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Abstract of the Dissertation

Fast and Robust Algorithms for Compressive

Sensing and Other Applications

by

Yi Yang

Doctor of Philosophy in Mathematics

University of California, Los Angeles, 2014

Professor Stanley Osher, Chair

Efficiency and robustness are often the main concerns in model design and al-

gorithm development. Nowadays a lot of algorithms have been proposed with

emphasis on one or the other. This thesis provides several algorithms together

with their applications to address these two needs.

The first part of the thesis discusses the efficiency concern in video compression

and reconstruction. With the increasing demand in real-time data transmission

and storage, these two problems are attracting more and more attention. In

terms of video compression, classic models often use a fixed temporal compression

rate, while there are many potential gains in developing systems and procedures

incorporating adaptive temporal compression rate. In Chapter 2, an algorithm

based on local patches and polynomial fitting is proposed to adaptively predicts

the temporal compression rate given the behavior of a few previous compressed

frames. As for the inverse model, Chapter 3 presents a fast total variation based

method for reconstructing video compressive sensing data. The regularization

in the model is imposed on both the spatial and temporal components, which

provides a more consistent approximation of the connection between neighboring

frames with little to no increase in model complexity.
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The second part of the thesis covers a new technique named adaptive outlier

pursuit for handling sparsely corrupted data. In many real world applications,

noise is often unavoidable during data acquisition and transmission. Some noise

can damage part of the data seriously and make it contain no useful information

at all. Algorithms robust to this type of noise are strongly needed. The technique

adaptive outlier pursuit is introduced to deal with outliers in the acquired mea-

surements. Instead of detecting and removing the outliers before applying classic

algorithms, it alternates between the outlier detection and the signal reconstruc-

tion task, hence iteratively approaches the true signal in a more accurate way.

It is applied to robust 1-bit compressive sensing and exact matrix completion in

Chapter 5 and Chapter 6 respectively.
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Part I

Real-Time Video Compression

and Reconstruction
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CHAPTER 1

Introduction

With the fast development in science and technology, nowadays people are look-

ing for ways to analyze and process more data in shorter time. In terms of video

processing, researchers are building optical devices that can handle data stream at

1 exapixel/second, and video processing is becoming one of the hottest “big data”

problems. Although its size is often surprisingly large, the spatial and temporal re-

dundancy of video data makes efficient storage and transmission applicable. How

to efficiently compress and reconstruct the video data in real time is an important

but challenging task. Here we propose two classes of models and algorithms for

efficient video compression and reconstruction.

Chapter 2 discusses the forward model: adaptive temporal compression on

video data. In video compressive sensing framework, the final stored data is de-

fined as a linear combination of several consecutive spatially down-sampled frames.

Here the spatial compression is typically accomplished with coded apertures. In

terms of temporal compression, standard models often use a fixed compression

rate. However, there are many potential gains in developing systems and pro-

cedures utilizing adaptive temporal compression rate. Our aim is to use a few

previously compressed frames to predict a proper future temporal compression

rate without any explicit knowledge of future frames. Through local patch-based

study and adaptive polynomial fitting, we are able to achieve a restrictive estimate

of the motion present in the most recent coded frame, hence a proper temporal

compression rate can be obtained in an extremely fast way. Several numerical
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tests are displayed to show the significance of our model.

Chapter 3 focuses on the inverse model: fast and robust video compressive

sensing. According to the above description, the math model for the standard

video compressive sensing can be formulated as F =
∑n

i=1AiXi, where F is the

compressed measurements, each Ai is a random binary matrix representing which

pixels can store information, and Xi is the ith original frame. Here our goal is

to reconstruct X given A and F by leveraging certain desired sparsity properties

on the original video. In order to achieve satisfying reconstruction results, proper

regularization has to be imposed on both the spatial and temporal components.

According to the connection between image and video data as well as the temporal

consistency between adjacent frames, the total variation (TV) regularization is

imposed on both the spatial and temporal terms. From numerical experiments, it

is clear that our model outperforms other models greatly with several dB gain in

PSNR values.
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CHAPTER 2

Real-Time Adaptive Video Compression

2.1 Introduction

Adaptive temporal compression is at the frontier of application of compressive

sensing (CS) [1], making it possible to acquire a large range of scenes using dy-

namic compression rates. Compressive systems focus on obtaining and storing

the least amount of information while still maintaining a high level of recovery.

For videos this means removing spatial and temporal redundancy, i.e. the high

variation of physically observed motion, which appears over different time scales

commonly found in video data. Simply stated, we wish to accelerate the acqui-

sition process when the video is static and decelerate when the scene contains

dynamic components – all in real-time.

In terms of hardware, current CS methods use physical techniques to code

pixel data in order to compress spatial or spectral information. This is commonly

done by coded apertures (typically consisting of mechanical gratings or variable

materials) which block incoming light in a either patterned or random fashion,

thereby subsampling the incoming signal. The idea of CS has had many applica-

tions to both hardware and data collection, which include but are not limited to

the coded aperture snapshot spectral imaging (CASSI) [2, 3], single pixel camera

[4, 5], cooperative analog and digital signal processing transform imager (CADSP)

[6], random lens imaging [7], compressive structured light [8], compressive phase

retrieval [9, 10], photodetector array camera and spectrometer [11], sparse mag-
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netic resonance imaging (MRI) [12], and many more.

Mathematically speaking, the general forward model for CS can be formu-

lated as follows: if the compression is encoded in a CS matrix A (normally non-

invertible), then the relation between the encoded or compressed signal, vector X ,

and the “original” signal, vector F , is given by X = AF , where the assumption is

that the data is obtained via linear measurements. For video compressive sensing

(VCS) [13, 14, 15, 16, 17, 18], this F contains each frame of the true video, the X

denotes the spatially and temporally compressed data, while the A contains the

random frame by frame masks as well as the temporal compression via a linear

combination of frames.

The idea of VCS is vastly different, both mathematically and philosophically,

from the classical compression methods. In standard video compression algo-

rithms, the incoming signal is sensed (acquired) in full. The acquired data is

then processed, through various transformations and operations, until the data is

represented in a sparse way (the compressed video). For example in MPEG-IV,

the first frame is compressed in the wavelet basis and stored [13]. Then each

incoming frame is stored by compressing the difference between the new frame

and the first frame in the wavelet basis. Once the difference exceeds a specific

tolerance, the process is reset. In some sense, this type of compression is sensing

then compressing.

The problem we consider in this paper is that the incoming data exceeds the

storage capacity, so the data must be compressed during the acquisition process.

For this reason, we call this video compressive sensing.

Although there are many works in the literature focusing on the spatial com-

pression of data, the field of variable temporal compression rates is fairly new.

There are many potential gains in developing systems and procedures incorpo-

rating adaptive temporal compression rate. In terms of the memory, variable

compression rates lead to optimized storage space without loss of quality as com-

5



pared to taking a moderate to high fixed rate. In terms of cost, the resource

and energy savings outweigh the computational cost of predicting the frame rate,

thereby increasing the efficiency of the system. VCS can be readily applied to

many of the common big data sets, for example surveillance videos [19, 20] and

traffic data.

In this work, we propose a simple and flexible real-time method to predict

frame rates based on adaptive patchwise polynomial fitting. Our method is easy

to implement and computationally inexpensive since it is based on temporal dif-

ferences and polynomial fitting as well as robust to different applications and data

conditions. The algorithm can be made parallel and can be extended to different

imaging modalities. One current application of this method could be to coded

aperture compressive temporal image (CACTI) systems [17].

This paper is organized as follows. Section 2.2 details the problem as well as our

algorithm. That section also provides some connections between our model and

the underlying physical behavior captured in the video. Some analytical remarks

are provided in Section 2.3, with theoretical connections to classical methods.

In Section 2.4, numerical simulations on real data are provided, which demon-

strate the improvement in quality of the reconstructed video given our compres-

sion scheme. This section also discusses the robustness of our algorithm on the

data acquisition process and the manner in which our algorithm adapts to the

data. Lastly we conclude with some final remarks in Section 2.5.

2.2 Description of the Model

The main methodology of adaptive temporal compression is to give an estimate

to the most restrictive motion present in the most recent coded frames, and to use

this velocity to determine the potential frame rate. In an ideal case, the motion

of objects in a video, i.e. the optical velocity V between frames, can be calculated

6



using the classical methods of optical flow [21, 22, 23]. From the optical velocity, it

is clear that an optimal compression rate T can be determined by the relationship

T ∼ 1
V
. However, in VCS each compressed frame Xj ∈ RN×M is a coded linear

combination of several true frames Fi|j ∈ RN×M with 0 < i ≤ Tj (where i|j is the

ith frame in the jth sequence and where Tj is the frame rate for the jth encoded

sequence), i.e.

Xj :=

Tj∑

i=1

Ai|jFi|j (2.1)

where Ai|j ∈ RN×M is a random binary spatial mask and we take the product

above to be element-wise. In practice, either each mask Ai|j is independently

generated or only the first mask A1|1 is randomly generated and each subsequential

mask is a fixed translation of the previous one [17]. In this way, Xj has both

missing data and motion blur. Due to the corruption, direct application of optical

flow or block-matching techniques [16, 24, 25] is only possible after reconstructing

each frame Fi|j. However, this drastically increases the computational cost, thus

limiting its use in real-time video capturing. Parallel work [18] applies block

matching directly on the raw data Xj to get a rough estimate of the fast moving

blocks.

In this paper, we avoid the need to do local searches by analyzing the dynamics

of each patch independently. First, each of the compressed frames Xj is processed

by applying an averaging filter with small support (for simplicity we maintain

the same notation for the smoothed frame). This removes the anomalies caused

by missing data, while preserving the general structures. Then we divide each

smoothed frame into non-overlapping patches of size p1×p2 in order to capture the

local movements, where locality is related to the patch size. The non-overlapping

nature breaks the computations down to a decoupled system of small subproblems

of the patch sequences (in time), also making parallel computing possible. For
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a given patch sequence, the mean of each element (denoted by µP (X) for each

smoothed frame X and patch P ) is calculated and the objective of our method is

to detect the motion induced changes directly from the means. In essence, we use

∂tµ
P (X(t)) (we suppress the depends ofX on the space variables for simplicity) as

a motion estimator for the optical velocity V instead of directly obtaining V using

classical methods. Since we are only able to view the running sum of compressed

frames rather than each single frame in the original video, we can not derive V

from the standard optical flow idea. However, each compressed frame comes from

a short frame sequence, hence we can learn about the current motion changes

through analyzing the difference between two adjacent compressed frames, which

in some sense is closely related to the velocity at the current time. Note that

the mean is used rather than other choices, for example median, since it is more

sensitive to large changes while robust to Gaussian noise and small outliers.

As objects enter or leave a patch, the mean value of the patch changes by an

amount related to their speed. In fact, we can show that the speed of the means of

the patches is directly related to the optical velocity by the following relationship:

|∂tµ
P (X(t)) | ≈

|V |

|P |
‖X‖TV (P ) (2.2)

where |P | is the size of the patch and ||X||TV (P ) :=
∫
P
|∇X| is the total variation

(TV ) semi-norm of the patch in space (note that this quantity is time dependent).

The proof of this relationship is provided Section 2.3. Since many optical flow

algorithms compare pixels or patches within a window, those algorithms can be

thought of as a Lagrangian method, tracing out the motion path. Our model can

be considered as an Eulerian based method, since the algorithm fixes the patch

location and observes objects flowing through the patch. This distinction allows

the model to have gains in speed and ease of implementation.

There are several important variables and functions, for a quick reference we

8



provide a list of them here:

• P is a rectangular patch of fixed size p1 × p2.

• V is the velocity of the associated patch P .

• T is the temporal compression rate.

• µP (X(t)) is the mean of a frame X in the patch P at time t, the spatial

dependents of X is suppressed.

• µP
L(t) and µP

Q(t) are the linear and quadratic approximates (respectively) as

a function of time associated with patch P .

• µP
op(t) is the optimal approximation of the mean in time for P .

2.2.1 Adaptive Polynomial Fitting

The main task of our algorithm is to calculate an estimation of the mean in

the future frames and to use this information to determine the future compression

rate. This is done in two stages. First, we use equation (2.2) to calculate the patch

velocity and determine the extreme cases. If the approximated patch velocity V

is very large (small), then the lowest (highest) compression rate is chosen. The

approximation of V in equation (2.2) is a robust estimation of the large and small

changes in the patch. Aside from theoretical reasons, we can also see from equation

(2.2) that the TV term also helps to mitigate the influences of noisy patches. In

the non-extremal cases, using equation (2.2) requires specific thresholds relating

the optical velocity V to the compression rate T , which is usually much more

difficult than deciding the extremal thresholds. In practice, relating V directly to

a compression rate requires learning on training data [18]. Seeking a more self-

contained estimator, we provide an adaptive approximation of µP (X(t)) directly.

Since a threshold on the maximum allowable tolerance of the changes in the mean

9



is related to the image intensity and the size of the patch, it provides a less

sensitive measure than directly thresholding V . For example, while we can set the

tolerance of the change to be a fraction of the maximum image intensity (known

data), the tolerance on the velocity must be related to the range of object speeds

present in the image (approximated or unknown data).

In the non-extremal cases, we use adaptive polynomial fitting to obtain a better

prediction to the future patch mean. For the sake of simplicity, we will restrict

the length of the patch sequence to be 4, although the following argument and

methodology does not dependent on this value. The given data is now the patch

means
{
µP (X(tj−3)), ..., µ

P (X(tj))
}
and their associated time points {tj−3, ..., tj},

which are the frame numbers in the true video data. The first three data points of

the sequence act as the fitting data, where both a least squares linear fit µP
L(t) and

quadratic interpolation µP
Q(t) are calculated. Then using the fourth data point the

values µP
L(tj) and µP

Q(tj) are compared to the known value µP (X(tj)), providing

us with an intrinsic way to learn which polynomial fit to use. Once a fit is chosen,

that optimal polynomial µP
op(t) is used to estimate the maximum compression rate

T such that
∣∣µP (tj + T )− µP

op(Xj)
∣∣ is within our tolerance.

In application, the compression rate is usually restricted to a set of fixed values,

for example, all the even numbers up to 16. Here we define Trange as an increasing

sequence of length L storing all the compression rate candidates. We then arrive

at the following algorithm for calculating the compression rate T at time point tj .
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Algorithm 1 Adaptive temporal compression

Input: X(tj−3),...,X(tj), tj−3,...,tj , p1, p2, Trange, Vmin, Vmax, threshold.
Initialization: (Optional:) Process each X with averaging filter.

Divide each frame into non-overlapping p1 × p2 patches. k = 1.
while k ≤ MN

p1p2
do

Compute {µ(X(tj−3)), ..., µ(X(tj))} in the kth patch sequence.
Determine the current V from (2.2) with µ(X(tj−1)), µ(X(tj)), p1, p2 and

the most recent patch in this sequence.
if V ≤ Vmin then

Tk = Trange(L). Break.
else if V ≥ Vmax then

Tk = Trange(1). Break.
end if

Calculate µP
L(t) and µP

Q(t) with µ(X(tj−4)), ... , µ(X(tj−1)) and tj−4, ... ,
tj−1.

Decide the fit µP
op(X(t)) by comparing the values of

∣∣µP
L(tj)− µP (X(tj))

∣∣
and

∣∣µP
Q(tj)− µP (X(tj))

∣∣.
Tk = Trange(1). i = 1.
while i < L do

if
∣∣µP

op(tj + Tk)− µP (X(tj))
∣∣ >threshold then

Break.
else

Tk = Trange(i+ 1). i = i+ 1.
end if

end while

k = k + 1.

end while

return T = mink Tk.

A short visual description of the algorithm is detailed in Fig. 2.1. An example

of a compressed frame using a frame rate of 4 is shown in Fig. 2.1(a) and its

corresponding smoothed version is shown in Fig. 2.1(b). The smoothed version is

blurry due to the temporal averaging (frame compression) and the spatial aver-

aging filter. The predicted frame rates for each patch is given in Fig. 2.1(c). In

Fig. 2.1(d), the region of predicted motion is highlighted, it contains the car and

shadow as well as a few patches from its previous location.

Remarks:
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• Depending on the data acquisition method, there are two types of data with

which the algorithm can make a decision for the right polynomial. Besides

testing the polynomial values atX(tj), we can also consider A(tj + 1)F (tj + 1),

the first frame in the uncompressed sequence with spatial mask. Since this

method can be run in real-time, we can acquire this without calculating the

next T . Hence the input data can also be chosen as

{X(tj−2), X(tj−1), X(tj), A(tj + 1)F (tj + 1)} and {tj−2, tj−1, tj , tj + 1}.

• Defining T as the minimum of all the Tk (the predicted compression rate

from the kth patch sequence) can be restrictive, allowing outlier values of Tk

to dominate in the estimate of T . To avoid this issue, two possible methods

can be used. The first is to sort the set {Tk}k and use the ordered data

to determine the value T . For example, we could pick the smallest or an

average of the pth smallest values. This can be costly, since it may en-

courage conservative values due to outliers, so instead we introduce another

parameter Tthresh to relax this minimum. When the ratio of the number

of minimum value over MN
p1p2

(the cardinality of the Tk set) is smaller than

Tthresh, we define T as the next compression level in Trange, essentially tak-

ing the minimum value over a more effective set. By doing so we remove

outliers in the data, but we only move up one compression level in order to

prevent over estimation. In general, this can be seen as an ordered weighted

average (a weighted average on the sorted data set), in which the weights

are determined adaptively based on the support of the smallest block-wise

compression rate.

• Both the linear and quadratic fits are related to different types of physical

motion present in video data. The linear polynomial gives an estimation of

12



the dynamics:

µP
L(t) = µ0 + ∂tµ t (2.3)

while the quadratic fit yields:

µP
Q(t) = µ0 + ∂tµ t+

∂2
t µ

2
t2 (2.4)

In the linear case, the polynomial estimates objects which move with velocity

dominated motion, i.e. |a| ≪ |V | where a is the acceleration. The quadratic

term in the polynomial fitting gives information on both the average tangen-

tial acceleration of objects in the patch as well as the twisting, stretching,

and bending forces created by the velocity field. The additional knowledge

can give a more appropriate approximation when the objects movement is

governed by higher order effects. Therefore, the dynamics of the patch pro-

vide information on both the geometry and kinetics of the underlying video

data. Furthermore, it can be shown that the second derivative of the mean

is related to elastic forces and accelerations in the following way:

|∂2
t µ

P (t)| ≈
∣∣〈V · ∇2fV

〉
P
+ 〈∇f · a〉P

∣∣ (2.5)

where 〈·〉P is the mean over the patch. Since the polynomials estimate

dynamics only locally in time and space, the overall method can approximate

a wide range of possible movements. The equations above will be made

formal in Section 2.3.
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(a) Compressed Frame (b) Average Filter applied to
Compressed Frame

(c) Patchwise Predicted Com-
pression Rates

(d) Region of Predicted Motion

Figure 2.1: Example of the motion detection element of our algorithm. The compressed frame
(a) and the smoothed version (b) depict the input data seen by the algorithm. The region
of non-trivial motion detected in the patches is shown in (c) accompanied by the patchwise
compression rates in (d). We see that the car and its shadow are the fast moving elements, as
expected.
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2.3 Analytic Remarks

There are several techniques and assumptions which are made in order to produce

our proposed model. In this section, we explain in detail the connection between

the variables, parameters, and assumptions.

2.3.1 Polynomial Extrapolation

First, let us investigate the relationship between our variable of interest ∂tµ and

the classical optical velocity V . In the ideal case, we can define µP (t) to be the

mean of frame f over patch P at a given time t (not the compressed frame).

We assume that at a given frame, future frames can be locally approximated as

smoothly generated displacements. Formally we have the following definition.

Definition 2.3.1. We say that a set of frames are temporally consistent if

they can be generate by a smooth displacement of the initial frame. More precisely,

the sequence is generated by two functions (f(x, 0), D(x, t)) ∈ C1×C1([0, T ];BV )

where future frames are related by f(x, t) = f(D(x, t), 0).

This formulation is motivated mathematically and physically. The definition

above is mainly used as a local approximation to the temporally behavior of

the frames. In particular, if we start with a frame f (setting it to f(x, 0)), the

next frame, over some time dt, will be given by f(x, dt) := f(D(x, dt), 0), where

D(x, dt) is the deformation of the pixels between the two frames over the small

time interval. The rest configuration of the deformation is assumed to be the

identity. We will also assume D ∈ BV and f ∈ C1, which is true for our algorithm

since we consider smooth frames with patchwise (possibly discontinuous) motion.

Definition 2.3.2. A temporal displacement function D(x, t) is velocity domi-

nated, if its acceleration is smaller than the velocity, in particular ||∂2
tD(x, t)|| <<

||∂tD(x, t)||. On the other hand if the first and second time derivatives are on the
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same order then we say D(x, t) is accelerated driven .

We assume that typically observed motion is well-approximated by these two

behaviors. From a mathematical perspective, these conditions reduce the local

dynamics and provide sufficient conditions for polynomial approximations. From

the physically perspective, the underlying assumption is that the observed motion

is regular, which is common for people, cars, natural objects, etc. In the ideal

case though, the velocity of the foreground is restricted to locally constant motion,

which we make formal in the following definition.

Definition 2.3.3. A temporal displacement function D(x, t) is piecewise rigid,

if for any t, we have ∇∂tD(x, t) ≡ 0 over each patch. Specifically, we consider

∂tD(x,−) to be in the patchwise constant (a subset of BV ).

The definitions above are related to the standard assumptions in optical flow

[21, 22, 23] as well as image registration [26, 27, 28, 29, 30]. In fact, we can show

that in some limit, our model recovers the first-order optical flow equation:

∂tf −∇f · V = 0

for the ideal sequence f(x, t).

Theorem 2.3.1. Let f(x, t) be a temporally consistent sequence of frames gener-

ated by a velocity dominated displacement. Then the following hold:

1. If θ(x) is the angle between ∇f and ∂tD(x, t) at t = 0 in patch P and the

angle is bounded by ||θ||L∞(P ) < ǫ, then

|∂tµ
P (t)| =

1

|P |

∫

P

|∇f(D(x, dt), 0)| |V (x)| dx+O(dt) +O(ǫ)

(2.6)
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2. If D(x, t) is also patchwise rigid then

|∂tµ
P (t)| =

|V (P )|

|P |
‖f(x, dt)‖TV (P ) +O(dt) +O(ǫ)

(2.7)

where V (P ) is the patch velocity.

3. As |P | → 0, we recover the first-order optical flow equation.

Proof. To show 1. we differentiate the mean of the frame f(x, t) at time dt. First,

let |P | be the area of the patch, then by [31, 32] we have

∂tµ
P (t) =

1

|P |

∫

P

∂tf(x, dt)dx

=
1

|P |

∫

P

∂tf(D(x, dt), 0)dx

=
1

|P |

∫

P

∇f(D(x, dt), 0) · ∂tD(x, dt)dx

evaluated at time dt. Next, we use the assumption that D(x, t) is velocity domi-

nated to expand the time derivative of the displacement ∂tD(x, dt) = ∂tD(x, 0)+

O(dt). Using this Taylor expansion and the fact that f ∈ C1 (specifically, the fact

that f has bounded derivatives) we have:

∂tµ
P (t) =

1

|P |

∫

P

∇f(D(x, dt), 0) · V (x)dx+O(dt) (2.8)

where we define V (x) := ∂tD(x, 0) for simplicity. Next, from the assumption on
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the angle between the image gradients and velocity, we have

∂tµ
P (t) =

1

|P |

∫

P

|∇f(D(x, dt), 0)| |V (x)| cos(θ(x))dx+O(dt)

(2.9)

Lastly, Equation (2.6) is achieved via the small angle approximation, cos(θ(x)) =

1−O(θ(x)2) .

For 2, we can easily see that if D(x, t) is patchwise rigid, then

∂tµ(f, P ) =
1

|P |

∫

P

|∇f(D(x, dt), 0)| |V (x)| dx+O(dt) +O(ǫ)

=
|V (P )|

|P |
‖f(x, dt)‖TV (P ) +O(dt) +O(ǫ)

where V (P ) is the patch velocity.

And lastly, for 3, to show that the model recovers the optical flow equation

recall

1

|P |
∂t

∫

P

f(x, dt)dx =
1

|P |

∫

P

∇f(D(x, dt), 0) · V (x)dx+O(dt)

(2.10)

At dt = 0, we can differentiate under the integral since f is smooth:

1

|P |

∫

P

∂tf(x, 0)dx =
1

|P |

∫

P

∇f(x, 0) · V (x)dx

(2.11)
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therefore we have

1

|P |

∫

P

(∂tf(x, 0)−∇f(x, 0) · V (x)) dx = 0

(2.12)

By Lebegue differentiation theorem, as |P | → 0 the integrand goes to zero, thus

∂tf(x, 0) = ∇f(x, 0) · V (x) a.e., which is the first-order optical flow equation at

t = 0.

Remark 2.3.1. Note that the patchwise rigid restriction in Theorem 2.3.1 can be

relaxed to having ||∇V (x, 0)||Lp small (by Poincaré-Wirtinger inequality).

Theorem 2.3.1 provides the mathematical connection between the ideas pre-

sented in this work with the classical optical flow and block matching. The as-

sumptions in the theorem are also related to the physical motion of objects in the

frame. For example, the assumption on the angle θ(x) is equivalent to assuming

that the velocity field is applied nearly parallel to the gradients of the dynamic

objects in the video.

For the quadratic approximation, second order time derivatives of the patch

mean must be consider. The following theorem provides the relationship between

the ∂2
t µ

P (t) and image characteristics.

Proposition 2.3.1. Let f(x, t) be temporally consistent sequence of images gen-

erated by a acceleration driven displacement then

∂2
t µ

P (t) =
1

|P |

∫

P

V (x) · ∇2f(D(x, dt))V (x) +∇f(D(x, dt)) · a(x) dx+O(dt)

Proof. The proof is very similar to Theorem 2.3.1, but instead of taking a first

order approximation D(x, dt) in time we take a second order approximation:
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D(x, dt) = x + ∂tD(x, 0)dt + ∂2
tD(x, 0)dt

2

2
+ O(dt3). Once again, differentiating

and expanding yields:

∂2
t µ

P (t) = ∂t
1

|P |

∫

P

∇f(D(x, dt)) · ∂tD(x, dt)dx

=
1

|P |

∫

P

∂tD(x, dt) · ∇2f(D(x, dt))∂tD(x, dt)

+∇f(D(x, dt)) · ∂ttD(x, dt) dx

=
1

|P |

∫

P

V (x) · ∇2f(D(x, dt))V (x)

+∇f(D(x, dt)) · a(x) dx+O(dt)

which provides another relationship between the image gradients, physical char-

acteristics, and algorithmic terms.

The physical interpretation of this approximation is that there is not a large

amount of rotational motion, which is an appropriate assumption for surveillance,

tracking, traffic, etc.

2.4 Experimental Results

In this section we use numerical experiments to demonstrate the robustness and

efficiency of our algorithm. As shown in [17], the shifted masks will give compa-

rable reconstruction results compared with completely random masks. Hence in

most of our tests we first generate a random binary mask with 50% zeros, and

keep shifting it in one direction to get subsequent masks. Other types of masks

will also be considered in a later test. In our test, four different compression

rates are considered, 4,8,12 and 16. Fig. 2.2 displays some selected compressed

frames using different compression rates. In Fig. 2.2(a), since so few frames are

averaged the effective spatial mask appears to be random, while in Fig. 2.2(b-d)

as the frame rate increases so does the clarity. However, although the resolution
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(a) 4 frames (b) 8 frames (c) 12 frames (d) 16 frames

(e) Frame from (a) (f) Frame from (b) (g) Frame from (c) (h) Frame from (d)

Figure 2.2: In (a-d), various compressed frames are shown. Each scene is compressed with a
different rate and a frame from the scene is displayed in (e-h). The hierarchy shows that the
scene with the car suddenly entering in (a) and (e) has the smallest compression rate while the
one with pedestrian motion has the highest rate. The medium compression rates, as seen in
(b)&(f) or (c)&(g), are related to the car entering in the top left quadrant and the movement
of the second pedestrian, respectively.

increases with the frame rate, the trade-off is that the image becomes blurred. In

essence, this is the balance in adaptive compressive video sensing.

Before getting into our algorithm, we would like to first show the importance of

adaptiveness in video compression through some experiments. Let us first look at

how T influences the reconstruction results of different types of video data. Here

in each test T frames are compressed into one according to (2.1), then we apply

TV-based video reconstruction algorithm on this compressed data to recover the

original frame sequence, and the average PSNR (Peak signal-to-noise ratio) of the

reconstructed sequence will be recorded.

Inspired by the reconstruction models from [33, 34], we adapt those previously

proposed models to recover the compressed video. Our reconstruction model is as
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follows.

min
Fi

T∑

i=1

|DFi|+ λ

T−1∑

i=1

|Fi+1 − Fi|, s.t.

T∑

i=1

AiFi = X (2.13)

where D is the forward spatial derivatives. Both regularizers in this model are of

L1 type, therefore the minimization can be efficiently solved via the split Bregman

method [35].

We first introduce two auxiliary variables Gi for i = 1, . . . , T and di for i =

1, . . . , T − 1 and the Bregman variables (constraint enforcing) Xk, Bk and bk are

the Bregman variables so that the Equation (2.13) becomes:

min
F,G,d

T∑

i=1

|Gi|1 + λ

T−1∑

i=1

|di|1, (2.14)

s.t. Gi = DFi, di = Fi+1 − Fi,
T∑

i=1

AiFi = X

The constraints are incorporated into the energy as follows.

(F k, Gk, dk) = argminF,G, d
T∑

i=1

|Gi|1 + λ
T−1∑

i=1

|di|1

+
µ1

2
‖

T∑

i=1

AiFi −X +Xk−1‖2

+
µ2

2

T∑

i=1

‖Gi −DFi +Bk−1
i ‖2

+
µ3

2

T−1∑

i=1

‖di − Fi+1 + Fi + bk−1
i ‖2

Xk =

T∑

i=1

AiF
k
i −X +Xk−1

Bk
i =Gk

i −DF k
i +Bk−1

i

bki =dki − Fi+1 + Fi + bk−1
i .
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For the results in this work we take µ2 = µ3. The minimizers for Gk and dk are

explicit:

Gk
i =shrink(DF k−1

i − Bk−1
i , 1/µ2)

dki =shrink(F k−1
i+1 − F k−1

i − bk−1
i , λ/µ3)

where the shrink function is defined for vectors by: shrink(·, τ) := max(‖ · ‖ −

τ, 0) ·
‖·‖

.

For the F variable update, the minimizing equation is the following linear

system

(µ1A
TA+ µ2D

TD + µ3D
T
3 D3)F =µ1A

∗(X −Xk−1) + µ2D
T (Gk +Bk−1) (2.15)

+ µ3D
T
3 (d

k + bk) (2.16)

where D3 is the forward difference with respect to the frame (not to be confused

with the spatial differences).

Altogether, we alternate the shrinkage steps with a few iterations of conjugate

gradient to solve Equation (2.15) in order to find F . The convergence of this

algorithm to the correct minimizer is guaranteed, for example see [36].

Two types of video data are considered in the test, moving frames and frozen

frames, where moving frames mean all the T frames are different from each other,

while frozen frames stand for the case with T identical frames. The results are

recorded in Table 2.1. We can see from the table that when we have stationary

video data, a larger T value usually leads to better reconstruction results with

higher PSNR values. On the other hand, when there are a lot of movements in

the video, a smaller T is often more desirable.

Based on the above observation, we then use numerical tests to check the ad-
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Table 2.1: Mean PSNR comparison for different types of video data

Moving frames Frozen frames
T = 4 T=16 T=4 T=16

Test 1 33.7849 28.2370 48.4005 75.3180
Test 2 37.7345 34.9292 45.4085 67.1824

vantage of adaptive compression over fixed rate compression. In the first setting,

we generate a video of 32 frames, where the first 16 frames contain a lot of move-

ments, while the rest are identical. We then manually compress the video into 5

frames, where T1 = . . . = T4 = 4 and T5 = 16. According to our assumption on

Trange, this is the optimal way of adaptive compression for this particular video.

We also define another compression by setting T1 = 8 and T2 = . . . = T5 = 6, and

this is close to the fixed rate compression. For each case, the above reconstruction

algorithm (2.13) is applied on these compressed frames to recover each original

frame sequence separately, and the average PSNR of each sequence is recorded.

In the second setting, the same two compression strategies are used on the

video with 32 moving frames. The mean PSNR are displayed in the following

table. Similar tests are also conducted on videos where the first 16 frames are

identical while the rest are moving frames.

We can see from the PSNR values in Setting 1 that adaptive compression

leads to much better reconstruction results. The results in Setting 2 and 3 justify

matching the compression with the motion, and not the choice of this particular

partition, is responsible for the PSNR gain. In particular, we see that the results

of the reconstruction algorithm can support the choice of compression rate as long

as there is a significant gain in the PSNR.

Table 2.2: Mean PSNR comparison between adaptive and fixed rate compression

Setting 1 Setting 2 Setting 3
Adaptive Fixed Adaptive Fixed Adaptive Fixed

Test 1 53.1740 40.6072 33.8991 35.0905 39.9775 42.6081

Test 2 55.9060 43.0610 36.5681 37.2725 39.7499 43.2499
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2.4.1 Behavior of Adaptive Polynomial Fitting

(a) Linear Favored

(b) Combination

Figure 2.3: Comparison between adaptive polynomial fitting versus fixing the degree of the
polynomial. Using different data (a) and (b) shows that the adaptive polynomial fit may favor
one polynomial or use a combination of both.

In Figure 2.3, the temporal compression rates are plotted for each frame in

two real data sets. The red markers indicate changes in the video sequence, for

example an object entering or leaving the field of view, while the blue dots stand

for the compression rate for each frame. To investigate the effect of our adaptive
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polynomial fitting step in our algorithm, we compare our method to the case when

we restrict the approximating polynomial to be either linear or quadratic only. In

Figure 2.3 (a), the algorithm is applied to parking lot surveillance data, containing

a static background with moving people and vehicles. The spatial compression

rate is taken to be 50%. The first 12 frames are assigned a compression rate

of 4 in order to generate input data to our algorithm. The initial computed

compression rate is 16 since there is no movement, and decreases to 8 and 4 as

the car enters (the first two red markers, where the car starts to enter at the first

marker, and fully enters at the second marker). The second two markers are at

the frame location when the car gradually stops and people enter the field of view.

Since the dynamic component of the video is slowing down, the compression rate

should increase, coinciding with our algorithm’s performance. At the end of the

sequence the moving people become obscure (effectively exiting the field of view)

and reappear, which creates a jump in the compression rate. In this case, the

adaptive fitting prefers the least squares linear fit, since most of the motion is

locally constant.

In Figure 2.3 (b), the algorithm is applied to traffic data. Prior to the first

marker, the main moving component consists of non-uniform pedestrian move-

ment, therefore a medium-level compression rate is favored. This can be seen

visually and agrees with our algorithm’s performance. The first two markers

shows the occurrence of a vehicle entering the field at various speeds with varying

visibility. Therefore, we expect the compression rate to drop. This is exhibited

by both the adaptive compression algorithm and the quadratic approximation.

The next two markers bound the interval in which the frames are still. And the

last signifies a fast moving car entering the video. In this case, the adaptive al-

gorithm incorporates information from the quadratic fitting while also capturing

information (near frame 35) that is overlooked using one polynomial exclusively.

In general, the linear fit favors consistent motion, since it approximates one
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velocity over several compressed frames. The quadratic fit captures more subtle

dynamics, shown through its ability to adjust to gradual changes; however, at

times this results chooses the more prudent compression rate. Since the approxi-

mations are done patch by patch, one interesting observation to note is that the

adaptive compression rate does not necessarily give you either the linear or the

quadratic fitting result at any given frame. Instead, it balances the contributions

from both approximations.

2.4.2 Comparison of Patch Size

In Figure 2.4, we provide a comparison between different patch sizes. To measure

optimality of the patch size, we look at the qualitative behavior of the compression

results and the quantitative results (compression rate and PSNR). The optimal

patch size for the parking lot data set is 16 by 8 (with an average PSNR of 45.45)

and for this reason it is the patch configuration used in other sections. Figure 2.4

displays the result for patch configurations of 8 by 8 (average PSNR of 41.37), 8

by 16 (average PSNR of 44.96), and 16 by 16 (average PSNR of 45.15).

The patch size of 8 by 16 gives similar results; however, it neglects the motion

of the pedestrians. The small square patch of size 8 by 8 is more sensitive to small

changes between frames. The larger square patch of size 16 by 16 is less sensitive

to small objects. The 16 by 16 patch size results has issues reconstructing the

final part of the video data, where the small scale motion is dominant. The 8 by

8 patch size consistently gives too low of a compression rate, since it is sensitive

to outliers, thus making it ineffective as a data reduction tool.

From this we can conclude that the patch size is determined by two factors: the

scale of motion and its directionality. For consistent velocity V over a sampling

time of ∆t, one could argue that the diameter of the patch should satisfy the

relationship diam(P ) = V∆t to capture the correct scale. To correctly resolve
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directionality, the patch should be shorter in the direction of fast motion and long

in the direction of slow motion. For the data set tested here, the patch size of 16

by 8 corresponds to the correct size given this analysis as well. This also shows

that since 8 by 16 gives similar results while 8 by 8 gives worse results, scale plays

a more important role then directionality.

2.4.3 Comparison with Fixed Rate Compression

As seen in the tables, reconstruction algorithms for video compressive sensing

provide satisfactory results when (and only when) many frames are averaged over

low motion scenes or when few frames are averaged during high motion scenes.

Therefore, since our algorithm takes advantage of this principle, we would expect

that it should yield a better recovered video than using a fixed rate compression.

In Fig. 2.5 and 2.6, the compression rate versus frame rate is plotted along with

the PSNRs of each frame after applying the reconstruction algorithm. For the

results displayed in Fig. 2.5, the mean PSNR is 45.43 dB, compared to a mean

of 40.56 dB when applying a fixed rate compression with the same number of

compressed frames (i.e. identical mean compression rates). The maximum and

minimum PSNRs of our algorithm is 77.90 dB and 30.97 dB respectively, while

the fixed rate compression yields 55.07 dB and 28.82 dB respectively. For the

results in Fig. 2.6, our mean PSNR is 49.58 dB and the fixed rate compression

has an average PSNR of 42.92 dB. The maximum and minimum PSNR of our

method is 77.20 dB and 30.95 dB, while the fixed rate compression yields 52.67

dB and 28.31 dB, respectively. In both cases, our compression method provides

significant gains in the average PSNR of the reconstructed image.

In Fig. 2.7, six reconstructed frames (Frame 93 to 98) from the video used in

Fig. 2.5 are displayed. In Fig. 2.8, the same six frames are shown which are recon-

structed from data compressed with a fixed rate. The results using our algorithm

are of higher quality in the regions containing fast motion than that of a fixed
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(a) Patch Size of 8 by 8

0 100 200 300 400 500
4

6

8

10

12

14

16

Frames

C
om

pr
es

si
on

 r
at

e

Temporal Compression Bins

(b) Patch Size of 8 by 16
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(c) Patch Size of 8 by 16

Figure 2.4: Comparison of compression results for various patch sizes using our algorithm.

rate. Also, since the temporal compression averages consecutive frames, motion

elements in some frames can pollute both the compression and reconstruction of
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Figure 2.5: The compression rates (in blue) and the corresponding PSNRs (in green) of the
reconstructed video method to the results generated by our algorithm to the surveillance data
set. To increase the range of motion in our video data, we freeze the video at the 100th frame
and resume the original video at the 201st frame.

neighboring frames, as seen by the errors incurred around the car in Fig. 2.6. In

these figures, it is clear that the adaptive compression method yields less motion

and compression artifacts than that of the fixed rate compression, thus resulting

in better overall visual quality of the reconstructed video.

2.4.4 Robustness to Compressive Sensing Matrix

Lastly, we apply our algorithm to the case when the spatial compressive sensing

mask is randomly generated for each frame (retaining 45% of the pixels for any

given frame). In Fig. 2.9, the mean PSNR is 44.63 dB ( 39.97 dB for a fixed rate

compression) with a maximum and minimum PSNR of 74.98 dB and 30.82 dB

respectively (53.77 dB and 28.89 dB for a fixed rate compression). This is compa-

rable with the results from Fig. 2.5, since the algorithm does not depend explicitly

on the manner in which the mask is generated. Since the compression algorithm

considers average patch information, a particular mask realization should not al-

ter the patch means significantly. This shows the potential of incorporating our
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Figure 2.6: The compression rates (in blue) and the corresponding PSNRs (in green) of the
reconstructed video method to the results generated by our algorithm to the traffic data set.

Figure 2.7: The reconstruction results of six consecutive frames compressed by our algorithm.
The PSNRs for the first row starting from the left is: 33.7896 35.7451 36.1793 and the PSNRs
for the second row starting from the left is: 33.7118 32.6931 34.7961.
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Figure 2.8: The reconstruction results of six consecutive frames compressed using a fixed rate,
chosen to match the average compression rate of our algorithm. The PSNRs for the first row
starting from the left is: 32.5228 33.9217 34.5397 and the PSNRs for the second row starting
from the left is: 33.9049 32.0122 29.9636.
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Figure 2.9: The compression rates (in blue) and the corresponding PSNRs (in green) of the
reconstruction method applied to the results generated by our algorithm to the data that is
acquired via a random CS mask. Notice the qualitative and quantitative similarity to Fig. 2.5.
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algorithm in various video compression applications.

2.5 Conclusion

We present an adaptive algorithm for predicting compression rates in real-time.

The underlying idea is simple: compress more when the video contains little

motion and compress less during dynamic scenes. Using this idea, we build an

efficient and compact way to estimate the motion of a sequence of compressed and

subsampled frames using patch means. By considering the patch means, we reduce

the size of the problem and decouple each task. Also, by using each individual

patch’s history to predict its own compression rate, we accelerate the time it takes

to compute the predicted frame rate. Our adaptive model is shown to improve

the PSNR of the reconstructed video by several dB as well as the visual quality

of the images.

33



CHAPTER 3

Mixing Space-Time Derivatives for Video

Compressive Sensing

The majority of the content in this chapter is reprinted, with permission from

Yi Yang, Hayden Schaeffer, Wotao Yin and Stanley Osher, “Mixing space-time

derivatives for video compressive sensing”, Asilomar Conference on Signals, Sys-

tems, and Computers, November 2013 [37]. Copyright c©2011 IEEE.

Abstract

With the increasing use of compressive sensing techniques for better data ac-

quisition and storage, the need for efficient, accurate, and robust reconstruction

algorithms continues to be in demand. In this work we present a fast total vari-

ation based method for reconstructing video compressive sensing data. Video

compressive sensing systems store video sequences by taking a linear combination

of consecutive spatially compressed frames. In order to recover the original data,

our method regularizes both the spatial and temporal components using a total

variation semi-norm that mixes information between dimensions. This mixing

provides a more consistent approximation of the connection between neighboring

frames with little to no increase in complexity. The algorithm is easy to imple-

ment since each iteration contains two shrinkage steps and a few iterations of

conjugate gradient. Numerical simulations on real data show large improvements

in both the PSNR and visual quality of the reconstructed frame sequences using
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our method.

3.1 Introduction

Compressive sensing (CS) techniques have a large range of applications from hard-

ware development using 1 bit compressive sensing [38, 39] or coded apertures [2, 3]

to methodologies using CS sampling methods [12]. Its popularity stems for the

efficient way of handling large data sets - a growing issue in all fields and applica-

tions. For example in information science, large collections of images and videos

are obtained at extremely high rates, thereby efficient transmission and storage ac-

companied by robust and accurate reconstruction is necessary. One recent device,

the coded aperture compressive temporal imaging (CACTI) [17], shows promise on

encoding optical data entering at rates approaching 1 exapixel/second. In fact,

an emerging application of the CS paradigm, called video compressive sensing

(VCS), has enabled high quality reconstruction of videos from very few observed

frames.

In terms of the mechanics, VCS methods use physical techniques to code in-

coming optical data in order to compress either spatial or spectral information.

For spatial compression, this is typically accomplished by using a mechanical grat-

ing (the coded aperture) to block the entering data stream, thus subsampling the

incoming signal. There are several ways to compress the temporal data [13, 15],

for this work we consider the methods employed in the compressive sensing frame-

work. Here, we assume that the final stored measurement is defined as a linear

combination of several spatially compressed frames, thereby removing both the

spatial and temporal redundancy [18, 40].

The underlying forward model we consider is as follows: let X be the com-

pressed data set, F = [F1, . . . , FT ] be the vector formed by all the original frames,

where T is the number of frames that are compressed into one. Define A as the
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Figure 3.1: Illustration of the compression/encoding process of the video data.

CS matrix containing the random frame by frame masks as well as the temporal

compression. In other words, A can be written as [A1, . . . , AT ] with each Ai being

a random binary matrix, representing which pixels can store information. X is

acquired by taking the sum of AiFi for all the i’s with the product understood as

the Hadamard product. For simplicity, here we denote this compression process

as X = AF . The CS mask can be generated in two ways, depending on the

application. The first is to independently generate Ai for each frame, a common

technique in compressive sensing. The second way is to generate an initial mask

A1 for the first frame and shift it by one pixel (in a known direction) for each

subsequent frame. In hardware, this amounts to translating the coded aperture

between frames, which is easy to implement, requires less storage, and usually

yields similar results as first way [17]. Fig. 3.1 illustrates the compression process

for our problem.

Similar to other compressive sensing problems, the linear system X = AF is

underdetermined since there are much fewer measurements than unknown vari-

ables. In this way, we can greatly reduce the amount of information stored while

still being able to recover the original signal with high accuracy. Our goal is to

reconstruct F given A and X by leveraging certain desired sparsity properties on

the original video. For image decompression from CS measurements, recent re-

search supports the use of total variation (TV) regularization because of its ability
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to preserve edge information. With the introduction of the Bregman iteration [41]

and the split Bregman algorithm (related to the alternating direction method of

multipliers (ADMM) algorithm) [35], the TV-based optimization problems can be

solved in an extremely efficient way with sharper contrast in the recovered image.

This is of particular importance to video reconstruction, since the temporal com-

pression causes motion blur, adding to the overall difficultly of solving the inverse

problem.

Although the application of TV to imaging problems is clear, the extra di-

mension in videos makes extensions more ambiguous. The most direct way is

to incorporate the temporal dimension as a third coordinate, which leads to the

following optimization problem (TV3):

min
F

T∑

i=1

|Fi|TV 3 , s.t.

T∑

i=1

AiFi = X (3.1)

where the 3d TV semi-norm | · |TV 3 is defined as

|Y |TV 3 := |D3Y |1 =
∑

i,j,k

|D3Y(i,j,k)| (3.2)

with the difference operator defined as D3 := [Dx, Dy, Dt] and the vector norm

|D3Y(i,j,k)| :=
√
(DxY(i,j,k))2 + (DyY(i,j,k))2 + (DtY(i,j,k))2. The TV3 model is used

by TwIST (two-Step iterative shrinkage/thresholding) [33] and TVAL3 (TV min-

imization by augmented Lagrangian and alternating direction algorithm) [34].

The above regularizer places equal importance in all directions and treats the

pixel values as piecewise constant in time. The underlying assumption is that

the movement between successive frames is small (sparse). Though this model

achieves reasonable performance in application (with respect to PSNR, i.e. Peak

Signal-to-Noise Ratio), we can often greatly improve both the PSNR and visual

quality of the reconstruction by carefully exploring the temporal component. More
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examination of this model can be found in Section 3.3.

Rather than treating the difference between successive frames as sparse, we

assume that the difference is piecewise constant. This assumption is consistent

with the spatial regularizer, since the typical hypothesis is that each frame in the

video can be approximated by a piecewise constant image, then the difference

image between two successive frames should also belong to that category. As a

matter of fact, this is consistent with the dynamics captured in images: a piecewise

constant object travels with a certain speed across the field of view. Therefore,

instead of considering the L1 norm of the difference image, here we propose the

TV norm on the frame difference. As seen in the experimental results presented

in Section 3.3, our model provides better quality results regardless of the amount

of motion present in the video.

This paper is organized as follows. Section 3.2 gives a detailed description of

our model and the associated algorithm. In Section 3.3, numerical simulations

on real data are provided, which demonstrate the improvement in both numerical

and visual quality of the reconstructed video under various circumstances. We

also compare our model with several total variation based methods. Lastly, we

conclude with a short discussion in Section 3.4.

3.2 Model and Algorithm Description

The mathematical formulation of our model is as follows:

min
F

T∑

i=1

|Fi|TV + λ

T−1∑

i=1

|Fi+1 − Fi|TV , s.t.

T∑

i=1

AiFi = X (3.3)

where |Fi|TV = |DFi|1 with D = [Dx, Dy]. The model essentially recovers the orig-

inal data via deblurring the temporal component, reconstructing the compressed

spatial component, as well as interpolating the missing frames.
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The first term is the 2d TV semi-norm and the second term is the total varia-

tion of the difference between frames. The parameter λ balances the importance

between the two regularizers. In practice λ has a direct relationship to T : when

T is large (small), a larger (smaller) λ yields better results. This is related to

the compression methodology, since large T is used when successive frames are

similar, while small T is used for highly dynamic frames.

Since the model contains L1 type regularizers, we can solve the minimization

efficiently by applying the split Bregman technique. The convergence of this

algorithm to the minimizer of (3.3) is guaranteed according to [36]. Introducing

auxiliary variables Pi for i = 1, . . . , T and Qi for i = 1, . . . , T − 1 to substitute for

the spatial derivative and the mixed gradient respectively, the above problem is

equivalent to

min
F,P,Q

T∑

i=1

|Pi|1 + λ
T−1∑

i=1

|Qi|1, (3.4)

s.t. Pi = DFi, Qi = DFi+1 −DFi,

T∑

i=1

AiFi = X

Let us define D̂Fi = DFi+1 − DFi, which will stand for the gradient of the time
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differences. Next adding back the constraint yields:

(F k, P k, Qk) = argmin
F,P,Q

T∑

i=1

|Pi|1 + λ
T−1∑

i=1

|Qi|1 (3.5)

+
µ1

2
‖

T∑

i=1

AiFi −X +Xk−1‖2 (3.6)

+
µ2

2

T∑

i=1

‖Pi −DFi +Bk−1
i ‖2 (3.7)

+
µ3

2

T−1∑

i=1

‖Qi − D̂Fi + bk−1
i ‖2 (3.8)

Xk =

T∑

i=1

AiF
k
i −X +Xk−1 (3.9)

Bk
i =P k

i −DF k
i +Bk−1

i (3.10)

bki =Qk
i − D̂F k

i + bk−1
i . (3.11)

where the variables Xk, Bk and bk are the Bregman variables which are used to

enforce the equality constraint. Although the choice of µj will not affect the final

solution, their values relate to the convergence rate. Also, in practice we can

simply set µ2 = µ3 since they both control the gradient terms. The update for the

variables P , Q and F are done in an alternating fashion by the equations below:

P k
i =shrink(DF k−1

i −Bk−1
i , 1/µ2) (3.12)

Qk
i =shrink(D̂F k−1

i − bk−1
i , λ/µ3) (3.13)

F k =argmin
F

µ1

2
‖

T∑

i=1

AiFi −X +Xk−1‖2 (3.14)

+
µ2

2

T∑

i=1

‖P k
i −DFi +Bk−1

i ‖2 (3.15)

+
µ3

2

T−1∑

i=1

‖Qk
i − D̂Fi + bk−1

i ‖2 (3.16)

where the shrink function above is defined pointwise for a 2d vector Y as
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shrink(Y, τ) := max(‖Y ‖ − τ, 0) Y
‖Y ‖

. For the F variable update, since the associ-

ated subproblem is differentiable, taking the first derivative and rearranging terms

leads to

(µ1A
∗A+ µ2D

∗D + µ3D̂
∗D̂)F = RHS (3.17)

where (·)∗ stands for the adjoint of the operator and RHS = µ1A
∗(X −Xk−1) +

µ2D
∗(P k +Bk−1) + µ3D̂

∗(Qk + bk). In each iteration of split Bregman algorithm,

(3.17) only needs to be approximately solved with a few steps of conjugate gradi-

ent. Faster convergence can be obtained by using a preconditioner.

Altogether the method reduces to two explicit shrinkage steps and solving a

linear system for each iteration, making the algorithm fast and easy to implement.

3.3 Numerical Experiments and Discussion

In this section we use various numerical experiments to illustrate how our model

and the associated algorithm can improve the reconstruction results compared

with TV3. In order to show the importance of temporal consistency in video

reconstruction, we also include the following model (TV2) in our comparison:

min
F

T∑

i=1

|Fi|TV , s.t.

T∑

i=1

AiFi = X (3.18)

where the regularizer is decoupled. The TV2 model is able to reconstruct a rea-

sonable result since the CS mask is random. Numerically, (3.18) is solved via the

split Bregman method, similar to the algorithm described in Section 3.2. Our

method converges in under a minute for all the experiments described below.

As discussed in [17], shifting the CS masks usually leads to reconstruction

results that are comparable with generating a randommasks for each frame. Hence
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we simulate this type of mask generation during our experiments. This is done

by first generate a random binary mask with a certain amount of zero elements,

and translating the mask in a fixed direction after each frame. We also provide an

experiment using randommask, which are generated for each frame independently.

In all cases, the parameters are chosen to maximize the PSNR values.

In the first experiment (Setting 1), 4 frames are compressed into one – each

with 50% spatial downsampling. According to the first row of results displayed in

Table 3.1, we can see that our model achieves a much higher PSNR value compared

with the results obtained from TV2 and TV3. The model without temporal

regularizers provides the worst results among all the candidates with respect to

the PSNR values. This justifies the importance of leveraging the relationship

between neighboring frames. Note that all the methods yield a relatively good

PSNR. Since the region of motion is relatively small compared to the overall size

of the image, one could poorly recover the dynamic object and still have a good

PSNR.

Next, in Setting 2 we keep the same conditions as in Setting 1 but input a more

dynamic video (see Fig. 3.2). From Table 3.1, we see that our model yields higher

PSNRs than the other models. Although all models give a relatively high PSNR,

as seen in Fig. 3.2 there are clear qualitative differences. Our reconstruction has

less point structures commonly associated with poor CS reconstruction. It is also

able to recover the details of the background and capture the moving structures.

The TV2 model provides a piecewise constant reconstruction of each frame, but

it fails to recover the fine scale details found in the background. The TV3 model

is able to reconstruct the background well and some of the textures, but is unable

to resolve the moving object. From this example, it is clear that the temporal

regularizer helps promote texture reconstruction.

In Setting 3, we increase the T value to 8 while keep all other conditions the

same. The PSNR gap between our model and the other two grows, showing that
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Table 3.1: Mean and maximum PSNR comparison between different video reconstruction
models

Our model TV2 TV3
mean max mean max mean max

Setting 1 38.6716 39.3424 32.3084 32.5162 36.9144 37.6050
Setting 2 34.4394 34.9082 30.8161 31.1694 31.7932 32.3711
Setting 3 36.6830 37.4991 30.0898 30.4783 34.1394 35.3124
Setting 4 33.4960 34.1152 28.8421 29.1447 31.0489 31.6782
Setting 5 33.1679 33.6097 27.8260 28.0761 31.0260 31.6416

our model is more robust to larger compression rates. Fig. 3.3 provides a visual

comparison between our model, TV2 and TV3. Fig. 3.3 (a) shows an original

frame from the video sequence and (b) shows the compressed frameX . Comparing

the reconstructions (c-e), the zoomed in images (f-h) and difference images (i-k),

we can easily see that our model gives a smoother reconstruction with sharper

contrast. The loss of contrast in (d) is primarily due to the lack of temporal

consistency. The point structure effect in (e) is caused by the inaccuracy of L1

regularization for large motion. In the difference images (i-k), it is clear that our

model produces the least amount of errors in the background component while

recovers a piecewise smooth dynamic foreground. The PSNR gain of our model

for this particular frame is more than 3.

To examine the effect of both the random mask simulation and the sampling

ratio, in the forth setting we generate an independent random mask for each frame

and lowered the sampling ratio to 45%. The temporal compression rate, T , is set

at 8 for this case. We can see that all the PSNRs have decreased as expected,

while the values from our model are much higher than the others. The PSNRs

for TV2 are robust in the sense that they do not change dramatically between the

settings; however, they are consistently lower than the ones from other algorithms.

Lastly, when T = 12 and the spatial compression ratio returns to 50%, again our

model provides the best PSNR values among all the models.

In general, adding two regularizers for the same variable does not necessarily

increase the quality of the reconstruction. In our model, since the regularizers
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(a) Original (b) Compressed frame

(c) Our reconstruction (d) TV2 reconstruction (e) TV3 reconstruction

(f) Our difference (g) TV2 difference (h) TV3 difference

Figure 3.2: Figure illustration for Setting 2. The PSNR of this particular reconstruction with
our model is 34.9082, while TV2 gives 31.1694 and TV3 gives 32.3697.

act on the different coordinates, both are necessary. In Fig. 3.4, we compare our

model to the temporal-only version of our model:

min
F

|F1|TV +

T−1∑

i=1

|Fi+1 − Fi|TV + |FT |TV , (3.19)

s.t.
T∑

i=1

AiFi = X

Note that the first and last term are also time difference with zero boundary
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(a) Original (b) Compressed frame

(c) Our reconstruction (d) TV2 reconstruction (e) TV3 reconstruction

(f) Our zoomed in (g) TV2 zoomed in (h) TV3 zoomed in

(i) Our difference (j) TV2 difference (k) TV3 difference

Figure 3.3: Figure illustration for Setting 3. The PSNR of this particular reconstruction with
our model is 35.4635, compared with 29.7760 for TV2 and 32.4518 for TV3.
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(a) Original (b) Compressed frame

(c) Our reconstruction (d) Our zoomed in (e) Our difference

(f) Temporal-only model (g) Temporal-only
zoomed in

(h) Temporal-only differ-
ence

Figure 3.4: The comparison between our model and the model with only temporal regular-
izer. The PSNR of this particular reconstruction for our model is 34.3988, and temporal-only
regularized version of our model gives 32.2018.

conditions. In this form, the recovered videos is (in some sense) a piecewise

constant interpolation between the two recovered endpoints. In Fig. 3.4, a motion

blur artifact remains in the temporal-only model (g), while our model better

localizes the temporal information (d). This also appears in the difference images

as a region of error around the cars. In practice, we see that the spatial regularizer

stabilizes each frame.
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Figure 3.5: Two examples of the non-overlapping patch system. The difference in
the patch edges ensures the improvement in the averaging result.

In real applications, the dimension of F is often quite large, hence directly

solving (3.3) can take a long time. In order to meet the need of real-time re-

construction, a commonly used technique is to break the original problem into

a bunch of subproblems and use parallel computing to solve each small problem

simultaneously. One possible way of realizing that is to cut X into several non-

overlapping patches {Xj}, and for each Xj recover the associated video data cube

F j by solving (3.3) with a reduced problem size. Then by putting all the cubes

together we are able to obtain the original F . However, solely applying this idea

often bears the grid artifact on patch edges.

In order to alleviate the side effect, we can build the non-overlapping patch

system in different ways and then take the average of all the computed results.

This idea was applied to image recovery in [42]. Figure 3.5 are two examples of

the non-overlapping patch system.

To significantly remove the grid artifact, usually at least 3 different systems

have to be built, and this on the other hand greatly increases the computational

cost. Here we propose a new way to build the parallel system, whose construction

process is illustrated in Figure 3.6. As before, the first step is to divide the original

measurement matrix X into several non-overlapping patches. For each patch (e.g.

the black square in Figure 3.6), we extend its edges by several pixels and construct
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Figure 3.6: Illustration of our parallel system.

Table 3.2: Comparison of results from solving the original problem and the ones from solving
the parallel system with different averaging functions

The original problem
The parallel system
with direct averaging

The parallel system
with linear interpolation

Setting 1 34.5321 34.3030 34.4960
Setting 2 34.5321 34.3921 34.5094
Setting 3 37.1156 37.0263 37.0497
Setting 4 37.1112 36.5263 36.5862

a new patch with slightly larger size (the blue one). Through solving (3.3) on the

enlarged patches, each reconstructed data cube now have some overlap with its

neighbors, and we can either use direct averaging or linear interpolation on the

overlapping areas to remove the grid artifact.

Table 3.2 displays the comparison of mean PSNRs between results from solving

the original problem (3.3) and the ones from our patch system in different settings.

In Setting 1 the original F has size 350 × 350 × 4. For the parallel system, we

use patch size 35 × 35 with 5 pixel overlap. i.e. the blue path in Figure 3.6 has

size 45 × 45. In the second test, F is unchanged while the patch size (the black

one) is increased to 50× 50 with 5 pixel overlap. Figure 3.7 compares the second

reconstructed frame from the three models in this senario. In setting 3, we fix the

patch size and increase the temporal compression rate to 8. In the last test, X

is the compressed result from 12 frames and the patch size is still 50 × 50. It is

easily seen from the results that by utilizing the new patch system we can achieve
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(a) Original (b) Direct averaging (c) Linear interpolation

(d) Original zoomed in (e) Direct averaging
zoomed in

(f) Linear interpolation
zoomed in

Figure 3.7: Illustration of a reconstructed frame from Setting 2 in Table 3.2. From left to
right: result from solving the original problem (PSNR 34.8539); result from the parallel system
with direct averaging (PSNR 34.6945); result from the parallel system with linear interpolation
(PSNR 34.8241). The grid artifact from our patch system is negligible.

comparable results with much less time and little loss in PSNRs.

3.4 Conclusion

Our model shows dramatic improvement using a more consistent regularizer. The

main function of our temporal regularizer is to better capture both fast moving ob-

jects and temporal relationships. Numerical simulations show large improvements

in both the PSNR and visual quality of the reconstructions using our method, re-

gardless of the type of dynamics present in the video. In this work, the problem

we are considering derives from VCS; however, the method presented here can

easily be applied to other compression types.
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Part II

Adaptive Outlier Pursuit
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CHAPTER 4

Introduction

In many real world applications, such as signal and image processing, the acquired

measurements are often corrupted by different kinds of noise during data acquisi-

tion and transmission. Therefore, developing algorithms that are robust to noise

is another important topic besides the efficiency concern.

A widely studied noise type is the additive Gaussian noise, whose norm is often

relatively small compared with the original data, hence most of the information in

the data can be retained in this case. However, sometimes the noise can damage

part of the data completely, leaving it with no useful information at all. In this

scenario, using the damaged data for signal reconstruction is useless and can

even worsen the performance of the reconstruction methods. Hence algorithms

robust to outliers are strongly needed. In applications like image processing,

several techniques have been proposed to deal with outliers, such as adaptive

median filter(AMF) for salt-and-pepper impulse noise removal, while in many

other applications there is no useful technique for effective outlier detection. Here

we propose a technique named adaptive outlier pursuit (AOP) and apply it to

robust 1-bit compressive sensing (CS) and exact matrix reconstruction.

Instead of preprocessing the data before applying standard algorithms, the

AOP technique detects error location and recovers the signal in an alternating

fashion. Here a binary variable Λ is introduced to label the all the measurements.

Λi equals 1 if the ith measurement is considered to be “correct”, and 0 otherwise.

In each iteration, only the “correct” measurements are used to reconstruct the
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original data, then Λ is updated through minimizing the energy function with the

newly recovered signal.

Chapter 5 focuses on robust 1-bit compressive sensing with AOP. The field

of compressive sensing and techniques using sparsity have recently gained a lot

of attention in various areas of research, such as image processing and machine

learning. In the standard compressive sensing framework, the original signal is

recovered by finding the sparsest solution to an underdetermined linear system.

1-bit CS was introduced and studied in 2008 by Boufounos and Baraniuk [38],

which examines the efficient reconstruction of a sparse or compressible signal

from its linear measurements followed by the most severe quantization: retaining

only the sign information, i.e. 1 bit per measurement. It enjoys many advantages

in practice. A lot of models and algorithms have been proposed to solve this

problem. However, they all perform poorly when the measurements contain a lot

of sign flips. With adaptive outlier pursuit, we are able to detect the sign flips

and reconstruct the signals with very high accuracy. Numerical experiments show

our algorithms outperform other algorithms greatly in all the displayed tests.

Chapter 6 covers the application of AOP on exact matrix completion. The

problem of matrix completion aims at finding a low-rank matrix from incomplete

samples of its entries. It enjoys wide applications in many areas, such as model

reduction and the famous Netflix problem. This is a well studied problem for

the clean data case. However when some of the given entries are contaminated

by sparse random-valued noise, most of the current algorithms will not be able

to reconstruct the original matrix. Similarly, with the introduction of AOP to

the existing model, we are able to achieve a remarkable improvement in reducing

the relative error and finding all the correct error locations compared with other

algorithms.
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CHAPTER 5

Robust 1-bit Compressive Sensing using

Adaptive Outlier Pursuit

Cppyright c©2012 IEEE. Reprinted, with permission from Ming Yan, Yi Yang and

Stanley Osher, “Robust 1-bit compressive sensing using adaptive outlier pursuit”,

IEEE Transactions on Signal Processing, July 2012 [43].

Abstract

In compressive sensing (CS), the goal is to recover signals at reduced sample rate

compared to the classic Shannon-Nyquist rate. However, the classic CS theory

assumes the measurements to be real-valued and have infinite bit precision. The

quantization of CS measurements has been studied recently and it has been shown

that accurate and stable signal acquisition is possible even when each measure-

ment is quantized to only one single bit. There are many algorithms proposed

for 1-bit compressive sensing and they work well when there is no noise in the

measurements, e.g., there are no sign flips, while the performance is worsened

when there are a lot of sign flips in the measurements. In this paper, we propose

a robust method for recovering signals from 1-bit measurements using adaptive

outlier pursuit. This method will detect the positions where sign flips happen and

recover the signals using correct measurements. Numerical experiments show the

accuracy of sign flips detection and high performance of signal recovery for our

algorithms compared with other algorithms.
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5.1 Introduction

The theory of compressive sensing (CS) enables reconstruction of sparse or com-

pressible signals from a small number of linear measurements relative to the di-

mension of the signal space [44, 45, 46, 47, 48]. In this setting, we have

y = Φx, (5.1)

where x ∈ RN is the signal, Φ ∈ RM×N with M < N is an underdetermined

measurement system, and y ∈ RM is the set of linear measurements. It was

demonstrated that K-sparse signals, i.e., x ∈ ΣK where ΣK := {x ∈ RN : ‖x‖0 :=

|supp(x)| ≤ K}, can be reconstructed exactly if Φ satisfies the restricted isometry

property (RIP) [49]. It was also shown that random matrices can satisfy RIP with

high probability if the entries are chosen according to independent and identically

distributed (i.i.d.) Gaussian distribution.

Classic compressive sensing assumes that the measurements are real valued

and have infinite bit precision. However, in practice, CS measurements must be

quantized, i.e., each measurement has to be mapped from a real value (over a

potentially infinite range) to a discrete value over some finite range, which will

induce error on the measurements. The quantization of CS measurements has been

studied recently and several new algorithms are proposed [50, 51, 52, 53, 54, 55].

Furthermore, for some real world problems, severe quantization may be inher-

ent or preferred. For example, in analog-to-digital conversion (ADC), the acquisi-

tion of 1-bit measurements of an analog signal only requires a comparator to zero,

which is an inexpensive and fast piece of hardware that is robust to amplification

of the signal and other errors, as long as they preserve the signs of the measure-

ments, see [38, 56]. In this chapter, we will focus on the CS problem with 1-bit

quantization.
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The 1-bit compressive sensing framework [38] is as follows. Measurements of

a signal x ∈ RN are computed via

y = A(x) := sign(Φx). (5.2)

Therefore, the measurement operator A(·) is a mapping from RN to the Boolean

cube 1 BM := {−1, 1}M . We have to recover signal x ∈
∑∗

K := {x ∈ SN−1 :

‖x‖0 ≤ K} where SN−1 := {x ∈ RN : ‖x‖2 = 1} is the unit hyper-sphere of

dimension N . Since the scale of the signal is lost during the quantization process,

we can restrict the sparse signals to be on the unit hyper-sphere. Jacques et al.

provided two flavors of results for the 1-bit CS framework [57]: 1) a lower bound

is provided on the best achievable performance of this 1-bit CS framework, and if

the elements of Φ are drawn randomly from i.i.d. Gaussian distribution or its rows

are drawn uniformly from the unit sphere, then the solution will have bounded

error on the order of the optimal lower bound. 2) A condition on the mapping A,

binary ǫ-stable embedding (BǫSE), that enables stable reconstruction is given to

characterize the reconstruction performance even when some of the measurement

signs have changed (e.g., due to noise in the measurements).

Since this problem was introduced and studied by Boufounos and Baraniuk in

2008 [38], it has been studied by many people and several algorithms have been de-

veloped [38, 57, 58, 59, 60, 61, 62]. Binary iterative hard thresholding (BIHT) [57]

is shown to perform better than other algorithms such as matching sign pursuit

(MSP) [58] and restricted-step shrinkage (RSS) [60] in terms of decreasing recon-

struction error as well as keeping signal consistency, see [57] for more details. The

experiment in [57] shows that the one-sided ℓ1 objective (BIHT) performs better

when there are only a few errors, and the one-sided ℓ2 objective (BIHT-ℓ2) per-

forms better when there are significantly more errors, which implies that BIHT-ℓ2

1Generally, theM -dimensional Boolean cube is defined as {0, 1}M . Without loss of generality,
we use {−1, 1}M instead.
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is useful when the measurements contain significant noise that might cause a large

number of sign flips.

In practice, there will always be noise in the measurements during data ac-

quisition and transmission, therefore, a robust algorithm for 1-bit compressive

sensing when the measurements contain sing flips. One possible way to build this

robust algorithm is to introduce an outlier detection technique.

There are many applications where accurate detection of outliers is needed.

For example, when an image is corrupted by random-valued impulse noise, the

corrupted pixels are useless in image denoising. There are some methods (e.g.,

adaptive center-weighted median filter (ACWMF) [63]) for detecting the dam-

aged pixels. But these methods will miss quit a lot of real noise and false-hit

some noise-free pixels when the noise level is high. In [64], we proposed a method

to adaptively detect the noise pixels and restore the image with ℓ0 minimization.

Instead of detecting the damaged pixels before recovering the image, we iteratively

restore the image and detect the damaged pixels. This idea works really well for

impulse noise removal. In this 1-bit compressive sensing framework, when there is

a sign flip in one measurement, this measurement will worsen the reconstruction

performance. If we can detect all the measurements with sign flips, then we can

change the signs for these measurements and improve the reconstruction perfor-

mance a lot. However, it is much more difficult than detecting impulse noise and

there is no method for detecting sign flips, but we can still utilize the idea in [64]

to adaptively find the sign flips. In this chapter, we will introduce a method for

robust 1-bit compressive sensing which can detect the sign flips and reconstruct

the signals with very high accuracy even when there are a large number of sign

flips.

This chapter is organized as follows. We will introduce several algorithms for

reconstructing the signal and detecting the sign flips in section 5.2. Section 5.3

studies the case when the noise information is not given. The performance of these
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algorithms is illustrated in section 5.4 with comparison to BIHT and BIHT-ℓ2. We

will end this work by a short conclusion.

5.2 Model and Algorithm

Binary iterative hard thresholding (BIHT or BIHT-ℓ2) in [57] is the algorithm for

solving

min
x

M∑
i=1

φ(yi, (Φx)i)

subject to: ‖x‖2 = 1, ‖x‖0 ≤ K,

(5.3)

where φ is the one-sided ℓ1 (or ℓ2) objective:

φ(x, y) =





0, if x · y > 0,

|x · y| (or |x · y|2/2), otherwise.
(5.4)

The high performance of BIHT is demonstrated when all the measurements are

noise-free. However when there are a lot of sign flips, the performance of BIHT

and BIHT-ℓ2 is worsened by the noisy measurements. There is no method to

detect the sign flips in the measurements, but adaptively finding the sign flips and

reconstructing the signals can be combined together as in [64] to obtain better

performance.

Let us assume firstly that the noise level (the ratio of the number of sign

flips over the number of measurements for 1-bit compressive sensing) is provided.

Based on this information, we can choose a proper integer L such that at most L

elements of the total measurements are wrongly detected (having sign flips). For

measurements y ∈ {−1, 1}M , Λ ∈ RM is a binary vector denoting the “correct”
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data:

Λi =





1, if yi is “correct”,

0, otherwise.
(5.5)

According to the assumption, we have
M∑
i=1

(1− Λi) ≤ L.

Introducing Λ into the old problem solved by BIHT, we have the following

new problem with unknown variable x and Λ:

min
x,Λ

M∑
i=1

Λiφ(yi, (Φx)i)

s.t.
M∑
i=1

(1− Λi) ≤ L,

Λi ∈ {0, 1} i = 1, 2, · · · ,M,

‖x‖2 = 1, ‖x‖0 ≤ K.

(5.6)

The above model can also be interpreted in the following way. Let us consider

the noisy measurement y as the sign of Φx with additive unknown noise n, i.e. y =

sign(Φx+n). Though the binary measurement is robust to noise as long as the sign

does not change, there exist some ni’s such that the corresponding measurements

change. In our problem, only a few measurements are corrupted, and only these

corresponding ni’s are important. Therefore, n can be considered as sparse noise

with nonzero entries at these locations, and we have to recover the signal x from

sparse corrupted measurements [65, 66], even when the measurements is acquired

by taking the sign of Φx+ n. This equivalent problem is

min
x,n

M∑
i=1

φ(yi, (Φx)i + ni)

s.t. ‖n‖0 ≤ L,

‖x‖2 = 1, ‖x‖0 ≤ K.

(5.7)

The equivalence is described in the appendix.
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The problem defined in (5.6) is non-convex and has both continuous and dis-

crete variables. It is difficult to solve it together, thus we use alternating mini-

mization method, which separates the energy minimization over x and Λ into two

steps:

• Fix Λ and solve for x:

min
x

M∑
i=1

Λiφ(yi, (Φx)i)

s.t. ‖x‖2 = 1, ‖x‖0 ≤ K.

(5.8)

This is the same as (5.3) with revised Φ and y. We only need to use the ith

rows of Φ and y where Λi = 1.

• Fix x and update Λ:

min
Λ

M∑
i=1

Λiφ(yi, (Φx)i)

s.t.
M∑
i=1

(1− Λi) ≤ L,

Λi ∈ {0, 1} i = 1, 2, · · · ,M.

(5.9)

This problem is to choose M −L elements with least sum from M elements

{φ(yi, (Φx)i)}
M
i=1. Given an x estimated from (5.8), we can update Λ in one

step:

Λi =





0, if φ(yi, (Φx)i) ≥ τ,

1, otherwise.
(5.10)

where τ is the Lth largest term of {φ(yi, (Φx)i)}
M
i=1. If the L

th and (L+1)th

largest terms are equal, then we can choose any Λ such that
∑M

i=1Λi = M−L

and

min
i,Λi=0

φ(yi, (Φx)i) ≥ max
i,Λi=1

φ(yi, (Φx)i).
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Since for each step, the updated Λ identifies the outliers, this method is named

as adaptive outlier pursuit (AOP). When L = 0, this is exactly the BIHT proposed

in [57]. Our algorithm is as follows:

Algorithm 2 AOP

Input: Φ ∈ RM×N , y ∈ {−1, 1}M , K > 0, L ≥ 0, α > 0, Miter > 0
Initialization: x0 = ΦT y/‖ΦTy‖, k = 0, Λ = 1 ∈ RM , Loc = 1 : M , tol = inf,
TOL = inf.
while k ≤ Miter and L ≤ tol do

Compute βk+1 = xk + αΦ(Loc, :)T (y(Loc)− sign(Φ(Loc, :)xk)).
Update xk+1 = ηK(β

k+1),
Set tol = ‖y −A(xk+1)‖0.
if tol ≤TOL then,

Compute Λ with (5.10).
Update Loc to be the location of 1-entries of Λ.
Set TOL = tol.

end if

k = k + 1.

end while

return xk/‖xk‖.

ηK(v) computes the best K-term approximation of v by thresholding. Since

yi ∈ {−1, 1}, once we find the locations of the errors, instead of deleting these

data, we can also “correct” them by flipping their signs. Hence x can also be

updated with Φ and this new measurements. This algorithm with changing signs

is called AOP with flips.

Remark: Similar to BIHT-ℓ2, we can also choose the one-sided ℓ2 objective

instead of ℓ1 objective and obtain two other algorithms.

5.3 The Case with L Unknown

In previous section, we assume that L, the number of corrupted measurements, is

known in advance. However in real world applications there are cases when no pre-

knowledge about the noise is given. If L is chosen smaller or larger than the true
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value, the performance of these algorithms will get worse. As shown numerically

in section 5.4, when L is less than the true value, even if the L detections are

completely correct, some sign flips still stay in the measurements. On the other

hand, some correct measurements will be lost if L is too large, and the problem

will have more solutions if the number of total measurements is not large enough,

which will affect the accuracy of the algorithm. Therefore, in this scenario we

have to apply an L detection skill to find an L which is not far from the true

value.

When no noise information is given, the following procedure can be applied to

predict L. The first-phase preparation is to do extensive experiments on simulated

data with known L and record the Hamming distances between A(x) and noisy y

of BIHT-ℓ2 and AOP. Here we can simply use the results in our first experiment

in section 5.4. The average of the results describes nicely the behavior of these

two algorithms at different noise levels. Hence a formula can be derived to predict

the Hamming distance of AOP based on the results obtained by BIHT-ℓ2. This

could be a fair initial guess for the noise level, and we can derive an L based on

the result, labeled as L0. Then we calculate Lt = ‖A(x) − y‖0 using the result x

gained by AOP with L0 as the input for L. If Lt is greater than L0, which means

that L0 is too small while Lt is too large, we set Lt as the upper bound Lmax and

L0 as the lower bound Lmin. Otherwise, if Lt is smaller than or equal to L0, which

means L0 may be too large, we use µL0 (0 < µ < 1) as the new L0 to look for

new Lt. We will keep doing this until Lt is greater than L0. Then the previous

L0 is defined as the upper bound Lmax and the new L0 is defined as the lower

bound Lmin. This is just one method for finding lower and upper bounds for L,

and there are certainly other possible ways to decide the bounds. Then we use the

bisection method to find a better L. The mean of Lmax and Lmin (Lmean) is then

used as input to derive Lt with AOP. If Lt is greater than Lmean, we update Lmin

with Lmean. Otherwise, Lmean is set as Lmax. This bisection method is applied to
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update these two bounds until Lmax − Lmin ≤ 1. The final Lmin is our input L.

5.4 Numerical Results

In this section we use several numerical experiments to demonstrate the effective-

ness of AOP algorithms. Here AOP is implemented in the following four ways:

1) AOP with one-sided ℓ1 objective (AOP); 2) AOP with flips and one-sided ℓ1

objective (AOP-f); 3) AOP with one-sided ℓ2 objective (AOP-ℓ2); 4) AOP with

flips and one-sided ℓ2 objective (AOP-ℓ2-f). The four algorithms, together with

BIHT and BIHT-ℓ2, are studied and compared in the following experiments.

The setup for our experiments is as follows. We first generate a matrix Φ ∈

RM×N whose elements follow i.i.d. Gaussian distribution. Then we generate the

original K-sparse signal x∗ ∈ RN . Its non-zero entries are drawn from standard

Gaussian distribution and then normalized to have norm 1. y∗ ∈ {−1, 1}M is

computed by A(x∗).

5.4.1 Noise Levels Test

In our first experiment, we set M = N = 1000, K = 10, and examine the

performance of these algorithms on data with different noise levels. Here in each

test, we choose a few measurements at random and flip their signs. The noise

level is between 0% and 10% and we assume it is known in advance. For each

level, we perform 100 trials and record the average signal-to-noise ratio (SNR),

average reconstruction angular error for each reconstructed signal x with respect

to x∗, average Hamming error between A(x) and A(x∗) and average Hamming

distance between A(x) and the noisy measurements y. Here SNR is denoted by

10 log10(‖x‖
2/‖x − x∗‖2), angular error is defined as arccos〈x, x∗〉/π, Hamming

error stands for ‖A(x) − A(x∗)‖0/M and the Hamming distance between A(x)

and y, defined as ‖A(x)− y‖0/M , is used to measure the difference between A(x)
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(b) Angular error
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(c) Hamming error between
A(x) and A(x∗)
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(d) Hamming distance be-
tween A(x) and y

Figure 5.1: Algorithm comparison on corrupted data with different noise levels. (a) average
SNR vs noise level, (b) average angular error vs noise level, (c) average Hamming error between
A(x) and A(x∗) vs noise level, (d) average Hamming distance between A(x) and noisy measure-
ments y vs noise level. AOP proves to be more robust to measurement sign flips compared with
BIHT.

and the noisy measurements y. The results are depicted in Figure 5.1. The

plots demonstrate that in these comparisons four AOP algorithms outperform

BIHT and BIHT-ℓ2 for all noise levels, significantly so when more than 2% of the

measurements are corrupted. Compared with BIHT, BIHT-ℓ2 tends to give worse

results when there are only a few sign flips in y and better results if we have high

noise level. This has been shown and studied in [57]. Of all the AOP series, AOP

and AOP-f give better results compared with AOP-ℓ2 and AOP-ℓ2-f. We can also

see that there is a lot of overlap between the results obtained by AOP and the

ones acquired by AOP with flips, especially when one-sided ℓ2 objective is used,

the results are almost the same. Figure 5.1(d) compares the average Hamming

distances between A(x) and the noisy measurements y for all algorithms. If the

sign flips can be found correctly, then the Hamming distance between A(x) and y

should be equal to noise level. The result shows that average Hamming distances
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for AOP and AOP-f are slightly above the noise levels, which means that AOP

with one-sided ℓ1 objective performs better in consistency than other algorithms

in noisy cases.

In order to show that our algorithms can find the positions of sign flips with

high accuracy, we measure the probabilities of correct detections of sign flips in

the noisy measurements for different noise levels from 0.5% to 10% in Figure 5.2

(M = N = 1000, K = 10). The exact number of sign flips is used as L in

the algorithms and we compare the exact locations of sign flips in measurements

y with those detected from the algorithms for all 100 trials, then the average

probabilities of correct detections are shown for different algorithms at different

noise levels. From this figure, we can see that all four algorithms have high

accuracy in detecting the sign flips. When the noise level is low (≤4%), the

accuracy of AOP and AOP-f can be as high as 95%, even when the noise level is

high (e.g., 10%), the accuracy of AOP and AOP-f is still above 90%. Comparing

to algorithms with one-sided ℓ1 objective, algorithms with one-sided ℓ2 objective

have lower accuracy. The accuracy for AOP-ℓ2 and AOP-ℓ2-f is around 80%.
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Figure 5.2: The probabilities of correct detections of sign flips for different noise levels ranging
from 0.5% to 10%. AOP and AOP-f have very high accuracy (great than 90%) in detecting the
sign flips, while AOP-ℓ2 and AOP-ℓ2-f have relatively lower accuracy (around 80%).

5.4.2 M/N Test

In the second experiment, N = 1000, K = 10 and the noise level 3% are fixed, and

we change M/N within the range (0, 2]. 40 different M/N are considered and we

perform 300 tests for each value. The results are displayed in five different ways:
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(b) Angular error
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(c) Hamming distance be-
tween A(x) and A(x∗)
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(d) Hamming error between
A(x) and y
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(e) % coefficient misses

Figure 5.3: Algorithm comparison on corrupted data with different M/N . (a) average SNR vs
M/N , (b) average angular error vs M/N , (c) average Hamming error between A(x) and A(x∗)
vs M/N , (d) average Hamming distance between A(x) and y vs M/N , (e) average percentage
of coefficient misses vs M/N . AOP yields a remarkable improvement in reducing the Hamming
and angular error and achieving higher SNR.

the average SNR, average angular error, average Hamming error between A(x) and

A(x∗), average Hamming distance between A(x) and y and average percentage of

coefficient “misses”. Here “misses” stands for the coefficients where x∗
i 6= 0 while

xi = 0. According to Figure 5.3, although all the algorithms show the same trend

as M/N increases, AOP and AOP-f always obtain a much smaller angular error

(higher SNR) than BIHT and BIHT-ℓ2. There are also fewer coefficient misses in

the results acquired by AOP series. Furthermore, we see that even when 3% of the

measurements are corrupted, AOP can still recover a signal with SNR greater than

20 using less than 0.5 bits per coefficient of x∗. In Hamming error comparison,

AOP and AOP-f beat other algorithms significantly whenM/N > 0.15. Moreover,

we see that the average Hamming error of AOP and AOP-f is extremely close to

zero when M/N > 0.5. When M/N < 0.15, the seemingly failure of AOP and
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(c) M=1.5N

Figure 5.4: Hamming error vs angular error with different M . AOP gives the most consistent
results for M = 0.7N and M = 1.5N . In these two cases we can see a linear relationship
ǫsim ≈ C + ǫH between the average angular error ǫsim and average Hamming error ǫH , where
C is constant. For really small M (M = 0.1N) BIHT returns almost the same results as AOP
since AOP may fail to find the exact sign flips in the noisy measurements. The dashed line
ǫ1000 + ǫH is a upper bound for 1000 trials.

AOP-f compared with BIHT is due to the fact that there are usually more than

one solution to (5.6) for really small M , and with high probability our method will

return one solution with L sign flips, which may not be the actual ones. Hence

we may not be able to detect the actual errors in the measurements.

We also try to explore the relationship between the Hamming error between

A(x) and A(x∗) and the reconstruction angular error. With N = 1000, K = 10

and the noise level 3% fixed, we plot the Hamming error vs angular error for three

different M in Figure 5.4. Since AOP and AOP with flips tend to return almost

the same results if we use the same objective (one-sided ℓ1 or one-sided ℓ2) for

x update, we only compare the results acquired by BIHT, BIHT-ℓ2, AOP and

AOP-ℓ2. We can see clearly that almost all the blue (+) points stay in the lower

left part of the graph for M = 0.7N and M = 1.5N , which proves that AOP gives

more consistent results compared with other three algorithms. For these two M ,

the average angular error is close to a linear function of average Hamming error,

which is predicted by BǫSE property in [57]. We also plot an empirical upper

bound for AOP of ǫ1000+ǫH defined in [57], where ǫ1000 is the largest angular error

of AOP and ǫH is the Hamming distance. For especially “under-sampled” case like

M = 0.1N , none of these algorithms is able to return consistent reconstructions,
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as we can see the points scatter almost randomly over the domain. In this case the

results obtained by BIHT stay really close to those gained by AOP. As mentioned

above, this is because AOP may not be able to detect the exact sign flips in the

noisy measurements when M is too small.

5.4.3 High Noise Levels

In this subsection, we study the performance of AOP and AOP-ℓ2 when a large

number of measurements are corrupted. Two settings are considered. In the first

experiment, we fix N = 1000, K = 10, and change the M/N ratio between 0.05

and 2. Four different noise levels are considered from 0.1 to 0.4 and we record

the average angular error and correct detection probability from 100 tests. In the

second setting, we fix M = 2000, N = 1000 and change K from 1 to 30. Still, four

noise levels are considered and the mean results from 100 tests are recorded. From

Figure 5.5 (a) and (b), we can see similar trend for the behavior of angular error

and correct detection probability as we have discovered in Figure 5.3. According

to (c), (d), for all the noise levels the performance of these two algorithms tends to

get worse asK increases. We also have another interesting discovery that when the

noise level is greater than 0.2, AOP-ℓ2 turns out to be a better choice than AOP.

This is because when the noise level is extremely high, even with outlier detection

technique, lots of sign flips remain in the recovered measurements, and this new

“noise level” is still relatively high. According to [57], BIHT-ℓ2 outperforms BIHT

when the measurements contain lots of sign flips. Therefore, when the noise level

is high enough, AOP-ℓ2 is considered as a better choice compared with AOP.

5.4.4 L Mismatch

In Figure 5.6, we analyze the influence of incorrect selection of L on AOP. Here

we choose M = N = 1000, K = 10, noise level 5%, and change the input value
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Figure 5.5: AOP and AOP-ℓ2 performance under different noise levels. (a) average angular
error vs M/N with different noise levels, (b) correct detection percentage vs M/N with different
noise levels, (c) average angular error vs K with different noise levels, (d) correct detection
percentage vs K with different noise levels. The performance gets better when we increase M/N
or decrease K.

from 0.5L to 1.5L. 100 tests are conducted and the mean results are recorded. It

is easily seen that the error will become larger when the input L digresses from

its true value. According to this plot, we know that in order to obtain good

performance for our method, we should choose a proper L as input.
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Figure 5.6: AOP performance with different L. L has to stay close to its true value in order
to get good performance
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5.4.5 Unknown L

To show that our method works even when L is not given, we use the method

described in Section III to find an approximation of L, and compare the results

of AOP with different L. Here M = N = 1000, K = 10 are fixed, and 10 different

noise levels (from 1% to 10%) are tested. Three inputs for L: the initial L0

predicted from the result of BIHT-ℓ2, L obtained from bisection method, exact

L, are used in AOP to obtain the results. The following figure 5.7 is depicted

with the average results from 100 trials. Even with the initial L0, the results are

comparable to those with exact L, and bisection method can provide a better

approximation for L with longer time for predicting L.
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Figure 5.7: Comparison of results by different L at different noise levels from 1% to 10%. (a)
average angular error vs noise level, (b) average Hamming distance between A(x) and noisy y vs
noise level. By choosing appropriate L as the input, we can still obtain the results comparable
to those with exact L.

5.5 Conclusion

In this paper, we propose a method based on adaptive outlier pursuit for robust

1-bit compressive sensing. By iteratively detecting the sign flips in measurements

and recovering the signals from “correct” measurements, this method can obtain

better results in both finding the noisy measurements and recovering the signals,

even when there are a lot of sign flips in the measurements. Four algorithms
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(AOP, AOP-f, AOP-ℓ2 and AOP-ℓ2-f) are given based on this method, and the

performances of these four algorithms are shown in the numerical experiments.

The algorithms based on one-sided ℓ1 objective (AOP and AOP-f) have better

performance compared to the other two algorithm (AOP-ℓ2 and AOP-ℓ2-f), which

are based on one-sided ℓ2 objective when the noise level is not high (less than

20%), when the noise level is extremely high, AOP-ℓ2 is a better choice compared

with AOP. In addition, we proposed a simple method to find a candidate for the

number of sign flips L when L is unknown and the numerical experiments show

that the performance of AOP with this inexact input L is comparable with that

of exact L.

Appendix

In this appendix, we show the equivalence of problem (5.6) and (5.7). If (x, n)

satisfies the constraints of problem (5.7), we can define

Λi =





1, if ni = 0,

0, otherwise.
(5.11)

then we have φ(yi, (Φx)i+ni) = 0 if Λi = 0, since we can always find ni such that

φ(yi, (Φx)i+ni) = 0 for fixed x. If Λi = 1, we have ni = 0, thus φ(yi, (Φx)i+ni) =

φ(yi, (Φx)i). Therefore, problem (5.7) is equivalent to

min
x,n

M∑
i=1

Λiφ(yi, (Φx)i)

s.t. ‖n‖0 ≤ L,

‖x‖2 = 1, ‖x‖0 ≤ K.

(5.12)

From the relation of Λ and n in (5.11), we know the constraint ‖n‖0 ≤ L in

the above problem can be replaced with the constraints on Λ defined in (5.6).
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Therefore, problem (5.6) and (5.7) are equivalent.
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CHAPTER 6

Exact Low-Rank Matrix Completion from

Sparsely Corrupted Entries via Adaptive Outlier

Pursuit

This chapter is reprinted from Springer and Journal of Scientific Computing, vol-

ume 56, Ming Yan, Yi Yang and Stanley Osher, “Exact low-rank matrix comple-

tion from sparsely corrupted entries via adaptive outlier pursuit”, pages 433-449,

2013, with kind permission from Springer Science and Business Media [39].

Abstract

Recovering a low-rank matrix from some of its linear measurements is a popular

problem in many areas of science and engineering. One special case of it is the

matrix completion problem, where we need to reconstruct a low-rank matrix from

incomplete samples of its entries. A lot of efficient algorithms have been proposed

to solve this problem and they perform well when Gaussian noise with a small

variance is added to the given data. But they can not deal with the sparse

random-valued noise in the measurements. In this paper, we propose a robust

method for recovering the low-rank matrix with adaptive outlier pursuit when

part of the measurements are damaged by outliers. This method will detect the

positions where the data is completely ruined and recover the matrix using correct

measurements. Numerical experiments show the accuracy of noise detection and

high performance of matrix completion for our algorithms compared with other
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algorithms.

6.1 Introduction

Nowadays, a lot of real world models can be categorized as matrix completion

(MC) problems, such as video denoising [67], data mining and pattern recogni-

tions [68], model reduction [69], low-dimensional embedding [70] etc. The general

form of the MC problem is:

minimize
X∈Rm×n

rank(X), s.t. Xi,j = Mi,j ∀(i, j) ∈ Ω, (6.1)

where we are given some entries of a matrix X with index set Ω and we want

to recover it with its rank as low as possible. rank(X) is defined as the num-

ber of nonzero singular values of X . However, solving (6.1) is often numerically

expensive. Hence people tend to consider its relaxation:

minimize
X∈Rm×n

‖X‖∗, s.t. Xi,j = Mi,j ∀(i, j) ∈ Ω. (6.2)

Here ‖X‖∗ stands for the nuclear norm of X , which is the L1 norm of the singular

values σi(X), i.e. ‖X‖∗ =
∑r

i=1 σi(X) where r = rank(X). It has been shown

in [71, 72, 73] that, under certain reasonable conditions, (6.2) and (6.1) share the

same solution. [73] also did further study about the recovery for general linear

operator A : Rm×n → Rp.

minimize
X∈Rm×n

‖X‖∗, s.t. A(X) = y. (6.3)

Different types of algorithms have been proposed to solve (6.2), such as lin-

earized Bregman method [74], fixed point and Bregman iterative methods [75]

and accelerated proximal gradient algorithm [76]. [76] solved an unconstrained
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version of (6.2):

minimize
X∈Rm×n

µ‖X‖∗ +
1

2
‖PΩ(X)− PΩ(M)‖2F . (6.4)

Here µ is a properly tuned parameter. PΩ stands for the projection onto the

subspace of matrices with nonzeros restricted to the index subset Ω, and ‖ · ‖F ,

the Frobenius norm, is defined as

‖A‖F =

√√√√
m∑

i=1

n∑

j=1

|Ai,j|2. (6.5)

for any matrix A = (Ai,j)m×n. Most of the existing MC algorithms require singular

value decomposition (SVD) in each iteration, which is the main time cost in these

algorithms. In order to get rid of SVD and accelerate the algorithm, the authors

in [77] proposed a new method LMaFit (low-rank matrix fitting) which solves a

slightly modified version of (6.2):

minimize
U,W,Z

‖UW − Z‖2F s.t. Zi,j = Mi,j , ∀(i, j) ∈ Ω. (6.6)

Here U ∈ Rm×k, W ∈ Rk×n, and Z ∈ Rm×n, where k is a predicted rank bound.

With an appropriate k, it could give us the same result as (6.2). U , W , Z can

be updated in an alternating fashion. Following the idea of nonlinear successive

over relaxation (SOR) technique, [77] used weighted average between this update

and the previous iterate and achieved a faster convergence. Recently, people have

optimized this model and derived other efficient algorithms, such as RTRMC

(Riemannian trust-region for matrix completion) [78]. Other approaches include

[79, 80, 81]. We refer the readers to these references for more details.

In practice, there will always be noise in the measurements during data ac-

quisition, therefore, a robust method for solving MC problem is strongly needed.

Almost all the existing algorithms can deal with additive Gaussian noise with a
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relatively small variance, but they can not perform stably when the given data

is corrupted by outliers [82], another type of noise which often appears in appli-

cation. For example, the problem of anticipating people’s preference is gaining

more and more attention nowadays. We are often asked to rate various kinds of

products, such as movies, books, games, or even jokes. This problem is to use

incomplete rankings provided by users on some of the products to predict their

preference on other unrated products. It is typically treated as a low-rank MC

problem. However, as the data collection process often lacks control and some-

times a few people may not be willing to provide their true opinions, the acquired

data may contain some outliers. Therefore, applying the regular MC algorithm

on this corrupted data may not lead to satisfactory result.

In order to deal with this case, we propose a method using adaptive outlier

pursuit (AOP) which adaptively detects the damaged data location with high

accuracy. Without the effect of wrong measurements, the reconstruction perfor-

mance can be improved a lot. This AOP technique has been applied to image

denoising in [64] and robust 1-bit compressive sensing in [43] and performed re-

markably well. Combining this technique with the existing MC algorithm, our

method is able to reconstruct the exact matrix even from sparsely corrupted en-

tries. Here we also want to mention that besides AOP, people have proposed

several methods to deal with outliers in the given data, such as [83, 84, 85].

This paper is organized as follows. We will describe our algorithm together

with other popular methods for robust matrix completion in section 6.2. Sec-

tion 6.3 focuses on the connection between our problem and another robust low-

rank matrix approximation model. We also provide extensive study in section 6.4

on the case when we only have limited information about the noise. The perfor-

mance of the algorithms is shown in section 6.5. We will end this work by a short

conclusion.
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6.2 Algorithm Description

From now on, let us assume that the rank r is given in advance, i.e. the rank

estimate k is set to be r. According to massive experiments, the model (6.6) proves

to be a quite efficient way to deal with MC problems when some information about

the rank is known in advance. One drawback about this formulation is that the

solution (U,W ) is not unique. As a matter of fact, for any r× r invertible matrix

A, (UA,A−1W ) is another pair of solution. Many people have devoted to improve

this model, such as [86, 87, 88, 79, 89, 90, 91].

The author in [78] combined the ideas in these work and proposed the following

model and the associated algorithm RTRMC:

minimize
U∈G(m,r),W∈Rr×n

1

2

∑

(i,j)∈Ω

C2
i,j((UW )i,j −Mi,j)

2 +
λ2

2

∑

(i,j)/∈Ω

(UW )2i,j. (6.7)

Here r is the given rank, U ∈ Rm×r is any matrix such that its column space

U belongs to the Grassmann manifold G(m, r). The confidence index Ci,j > 0 is

introduced for each observation, and λ is a weighted parameter. A Riemannian

trust-region method, GenRTR [92] was used to solve the above optimization prob-

lem on the Grassmannian. According to the numerical experiments, RTRMC out-

performs other state-of-the-art algorithms on a wide range of problem instances. It

is especially efficient for rectangular matrices and achieves a much smaller relative

error.

However, its performance will be ruined when sparse random-valued noise

is introduced to the measurements. In order to obtain better result, adaptively

finding the error locations and reconstructing the matrix can be combined together

as in [64, 43]. Here we will plant this idea into the existing model.

We define K as the number of error terms in the given data and derive the
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following revised model:





minimize
U ,W,Λ

1
2

∑
(i,j)∈Ω

C2
i,jΛi,j((UW )i,j −Mi,j)

2 + λ2

2

∑
(i,j)/∈Ω̃

(UW )2i,j

s.t.
∑

(i,j)∈Ω

(1− Λi,j) ≤ K, Λi,j ∈ {0, 1}.
(6.8)

Here Λ ∈ Rm×n is a binary matrix denoting the “correct” data:

Λi,j =





1, if (i, j) ∈ Ω, Mi,j is “correct”,

0, otherwise.
(6.9)

and Ω̃ is a subspace of Ω such that Λi,j = 1 for all the indices in Ω̃. In this work,

we only consider the case with sparsely corrupted measurements, and the other

measurements are assumed to be correct. The parameter λ is set to be 10−8,

i.e., the term
∑

(i,j)/∈Ω̃(UW )2i,j can be neglected. All the entries of the confidence

matrix C are chosen to be 1. Hence the model can be simplified into:





minimize
U ,W,Λ

∑
(i,j)∈Ω

Λi,j((UW )i,j −Mi,j)
2,

s.t.
∑

(i,j)∈Ω

(1− Λi,j) ≤ K, Λi,j ∈ {0, 1}.
(6.10)

In order to solve this non-convex problem, we use alternating minimization

method, which splits the energy minimization over Λ and U , W into two steps:

• Fix Λ and update U , W . We need to solve the following sub-problem:

minimize
U ,W

∑

(i,j)∈Ω̃

((UW )i,j −Mi,j)
2. (6.11)

This can be solved with RTRMC.
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• Fix U , W and update Λ. This time we are solving:





minimize
Λ

∑
(i,j)∈Ω

Λi,j((UW )i,j −Mi,j)
2,

s.t.
∑

(i,j)∈Ω

(1− Λi,j) ≤ K, Λi,j ∈ {0, 1}.
(6.12)

This problem is to choose |Ω|−K elements with least sum from {((UW )i,j−

Mi,j)
2, (i, j) ∈ Ω}. Here |Ω| stands for the number of elements in set Ω.

Defining τ as the value of the Kth largest term in that set, Λ can then be

calculated by

(Λ)i,j =





1, if (i, j) ∈ Ω, ((UW )i,j −Mi,j)
2 < τ,

0, otherwise.
(6.13)

If the Kth and (K + 1)th larges terms have the same value, then we can

choose any Λ such that
∑

(i,j)∈Ω(1− Λi,j) = K and

min
(i,j)/∈Ω̃

((UW )i,j −Mi,j)
2 ≥ max

(i,j)∈Ω̃
((UW )i,j −Mi,j)

2. (6.14)

In each iteration, we use Λ to identify the location of outliers based on the

newly constructed U and W . This outlier detection technique, defined as adaptive

outlier pursuit (AOP), was firstly used in [64, 43]. Our algorithm is as follows:

Algorithm 3 RTRMC with AOP

Input: Ω, PΩ(M), Miter > 0, r > 0, K ≥ 0, C, λ.

Initialization: k = 0, Λi,j = 1 for (i, j) ∈ Ω and 0 otherwise, Ω̃ = Ω.
while k ≤ Miter do

Replace Ω in (6.7) with Ω̃ and update Uk and W k with RTRMC.
Update Λk with (6.13).

Update Ω̃ to be the indices in Ω where Λk
i,j = 1.

If this new Ω̃ is the same as the old Ω̃, break.
k = k + 1.

end while

return UkW k.
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This algorithm, together with other two methods, SpaRCS (sparse and low-

rank decomposition via compressive sensing) [93] and GRASTA (Grassmannian

robust adaptive subspace tracking algorithm) [94], will be studied and compared

with extensive numerical experiments. SpaRCS is a recently proposed algorithm

which aims at recovering low rank and sparse matrices from compressive measure-

ments with the following model:

minimize
L,S

‖y −A(L+ S)‖2, s.t. rank(L) ≤ r, ‖S‖0 ≤ K. (6.15)

Here ‖S‖0 stands for the number of nonzero entries of the matrix S. In our test

this linear transformation A(L+S) is defined as the vector formed by the entries

of (L + S) in Ω. This model can be applied to solve MC problem with sparsely

corrupted entries. We can form the vector y with the given noisy data. S can be

treated as the matrix recording outliers, and L is the low-rank matrix we want

to recover. GRASTA, a robust subspace tracking algorithm, is designed to tackle

the following model:

minimize
S,W,U

|PΩ(S)|1, s.t. PΩ(UW + S) = PΩ(M), U ∈ G(m, r). (6.16)

It alternates between estimating the subspace U with Grassmannian and finding

the optimal W , S with augmented Lagrangian function. According to the numer-

ical experiments in that paper, it can efficiently recover a low-rank matrix from

partial measurements, even if the partially observed entries are corrupted by gross

outliers.
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6.3 Connection between (6.10) and (6.15)

In this section, we will show the connection between our problem and (6.15) with

specially defined A(·), i.e.

minimize
L,S∈Rm×n

‖PΩ(M − L− S)‖F , s.t. rank(L) ≤ r, ‖S‖0 ≤ K. (6.17)

We can change ‖ · ‖F in the above problem to ‖ · ‖2F while still getting the same

solution. Basically, for (6.17) we are given partial entries of a matrix (Mi,j with

(i, j) ∈ Ω) and we want to represent this M by the sum of a low-rank matrix L

and a sparse matrix S.

If a matrix pair (L, S) satisfies the constraints of problem (6.17), we can define

Λi,j =





1, if (i, j) ∈ Ω, Si,j = 0,

0, otherwise.
(6.18)

Hence for any (i, j) ∈ Ω, we have Mi,j = Li,j + Si,j if Λi,j = 0, since we can

simply set Si,j = Mi,j − Li,j for fixed L without violating the constraint on S. If

Λi,j = 1, we have Si,j = 0, thus Mi,j − (Li,j + Si,j) = Mi,j −Li,j. Therefore, (6.17)

is equivalent to





minimize
L,S,Λ

∑
(i,j)∈Ω

Λi,j(Mi,j − Li,j)
2

s.t. rank(L) ≤ r, ‖S‖0 ≤ K, Λ satisfies (6.18).

(6.19)

From the relation of Λ and S in (6.18) and the constraint ‖S‖0 ≤ K, we know the

constraints for S and Λ in the above equation can be replaced by the constraint

on Λ in (6.10). On the other hand, we know any matrix L with size m × n and

rank(L) ≤ r can be written as the product of two matrices U and W , where U ∈

Rm×r and W ∈ Rr×n. The global optimal solution of one problem is equivalent

to the global optimal solution of the other problem. Since these two problems
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are non-convex problems, a local optimal solution of one problem may not be

equivalent to a local optimal solution of the other problem. However, the problem

of minimizing the function of L only by eliminating S and Λ for both problems

are the same.

6.4 The K Study

In practice, the exact number of corrupted entries K may be unknown. If K

is underestimated, some damaged entries will still be used to solve the matrix

completion problem, which will induce error for the reconstructed matrix. On

the other hand, if K is overestimated, too many entries are removed and the

reconstructed matrix may not be unique if the “new” sampling set is not large

enough. We first focus on the case when K is overestimated.

When K is overestimated, we can always find more than one solution of prob-

lem (6.10) with the objective function value being zero. If K is overestimated by

a small number, the product of U and W will be the same for all the solutions

and we are able to recover the original low-rank matrix. When the difference is

greater than a certain number, UW may not be unique. The following theorem

provides a sufficient condition for the non-uniqueness of the matrix UW .

Theorem 6.4.1. Suppose we are given p entries of an m × n matrix M , where

the locations of these data are chosen randomly. We know in advance that K of

the given entries are corrupted. Define the difference between our overestimated K

value and the real K value as ∆K. If ∆K satisfies ∆K > (p−K)/max(m,n)−r >

0, then the reconstructed matrix will be non-unique.

The above theorem provides a necessary condition for K estimate in order to

have uniqueness of the problem. In practice, what we care about is how much we

can overestimate K without sacrificing the accuracy of our algorithm. Since K is

closely related to the location of the known data, how the given entries are dis-
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tributed over the matrix will be important for our study. In the following theorem,

we assume that whether the value at each entry is given or not is independent

and identically distributed. Let us define kr
i as the number of given entries in the

ith row and kc
j as the number of given entries in the jth column. kmin denotes the

minimum of all the kr
i and kc

j . Through extensive numerical tests, we notice that

the distribution of kmin is similar to the conditional distribution of kmin given the

total number of known entries. For simplicity we use the former one to replace

the conditional distribution and arrive at the following theorem.

Theorem 6.4.2. Suppose that the probability of each entry being given is q =

(p − K)/(mn), and whether the entry is known or not is independent of other

entries. For any small number P0 ∈ (0, 1), let us define

K1 = min

(
nq −

√
−n

2
log(1− (1− P0/2)1/m),

mq −

√
−m

2
log(1− (1− P0/2)1/n)

)
(6.20)

K2 = min

(
nq −

√
−2nq log(1− (1− P0/2)1/m),

mq −
√

−2mq log(1− (1− P0/2)1/n)

)
. (6.21)

Then with at most P0 probability there exists one row or column in this matrix

with at most max(K1, K2) given entries.

The proof of the above two theorems can be found in the appendix. As we

know, the uniqueness of MC problem with outliers depends on a lot of subtle

factors. Here we want to derive an empirical upper bound for ∆K such that when

∆K is bounded by this value, with high probability our algorithm can recover the

exact matrix. Considering the revised sampling set (the set with (p−K) entries),

in order to study the relationship between this upper bound and the number of

given entries in each row and column, we design the following experiment. We
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first fix the matrix size 512 × 512. For each rank r, the sample ratio sr, defined

as p/(mn), is chosen as the smallest number which could guarantee the exact

matrix recovery when the real K value is used as input. For more details about

the sr value, we refer the readers to the phase transition charts in Section 6.5.

Labeling the minimum of all the kr
i and kc

j from the revised sampling set as kmin,

we randomly choose 10 positive integers bounded above by (kmin − r) and treat

them as ∆K. For each input (K +∆K), the error of the recovered matrix Mr is

calculated with the following expression:

equ:MC-Err = max
i,j

|Mi,j − (Mr)i,j|. (6.22)

If the error is less than 10−4, we say the recovery is successful. Otherwise, we

label it as a failure. The results displayed in Table 6.1 come from the average of

20 different tests for each setting.

Through massive experiments, we can see that if ∆K is smaller than (kmin−r),

our algorithm can find the correct matrix with extremely high probability. Hence

we come up with the following conclusion: for any small number P0, we can

find two values K1 and K2 according to Theorem 2 such that with at most P0

probability there exists one row or column with at most max(K1, K2) given entries.

Then, if ∆K is less than (max(K1, K2)− r), with high probability our algorithm

will return the exact matrix with this overestimated K input.

In application, when K is overestimated, according to the above conclusion

we just need to construct a strategy to update it such that ∆K can be bounded

by (kmin − r). Let us define K̃ as the estimated K value. One intuitive idea is to

check the value of the K̃th largest term in set SΩ = {((UW )i,j−Mi,j)
2, (i, j) ∈ Ω}

in each iteration. If this value is less than the tolerance Ktol, it is possible that

some of the deleted data are not outliers, and we can update K̃ to be the number

of terms in this set which are greater than Ktol. When our algorithm reaches
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rank & sample rate avg K/p avg kmin success percentage

rank=5, sr=0.15

0.01 50.75 100%
0.03 49.15 100%
0.05 49.00 100%
0.07 47.05 100%
0.09 45.35 100%

rank=10, sr=0.20

0.01 72.25 100%
0.03 70.70 100%
0.05 68.40 100%
0.07 67.65 100%
0.09 66.30 100%

rank=15, sr=0.25

0.01 95.25 100%
0.03 93.20 100%
0.05 92.75 100%
0.07 89.25 100%
0.09 85.40 100%

rank=20, sr=0.30

0.01 119.55 100%
0.03 116.70 100%
0.05 114.50 100%
0.07 111.30 100%
0.09 107.25 100%

rank=25, sr=0.35

0.01 143.30 100%
0.03 139.20 100%
0.05 136.15 100%
0.07 134.10 100%
0.09 129.30 100%

Table 6.1: The K study. For each matrix 10 different K inputs are chosen and 20 trials are
conducted for each matrix setting.

a certain stage, we can calculate the minimum number of entries in one row or

column from the sampling set with (p− K̃) elements (label as k̃min). If it is less

than r, we update K̃ = K̃+ k̃min−r. Here we just choose the smallest decrease in

K̃. In fact, we may pick a larger decrease in order to reduce the number of outer

iterations. On the other hand, when K is underestimated, we need to increase

its value in order to remove all the outliers. As we know, when there are outliers

in the given data, it is quite possible that we are not able to find a low-rank

matrix with entries equalling the given data at these locations. Based on the
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fast convergence of our algorithm, if at certain iteration the difference between

the entries of the recovered matrix at those (p− K̃) locations and the associated

input data are greater than tolerance ǫ, we can update K̃ to be ρ1K̃ with ρ1 > 1.

ρ1 should be chosen properly. When it is too small, we need a lot of steps to make

K̃ larger than the exact K, however, when ρ1 is too large, K̃ may go far above

the exact K, and more iterations are required to decrease its value. Therefore, we

arrive at the following algorithm.

Algorithm 4 RTRMC-AOP with K update

Input: Ω, PΩ(M), InnerMiter, OuterMiter > 0, r > 0, K̃ ≥ 0, C, λ, Ktol, ρ1,
ǫ .
Initialization: k, l = 0, Λi,j = 1 for (i, j) ∈ Ω and 0 otherwise, Ω̃ = Ω.
while l ≤ OuterMiter do

while k ≤ InnerMiter do
Replace Ω in (6.7) with Ω̃ and update Uk and W k with RTRMC.

Find the K̃th largest term in set SΩ.
If it is less than Ktol, update K̃ to be the number of elements in SΩ that

are greater than Ktol.
Update Λk with (6.13).

Update Ω̃ to be the indices in Ω where Λk
i,j = 1.

If this new Ω̃ is the same as the old Ω̃, break.
k = k + 1.

end while

Calculate k̃min with the updated K̃ value.
If k̃min < r, K̃ = K̃ + k̃min − r.
If k̃min ≥ r and the function value of (6.11) is less than ǫ, break.

If k̃min ≥ r and the function value is greater than ǫ, K̃ = ρ1K̃.
k = 0, l = l + 1.

end while

return UkW k, K̃.

6.5 Numerical Results

In this section we use some numerical experiments to demonstrate the effectiveness

of our algorithm (AOP for short). AOP, together with SpaRCS and GRASTA are

studied and compared.
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In each experiment, the original matrix M is generated by the product of

U ∈ Rm×r and W ∈ Rr×n, whose entries follow independent and identically

distributed (i.i.d.) Gaussian distribution with variance 1. We denote the largest

and smallest value of M as mL and mS. p entries are chosen randomly from M

and their locations are recorded in Ω. We then pick K locations randomly from

Ω and replace the values at these locations by a random number from [mS , mL].

The corrupted p entries and Ω are used as input in our code.

In the first experiment, we investigated the empirical performance of Algorithm

1 by testing it under different circumstances. Here the size of the matrix is chosen

to be m = n = 512 and different values of r, p and K are considered. For each

small rectangle in Figure 6.1, we fix the value of r, p and K, and applied AOP

to recover the low-rank matrix. If the relative error, i.e. ‖Mr − M‖F/‖M‖F ,

is smaller than 10−3, we denote the test as “successful”. 20 different tests are

conducted for each setting and the probability of successful recovery are recorded.

Here red indicates recovery success and blue indicates failure. As expected, the

performance gets worse when we increase r or K or decrease p.

In the following two tests, the results of SpaRCS and GRASTA are also shown

in the figures. Let us assume the K value is known in advance, i.e. Algorithm

1 is used in the comparison. We will compare these three items (since GRASTA

solves a different problem, only the relative error is compared):

1) distance between PΩ̃(Mr) and PΩ̃(M), i.e. ‖PΩ̃(Mr)− PΩ̃(M)‖F ;

2) relative error;

3) the probability of correct detections of corrupted data in the noisy measure-

ments.

In our second experiment, we set m = n = 500, r = 10, and examine the

performance of these algorithms on data with different noise levels. Here the

noise level is defined as K/p. 21 noise levels are chosen by 5 · i · 10−3 with i

ranging from 0 to 20. p is calculated by 6r(m+n− r). 20 trials are performed for
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Figure 6.1: Phase transitions for a recovery problem of size 512× 512. Aggregate results are
shown over 20 Monte-Carlo runs at each specification of r, K and p. Red indicates recovery
success and blue indicates failure.
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Figure 6.2: Algorithm comparison on corrupted data with different noise levels. (a) Distance
between P

Ω̃
(Mr) and P

Ω̃
(M) vs noise level, (b) Relative error vs noise level, (c) Error location

detection vs noise level. AOP proves to be more robust to contaminated data compared with
others.

each noise level and the mean of the above three items are recorded in Figure 6.2.

The plots demonstrate that in these comparisons AOP outperforms the other two

greatly for all noise levels. According to the relative error plot, the result from our
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method is always around 10−10 while the result gained by the other two algorithms

is bounded below by 10−4. Compared with SpaRCS, GRASTA is slightly more

stable when the given data is ruined by gross outliers. In plot (c), we record the

probabilities of correct error locations detection. From the graph we can see that

AOP algorithms can find all the positions of corrupted data with probability 1,

while in comparison the performance of SpaRCS detection is not very satisfying.
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Figure 6.3: Algorithm comparison on corrupted data with different ranks. (a) Distance be-
tween P

Ω̃
(Mr) and P

Ω̃
(M) vs rank, (b) Relative error vs rank, (c) Error location detection

vs rank. AOP yields a remarkable improvement in reducing the relative error and finding the
correct error locations compared with others.

Next we fix m = n = 500 and the noise level 5% and change r between 2 and

40. p is still calculated by 6r(m+n− r). The results in Figure 6.3 come from the

average of 20 tests. We can see that the distance between PΩ̃(Mr) and PΩ̃(M) and

the relative error tend to decrease as the rank of M increases. Although all the

algorithms show the same trend, AOP series always return a much better result

with relative error staying around 10−11, and it detects the true error locations

with probability 1 in all the tests. The relative error from GRASTA is bounded

below by 10−5 and when the rank is extremely low, the relative error could be as

high as 10−2.

In the previous experiments, we assume the exact K value is always given.

Now let us study the case when the input K is just an estimate of the actual

number of errors. This time we fix m = n = 512, and examine the performance
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of Algorithm 2 under different settings. The relative error, Err defined by (6.22)

and the updated K value will be displayed here. In Figure (a)-(c), we set r = 10

and pick 5 different noise levels between 0.01 and 0.09. For each setting, we

calculate kmin, and choose 21 different ∆K between −5kmin and 15kmin. Then

each (K +∆K) is used as the input K value. In Figure (d)-(f), we fix the noise

level to be 0.05 and vary r from 5 to 25. Still, 21 different ∆K values are selected.

All the p values in these tests are chosen the same as Table 6.1. The following

results come from the average of 20 different trials. We can see that in all the

cases our AOP with K update algorithm can detect the correct number of outliers

with high probability even when the input K differs a lot from its real value. The

relative error plot and Err plot suggest that this method always recovers the

matrices with extremely high accuracy.
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Figure 6.4: The K study. For (a)-(c) we fix the rank and vary the noise level. (a) relative
error vs different K input. (b) Err vs different K input. (c) K output vs different K input. For
(d)-(f) we fix the noise level and vary the rank of the matrix. (d) relative error vs different K
input. (e) Err vs different K input. (f) K output vs different K input.
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6.6 Conclusion

In this paper, we propose a method for exact low-rank matrix completion from

sparsely corrupted data via adaptive outlier pursuit. By iteratively detecting the

damaged measurements and recovering the matrix from “correct” measurements,

this method can obtain better results in both finding the noisy measurements

and recovering the exact matrix when random-valued noise is introduced in the

measurements. Our algorithm is implemented and compared with SpaRCS and

GRASTA in the numerical experiments. It has better performance in many as-

pects compared to the other two, especially in detecting all the outlier locations.

When the exact value of the number of outliers is not provided, the AOP with

K update algorithm can always detect the correct number of outliers and recover

the exact matrix in all the cases with high probability. Our next step is to study

the case when the given data is corrupted by Gaussian noise as well as sparse

random-valued noise.

Appendix

This appendix provides the mathematical proofs of the theoretical results in Sec-

tion 6.4.

Proof of Theorem 6.4.1

Proof. When we overestimate K, the K outliers will be found to make the objec-

tive function 0. Therefore, we only need to consider the (p −K) correct entries.

In the mean time, some non-outliers (the overestimated ∆K entries) are also con-

sidered as outliers and will not be used for matrix completion. As we know, if the

number of given entries in one row (or column) is less than r, the reconstructed

matrix is not unique. Since ∆K of the (p − K) known entries will not be used
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in reconstructing the matrix, when ∆K is large enough to make the number of

known entries in one row (or column) less than r, we will have more than one

solution. It is easily seen that the smallest number of known entries in one row

(or column) of the matrix is less than or equal to ⌊(p−K)/m⌋ (or ⌊(p−K)/n⌋),

here ⌊x⌋ is the largest integer that does not exceed x. Without loss of generality,

let us assume column j has the smallest number of known entries. It is obvious

that this number is bounded by min(⌊(p − K)/m⌋, ⌊(p − K)/n⌋). To make the

number of known entries in this column no less than r, the smallest number of

entries to be deleted should not exceed min(⌊(p−K)/m⌋, ⌊(p−K)/n⌋)− r + 1.

Thus if ∆K is greater than min(⌊(p−K)/m⌋, ⌊(p−K)/n⌋)−r, the reconstructed

matrix will not be unique.

Proof of Theorem 6.4.2

Proof. Since the probability that a certain location is chosen is fixed and equals

q = (p−K)/(mn). In addition, whether one entry is chosen or not is independent

of other entries. The number of known entries in each row (or column) of this

matrix follows binomial distribution. For each row, the cumulative distribution

can be expressed as

F (x, n, q) = P (X ≤ x) =

⌊x⌋∑

i=0


 n

i


 qi(1− q)n−i, (6.23)

where X is the number of known entries in this row.

From the Hoeffding’s inequality, we have

F (k, n, q) ≤ exp

(
−2

(nq − k)2

n

)
, (6.24)

for any integer k ≤ nq. Since the distribution of the number of known entries in

each row is independent, we can find the upper bound for the probability that
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there exists one row with at most k given entries:

P (min(kr
1, k

r
2, · · · , k

r
m) ≤ k) ≤ 1−

(
1− exp

(
−2

(nq − k)2

n

))m

:= P1. (6.25)

Here kr
i stands for the number of given entries in the ith row. Similarly the upper

bound for the probability that there exists one column with at most k given entries

can be expressed as follows:

P (min(kc
1, k

c
2, · · · , k

c
n) ≤ k) ≤ 1−

(
1− exp(−2

(mq − k)2

m
)

)n

:= P2. (6.26)

where kc
j is defined as the number of given entries in the jth column. Combing

these two together, we have

P (min(kr
1, k

r
2, · · · , k

r
m, k

c
1, k

c
2, · · · , k

c
n) ≤ k) ≤ P1 + P2 ≤ 2max(P1, P2), (6.27)

which means the probability that there exists one row or column with at most k

given entries can be bounded by 2max(P1, P2).

Let us first assume P1 > P2. Defining

P0 = 2

(
1−

(
1− exp

(
−2

(nq − k)2

n

))m)
, (6.28)

we then have

exp

(
−2

(nq − k)2

n

)
= 1−

(
1−

P0

2

)1/m

(6.29)

=⇒ k = nq −

√
−n

2
log(1− (1− P0/2)1/m). (6.30)

When P1 < P2, we have

k = mq −

√
−m

2
log(1− (1− P0/2)1/n). (6.31)
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We define K1 as the minimal of these two values. Hence given P0, the probability

of having one row or column with at most K1 entries is less than P0.

Besides the Hoeffding’s inequality, we also have Chernoff’s inequality,

F (k, n, q) ≤ exp

(
−

1

2q

(nq − k)2

n

)
. (6.32)

In this case

P1 = 1−

(
1− exp

(
−

1

2p

(nq − k)2

n

))m

(6.33)

P2 = 1−

(
1− exp

(
−

1

2p

(mq − k)2

m

))n

. (6.34)

After similar calculation, we have

k = nq −
√

−2nq log(1− (1− P0/2)1/m) (6.35)

for P1 > P2, and

k = mq −
√

−2mq log(1− (1− P0/2)1/n) (6.36)

when P1 < P2. Similarly we define K2 to be the smaller one of these two values,

and the probability of having one row or column with at most K2 entries is less

than P0. Combining the results from two inequalities together, we know that with

at most P0 probability there exists one row or column with at most max(K1, K2)

given entries.
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