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COHERENT AVERAGING OF ELECTRON SPINS BY
ROTARY ECHOES IN EXCITED TRIPLET STATES

M. E. Tarrasch and C. B. Harris

Department of Chemistry and
Materials and Molecular Research Division -
Lawrence Berkeley Laboratory
University of California
Berkeley, California 94720

ABSTRACT

A théoretical treatment of rotary echoes.derived from Avefage
Hamiltbnian formalism in photoexcited triplet states is presented.
From a genéral relaxation matrix, it is shown that felaxation fields
perpendicular to the driving field Eeff are completely averaged, whereas
relaxation fields par?llel to Eeff are not. Rotary echoes are found to
differ from other éoherence techniques only in the geometry of the
experiment aﬂd not iﬁ the averaging properties per se. Off-resonance
driving field conditions are shown to impair the efficiency of the
.averaging and to cause beats in fhe 6bserved echo decay. Finally,
inhomogeneo;; line broadening is shown to produce a ‘damped écho decay

@
with beats even when the field is on-resonance.



I. INTRODUCTION

The use of spin coherence experiments for studying excited triplet
states in molecular solids has been demonstrated many times in the last
few yearé.1 For these systems, two general features are important:

1) the inhomogeneous broadening of most ESR absorption lines obscures

any CW measurements of relaxation processes and necessitates the use of
time-resolved spectroscopy; and 2) the optical detection of spin coherence
requires that thé coherent component be manifestgd as a population term
and thus most pulse Sequences which coherently saturate the system must

include a w/2 "

probe pulse" to rotate the coherent component into a
population difference.2 Thé exceptions to this are transieng nutations,
rotary echoes, and rotary echo trains. The purpose of this paper is to |
present a theoretical investigation of rotary echoes,3 a relatively simple
coherence technique designed to eliminate applied field (ﬂl) inhomogepeities.
In £his instance, no probe pulse is fequired because the echo forms albng
the r, axis in the Feynman-Vernon-Hellwarth (FVH) representation.4 The
rotary echo is a pair of back-to-back transient nutations separated by

a 180° phase shift in the applied field and consequently it uses neither

a preparation nor a probe pulse. Since the r-vector is continuously

"sampling" the r -r_ plane and the r, axis, the decay of the echo is

1 2 3

characterized by a relaxation time T;i = 2(T11-+T;1)==(2T2)—1 in
the absence of spin-lattice relaxation. 4

In the first section of this paper, we apply Average Hamiltonian
theqry5 to the rotary echo. This approach allows a quantitative description

of the echo phenomenon to be derived and also allows one to clearly

“e
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differentiate the rotar& echo from several other coherence experiments.
Off-resonance effects are then discussed with respect to thevaveraging
efficiency of the rotary echo. Because the‘geometrical refocusing of
the echo will also be affected by going off-resonance, quantitative
expressiogs for the echo intensity afe presented and applied to inhomo-
geneous ebsorptien lines.

Although this work was motivated by triplet state ESR consider-
ations, we would like to mention the generel applicabilityvqf these
results to other fields, Iﬁ can be extended to,theeoﬁtical regime when
the usual assumption that A >>v (the sample volume) is made.6 In such
casee, spatial effects can be neglected and the equétions presented in
Section II are valid. Field strengths vary spatially across a laser beam
and molecular transition dipoles can have different orientaﬁions with
respect to the electric field vector; thus, the ﬁroblem of diiving field
inhomogeneities is as germane fo the optical case as it is to the

magnetic case. -

)

II. COHERENT AVERAGING VIA ROTARY ECHOES

In applying Average Hamiltonian formalism to rotary .echoes, we
will follow the notation and conventions of Breiland, Brenmer, and Harris
(BBH).2 The time evolution of a general Hermitian operétor ¥ is determined

by the following operator in the z-y-x basis for the triplet state:
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Here, the" |y(> and |x> sublevel_s (energies Y and X, respectively)

are being coupled by the microwaves of frequency w_ + Aw, w =
o 0

(Y=X)/h, sz =2Z2- X +Y)/2, wy is the épplied field strength,

S _ — 2 L :

Aw is the -amount off-resonance, and @ = (u)1 + Mw?)*. After a rotation

by an angle € = wt, the operator ¥ (8) is then'giveh by

x©) = sist. 2)

A. On-Resonance

Identifying ¥ as a relaxation Hamiltonian JCR in the rotating frame

with all non-zero components Hij’ a rotation by angle 6 with Aw=¢=0

yields
pag— [
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When the applied,glfield is "on" for é timé T and rotates the
r-vector through an angle
0 > 21, ' ‘ (4)
the averaged relaxation matrix:ik can be detérmined by inérementing the
rotation angle bybde and assigning a waiting time of Td8/0 to each value

of ﬂk(e){ The result in the limit that d® approaches zero is:

©/dé .
2 0° 1=21 Hp(149) 1d6 1 °
: 0

Using the inequality (4) to neglect terms of order (sinf)/@, (sin®6) /g, etec.,

we obtain for the 0° phase pulse:

= -~

2H,, 0 | 0
0% -1 - '
Y= 3 0 Hyy + Hyy Ho ~Hey |- (®
|0 ey~ Hoy HoHHoo

One canvthen_take the matri# ﬂk(@) as a zero—-time matrix for the 1§Q°
pulse and operate on it in the same manner with S and S_l, choosing
¢ =180°. ‘iisoo is identical to i’goand.therefore'ik = E[ﬂ'R +
-180° - e

The first poin# that emepgés from this treatment is that the
second half of the pulse sequence 18 unnecessary with respect to the

averaging of the relaxation Hamiltonian. A transient nutation performs

the same averaging as the rotary echo.- It cannot, however, eliminate
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H, inhomogeneities and is therefore of little value for measuring relax-

1

ation times relative to the rotary echo decay. It should be pointed out

that a rotatioﬁ by 27 does not return ﬂk to its original form due to

the spinor properties of a spin-1/2 system. For a triplet state, the . "
true cycle time is t. = 4ﬂ/w1, even though one loosely speaks of the
cycle. time as being.ZT, the time it takes for the echo to form.

Looking at Eq. (6), we see that all off-diagonal terms involving
the Iz) sublevel are averaged to zero as expected. Since this will
always be the case when only two of the three sublevels are coupled, we
will drop the lz) sublevel column and row from ﬂh and work oﬁly with
' 2%x2 matrices for thé sake of clarity.

The most important thing to note about the 2x2 submatrix in Eq.
(6) is that the.diagonal terms are identical. Physically, this corre-
sponds to adding the same energy term, %(Hxxi-Hyy), to the energy of
each sublevel coupled by the micfowaves. Assuming that thé values of
HXx and Hyy vary over the different sites in the sample (inhomogeneous
broadening), the rotary egho can be seeﬁ to eliminate the effects of a

~distribution of relaxation strengths. Figure 1 illustrates this in
more detail. Before the application of the echo, the lx)*’ly) transition

H

would appear at the energy Y-X+H -Hxx. Since the quantity Hyy" XX

yy
may vary from site to site, it contributes to the linewidth of the
absorption; however, after applying the echo sequence, the absorption
now occurs at energy Y-X and the contribution of the relaxation term

to the linewidth is removed.

More quantitatively, in the FVH representation,



r
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Thus, thé time dependence of the spin polarization r, requires that the
off~diagonal matrix elemenfs be non-zero in the rotating frame. For
.triplet states at low temperatures, ohe usually assumes that Ti==w; this
cotresponds to setting ny and ny équal to zero. Since T2 processes

then depend solely on the difference of the diagonal terms H__ -H

yy xx’

Eqs. (6) and (7) show that r; and r, are made time-independent by the .
averaging of ﬂk.

The directional dependence of the averaging process in the rotating
frame can be elucidated bx representing the relaxation field as a field

QR which exerts a torque on £.4 The components of QB are

“(H__+H )
R _ Xy yX
521 = % o (8a)
iH -H )
R _ vX Xy~
, 9 = TR | (8b)
: H -H . : :
R Yy XX
Qa = % XX - (8c)

and the general driving field Hamiltonian for the y-x basis in the

rotating frame is



Aw iw, e-i¢
-3 =) et -Aw - @
For on—reSonanqe, with ¢ =0,
Q¥ = o ' - (0a)
QY = -uw, | ~ (10b)
2 =0 | . - 00

and the field is applied along the r, axis as expected. From the 2x2

submatrix in Eq. (6), the relaxation fields are:

&= 0 (11a)
R . 1 _ . .2

@, = § W, -H ) = ~ZImH (11b)
& o= 0 : | | (11¢)

It is clear that QR is parallel to Q* and that the only component of QR

~

that is not averaged to zero lies along the driving field. The result

A} t \ .
with Qi = 92 =0, QR # 0 before averaging

: 1
is that any relaxation field Q2

3
is perpehdiqular to Q* and after averaging has all zero components.

One can easily demonstrate that for an arbitrary phase ¢ for the
lapplied field, the argument is identical and no additional insight is
.gained. ‘'The off-resonance case is more important and will be discussed

in Section II.B. Thus, the second general feature of rotary echoes

which emerges from this treatment is that all fields perpendicular to
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driving field are avefaged.but those paraZZeZ’to.it are not.

This analysis ailows one to make an interesting comparison between -
rotary gchées and Spin.locking. i% has béen calculated by BBH2 for spin
locking and for Carr—PQrcell—Meiboom—Gill (CPMG)7'echo sequences. In
both cases, the forﬁ of i& is identical to Eq. (6). How these experiments
différ must therefore lie in the geoﬁetrical relatiéns between Q*, QR
and r itself. |

Spin locking ié very similar to a rotary echg bécause the 51 field
is "on" continuously during the course of the experiment.DeSpite this,
the decay of phase coherence as measured by spin locking8 (called.Tlp)
has_been shOanto approach the lifetime of the excited triplet state,
whereas phase coherence-as.measured by rotary echoes is three orders of
magﬁitude éhoréer. The difference arises because r lies along Q* in
spin 1ockiﬁg but is perpendicular to it in a rotary echo. If a relaxation
field QR is present, the only non-zerb component of QR lies along Q*;

r will then precess about the combined field (QR-FQ*). The presence of
the additional field Q# does.nog affect spin locking, since I is "locked"
along Q§R-FQ*) — the only différence to be expected is that the rate of

1

relaxation against the fields (TIpm)9 would change, depending on the

. =R .
magnitude of € . Experiments show that T o Processes are slower than

1p

most other processes and do not affect the T, value very strongly; any

1p

small change in the T vaiue is therefore not reflected in the T

lpm 1p

decay for spin locking.
A rotary echo, however, is much more sensitive to the addition of
a small relaxation field @R along Q* since r and Q* are pérpendicular,

to each other. The rate of precession about (§R4-Q*) will.depend on IQRI.
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For a 0°-phase field, the effective field looks like (Q#-FQ*) and for a
180°-phase field, 1t is (QR-Q*); thus, instead of experiencing equal
but opposite fields during the echo, there is a refocusing error of
0 = 4Tl§Rl radians accumulated during the experiment. The echo intensity

will decrease by the factor cosf, the projection of r along the r, axis

at fhe echo time ZT; This, we believe, is an'importdnt .cause of short T
times in rotary echoes relative to Tlp times in spin locking. Given
that i% is the same for both spin locking and rotary échoes,‘but that

T v>>‘sz, the above geometrical interpretation is consistent with

1p
Redfield's argument that the componeﬁt of r parallel to 51 decays

with a time. constant The (not T2) in the Bloch equations.

B. Off-Resonance

' Off—resonaﬂcevaveraging is considerably more cumbersome to
calculate; therefore we will only discuss'tﬁe 0°-phase field equations
for the |x) ¢ |y) 2x2 submatrix. The averaged Haﬁiltonian including the
.180°—phase field would contain many terms aﬁd obscure the physical

interpretation.

Neglecting H#y and.ny, the average Hamiltonian for the 0° field is

2 w. \2. 1Aww
H 1+(A_ul l+n <—;1—) - - (1, -H_)
yy o S oxx\ g/ : o2 yy o xx

i

= g ‘

2 -
)+H
XX

e1|.8

1Auww
&-)2 (Hxx - Hyy) . Hyy (

20

T
~
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There are two important differences between this equation and Eq. (6):

1)

2)

off-diagonal elements from field-induced T
- follows: the effective field Ee

r. -r

Even th0uthKR was assumed to be diagonal, ﬂk develops non-zero
1 processes. This is

strictly an off-resonance effect and can be visualized as

£f that r.preéesses about lies

in the r, - r,; plane and r therefore is not constrained to the

1 3 plane as it would be on-resonance. The cone that r

describes about H
~eff

along the r, axis than it would have if Aw=0. A different r

leaves r with a different average projection

3

component corresponds to a different spin aligned triplet state '

~and translates mathematically into a non-zero off-diagonal

element in i%. Since the number of spihs in the system is
conserved, this "effective Tl" process muét occur simultaneously
with an "inverse T2" process. Indeed, the change in the average
r, component is accompaqied by the creafion of a net averaged
cohgrent component,along the El direction.

The diagonal elements ofjﬁgoare no longer equal for the
off-resonance case. This means that drr/dt .and dr2/dt will
both depend on the difference of the diagonal terms, which is

(Hyy-Hxx)(Aw/a)z, as well as the real and imaginary parts of

the off-diagonal elements. Rewriting Eqs. (7) for off-resonance

‘effects,

dr - A\ Duwoy r
1 . - (Bw) 2 _3
ac (Hyy"Hxx)[ (&3) 5 ‘< -21) B ] - (13a)

dr o A r
T = (Hyy-HXX)[(E%) -?%] (13b)
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: dr3 : T AUXUI rl
dt (Hyy"Hxx) o2 Y ) . (139)

"We find for small Aw, terms with the coefficient Awwllﬁz dominate,

since w1==5. For large A@, terms with (Am/;))2 are more important.
Aithough it is difficult to estimaterthe.magnitudes of Hxx'and
Hyy’ a.general idea of the effects of off-resonance fields can

be obtained if we lgt (Hyyf'Hxx) be five times smaller than the
driving field W, . In this instance (Hyy-Hxx) is reduced by the
factor Aw/w, that.is, the off-resonance averaging increasesvthe
dephasing time by about a factor of five. For large Aw, the

tefm (Aw/l.;))2 ~ 1 and the averaging is minimal.

One can perhaps gain a clearer physical picture oonff—resonance
averaging by considering the geometrical components of the relaxation field
and the effective field. Again, one finds that any vector pérpendicular to
g* is also perpendicular to ER and, as before, fields paréllel to the
- effective field are not averaged while those perpendicular to it are.
However, thoée fields perpendicular to Q* now lie in a plane, specified
by w, and Aw, which does ﬁot contain the r, axis. A relaxation field solely

3

along the r, axis, which would be totally averaged were Aw=0, is now only -

3

partially averaged. Referring to Fig. 2, the angle geff makes with the r,

QR:along the r3 axis has”

~

axis is a = arctan(Aw/wl). Therefore, any field

a projection QRsin(x = QP(Aw/B) along Ee The term (Aw/a).acts like a

ffe
reduction factor for the relazation field strength and physically corre-

' R
sponds to the compoment of §I not averaged (parallel to H ¢e)- This simple

trigonometric argument gives a result very similar to the averaging

<J
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treatment, if one assumes that the component of ngafallel to Eeff is

responsible for relaxation after the application of the echo.

C. Effect of Inhomogeneous Site Distributions

The effects of n-site inhomogeneous broadening in the absence of

- spin diffusion can be set up using a 2nX 2n block diagonal dénsity matrix

for the r-vector components, or equivalently as 3n Bloch equations. It
is much simpler to start with an expression for the r, component of a
single r-vector (corresponding to a unique isochromat in the inhomogeneous .

line) at the echo formation time 2T. One derives such an expression from

the general equations of motion for the components of r: |

r (t)
1

= = {r_l(O)LT)2 coswt - [rz(O)Awa + r3(0)w15 cos¢]sin5t
o .
o +[r1(0)u)§ sin2¢ - rZ(O)wj sing cos¢+r3(0)w1Aw sin¢l(1 -~ c"osgjt)}
(14a)
‘r'z(t) = &_’% {1‘2(0)52 coswt + [rl(O)AuxT) - ra(O)wla sing]sinwt
+[r2(0)wf cosz¢ - rl(O)wf sin$ cos¢ - ra(O)wlAu)cos¢](].— cos&t)}
(14b)
ra(t) = -w}-z— grs(O)(T)2 coswt + [rl(O)wl(I) cosd + rz(O)wll:) sinqS]simI)t

+[rl(0)wlém)sin¢ - rz(O)wlAu)cos¢ + rs(O)AQZ] (l—-cosat)} .

(i4c)

These equations describe the time dependence of the r-vector without
provision for applied field inhomogeneities, relaxation, or triplet

state population kinetics.
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The calculation of ra(ZT) is carried out by first setting

'rl(O) = rz(O) = ¢ = 0 for the 09—phasé field. The r-vector nutates
through aﬁ anglé O==5¢ and has all non-zero components at time T; these
components ri(T) now serve as zero-time components for the 180°-phase w
field, referenced to the starting time T. Equations (14) are then applied
rwith-¢=;180°, again rotating the £~véctor through O=wTt. Since the )
experimental observable is r3(2T),. this»is the only component of interesﬁ,

and is given by |

r,(21) = 1,(0) (;_)%),[sz (M? - %) + 6807 0? cos® + W’ sin0+ (! - Mw’w?)cos”0] .
(15)
It is important to reélize that Eq. (15) descriBes the intensity of the
.echonmximunxas:a function of T; it does not correpond to the echo
waveform detected experimenfally,'but rather to the reduced experimental
data after signal intenéities have been measured. Calculations based on |
this equation, with and without populatibn feeding and decay kinetics,
. are presented‘in the Appendix of this paper. To simulate inhomogeneous
broadening, one numerically integrates across the resonance line, changing
Aw and r,(0) for each isochromat in the line. The individual values of
r3(0) are weighted apéropriately for the chosen lineshape and normalized
"to i%i-ra.(O) = 1.0. Figures 3 and 4 show.thé results 'of such a calcula-
tion forlfoth Gaussian and Lorentzian lineshapes. For all of these curves,
the résonance line was divided into 251 isochromats exténdiﬁg 5 FWHM's on
either side of the center frequency. This.rather limited integration

range is satisfactory for a Gaussian line, but only gives qualitative

results for a Lorentzian. Between five and ten percent of the area

1T
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under a Lorentzian line is contained in the wingétcut off by the inte-
gration, leading to noticeably incorrect normalization for al; curve;
in Fig. 4.

Inhomogeneous broadening shows up as a damping of the echo intensity
gependent on the parameters Aw and (Tg)_l « FWHM. For a given value of the
FWHM, the damping rate increases as Aw increases aﬁd thS the destructive
interferencé of the various r-vectors associated with the isochromats is
more efficient as more of the isochromats are off—résonance. Tﬁe steady
state value of r;(ZT) is a function of Aw énd reflects the decreasing
ability of'the field to couple the two levels as Aw is increased.

The most interesting, and in fact surprising, result of these
calculations is demonstrated in Fig. 5, for which the FWHM is varied and
the field is applied on-resonance: the oscillations in r,(27) persist
for Aw=0 and are related in frequency and amplitude to the inhomogeneous
Zinéwidth'(T;)-l, As (T;)‘l appioaches zero (5—func£ion line), r3(21)‘
£ecomes a flat curve wifh value 1.0; however, for a typical linewidth
experimentally observed, beats in the echo maxima appear. 'This‘situétion
has serious consequences, since these beats are not the result of an
experimentally determined parameter (i.e., going off-resonance) and are
thus unavoidable. |

It is extremely difficult to visualize the echo formation inur-space
for an inhomogeneous line. Physically, thevbeats are a consequence of
two features: »l) even though Aw=0, all of the spins are off-resonance
by an amount depending on their position in the 1ine; and 2) the applied
.field is "on" continuously during the experiment and one cannot make the’

approximation used for short pulses (9=7/2,m) that all the isochromats
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nutate through @ about the same effective field. Because of thesé
characteristics, the rotaryvecho is fhe only cyclicvcoﬁerence experiment
which exhibits these beats for oh—resonance.driving fields.

The observation of these beats would be obscuréd by expérimental s Y
error for narroﬁ (FWﬁM 5 1 MHz)liines; wide lines would also be frée of |
beats if T were long enough for the oscillations to be damped. For‘éxample,‘ v
in Fig. 5, bggts in the decay of the 15 MHz-wide line have nearly disappeared
by 21 = 8 us. Successful exponeﬁtial echo decays.in molécular crystals
have been reported by van't Hof and Schmidtll'for various Parabenzoquinone
(PBQ) systems. The lz)*’]y) transition used to produce the echoes is.
roughly 15-20 MHz wide in PBQ; thus, it is copceivable that the beats
were not observed because T was chosen long enough to measure the detrap-
ping rates (104--105 sec—l‘in PBQ). For other s&stémé with.narrowerllines
(1 to5 MHz),-thesé beats persist for much larger values of T and should

be superimposed on the decay due to other processes of interest such as

nuclear spin diffusion and ‘trap-exciton band interactions.
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. APPENDIX

«

We present here calculations for rotary echo decays based on the
asgumption that the resonance line is homogeneous. Although this does
not necessarily correspond to the case for ESR absorption lines in solids,
the physicé is intefesting‘and simpler to yisualize than for the case of\
inhomogeneous broadening.

The fesults for .a singie isochromat are described by Eq. (15) and.

illustrated in Fig. 6. Note that no damping is present as in the case

- of inhomogeneous broadening and that Aw alonghdetermines the amplitude

and freﬁuency of the oscillations. The frequency increases with increasing
£f with frequency proportional to
W= \/sz-kw? . The amplitude is a function of the angle o in Fig. 2 and
is generally given by r3(0)[8cosza - 8cos'a]. When 0 = T/4, the resonance
offset is equal to the applied field strength and complete inversion caﬁ
result if T is such that the phase shift occurs when r lies along the
, axis. Dambing due to inhomogeneous broadening would prevent inversion
from occurring in most experimental situatiops}

We will now account for population being fed into the lowest triplet
state from the singlet manifold and subsequently decaying to the ground
state or other excited states. The time dependence of the density matrix

must be modified to include terms which both pophlate and deplete the

diagonal elements at rates F

y> Fx’ and ky, kx respectively, and terms

which deplete the off-diagonal elements at an average rate kA==l/2(ky-+kx).
Solutions similar to Eqs. (14) have been presented by'Breiland, Fayer,

. 6 '
and Harris® and can be used to generate an expression for r,(21) analogous



-18-

to Eq. (15). The feeding rates'are not variables in this calculation,
but are fixed‘by kA and'rs(O),which has been set equal to 1.0 to provide

comparison with Figs. 3 through 6.

Generally, triplet state lifetimes will not affect echo decays

because other processes of interest occur on a much more rapid time scale.

The curve for kA = 102 sec—l in Fig. 7 represents a typical triplet state

lifetime and is virtdally identical to the curve in Fig. 6 for Aw=1 MHz.

More rapid decay processes, such as detrapping to a vibronic level,11 are

5 6

represented by curves with k, ~ 10” to 10 sec:-1 in Fig. 7. Damping is

A
evident and does not lead to a steady state ra(ZT) value of zero, as
would be observed if Eq. (15) were simply convoluted with an exponential
decay term. This is because feeding events replenish the cone that r

~describes about H Purely homogeneous broadening (decay without

~eff”

feeding) would result in r,(21) approaching zero but is not observed

in molecular solids.

)

N
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FIGURE CAPTIONS

Schematic representation of coherent averaging by rotary echoes.
Definition of angle a = arctan (Aw/wl).

Off-resonance rotary echo decays for a Gaussian line (FWHM=
3 MHz) . The driving field strength wy is 5 MHz. The echo
signal intensity r3(2T) is plotted as a function of the echo

time 2T for various values of Aw.

Of f-resonance rotary echo decay§ for a Lorentzian line with FWHM=

3 MHZ.(Ql = 5 MHz).

On-resonance rotary echo decays for a Gaussian line as a

function of the iinewidth'(w1 = 5 MHz).

Off-resonance rotary echo decays for a single isochromat

(w, = 5 MHz).

1
Of f-resonance rotary echo decays for a single isochromat including

sublevel population kinetics (wl = 5 MHz).
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