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. when placed in an intense electfomagnetic field has been investigated

SEARCH FOR AN ELECTRON MASS SHIFT IN 133cs

IN AN INTENSE ELECTROMAGNETIC FIELD
J. Richard Mowat
Departmént of Physics

‘ . and - "
Lawrence Radiation Laboratory
University of California
Berkeley, California

August 15, 1969

ABSTRACT

The possibility that the mass of a bound electron changes
both theoretically and experimentally.  The atomic-beam magnetic-
resonance technique was used to éxamine hyperfine-structure shifts in
133 |

Cs that occur when the atom is subjected to an intense, non-resonant

magnétic field perpendicular to the static "C'" field. A 2921 MHz

-TMOIO cavity was situated between Ramsey separated oscillatory loops,

which induced the transitions of interest. Shifts were observed for
six AF = %1, AmF = *] tfansitions at’fieldvindependent points. No
eVidence}was found for an electrdn mass shift. Excellent agreement
is found between all observed‘shifﬁs'and those expeéted from a

multi-level Bloch-Siegert effect. Theoreticél reasons, based upon

- perturbation theory, are given explaining why the mass-shift effect

“does not occur in the ground state hyperfine-struCture of a hydrogen-

like system.
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I. INTRODUCTION

The atomlc beam.magnetlc resonance technlque was developed by
Rabil and his co-workers in the late 1930'5 to measure nuclear magnetlc
moments. Since then the method has proven extremely fruitful; yielding
detaiied-knowledge of nuclear and atomic structure through precise
measurements of nuclear spins and moments and atomic hyperflne structure
(hfs) energy separatlons Alkali g5 values? and hfs separations Av
measured by this technique to better than one part per million are some

of the most accurately known of all physical quantities. Even so,

" these measurements do not exhaust the potential of the method.

Because of its inherent high precision, the atomic-beam magnetic-

resonance technique has often been used for special studies of extremely

small effects. In 1957, for example, Haun and Zacharias® used this -

~ method to measure the differential Stark shift of the 133¢s ground state

hfs, an effect so small that an electric field of 105,V/cm induces a

shift of only 2-1/2 parts per.million of the transition frequency.

‘Lipworth and Sandars* have measured even smaller Stark. shifts of 133Cs

ground-state Zeeman levels that amount to a little more than one part

S5

in 108 of the transition frequency for a 10° V/cm electric field. Tests

of parity conservation and time-reversal invariance have been the object

l-SSCS, to establish an upper limit to.

of very preciSe work, again using
the electric dipole moment of the electron.® The cesium atom and the

atomic-beam magnetic-resonance technique make a good combination for .

‘the study of very small perturbations within atomic systems.
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In 1952 the-Indian physicist Sengupta,® while studying the éﬁlutions
to the Dirac equation for én electron in a plane wave field (Compton
Scattering), firstAsuggested the'pbssibilitybfhat‘thé mass df.a free 3
electron might be observed to'incréése when’thévelectron is‘aliowed tov_f' -
}interact with an ihtense electromagnetic'fiéld. This‘mass-éhift éffect '

is‘just‘one of many interesting;and confroVefsial predictibns 6f'theories
of intense-field eléctrodynamicé that have appeared over the past few
years. Sarachik’ has'fecently made a comprehensive survey of these
effetts,.none 6f whiCh.has -yet been observed experimentally owing to

the difficulty in generating sufficiently intense fields.

In 1966 Reisse'suggested that, under favorable conditions, an
intensit&—depéndent mass shift could be observed fof a bound electron.
An electron mass increase wouid'affect précision'measurements méde of
spectral lines from a hydrogen-like system piaced'in ah intensevpiane
‘wave environment. Such spectral lines depend on the eiectron'mass

- through the Rydberg energy

(where o is the Sommerfeld fine structure constant, and mc2 is the

electron rest energy), and through the Bohr magneton

—_— ' _eh

My = 5p - o
o Zmc 7 v

Thus motivated, it was decided to investigate transition frequency
 shifts of the 1Q3Cs ground state hfs induced by the inténse non-resonant

ficlds in a microwave cavity. The mass-shift hypothesis for an electron

bound in the ground state of a hydrogen-like system was examined in



)
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detail both theoretically and experimentally. It was found that if all
the effects of the field‘afe treated in a consistent manner using

perturbation théory, then the mass-shift effect does not-occur.‘ In .

addltlon extensive experlmental work of suff1c1ent sen51t1V1ty to

observe the mass-shift effect has ylelded negatlve results,
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II. THEORY OF THE ELECTROMAGNETIC MASS'SHIFT'

A. Introduction

It has been suggested"that when an electron interacts with a
: classical,-plane polarized electromagnetic field, a finite mass
renormalization occurs such thatethe electrenfs observable mass
increases, becoming | | .

2% 22

m, = mo2 + (373_ = -mo + %-e—él- . ' . (II‘].)
o B Y o moc

where m is the electron rest’mass in the absencé of the field, e is
the electron charge c is the speed of light in vacuum and a is the
(real) scalar amplltude of the vector: potent1a1 descrlblng the field.

" The relative mass shift is defined by

MMy §m 1 ela’
=E — —————2——2- . o . (II-Z)
T m 2.(m.oc ) ‘ _

In this ehapter an argument is presented which is iﬁtended to
show that the dominant effect of a plane wave field'oﬁ a hydrogen-like
atom is to cause an observable shift in the electron mess which is in
agreement with Eq. (II-1). The discussion beiow is similar to the one
outlined by Reiss? for the hydrogen atom, but it is morebdetailed because
it does not neglect effects due to'the electren spin. A ﬁon-relativistic
wave equation is obtained , for hydrogen-like atoms, whieh_displays'the
mass-shift effect explicitly up to and including the Zeeman energy and
spin-orbit eoupling terms. Perturbation theory is applied to the
'eigenfunctions of the approximate Hamiltonian, and the usual Fermi

~ formula for the hfs splitting is obtained, and it also displays the mass

X
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shift, Finally, an examination will be made of the dependence of the

hyperfine-structure Zeeman levels on the electron mass.

'B. Origin of the Mass Shift Hypothesis

As shown in Appendlx A the 1nteract10n of a sp1n 1/2 partlcle
w1th external electrlc and magnetlc flelds can be described by the

follow1ng equatlon

et - 1G-SR AP - en@eB - By (11-3)
" where : -
| B=vxZ&
. and '
. . o1 BK
E = - S

The electric field E will always be wrltten with an arrow so that it

9
3t -

other quantltles appear;ng in Eq. (II-3) have their usual meanings

‘The
(see Appendix A).
Consider the following vector potential:

R=% _+R& D o | (11:4)

rot S

‘where

X

rot

4i(wt-kx)]

a Re[(y + iz) e : (1145)

is the vector potential of a circulariy polérized plane wave of angular
frequency w = ck propagating in the +x dlrectlon with Veloc1ty c and

amplltude a, and

R =By R | | (I1-6)
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is the vector potent1a1 of a uniform, static magnetlc f1e1d B = B z.

- The commonly used potential Kﬁ 1 B x ; B (xy yx) may be obtained
from Ks by the gauge transfermatlon Km = Ks + VG, where G = Z-Boxy;
Since Eq. (II-3) is invariant under gauge tranefbrmatioﬁs, nQ_generality
is_lqst in fhe above cheice for the-form of'Ks} 'When Eq.v(ii-4) is

inserted into Eq. (II-3), one obfains

Gon® = | PG - 2807 + (D L, - e, - R
- 2ec Kmt D - echgéfﬁrot - »i&-ﬁmt)] v, (II._-7)

where the subscripts "rot" and 's" refer to the plane wave field and
the static fields respectively. In order to keep the wave equation
time- -independent, the last three terns in Eq (I1- 7) which depend
explicitly on time through Zf0t5'§rot’ an@ Erot w111 be temporarily
ignored. It will be shown in Sec. E of this chapter that for the
frequenc1es of interest, the two terms involving ﬁrot and Eret are of

2 2

small maonltude compared to the e"A 'term and compared to the terms

containing ﬁs'and Eg (Zeeman effect and spin-orbit coupling). .These
two terms can be satisfactorily accounted for through the use of

time-dependent perturbation theory; The_KrotQE term, on the other hand,

2

will be shown to be of the same order as the e 22 term; suggesting

rot
that, for the sake of consistency, one should drop the ezAf_ot term
at this point as well.' |

Once the last three time-dependent terms are dropped, the only
term left in Eq. (II-7) involving the plane wave field is ‘the e2 2

tenn. From Eq. (II-5) one finds that

R



2,2 _ 2% % _ .22 R
e Arot = e Krot Krot = e"a” | (I1-8)
. 2,2 iy 202 Lo ' . »
Since e"a”, like (mc™)”, is a constant scalar; it was suggested by

Reiss that the eza2 term serves as a f1n1te mass renormalization, and

that one should define an effective mass m, by
(m*CZ)Z - (mcz)2.+;eza2
which is the same as Eq. (II-1) above.
With the mass fénormaiization, Eq. (II-7) becomes, dropping the

subscript ''s" and ignoring the small time-dependent terms,

2.+ k.2

(E- e¢) \P [ ®-2°+ _(m*'cz)z - ech»(g-_ﬁ ] i&--E)Jw

_This'equétion is identical to the quadratic Dirac equation for a

spin 1/2 particle of mass m, in an external electromagnetic field.
Since all time-dependent terﬁs havé been dropped from Eq. (II;7);
the time variation of ¥ can be separated out and'the operator E can be
replaced by the total energy, also designated E. As a first step toward
obtaining a non-relativistic wave equation, move the (m*czj2 term to

the left-hand side and divide by Zm*cz to get

2 2.2 2.2
- E .
et [ N e
2mgc m,C 2myC M v » ~
With the aid of the definition
W=E - m*c2

the left-hand side can be rearranged to read



LHS

= W2—26¢W+e2¢2'+
2

W - ed

w - e<b-+—147(W-e¢)2"f,
o ZmyC } :

so that the wave'equationvcan be put into the form .
1 EQK 2 . _ g E . ' _v .2 _ | _ f
Lﬁﬁ; (pv c )"+ ed Zm*c (0 iaeE) E———Z GN ed) JW Wi -v(II 9)
R - 2m,C | _

This equation is the same as the onevgiVen:by Bethe and Salpefefél
(their Eq.-12.9),for aﬁ electron in an external,vstétic field, except:
that the electronvmass has everywhere been replaCed by m,, the |
renormalized mass given by Eq. (II-1). [Bethe and Salpéfer use a
differeht'éonVention than that empléyed here to represenf the electron
chargé; As a result, Eq. (II-9) differs from their Eq. 12.9 by the
sign of e.] . In the next section'this relativistic wave equation will _
be reduced to a non-rélétivistic approximation which contains_tefms

only up to order ji-of (v/c)2 or pz/(.mc)2 . Since the last term in
' m

Eq. (II-9) is of the order 1/m3 it will be neglected. Hence the starting
point for a'reduction to a non—relativitic wave equation will be the’

following:

[2—,% B -0 ver - D @F - i&-ﬁ)]q; =Wy . (I1I-10)

C. The Non-Relativistic Wave Equation

Equation (II-10) is a relativistic equation describing a spin 1/2
particle of charge e and mass m, in external, static electric and

‘magnetic fields. The mass-shift effect should be observable for a
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non-relativistic electron if the rotating field has sufficient intensity.
Equation (II-lO) can therefore be replaced by an épproximate non-
relativistic equation. In this section the relativistic Eq. (II-10) will
be transformed, in the spirit of the Foldy-Wouthuysen method," to.

obtain a non-relativistic Hamiltonian which contains Zeeman energy and

spin-orbit coupling terms which are the same as‘in the usual non-

relativistic theory"® except that the electron mass is everywhere replaced
by the renormalized mass m, .

Let -the four-component spinor wave function ¥ be written as

where X1 and X, are two-component spinors. If it were not for the

a-F term in Eq. (II-10), X1 and Xy would each obey the same differentiél
equation. Because it contains the odd operator 3, the a+E term serves
to couple X1 and X5 Equation (II-lO) will'now be transformed in such
a way that terms involving % which couple the positiye and negative
energy solutions X1 and Xy will be eliminated'to order (V/c)z,lor
equivalently, to order az since o, the fine structure constant is equal
to the ratio V/c for an electron in the (non-relativistic) hydrogen
ground state. The result of the transformation will be an‘approximate
Wave equation for the two;component spinor X1 suitable for application
to the hydrogen atom.

Begin by writing Eq. (II-10) in the form

Hy Yo = Wby
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VH 1 —>++
0~Zl-1-*—ﬂnv e¢:

+

e > dek > o
e OB * e ] E (11-11)

Make the following unitary transformation_

~u -u
Hnr =e HO e
_u
Ynr =€ Y
L )
where o . .u =.%$£E- . _ : v (11-12)

The unifary of the transformation can be established by using
the identity

e = B+ [AB] + 1o [A,[AB]] + LA TABI + - (I1-13)

The plan is to consider the transformation of HO term by term.

Since u commutes with 7, it follows from the above identity that

e

ul >> -u_ 1 »=> '
75;—% Te = o Tem » (II-14)

Consider the transformation of the second term:

u 1 s 1

eue¢e— = ep + [aem,ed] + [3-%,[3-%,e¢1]‘ .
2m,C Schz _ '

It can be verified by a straightforward expansion that

[G-T,e0] = -ierdeE . ~(II-15)

The application'of the identity

GHED = &B + 5B - (a1-16)

leads to the result

[T 3B = [67,54B] = -inveE + doe(hd - B . (11-17)

m

Y
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With the aid of Eqs. (II-15) and (II-17), the transformation of the

ep term in HO becomes
e = ep - LM TF L N T aE - B
T 8(mec)” |
e K2
- §'(ﬁ;69 V.E . (11f18)

With the use of Eq. (II-16) and the identity
= ieB (II-19

it can be shown that the commutator [&-%,3o§] vanishes identically,

and therefore that

eY(- 7%5%9 GBel=- g: 2% S - (11-20)

Finally, the transformation of the &:E term in HO.is

u 1eh >

4 (my,.c)

With the aid of Eq. (II-17), this becomes

u leh +'+ -u _ ]_eh > '
e zm*c oE e = Zm* E TC—)—Z U ('WXE - EXTT) + ' ("‘""‘) V E
- M | (1I-21)
When Egs. (II-14), (I1I-18), (II-ZO),_and (II-21) are combined, one
‘obtains |
T en o (WX§ EXN) . |
7——-(p & B Prep-p 3.B- e 7 et S0 B (11-22)

which is free of odd operators to order (m*c)-z. By a stralghtforward

expansion, onc can verify that



-12-

so that Eq. (II-22) becomes

nr  2mg 2my, _
> &> > . > : : (II_'ZS)
+ eh 2 . EXTr - l. eh g . pXE + 9—( h \2 VoE
2meC 2 meC 4 2m,C mc 8 myc’

Equafion (II-23) is essentially the desired non—relétivistié Hamiltonian.
An interpretation of the various terms appearing in Hnr will be given |
before writihg it in its final form. The first two terms make up
the‘Hamiltonian in thé Schrodinger théory of an eleétron'of mass my

in an electromagnetic field. If just these terms Weré taken asrthe
approximate Hamiltonian, the resulting problem for a Coulomb potentialv
and no magnetic field would be identical to the elementary hydrogen
problem. It would yield the same energy level scheme (gross struéture)
as the non-relativistic problem but the electron mass would be Changed

from m to m, in the'Rydberg energy, i.e.,

The third term in Hnr is ‘the interaction energy of a magnetic

dipole .

> eh - ‘

with the external magnetic field B. This is identical to the dipole
moment obtained without the plane wave field except that the‘electrén
rest mass has now been replaced by thé renormalized mass m,

The last term in Hnr’ the so-called Darwin term, gives a relativistic

shift to s-states for a Coulomb field. It can be interpreted as an

additional energy due to the electron's Zitterbewegung.
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The next to last term is the interaction energy of the electron's

magnetic dipole moment with a motional magnetic field, i.e.,

‘i'* . 5x§ _ 1> m;$ ‘
TVe "mec " THe® ﬁ;E'x E
1l v
=gl t gxE
1
- Z‘ﬁe ) ﬁmot (11-25)

The remaining term in Hnr represents the spin-orbit coupling.

Ignoring the E x & term,

. > > . ' :
e o Bxr_1 R g' B
E 0 m——— = .exp
ZmcC 2 mc 2 m¢32' 7
‘where the eIeCtron.spin operator S is
s-13
‘For a central potential, one can write
o2 oo lde=
‘i*yw”?ar
so that, with L=Tx 5 s
L > . . .
eh o | EXW‘= o1 K o 1dpzz .
o A v AL s Sl . - a2e

' Note;that Eq. (II—Zé)-contains»the correct factor of 1/2 (Thomas
factor). Equation (II-26) is in the usual form of the spin-orbit
interaction energy but, once again, the electron mass has been replaced

by the renormalized mass m,.



-16-

. The starting point . is the Iidnjrelativi’Stic:Hami_ltonian,v_E‘q.w(II-27).

Neglecting terms that are quadratic in' the vector potential K, the

interaction with the magnetic field is

x = ’zr'n‘:" zK B - z§ ﬁ

or o R I
= -2 K'p_ ¥ §§)

 where S = %-3 is the electron'spin,angulér'momentmﬁ. A nucleus
ssessing a static magnetic dipole moment i producés a static

po : L P . _

magnetic field B derivable from the vector potential

K:L‘L;.I..: --u'x (V...) s
r
i.e., |
| B=vxX

The Ham.lltonlan for the magnetlc dipole, hyperflne 1nteract10n can

therefore be wrltten

Rk SR
With the aid of standard vector 1dent1t1es and by taking due care

- for the behav1or at the origin, this can be wrltten as

—”;.chfs; “2u { %ﬁ.z- .§_-n(§4§).sc;?) - % 26D (§ 1) -fis §]} cu 28)

r ‘r

| The correctlon to the ground state energy” due to ths 1is, to

' flI‘St order

S '=b.<ol}chfslo>

N
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In the ground state of a hydrogen-like atom . = 0, so the first temm
in ths gives no contribution. The last term is odd under inversion
* and’ therefore cannot have non-vanishing matrix elements between states

of the same parity. One is left with

Wogs = colker be &1 8D 0)
- or , ‘
,ths = —_= 16Tr N’O(O)I (g U)

Slnce § _f and T - § T all commute w1th the Hamlltonlan S2
Fz, and 12 are good quantum numbers and the expectation value of.
_§'u can be evaluated for eigenstates of angular_mbmentwn.
Writing |
= K
i
one obtains V u '
| G = - 3D
Squarlng both 51des of f 3+ _f , and solv1ng for the product 3. _f

one obtalns

(Fm

—7<mﬁﬁﬁ§§TTw
~or | |
@D = 3 [FFD) - S65+1) - 1(1+)]
The energy,ef the hYp"ei‘fine state now becomes

e = §ﬂ Ve T |w0(0312 [F(F+1) - S(S+1) - I(I+D)]
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The energy difference between the two stateS»F I+S and F=1I+S§S- 1

is found to be
8T n HZ )
AR %-gwocO)l 2F .
With S = 1/2, 2F = z(1+1/2) 2141, and

W = §" 31%1~ He U IwO(O)l ﬂ )y
-where the’nuclear spin-has been designated Ui instead of simply:p:
| .EQdation (IiFZQ)Iia known as the Fermi fprmula, and AW,:knOWﬁ‘.,
as the zero-field hfs separation ehergy,>i$ the energy separation'
betweeﬁ the two hfs ievels of th.e'z_Sl/2 ground state.
| It remains to show how the Zeeman sublevels ofithe?hfs are .-
'affeeted when the"electroﬁ mass'chaages;. A brief sketch will be given
here of the deriVatien-of‘the'Breit—Rabivformula.7 Twevtermévmust be
added to the hfs Hamiltonian [Eq. (II-28)] to describe.the interaction
of the electrenic andbnqciear'magnetic dipole moments with anfexterhal,
static magnetic,fieid. The eiectronic cOntribution to.the interaction

' is obtained from Eq. (II-27):

Equation (II-27) is based, in part on the assumption.that the
nucleus is a p01nt electric monopole and therefore - as was done w1th
th , corrections for higher multipole nuclear moments must be added
The approprlate perturbation Hamiltonian is

= ev.+—+. -+.
}c—-n_l*—C-Kp ueg uI—ﬁ*':s-chfs
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Consider the first term. When A = -Byx , then
-8 RPp =8B
m,C p mec 'Px
This has the form of an electric quadrupole 1nteract10n whose matrix
elements vanish in a J = 1/2 state.

" Owing to the result fox'm%is, it is possible to write
e = ha 1.3

 where a (not to be confused with the plane wave field ampiitude a) can

| be calculated fairly accurateiy for hydrogen with the Fefmi formula but
has been determined experimentally to a very high precision for hydrogen®
and for fhé other stable alkalis.??921112513 The total hyperfine

: interactidn can therefore be written
X = ha T‘g - ﬁI'ﬁ'- ﬁ ,‘ﬁv .
The eigenvalue problem to be solved is
¥ = EY

where ¢ is an eigenstate of the totél angular momentum F. Thé secular
“equation (C-EI)y = 0 must be_solVed for the eigenvalﬁés E. Since |
F .Conmmtes with 3¢, ¥ can only connect states which'have_ the Samé m.
e., {(F'm ’hdF =0 if my' #my .

The appllcatlon of sténdard degenerate perturbatioﬁ theoryl“

1eads to the Breit- -Rabi formula for the energy of the state |F mF)

as a functlon of applied field:
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E= -y 1T Hompt T(l*zrrx*x - ({I1-30)
where | _

and

AW = 2 ha(21+1)

4 The nlinus' sign in this ed_uation is used for the States F = I' 1/2, -
"mF = F, F_'—.l,,’---, -F wh11e the plus sign is used for the sta:ces |
F = 1+1/2, vm ='F, F 1, oo, -(F 1. The energy of the state |
|I+l/2 -(I+1/2)) is. found by using the plus s1gn when x <. 1 and

the minus sign when x> 1. | | ’ o,
The change in the hfs energy levels due to a change in the electron '
. mass can be obta1ned by dlfferentlatmg the Bre1t Rab1 formula w1th

respect to the electron mass. The hydrogen wave functlon can be used
to evaluate |1p0 (0)| in the Ferml formula so that the exp11c1t mass

dependence of AW can be ascertalned Us1ng |Lp0(0)|2 = = (Ze 2)3 2/ 6

“and Mg 2—— » one finds

AW « m
and _ .
G(AW) 2 ——AW o (II-31)

vwhere‘ %IE is the electron's relative mass shift. In the same fashion

“one can write

=

1 Hy
T W
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where cl-and cz_do not depend upon m. The change in x due to a change

Sx =§_nllj.0_ - ZHI +3L
» m. AW T S o

With these,reSqltsvfor §(AW) and 6x, one obtains, after a straight-

inm is

forward differentiation of the Breit-Rabi formula,

.
' H 2ur . 3u|[2m : ’
Gm [— 0 I ‘e F
W 2T ¢ SR * o ( T 3 (zm’* x| (1-32)
. d .
where , i g
' R = _F + x2
' HE X

Equation (II-32) gives the change in energy of the hfs level |F mF)

due to a relative Change §E-in'the mass of the electron. This shift

is not the same for all hyperfine levels as indicated by the dependence

, of SW on m and F (i.e., through the + sign). The frequency shift for

a transition between levels of energy W, and W, due to a shift in the

electron mass is given by

6V E et — : - (11-33)

It turns out that the proportlonallty constant in Eq. (II-33) is
of order unity for most cases of experimental interest. Hence the
shift ofva transition frequency is proportional to the relative mass
shift, and a relative mass shift of, say, 10'6 results in a transition,

frequency shift ofbthe same magnitude.
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E. Consideration of Small, Time—Dependent Terms .

In the previous sections the following three terms were neglected:

ot T T ESE'Krot | 5'_'é§2%?(3.§rot ) ia'grot) Lo arsy
They were neglectedvin‘order'that a time—independentiHamiltonian d
could be'obtained whose eigenfunctions would be stationary States -
In order to get an estimate of their 1mportance they w1ll be treated
as time dependent perturbations of the stationary ground state which
is an eigenfunction of the t1me~independentvHamiltonian Eq. (Il—27).
It will be assumed that the only static Veetor potentiel'is that due
to the hyperfine interaction (see Sec. D above), in the absence of
external magnetic fields. Any time-dependent perturoation can be.
broken up into 1ts Fourier components, each of Wthh can be studied |
separately. A typical component may be written in the fonn |
o= ve Ot vavey) . s
The resulting traneition probabilities, mixing parameters and energy
level shifts, are proportional to the matrix elements of V betweenv
. stationary states. 'The following discussion ean'therefore.be simplified

by dropping the factor e “lut from X B , and E

rot? “rot rot”’

The last'two terms in Eq. (II-34) can be expreésed in thedform
of a magnetic dipole interaction. For a circulerly polarized plane
wave ﬁ = +iB so that these terms can be written, dropping the subscript ‘
''rot", |
l-+I : '
2~—-(o B-ia- E) 2-—-(c §+a°§) = u B - .
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" This term has the form of a Zeeman energy. Since'perturbation

theory will be used on the ground state hfs, this term should be kept

smaller than the hfs separatiOn energy.v For eXample Ehfs = 6;6 >'<.10'6

~ for an hfs separatlon frequency of 10 GHz, whlle u § 5.8 x 10-9 eV

v,

when B is one gauss.
ThlS Zeeman energy term can be written in the form

ﬁ .ﬁ eelwt

Tof T

The treatment of such a term by time- dependent perturbatlon theory
y1e1ds tran51t10n probab111t1es15 for magnetlc dipole tran51t10ns when
w is near a transition frequency and small frequency'shlfts_16 (Bloch-
Siegert'effect) when it is not. These frequency shifts will be
dlSCUSSGd in more detail in Chapter IV where it w111 be shown that
they are three orders of magnitude smaller than expected frequency
shifts due to the electron mass shift.

It should be pointed out under what conditions this term is
- small compared to the e2a2 mass renormalization term. The comparison
~is to be made between ehcS+B and ezaz.since this is theiway the two .
terms appeared in Eq. (II-7); prior to the dropping of the time-

dependent terms. For low magnetic fields |o ﬁl- Mg 1B| = my E-a

since B = K =+ 2 K . Thus,
hco B _ ehc me w/c a N Fu
e2a2 eZaZ . ea

~This Zeeman energy term will be much smaller than the’mass renormal -

ization term as long as
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ea>>hw . .. 'f. ' | (II—36)_

- For w/2m = 10 GHz this requlrement amounts to ea >> 6.6 x 10 -6 V.

Consider the matrix element {n'|-=-1% -p n) where |n) stands

mC “rot
for anIFm ) which is an hfs sublevel of the |nj) elgenstate n
first-order perturbatlon theory, only the ground state hfs sublevels
need be considered, and the’basls can be designated by ]FmF)._ When

A

€ =y * iZ and K = k&, the vector potential can be wfittenA
it o
Krot f,aRe(eet  ) = a(y*ﬁkxfi»o).?
~and a typical matrix elementntakes‘the'fbrmﬂ

(S Rl = 22 o fp n) F Kbyl . (L3)

" The fbllowing four identities® hold whenever H = p2/2m* + V_ahd'

[¥,V] = 0: |
| pe-epm arsg)
(m|D|ny - im*wmn(m|?|n> - " o . (11-39)
rps = - 23 e < 1 () o
- . . (11-40)
T;P; ="'%'lg*'[r"ﬁl'* 7 i -
(m|ripj|n) = 1m*w (m[r Ty [y + 1 (m|Lk[n) ,
- (1I-41)
(m|r5p;[n) = Z'im*“mn(m|ri|n> L.
where

(E, - EQ/n

W
mn |
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and |m>‘ahd |n) are eigenstateevof.H Equations (II-39), (II-40), and
;(II 41) are corollarles of Eq. (II-38),

* With the aid of'Eq; (1I-39) the firSt‘ternliﬁ'Eq; (11-37)
becomes a-matriX'element of the position operator between two hfs
levels : Such a matrlx element must vanish since. the ground state hfs
levels all have the same parlty An - appllcatlon of Eq (I1-41)
converts' the second tenn»1ntovthe matrix element of xz, (f =90 in
‘the ground statevso thevexpectation values of all of ite components
Vanish.)'aThis is essentially'an electric quadrupole matrix elemeht
- which vanishes because there can be no electr1c quadrupole inter-
~ action w1th1n a J 1/2 state

The second order correction to the ground state energy due to
the interaction - ESE-va ls . N
| €0lp, InXnlp, |0}

ESO)‘_ EéO)

(2) ea 2
Bg (ﬁ;EJ ;O

where |0 represents any of the ground state hfs levels whose

(0)
0

~ other state. By the use of Eq. (II-39) this energy correction may

unperturbed energy is E; -, and |n) represents any hfs level of any

be written as _ ‘
o 2.2 . ‘ o o
(2) _e"a” i

Ey™ = — (0]p,|m¢n|y|0)
0 m,c ﬁngo o ,

which becomeé,‘upon application of closure
(2) _ ie%a? i g .

The second term in brackets vanishes as a result of the parity

selectiohArule. With the aid of Eq. (II-41) the first term in the
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brackets is just 1/2_ﬂi; Hence

BB e 114
2mc” SR o

Now, if the e?A2 term in Eq. (II-7) were retained, instead of

being used to renormalize the mass, it would persist through the

transformations of Sections B and C above and ‘appear in the resulting

2.2 2

non-relativistic Hamiltonian as e“a /2mc 'Also, when the mass -

‘renormalization is not made , Eq (I1-42). reads e /ch . Hence,

the_K-p-term, taken to second order, exactly cancels the_ezA2 tenn

taken to first order. These arguments based upon perturbation theory
do not necessarily'invalidate the mass—shift hypothesis When, for
example, the relative mass shlft has the experlmentally reallzable

Sm -6

Avalue T 2 x 10 , then

=1¢eV
2mc 2(mc™)

which i$ certainly not small compared even to the ‘gross structure.
It is therefore not clear that perturbation theory is the proper method

for~handling these_terms.'

F. Sumary
'It has been shown that when time- -dependent terms are neglected,
the pr1nc1pal effect of a circularly polarlzed plane wave field which
1nteracts with a hydrogen-like atom is to cause a finite renormallzatlon
of the electron mass. This renormalization has been exhibited explicitly

“in the spin-orbit, hyperfine and Zeeman interactions as well as in the
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gross structure. The effect of an electron mass increase on the

hyperfine structure has been discussed, and it has been found that,

if a mass change oééurs, then frequency shifts should be the same

-prderiof-magnitude as'the relative mass shift. It has been pointed

out that, if the mass renormalization is not made, -then the effect
of the time-dependent terms is to exaétly cancel the mass ‘renormal-

ization term.
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_III. DESCRIPTION OF THE EXPERIMENT

A. Introduction

The atqmic-beam‘magnetic—resonance:techniqUe wés used in this

133

search for an electron mass-shift effect in "7"Cs. The relativély

high cesium transition frequencies (v 1010Hz) together with the

narrow linewidths ('\»103

Hz)'obtaihable with the Ramsey separated-:
oscillatoryéfield.method aliow.transitibh frequencies to be determinedv~'
to a preciéion of a few parts in 108,. Oscillating_microwave fields
of sufficient»intensity to'produ;é a relative mass shift of one part
per millioﬁ were produced in a resonant cavity powered by an inex-
pensive, mechgnica11y-tuned.magnetron.

133Cs Ground State hfs:

B.” Experimental System —

1. Justification for Stddying Cesium Rather Thaﬁ Hydrogen:> A1fhough.
the thedry df the electron mass shift was developed in Chapter II
with the hydrogen atom in mind, it'should'apply to alkali'atoms as
long as the central'fieid approximation is valid, i.e., as long as the
valence electron experiences an electrostatic potential which is a

: function'df.radial position only. The non-central magnétic dipole
interaction haé already been accounted for by perturbation theory

~ and has led to the hyperfine interaction described by the Fermi
fofmula. Tﬁe'spherical éymmetry of the 281/2 éle;tfonic state forbids
the existence of any multipole interactionsibeyond electric monopole
~and magnetic dipole. | |

Breit! and Kopfermann? have summarized some of the correction

factors which should be applied to the Fermi formula before it is
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used to deduce alkali nuclear magnetlc d1pole moments from measured

hyperflne energy separatlons Kopferﬂmnn gives the follow1ng ex-.

pression for the hfs frequency:

(9]

‘8 2 He ILJI Ziza |
3‘( I+1) T a3n3 (1 aﬁa F (J,Z )(1 5)(1 E) (ITI-1)
- “07a :

The factor Z; Z /n is a correctlon to IwO(O)I [see Eq. ‘(II;29)]

: obtalned by assuming that the valence electron is under the action of

- an effective nuclear charge eZ when it is outside the electron core,

and that it is under the actlon of an effectlve nuclear charge eZ
when its. orblt is inside ‘the electron core. Forvceslum .Zi =17 =255,
Za =1, and niv= 6.53. The factors (1—aﬁ) and F G, Z ) are relativ-
[ istic correctlons which do not involve the electron mass. The para-
meters 6 and €, -which do depend upon the electron mass, correct for
the_fact.that the .nuclear charge and magnetlc moments are dlstrlbutedv
'throughout’(or on the surface of) a sphere ofvfinite velume.'

| When these correction factors are taken into consideratien, one
obtains |

6(A\)) 1.9 5—"‘ Av | | (I11-2)

which differs by onlynz% from the reSult ebtained’above [Eq (ii-ﬁl)]
'-assumlng hydrogenlc wave functions and no correctlons to the Fermi
'_formula

Further corrections to the Fermi formula exist.?® A reduCed_mass
correction due to the finite nuclear mass contributes a factor of

(1+ M/m)-S to Eq. (IIi-l) and a correction to Eq. (III-2) that
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magnetichdipole radiationvare

Trans1t10ns can be observed w1th the atomlc beam magnetic- Tesonance |
technlque only if the 1n1tlal and final states have opposite effectlve-

, magnetlc moments, deflned by

W
§H.

.“eff -

where W is the energy of the state and H 1s the external f1e1d
| Slnce u ff is just ‘the slope of the Wovs. H curve, one can see from
'Flg I1I- 1 that, for large f1e1ds a change in the 51gn of the ,
effectlve moment corresponds to a change in the - -sign of my. Therefore
‘when large deflectlng (A and B) fields are used the machine selection
‘rule
AmJ = +]

does not- permlt observatlon of AF 0 tran51t10ns except for the
so-called standard transition |I + 1/2, -1+ 1/2) < |1+ 1/2, -1
S1/2). -

‘b, Field-Independent Transitions: Stimulated transitions will

occur when an atom passes through a region where it is subjected to a
time- varylng field of the appropriate frequency and orientation. Since
the lifetime for spontaneous transitions is so 1ong»compared to the
transit time At of'an‘atom‘traversing this interaction region, the
linewidth (in Hz) can berfound,.from the uneertaintybprinciple, to be -

- O
»
o Av AT
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This l1new1dth can, in pr1nc1ple be made as small as the natural 11ne— )
,'w1dth for spontaneous trans1t10ns by 1ncreas1ng the transit time ‘
At, or, equlvalently, by 1ncrea51ng the length of the 1nteract10n..
reglon | | | »

Transitions usually take place 1n51de laboratory magnetlc flelds
and it is not p0531ble to produce perfectly unlfbrm magnetlc f1elds
over arb1trar11y long dlstances. ~Since transition frequenc1es, in
'jgeneral depend upon the Value of the external field HO,'any lnhomo¥
gene1t1es in HO will cause trans1t10ns to occur at sllghtly dlfferent
frequenc1es at different points along the 1nteract10n reglon The
net result is a broaden1ng of the resonantvllne Field 1nhomogene1t1es._
can be mlnlmlzed by work1ng at fields where the tran51t10n frequencies
are only weakly dependent_upqn HO. At those magnetlc fields where
%§-= 0 the transition frequency f is independent;'to’first order, of
V magnetlc field H. 'Such;field values are referred'to as field4
independent points; , ‘

- Table III-1 is a list of the field-independent AF = *1 transitiohs
for'133cs. Four.are ofbthe o type (Amf = 0) while Six_are:ofvthe m h
type‘(AmF'= +1). Thehsix'ﬂ'transitions occur in three doublets which
are labeled a, b and.c in Fig III-1. These three doublets were chosen

for exten51ve study in the search for an electron mass shlft

C. Apparatus

A standard flop-in atomic-beam magnetic-resonance apparatus?
utilizing the Ramsey separated-oscillatory-field technique® was
used to investigate shifts of hfs transition frequencies that occurred

~ as-a cesium beam traversed a microwave cavity.
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Table III-1. }$3Cs Field- Independent Transitions.

R Field | ‘Transition = | - Frequer;lcy'
’ Des_igna?ibn C Y(Gauss) K (F,mF) . Type | | (MHz).
0 : 4,0) o (3,00 o 0192.631770

a, 46 (4,10 © (3,00 T 9119.6
azj‘ 417 _(4;0) - (3,-1) R  :  9119.1
o 1820 4,-1) < (3,-1) o 8900.7
by o 1252 (4,-2) = (3,-1) . w o 8509.5
b, 1253 (4,-1) < (3,-2)  7® - 8508.1
1640 (4,-2) < (3,-2) o 7961.0
¢y 2104~ (4,-3) < (3,-1)  m 7115.3
o 2105 4,-2) < (3,-3)  ©  7112.9

2460 (4,-3) < (3,-3) o 6080.4
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1. Beam Machine: Figure III-2 is a schemat1c representatlon of . the

atomic beam apparatus used for this experlment
Cesium atoms are produced in a"re51stance heated steel. oven by

- the reaction of calcium metal with a cesium halide, e.g.

Ca + 2CsCQ + heat +{CaC£2 + 2Cs
The'oven'shown in Fig.'III-s was deSignea to.hold:abOUt l-3/4'cm3
bof CsCQ and Ca f111ngs mixed in the ratio of two parts (Vol) Ca
to one part CSCQ Such a charge is suff1c1ent for about flfteen _'
hours of running (4 runs). A full beam of_about-6 x 1010 atoms/sec'
reaches the'deteCtor (detector current 10'9'A) when 60 W (2 A at
30 V) of ac pewer is dissipated in the filament. The filament is made
from about eighteen inches of .010-in. thoriated tungsten or tantalum
wire tlghtly wound on a .060-in. rod.
. v Atoms effuse from the oven through a 005 -in. slit 1nto‘the oven
' chamber where the pressure is typlcally 4 x 10 -6 mm Hg. The beam then
passes through a buffer chamber (7 x 10 -7 mm Hg) ‘and into the field
of the A magnet. Typ1ca1 pressures in the rest of the machine (A and
B magnets, C magnet region and detector chamber) are all'less than

7 mn Hg. ' |

3 x 10
For the two angles of exit from the at0m1c beam oven 1n.F1g I11-2
beam atoms in states of opposite m; are deflected along different paths )
‘toward the machlne axis by the 1nhomogeneous field of the A magnet |
(H~n 5 kG OH/3Z ~ 5 kG/cm) In the uniform field'of the C magnet the

beam is subjected to an appropriate microwave frequency of sufficient

strength to cause a transition between two states of different
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Oven A- Magnet  C—Magnet B—Magnet Detector

MUB-10144

Fig. TII-2. Flop-in type atomic-beam magnetic-resonance apparatus.



-38-

XBB 694-2182

Fig. III-3. Photograph of oven.
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m. The sign of Hogs is therefore reversed for atoms which
undergo transitions, and the atoms are again deflected toward the machine
axis (solid line in Fig. III-2) as they pass through the inhomogeneous
B magnet where the field and gradient are the same as those in the
A magnet. In this manner atoms which undergo transitions in the C
region are said to be "focused" at the detector. Atoms which do not
undergo transitions follow the dashed line in the B magnet and are
not detected.

The detector is a standard tungsten hot wire ionization detector.?
An atom whose ionization potential (3.87 V for Cs) is less than the
work function of tungsten (4.5 V) will be ionized on impact and may
be accelerated to a collector. The beam reaching the detector is
hence converted into a current that is measured by a sensitive
electrometer (Keithly model #417). The electrometer is capable of
suppressing constant background currents up to 10_4 A, so that below
that level the current is proportional to the beam intensity. For
the flop-in arrangement used here, maximum current is registered at

the detector when the frequency of the rf field in the transition

region equals a transition frequency of the system under study.

2. Cavity-Hairpin Assembly: The actual experiment is performed in

the C region (Fig. III-2) where appropriate resonant and non-resonant
oscillating fields are introduced through the cavity-hairpin assembly.
Two assemblies were built which could each be used with either of two
cavities.

Figure III-4 is a photograph of one assembly with the cover

removed to show the inside of the cavity. The beam passes from left
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XBB 694-2179

Fig. III-4, Photograph of cavity-hairpin assembly showing interior of

2921 MHz TMOlO cavity and coupling loop.



A

to right, and the static field HO 1s at right angles to the cavity
faces. The entrance and exit apertures in the cavity each consist
of four .055-in. diameter holes which serve to collimate the bean.
The cavity shown was resonant at 2.921 GHz (TM010 mode). The two
hairpins are made from shorted X-band (8.2 GHz to 12.4 GHz) wave-
guide. The rf magnetic field inside the waveguide is mostly
parallel to HO and is appropriate for stimulating o transitions
(see Table III-1). The two smaller diameter tubes shown in the
figure allow cooling water to circulate through the body of the
cavity. Figure ITI-5 is a second photograph of this same assembly.
Figure III-6 is a photograph showing the second assembly with a
cavity designed to operate at 7.93 GHz (TM210 mode). These hairpins
consist of loaded, 5/8-in., 50 Q rigid coaxial transmission lines.
These hairpins were used for virtually all the work reported here
since they produce an oscillating magnetic field which is, for the
most part, at right angles to HO and is appropriate for stimulating
m transitions.

A high-powered, continuous wave microwave signal produced by a
mechanically-tuned magnetron is fed into the constant field region
via a 1/2-in., 50 Q rigid coaxial transmission line and is inductively
coupled to the cylindrical cavity. The coupler designed for this pur-
pose is exposed in Fig. III-4. A loop of #20 copper wire is soldered
to one end to form a coupling loop, and a type N coaxial connector
(Times Wire § Cable #AMS-5012NF-18S) is attached to the other end.

The end nearest the loop is threaded so the loop can be positioned



~#7-

XBB 694-2181

Fig. III-5. Photograph of cavity-hairpin assembly. The waveguide

hairpins shown here are suitable for studying AmF =0
transitions in the frequency range 8.2 GHz to 12.4 GHz.
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XBB 694-2180

Fig. III-6. Photograph of cavity-hairpin assembly. The coaxial
hairpins shown here are suitable for studying Amg, = o |
transitions.
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for the best-impedance match by twisting the coupler from outside
the vacuum system. | ' . |

.Most of the experimental wdrk was done'usiﬁg thé cavity shown in
‘Fig. III-4. The rf magnetic field lines inside the cavity are
concentric with the cylinder axis. Hrf is ‘zero af the centervand'
rises;fOua maximum value;about three~qu5rters of the way out to the
wall. At the wall, H . has a nonjzéro valué; ‘The ‘beam experiences
an oscillating rf magnefic-field.that is perpendicular to the static
fieldeO.v'Thg electric field and vector potential are directed
parallél to the cavity axis and perpendicular to the faces. The beam
hénce expérieﬁtés-an oscillating rf electric field.and vector ﬁotential

that are parailel to the static magnetic field»HO.

3. Ramsey Pattern: Fields'oscillating in phase and at a frequency

equal to the transition frequéncy_of interest are established in the
two hairpins which are ééparated by é.distance"of six inches (center
to center). The separated hairpin fechnique used here and developed
by Ramsey® has become standard fér precision atomic beam work and
will not be discussed in détail.‘ The method has two features which are
partlcularly 1mportant for this experlment

The first important feature of the technlque is that it produces
narrower linewidths than one using only a single hairpin of the same
size. The signal observed at the detector for a constant static
magnetic field, constant powér input to the cavity but varying hairpin
frequency is shown in Fig. III-7. This is also a plot of transitibn

probability versus frequency. The pedestal is the resonance that
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| — 15kHz

o
7115, 29213 MHz

XBL 698-1146

Fig., III-7. Chart recorder: tracing of beam intensity versus .
' hairpin frequency (Ramsey pattern).
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would be obtaiued usingva Siugle hairpih whiIe the (Ramsey).pattern '
at the top is due to the 1nterference of the two halrplns The base
line has been suppressed. The full w1dth at half -maximum of the
single hairpin resonance is typically 20 to 30 kHz, while the w;dth
»of the central peak of the Ramsey paftern is a factor of 10 smaller,
The second'important feature of the Ramsey technique is that the
‘transition probability.is.a maximun when the hairpin frequency equals
the averege transition frequency in the region betWeen‘the'hairpius
Thus the technlque is sensitive to changes in tran51t10n frequency

caused by perturbatlons introduced in the 1ntermedlate region.

4. C-Field Stabilization: The constant magnetic field H, in the C
_fegien’is provided by a 12-in. electromagnet (Varien Associates V4012A)
pouered,by a constant—current.supply (Varian V2100) which is stable

to one part in 105; Additional stability 1s produced'by a proton
nuclear—mégnetic-resdnance_field controller (Harvey-Wells FC502).

-The mérginal'oscillator used to generate the proton NMR frequency was.
coupied'to a highly stable oscillator (Schemandl ND5) to prevent drift.
The complete field control circuit is Shown schematically in Fig ITI-8.
With the use of thlS control circuit the fleld remained 1ocked for

‘as long as several days

5. Radio-Frequency Equipment:

a. Transition Frequencies: Microwave signals oscillating at

cesium transition frequencies are generated by a phase locked, con-
tinuously operating klystron (Sperry model 2K44 or Varian model X13

or X13B) and fed to the‘separated hairpins as illustrated in Fig. I11-9.
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- >
Current to windings

Fig. I1I-8. NMR magnetic field control unit.
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- Fig. III-9. Blo;k'diagram_ofvhairpin circuit.
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A very stable- reference oscillator (Schomandl FDS) provides a
_fundamental frequency between 300 MHz and 1000 MHz. This frequency
synthe51zer is adjusted to generate an output frequency
f?e = (f - 10 MHz)/N where f is the desirediklystron'output
frequency, and N is an 1nteger usually 8 or 10. The phase of the
beat frequency f - Nf f‘” 10 MHz produced in the mixer is compared
. with that of a 10 MHz if reference which is also produced by the
_reference oscillator. Thls comparlson is ‘made by a Schomandl FDS 3
syncrlminator which applies a correction voltage to the reflector
of the klystron that is proportional to. the cosine of the phase
dlfference between the beat_(if) signal and the if reference signal.
» Klystron frequencies are counted directly with a Hewlett Packard
5245L counter using the 5255A frequency converter which is capable of
counting frequenc1es between 3.0 and 12.4 GHz Both the reference
“oscillator and the counter are referred to the same 100 kHz quartz
crystal oscillator (James;Knight FS1100T) which is, in turn; continu-
ously compared with the 60 kHz standard frequency broadcast by the
National Bureau of Standards' station WWVB, Fort Collins, Colorado.
Becauee of the high stability of the 100 kHz reference, the precision
of frequency measurements was determined by the uncertainty of *1 in the
last piace of the counter display.

A traveling wave tube amplifier (Hewlett-Packardfmodei 493A or
495A) boosts the kiystron signal which is then divided, one-half
being sent directly to.one hairpin, and the other half being sent
- through a phase shifter (AMCI Line Stretcher model 3807N) and Varlable

attenuator to the other hairpin.
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- The attenuator allows one to‘equallze the Tf field amplltudes in
the two hairpins. The phase shifter prov1des a way of equa11z1ng the
phase of the 51gnals reaching the halrplns by chang1ng the electrlcal

“length of the transm1551on line leadlng to one of thém. The two
51gnals are Judged to be -in phase when a symmetrlcal Ramsey pattern is

~ obtained (see Flg I11-7).

b. Magnetron-Cav1ty C1rcuitl The c1rcu1t used.to power the.cav1ty ‘
is shown'schenatically in Fig. III—lO The 51gnal from an 1solated |
icontlnuously operat1ng magnetron (Raytheon QK60) can be fed.e1ther to
_ the cavity or to a dumy load (Narda model 369NM) capable of absorblng
.175 W average power. - Both 1nput and return power are sampled;wlth.a
20 db;dual direetional coupler (Nardasmodel:SOZZ) and measured.with
~ the same power meter (General Microwave model 454AR)."The‘magnetron»_
frequency is counted directly with a Hewlett—Packard‘5245L counter
using a 5254A frequency converter' | |

Insertlon losses of all c1rcu1t components (including cables)
. were measured so that the actual power absorbedrby the cav1ty could
be « determlned from. power meter readings of input and Teturn power
These calibrations agreed with manufacturers' spec1f1cat10ns when.
Aglven. Assumlng that these 1nsert10n losses are known to w1th1n_
iO.l db, the.input.power Pin can be‘determined from the power meter
readingvaeaS: n

Pin = 0.95 £.03 x 10 Pmeas

‘When making measurements of -the cavity resonance profile, the

- power divider was‘removed, and a sample of the signal taken directly
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after the isolator was counted.  Figure III~11 is a plot of the‘rétio
of reflected power to incident power versus frequency for the ﬂwolo
cavity‘used in Runs 11 through 25. The points represeht measurements

while the curve is an inverted Lorentz profile chafacterized,by'_

v_ = 2921.2 MHz

(0]
Q .
‘Base line: 0.77 + 0.01

+

4200 = 200

At resoﬁance'the_retufn power was less than 0.1% of the incident power.
The displaced'basé.lineris due to conStént circuit loééesiand suggests
'that'the power absorbed at resonance is 77% bf:the'incident power. The
. 4

- calibrated circuit 1osses gave - the result Pin = 0.95 t.03.$ 10 Pmeas’
- “so the actual'absorbed power is 77% of this, or

P, =0.73 +.02 x 10*

abs Prea

mea

Thus a power meter reading of ‘1 mW correspohds to an absorbed power of

7.3 .2 W.

6. Cavity Design: The effective‘vectdr pofential eXperienced_by an

atomic beam that traverses a TM010 cylindfical cavity along a diameter.

' midway between the ends is given by (see Appendix B)

A= -i|A] e Wt
‘where -
2 cy2 2
|A|“ = 0.455 (aﬂ_ E,
and '
. PQv
2 _ onz YO
Ej = 203 —

Lc
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T _ ;
2920 MHz -~

XBL 698-1150

IT1I-11. TMOIO cavity resonance (absorption) profile:
Normalized reflected power versus frequency.
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The square of the amplitude‘of the vector potential can be written
a2 L PQ
[A]" =.2.38 =
o)
where P is the power dissipated in the_wallé in'erg/séc, Vo is the
resonant frequency in Hz, % is the 1ength_ih cm, and Q is the unloaded

: Q. A more practical expression is
Al% = 2,34 x 1072 2

v vol

where P is in Watt, Vv, in GHz, % in am and [Alz in esu (eérg/cm). The
electron relative mass shift is assumed to be. | |

_‘1 e2|A|2 T
=.7. = .

Elg’

or

mo_ 403 x100 2
m , Voli' ‘

Thus a.relative méss»éhift of 4 x 1070 ééﬁlbe induced when 1 W ofv.
power iévabsofbed iﬁ a cavity of'iength 1 cm, resonaﬂt'freqﬁency
1 GHz and Q 1000. | |

| The above formula suggests the following design criteria for |
.obtaining_a maximum mass shift:._i) use as low a frequency'as possible,
'ii) use as short a cavity as poSsible, iii) use és much power as '
" possible, and iv) maximize Q by choosing a high éoﬁductivity metal -
from which tovfashion the cavity. These criteria are not all inde-
pendent. For.example; in the TMOlO mode the radius determihes tﬁé

resonant frequency5 so that a low v implies a large radius. A large

radius R and short length £ produce a large ratio R/%. However, a

’
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large value of R/% yields a small Q.6 With these considerations in mind
it was decided to build avsilver-plated TMO1O cavity 1.91 cm long,

resonant at-about 3 GHz. - The parameters for the actual cévity were

- 2.921 GHz

%2 =1.91 ém
Q = 4200 *+ 200

Thus,:for one watt of absorbed power, the expected relative mass shift
is’

6

Sm .3 107
m )

D, Experimental Procedure

A fypicél run proceeded as follows: Once the apparatus was
eVacuated, thelmagnetic field set and locked, the radiofrequency
equipment set up, and a nominal beam intehsity achieved, the phase
shifter Was adjhsted to give a éymﬁetrical RamSey paﬁtern. The
magnetron was then»sef fof maximum output énd tuned to the cévity
resonant fréquency By adjusting the'tuning knob for minimum return:
Poweréb After several minutes the water-cooled cavity came to
vequilibrium, and the réturn power was steady and 1ess than 1% of the
input power.

A measurement was then made of the position of the center of the
central peak in the Ramsey pattern. This was done by averaging
frequéncy readings taken at two or three pdsitionsvsymmetrically located
on each side of the central peak. . | Hehce, foUr or six frequency
measuremenfs, when averaged, gave one value forvthe center frequency.

This procedure was performed ten times and the average of the ten
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center frequencies_sevmeasured was faken tevbe the heet.value for the
4transition frequency. .Without changing'fhe Cavity inpUtlpower |

the transition frequency of the other member. of the doublet was then |
detenmlned in the same ‘way. " The cav1ty power was then decreased and,
after equ111br1um was achieved, the two frequencies were again measured.
In this way the transition frequency was measured for five values .

of cavity poWer, including zero power.b The five measurements of

each transition frequency were then fit by a least squares procedure'
to a stralght line’ w1th each point welghted in inverse proportlon to

“1ts standard dev1atron.
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IV, EXPERIMENTAL RESULTS

A, Introduction

The results of twenty-seven measurements of 133

Cs hfs transition
frequency shifts induced by the fields of a high-Q microwave cavity

reveal no evidence of an electron mass shift. The measurements were

sen51tlve enough to detect the Bloch- Slegert effect which is three

orders of magnltude smaller than the expected mass sh1ft effect.

-The negatlve result is in agreement with the conc1u51onvof Chapter II

that the second order effects of the plane wave field cancel one

-another,

B. Presentation of Data

Figures IV-1, IV-2 and IV-3 are representative plots of transition

frequency versus cavity power for the three field-independent doublets

“studied. Neither the mass shift effect nor the Bloch-Siegert effect
'are'strongly dependent upon'the static magnetic”field HO’ so the field

- values quoted are only nominal, i.e., within a couple of gauss of the

desired field-independent points. Each of the three figures summarizes
the results- of one run and indicates how well the data fit straight
lines.

Table IV-1 summarizes the results of runs made with a TM'O10 cavity

resonant at 2.921 GHz The designations a1, 2y, etc refer to Table III-1

and Fig. ITI-1. The shifts quoted are normalized to a power meter
reading of 0.1 mW, Errors.quoted for individual measurements are one

mean standard deviation of the fitted slopes and indicate the precision
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Fig. 'IV-l. Transition frequency versus power meter
IR v-readl_ng 415 G doublet -(Run 21)." CaV1ty frequency
. 2921 MHz. (a). (4,-1)+(3,0). Slope ='73(3) Hz/0.1 mW,
* intercept ='9119.61161(4) MHz. (). (4,0)0<(3,-1).
.- Slope.= 77(3) Hz/0.1 W, 1ntercept 9119, 55409(5) MHz.
Error.bars represent one mean standard deviation:
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—-8509.5370MHz

-8509.5365
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‘Fig. IV-2. Transition frequency versus power meter reading.
S 1250 G doublet (Run 18). Cavity frequency =
.2921 MHz. (a). (4,-2)<>(3,-1). Slope = ’
. 82(4) Hz/0.1 mW, intercept = 8509,53557(6) MHz.
). (4,-1)«>(3,-2). -Slope = 96(3) Hz/0.1 mW, .
intercept = 8508.13870(6) MHz.
"Error bars represent one mean standard deviation.
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LrizoaeMHz -
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- Fig., IV-3.. Transnlo*l frequency Versus power meter. readmg .
B -~ 2100 G doublet (Run 13).. Cavity frequency :
©°2021 MHz. (a). (4,-2)++(3,-3). Slope =
.174(2) Hz/0.1I.mW, intercept = 7112. 94264(2) MHz
- (). (4,-3)+>(3,-2). Slope
* intercept = 7115, 29182(6) MHz. , : -
" Error bars represent one mean standard deviation.

49(4) Hz/0.1 mH, ;'i*" |
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to which frequency,meaSurenents were made. The errors quoted for the,”
- averages are due to the spread of results from dlfferent Tuns and
'1nd1cate the reproduC1b111ty of the measurements. | ‘

| The results of some earl1er exploratory runs.(Runs 1 through 10),’_
made w1th a more pr1m1t1ve cav1ty and each studylng only one transition,
are not 1ncluded here. Problems w1th dr1ft1ng magnetron power,
'drlftlng C fleld and 1nsuff1c1ent beam 1nten51ty made their results

' 1nsuff1c1ently reproduc1b1e to mer1t comparlson w1th later Tuns.

C. - Interpretation of Measured Shifts

Three corrections have to be made to the raw data presented in
- Table IV-1 before it can be 1nterpreted The flrst correction is
merely the change in units from mW to Watt. As discussedlin'
Chapter III (Sec. C-5b), a power meter reading of 0.1 mW_corresponds
to 0.73 +.02 W absorbed in the cavity. Each average shift must,
'therefore,'be divided.by 0.73 to get.the actual shift in'Hz/W‘.

~ Whenever the applied perturbation does not act over the‘entire
distance between the separated hairpins, the measured shifts must
“be multiplied by the filling factor_L/D where D is the length of the
interaction region (cavity diameter),and L is the separation
between the hairpins. This correction is necessary because the
Ramsey technlque samples the average transition frequency between
» the‘hairpins, and therefore the measured frequency is anyaverage.of
the (perturbed) transition frequency when the atom is'inside the
caV1ty and the (unperturbed) tran51t10n frequency when the atom is

between the hairpins but outside the cavity. -

\
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o Table IV-l-’ DATA SUWWARY - Shlfts Llsted Here are Normallzedi“f~’

to a Power Meter Readlng of 0. 1 mW

A-4152Gauss.DOUb1et.”»._..; S

7 ”Rﬁn:No;f:'f v:reShift ﬂi‘eeEShiftil_.

C21 o 7m3Hz o T7¢3Hz
A”_ZZ?: -.  .:70£3. . > .”;65£4 -.r_v E

L Aveiagé S 75¢4_f} ' ' ;f7$t7

. B-1250 Gauss Doublet

R No.  shift . . Shift

16' - f'. - inésé*'r - ef92t4iﬁz
17 80¢3 Hz . 97t

18 824 96:3

19 0 86£3 (923
20 . 89x3 - >,89i21[;_

Average . 844 93£3.

C-2100 Gauss Doublet .-

g ey
Run No. S Shlft R 'Shift

1 46tlHz . 165:2 Hz
2 a0s3 o a7mes
13 U a0xa 17482

14 aee2 T 1463
25 aer1 ¢ 186:l

"'Average ' "”1 46+3 . 17022
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The third correctidn is an additive one. Whenever the average’
energy level separation of an atom in the region between the hairpins
i; ﬁot equal to the energy level separation in the hairpins, the peak
~ frequency is shifted by an amount!?®? 1.2 %AAw where Aw is the difference
between the transition frequency in the hairpins and the aﬁerage
transition frequency in the intermediate fegion, 2 is the length of
the beam'path in a hairpin and L is the length of the ihtermediate |
as

region. The total correction to be applied to the_averages_Sme

given in Table IV-1 is

L 1

Sobs = Smeas D 0.73 -1.2p)
S. =2.05+.04S_ -

“obs meas .

- The observed shift can also.be written in Hz/G2 by using the,conVersion
(Appendix B): - |

1W< 3.10 +.14 G .

When these corrections are made to the average frequency shifts
given in Table IV-1, the results listed in Table IV-2 are obtaiﬁed.
The observed shifts tsobs) are given in both Hz/W and Hz/G2 for ‘
comparison with the expected mass shift effect (Sms) and Bloch-Siegerf

effect (SB_S). In additibn_to the discrepancy in absolute size, more

| than two’ofdersvof‘magnitude,'betWeen the observed shifts and those
“expected due to an electron mass shift, there is also a strikihg
discrepancy in the relafive size of the shifts of the 2100 G transitions

¢4 and Cye If these shifts were due to an increase in the electron
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. Table IV-2.

vComparison of Observed Shifts (Sobs) ‘with Mass

shift Effect (S ) and Bloch-Siegert Effect (Sy o)

. Transition Frequency | Smé I 'Sobs Sobs'z' - SB-S. ;
: - (MHz) (Hz/watt) (Hz/watt) (Hz/gauss™) (Hz/gauss”™)

a; 9119.6 55 +4 x 10° . 154 9 50 +3 60

a, 0119.1 55 *4. 154 15 503 62

by 18509.5 52 4 172 +9 56 3 6l

b, 8508.1 52 4 191 #7 62 +4 o7

¢ 7115.3 43 3 04 16 02 38

c

7112.9 43 3 349346 1138 150
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mass, the two should be equal (to within a few pefcent), whereas they
differ by a factor of about 3.7 .

- On the othér hénd,ithere is good agreement, between the six
observed shifts aﬁd those expected on the basis of a many-level Bioch-
- Siegert effect. This effect amounts to‘a.shift»in the maximum

transition pfdbability (i.e;, the central peék of the Ramsey pattern)
due tdvthe'presenée of a non-résonént pertﬁrbation. Evidently, the
rf magnetic field in the cavit?’has‘been slightly QVBr estimated,
causing the Calculated'Bloch¥Siegert_shiffs to be somewhat larger than.
the iisted méaSurements. The relative sizes of‘the six measurements,
howevef,‘égree completely, within‘experimehtal error, with the
calculatéd"Bloch-Siegert shifts.

An oscillating magnetic field Hrf’ orientedvat right angles to
a given C-field'HV, shifts a given magnetic dipole transitibn

frequency f by?®

‘ 2 . 2 | 12
i - W, Heg _l<1|JX|1>| . |(2|JX|1)L
AT W_W, W
' R "j) (""ﬁ_ - "j)

where (WZ-Wl)/h is the transition frequency under study. The index
_jvtakes on two values corréspondiné to Vj =y, the ffequency'of'the
non—resonant_perturbation. The index i runs through all the states
thatvcan be feached by a m-type transition from either the initial or
thé final state. This many—ieyg; Bloch-Siégert effect is seen to be
proportional to the squafe of the rf magnetic field and hence is a

linear function of power.
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Becauee of the'resonance denominators; remotelyfprobable

‘transitions which 1ie ciose to'the'non~re§onanthperturbing frequency'
(i.e the caV1ty frequency) w111 1nf1uence the total tran51t10n
vprobablllty more than those lylng farther away Flgure IV 4 o
illustrates, for: the 2100 G doublet, what tran51t10ns can be 1nduced
(with remote probablllty) by the caV1ty rf magnetlc f1e1d The

left- most 11ne in each case is the transition under study (1.e;, theh
’ 7 1 GHz tran51t10n) The other five'in each case serve'to distort
"the total tran51t10n probab111ty unequally for the ‘two tran51t10ns
The 1nequa11ty comes from about the unequal 1nf1uences of the |
(3, 2) (3 1) tran51t10n on the 1eft and the (4 4) (3 3)
’ }tran51t10n on the right due to the1r unequal frequenc1es
Perhaps the qulckest way to test whether one is ObserV1ng the
v_,Bloch Slegert effect or the mass-shift effect 1s to choose a cav1ty |
mode for which a mass sh1ft theory predlcts 1arge, p051t1ve and
equal frequency shlfts for the two members of an doublet wh11e
the expected BloCh S1egert -shifts are small, negatlve and unequal
A Such is the case for the 2100 G doublet when the cavity frequency
is 7930 MHz and H fls perpendlcular to HO , Seven-runs were made_atf
f 'vthis‘ frequency u51ng:a TMZlO cavity powered by a Litton L3508 |
'mechanically-tunedrmagnetronr Figure IV-5 is a plot of tran51t10n'v.
frequency'versus power for one such run. The frequency:shifts are
- clearly negative and unequai} The resulté of these runs reinforce
-. the conclusion drawn from,Table V-2, namely,-that no shifts are -

observed which cammot be interpreted as Bloch-Siegert shifts.
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2100 "Gduss |
S mg F
3 "
Q ® ' 4-§; 4
) -4
A ' $ : : 4@ ::3
| 3 | 53
C4-3e(32) (4,-2)(3,-3)

XBL 698-1149

- Fig. IV-4. Remotely probable transitions induced by non-resonant
rf magnetic field oriented at right angles to static
field H,. '
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Transition frequency versus power meter reading.

.2100. gauss doublet (Run 28). Cavity frequency .= = .
T2 7930 Mz,  (a). (4,-2)«»(3,-3). Slope = .

-=22.5%1.2 Hz/0.1mW, ordinate
®).. (4,-3)+(3,-2). Slope.

C$-7112,942.0 Kz,
~2.8+1.0 Hz/0.1 W,

. ordinate = £-7115,291.0 kHz. Error bars represent.
..~ one mean standard deviation.. ——.° IR :

05  LOmW 15 2.0

. XBL.698-1148.
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D. Conclusion: Why the‘Mass Shift‘Effect'Was'Npt'Observedl
Arguments 51mllar to those used in Chapter II Sectlon E can be

1nvoked ‘to explain the negatlve results summarlzed above * Return

to the point where the mass. shift was 1ntroduced [Eq. II-7]:

@0 = 1B - SR)T ¢ (D« oFa?

+ eci(0+B - ia-B)]
where the‘time;dependent terms have'been‘droﬁped There are three

2.2

ways in Wthh the constant term e"a” my be handled i) combine

'ezaz with (mc ) to get a renormallzed mass as was done in Chapter 11,

2 and get the same shift for all energy

ii) comblne ezaz with W‘= E -mc
- levels, or iii) leave the term in. the equation until after. the non-
relat1v1st1c approximation has been obtalned ‘treat it by perturbatlon
theory, and get an equal sh1ft of all energy levels. Alternat1ves

ii) and iii) are equlvalent to order l/m y 1. ., when the relativistic .
term z;;Z W- e¢) is neglected.

The oscillating fields experienced by a beam atom traversing a
diameter'of a TMblO cavity are roughly similar to those of a linearly

polarized plane wave which' can be repreeented.by

R Eaei(kx_wt)v

A% = a’ (1 + cos 2(kx-wt))
2 4 .
where € is the (real) polarization vector. If the eZA2 term is carried -

through to the non-relativistic approximation, it becomes
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'eZAZ _‘ezaz. eza2 2ikx - -2ikx,
— = — * .2‘(e + e’ )
2mc 4mc™ = 8mc .

*+2iwt

where the e factors in the éosine have been set to their zeroth

order Values namely, un1ty When the prev1ously neglected ——-K p
term is treated in second order perturbatlon theory and the e a2/2mc

‘term is treated in f1rst order perturbatlon theory one obtalns w1th

the a1d of [Eq (II- 41)],.

: 2.2
-e 2> -e"a
mK’P‘*;—z—
mcC
2.2 zz 2,2 , 22
e"A e"a
ch2 4m.c2 8mc2 _ chzr

i.e., the (first order) energy shift due.to the mass renormalizetidnv N
term ié exactly canceled by the (second order) energy shift‘due to
the K-E term, ‘In the light of the‘negatiyereXperimental results, it
appears that the proper way to treat the eZAZ.term is‘by perturbation

theory, and not .to consider it as an electron mass renormalization.
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APPENDICES

A. Quadratic Dirac Equation

i.' Introductibn: This appendix contains detailed calculations which
:supplementAthe theory given in ChaptebeI for an electron in ah
elegtrOmagnetic‘field. The quadratic (or'Second order) Difac equation
is obtained from fhe 1inear'(br first order) Difac equation.
_-Af Metric: The signature 6f thé metric is_chosen to be

(1, -1, -1, -1) so-that the product of two four—vectors>A and B is

AB = (AO,K)-(B'O,ﬁ)_ = AB, - ,K'ﬁ

B. ‘Representation of y Matrices:! The following representation

"~ will . be USéd:

Yo = ((I) ,_(I)) =8 _ | _ (A
‘v’=(3 “) | | (A2)
-0 0 - »
a= (2 O) =Yy . | (A3)
c 0 - v :
where g : '
A IS R

and

II. Construction of the Quadratic Equation: ‘The relativistic wave

‘_équation for an electron in an electromagnetic field may be written
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" in the following co-variant form:®

[ -S8 -mcPlu=0 , (A

where e = -4.803 x 1_0__10 esu is the electron charge and mc2 is its rest

_energy. The energy -momentum four-vector
B 13 o

p= (5P =10~ (ih z »¢, -1HV)

s gompdsed of the total energy E and the total linear momentuin _ﬁ;

and the four-vector potential
A= (4, B

is composed of the electrostatic scalar potential ¢ and the magneticv-
. -vector potenfial K
Equation (A4). can readily be converted to the more familiar form

involving % and B. After multiplying by -Yo'on- the left, ‘one has

[_CY‘oYo(po. "Ee:'Ao) * CYO?.(E -'% Kv)i‘qrijomcz.]IJJ =0
[¢é99@4ca5;9m+&ﬁw=o
or, ' | |
(Cas? + ed + gmcl)y = By (A5)

where -

- ->
T D -

0o

K N : | (A6)

Ly

is known as the kinetic momentum,
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By analogy with Eq. (A6) the kinetic four momentum m is defined

ﬂ.; P - E-A
Define - |
| =y
_éo that Eq. (A4)’beéomes | L | |
o | (ch -mPwp =0 ;5
multiﬁly by cf + mcz{to get
(et + mc?)(cA - mcHyy =0

or o

(et - mcAHw=0 e

Equation (A8) is a second order differential equation for the four
component spinor wave function ¢. The remainder of this'appéndix is
.devoted to evaluating the product f+# in terms of the electric and

'magnetic fields acting on the electron.

I1I. Evaluation of f-#:  In this sectioﬁ it is shown that:
fef = em + ?.E‘_ (G-B - ia+F)

The proéf of this identity is straightforward. Beginning with the

definition of # given by Eq. (A7), one can write

5 > >
; B T, -gem\[m, -Oem
feort = (yem) (yem) = (Y TmY 1) (YTomyem) = [ o
‘ ' . . geT -TTO T —'ﬂ'o

o = Ingrg - @D EMT g 2) ‘ [%,wol(ﬂ U)
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VApply the identity
.CE'K)(E?ﬁ) A8+ 10-(Kx§)

~and the def1n1t10n of a given by Eq. (AS) to get

or _ .
#e .=._Tr-7r'.—big-(_7?x}r>)ﬂ + G- [m,m ] | (A9)
2>Consider.theioperator TX T
Pt GoEh X G- Lhy
=(1hV-—K)X(1hV-V—K)w»
= -h2v><§7w + m < vy + m% -K%Vw + %K*Kw . o

B e e > >
T - Temw - ige (mwxm) +'a~[n,ﬂo]

Now, V x V¢ = 0 because the curl of any gradlent vanlshes 1dent1ca11y,'

and X x X = 0 since Kllsvparallel to itself. Furthermore,

VxR = Kx o+ Ry

so that Eq. (AlO)'becdmes |

CFx T anE @y - in S

Consider next the operator [%’"o]:v'

[ - S0 5 - %‘!’]‘1’

[7,m v

n|m

b

(AL1)

on) - in Sy - SRy 9{-}%— )
C .



b
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= —[(V¢)w+¢vw¢v¢]+m [C (BK) gg_fwg_%%
1 (L xen
B o2

Gog-a%t . @

- when Egs. (All) and (AlZ) are inserted into Eq. (A9), one finds the

de51red result:

feoft = mem + 92.(3-§ - igeB) . o (A13)

Iv. The‘gpadratlc Equatlon ‘When the eXpression.for feosf derived

~in the preceedlng section is 1nserted into Eq. (A8), one has

erer - @cH2y = en@E - By . 1)

The square of the kinetic momentum four-vector is

mer = (p-2A - A
=, - SA)E - B - 257
= E-S9l- @ -2h?

With this~result, Eq. (Al4) becomes

E - e¢) 2y = 12 - -K) + mcH)? - o@D - ia By . (ALS)

Equation (AlS) is the d651red second order equation for the four-

component spinor ¢. It should be noted that if ¢ is a solution to the



-78-

linear equation (A4), then it is also a eolution'to the

quadratic equation (AlS). As p01nted out by Rose, the presence of the:
‘non-hermitian term iaB 1n Eq. (AlS) need not cause concern.. Equatlon
(AlS) is not, strlctly speaking, a quantum mechanlcal wave equation

since it is not in the Hamllton;an form, 1i.e. 1nstead of being written

_ i O
oy = ih 5tV

L : 2 ‘
it contains the second time derivative -h 9—%—='E2.
"B. Effective Fields of a T™

010 Cylindricai-CaVity

I introduction: This appendix contains detailed‘calcuiationsluhich :
supplement'the discuseione of Chaptere IIT and IVfregarding the electric
and.magnetic fields experienced by'an:atomic beam as it travefses a
cylindrical cavity that-is'resenating in the'TMOld mode; Expreesions
are found which" relate the fields and the magnetlc vector potent1a1 to
the measurable cav1ty parameterc P, Q, % and Yo (deflned below)

Suitable spatlal averages are made to deduce the effective f1e1ds which
act on an atom when it passes along a_diameter,midway between the piane

ends of the cavity.

II._‘Standing Wave Field Configuration: . The explicit expressions for
the electric and magnetic fields inSide an evacuated, cylindrical

'cavity7of radius R operating in the T™™ mode are,! in Gaussian units,

010
| *01 -iwt e
and ‘ : | o
; . *01 -iwt '
»-§»= -§ iBy J) |- d e . - (B2)
where x_, = 2.405 is the first root of the zeroth Bessel function Jo(x)

01
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and p, ¢ and z<ere‘the radial, azimuthal, and axiai,coordinates,'res—
pectively, of a point inside the cavity referred to a‘cylindrical
coordinate system whose origin lies at the center of ene of the circnlar'
ends of the cavity. | o

The magnefiCSfield 1ines.ere cifcles coneentfic with the cylinder
axis,>whiie-the eiectric field'lines_are straight lines'parallei to
the cylinder axis. =

" Since no charges are present in the evacuated cavity, ‘the electro-

static scalar potential vanishes and the electric field satisfies

) 1 A
E=- c 3t
'e’Hence, : ' o o I
= -cf% dt =-zc E0 JO (ORl c)fe_iwt dt
or '

.K-—-Ql EO Jq (%1_;) e Wt . (B3)

It can be verified by taking the curl of Eq. (B3) that Eq. (B2)
satisfies . ’ | |

vxk=38
as it should . |

III. Field Amplitudes: It remains to express the amplitude E0

terms of the measurable caV1ty parameters P Q, 2 and Vo When this is

done ~one W111 be able to calculate the electric and magnetie fields.

and the vector potent1a1 at each point 1n51de the cavity when P, Q,

mand vo are known where



-80-

- P = power input in erg/sec,
% = length of cavity in cm,
v, = Tesonant frequency in‘sec'l,

and the parémeter Q is defined by “

Stored energy , | DAY
o Power loss ‘ S : (B4)

Q= v

This parameter, Q, is sometimes referrédvfo as the "unloaded Q"2
since the only dissipation considefed here is that which takes place
: wifhin'thebcaVity Walis, namely ohmic heatingl» It should be pointed .
out thét'Q is directlyvrelated tovthé_half power (or "3-db') points
of the éavity power absorption curve, as measured when the cavity
is used és a matched load. This resonance curve is of Lorentzian“
shape;' if the frequency separation Between hélf-power points is Av,

then

where v, is the,resonant ffequéncy;defined as’ the frequency at which
‘maximum absorption occurs. - |

At eQuiiibrium, tﬁe péwer dissipated by ohmic 1¢sses is equal
to the input power P. If U is the time-averaged enérgy stored in tﬁe

cavity, then, from Eq. (B4)

cu=R | (B5)
S |

~ The time average of the stored energy in an evacuated TMOlO '

" cavity is given by!

_ 2% 2
U= 157 [ |E,|" do
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where £ is the length of the cavity and o is the area of a cross section

- taken normal to the cavity axis. Thus,

IEOIZ' 2n R 'Xoi. 5
='._81r_7:£J’o d¢‘[o [Jo. (T p)] P de
With the change of variables
=p/R
this becomes
| | IEg!?

U= o 2 R? 2 fl T J0 (x r) dr .

The integral appearing here is evaluated in standard integral tableé:

1. .2, _ 2 .
/o rJ, (x01r) dr = 1/2.q1, (x01)
Finally,
2
|El 2 ' 'Bﬁ
U= nRle (xp1) (B6)

NI

‘Equations (BS) and (B6)‘caﬁ'be combined tovgive the square of the

- amplitude EO in terms of P, Q, & and Vo  Thus

- or

PQ B2, .
U= -\_)_;,= 3T mR™L Jl (XOl)
|Eyl4= —° A, e
0 5 %x.) v aR? S
Y1 Y01 o}

Now, thg resonant frequency voiis related to the radius R byl-‘

x .
o
—

e gl

r o . ZT"-\),O':“
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so that

= 2_\)—' (B8)
and Eq. (B7) becomes.
2 ) ”"32ﬂ2 . PQvo o _ ~_
00 g J 2(x ) g - ' ‘
01 1 Y01
 When the numerical factors are collected, one obtains
| B |
Egl? =203 —2 . © (B10)

QC_'
Eq. (B10) gives EO in sfatvoit/en when P is in erg/sec,vv\)0 is in Hz
and 2 and c afe in cgs units. An expression which-ﬁay be used for{
practical'ca1Culationé~is,f
: PQvé: . _ s
T S o (Bil)‘

(2
[Eq |

= 203

where now Ej is in volt/cm when P is expressed in watts, vd in CGHz,

and £ in cm. | : | | | |
With EO glven by Eq (BlO) one - can obta1n B in gauss and A in

statvolts at any po1nt within the cavity from Eqs (BZ) and (B3).

Iv. Average Fields Acting on a Beam Atom: In thlS eection a spatial.

Z. B2 and A2

average is taken of the quantities E to determlne the
effective f1e1ds experienced by atoms-in a beam which travels along

a cav1ty d1ameter mldway between the ends. The average of the square
of the magnetlc field is taken, rather than of B itself, because 1t is’
B wh1ch appears in expressions for transition probabllltles and for

the Bloch-Siegert Effect (Chapter IV, Sec. C). The average of the

| square of E is taken rather than of E itself because it is g which
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appears in expressioné for the Stark Effect. _The average of the square
ofFA is taken rather than of.A itself'because-it_is Az Which appears

in the expreséion for the eiectfon ﬁéss shift.(Chaéter ).

| From.Eqé; (Blj, (B2) and (B3) one sees that fﬁe desired averages
invdlve'average Valueé of squares of Bessel functions, i.e.,

<E2>p - %"OR‘JOZ(E(%‘D) dp
_ ) » ,

and

_,(BZ)p = % ,-Z{le(zc%l_ .p) do .
J
' Thesé intégrals»are notvevaluéted in stahdard works on Bessel
Functions, and it ié necéssary-to evalﬁate them numericaiiy. A
Foftran_II routine wés‘written to perform»thevnﬁmerical integration.
A suerutine évaluated‘Jn(x) for a specified n énd X to a chosen
précision of abbut O;l%.“ The main program employed the'trapezoidai
method to-perfonnvthe integratidn. This method.breaks up the area
- to be compﬁted into m'trapezoidal sections and-adds their areas.

The results for 100 intervals (m=100) are

0.478 £0.002  (B12)

AR g |
1 .2 (%01 .
Rl Jo (Tp) dp =
Jo |
and

R | |
A 5 20 o) g5 = 0.203°50.0000 - (B13)
Rl J1\=® = 0.205 20.000 |

0" . . N N

The results for 200 intervals differed from these by .002 and
: .000,,fespective1y, and this difference was chosen as the uncertainty

in the calculation.
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The one- dlmen51ona1 averages just computed were made for a beam
which has ‘no he1ght or w1dth The actual beam width.1is 1mmater1al
slnce nelther B nor E (and hence A) depend upon ax1a1 p051t10n Atoms,

traveling along a d1ameter go from p = R to p 0 and.back top= R'

.;Due to the f1n1te height of the beam, most atoms will travel along a f
chord parallel to the dlameter and hence the1r minimum radial p051t1on
will be sllghtly greater than Zero. The magnetlc f1eld is zero at
p=0. The average of B for an. off dlameter path (1 e_, one which
does not pass through p =0) w1ll be sllghtly larger than for a path
that follows a dlameter The electr1c field and vector potent1al have_
‘thelr maxima at p = 0 SO the average of EZ and A for an off- dlameter
.path will be sl1ght1y smaller than for a path Wthh follows a dlameter.

If one were to average over the beam helght, as well_as along its
length, one would obtain slightldeifferentvaverages than those_given,
.by Egs. (BlZ) and (B13). .For'example; consider an atom 1ocated on the
upper or 1ower edge of the beam It will pass through-the cavity along
a chord which' passes to w1th1n a distance % of the cav1ty axis (p=0),

' where 2% is the vert1ca1 extent of the beam.  The averages for such an

atom are (R = 1.546 in., & = .125 in.)

p"1 -2 (%01 _ - o | L
R X -
1 2 {701 ' : ' : :
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As anticipated, the average of Jiz (and hence of.BZ) is slightly
larger for an atom on the fringe of the heam than for an atqn at the
beam center, and the average of J (and hence of E and A ) is
;hsllghtly'smaller for an atom Qn the edge of the beam than for one that
folloWs‘a_diameter. 'Thisidifference amounts tO'about.lo% in both
cases. | | |

Owingrto thelfact‘that'fhere aré deviations of unknown magnitude
vftom-the theoretical field configurations due to the holes‘cut in the -
cavity:for entrance and exit aperturee; and“fof the coupling loop, no
averages will‘be exaCtly correct. Furthennore; unceftainties of about
.%’arise in the determination'of input poWef P’and.of Q, and these
affect the accuracy to which the average f1e1d5 can be determlned " The
: folloW1ng rough values will be used: |

2
T,

0.455 £0.023 ~  ~ (B16)

<J12)p 04212-£0.009 L (B17)

The uncertainties given here amount to about 5%.

~ In summary, the effective fields experienced.by the beam will

be taken to be

E =‘|E|e‘i“th | ' (818)
B = i|Ble 10t (B19)
A7=-i|A|éfiwt L '. | (820)
whefe | | o
B = 0.455 E,° (B21) .
]2 = 0.212 E, 2 22
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1A% =0.455 (92 |E, |2 S ¢ N
and
2 _ - 0 . o . :
|E0| = 203 —ZZZ ‘ L _ _(3l0)

with P given ih'erg/cm; v0 in Hz, and % and c in cgs_units;
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