paper requires finitely many admissible pairs, so this caveat matters

little to us. Similarly, we define the S*(I x R?) and S(I x R?) norms to be
[ulls1(rxr2) = ||[Vullsogxrzy  and  |ullsaxrz) = [[(V)ullsorxr2)-
We also use N°(I x R?) to denote the dual space of S°(I x R?) and
NY(I x R?) := {u; Vu € N°(I x R?)}.
As before, we define the N(I x R?) norm to be
[ul[n(rxre)y = [[{V)u]| vo(rxre).-

Lemma 2.2.1 (Strichartz Estimates, [KT98]). Let I be a compact time interval, k € {0,1},

and let u : I x R? — C be a solution to the Schréidinger equation
Uy + Au = F,
for a function F'. Then

IV [*ullso(rxrey S Hulto)l] gugazy + [IVIFF] | vorxr2).-

2.2.1 Pointwise Estimates

In this subsection, we record pointwise estimates needed for the well-posedness and pertur-

bation theory in Sections 4 and 5, respectively. We assume that ' : C — C is continuously
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differentiable, and use 0, and 0; to denote the usual Wirtinger derivatives

0.F=F,:=1 <%_I; - 2?95> and  O:F = F; =3 (g_l; T i%—i) '

The Fundamental Theorem of Calculus permits us to write
F(z) — F(w) = /Ol(z —w)F,(w+0(z —w)) + (z — w)Fs(w+ 0(z —w)) df.  (2.2.1)
We may use to bound
[E(2) = F(w)| S [z = wl([F2(2)] + [F(w)] + | F=(2)] + [Fz(w)]). (2.2.2)

Of course, if F' is continuously twice differentiable we may obtain (2.2.2)) for F, and F}; in
place of F.

Recall our notation:

‘ 2

Fi(z) = z(e**" — 1), Fy(z) = 2(e* — 4x)22 = 1), g(z) = 2|z~

Lemma 2.2.2. If z1, 2, € C, then

19(21) = g(2)| S |21 — 2] Y |3 (2.2.3)
j=1,2
0:9(21) = 0:9(22)| S 21 — 22 Y |21 (2.2.4)
7j=1.2
[Fi(21) = Fi(22)] Sl — 22| Y (|2; 221y (2.2.5)
j=1,2
[Fo(21) — Fa(22)] S 21 — 22 Z ’Zj|2<€4ﬂlzj|2 —1) (2.2.6)
j=1,2
0-Fi(21) = 0. Fi(22)] S 21— 22] ) (2] + [z " (2.2.7)
j=1,2
0:F2(21) = 0.Fa(22)] S 21— 22l Y (5] + |z ". (2.2.8)
=12

Finally, fori € {1,2} and any ¢ > 0 we have

|Fi(21) — Fi(z)| Se lon — 2] ) (€0 Nl 1) (2.2.9)
Jj=1,2

0. Fi(21) — 0. Fi(z2)| Se | — 22| Y (l5] + 2= — 1), (2.2.10)
7=1,2

Moreover, (2.2.7), (2.2.8), and (2.2.10) hold with 05 in place of O,.
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2.2.2 Endpoint Sobolev Inequalities

In two space dimensions, Sobolev embedding guarantees that for each 2 < p < oo or 2 <

r < oo there exists some ¢, ¢, > 0 so that

ull @2y < cpllul|m@e)- (2.2.11)

HUHLgo(R?) < CTHUHH;"“(R%- (2.2.12)

The failure of (2.2.11]) to hold at the endpoint p = oo and of (2.2.12)) to hold with r = 2

has motivated mathematicians over the last half century to find appropriate substitutes.
This has lead to two lines of inquiry, essentially dual to one another, and with essentially
dual answers. The first line of inquiry attempts to discover for which functions f : R — R

we have

sup f(u|) dx < oo. (2.2.13)

[l gy <1 JR2
The second line of inquiry attempts to discover for which functions g : R — R we have
ulle @2y < g(llull e ge)), (2.2.14)
forr > 2 and u € H..

The first line of investigation lead to the family of Moser-Trudinger inequalities which
show that ([2.2.13]) holds for a variety of functions of square exponential growth. The second

line of investigation lead to the family of Brézis-Wainger—Gallouét inequalities, which show
that (2.2.14]) holds for a variety of functions of y/log growth.
2.2.2.1 Moser—Trudinger Inequalities

In [Tru67], Trudinger observed that one could take ¢, = ¢+ /p in (2.2.11)) for some constant

¢ independent of p. By expanding into power series, he found that

© k 2k >
alul? _ o ||ull3, (2kc2a)*
lle —1||L;— E 2 < T < 00
k=1 k=1

for 0 < o < 1 sufficiently small. A few years later, in [Mos71], Moser applied symmetrization

techniques and found that the constant o = 47 was optimal. Since then, mathematicians
23



have discovered a wide variety of Moser—Trudinger(-type) inequalities, which are indispens-

able in our analysis. In this paper we rely on a few, which are listed below.

In the energy-subcritical setting, we see that the exponential nonlinearity behaves like

the first nonzero term in its Taylor approximation.
Proposition ([AT00]). For each a € [0,4m) there exists ¢ = c(a) so that

e — |y me) < el ull7 e, (2.2.15)
uniformly for u € Hy(R?) with ||Vu||r2 @2y < 1.

Proposition ([BIP14]). For each o € [0,47) and s > 1, there exists a constant ¢ = c(a, s)
so that

alul?

[ul*e™™ |1 rey < cllull7s, (2.2.16)

uniformly for u € Hy(R?) with ||Vu||rz2@z2) < 1.

In the energy-critical setting, the previous proposition fails if we only require control over
the H' norm. However, if we require the full H! norm to be sufficiently small, we recover a

useful substitute.
Proposition ([Ruf05]). There exists a constant ¢ so that
e — 1|y < e, (2.2.17)
uniformly for w € Hy(R?) with ||u| g1 w2y < 1.
A natural question arises from the previous concession, namely: what is the best bound

we may obtain by requiring only that the H! norm be sufficiently small. This is answered

in the following proposition.

Proposition ([IMNI15]). There exists a constant ¢ so that

—e4ﬂ|ul2 ! d 2 2.2.18
< 2.

uniformly for u € Hy(R?) with ||Vu||r2@2) < 1.
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2.2.2.2 Brézis—Wainger—Gallouét Inequalities

In our analysis we will see that the most difficult part in controlling the nonlinearities in
and (2.1.2)) are those times when wu(t) is large in L$°. We have two estimates in our
arsenal to control the L:° norm, the latter of which is more powerful. The first is the Morrey
Embedding , and the second is the sharp Brézis—Wainger—Gallouét inequality stated
in Proposition [2.2.2.2, Though both will prove useful, the strength of Proposition [2.2.2.2

over (2.2.12)) comes from our knowledge of the explicit constant.

Proposition (Sharp Brézis—Wainger—-Gallouét, [Birl0, IMMOT]). Let 2 < r < oo and 0 <

w < 1. Then for any o > 1 there exists a constant C,, depending on o so that

_2
cr(8/p)' 7 |ull o e
HUHH}L

a 2r
< =
T drr —2

[lul 72 [lull7y log | Ca + : (2.2.19)

where ¢, is the constant appearing in (2.2.12]).

2.2.3 Morawetz Estimates

The Morawetz estimate, proved independently by Colliander—Grillakis—Tzirakis and Planchon—
Vega, is essential to our analysis by providing an a-priori estimate to start from and build

upon.

Lemma 2.2.3. [CGT09, [PV0Y] If u: R x R?* — C is a global solution of (2.1.1), (2.1.2)), or
(2.1.13|) then

3 1
HUHL;‘Li(RxRQ) S "u"?,tooLg(RXW)"VUHE%BL%(RXW) 5 HUHL;"’H;(RX}RQ)'

2.3 Moser—Trudinger—Strichartz Inequalities

The Moser—Trudinger and Brézis—Wainger—Gallouét inequalities are invaluable when prov-
ing Li-estimates involving the exponential nonlinearities appearing in (2.1.1)) and (2.1.2)).
Indeed, one can (and should) regard the Moser-Trudinger inequality as an L. estimate on

the nonlinearity and the Brézis-Wainger—Gallouét inequality as an L estimate, permitting
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one to interpolate in between. This technique has been successfully employed in [CIMO9)

and [IMM12].

In this section, we systematically study which spacetime bounds are available in this
setting. Specifically, we prove a general family of spacetime bounds including, to the author’s
knowledge, the first that hold generally in the energy-critical case. Several instances of these
estimates are implicit in the literature (see [BIP14],[CIM09],[IMM12]). We contend that
this formulation will streamline the standard proofs of well-posedness and scattering in the

energy-subcritical cases; see Sections 4 and 5.

2.3.1 Global Moser—Trudinger—Strichartz

The lack of an a priori LY bound on solutions to (2.1.1)) and (2.1.2]) present a frustrating
but manageable challenge in proving spacetime estimates. We can overcome this challenge
by splitting the set of times into two parts. If t € R satisfies ||u(t)||z» < K (say), then we

use the trivial bound
u(t, ) (™D — drfu(t, 2)]* - 1)| Sk fu(t,2)P.

As we will see, this contribution is easily estimated in two dimensions. The enemy, then, in
establishing good spacetime bounds are those times when the ||u(t)||z norm is large. We
begin with a trivial L} estimate, which, when combined with a hard-fought LYL%® estimate,

will yield the full Moser—Trudinger—Strichartz estimate.

Lemma 2.3.1 (An L; estimate). Ifu: R x R? — C satisfies |[ul[ e < 1, then

(U 2
1O =1 |y mey S [l [72 ey (1 + [Ju(t)]|7)-

Proof. As u satisfies the hypotheses of Proposition [2.2.2.1] we know that

e47r\u(t,m)\2 -1 Ip < )
T u(t .

Thus, we see that

Tlul(t,r 2
/R2 DT — 1 de S [Ju()| |2 ey (1 + u(®)]]25)® < u(®)[Zz @) (1 + [Ju®)]]7e),

as desired. ]
26



Although the proof of Lemma [2.3.1] is elementary, it further illustrates our point that

the nonlinearity is well controlled at times when ||u(t)||r is small. The next lemma will

demonstrate how to handle those times when ||u(t)||ze is large.

Lemma 2.3.2 (An LYL° estimate). Let o > 0 and suppose u : R x R? — C is such that

lull ey <1 and  |Ju()|[f3@2) = M

for everyt € R. Then for all 1 < p < co with

1
2 —
el < o

there exists some constant K = K(M,a,p) > 0 so that

4

2 a
Bk g ez Sllull 7y s

le

where I = {t € R : ||[u(t)|| oo (m2) > K}.

(2.3.1)

Proof. We begin by defining a few relevant parameters, which will help us in interpolating

later in the proof and avoiding an unnecessary discussion of the dependence of some constants

on others.

We first choose 0 < p < 1 sufficiently small so that

1 2
o > ||u|‘Lg°H;-

We then choose an increasing continuous function f : (2,00) — (1, 00) so that

M fr) =1, lim f(r) =00, and
r—2 4 1 1 <1
sup —— - — - , '
re@200) 2r  po f(7) ||UH%50H&
Now, for 2 < r < oo, define
)\(T) = fél(:r) 7’2—7"2 and
_ 1 4 _r2.4 1 1
0(r) = - O 2 50 10 Ty

(2.3.2)

(2.3.3)

(2.3.4)

(2.3.5)

(2.3.6)



By (2.3.4), we know A(r) > £ and 0 < 6(r) < 1 uniformly in (2, c0).

Consider the continuous function ¢ : (2,00) — R given by

1 1 1 1
lim — - — ———— —1>0 and
r—=2t po f(r) H“HLooHl paHuHL‘X’Hl

1 1 1

rocopa f(r) lullZesp

Since % > 0 for r > 2, it follows by the intermediate value theorem that there exists some

ro € (2,00) so that ¢(rg) = 0. For this value of ry, we have that

9(7“0) - 0(7"0) 1— 9(7"0) 1 . 9(7"0) 1— 9(7"0)

By interpolation we deduce that

4 1-60
[ p— [l gy (2.3.7)
t x

Now, let
K =2(1+ M)Cyqy) and I'={teR:||ult)||rem) > K},
where Cl(,,) is the constant appearing in . Notice that if t € I we have
CrollullEzony < Caiy (14 M) < H[u(0)l |z < %2 [u(®) 2o,

from which it follows that

CT0||U’< >||H;’T0

C)\ ro) <
T 2l

Thus

(8/:“)1_%07“0 | |u(t) | |H;’T0

||U||L;;°H;

CA(TO) + SM,/L Hu(t)HH;Wo (238)
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With our parameters now well understood, the proof is rather straightforward. By Propo-

stion 2223, @33). and @39,

expldmal[u(t)||Le @2)] < exp

< exp

Sz [Ju(®)]]

Ama(ro)||ul|

1,
Hy"O

= [Ju®)Il;5% -

-
Hy"O

Note that the second inequality follows from the fact that if @ > 1 and b > 0 then

function

AmA(ro)o [u(t)[| 7y log

A\ (ro)a [u]}e gy Lo

2
oo gyl
LP°Hy,

z — 2*log(a + )

Caro) +

Cxro) +

1—2
(8/1)" o epllu®)ll o
()]

1—2
(8/p)" o epllu®)ll o

|\U||L§°H;

the

is an increasing function when x > 0. Integrating in time we obtain

[l exp(dmalul®)||1pre @exrzy Sarp |lull

as desired.

We divide the proof of Theorem [2.1.

Proposition. Let u: R x R? — C satisfy

a2y <1

and

_4
po(rq)
4

o) 0
t Hy’

[lu(®)][23 g2y = M,

for everyt € R. If s >4 and 1 < p,q < oo are such that

then

|||u|se47r|u|2

/

4q

> 1,

4
| |Lng(R><R2)§M,q7P| |U| |Z?H;’4(R><R2) .

4
M,p HUHZLH;A

into two propositions.

(2.3.9)

(2.3.10)

(2.3.11)

If ||u||L?oH1 < 1, then we may replace condition (2.3.10]) with the condition

~

=R

> 1.

29
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Proof. Let K > 1 be a large parameter whose value will be chosen later, and define

If t & I, then since s > 4 we have that
[u(t, )™M S fu(t, 2] (2.3.13)

By Holder and Sobolev Embedding it follows that

4

[l (®)l]ze < ||u(t)||§;1||u(t)||gg° S Mlul? )||L4IIU( )|IH14~

As [[u(@®)]|rs < [[u(t)]| 24 and ¢ > p we see that

4 7 = -2 7 = 4
| zallu@®] 10 < a7 llu@I 53 e e = [lu@za a5
Integrating in time, we obtain that
. 4 4 4

1 Oy ey S lullfepa 1l Fagra Sane [l 7y pra- (2.3.14)

In light of (2.3.13)), we deduce that
s dm|ul? 5
[[|ule |2 Lo (®\ 1) xR2) SM. K Hquf}H;A' (2.3.15)

provided that ¢’ > p.

We now turn to estimating v on Ik in the case that ¢ < co. Let a € (0,1) be close to 1.

In light of Proposition [2.2.2.1| we have that for each ¢t € [k that

s _dm|u(t)|? s Amalu(t.z)?
() e 'qu_/ () AT g

_ 64 m(g— a)”“(t)HLm(RQ) ‘u(t"r)|sqe4wa\u(t,x)|2 dx
R2

S 64 w(q— Ol)Hu(t)HLOO(RZ)Hu( )’ iqsq(RQ)'

Taking ¢'* roots, we arrive at

g—« 2
< AT o

sl IF% (Ix xR2)

[lull3

|[[ul’e L39(R2)
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Integrating in time and interpolating we deduce that

2 A 4= |2
[[|ul’e Al HLng(IKxR2) S HuHstoLfcq(IKXRQ)He T HLngO(IKxR?)
qg—a 2
78 || T
If q > HuHLle, then
. 1 q
alg?_ p% = E > HUHLC’OH1 (RxR2)?

and so we may apply Lemma to obtain that for K sufficiently large,

4
s _4m|ul? P
[ ]2 ¥ L2 La (1 xr2) Sha s HUHZ?H;A(RX]RQ). (2.3.16)
Combining (2.3.15)) and (2.3.16|) we deduce that
S 71'u2
e s Sl 1 s
when £ S > and % L fu(t )||LOOH1, as desired.

We now need to estimate u on [k in the remaining case to consider when ¢’ = p = 1 and

llul| oo 12y < 1. In this case we see that for any ¢ € I that

|| |u(t) |se47r\u(1t)|2 647r|IU(t)||igo

lzeer2y S )]z

< e4ﬂ(1+5)|lu(t)\|igo
~Y )
for every € > 0. As [|lu||zom1 < 1 we may choose ¢ sufficiently small so that [lul[zem < 7.

Applying Lemma with & = 1 + ¢ we may find a K > 0 so that

2
e ™ e reme S Ml g

as desired.

A few remarks on the previous theorem are in order.

Remark 2.3.1. The condition that

is equivalent to condition that



Remark 2.3.2. Let us pause to illustrate a slightly different technique in estimating the

purely exponential nonlinearity

2
| ’647%‘ — 1 |LfLZ(IK xR2)-

Rather than employ Proposition [2.2.2.1] we instead estimate using Lemma [2.3.1} Indeed, by

interpolation and Lemma [2.3.1] we see that for any n > 0,

2 2 1 2 L
et — 1])5g < [l — 1], [t — 1)) 7
1
< O(M)(L+ [full2) o ||e*” — 1|7

A (A+n)

< oM™ 7 | .

If % > |[u][3 . 71, we may choose 7 sufficiently small as to guarantee that
t T
1 2
g e

!

q

Applying Lemma [2.3.2) with o = %Z, there exists some K > 0 so that

4

7|ul? D
e — 1] o191 xre) < C(M, Ml faga- (2.3.17)
We observe that Theorem fails at the end-point.
Proposition. If1 < p,q < oo and s > 0 are such that
s Am|ul|? < %
|Hu| € HLfL%(]RXRQ) ~ HUHL;‘HIIA’
for every spacetime function u : R x R? — C satisfying
el gigey <1 and  [Ju(®)][F2@e) = M, (2.3.18)

for every t € R, then
/
L1,
p

Proof. As in [IMMI12], for N > 3 we consider the sequence of functions

2 1 e
t Y 2 —it|P+igw ge
on(t2) log N (27)? /1<|§|<61N 6 .
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Note that vy (t,z) = e*?v ), where

f -2 zfa: d{
V 10g 27T /1<|£<e_1N| )

By conservation of mass and energy it follows that

1
||UN||%5;°L§ = ||UN(O>||%3D < 2Tog N and (2.3.19)

log(N) — 1

2
w5y = 1900l = =5 5

(2.3.20)

On the regions Ty := {(t,z) : t ~eN~? and |z| ~ eN~'}, we may estimate

Re(ux(t,2)) > \/ 75 — e and Juy e 2 N2(log(N))3,

when ¢ > 0 is sufficiently small and N is sufficiently large. But then we see that

11 s
on e ™| o pa > (o] €™ ¥ g gy 2 N7 70) (log N)5.

By the Strichartz inequality, (2.3.19)), and (2.3.20) we obtain that
s 20-1-1) v 5
(log N)zN""2 70" Sap |Jowl|] 4 yra Su [lon (0|7 S 1,

t 1z z
or, equivalently, that }D + % > 1. O
Throughout the perturbative theory, we will need the following estimate. The presence
of the Morawetz norm L{L% in the statement means that we cannot solely rely on the
Moser—Trudinger—Strichartz inequality, since this will only produce an estimate involving

the L{H!* norm. The difference will be a superficial one as we merely repeat the proof of

Moser—Trudinger—Strichartz with a timely Hoélder’s inequality.

Corollary 2.3.3 ([IMM12]). For each H € (0,1) there exists § = §(H) € (0,1/3) so that
for any strong solution u of (2.1.2]) on I x R? with Hy(u) < H we have

[F(w)| vy S C(H, M)||uHL4L8(I><R2)||u|‘i?H;v4(]XR2)7
where M = [|u(0)]34
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Proof. Let 0 < 6 < 3, K > 1, and, as before, I = {t : ||u(t)||r= > K}

We note that
IVI* By ()| S [IV[Ful - [uf? - [ul?e*™F,

for k € {0, 1}.
We first estimate the nonlinearity when ¢ & I. In this case, we have that

IVI*Ea(u(t, )| Sxc IV[Fu(t, 2)|[u(t, 2)|".

So on the set (R \ Ix) x R? we have

k k 2 2
[ Ol - 1 e e e

< k 2
Sk llIv “”L%L%”“"Lfﬁ

t L

1
||U4H2 1 1 -
HLW

By interpolation,

11Vl o SVl 2 11V ul s S Tl s (2.3.21)
We have seen from in Proposition that, since (1 —9) + (1 — 20)
18 o S (20 =l
By the Gagliardo-Nirenberg interpolation inequality, we know that
lu@l, 4 S lIVult Iz Nul)|IZ:
So, integrating in time, we see that
lull 2,45 IV ul 527 1ul T s - (2.3.22)

t

Putting this together, we see that on (R \ Ix) x R? that

1IVI*Fa(u)]] s 1% S Nl psllull 7 s,
e

as desired.
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We now turn to estimate the nonlinearity when t € Ix. By (2.3.17) in Remark [2.3.2} for

each 1 < p,q < oo with % > |[u]| e 2 we may find a K > 0 so that

4

2
dmlul® 1HLfL?c(IKXR2) 5 Hu”z;lH;A-

le

So by Holder we find that on the spacetime region I x R?

k k 2 dmlul?
1[V] Fg(u)HLﬂLj S IV u|| ”“”Lt%é”e 1

| 2 2 .
Ltl—S L£—23

As

lim —( 1 225)/

tim L = 1> ],

for sufficiently small 6 > 0 we know that

Amful® _
e ]z Sl

Estimating the other terms similarly, as in (2.3.22)) and (2.3.21]), and putting everything

together, we see that

NIVIER@I| 2y a0 S CH, M)||ullZ s ull;

e 41714,
Lt1+26L =3 LiHy

1
x

as desired. O

2.3.2 Local Moser—Trudinger—Strichartz

Employing similar techniques and using Holder’s inequality in time, we may derive a local-
in-time Moser—Trudinger—Strichartz inequality. As in the global case, an estimate on the
L L! norm will follow from the Moser—Trudinger inequality, an estimate on the L} LS norm
will follow from the Brézis—Wainger—Gallouét inequality, and a general spacetime estimate
will follow from interpolating in-between. We give the statement in the energy-subcritical
setting where it is of most use. As a corollary, we will derive dual Strichartz estimates on

the nonlinearity which will streamline the well-posedness theory in the next section.
For the sake of exposition, we introduce the following function space: on a slab I x R2,

we define X (1) to be the closure of test functions under the norm

lullxay = Ml o gt xmey + [l e -
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In the special case I = [—T,T| we simply write Xo = X ([-T,T1).
Lemma 2.3.4. Suppose u € L HI([-T,T] x R?) satisfies
Ml SA<T  and |l = M.

If B € (0,1] and 1 < p < oo satisfy

1
A% < —,

pB

then there exists
0 <v=9(4,M,p,B) < min{4f, 2}

and g9 = eo(A, M, 3,p) > 0 so that

a ul? 4B i
14T 1) o e ey Sanps T (T + [lull s gr10)7 (2.3.23)

for all 0 < e < gg. Moreover, if pf <1, then 0 <y =~(A, M,5) <4 and g9 = o(A, M).

Proof. We begin our proof, as we did in Lemma [2.3.2] by choosing some parameters first.
Choose 1 > p = pu(A, M,3,p) > 0, eg = eo(A, M, B,p) >0, and o = (A, M, 3,p) > 1 so
that

a1+ 9)*(A* + pM) < min{1, 5}, (2.3.24)

Let 0 < € < g9. By Proposition [2.2.2.2] we know that for some C, > 1 that

2 2 ca(8/m) 2 [lu(®)l] 1.4
exp(dm(1+ &) Bllu(t)|lze) < exp | 4aB(1 +&)l[u(t)][y log | Ca + -

RO
We recall that for a > 1 and b > 0 the function
x> 2°log(a + 2)

is increasing for x > 0. Since ||u(?)||m < \/A* + pM, it follows that

[t 1.

\ A2+uM

Let v := 4af(1 +¢)(A% + uM). By (2.3.24) we know that 0 < v < min{4,4/p} and, in
particular, that py < 4.

40B(1+e)(AZ+uM)
> (2.3.25)

exp(dm(1 + &)/l e ) Sa (1 ¥
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Integrating in time, by Holder’s inequality we see that

I\U(t)ll 1.4

2
H 4 (1+€)B|u| HLPLOOSAMaaﬂHl HLP’Y
4 H 4
S_,A,M,oz,uT P || 1 ||
< 4—py 1 ot
NA,M,a,uT 4p <T4 + HU’HL‘*TH;A) )
as desired. -

Combining Lemma [2.3.4] with Proposition [2.2.2.1] we obtain the following corollary by

interpolation.

Theorem 2.3.5 (Local Moser-Trudinger-Strichartz). Suppose u € LHY([-T,T] x R?)
satisfies

|l ey <A< 1 and HU/H%%OL%(R2) =M.

If1<p<ooandl <q< oo satisfy

/
T 42
b

then there exists 0 < v = v(A, M,p,q) < min{f, %} and g9 = €o(A, M,p,q) > 0 so that

4 (1+¢)|ul?

2 d-py , 1
'™ — Ulpprg S llullfee s T (T3 + [[ul] g y14)7 (2.3.26)

for every 0 < e < g9. Moreover, if% > 1, then 0 <y =~(A,M,q) < ? and g9 = o(A, M).

Proof. Taking 8 = & in Lemma [2.3.4] we obtain an g9 = ¢g(A, M) > 0and a0 < v < %
so that (2.3.23) holds for all 0 < ¢ < gy and p € [1,¢]. By interpolation and Proposition
2.2.21] we see that

et OF 1|4 < [|etmleOF 1||L ||t 1|\Lm
< Jult >HL e O 1|
Integrating in time we see by Lemma that
2
e — 1110 S ||u||LwL2||eq/'“' — 1|2 Lee

4—py 1
Saum HUHZ?OL%T v (T% + HUHL%H;AW,
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as desired.

Corollary 2.3.6. Suppose uy,us € LHL([-T,T] x R?) satisfy
ill oy <A<T and  [Ju|[Lg 2y = M.
for each i € {1,2}, then there is some 0 < v = v(A, M) < 3 so that

R L |
1 Fi(ur) = Fiua)llpapz Samr llun — w2l D |3, T+ (T7 + fugllx,)
j=1,2

Proof. Our pointwise estimates (2.2.5) and (2.2.6)) imply that for any € > 0 that

13 (1) = Fi(ug)||paze S [ —ug) Y O ),
j=1,2

12
S [lur — ua|pa s Z |etmrolul® _ 1HL%L4'
T

j=1,2 z
Applying Theorem with ¢’ = p = § we obtain an gg=go(A, M) > 0 and a 0 < y < 3 s0
that (2.3.26]) holds for all 0 < € < gy. This grants us that

1F(w) = Fi)llg e S o — wlligrs S Nl o 7 0% + gl )
j=1,2
as desired. ]
Corollary 2.3.7. Suppose uy,uy € L°HX([-T,T] x R?) satisfy
lullyomy SA<1 and il e = M

for each i € {1,2}. Then there is some 0 < v =~y(A, M) <3 and 6 = 6(A) > 0 so that

3
[1Fo(wn) = Fi(uz)ll g iy Sa T llwr = wallxp Y (llugllxe + g1,

j=1,2

8 5 St Y

+ T Jur = ol ) (sl + gl )T+ gl )
j=1,2

Proof. Write

VFi(u1) = VF(u2) = [(0.F) (u2)|(Vur — Vug) + Vui[(9. Fi)(u1) — (0. F;)(uz)]

+ [(0:F3) (u2)|[(Vur — Vug) + Vu [(9:F) (ur) — (9:F;) (uz)
=)+ UD)+(III)+ (IV).
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We first bound (1) + (I11). Towards this end, note that by Holder and our pointwise
bound ([2.2.10) we obtain that

1)+ (D) gz S IV = Vualligas (1@ FD w3, + 1 0:F) )l g ,)

2
S IVur = Vual|pa pa || [ua|(fuz| + (e At ))HL3L4

2
SV = Vol ra(llual?y |+ Jlua(et=0 — Dl

T xT

< 1Vur = Vol (T ol g + [ (74P 1>||L%L4>.
T

x

To control the spacetime norm involving the exponential term, we argue as follows: for
each & > 0 we have by Holder’s inequality that

dm(14e)uz® _
(et )

T

< Ml 1H€4“+€)‘“2'2 Ul 4 s

4 .
3714
L3L=%

Choose 0 = 0(A) small enough to guarantee that

4
A2 < (=) _ 3
= 3445

4
3

Applying Theorem with p = 2 and q = _LM we obtain an gy = €9(A) > 0 and a

0 < v < 3 so that (2.3.26) holds for all 0 < € < g¢. This grants us that

4m 1+s)\u2|2 1|| <

[Je*™ RS

e T R |
aat il 2 T (T Yl g o).
Putting these together and employing Sobolev Embedding ([2.2.11)) we see that
w2 550 3l !
(D) + (T py e Samr [lur = uaflx, | T# |uallx, + [luallx T75 (T% + [luz||x,

We now bound (I1)+ (V). Towards this end, we note again that by Holder and applying
our pointwise bound ([2.2.10) with z; = 0 we obtain that

T |2
D) + UV gz S IVl palllun = usl Y (70— 14 Jug )]

L3L}
j=12 e

2
SIVullzgzs Y Nl —uallulll g, F [l = wal(e el — DIl
7j=1,2
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The first term is straightforward to bound, by Holder and Sobolev Embedding we obtain
that

3 3
< Tl|ur — ual|psorsl|uglpeers < T l|ur — gl xqp w7

||| —U2||Uj|||L§L% =

We deal with the exponential term exactly as we did before with the same choice of § = §(A)

to obtain that

| (O _ (1) s _
un = o (T =DM g ) S lloa = o] [l 1|!L§L£f445

e e |
Saor s — ol gl sl [, 22T (T3 4 [l g o).
Putting these together we see that

3 3—y 148 1
NI+ IV rarz Sanr e lur = uallx, Y Tllugllx, +T 7 [fugl[x2 (T5+ ||uyl]x,.),
j=1,2

which yields the conclusion the theorem. O]

2.4 Well-Posedness Revisited

In this section we revisit the well-posedness theory for (2.1.1)) and (2.1.2)) first proved in

[CIMQ9] using the techniques developed in the previous section. We prove

Theorem 2.4.1 ([CIM09]). Suppose ug € Hy(R?) and ||uo||z < 1. Then there exists T > 0
and a strong solution to (2.1.1) and ([2.1.2)) in C([-T,T], H:(R?)).

Proof. We give a proof by contraction mapping. For T' > 0 let
Xp = C([=T,T], H;(R*) N Li([-T., T}, H;(R?))
and note that (X7, || - ||x,) is a Banach space. Thus, for T, > 0
B(T,e) = {u € Xp: ||Ju—e™ug||x, < e}

is a complete metric space. For what follows, we assume that 0 < & < 1 — |[Vug||2. For
u € B(T,¢) define
¢
®;(u) = ey — 1/ IR (u(s)) ds.
0
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It suffices to prove that ®; is a self-map and has a fixed point.

We first prove that ®; is a self-map. To this end, we first note that since the H} is a

conserved quantity for the free Schrodinger equation it follows that

itA itA

ull poe gy < Nl o] e s + [l = € uo]| oo gy < [luol |y +2 <1
for any w € B(T,¢). Similarly, if u € B(T,¢) then
[lullx, <&+ Csrluolmy,

where Cgr is the constant appearing in the Strichartz inequality. Thus, by virtue of the

Strichartz Inequality and Corollaries [2.3.6] and [2.3.7] there exist 0 < v < 3 and § > 0 so that

®;(u) — ™ < ||F < 77 (||u|? 5 =5 o y
[19;(w) — e ugllxy S NE ST (lullie, + lullx® + ullx2 )T+ Jullx,)

3
+Ta([ullx, + ullk,)-

< Olfuol ) (TH +T°5).
Thus, provided T'= T'(e) > 0 is sufficiently small we obtain that
1@ () — e"Pugl|x, <,

and so we obtain that ®; is a self-map.

We now turn to proving that ®; is a contraction. Again, from Corollaries [2.3.6| and [2.3.7

we obtain that if u;,us € X(T') then

195 (ur) — @;(ua)llxr S [[F5(ur) = Fj(u2)llrym

, .
S Mlur = sl |, C (o [ar2) (T5 +T777).
Thus, we may find T'= T'(¢) > 0 so that
1
[ (ur) — Fj(uz)|l 1 < §||U1 — Us||xp

Thus, for T" = T(||ug||m1) > 0 sufficiently small we deduce that ®; is a contraction, as

desired. O
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Remark 2.4.1. The observant reader will note that the above proof proves uniqueness
only in the space Xp, and not in the larger space C([—T,T], H:(R?)). Uniqueness in
C([-T,T], H}(R?)) is a consequence of the techniques of the previous section, but relies

heavily on the convexity of the exponential. For details, see [CIM09).

For completeness and the sake of exposition, we include a proof of global well-posedness.
As we will see, the local theory guarantees us that we may continue a strong solution on
[0,7") past time T provided the kinetic energy does not concentrate. Our strategy, then,
is to quantify the speed at which the kinetic energy can concentrate. This is essentially a

localization result due to Bourgain [Bou98] (see also Lemma 6.2 in [Nak99]).

Lemma 2.4.2. Let u be a non-trivial solution of (2.1.1) or (2.1.2) on [0,T) with 0 < T < oo,
with ||u(t)||z2 = M for allt € [0,T). If u solves (2.1.1)), then there exists a positive constant
C =C(M) so that

a5 < CON(H ) = |[Vu(t) ). (24.1)

for every 0 < t < T. If u instead solves (2.1.2), then there exists a positive constant
C =C(M) so that

5t < CON(Halu) = |[Vu(1) ). (24.2)
for every 0 <t <T.
Proof. Find R > 1 so that

/{ o 0@ 42 Fluol o (2.4.3)

Let ¢ : R — [0, 1] be a smooth function satisfying ¢(z) = 1 for x < 0 and ¢(x) = 0 for

z > 1. Define
L dist(xz,B(R))
§(z) == ¢ <T> )

where dist(z, B(R)) = max{|z| — R, 0} is the distance from z to the ball {|z| < R}.
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We note that £(z) = 1 when |z| < R, that £(z) = 0 when |z| > R + R', and that
|VE||ree S 1/R'. This implies that

/ ut, 2)? d > / E@Plult, o) dz,  and
{|z|<R+R'} R?

uo(z)]? de < )| |ug(x)|? dz.
[ ol do < [ e )

By taking their difference and employing the fundamental theorem of calculus and Fubini-

Tonelli, we see that

u(t, z)|* do — uo(z)*dx > o) |2 (Ju(t, z)]* — |uo(x)|?) do
[ e dr= [ P> [ a0 o)

_ ! 2 2

= [ [ e@routs.a)p s

— [ [ e@Pouts. o) dsas
0 R2

Since u satisfies (2.1.1)) or (2.1.2)), it follows that

[ JewPauts o)) = 4t | €0)9() - Tuts )i, =) do] < GO

Here we used the fact that ||Vu(t)||7. < 1. We deduce that

/ u(t, z)|? dz — / Jug () [Pdx > —<RDE, (2.4.4)
{lz|<R+R'} {l=|<R}

dmx?

By expanding e into its power series, we see that

8m2lu(t, z)| < eI _aniu(t,2)* =1,  and (2.4.5)

221, ) < O amfu(t, @) — 872ut, @) — 1. (24.6)

This implies that

IN

lu(®)l2s < 5 (Hi(u(t)) = [[Vu(t)l|7z),  and (2.4.7)

lu(®)]l7g < gz (Ha(u(t) — [[Vu(®)][7;)- (2.4.8)

If u satisfies (2.1.1]), then by (2.4.3), (2.4.4) and (2.4.7) it follows from Cauchy-Schwarz
that

1
M GOt < (n(R+ R')?)3|Ju(t)|[2

S (R+ R)(Hy(u(t) = || Vu(t)][7)*.

~
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Choosing R’ = mt, we see from the conservation of energy that
& M

a7 S Hi(uo) — [[Vu(t)] |72

Similarly, if u satisfies (2.1.2)), then by (2.4.3)), (2.4.4)) and ([2.4.8) we have that

M CODE < (n(R+ R)?)s|[u(t)|? < (R+ R)3

& (Ha(u(?)) — |[Vu(t)|[?)5.

: : _40(M)
Again, choosing R’ = =57t we see that

ﬁ S Ha(ug) — ||Vu(t)]|%%

]

Theorem 2.4.3 ([CIMQ9]). If ug € H] then there exists a unique C'(R, H}(R?)) solution to
(2.1.1) and (2.1.2) provided Hy(up) < 1 and Hs(ug) < 1, respectively.

Proof. We only consider positive times, as the following argument can be repeated for neg-
ative times with no change. Suppose that u is a strong solution to (2.1.1)) on some maximal
interval [0, 7*) with T* < co. Suppose t, is a sequence of times with ¢, ~ T*. Passing to
a subsequence, we may assume that |[Vu(t,)||r2@2) = L < H;(uo). If u solves (2.1.1)), then
by Lemma we know that

7 < C(M)(Hi(uo) — [|Vu(ta)|[72).

(tn)?
We see then that

n—o0 x

The local theory guarantees the existence of a local solution with initial data wu(t,) with a
lifetime at least 7 = 7(L) > 0. But then for n satisfying 7% —¢,, < 7 we may continue u past

T*, producing a contradiction. A similar argument reaches the same conclusion if u instead

solves (2.1.2)). O
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2.5 Perturbation Theory

2.5.1 Stability Theory

In this section we derive the perturbation theory essential to the proof of Theorem [2.1.6]
In the energy-subcritical setting, we will see that we may treat (2.1.2)) as a perturbation of
the mass-critical NLS. To do so, we must first understand how approximate solutions to the

mass-critical NLS behave.

Lemma 2.5.1 (Short-Time Mass-Critical Perturbations). Let I be a compact interval and

let v be an approximate solution to in the sense that
(10, + A)o = |9*0 + e
for some spacetime function e. Assume that
|[0]] oo (1 xm2) < M (2.5.1)
for some positive constant M. Let ty € I and let v(ty) be close to O(ty) in the sense that
|[v(to) — 0(to)| |y < M, (2.5.2)

for some M' > 0. Assume also the smallness conditions

19]] pagr2s < e, (2.5.3)
1'% (w(to) = 0(to))|[ papgra <&, and (2.5.4)
|lel|vxrey < € (2.5.5)

for some 0 < e < &g, where g = go(M, M') > 0 is a small constant. Then, there ezists a

solution v to (2.1.13)) on I x R? with initial data v(to) at time t = to satisfying

o =0 papra Se, (2.5.6)

v — 0l|s(rxmzy S M, (2.5.7)

l[v]ls(rxr2y S M + M, and (2.5.8)

|[(i0; + A) (v — D) + e||n(xre) S € (2.5.9)
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Remark 2.5.1. Note that by Strichartz, hypothesis (2.5.4) is redundant if M" = O(e).

Proof. By time symmetry we may, and do, assume that to = inf /. Let z := v — 0. Then z

satisfies
(10, + A)z = [0+ 2|*(0 + 2) — [0]*0 — e

Z(to) = ’U(to) - ﬁ(to)
For t € I define

S(t) = ||(u9t —+ A)Z —+ €||N([t0,t]><R2) = |||1~) + Z|2(7§ -+ Z) — |77|27~)||N([t0,t]><R2)-

€ W1l use € pointwise estimates L. an 4. O estimate (§ an norms
We will the pointwi timates (2.2.3) and (2.2.4) to estimate the N° and N!

respectively. Indeed, with g(z) = z|z|?, we have

19(0 + 2) = g(@)| < l2l(l2* + [3]%)

V(0 + 2) = Vg(@)| < [0 [Vz] + [2[*|V0] + [2[*| V2] + [V 2][0].

Since (%, %) is a dual Strichartz pair, we know for any three spacetime functions f(t,z),

fo(t, ), and f3(t,x) that

([fifafsllvo SN fifafall o o S Aulloezall follLaal [ f3llLars- (2.5.10)

LPL3
Repeated applications of (2.5.10) implies, by (2.5.3)), that

S(t) S ellzagrs + 2l agnallvll pagrs + 110170 sl g e (2.5.11)

1121 s + 31l g+ ollel g (25.12)
On the other hand by Strichartz, (2.5.4), and (2.5.5)), we have
HZHLQLH;A S Hei(t_tO)AZ@O)HLf}H;A + S(t) + H@‘ ‘N([t07t]XR2) ,S S(t) +éE. (2513)

So we have that

S(t) S (S(t) + ) +e2(S(t) +e)* +eo(S(t) +¢).

A continuity argument shows then that if ¢ is taken suffiiently small, then

S(t) <eforanytel.
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This implies (2.5.9). Using (2.5.9) and (2.5.13)), one easily derives (2.5.6). Moreover, by
Strichartz, (2.5.2), (2.5.5), and (2.5.9),

2l srxrey S 12(t0) a2 + (130 + A)z + el nxre) + |lel| (o xr2) S M’ + €

which proves (2.5.7). To prove (2.5.8)), we use Strichartz, (2.5.1), (2.5.2), (2.5.3), (2.5.5)),
and ([2.5.9) we have

vlls S No(to)|lm + [[(i0: + A)v||v
S o)y =+ [lv(te) — 0(to)l|az + 1120 + A)(v — ) +el|w + [[(i0: + A)0[|v + [le]|w
SM+ M +e+||(i0, + A)ﬂHLﬁLE
SM A+ M +[0][Fap
SM+M +¢

<M+ M.
O

The following proposition is an expected consequence of the previous lemma. See, for

example, Lemma 3.6 in [TVZ07] or Theorem 3.7 in [KV13].

Proposition. Let I be a compact interval and let v be an approximate solution in the sense
that
(10 + A)o = |3*0 + e
for some function e. Let €y be as in the previous lemma. Assume that
14 < L, (2.5.15)

[EI

for some positive constant M and L. Let ty € I and let v(ty) be close to O(ty) in the sense

that

|[o(to) — B(to) || <e, (2.5.16)
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for some g9 > € > 0. Assume also the smallness condition
|lel|nrxre) < e, (2.5.17)

for some 0 < € < g1 where ey = e1(M,L) > 0 is a small constant. Then, there erists a

solution v to ([2.1.13)) on I x R? with initial data v(ty) at time t = to satisfiying

| = 0||srxrey < C(M, L)e. (2.5.18)

2.5.2 Proof of Theorem 2.1.6]

In this section, we upgrade the a priori L}L8 bound granted by Morawetz to derive global
spacetime bounds that imply scattering for (2.1.1)) in the energy-subcritical case. As in
[TVZQT], our approach is perturbative. We split the nonlinear term in ([2.1.1])

iug + Au = 4m|ul?u + Fy(u)
u(0,7) = uy € H:(R?)

and view (2.1.1)) as a perturbation to the mass-critical NLS with F3 as an error term. The
dual Strichartz estimates on F5 derived from Corollary will grant us sufficiently good

bounds to use the stability theory.

Proof of Theorem[2.1.6. Let u be the global solution to (2.1.1)) given by Theorem [2.4.3] By

Lemma [2.2.3| and the conservation of energy and mass, we see that
ullpaze S ullpge i mxrzy < C(H, M).
Let € be a small constant to be chosen later. Split R into J = J(H, M, ¢) subintervals I;,
0<j<J—1so that
HUHLng([j) ~ E.

We'll show that u obeys good Strichartz bounds on each slab I; x R?. Tt follows from
Corollary that

||6| |N(Ij><R2) S C(H, M)€45| |U| |i;‘H;’4(Ij)’ (2519)
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for all 0 < j < J —1. In what follows, we fix an interval [, = [a, b] and prove that u obeys
good Strichartz estimates on the slab I;, x R?. In order to do so, we view the solution u as

a perturbation to a solution to (2.1.13))

(10, + A)v = 4r|v|*v
v(a) = u(a). .
This initial value problem is globally well-posed in H} by Theorem [2.1.4) and the unique

solution enjoys the global spacetime bound
|v]|s < C(H, M).
Thus, we can subdivide R into K = K (M, H,n) subintervals J; so that

HUHL?H;A(J,C) ~ 1, (2.5.20)

on each Ji, where n > 0 is a small constant to be chosen later. Without loss of generality,
we assume that

[a,0) = UK SV to = a,tir = b

The nonlinear evolution v being small on .J; xR? implies that the linear evolution et %y (t;)

is small as well. By Strichartz, we have that

1= 20 gz < N0llgms + Corlllol*ol] 4 4 + Csrl[VIoPvll 4 4
t x t v

< vl gagra + Csrllollzapallvllsrs + Csrlloll7ars

<n+2Csrn’,
where Cg7 is the constant appearing in the Strichartz inequality. If n < (4Cs7)~/2, then

1€ 20 ()| g gy < 20- (2.5.21)

Our goal is to apply the our mass-critical stability theory to compare u and v on the
slab [to,t;] x R% To do so, we must verify that v and v satisfy the hypotheses of Lemma
2.5.1L Once we do, this will guarantee that u and v remain close at time t;. We will use this

closeness to verify the hypotheses of Proposition for 4 and v on the slab [t;, ;] x R?
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to show that they continue to remain close on the entirety of the slab. We continue in this
fashion iteratively, recycling the closeness on one slab to verify the hypotheses of Proposition

for v and v on the next, to show that u and v remain close on all of I;, x R

To establish the base case, recall that u(tg) = v(to). So, by Strichartz, (2.5.21)), and
(2.5.19)) we know that

t tQ)A

el gt g gy < 1172 uto) ] a2 oy + Cos el [ ito.ta)) + Crl | Fo(w)[vito.ta)

< 21+ Csrllull; + C(H, M)e®[[u]|7

LEH P ([to,t1]) LEH* ([to,t1])

which, by a continuity argument, yields that
full s < 4 (2.5.22)

provided that n and € = e(H, M) are sufficiently small. To apply our stability lemma, we
need to check that the error term Fy(u) is small in N(Jy x R?). But this is straightforward

since, by Corollary [2.3.3],

1E2 ) [y < CCHL M) ful? < CO(H, M. (2.5.23)

LAHZ* (JoxR2) =

Choosing ¢ sufficiently small depending only on H and M, we have that
llu = vl]s(pxrzy < €%

By Strichartz, this implies that

[u(ty) — v(t)||lm < %, (2.5.24)

[ (uty) = v(t))l| e S ¥ (2.5.25)

Now we’ll use (2.5.24) and (2.5.25) to estimate u on the slab J; x R2. Splitting the linear
evolution, we see by Strichartz, (2.5.19), (2.5.21)), and (2.5.25)) that

el gy < N 20t | agnac,y + 192 @ltn) = vt g
+CSTHUH§/§H14 +C(H,M)e 45|]uHL4H14(J)
< 277 + CSTE% + CSTHUHL%H; 4 + C<H M) 46HUHL4H14 (J1)
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A standard continuity argument then yields that ||ul| piatacy) < 4n provided 7 and

e = ¢e(H, M) are chosen sufficiently small.

This implies that
[ Fo(w) || Ny xr2y < C(H, M)n?e®.

Choosing ¢ sufficiently small depending only on H and M, we can apply the stability lemma

to derive that
[l = 0l |5 xr2) < €.

By induction, if we take ¢ = e(H, M) smaller at each step, we obtain that

k—
| — v||s(xmey < €72 (2.5.26)

Adding these bounds over all intervals J; which meet [;, we deduce that

K'—1 K'—1
D llstiy tyaimn) S Nollse e + Y lu—=llsxen < C(H, M). (2.5.27)
j=0 k=0

Thus, we find that (2.5.27) holds with K’ in place of k. Since I;, was arbitrarily chosen,
we may some over the finitely many J intervals to see that ||u||gmxre) < JO(H, M) < o0,

which completes the proof. O

2.5.3 Finite global Strichartz norms imply scattering

We show that finite global Strichartz norms imply scattering. We will only present the
construction of the scattering states, and demonstrate that their linear flow asymptotically
approximates our solution. In fact, we will only construct scattering states in the positive
time direction, since identical arguments can be used in the negative time direction. Standard

techniques can be used to construct wave operators, see [Caz03].

Suppose ug € H}! with H(ug) = H < 1 and that u(t) is a global solution to (2.1.1]). Then,
by Theorem we know that

full 20 < C(H, M),
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For 0 <t < oo define
t
uy(t) = ug — z/ e SAF (u(s)) ds.
0

By the Strichartz inequality, we see that

sy S Huollmy + 1E ()|n) < ol + A lul*ull 4 o + 1Bl 4 4
L3 H, L H,
By Corollary [2.3.3] there exists 0 < § = 6(H) < & so that
||4WIU|2U||L§Hi,g Slulljagps <00 and  [[Fa(u)lly S lullfhpslullfs e < oo

Thus u,(t) € H} for all t € R. A similar argument shows that u,(t) converges in H} as

t — o0o. Define
Uy = Ug — z/ e Ay (u(s)) ds.
0
With uy so defined, we see that
le"Suy —u(t)llm < II/ e Fy(u(s)) ds||m
t
s
5 ||u||i?H;’4([t,oo]><R2) + Hu||1§L§([t,oo]><R2)||u’|i§H;v4([t7m}xR2)

which tends to 0 as t — oo.
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CHAPTER 3

The 3D Schrodinger Operator with inverse-square

potential.

3.1 Introduction

In this chapter, we will consider harmonic analysis questions concerning the unitary group

e~"H for the Schrodinger operator with inverse-square potential

H:=—-A-— ﬁ (3.1.1)
where A is the Laplacian in R3.
The operator H in belongs to a family of operators
H, — A a<1i (3.1.2)
2|2 1

of interest in quantum mechanics (see [Casb0], [KSWT5]). Since the potential term is ho-
mogenous of order —2, the potential and Laplacian scale exactly the same. For this reason,

this makes the study of the associated PDEs

(i — Hy)u =0, (t,z) € R x R,

| (3.1.3)
u(0, ) = up(x) € Hy(R?)
(i0 — Hy)u = [ulPu, (t,7) € R xR, (3.1.4)

u(0, ) = ug(x) € HL(R?)
of particular mathematical interest. Indeed, since the potential and Laplacian are of equal
strength at every scale, analysis of (3.1.3)) is immune to standard perturbative methods.

Thus, Schrédinger equations with inverse square potentials have necessitated a more delicate
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approach. This challenge has been met with a long campaign to understand those properties

enjoyed by H, and the local and global behavior of solutions to (3.1.4]).

The choice of the constant a = i in this paper is critical in another sense. This constant

corresponds to the sharp constant in the Hardy inequality.

Lemma 3.1.1 (Hardy Inequality). If u € Cg°(R3), then

1 [ fu(z)f?
4/ =

dr < / V(@) de. (3.1.5)
Moreover, (3.1.5) fails if the constant ;11 is replaced by any constant a > i.

When a < 1 and u € C§°(R®) we see that

(Hou, u) 2 ms) = /R3 \Vu(z)| de — a/ ‘“‘(jglz dx > 0, (3.1.6)

and so H, is positive semi-definite. When a > 1. all self-adjoint extensions of H, are

4
unbounded below. In this case the spectrum of H, has infinitely many negative eigenvalues

that diverge to —oo ([PSTO03]), making it impossible to obtain global dispersive estimates.

Substantial progress has been made in understanding H, and in both the critical
case a = 1/4 and the subcritical case a < %1. The first wave of progress in the linear problem
came in the form of studying the full range of dispersive and Strichartz estimates for solutions
to (3.1.3). When a < 1, [BPS03], Burq-Planchon-Stalker-Tahvildar-Zadeh demonstrated
local smoothing for solutions to . The nonlinear problem in this critical regime was
advanced in [Suzl6], when Suzuki demonstrated global wellposedness for in R when
a < i and p < 5 for a suitable class of initial data by proving Strichartz estimates for
(3.1.3) avoiding the sharp endpoint (2,6). Recently, in [Miz16], Mizutani recovers the sharp

endpoint in a Lorentz space framework.

In [KMV15b], Killip-Miao-Visan-Zhang-Zheng prove a variety of harmonic analysis tools
for studying H, when a < }L. In particular, they develop a Littlewood-Paley theory for H,,
which allows them to prove in [KMV15al that with p = 5 is globally well-posed when
a < ;11 — % This represents the first progress made in treating the energy critical nonlinearity

|u|*u in the presence of an inverse square potential.
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3.2 Main Results

In this paper, we advocate for the idea that any problem involving the critical inverse square
potential should be decomposed into a system of equations: one for the radial part of the
solution (which is more susceptible to classical ODE techniques), and another for the re-
mainder. Indeed, what is clear from previous advances in [BPS03|, [Miz16], and [BMI6] is
that data in L?© L2, ; enjoy a wealth of useful estimates for H, which in turn yield Strichartz

estimates that are not immediately available in the general case. When restricted to higher

angular momentum, the operator H, enjoys estimates that mirror those of the Laplacian.

To make this discussion more precise, let P : L*(R3) — L2 (R?) be the projection defined
by
PI@) = 15 | felw)dote)
We define P+ = I — P to be the orthogonal projection onto L? := L? & L2 ;, the space of
angular functions. As P and Pt commute with A and —ﬁ, they commute with H. We
will often write
H':=P"H=HP"

when convenient.

The advantage of restricting to functions in L? is due, in part, to an improvement to

Lemma in this setting. For a clear exposition, see [EF00].

Lemma 3.2.1 (Improved Hardy Inequality). If f : R® — C is a Schwartz function, then

9 PJ_ 2

—/ Li? dzx < / |VPLf|? dx. (3.2.1)
R3 R3

4 [

Moreover, (3.2.1)) fails if the constant % is replaced by any constant a > %.

For data in L% this improvement allows one to apply techniques available only in the

at the critical constant a = }1. In this paper, we exploit this

subcritical regime a < %L
improvement to expand upon the harmonic analysis tools developed in [KMV15b]. We seek
out which embeddings enjoyed by A are also enjoyed by H in order to develop a Littlewood-
Paley theory for H. Towards this end, we study the resolvent of H and, in particular, how

it differs from the resolvent of A when projected to angular functions.
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In this paper we improve the resolvent estimate from [Miz16] to prove the following:

Theorem 3.2.2. Let (q,s) € [1,00) x [1,00) satisfy

s< Ty <5 (3.2.2)
If, additionally,
V2>max{2-5,2-%8_2 35} (3.2.3)
then
IPH((H 4+ 1) = (=A 4+ 1)) pame)y—rs vey < 00 (3.2.4)

This estimate allows us to improve the range of Bernstein estimates enjoyed by H-+
that are found in [Miz16]. Indeed, we obtain that Ht obeys many of the useful Bernstein

estimates enjoyed by the Laplacian. More precisely, we prove the following:
Corollary 3.2.3 (Sharp Sobolev Embedding). If f : R® — C is Schwartz, then
1P + 1) Flluses) S 11 fllzzen. (3.25)
Corollary 3.2.4. If f : R3 — C is Schwartz, then
P+ 1) ey S 1) (32.6)
I1PH(H + 1) fllaes) S oy (3.2.7)
Theorem 3.2.5 (Bernstein Estimates). The operator Pre= : L}(R3) — L*>(R?) is bounded.

Remark 3.2.1. The estimates in Theorem [3.2.2] Corollary |3.2.4) and Theorem fail in

the absence of the projection P+.
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3.4 Preliminaries

We begin by fixing some notation. We will write X < Y if there exists a constant C' so that
X < CY. When we wish to stress the dependence of this implicit constant on a parameter
e (say), so that C' = C(e), we write X <. Y. Wewrite X ~Y if X SYand YV S X. If

there exists a small constant ¢ for which X < ¢Y we will write X < Y.

For 1 < r < oo we recall the Lebesgue space L’ (R*), which is the completion of smooth

compactly supported functions f : R® — C under the norm

171l = 1A ey = ( [ 1sr dx)r

When r = oo, we employ the essential supremum norm. Our convention for the Fourier

transform on R3 is
~ 1 .
f&) = 3/ e f(x) da.
©= o L@

The Fourier transform allows us to define the fractional differentiation operators

—

VIEF©) = 16 f(€)  and  (V)*f(€) = (1+|¢)EF ().
The fractional differentiation operators give rise to the (in-)homogenous Sobolev spaces. We

define H'"(R?) and H'"(R?) to be the completion of smooth compactly supported functions

f :R3 — C under the norms
sy = VIl and |[fllar@s) = V) f]Lg-
When r = 2, we simply write H'" = H' and H'" = H".

Let us define the operator H = —A — ﬁ as the Friedrichs extension of the symmetric

and non-negative sesquilinear form

Q(u,v):/VU-W—4|x|2

More explicitly, let @ be the closure of ) with domain D(Q) given by the completion of

uv dx u,v € C°(R?). (3.4.1)

C§°(R?) with respect to the norm (||u||%2(R3) + Q(u,u))2. For each element u in
D(H) ={u € D(Q) : |Q(u,v)| < Cyllv|r2s) for all v € D(Q)},

we define Hu to be the unique element in L2(R?) satisfying Q(u,v) = (Hu,v) for all v €

D(Q)-
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3.5 Combes-Thomas Estimates

In this section we prove a resolvent estimate for H, of which a special case is an essential
stratagem in [MizI16]. To do this, we adopt a technique due to Combes and Thomas (see

[L_73], [His00]) for proving decay estimates for the resolvent.

Lemma 3.5.1 (Combes-Thomas Estimate, [His00]). Suppose A is a self-adjoint operator on
a Hilbert space H and its spectrum, o(A), is positive and satisfies d := dist(c(A),0) > 0. If
B is self-adjoint on H, then A+ 8B is boundedly invertible for all B € R and

I(A+ipB) || <d.

Proof. It uw € H, then

|ul|[[(A +iBB)ul| > Re{u, (A +iBB)u) = Re({u, Au) — iB{u, Bu)) > d||ul|?.

O
To use Lemma [B.5.7] we will need a useful reformulation of Lemma [B.2.1]
Corollary 3.5.2. If f : R* — C is Schwartz and P+ f = f, then
(H+§A)f, f) >0 (3.5.1)
and, likewise,
(H—m)f. ) =0. (3.5.2)
Proof. Suppose f is Schwartz. As P*H = HP*, by we see that
(H~+3A), fyrzmsy = (—Af, frzms) — <ﬁfa Przmsy + GAS, ) rz2ms)
= (V. V) 2ms) — (ﬁf, [)r2m®sy)
> 0.
Similarly, we see that
(H = 2 ) Drawsy = (AF, Naesy = (qap f2 fiz@s) 2 0.
0
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Theorem 3.5.3 (Combes-Thomas Estimates). For p € R, define
1 1
A=1—p? {(HL +1) 2 p(H + 1)2} , and (3.5.3)
1
Bi= —ip(H' +1)°2 {%-V+V-%}(Hl+1)’§. (3.5.4)

||

If |p| < V2, then A+ 4B is invertible.

Proof. First, note that A and B are self-adjoint and o(A4) = o(4) NR*. By Lemma [3.5.1]
A +iB is invertible provided that d = dist(c(A),0) > 0. To determine the range of p for

which d > 0, it behooves us to compute
1 Ly -1
I(H +1) 205 (H™ + 1) 2 | r2@e)—r2ee)-
Towards this end we note that, by (3.5.2]),
(14 HY)2 (14 B2 2] = [af (14 HY)[a| > |2|(1+ Z2)l2) = 2+ |2
It follows, then, that
H(HJ‘ + 1)7§|$|72(HJ‘ + 1>7§||L%(R3)~>L%(R3) < % (355)
By a TT* argument, it follows that

_ _1 _1 _
H|x| 1(HJ_ + 1) 2|‘L§(R3)—>L%(R3) = H(HJ_ + 1) 2|.CE| 1HL%(R3)—>L§(R3) S \/AQ (356)

Consequently,

_1 o,
||(f]L + 1) 2W||L%(R3)—>L§(R3) < . (357)

Sl

Thus, d > 1 — %2 so d > 0 provided |p| < v/2. It follows that A + iB is invertible provided
that |p| < v/2, as desired. O

Corollary 3.5.4 (Weighted Resolvent Estimate). The operator
e (4 D] : L2(RY) > L2(R)

is bounded for all p € (—v/2,V/2).
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Proof. In the notation of Lemma |3.5.3] with A as defined in (3.5.3)) and B as defined in
(3.5.4]), we see that

[ PS4 D] = [e|(HY 4+ 1) {A+iBY (B + 13 a]. (35.8)

By (3.5.6), the operators (H*+1)z |z| and |z|(H*+1)2 are boundedly invertible. By Lemma
3.5.3, A+iB is boundedly invertible provided that p € (—v/2,v/2). Thus, |z|*P(H*+1)|z|'*?
is bounded provided that p € (—\/5, \/5)7 as claimed. O

3.6 Kernel Estimates

In this section we prove kernel estimates for the operator P+(—A + 1)71.
Lemma 3.6.1. Fir y € R® and suppose x € R3. If 2|x| < |y|, then

[P (2P (A +1)718,)| S JaPly| Pen (3.6.1)
If 2|y| < |z|, then

[P (= A+ 1)718,)| S ylla] e, (3.6.2)
Proof. As |z|71*? is radial it commutes with P+ and so

[PE(J] TP (A + 1)1, = |25 [ PH(=A + 1)71)]. (3.6.3)

It suffices, then, to bound

cle—yl  olwlel—yl

PH((=A+1)719,)(x) =

do(w), (3.6.4)

— o
s2 |z =yl |wlz] =yl
where do denotes the uniform probability measure on the unit sphere S?. By the mean value

theorem, for each w € S? there exists some c¢(w) between |z — y| and |w|z| — y| so that

o—le—yl  o—lwlz|—yl —e(w) [ e(w
ot = ot = | e (L5 (jo - gl = el ) (3.6.5)
—c(w) [ cw)+1Y 2lz—wlz]-ly|
=e < o()? ) gl holal ] (3.6.6)
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Suppose for now that 2|z| < |y|. It follows, then, that

lyl

c(w) = min{|z —yl, [wlz| = yl} > [l= = [yl > F-

Since the function ¢ — e~ (tj—zl) is decreasing, we see that

—c(w) c(w) +1 —lyl/2 <2Iy|+4) < el
‘ < c(w)? se iz ) ~ TP - (3.6.7)
Moreover, we see that

20z—wlz||-[y] 4| ly|

Tt wlel gl = T < 4zl (3.6.8)

Combining (3.6.6), (3.6.7), and (3.6.8) we get

e—lz—yl e—lwlz|—yl
lz—yl |wlz|—y]

Integrating over the sphere, we combine (3.6.9) with (3.6.3]) to deduce (3.6.1)).
If instead 2|y| < |z|, then the left hand side of (3.6.9) is bounded by the right hand side
of (3.6.9) with |y| replaced with |z| and wvice versa. This gives (3.6.2]). O

S Jfly| eV, (3.6.9)

Lemma 3.6.2. If [p| < 3 and y € R?, then
_ _ . o1
1P (] =7 (= A + 1) 716, r2 ey < Jyl™ min{[y| 72, [y},
Proof. Fix some y € R3. We split the integral into three regions

</+/ +/> |PL<|x’—1ip(_A+1)_16y)|2 de =1, + I, + I, (3610)
A B C

where A = {2|z] < |y|}, B = {|z| > 2|y|}, and C' = {|y|/2 < |z| < 2|y|}. On the region A,
we employ (3.6.1]) to see that

JIPHGal 84 1) 160 do S e [ (o do
A A

5 6—|y|/2|y|—1i2p
Syl Ay,

provided that [p| < 3.
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On the region B, we employ (3.6.2)) to see that
[Pl -0+ )8 dn STl [ fal e s
B B

o
<P [ i
2|y

S lyf et
S WPyl ALyl ™),
provided that [p| < 3.

Since P+ : L2(C) — L2(C) is bounded, we see that

/ |P(Ja] P (A +1)719,)* da S / 2| 2P| (—A +1)716,)|? da (3.6.11)
C C
S / || PP e (3.6.12)
o z—y|
< ly 7 / et da (3.6.13)
c Y

We may further split C' = C} U Cy where C; = {|z — y| < %‘} and Cy = C'\ C1. On C we

see by a change of coordinates that

[yl

—2[z—y| 2
/ s 5/ e dr=1—e W < (1Ay]). (3.6.14)
C1 |$ - y| 0
On Cy we know that |z — y| > “2’—‘ and so
eiZ‘xfyl €7|y‘
/ T g —2/ 1de < lyle™™ < (LA Jy)). (3.6.15)
o |2 =yl vl Je,

It follows, then, that

/C |[P(J] TP (A + 1)) da S [y (1~ ALyl 7).

Summing over the regions, we have our desired bound. O]

Corollary 3.6.3. The integral kernel of PH((H +1)"! — (=A + 1)), namely,
G(z,y) = (0, PH(H+ 1) — (A +1)7H3,), (3.6.16)

obeys the bound

Gyl S () (=7 A5l Ayl (3.6.17)

for all p € (—v2,V/2).
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Proof. Given two invertible operators A, B, we have the resolvent identity
A'—-B'=BYB-AB'+BY(B-A)A(B-AB" (3.6.18)

As (—A+1) — (H +1) = 1|z[7% by (3.6.18) we see that

PHH+ 1) = PH=A+1)7! = (1) + (1D), (3.6.19)

where
@) :=1. P (=A+1)7"2|?P(-A+1)""  and (3.6.20)
(1) := & - PH(=A+ 1) a| 2PH(H + 1)z 2PH(-A+ 1)L (3.6.21)

Let Gy(2z,y) and G (z,y) be the integral kernels of (I) and (II), respectively, defined as
above. It follows, then, from Cauchy-Schwarz and (3.6.2)) that

Gy (=) S (o[ TPPH(=A+ 1) 70, o] PP (A + 1) 70, ) 1 ee)
S Ml PH=A + D)7 0 a2 TP P (=A + 1) 70y |l 2 e

_ _1 _ _1 _
S PPyl =2 Ayl (2172 ALY (3.6.22)

Since (1) is self-adjoint, G(1y is conjugate symmetric and hence obeys the same bounds with

the roles of |z| and |y| reversed. So

Gzl S (R (a7 A5yl A lyl5), (3.6.23)
provided that [p| < % For |p| < v/2, we know by Corollary [3.5.4] that

Cp = I[P PH(H + 1) 7 a7 |2 sy rz sy Sp L.
It follows then by , as before, that

Gan(z ) S Colllal PP (=A + 1) 70 |z |27 PH(=A + 1) 710y 2 o)

_ _1 _ _1 _
S GolzlPlylP(lyl 72 Alyl (272 ALz 7). (3.6.24)
Again by conjugate symmetry of Gy, we see that Gy obeys (3.6.23)), as claimed. m

63



3.7 Proofs of Main Results

In this section we begin by proving Theorem [3.2.2] and conclude by deducing a number of

important Bernstein estimates.

Theorem 3.2.2. Let (¢, ) € [1,00) X [1,00) satisfy

§< Ty <5 (3.7.1)
If, additionally,
V2>max{2— 22322335} (3.7.2)
then
[PH((H 4+ 1) = (=A 4+ 1)) pamey—rs vey < 00 (3.7.3)

Proof. We will only treat the case ¢,s € [1,2] x [1,2]. For if (¢,s) € [2,00) X [2,00) satisfy

(3.7.1) and (3.7.2)), then (s, ¢’) belongs to [1,2] x [1,2] and satisfy (3.7.1)) and (3.7.2). If the

theorem is known to be true in this case, then

IP((H+ 1)~ = (=A+1)7)

L (®3)-1f (R < OO

but then by duality it must also follow that
IPH((H +1)7" = (= A+ 1)) [l 1 m8) s m5) < 00

Now, by duality, it suffices to show that

sup

sup
1ol 7 iy <L 11511 ey <1

//RBW G(z,y)f(z)g(y) dedy| < oco.

Suppose, then, that ||f|| ¢@s) < 1 and ||g| Ly @ < 1. As G depends only on |z| and |y| we
may, and do, assume without loss of generality that ¢ = ¢(|y|) and f = f(|z|) are radial.
There are precisely six regions to consider, each case corresponding to an ordering of |z|, |y|,
and 1 (e.g. |z| > |yl > 1, || > 1 > |y|, etc.). By symmetry, it suffices to treat the three

cases in which we always have |z| > |y|.
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(1) With A = {(z,y) € R* x R® : |z| > |y| > 1}, we have by Corollary [3.6.3, for any
€ (—v2,V?2), that

/ G, ) f (2)g(w)| dady

/ / PoH|£(r) (o) | dpdr
. N e
< / / A3 B () g ()

k

E(1-2421 — _2
221 a7 PP £ Loy |91
k=0 7=0

P22 _3_3)
= S (B)7 2N et 19l oy ea (3.7.4)

0<j<k

dpdr

Ly (lyl~27)

We may choose p so that 2 — 2 —p < 0. Since % +1> % we see that by Schur’s Test

S

D=

/ Gla,y)f(2)g(y)| dedy < <Z||f||%g(|x|~2k)> (Zligili;<x|~w>)
A k=0 k=0

S SN eaee)llgll Ly @s)

<1 (3.7.5)
since ¢, s’ < 2.

(2) With B = {(z,y) € R* x R3: |2| > 1 > |y|}, we similarly have by Corollary [3.6.3, for
any p € (—v2,v2), that

/|Gx 9) £ (2)g(y)| dedy

_2_ 2 2
’”/ / eI f(r)ra|g(p)p | dpdr
1 0
oo 00 . 1_2+ 5 s s
k=0 j=0

Choosing p so that both g — % + p > 0 and, simultaneously, 2 — % — p < 0, by Cauchy-

Schwarz, we see that

[ 1660 1@t dsdy < llzsenollgen S 1 (377
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(3) With C' = {(z,y) e R®* x R*: 1 > |z| > |y|}, we similarly compute that

/C |Gz, y) f(2)g(y)| dady
S /0 /OTTg_pﬂg+p|f(r)llg(p)ldpdr

3 3_2

1 r
3_2_ 3_2 2 2
5/ / r2=a o2 P f(r)ra||g(p) p¥
0 0
Y

dpdr

5 3
_i\ o9~ TP —k 5_§_§
)T

)
HfHLg(\x|~2k)Hg’ Ly (|yl~29) (3.7.8)

~Y

0<k<j

We may choose a suitable p satisfying % — % +p>0. As % + % < 5, by Schur’s Test we

get

/C G, y) f(@)g(y)] dedy S 1, (3.7.9)

as desired.

We now pause to enjoy a few specific dividends of Theorem [3.2.2]

Corollary 3.2.3 (Sharp Sobolev Embedding). If f:R3 — C is Schwartz, then
IPH(H + 1) fllzewsy S 12 es)- (3.7.10)

Proof. If f : R3 — C is Schwartz, then

|PH(H + D7 fll e ey (3.7.11)
<NPH=A+ 1) fllog@s) + IPH(H + 1) = (=A+ 1)) fllrs s (3.7.12)
Sl ez ey (3.7.13)

by Theorem since the pair (2,6) satisfies

and V2 > max{—

SEIPS
N[ =
ot

<

wlot

,5,—1,0}.
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Corollary 3.2.4. If f:R3 — C is Schwartz, then

IPH(H + 1) fllpeewsy S Iz e

I1PH(H + 1) fllzes S |1 o).
Proof. To see the first inequality, note that if f : R® — C is Schwartz, then

| P(H +1)7" fll 2o (re
<NPH(=A+ 1) fllree@ey + IPH(H+ 1) = (A + 1)) fll oo rey

S 1z es)-
by Theorem since the pair (2, c0) satisfies

and \/_>max{ 1,2,—1,%}.

VIS

<5;+1<

N =
wlot

The second inequality follows from duality.

(3.7.14)

(3.7.15)

(3.7.16)
(3.7.17)

(3.7.18)

Theorem 3.2.5 (Bernstein Estimates.) The operator Pre™# : L1 — L*° is bounded.

Proof. First, write
Pre ™ = (H +1)"'Pre(H +1)*(H +1)' P~
It follows that

1P lpmspee = I(H + 1)7 Pre™ (H + 1)°(H + 1) P [l 111

< (H + 1) P oo e ( + 12z a1 (H + 17 PHnys.

By (3.7.14), |(H + 1)"'"P*||;2p1 < oo. By B.7.15)), [|(H + 1)"'"P*||112 < oo. Lastly,

e (H +1)?|| 212 < 0o by the Spectral Theorem.
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