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Under consideration for publication in J. Fluid Mech. 1

The Nusselt number of a hot sphere
levitated by a volatile pool

S. J. S. MORRIS †
Department of Mechanical Engineering, University of California, Berkeley, CA 94720, USA

(Received 13 July 2024)

When placed at the surface of a volatile liquid, a sphere of hot dense non–volatile material
remains suspended until it cools sufficiently. The duration of this ‘inverse Leidenfrost’
phenomenon depends on the Nusselt number Nu of the sphere, itself determined by
flow in the film of vapour separating particle and liquid. It is shown that provided the
Nusselt number is large, it can be calculated numerically using only the Laplace relation
and the equations governing the thin film; patching to a solution for the outer thick
film is not necessary. This method is demonstrated by using it to determine Nu for a
sphere sufficiently small that in the governing equations, the acceleration due to gravity is
negligible except where multiplied by the density of the sphere. Numerical results giving
Nu as a function of a dimensionless measure of sphere weight are supplemented with
analysis showing that, when the weight is of the order of the maximum supportable by
surface tension alone, the film consists of a spherical bubble cap bounded by its contact
rim. The solutions for these regions are coupled: although the apparent contact angle χ
for the cap is determined within the rim, its value depends on both the flow rate arriving
from the cap and on the additional evaporation from the rim. The latter acts to reduce
χ from the value it would otherwise have, thereby reducing the thickness of the entire
cap. For the example treated here, the value of Nu is doubled by this mechanism.

1. Introduction1

A warm dense particle of non–volatile matter can float at the surface of a cooler but2

less dense liquid if the temperature difference exceeds the value needed for evaporation3

to produce a continuous film rather than individual bubbles. Because the film is thin in4

practice compared with the size of the particle, its presence causes the bulk meniscus5

to have an apparent contact line where the contact angle measured through the liquid6

has been increased from its static value to π (Hendricks and Baumeister 1971). The7

increase in contact angle increases the lift exerted by the liquid on the particle. As a8

result, a particle which would otherwise sink can remain suspended for as long as the9

film is present.10

The duration of the phenomenon depends on the heat flow from the particle. The11

literature on vitrification of droplets of aqueous solution on liquid nitrogen contains12

two different treatments. Hendricks and Baumeister (1971) and Adda–Bedia et al.(2016)13

model the vapour film as a squeeze flow between two concentric spheres. Because the14

shape of the interface between the film and pool is prescribed, the balance of normal15

stress is not satisfied. The thickness of the film and the pressure distribution within16

it are determined using the Reynolds equation, the conduction equation and the force17

balance on the sphere. Song et al. (2010), by contrast, apply existing theory for laminar18

film boiling on a sphere (Frederking and Clark 1963; Carey 1992, p.275). In it, flow19

† Email address for correspondence: morris@berkeley.edu



2 S. J. S. Morris

within the film is assumed to be driven by the pressure gradient within the pool, as in20

the free convection boundary layer in a single phase; this analogy holds if the drops are21

large enough for surface tension to be negligible in the balance of normal stress. For the22

experiments performed by Song et al. on freezing drops of an aqueous solution on liquid23

nitrogen, drop radii range from ∼ 80µm to ∼ 1 mm; because the capillary length of24

liquid nitrogen is ∼ 1 mm, it is not obvious that surface tension should be negligible.25

Numerical simulations by Maquet et al. (2016) of their own experiments satisfy all26

relevant governing equations and boundary conditions. Their figure 5 shows film profiles27

calculated for the Leidenfrost flow between a volatile drop and a non–volatile pool of28

denser liquid. Because the density ratio is fixed in those calculations, the deflexion of the29

pool surface increases with drop size. Though the film structure evolves with drop size,30

those simulations do not determine whether the change in structure is result of increasing31

deflexion, or of something else. The behaviour of volatile drops large compared with the32

capillary length is analysed by Limbeek et al. (2019). Motion in the film is proved to be33

driven by the pressure gradient within the underlying liquid. Film structure and thickness34

are determined but no result is given for the total heat flow.35

Here, the first systematic calculation is made to determine the Nusselt number for36

steady axisymmetric Leidenfrost flow between a rigid sphere of radius b and density ρs,37

and a pool of liquid of density ρℓ. Results are given only for a drop sufficiently small for38

the pressure gradient imposed by the underlying liquid to be negligible compared with39

the gradient in capillary pressure.40

In Section 2, the boundary value problem is posed for a sphere of arbitrary radius.41

This problem contains five parameters:42

Pr =
µcp
k
, Bo =

ρℓgb
2

γ
, Cr =

µκ

γb
, D =

ρs
ρℓ
, Ja =

cp∆T

Hv
ℓ

. (1.1)

Symbols without a subscript ℓ or s refer to the vapour; k = ρcpκ and Hv
ℓ denote its43

thermal conductivity and the enthalpy of evaporation. The Prandtl number Pr is about44

one. The sphere is denser than the liquid: D > 1. For a sphere of radius 1 mm at45

293 K on liquid nitrogen at its normal boiling point 77.355 K, the crispation number46

Cr = 0.8 × 10−6, Jakob number Ja = 1.2 and Bo = 0.9. (Though Bo is often called47

the Bond number, in Bashforth and Adams (1883, p.15), the same group appears (as48

their β) in an early example of a dimensionless boundary value problem. Bond was born49

in 1897.) Properties were obtained using the site at https://webbook.nist.gov; other than50

surface tension γ, they were evaluated at the mean temperature 185 K. Because the51

characteristic film thickness h0 → 0 as Cr → 0, the boundary layer approximation is52

made following the initial formulation of the problem.53

At the end of Section 2, it is shown that in a film covering an O(1) fraction of the54

sphere, the motion is driven by the pressure gradient imposed by underlying liquid if55

Bo ≫ h0. In the other extreme Bo ≪ h0, the imposed pressure gradient is negligible;56

this limit is analysed here. Jones and Wilson (1978) give an equivalent criterion for the57

isothermal flow in the gas film beneath a sphere settling onto a pool.58

In Section 3, the problem is simplified by assuming creeping flow. The convective59

nonlinearity in the energy equation is retained, however. The simplified equations admit60

a similarity solution determining the temperature profile across the film, and providing61

a pair of coupled ordinary differential equations determining the streamwise evolution of62

the pressure p and volume flow rate q within the film in terms of film thickness h. The63

similarity solution allows the effect of the convective nonlinearity in the energy equation64
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to be described completely by a modified form of the crispation number Cr. The method65

used to compute the Nusselt number is also outlined in this section.66

Section 4 contains the main results of the numerical solutions. In addition to deter-67

mining the Nusselt number, these solutions show how the solution evolves as the weight68

of the sphere is increased from an initial small value for which the interface is nearly69

plane. The film profile eventually assumes the form of a spherical bubble cap bounded70

by an apparent contact region. This structure is analysed in the rest of the paper.71

The chief properties of the bubble cap are given in Section 5. The boundary value72

problem for the contact region is derived in Section 6, then in Section 7, transformed into73

a simpler form and solved by a series expansion in powers of a parameter λ representing74

the strength of evaporation in the contact region. The expansion is carried out to O(λ3).75

Section 8 contains the results for the apparent contact angle χ for the bubble cap and76

for the total evaporation. In Section 9, these predictions are compared with numerical77

results. Conclusions are given in Section 10.78

Appendix A contains the forms of the Laplace relation used here; Appendix B, the79

similarity solution; Appendix C, the theory used to calculate the Nusselt number; Ap-80

pendix D, the explicit solutions used in Sections 7 and 8; and Appendix E, the analysis81

used in the discussion of the numerical results in Section 4.82

Jones and Wilson (1978), Duchemin et al.(2005), Snoeijer et al. (2009) and Sobac et83

al. (2014) describe analyses similar to that given here in Sections 5 and 6. Only that of84

Sobac et al. involves evaporation from the film and its contact region. In that analysis, and85

in this one, evaporation from the contact region is negligible to a first approximation.86

Including evaporation from the contact region in subsequent approximations reduces87

χ. By reducing the thickness of the main film, evaporation form the contact region88

therefore has a significant effect on the total evaporation rate. Though Sobac et al.(2014)89

calculate the first correction to χ, they neither comment on this effect, nor demonstrate90

its importance for the total evaporation.91

2. Governing equations92

Figure 1 shows the geometry of the problem. The liquid is isothermal at the saturation93

temperature Tℓv; pressure within it is hydrostatic. The sphere is at uniform temperature94

Tℓv + ∆T . Arc length along the interface to point P is denoted by s; r(s) denotes the95

position vector CP of P relative to the centre C of the sphere. The thickness of the96

vapour film h(s) = r(s) − b; as shown in the figure h0 = h(0). The unit normal n to97

the interface points into the liquid; it has Cartesian components ni. The origin O for98

the cylindrical coordinates {σ, z} is at the level of the flat interface at infinity. The inset99

shows the relation between ds, dσ, dz and the inclination α, i.e. the angle between the100

tangent to the interface and the horizontal. The force exerted by the sphere on the liquid101

is denoted by −2πFez. (The sphere is assumed to be stationary, and the solution to be102

axisymmetric. Adda–Bedia et al. (2016, p.1080) show by experiment that the particle in103

fact translates and the flow is not axisymmetric.) The body force is negligible within the104

vapour but not (in general) within the liquid (ρ≪ ρℓ).105

Dimensionless variables (without asterisks) are based on the primary quantities b, γ/b,106

∆T and the scale κJa/b imposed by the balance of energy at the interface:107

r∗ = b r, v∗ =
κJa

b
v, p∗ − p∗a =

γ

b
p, T∗ = Tℓv + T ∆T. (2.1)

Within the vapour108
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dz

dσ

α

n

dr

s

L

ρℓ, Tℓv
σ

z

O

c

θ

h0, p0

r

b

Tℓv +∆T, ρs

p

P
h

tension γ
ρ, µ, k

pℓ

C

Figure 1. Cylindrical coordinates (σ, z), z = 0 on the flat interface. Sphere: centre C at z = c.
Liquid–vapour interface: s = |LP |, arc length from the lowest point L to point P ; r(s) = CP ,
position vector of point P . Vapour layer: thickness h = |r| − b, pressure p; h0, p0, values at
s = θ = 0. Inset: unit normal n; tangent dr, inclination α; ds = |dr|.

div v = 0, (2.2a)

Pr−1Ja2v · grad v = −Cr−1grad p+ Ja∇2
v, (2.2b)

Jav · grad T = ∇2T, (2.2c)

so that heat is transferred by pure conduction if Ja≪ 1.109

On the sphere110

v = 0, T = 1. (2.2d, e)

On the liquid–vapour interface111

T = 0 = n · (v − grad T ), (2.2f, g)

p+Bo z = div n+ JaCr σ′

ijninj , (2.2h)

σ′

ijnj − (σ′

klnknl)ni = 0 ; (2.2i)

the deviatoric stress tensor σ′

ij = σij + p δij , stress tensor σij . Equation (2.2g) is a112

simplified form of the balance of total energy at the interface. The body force enters only113

through the boundary condition (2.2h).114

As stated by (2.2h) and (2.2i), the liquid is assumed to exert only a hydrostatic pressure115

−Bo z on the phase interface. This assumption is explained next. Motion in the liquid116

consists of a primary flow required by continuity of the component of v along the interface;117

and a weaker secondary flow required by continuity of the mass flux ρv · n. The shear118

stress exerted by the liquid can be negligible, or not, depending on the magnitude of the119

parameter M = µb/(µℓh0). For M → ∞, the characteristic shear stress in the vapour is120

large compared with that in the liquid; continuity of the shear stress then requires the121
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shear stress to vanish in the vapour at the interface. Similarly, for M → 0, the tangential122

component of v vanishes in the vapour at the interface. Jones and Wilson (1978, p.269),123

assume the former; Hendricks and Baumeister (1971, table 1) and Limbeek et al. (2019,124

p.1161), the latter. Following (4.3), it is shown that within the lubrication approximation,125

the choice of boundary condition amounts to modifying the value used for Cr.126

For the sphere to be in equilibrium,127

F =
2

3
DBo =

∫ π

0

p cos θ sin θ dθ + JaCr

∫ π

0

(σ′

rθ sin θ − σ′

rr cos θ) sin θ dθ. (2.3)

At s = 0, pressure p0 and film thickness h0 are to be determined as part of the solution.128

The outer boundary conditions are:129

as h/h0 → ∞, p/p0 → 0 ; as s→ ∞, z → 0. (2.4a, b)

Condition (2.4a) is stated in terms of h rather than s because the structure of the film130

determines the value of s at which p/p0 → 0. The problem so defined determines h0, p0131

and the ordinate c of the centre of the sphere as functions of Bo, Ja, Pr, Cr and F .132

Next, it shown that when the film covers a fraction ∼ 1 of the surface of the sphere, mo-133

tion within the film is driven by the gradient in capillary pressure if Bo≪ h0; conversely,134

it is driven by the pressure gradient imposed by the underlying liquid if Bo≫ h0.135

In the boundary layer approximation, the momentum equation is

Pr−1Ja2v · grad v = −Cr−1 dp

dθ
+ Ja

∂2vθ
∂θ2

. (2.5)

In this approximation p is uniform across the thin film. It is determined by (2.2h), which
with error O(h20) is

p = Bo{(1 + h) cos θ − c}+ 2− 2h− 1

sin θ

d

dθ

(
sin θ

dh

dθ

)
. (2.6)

The term in braces represents the pressure imposed by the underlying liquid; remaining136

terms represent the capillary pressure. As noted by Jones and Wilson (1978), there are137

two extremes. For Bo≫ h0, the pressure gradient is given by dp/dθ = −Bo sin θ, except138

within the contact region: the motion in the main film is then driven by the pressure139

gradient imposed by the underlying liquid. Conversely, for Bo≪ h0 the pressure gradient140

within the film is equal to the gradient in capillary pressure. (Because here h0 is a flow141

property, it has different values in the two inequalities.) This condition for the gradient142

in hydrostatic pressure to be negligible is more demanding than the condition Bo ≪ 1143

required for the hydrostatic pressure itself to be negligible in the force balance on the144

sphere. (Brandão and Schnitzer (2022, p.1121) analyse the behaviour of the film assuming145

D to be fixed and Bo → 0. Consequently, F ≪ 1 and the film covers only a vanishingly146

small part of the sphere. As a result, their analysis is only indirectly related to the147

argument of Jones and Wilson (1978) just summarized.)148

The scaling Ja/Pr for the ratio of inertial to viscous terms is not an artefact of a149

particular choice of scales. Within the main film where the dimensional radial velocity v∗r150

is determined by the balance of total energy at the interface, the product of dimensional151

film thickness h∗ with v∗r depends only on κ and Ja: h∗v∗r ∼ κJa and the ratio of inertial152

to viscous terms is ρh∗v∗r/µ ∼ Ja/Pr. Within the contact region, the velocity is, however,153

determined instead by the total evaporation from the main film; this will slightly increase154

the effect of inertia there. Despite this, fluid inertia is assumed to be negligible in the rest155

of this work. The convective nonlinearity in the energy equation is retained, however.156
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Figure 2. Product of film thickness and heat flux as given by the similarity solution (B7). Solid
and broken curves show the effect of the boundary condition on vθ at the vapour side of the
interface: solid curves, ∂vθ/∂r = 0 (c = 3); broken curves; vθ = 0 (c = 12). Short curves, Taylor
series (B9) to O(Ja2).

3. Specialization to quasi–parallel creeping flow157

The coupled energy and momentum equations now admit a similarity solution includ-158

ing convective heat transport (Appendix B). In addition to determining the profiles of159

velocity and temperature, it provides two equations relating the streamwise evolution of160

p(θ) and q = ψ(1 + h, θ) (Stokes streamfunction ψ) to the unknown film thickness h(θ).161

(The volume flow rate is given by 2πq.)162

3.1. Chief properties of the similarity solution163

The equations for p and q are:164

h

sin θ

dq

dθ
= Γ (Ja),

h3 sin θ

JaCrq

dp

dθ
= −c. (3.1a, b)

The constant c depends on the boundary condition for vθ at the interface. For ∂vθ/∂r|1+h =165

0, as assumed here, c = 3. For vθ(1 + h θ) = 0, c = 12.166

The function Γ (Ja) is the product of film thickness with the heat flux into the vapour–
liquid interface:

Γ (Ja) = −h∂T
∂r

∣∣∣
1+h

. (3.2)

This function is given by equation (B7); it describes completely, and without approxi-167

mation, the effect of convective transport of heat.168

Figure 2 shows Γ as a function of Ja. In the limit as Ja→ 0, Γ → 1 because the left169

hand side of (2.2c) then vanishes and, in the thin film approximation, T varies linearly170

across the film. For Ja > 0, Γ < 1 because vapour flows from the interface towards171

the sphere: this motion reduces the temperature gradient at the liquid–vapour interface172

but steepens that at the sphere. The corresponding difference between the heat fluxes is173

transported downstream. The choice of c has only a modest effect on either flux.174

The form of (3.1a) and (3, 1b) reflects the choice of b, Jaκ/b and γ/b as scales for175
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length, velocity and pressure. If instead, Γ Jaκ/b is used as the scale for velocity, with176

no other change, q is replaced by Γq, and the pair of equations contains only the single177

parameter Γ JaCr. The effect of convective transport of heat is therefore equivalent to178

that of reducing Cr by the factor Γ (Ja). With this understanding, Γ is set to unity.179

3.2. The boundary value problem for Bo≪ h0180

The Laplace relation provides the equation needed to complete the system. In the form181

given as equation (A2) it is expressed using arc length s along the liquid–vapour inter-182

face. Without approximation, (3.1a) and (3.1b) are therefore expressed in terms of s by183

multiplying throughout dθ/ds.184

With σ = (1+h) sin θ denoting the cylindrical coordinate of a point s on the interface,185

θ its spherical coordinate, and α the inclination (figure 1), the five dependent variables186

α, h, θ, p and q satisfy the following problem.187

For 0 < s <∞,188

− 1
3h

3 sin θ
dp

ds
= JaCr q

dθ

ds
, (3.3a)

h

sin θ

dq

ds
=

dθ

ds
, (3.3b)

dα

ds
+

sinα

σ
= p, (3.3c)

dh

ds
= sin(θ − α), (3.3d)

dθ

ds
=

cos(θ − α)

1 + h
. (3.3e)

The geometric identities (3.3d) and (3.3e) are derived in Appendix C. According to these189

identies h is a decreasing function of s if the inclination α of the interface exceeds that190

of the tangent to the sphere; and dθ/ds ≷ 0 according as α ≷ θ− 1
2π: θ increases with s191

until the radius vector becomes tangent to the interface, but decreases thereafter.192

The boundary conditions are:193

0 = θ = α = q, h = h0, p = p0, (3.4a− e)

at s = 0; and

p/p0 → 0 (3.4f)

as h/h0 → ∞.194

Because Bo does not enter into the system (3.3), its solution is decoupled from the
interface displacement. It is now convenient to choose the origin for z to be at the centre
C of the sphere (rather than at the level of the flat interface at infinity, as in figure 1).
With this choice, the cylindrical coordinates of a point on the interface are given by

σ = (1 + h) sin θ, z = −(1 + h) cos θ. (3.5a, b)

For ease of reference, the relation for σ given above (3.3) is repeated as (3.5a).195

Although Bo does not enter into (3.3), it still enters into the force balance (2.3) but196

only as part of the group F = 2
3BoD. The solution of (3.3) satisfying the boundary197

condtions therefore depends on only two parameters: JaCr and F , rather than all five198

listed as (1.1). (In effect, except where g is multiplied by the density ρs of the sphere,199

gravity is taken as negligible for the analysis in this paper.)200
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The system (3.3) admits a solution such that in the limit as s → ∞, p = o
(
s−3

)
,201

α → 0, θ → 1
2π, h = O(s) and dq/ds = o(s−2). The outer boundary (3.4f) is therefore202

satisfied, and q approaches a limiting value, q∞ (say). However, in the limit as s → ∞,203

h = O(s) so that the thin film approximation underlying (3.1a, b) is no longer valid.204

Despite this, the limiting value q∞ can be interpreted once it is understood that in the205

limit as JaCr → 0, the solution of (3.3) has an inner–and–outer structure.206

The inner region consists of the thin film and its contact region. The outer limit is207

defined as JaCr → 0 (fixed h). In this limit, h = O(1), and the Reynolds equation (3.3a)208

becomes209

dp

ds
= 0, ⇒ p = 0, (3.6a, b)

where the outer boundary condition (3.4f) has been imposed. From (3.6b), it follows210

that the outer limit describes the bulk meniscus extending from the apparent contact211

circle to infinity. Because the reduced heat equation (3.3b) does not contain the small212

parameter JaCr, the contribution of the outer region to the total evaporation is O(1), i.e.213

independent of JaCr in the limit. Provided the limiting value q∞ ≫ 1, the contribution214

from the outer region is therefore negligible. Values for Nu obtained from the numerical215

solution therefore have a relative error O(Nu−1). All other properties of the numerical216

solution are limited only by the precision of the numerical integration.217

The outer solution for h has an apparent contact circle at which h → 0 and q → ∞.218

To demonstrate that this contact singularity is resolved by accounting for the thin film,219

Appendix C contains an example in which the outer solution for q is obtained explicitly220

and matched to that for the thin film.221

The numerical solution of (3.3) was obtained in parametric form. The program consists
of three nested do loops. First, with JaCr fixed, the innermost loop integrates the system
comprising (3.3a) to (3.3g) from s = 0 to a large value s1 for a given pair {h0, p0}:
this determines p(s1) for the pair {h0, p0}. Second, the intermediate loop imposes the
condition p1(h0, p0) = 0 iteratively using Newton’s method: this determines p0 in terms
of h0. In this loop, F is also obtained using the relation

∫ s1

0

(p− p1)σ
dσ

ds
ds =

{
σ sinα− 1

2pσ
2
}∣∣

s=s1
= F. (3.7a, b)

(It follows by integrating the Laplace relation in the form (A1).) The result of the in-222

termediate do loop is a triplet {p0, h0, F} satisfying (3.4f) for the fixed value of JaCr.223

Third, the outer loop uses continuation to vary one of either p0 or h0: this generates the224

graphs of p0(F, JaCr) and h0(F, JaCr) given as the next figure.225

The solution of (3.3) depend on only two parameters: in this work JaCr and F are226

chosen.227

4. Results from numerical solutions of (3.3)228

4.1. Response curves229

In figures 3a and 3b, broken curves show values of p0 and h0/(JaCr)
1/3 obtained from230

the numerical solution of (3.3) graphed against F/(JaCr)1/3. With this choice of in-231

dependent variable, results for different values of JaCr form a single curve on the left232

side of each figure. Each broken curve consists of two branches; the tangent to each233

curve becomes vertical at the branch point. In each figure, a single solid curve shows234

corresponding values obtained by solving the simplified system given in Appendix E; it235

describes the solution in the limit as JaCr → (fixed F/(JaCr)1/3). Unlike the broken236
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Figure 3. Pressure and film thickness at the stagnation point at θ = 0. Broken curves, numerical
solution of (3.3) for the values of − log

10
(JaCr) indicated by the labels. Broken curves have two

branches; as indicated by the dotted horizontal line in (a), the branch point occurs asymptotically
at p0 = 2. Solid curve, solution of the simplified system (E2) describing the limit JaCr → 0

(fixed F/(JaCr)1/3).

curves, the solid curve has no branch point: instead, it defines h0/(JaCr)
1/3 and p0 as237

single–valued functions of F/(JaCr)1/3. Broken curves coincide with the solid curve for238

fixed F/(JaCr)1/3; as JaCr is reduced, broken and solid curves coincide over an in-239

creasing range. For F/(JaCr)1/3 → ∞, the solid curve for p0 approaches the asymptote240

p0 = 2.241

The overall behaviour of the solution of (3.3) is determined by the presence of the
maximum in p0 (figure 3a). According to the solution of (E2), this maximum occurs
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when

F = 10.23 (JaCr)1/3 ; then h0 = 1.771 (JaCr)1/3, p0 = 2.4396. (4.1a, b, c)

The maximum value of p0 is only about 20% greater than the pressure within a spherical242

bubble of unit radius. Once established, (4.1) was used to provide initial values for the243

method of continuation.244

Because the maximum pressure exceeds 2, there are two values of F/(JaCr)1/3 for
which p0 = 2. The smaller value occurs on the left side of the figure where the broken
and solid curves coincide. According to the solution of (E2), for p0 = 2,

F = 2.282 (JaCr)1/3, h0 = 1.021 (JaCr)1/3. (4.2a, b)

To the left of this point in figure 3a, h has a minimum at s = 0 and increases monotoni-245

cally with s; to the right of it, h has instead a local maximum at s = 0. In the form (A3),246

the Laplace relation determines the location r(θ) = 1+ h(θ) of the interface in spherical247

coordinates. By evaluating it at θ = 0,248

rθθ
∣∣
0
= 1

2r
2
0

(
2r−1

0 − p0
)
.

Consequently, h has a minimum at θ = 0 if p0 is less than the pressure 2/r0 within a249

spherical bubble of radius r0; a maximum otherwise. In the limit as JaCr → 0, r0 → 1250

and rθθ changes sign when p0 → 2. As F is increased from zero, the critical condition is251

necessarily first satisfied on the left side of the pressure maximum.252

Once the local maximum in h has formed, it is necessarily paired with a local minimum253

for s > 0. Indeed, dh/ds must then have two zeros because it is negative immediately254

beyond the maximum, but subsequently becomes positive because r → ∞ as s → ∞.255

As F/(JaCr)1/3 is increased above the value (4.2a), the ratio of h0 to the minimum256

increases. This leads to formation of a bubble cap and its contact ring.257

Formation of the paired maximum and minimum can also be explained physically.258

Because the film is thin, the capillary pressure can not exceed a value of the order of259

unity. Consequently, as the weight of the sphere is increased, the force balance on the260

sphere can be satisfied only if the capillary pressure acts on an increasing area. This261

requires that the film increase in length. However, for vapour to flow along the film, the262

capillary pressure must decrease with increasing θ. By itself, the increase in film length263

required by the force balance tends to decrease the magnitude of d2h/dθ2. This effect264

can be compensated if d2h/dθ2 changes sign from negative to positive somewhere along265

the length of the film. Film profiles shown below illustrate this effect.266

The weight of the heaviest sphere supportable by surface tension alone is determined267

by the point where the tangent to a broken curve in figure 3a becomes vertical. In the268

limit as JaCr → 0, p0 → 2 at this point and F → 1. As p0 falls below 2 on the lower269

branch of the pressure curve, r0 increases so that rθθ
∣∣
0
remains negative, as it must for270

the bubble cap to remain present. This increase in film thickness is evident in figure 3b.271

4.2. Film profiles272

Figure 4 shows profiles obtained from the numerical solution of (3.3). As stated above273

(3.5), in the rest of this paper, the origin for z is taken to be at the centre of the sphere.274

For figure 4a, the value of F/(JaCr)1/3 is ∼ 5 times the value given by (4.2a) at which275

a local maximum first appears at θ = 0. As shown by the inset, the paired local maximum276

and minimum are present, but the ratio of the maximum value to the minimum is not277

large (∼ 1.3). For figure 4b, the value of F/(JaCr)1/3 is ∼ 13 times the value given by278
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Figure 4. Interface profiles for JaCr = 10−8 and values of p0 at, or to the right of, the maximum
in figure 3a: (a) p0 = 2.4311 (F/(JaCr)1/3 = 10.24), inset showing the local minimum in h;

(b) p0 = 2.35 (F/(JaCr)1/3 = 28.78), inset showing the spherical cap used to determine the

contact angle χ; (c) p0 = 2.0 (F/(JaCr)1/3 = 464.1); and (d) p0 = 1.8.Solid curves, numerical
solution of (3.3). Broken curves, sphere osculating with the interface at its lowest point.

(4.2a); though a spherical cap can now be fitted to the film profile, the contact region is279

hardly defined.280

For figure 4c, F = 1 and F/(JaCr)1/3 is ∼ 200 times the value needed for the exis-281

tence of a paired local maximum and minimum. The ratio of film thickness at the local282

maximum to that at the minimum is approximately 12.95. The spherical cap (dotted283

curve) clearly intersects the spherical particle; consistent with this, the contact region is284

clear in the figure.285

Last, figure 4d shows a profile having an apparent contact circle on the upper hemi-286

sphere; because the figures are drawn to a common scale, it is clear that the bubble cap287

inflates as β is increased. The cap now appears to be almost tangent to the particle at288

the contact circle. (In the limit as the contact circle shrinks to a point, the two spherical289

surfaces are necessarily tangent there.)290

4.3. Nusselt number from numerical solutions of (3.3)291

The heat flow into the phase interface is given by Q∗ = 2πkb∆T Nu (k, conductivity292

of the vapour). With the units defined by (2.1), Nu = q∞. The numerical solution of293
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JaCr

10−510−10 10−9 10−8 10−610−7

Nu h0

101

102 10−1

10−2

Figure 5. Solid lines, values of Nu and h0 from the numerical solution of (3.3) for p0 = 2,
approximating the state of maximum force in figure 3. Broken line, (4.3) for the value Bo = 0.03
used for the example. The relative error in the values of Nu is O(Nu−1).

(3.3) determines q∞ as a function of F and JaCr; superheat ∆T affects the value of Nu294

through the Jakob number (equation 1.1). As stated below (3.6), the relative error in the295

values of Nu obtained from the numerical solutions is O(Nu−1).296

Figure 5 shows Nu as a function of JaCr for p0 = 2, approximating the state of297

maximum force in figure 3. Because heat is conducted a film of characteristic thickness298

h0, it might be expected that Nu ∝ h−1
0 . According to the figure, this is not so: decreasing299

JaCr by a factor of 105 increases Nu by a factor ∼ 10, but decreases h0 by a factor ∼ 5.300

This behaviour is explained by the analysis in Sections 5 and 6.301

According to the discussion ending Section 2, these results from apply to a physical302

system for which Bo ≪ h0. For the value JaCr = 10−6 given in Section 1, the figure303

shows that h0 + 0.1. If, for the sake of example, Bo ≪ h0 is interpreted as meaning304

Bo 6 1
3h0, the solid curves might be expected to describe a physical system having305

Bo . 0.03.306

The same conclusion is reached by comparing the value of Nu obtained from (3.3)
with that obtained in the opposite limit Bo ≫ h0 when the motion is driven by the
pressure gradient imposed by the liquid. By modifying the analysis of Frederking and
Clark (1963) to account for the boundary condition of vanishing shear stress used in this
paper, the expression for Nu for a film covering the lower hemisphere is then

Nu = 0.8282
( Bo

JaCr

)1/4

. (4.3)

As shown in the figure, for JaCr = 10−6 and Bo = 0.03, the value obtained from (3.3)307

is about three times that given by the modified Frederking–Clark relation (4.3). This is308

consistent with the conclusion reached in the previous paragraph.309

Figure 6 shows values of Nu and F obtained from the numerical solution of (3.3);310

here, the scale used for Nu should be viewed as a convenient device allowing values of311

Nu for different values of JaCr to be included in a single figure. The upper branch312



The Nusselt number of a hot sphere levitated by a volatile pool 13

 0

 1

 2

 0  0.2  0.4  0.6  0.8  1
 0

 1

 2

 0  0.2  0.4  0.6  0.8  1
 0

 1

 2

 0  0.2  0.4  0.6  0.8  1
 0

 1

 2

 0  0.2  0.4  0.6  0.8  1

− Cδ
log δ Nu

6

20

5

F

Figure 6. Total evaporation Nu and force F obtained from numerical solutions of (3.3) are
shown as solid curves; the upper branch of each curve corresponds to an unstable equilibrium in
which the apparent contact circle is on the upper hemisphere as in figure 4d. The two branches
coincide in the limit of vanishing evaporation from the contact region (broken curve). Numerical
constant C = 1.30588; scale δ is defined by the relation δ6 = −JaCr log δ. The relative error in
the values of Nu is O(Nu−1).

of each curve corresponds to unstable equilibrium of a freely floating sphere. As JaCr313

is reduced, the gap between the branches of a given curve becomes smaller; as shown314

by the broken curve, it vanishes altogether when evaporation from the contact region is315

negligible. (The formula for the broken curve is given in Section 9.) The maximum value316

of Nu does not quite coincide with that of F , but instead occurs nearby on the upper317

branch of each curve. Comparing the solid curve for JaCr = 10−6 with the broken curve318

shows that the total evaporation is doubled by the effect of the contact region.319

The behaviour of the response curves on the right hand side of the pressure maximum320

is described by the following analysis. It describes the bubble cap and its contact region,321

both are apparent in figure 4.322

5. The bubble cap: the limit Cr → 0 (fixed θ, F )323

It is assumed, and later verified, that film thickness vanishes in the limit as Cr → 0.324

By setting r = 1 + h in the form (A3) of the Laplace relation, then using h ≪ 1, film325

thickness is found to satisfy326

1

sin θ

d

dθ

(
sin θ

dh

dθ

)
+ 2h = 2− p ; (5.1)

because Bo→ 0, the term Bo z no longer enters into the Laplace relation.327

Because the profiles shown in figure 4 can be fitted by a spherical cap, pressure is now328



14 S. J. S. Morris

assumed be uniform outside the contact region. In Section 6, this assumption is shown329

to be self–consistent in the limit stated in the heading to this section.330

Let this uniform pressure be p0. Then, the solution of (5.1) satisfying h(0) = h0 and331

h(β) = 0 is332

h = h0
cos θ − cosβ

1− cosβ
, (5.2a)

p0 − 2

h0
= cot2( 12β)− 1. (5.2b)

Because p is uniform, (5.2a) describes a spherical cap of radius 2/p0. According to (5.2),333

p0 = 2 when β = 1
2π; the cap then has unit radius and centre at distance h0 below that of334

the particle. Spheres of unit radius can not intersect at the equator, of course: a spherical335

cap with that centre and unit radius intersects the particle at β = 1
2π− sin−1( 12h0); this336

approaches 1
2π in the limit as h0 → 0.337

The apparent contact angle measured through the cap is given by338

χ = −dh

dθ

∣∣∣
θ=β

,= h0 cot(
1
2β). (5.3)

The force exerted by the vapour on the particle is given by 1
2p0 sin

2 β. Because (5.2b)339

implies that p0 = 2 +O(h0),340

F = sin2 β. (5.4)

According to (5.4), for a given value of F , the sphere can be in equilibrium for either of341

two values of β; that for which dF/dβ < 0 is unstable because the interface then behaves,342

in effect, as a spring with negative modulus. See e.g. Rapacchietta and Neuman (1977,343

p.563).344

With h/h0 given by (5.2a), the solution of (3.3b) vanishing at θ = 0 is345

q =
sinβ

χ
log

(h0
h

)
. (5.5)

Equation (5.3) has been used to express the pre–logarithmic factor in terms of χ. In this346

form, q is proportional to the perimeter 2π sinβ of the apparent contact circle, varies347

inversely with χ, and increases logarithmically as h→ 0 at the apparent contact line.348

The pressure difference needed to expel vapour from beneath the bubble is obtained349

by solving (3.3a) subject to the condition p = p0 at θ = 0. With q given by (5.5), and350

h/h0 by (5.2a), the solution is351

p0 − p = −3JaCr

h40

∫ 1

h/h0

log v

v3ϕ(v)
dv, (5.6)

where v = h/h0, ϕ(v) = (1 − v)
{
v + cot2( 12β)

}
. and (5.2a) has been used in the form352

sin2 θ = (1 − cosβ)2 ϕ(h/h0). In Section 6.3, equation (5.6) is used to estimate the353

magnitude of p0 − p within the bubble cap.354

Near the apparent contact circle, h/h0 → 0 and the integral in (5.6) diverges. Because355

p varies rapidly as h/h0 → 0, the principal curvatures identified below (A3) can then be356

approximated by 1− d2h/dθ2 and 1 so that357

p = 2− d2h

dθ2
.
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Because the right hand side (mean curvature) must decrease as p falls, d2h/dθ2 becomes358

positive and the interface turns away from the sphere, creating the gap through which359

vapour escapes to the atmosphere.360

Boundary conditions for the contact region are imposed by the flow at the outer edge361

of the bubble cap. By assumption, the angular dimension θs of the contact region is362

small compared with β. Because of this separation of scales, there is a range where363

β ≫ β − θ ≫ θs. Within this domain, (5.2a) can be approximated by the first term in364

its Taylor expansion about θ = β, so that as θ → β365

h = −χ(θ − β) +O([θ − β]2), (5.7)

q =
sinβ

χ

{
− log (β − θ) + log tan( 12β) +O(β − θ)

}
. (5.8)

For β 6= 1
2π, the relative error in (5.7) and (5.8) is O(θ−β). For β = 1

2π, it is O([θ−β]2)366

because cos θ has an inflexion at 1
2π.367

6. The contact region: limit as Cr → 0 (fixed (θ − β)/θs)368

6.1. Derivation of scales369

Because the characteristic angular dimension θs of the contact region is small compared370

with β, the motion here is, in effect, plane flow having flow rate per unit perimeter371

q/ sinβ; the hoop contribution 2h to the curvature is also negligible. This allows the372

parent equations (3.3a), (3.3b) and (5.1) to be simplified by replacing sin θ by sinβ and373

taking the term 2h to be negligible:374

− 1
3h

3 dp

dθ
= JaCr

q

sinβ
, h

d

dθ

(
q

sinβ

)
= 1,

d2h

dθ2
= 2− p. (6.1a, b, c)

For β 6= 1
2π, the error made in replacing sin θ by sinβ is O(θ − β). For β = 1

2π, it is375

O([θ − β]2) because sin θ has a maximum at θ = 1
2π.376

The following derivation of the scales for the contact region uses only (6.1) and the377

requirement that the region should define a contact angle for the bubble cap; it uses378

neither (5.7) nor (5.8).379

Let hs, qs and θs be the scales in question. By balancing terms in (6.1c), hs/θ
2
s = 1;380

and in (6.1a), h3s sinβ/(θs qs) = JaCr. Because the contact region defines the apparent381

contact angle (scale χs = hs/θs), h grows linearly towards the bubble cap: h ∝ (θ−β)χs382

as (θ − β)/θs → −∞. By substituting this asymptote into (6.1b) and integrating, q ∝383

(sinβ/χs) log |θ − β|. This is satisfied by putting qs = −(sinβ/χs) log θs.384

Let δ = χs. By eliminating qs, hs and θs between the four equalities in the preceding
paragraph,

δ6 = −JaCr log δ. (6.2)

This scale differs from a related scale defined by Sobac et al. (2014) in their study of385

the Leidenfrost phenomenon on a plane substrate. Here δ is a known function of the386

group JaCr. In Sobac et al., their defining equation (29) contains the apparent contact387

angle which itself depends on the scale being defined, and which is determined only388

subsequently by numerical integration. As a result, the two expansions can not compared389

directly.390

Though sinβ was included consistently in the expressions relating hs, θs and qs, it391



16 S. J. S. Morris

cancels from (6.2). So, θs and hs are both independent of β, but the flow rate is propor-392

tional to the perimeter of the apparent contact circle: q ∝ sinβ. With decreasing JaCr,393

θs decreases monotonically: smaller values of Cr correspond to larger surface tension and394

smaller vapour viscosity, allowing vapour to escape more freely to the atmosphere.395

Let396

λ = − 1

log δ
. (6.3)

Then the solution of (6.2) is given by397

λ =
6

W
(
6/[JaCr]

) . (6.4)

The Lambert function W (z) defined by the equation W eW = z.398

Let399

θ = β + δ θ̂, h = δ2 ĥ, h0 = δ h̃0. (6.5a, b, c)

The swung dash ∼ on h̃0 denotes a property of the bubble cap. Because h0 and θ−β have400

the same scale δ, the angular dimension of the contact region is of the same order as the401

film thickness at θ = 0. As claimed below (5.5), that condition consequently ensures that402

the angular dimension of the contact region is small compared with that of the bubble403

cap, i.e. that there is a separation of scales.404

Also let405

χ = δ χ̂, p = p̂, q = − log δ

δ
q̂. (6.5d, e, f)

Though these new variables are defined within the context of an inner–and–outer analysis,406

they are also used independently of that analysis in graphing and interpreting numerical407

solutions of (3.3). For example, according to figure 5, reducing JaCr from 10−5 to 10−10
408

increases Nu by a factor ∼ 10, but reduces h0 by a smaller factor ∼ 5. The scales given409

above show that the stronger dependence shown by Nu results from the factor log δ,410

itself the expression of the logarithmic growth in q at the edge of the bubble cap; see411

equation (5.5).412

Expressed in this notation, (5.3) becomes413

χ̂ = h̃0 cot(
1
2β). (6.6)

6.2. Boundary value problem414

By substituting (6.5) into (4.3), then taking terms O(δ) as negligible but keeping those415

O(λ) that are only logarithmically small in δ,416

− 1
3 ĥ

3 dp̂

dθ̂
=

q̂

sinβ
,

d2ĥ

dθ̂2
= 2− p̂, ĥ

d

dθ̂

(
q̂

sinβ

)
= λ. (6.7a, b, c)

From (6.7c), λ is a measure of the strength of evaporation from the contact ring.417

As θ̂ → ∞, the condition p→ 0 requires that418

d2ĥ

dθ̂2
→ 2. (6.7d)
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Within the overlap domain defined by −e1/λ ≪ θ̂ ≪ −1, matching conditions are im-419

posed: h is matched to (5.7); and q to (5.8):420

ĥ = −χ̂ θ̂ +O(δ) ; (6.7e)

q̂

sinβ
=

1

χ̂

{[
1− λ log |θ̂|

]
+ λ log tan( 12β)

]}
+O(λδ). (6.7f)

The term 1−λ log |θ̂| corresponds to − log(β−θ) in the parent equation (5.8). Evaporation421

within the overlap region is represented by the term −λ log |θ̂|. As is to be expected from422

this interpretation, the derivative of this term is positive because θ < 0 within the overlap423

region. Provided that λ| log tan( 12β)| ≪ 1, the entire term in braces is positive because424

λ log |θ̂| ≪ 1 within the overlap domain.425

The mechanisms by which the contact region affect the total evaporation are made
explicit as follows. Let A > 0 be a fixed value such that θ = −A lies within the overlap
domain. By integrating (6.7c) between θ = −A and infinity, then using (6.7f) to evaluate
q̂(−A),

q̂(∞) =
sinβ

χ̂

{
1 + λ log tan( 12β)

}
+ λ sinβ lim

A→∞

{∫
∞

−A

dθ̂

ĥ
− 1

χ̂
logA

}
, (6.8)

The first term on the right hand side represents the flow rate which would be obtained by426

extrapolating (5.8) to θ = β−δ. (This value of θ is, of course, outside the range of validity427

of (5.8).) The second term in (6.8) is the difference between the total evaporation q̂(∞)428

and that arbitrary measure of the evaporation from the bubble cap; it provides a measure429

of the evaporation from the contact region. Though these measures are arbitrary, (6.8)430

at least shows that the contact region contributes to the total evaporation in two ways:431

it adds to the volume flow rate locally (second term); and, by reducing χ̂, it increases432

the evaporation from the entire bubble cap.433

6.3. Discussion of approximations434

Because the bubble cap has an apparent contact circle, it is only self consistent if the435

angular dimension of the cap is large compared with that its contact region. This is436

satisfied if β ≫ δ, i.e. if F ≫ δ2. This condition is satisfied in the limit as JaCr → 0437

with F fixed; this limit describes the behaviour on the right hand side of the maximum438

in p0 in figure 3.439

For β 6= 1
2π, the relative error made in approximating (4.3) by (6.7) is O(δ), e.g.440

substituting the matching condition (6.7e) on the slope into (6.7) shows that as θ → −∞,441

d2ĥ/dθ2 → 2−p0,= O(δ) by (5.2b). For β = 1
2π, the relative error is instead O(δ2), for the442

reasons given below the underlying approximations (5.7), (5.8) and (6.1); in particular,443

the discussion of the linear approximation (5.1) shows that for β = 1
2π, d

2ĥ/dθ̂2 = O(δ2)444

where the contact region merges with the bubble cap.445

The relative error made in assuming the pressure to be uniform within the bubble cap446

is O(λδ), even for β = 1
2π (within the cap, the left side of the Laplace relation (5.1) is447

O(δ), and p0 − p = O(λ δ2), by (5.7) and (6.5c)). For β = 1
2π, the overall relative error448

is determined by the assumption of uniform pressure within the bubble cap; it is O(λδ).449

For β 6= 1
2π, the overall error is determined by the approximations made in obtaining450

in (6.7); it is O(δ). These properties are taken into account in discussing the relation451

between the numerical solution of (3.3) and this asymptotic analysis.452
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7. The inner problem simplified without approximation453

If (6.7) is viewed as a problem determining ĥ, p̂ and q̂/ sinβ (rather than q̂), β affects454

the solution only through the term λ log( 12β) in (6.7f). For λ = 0, the solution is therefore455

independent of β. In particular, χ̂ is then an absolute constant:456

lim
λ→0

χ̂ = C. (7.1)

This constant is determined in Section 7.1.457

Let458

θ̂ = 3Θ
/
C5, ĥ = 3H

/
C4, q̂ = (Q sinβ)

/
C. (7.2a, b, c)

This substitution is independent of λ. In (7.2c), Q/C represents the flow rate per unit459

length of contact circle. The various powers of C ensure that for λ = 0, the inner problem460

reduces to the standard form (7.7).461

Also let462

τ = log
[
1
3C

5 tan( 12β)
]

(7.3)

As β is increased from zero to π, the contact circle advances from the lower pole of the463

sphere to the upper pole and τ increases monotonically from −∞ to ∞.464

With this change of variables, (6.7) becomes identically465

H3 d
3H

dΘ3
= Q, H

dQ

dΘ
= λ. (7.4a, b)

The boundary conditions are:466

as Θ → −∞, H +
χ̂

C
Θ → 0, Q+ λ

C

χ̂
log |Θ| → C

χ̂

{
1 + λ τ

}
; (7.4c, d)

as Θ → ∞,
d2H

dΘ2
→ 6

C6
. (7.4e)

Problem (7.4) determines H, Q, χ̂ and C. The solution depends on two parameters λ467

and β, i.e. F , in the form of τ . In (6.7), β appears in four places, it enters (7.4) in only468

one term on the right hand side of (7.4d). This simplication results from (7.2) when the469

flow rate per unit length of contact line is introduced in place of the total flow rate q̂.470

Starting the numerical integration of (7.4) requires the aymptotic series for H as Θ →471

−∞. By writing (7.4a) in the form d3H/dΘ3 = Q/H3, then using (7.4c, d) to evaluated472

the right hand side and integrating,473

H = − χ̂

C
Θ − C4

2χ̂4
log |Θ|+ λ

C4

4χ̂4
G(τ,Θ) + o

(
1
)
; (7.5a)

G(τ,Θ) = (log |Θ|)2 +
{
3− 2τ

}
log |Θ|. (7.5b)

In (7.5a), the first term describes the wedge defined by the apparent contact angle; the474

second, the perturbation to this wedge by the pressure needed to drive that part of the475

flow rate which arrives from the bubble cap with its contact circle excluded; the third, the476

perturbation to the wedge by the additional pressure needed to drive the flow created477

by evaporation within the wedge. Both perturbation terms are positive. (An additive478

constant of integration has been set to zero in (7.5a), because translation of the origin479

for Θ generates terms O(Θ−1 logΘ), algebraically smaller than those displayed.)480
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The accuracy of even a direct numerical solution of (6.6) would be limited in practice481

because the overlap domain is not large (For JaCr = 10−6, δ−1 is about 9.). Similarly,482

though expressing the solution as a power series in λ is suggested because λ → 0 in the483

limit as JaCr → 0, the accuracy is still limited by the size of the overlap domain, i.e.484

by terms which are formally exponentially small (see Olver 1979, p.76).485

Let486

{Q,H} ∼
λ→0

N∑

k=0

{
Qk, Hk

}
λk, (7.6a, b)

χ̂ ∼
λ→0

C
{
1−

N∑

k=1

akλ
k
}
, (7.6c)

so that the asymptotic series is truncated at O(λN ).487

Because λ is a measure of the strength of evaporation within the contact region, these488

series represent a method of successive approximations about a first approximation in489

which evaporation is confined to the bubble cap alone. (Sobac et al. (2014, equation 37)490

also express the solution of their problem as a power series. As explained below (6.2)491

their expansion parameter differs from the present λ, and only the base states are readily492

related.)493

7.1. Base state: k = 0. Leakage problem of Frankel and Mysels494

By (7.4b, d), Q0(Θ) = 1. The remaining equations require that for −∞ < Θ <∞,495

H3
0

d3H0

dΘ3
= 1, (7.7a)

dH0

dΘ

∣∣∣∣
−∞

= −1,
d2H0

dΘ2

∣∣∣∣
∞

=
6

C6
; (7.7b, c)

Because (7.7) contains no parameters, H0 depends only on Θ and C is an absolute496

constant.497

This boundary value problem appears to have been first posed and solved by Frankel
and Mysels (1962) who thus showed that short–range forces are not essential to for-
mation of a dimple during drop settling. The solution is obtained without iteration by
integrating from −∞ to ∞. The solution of (7.7a) subject to (7.7b) determines the value
of d2H0/dΘ

2
∣∣
∞

and (7.7c) then determines C. As given in Wong et al. (1995, p.93),

d2H0/dΘ
2
∣∣
∞

= 1.20985, whence

C = 1.30588. (7.8)

Though the problem for the base state can be solved without first reducing it to canonical498

form, iteration (i.e. ‘shooting’) is then necessary. See e.g. Sobac et al.(2014, p.9); their499

numerical values can be obtained from existing solutions by rescaling.500

At this order of approximation, the contact angle is independent of β: χ = Cδ.501

The first approximation to the film thickness at the bottom of the sphere is502

lim
λ→0

h̃0 = C tan( 12β),

where (6.6) has been used. The bubble cap inflates as the contact circle advances over503

the particle from θ = 0 to π. This effect is apparent in figure 4.504

Substituting for C in (7.2) gives505
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τ = 0.23577 + log tan( 12β). (7.9)

In each of the following boundary value problems, the same linear differential operator506

occurs. It is defined by507

D [Hk] = H4
0

d3Hk

dΘ3
+ 3Hk, k = 1, 2 . . . . (7.10)

Boundary value problems at each order were first obtained manually, and then verified508

using computer algebra.509

7.2. First correction: k = 1510

For −∞ < Θ <∞,511

H0
dQ1

dΘ
= 1, D [H1] = H0Q1. (7.11a, b)

dH1

dΘ

∣∣∣∣
−∞

= a1,
{
Q1 + log |Θ|

}∣∣∣
−∞

= a1 + τ. (7.11c, d)

d2H1

dΘ2

∣∣∣∣
∞

= 0. (7.11e)

Because the system (7.11) is linear in H1 and Q1, and its statement contains only the512

first power of τ , the unknowns H1, Q1 and a1 are linear functions of τ . The structure513

of each subsequent correction problem requires Hk, Qk and ak to be polynomials in τ of514

degree k.515

The solution of (7.11) was calculated using the fourth order Runge–Kutta method516

to integrate from Θ = − sinh 20 to sinh 10; there (7.11e) was imposed to determine a1.517

Initial values were obtained from (7.11d) and the asymptote as Θ → −∞, namely518

H1 = a1Θ + 1
4 (log |Θ|)2 +D1 log |Θ|+ o

(
1), (7.12)

D1 = 3
4 − 2a1 − 1

2τ, as obtained from (7.5).519

In Sobac et al.(2014) the unnumbered differential equation governing the first correc-520

tion can be transformed into (7.11a, b) by rescaling. Because the expansion parameters521

are different, (7.12) differs from the corresponding expansion given by them. In partic-522

ular, their problem for the first correction contains no parameter. Drop weight enters523

(7.12) in the form of the parameter τ .524

The solution can be interpreted by expressing (7.11b) as525

Q1 = −H3
0P

′

1 + 3H1/H0 : (7.13)

the perturbation Q1 is the sum of the flow rate driven in a channel of thickness H0 by526

the perturbation pressure, P1 = −H ′′

1 , and that driven by the base pressure gradient527

−P ′

0 = H ′′′

0 within the addition H1 to the gap thickness. According to the boundary528

conditions in (7.11), there is no overall difference in perturbation pressure across the529

contact region. Rather, the perturbation flow is driven by evaporation and P1 adjusts to530

conserve mass.531

Figure 7 is used to explain the consequences of this pressure distribution. As shown532

by the solid curve, the perturbation pressure P1 is everywhere negative. This is a result533

of the boundary conditions P1(±∞) = 0 and the behaviour of the gradient −P ′

1. For,534

from the boundary condition (7.11d), Q1 < 0 at −∞. Evaporation causes Q1 to become535
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Figure 7. Solid curve, −P1 = H ′′

1 for β = 1

2
π (τ = 0.23577). Broken curves, Contributions to

the gradient −P ′

1 in perturbation pressure (not to −P1 itself) are also shown: Q1/H
3

0 (· · · · · · );
3H1/H

4

0 (− − − ). Vertical line, location at which Q1 = 3H1/H0 and −P ′

1 = 0.

positive (dotted curve). Though the right hand side of (7.13) describes two mechanisms to536

accommodate Q1, the term 3H1/H0 is initially negative (broken curve): the gap thickness537

is initially decreased by the perturbation rather than increased. To accommodate Q1,538

P1 must therefore decrease with increasing Θ, as seen on the left side of the figure.539

But, because P1 → 0 at ∞, P ′

1 must become positive on the right hand side of the540

figure. As a result P1 < 0 throughout the contact region, and H ′

1 increases from −∞ to541

+∞: H ′

1(∞) > H ′

1(−∞),= a1. Because computation shows that a1 < 0 for β < 3.039,542

H ′

1(−∞) is positive within this range. Because H ′

0(−∞) and H ′

1(−∞) are of opposite543

sign, evaporation within the contact region reduces the contact angle χ for the bubble544

cap. (As shown by an unnumbered equation in Sobac et al. (2014), the same is true of545

the Leidenfrost phenomenon on a plane substrate. Sobac et al. do not comment on the546

effect.)547

7.3. Second correction: k = 2548

For −∞ < Θ <∞,549

H2
0

dQ2

dΘ
= −H1, (7.14a)

D [H2] = H0Q2 + 6H2
1H

−1
0 − 3H1Q1. (7.14b)

dH2

dΘ

∣∣∣∣
−∞

= a2,
{
Q2 + a1 log |Θ|

}∣∣∣
−∞

= a1(a1 + τ) + a2. (7.14c, d)

d2H2

dΘ2

∣∣∣∣
∞

= 0. (7.14e)

The operator D is defined by (7.10).550

This problem admits a solution such that as Θ → −∞,551
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H2 = a2Θ + a1(log |Θ|)2 +D2 log |Θ|+ o
(
log |Θ|

)
, (7.15)

D2 = a1{3− 5a1 − 2τ} − 2a2.552

7.4. Third correction, k = 3553

For −∞ < Θ <∞,554

H3
0

dQ3

dΘ
= H2

1 −H0H2. (7.16a)

D [H3] = H0Q3 − 3
(
H1Q2 +H2Q1

)
+ 6

(
Q1H1 + 2H2)H1H

−1
0 − 10H3

1H
−2
0 . (7.16b)

{
Q3 + (a21 + a2) log |Θ|

}∣∣∣
−∞

= a31 + 2a1a2 + a3 + (a21 + a2)τ. (7.16c)

dH3

dΘ

∣∣∣∣
−∞

= a3,
d2H3

dΘ2

∣∣∣∣
∞

= 0. (7.16d, e)

This problem admits a solution such that as Θ → −∞,555

H3 = a3Θ +
(
5
2a

2
1 + a2

)
(log |Θ|)2 +D3 log |Θ|+ o

(
log |Θ|

)
, (7.17)

D3 =
(
5
2a

2
1 + a2

)
(3− 2τ)− 2a3 − 10a1(a2 + a21).556

7.5. The coefficients ak557

As explained below (7.11), ak is a polynomial of degree k in τ . As such, it is determined558

by numerical solutions for k values of τ of the problem posed above. Thus559

a1 = 0.5348− 1

6
τ, a2 = 0.3291− 0.4179 τ +

5

72
τ2. (7.18a, b)

a3 = 1.0024− 0.5336 τ + 0.3715 τ2 − 55

1296
τ3. (7.18c)

As given by (7.9), τ = 0.23577+log tan( 12β). Coefficients given as decimals were obtained560

by fitting to values of ak obtained numerically. Coefficients given as fractions are derived561

in Appendix D. The explicit solution given there was found only after corresponding562

values had already been obtained numerically. Agreement between the values obtained563

by two methods provides one check on the numerical work. That the coefficients exhibit564

the correct polynomial dependence on τ provides a further check.565

Figure 8 shows the relations (7.18). Though, over much of the interval 0 < β < π,566

|a2| < |a1|, a3 is larger than either. This suggests (but does not prove) that the asymptotic567

series (7.6) diverges as N → ∞. The coefficients are smallest in magnitude near β = 1
2π;568

this suggests the series will be simplest to use computationally near the state of maximum569

F , where the approximations made to derive the inner problem (6.7) are most accurate.570

This is discussed in detail in Section 9.2 (Table 1). All three coefficients are positive,571

except near β = π. The result obtained in Section 7.2 is thus confirmed by the higher572

approximations: evaporation from the contact region acts to reduce the contact angle for573

the bubble cap, and through it, the thickness of the entire film upstream.574
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Figure 8. Coefficients ak as functions of β as given by (7.18) and 7.9).

8. Total evaporation from the film575

At the outer edge of the contact region where Θ → ∞, Qk(Θ, τ) → Qk(∞, τ) and

Q→ Q∞(τ, λ) ∼
λ→0

∞∑

k=0

Qk(∞, τ)λk. (8.1)

As stated previously, the solution of (3.3) depends on two parameters JaCr and F :576

specifically, τ = 0.23577 + log tan( 12β) (equation 7.9) where F = sin2 β (equation 5.4);577

and λ−1 = − log δ (equation 6.3), where δ is given in terms of JaCr by (6.2).578

As already noted below (7.11), Hk, Qk and ak are polynomials in τ of degree k. By579

fitting values of Qk(∞, τ) obtained from the numerical solutions of (7.11), (7.14) and580

(7.16),581

Q1(∞, τ) = 3.3178 +
5

6
τ, Q2(∞, τ) = −1.5991− 0.6919τ − 5

72
τ2, (8.2a, b)

Q3(∞, τ) = 1.0830 + 1.9809τ + 0.41522τ2 +
35

1296
τ3. (8.2c)

Coefficients given as fractions are obtained as follows. Inspection of the differential equa-
tions shows the right hand side of the differential equation for Qk to be a polynomial
in τ of degree k − 1. The k th partial derivative of Qk with respect to τ is therefore
independent of Θ. Because it is also independent of τ , it is an absolute constant:

∂k

∂τk
Qk(Θ, τ) = const.. (8.3)

(The superscript k denotes the k th partial derivative with respect to τ .)582

These absolute constants are determined by the boundary conditions on Q1 . . . , Qk . . .
at −∞. Let a subscript τ on Qk denote a partial derivative with respect to τ . Then

Q1τ = a′1 + 1, Q2ττ = a′′2 + 2a′1(1 + a′1), (8.4a, b)
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Q3τττ = a′′′3 + 3a′′2 + 6(a′1
3
+ a′1

2
+ a′′2a

′

1). (8.4c)

Coefficients given as fractions in (8.2) follow by substituting the values of a′1, . . . given by583

(7.18). Because the resulting values agree with those obtained by fitting polynomials to584

values of Qk(∞, τ) obtained numerically, they provide a further check on the numerical585

work.586

9. Comparison of the analysis with numerical solutions587

9.1. Film thickness588

By using the results (5.2b), (6.6) and 7.6c),589

p0 − 2

Cδ
∼

λ→0
2 cotβ

{
1−

∞∑

k=1

akλ
k
}
, (9.1a)

h0
Cδ

∼
λ→0

tan( 12β)
{
1−

∞∑

k=1

akλ
k
}
, (9.1b)

in the limit as JaCr → 0 (fixed F ). Together with (5.4), namely F = sin2 β, these590

expressions determine p0 and h0 as functions of F and λ. In particular, for λ = 0,591

p0 − 2

Cδ
= 2 cotβ,= ±2

√
1− F

F
;

h0
Cδ

= tan( 12β),=
1∓

√
1− F√
F

. (9.2a, b)

The upper sign corresponds to β 6 1
2π and to stable equilibrium of a freely floating592

sphere; the lower, to β > 1
2π and to unstable equilibrium. According to (9.2), when593

evaporation from the contact region is negligible, (p0 − 2)/(Cδ) and h0/(Cδ) should be594

functions of F only. The effect of the contact region can be shown by comparing the595

results of numerical solutions of (3.3) with this idealized case.596

In figure 9, broken curves show the numerical results, now graphed using the dependent597

variables suggested by (9.2). Solid curves show the relations (9.2) holding for λ = 0. Using598

these variables accentuates the region around the branch point where the tangent to a599

response curve becomes vertical. The maximum in the pressure response (figure 3a) is600

less evident here. In the limit as JaCr → 0, the corresponding value of (p0 − 2)/(Cδ) =601

0.3363/δ; it is outside the range shown, except for the largest value JaCr = 10−8.602

Though the overall behaviour of h0/(Cδ) is largely determined by the value of F ,603

h0/(Cδ) clearly decreases as JaCr is increased (fixed F ). Because, from (9.2b) h0/(Cδ)604

is independent of JaCr when evaporation from the contact region is negligible, the be-605

haviour of these curves shows that evaporation within the contact region reduces the max-606

imum film thickness: it does so by decreasing the value of χ/(Cδ), since χ = h0 cot(
1
2β).607

9.2. Effect of truncating the series solution608

In figure 10, results from the numerical solution of (3.3) are shown as solid curves. The609

broken curves showing the series solution agree adequately with the numerical results,610

but their behaviour requires explanation. For the larger value of JaCr = 10−8 (figure611

10a), the closest approximation to the lower branch occurs at O(λ); for the smaller value612

of JaCr = 10−12 (figure 10b), it occurs at O(λ2), and the curves for O(λ) and O(λ3)613

straddle the solid curve showing the numerical results. This behaviour is consistent with614

the series being divergent as the number of terms N → ∞. As described in Section 6.3,615

the error in the inner problem (6.1) is O(δ) for β 6= 1
2π. With this in mind, figure 10 can616

be interpreted using the details given as Table 1.617



The Nusselt number of a hot sphere levitated by a volatile pool 25

−2

−1

0

1

2

3

4

5

6

0 0.2 0.4 0.6 0.8 1
−2

−1

0

1

2

3

4

5

6

0 0.2 0.4 0.6 0.8 1
−2

−1

0

1

2

3

4

5

6

0 0.2 0.4 0.6 0.8 1
−2

−1

0

1

2

3

4

5

6

0 0.2 0.4 0.6 0.8 1
−2

−1

0

1

2

3

4

5

6

0 0.2 0.4 0.6 0.8 1
−2

−1

0

1

2

3

4

5

6

0 0.2 0.4 0.6 0.8 1
−2

−1

0

1

2

3

4

5

6

0 0.2 0.4 0.6 0.8 1

F

(a)

p0−2
Cδ

20

16
8

12

0

1

2

3

4

5

0 0.2 0.4 0.6 0.8 1
0

1

2

3

4

5

0 0.2 0.4 0.6 0.8 1
0

1

2

3

4

5

0 0.2 0.4 0.6 0.8 1
0

1

2

3

4

5

0 0.2 0.4 0.6 0.8 1
0

1

2

3

4

5

0 0.2 0.4 0.6 0.8 1
0

1

2

3

4

5

0 0.2 0.4 0.6 0.8 1

F

(b)

12

8

20

16

h0

Cδ

Figure 9. Broken curves, numerical solutions of (3.3) for the value of − log
10
(Cr Ja) indicated

by the label on each curve. Solid curve, (9.2). C is defined by (7.8); and δ, by (6.2). The upper
branch of the curve for h0 corresponds to the lower branch of that for p0; for these states,
equilibrium of a freely floating sphere is stable. In figure 7b, only the solid curve is concave
down as F → 0.
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Table 1. Values of h0/(Cδ) obtained by two methods. In a given row of column 4, the partial
sum of (9.1b) is evaluated using entries up to, and including, the same row in column 3. The
error in the problem (6.1) underlying (9.1b) is O(δ) for β 6= 1

2
π, but smaller O(λδ) for β = 1

2
π

(Section 6.3). For JaCr = 10−8, {λ, δ} = {0.34565, 0.05540}; for 10−12, corresponding values
are {0.22937, 0.01278}. As previously defined λ−1 = log δ; F = sin2 β; δ is given by (6.2).

JaCr β akλ
k partial sum numerical (3.3)

10−8 1

2
π 0.17127 0.82873 0.81243

0.02800 0.80073
0.03703 0.76370

10−12 0.11365 0.88635 0.87179
0.01233 0.87402
0.01082 0.86320

10−8 1

3
π 0.20291 0.46020 0.45990

0.05578 0.42799
0.04987 0.39920

10−12 0.13465 0.49961 0.49043
0.02456 0.48543
0.01457 0.47702

As shown in Table 1, for β = 1
3π and JaCr = 10−8, only a1λ = 0.20291 significantly618

exceeds the corresponding value of δ = 0.05540; including terms of higher order in the619

partial sum amounts to over–interpreting (6.1). Comparing the entries in columns 4 and620

5 in Table 1 verifies that truncating at O(λ) gives the closest approximation to the621

numerical solution of (3.3). For the smaller value JaCr = 10−12, the same argument622

suggests that the next term a2λ
2 is significant, and should be included; comparing the623

appropriate entries in Table 1 verifies that this gives a (slightly) closer approximation.624

Figure 6 is consistent with this conclusion.625

According to the discussion in Section 6.3, the error in (6.1) is smaller for β = 1
2π; it626

is then O(λδ), i.e. about 0.02 and 0.003 for the two values of JaCr used in Table 1. This627

suggests that truncating at higher should improve the approximation. For JaCr = 10−8,628

the smallest value of akλ
2 occurs for k = 2 and truncating the series there indeed improves629

the approximation slightly. But the same argument suggests truncating at O(λ3) at630

JaCr = 10−12, there it worsens the approximation. This behaviour is consistent with631

the statement by Olver (1974, p.519) that ‘an upper bound for the error term of an632

asymptotic expansion can not be safely inferred simply by inspection of the rate of633

numerical decrease of the terms in the series at the point of truncation’.634

For representative values of JaCr, the term O(λ3) is chiefly useful for demonstrating635

that the series (9.1) is unlikely to be convergent. It was, however, useful when (9.1) was636

used to provide starting values for numerical solutions of (3.3) for the smallest values of637

JaCr included in figure 9.638

9.3. Effect on χ of evaporation from the contact region639

Two limiting cases have been identified in this paper, according as F/(Ja cr)1/3 or F is640

held fixed in the limit as JaCr → 0. Consistency of the scales corresponding to these641

limiting case requires χ to be decreased by evaporation from the contact region.642

For, when F/(JaCr)1/3 is held fixed (Appendix E), h/(JaCr)1/3 is a function of643

θ/(JaCr)1/3, and the slope dh/dθ = O
(
[JaCr]1/6

)
, i.e. logarithmically smaller than its644

value O(δ) given by (6.5). In a sequence of numerical calculations in which F is reduced645

from a value O(1), and the apparent contact circle retreats from the equator towards the646

bottom of the sphere, h0/(Cδ) must therefore vary continuously with β from a value O(1)647



The Nusselt number of a hot sphere levitated by a volatile pool 27

0

0.5

1

1.5

0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5

0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5

0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5

0 0.2 0.4 0.6 0.8 1

(a)

F

h0/(C δ)

0

0.5

1

1.5

0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5

0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5

0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5

0 0.2 0.4 0.6 0.8 1

F

h0/(C δ)

(b)

Figure 10. Result of evaluating the asymptotic series (9.3b) to various orders for JaCr = 10−8

(figure (a)) and 10−12 (figure (b)): to O(λ), − − −; to O(λ2), − − −; to O(λ3), · · · . Solid
curves: corresponding values obtained from numerical solutions of (3.3).

(appropriate for fixed F ) to the smaller value occurring when F/(JaCr)1/3 is fixed. As648

β is reduced, |τ | increases without bound, and the higher terms in the series expansion649

(7.6c) increase in magnitude. The decrease in slope can only result if the coefficients ak650

are positive for small β, as in figure 8. Because the coefficients are indeed then positive,651

χ/(Cδ) necessary decreases with increasing λ, i.e. with increasing evaporation from the652

contact region.653

9.4. Nusselt number654

From equations (6.5f) and (7.2c) of the asymptotic analysis655
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Nu

JaCr

10−10 10−510−9 10−8 10−7 10−6

102

101

Figure 11. Nusselt number for p0 = 2 as a function of JaCr. Symbols, numerical solution of
(4.3). Lines show the effect of truncating the series (8.1) at various orders: O(λ), − − −; O(λ2),

; O(λ3), · · · · · · .

− Cδ

log δ
Nu = F 1/2Q∞(τ, λ), (9.3)

C = 1.30588 (equation 7.8) and Q∞(τ, λ) is given by the series (8.1). The solution656

depends on only two parameters JaCr and F = sin2 β: in (9.3), τ = 0.23577+log tan( 12β)657

(equation 7.9) and δ is defined in terms of JaCr by (6.2). The solution depends on658

superheat ∆T through the Jakob number Ja.659

The Nusselt number varies as F 1/2 because the area of a spherical cap increases as
sin2( 12β), but heat is conducted over a distance of the order of h0 ∝ tan( 12β). In particular,
for λ→ 0, Q∞(τ, λ) → 1 and

Nu

Cλδ
= F 1/2. (9.4)

Figure 11 shows Nu as a function of JaCr for p0 = 2, approximating the state of660

maximum force. Symbols show values obtained from the numerical solution of (3.3).661

Lines show the result obtained by truncating the series in (9.3) at various orders. For662

the entire range of values of JaCr included in the figure, truncating the series at O(λ2)663

gives the closest approximation.664

10. Conclusion665

This work contains the first treatment allowing computation of the Nusselt number666

for the title problem using only the Laplace relation and the thin film equations for the667

vapour motion and heat transfer. The problem of computing the volume flow rate q of668

the vapour, pressure p within the vapour, and the shape of the entire interface is reduced669

to one of solving a system of coupled ordinary differential equations. Because it is shown670

that in the limit as JaCr → 0 (fixed F ), both the total evaporation and the entire671
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pressure variation are determined within the region where the thin film approximation672

holds, this new method does not require patching of the numerical solution for the thin673

film equations to a numerical solution of the full equations describing the outer region674

where the thin film do not hold. Though the calculations are given here for the case in675

which the motion of the vapour is driven solely by the gradient in capillary pressure, the676

method should apply equally when the gradient in pressure imposed by the underlying677

liquid is equally important, or dominant. The method gives the Nusselt number Nu with678

a relative error vanishing as Nu−1.679

By contrast, in Limbeek et al. (2019), the total evaporation is not calculated. Film680

thickness and p are determined by integrating the thin film equations up to a patching681

point chosen so that the angle between the interface and the drop surface has attained682

a given value (Limbeek et al. 2019, pp. 1184, 1186). Thereafter, p is set to zero in the683

Laplace relation. With the method developed here, the equations are simply integrated684

until h has become sufficiently large that p and q have ceased to change.685

That evaporation from the contact region decreases the apparent contact angle for the686

bubble cap is explained (in the discussion of figure 8) by comparing the magnitudes of687

the interface slope according as F/(JaCr)1/3 or F is fixed in the limit as JaCr → 0.688

There is no doubt as to the existence of the effect: asymptotic analysis shows it, the689

numerical solutions confirm it, and logical consistency (Section 9.2) requires it. Because690

the reduction in contact angle thins the film for the entire bubble cap, it has a large effect691

on the Nusselt number. For realistic values of the parameters, Nu is more than double692

the value it would have in the absence of this effect (figure 10). For the inverse Leidenfrost693

phenomenon this effect must weaken as Bo is increased causing surface tension to become694

negligible except locally within the contact region. Numerical solutions to evaluate the695

effect on the total evaporation rate for Bo of the order of unity are in progress.696
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Appendix A. Equivalent forms of the Laplace relation702

By balancing forces on the ring formed when line element ds (figure 1) is rotated about703

the z axis,704

d

ds
(σ sinα) =

{
p+Bo z

}
σ
dσ

ds
;

dσ

ds
= cosα,

dz

ds
= sinα, (A1a, b, c)

from the geometry of figure 1.705

From (A1a) and (A1b)706

dα

ds
+

sinα

σ
= p+Bo z. (A2)

The first term on the left side represents the curvature of the meridional cross–section707

(figure 1); the second term, the corresponding second principal curvature.708

Let rθ = dr/dθ. By expressing (A2) in spherical coordinates,709

r2 − rrθθ + 2r2θ
(r2 + r2θ)

3/2
+

1− (rθ/r) cot θ

(r2θ + r2)1/2
= (p+Bo z) sgn

(dθ
ds

)
. (A3)
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The signum function enters because θ is not a monotonic function of arc length s in710

general (Appendix C). Terms on the left side of the equality correspond to the principal711

curvatures identified above. In particular, the identity dα/ds = (r2 − rrθθ + 2r2θ)/(r
2 +712

r2θ)
3/2 is equivalent to that for curvature of a plane curve in polar coordinates.713

Appendix B. Similarity solution for the vapour film714

This solution of the boundary–layer equations includes convective transport of heat,715

but not that of momentum. Units for pressure, velocity, length and temperature are those716

introduced in Section 2. As in the text, r = 1 on the surface of the sphere and 1 + h on717

the liquid–vapour interface.718

In spherical coordinates, the boundary–layer form of the continuity equation is719

∂

∂r
(vr sin θ) +

∂

∂θ
(vθ sin θ) = 0.

This is satisfied by introducing the Stokes stream function ψ:720

vr sin θ = −∂ψ
∂θ

vθ sin θ =
∂ψ

∂r
. (B1a, b)

With ψ = 0 on the surface of the sphere, the total flow rate is given by

2πq = 2πψ(1 + h, θ),= 2π

∫ 1+h

1

vθ sin θ dr.

The dimensional volume flow rate is given by 2πbκJa q(θ); the heat flow into the liquid–721

vapour interface, by Q∗ = 2π bk∆T q (conductivity of the vapour, k).722

Let723

ξ = (r − 1)/h(θ), ψ = q(θ) f(ξ), T = g(ξ). (B2a− c)

By the definition of q(θ), f(1) = 1.724

Also let725

Γ = −h∂T
∂r

∣∣∣
1+h

. (B2d)

As part of the solution, Γ is obtained as a function of Ja.726

Equations (B1a, b) satisfy the boundary–layer forms of the energy balances (2.2c),727

(2.2g) and the lubrication form of (2.2b) if728

h

sin θ

dq

dθ
= Γ,

h3 sin θ

JaCrq

dp

dθ
= −c = f ′′′(ξ), (B3a, b, c)

(separation constant c) and729

0 = JaΓfg′ + g′′, 0 < ξ < 1. (B3d)

The boundary conditions are730

f(0) = f ′(0) = 0, g(0) = 1 ; (B4a, b, c)

f ′′(1) = 0 = g(1), f(1) = 1. (B4d, e, f)
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In the reduced heat equation (B3a), the effect of convective heat transport is described731

by the quantity Γ (Ja).732

The solution of (B3c) satisfying all boundary conditions on f(ξ) is733

f = 3
2ξ

2 − 1
2ξ

3, c = 3. (B5a, b)

The solution of (B3d) satisfying (B4e) is734

g(ξ) = Γ

∫ 1

ξ

eJaΓϕ(ξ) dξ, ϕ(ξ) =

∫ 1

ξ

f(τ) dτ. (B6a, b)

The function Γ (Ja) is determined by imposing the remaining condition (B4c):735

1 = Γ

∫ 1

0

eJaΓ ϕ(ξ) dξ. (B7)

In particular, by expanding (B7) about Ja = 0, Γ = 1 + JaΓ ′

0 +
1
2Ja

2 Γ ′′

0 + . . . , where736

Γ ′

0 = −
∫ 1

0

ϕ(ξ) dξ, Γ ′′

0 = 4

(∫ 1

0

ϕ(ξ) dξ

)2

−
∫ 1

0

ϕ2(ξ) dξ. (B8a, b)

In particular, for the conditions (B4b, d), ϕ(ξ) = 1
8 (ξ

4− 4ξ3+3). The corresponding flux737

into the liquid–vapour interface is738

−h∂T
∂r

∣∣∣
1+h

= Γ = 1− 11

40
Ja+

21677

201600
Ja2 + . . . ; (B9a)

that from the sphere into the vapour

−h∂T
∂r

∣∣∣
r=1

= Γ eJaΓ ϕ(0),= 1 + 1
10Ja− 179

6300Ja
2 + . . . . (B9b)

Vapour flows from the interface towards the sphere, thereby decreasing the flux from739

vapour into the liquid, but increasing that from the sphere into the vapour. The difference740

is transported downstream. Equations (B7) and (B9) are shown as figure 2 in the text.741

Appendix C. Extended system (3.3)742

C1. Proof of the geometric identities (3.3d) and (3.3e)743

In figure 12, C denotes the centre of the sphere; P and Q represent arbitrary points on744

the interface with position vectors CP = r and CQ = r +∆r. The limit as ∆θ → 0 is745

taken only at the end of the argument following (C2).746

By applying the sine rule to △CPQ without approximation,

|r +∆r|
cos(θ − α)

=
|r|

cos(θ − α+∆θ)
=

|∆r|
sin∆θ

, (C1a, b)

(sin( 12π +A) ≡ cosA). By using (C1b), (C1a) can be expressed equivalently as

|r +∆r| − |r|
|∆r| = −cos(θ − α+∆θ)− cos(θ − α)

sin∆θ
. (C2)

By taking the limit as ∆θ → 0, identity (3.3e) follows from (C1b); and identity (3.3d),747

from (C2). (The relations |CP | = r,= 1+h and |∆r|/∆s→ 1 have been used. Identities748

(3.3d) and (3.3e) can be also obtained using the expressions r2 = σ2 + z2, tan θ = −σ/z,749

dσ/ds = cosα and dz/ds = cosα following from the geometry of figure 1.)750
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C

P

Q

∆θ

θ − π
2

r +∆r

∆r

r

α

z

σ

Figure 12. Geometry used to prove the identities (3.3d, e): position vectors CP and CQ of
two arbitrary points on the interface; ∆θ = ∠PCQ is of arbitrary magnitude.

C2. Example illustrating the method used to compute Nu751

In Section 3, it is argued that in the limit as JaCr → 0, the film has an inner–and–752

outer structure, and that the outer region then contributes a vanishingly small fraction753

of the value of Nu obtained by solving (3.3) numerically. The following example is given754

to demonstrate that this argument is not invalidated by the presence of the contact755

singularity in the outer solution for q.756

The outer limit is JaCr → 0 (fixed h); in this limit, the pressure p = 0, as given by
(3.6b). The corresponding solution of the Laplace relation is (Princen 1969, p.6)

σ

c1
= cosh

(z − c2
c1

)
, (C3)

constants of integration c1 and c2. This equation describes the surface of revolution757

generated by rotating a catenary about the z–axis: z is a double valued function of σ, on758

the catenary, the branch point is at z = c2; there σ = c1 and the tangent in the {σ, z}759

plane is vertical. Only part of the surface of revolution is physically relevant.760

In the outer limit, film thickness vanishes at the apparent contact circle; by setting761

h = 0 in (3.5), i.e. σ = (1+h) sin θ and z = −(1+h) cos θ the catenary touches the sphere762

at σ = sinβ and z = − cosβ; because the apparent contact angle measured through the763

liquid is equal to π, dz
dσ = tanβ at the apparent contact line.764

Imposing these conditions on (C3) provides two equations determining c1 and c2:

1

c1
sinβ = cosh

(cosβ + c2
c1

)
cotβ = − sinh

(cosβ + c2
c1

)
. (C4a, b)

By eliminating c2 between C4a) and (C4b), then noting that (C4b) can be written equiv-
alently as c2 + cosβ = c1 log(tan

1
2β),

c1 = sin2 β, c2 = (sin2 β) log tan( 12β)− cosβ. (C5a, b)

By comparing (C5a) with (5.4), c1 = F . (Because σ > c1, and the tangent to the catenary765

is vertical at the minimum value of σ, the vertical component of force exerted by surface766

tension on the interface is 2πc1, whence c1 = F .)767

Using this solution of the Laplace relation, the outer solution for q is obtained in
explicit form. By eliminating dθ/ds between (3.3a) and (3.3e),

dq

ds
=

sin θ cos(θ − α)

h(1 + h)
,=

cos(θ − α)

h(1 + h)2
, (C6a, b)
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where (3.5a) has been used to obtain (C6b). Further, by (A1b) and (A1c),

cos(θ − α) =
(
σ
dz

ds
− z

dσ

ds

)/(
1 + h

)
.

Thus
dq

dz
=

(
σ − z

dσ

dz

) σ

h(1 + h)3
, (C7)

where z has been introduced as the independent variable. Because h = (σ2 + z2)1/2 − 1,768

the right hand side of (C7) is a known function of z.769

C3. Solution of (C7) for β = 1
2π770

For this case, the apparent contact circle is at the equator of the sphere, and by (C5),
c1 = 1 and c2 = 0. Thus (1 + h)2 = cosh2 z + z2 and

dq

dz
=

cosh2 z − 1
2z sinh 2z(

[cosh2 z + z2]1/2 − 1
) [

cosh2 z + z2
]3/2 . (C8)

Let ω be an arbitrary function of JaCr. Also let c3 be an arbitrary constant indepen-
dent of JaCr. Then, by integrating (C8) from ∞ to z,

q = ω c3 −
∫

∞

z

(
cosh2 v − 1

2v sinh 2v
)
dv

(
[cosh2 v + v2]1/2 − 1

) [
cosh2 v + v2

]3/2 , (C9)

(dummy variable of integration v). The constant of integration ω c3 is to be determined771

by matching to the solution for the thin film. The contribution of the outer region to772

the total evaporation is given by the integral term in (C9). This term is independent of773

JaCr; in this sense, it is O(1), even though the integral diverges as z → 0, as is shown774

next.775

Matching requires the asymptotic expansion of (C9) as z → 0. It was obtained by
splitting the interval of integration into subintervals: z < v < ε and ε < v < ∞ (ε ≪ 1,
to be chosen). The contribution from the second interval was obtained numerically; that
from the first, by termwise integration of the series

dq

dz
= z−2 − 8

3
+

244

45
z2 + . . . . (C10)

For 0 < z ≪ 1, therefore,

q = ωc3 − z−1 + c4 +O(z), (C11a)

where

c4 = lim
ε→0

{
ε−1 +

8

3
ε− 244

135
ε3 −

∫
∞

ε

(
cosh2 v − 1

2v sinh 2v
)
dv

(
[cosh2 v + v2]1/2 − 1

) (
cosh2 v + v2

)3/2
}
. (C11b)

Using either ε = 0.01 or 0.001 gives c4 = 2.87120.776

At the outer edge of the contact region, the outer solution overlaps with that for
the thin film. By introducing the inner variables defined by (6.5) for the thin film, the

expression z = −(1 + h) cos θ becomes z = θ̂ δ + O(δ2). With this substitution, and the
corresponding substitution q = q̂/(λδ) given by (6.5f), the inner limit (C11a) of the
outer solution is found to be

q̂outer ∼ λδ ωc3 − λθ̂−1 + λδ c4. (C12)

The outer limit of the inner solution describing the film is obtained in two steps:
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by integrating (6.7d), ĥ ∼ θ̂2 + O(θ̂), then substituting that expression into (6.7c) and
integrating to show that

q̂inner ∼ c5 − λθ̂−1 +O(θ̂−2). (C13)

The constant c5 is a property of the solution of problem (6.7). Consequently, it depends777

on λ but is independent of δ; in the limit as λ→ 0, c5 approaches a non–zero constant.778

Matching of the leading terms in (C12) and (C13) requires that

λδ ωc3 = c5 ω = (λδ)−1, c5 = c3. (C14a, b, c)

In (C12) and (C13), the terms in θ̂−1 are matched. The remaining term containing c4 is779

o
(
1
)
. It is not matched because for β = 1

2π, the error in the solution for the thin film is780

also O(λδ), as noted in Section (6.3). For β = 1
2π, the numerical solution of (3.3) therefore781

determines Nu with relative error vanishing as λδ, i.e. as Nu−1. This is consistent with782

the discussion in Section 3.783

D. Derivation of certain coefficients in (7.18)784

The derivative of a function of a single variable is denoted by a prime: H ′

0 = dH0/dΘ785

and a′1 = da1/dτ . A partial derivative of a function of two or more variables is denoted786

by a subscript: H1τ = ∂H1/∂τ .787

First correction788

BecauseH0τ = 0, equation (7.11a) requires Q1τ to be independent of Θ. Imposing (7.11d)789

gives Q1τ = a′1 + 1. The remaining members of (7.11) require that790

DH1τ = (a′1 + 1)H0, −∞ < Θ <∞. (D1a)

dH1τ

dΘ

∣∣∣
−∞

= a′1,
d2H1τ

dΘ2

∣∣∣
∞

= 0. (D1b, c)

The operator D is defined by (7.11). A solution of (D1) is791

H1τ = 1
3H0 − 1

6ΘH
′

0(Θ), a′1(τ) = − 1
6 . (D2a, b)

Because F = H ′

0(Θ) satisfies the homogeneous problem DF = 0, F ′(−∞) = 0 = F ′′(∞),792

any multiple of H ′

0 could be added to (D2) without changing a′1(τ). Because H
′

1τ (∞)793

would change however, it can not be determined from (D2), but only by solving the794

complete problem (7.11).795

Second correction796

From (7.13), Q2ττ = a′′2 − 5
18 and797

D [H2ττ ] = (a′′2 − 11
18 )H0 − 1

2ΘH
′

0 +
1
3Θ

2H
′2
0

H0
, −∞ < Θ <∞. (D3a)

dH2ττ

dΘ

∣∣∣
−∞

= a′′2 ,
d2H2ττ

dΘ2

∣∣∣
∞

= 0. (D3b, c)

A solution is798

H2ττ = − 2
9H0 +

1
12ΘH

′

0(Θ) + 1
36 Θ

2H ′′

0 (Θ), a′′2(τ) =
5
36 . (D4a, b)



The Nusselt number of a hot sphere levitated by a volatile pool 35

Third correction799

From (7.15), Q3τττ = a′′′3 + 5
12 and800

D [H3τττ ] = (a′′′3 + 17
18 )H0+

3
2ΘH

′

0− 4
3Θ

2H
′2
0

H0
+ 1

8Θ
2H ′′

0 +
1
18Θ

3H
′

0

H0

{
5
H ′2

0

H0
−3H ′′

0

}
. (D5a)

dH3ττ

dΘ

∣∣∣
−∞

= a′′′3 ,
d2H3ττ

dΘ2

∣∣∣
∞

= 0. (D5b, c)

A solution is801

H3τττ = 10
27H0− 25

216ΘH
′

0(Θ)− 5
72Θ

2H ′′

0 (Θ)− 1
216Θ

3H ′′′

0 (Θ), a′′′3 (τ) = − 55
216 . (D6a, b)

E. Boundary–value problem cited in the discussion of figure 3802

Solid curves in figure 3 were obtained by solving the simplified system obtained from803

(3.3) by assuming p, q and h to vary with respect to θ on a single scale θs ≪ 1.804

Let805

p = psp
′, q = qsq

′, h = hsh
′, θ = θsθ

′, σ = θsσ
′, r = 1 + hsr

′,

so that on the sphere r′ = 0 (and a prime does not denote a derivative). By balancing806

terms in (3.3) and in (A3), the scales are found to be hs = (JaCr)1/3, θs = (JaCr)1/6807

and ps = 1 = qs. Hence,808

p = p′, q = q′, h = (JaCr)1/3h′, θ = (JaCr)1/6θ′, (E1a− d)

z − (c− 1) = (JaCr)1/3( 12θ
′2 − r′), σ′ = θ′. (E1e, f)

Variables with primes describe a small region near θ = 0. Within it, the radius σ in809

cylindrical coordinates is equivalent to the polar angle θ in spherical coordinates, and810

the sphere r′ = 0 is approximated by a paraboloid. The same approximation underlies811

Taylor’s solution for the squeeze flow driven by the mutual approach of two rigid spheres812

(Horn et al.2000, note 38).813

By substituting (E1) into (3.3), then taking the limit as JaCr → 0 (fixed θ′),814

−h′3θ′ dp
′

dθ′
= 3q′,

h′

θ′
dq′

dθ′
= 1,

1

θ′
d

dθ′

[
θ′
dh′

dθ′

]
= 2− p′, (E2a, b, c)

for 0 < θ′ <∞. The boundary conditions are:815

at θ′ = 0, p′ = p′0, h
′ = h′0 ; as θ′ → ∞, p′ → 0. (E2d, e, f)

The equilibrium condition (3.6) requires that816

F

(JaCr)1/3
=

∫
∞

0

p′ θ′dθ′. (E2g)

The method of solution is identical with that used for (3.3): with p′0 assigned, h
′

0 is chosen817

to satisfy (E2f), and the corresponding value of F/(JaCr)1/3 is obtained from (E2g).818

To derive (E2), p, q and h were assumed to vary with respect to θ on a single scale. The819

assumption is self consistent provided F/(JaCr)1/3 is fixed in the limit as JaCr → 0.820

With the limit thus defined, (E2) contains no large parameter and all dependent variables821
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are O(1). Viewed at the scale of the sphere, the liquid–vapour interface and the sphere822

appear to touch at a single point θ = 0: there is an apparent contact point rather than823

an apparent contact circle. Now, according to figure 3a, as F/(JaCr)1/3 is increased, p′824

remains of the order of unity. Consequently, the force balance (E2g) can only be satisfied825

if p′ acts over an increasing area. A separation of scales develops as a result, and the826

apparent contact point becomes the apparent contact circle of a bubble cap (Brandão827

and Schnitzer 2022, p.1130).828

Once this bubble cap is present in the solution of (E2), p′0 > 2 because from (E2c),829

d2h′

dθ′2

∣∣∣∣
0

= 1
2 (2− p′0), (E3)

and this must be negative in order for the two paraboloids to intersect. Numerical so-830

lutions of (E2) show that as F/(JaCr)1/3 → ∞, p′0 → 2 from above. In figure 3a, the831

asymptote p′0 = 2 is shown by the broken line. The corresponding response curves are832

single valued. (The argument leading to (E3) does not hold when F = O(1) because both833

principal curvatures are then of comparable size, as can be seen from (5.1) and (5.2).)834

For the small values of F described by this limit, the numerical method described in835

Appendix C ceases to be useful because the contribution of the thick film is no longer836

small. Specifically, in the solution of (E2), there is no separation of scales in general. As837

a result, q′ grows as log θ′ as θ′ → ∞, rather than approaching a limit as it does for838

the solution of (6.7). The Nusselt number is consequently only logarithmically large in839

JaCr because the singularity in the solution for the outer region where film thickness is840

comparable with the sphere is logarithmic for small F rather being algebraic, as it is for841

fixed F = O(1).842
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