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PIECEWISE SAMPLING METhOD FOR REACTING GAS FLOWS* 

John Kurylo 

Lawrence Berkeley Laboratory 
University of California 
Berkeley, California 94720 

ABSTRACT 

This paper extends Chbrin-Glimin's piecewise sampling method, used 

to solve the nonlinear hyperbolic system of conservation laws governing 

one-dimensional compressible inviscid time-dependent gas flows, to 

:rea c ting  gas flows in which the combustion process is modeled as a 

deflagration. This is accomplished by building the deflagration into 

the Riemann problem. Numerical experiments elucidate the advantages 

of using the piecewise sampling method over finite-difference techniques 

for calculating the response of deflagrations, contact discontinuities, 

rarefactions, and shock fronts to various elementary gasdynamic disturb-

ances. The piecewise sampling method is shown to be capable of describing 

tw 

	

	 the complex patterr of wave interactions that dominates the flame 

acceleration process in tubes without exploiting special handling 

VU 	 techniques for the discontinuous wave fronts and their interactions 

and without introducing numerical diffusion and dispersion. 

This work was supported by the U.S. Department of Energy under 
contract W-7405-ENG-48. 
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INTRODUCTION 

The piecewise sampling method (PSM) for solving nonlinear hyperbolic 

systems which arise in gasdynamics and in reacting gas flows was first 

12 
introduced as a numerical tool by Chorin. ' The method is based on a 

constructive existence proof dueto Glinnn. 3  In this method, the solution 

of the equations is constructed as a superposition of locally exact 

elementary similarity solutions, the superposition being carried out 

through a sampling procedure The current set of locally exact similarity 

solutions is depicted in Figs. la, ic, and id (described in detail later). 

These figures are constructed from the following elementary gasdynamic 

waves: contact discontinuities, rarefactions, shock fronts, and detonation 

fronts. 

In modeling reacting gas flows, the conventional procedure is to 

numerically integrate the detailed chemical reactions while simultaneously 

(in separate fractional steps) accounting for the fluid motion, the effects 

of viscosity, and the diffusion of heat and species at each point in the 

computational grid. 4°  With sufficient grid resolution, approximately 

an order of magnitude finer than the flame thickness, this approach yields 

a computationally stable and accurate description of the chemical and 

gasdynamic states throughout the f-lame. However, stability and accuracy 

requirements severely restrict the allowable time step used for the flame 

calculations (on the order 10 	seconds). This makes any but the simplest 

reacting gas flow calculations extremely arduous and costly. 

However, optically recorded experiments, notably in publications 

11-14 by Urtiew and Oppenheim, 	reveal that flames are compact. - Thus, in 

the analysis of reacting gas flows, all considerations associated with 
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the flame's structure and details of its progress, such as induction and 

relaxatiOn phenomena, and the effects of transport processes, can be 

neglected in favor of its dynamic effect. This yields a step-wise 

interpretation of the combustion process which in reality has a more 

continuous character. Therefore, in the analysis, flames can be treated 

as discontinuous deflagration fronts, i.e., plane surfaces across which 

finite simultaneous changes in pressure, density and particle velocity 

occur. 

The primary aim of this paper is to extend the set of locally 

exact elementary similarity solutions used in PSM to account for 

combustion processes treated as deflagrations (see Fig. ib). This is 

accomplished by building the deflagration into the Riemann problem. 

PSM can then be used to analyze reacting gas flows. Such flows consist 

of continuous segments of time-dependent flow fields bounded by contact 

discontinuities, shocks, and deflagrations which are in the course of 

mutual interaction.' 5 ' 16  The flame acceleration process is dominated 

by this complex pattern of wave interactions. 

The paper begins by briefly describing the piecewise sampling method, 

the sampling procedure, and implementation of the boundary conditions. 

A brief review of the elementary theory of one-dimensional deflagration 

is given. The solution of Riemann's problem with deflagration follows. 

Then, in the section on Results, the author examines the ability of PSM 

to model individual elementary gasdynainic wave processes, to retain the 

sharp character of discontinuous waves undergoing interaction, and to 

discern those waves emerging from it. In particular, a stable and accurate 

response of a deflagration to various gasdynamic disturbances is sought. 
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The resulting steady wave systems are compared to those obtained by the 

vector polar intersection technique. The results of time-dependent 

flame acceleration experiments using PSM and a finite-difference method 

designed to explicitly handle the progress of discontiflUities and their 

interactions are compared. Lastly, conclusions as to the advantages of 

PSM over finite-difference methods are drawn. 

DESCRIPTION OF THE PIECEWISE SAMPLING METHOD 

Consider the nonlinear hyperbolic system of equations: 

= [f(v)] 	, 	v(x,0) given  

where V is the solution vector and subscripts denote differentiation. 

Time t is divided into intervals of length k. Let h be the spatial 

increment. The solution is to be evaluated at the points (ih,nk) and 

[(j+½)h, (n+½)k], i = 0,±1,±2, ... , n = 1,2 .....This is a two step method. 

Let u approxiiate v(ih,nk), and u 	 approximate. v[(i+½)h, (n+½)k3. 

The algorithm is defined if 	can be found when u 11  and u' 	are 
-1+1 	 -1 	-il 

known. Consider the following Riemann problem: 

= 	
, 	 t >0•, 	_oo < x < + OD  

I u 	 for x0 
-i+1 

v(x,0) - 	I u1 	 forx<0 
1. 	-1 

Let w(x,t) denote the solution of this Riemann problem. Let & be a 

value of a variable 0, -½ 	0 < ½. 	Let P' be the point (O"h, k/2), 

and let 

= 	(pfl) = w(0h, k/2) 
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be the value of the solution w of the Riemann problem at P. We set 

n+½ 
i U + 

= W 
-- 

This defines a sequence of Riemann problems for each pair of points i 

n+- 
and i+l. A similar construction allows one to proceed from u i  

2  
i- 	

and 
- 

n+½ 	n+l 
U. 	to u. 

-1 

If, in the case of gasdynarnics, we choose k such that 

k< 	h 
(Jul + c) 

where c is the local speed of sound and u is the particle velocity, 

the waves generated by the individual Riemann problems will not interact. 

Hence the solutions w(x,t) to the Riemann problems can be combined into 

a single exact solution. In other words, at each time step, the solution 

is first approximated by a piecewise constant function. The solution is 

then advanced in time exactly and new values on the mesh are obtained by 

sampling. The appropriate choice of the sampling procedure is crucial 

to thesuccess of the method. The usefulness of the method depends on 

the possibility of solving the Riemannproblems efficiently. 

SAI4PLING PROCEDURE AND BOUNDARY CONDITIONS 

The goal of the sampling procedure is to sample as quickly as 

possible both sides of whatever wave pattern emerges in the solution of 

the Riemann problem, thus rapidly offsetting a displacement to the right 

by a displacement to the left (or vice versa). In addition, the sampling 

sequence must be uniformly distributed in [-½, ½]. 	The degree to which 

these goals are effectively incorporated in the sampling procedure 



determines the ability of PSM to impart the proper speed to all waves 

present in the flow field The continuous expansion of rarefactions 

and steepening of compression waves can be used to investigate this 

effect (see Results). Van der Corput's 17  sampling procedure comes closest 

to achieving these goals. This quasi-random sequence of normally distri-

buted numbers [0,1] is constructed as. follows: 

Choose integers K 3  >0 and K 1  > K 2  > 0, K 1  and K2  mutually prime. 

Then the elements of the (K 13 K 2 ) van der Corput sequence {O"; n=1, 

1( 3  K1 +1}  are given by 

= 	KM 4 ) 	
( 2) 

where 

= K2 1M 
 mod(K1) 

and 
1( 3  

'M 1(M = n 	, 	where 'M = 0, 	,K 1-1 	(3) 

Equation (3) represents the base K 1  expansion of n = 1,2 .....The 

van der Corput sequence has the property that, if one divides the unit 

interval into subintervals [J 1(1(3, (j+1) 	 j 0, 	KK3+l 

• then for each interval j there is exactly one element n for which 

no < n < n0+ 
1(3+1 

 such that O'E [j KK3.1, (j+1)  K K31]; n is 

any element in the distribution. 

In particular, the first eight elements are derived as follows 

(I used K 1 =3, K2=2, 1(3=1): 
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If 	 1 = 1 3 	then 	61 = 0.1 3  = 0.6 

2 = 	 012 = 2 3  	0.2 3  = 0.3  

• 3 = 10 3 	 O' 	= 0•01 3  = 0. 

4 = 11 3 	 0' = 011 3  = 

5 = 12 3 	 = 0.21 3  - 0. 

6 = 203 	 016 = 0.02 3  = 0. 

7 = 21 3
6 17  = 0.12 3  = 

8 	223 	 08 = 0.22 3  = 0.4 

The van der Corput sequences are all equally distributed. The detailed 

distribution properties of the binary sequence (K 1 =2, K 2=1) are given 

in Collela. 18  Finally, the van der Corput sequence is scaled for use 

in the Glimm method, [-½. ½], as follows: 

n 	in 	
12 0 	= 0 	-- 

Gas flow boundary conditions can generally be satisfied through 

the use of symmetry considerations. 2  However, their imposition when the 

flow field contains a deflagration requires careful thought. Deflagrations 

are unique since they propagate only in the upstream direction and generate 

pressure waves which can reflect off of boundaries, reinteracting with 

the deflagration. The time between interactions with the deflagration 

is prescribed by the waves' relative speed and their distance apart. 

A problem arises whenever a delay, 5, in the wall reflection occurs 

because this causes a similar delay in the deflagration reinteraction, 

resulting in a delay of approximately 26 in the next wall reflection, etc. 

Modifying the sampling procedure 2  as previously suggested, so that 

in two successive values of 0, one lies in [-½,0] and the other in [½,0], 
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can cause a delay in reflection as follows: Downstream propagating waves 

• which do not reflect during the first time step, but should during the 

second step, must wait until the third step to reflect. At best this 

• procedure does not introduce any delay, but if a delay should arise, 

there is no formal mechanism to recapture it This difficulty is over-

come by reducing the grid spacing. 

Consider a boundary point at x=b, with the fluid to the right. 

The boundary conditions are imposed on the grid point closest to b, say, 

i 0h. 	A fake left state at (i 0 - ½)h is created using symmetry consider- 

ations and the gas state at (i 0 +½)h. One then samples that part of the 

resulting Riemann problem which lies to the right of the slip line. 

• The difficulty may possibly be overcome by permitting the boundary to 

oscillate about its mean position 	The oscillation is governed by the 

side of the boundary on which the sample point lies. In practice, one 

maintains one additional grid point downstream of the boundary. Both 

advancement and delay in the time of reflection are now possible. 

• 	 DEFLAGRATION IN A ONE-DIMENSIONAL IDEAL GAS 

In this section, the elementary theory of one-dimensional deflagra-

i 	i 	
. 	 19-21 

tion waves n an deal gas is reviewed. 	The relationships among the 

gasdynamic variables across a deflagration front are derived. These 

relationships are cast in a form amenable for implementation in the 

algorithm for the solution of the Riemann probleminvolving deflagration 

(see Fig. lb). 	 • 

The time-dependent one-dimensional inviscid equations of gasdynamics 

are 



Pt + (pu) 	= 0 	 , 	 (4a) 

(pu)+ (Pu 2 +p) 	= 0 	, 	 (4b) 

e t + [(e+p)u] 	= 0 	, 	 (4c) 

where subscripts t and x denote differentiation with respect to time 

and space respectively, p the density, u the particle velocity, pu the 

momentum, and p the pressure. The total internal energy per unit volume, 

e, is defined as 

e = pe + ½pu2 	., 	 (4d) 

where € = c 1 +q, e. is the specific internal energy given by 

=y-1 	
(4e) 

where y  is the ratio of specific heats, and q is the energy of formation 

which can be released through chemical reaction. In conformity with the 

assumption that the combustion process can be modeled as a deflagration, 

the heat released during reaction is assumed to occur instantaneously 

across an infinitely thin reaction zone. If the state immediately,  

preceding the deflagration front, corresponding to the unburned combustible 

gas mixture, is denoted by subscript u, while the state immediately 

following the deflagration front, corresponding to the burned fluid medium, 

is represented by subscript b, then 

1 

= ' 'u 1  

and 

1 	Pb 

Cb = "b1 
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where the values of y and y b 
 are taken as constant, characteristic of 

the unburned and burned gas mixtures. Exothermic reaction occurs when-

ever q>q. 

The conservation laws of mass, momentum, and energy, with respect 

to coordinates attached to the deflagration front, are 

(C) 	PU S = Pb(S + Uu_Ub) 	 (5a) 

(H) 	 = 	 + uub) 	 (Sb) 

2 

(E) 	+ 	+ 	= 	
+ Pb + (S +u - %) 
	

(5c) 

where S is the relative deflagration burning speed. By mathematical 

substitution these conservation laws can be expressed as 

(C) 	Ub = u+S (i - 
	

(6a) 

(M)
= Pu + 	

(1 
 - 	

(6b) 

(H) 	+ b 	(Tb. bTu) = PuTu 	(1  - 	- 2bA (6c) 

where 	 A = 	- q 	(A <0 for exothermic reaction) 	(6d) 

	

ab = 1b + 
	 = 	+ 	

(6e) 

and 

T = 1/p 	. 	 (6f) 

The energy equation has been replaced by. the Hugoniot equation, a relation 

among thermodynamic variables only. In the plane (pb,Tb),  the Hugoniot 

curve represents the locus of burned states obtained from the given 
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unburned state (p,T)  by an infinitely thin combustjon wave. If A is 

assumed to be independent ofP b 
 and 	then the Hugoniot curve reduces 

to a hyperbola (see Fig. 2). The straight lines through (pT)  which 

intersect the Hugoniot are called Rayleigh lines (RL). Their slopes 

depend on the strength of the combustion wave connecting the unburned 

and burned states as shown below 

ub S 2  
(RL) 	 - - -  j - TuTb 	Tu 

The Rayleigh line, labeled SO, corresponds to constant pressure 

combustion while that labeled S =S 	corresponds to Chapman-Jouguet (CJ)Ci  

deflagration, the most intense combustion wave possible for the given 

unburned state (1)uTu 	The CJ state corresponds to the point of 

tangency of the Rayleigh line to Hugoniot curve. This point divides 

the deflagration branch of the Hugoniot curve into weak and strong 

branches. 

By substituting Eq. (6b) into (6c) and eliminating the pressure 

variable, we obtain 22  

2 	1 	2 	2 	2 2 
(1 	+MD) - 	 (l + MD) 4bMD[MD + 
	

u - 2Q] 

T 	=t b 	u 

where MD = S/JpT 	= 

where the assumption of weak deflaration occurring rather than strong 

deflãgration has been used. Given the gasdynamic state of the unburned 

gas mixture and the deflagration burning speed, S, Eqs. (6a), (6b), and 

(7a) yield the gasdynamic conditions corresponding to the burned gas 

2 
2MD 
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medium. These relations reduce to 

In the limit of vanishing bu 

yield 

Tb 	T 

1b 

those across shock waves whenever =O. 

rning speed, Eqs. (6a), (6b), and (7a) 

(l+ u  

2 	PuTu ) 

bu 

U =U b 	u 

indicating that the deflagration becomes equivalent to a contact surface 

but with a prescribed specific volume change. In terms of the steady 

wave solution, Fig la represents the limit of Fig lb in that the 

deflagration degenerates to a contact discontinuity and the two contact 

discontinuities collapse into a single contact discontinuity. 

In general, the burning speed law governing the motion of the 

deflagration is assumed to have the form 

S(p,T,u,,k) 	 (8) 

where 9. and k represent the local scale and level of intensity of 
u 	u 

turbulence. In the case of a Chapman-Jouguet deflagration, the dependence 

of S on the unburned state is obtained directly by equating the square 

root term in Eq. (7a) to zero, 22  i.e., 

P 
1 r( O 	 ii 

L%4bJPuTuJ 	 I 

cJ = 	( 1 - 
	

- ' 	
(9a) 

F - 
1)2] 	,  

where 

2 b Il+ a u 	A 1 
= 1 

+ 	L 2u - PuTu j 	
. 	 (9b) 
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Chorin 2  gives the relations for determining the state immediately 

following a detonation, whether Chapman-Jouguet or overdriven. 

SOLUTION OF RIEMANN'S PROBLEM WITH DEFLAGRATION 

The success of PSM hinges on our ability to efficiently determine 

the gasdynainic state 	 p=p,, u=u, q=q)  existing at the 

sample point P = (Oh,k/2), -½ < 0 	½. Our goal is to solve the 

hyperbolic gasdymamic Eqs. (4a) - (4e) with the following initial data: 

S(p=p, p=p, u=u, q=q) 	for x < 0 

and 

S63 
	p=p, u=uR ,  q=q4g) 	for X> 0 

The steady wave solution of this Riemann problem can be extended to 

explicitly include deflagration waves, as well as shocks, rarefactions, 

contact discontinuities, and detonations in the panoply of possible wave 

23,19,23 patterns. ' 	 Figures la-id show the four possible steady wave 

solutions. Shocks (S) are denoted by thin solid lines; the head and tail 

of rarefactions (R) by dash-dot and dash-double dot lines respectively; 

contact discontinuities (CD) by thin dashed lines; deflagration (D) by 

thick dashed lines; and Chapman-Jouguet (CJ) and overdriven (O-D) 

detonations by thick solid lines. If more than one wave is possible in 

a portion of the wave system, each member of that set is represented by 

its mnemonic.. 

In Fig. la, the solution consists of a pair of central states SL 

(= L' =PL' UUL, q=qL) and 5r 	r' 9r' u=u, q=q)  separated from 

left state S and right state S by rarefactions and shocks. The 

Ar 
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presence of a contact discontinuity is a direct consequence of satisfying 

"the dynamic compatability condition, that is, the condition that any new 

domain bounded by waves resulting from an interaction must contain 

particles which are all at the same pressure and move with the same 

velocity, irrespective through which boundary they get into the domain 

of question." 15  However, there is a possibility of differing density 

values. Figure lb represents the solution of a Riemann problem involving 

a rightward propagating deflagration wave. The leftward propagating 

deflagration has the symmetrically opposite wave system. Here four waves 

and five states comprise the steady wave system. The deflagration appears 

as a distinct wave across which the values of the gasdynamic variables in 

state Sr  are related to those in state Sb 	=b'P=Pb'u=uD, q=). the 

burned state behind the deflagration, through Eqs. (6a), (6b), and (7a). 

In all cases except Fig. Ib, states. 5L and  Sr  are the states adjacent 

to the contact discontinuity. In the event that the deflagration burning 

speed becomes equal to zero, the deflagration trajectory coincides with 

that of the contact discontinuity and state Sb  becomes infinitely thin. 

If the heat of combustion should go to zero, Fig. lb would reduce to 

Fig. la. 

Figures ic and id represent wave systems headed by Chapman-Jouguet 

and overdriven detonations respectively. Associated with the Chapman-

Jouguet wave is a centered rarefaction. I  The solution algorithm for 

Fig. Ic begins by evaluating state S, (p=p,, p=p,, u=u,, qq,) 

immediately behind the detonation front and then proceeds as in Fig. la 

with the exceptions that state S is replaced by state S, and that the63 

wave on the detonation side can only be a rarefaction. State S, is 
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uniquely determined by invoking the Chapman-Jouguet condition. The 

solution algorithm for Fig. id proceeds as in Fig. la except that 

relations for overdriven detonation are used. Chorin 2  provides the 

details of the solution algorithms for Figs. ic and id. 

The algorithm which solves for steady wave systems and their states, 

Figs. la and ib,, pioceeds .as follows 12 ' 14 ' 25 : With respect to Fig. lb 

we define the mass flux, obtained from Eqs. (Sa) and (Sb), associated 

with the right and left most propagating waves 

M 	
= 	6'r 	, 	 (lOa) 

r. 	U6: •  Ur  

M 	= - 	 . 	 (lOb) 
L 	uZuL 

In the case of shocks, equivalent expressions for Mr  and  ML,  obtained 

from the continuity equation, are 

Mr  = P61 	-us) = Pr (Ur _ur) 	 (ha) 

ML = _p(UL - u) = .PL(ULUL) 	 (lib) 

where Ur  and  UL  are the velocities of the rightward and leftward 

propagating shocks. 

From the Rankine-Hugoniot relations in the case of a shock (S), 

and from the isentropic law pp 	= constant, the constancy of the 

right Riemann in'ariant r = 2(yp/p)½_u = constant, and Eq. (lOa) in 

the case of a rarefaction (R), we obtain for M r  

½ 
/P\ 	/Pr\ 

MrSR = 	 S,Rp) 	
(12a) 
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where 

	

/y +1 	y _1\i 

	

= 	r 	a 
+ r 	 a 	1)/Pg > 1 	(12b) 

and 	
R(a) 

= 	

- (Yrfl/(21r) 	
a = nr/ 	1 	(12c) 

where 1r  and YL are  constant but different values of the ratio of the 

specific heats lying to the right and left of the contact discontinuity 

respectively Similarly for ML  we have 

I 
/P \ 

MLSR 
= 	

' 	 (13) 

where 	and 	are defined by Eqs. (12b) and (12c), except a = 

and y
L 
 replaces y 	Contact discontinuities are surfaces across which 

	

IDL = r 	
and 	UL Ur 	(q = 	) 	, 	 (14a) 

	

PL = Pb 	
and 	UL =ub 	qi, ~ q) 	, 	 (14b) 

while across the deflagration the gasdynandcvariàbles are related by 

Eqs. (6a), (6b), and (7a). Substituting for p L 
 (Eqs. 6b and 14b) and 

UL (Eq. 6a) in Eq. (lOb), we obtain 

s 2  / 	Tb 
+t - 

	

ML= 	 / 	
. 	 (15) 

u -u -Sf1 - - 

	

r 	Tr 

Eliminating Ur  between Eqs. (lOa) and (15) yields 

p 	P 	/ 	Tb\f 	s\ 

Pr  

	

= 	 ,(16) 
1 	1 
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where Tb/Tr  is given by Eq. (7a) and S by Eq. (8). The solution of 

Riemann's problem for non-reacting gas flow, q= q, is recaptured by 

setting S=O and Lx=O. 

The procedure for the iteration of P r is as follows: Pick a starting 

value of p and then compute M, T, S",. T, p (only if 	q), and 

using Eqs. (6b), (7a), (8), (12), (13), and the following relations for 

TR (derived from the Rankine-Hugoniot conditions and isentropic law 

respectively). 

TV 	- 	 1r 
- 1 	/ 	2r p6T6 	 (17a) \ 

rS 
- 

 

r 

	

p 	1  
TV 	= T(__) 	 . 	 (17b) 

V+l  
Finally  p 	 i 

r 	
s determined by 

[uu+ 1+ 	- sV(i 
 

Mr 	ML 	 Tr 	TrML 
= 	 , 	 (18a) 

r 	
( ri 	

~ 

1 

L 

V+1 	

(E I 	
V+1

= max 	r 	
. 	 (18b) 

Equation (18b) guarantees that p r  remains >0 throughout the course of 

the iteration. The iteration terminates whenever 

/ v+l 	V 	v+l 	V \ 
maxj Mr  - Mr I 	IML - ML)) 
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-6 	 v+1 	v+1 
Typical values of E, and 62  are 10 . We then set M = M r  , ML=ML 

v+1 	 v+1 	v+l 
= r 	and whenever 	q, Tr  = Tr 	S = S 	, Tb = Tb 

V+l' and 

= 	The wave solution involving Chapman-Jouguet and overdriven 

detonation uses the same solution algorithm as in Figs. la and lb except 

that Mr  is defined differently, and state S is replaced by state S, 

followed by a rarefaction. 2  

The iteration starting procedure suggested by Godunov 24 ' 25  appears 

to be ineffective, and better results are obtained by setting 1 ' 2  

(n +n) 

Pr 
0  

2 

PL. = P6 

The iteration is carried out at least twice to avoid spurious convergence 

when p r  P, 	
The failure of the iteration to converge in the presence 

of a strong rarefactionis overcome by the following variant of Godunov's 

procedure: If convergence has not been established by L iterations, 

typically L=20, Eq. (18b) is replaced by,  

\Il 
= amax(c1 	r ) + (1 
	Pr 	 (18b') 

where cx =½. After each additional L iterations without convergence, 

the value of cx is again halved. In practice the number of iterations 

required oscillates between two and ten, except at a very few points. 

Once pr' Mr  ML and whenever q 	Tr S and Tb  are known; 

we have 	 - 

- 	
- p + Mu + MLuZ - _- +) s1 - 

u -- 	 (19) 
r 	

(M+ML) 
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derived from the definitions of Mr  and  ML,  Eqs. (lOa) and (15) respectively. 

With the steady wave system evaluated, gasdynaiiic state S, (p=p) 

PPp' t1=Up q=qp) existing at sample point P = (Oh,k/2), -½ 	e 	½ 

is to be determined. Three cases are to be considered: 

P lies to the left of the contact discontinuity and the 

left wave is either a shock or a rarefaction; 

P lies to the right of the contact discontinuity but to 

the left of the deflagration; 

P lies to the right of the deflagration and the right 

wave is either a shock or a rarefaction. 

Case A. 	Left wave is a shock: The velocity of the shock, UL,  is 

obtained from Eq. (lib). If P lies to the left of dx/dt=UL,  we have 

S (p=p, p=p, u=u%  q=q). If P lies to the right of dX/dt=UL, we 

have S UUL, 

Left wave is a rarefaction: The rarefaction is bounded on 

the left by the line dx/dt = u-c, cZ = 	 and on the 

right by dx/dt = uL_cL where cLcan  be found by using the constancy 

of the left Riemann invariant, 

= 2c/(L-1)  + u 	= 2CL/(YL -  l) + UL 

If P lies to the left of the rarefaction, then S, (p=p,  p=p, u=uZJ q=q). 

If P lies to the right of the rarefaction, then S 	 L' u=uL,  qq 

If P lies inside the rarefaction, we equate the slope of the characteristic 

dx/dt = u-c to the slope of the line through the origin and P, obtaining 

20h 
= -I- 
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The constancy of 	the isentropic law pp 1 =constant, and the definition 

c = (yp/p) 	yields 	p=p. U=Up  q=q). 

Case B. We have SP(P=Pb, =b' u=u.D ,  q=q.. 

Case C. Case C is a mirror image of case A, and will not be described 

here. 

NUMERICAL EXPERIMENTS AND RESULTS 

How well does PSM describe the elementary gasdynainic wave processes? 

PSM describes shocks, contact discontinuities, and deflagrations exactly. 

It retains their perfectly, sharp, characters forever since each of the 

characters can be wholly represented by a single discontinuity, an 

intrinsic element of the Riemann problem solution. Rarefactions and 

compression waves, although at times compact in space, have characters 

which span an ever increasing or decreasing portion of space. Therefore, 

a'dynamic number of Riemann solutions are needed in the piecewise repre-

sentation of these waves. 

The choice of the sampling procedures is of utmost importance. 

To obtain proper representations, each of the very weak shocks comprising 

the compression wave's representation must not only be advanced in 

space but relative to each other so as- to maintain the compression's 

continuous character during the steepening process. Once coalescence 

of a number of shocklets occurs, promoting a stepwise character to the 

compression wave, PSM cannot reverse the process since that would involve 

a decrease in entropy. Figures 3a and 3b show the pressure-, density-, 

and particle velocity-space distributions, at T=0.801, within a right 
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running rarefaction that began as a compact wave located at X = 0.105. 

Three distributions are compared the Exact (analytic), and two PSM 

results, PSM-1 and PSM-2, that used the sampling procedure described 

earlier in the text and that described in Chorin 2  (Kl=5, K2=11) 

respectively. 

The Exact solution and PSM-1 are in excellent agreement. In all 

cases, the computed right Riemann invariant is constant throughout the 

flow field (rr = 8.92809 ± 1 x10 5 ). I used p2/p 1 =0.5, p 1 =2, p 1 1 . 3 , 

u 1 =0.5, where subscripts 1 and 2 represent conditions upstream and 

downstream of the rarefaction, y=1.3, h0.01, k= 0 . 7 Tc , i.e., 70% of 

the Courant stability condition, and advanced the solution to a total 

of 219 steps (n).. 

Figure 4 and Table I compare the pressure distribution and maximum 

value of the computed right Riemann invariant within a compression wave 

at various stages of compression obtained from the Exact, PSM-1, and PST1-2 

solutions. The analytic distribution at 1=0 serves to initialize the 

problem. The shock is formed at T=0.522. Excellent agreement between 

the Exact solution and PSM-1 prevails evenat T=0.407 and 0.508, when 

only a few mesh points approximate the compression wave. I used p/p 2 , 

p=i, p 1 =l, u 1=0, y=1.3, h=0.02, k 0.95Tc , and n=50. 

Next we examine the ability of PSM to handle a variety of double 

wave interactions: 

shock-shock merging 

shock-right running rarefaction 

right running rarefaction-shock 

shock-deflagration 

deflagration-contact discontinuity, c 2  > c 1  

deflagration- left running rarefaction. 
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In particular we check: 

Retention of the participating wave characters during interaction, 

Development of the steady wave solution (when one of the 

participating waves is distributed in space), 

Discernment of the characters of the individual waves arising 

from the interaction, and 

The numerical stability and accuracy of interactions involving 

reactive waves (a major objective of this paper). 

These six interactions provide an excellent gamut of tests for PSM because 

they involve discontinuous and distributed waves, reactive and non-reactive 

waves, and instantaneous and distributed interactions. Each interaction 

results in its own distinctive wave pattern and associated flow field 

which PSM must discern. These six interactions are indicative of those 

which occur in reactive (excluding detonation) and non-reactive gas 

flows. 11-16 

The exact solutions to these interactions are obtained from a 

computerized version of the vector polar method developed by Oppenheim. 21  

Briefly, this method assumes that the participating waves are locally 

plane, the fluid medium is inviscid, and interactions occur instantan-

eously. It is based on the use of wave .polars - the locus of all possible 

end states behind a given discontinuity in the plane of pressure and 

particle velocity. In order to satisfy the dynamic compatibility 

conditions, wave polars for all the discontinuities participating in 

an interaction process must form a closed contour.  

In all the results which follow, the gasdynamic properties of the 

fluid medium (typical of stoichiometric hydrocarbon-air mixtures) 26  were 
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• assumed to be: 	Q=-36, 	 Yb=L2, p 1 =l, p 1 =l, u 1 =0, 

c 1  = 330.7 mIs, h =0.02, and k =0.95 T,  where subscripts u, b, and 1 

denote the unburned state immediately ahead of the deflagration, the 

burned state, and the ambient state, respectively. Also, the flame 

burning speed was expressed in terms of an empirical law based on ample 

experimental evidence, 2730  carried out over a wide range of pressures, 

temperatures, and hydrocarbon-air mixtures, namely, 

0.5 	4.6 
C 

	

/p \ 	I 
s 	= s (-a) 	(_!! 
U, 	O\p/ 	\c0  

Subscript o denotes the initial state immediately ahead of the 

deflagration. 

The insert in Fig. 5 depicts the actual time-space (T-X) wave 

diagra3n of a shock-shock merging interaction, Mach numbers M 32  = 2.0 and 

= 2.5, respectively, which resulted in a transmitted shock, M 41  4.679, 

a contact discontinuity, p5 /p4  =1.541, and a reflected rarefaction, 

p/p = 0.808. Included in Fig. 5 are the gasdynamic property-space profiles 

at T = 1.491 (k =0.7 T, n=700), corresponding to the chain-dotted line in 

the T-X diagram. Comparison to the exact solution is remarkable. The 

transmitted shock and contact discontinuity possess the exact discontinuity 

change in properties. Table II exhibits the solution at instants just 

prior to and immediately following the interaction. The location of the 

waves are indicated by their mnemonics. •PSM retains and discerns the 

participating waves' characters. 

Figure 6a displays the T-X wave diagram of a shock, M 32  = 3, 

overcoming a strong right running rarefaction, p/p =0.25, resulting 

in the incident shock's degradation, M 41  = 1.619 (but higher static 
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pressure), the generation of a compression wave, p 5/p = 1.128, and a 

contact zone, 	= 0.769. A contact zone (CZ), a zone of variable 

interaction entropy, rather than a contact discontinuity, appears because 

the interaction is distributed in space. Pressure-., density-, and 

particle velocity-space profiles corresponding to various instants in 

time throughout the course of the interaction was presented in Figs. 

6b-6d. At T=0 the rarefaction was assumed to be compact. PSM must 

expand the rarefaction and then compute the time-dependent interaction. 

At the first instant of interaction, T=0.183 (n=25), the rarefaction 

spans 14 mesh points The dynamic consumption of the rarefaction by the 

shock and the subsequent generation of the compression wave and contact 

zone are clearly displayed by profiles T =0.183, .0.366, 0.549, 0.915, 

1.646, and 2.561 (n=350). Throughout the interaction the explicit 

character of these waves is maintained. 	The extent of the compression 

wave, denoted by its head (H) and tail (T), is indicated in the T-X 

diagram, while a measure of its steepness,is indicated by the line (75%) 

denoting the point of 75% compression Agreement withthe exact solution 

is excellent.. PSM easily handled.this case. I used p4, p4. 

Interaction 3 requires PSM to compute the time-dependent degradation 

of shock strength arising from a verystrong right running. rarefaction-

shock interaction. Exact analysis.indicates that three possible steady 

wave systems exist, depending on the strength of the rarefaction. 31  Given 

a shock, M 21 -4, rarefactions with strengths (p/p) greater than 0.120 

reflect from the shock as compression waves; with strengths less than 

0.120, as expansion waves and with strength equal to 0.120 yield no 

downstream disturbance at all. 
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by PSM but under conditions imposed by computer-time limitations that 

cause the complete rarefaction-shock interaction to occur instantaneously. 

Figures 7a-7d present theT-X wave diagram and a sequence of gasdynainic-

property-space profiles for the first case, p 3/p 2  = 0.4 and u 1  = - 2.4, but 

with the interaction distributed in time and space. At T=0 the rarefaction 

is assumed to be compact, as demonstrated by the sharp decrease in property 

values. At the commencement of the interaction, T=0.161 (n=30), the 

rarefaction occupies 14 mesh points. In this test, PSM must not only 

degradate the shock strength through continued propagation of the rarefac-

tion but must also transmit the reflected compression waves from the shock 

back through the rarefaction. The dynamics of these two processes are 

clearly represented in Figs. 7a-7d. Through the calculations the discon-

tinuous character of the shock is maintained. The shock strength history, 

included in Fig. 7b, reveals that, overall, the shock, M 41  = 2.630, 

experiences a 60% decrease in its strength. This effect is best repre-

sented by the shock's trajectory in Fig. 7a. The head, tail,and line of 

50% compression indicate that the compression wave, p5/p3 = 1.070, is quite 

weak (p3/p2  approaching the critical value 0.120). Also, a contact zone, 

p/p =0. 722, rather than a contact discontinuity occurs in this experiment. 

The wave system and associated flow field values are in excellent agreement 

with the exact solution. PSM aptly handles severe shock degradation. 

Interactions 4-6 involve reactive waves. The waves emanating from 

these interactions play an important role in the combustion process. 

Upstream of the deflagration, compression waves and shocks compress the 

combustible mixture and increase flow velocity, thereby inducing flow 

instability, induction-time inhomogeneities, and amplifying the local 
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turbulence. Downstream waves reflect off of solid boundaries and contact 

discontinuities possibly reengaging the combustion front. Both of these 

• mechanisms intensify the combustion process and have been cited as 

principle causes of transition from deflagrative to detonative 

il,13-l5,32-36 
combustion. 	 The perils associated with unwanted transition 

37-40 
to detonative combustion are numerous and .frightening. 	On the other 

hand, upstream and downstream rarefactions have a stabilizing effect 

because of their cooling characters. Having the numerical capability 

to reliably handle deflagrations under a variety of circumstances would 

represent a significant advancement in our ability to model combustion 

in reacting gas flows. It is with this thought in mind that we undertake 

interactions 4-6 

Figure 8 presents the T-X wave diagram of a shock, M 32 =l.2, 

deflagration, S0  =20 m/s, interaction. Four waves arise from this 

interaction: an upstream shock, M41  = 1.414, an intensified deflagration, 

S = 44.77 m/s, a contact discontinuity p6/p5 = 0.904, and a downstream shock, 

M63  = 1.137. Table III indicates the flow field conditions at several 

instants, ranging from just prior to until immediately after the interaction. 

Each wave is clearly discernible and their discontinuous characters are 

maintained even when the shock and deflagration occupy the same mesh 

interval. Interaction occurs at just the right instant, T=0.269 and 	• 

X =3. 343, based on incident wave speeds and distance apart. Notice that 

the deflagration is associated with a pressure drop across its front. 

This pressure loss varies from being negligible at low burning speeds, 

up to half of the upstream pressure at the Chapman-Jouguet speed. 41  

Agreement with the exact solution is excellent. I used k0.7 Tc  and 

u 1 =0.5. 	 • 
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Figures 9a-9d present the results of a deflagration, S 0  = 80 m/s, 

contact discontinuity, p2/p1 = 0.6, interaction in the form of T-X and 

property-space profile diagrams. The ambient conditions are: p 1 =2, p 1 =2, 

and u 1 =0.65. The waves emanating from the interaction are: an upstream 

rarefaction, p/p1 = 0.659; a weakened flame, S =16.08 m/s; a contact 

discontinuity, p 6 /p 5  = 0.982; and a downstream rarefaction, p 6/p 3  = 0.811. 

The time series of profiles in Figs.. 9b-9d demonstrate PSM's ability to 

discern individual wave characters and to propagate them at their different 

individual rates within the flow field. Table IV indicates the flow 

field at several instants just prior to and immediately following the 

interaction. Even with a small number of grid points, the propagation 

and behavior of the deflagration is in perfect agreement with the exact 

solution and continues to remain unaffected by the proximity of both 

compact and distributed waves. PSM reconstructs the details of.the flow 

field surrounding.the deflagration and reevaluates those conditions, 

responsible for its motion. PSM is capable of handling deflagration and 

distributed waves correctly. 

The last interaction investigates the response of a deflagration, 

S =60 m/s, to a left running distributed rarefaction, p 1 /p2  

used k =0.7 T,  p =0.763, u 1  =0.925, and c 1  =378.5 ni/s. The T-X wave diagram 

and a series of gasdynamic property-space profiles throughout the interaction 

are presented in Figs. lOa-10d. At T=0, the deflagration is associated 

with a large decrease in pressure and the rarefaction is compact. At 

the instant just prior to the interaction, T=0.763 (n=200), the rarefac-

tion spans 31 grid points.. Profiles at T=0.917, 1.069, and 1.222 provide 

the details of the transmission and expansion of the incoming rarefaction 
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through the deflagration. The deflagration and the remaining portion of 

the rarefaction are easily discernible. In the course of developing a 

forward running compression wave, a leading wave with a negative over-

pressure is generated (see space profiles at 1=1.527 and 2.291). This 

wave which first appears at approximately T=1.100 (n=288) is clearly 

discernible in the calculations, spanning seven grid points at T=2.291 

(n=ôOO). Calculation with a smaller grid spacing, h=O.Ol, verifies its 

presence. Unlike the distributed interactions involving non-reactive 

waves only, the interaction process here does not terminate when the 

tail of the incident rarefaction wave interacts with the deflagration, 

T1.29O. Rather, theburning speed of the deflagration decelerates 

because the dynamically generated deflagration-compression wave complex 

cannot support a steady propagating deflagration. Even though the 

deflagration is endowed with the ability to continuously generate 

11 
compression waves,' 16  a mismatch exists between the wave-generating 

capability of the deflagration and the requirements for maintaining the 

deflagration-shock wave complex. Therefore, the compression wave advances 

as a decaying blast wave until a state which can be supported by a deflag-

ration is achieved. Of course the reverse effect is possible (depending 

on the circumstances), i.e., the deflagration can enhance the strength 

42 
of the leading blast wave. 	 . 

The feedback mechanism displayed here has recently been cited by 

Lee as the basis of the SWACER (Shock Wave Amplification through Coherent 

Energy Release) process, 36  a. theory unifying all, past and present experi-

ments involving the development of detonation or lack of it. In the 

present'case, the additional deflagration deceleration process represents 
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a minor, but important, correction to the flow field at T = 1.290. By 

T = 2 291 (n=600) the evolution of the steady state flow field has been 

completed. The steady wave system consists of a leading compression 

wave, p/p = 1.108, a dèintensified deflagration, S = 32.64 mis,  a 

contact zone, p/p 5  = 1.077, and a greatly expanded rarefaction, p 6/p 3  = 

0.604. The extent of the leading compression wave, denoted by its head 

and tail, a measure of its steepness, denoted by the line of 50% 

compression, the line of maximum pressure, max' 
 and the extent of the 

negative over-pressure phase of the compression wave 'are indicated in 

Fig. lOa. In addition, the waves emanating from the point of intersection 

at the tail of the incident rarefaction and the deflagration are included. 

Figure lOe shows the history of the deintensification of the 

deflagration. The first contact with the rarefaction is identifiable 

with the sharp decrease in burning speed, while the last contact appears 

as a leveling out of the burning speed-time curve. 'Overall, a 46% 

reduction in the flame burning speed has occurred. Throughout the 

interaction the response of the deflagration has been stable and deliberate. 

No numerical problems arise. The deflagration and rarefaction do not 

overlap into each other as PSM is devoid of numerical diffusion and 

dispersion which obscures the characteristic structure of individual 

waves. The sharp change in properties associated with the deflagration 

exists at all times. The steady-state wave system agrees extremely well 

with the exact solution. 

From the results of these six interactions we conclude that PSM 

is capable of predicting the time evolution of the wave system and its 

gasdynamic states which arise in confined and unconfined non-steady 
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reactive and non-reactive gas flows. A numerical example illustrating 

this capability concerns a reacting gas flow bounded on the left by a 

solid wall: An initially steady one-dimensional propagating flame, 

S0  =9.6 m/s, suddenly experiences an increase in its burning speed, 

AS= 14.6 rn/s. The increase occurs when the flame is at X=l. We use PSM 

to determine the ensuing development of the acceleration process. The 

initial conditions for the computations are provided by the solution of 

the pressure wave generated bya flame, bounded on the left, propagating 

with a constant, burning speed S0 . 41  

The number and variety of interactions which takeplace during 

the flame acceleration process and the proximity of the deflagration to 

the left boundary during the initial period of acceleration severely 

tests the wave-discerning ability of PSM. Contained within this small 

region are many contact discontinuities and zones arising from previous 

interactions. These surfaces and the solid boundary serve as wave 

generating surfaces which provide a continual stimulus to the forward 

propagating deflagration. 

A numerical solution of this problem has been reported by Kurylo 

et al. 43  Their method, which was especially developed for the analysis 

of non-steady flow fields generated by accelerating flames in gaseous 

44,45 
media, employed MacCormack's 	second-order explicit two-step finite- 

difference scheme to integrate the continuous portions of the flow field. 

All discontinuities were explicitly handled by special floating gas-

dynamic discontinuity fitting techniques based on the extension of the 

46 	 47 
floating shock-fitting method developed by Moretti 	and Salas. 

Associated with each individual technique was a zone of influence, i.e., 
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the grid points on either side of the discontinuity specifically involved 

in the technique. Whenever zones of influence of neighboring discontinu-

ities overlapped, special algorithms - one for each of the myriad of ways 

in which each pair and triplet of discontinuities result in overlapping 

zones of influence - were programmed. The limit of three discontinuities 

with overlapping zones of influence defined an upper limit on the grid 

spacing (h=O.056) in this solution. The wave interactions were handled 

by a computerized version of the vector polar method. 21  

The T-X wave diagram of the solution for both these numerical 

methods is presented in Fig. ha. The thick dashed line represents the 

deflagration, solid lines refer to shocks, and thin broken lines indicate 

the particle paths. In this example, the backward propagating shock, 

generated when the flame burning speed was suddenly increased, was reduced 

to a sound wave after eight reflections from the center and interactions 

with the flame. In the meantime, the propagation speed of the flame 

increased to 37.9 m/s, while the Mach number of the shock at the front 

of the pressure wave was augmented from 1.1 to 1.4. By T=69.61 (n1307), 

the wave system has settled down to a steady state corresponding to a 

self-similar solution obtained for the final propagation speed of the 

deflagration. 

Figure hib displays the evolution of the pressure-space profiles. 

The earliest profile is that for T 4.5 (n=O), showing the pressure 

distribution prior to the increment in the burning speed. The vertical 

dashed lines denote a pressure change associated with the deflagration 

process while the horizontal dashed lines simply. distinguish the individual 

profiles with the same.local pressure. 

The pressure profiles demonstrate the remarkable ability of these 
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two methods to track the sharp jumps associated with the shock and 

deflagration, without exhibiting any diffusional or dispersive effects 

and without any instabilities. However, PSM has the following definite 

advantages over the finite-difference method: 

Due to the resolving power of PSM, larger grid spacings 

(and time step) can be used while maintaining the accuracy 

of the finite-difference solution. I used h=O.169. 

Perhaps even larger values of h could be used. 

No special algorithms of any kind are required. PSM 

automatically accounts for all those observed and unobserved 

interactions. 

The computer memory re4uired to load the program is minimal, 

approximately 42.2K on a CDC-7600 (run 76 compiler) whereas 

the finite-difference approach required 154.1K. 

Since PSM treats all nodal points the same, modifications 

to the existing code are easy. Of course, the advantages 

of passing to.higher dimensions, non-conventional geometries, 

and inclusion of multidimensional phenomena (such as boundary 

layers and turbulence) are now available in the study of 

reacting gas flows. 1 ' 2 ' 9,48-51  

CONCLUSION 

This paper has presented a numerical method capable of analyzing 	 - 

complex time-dependent reactive gas flows. In particular, the numerical 

capability of reliably handling deflagrations under a variety of gasdynamic 

circumstances has been thoroughly demonstrated. 
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In its present form, the method analyzes the gas flow effects of 

a combustion wave whose burning speed is governed by an empirical law 

rather than the details of its structure. In this regard, the method 

is capable of handling any law governingthe flame burning speed. However, 

a forthcoming paper introduces the concept of a "flame dictionary" - a 

compendium of previously calculated flame solutions for a variety of 

gasdymamic and thermodynamic conditions which the flame is likely to 

encounter. 5 ' Each solution is based on a detailed chemical transport 

phenomena and fluid flow analysis of.the flame. At each instant, one 

consults the appropriate entry in the dictionary for the values of the 

input variables (flame burning speed, flame thickness, pollutant formation, 

and temperature and species distributions) in the present method. 

The importance of the choice of the sampling procedure has been 

demonstrated. The results of wave interaction experiments indicate that 

the method is .devoid of numerical diffusion and dispersion. The advantages 

of the piecewise sampling method over finite-difference methods have been 

noted. The question of the method's relative complexity. being balanced 

by its economy in the representation of the solution only in higher 

dimensions is addressed in a forthcoming paper which presents an explicit 

52 
solver for the solution of the Riemann problem. 	Generalization to more 

space dimensions is a straightforward application of the fractional step 

method presented in Chorin, 1  with modification by Collela) 8  

The author expects the present method to serve as a basis for future 

numerical methods which further the insight into and the understanding of 

the role of the interrelationship of gasdynamics and combustion in 

complex reacting gas flows. 
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TABLE I 

Maximum value ofthe right Riemann invariant, F r . 

T Exact PSM-1 PSM-2 

0 7.60117 7.60117 7.60117 
0.407 7.60117: 7.60260 760244 
0.457 7.60117 7.60578 7.60492 
0.508 7.60117 : 7.62825 7.60492 
0.559 7.63055 7.63055 7.61202 

TABLE II 

Flow field preceding and following the shock-shock merging interaction. 

T = 0.3749 (n = 162) 	X P U 

2.12 30.4527 10.6653 4.1154 
2.14 30.4527 10.6653 4.1154 

32 	2.16 6.9348 3.7097 2.0821 
S21-.- 2.18 1. 1. 0. 

2.20 1. 1. 0. 

T=0.4042(n= 175) 	X P p U 

2.20 30.4527 10.6653 4.1154 
2.20 30.4527 10.6653 4.1154 

A35 	2.24 24.6160 9.0551 4.4269 
2.26 24.6160 9.0551 4.4269 
2.28 24.6160 9.0551 4.4269 

CD 2.30 24.6160 5.8769 4.4269 s 41 	2.32 1.. 1. 0. 
2.34 1. 1. 0. 
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TABLE III 

Flow field preceding and following the shock-deflagration interaction. 

T = 0.2606 (n = 75) X P p U 

3.28 1.4364 0.1925 1.0377 
3.30 1.4364 0.1925 1.0377 

S32 3.32 0.9706 0.1390 0.0730 
3.34 0.9706 0.1390 0.0730 

D21 	. 3.36 1. 1. 0.5 
3.38 1. 1. 0.5 

T=0.2640(n76) X P p U 

T=0.2675(n77) 
3.30 1.4364 0.1925 1.0377 

3.32 1.4364 0.1925 1.0377 ___ _ _____ S32  3.34 0.9706 0.1390 0.0730 
3.36 1. 1. 0.5. 
3.38 1. 1. 0.5 

T=0.2710(n78) X P p . 	U 

3.32 1.4364 0.1925 1.0377 

S63, CD65, 3.34 1.4364 0.1925 1.0377 

D54, S41 3.36 1. 	. 1. 0.5 
3.38 1. 1. 0.5 

T = 0.2745 In = 79) X P p U 

T=0.2780(n80) 
3.30 1.4364 0.1925 1.0377 
3.32 1.4364 0.1925 1.0377 

s 63 3.34 1.8950 0.2424 0.3375 
CD65,D54,S41- 3.36 1. 1. 0.5 

.3.38 1. 	. 1. 0.5 

T=0.2814(n81) X P p U 

3.30 1.4364 0.1925 1.0377 
3.32 1.4364 0.1925 1.0377 _________ 

S63 	 ' 3.34 1.8950 0.2424 . 	0.3375 
3.36 1.8950 0.2424 0.3375 

CD65,D54.S41- 3.38 1. 1. 0.5 
3.40 1. 1. 0.5 

T = 0.2849 (n = 82) X P p U 

T=0.2884(n83) 
3.28 1.4364 0.1925 1.0377 
3.30 1.4364 0.1925 1.0377 ________ 

S63 3.32 1.8950 0.2424 0.3375 
3.34 1.8950 0.2424 0.3375 
3.36 1.8950 0.2424 0.3375 

CD 	D 65' 	54 3.38 - 	2.1309 1.7695 1.2013 
S41 3.40 1. 1. 0.5 

3.42 1. 1. 0.5 

T=0.2918(n84) 	. X P p U 

3.28 1.4364 0.1925. 1.0377 
3.30 1.4364 0.1925 1.0377 ________ S63 332 1.8950 0.2424 0.3375 
3.34 1.8950 0.2424 0.3375, 

_ 3.36 1.8950 0.2424 0.3375 
65 3.38 1.8950 0.2683 0.3375 

54  3.40 2.1309 1.7695 1.2013 
41 3.42 1. 1. 0.5 

3.44 1. 1. 0.5 
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TABLE IV 

Flow field preceding and following the deftagration - contact discontinuity 

interaction.  

T1.4008(n262) 	X P p U 

T1.4061(n=263) 
6.26 1.5879 0.2177 -.0.5950 

6.28 1.5879 0.2177 -0.5950 

________ D 	 " 
6.30 2. 1.2 0.65 

C 	21 	 6.32 2. 2. 0.65 

6.34 2. 2. 0.65 

T=1.4115(n=264) 	X P p U 

6.28 1.5879 0.2177 -0.5950 

R36,CD65 	6.30 1.5879 0.2177 -0.5950 

D54,R41 	6.32 2. 2. 0.65 

6.34 2. 2. 0:65 

T=1.4168(n265) 	X P . 	p U 

6.26 1.5879 0.2177 -0.5950 

6.28 1.5879 0.2177 -0.5950 

86 	 6.30 1.2881 0.1828 -0.0837 
C 	,D54,R4ç632 2. 2. 0.65 

6.34 2. 2. 0.65 

T=1,4222(n266) 	X P p 

6.24 1.5879 0.2177 -0.5950 

6.26 1.5879 0.2177 -0.5950 

A36 	"f 6.28 1.5594 0.2144 -0.5505 

6.30 1.2881 0.1828 -0.0837 
CD65,D54,R41632 2. 2. 0.65 

6.34 2. 2. 0.65 

• 	 T =1.4275(n = 267) 	x P p U 

6.22 1,5879 0.2177 -0.5950 

6.24 1.5879 02177 -0.5950 

...f6.26 1.5594 	•. 0.2144 -0.5505 

A 36 L6.28 1.2881 0.1828 -0.0837 

6.30 1.2881 0.1828 -0.0837 
CD 	D 65'_546.32 1:3185 1.4515 0.2932 

R 41 	 6.34 2. 2. 0.65 

6.36 2. 2. 0.65 

T=1.36(n270) 	X P p U 

6.16 1.5879 0.2177 -0.5950 

6.18 1.5879 . 	0.2177 -0.5950 

R 	
•f620 1.5594 0.2144 -0.5505 

36 L6.22 1.3362 0.1885 -0.1726 

6.24 1.2881 0.1828 -0.0837 

6.26 1.2881 0.1828 -0.0837 

• 	6.28 1.2881 0.1828 -0.0837 

6.30 1.2881 0.1828 -0.0837 
CD 65 	 6.32 1.2881 0.1862 -0.0837 
D 54 ________ 6.34 1.3185 1.4515 0.2932 

A 41 	 6.36 2. 2. 0.65 

6.38 2. 2. 0.65 
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Fig. 1. Set of locally exact Rieniann solutions: (a) non-reactive gas 

flow, (b) reactive gas-flow deflagration, (c) Chapman-Jouguet 

detonation, (d) overdriven detonation. 	XBL 796-1771 
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Fig. 2. Deflagration process in the pressure-specific volume plane. 



0.5 

0.4 

0.3 

0.2 

OH 
1.3 

OD 
2 

-0.1 

-0.2 

-0.3 H 
-H0.9 

-0.4 
Ho.8 

-42- 

0 	0.2 0.4 0.6 0.8 	1.0 	1.2 	1.4 	1.6 	1.8 2.0 
x 

XBL 796-1775A 

Fig. 3a. Distribution of gasdynaniic variables in a right running 

rarefaction C 	= Exact, 	= PSM-2). 
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Fig. 4. Pressure profiles of a compiession wave in the process of 

shock formation. ( 	=Exact, L = PSM-1, o = PSM-2). 
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Fig. 6c. Density-space profiles depicting evolution of the steady flow 

field presented in Fig. 6a. 
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Fig. 6d. Particle velocity-space profiles depicting evolution of the 

steady flow field presented in Fig. 6a. 
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Fig. 7a. Time-space diagram of a right running rarefaction-shock 

interaction. 
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Fig. 8. Time-space wave diagram of a shock-deflagratiOn interaction. 
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Fig. 9d. Particle velocity-space profiles depicting evolution of the 

steady flow field presented in Fig. 9a. 
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