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ABSTRACT 

An instructive model for the infinite Veneziano series is 

presented to investigate to what extent this generalization is 

possible without smiling the desirable physical properties of the 

individual Veneziano terms. The model contains one free real 

parameter X. The physical properties of the infinite class of 

representations for a scattering amplitude depend critically on 

• 	 the value of X. The implications of the model for the inter- 

• 	relations of the general requirements which lead to Veneziano- 

like amplitudes are illustrated for various choices of the value 

of X. 

The purpose of this paper is to present an instructive model for the 

infinite Veneziano series. The model in itself is interesting since it has 

a simple expression with one free real parameter and provides us an infinite 

class of representations for a relativistic scattering amplitude which 

exhibits all the desirable physical properties of the Veneziano formula, 1  

namely: analy-ticity--an infinite series of poles corresponding to narrow. 

resonances and no cut, crossing symmetry, and Regge asymptotic behavior in 

all channels. In this paper we investigate the model, especially in connec- 

tion with the convergence properties of the infinite Veneziano series. 

t On leave of absence from Department of Physics, California Institute of 

Technology, Pasadena, California. 
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Although the promising Veneziano formula with one term which is 

essentially given by the beta function seems to give already a good 

theoretical description2  of the available experimental data, the fundamental 

requirements on the Veneziano formula do not specify the representation of 

it uniq.uely. In fact we can equally think of representations with an 

infinite number of satellite terms. 3  Then comes the question to what extent 

this generalization can be done without spoiling, the Regge asymptotic. 

behavior as well as the other desirable features of the individual functions. 

On the other band., in approaches to investigate the general requirements 

which lead us naturally to Veneziano-like formulae the convergence problem of 

the Veneziano series also remains to be solved. Later we shall mention some 

works which have already been done by Sivers and Yellin, Matsud.a, 7  and 

Khuri in this direction. 

We consider a spinless particle scattering. The proposed model 

M(S,T; x) for the scattering amplitude is: 

M(S,T; ?.) = -. 
	 ( x)  

where P is a constant, s(T) is the Regge trajectory function a(s) 

(a(t)) assumed to take the linear form 

S = a(s) = as+b, 	 (2) 

and 7'.. is a continuous free parameter whose variable range is -Co < 7 < w. 

In (1) we have introduced. the Gegenbauer function7  defined in terms of the 

hypergeometric function as 

CaV(X) = r(a± l)P(2v) F(, a + 2v; V + 	1 - 
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The full amplitude A(s,t,u) which is crossing symmetric in all three 

variables s, t, and u is simply given by the sum of three terms such 

as (i) with the pair of variables st replaced by tu and su: 

A(s,t,u) = M(S,T; x) - M(T,U; 7'.) + M(S,U;  

where U is defined similarly as S and T. 

The fundamental physical properties of the representation (i) are 

critically dependent on the value of 7'., which we investigate in the 

following. 

Crossing symmetry: Using the following property 7  .of the Gegenbauer. 

function 

C V(X - 	51fl t a 	c V 
a ' / - - sin it(a + 2v) 	-a-2v' / 

it is straightforward to prove the crossing symmetry in the .  s and t 

channels of (1). Therefore we have  

M(S,T; 7'.) = M(T,S; 7'.). 	 (6) 

This relation can also be proved by changing the integration variable 

X - l/X in the following integral representation 7  of M(S,T; 7'.): 

w 

fo
1 2 	 (s+T)/2 

M(S,T; 7'.) = 	X 	(X + 2XX + 1) 	dX, 

ReS<O, 	ReT<O. 

Real analyticity--pole singularities with polynomial residues: From 

the integral representation (7) it is clear that the only singularities in 

s and t come from the divergences at the lower and upper limits of the 

integration, which produce an infinite series of poles in s and t at 



S (T) = n (n=0, 1, 2, •.., w). Using the exr.e.nsion T  
OD 

	

(x2  + 2XX + 1)_V 	 cv(_x)xn  

it is easy to see that the residue at the pole S = n is given by the 

Gegenbauer polynomial _c_TT)/2 (-x) wiieh is also a polynomial in t 

of order n. Real analyticity of, M(S,T 7c) is preserved only for 

-1 < ?. < ao, since for these values of X, (X2  + 2?s.X + 1) > 0 in the 

integration range of [o, 	). 

(c) Regge asymptotics for S - co at fixed T: The behavior for large S 

at fixed T can be estimated by applying the weU-kown asymptotic methods 

to the integral representation(7) of M(S,T; 7.), whose lengthy calculations 

will be published elsewhere We list the results in the following 

For k>0 

P >T  r(-T)(_S)T 	s -* a, 	T fixed, 	(9) 

whileforX<O 

	

2 (s+T)/2 	
2 	

l/2 

M(S,T, x) 	T r(_T)(_s)T + 	
(i - T+l 	

{2 	- i)j 

S - a, 	T fixed, 	(10) 

where € 5 arg S 5 27t - E. The case of X = 0 will be discussed later. 

Therefore, we have correct Regge asymptotic behavior only for ?. > 0, 

while for 7'. < 0 M(S,T; x) blows up exponentially. 

(D) 	ponential decrease for S - co with U fixed: Again leaving the 

straightforward, but tedious calculations to a see.rate publication, we 

only report the asymptotic behavior for S, T -* co with U fixed: For 
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• 	-1 X 1, 	M(s,T; 7k.) decreases faster than any power of S or T when 

S or T goes to infinity along any ray except on the real axis, while for 

jj > 1. it does only when S,T -* w inside the narrower cones with 

arg ( .  ST) ~ 	
- +6-€ 

or 

- 6x+€. 	
arg(ST) < 	+ 

where 67  is given by 

1t tan 6 = 	 with 0 < 6 < - 
In[W + (1x12 - 1)1/ 2 ] 	2 

Outside these cones M(S,T, x) shows exponential blow up Thus we see 

that the full amplitude A(s,t,u) can be compatible with Regge asymptotics 

only for -1 	X 	1. 

Duality of Regge Doles and resonances in q snrl f. 	 'rni 

the investigations of (A), (B) and (a) it is clearly seen that duality in 

the s and t channels holds in our model of M(S, T; 7.) when 0 < 7. < w. 

Here, by duality we mean that the imaginary part of the amplitude, apart 

from the diffraction contribution (the Pomeranchon contribution), is all 

built up by resonances in such a way that their average sum is Regge behaved. 

Veneziano series expansion of M(S,T; 7'.): It is easily seen from (i) 

and (3) that M(S,T; '.) can be expanded in the infinite Veneziano series 

which converges uniformly in s and t when 17'. - lI <2. Defining the 

k coefficients C(X) by 



k f I 	S+T 
(2 - 2x)k - 2 

S+T 	= 
'\ 	2 

k 	 - 

c k 	r(2k - S - T) 
r(k+p -S -TJ 

(ii) 

we have the expansion 

M(s,T, ) = 	 ck() 	
: 	(12) 

which converges uniformly in s and t for -1 < X < 3. 

(G) The positivity of the Regge residue Of the leading trajectory: Here 

we do not touch the positivity condition for the nonleading trajectories 

partly because it is too hard to discuss it completely in a limited space, 

and partly because from the factorizability condition there is some 

evidence 9  for multiple degeneracies in the nonleading trajectorIes. The 

leading trajectory is not degenerate and can be handled very easily. From 

(9) the positivity of the residue requires 0 < X < cc. Otherwise the 

resonance residues on the leading trajectory change sign at each recurrence. 

Some Remarks: 	Veneziano formula 	-. The representation (i) includes the 

Veneziano formula as a special c.se. If we put 	X = 1 in (i), we get 

M(S,T; ?. = 1) = 	r 	r(T) • 
	 (13) 

The case of 7. = 0 also reduces to the simple beta function 

M(S,T; x = 0) = 	r(_S/2)F(_T/2)/2F{_(S + T)/2] 

This expression is not compatible with Regge asymptotics (C). Generalizations 

	

- The more gefleral representations 	C. M(S-m, T-n; ) (m,n = nonnegative 
m,n 

integers) could be considered in practical applications of the model (1). - 



-7-- 

In Table 1 we summarize the results that ye. have obtained. The 

contents of the Table are very instructive and suggestive. Especially we 

note that 

The solution which satisfies all the desirable physical 

properties (A) - (G) is the one with 0 < X < 1. 

No single requirement of (A) - (G), nor any improper cnbinatioh 

of them is sufficient enough to provide the correct solution with 0 < ? 1. 

Any proper combination of the requirements which leads to the 

correct solution with 0 < ?. 1 must include the condition (n). 

The importance of the statement (iii) may be seen more clearly in the 

following remarks about the works done by Sivers and Yellin, Natsuda, and 

Khuri. 

Khuri started from the requirements (A), (B), (c) and (G), and tried 

to derive the converging Veneziano series from the Reggé representation for 

the scattering amplitude. As is clear from Table 1, the requirements chosen 

by IQiuri are not sufficient enough to guarantee all the desirable physical 

properties to the expanded Veneziano series. Khuri gave a sufficient 

condition for the absolute convergence of the series, but the connection 

between that condition and the general requirements, especiafly (D), is not 

clarified. 

Sivers and Yellin tried to prove semirigorously the Regge asymptotics 

in the s and t channels (c), and exponential decrease for s -+ 00 with 

u fixed (D) ( = the possible existence of wrong-signature fixed poles in 

the u channel), starting from (A), (B) and an unsubtracted dispersion 

relation in s at fixed t. Sivers and Yellin included (G) as one of the 

starting conditions, but it is not used effectively in their proof. This 
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approach is interesting, but our results ii. Tatle 1 suggest that the 

condition (D) should be treated more carefully in order to complete the 

proof. 

(c) Matsu 5  started from (A), (B) and (D), and attempted to prove that the 

converging Veneziano series is the only possible dynamical solution for the 

scattering amplitude within, the framework of the narrow resonance approxi-

mation. As pointed out in Matsuda's paer, the Regge asyniptotics is not 

guaranteed by the converging Veneziano series. Maybe, the positivity 

condition (G) should be included to proceed further along this line. 

The detailed calculations and a more thorough discussion of the 

implications of the model presented here will be published elsewhere. 

We should like to thank Professor G. F. Chew for the kind hospitality 

• of the Lawrence Radiation Laboratory, and Dr. M. Der. Sarkissian for reading 

through the manuscript. 
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TABLE CAPTION 

Table 1 The physical properties exhibited by the model of M(S,T, 7'.) for 

various choices of the value of the parameter. X. The solution. 

with 0 < 7'. 	1 satisfies all the desirable physical properties 

Note that any combination of the requirements (A) - (G) that leads 

to the correct solution with 0 < 7'. 	1 must include the 

condition (D). 
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