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ENERGY SPECTRA OF BACKSCATTERED ELECTROVS AND POSITRONS
BY MONTE CARLO CALCULATIONS
- Klaus-Dieter Tillmann

Department of Physics and Lawrence Radiation Laboratory
University of California, Berkeley, California

March 5, 1970

ABSTRACT
I brésent the energy speétra and:angularidiétribution of
backscattered electrons and.posiffbns from:thick térgets for Li, Be
Al, Fe, Cu, and Sn for 1 0 MeV partlcles and for Be and Sn for
0.5 MeV and 2.0 MeV partlcles normally 1nc1dent on the targets.
These spectra have been calculated by a random-sampling Monte Carlo

program on a CDC 6600 digital computer.‘ Backscattering coefficients

are found to fit a vZ-dependence for Z > 13. The shapes of the energy

spectra dépend strongly on the atomic number Z and are found to be in

good agreement with experimental data. The angular distribution fits

Ao () 2/2 - stri
~a cos(m-a)se : -dependence. . The energy spectra, angular distri-

butions, “and backscattering coefficients depend on the angle 8 between

the initiéllbeam'and theftarget-surface. For decreasing angles B, the

most pfobable energyvshifts toward the initial enefgy.
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'I. INTRODUCTION
This paper presents the energy spectfa and angular distributions
of backscattered electrons and.poéitrons from infinitely thick

targets. For many experiments on nuclear beta decay, knowledge

"of the amounts and energy spectra of backscattered electrons is

important, for examﬁle, inﬁmaking_correttions due to backscattered
electrons in angular ébfrelation experiments involving beta
particlés; 6r inbmaking the backscattering correction of many energy
spectra observed with‘semicoﬁductOr detectors. |
. The diffusién of}electrbns has been cénsidéred since 1893

(Lenard, “Lenérd winddw"). Since fhen it has become cleér that, in
a‘sCattefing process of chérgéd MeV-particles witﬁ potentials (potential
scattering), five ﬁroceéses muétvbevconsidered to treat the prbblem
theoreticaliy: | |

.ti) 'Singlé elastic.SCattering in a CoulomB field. The particle
enters a Coulomb field V(t) of an ‘atom. The scattering process
occurs close to the nucleus.v'Then the particle is backscattered by
an angle! y > ﬂ/Z. The projectile loses little energy.

(2) Multiple séattering_in'a Coulomb-field.v The projectile
collides‘with an electron in the outer shell and is deflected by
a small angle, y << ﬂ/z; bHuhdreds'of thouéands of collisions may
occur béfore the particle is backscattered. Small amounts of kinetic
energy ére tfansferred to the atomic-bounded electroﬁ, which may be

separated from its nucleus.
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(Sli Plural scattering in a Coulomb.field“ This is the link.v
from 51gg1e elastic scatterlng to multlple inelastic scatterlng
The scatterlng angle 1s &ﬁﬂ°<x<93°; v The scatterlng process occurs
in the inner shells of the atom More than one, but not too many,
colllslons arernecessary to backscatter the prOJect1le |

(4) Statistical variation of rate of ionization energv.loss.

(5) ’Energy'loss'due to Bremsstrahlung |

The theory of plural and multlple scatter1ng is based on the
dlffu51on theory developed by W. Bothe He assumed that the

backscattered electrons weee lower in energy than the prlmary ones,

that the backscatter1ng coeff1c1ent p 1ncreases w1th Z ~and that thev

shape of the spectra depends strongly on the target (2) ‘but little
~on the prlmary energy (for E <il.0¢ MeV)

In 1947 and‘1948, G. Moliére developed his theéory of multiple
scattering ® The advantages of his theory over that of Bothe ‘are
that it 1s analytlc almost to the very end and that no spec1al
v'fonn of the dlfferentlal CYOSS - sect1on is assumed For large target
: thicknesses he was able to expand his scatterlng probab111ty f(e)ede

that is the number of electrons in the spat1a1 1nterval (6 6+de),

a power serles whlch is valid throughout the total angular 1nterval

0 °o), 1nc1ud1ng the tran51t1on from 51ngle elastlc scatterlng to
multpple scattering. Th1s power expan51on '

l 1

£(6)0de = 6d6(f° + B el 4 B f * .-,-) NG

-is the basic relation in. thls paper ' Moliére's theory is used in

this work to calculate the d1str1but10n probabllltles for a glven



S-3- Y0 UCRL-19719
particle‘of defined energy and'directional coSine in a thick target.
This expan51on is easy to apply, as Mollere evaluated the functions

fO, el

and f (6) and B(E 6) [for deflnltlons of 6, £'s,and B see
sectlon II A ]

| Closely related to Mollere 's theory are L. I SChlff'
"Approx1mat10n Method for ngh Energy Potent1a1 Scatterlng,” publlshed‘

in 1956“ and the 1mprovement by Saxon and Schiff one year later

: ThlS method expresses the scattered amp11tude in terms of a quadrature

by summing the 1nf1nete Born series after approx1mat1ng each term by
the method of statlonary phase. - |
~H, A. Bethe s1mp11f1ed Mol1ere s theory in 19536 and corrected

and expanded Mollere s numerlcal computatlons Bethe s values are

-used in thlS paper for the scatter1ng functlons since they are more.

complete than Mollére S tables

The reglon of plural scatterlng has attracted attention the last _
few years. This region is 1ncluded.1n Moliére's theory, but because
of'some_approx1mat1ons 1n,h1s numerlcal.computatlons of the f's,

the error increases with‘increaSing scattering angle xy. This region

.1s d1ff1cu1t to deal w1th in a closed analytlc form.

Exper1menta1 data on the energy spectra of backscattered electrons

are found from W. Bothe for 0.68 MeV electrons . for C Al, Cu, Sn, and

Pb, ‘and from H. Frank® for '1.75 MeV electrons for Al, Cu, and Pb.

The ionization energy loss of beta's in collisions with electrons
was found'empirically by R. Whiddington in 1912.° Using the Bhabha
cross section, Bethe!® and.Landaull.quantum—mechanically developed

the calculation of the average energy loss which a scattering particle
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suffers; Rohrlich and Carlsoﬁ12 andlBirkhoff13vde&eloped>the
slightly differing reiativistiélformulae for electron and positron
collisions. Numericél.Vélues in agreemenf with the Bethe-Bloch
formula are takeﬂ from A. T. Nelms,l“ who also considers density
~effects. | - |

The scéttering process‘can be simulated by Cémputing each
collision. So the particle is followedithrough the métérial from -
collision to collision;vthé-energy and angle with which the particle
leaves one Collisioﬁ becomihg the inpﬁt parameters of'thé next
collisidn.A Using random nuﬁbers distributed on an interval
correépohding to Moliére's scattering distributidn, I treat this
séattering problem as a ''game of pfébabilities” CMonte Carlo-
Method). | |

Monte Carlo calculations of electron scattering have been
done by J. E. Leiss?'S. Penner,'and C.'S.'quinson in carbon!®;
by D. F. Hebbard and P. R. Wilson:for goid and silver for 1.0 MeV
‘electrons'®; by C. MacCallum17.vand by J. F. Perkins'® for C, Al,
and Cu. But up to now no energy spectra of the backscattered

electrons have been computed.
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II. THEORETICAL ANALYSIS

A. Description of Fundamental Multiple Scattering Processes

This paper follows Moliéréfs theory of'multiﬁle scattering.®
_ v N v .
Most scatterihg'proceSSes’oécur in the outer shell of the scattering
atom, whére the potenﬁial V(f) of thevnucléus is screened off by
the electrons in the imner shells. The problem is to find both an
appropriate expression for the éross section which takes screening
into account, and é'probabiiity distributibn for the scattering angle.

An inhomogeneous potential V(r) can be regarded as a source

-of diffraction for a partitle'wave. The wave will be distorted

while it penetrates through the potential. If the wave function e

of the scattered particle on a plane far away from the center of
diffraction can be found, then the differential cross section for

scattering into the spatial interval (x, X + d x) is defined by

o) = rziwsc(r;x)lz - @

If k(r) is the wave number of the particle wave inside the
potential and k  the wave mumber outside the potential, then Moliére

shows thatyfrom the pseudo-diffraction index n = k(r)/ko, the relation
k(r) = ko(l:- ax,) | (3
can be derived, where o determines the influence of the screening
on the scattering amplitude [a = zZez/(hv) = 22/ (1378); B = Vv/C; X, = 1/(koa);'
a = Thomas-Fermi atom radius]. From the WKB approximation, Moliére

obtains, for the ratio of the actual cross section to the Rutherford
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cross- section, the relation

This ratio can be expressed in terms of a single parameter, the
screening angle Xy (German “Abschirmwinkel”), This relation is
valid for any_appropriéte potential, e.g., for the Thomas - Fermi

potential,

Xy = XgV1.13 + 3.76° (5)

The ratio q(x), rather than the cross section itself,'Will be used

in the‘defivation of the statistical distribution of scattering angles.
Introducing 8 for the:totallscattering angles after n collisions —

en ='6n i ¥'x?—-the probabiiityvfor n-time seattering can be obtained

by a recursion formula: - o
3 e
£(0) = & 1(e - P00 w2, (6)
‘surface : S
" where P(x) is the probablllty that a partlcle suffers a 51ng1e

‘deflectlon into the surface element OX' With
fce)=2'fn(e) N ¢

Mollere obtains an 1ntegra1 expression Wthh he could expand in a
power series. The result is [the probablllty that a particle is
scattered into a,spat1al angular interval (8, 6 + d6)]:

F(o)ods = 8a6 (£ + BUE + 822 « ver ) (1)
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where §. = 6/(X /B) X: = 4ﬂNtZZ(Z +. l)e /(pv) = length of
‘trajectory of a partlcle N = number of atoms per unit volume; and

B = solutlons of the transcendental equatlon b B - log B.

The f's are functions of 6. ;MDlleTe evaluated the first three

temms — fo', fl, and fz— nunie‘fically. These functions are gi\fen'

in Fig. 1 -Moliére showed*that“to én*accﬁfacy'of 1%, the aﬁgular

dlstrlbutlon is given by these three temms.

B. Theoretical Results of ScatteringvProbabilities

The scattering probabilities in,the interval (0,m) were
calculated for Li, Be Al, Fe Cu, and Sn for 20 ranges of energy

and angles incre351ng by 0. 01 radlans | The probablllty function

‘P(x) f(e)e was normallzed SO that

. o o . N _
-bfbdpvé-i”. | ()

‘The distribufions‘for different energies and targets do not
vary.much eXcept’fo small t.  But here- the theory.is limited by B
(see Moliére); A typical distribution is‘given in Fig. 2 for
B = 10.

' The main source for sYstematic'errors is given by approximations

in the numerical computations in the region of plural scattering.

Plural scattering has not been considered sufficiently. No spin

interactions have been considered, no surface properties of the .
targets have been taken into account.
The theory is valid for energies Ekin>24/3o102 eV (see Molidre),

so likewise for energies from a few keV to a few MeV.
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' Fig. 1. The functions fO, fi, and fz.in Moliére power
expansion (Eq. 1).
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Fig. 2. A typical probability distribution £(0)6d6.
. : &

'This distribution was calculated for B = 10. .
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ITI. MONTE CARLO PROCEDURE

A. Fundamentals

As the parameters of the trajectory of a single electron or
positron in .an infinitely thick target cannot be trcated analytically
because of the complexity involved, the problem is simulated by a |
straightforward random-sampling Monte Carlo Method. A Monte Carlo
program is basically a game'whose ruleé are given by the scattering

probabilities.

1. Angular Distribution.

As an electrpn penetrafes into a metal a few millimeters only;
it is not important to know the exact'exit-position of ‘the backscattered
projectile; but rather its penetrationvdepth'and'its directional cosine.
" If P{(x) is the weight of a function f(k) on anvinterval (x,x+dx),

then the integral
x + dx

CPOEX)dx =1 9)
X .

[where T is a random number equaily distributed on the intefval
| (0,1)] has to be solved numerically for the upper limit. £(6,t)6ds
is the probability that a particle is scattered into a spatial angular
interval (6, 6 + d6), where f£(6) = f(6, t, E) and 6 = f(§). £(0)
is not known analytically but can.be evaluated for special Valﬁes
of t, E, and §. So the integrals are solved, iterativély and approximately,
for 20 intervals of E and t and 314 intervals bf §. |
As it is almost impossible to generate a random mumber r first

and then find the upper limit of the integrai because of time
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consumption, the integrals are solved for 314 upper 1imits and
| normalized so that

m .

fp(x)_f(x)dx= . BE)

!

Then the random number is.géhérated; and by table-search thé
closest integrél Valué‘is associated with this random number and
the corfesponding upper limit taken. By this method the.randan
nunbers r which are equally distributed on (0,1) are rearranged on
(0,1), corresponding to Moliére's scattering probability. The
azimuth .

¢ =2rr | - (11)
does not need to be computed, but it‘isrprejectedwon the x-y plane;
x is.the.éoordinate perpendicﬁlar to thevtargef surface. x and 8
are the parameters.which determine the penetration depth t and the

direction of the moving particle.

2. Enefgy Loss

From the penetration depth t, the energy loss -dE/dx and the
remaining energy are calculated. The energy loss is found by adding the
statisfital variations of ionization energy loss shown by Nelms' table'®
@ncludiﬁg range straggling).fo the radiation losses due to Bremsstrah-
1ﬁng. To save coﬁputer tiﬁe'thesé 1OSses'haﬁe'beeniprecalculated for

twenty steps .of energy.

3. Backscattering and Absorption

If the remainingvénergy becomes smaller than zero the run is stopped



12- » UCRL-19719

and a new. particle with the initial conditions is introduced (absorp—
tion).',Penetfation is not considered, as infinitely thick targéts are
assumed. If 6 becomes greater than m/2 the particle moves backward
toward the surface of the target. If then x becomes smaller than zero,
both the integers'aSSociated with the directionallcosine and the energy
of the particle are kept in memory, and.the Correéponding~matrix element
in the enérngangle matrix [(20,17) matrix] is increased by one. Then
a new electron or positron is introduced. After all particles havé

been calculated, thevmatrix is printed.

B.  Execution of the Program

This program was pérformed on a CDC 6600 digital cbmputer of the
Lawrence Radiation Laboratdfyuat'the University of California.atlBérkeley.
Each target fequired 4 to 5 mihutes for 2006 péfticiés; the progfaijas‘
120 000 cores long. | i

| 'Rahdbm:numbérs Werevgeﬂerafed by‘a subroufiné RGEN(X), whose
sequenéé was.iﬁfiﬁite compared to how often RGEN wéé cailéd (%1 600 OOO
times per target). For different runs RGEN was called several times
Before the program started, to avoid always calling the same sequence.

The function RGEN(X) produces a random number from the set of
numbers uniformly distributed on (0,1). RGEN(X) is called as a FORTRAN
function where X is a durmy variable. This geﬁerator uses the power-

.

residue method sequentially.! Pseudo-random numbers can also be gene-

rated byva congruence method: T+l = 23-rn(mod T) ; T, = 47594118 ;
8

T=10" +1 .(example of a random-number generator) ,

The main problem in developing this Monte Carlo program was the
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time consumed by the combutatioﬁs. To compute every collision with

all parameters would take hours even on the CDC 6600. Therefore it was
necessary to computé many'succeSSive collisions at;bne time. The
trajectories of the particles were broken into small segments containing
a feW hundred scattering étoms,: The particleé were treated as if.they
sufféred'just one collision in such a segment, losing the energy they
would normally lose in all collisions in this segment. As mostly small-
angle scattering occurs, the cumulative resﬁlt should not depend too
much on the 1ehgths of the bins, The number of coliisions in various
bins was found to havé little influenée on the shapes of the energy

spectra.,
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IV. RECORDING OF RESULTS

The program was run for both electroﬁs and ﬁositrons on the
followiﬁg six differe@t targets: - lithium, at density
p = .53 g/cms' beryllium atll.SOj aluminum at 2.72; iron et 7.87; copper
at 8.93; and tin at 7.30. ReSults are preeented'fer the following
= 0.5 MeV for Be and Sn; E

1n1t1al energies: E = 1.0 MeV for Li,

01 02
Be, Al, Fe, Cu, and Sn; and E03- = 2.0 MeV for Be and Sn.
v The iﬁcdming beam was always assumed to be at normal incidence to
the target (i.e., perpendlcular), exgept in the 1ast two figures
(Fig. 11 and 12). For the energy spectra of 11ght elements (11th1um |
and beryllium) the program was run for 10 000 partlcles; for all other
targets;‘2000?were run. |
Figures 3, 5,'and 7 shOW'the'energy ebectra for electrons; Fig-
ures.4,-6, end'8 those for peéitrons;'Figure 9 shows the Z-dependence
of the Backscaftering coefficiehtsvfor electrons- Figure 10 shows the
angular dlstrlbutlon of the. backscattered electrons for all targets
(perpendlcular beam) .
F1gure 11 shows the energy spectra of copper for initial energy
Egq = 1. 75 MeV for electrons and angles B = 30°, 60°, and 90° between
incoming beam and target surface (see Fig. 11 for g). Figure 12 shows
the chhnge of the angular distribution for Cu and angles B = 30°, 60°,
and 90° for the same energy (1.75 MeV).' All energy spectra are normal-
ized with respect to the,height of the l.b MeV electron peak of the tin

spectrum in Fig. 7.
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Fig. 3. Energy spectra of beryllium for initial énergies
0.5 MeV, 1.0 MeV, and 2.0 MeV for electrons; nor-
malization corresponding to the height of the tin
peak (=1). x = 0.5 MéeV; + = 1.0 MeV; A= 2.0 MéV.



0O

Height of peaks

16~

T T T I
/.
2.0 /
[ F-( /
/
i / -
/
10 + 6 o
/
//
- -t
N
1 ] 1

Fig. 4.

20
Z

100

4

XBL 7010-6836 .

Energy spectra of beryllium for initial energies

0.5 MeV, 1.0 MeV, and 2.0 MeV for positrons.
x = 0.5 MeV; +=1.0 MeV; A= 2,0 MeV.
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5. Energyvspectr'a of tin for initial energies 0.5 MeV,
1.0 MeV, and 2.0 MeV, x = 0.5 MeV; + = 1.0 MeV;

A = 2.0 MeV; —— = Monte Carlo for 0.5 MeV and

1.0 MeV; - + - = Monte Carlo for 2.0 MéV;

--- = Bothe? for 0.68 MeV.
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Fig. 6. Energy spectra of tin for initial energies
0.5 MeV, 1.0 MeV, and 2.0 MeV for positrons.
'x-= 0.5 MeV; + = 1.0 MeV; A =2.0 MeV;

= Monte Carlo for 0.5 MeV and 1.0 MeV;

. = Monte Carlo for 2.0 MeV.
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Fig. 7. Energy spectra of 1.0 MeV electrons for -
lithium, beryllium, aluminum, iron, copper,
and tin. All normalizations in Figs. 3-8
correspond to this tin peak, which has been
set equal to 1.
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Fig. 8. Energy spe_c:tré of 1.0 MeV positrons for
lithium, beryllium, aluminum, iron, copper,
and tin. - :
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Fig. 9. Z-dependence of the backscattering coefficients
‘ of electrons at 1.0 MeV. '
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Fig. 10. Anguiar distribution of backscattered electrons
and positrons for all calculated values (beam '
. perpendicular to target). O = Mpont rlo; -
-——— = cos(w-a); --- = cos(m-a)e GT ae)f/;?
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Fig. 11. Energy spectra of copper for electrons with . B
initial energy E ) =1.75 MeV; initial beam at
B=30°, 60°, and 90° to the target surface.
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Fig. 12. Angular distributions of backscattered electrons
with initial energy E . = 1.75 MeV. The initial beam
was at angles 3 = 309, 60°, and 90°to the target
surface (Cu). ’
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V. ANALYSIS OF MONTE CARLO RESULTS

A. Shapes of the Energy Spectra

The éﬁeigy spectra are‘asymhetric with one most- probable energy
(peak) . ' This maximum shifts toward higher enefgies with increasing Z.
This means that in heaviér elements the projectiles are reflected within
layers close to the sufféce,'whefeas for 1ighfer elements they pene-
trate deéper into the targets. The peaks for positrons afe in general

slightly 1ower in energy than those'for electrons, due to the lower

backscattering coefficiehfs. Figure 13 shows the most probable energy

E/EO (peak)‘as a function of Z. For small Z, E/E0 increases sharﬁiy

from 0 to 0.9 at Z = 30, and behaves asymptotically to E/EO = 1 for

~high Z.

With increasing Z the heights of the maxima increase, corresponding

‘to the increased backscattering coefficients., The peaks themselves

become narrower for higher Z, where most backscattered particles have
energies &ioée to the initial energy. For high Z; fewer particles are
backscattered with low enérgies_than for targets of low Z. The heights
of thé peaks as a function of Z are shown in Fig. 14.

Previously it has been reported that the backscattering coeffi-

cients and the shépes of the energy spectra change only sightly with

the initial energy, if Eolv 1.0 MeV. The spectra have been computed for
two other energies: Ej = 0.5 MeV for beryllium, and E; = 2.0 MeV for tin.
Within the'accurécy of these resﬁlts no difference can be noticed in

the shapes of the eﬁergy spectra at 0.5 MeV and 1.0 MeV. From 1.0 MeV

to 2.0 MeV the backscattering coefficientdecreases, as does the most
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Fig, 13, Most probable energy E/EO of electrons and .
positrons as a function of Z. O = Monte Carlo
at E. = 1.0 MeV; A= Bothe at E, = 0.68 MeV;”
X = Prank at 1.75 MeV;8'+ = Monte Carlo at - !
2.0 MeV. . :



-27-

c R

52  ' { | :,  A
.*F-,I,O_scaleloq .

Cj o - )
£ T 7l T

5 l i

o

2 5| 4 o

s , )

:..';_‘ . ., +" 4 ': \ ’f
2 r }

g ¥ '+

=
< e A 84

~5 0
E/E,

. XBL 7010-6846

Fig. 14. Height of peaks as.a function of Z of 1.0

- MeV electrons an
A= Bothe.

d positrons. O = Monte Carlo;



-28- ' UCRL-19719

probable energy and the height of the peak. This is in good agreement

with the results of H. Frank.?®

' B. Angular Distribution

In éll cases the_angular distribution of the backscattered parti-
cles comes close to a cosine distribution with maximum at o = 180° for
initial beams perpendicular to the target. For small angles, however,
the deviation from the cosine function cannot be neglected. One can

see that a cosine and a‘GauSsian fit all Calculéted values. The function
| 2 «
N=N cosxee X7 (12)

where x = 7 - a, fits all values exactly. In the program, of course,
it was already assumed that the distribution is the same for all

azimuths ¢ and symmetric around o = 180° (see Fig. 10).

'C. Backscattering Coefficients

The backscattering coefficient is defined as -

- 3n/2 | E.
1 : 1 6 .
b [ N@a- [ e, (13)
o] Yo, ,
m/2 D

where Né = number of initial particles, N(a) aﬁd N(E) = number of back-
scattered particles at angles o or energy E.

It has already been observed by A. Bisi and L. Braicovich?? that
p is a function of Z. In all papers p < p , and p /p =~ 1 for low Z
and = 1.3 for high Z. _The backscattering coefficients of this work fit

the lines



co2e- UCRL-19719

ie]
"

= (0.076 £ 0.002) vZ for Z > 13

and | LT T , o as

+

p" = (0,072 £ 0,002) VI for Z > 13.

These functions extrapolated to Z = 0 give p = 0; but for small Z,
p decreases faster, so that p _-= 0 .for. z%3 .- This was also calculated
by A,iCambieri and R. Pappalardo, 2! vTheir'data;_extrapolated, would

give p = 0.for Z = 4,

D. Geomet;y-Dependeﬂce of Spectra

The energy spectra change strongly with'the angle between initial

. particles and target surface. If B is increased foem 0 to w/2 the most

_probable'eﬁergy shifts fomm E/EO~=‘1 to E/EO = 0.8 'in the case of

copper and 1.7 MeV électrons_(sée Fig. 11). The backscattérihg coef-
ficients decrease;from p =0.64 at B = 30° to p = 0.52 at 8 = 60° and

pf1=.0.39.atv8 = 90° (for Cu andvE0’=_l.75 MeV). The angular distri-

~ bution of thé'backs¢attered electrons has a peak at o = 166° for

B = 30%, at a = 172° for 8 = 60°, and at o = 180° for 8 = 90° (see Fig. 12).

E. Comparison with Experimental Data

Experimentai data on the enérgy spectra of suitable monoenergetic

electrons are found for beta decays in Bothe’ for‘C, Al, Cu, Sn, and Pb,

‘and for electron aécelerators ih Frank® for A1, Cu, and Pb. As Bothe's

data of the Sn peak have been calculated by a resolution function,??

the given error further increases when nbrmalizing Bothe's graphs and

those of this work by taking the heights of the peakS'of tin to be equal.
But by doing so, the shapes of Bothe's spectra agree well with these
Monte Carlovresults._ His spectrum of tin has been plotted in Fig. 5

T
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(0.68 MeV électrons); 'Frank measured'energy'spectra dN/dEla in -
angular intervals at o =»1206,1150°; and 180° for f;75 MeV‘eleétrons.
As the total number oflélectrons compﬁted in’this prbgram wéS'not very
high (e.g.;'ZOOO for Cuj,vthé nurber of electrons backscattered into a
spatial interval Ao, = 10° with énergy AE =-EO/20 was usually between 10
and 20, To compare the results of this Monte Carlo work with Frank's
data, a 1argef sample of electrons must be computed. However, although
these "differeﬁtial" enérgy spectra do not agrée with Frank's data in
details, they agree in all trends.

The_baekscattering ¢oefficients agpee with Bbthe%s7 and Bisi's
| énd Braicovich's?? results‘for'electroné. The coefficients for
positrons seem to be.too high by a factor of 1.23. The cbefficients

~ for electrons are giVénvin Table I below:

2
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(A o  Table I. Backscattering coefficients of electrons.

o Bisi- - |
Z Bothe =  Braicovich - Monte Carlo
EO=680,keV <540 keV -~ 0.5 MeV 1.0 MeV 2.9 MeV
e S (:0.02)
03 | .02 |
06 09 .05 .02
13 .25 25 . Y
- .30° - | -
26 405 39 | .38
20 . .43 4 : L2
50 - .58 .57 .56 .53 .46
82 .68 .m0 .69°

 A. F. Kovarik, Phil. Mag. 20, 849 (1910)..

Extrapolated from Figure 9.

F. Statistical Spread of ComputedcValués
BasiCally this program is a simulation of a beta decay,'so that for
the statistical spread of the'computed values the formula

can be used as the percentage error.
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APPENDIX A

List of Symbols

X _ scatfefihg angle of a single collision
9 | total scattering ahglé

s total scattering'angle n B

SX . surface element

E, " initial énergy:of particles before scattering
E energy of backscattered particles |
k(r) wave number |

a Thomas-Fermi atom radius

o | screening parameter

S(x) differential cross section

GRuth(X) Rutherford cross section

éact(x) actual cross section calculated by WKB approximation
q() | réﬁio of actual cross sectioﬁ to Rutherford cross section
P(x) .probébility function
v f(e) '. totalvécattering”pfobability fuﬁction
t ' length of trajecfory of a particle.in a layer; penetration
depth
N number of atbms in target per unit volume
Nt ) number of backscattered parﬁicles (function of a or E)
N, | number of initial particlgs
SN - bpercentage error of N
Z . atomic number
z multiple of electron’éhérge

T  random number uniformly distributed on 0,1) V
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wéight function
backscattering coefficient for positrons

backscattering coefficient for electrons o K

" random number generator

- dummy variable

density -

- coordinate perpendicular to target surface

angle between backséattéred'partitle and x-axis
angle between incoming particle and surface (y—axis)
azimuth

wave function

[§

h %
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