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Abstract
Reinforcement Learning with Action Chunking Policies
by
Qiyang Li
Doctor of Philosophy in Computer Science
University of California, Berkeley

Professor Sergey Levine, Chair

In robotic manipulation, action chunking, a technique that predicts and executes a sequence
of actions rather than one at a time, is a powerful tool for capturing noisy and non-Markovian
behavior in human data or prior experience. While action chunking policies have seen lots of
successes in imitation learning, they are typically trained with supervised learning on human
demonstration data that are often costly to collect. Reinforcement learning (RL) offers a
promising alternative by enabling robots to autonomously collect data and continuously self-
improve from a well-specified reward function, but existing RL methods rely on simple policy
classes that often struggle to capture the multi-modality in prior data. In this dissertation,
we discuss algorithmic and theoretical foundations for scalable RL with action chunking
policies. We start by presenting practical algorithms for optimizing flow-matching policies
in Q-learning. Then, we establish a theoretical framework where we identify the key open-
loop consistency condition under which the learned action chunking policies are guaranteed
to be near-optimal as well as the bounded optimality variability condition under which we
can mitigate the open-loop bias via closed-loop execution. Inspired by these analyses, we
introduce a practical algorithm that demonstrates the scalability of action chunking RL to
longer-horizon tasks. Altogether, these contributions provide a foundation for scalable RL
with action chunking policies and bring RL closer to real-world deployment in robotics.
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Chapter 1

Introduction

Reinforcement learning (RL) is a powerful framework for autonomous online self-improvement
of learning agents. Through iterative online interactions and optimization, an RL algorithm
holds the promise that given any sequential decision-making task with a well-specified re-
ward function, it can eventually find the optimal policy for the task. However, making RL
algorithms practical in the real world (e.g., robotics) still remains challenging because even
the most sample-efficient online RL algorithms can take hours to learn new tasks. This is
in stark contrast to us humans, where we can often adapt to any new task presented to us
incredibly fast. We can quickly adapt to new scenarios not only because of years of evolu-
tion, but also because we have seen and learned many similar tasks in our lives before and
are able to quickly leverage the extremely rich and complex prior experience to allow us to
adapt quickly.

Thus, leveraging large-scale prior experience data to produce intelligent behaviors that guide
the agent to explore and learn efficiently online is monumental in enabling scalable RL
especially for continuous action spaces, where policy optimization is especially challenging
yet critical for robotics applications. However, extracting behaviors from human prior data
is not an easy task, since such data is often noisy, multi-modal, and non-Markovian. These
properties are difficult to capture with Markovian Gaussian policies used by the majority
of prior online RL algorithms. In the adjacent field of imitation learning (IL) for robotic
manipulation, action chunking, a simple practical technique that predicts and executes a
group of actions rather than one at a time, has been found to be able to handle non-
Markovian/noisy prior data better, but this makes the distribution of action chunks even
more complex and multi-modal.

Generative modeling is therefore a natural choice for handling distributions over action
chunks, and its effectiveness is evident from the large number of generative policy methods
proposed in recent years. Generative policies have since become a standard choice in IL.
However, the story is different in RL. Oftentimes RL requires optimizing the policy to maxi-
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mize an objective (e.g., estimated value function). While traditionally in generative modeling
literature, steering a pre-trained distribution towards samples that result in a high score un-
der a given utility function is a standard problem, RL introduces some unique challenges.
What makes RL particularly challenging is that the objective function that the generative
policy needs to optimize against is constantly changing. This requires us to carefully design
our algorithms such that the policy optimization is done efficiently while remaining stable
when subject to a moving objective. Chapter 4 introduces new algorithms that allow us
to perform efficient offline pre-training and online fine-tuning in both action chunking and
non-action chunking settings.

Despite the empirical success of action chunking policies in RL, there is still a lack of the-
oretical understanding of action chunking. Chapter 5 lays the theoretical foundation of
action chunking Q-learning where we identify the key open-loop consistency condition for
the prior data distribution (Definition 2) under which Q-learning with action chunking critic
is guaranteed to produce a near-optimal action chunking policy. On the flip side, we also
show that, in the worst case, as long as the data distribution is not open-loop consistent,
an action chunking policy may be arbitrarily sub-optimal. To tackle this challenge, we char-
acterize the condition under which we can mitigate this bias by closed-loop execution (i.e.,
only executing the first action in the predicted action chunk) of an RL-trained action chunk-
ing policy, and show that even when the data is not open-loop consistent, the closed-loop
execution policy is expected to be close to the optimal closed-loop policy. Motivated by our
theoretical insights into action chunking RL, Chapter 6 introduces a practical algorithm that
exhibits strong scalability to long-horizon tasks.

Overall, we take a step towards scalable reinforcement learning with generative policies
powered by action chunking. From algorithms that make action chunking RL practical for
online sample-efficient learning, theoretical understanding of action chunking Q-learning,
to scaling up practical action chunking RL to long-horizon tasks, this dissertation seeks to
provide both the algorithmic and theoretical foundation for scalable reinforcement learning
in the real world.



Chapter 2

Preliminaries and Problem Definition

2.1 Reinforcement Learning

We consider a Markov Decision Process (MDP), M = (S, A, P,v, R, u), where S is the state
space, A = R? (A € Z7) is the action space, P : S x A — Ag is the transition function,
v € [0,1) is the discount factor, R : S x R? — R is the reward function, and y € Ag is the
initial state distribution. We have access to a dataset D consisting of a set of transitions
D = {(si,ai,s;,m)}iﬂ, where s ~ P(- | s,a) and r = R(s,a). In this dissertation, we
consider two problem settings with MDPs.

The first problem setting is offiine RL. In this problem setting, we learn a policy mp : & — Ay
from D to maximize its expected discounted return,

Ur = Esompsiii~PClsiar),an~r(-lsk) [Z ka(smak)] . (2.1)

k=0

The policy is learned purely from D without any environment interaction.

The second problem setting is offline-to-online RL. This setting can be thought of as an
extension of the offline RL setting where the goal is to fine-tune an offline pre-trained policy 7
by continuously interacting with the MDP through trajectory episodes with a task-dependent
maximum episode length of H (i.e., the maximum number of time steps before the agent
is reset to p). The central challenge of offline-to-online RL is to maximally leverage the
behavior distribution in D to learn as sample-efficiently as possible online.

2.2 Temporal Difference Learning

Modern value-based reinforcement learning methods often learn a critic network, @) : Sx.A —
R parameterized by ¢ to approximate the expected return starting from state s and action
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a, and ¢ is often trained using the temporal-difference (TD) loss:
L(9) = Esasmn | (Qols,0) = (s, a) = ymax Qu(s', )’ (2:2)
where ¢ is often set to be an exponential moving average of ¢.

Multi-step return backup. TD learning can sometimes struggle with long-horizon tasks
due to the bootstrapping bias problem, where regressing the value network towards its own
potentially inaccurate value estimates amplifies the value estimation errors further. To tackle

this challenge, we can instead sample a trajectory segment, (S, @, Se11,** , Gten—1, St4n), tO
construct an n-step return backup target from states n steps ahead:
2
Lns(®) = Esp a0, 501 [(Qqﬁ(sta at) = Ripn — 7" Qi (St4m: a5 y)) } ) (2.3)
where a;,,, = argmax,,, Q(Stin; Grin); Ritpn = i,ffl Y =tr(sp, ap). The n-step return

backup reduces the effective horizon by a factor of n, alleviating the bootstrapping bias
problem. However, such a value estimate is always biased towards the off-policy data distri-
bution, and is also commonly referred to as the uncorrected n-step return estimator [44, 76].
While there are ways to correct this value estimator via importance sampling [117, 98, 123],
they require additional tricks (e.g., importance ratio truncation) for numerical stability and
re-introduce biases into the estimator, resulting in a delicate trade-off between variance and
bias that needs to be carefully balanced.

Implicit value backup. Instead of using max, Q(s',a’) as the TD target, we can use an
implicit mazimization loss function fiy,, to learn Ve(s) to approximate it [75]:

L(§) = Esa~p [finp(Q(s,a) — Ve(s))] - (2.4)

Two popular choices of fi7  are (1) expectile: f& . ne(c) = |k — Ieco|c?, and (2) quantile:
foanile(€) = [k — Tecollc], for any real value & € [0.5,1). At the optimum of L(§), V(s) ap-
proximates the k-expectile/quantile of the distribution of the TD target for Q(s, a), induced
by the data distribution D. With such a technique, we no longer need to explicitly find the
action a that maximizes Q(s,a) and can use Vg(s) as the backup target:

L(¢) = Esas~p [(Qo(s,a) = r(s,a) = Ve(s))?] . (2.5)

2.3 Flow-Matching Generative Model

A flow model uses a time-varying velocity field v : R? x [0, 1] — R to estimate the marginal
distribution of a denoising process from noise, X, = N(0,1;), to data, X; = D, at each
intermediate time ¢t € [0, 1]:

X, = (1—t)Xo+tX). (2.6)
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In particular, the flow model approximates the intermediate X; via an ordinary differential
equation (ODE) starting from the noise: Xy = N:

dX; = v(Xy, t)dt. (2.7)
Flow models are typically trained with a flow matching objective [87]:
Len(0) = Eversio 1m0~ a1~ [[Ua((1 = t)zo + tx1,8) — 21 4 30 13] | (2.8)

where the optimal velocity field, vy, results in X, whose marginal distribution p,(x;) exactly
recovers the marginal distribution of the original denoising process X;, pp(z;), for each
t € [0,1] [85]. Furthermore, one may use the Fokker-Planck equations to construct a family
of stochastic differential equations (SDE) that admits the same marginals as well:

2

Q(f;_tt) (U(Xtv t) + Xt/t)> dt + o, dW, (2.9)

dXt = (U(Xt,t) +
with W; being a Brownian motion and o, > 0 being any noise schedule.

Adjoint matching is a technique developed by [35] with the goal of modifying a base flow-
matching generative model vg such that the resulting low model vy generates the following
tilt distribution:

Po(X1) o pa(X71)e?, (2.10)

where py is the tilt distribution induced by vy and pg is the base distribution induced by vg,
and @ : R? — R is any value function that up-weights or down-weights the probability of
each example in the domain R?. [35] uses a marginal-preserving SDE with a ‘memoryless’
noise schedule (i.e., Xy and X; are independent), o, = 1/2(1 —t)/t: !

dX, = (20(X,,t) — X, /t) dt + /2(1 — 1) /td W, (2.11)

where the minimizer of the following stochastic optimal control equation (with X; sampling
from the joint distribution defined by the SDE in Equation (2.11)),

L6) = Ex-cxa | [ 1 (St = X lB) ae - Q)] 212)

gives the correct marginal tilt distribution for X [36]:

p(X1) x pg(Xl)eQ(Xl). (2.13)

'The adjoint-matching paper [35] uses a more general framework with X; = 3; Xq+ a; X1. For simplicity,
we assume the special case where oy = ¢, 6 =1 —t, and oy = \/2(1 —t)/t.
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Let the adjoint state be the gradient of the tilt function applied at the denoised X;:

o=, [ [ (ZlolXit) — X O af - Q)] . (210

where X = {X,}; is the random variable that represents the SDE trajectory, and ¢ satisfies

dg(X ,t )
g(dt ) _ —Vx, [2v9(Xy, t) — X3 /t] g( X, t) — ;VXtHv@(Xt,t) —us(X, 03 (2.15)

t
with the boundary condition ¢(X,t = 1) = —Vx, Q(X;). We can compute the adjoint

states by stepping through the reverse ODE (which can be efficiently computed with the
vector-Jacobian product (VJP) in most modern deep learning frameworks). Then, it can be
shown that the stochastic optimal control loss in Equation (2.12) is equivalent to the ‘basic’
adjoint matching objective below:

LBAM(9> = EX |:/0 HQ(’UQ(Xt,t) - Uﬁ(Xt,t))/O't + O'tg<X,t)||gdt . (216)

The optimal vy coincides with the optimal solution in the original SOC equation (Equa-
tion (2.12)), which gives the correct marginal distribution of X; as a result. However, the
objective is equivalent to the objective used in the continuous adjoint method [116] with
its gradient equal to that of backpropagation through the denoising process. Instead, [35]
derive the ‘lean’ adjoint state where all the terms in the adjoint state that are zero at the
optimum are removed from the original adjoint state. The ‘lean’ adjoint state satisfies the
following ODE:

dg(X,t) = —Vx, 2vp(Xy,t) — Xy /t] g( X, t)dt, (2.17)
with the same boundary condition §(X,1) = —Vx, Q(X1).

Note that computing the ‘lean’ adjoint state only requires the base flow model vg(Xy, 1)
and no longer needs vy(X;,t) as is needed in either the basic adjoint matching objective
(Equation (2.16)) or naive backpropagation through the denoising process. The resulting
adjoint matching objective is

Lam(0) = Ex [/0 12(ve (X1, 1) — v5(Xs, 1)) Jor + 00 G( X, 1)]|5d¢E | (2.18)

where again X is sampled from the marginal preserving SDE in Equation (2.11). Because
the terms omitted are zero at the optimum, they do not change the optimal solution for vg.
Thus, the optimal solution for the adjoint matching gives the correct tilt distribution.



Chapter 3
Related Work

This chapter surveys related areas of literature adjacent to generative policies and action
chunking pertaining to this dissertation.

3.1 RL with Generative Policies

Diffusion and flow policies have been explored in both policy gradient methods [120] and
actor-critic methods [42, 69, 20, 18, 89, 31, 154, 59, 34, 1, 162, 57]. The key challenge
of leveraging diffusion/flow policies in TD-based RL methods is to optimize these policies
against the critic function (i.e., Q(s,a)). Prior work can be largely put into three categories
based on how the value function is used:

(1) Post-processing approaches refine the action distribution from a base diffusion/flow policy
with rejection sampling based on the critic value [57, 92, 81, 37|, or using additional gradient
steps to hill climb the critic [92] (i.e., a <= a + V,Q(s,a)). These approaches often reliably
improve the quality of the extracted policy but at the expense of additional computation
during evaluation or even training (i.e., rejection sampling for value backup target [81, 37]).
Alternatively, one may train a residual policy that modifies a base behavior policy in either
the noise space [132, 152] or in the action space directly [161, 4, 3, 37].

(2) Backprop-based approaches perform direct backpropagation through both the critic and
the policy [154, 59, 33, 162, 108, 41, 19]. While this is the most straightforward implementa-
tion, it requires backpropagation through the diffusion/flow policy’s denoising process, which
has been observed to be unstable [108], or instead learns a distilled policy [33, 21, 108, 41,
19], at the expense of policy expressivity.

(3) Intermediate fine-tuning approaches mitigate the stability /expressivity trade-off in backprop-
based approaches by leveraging the critic to construct an objective that provides direct step-
wise supervision to the intermediate denoising process [118, 42, 32, 82, 46, 163, 90, 73].
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While these approaches remove the need for backpropagation through the denoising pro-
cess completely, the challenge lies in carefully crafting the step-wise objective that does not
introduce additional biases and learning instability.

3.2 Diffusion and Flow-Matching with Guidance

More broadly, diffusion and flow-matching models have been used for generating data with
different modalities ranging from images [122], videos [63], and text [88]. In most applica-
tions, the generative models trained on large-scale unlabeled data do not provide high-quality
samples when conditioned on some context (e.g., language description), and a common prac-
tice is to augment the sampling process with classifier guidance/classifier-free guidance [29,
62], with the goal of aligning the sampling distribution better with the posterior distribution
conditioned on the context. However, most of the guidance methods suffer from a bias prob-
lem that is tricky to tackle, stemming from the fact that simply adding or interpolating two
diffusion/flow-matching sampling processes does not lead to the correct composite distribu-
tion in general [38, 16]. One solution is to use Langevin dynamics sampling approaches [136]
where only the score function for the noise-free distribution is required, but they have been
known to underperform diffusion/flow models due to the challenge of accurately estimating
the score functions in low-density regions [137]. Since then, a line of work has proposed
solutions to generate the correct composite distribution. [38], [115], [146], [133] and [134]
propose to use Sequential Monte Carlo (SMC) that uses resampling procedures to leverage
additional test-time compute to correct such bias. Rather than correcting the distribution
at test-time, [35] and [58] take a different perspective by formulating it as a stochastic opti-
mal control (SOC) objective that can be efficiently optimized as a fine-tuning process while
providing a guarantee that the model converges to the correct distribution at the optimum.

3.3 Offline and Offline-to-Online Reinforcement
Learning

Offline and offline-to-online RL methods assume access to an offline dataset to learn a policy
without interactions with the environment (offline) [78, 75, 144] or with as little online
interaction with the environment as possible (offline-to-online) [79, 9, 102]. Q-learning or
TD-based RL algorithms have been a popular choice for these problem settings as they
naturally handle off-policy data without the need for on-policy rollouts, and also exhibit great
online sample-efficiency [22, 26]. A large body of literature in these two problem settings has
focused on tackling the distribution shift challenge by appropriately constraining the policies
with respect to the prior offline data, and most of them use the standard 1-step TD backup
for Q-learning, which has been known to suffer from the bootstrapping bias problem in the
RL literature [66, 141].
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3.4 Action Chunking

Action chunking is a technique popularized by roboticists for imitation learning (IL), where
the policy predicts and executes a sequence of actions in an open-loop manner (“an action
chunk”) [164]. Action chunking has been shown to improve policy robustness [164, 53, 13],
and handle non-Markovian behavior in offline data [164]. Existing RL methods that incor-
porate action chunking typically focus on fine-tuning a policy pre-trained with imitation
learning [120]. [147] propose to learn a critic on action chunks by integrating n-step returns
with a transformer. However, their method only applies chunking to the critic, while still op-
timizing a single-step actor. [80] also observe that learning a critic over short action chunks
removes the off-policy bias in n-step return backups, leading to more stable and effective
value learning. There are key differences between their work and ours—|[80] operates in the
online episodic RL setting [155, 71] and use Gaussian policies to predict parameters of move-
ment primitives (MP) [124, 106], which are then used to generate full action sequences at
the beginning of each episode. In contrast, we operate in the conventional offline-to-online
RL setting and leverage more expressive flow-matching-based policies to predict short action
sequences directly in the raw action space. [125] also train critics on action chunks and
impose a behavior cloning loss that aligns with the principles behind Q-chunking. The key
distinction from our work lies in their use of a multi-level, factorized critic architecture [126],
which generates and refines action chunks from coarse to fine granularity via iterative dis-
cretization. At each level, the action space is discretized into bins, and the Q-function is
modeled independently for each action dimension and timestep, conditioned on the whole ac-
tion chunks predicted at the previous coarser level. While this factorized critic design enables
tractable value-maximizing action sampling, it imposes strong structural assumptions on the
action space, limiting policy expressiveness at each refinement level. In contrast, we make
no such assumptions in our recipe, which allows us to derive two general algorithms where
both the critic and policy operate directly on action chunks without requiring factorization
or iterative discretization/refinement.

On the theoretical side, existing analyses for action chunking focus exclusively on the imi-
tation learning setting [149, 130]. While they laid out the theoretical foundation of action
chunking policies for imitation learning, formal guarantees of action chunking RL are still an
open problem. In the adjacent field of stochastic optimal control (SOC), action chunking is
related to control under intermittent observations where the observation inputs to the con-
troller are either unreliable (e.g., with a Poissonian model [153, 39]), or partially missing [97,
159, 105, 10]. While conceptually related, these analyses are in the continuous-time setting
in contrast to discrete-time transitions. To the best of our knowledge, we are the first to
provide a formal analysis of action chunking in Q-learning. In particular, we identify the key
open-loop consistency condition under which we quantify the exact worst-case Q-learning
sub-optimality.
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3.5 Hierarchical Reinforcement Learning

Hierarchical reinforcement learning methods [28, 30, 113, 121, 127, 114, 52, 158] solve tasks
by typically leveraging a bi-level structure: a set of low-level /skill policies that directly inter-
act with the environment and a high-level policy that selects among low-level policies. The
low-level policies can also be learned via online RL [77, 150, 151, 100] or offline pre-training
on a prior dataset [106, 95, 2, 114, 148, 104, 64, 47, 17, 107]. In the options framework, these
low-level policies are often additionally associated with initiation and termination conditions
that specify when and for how long these actions can be used [142, 94, 23, 131, 74, 27, 139, 45,
6, 7, 8, 72]. A long-lasting challenge in HRL is optimization stability because the high-level
policy needs to optimize for an objective that is shaped by the constantly changing low-level
policies [100]. Prior work [2, 114, 156] avoided this by first pre-training low-level policies and
then keeping them frozen during the optimization of the high-level policy. Macro-actions [93,
40], or action chunking [164] are another form of temporally extended action, a special case
of the low-level policies often considered in HRL, options literature, where a short horizon of
actions is predicted all at once and executed in open loop. Such an approach collapses the
bi-level structure, conveniently side-stepping optimization instability, and when combined
with Q-learning, has shown great empirical successes in the offline-to-online RL setting [126,
81]. Action chunking policies need to predict multiple actions open-loop, which can be diffi-
cult to learn and can sacrifice reactivity. As we will show later in Chapter 6, we can address
this downside and regain policy reactivity by predicting and executing only a partial action
chunk, while still learning with the fully chunked critic for TD-backup. This design preserves
the value propagation benefits of a chunked critic without relying on fully open-loop action
chunking policies, allowing our approach to work well on a wider range of tasks.

3.6 Theoretical Analysis for Reinforcement Learning
under Unobserved Confounding Variables

RL with action chunking policies can be seen as a special case of RL under unobserved
confounding variables [68] as the action chunking policies ignore the intermediate states
during the execution of an action chunk. Prior analyses are based on either causal-inference-
inspired sensitivity models [67, 103, 70], confounded MDP models [12, 50, 129], or more
general partially observable MDP (POMDP) models [145, 96, 128, 11] where the confounding
variables are modeled as part of the partially observable states. These models largely focus
on characterizing either how much confounding variables affect the policy behavior (e.g.,
bounded odds-ratio between the policy with or without conditioning on the confounding
variables [67]) or how much the observations reveal the confounding variables (e.g., the full-
rank emission matrix assumption [5] and the weak revealing assumption [86] in POMDP).
In contrast, our analysis in Chapter 5 specializes in action chunking policies where the
unobserved variables are the intermediate states during an action chunk. This allows us to
establish a more specialized (and thus distinct) open-loop consistency condition under which
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we can identify the exact worst-case bias (i.e., with matching lower and upper bounds to
the exact value) for both behavioral value estimation and sub-optimality gap of the fixed
point of Bellman optimality iteration, which are usually unknown under the more general
models/assumptions in the literature.
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Chapter 4

Q-learning with Flow-Matching
Policies

A long-standing tension in continuous-action RL, especially in the offline/offline-to-online
setting, is between policy expressivity and optimization tractability with respect to the
critic (i.e., Q(s,a)). Simple policies, such as single-step Gaussian policies, are easy to train,
since they can directly leverage the critic’s action gradient (i.e., V,Q(s,a)) via the repa-
rameterization trick [56]. This optimization tractability and stability, however, often comes
at the cost of expressivity. Some of the most expressive policy classes today, such as flow
or diffusion policies, generate actions through a multi-step denoising process. While this
allows them to represent complex, multi-modal action distributions, leveraging the action
gradient requires backpropagation through the entire denoising process, which often leads to
instability [108].

One might be tempted to directly apply the critic’s action gradient to intermediate noisy ac-
tions within the denoising process, as in diffusion classifier guidance (with the critic function
being the classifier) [29]. Intuitively, this blends two generative processes together: one that
generates a behavior action distribution, and another that hill-climbs the critic to maximize
action value. While this approach bypasses the backpropagation instability and retains full
policy expressivity, it relies on the assumption that the critic’s gradient at a noisy action
is a good proxy for its gradient at the corresponding denoised action. In practice, this as-
sumption often breaks down: when the offline dataset has limited action coverage, the critic
is well-trained only on a narrow distribution of noiseless actions, rendering its gradients
unreliable for intermediate noisy out-of-distribution actions.

In this chapter, we introduce new TD-based RL algorithms to tackle these policy optimization
challenges. First, Section 4.1 introduces Flow Q-Learning (FQL) that leverages distillation
to turn a multi-step flow policy into a single-step flow map that directly maps noise to
action with a single forward pass of a neural network. This allows stable backpropagation
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Algorithm 1 Flow Q-Learning (FQL)

function ODE(s, ap;v)

fort=0,h,...,(T"—1)h do

| agn & ag+hev(s,ag,t) > Buler’s method
.~ return a;

for each training iteration do

Sample batch {(s,a,r,s')} ~ D

Critic update: L(¢) = E. (0,1, [(Qp(s,a) — 1 = 1Qa(s", o(s', 2)))?]

 Policy update: L(9) = Ez~/\/(0,ld)[—@¢>(37ﬂ9(37 z)) + o||[ODE(s, z;vg) — po(s, 2)|13]
return One-step policy py

through the distilled policy while preserving the ability of the policy to represent multi-
modal action distributions. Next, Section 4.2 introduces Q-learning with Adjoint Matching
(QAM) where it leverages adjoint matching [35] to steer the multi-step flow policy directly
towards the optimal behavior-constrained policy. Unlike FQL that may still lose policy
expressiveness from distillation, QAM retains the multi-step flow policy while effectively
leveraging the critic’s action gradient to fine-tune it. As an application of these flow RL
approaches in the real-world, Section 4.3 discusses how they can be readily adapted to the
action chunking setting. Finally, in Section 4.4, we conduct a comprehensive empirical study
comparing policy extraction methods for flow/diffusion policies, including recent approaches
and novel baselines, and show QAM consistently achieves strong performance across both
offline RL and offline-to-online RL benchmarks in both action chunking and non-action
chunking settings.

4.1 Flow Q-Learning

This section introduces Flow Q-Learning, a new RL algorithm that directly leverages
the critic’s action gradient while maintaining the policy’s ability to express multi-modal
action distributions. The idea is simple—instead of optimizing the multi-step flow policy,
we directly train a one-step policy to approximate the flow map induced by this multi-step
behavior flow policy while steering this one-step policy to maximize the critic value using its
action gradient.

The algorithm

In this section, we describe in detail how our method leverages distillation to directly optimize
a flow policy without suffering from backpropagation instability.

To start with, we train a behavior flow policy, v5 : S x R4 x [0,1] — R4, using the standard
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flow-matching loss:

L (B) = Eg ajop imtmit(o, 1), -~n0,1) [[05(5, ta + (1 = t)2,8) — (a — 2)|13] - (4.1)

To avoid backpropagation through the multi-step flow, we train a one-step distilled policy
o : S x R — R? that maps directly from noise to action. The loss function consists of two
parts. The first part maximizes the value function under the one-step policy. The second
part controls how much the one-step policy’s flow map (i.e., the map from the noise to the
action) can deviate from that of the multi-step behavior flow policy. The loss is formally
defined as follows:

Lequ(®) = Baponoio] =Qols,o(s,2)) +allusls, 2) = mls, )Y, (42)

VvV vV
Value Maximization Loss Distillation Loss

where pp(s, ) is the solution of the ODE represented by vz with z as the initial noise:

ps(s, z) =ay, a,= / vg(s, a, t)dt, ag = z. (4.3)
0
In practice, this is approximated by numerical integration via Euler’s method:
Apyp <— ap + h-vg(s, ag, t). (4.4)

In this procedure, T' is the number of numerical integration steps used in Euler’s method
and h = 1/T is the step size induced by T.

Intuitively, the one-step policy ug retains the expressivity of the multi-step behavior flow
vg as much as possible through the distillation loss, while at the same time maximizing the
value function without suffering from unstable backpropagation.

Finally, we use the standard critic loss in Q-learning:

L(¢) = Es st mymn zenv(o1) [(Qo(s,a) =1 —4Q5(s, po(s', 2)))?] (4.5)

where the one-step policy is used to directly generate action a’ for the next state s’, and then
fed into the target critic Q5 to provide the value target. An overview of the FQL algorithm
is available in Algorithm 1.

Another benefit of FQL is that sampling actions from the policy only requires one forward
pass of the one-step distilled policy py, rather than T forward passes of the velocity field.
This accelerates both training and inference time.

Connection to Wasserstein regularization

FQL has an intriguing connection to Wasserstein regularization. For any state s, let m3(s)
and my(s) be the distributions over actions induced by the multi-step behavior flow and the
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one-step distilled policy respectively. It is easy to see that the distillation loss is an upper
bound on the squared 2-Wasserstein distance:

2 . 2
$,2) — S,z > inf E..a~plllag —a
st 2) =l ME= i g [las — ] "

= Wa(ms(s), mo(5))?,

where A(m, 7’) is the set of couplings of action distributions 7 and 7/, and Wy denotes the
2-Wasserstein distance with the Euclidean metric in the action space.

Compared to the standard KL-constrained policy optimization objective, Wasserstein dis-
tance offers a metric-aware alternative that can be beneficial when there is a support mis-
match between the behavior distribution and the optimal distribution.

Discussion

Up until now, we have introduced a new RL algorithm, FQL, and discussed how we could
use it to address the unstable backpropagation issue via one-step distillation. While the
algorithm is simple and effective (as we will show in Section 4.4), it does require distillation
that may limit expressivity. Indeed, there has been a rich literature in image generative
modeling on the trade-off between generation steps and generation quality [138, 160]. While
there has been a lot of progress in enhancing the generation quality with few diffusion/flow
steps, distillation still leads to performance degradation. This is reflected in recent robotic
learning systems [83, 49, 65] where they directly use multi-step diffusion/flow models to
parameterize action chunking policies without distillation. The natural question arises—is
there a way to efficiently optimize flow policies without distillation?

4.2 Q-learning with Adjoint Matching

This section introduces Q-learning with Adjoint Matching (QAM), a new RL algorithm
that applies adjoint matching [35], a recently developed technique in generative modeling,
to policy optimization. QAM directly fine-tunes the full flow model without distillation,
completely eliminating the expressivity issue in FQL. Like FQL, QAM leverages the critic’s
action gradient for efficient policy optimization. The difference lies in how the gradient
is being used. QAM operates under a more standard KL constraint, rather than the less
commonly used geometric-aware Wasserstein constraint discussed in Section 4.1.

In general, the standard KL constrained optimization problem on a flow model can be
formulated as a stochastic optimal control (SOC) objective, which can be solved by using
the continuous adjoint method [116]. However, this standard formulation has the same
loss landscape as directly backpropagating through the SOC objective, causing instability.
Instead, we leverage a modified objective from [35] that admits the same optimal solution,
but does not suffer from the instability challenge.
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At a high level, QAM transforms the critic’s gradient at noiseless actions using a behavior
flow policy, independent from the potentially ill-conditioned flow policy being optimized,
to construct unbiased gradient estimates for optimizing the flow policy’s velocity field at
intermediate denoising steps. This allows the velocity field to align directly with the optimal
one implied by the critic and the KL behavior constraint, without direct and potentially
unstable backpropagation, while preserving the full expressivity of multi-step flow models.
By combining this policy extraction procedure with a standard temporal-difference (TD)
backup for critic learning, QAM enables the flow policy to efficiently converge to the optimal
policy subject to the behavior constraint. This is in contrast to most existing flow RL
methods that rely on approximations that lack such optimum guarantees (see more discussion
in Section 3.2).

The algorithm

In this section, we describe in detail how our method leverages adjoint matching to di-
rectly align the flow policy with the prior-regularized optimal policy without suffering from
backpropagation instability.

To start with, we first define the optimal policy that we want to learn as the solution of the
best policy under the standard KL behavior constraint:

argmax, Fo r([@(s,a)] st. Dgu(r | mg) < e(s). (4.7)
or equivalently, for an appropriate 7(s), [101] show that
m™(a| ) o mg(a | s)e"H@(0) (4.8)

where 7 : S — R™ is the inverse temperature coefficient that controls the strength of the
behavior constraint at each state.

Similar to FQL, we train a behavior flow policy using the standard flow-matching loss:

Len(8) = Esajn mvnitio ] cmnor [[[va(s,ta + (1= 1)z,8) = (a = 2)[3] . (4.9)

We then parameterize our approximation of the optimal policy as another flow model vy :
S x R4 x [0,1] — R4 and solve the following SOC equation:

1
2
L(e) = ESNDJM |:/ ;H’U@(S, atvt) - ’Uﬁ(S, at>t)||g - T(S)Q¢<Sv al)dt ) (410)
0

t

where a = {a,}, is defined by the following ‘memory-less’ SDE with o, = 1/2(1 —t)/t:

da; = (2vg(s, ar, t) — ar/t)dt +/2(1 — t)/tdW;. (4.11)
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Similar to the derivation by [35], the memoryless property allows us to directly conclude
that the SOC equation has the optimum at

mo(- | 8) o< ma(- | 5)eT®)s(5:0) (4.12)
where my(- | s) and ms(- | s) are the corresponding action distributions defined by vy and vg.

However, directly solving the SOC equation involves backpropagation through the numerical
integration of the SDE, which introduces additional instability. To mitigate this issue, we
use the adjoint matching objective proposed by [35] (Equation (2.18)) to construct a similar
objective for policy optimization in our case:

1
Lavi(9) = Esop fa;}:~SDE [/ 12(ve (s, as, t) — va(s, as,t))/o; + o de||5dt| - (4.13)
0

where g; is the ‘lean’” adjoint state defined by a reverse ODE constructed from a = {a;}4:
dge = =V, [2v5(s, ar, t) — ar/t] g dt, (4.14)
with the boundary condition:

g1 = —7Va,Qu(s,a1). (4.15)

Unlike the original SOC objective (Equation (4.10)) from which calculating the gradient
requires backpropagating through an SDE, which suffers from stability challenges, the ad-
joint matching objective is constructed without direct backpropagation. Instead, it uses
the behavior velocity field vg to calculate the ‘lean’ adjoint states {g:}: through a series of
VJPs for every SDE trajectory a = {a;};, which are then used to form a squared loss in
the adjoint matching objective. Mathematically, backpropagation can also be interpreted
as calculating the adjoint states through a series of VJPs, with the key distinction that the
VJPs are computed under the flow model that is being optimized (i.e., vg). This is an im-
portant distinction because for direct backpropagation, any ill-conditioned action gradient in
vg (i.e., Vavg(s, a,t)) would compound over the entire denoising process, contributing to the
‘ill-condition-ness’ of the overall gradient to the parameter 8, which can in turn destabilize
the whole optimization process. In contrast, in adjoint matching, the action gradient of vy
has no contribution to the overall gradient to ¢, allowing the optimization to be much more
stable.

Finally, we combine the policy optimization with the standard TD-learning objective similar
to what was done in FQL:

L(¢) = ES,G,S/J“ND [(Q(Sa a) -r-= 7@(;_5(3/7 d)] ) a Ma(S/, Z)’ o Na (416)

where again py(s', agy) == fol vg(s', ay, t)dt and b is the exponential moving average of ¢ with
a time-constant of A = 0.005 (i.e., @41 < (1 — N)@; + A¢; for each training step 7).
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Figure 4.1: QAM: Q-learning with Adjoint Matching. QAM uses adjoint matching [35]
that leverages the critic’s action gradient directly to fine-tune a flow policy towards the
optimal behavior-constrained policy: my(- | s) o< w5(- | 5)e@E).

Practical Considerations

In practice, following [35], we solve both the SDE and the reverse ODE with discrete ap-
proximation and a fixed step size of h = 1/T', where again T is the number of integration
steps. In particular, with ag ~ N and z, ~ NVt € {0, h,--- (T — 1)h}, the forward SDE
process is approximated by

Agyp < ap + h- (209(s, a,t) — ag/t) + /2h(1 —t) /t2. (4.17)

We set the boundary condition as g1 = —7V,,Q4(s,a1), where we use a state-independent
inverse temperature coefficient 7 to modulate the influence of the prior 7z and we additionally
clip the magnitude of the parameter gradient element-wise by 1 for numerical stability. The
backward adjoint state calculation process is then approximated by

gt,h <— gt + h- VJP(VQt (27]5(8, Ay, t) — at/t), gt); (418)

with VIP(V,b(y), ) = [V,b(y)|x being the vector-Jacobian product and it can be practi-
cally implemented by carrying the ‘gradient’ & with backpropagation through b.

For all our experiments, we do not use a separate training process for vz and instead train it
at the same time as vy and @4, following [108, 81]. For all our loss functions, the transition



CHAPTER 4. Q-LEARNING WITH FLOW-MATCHING POLICIES 19

Algorithm 2 Q-learning with Adjoint Matching (QAM).

function SDE(s;v)
fort=0,h,...,1—h do

% ™ N(O, [d)
arn ¢ ag+ h- [20(t, s, a4) — a/t] + /2h(1 — 1) /tz > Fuler’s method
return a = {ag,ap, - ,a1}

function LeanAdj(s, a, §1; vs)

fort=1,1—h,...,h do

 Gin & G+ h - VIP(Va, (20s(t, 8, a1) — ag/t), Gi)

return g = {go, 9n," ** , G1-n}

for each training iteration do

(s,a,r,8") ~ D

Critic update: L(¢) = E.on0,1)[(Qo(s,a) —r —vQz(s", ODE(s, z;vp)))?]
a = {ag,ap, -+ ,a1} ~ SDE(s, vg)

g < LeanAdj(s,a, =7V, Qy(s,a1); vs)

O < 2(1 — t)/t

 Actor update: L(0) = > icqon 1-m [12(ve(s, ae, 1) —vg(s,a,t))/or + Utgt”g
Output: vy

tuple (s,a,s’,r) is drawn from D uniformly. During offline training, D is the offline data.
During online fine-tuning, D is a combination of the offline and online replay buffer data
without any re-weighting.

Expanding Beyond KL behavior constraint

While our method, QAM, is guaranteed to converge to the optimal behavior-constrained
policy (i.e., < Tz exp(Q)), it can struggle to represent any policy that has a support mismatch
with the behavior policy. For tasks where the optimal actions have extremely low probability
under the behavior distribution, our algorithm may have trouble to represent an optimal
policy for these tasks. In practice, we often find it to be beneficial to relax the behavior
constraint in QAM to allow actions that are ‘close’ (in the action space) to the behavior
actions. This amounts to optimizing the policy under the following constraint:

argmax, g r([Q(s,a)] st. Dxu(7 || ) < e(s), Wy(m, ) < 0q, (4.19)

where W is the g-Wasserstein distance between m, 7 under some metric d : A x A — R,
and o, is some constant that controls the strength of the constraint:

Wy(n(- [ 5),7(- | s)) := inf |Eqawc(aals) [d(a>&)q]1/q] : (4.20)

ceC(m,7)
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Action Gradient No BPTT Optimum Multi-step
(VaQ(s,a)) (x m3e?)  Flow/Diffusion
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FEdit
IFQL
QAM O
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Table 4.1: Conceptual differences between QAM and prior methods. QAM is the only method
that (1) leverages the action gradient, (2) avoids backpropagation through time, (3) recovers the optimal
behavior-constrained policy, and (4) preserves the expressivity of a multi-step flow model.

where C(m,7) is the set of all couplings between m and 7. With such design, 7 not only
respects KL behavior constraint, but can also represent actions that are ‘close’ (in the ge-
ometry of the action space) to the behavior policy. While directly optimizing this objective
is intractable, we approximate it by using the solution from QAM (i.e., m) to approxi-
mate the optimal 7, allowing us to transpose the problem into a behavior-constrained policy
optimization problem with 7y being the base policy:

=7, = argmax, Eour(5[Q(s,a)] st. Wyln(a|s),m(a]|s)) < o, (4.21)

In practice, we explore two practical variants for optimizing 7 with different choices of ¢ and
d and approximations.

The first variant, QAM-FQL: For our first variant, we use ¢ = 2 and d(a, a) = ||a — a||2, which
allows us to directly use a prior flow RL method, FQL [108]. In particular, we learn a 1-step
noise-conditioned policy, 7, (as represented by 1, (s, z) : S x R4 — R4), and optimize the
following objective (with o being a tunable BC coefficient),

LQAM—FQL(C‘)) =K, v [_Q¢(S7 :uw(sv Z)) + O‘HMW(S’ Z) - :u9<87 Z)”%] ) (4'22)

where again py is the solution of the ODE defined by the velocity field vy.
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As we have discussed above in Equation (4.6), the second term in the equation above
is an upper-bound on squared Wasserstein distance W3(m,, y) between the 1-step noise-
conditioned policy 7w, and the optimal behavior-constrained policy obtained via QAM,
mg. This is exactly the desired constraint (i.e., W2(m,, ) < ew). We then use this 1-
step policy 7, both to interact with the environment and to compute value targets (i.e.,
Q(s',a’ = u(s,z ~ N))). Intuitively, the 1-step policy is optimized to remain close to the
QAM-fine-tuned flow policy while also maximizing the action value under the current critic.

We call this first variant of our method QAM-FQL.

The second variant, QAM-EDIT: Our second variant uses ¢ = 1 and d(a,a) = ||a — @||. To
implement this, we learn an edit policy 7, (A, | s,a) that predicts an action edit A, to
modify the action output from 7y by at most o, in the L., distance (i.e., ||Ayllocc < 04)-
This ensures that the Wasserstein distance constraint (i.e., Wy(m,, m9) < 0,) is enforced by
construction. In practice, we train an edit policy [37], m,(- | s,a), where it first predicts a
Gaussian distribution, which is then squashed by a tanh function to between —1 and 1, and
finally rescaled to be between —o, and o, as the action edit. To avoid the degenerate case
where the edit policy always outputs the boundary action edits (i.e., —o, or g,), we also
include the standard entropy term from [56] with the automatic entropy tuning trick such
that the policy’s entropy is close to a constant value of H(m,) = Hiarget = —A/2.

Loaw-eprr(w) = EA,~ma(ls,a) [—Q¢(Sa A, +a) +nlogm,(Aq | s,a)],

(4.23)
L(n) =" [EAaNWw(~\S,a) [log ﬂ-w(Aa | S, a)] - Htarget} )

where a ~ my(- | s) for both losses and again A, is restricted to be ||A,|l < 04. Similarly
to our first variant, we use 7, both to interact with the environment and to compute value
targets. A potential side benefit of the entropy term is that it can also encourage action
diversity that can be helpful for online exploration and fine-tuning. As we will show in our
experiments, this QAM variant not only excels in offline RL but also fine-tunes effectively
online.

4.3 Q-Chunking: Leveraging Flow RL Algorithms for
Action Chunking Policy Optimization

In the adjacent field of imitation learning (IL), a widely used approach in recent years has
been to employ action chunking, where instead of training policies to predict a single action
based on the state observation from prior data, the policy is instead trained to predict a short
sequence of future actions (an “action chunk”) [164, 24]. While a complete explanation for
the effectiveness of action chunking in IL remains an open question, its effectiveness can be
at least partially ascribed to better handling of non-Markovian behavior in the offline data,
essentially providing a more powerful tool for modeling the kinds of complex distributions
that might occur in (for example) human-provided demonstrations or mixtures of different
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behaviors [164]. However, action chunking has not been used widely in RL, perhaps because
optimal policies in fully observed MDPs are Markovian [141], and therefore chunking may
appear unnecessary. More importantly policy optimization for action chunking policies is
intrinsically more difficult compared to one-step policies because the network needs to predict
a higher-dimensional action (i.e., hx larger with h being the sequence length). This not
only increases the challenge of capturing behaviors in the prior data, but also makes online
exploration more challenging as now the policy needs to explore in the larger temporally
extended action space.

In IL, action chunking is often paired with generative modeling to combat the high-dimensional
complex action chunk distribution. Up until now in this dissertation, we have discussed how
we could practically and efficiently train flow policies algorithms that leverage one-step distil-
lation (FQL) and adjoint matching (QAM) respectively for efficient flow policy optimization.
It turns out that these advances are the foundation of practical, efficient RL algorithms for
action chunking policies.

We introduce a general recipe, Q-chunking, that allows many existing flow RL algorithms
to be adapted directly to action chunking policies. The recipe consists of two simple design
principles: (1) Q-learning on a temporally extended action space where each action is an
action chunk, and (2) imposing behavior constraint in this extended action space. Behavior
constraint allows our action chunking policies to stay close to the prior behavior in the
data (e.g., demonstration data, noisy experts), which is often temporally coherent. Even
though we might desire a final optimal Markovian policy in most RL tasks, incorporating
non-Markovian, temporally coherent behaviors in our policies make online exploration more
effective, resulting better sample efficiency. Furthermore, Q-chunking improves the stability
and efficiency of TD-based RL, by enabling unbiased n-step backups.

Q-learning on a temporally extended action space

The first design principle of Q-chunking is to apply @-learning on the temporally extended
action space. Unlike normal 1-step TD-based actor-critic methods, which train a Q-function
Qs(st,ar) and a policy mg(a; | s¢), we instead train both the critic and the actor with a span
of h consecutive actions: *

Q-Chunking Policy: mo(aiipn | S¢) = mo(ar, arir, - arin1 | st): S = Ayn
Q-Chunking Critic: Qu(st, ariin) = Qp(St, ar pyy, -+ arpp1) S X A" 5 R

In practice, this involves updating the critic and the actor on batches of transitions consisting
of a random state s;, an action sequence a;.;j followed by the state, and the state h steps

I'We use a4 (or simply a;) to denote a concatenation of h consecutive actions: [at - at+h_1] €
RA" for notation convenience. This is similar for 8.5 and ..



CHAPTER 4. Q-LEARNING WITH FLOW-MATCHING POLICIES 23

into the future, s;,p. Specifically, we train @)y with the following TD loss,

h—1

2
L(¢) = E5t7a/:l,+h-»"'/+hND <Q¢(Sta af:t—kh) - Z ﬁ/’t/ T4t — 'VILQqB(St-Q—hv at+h:t+2h)> . (424)

t'=0

with @400 ~ 7(- | 8i4n), and @ being the target network parameters that are often an
exponential moving average of ¢ [56].

The TD loss above shares a striking similarity to the n-step return in Equation 2.3 (with n
matching /) but with a crucial difference — the Q-function used in the n-step return backup
takes in only one action (at time step ¢) whereas our Q-function takes in the whole action
sequence. The implication of this difference can be best explained after we write out the TD
backup equations for standard 1-step TD, n-step return, and Q-chunking:

Q(St, ar) <= 1 + YQ(St41, Grt1), (standard 1-step TD)  (4.25)
t+h—1
Q(s¢, ar) < Z [’ytl_trt/} " Q (5041, rin), (n-step return, n = h) (4.26)
=t
biased
t+h—1
Q(5¢, Appin) Z [’Yt _tTt'} +”YhQ($t+h,at+h;t+2h)- (Q-chunking) (4.27)

t'=t

unbiased

For the standard 1-step TD, each backup step propagates the value back by only 1 time
step. m-step return propagates the value back hx faster, but can suffer from a biased value
estimation issue when S, and as¢yp are off-policy [44]. This is because the discounted
sum of the n-step rewards 7., from the dataset or replay buffer is no longer an unbiased
estimate of the expected n-step rewards under the current policy m. Q-chunking value
backup is similar to the n-step return where each step also propagates the value back by
h time steps, but does not suffer from this biased estimation issue. Unlike n-step return
where we are propagating the value to a 1-step Q-function, Q-chunking backup propagates
the value back to a h-step @Q-function that takes in the exact same actions that are taken
to obtain the n-step rewards r.,. 5, eliminating the biased value estimation. One caveat of
this argument is that it only holds under some data distribution assumption (e.g., when the
dynamics is deterministic), which we will formalize in Chapter 5. Regardless, Q-chunking
value backup does not suffer from the same bias in the naive n-step return value backup.
This allows Q-chunking to learn from arbitrarily sub-optimal data, while enjoying the value
learning speedup.
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Behavior constraint in the temporally extended action space

The second design principle of Q-chunking addresses the action incoherency issues by lever-
aging a behavior constraint in the objective for the m:

L(w) = —]E sg~D [Q¢(3t, at:t+h)] ,S.t. Dist('ﬂ'g(at:t_i_h | St), Tﬁ(at:t_i_h | St)) S E. (428)
as.in~mo(|st)

where we denote mg(@siyn | 5¢) as the behavior distribution in the offline data D, and Dist

as some distance metric that measures how different the learned policy m deviates from 7g.

Intuitively, a behavior constraint on the temporally extended action sequence allows us to
leverage temporally coherent action sequences in the offline dataset. This is particularly
advantageous in the temporally extended action space compared to the original action space
because offline data often exhibit non-Markovian structure (e.g., from scripted policies [111],
human tele-operators [91], or noisy expert policies for sub-tasks [111, 48]) that cannot be
well captured by a Markovian behavior constraint. Temporally coherent actions are desirable
for online exploration because they resemble temporally extended skills (e.g., moving in a
certain direction for navigation, jumping motions for going over obstacles) that help traverse
the environment in a structured way rather than using random actions that often result in
data that is localized near the initial states. Imposing behavior constraint for an action
chunking policy is a very simple way to approximately extract skills without the need to
train policy with bi-level structure as often necessitated by skill-based methods (see more
discussion in Section 3.5). We observe that Q-chunking, with such behavior constraints, can
effectively explore online with temporally coherent actions (see Section 4.3).

Applying Q-chunking to existing low RL methods

Now, we can apply these two principles to existing RL algorithms. We focus on two examples.
The first is best-of-N (BFN), a commonly used policy extraction method in the flow RL
literature, and the second is FQL, our new RL algorithm that uses distillation to make
policy optimization tractable and efficient.

Q-chunking with Best-of-N (QC) We consider a KL constraint on our policy through
the learned behavior distribution:

D (mo(- | 8)llma(- [ 5)) <e. (4.29)

While it is possible to include the KL as part of the loss, estimating the KL divergence or log
probability for flow models is practically challenging. Best-of-N sampling [140] is a simple,
convenient approach that maximizes ()-value while imposing this KL constraint implicitly.
Practically, this involves first sampling N action chunks from the learned behavior policy
(- | 5),

{alaa’za"' 7a’N} ~ ﬂ-ﬂ(' ‘ S)’
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and then picking the action chunk that maximizes the temporally extended Q-function:
a* < argMaX,c(q1 2. (¥ Q(8, @),

Best-of-N sampling implicitly optimizes the constrained KL objective because its distribution
admits a closed-form upper bound on the KL divergence [60]:
N -1

Dicr.(mpen(- | s)llms(- | 5)) < log N — ———, (4.30)
where mppN (- | $) is the distribution over the action chunks induced by the rejection sampling
procedure. Tuning the value of N directly controls the strength of the constraint. The benefit
of approximating the policy optimization objective (Equation 4.28) with best-of-N sampling
is that we can completely avoid separately parameterizing a policy mg and only sample from
the behavioral policy mg. In particular, we use best-of-N sampling to generate actions to
both (1) interact with the environment, and (2) provide the action samples in the TD backup
following [55]. The resulting algorithm has only one additional loss function:

. W2
L((b) =K (8t:t4h41,Qt:04-n)~D [(Q¢(5t7 a't) — Ry — ’VhQQE(St+h7 a’t+h>) ] (4'31>

{az+h}£\;1"“ﬂﬁ('|3t+h)
. * i _ h t
where again ay,, := arg maxae{ai+h}Q(s, a) and Ryipp =Yy 7 7(se, av).

While QC is simple and easy to implement, it does come with some additional computa-
tional costs associated with best-of-N sampling. The cost scales linearly with the number
of samples, N, making it non-ideal for tasks where a large N is needed (e.g., the behavior
prior is sub-optimal). Next, we present our second example based on FQL, which avoids this
costly sampling procedure.

Q-chunking with FQL (QC-FQL) As we have established in Section 4.1, FQL imposes
a Wasserstein distance constraint instead of a KL constraint:

Wi(mo(- | s),ms(- | 5)) < e (4.32)

Recall that FQL parametrizes the policy my with a noise-conditioned action prediction model.
In the case of action chunking, the model, j14(s, z) : S x R4" s RA" takes in a noise of size
R4 instead of R“ and also outputs action chunks directly. This noise-conditioned policy
g is trained to maximize the Q-chunking critic Q4(st, @reyp) while being regularized to
be close to a behavioral flow-matching policy parameterized state-conditioned velocity field
vg: S x R x [0,1] — RA" via a distillation loss:

L(G) = ESND,zONN(O,IAh) [Oé HMG(Sa ZO) - :uﬂ(S? ZO)”; - Q(S7 /~L9(87 Z0)> ) (433>
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where pg(s, 2°) is the ODE solution from u = 0 to u = 1 following dz* = vs(s, 2%, u)du (the
initial value z° is sampled from the unit Gaussian).”? The hyperparameter « directly controls
the magnitude of the distillation loss, which corresponds to the strength of the Wasserstein
constraint. Finally, the TD loss is similar to the TD loss in QC:

2
L(¢) = E(St;t+h+17at:t+h)~D [(Qd)(st, ai) — Rypen — ’}/hQ(i_)(StJrh’ Ho(Seen, Z))) ] ’ (4.34)
2~N(0,La1)
where Rygn = S0y 1y r(se, av).

Does action chunking improve Q-learning?

Now, we study how effective our recipe, Q-chunking, is to enable flow RL methods to work
well in manipulation tasks. In particular, we focus on the two examples we describe in the
previous section (i.e., QC and QC-FQL), along with an additional variant, QC-IFQL, which
is the result of applying Q-chunking to an existing method introduced in [108], IFQL.

In terms of baselines, we first consider the direct ablations of QC, QC-FQL, QC-IFQL:
BFN (best-of-N) is the same as QC but without using action chunking. FQL is the same
as QC-FQL but without using action chunking. IFQL is a baseline introduced in [108]
that combines IQL [75] with rejection sampling policy extraction. Next, we consider their
corresponding n-step return baselines, BEN-n, FQL-n, and IFQL-n, where n-step backup
is used instead of 1-step TD backup. These baselines enjoy the benefits of value backup
speedup, but do not use chunked critic or actor, and potentially suffer from the bias issue as
discussed in Section 4.3. We also compare with RLPD [9], RLPD-AC. RLPD is a sample-
efficient RL algorithm that treats offline data as additional off-policy data and learn from
scratch online. RLPD-AC is the same as RLPD but operates on the temporally extended
action space. Both of them do not use a behavior constraint. In addition, we compare with
SUPE-GT [156], a recently proposed skill-based method that is designed for offline-to-online
RL. The original method is designed to deal with an unlabeled dataset by learning a reward
model with reward bonuses. We adapt it to our setting by directly using the ground truth
rewards. Finally, we compare with two Gaussian baselines IQL [75] and ReBRAC [143].

We consider six sparse reward robotic manipulation domains with tasks of varying dif-
ficulties. This includes 5 domains (5 tasks each) from OGBench [111], scene-sparse,
puzzle-3x3-sparse, cube-double/triple/quadruple and 3 tasks from robomimic [91].
For OGBench, we use the default play-style datasets except for cube-quadruple where we
use the larger 100M-size dataset. For robomimic, we use the multi-human datasets. See
more details in Appendix B.1.

2We use u here instead of t as used in Equation (4.9) to differentiate the denoising time step from the
environment step.
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Figure 4.2: Robomimic results. QC achieves strong performance across all three robomimic tasks. The
first 1M steps are offline and the next 1M steps are online with one environment step per training step (5
seeds).
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Figure 4.3: n-step return ablations on robomimic. Both Q-chunking methods consistently outperform
their n-step and 1-step TD counterparts (5 seeds).

Q-chunking improves online sample efficiency. We report the performance of all Q-
chunking methods (QC, QC-FQL, QC-IFQL) and the baselines in Table 4.2 (OGBench)
and a selective (strong) subset in Figure 4.2 (robomimic). QC achieves competitive per-
formance offline, often matching or sometimes outperforming best prior methods. In the
online phase, QC shows strong sample-efficiency, especially on the two hardest OGBench
domains (cube-triple/quadruple), where it outperforms all prior methods (especially on
cube-quadruple) by a large margin. In addition, on OGBench domains, all Q-chunking
methods (QC, QC-FQL, QC-IFQL) outperform both their corresponding 1-step TD counter-
part (BFN, FQL, IFQL) and their corresponding n-step return counterpart (BFN-n, FQL-n,
[FQL-n). A similar trend continues on robomimic tasks as shown in Figure 4.3. Across OG-
Bench and robomimic, n-step return baselines, which do not use chunked critics or policies,
perform significantly worse than Q-chunking methods.
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puzzle-3x3-sparse scene-sparse cube-double cube-triple cube-quadruple overall

(5 tasks) (5 tasks) (5 tasks) (5 tasks) (5 tasks) (25 tasks)
RLPD — 100 — — 99 — — —
From Scratch (l1-step TD)  RLPD-AC — 100 — — — — —
SUPE-GT — 100 — 92 — — — —
IQL — — — — — —

Gaussian (1-step TD)

ReBRAC — 100 — 99 — — — —
IFQL 98 — — — — — —
Flow (1-step TD) FQL 100 — 100 — — - — —
BFN 98 — 100 85—+ 99 68 — 4 — — 51 —
IFQL-n — 100 - — — i —
Flow (n-step TD) FQL-n 98 — 100 — — — 7 —
BFN-n — — - — — —
QC-IFQL 100 — 100 83 — — — — —
Q-chunking (Ours) QC-FQL — 100 84 — 99 — 100 4— 53 - 77 — 86
Qc 100 — 100 84 — 99 67 — 98 6 — 64 4 — 52 —+ 86

Table 4.2: Summary table for OGBench offline-to-online RL results. For each cell, we report the
offline performance after 1M of training steps and then the online performance after 1M of additional online
steps. The best method(s) for each column is highlighted in bold and color. Q-chunking methods outperform

all prior methods at the end of the online training. See the full results in Table B.5 (complete table) and
Figure B.3 (individual plot).

Q-chunking improves online exploration. We hypothesize in Section 4.3 that action
chunking policies produce more temporally coherent actions and thus lead to better state
coverage and exploration. In this section, we study to what degree that holds empirically.
We first visualize the end-effector movements early in the training for QC and BFN (Figure
4.4, left). BFN’s trajectory contains many pauses (as indicated by a very big and dense
cluster near the center of the visualization), especially when the end-effector is being lowered
to pickup a cube. In contrast, QC has fewer pauses (fewer and shallower clusters) and a
more diverse state coverage in the end-effector space. We include additional examples in
Appendix B.4, Figure B.1 and Figure B.2. To get a quantitative measure of the temporal
coherency in actions, we record the 3-D end-effector position throughout training every 5
time steps: {z¢, 2! -+ -} and compute the average Ly norm of the difference vector of two
adjacent end-effector positions. This average norm would be small if there are any pauses
or jittery motions, making a good proxy for measuring the temporal coherency in actions.
As shown in Figure 4.4 (right), QC exhibits a higher action temporal coherency throughout
training compared to BFIN. This suggests that Q-chunking improves temporal coherency in
actions, which explains the improved sample-efficiency that Q-chunking brings.
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BFN Temporal Coherency in EEF Positions
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Figure 4.4: End-effector movements early in the training and temporal coherency analysis
on cube-triple-task3. Left: QC covers a more diverse set of states compared to BFN in the first 1000
environment steps. Right: QC exhibits a higher temporal coherency in end-effector compared to BEN.

4.4 Comprehensive Evaluations for Flow RL Methods

Up to now, we have introduced two novel RL algorithms, FQL and QAM, and described
an effective recipe, Q-chunking, that allow existing flow RL algorithms to work with action
chunking policies. In this section, we focus on evaluating flow RL approaches in both the
action chunking setting and the non-action chunking setting. For all our experiments in the
action chunking setting, we apply Q-chunking to all methods considered.

Domains and datasets

For the evaluation tasks, we reuse many manipulation tasks from the previous section for
the action chunking setting, and add locomotion tasks for the non-action chunking setting.
We consider 10 domains from OGBench [111]: scene, puzzle-3x3 (p33), puzzle-4x4 (p44),
cube-double (c2), cube-triple (c3), cube-quadruple (c4), humanoidmaze-medium (hm),
humanoidmaze-large (hl), antmaze-large (al), and antmaze-giant (ag). For antmaze-*
and humanoidmaze-*, we use the default navigate datasets. For scene, puzzle-*, and
cube-*, we use the default play datasets except for c4 and p44 where we use the larger
100M-size dataset from [110], and use the sparse reward definition for {p33, p44, scene},
following [81]. All of these domains require the RL agent to solve long-horizon tasks from
diverse offline behavior data that can only be accurately captured by expressive policies like
flow/diffusion policies. Furthermore, the harder domains are difficult to solve from offline
data alone, making these benchmarks great for evaluating the online fine-tuning effective-
ness of our approach. In addition, for all {cube-*, scene-*, p33-*, p44-*} domains, we
follow [81] to learn action chunking policies with an action chunking size of h = 5. Action
chunking policies output high-dimensional actions that exhibits a much more complex behav-
ior distribution, where the policy extraction becomes critical. Since our approach primarily
focuses on the policy extraction aspect, these domains make an ideal testbed us to compare
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our method to prior work. See Section A.3 for more details on these domains.

Baselines

We carefully select 13 representative, strong baselines that can be roughly categorized into
the following 5 categories— (1) Gaussian: ReBRAC [143], (2) Backprop: FBRAC [108]
(backprop through the flow policy’s denoising step directly), FQL (backprop through a 1-
step distilled policy) [108]; (3) Advantage-weighted: FAWAC [108] (advantage weighted
actor critic, AWAC [101], with flow policy); (4) Guidance with the critic’s action gra-
dient: DAC [42], QSM [118], and CGQL/CGQL-MSE/CGQL-Linex (three variants of clas-
sifier guidance-based methods inspired by [29]); (5) Post-processing-based: DSRL [152],
FEdit (flow + Gaussian edit policy from [37]), and IFQL (flow counterpart of IDQL [57]).
For offline-to-online evaluations we additionally compare with RLPD [9]. Finally, we com-
pare with BAM, a direct ablation from our method QAM where we use the ‘basic’ adjoint
matching (and hence the abbreviation BAM) objective in Equation (2.16) instead of the ad-
joint matching objective in Equation (2.18), and keep the rest of the implementation exactly
the same. We categorize it as a “backprop” method because its gradient is equivalent to
that of backpropagating through the memoryless SDE as we discuss above in Section 2.3.

Among them, RLPD does not employ any behavior constraint, so we directly train from
scratch online. To make the comparison fair, we use K = 10 critic networks, pessimistic
value backup with p = 0.5 (except on humanoidmaze-large where we find p = 0 to work
better), no best-of-N sampling (i.e., N = 1) for both our methods and our baselines except for
IFQL where best-of-N is used for policy extraction. See Section A.4 for detailed descriptions
and implementation details for each of the baselines. We also include the domain-specific
hyperparameters for each baseline in Section A.5.

Which flow RL method attains the best performance?

Table 4.3 reports the offline RL performance across 10 different domains (50 tasks in to-
tal). QAM outperforms all prior methods with an aggregated score of 44. In particular,
among all the baselines, FAWAC also converges to the optimal behavior-constrained dis-
tribution (Equation (4.8)) but does not leverage the action gradient of the critic, resulting
in a much worse aggregated score of 8 BAM also leverages the SOC objective but opti-
mizes it with backpropagation through the SDE chain (without using the ‘lean’ adjoint),
leading to a worse aggregated score of 35. It is worth noting that FBRAC also leverages
backpropagation through time (BPTT) similar to BAM, but performs much worse than
BAM. The main distinction between BAM and FBRAC is that BAM leverages the SOC
formulation which enjoys the guarantee that the policy at the optimum recovers the optimal
behavior-constrained policy, whereas FBRAC has not been found to enjoy such a guarantee.
This suggests that carefully designing the loss function where its optimum coincides with
the optimal behavior-constrained policy can be influential to the algorithm’s performance.
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Table 4.3: Offline RL performance at 1M training steps (50 tasks, 12 seeds). QAM
and two of its variants, QAM-FQL (QAM-F) and QAM-EDIT (QAM-E) outperform all prior base-
lines. We use CGQL-M, CGQL-L, QAM-F, QAM-E as the abbreviations for CGQL-MSE, CGQL-Linex,
QAM-FQL, and QAM-EDIT respectively. For results on individual tasks, see Table A.1 in Sec-
tion A.2.

Furthermore, BAM ends up performing similarly to FQL, which addresses the BPTT in-
stability issue by leveraging a 1-step distilled policy. This suggests that BPTT might not
be as disadvantageous as previously reported in [108] in the best case, but can be sensitive
to implementation details. In addition, we find QSM, one of the earliest methods proposed
in the literature of diffusion/flow-matching and RL can perform very well when augmented
with a behavior cloning term. ® We also find that a Gaussian baseline, ReBRAC, while worse
on manipulation tasks, often outperforms other flow/diffusion-based methods on locomotion
tasks. This makes ReBRAC the fifth-best method in terms of aggregated score, falling short

3The original QSM implementation does not have a behavior cloning term. It only aligns the action
gradient of the critic to the diffusion denoising process. This makes the vanilla QSM very hard to learn
anything during the offline pre-training phase. To adapt it to our offline-to-onlilne setting and make the
comparison fair, we augment the original QSM loss with the standard DDPM loss on as the behavior cloning
loss. See more details in Section A.4.
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Figure 4.5: QAM online fine-tunes more effectively than prior methods (50 tasks,
12 seeds). We use the QAM-EDIT (QAM-E) variant for QAM and the CGQL-Linex variant for
CGQL (CGQL-L) because they work well for online fine-tuning. For full results, see Figure A.1
in the Appendix.

compared to QSM and all three QAM variants. Last but not least, combining QAM with
FQL and FEdit (QAM-F and QAM-E respectively) can push the performance even further,
achieving an aggregated score of 45 and 46 respectively.

Moving on to the online fine-tuning setting, Figure 4.5 shows the sample efficiency curve (with
x-axis being the number of environment steps). QAM-E outperforms all prior methods on
cube-triple and is the most robust method across the board. For example, compared to
QAM, QSM fine-tunes better on ag but struggles on all other tasks except on ¢2 where it
performs similar to QAM. FQL fine-tunes slightly better on ag but much slower on both p44
and c3.

4.5 Concluding Remark

In this chapter, we introduce two flow RL methods, FQL and QAM, as well as a generic recipe
that allows these approaches (along with many other flow RL methods) to be effective in the
action chunking setting. Our empirical results suggest that QAM-E (i.e., the variant with
residual Gaussian policy) is the most effective policy extraction method in both the offline
RL setting and the offline-to-online RL setting, matching or outperforming prior methods.
FQL is also a strong alternative, especially during online fine-tuning, where it demonstrates
strong sample-efficiency in the most challenging cube-triple and cube-quadruple domains,
surpassed by only QAM-E. There are still practical challenges associated with both FQL and
QAM. While their effectiveness can be largely attributed to how well it is able to leverage the
critic’s action gradient for efficient policy optimization, this can be a double-edge sword—for
cases where the critic function is ill-conditioned, it could lead to optimization stability issue.
We have found gradient clipping to help alleviate this issue in QAM, but a more principled
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method that combines both value and gradient information could further improve robustness
and performance.

On the action chunking side, we have shown that Q-chunking as an effective recipe that allows
flow RL methods to be effective in manipulation tasks due to its value speedup and tem-
poral coherent exploration. However, it also comes with a fundamental limitation—action
chunking policy executes actions open-loop within chunk, constricting reactivity. This can
especially be problematic when the environment is stochastic, where the policy is required
to be reactive to compensate for environment stochasticity. Furthermore, Q-learning with
action chunking Q-function is an understudied topic with little known theoretical guaran-
tees. In Chapter 5, we will introduce and discuss the first theoretical framework for action
chunking Q-learning and turn theoretical insights into a practical algorithm in Chapter 6
that allows action chunking Q-learning to be scaled up to extremely long horizon tasks that
were previously impossible to solve with naive Q-chunking.
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Chapter 5

Theoretical Foundation of Action
Chunking Q-learning

At the time of writing this dissertation, many methods have been proposed to adopt action
chunking in value learning similar to Q-chunking [125, 80, 147]. As we have shown both
conceptually and empirically, this formulation enables more efficient value backups and leads
to better performance in manipulation tasks. However, theoretical guarantees of action
chunking Q-learning, especially on arbitrary off-policy data, are still an open problem.

Intuitively, an action chunking policy implicitly poses an assumption that the action chunks
are carried out open-loop. Mathematically, this can be roughly described as

Wac(at; Qg1 - 5 Qgpp—1 | St) = PD(ah Qg1 5 Qg4h—1 | Sty St41, 7 7St+h—1)7 (5-1)

where D is the distribution of the trajectory as a result of rolling out an action chunking
policy. This leads to a problem—when the offline dataset does not satisfy such a relationship,
Q-learning on the action chunking space starts to break down. Imagine an environment where
there is a random binary noise (e.g., wind blowing a robot to the left or to the right) that a
policy needs to react to with the appropriate binary action (e.g., steering to the right or to the
left). Failure to react appropriately results in an instant episode termination with negative
return. If the offline data is collected by an expert policy that always reacts correctly to the
noise, all the trajectories would be successful and free from the negative return. However,
this deviates from the performance of any action chunking policies where they are doomed
to fail with no mechanism of reacting during action chunks. The worst part is that the
Q-function would incorrectly learn that executing the sequence of actions presented within
the offline data open-loop results in success, resulting in a systematic open-loop bias that
cannot be fixed easily.

The example above gives a glimpse of the nuances in the action chunking Q-learning, and
the lack of theoretical understanding in this setting makes it unclear when and how action
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Assumptions Value Estimation Error AC Optimality Closed-loop AC Optimality
Vie = Vae V-V V-V
Weak &,-OLC ~ ©(g, HH) (Theorems | and 2) Q(H) (Proposition 1) -
Strong £,-OLC O(epnHH) (Theorem 1) O(e,HH) (Theorems 3 and 4) O(e,H?H) (Proposition 3)

(9, 95)-BOV - Q(H) (Theorem 6) OWEH + 9§ HH) (Theorems 5 and 6)

Table 5.1: Summary of our main theoretical contributions. In this work, we introduce open-loop
consistency (OLC: Definition 2) and bounded optimality variability (BOV: Definition 4). Weak OLC provides
guarantees on the value estimation error of the action chunking critic but not the optimality of the learned
action chunking policy. Strong OLC provides guarantees on the optimality of the learned action chunking
policy and its closed-loop execution performance. BOV is an alternative condition to provide guarantees on
the closed-loop execution performance. 2(H) means that a constant factor of the maximum value gap can
be achieved in the worst case.

chunking Q-learning might work in some environments compared to others. Indeed, what we
are dealing with here is no longer a well-understood Markovian policy learning problem, but
rather a special case of non-Markovian policy learning problem, where temporal dependency
must be factored into the consideration.

In this chapter, we provide the first formal analysis of Q-learning with action chunking,
focusing on characterizing the value learning bias of the Bellman backup of action chunking
critic. Specifically, we introduce the open-loop consistency condition under which we exactly
characterize the worst-case value estimation bias (Theorems 1 and 2) and sub-optimality gap
(Theorems 3 and 4) at the fixed point of the bellman optimality equations. Moreover, we
characterize (i) the conditions under which the action chunking critic backup is preferable
over n-step return backup with a single-step critic (Proposition 2), and (4i) the conditions
under which closed-loop execution of the action chunking policy further mitigates the open-
loop bias (Theorem 5). A brief summary of the key results is available in Table 5.1.

5.1 Assumptions and Notations

To build the foundation of our analysis, we start by describing the trajectory data distribution
that we use for Q-learning and the trajectory distribution induced by an action chunking
policy. In particular, we assume that the trajectory data distribution obeys the transition
dynamics 7"

Assumption 1 (Data Obeys the Transition Dynamics) D € A7 is a trajectory dis-
tribution generated by rolling out a behavior policy from a distribution of s; ~ u. The
behavior policy can be non-Markovian (i.e., mg(@tk | Statkt1, @eetr)). Each subsequent
state is generated according to the MDP dynamics M: s; g1 ~ T(- | Spik, a1k), VE €
{0,1,--- ;h—1}. The resulting trajectory is (S, Sgi1, -+ s Stan, Gty g1, > Qiin) € T =

St x A",
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Next, we formally define the open-loop trajectory distribution that we would obtain if we
take the same actions in the data and roll them out open-loop for h steps in the MDP.

Definition 1 (Open-loop Trajectory) From any data distribution D, we use 72, : S —
A 4n to denote an action chunking policy that admits the same marginal distribution as
D:

Tp(aetsn | 8t) = Pp(apiin | 8t). (5.2)

Rolling out this action chunking policy by carrying out actions in chunks induces a
trajectory distribution Pp € Agn+1 _g4n that is generally different from Pp:

h—1

P§($t+1:t+h+1aat:t+h | St) = W%(at:wrk | St) HT(St+k+1 | St—i-kaat—i-k)- (5-3)
k=0

Next, we introduce a set of notations and conventions that we use in our theoretical analysis.
We use 41 to denote an action chunk of length h: (as, a1, -+ ,ai1p—1) (not including
aiyn). We use the subscript -], for all action chunking policies or value functions, [A] to
denote the nominal (i.e., estimated) value (in contrast to the actual without the ‘*’), and
[-]* to denote something that is learned from the data (usually defaults to D). For example,
Vi8S —=[0,1/(1—~)] is the nominal value (i.e., expected discounted return) of an action
chunking policy 7 learned from D, whereas VT is the actual value of the same action
chunking policy (where the value is obtained by rolling the policy out in the MDP with
open-loop action chunks). As we will elucidate in the next section, the nominal value and
the actual value of a policy are usually different, and hence making this differentiation critical
in our analysis. We also use [-|* to denote the optimal policy or value function under the
constraint of the policy class (e.g., 7. for the optimal action chunking policy and 7* for the
optimal closed-loop 1-step policy). Finally, we use H = 1/(1—+), H = 1/(1 —~") to denote
the effective horizon for 1-step TD backup and h-step TD backup respectively.

5.2 Weak and Strong Open-loop consistency (OLC)

From the definition above, we have demonstrated that replaying the actions from the tra-
jectory data distribution Pp in an open-loop manner may result in a different trajectory
distribution, P3. This discrepancy between Pp and Pp has not been carefully analyzed by
prior work but can play a huge role in the optimal policy that action chunking Q-learning
converges to. To characterize this discrepancy, we use a notion of consistency as defined
below.
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Definition 2 (Open-Loop Consistency) D is weakly e,-open-loop consistent if for
every s, € S with Pp(s;) > 0 (i.e., s; € supp(Pp(s;))),

Drv(Pp (e, aeenr | St) || Po(Seen Gegnr | 8¢)) < en, VR € {1,2,--- \h— 1}, (5.4)
Drv(Pp(sern | 5¢) | Po(seen | s¢)) < en. (5.5)

D is strongly e,-open-loop consistent if additionally for every a1 € supp(Pp(at.i4h |

St))a
DTV<T(8t+h/ | St at:tJrh/) H P'D(StJrh/ | St at:tJrh)) < Eh?Vh/ € {17 2, 7h}7 (56)

where we use T'(Syyn | St, arenr) to denote the distribution of the future state s,y after
carrying out the action sequence a;;y s in the environment open-loop from the current
state s;.

Intuitively, D is gj,-open-loop consistent if, when executing the same sequence of actions from
it open-loop from s;, the resulting marginal distribution of the state-action h steps into the
future (i.e., si4) deviates from the corresponding distribution in the dataset by at most gy,
in total variation distance. The strong version (Equation (5.6)) requires the total variation
distance bound to hold for every action sequence in the support, whereas the weak version
(Equations (5.4) and (5.5)) only requires the bound to hold in expectation. See Section .1
for examples of weakly open-loop consistent data.

Value learning bias of action chunking Q-learning

Next, we show that the weak open-loop consistency of D alone is sufficient to show that
behavior value iteration of an action chunking critic results in a nominal value function
(i.e., Vi) with a bounded bias from the true value (i.e., Va.) of the behavior cloning action
chunking policy 7a.:

Theorem 1 (AC Value Bias) Let Vie: S — [0,1/(1 — )] be a solution of

V;C(St> = ]Est+1:t+h+17at:t+h"‘PD("st) Rtit+h + VhVaC(StJrh)] ) (57)
with Ry = ?;ht V=t (sy, ap) and Ve is the true value of Ta @ 5; — Pp(apsan | St)-

If D is weakly e-open-loop consistent, then for all s; € supp(Pp(s¢)),

_V s Yeh
‘/ac(st) Vac( t) < (1 _ 7)(1 _ (1 _ €h)7h)

< e HH. (5.8)

We show that this bound is tight for any value of h > 1,y € [0,1) and 0 < g, < %:
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Theorem 2 (Worst-case AC Value Bias) For any h > 1,7y € [0,1),e, € [0,1/2],
there exists an MDP M and a weakly e,-open-loop consistent D such that for some
St € SU.pp(P'D(St>>,

A YEn
Vac(8t) = Vac(st) = (1—)(1—(1—ep)y")’

Similarly, there exists an MDP M and an ¢j,-open-loop consistent D such that for some
st € supp(Pp(st)),

(5.9)

~ €h
Vac(8t) = Vac(st) = (1—7)(1—(1—ey)

(5.10)

The proofs can be found in Section D.2 and Section D.3. A direct consequence of these
results is that the true value of the optimal action chunking policy is close to that of the
optimal closed-loop policy:

Corollary 1 (Optimality Gap for AC Policy) Let D* be the data collected by any op-
timal policy 7*. If D* is weakly &j,-open-loop consistent, then for all s, € supp(Pp+(s;)),

* _YJ* S * S¢) — ~ac St 1o
Vi(st) = Vaels) < V7(st) = Vaels)) < g @ - (1= 00

where V* is the value of the optimal policy 7*, V% is the true value of the optimal action
chunking policy, and V. is the true value of the action chunking policy from cloning the
data D*:

<e,HH, (5.11)

ﬁfc* (@ppsn | 8t) ¢ Ppe(- | se). (5.12)

We show that this bound is also tight. The proofs are in Section D.4 and Section D.5.

Corollary 2 (Worst-case Optimality Gap for Action Chunking Policy) For any h >
1,7 € [0,1),e, € [0,1/2], there exists an MDP M whose optimal policy 7* induces a
data distribution D* that is weakly e,-open-loop consistent, such that for some s; €

supp(Pp«(st)),

YER

e [T =Ey )

(5.13)

The key observation that enables these results is that Vac obtained from value iteration on
D* (data collected by an optimal policy) recovers the value of the optimal policy V*. This
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allows us to use Theorem 1 to directly obtain a bound on the optimality gap for action
chunking policies.

Next, we analyze the performance of the action chunking policy obtained by Q-learning.
In particular, we analyze the Q-function obtained as a solution of the bellman optimality
equation under supp(D):

~

Quc(56: atrn) = BuyypoiimPpClseancen) | Reen + Y Qi (St4ns The(5040)) | (5.14)
where 7 is defined as follows:

+ . 3+
Tac * St > arg ma}Xat:t+h€Supp(PD(at:t+h|St))Qac(8t7 at!t-f—h)' (515)

With only the weak open-loop consistency condition, the worst-case performance of the
action chunking policy may be arbitrarily low, as formalized below (proof in Section D.6).

Proposition 1 (AC Q-Learning under Weak OLC) For any h > 1,7 € [0,1),c €
[0,1/2), e, € (0,1/2), there exists an MDP M, weakly e,-open-loop consistent D and D*
with supp(Pp (¢, apirn)) 2 supp(Pp«(S¢, agirn)), such that for some s, € supp(Pp-(s;)),

V*(s) = Vit (s0) = Via(se) = Vid (s1) = ——. (5.16)

Intuitively, the chunked critic Q(s;, ar.r+n) has no way of differentiating a low-probability,
‘lucky’ success from a closed-loop, high-probability success. This can cause the learned
policy 7 to erroneously prefer very low-value action chunks even when the optimal action
chunks are available in the data distribution. With Proposition 1, we conclude that the
weak open-loop consistency is insufficient for effectively bounding the sub-optimality of
action chunking Q-learning. Fortunately, the strong open-loop consistency (Equation (5.6))
is sufficient as quantified by the following bound:

Theorem 3 (AC Q-Learning under Strong OLC) If D and D* are strongly e,-open-
loop consistent, and supp(Pp (s, @rt4n)) 2 SUpp(Pps (8¢, are4n)), then Vs, € supp(Pp+(st)),

EnY 2 1 _
V*(s,) = VI < <3¢ ,HH 5.17
(8 =Vae ) < T2 [T @ zemyr T T= @) = B (B17)

where V* is the value of a closed-loop optimal policy and V| is the true value of 7.

Theorem 3 (proof in Section D.7) shows that as long as both D and D* satisfy the strongly
open-loop consistency condition and D contains the behavior in D*, Q-learning with action
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chunking is guaranteed to converge to a near-optimal action chunking policy regardless of how
sub-optimal the data D might be. Also, we show this bound is tight (proof in Section D.8):

Theorem 4 (Worst-case Analysis of Q-Learning with Action Chunking Policy on Of-
f-policy Data) For any h > 1,7 € (0,1),e,, € (0,1/5),c1 € (0,e4/2), and ¢y €
(0,2¢ep7), there exists an MDP M and strongly e,-open-loop consistent data distri-
butions D and D* with supp(Pp(ss, arevn)) 2 supp(Pp+(st, arevn)), such that for some
st € supp(Pp+(s)),

2epy — ¢ EnY
PO T R R ey L Ry s P vy (5.18)

where V* is the value of an optimal policy and V.t is the true value of 7.

V*(st) = Vit (s1) =

As ¢q,c0 — 0,

enY 2 n 1
1—y[1-(1—2ep)y" 1—(1—ep)y?

V*(s)) — Vit (ss) —

ac

(5.19)

Up to now, none of the bounds that we have shown so far depend on the sub-optimality of
the data. Indeed, we can make the data arbitrarily sub-optimal while the action chunking
policy learning is still guaranteed to be near optimal. As we will show in the following
section, this is in contrast to the n-step return policy where its performance depends on the
sub-optimality of the data.

5.3 Comparing to n-step Return Q-learning

We now characterize the condition when action chunking Q-learning should be preferred over
the standard n-step return backup. We start by introducing a notion of sub-optimality:

Definition 3 (Sub-optimal Data) D is ¢,-sub-optimal for a backup horizon length of
n > 1if

Q*(Sh at) - EPD('|St,at) [Rt:t+n + rynV*(St—i-n)] > 5n7 VSt, ay € Supp(PD(Sta at))' (520)

Intuitively, §,, captures how much worse the n-step return policy can be than the optimal
policy incurred by the backup bias. Under such a condition, we can show that the action
chunking policy is provably better than the n-step return policy as long as ¢, is large.
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Proposition 2 (Comparing Q-chunking backup and n-step return backup) Let D be
strongly ;-open-loop consistent and d,-sub-optimal, and supp(Pp(s:)) 2 supp(Fp-(st)).
Let m} : s, = argmax, Q; (s, a;) be the policy learned from D, via n-step return
backup:

Qi (s1,a;) = E [Rt:t+n +7"Q (St4n; W:(Stm))] : (5.21)
Then, for all s; € supp(Pp+(s;)) (and with H,, = 1/(1 — ")),

(Sn EnTY l 2 1 ]

V;;(‘St) - Vn+(8t) > 1— " o 1— y

Z (Snﬁn - 3€hHH.

+

1—(1—2e)7" 1= (1—en” (5.22)

The proof of Proposition 2 is available in Section D.10. Notably, for n = h, as long as D
is more than (3¢j, H)-sub-optimal, the value of the action chunking policy is provably better
than the value of the n-step return policy. It is worth noting that Proposition 2 uses the
nominal value of the n-step return, which may be lower than its actual value. We refer
readers to Section .3 for examples where the n-step return policy is provably worse than
the action chunking policy.

Up to now, we have characterized the conditions under which action chunking policies are
better than n-step return policies. However, action chunking policies are still fundamentally
limited when subject to poor open-loop consistent data. To tackle this challenge, we explore
closed-loop execution of an action chunking policy (i.e., carrying out the first action of the
full action chunk at every step). While this has been explored in robotic applications [164,
24, 84, 14] to reduce latency and improve smoothness, the theoretical property of closed-
loop execution of action chunking policies is not well-understood, especially in the context
of Q-learning.

5.4 Closed-loop Execution of Action Chunking Policy

If we reuse the same strongly e,-open-loop consistency assumption, we can guarantee that
closed-loop execution of the action chunking policy is also near-optimal. The intuition is
that in order for action chunking policy to be near-optimal, the first action in the chunk
cannot be too sub-optimal:
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Proposition 3 (Optimality of Closed-loop Execution of Action Chunking Policy) Let
V* be the value of the one-step policy, 7°, as a result of the closed-loop execution of the
action chunking policy 7}, learned from D. That is, for each s; € supp(Pp(s;)),

m*(s) = af, where af, ., =7l (s). (5.23)

If D and D* are strongly e,-open-loop consistent, and

SUPP(PD(Sta at;t+h)) ) SUPP(PD*(Sta at:t—l—h))a
then Vs; € supp(Pp+(st)),

* . EnY 2 1 2717
\% -V < < 3¢, H"H. 5.24
(St) (St) = (1 _ 7)2 1— (1 _ 2€h)f}/h + 1 — (1 _ gh)'yh > o€ ( )

The proof is available in Section D.9. This result demonstrates that closed-loop execution
is also near-optimal as long as the action chunking policy is near-optimal, though we might
have to pay up to a horizon factor H (i.e., 1/(1 — 7)) in sub-optimality gap in the worst
case. Can we do better than this?

In practical applications, the data distributions that we are dealing with often have more
structure. For example, it is common to have a dataset consisting of multiple sources where
each data source is collected by either a human expert or a scripted policy that exhibits a
somewhat predictable behavior (e.g., after a robot arm picks up a cube, it will always move
up rather than dropping it right away). We formalize this kind of structures as a notion of
optimality variability as follows:

Definition 4 (Optimality Variability) D exhibits 9,-bounded variability in optimality
conditioned on an event X if

max Rivin +7"V*(s —  min Rpern +Y"V*(s < Uy, 5.25
supp(Pp (-] X)) [ t:it+h 9 ( t+h):| supp(Pp (| X)) [ t:it+h Y ( t+h>] S Up ( )

If we pick X to be the current state and the current action, a bounded optimality variability
subject to such conditioning means that as long as we observe the initial action, the opti-
mality of the outcome after h-steps does not vary too much. It turns out that if (1) the
data distribution is a mixture of a bunch of data sources where the optimality variability
conditioned on the current actions is bounded within each data source, and additionally
(2) the optimality variability conditioned on the current action chunks is bounded globally
across mixture, we can form a much stronger bound on the optimality of #°. It is worth
noting that the second optimality variability condition is much weaker than the first one
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because it is conditioned on the event where we observe the state s; and the entire action
chunk a;;y, (rather than only the first action a;). We now state our theorem as follows:

Theorem 5 (Closed-loop AC Policy under Bounded OV) Let D* be the data distribu-
tion collected by an optimal policy. Assume D can be decomposed into a mixture of data
distributions {D*, Dy, Dy, - - Dy} and for some 9,95 > 0, they satisfy the following
two conditions:

1. Locally bounded optimality variability condition: every D; (including D*)
exhibits ﬁﬁ—bounded variability in optimality conditioned on s;,a; for all (s, a;) €
supp(Pp, (s, ar)), and

2. Globally bounded optimality variability condition: D as a whole exhibits -
variability in optimality conditioned on s, a1y, for all (s;, apern) € Supp(Pp(Se, Grivn))-

Then for all s; € supp(Pp«(s¢)),

Ve(sg) = V(o) < Ph_ 4 95 + 0" min(@, 95)

< <9FH +209HH. 5.26
T Aoy S wH 2 (5:26)

The proof of Theorem 5 (available in Section D.11) is made possible by observing that
V*(s;) — Vit (s¢) and Vii(s;) — Q*(sy, aif) are bounded by 9¢/(1 —~") and 9F/(1 — 4")
respectively. Combining these two bounds naively already allows us to derive a relatively
loose bound V*(s;) — Q*(ss, a7 ) < (98 + 95)/(1 — 4") which leads to V*(s;) — V*(s;) <
(9F +9%)/(1 —~4")/(1 — ). To obtain the tight bound in Theorem 5, we leverage a key
insight that the amount of overestimation in V. can never exceed 9% + ﬁ—ih as otherwise
the nominal value of the action chunking policy h-step into the future, V,} (s,,4), would have
an optimality gap higher than ¥$'/(1 —+"), which is impossible under the global optimality
variability condition. Forming this tight bound is important because it effectively shaves off
a factor of H = 1/(1 — ") from the 9 term (the stronger local condition) and only bumps

up a factor of ~ 2 to the 9§ term (the weaker global condition).

It is worth noting that although the global optimality variability condition looks similar to
the strong open-loop consistency condition, they have completely different properties. For
instance, a nearly strong open-loop consistent data distribution D can have unbounded global
optimality variability and a data distribution that exhibits zero optimality variability can
also have large open-loop inconsistency. The implication of this is that while the closed-loop
execution of an action chunking policy can be near-optimal, the same action chunking policy
executed in chunks can be sub-optimal. We formalize this intuition as the worst-case result
below:
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Theorem 6 (Worst-case Closed-loop AC Policy under BOV) For any h > 1,7 €
—~h —~h min(9§ 9L) .

(0,1),95, 98 € (O, ﬁ] ,C € [0, ﬁ) ,0 € <0, #), there exists M and D

satisfying the assumptions in Theorem 5 such that there exists s; € supp(Pp-(s;)), where

Ik ¢ + A" min(9E, 95) c
’ — 0, V*(st) = Vi(sy) > ——. (5.27
= T a-- (o) = Vel il

V¥(st) = V2 (se) = 1—~

The examples in the proof of Theorem 6 (available in Section D.12) serve a dual purpose—
they not only show that our upper bound in Theorem 5 is tight (since we can make o — 0),
but also show that the sub-optimality of the action chunking policy can be made arbitrarily
large. Furthermore, both the local optimality (9%) condition and the global optimality (9$)
are necessary to guarantee 7 being near-optimal. When any of them is large, Theorem 6
implies that there exists an MDP where 7* is sub-optimal. As a side note, we can guar-
antee m* to be near-optimal with an alternative ‘stochastic shortcut’ assumption (a weaker
form of the global optimality variability assumption) and a slightly stronger data mixing
assumption. We refer the readers to Section E.5 for the formal results under this alterna-
tive assumption. Overall, combining Theorem 5 and Proposition 3 shows that, compared to
executing the action chunking policy in open-loop chunks, closed-loop execution attains a
similar bound under the strongly e,-open-loop consistent assumption, and excels under the
bounded optimality variability assumptions.

5.5 Concluding Remark

Up to now, we have provided a theoretical foundation for action chunking Q-learning and
demonstrate how to effectively extract policies from chunked critics. In particular, we have
formally analyzed action chunking Q-learning, identifying the TD backup bias that arises
from open-loop inconsistency and characterizing the conditions under which action chunking
Q-learning is preferred over n-step return learning and the conditions under which closed-
loop execution of the action chunking policy is near-optimal.

Conceptually, closed-loop execution of the learned action chunking policy decouples the
open-loop execution horizon (policy chunk length) from the value-learning horizon (critic
chunk length). Such decoupling inherits the strength of action chunking TD and 1-step TD:
(1) the value learning speedup of action chunking Q-learning, and (2) the reactivity of a
standard, single-step policy. Furthermore, executing the first action (or more generally a
partial chunk) of the original action chunk also brings practical benefits: it removes the need
to explicitly train a policy to predict the full action chunk all at once, which can be especially
challenging when the chunk size grows big. In Chapter 6, we develop a practical algorithm
to realize such potential, which allows us to scale up action chunking Q-learning to tasks
with much longer horizons.
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Chapter 6

Scaling up Action Chunking
Q-learning to Long-horizon Tasks

In the previous chapter, we have formally characterized that action chunking Q-learning
may suffer from open-loop bias if the data distribution exhibits poor open-loop consistency,
and closed-loop execution of a learned action chunking policy under such distribution can
mitigate such bias. However, it is still unclear how one may design a method to make good
use of this result. One naive method is to simply learn a policy for full action chunks but
only execute the first (or first couple of actions) in the predicted chunks, but this requires the
policy to model increasingly more complex action chunk distributions as the action chunk
size grows. This growing action chunk size may adversely impact performance, limiting
the scalability of action chunking RL. Is there a practical approach that circumvents this
limitation?

Our key insight is that we can avoid training the policy to predict the full action chunks
and instead to only predict shorter, partial action chunks against the chunked critic. To
achieve this, we use a ‘distilled’” chunked critic with a chunk size that matches the policy:
it optimistically regresses to the original chunked critic to approximate the maximum value
that the partial action chunk can achieve after being extended into a full action chunk.
Conceptually, while the action optimization is still done for the longer, complete action
chunks, the policy network is only trained to output the partial action chunk of an optimized
complete action chunk. This way, the policy only needs to predict a much shorter action
chunk (e.g., in the extreme case, only one action), which often admits a much simpler
distribution, while enjoying the value learning benefits from the use of chunked critics.

In this chapter, we instantiate this insight as a practical offline RL algorithm (Section 6.1) for
action chunking Q-learning. We stress test our algorithm on some of the most challenging,
long-horizon tasks in OGBench [111], and show that our algorithm outperforms the previous
state-of-the-art.



CHAPTER 6. SCALING UP ACTION CHUNKING Q-LEARNING TO

LONG-HORIZON TASKS 46
large critic chunk .
- Actions Aggregated Score
backu 1 ’_§82
s:a:op action chunk ﬁ 80
Q(0,caoon) () '-. L
o Decoupled 60
distill 1 States Ch k 44
partial chunk unkin
eoed) (O T 4
extract @ 25
partial chunk 2 0 1 8
naoo
Actions 0
small policy chunk g DQC QC NS SHARSA HIQL

Figure 6.1: Decoupled Q-chunking (DQC). Left: The key idea of our method is to
‘decouple’ the action chunk size of the critic ) from that of the policy w. A large critic chunk
size allows for efficient value learning while a small policy chunk size makes policy learning
more tractable and allows for better policy reactivity. Right: Our method outperforms
all baselines on the six hardest environments on OGBench, an offline goal-conditioned RL
benchmark with challenging long-horizon tasks.

6.1 Decoupled Q-chunking

In this section, we propose a new algorithm that enjoys the benefits of value backup speedup
of critic chunking while avoiding the difficulty of learning an open-loop action chunking
policy with a large chunk size. As the name of the algorithm suggests, our core idea is to
decouple the chunk size of the critic from that of the policy where the policy only predicts a
partial action chunk. We first describe the algorithm conceptually, and then provide detail
on how the algorithm can be effectively implemented in practice for offline RL.

The Algorithm

To start with, we train a policy m(as¢yn, | s¢) to output an action chunk (with a size of
h, < h) using the following objective:

L(m) = =Bay sy mor150) [ Qo (St (@t thas @ngan])]s (6.1)

where [as.4h,, @) S hat +h] represents the concatenation of two partial action chunks (size h,
and size h — h,) into a full action chunk a;.;yp, of size h, and a} ' hystn 18 the best ‘second-half’
of the action chunk that maximizes the critic value under Q4:

a:+ha:t+h ‘= arg maxat+ha:t+hQ¢(Stu (At th s Qttho:tth])- (6.2)
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Essentially, we want our policy to predict the partial action chunk (of size h,) within an
optimal action chunk of size h, rather than the entire optimal action chunk. This lowers the
policy expressivity requirement and hence the learning challenges associated with it.

However, directly optimizing the objective in Equation (6.1) does not lead to a new algorithm
because taking the maximization over a;,,.+1n Seemingly requires us to learn a policy of the
original chunk size anyway. To address this issue, we learn a separate partial critic Qf; , which
only takes in the partial action chunk (of size h,) as input, to approximate the maximum
value this partial action chunk can achieve when it is extended to the full action chunk (of
size h):

Qb (st, atin,) = Qu(St, [Aitrhas Unyain])- (6.3)

To train Qf; , we can use an implicit maximization loss function (as described in Equa-
tion (2.4)):

L(Y) == fid (Qo(5t, arrsn) — Qu (51, Grrin,)), (6.4)

where s;, a;.1p are sampled from the offline dataset D. As a result, the partial critic, Qi , 18
distilled from the original critic via an optimistic regression, where its optimum Qg(st, Atth,)
approximates Qg (s¢, [@r:t1hys Afyp,44n]) i Equation (6.1), conveniently removing the need for
training a policy to predict the whole optimal action chunk entirely. This allows us to simplify
the policy objective as

L(ﬂ-) = _Eat:t+hawﬂ('\8t) [Qi(Shat:t—&-ha)] . (65)

In summary, DQC trains a policy to predict a partial chunk, as.iyp, (of size h,), by hill
climbing the value of a partial critic Qf; (8¢, G411, ) that is distilled from the original chunked
critic Qy(St, Gr4p) via an implicit maximization loss. This allows our policy to fully leverage
the chunked critic @), (and thus the value speedup benefits associated with Q-chunking)
without the need to predict the full action chunk (of size h), mitigating the learning challenge
of an action chunking policy.

Practical Considerations for Offline RL

Finally, we describe several implementation details that we find to work well in the offline
RL setting, which our experiments focus on. Our implementation draws inspiration from a
prior method, IDQL [57].

We first train a behavior cloning flow policy s using a standard flow-matching objective [87]
on the offline dataset D. Then, we approximate the policy optimization objective in Equa-
tion (6.5) using best-of-N sampling without explicitly modeling =

i N Qf;(sta at5t+ha)’ where a%zt—i—ha? U 7ai\:]t+ha ~ 7T,3(' | St)’ (6'6)

*
ay. < argmax .
ittha {“t:t+ha }¢:1
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Algorithm 3 Decoupled Q-chunking (DQC).

Given: D,Q¢>(St,@t:t+h)anZ<3t7Gt:t+ha),Vg(St),Wﬁ(at:tJrha | 5¢)

1. Agent Update:

(Statthaty Gty Tearn) ~ D > sample trajectory chunk from the offline dataset
(

' _ 2
Optimize Qy with L(¢) = (Q¢<st, Gt n) = Yopso Verren — fyhvg<st+h))

Optimize Qf; with L(w) = fg(dpectilei(qu(Sta at:t+h) - Qi(st, at:t+ha)>-
Optlmlze ‘/5 with L(g) = f(’;l;)antile(QzI;(Sta at:t—l—ha) - ‘/§<St>>7

2. Policy Extraction:
Aoty s a?:Hha, e ,ai\thu ~ ma(- | st) > sample N actions from behavior policy
Afpypp, < ATE max{aiﬂh L QL (¢, i) > take the action with the highest Q-value

=1

and ay,, ., is output of the policy that we extract from Qi for state s;. Essentially, this
sampling procedure is a test-time approximation of the objective in Equation (6.5), where
it outputs an action (chunk) that maximizes Qi , subject to the behavior prior, as modeled
by 7g.

For TD learning of Qg, directly computing the TD backup target from either Q5 or Qf/—j
is computationally expensive, as either requires samples from the current policy, which is
approximated via the best-of-N sampling procedure as described above. Instead, we use the
implicit value backup [75] (i.e., as described in Equation (2.4)) to approximate the target:

L) = favantite(Qu (5, Otn,) — Ve(s0)), (6.7)

where we pick the quantile regression loss as the implicit maximization loss function. This
is because the Q-value obtained from best-of-N sampling can be seen as the largest order
statistic of a random batch (of size N) of the behavior Q-values. Such a statistic estimates
the behavior Q-value distribution’s %—quan‘cﬂe, which is the same as V¢(s) at the optimum

of L(&) if we set k, = Y=L In practice, we use a smaller s, for numerical stability (see

N
Table C.6).

Finally, we pick the expectile regression loss for training the distilled partial critic Qi because
prior work has found it to work the best among all implicit maximization loss functions [57].
A summary of the algorithm is available in Algorithm 3.

6.2 Experiments

We conduct experiments to evaluate the benefits of decoupling the policy chunk size and the
critic chunk size on OGBench [111]—a challenging long-horizon, goal-conditioned offline RL
benchmark consisting of a diverse set of environments (from manipulation to locomotion).
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Figure 6.2: Aggregated score across six hardest OGBench environ-

ments (10 seeds): cube-{triple/quadruple/octuple}, humanoidmaze-giant, and
puzzle-{4x5,4x6}.

In particular, we use the more difficult environments introduced by [110], where multi-
step return backups are crucial. These environments require highly complex, long-horizon
reasoning. For example, the puzzle tasks require stitching up to 24 atomic motions to solve
a combinatorial puzzle with a robot arm, and the humanoidmaze tasks require controlling a
high-dimensional humanoid robot over 3000 environment steps to navigate a maze. These
environments serve as an ideal testbed for our algorithm, which improves upon n-step returns
and Q-chunking. We now describe our main comparisons. To start with, we consider several
direct ablation baselines where the same algorithm backbone is being used (i.e., implicit
value backup and best-of-N sampling):

QC (Q-chunking [81]) uses a single critic that has the same chunk length as that of the
policy (i.e., h = h,). This baseline tests whether having decoupled chunk sizes is important.

DQC-naive is a naive attempt at decoupling the critic chunk size from the policy chunk
size, where it takes the QC policy to predict full action chunks of size h but only execute
the first h, actions.

NS: n-step return TD backup. This baseline uses a single one-step critic (i.e., Q(s;,a)).
Compared to DQC with h = n and h, = 1, this baseline tests whether using a chunked critic
is important.

OS: Standard 1-step TD backup. This is the same as NS but with n = 1.

Beyond the ablation baselines, we also consider the following strong goal-conditioned base-
lines from prior work:
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Figure 6.3: Offline goal-conditioned RL results (10 seeds). Our method (DQC) uses
decoupled critic and policy chunk sizes. QC': Q-chunking [81]; NS: n-step return backup;
08§ 1-step TD-backup; DQC-naive: same as QC but executes a partial action chunk.

FBC/HFBC: Goal-conditioned and hierarchical goal-conditioned flow behavior cloning
baselines considered in [110].

IQL/HIQL [75, 109]: These are strong goal-conditioned RL methods that train a goal-
conditioned value function with implicit value backups and extract a flat (IQL) or hierarchical
(HIQL) policy from the value function.

SHARSA [110]: The previous state-of-the-art method on the long-horizon environments
that we evaluate on. The method uses a combination of n-step return and bi-level hierarchical
policies.

In our ablation study, we also consider an additional baseline, QC-INS, that uses the idea of
decoupled policy chunking and critic chunking (h, < h), but without using a distilled critic.
This baseline simply uses n-step return targets to directly train a critic with a chunk size of
h, without implicit maximization (Equation (6.4)). The performance of this baseline helps
determine how important it is to learn a separate distilled critic for partial action chunks
with implicit maximization. We run 10 seeds for all methods, and report the means and the
95% confidence intervals.
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Table 6.1: Comparisons with prior methods (10 seeds). Our method outperforms
SHARSA [110] (the previous state-of-the-art method on this benchmark) on most environ-
ments.
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Figure 6.4: Distilled critic ablations (10 seeds). Each group in the legend contains DQC
and its non-distilled counterpart with the same configuration. Our method (DQC) performs
on par with or better than the non-distilled counterpart across all configurations.

Results

(Q1) Does DQC improve upon n-step return, Q-chunking? Figure (6.3 compares
DQC (ours) to both n-step and QC across six challenging long-horizon GCRL environ-
ments, with our method performing on par with or better across the board. Table 6.1 shows
DQC also consistently outperforms the previous state-of-the-art method on this benchmark,
SHARSA [110], on all environments. For each environment, we tune DQC (ours), QC, NS,
and OS (see the tuning range in Table C.7) and pick the best configuration (Table C.5)
for hyperparameters used in Figure 6.3 and Table 6.1. For all baselines from prior work
(SHARSA, HIQL, IQL, HFBC, FBC), we directly use their tuned hyperparameters and run
with the same batch size (i.e., 4096) as used in our method and other baselines. See the
complete result table for all combinations of h,n, h, in Section C.1.

(Q2) Is training a separate distilled critic be’ necessary? In Figure 6.4, we compare
DQC to DQC without using the distilled critic across three different (h, h,) configurations:
(h = 25,h, = 5), (h =25,h, = 1), and (h = 5,h, = 1). For configurations with h, = 1,
the baseline without using the distilled critic is the same as the n-step return baseline (with
n = h) and for the configuration with h, = 5, it is the same as combining Q-chunking and
n-step return (QC-NS). Across three configurations, DQC performs on par or better than
its non-distilled counterpart. This highlights that a separate distilled critic for the partial
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Figure 6.5: Hyperparameter sensitivity analysis on cube-quadruple (10 seeds).
Best-of-N: the number of action samples drawn from 7s(- | s) during policy evaluation;
Implicit loss type: the implicit maximization loss function used for distillation and value
backup; Batch size: the number of examples used in each gradient step.

action chunk is necessary for the effectiveness of DQC.

(Q3) How sensitive is DQC to its hyperparameters? Figure 6.5 shows that our
method is not sensitive to the implicit backup method (quantile or expectile), and somewhat
sensitive to the implicit parameters ky, kg. In particular, DQC is still reasonably effective
as long as some form of optimism is employed (i.e., either k, # 0.5 or kg # 0.5). Using
no optimism (k, = kg = 0.5) results in a big performance drop. The other important
hyperparameters are N in the best-of-N policy extraction and the batch size. Having a large
enough batch size (i.e., 4096) and N (e.g., N = 32) is crucial for good performance, although
increasing N further (e.g., N = 128) does not lead to better performance.

6.3 Concluding Remark

We develop a new technique that enables effective policy extraction from chunked critics
with long action chunks, scaling up action chunking Q-learning to much harder environments.
Together, these contributions advance the goal of tackling bootstrapping bias in TD-learning.
Several challenges remain, indicating promising avenues for future research. For example,
our method relies on a fixed policy action chunk size h, and critic action chunk size h across
all states, even though the optimal action chunk size may vary by state. Developing practical
methods that can support flexible, state-dependent chunk sizes would be a natural next step.
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Chapter 7

Final Remarks

In this dissertation, we explored algorithms for making action chunking reinforcement learn-
ing practical in the presence of prior data. In particular, we presented two algorithms, FQL
and QAM, that enable efficient optimization of action chunking policies in both offline and
online settings. Our experiments demonstrated the effectiveness of these approaches in sim-
ulated robotic environments, suggesting that they are promising for real-world robotic policy
learning. More broadly, we also examined a fundamental limitation of action chunking Q-
learning, namely open-loop inconsistency. We established worst-case performance guarantees
for action chunking policies under both weak and strong open-loop consistency, as well as the
worst-case performance of closed-loop execution of a learned action chunking policy under
the bounded optimality variability condition. These theoretical insights, in turn, motivated
an effective practical algorithm, DQC, which side-steps the open-loop inconsistency issue
and enables action chunking RL to scale to horizon lengths far beyond what had previously
been shown to work effectively. All of these provide a foundation for scalable reinforcement
learning in real-world settings.

Looking forward, the complexity of real-world RL applications will likely require policy
classes beyond action chunking policies, given their inherent limitations (e.g., non-reactivity,
large action spaces). We hope the insights and practical designs presented in this dissertation
will help guide future algorithmic advances in RL for more general non-Markovian policies.
This is especially promising because the practical algorithms introduced here are built around
the very general flow-matching generative models, making them readily extensible to other
policy classes that can also be parameterized in this way.
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Appendix A

Appendix for Q-learning with
Adjoint-Matching

A.1 Additional Implementation Details for QAM

For the critic, we use an ensemble of K = 10 critic functions ¢',--- ,¢® and use the pes-
simistic target value backup following [43] (originally inspired by [54]). The loss function for
each ¢/, j € {1,2,--- , K} is

2

L(¢") = (Q¢j(3, a)—r—-y [Qmean(s’, a') — pQga(s’, a')D , (A1)

where Quean(s’,a’) = % >k Q(z;k(s’,a’),Qstd(s’,a’) = %\/Zk(Qék(S,,a,) — Quean(s',d))?,
and a’ is the action sampled from the fine-tuned flow model: fy(s, -, ). For all our experi-
ments, we do not use a separate training process for fs and instead train it at the same time
as fy and Q,, following [108, 81]. For all our loss functions, the transition tuple (s,a,s’,r)
is drawn from D uniformly. During offline training, D is the offline data. During online
fine-tuning, D is combination of the offline and online replay buffer data without any re-
weighting.

A.2 Full Results

We provide full training curves and a result table for all methods and tasks individually.
Figure A.1 shows both the offline phase (until 1M steps) and the online phase (after 1M
steps). Table A.1 reports the performance at the end of the 1M-step offline training. The
hyperparameters can be found in Section A.5. Figure A.2 shows the full training curves for
our sensitivity analysis.
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A.3 Domain and experiment details

We consider 10 domains in our experiments. The dataset size, episode length, and the
action dimension for each domain is available in Table A.2. For each method and each
task, we run 12 seeds. All plots and tables report the means with 95% confidence intervals
computed via bootstrapping using 5000 samples. All our experiments are run on NVIDIA
RTX-A5000 GPU and our code is written in JAX [15]. We use NVIDIA-A5000 GPU to run
all our experiments. FEach complete offline-to-online experiment run takes around 3 hours.
To reproduce all our results in Table 4.3 and Figure 4.5, we estimate that it would take
around ) X 17 x 50 x 12 =51000 GPU hours.
~— ~~ —— —~—

hours per single run  # of methods  # of tasks  # of seeds

A.4 Baselines

In this section, we describe in detail how each of our baselines are implemented. In all the
loss functions below, unless specified otherwise, s, a,r, s’ are assumed to be sampled from D
and as part of the expectation even when it is not explicitly written under the expectation

(i'€'> EZNN['] = E(s,a,r,s’)wD,zNN['])'
1. Backprop-based.

FBRAC is a baseline considered in FQL [108] as a flow counterpart of diffusion Q-learning
(DQL) [154], where the multi-step flow policy is directly optimized against the Q-function
with backpropagation through time (BPTT). In addition to maximizing the Q-value, FBRAC
also has a behavior cloning term where the flow policy is trained with the standard flow-
matching objective on the dataset action with a BC coefficient a.

We implement this baseline by training a flow-matching policy with the following loss:

Legrac(0) = aLpni(0) + Leprr(6), (A.2)

where Lgy; is the standard flow-matching loss that clones the data behavior (i.e., Equa-
tion (4.9)) and

T—1 1

Lgprr(0) = —Ear—onory | Qs | 5, Clip |2+ 1Y fo(s,a"' kh) : (A.3)
k=0

-1

where Clip[-]® is an element-wise clipping function that makes sure the actions generated from
the flow model fp are within the valid range [—1,1] and {a’}; is the discrete approximation
of the ODE trajectory using Euler’s method with a step size of h = 1/T"

ati=a' + hfp(s, a1, ih), Vi € {0,1,--- ,T}. (A4)
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We use

1

T-1
ODE(fy(s,-,+),z) :=Clip |z + 1 Y _ fo(s,a’",ih) (A.5)
=0

-1

as the abbreviation for the rest of this section, and additionally use 74, to denote the distri-
bution of actions generated by fy.

The critic loss is the standard TD backup:

L(¢) = Eznw [(Qo(s,a) — 1 — Qa(s', ODE(fy(s', -, ), 2))’] (A.6)

In practice, we also use K = 10 critic functions and pessimistic target value backup as
described in Equation (A.1) and the policy we use to interact with the environment is 7y,.

FQL [108] distills a multi-step flow policy into a one-step distillation to avoid BPTT.

This baseline is implemented by training a behavior cloning flow-matching policy (i.e., fy :
SxRAx[0,1] — R#4), and a 1-step distilled noise-conditioned policy (i.e., Q,, : SxRA — RA):

LFQL<97 w) = LFM(H) + Lonestep(w) (A?)
where Lpyp(6) is the standard flow-matching loss (i.e., Equation (4.9)) and
Lonestep () = Bz [0]|Qu(s, 2) — ODE(fo(s', -, ), 2)[5 — Q(s, Qu(s, 2))] (A.8)

where « is the BC coefficient that controls how close the 1-step distilled policy should be
relative to the BC policy my,. Finally, the critic loss is the standard TD backup:

L(¢) = Eoon [(Qs(s,a) — 17— Q4(s", Qu(s, 2))°] (A.9)

In practice, we also use K = 10 critic functions and pessimistic target value backup as
described in Equation (A.1) and the policy we use to interact with the environment is 7,
where the action is sampled by first drawing a Gaussian noise z ~ A and then obtaining
the action by running through the one-step distilled model: a = €, (s, 2).

2. Directly using the action gradient of the critic (i.e., V,Q(s,a)) with approxi-
mations.

QSM [119] uses the action gradient of the critic to train a diffusion model such that it can
reconstruct the policy that follows the Boltzmann distribution of the Q-function:

(- | s) o< exp(7Qy(s,-)). (A.10)
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To approximate the score of the intermediate actions, Vi logn(a’ | s), QSM directly uses
the critic evaluated at a':

Vailogmi(a' | s) = 7V 4iQy(s,a’) (A.11)

where a' = Vala + V1 — a’e with e ~ A and {a,--- ,a”"'} being any diffusion schedule
with the number of diffusion steps of T'. For all diffusion methods in this paper, we follow
[57] to use the variance preserving diffusion schedule:

52’ -1 exp (_ brnin _ (bmax - bmln)(QZ + 1)) : (A12)

T 277

of = H(l — B, (A.13)

J=0

for all i € {0,1,--- ;T — 1} with by, = 0.1, byax = 10 and T being the number of diffusion
steps.

To train the diffusion model, QSM uses the following loss function:

qum(g) = ]EEN./\/',iNZ/{{O,m,T—l} [H - Tan¢(57 Gi) - fa(S, a’iv z)||§] ) (A-14)
where again o’ = vVaia + /1 — afe. In practice, we find that using V.Qs(s,a’) (the action

gradient of the critic network) helps learning stability, so we use that instead.

To adopt QSM into the offline-to-online RL setting, we additionally augment the loss function
with the standard diffusion loss [61] as the behavior regularization:

LDDPM(Q) = EENN,iNZ/{{O,~--,T—1} [HS - fa(S, ai, Z)Hg] . (A-15)

The overall actor loss is thus
L(0) = Losu(0) + nLpppm(0). (A.16)

QSM then uses the standard diffusion denoising procedure (with the clipping to make sure
generated actions are within [—1,1]/4):

) 1
a’! + Clip [—1 (ai S - fo(s, a’, i)) + 5i€i] , g N (A17)
-1

V=7

where a” ~ N. We denote Diff (fy(s, -, -)) as the resulting a° after going through the diffusion
procedure above and 7y, : s — Diff(fy(s, -, -)) as the policy that generates actions using fj.

l—«

The critic loss can now be defined as follows:

L(¢) = Eon [(Qs(s,a) =17 = Qg(s' a ~ 7y, (- | 8)))7] (A.18)
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In practice, we also use K = 10 critic functions and pessimistic target value backup as
described in Equation (A.1) and the policy we use to interact with the environment is 7y,.

DAC [42] is another method that uses a similar approximation with a behavior prior (i.e.,
Valogm'(a' | s) = Vyilogmh(a' | s) 4+ 7V,4iQq(s,a’)). To train the diffusion model, DAC
matches fy to a linear combination of & (behavior cloning) and V,:Q(s, a') (Q-maximization).

LDAC(H) = EENN,iNM{O,w,T—l} |:||€ - TvaiQ¢(sv ai) - f9<87 aia Z)“g]
= EENNJNU{O,”':T*H [He - f9(57 aiv Z)”g + 77_1(f9(3> aia Z) : VaiQ¢<Sv az))] + C’
(A.19)

with n = 2/7. In practice, it is implemented as a combination of

L(G) = Esz,i~Lf{0,-~~ ,T—1} [H (fg(S, ai, Z) . VaiQ¢(8, CL1>>] + nLDDPM(0> (AQO)

DAC uses the following procedure:

a1 < Clip L/La_ (ai V1= aify(s,d, z))} (A.21)

vy /) Ai—1

a' !t Bl—o‘aiai—l +4/1—=pi(1 —aNa' +/Bict, e ~N (A.22)
where a’ ~ N and a'~! can be interpreted as an approximation of the denoised action
(e.g., in the DDIM sampler [135]). This approximated denoised action is first clipped to be
within [—1, 1]l and then used to reconstruct a’~* using the closed-form Gaussian conditional
probability distribution of p(a’™ | a® = @', a” = a) (e.g., Eq. (7) in [61]). In practice,
DAC also uses \/E as standard deviation for this conditional distribution instead of the
correct one Bi = —%61 as an approximation. This is why in the expression above the

multiplier before % is /.
The critic loss can now be defined as follows:

L(¢) =E. v [(Q¢(Sv a) -—Tr—= Q(E(Sla a ~ ﬂ-fe(' | S/)))Q} ) (A23)

where 7y, is the policy that generates actions using the procedure above in Equation (A.21)
and Equation (A.22). In practice, we also use K = 10 critic functions and pessimistic target
value backup as described in Equation (A.1) and the policy we use to interact with the
environment is 7y, .

CGQL is a novel baseline built on top of the idea of classifier guidance [29]. In particular,
we combine the velocity field of a behavior cloning flow policy and the gradient field of the
Q-function to form a new velocity field that approximates the velocity field that generates
the optimal behavior-constrained action distribution.
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More specifically, we implement this baseline by interpreting Q4(s,-) as the score of the
optimal entropy-regularized distribution log 7*(- | s) (where 7*(- | s) oc €72#(>")). The corre-
sponding velocity field that generates this distribution of actions can be obtained through a
simple conversion (e.g., following Equation 4.79 from [85]):

(1—-1t)7V.Q(s,a,t) +a
t )

vg(s,a,t) = (A.24)

where
1
Q(s,at,t) == =108 Eq, ~P(a1]ar) [eTQd’(S’”“)] , (A.25)
T
is an approximation of the score of the distribution over the noisy intermediate actions. In

the classifier guidance literature, the score of the noisy examples is approximated by the
score of the noise-free examples at the noisy examples [29]. In our setting this translates to

f¢<87 Qg, t) = (1 _ t>7—va€¢(5’ at) + at.

(A.26)
Empirically, both versions (fs and f¢) perform similarly and we opt for a simpler design f
as it does not require learning or approximating Q(s, a,t) for all u € [0, 1]. Finally, we add
the velocity field defined by @, directly to the behavior cloning velocity field to form our
policy:

f=fs+9fe (A.27)

where fz is trained with the standard flow-matching loss (i.e., L(8) = Lpm(8)) and ¢ is a
coefficient that modulates influence of the guidance that we find to be helpful (e.g., ¥ < 1
often works better than ¢ = 1). The critic loss uses 7, to backup the target @Q-value:

L<¢) = ]EZNN [(Qqﬁ(s’ CL) —-r-= Qq@(slv ODE(JC(SIJ K ’)’ Z))ﬂ . (A28)

In practice, we also use K = 10 critic functions and pessimistic target value backup as
described in Equation (A.1) and the policy we use to interact with the environment is m,
(generated from the summation of fz and f,.

CGQL-MSE/Linex. Alternatively, we can approximate @; in Equation (A.25) more

closely with a training objective. In particular, we explore the following two regression
objectives:

MSE LMSE(C) = EtNU[O,l},zNN [(Qc(s, ag, t) — Q¢(8, CL))2:| <A29)

Linex: Limex(C) = Eootgo]oon [exp(T(Q¢(s, a) — Qc(s, ar, 1)) + 7Qc(s, ar, t)] (A.30)
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where a; := (1 — t)z 4 ta. The optimal solution of Q. in Equation (A.29) is not exactly the
same as the desired Q)4 in Equation (A.25) but constitutes a lower-bound due to Jensen’s
inequality:

* 1 T s,at
QMSE(Saaht) - ]Ez,t [Q¢(S7at)] S ; logEalNP(a1|at) |:6 Qd)( ’ ):| . <A31)

The second objective resembles the classic Linex objective [112] where the optimal solution
of Q¢ in Equation (A.30) is the same as the desired @) in Equation (A.25):

1
innex(& Qg, t) = ; log ]Ea1~P(a1|at) [GTqu(S’al)] . (A32)
A discussion on this can be found in [99]. For completeness, we also show this below. Without

loss of generality, we just need to show that exp(y) = Elexp(z f p(z) exp(x)dz is the
unique minimum for the following loss function:

Liy) = / p(a) [exp(a — y) + 9] de (A.33)

Taking the first and second derivatives with respect to y gives

T =~ exp(y)Elexp(z)] + 1 (A.34)
o = exp(-)Elexp(o) (A.35)

Setting Equation (A.34) gives y = logE[exp(z)] at which the second derivative is 1 (i.e.,
((1127% = 1). Furthermore, to prevent the exponential blow up of exp(Q4(s, a) — Q¢(s, ar, t)), we
follow [99] to use a Huber-style loss that locally behaves like a Linex loss but with a linear
penalty when the exponential term is too large. In particular, we use the following loss:

E [exp(A) + 7Qe(s, at,t)] : A<5h

(A.36)
E[A], A>5

LLinex+ (g) = {

where A = 7(Qu(s,a) — Qe(s, a, t)).

In practice, however, both the MSE and Linex objectives (Lypex+, Lyge+) can still be unsta-
ble and exhibit high variances. Instead of learning ()¢ and ()4 separately, we find it is often
better to directly learn both of them in a single network Q4(s,a,t) : S x A x [0,1] — R as

follows:
L(¢> z~N [(Qd)(s a, 1) r—= Q&(Slv ODE(f<5/7 K ')7 Z>>2] +

A.37
QEtEU[O,l],zNN [(Q¢(8, (1 - t)Z + ta, t) - Q¢;<57 a, 1>>2] ) ( )
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where p is the coefficient that balances the TD backup for Q,(s,a,1) and the noisy target
regression for Q4(s,a,t < 1). With Q4(s,-,t), we can define our velocity field (which is also
used as the TD backup above) as

o Tan(]ﬁ(Sa Gy, t) + a;

fi=fs+ 19f¢, where fd)(s,at,t) = ; (A.38)

and 9 again modulates the guidance strength.
3. Directly using the critic value (i.e., Q(s,a)).

FAWAC is a baseline considered in FQL [108] where it uses AWR to train the flow policy
similar to QIPO [163].

We implement it by training a flow-matching policy with the weighted flow-matching loss:

LFAWAC(Q) = 'lI)(S, CL)LFM(G) <A39>
= w(s, a)Eeqipo 1) on [[| fols, (1 = t)z 4+ ta,t) — z + alf3] (A.40)

where (s, a) = min (eT(QMS’“)_VS(S)), 100.0). The inverse temperature parameter 7 controls
how sharp the prior regularized optimal policy distribution is.

The critic function Q4 (s, a) is trained with the standard TD backup and the value function
Ve(s) regresses to the same target:

L(¢) = EZNN [(Q¢(S, a) —-Tr—= Qq?(slv ODE(f(S/’ "y ')7 Z))ﬂ (A41)
L(S) = ]EZNN [(%(S) —-Tr—= QQB(SI’ ODE(f(S/’ " ')7 Z))Q} (A42)

The second line can also be alternatively implemented by regressing to the critic function
Q(s,a) directly. We implement it in this particular way because we can re-use the Q-target
computed.

In practice, we also use K = 10 critic functions and pessimistic target value backup as
described in Equation (A.1) and the policy we use to interact with the environment is 7y, .

4. Post-processing-based.

FEdit is a baseline that uses the policy edit from a recent offline-to-online RL method
conceptually similar to EXPO [37]. We implement a Gaussian edit policy on top of a BC
flow policy rather than a diffusion policy used in EXPO. EXPO also uses the standard
sample-and-rank trick where it samples multiple actions and rank them based on the value.
To keep computational cost down and comparisons fair to other methods, we only use a
single edited action for both value backup and evaluation.
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We implement this baseline by training a flow-matching policy (i.e., fs : SxRAx[0,1] — R4),
and a 1-step Gaussian edit policy (i.e., m, : S X A — Ay) implemented with an entropy
regularized SAC policy [56]. The loss function can be described as follows:

LFEdit(ea UJ) = LFM(9> + LGaussian(w)a s.t. ESND [H(ﬂ_w< ’ 3))] 2 Htarget <A43)

where Lgy; is the standard flow-matching loss that clones the data behavior (i.e., Equa-
tion (4.9)), Hiarget 15 the target entropy that the Gaussian policy is constrained to be above
of, and

LGauSSian(w> = EAawww(-\s,d),sz [_Q¢(S7 Chp [Ua - Aa + d]l_l)] <A44>

where @ = ODE(fy(s,+,-),2) and Clip[-]® is an element-wise clipping function that makes

sure the actions are within the valid range [—1, 1].

Intuitively, the Gaussian SAC policy edits the behavior flow policy by modifying its output
action where o, is the hyperparameter that controls how much the original behavior actions
can be edited.

The critic loss is the standard TD backup:
L(9) = Eeunsarmmatioan) | (Qo(s,) = 7 = Qg(s/, Clip [@ + 7 Ad'),)?] (A.45)

where again @' = ODE(fy(¢,,-),2). In practice, we also use K = 10 critic functions and
pessimistic target value backup as described in Equation (A.1) and the policy we use to
interact with the environment is a combination of the BC policy 74, and the Gaussian edit
policy. We first sample z ~ N and then run it through the BC flow policy to obtain an
initial action a <— ODE(fy(s, -, ), z) and then both the initial action and the state is fed into
the edit policy to generate the final action a < a + o, - Aa where Aa ~ 7, (- | s,a).

DSRL [152] is a recently proposed method that performs RL directly in the noise-space
of a pre-trained expressive BC policy (flow or diffusion). We use the flow-matching ver-
sion of DSRL as our method is also based on flow-matching policies. The original DSRL
implementation does not fine-tune the BC policy during online learning while all our base-
lines do fine-tune the BC policy online. To make the comparison fair, we modify the DSRL
implementation such that it also fine-tunes the BC policy. One additional implementation
trick that allows this modification to work well is the use of a target policy network for the
noise-space policy. In general, we find that fine-tuning the BC policy yields better online
performance, so we adopt this new design of DSRL in our experiments.

More specifically, we train a flow-matching policy (i.e., fo : S x R4 x [0,1] — R4), and a
1-step Gaussian edit policy (i.e., 7, : S x A — A 4) implemented with an entropy regularized
SAC policy [56]. The loss function can be described as follows:

LDSRL<87 w) - LFM(G) + LLatentGauSSian(w>7 s.t. ]ESND [H<7Tw< ’ 5))] Z Htarget <A46>
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where Lgy is the standard flow-matching loss that clones the data behavior (i.e., Equa-
tion (4.9)), Hiarget is the target entropy that the Gaussian policy is constrained to be above
of, and

LLatentGaussian(w) = IEz~71'w(-|s) [_Qz;(sa 2)} (A47)

where pr(s, z) is a distilled critic function in the noise space that is regressed to the original
critic function, Qy(s, a):

L(w) = EZNN [(pr(sa Z) - Q(b(S? ODE(fé(Sv E ')7 Z))ﬂ : <A48>

Intuitively, DSRL directly learns a policy in the noise space by hill-climbing a distilled critic
that also operates in the noise space. Finally, the critic loss for the original critic function
in the action space is

L(¢) = ]Ez~7rw(-|s’) [(Qqﬁ(S’ a) —-—r—= Q$(3/7 ODE(fG_(Sla K ')7 Z))ﬂ <A49>

We use K = 10 critic functions and pessimistic target value backup as described in Equa-
tion (A.1). The policy we use to interact with the environment is a combination of the BC
policy 7y, and the Gaussian noise-space policy. We first sample z ~ 7,( | s) and then run it
through the BC flow policy to obtain the final action a - ODE(fy(s, -, ), z). One important
implementation detail for stability in the offline-to-online setting is to use the target network
for the BC flow policy f; (instead of fy). Without it, DSRL can become unstable sometimes
when the BC flow policy changes too fast online.

IFQL is a baseline considered in FQL [108] as a flow counterpart of implicit diffusion Q-
learning (IDQL) [57], where IQL [75] is used for value learning and the policy extraction is
done by sampling multiple actions from a behavior cloning diffusion policy and select the
one that maximizes the ()-function value.

More specifically, we train a critic function Q4(s,a) and a value function V¢(s) with implicit
value backup:

L(¢) = (Qg(s,a) —r — Ve(s"))? (A.50)
L(§) = F&p(Qg(s,a) — Ve(s)) (A.51)
where Fj5 (u) = | — I<olu” is the expectile regression loss function.

On top of that, we also use K = 10 critic functions and pessimistic target value backup
as described in Equation (A.1) for training the value function V¢(s). To extract a policy
from Q4(s, a), IFQL uses rejection sampling with a base behavior cloning flow policy that is
trained with the standard flow-matching objective. In particular, the output action a* for s
is selected as the following:

a* < argmax,, ., Q(s,a;), ay,---,ay ~mp(-]s). (A.52)
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5. Gaussian.

RLPD [9] is a strong offline-to-online RL method that trains a SAC agent from scratch
online with a 50/50 sampling scheme (i.e., 50% of training examples in a batch comes from
the offline dataset whereas the other 50% of training examples comes from the online replay
buffer). In addition to the standard RLPD update, we also add a behavior cloning (BC) loss
which we find to improve the performance further. We tune over the BC coefficient («) and
report the value we use for each domain in Table A .4.

ReBRAC [144] is a strong offline RL method that trains a TD3 [51] agent with behavior
cloning loss. In practice, we find two hyperparameters to impact performance the most.
The first hyperparameter is a which controls the strength of the behavior cloning loss. The
second hyperparameter is ¢ which controls the magnitude of the Gaussian noise added in
the TD3 policy. We set the action noise clip to 0.5 and the actor delay to 2, following the
original paper.

A.5 Hyperparameters

While most methods share a common set of hyperparameters (Table A.3 for a fair com-
parison, most methods need to be tuned for each domain. We include the domain-specific
hyperparameters in Table A.4 and their tuning ranges in Table A.5. To pick the hyperpa-
rameter for each domain for each method, we first run a sweep over all hyperparameters
in the range (specified by Table A.5), or all combinations of hyperparameters if there are
multiple hyperparameters involved. The hyperparameter tuning runs use 4 seeds for each
method for each hyperparameter configuration for each of the two tasks per domain. For
locomotion domains, we use task 1 (the default task) and task 4. For manipulation domains,
we use task 2 (the default task) and task 4. We use task 4 in addition to the default task
recommended by OGBench because we often find the combination of these two covers the
characteristics of each domain better. We then use the combined performance of the two
tuning tasks per domain per method to pick the hyperparameter configuration. We include
them in Table A.4. Finally, for all our main results, we run all methods on all five tasks for
each domain on 12 new seeds (different from the tuning seeds). We pick the hyperparameter
range such that the total number of tuning runs is similar across methods. To achieve this,
we use the following strategy: For methods where more than one hyperparameter needs to
be tuned, we use a coarser hyperparameter range. For methods where there is only one
hyperparameter, we use a more fine-grained sweep.
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ReBRAC FBRAC BAM FQL

FAWAC

ceaL

ceaL-M

cGQL-L

DAC

st

DSRL

FEdit

IFQL

QAM

QAM-F

QAM-

E

antmaze-large

taskl
task2
task3
task4
taskb

agg.

(5 tasks)

98 i 93
88 86
5 . . .
94
95
94

98
91
62

99
91
96

antmaze-giant

taskl
task2
task3
task4
taskb

agg.

(5 tasks)

humanoidmaze-medium

taskl
task2
task3
task4
task5

agg.

(5 tasks)

95

99

99

100

98

87

92

88

96

98

86

60
98
86

97

96

99

98

99

99

humanoidmaze-large

taskl
task2
task3
task4
task5

agg.

(5 tasks)

36

10 G 9
. i .

16

36

o

29

16
19

12
19

scene-sparse

taskl
task2
task3
taskd
tasks

agg.

(5 tasks)

100

98

100

100

100

97

100
97
100
100
99

100

100
100

100

100

160
100

puzzle-3x3-sparse

taskl
task2
task3
task4
task5

agg.

(5 tasks)

99 99
75 7t

83

84

100
100
100
100
100
100

89

83
83
83
100

100

100

100

100
100
100
100

98
100
100
100
100

100
100
100
100

100
100
100
100
100
100

puzzle-4x4-100M-sparse

taskl
task2
task3
task4
task5

agg.

(5 tasks)

56

85

56
29
19
39

cube-double

taskl
task2
task3
task4
task5

agg.

(5 tasks)

84

84
84

81

cube-triple

taskl
task2
task3
task4
task5

agg.

(5 tasks)

39

10

40

cube-quadruple-100M

taskl
task2
task3
task4
tasks

agg.

(5 tasks)

all

agg.

(50 tasks)

Table A.1: Full offline results at 1M training steps (12 seeds).
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Figure A.1: Full training curves for our main results (12 seeds).
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Tasks Dataset Size Episode Length Action Dimension (A)
cube-double-* 1M 500 )
cube-triple-* 3M 1000 )

cube-quadruple-100M-* 100M 1000 5
antmaze-large—x 1M 1000 8
antmaze-giant-—* 1M 1000 8

humanoidmaze-medium-* 2M 2000 21

humanoidmaze-large—x* 2M 2000 21
scene-sparse—x* 1M 750 5

puzzle-3x3-sparse-x* 1M 500 5
puzzle-4x4-100M-sparse—* 100M 200 )

Table A.2: Domain metadata.

Parameter Value

Batch size 256
0.99 for {puzzle/scene/cube/antmaze-large}-*
0.995 for {humanoidmaze/antmaze-giant }-*

Discount factor ()

Optimizer Adam
Learning rate 3x107*
Target network update rate () 5x 1073
Critic ensemble size (K) 10

0.5 for {puzzle/scene/cube/antmaze}-*

Critic target pessimistic coefficient (p) 0 for humanoidmaze—%

UTD ratio 1
Number of flow steps (7') 10
Number of offline training steps 10%; except RLPD (0)
Number of online environment steps 0.5 x 108
Network width 512
Network depth 4 hidden layers

Optimizer gradient max norm clipping 1 for QSM, DAC, BAM and QAM*. No clipping for others.

Table A.3: Common hyperparameters.
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Domains RLPD ReBRAC FAWAC QSM DAC FBRAC FQL DSRL FEdit IFQL CGQL CGQL-M CGQL-L BAM QAM QAM-E QAM-F
@ (v, 0) T (r,m) n @ @ o, O T (9, 7) (9, 0,7) (0, 0,7) T T (1,04) (1, )
scene-sparse—* 0.3 (0.03,0) 6.4 (3,30) 1 100 300 0.4 0.2 0.9  (10,0.1) (10,0.1,0.1) (10,0.1,0.1) 3 1 (1,0) (1, 300)
puzzle-3x3-sparse—* 0.01 (0.1,0) 0.8 (3,30) 1 0.3 300 1 0.2 0.95 (10,0.1) (10,0.1,0.1) (10,0.001,0.1) 10 3 (1,0.1) (3,00)
puzzle-4x4-100M-sparse-* 0 (0.01,0.2) 0.8 (10,1) 1 0.3 1 1 0.8 0.9  (10,0.1) (10,0.001, 1) (10,0.001, 1) 30 30 (0.1,0.9) (3,3)
cube-double—* 01 (00,00 08 (3100 3 01 300 1 02 09 (10,0.01) (10,0.001,0.01) (10,0.001,0.01) 3 1  (1,0)  (L,o00)
cube-triple—* 0 (0.01,02) 08 (3,3 03 003 30 14 03 095 (10,0.1) (10,0.001,0.1) (10,0.001,0.1) 30 3  (3,0.1) (10,300)
cube-quadruple-100M-+ 0  (0.01,02) 08 (1,10) 1 1 100 14 04 095 (10,0.1) (10,0.1,0.01)  (10,0.1,001) 10 1 (3,0.1) (0.3,30)
antmaze-large—+ 0 (0.0L,0) 64 (30,30) 03 01 3 08 02 09 (10,01) (10,0.1,0.1)  (10,0.001,0.1) 30 10 (1,0.1)  (3,30)
antmaze-giant-* 0.01 (0.01,0) 0.8 (30,30) 0.3 0.1 3 1.2 0.3 0.8 (10,0.1) (10,0.001,0.1) (10,0.001,0.1) 10 3 (10,0.1) (3,30)
humanoidmaze-medium-* 0.03  (0.01,0) 6.4  (10,30) 1 30 30 0.6 0.5 0.7 (10,0.01)  (10,0.1,0.1) (10,0.1,0.1) 10 3 (3,0.1) (1,30)
humanoidmaze-large-* 0 (0.01,0.1) 0.8 (10,30) 0.3 10 30 0.8 0.1 0.8 (10,0.01)  (10,0.1,0.1) (10,0.1,0.1) 10 3 (3,0.1) (0.3,30)

10n

ific hyperparameters. The best hyperparameter configurat

Domain-spec

Table A.4

obtained from our tuning runs. We use the same hyperparameter configuration for all tasks

111.

h doma

11 eac
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Method Hyperparameter(s) Sweep Range
RLPD a {0,0.003,0.01,0.03,0.1,0.3, 1,3, 10, 30}
ReBRAC (o, 0) ({0.01,0.03,0.1,0.3,1}, {0,0.1,0.2})
FBRAC a {0.03,0.1,0.3,1.0, 3.0, 10.0, 30.0, 100.0}
CGQL (9,7) ({0.01,0.1,1},{0.1, 1, 10})
ceqQL-{M,L} (9,7, 0) ({0.01,0.1,1},{0.1, 1, 10}, {0.001, 0.1})
FQL a {0.3,1,3,10, 30, 100, 300, 1000}
DSRL o, {0.1,0.2,0.4,0.6,0.8,1,1.2, 1.4}
FEdit Oa {0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8}
FAWAC T {0.1,0.2,0.4,0.8,1.6,3.2,6.4,12.8}
IFQL K {0.5,0.6,0.7,0.8,0.9,0.95}
DAC n {0.1,0.3,1,3.0, 10, 30, 100, 300}
QSM (r,7) ({1.0,3.0,10.0,30}, {1, 3, 10,30})
BAM T {0.1,0.3,1, 3,10, 30}
QAM T {0.1,0.3,1, 3,10, 30}
QAM-E (1,04) ({0.1,0.3,1, 3,10}, {0,0.1,0.5,0.9})
QAM-F (1, a) ({0.1,0.3,1,3,10}, {3, 30, 300, o0 })

Table A.5: Domain-specific hyperparameter tuning range. For QAM-F, a = oo is
equivalent to the original QAM. Similarly, for QAM-E, o, = 0 is equivalent to the original QAM.
For methods with more than one hyperparameter, we tune all possible combinations within
the specified sweep ranges. For example, for CGQL, we sweep over all 3 x 3 = 9 configurations
with 3 possible values of 1 and 3 possible values of 7.
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Method  Training Speed (milliseconds/step) Parameter Count

ReBRAC 2.97 9226271
FBRAC 4.54 9237535
CGAL 9.62 9242655
ceQL-{M,L} 10.40 9242 655
FQL 3.58 10082 868
DSRL 5.63 18474 580
FEdit 3.77 10093 642
FAWAC 3.44 10 065 952
IFQL 2.66 10 065 952
DAC, QSM 4.44 10 320 447
BAM 5.52 10083 380
QAM 5.83 10083 380
QAM-E 6.61 10939487
QAM-F 6.36 10928 713

Table A.6: Training speed and parameter count for each method on cube-triple.
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Appendix B

Appendix for Reinforcement Learning
with Action Chunking

B.1 Domain Detalils

We include the dataset size, episode length and the action dimension in Table B.1. In the
following sections, we describe each domain in detail.

OGBench environments.

We consider five manipulation domains from OGBench [111] and take the publicly available
single-task versions of it in our experiments. For scene-sparse and puzzle-3x3-sparse, we
sparsify the reward function such that the reward values are —1 when the task is incomplete
and 0 when the task is completed. For cube-double/triple/quadruple, the RL agent
needs to command an UR-5 arm to pick and place two/three/four cubes to target locations.
In particular, cube-triple and cube-quadruple are extremely difficult to solve from offline
data only, and often achieve zero success rate. The RL agent must explore efficiently online
in these domains to solve the tasks. The cube-* domains provide a great test ground
for sample-efficiency of offline-to-online RL algorithms which we primarily focus on. For
cube-quadruple, we use the 100M-size dataset. The dataset is too big to fit our CPU
memory, so we periodically (after every 1000 gradient steps) load in a 1M-size chunk of the
dataset for offline training. For online training of RLPD, QC-RLPD, we use the same
strategy where we load in a 1M-size chunk of the dataset as the offline data and perform
50/50 sampling (e.g., 50% of the data comes from the 1M-chunk of the offline data, 50%
of the data comes from the online replay buffer). For online fine-tuning of QC-* FQL,
FQL-n, BFN, and BFN-n, we keep a fixed 1M-size chunk of the offline dataset as the
initialization of D and add new data to D directly. The remaining 99M transitions in the
offline data are not being used online. We now describe each of the five domains in details:
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Tasks Dataset Size Episode Length Action Dimension (A)
scene-sparse-—x* 1M 750 )
puzzle-3x3-sparse-—x* 1M 500 5
cube-double-* 1M 200 5
cube-triple-x 3M 1000 )
cube-quadruple-100M-* 100M 1000 )
lift 31127 500 7
can 62756 500 7
square 80731 200 7

Table B.1: Domain metadata. Dataset size (number of transitions), episode length, and the action
dimension. For OGBench tasks, the action dimension is 5 (x position, y position, z position, gripper yaw
and gripper opening). For robomimic tasks, the action dimension is 7 for square (3 for translation, 3 for
rotation, and one final dimension for the gripper opening).

scene-sparse: This domain involves a drawer, a window, a cube and two button locks that
control whether the drawer and the window can be opened. These tasks typically involve
a sequence of actions. For example, scene-task2 requires the robotic arm to unlock both
locks, move the drawer and the window to the desired position, and then lock both locks.
scene-task4 requires the robotic arm to unlock the drawer, open the drawer, put the cube
into the drawer, close the drawer. The reward is binary: —1 if the desired configuration is
not yet reached and 0 if the desired configuration is reached (and the episode terminates).

puzzle-3x3-sparse: This domain contains a 3 x 3 grid of buttons. Each button has two
states represented by its color (blue or red). Pressing any button causes its color and the
color of all its adjacent buttons to flip (red — blue and blue — red). The goal is to achieve a
pre-specified configuration of colors. puzzle-3x3-task?2 starts with all buttons to be blue,
and the goal is to flip exactly one button (the top-left one) to be red. puzzle-3x3-task4
starts with four buttons (top-center, bottom-center, left-center, right-center) to be blue,
and the goal is to turn all the buttons to be blue. The reward is binary: —1 if the desired
configuration is not yet reached and 0 if the desired configuration is reached (and the episode
terminates).

cube-double/triple/quadruple: These three domains contain 2/3/4 cubes respectively.
The tasks in the three domains all involve moving the cubes to their desired locations. The
reward iS —Tyrong Where Nyrong is the number of the cubes that are at the wrong position.
The episode terminates when all cubes are at the correct position (reward is 0).
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Robomimic environments.

We use three challenging tasks from the robomimic domain [91]. We use the multi-human
datasets that were collected by six human operators. Each dataset contains 300 successful
trajectories. The three tasks are as described as follows.

e 1lift: This task requires the robot arm to pick a small cube. This is the simplest task
of the benchmark.

e can: This task requires the robot arm to pick up a coke can and place in a smaller
container bin.

e square: This task requires the robot arm to pick a square nut and place it on a rod.
The nut is slightly bigger than the rod and requires the arm to move precisely to
complete the task successfully.

All of the three robomimic tasks use binary task completion rewards where the agent receives
—1 reward when the task is not completed and 0 reward when the task is completed.

B.2 Implementation Details

In this section, we provide more implementation details on both of our Q-chunking methods
(QC, QC-FQL) and our baselines used in our experiments. For IFQL, ReBRAC, IQL, we
directly use the implementation from [108].

Algorithm 5 QC-FQL
Input: Behavior policy, critic, one-step pol-
icy: fe(auiinls), Qo(st, arirn), py(s, 2).
D <+ offline prior data.
for every environment step ¢t do
if t mod h =0 then
L z N(O, IAh)
Qpph < op(St, 2)
Act with a; and receive s;41, ;.
D+ DU {(St, Aty St+1, Tt)}
Update f¢ via flow-matching loss using D.
Update pyy and Qg via Eq. (4.33, 4.34)
. using D.
Output: fe, Qp, 11y (s, 2).

Algorithm 4 QC
Input: Behavior policy and critic:
ff(at:t+h|5) and Qg (s¢, Gp.p4n).
D <+ offline prior data.
for every environment step ¢t do
if t mod h =0 then
Qin Gy, ~ Je(lse) '
afy iy < arg maXei . Qo(s,aty,p)
Act with a} and receive s¢41, 74
D < DU {(st,a;, 8t41,71)}
Update f¢ via flow-matching loss using D.
.~ Update Qg via Eq (4.31) using D.
Output: f¢, Q.
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QC-FQL

We build the implementation of our method on top of FQL [108], a recently proposed offline
RL/offline-to-online RL method that uses a TD3+BC-style objective. It is implemented
with a one-step noise-conditioned policy (instead of a Gaussian policy that is commonly
used in RL) and it uses a distillation loss from a behavior flow-matching policy as the BC
loss. To adapt this method to use action chunking, we simply apply FQL on the temporally
extended action space — the behavior flow-matching policy generates a sequence of actions,
the one-step noise-conditioned policy predicts a sequence of actions, and the (Q-network also
takes in a state and a sequence of actions. More concretely, we train three networks:

1. Qo(s,ay,---ap) : Sx A" = R — the value function that takes in a state and a sequence
of actions (action chunk). In practice, we train an ensemble of @) networks. We denote
the weight of the ensemble element as 6 = (0y,--- ,0k).

2. 1y(s,2) : S x R4 s RA" — the one-step noise-conditioned policy that takes in a state
and a noise, and outputs a sequence of actions conditioned on them.

3. fe(s,m,u) : SXxRA x[0,1] = R — the flow-matching behavior policy parameterized
by a velocity prediction network. The network predicts takes in a state, an intermediate
state of the flow and a time, and outputs the velocity direction that the intermediate
action sequence should move in at the specified time. See Algorithm 6 for more details
on how this velocity prediction network is used to generate an action from a noise
vector.

We denote our policy as my(-|s). It is implemented by first sampling a Gaussian noise z ~
N (0, 145,) and run it through the one-step noise-conditioned policy [al e ah] — (S, 2).
To train these three networks, we sample a high-level transition,

h
w = (St, Aty At41, " 5 Qt4h—1, St+h, Tt) ~ D,

with rl = ZZ;E 7 'ryp, to construct the following losses:

(1) Critic loss:

n K 2
L<9k7 w) = (Qek <5t7 gy~ 7at+h71) — Ryyqn — % Z Qe_k/<5t+h; Qttpy e 7at+2h1)> )

=1
(B.1)
where [aHh at+2h_1} ~ 7y (c|seen), k€ {1,2,--- | K}.
(2) Actor loss:
L(,w) = =Qolse, (s 20) + @ |pu(s ) = [af o afy I, (B2)
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where z; ~ N(0,14;,) and [af a§+h—1} is the result of running the behavior policy

fe(s,m,t) with Algorithm 6 from z;, and o € R is a tunable parameter that controls the
strength of the behavior regularization (higher « leads to stronger behavior regularization).

(3) Flow-matching behavior policy loss:

L(&w) = |fe(seyular - apna] + (1 —wz,u) = ([a - amna] — 2[5, (B.3)
where u ~ U([0,1]), z ~ N(0, Lap).

Practically, we sample a batch of transitions {wy,ws, -+ ,wy} and optimize the average
loss for each network: L£(6) = %Zf\il S Lk, wi), L) = LM L, wi), L(E) =

N
% sz‘il £<€7 wi)'

FQL

FQL [108] is a recently proposed offline RL/offline-to-online RL method that uses TD3+BC-
style objective. It is equivalent to our method with A = 1. For completeness, we write out
the objectives for a transition sample w = (s, as, ¢, S¢11):

X 2
L(eka w) = <Q9k (Stv at) T % Z Qék/(StJrla /WJ<3t+1a zf))) ) Zfl ~ N(07 IA)? (B'4)
k=1
2
L(,w) = = Qols (s 20)) + a1, 2) = | (B.5)
as FlowODE Euler(s;, zt, fe, T'), 2zt ~ N(0, 14), (B.6)

L(ng) = Hff(st’uat + (1 - u)zt,u) - (at - Zt)Hg?Zt ~ N(Ole)7u ~ U([Ov 1]) (B7)

In practice, we sample a batch of transitions {wy,ws, -+ ,wy} and optimize the average

loss for each network: L(0) = %Zf\il Zszlﬁ(Qk,wi),E(w) = %Zf\ilﬁ(w,wi),ﬁ(g) =
N 2t £(& wi).
FQL-n

To implement the n-step return baseline, we take FQL and replace the 1-step TD update
with the A-step TD update:

h—1 nOK 2
L(Oy, w) = (Qek(st, at) — Z(’Yt Tepe) = % Z Qg (St+h, 1y (Stn, 2 ))) ) (B.8)
=0 k=1

where 2 ~ N(0,1,) forall & € {1,2,---, K}. The actor loss and flow-matching loss remain
the same as FQL.
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Algorithm 6 FlowODE Euler(s;, 2, f¢, T'): generate actions from the behavior flow policy
fe(s,m,u) with Euler’s method.

Input: State s;, noise z; and flow model f¢(s, m,u), number of flow steps 7'
mP < z

forie{1,---,T} do

L m' f&(sbmiila (Z - 1)/T)

Output: m’.

QC

The flow-matching behavior policy is trained with the same loss as used in QC-FQL (Equa-
tion (B.3)). On top of the flow-matching behavior policy, we simply parameterize the policy
7 implicitly by sampling multiple action chunks from the behavior policy and pick the one
that maximizes the Q-value. Specifically, let {2},22, -+ 2N} ~ N(0, I45) and

la; --- aj,,_,] = FlowODE Euler(s,z;, fe,T)
The policy outputs the one action chunk out of N that maximizes the )-value, [aﬁ* e ai:rh_l} ,
where
i* < argmax Q(s, [ai --- a .
& ie Q( [ t t+h—1b

Finally, we directly use this implicitly parameterize policy to generate actions for computing
the TD target for our TD loss:

2
n K
f)/ Sx %
L0k, w) = (Qek(st, Qpy+ ooy Appn-1) — Reppn — Ie Z Qék,($t+h, Ay 7a;+2h—1)>
k'=1
(B.9)
i* i*

where ag ;- apop_y ~ T([S14n).

The baselines BFN-n and BFN are implemented similarly to FQL-n and FQL by operating
in the original action space.

RLPD, RLPD-AC, QC-RLPD

All the RLPD baseline results are obtained by running the official codebase (as linked in
[9]) with additional modification to incorporate action chunking and behavior cloning. This
baseline runs online RL from scratch using off-policy transitions where 50% of them come
from the offline dataset and the other 50% come from the online replay buffer. It essentially
up-weights the online data more, allowing the online RL agent to learn more quickly. This
is different from how QC-*, BFN, BFN-n, FQL, FQL-n samples off-policy transitions
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(where we sample from the dataset that combines the offline dataset and online replay buffer
data with no weighting). RLPD baselines all use Gaussian policy. This is also different
from our method as our method uses noise-conditioned policy that can represent a wider
range of distributions. For RLPD-AC, we change all the actor and critic networks such
that they work with an action chunk rather than a single action. The baseline is exactly the
same as our method except that actor and the critic are updated the same as how RLPD
updates its actor and critic. For QC-RLPD, we add a behavior cloning loss in the actor
loss as follows (highlighted in red below):

K
1
L) = Eatory (1s) % Zng(st,a’t) —alogmy(a|s:) | - (B.10)
k=1

SUPE-GT

This baseline is based on a recent offline-to-online RL method [156]. The original method has
additional modules such as reward models and random distillation networks to deal with the
problem setting where the offline dataset is unlabeled (e.g., reward information is missing).
We remove these two modules as we have ground truth reward information in our offline
dataset. The method has two stages: (1) skill-pretraining and (2) online RL with skills. In
the first stage, the baseline uses a trajectory VAE to learn a latent-conditioned skill policy.
In the second stage, the baseline uses RLPD to learn a high-level policy that outputs a latent
vector to command the latent-conditioned skill policy after every h steps. Such a skill-based
method in theory also allows temporally coherent actions for exploration and value backup
speedup.

B.3 Experiment Details

Computational resources

We use NVIDIA RTX-A5000 GPU to run all our experiments. Each complete offline-to-

online experiment run takes around 4-7 hours. To reproduce all our results in Table B.5,

we estimate that it would take around 6 X 15 X 25 x 4 =
—~— ~~ ~~

~—
hours per single run  # of methods  # of tasks  # of seeds
9 000 GPU hours. Each robomimic experiment run takes longer (around 8-12 hours). While

each single run takes longer, we only run a subset of strong methods/baselines on robomimic
tasks. We estimate it would take around 10 X 8 x 3 x b =
~ ~— ~— ~—

hours per single run  # of methods  # of tasks  # of seeds

1 350 GPU hours. In total, we estimate that it would take around 10 350 GPU hours to
reproduce all the main results in our paper.
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Evaluation protocol

Unless specified otherwise, for all methods, we run 4 seeds on each OGBench task and 5
seeds on each robomimic task. All plots use 95% confidence interval with stratified sampling
(5000 samples). The success rate is computed by running the policy in the environment for
50 episodes and record the number of times that the policy succeeds at solving the task (and
divide it by 50).

Hyperparameter tuning

Parameter Value
Batch size (M) 256
Discount factor () 0.99
Optimizer Adam
Learning rate 3x 1074
Target network update rate (1) 5x 1073

10 for RLPD, RLPD-AC, QC-RLPD, and SUPE-GT

Critic ensemble size (K) 2 for QC-FQL, FQL, FQL-n, QC-BFN, BFN, BFN-n

UTD Ratio 1
Number of flow steps (T") 10
Number of offline training steps 10% except RLPD-based approaches (0)
Number of online environment steps 1 x 108
Network width 512
Network depth 4 hidden layers

Table B.2: Common hyperparameters.

Environments FQL FQL-n QC-FQL ReBRAC

scene-sparse-—x 300 100 300 0.1
puzzle-3x3-sparse-* 100 100 300 0.1
cube-double-* 300 100 300 0.1
cube-triple—x 300 100 100 0.1
cube-quadruple-100M-* 300 100 100 0.1

1lift 10000 10000 10000 -

can 10000 10000 10000 -

square 10000 10000 10000 -

Table B.3: Behavior regularization coefficient («).

QC, BFN, BFN-n. We tune the number of actions sampled, N, for the expected-max @)
operator. On OGBench domains, we sweep over {2,4,8,16, 32,64, 128} and select the best
parameter for each domain and for each method on task2. We report the performance of



APPENDIX B. APPENDIX FOR RL WITH ACTION CHUNKING 92

Environments BFN BFN-n QC-BFN
scene-sparsex 4 4 32
puzzle-3x3-sparse—* 4 4 64
cube-—* 4 4 32
lift, can, square 4 4 16

Table B.4: Number of actions sampled for the expected-max () operator (N) for BFN methods.

each method with the best « in Table 4.2 (on all tasks). Table B.4 summarizes the a value
we use for each task.

QC-FQL, FQL, FQL-n. We tune the behavior regularization coefficient a. On OGBench
domains, we take the default hyperparameter of FQL for each domain agefau; and tune all
methods on task2 of each domain with three choices of a: {gefaurt /3, Qdefauts, 3defaurt } (OUT
Qgefauty cOmes from Table 6 in [108]). On robomimic domain, we sweep over much larger «
values: {100, 1000, 10000}. We report the performance of each method with the best « in
Table 4.2 (on all tasks). Table B.3 summarizes the o value we use for each task.

RLPD, RLPD-AC, QC-RLPD. We sweep over (1) whether or not to use clipped double
Q-learning (CDQ), and (2) whether or not to use entropy backup. We find that not using
CDQ and not using entropy backup performs the best for all of the RLPD baselines and use
that across all domains. Even though our method and the other FQL baselines use K = 2
critic ensemble size, we use K = 10 critic ensemble size for RLPD to keep it the same
as the hyperparameter in the original paper [9]. For QC-RLPD, we sweep over behavior
regularization coefficient o € {0.001,0.01,0.1} and pick 0.01 since it works the best.

SUPE-GT. We tune the KL coefficient for the VAE skill-pretraining from a set of five
values: {0.001,0.003,0.01,0.03,0.1}. We pick 0.003 as it works the best.

ReBRAC. We tune the behavior regularization coefficient from {0.01,0.03,0.1,0.3,1.0} and
pick 0.1 as it works the best.

IFQL. We directly use the default hyperparameter from [108] (N = 32,7 = 0.9) for this
baseline. The first parameter, N = 32, means that for both online policy rollout and policy
evaluation, we sample 32 actions and pick the action that has the highest Q-value. The
second parameter, 7 = 0.9 is the expectile coefficient.

IQL. We directly use the default hyperparameter from [108] for this baseline. For cube-*,
we use o = 0.3. For scene and puzzle-3x3, we use a = 10.0. For the expectile coefficient,
we use 7 = 0.9.
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B.4 Full Results

End-effector visualization

We provide more examples of the trajectory rollouts from QC and BFN over the course
of online training on cube-triple-task3. In Figure B.1, we show the first 9000 time steps
(broken down into 9 subplots where each visualizes 1000 time steps). In Figure B.2, we show
another 9000 time steps but late in the training (from environment step 9 x 10°). The first
example is the same as the one used in Figure 4.4.

QC BFN Qc BFN Qc BFN

Qc BFN Qc BFN

Qc BFN Qc BFN

Figure B.1: End-effector trajectory early in the training. Each subplot above shows
the trajectory for 1000 consecutive time steps. We include up to Step 9000.
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QcC BFN Qc BFN Qc BFN

QC BFN

QcC BFN

Figure B.2: End-effector trajectory visualization late in the training. Each sub-
plot above shows the trajectory for 1000 consecutive time steps (from Step 900000 to Step
909000).

OGBench results by individual task

Main results by task. Table 4.2 and Figure B.3 show the performance breakdown for all
methods.
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Figure B.3: Complete OGBench offline-to-online RL results by task. 4 seeds. 95%
confidence interval.

Selected baselines. Figure B.4 shows the results for selected baselines (e.g., BEN, FQL,
RLPD and RLPD-AC).

n-step return ablation results by task. Figure B.5 shows the performance breakdown
for each baseline on each OGBench task.

Q-chunking with Gaussian policies. The following plot shows the performance of RLPD
with and without action chunking. In addition, we include a new method for comparison,
QC-RLPD, where we add a behavior cloning loss to RLPD-AC (RLPD with action

chunking).
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Figure B.6: Full RLPD results by task. QC-RLPD is RLPD-AC (RLPD on the tem-
porally extended action space) where we additionally add a fixed behavior cloning coefficient
of 0.01.

Action chunking size ablations. Figure B.7 includes individual task results for the action
chunking size ablation study. We also include results on the hardest cube-quadruple task
in Figure B.8.

—s— FQL —=— QC-FQL (h=5) —=— QC-FQL(h=10) —=— QC-FQL(h=15) —®— QC-FQL(h=25) —&— QC-FQL (h=50)
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- 10- o 10-
08- 08 08-
2
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@ 04 04+ 0.4-
g
S
g 02 02- 02- -‘J:_',l-.’."-.’.
5 ::,:: :
@
00 00 o
s 10 15 20 o0 os 10 1s 20 o0 os 10 1s 20 o0 05 10 1s 20

Steps (x10°)

Figure B.7: Action chunking size ablation on cube-triple-*. Increasing the action
chunking size generally helps until A = 25. Surprisingly, A = 25 is the only chunk size where
QC-FQL achieves non-trivial success on the hardest cube-triple-play-task5 (none of
other methods can).
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Figure B.8: Action chunking size ablation on cube-quadruple-play-task4. The n-
step return baselines (i.e., FQL-n) can achieve good initial success during online learning but
quickly collapse. In contrast, our method (i.e., QC-FQL) does not suffer from such collapse
and solves the task consistently across reasonably large chunk sizes (e.g., h € {5,7,9}). The
results are averaged over 5 seeds.

Robomimic ablation results

Figure B.9 shows the performance of QC, QC-FQL, BFN-n, FQL-n, BEFN, FQL on three
robomimic tasks.

—o— QC —— QC-FQL  —o— BFN-n —— FQL-n —o— BFN —o— FQL

can square
5 1.00 -
» Ll O
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@ -
0 025 0.25 025- /4
ol .
35
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Figure B.9: Full robomimic ablation by task. We use 5 seeds for all experiments.
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How resource efficient is Q-chunking?

In Figure B.10, we report the runtime for our approach and our baselines on a representative
task cube-triple-taskl. In general, QC-FQL has a comparable run-time as our baselines
(e.g., FQL and RLPD) for both offline and online. QC is slower for offline training as it
requires sampling 32 actions for each training example for the agent update (BFN is faster
because it only needs to sample 4 actions). For online training, we are doing one gradient
update per environment step, and it makes QC only around 50% more expensive than other
methods.

Finally, we include the parameter count of each of these method on the representative domain
cube-triple-* in Table B.6 below (assuming h = 5 for all Q-chunking methods).

Offline Run-time () Online Run-time ({)

Qc' L 4 1202 Qc_ - 1507
QC-FQL - 4424 QC-FQL A —t— 11.33
BFN - -t 11.59
BFN - 3.33
FQL 10.06
FQL 1 2.97 RLPD - —t—11.03

Figure B.10: How long each method takes for one step, in milliseconds. Left: offline.
Right: online (one agent training step and an environment step). The runtime is measured

using the default hyperparameters from our paper on cube-triple-taskl on a single RTX-
A5000.
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RLPD RLPD-AC SUPE-GT IQL ReBRAC IFQL FQL BFN IFQL-n FQL-n BFN-n QC-RLPD QC-IFQL QC-FQL Qc
taskl —100  —»100 —»100 0- 99 96-—100 100 —»100 99100 98100 97— 100 100100 &5 100  — 100 00 100 - 100 100 — 100
task2 —100  —»100  — 100 - 0 70100 98100 99100 98100 05— 100 100 -»100 72100  — 100 86 — 100 100 — 100
puzzle-3x3 task3 —100  —»100 —»100 0- 7100 100 — 98 100100 95— 100 95— 100 100 — 36— 8 — 100 50— 100 100 — 100
task4 — 100 — 100 — 100 — — 100 — 100 — 100 — 100 — 100 100 — 100 — — 100 100 — 100 75— 100 100 — 100
tasks —100  —100 —100 0 4100 98— 99 100100 07100 06— 100 91 — 100 —100  —100 100100 100 100 — 100
avg. (5 tasks) —100  —100 —100 0- ° 55100 98 O7 100 »100 98100 04—100 98100 58— O — 100 100 — 100  ©: — 100
taskl —100  —»100  — 100 - 9 15100 983 —-100 ©9—100 99100 &6— 99 22— 100 —100  —100 93 —-100 99— 100 100 — 100
task2 —100  —100 —100 00— 97 51100 £9— 93 51 99 09— 99 5 i i - 08 —100 68 —100 &8 —100 98 — 100
scene task3 - 99 — 100 97 00— 0 00— 99 i0- 88 G8-100 93100 - —100 65— 99 98100 90— 100
taskd - & - & 0— 0— 98 T3 5 96 86— 97 0 94 - 97 93— 98 92 OF
task5 = - 7 = = o7 (PR, = 5 I8 = 99 15 91 . 93— 0 9
avg. (5 tasks) — - 9 0— 3 T 99 8- 7o O 85— 99 SR B T — 83— 98
taskl - 99 - 99 i 2 99 i 3 99 70— 97 0o 3
task2 = 99 - 98 = - i = - & 79 - F 8o 9
cube-double task3 - 99 - 99 - 0— 0 — 6— 6 2 06 83— & — 15 6 T 8 —
taskd - 99 - O — 0 — 0 T 9 i 32 3 T 0— 1 [ 22 5 O
task5 - 96 — - ¢ 0— T 4 7 — 82— G0 R B 96 3 1 — 75 98 74— 99
avg. (5 tasks) - 99 — — 0— 3 1o - 68 — 5 1o 7 i @ - 0 D 7 67— 98
taskl - 100 — — 0— 1o P - i7- i 0— PR — 0— i35
task2 - 61 — — 0— 0 0 1- 1o 0 — )= 0 — 0— 1—
cube-triple task3 - — — 0— 0 0— 0— 1— 0— )= 0 — ) - 51 7T 73
task4 — 43 — — — — — — — — — — — — — 26 — 54
taskb = — — 0— 0 — 0 — 0 0 0 - 0 - — 0— - 0
avg. (5 tasks) - — — — 0 — | o 15 0— — 0 = 0— 15 53 6> 64
taskl — - - 0— T 08 0o T = R 28 07 0 - P - 98 16— 99
task2 - - 5 — 0— 0— 0 — 0 0 0 %o i 0 — - - 97 )— 98
cube-quadruple-100M t25K3 - - — — 0 — - 0 0 - 0— 5 ) — - 0— - 04 3o T
task4 — — — - — - — - — 1— — - — — 94 1— 88
taskb - - — 0— 0 — 0 — 0 — 0 0— 0 — 0 - 0— — 0> 0
avg. (5 tasks) — — — 0— - 3 0— 0 — 1o 1 0— 7 = > 7 1o 10 = iy 15 7
overall avg. (25 tasks) - 6 — — 0— 4 G — 4 T 51— 1o 7 — 35 — — 0 — - 8 52— 86

Table B.5: Complete OGBench offline-to-online RL results. Averaged over 4 seeds with 95%

confidence interval.
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Figure B.4: Full OGBench results by task (selected baselines). Top: summary plots
by domain; Bottom: individual plots by task.
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Figure B.5: Full OGBench results by task (selected baselines).

Methods Parameter Count (in millions)

QC
BFN
QC-FQL
FQL
RLPD

Ll
— o

=~
©

Xaauw
Ut
o

17.2

Table B.6: Parameter count for each method. RLPD has a much larger parameter count because it
uses K = 10 critic networks whereas all the other methods and baselines use only K = 2.
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Appendix for Decoupled Q-Chunking

C.1 Full results

Table C.1 reports the performance of our method (DQC) and baselines for all hyperparam-
eter configurations. All of them use the same hyperparameters in Table C.3 with the only
exception that SHARSA, HIQL, IQL, FBC, and HFBC handle goal-sampling for training
behavior cloning policies differently. We discuss this in more details in Section C.3.

Method c3-100M c4-100M c8-1B hg p45 p46-1B
DQC h=25 h,=1 76/73.80 4541 49 105 14 92/90.94 IMigooo 83086
DQC h=25 he=5 989s09) 920003 343335 OSluss 96195 071 685671
DQC h=5 h,=1 95194.9 8453 56 0100 1901500 900 407
DQC-naive h=25 h,=1 1415 99 1619 03 12 229004)  32p2836)  33[20,37]
DQC-naive h=25 h,=5 27118 2715 39 3115 0o 332037 3328
DQC-naive h=5 h,=1 16 5 40129 49 0100 8077 2012020 2625
QC h=25 h,=25 2l 12715 0100 00,0 301735 375
QC h=5 hy=5 207 3 35726.43 0. 4845 2020200 2827
QC-NS n=25 h,=5 5119280 53128.77 1819 6055561 9519406 959307
NS n=25 h,=1 30726 19111 25 96 959407 89701 91(z6.04
NS n=>5 h,=1 931910 2711143 1 8957011 9391951 96563
0Ss n=1 h,=1 474, 000 (I 0.0 192000 1900
FBC 540050 Sdsr O 1 000 Lo
HFBC 5655 3730400 28126 61s 00,0 435)
IQL 6665 5315055 0r0.¢ 35 20[19.20] 65,0
HIQL 3503139 2411081 20p723) 24296 00 95,13
SHARSA 8351 6416065 34131360 1971603 1po 6460 65

Table C.1: Complete results for all hyperparameter configurations across dif-
ferent combinations of h, n and h, (10 seeds). We adopt the following abbrevia-
tions: c3=cube-triple, c4=cube-quadruple, c8=cube-octuple, hg=humanoidmaze-giant,
p45=puzzle-4x5, p4d6=puzzle-4x6. The hyperparameters used are specified in Tables C.5

and C.6.
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Figure C.1: Batch size sensitivity (10 seeds). Large batch size is crucial for DQC’s
performance especially on hard tasks (e.g., cube-quadruple, cube-octuple, puzzle-4x5
and puzzle-4x6).

C.2 Environments and datasets

To evaluate our method, we consider 8 goal-conditioned environments in OGBench with
varying difficulties. The dataset size, episode length, and the action dimension for each
environment is available in Table C.2. We describe each of the environments and the datasets
we use as follows.

Environment cube-*: We consider three cube environments (cube-triple, cube-quadruple,
cube-octuple). As the names suggest, the goal of these environments involve using a robot
arm to manipulate 3/4/8 cubes from some initial configuration to some specified goal con-
figuration. We use the same five evaluation tasks used in OGBench [111] for cube-triple
and cube-quadruple and the same five evaluation tasks used in [110] for cube-octuple.

Environment humanoidmaze-*: We also consider the hardest locomotion environment
available in OGBench. The goal of the environment is to control and navigate a humanoid
agent from some initial location to some specified goal location in a 16 x 12 maze. This en-
vironment also has the longest episode length (4000, more than twice as long as the second
longest episode length as used in cube-octuple).

Environment puzzle-*: Finally, we consider two environments that involve solving a
combinatorial puzzle with a robot arm. The puzzle consists of a board of 4 x 5 or 4 X 6
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Environment Dataset Size Episode Length Action Dimension (A)
cube-triple-100M 100M 1000 5
cube-quadruple-100M 100M 1000 5
cube-octuple-1B 1B 1500 5
humanoidmaze-giant  4M (default) 4000 21
puzzle-4x5 3M (default) 1000 5
puzzle-4x6-1B 1B 1000 5

Table C.2: Environment metadata. For both humanoidmaze-giant and puzzle-4x5, we
use the default dataset that is released in the original OGBench benchmark [111]. For the
other environments, we use larger datasets as we find them to be essential for achieving good
performance on these environments.

buttons, organized as a regular grid (4 rows and 5 or 6 columns). Each button has a binary
state. Whenever the end-effector of the arm touches a button, the button and all its adjacent
four buttons (three or two if the button is on the edge of the grid or in the corner) flip its
binary state. The goal of the environment is to transform the board from some initial state
to some specified goal state.

At the test-time/evaluation-time, the goal-conditioned agent is tested on five evaluation tasks
for each of the six environments we consider. The overall success rate is the average over 5
tasks with 50 evaluation trials each. For the prior baselines, SHARSA, HIQL, IQL, HFBC

and FBC, we run 15 evaluation trials for each task, following [110].

Datasets. We use play datasets for all cube-* and puzzle-* environments and navigate
dataset for humanoidmaze-*. We use the original datasets available for humanoidmaze-giant
and puzzle-4x5 because they are sufficient for solving the environments. Using larger
datasets on these environments do not help differentiate among different methods/baselines.
For each of the other environments, we use the largest dataset available from [110] as we
find it to be necessary to solve these environments (or achieve non-trivial performance on
cube-octuple).

C.3 Hyperparameters and implementation details

Hyperparameters. Table C.3 describes the common hyperparameters used in all our
experiments. Tables C.5 and C.6 describe the environment-specific hyperparameters and
Table C.7 describes the range of hyperparameters we use for tuning each method.

Goal-conditioned RL implementation details. While we have described in the main
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Parameter Value
Batch size 4096
Discount factor (7y) 0.999
Optimizer Adam
Learning rate 3 x107*
Target network update rate (\) 5x 1073
Critic ensemble size (K) 2

min(Q1, Q)2) for cube—*

Critic target (Q1 + Q2)/2 for puzzle—* and humanoid-*

Value loss type binary cross entropy
Best-of-N sampling (V) 32
Number of flow steps 10
Number of training steps 108
Network width 1024
Network depth 4 hidden layers

wl\“/and) (02,0705,03)

DQC/QC/NS/OS: 7 is not goal-conditioned
SHARSA (cube): (0,1,0,0)
SHARSA (puzzle): (0,0,1,0)
SHARSA (humanoidmaze): (0,0, 1,0)

1 v v v
Value goal sampling (W, Wyeom, Wirajs

Actor goal sampling (w?® ., wP Whing)

p
geom’ wtraj )

Table C.3: Common hyperparameters. For the GCRL goal-sampling distribution we
follow the same hyperparameters used in [110].

body of the paper how DQC works as a general RL algorithm, we have not touched on how
DQC and similarly all our baselines work with the goal-conditioned RL (GCRL) setting.
We consider the setting where we have access to an oracle goal representation ¥ : § — G
where G is the goal space (see Table C.4 for the oracle goal representation description for
each environment). The goal-conditioned reward function r : (s,g) — ly(s)—g is a binary
reward function where its output is 1 if the goal g is reached by the current state s. We can
treat g as part of an extended state § = [s,g] € S =8 x G and learn value functions (e.g.,
(4(3,a)) normally with such extended state.

A common practical trick in the GCRL setting is goal relabeling. That is, during training
for each (s,a) pair in the training batch, a goal ¢ is sampled from some distribution (i.e.,
pP(- | s,a)) and the reward of the transition is relabeled with the goal-conditioned reward
function. Following [110], the goal distribution PI(- | s,a) : S x A — Ag is a mixture of
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Environment Goal Representation (V) Goal Domain (G)
cube-triple (x,y,z) of three cubes (rel. to center) R?
cube-quadruple (x,y, z) of four cubes (rel. to center) R!2
cube-octuple (z,9,2) of eight cubes (rel. to center) R
humanoidmaze-giant (x,y) of the humanoid R?
puzzle-4x5 the binary state for each button {0,1}*
puzzle-4x6 the binary state for each button {0,1}*

Table C.4: Oracle goal representation description for each environment. Following
[110], we assume access to an oracle goal representation for each environment. More detailed
definitions of these oracle goal representations are available in OGBench [111].

) DQC DQC-naive QC-NS QC NS OS SHARSA HIQL IQL HFBC
Environment (h has iy 50) (B hay k) (B hay k) (h=thay 1) (ny k) (1) (n) (h,k,0) (o) ()
cube-triple-100M  (25,5,0.93,0.8) (25,5,0.93) (25,5,0.93)  (5,0.93) (5,0.5) 0.5 25 (25,0.5,10) 3 25
cube-quadruple-100M (25,5,0.93,0.8)  (5,1,0.93)  (25,5,0.93)  (5,093)  (5,0.7) 0.7 2 (25,0.5,10) 3 25
cube-octuple-1B  (25,5,0.93,0.5) (25,5,0.93) (25,5,0.93)  (25,0.93)  (25,0.97) 0.7 25 (50,0.5,10) 10 50
humanoidmaze-giant  (25,1,0.5,0.8)  (5,1,0.9)  (25,5,0.5) (5,0.5) (25,0.7) 0.5 50 (50,0.5,3) 0.3 50
puzzle-4x5 (25,5,0.9,0.5)  (25,5,0.9)  (25,5,0.7) (5,0.9) (25,0.7) 0.7 50 (25,0.7,3) 1 25
puzzle-4x6-1B (25,1,0.7,0.5)  (25,5,0.7)  (25,5,0.5) (5,0.7) (25,05) 0.7 50 (25,0.7,3) 1 25

Table C.5: Environment-specific hyperparameters for DQC, QC, NS, OS,
SHARSA, HIQL, IQL, and HFBC. For SHARSA, HIQL, IQL, and HFBC, we fol-
low the hyperparameters in the original paper [110].

four distributions, conditioned on the training state-action example:

Jp— g g g
1SS wCurPcur + wgeompgeom + wtrajptraj

+ wrandPrg (Cl)

and’

where

1. P%.(-|s,a) = du(s: the goal is the same as the current state;

2. Pfow(- | s,a): geometric distribution over the future states in the same trajectory that

(s,a) is from;

3. PJ.;i(- | s,a): uniform distribution over the future states in the same trajectory that

(s,a) is from; and finally

4. P? 4(-]s,a) = U(Up(): uniform distribution over the dataset (D(s) is the distribu-

tion of states in the dataset).
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DQC DQC DQC QC-NS NS NS QC QC OS

Environment h=25 h,=5 h=25h,=1 h=5h,=1 n=25h,=5 n=25 n=5 h=25 h=5
(Kb, Kea) (Kb, Kia) (Kp, Ka) Kp Kp Kp K Ky hp
cube-triple-100M (0.93,0.8) (0.93,0.8) (0.5,0.8) 0.93 05 05 093 093 05
cube-quadruple-100M  (0.93,0.8) (0.93,0.8) (0.5,0.8) 0.93 05 07 093 093 07
cube-octuple-1B (0.93,0.5) (0.93,0.5) (0.93,0.5) 0.93 097 05 093 093 07
humanoidmaze-giant (0.5,0.8) (0.5,0.8) (0.5,0.5) 0.5 0.5 0.5 0.5 05 05
puzzle-4x5 (0.9,0.5) (0.9,0.5) (0.5,0.5) 0.7 07 05 09 09 07
puzzle-4x6-1B (0.7,0.5) (0.7,0.5) (0.5,0.5) 0.5 07 05 07 07 07

Table C.6: Environment-specific hyperparameters under different h,n, h, configu-
rations for DQC, QC, NS, OS. For DQC-naive, we use the same hyperparameter as the
corresponding QC baseline.

. Backup Quantile Distillation Expectile Backup Horizon Policy Chunk Size
Environment
(Kp) (Ka) (h) or (n) (ha)
cube-x* {0.5,0.7,0.9,0.93,0.95,0.97,0.99} {0.5,0.8} {5,25} {1,5,25}
Others {0.5,0.7,0.9} {0.5,0.8} {5,25} {1,5,25}

Table C.7: Hyperparameter tuning range for all methods. For NS, we only tune x;
and n because the policy chunk size is always 1 and there is no distilled critic. Similarly,
for QC, we only tune k;, and h = h, because the policy chunk size is the same as the critic
chunk size and there is no distilled critic. For OS, we only tune k.

and Weyr, Weeom, Wiraj; Wrand > 0 are the corresponding weights for each of the distribution
components with wey + Weeom + Weraj + Wrana = 1.

In practice, it has been found to be beneficial to use a separate set of goal sampling
weights for TD backup [111] (i.e., (W Wyeom> Wiraj» Whana)) and for policy learning (i.e.,

(wP ., w w? 1)). However, in our implementation of DQC/QC/NS/OS, we do not

georm wt?raj? rand

train a goal-conditioned policy, as our policy extraction is done entirely at test-time by
best-of-N sampling from an unconditional (i.e., not goal-conditioned) behavior policy 7g. In
particular, we use an unconditioned flow policy ms(- | s) that is parameterized by a velocity

field vg : S x RA x [0,1] — R that is trained with the standard flow-matching objective:

Lenm(B) = Eunt[0,1],2~M (s,0)~D [va(s, (1 —u)z +ua,u) —a+ z||§} (C.2)

For SHARSA, we use the official implementation where both flow policies (high-level and low-
level) are goal-conditioned (and thus are trained with the goal distribution mixture specified
DY WLy Wheoms Winajs Wrana)- The goal sampling distribution for training the value networks

(for all methods) and the goal sampling distribution for the policy networks (for SHARSA
only) are provided in Table C.3.
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Appendix D

Proofs for Main Theoretical Results

The theoretical results in this section rely on the following assumption:

Assumption 2 (Data Obeys the Transition Dynamics) D € Ay is a trajectory dis-
tribution generated by rolling out a behavior policy from a distribution of s; ~ p. The
behavior policy can be non-Markovian (i.e., mg(@tk | Statkt1, @ee+r)). Each subsequent
state is generated according to the MDP dynamics M: sy g1 ~ T(- | Sik, Grik), VE €
{0,1,--- A —1}. The resulting trajectory is (¢, Sgi1, - 5 Stahy Gty Qpg1, -+ Qip) € T =

Sh x A",

D.1 Utility Lemmata

We start by introducing a few lemmata for the proofs of our main results.

Lemma 1 (Mean value theorem for conditional probabilities) Let P, Py € Axxy
and P(z,y) = a&(y)Pi(x,y) + (1 — &(y))Pa(z,y) and there exists v > 0 such that
a(y) < a,Vy € Y. Then, there exists y € Y and & < « such that

P(ly)=ab(|y)+ (A -a)R( |y) (D.1)

Proof.

|
Pi(y) + (1 —a(y)) Pa(y) (D.2)
y)+ (1

where 5(y) := d(y)Pl(gngig()y))Pz(y)' We now prove dy € V, & < « for Equation (D.1) to hold

by contradiction.
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We first assume @ = B(y) > «,Vy € ). Now, substitute 5(y) in and integrate both side by
y to obtain

a(y)Pi(y) > aa(y)Pi(y) + a(l — a(y)) Pa(y) (D.3)
a(y) > adly) + a — ad(y) = a, (D.4)

which is a contradiction to the condition a(y) < a.

Therefore, there must exist y € ) with & < « such that Equation (D.1) holds. O

Lemma 2 (Expectation difference for bounded function and TV) For two distributions
P,Q € Ay and two bounded functions f,g : X — [0, 1], if the TV distance between P
and @ is no larger than ¢ and || f — ¢||co < ¢ under supp(P) N supp(Q), then

[Eonp[f(2)] = Eanglg(2)]] < (1 —€)d +e. (D.5)

Proof. Let’s decompose the probability mass of P and @ in terms of dp,dpg,dg : X — R
as the following:

P(z) = dp(z) + dpo(z), (D.6)
Q(z) = dpg(x) + dg(z). (D.7)
The [ dp(x)dz maximizing solution is

dp(r) = max(P(z), Q(z)) — Q(z) (D.8
do(z) = max(P(z),Q(x)) — P(z) (D.9
dpg(z) = P(z) + Q(z) — max(P(z), Q(z)) (D.10)

It is clear that under this decomposition,
/dp(x)dx = [ dg(x)dx =¢ <e¢, (D.11)

/dpQ(q;)d:c R (D.12)
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Now we are ready to bound the expectation difference:

[Eep[f(2)] = Eunglg(2)]]

_ ( / dp() f(x)de — / do()g (@dx) N ( / dro(e)(F(@) — 9(2) dx)

'/dp dx— o)de| + '/dpg (o))
< max <sbmlp (@) / dp(w)dz — inf g(x) / do()da, sup g(a) / do(x)dx — inf f(x) / dp(x>dx>
(Izdjg(gm fla) - g<x>|> / dpo(a)dz

<é+ ( sup |f () —g(l”)|> (1-¢)

zesupp(P)Nsupp(Q)

1 = glle(1 = ¢)

_|_

=¢
<E(1—0)+94
<e(l-=6)+9¢
=(1—-¢e)d+e
(D.13)
as desired. ]

Lemma 3 (Total variation under event conditioning) For two random variables X €
Ay and Y € Ay and any y € ),

Dry(P(X Y =y) [| P(X)) <1-P(Y =y) (D.14)

Proof. Let p=P(Y =y)
Dy (P(X | Y =y) || P(X))

/|P v | y)lda
—/|erY:y Y =y)— 1)+ Pa | Y #y)P(Y #y)|ds

=52 (1@ 1Y #9) - P | Y =)l

(1 =p)Drv(P(X | Y =y) | P(X|Y #y))
1—-p

(D.15)

IA
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Lemma 4 (Data Processing Inequality for f-divergence [25]) For two random variables
A, B € Ay and a deterministic function f: X - Y, and C := g(A), D := g(B)

Dy(Pa || Ps) = Dy(Po || Po). (D.16)

Since TV-distance is a f-divergence with f = |z — 1|, we have

Drv(Pa || Ps) > Drv(Pe || Pp). (D.17)

Proof from [157].
D¢(Pa || Pg) = Eunpy [f(Pa(x)/Ps(7))]
=Epy, [f(Pac/Ppp)]
= Eivury |Eruo 1 (Pac(e,9)/Pan(@.y))]
> Eyory | (Bonryon, [Pac(@,9)/Pon(@,y)] ) | (D.18)
—Eyry |/ (Bamryon, [Pe@)/ Po ()]

=E,p, [f (Pe(y)/Pp(y))]
= D¢(Pc || Pp).
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D.2 Proof of Theorem 1

In this section, we provide the proof for Theorem 1 (restated below).

Theorem 1 (AC Value Bias) Let Ve : S — [0,1/(1 — )] be a solution of

V;C(St> = E3t+1:t+h+l7‘1t:t+hNPD("st) Ry + 'YhVaC(StJrh)] ) (5'7)
with Ry = ii; V=t (sy, ap) and V. is the true value of o @ 5y — Pp(anian | St)-

If D is weakly €,-open-loop consistent, then for all s; € supp(Pp(s;)),

8 YEn

%c(&f) - Vac(st) S (1 — 7)(1 _ (1 _ 5h)’7h) S 5hHH- (58>

Proof. Since D is ej,-open-loop consistent in state-action for h' < h, the state-action distri-
bution leading up to step h admits the following bound:

Doy (Pp(Stan, @sn | st) || Pp(Sttn, e | S¢)) < €n (D.19)

Let Rypn = ZZ;(I) Vo7 (e, arir) be the h-step reward distribution. Then the difference in
h-step reward is bounded by

‘EPD(-ISt) [Rt:t+h] - EP%(-\S,:) [Rt:t+h] ‘
h—1

< Z [’Yh EP'D(st+h/,at+h/|St) (St rym)] — EP,B(st+h/,at+,L/|st) [ (St4h5 &t+h')]]
— (D.20)

h—1
/
< E Yen.
h'=1

where the first inequality uses Lemma 2 and the fact that TV distance is bounded (Equa-
tion (D.19)).

Since D is g,-open-loop consistent for A in state, we have

Drv(Pp(sesn | st) || Pp(sern | st)) < en, (D.21)

which can then be used to bound the estimation error using Lemma 2:

A

E5t+hNPD(St+h|st) |:-‘/8,C(St+h):| - E8t+hNPB(St+h‘St) [‘/;.C(St+h):|‘

9 ~
o me)  swp | [Vaelsin) = Vaelsi)|
-7 st+n€supp(Pp (s¢4nlst))

B (D.22)
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For all s; € supp(Pp(sy)),

~

‘/ac(st> - Vac(st)
< ‘EP‘D(‘L%)[RtZt-Fh] Ep P (- |st)[Rt t+hH
+ vh

E3t+hNPD(St+h|3t) [ ac St+h ] - St+hNP%(St+h\5t) [‘/&C(St-‘rh)]‘ (D23)

<5 ] 2

"1 — ) sup [Vaelsien) = Vaelsian)l |

5t4+n€sUpP(Pp (St4nlst))

Since the support of s; | s; is a subset of the support for s; by Assumption 2, we can
recursively apply the inequality to obtain,

~ 1 h—1 y ’th

h=1 1—x

(D.24)
YER

(T=7)(1 = (1 —ep)yh)’

as desired. ]
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D.3 Proof of Theorem 2

In this section, we provide the proof for Theorem 2 (restated below).

Theorem 2 (Worst-case AC Value Bias) For any h > 1,7 € [0,1),e, € [0,1/2],
there exists an MDP M and a weakly e,-open-loop consistent D such that for some

s € supp(Pp(st)),

A VEn
Vac(8t) = Vac(st) = (1—7)(1—(1—ey)

Similarly, there exists an MDP M and an ¢j,-open-loop consistent D such that for some
st € supp(Pp(st)),

(5.9)

¥ YEh
Vel = Vaclo) = Ty — (T=emy

(5.10)

Proof. Let § € [0,1] be any value that satisfies £, = 26(1 — §). d must exist because ¢}, €
[0,1/2]. Let us define a MDP that has S = 2h states, S = {XO,XI,)NQ, e ,Xh,l,)z'h,bZ},
and A = 2 actions, A = {0, 1}, and the following transition function 7" and reward function
r (see a diagram in Figure D.1):

T(Xi1 | Xiya) = T(Xip1 | Xi,a) =6, Va € {0,1},i € {1,--- ,h—2}

T(Xis1 | Xiya) = T(Xi1 | Xi0) =16, Va € {0,1},i€{0,--- ,h—2}

T(Z| Xp1,a=1)=T(Z | Xp_1,a=0)=1

(~ o Xno1,a=0)=T(Xo | Xp_1,a=1)=1 (D.25)
r(Xy,a=0)=r(X;,a=1) =1, Vie{0,---,h—1}
r(Xi,a=1)=7r(X;,a=0) =0, Vi€ {0,--- ,h—1}

r(Z,a=1)=r(Z,a=0)=0
TZ|Z,a=0)=T(Z|Z,a=1)=1
Now, we assume that the data D is collected by the optimal closed-loop policy where
m(X;) = 1,7(X;) = 0. (D.26)
First, we check D is e,-open-loop consistent.

We can show that by computing the distribution for Pp(s;14, a1 | st = Xo) and PR(S44, Gt
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a:O*H':O\ a=0——7r=0

a=0——r=0

a=0——r=1

7
TR

Figure D.1: A 2h-state MDP that is constructed to meet the upper bound in
Theorem 1. The data distribution D that achieves such an upper bound is collected by
the optimal policy: 7(X;) = 1,7(X;) = 0.

s = Xo) as follows:

[PD(3t+i = Xi,ar1; = 0| Xo)  Pp(sers = X aei =1 Xo)} — 0 0
Pp(st4i = Xi,arqs = 0| Xo)  Pp(seyi = Xi,ae4 = 1| Xo) 0 1—=9§ (D 7)
2
[PIO)(St+i = Xj,at1: = 0] Xo) P(seqi=Xi,ae1s =1 Xo)i| _ o (1 - 5)5
PR (st1i = Xi,at45 =0] Xo) PR(st+i = Xi,a:1 =1]| Xo) 5(1 — (5) (1 — 5)2
From the calculation above, it is clear that
Dyv(Pp(se+is arri | 5t) | Pp(Seris arsi | s¢)) =en, Vi€ {1,2,--- h—1} (D.28)

From the computed values of P3(Si1n-1,0t1h-1 | S¢) and Pp(Styn—1,0e1n-1 | St), we can
derive

P =7 X, 0,
23<St+h | 5 = Xo) = (D.29)
P’D(st-‘rh =7 | St — ) = 2( )(5 = Ep.
From the calculation above, it is clear that
Drv(Pp(sesn | st) | Po(sesn | st)) = en. (D.30)

Up to now, we have checked that D is ej-open-loop consistent. Now, we are left with
analyzing V,. and V,.. With some calculations, we can obtain the following:

1—¢ — At
Epg [Rit4n] =1+ ( 1}1)_(77 )

R 1 D.31
VulXo) = 7= (D:31)

Vac(Z) =0

)
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Now, we are ready to compute V,.(Xp):

1— hy _ € _ Ah
Vi) = ST (1 V() + 21Vie(2)
LU (D.32)
1—9"—enly ="
(L= =1 —en))
Finally, with X, € supp(D), we obtain the desired value difference
Vie(Xo0) — Vae(Xo) = = (D.33)

(I=9)(1 =1 —ep))

By symmetry, we can flip the reward value (i.e., 0 — 1 and 1 — 0) to construct the example
such that

Vel Xo) = Vel Xo) = 737 f"zh = (D.34)

[]
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D.4 Proof of Corollary 1

In this section, we provide the proof for Corollary 1 (restated below).

Corollary 1 (Optimality Gap for AC Policy) Let D* be the data collected by any op-
timal policy 7*. If D* is weakly &j,-open-loop consistent, then for all s, € supp(Pp+(s;)),

* R Ve Sy * S¢) — NaC St 1o
Vi(st) = Vaels) < V7(st) = Vaels) < g g = (1= o7

where V* is the value of the optimal policy 7*, V.5 is the true value of the optimal action
chunking policy, and V. is the true value of the action chunking policy from cloning the
data D*:

<e,HH, (5.11)

*

ﬁgc (@pasn | 8t) ¢ = Ppe(- | se). (5.12)

Proof. Let V,. be the fixed point of the following equation:

V;C(SO - E5t+1;t+h+17at:t+hNPD*(‘\St) Rt:t+h + ’thac(st-i-h)] (D35)
where again Ry, = i’,ﬂ; fyt/_tr(st,, ay). The value of the optimal policy is the fixed point

of the following equation:

V*(51) = Egy i1 aimPps (Jso) (TSt @) + YV (5141)]
= Est:t+2:at:t+1NPD*("3t) [T(Stv at) + 7r($t+17 at-i-l) + W/V*<St+2)] (D 36)

hy/ *
= s, 1 inivsansn~Pps (lst) [Rt:t+h +'V (5t+h)]

which is equivalent to the fixed-point equation for V,e. Therefore V,. = V*. By Theorem 1,
we know that the true value V. of the action chunking policy 7,. that clones D* is close to
Vae. More specifically, for all s, € supp(D*),

’ ¥ VER
Vac<3t) - Vac(st) < (1 — ’y)(l — (1 _ 8h)’}/h)’

(D.37)

which means that
o YER
V* St) — ‘/;C S S )
() = Vaels) < Ty (T =2

where we can remove the absolute value operator because V*(s;) is by definition always at
least as large as V,.(s;). Since the optimal action chunking policy, by definition, attains

(D.38)
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equally good or better values (over S) represented by V,., and the optimal policy 7* also at-
tains equally good or better value (i.e., V*) compared to that of the optimal action chunking
policy 7. (i.e., V%), the following inequality holds for all s; € supp(D*):

V*(s1) = Vie(se) = Vaelse)- (D.39)

Therefore,

Vie(se) = Vi(se) < Vie(se) = V() <

as desired. O
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D.5 Proof of Corollary 2

In this section, we provide the proof for Corollary 2 (restated below).

Corollary 2 (Worst-case Optimality Gap for Action Chunking Policy) For any h >
1,7 € [0,1),e, € [0,1/2], there exists an MDP M whose optimal policy 7* induces a
data distribution D* that is weakly ej,-open-loop consistent, such that for some s; €
supp(£Pp-(s)),

YER
(I=7)1 =1 —eny™)

V*(sy) — Vi(sy) = (5.13)

Proof. To show this, we need a slightly more complicated MDP (compared to the 2h-state
MDP we use in the proof Section D.3). The MDP we construct for this proof is a (3h — 1)-
state MDP as illustrated in Figure D.2.

a=0——r=0
N

A

7

t=0——r=0 Xo
a=1——r= 1\//
/a =0——=r=1 \//

Xn-1 / \
a=1——>7r= 1
a=0——r - 1

A
/
/
/
/
/
/
By /

Figure D.2: A (3h —1)-state MDP that is constructed to meet the upper bound in
Corollary 1.
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The optimal policy we pick is described as follows:

(D.41)

This induces the following state distribution,

Pp+(st4i = Ai | st = Xo) = Pp+ (8145 = Bi | st = Xo)
= P’Z(;*(St+i = Al | St — Xo) = -P’Z(;*(St+i = Bl | St — X(]) = 6/2, (D42)
PD*(3t+i =X ’ St = XO) = P’B*(Swrz‘ = X | St = XO) =1-9,

and a fully factorized distribution for the action chunk,

o o 1
PD* (aHi =0 ‘ St> = PD* (CltJrZ' =0 ’ St, at:t+i) = 5(5(1:0 —+ (Sazl). (D43)

Now, we derive the condition on  when the optimal data D* is ¢j,-open-loop consistent. We
start by calculating the TV distance discrepancy for the future state-action distribution:

Doy (PR (se4is arri | 8¢) || Por(St4is aryi | 5t))
) 0 5/2 5/4 5/4
—sl|a=o2 a-ae] - a-02 1-0/2 (D.44)
5/2 0 5/4 5/4

1,1

—5/2.

In the second line of the equations above, each row in the matrix corresponds to a distinct

action a;; € {0,1} and each row in the matrix corresponds to a distinct state sy, €
{AzaXlaBl}

Next, we calculate the TV distance discrepancy for s, p:
Dy (Ppi™ (seen | st) | Ppe(se4n | 5))
1
=3 |[1 0] —[1=6/2 6/2]], (D.45)
=0/2.

In the second line of the equations above, each element in the vector corresponds to a distinct
state s;1n € {Xo, Z}. Up to now, we have concluded that D* is (§/2)-open-loop consistent.



APPENDIX D. PROOFS FOR MAIN THEORETICAL RESULTS 121

Due to the symmetric structure of this MDP, it is clear that any action chunking policy
Tac(X0) = @ppyn with ageyp, € {0,1} is optimal and achieves the following value:

v ="
VieXo) = 1+ (1-6/2) | 57— S + "V (Xo)

(D.46)
A=+ -6/2)(y=1")
(1= —=(1-6/2)7")
The optimal closed-loop policy can achieve the maximum possible return
1

VN(Xy) =—. D.47
(¥0) = 1= (D.47)

Therefore, with €, = d/2, the optimality gap achieved by this (3h — 1)-state MDP is
V*(Xo) — VA(Xo) = = (D.48)

(1= = (L —ep)y")’

as desired. O
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D.6 Proof of Proposition 1

In this section, we provide the proof for Proposition 1 (restated below).

Proposition 1 (AC Q-Learning under Weak OLC) For any h > 1,7 € [0,1),c €
[0,1/2), e, € (0,1/2), there exists an MDP M, weakly e,-open-loop consistent D and D*
with supp(Pp (¢, aprn)) 2 supp(Pp«(S¢, apirn)), such that for some s, € supp(Pp-(s;)),

V*(s1) = Vit (s:) = Viu(se) = Vit (s1) = ——. (5.16)

1—7

Proof. To prove this theorem, we show an example where the optimal action chunking policy
defined in Equation (5.15) can be highly sub-optimal in the absence of the strong open-loop
consistency condition.

We define an MDP as follows. Let S = {A,B,C,D,E,Z} and A = {0,1}. Define the
transition dynamics and reward function as shown in the diagram below (Figure D.3):

a=0-—"">3D
a:077***§****>B—>a/: 1 r=0
~ r=0

/ 1—9 Q
A Z

\ N r=0

N
a=1 C »a =10

Figure D.3: A 6-state MDP that is constructed to illustrate the pathological failure
mode of action chunking Q-learning under weak open-loop consistency.

where d,¢ € [0,1) are real numbers and dotted lines denote stochastic transitions. The
reward function depends only on states (r(A) = r(B) = r(C) = r(F) = 0, (D) = 1, and
r(G) = ¢). Assume that the dataset is collected by a policy mp defined as mp(A) = 0 (with
probability #) or 1 (with probability (1 — 6)), mp(B) = 0 (with probability 1), 7p(C) =1
(with probability 1), and mp(D) = mp(Z) = mp(E) = 0 (with probability 1).
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Let 7* be the deterministic policy with 7(A) = 1,7(C) = 1,7(E) = 0. Then, it is clear that

supp(Pp (8¢, p4n)) 2 sUpp(Pps (8¢, arqn)) = {(se = A,ap = 1, 4441 = 1, @yy44n = 0)}. Now
we are left to show that D is e,-open-loop consistent.

Since D, E, Z are all self-loops, we only need to analyze the first two actions in the action
chunk; the rest is all a;y9.41, = 0 and does not affect the value.

We can compute the following:
PD(A> (07 O)) D, R(A> (07 O)) =7
Pp(A,(0,1)) = E, R(A,(0,1)) = 2¢y, (D.49)
PD(A7 (17 1)) = F, R(A, (17 1)) = 2y,

where we denote action chunks as a tuple and slightly abuse notation to denote deterministic
outputs of Pp(- | s, a0:2) (e.9., Pp(A,(0,0)) = D indicates that all length-2 trajectories in
D from state A with ap = a; = 0 have s, = D with probability 1).

We can similarly compute the marginal state distributions as follows:

Pp(D | A) 05
Po(Z| A =| 0 |, (D.50)
Pp(E | A) 1— 05

and

PD(St+1:B,CLt:0’St:A) PD(St+1:B,CLt:1 ’St:A):| _ |i0(5 0 :| (D 51)

PD(St+1=C,at=0’St=A) PD(St+1=C,at=1’8t=A) 0 1-606

The marginal probability distribution of the action chunks is
Pp(agx = (0,0) | A) = 64,
PD(G/O,l = (0, 1) ‘ A) = (1 — 5)97 (D52)
Pp(ap; =(1,1) | A) =1—-6.

The induced Pj is then

P3(sin = D | 5, = A) 05
PZO)(St+h =7 ‘ St — A) = (1 - 5)9(5 s (D53)
PB<St+h:E|St:A> (1—5)29+(1—9)

and
|:P1%(St+1 = B,at+1 =0 | St — A) PB(St+1 = B,atH =1 | St — A)
Pp(str1 =Crapr =0 s, =A) Pp(sep1 =Cram =18 =A)
_ 5%0 (1—19)d0
_[5(1—5)0 (1-6)*0+1-0|"

(D.54)
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We can then compute
Drv(Pp(ser1; arrr | 8¢ = A) || Pp(st1, aer | s = A)) = 205(1 —6)

) 5 (D.55)
Drv(Pp(sen | se = A) || Po(sin | 50 = A)) = 595(1 —9)

Note that we only need to check ¢ + 1 time step for the state-action distribution because

Dy (Pp(Stans @y | 8t = A) || Po(Seanrs arne | 80 = A)) =

D.56
Div(Pa(sesn | si = A) | Polsien | st = A)) ' > 1, (D-56)

coming from the fact that the rest of the action chunks are all constant 0 (i.e., a;yo.44n = 0).

Now, we can set § to be solution of g, = 2(1 — §)d6, such that D is e,-open-loop consistent
as required by the assumption.

Next, we analyze the action chunking policy 7. learned from this ej,-open-loop consistent

A

data distribution. We start by calculating Q7 as follows:

ac

)4(4,(0,0) = ——

1—7’
N @y
LA 0.) = 72 (D.57)
A cy
FENIRIEERS

The optimal action chunking policy is then 7} (A) = (0,0) (Equation (5.15)) because ¢ < 1.

The true value of this action chunking policy is
Ay = -0 (D.58)
ac 1 o ’Y *
As long as ¢ > 4, the optimal strategy in this MDP is to always choose (ag,a;) = (1,1), in

which case the agent receives a constant return:

VAA) = Vi) = 1 (D.59)

The optimality gap in this example is therefore

VA(A) = VEH(A) = (6 - 5)&. (D.60)
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Finally, we solve €5, = 2(1 — 0)d6# and pick the smaller solution:

o Lo v1i=2e/6 (D.61)

2

If we set 0 = 2¢j, and ¢ = ¢+ %, then we get

VA = ViEA) = 1 (D.62)

as desired.

As a small extra note, the last step is where the assumption £, > 0 becomes necessary, since
otherwise the term 2¢;,/6 (with 6 = 2¢;,) would be undefined. O
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D.7 Proof of Theorem 3

In this section, we provide the proof for Theorem 3 (restated below).

Theorem 3 (AC Q-Learning under Strong OLC) If D and D* are strongly ,-open-
loop consistent, and supp(Pp(s¢, @rt+n)) 2 SUpp(Pps (8¢, art+1)), then Vs, € supp(Pp«(st)),
EnY 2 1

*(s¢) = Vit (se) < <3e,HH 1
Ve =) S T [Tz T T ] S PHE G4D

where V* is the value of a closed-loop optimal policy and V| is the true value of 7.

Proof of Theorem 5. We start by constructing a bound between QA;FC and @}., the solution
of the following bellman equation:

Q;c(sh at:t+h) = Est+1:t+h+1NP’B('|5t7at:t+h) Ripvn + 7h " Hiaxzh Q;c(5t+h> at+h:t+2h) . (D'63)
t+h:t+
Intuitively, Q5. is the Q-function of the optimal action chunking policy 7. that can be

learned from D. Because supp(D) 2 supp(D*), 7, is at least as good as 7,., the action

chunking policy obtained by behavior cloning D*. Bounding the difference between Q; and
x. allows us to leverage the bound in Corollary 1 to form a bound between VI and V*.

Since D is strongly £,-open-loop consistent,

Dyv(T(Stsn | Sty artin) || Po(Seens | Sty aeqn)) < en, VA € {1,--- [h —1}. (D.64)

Since D* is also strongly €j,-open-loop consistent,
DTV(T(St+h' | Staat:tJrh’) H Pp-« (5t+h’ | Stua’t:tJrh)) < €h7Vh/ € {17 oo h— 1}- <D~65)
Using the transitive property of TV distance, we have

Drv(Pp(seen | sty aesn) || Pos(Seans | Sty aarn)) < 2, VA € {1,--- ,h —1}. (D.66)

Now, for the h-step reward, we have

‘EPD(~|st,at:t+h) [Rt2t+h] - EPD* (~|st,at:t+h) I:Rtt+hH
h—1

< Z [’thDTV(PD(SHh' | St,@t:t+h) H Pp- (5t+h’ ’ Staat:tJrh)) (D.67)
h'=1
< 2(y =7")en

L=y
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Similarly, for the value h-step into the future, we can use Lemma 2 to obtain the following
bound:

~

ESt+hNPD(St+h\St) [V*<St+h)] - E8t+h~PD* (St+nlst) [‘/at(sﬁrh)} ’

) . (D.68)
<2+ (1 —2e4) sup |V*(spn) — V! (st+h)‘ .
St+hED*
We define Q*(sy, ag.e1pn) to be
Q" (s, arrsn) = Epp. (fsnanesn) [Rraen 7"V (5000)] - (D.69)
It is clear that
V*(St) = Eat:t+h"’PD* [Q*(Sta at:t-i—h)] . (D?O)

Combining the bound for the h-step reward and the bound on the value for s;.;, for all
St, Qpt4h € SUPP(Pp+ (8¢, Qriyn)),

A(Sta at:t—l—h) = Q*(Sta at:t—i—h) - Q;}(Sty at:t+h)

2(y — A" ~
<20+ 2ZTE 4 (1 eyt (Vo) = Vi)

2¢e . R
< 1 n + (1 — 2ep)Y" (EPD* [Q*(Stah, Qtsnitron)) —  SUp  Quo(Stan, at+h:t+2h)>
-7 At4h:t+2h
2eny h A+ A+
< 1_ 7 + (1 - 25h)7 EPD* Qac<5t+h7 at+h:t+2h) + A(31t+h> at+h:t+2h) — Ssup Qac(5t+h; at+h:t+2h)
Aty h:t4+2h
2¢e
< LA (1=2e,)y"  sup  [A(Stsn, Qrpnran)],
- Y St4+h>At4h:t+2h
(D.71)
which can be recursively expanded to obtain
A 2epy
V*(s) — Vit(sy) < . D.72
G0 = aclo) = 50— (= 2y D)
By Theorem 1, for all s; € supp(D),
- EnY
Vit(s) — Vil(sy)] < . D.73
)= Vel = T e — =) (D7
Combining the two inequalities above, for all s; € supp(D*),
EnY 2 1
V> -Vt < ) D.74
(50) = Vac (o) < 1—v {1—(1—25h)7h+1—(1—5h)vh (D-74)
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D.8 Proof of Theorem 4

In this section, we provide the proof for Theorem 4 (restated below).

Theorem 4 (Worst-case Analysis of Q-Learning with Action Chunking Policy on Of-
f-policy Data) For any h > 1,7 € (0,1),e, € (0,1/5),c1 € (0,e4/2), and ¢y €
(0,2¢e1,7), there exists an MDP M and strongly e,-open-loop consistent data distri-
butions D and D* with supp(Pp(st, artin)) 2 supp(Pp=(St, are1n)), such that for some

s¢ € supp(Pp«(s¢)),

2epy — o ERY

V*(s,) — V;i; 5) = + 5 5.18
B e R = e R (e (R (e e M
where V* is the value of an optimal policy and V! is the true value of 7.
As c1,c0 — 0,
2 1
V*(st) — Vb (51) = —L (5.19)

Iy [T =207 T 1= =)y

The examples in the following proof of Theorem 4 (available in Section D.8) provide insights
on the factor of 3 in V* — V.t < 3¢, HH (with H =1/(1 —~), H = 1/(1 —~+")) is necessary.
In particular, the worst case can be roughly seen as a combination of the two main results
that we have presented so far:

1. V* = V* ~ g, HH (Corollary 1, Corollary 2): the optimal action chunking policy is
(e, H?)-sub-optimal due to its inability to react to environment stochasticity, quantified
by the strongly-¢; open-loop consistency of D*.

2. Vi — Vit ~ e,HH (a transformation of Theorem | and Theorem 2 on the optimal
action chunking policy m.): the value under-estimation bias can incur another factor
of e, HH bringing up the sub-optimality of V. to at most 2, HH, and finally,

3. ‘Z;g — Vit e, HH (Theorem 1, Theorem 2): the action chunking value function may
prefer an overestimated action chunking policy 7}, where its actual value is again e, H H
from its estimated value, resulting in a total sub-optimality of 3¢, H H.

Our construction (in the proof of Theorem 4) directly builds on the above insights by using a
2-part MDP where the first part corresponds to an (g, H H)-underestimated action chunking
policy that has a (g, H H)-optimality gap from the optimal closed-loop policy and the second
part corresponds to an (¢, H H)-overestimated action chunking policy that has a (3¢, H H)-
optimality gap that is preferred by the value function.
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Before we start our main proof, we first introduce a Lemma that helps simplifies the inequal-
ities.

Lemma 5 (Optimality gap comparator) For any 4 € [0,1) and 0 < g1 < &3 < 1,

€1 €9
- < = D.75
1-(1—¢) 1-(1-g9)7 ( )
Proof.
0<(l=7)(e2—¢e1)
=& —&Yy—ateay (D.76)

=&y — &Y t 1827 — €1+ a1y — 1627
=e(l-(1—-ea)y) —all - (1-e))
Since 1 — (1 —¢1)5 > 0 and 1 — (1 —&3)% > 0, we can divide both sides by (1 — (1 —¢1)%)(1—
(1 —e9)7) to get
€2 €1

1-e)y 1-(1-ea)¥
as desired. ]

0< - (D.77)

Now, we begin the main proof as follows.

Proof of Theorem /. We prove by constructing the following (2h + 4)-state MDP where the
agent can take any of the three actions {0, 1,2} at each state (see a diagram in Figure D.4).

Notations: we start by introducing some abbreviations for all action chunks that appear
in this proof:

a;t+h = (070707 T 70)

Aygin = (0,1,0,---,0)

s = (0.2.0.-+-.0 o)
ag = (1,1,1,--- 1) '
gy, = (1,0,1,--+ 1)

atxt+h— (1,2,1, 1)

The first three action chunks aj, ,, a7, ,,af, ., are only possible in the top branch and the

last three action chunks &ft +hr Qg gy Oy, are only possible in the bottom branch because
the first action in the action chunk deterministically divides it into the two branches.

Among these action chunks, it is clear by inspection that m,.(Xo) = (0,0,---,0) is the
optimal action chunking policy, and thus we directly use ‘x” to denote aj,,, = (0,0,---,0).
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aft . is also of great importance: as we will show later, 7 (Xo) = atA:t +n- The actual values
and nominal / estimated values for these action chunks are (VE, Ve, Ve VA Ve VX)) and

(V2 V2, Ve, VA Ve, VX) respectively. Much of the focus of this proof is to calculate the
optimality gap, which is the difference between the optimal closed-loop value and the action
chunking policy value (either estimated or actual):

actual optimality gap: V*(X,)— VI(X,) (D.79)

ac

nominal optimality gap: V*(X,)— VL(X,) (D.80)

ac

High-level proof sketch: The MDP contains two branches: a top branch where (as we
will show) both the optimal policy 7* and the optimal action chunking policy 7, take, and
a bottom branch where (as we will also show) the learned action chunking policy 7 takes.
The key idea of the construction is that for the top branch, we have

~ 2epy

V*(Xo) — Vi(Xop) = , D.81
o) =Vl ~ (=20 D5y

and for the bottom branch, we have
V2 (Xo) < Vi (Xo) = Vi (Xo) + =l . D.82
o) < Vo o) = Ve 0 = =) .

Combining these two together gives

2 1

V*(Xo) — Vi (Xo) = - (D.83)

1—7 1—(1—25h)7h+1—(1—8h)’yh

We use ‘&’ because the equalities are not strictly achievable but (as we will show) can be
made arbitrarily close.

The proof can be roughly divided into the following steps (we use ‘a’ to help illustrate the
high-level idea below and use more precise argument in the actual proof):

1.  MDP description: we formally describe the transition dynamics 7" and the reward
function r for each state-action pair for both the top and the bottom branches.

2.  Strong ¢p-open-loop consistency of D*: we then check the strong open-loop con-
sistency assumption for D*.

3. Data distribution Dj,, for the top branch: we use a mixture data distribution
from two policies to construct Digp.

4.  Strong cj-open-loop consistency of Di,,: we then check that the constructed
data distribution of the top branch satisfies the strongly open-loop consistency as-
sumption. Note that we can do so separately for the top and the bottom because these
two distributions have non-overlapping support in as.;ip.
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~

5. The optimality gap and value estimation error for the top branch: we prove
* * _ * * _ 2
that V*(Xo) =Vit(Xo) = ry=(ize,ym and V7 (Xo) =Vie(Xo) = —ya—izeeym and
the other two possible action chunks ay,,,, = (0,1,0,---) and af,,, = (0,2,0,---) both
admit lower estimated values compared to af,,,: V(Xo) < VA(Xo) and V2(X) <
‘A/at(XO)‘

6. Data distribution Djiom for the bottom branch: we again use a mixture data
distribution from two different policies to construct Dyottom.

7. Strong £,-open-loop consistency of Dj,uom: We then check that the constructed
data distribution of the bottom branch satisfies the strongly open-loop consistency
assumption.

8. The optimality gap and value estimation error for the bottom branch: we

» ~ 2 T —
prove that V*(Xo) =Vie (Xo) & gy ez and Vie (Xo)=Vie (Xo) = ey i=zmmy:

and the other two possible action chunks ag,,, = (1,0,0,---) and a;;,,, = (1,2,0,---)
both admit lower estimated values compared to a’, b Vo (Xo) < VA(Xy) and VX (X)) <
VA(X,). Moreover a, 45, also admits a lower estimated value compared to aﬁt i
VX (Xo) < VA(Xo) which proves mh(Xo) = af, +n and thus concluding our proof:

* ~ 2e 5
V*(Xo) = Ve (Xo) * ayitozem + o a=em-

Now we begin our proof as follows.
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s X
r=1
XO XO
r=1-0
a=1——r=1-9
a=1 GQr:l Yo —r=1-6— - - —— Y,

a=0——r=1-§
Y/l /ZQTO
a=1——r=0

Figure D.4: A (2h + 4)-state MDP that is constructed to meet the exact upper
bound optimality gap in Theorem 3. We redraw the same states Z, G, X, in multiple
locations in the diagram above for better clarity.

Step 1. MDP description (Figure D.4).
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The transition function 7" of the MDP is defined as fol
T(Z | Z,a) =T(G| G,a)

T(Z | s,a=2

T(X: | Xo,a=0

T(X1 | Xo,a=0

T(Xi1 | Xiya € {0,1}) =T(Yisa | Vi,a € {0,1}
T(XO ‘ Xh_l,(l S {O, 1}) = T(Yb | Yh_l,(l S {O, 1}

The reward function is defined as

)

)

)

T(C | Xo,a=0)
T(Y: | Xp,a=1)
T(Y; | Xo,a=1)
T(G | Xp,a=1)
T(X, | X1,a =0)
T(X, | X1,a=1)
T(Xy | Coa=1)
T(Z | X1,a=1)
T(Z|Cya=0)
T(G| X1,a=0)
T(Yz | Yi,a=1)
T(Yy | Yi,a=0)
T(Z | Yi,a =0)
T(Z | Yi,a=1)
)

)

r(Z,a) =0,
r(G,a) =1,
r(s,a=2)=0,
r(Xo,a=0)=7r(Xp,a=1) =1,
r(Coa=1)=r(Xy,a=0)=r(X,a € {0,1}) =1,
r(C,a=0)=7r(X;,a=1)=0,
r(Yi,a=1)=rY1,a=0) =

r(Yi,a=0)=rY,a=1)=0,

)

)

Notably, there are some special states:

133

lows (from left to right):
=1, Va,

=1, Va,Vs:s#G
=1-2¢,

=g

(D.84)

=1
=1
=1

=1
=1

Vie {2, -, h—2}

Y

Ya
Ya
Vs:s#G

(D.85)

Vie {2, h—1}
Vie {2, ,h—1}
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e State Z: a self-looping “black hole” state that always gets 0 reward at each time step
and thus has a constant value of 0.

e State G: a self-looping “black hole” state that always gets 1 reward at each time step
and thus has a constant value of 1/(1 — 7).

e State X: the special state that branches out based on the action taken. The agent
periodically visit this state every h steps unless it has been trapped in either Z or
G. As we proceed in the proof, we will encounter factors in the form of ﬁ in the
calculation of the optimality gap. These factors come from the agent looping around
and revisiting Xy with b-probability each cycle.

These two absorbing states are important because their values sit at the boundary of the
value range of our value function V(s) € [0,1/(1 — 7)]. Shifting the reaching probability
from Z to G or the other way around results in the biggest possible difference in the policy
value. Our construction hinges on the constructing D such that

1. Pp(- | s¢, 7 (s)) and T'(- | s, m*(s,)) differs by only €5, (in TV distance as required by
the strongly open-loop consistency assumption) where precisely &, probability mass

is moved from reaching state Z to reaching state G. This causes the V. to precisely

. h . .
underestimates the value of VX by =) (1?21_25 ‘h/hh). It is worth noting that we cannot

make the 2¢;, in the denominator €;, because V. needs to simultaneously maintain a
value gap with V*. If we were to construct an example where VX (Xy) — V2 (Xo) = V2

be (1_7)(15_"(71_6]1)% , it would enforce Vi (Xy) = V*(Xy) because there would be no
probability mass feft to create the gap between V* and V.. With an extra ¢, in the

E}L’Yh
—7)(I=(1=2ep)V")?
2ep7"
1= (A=(1=2ep)7")"

denominator, we can also make the optimality gap of V. precisely i

bringing the combined value gap (between V* and V%) up to

2. Pp(- | se,mt(sy)) and T(- | sg,mt(se)) differs by only &), (again in TV distance as
required by the strongly open-loop consistency assumption) where precisely gy, proba-

bility mass is moved from reaching state G to reaching state Z. This causes the VI to

€h7h
1-y)(1—=(1—ep)y")"

precisely overestimates the value of V.1 by (

We use a special action a = 2 where upon taking the action the agent immediately transitions
to Z and receives a reward of 0 (except in GG). As we will see soon, this action is useful for
constructing a data distribution with an easily ‘controllable’ probability of reaching Z for
the top branch and an easily ‘controllable’ probability of reaching G for the bottom branch.
Before we start constructing D, we first check the condition that D* is strongly €,-open-loop
consistent.
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Step 2. Strong ¢,-open-loop consistency of D*: Itis clear that one possible 7* that
achieves 1/(1 — ) value is

)=0
™(C) =1 (D-86)
)=0

We can easily check that D* collected by 7* is strongly e,-open-loop consistent by ob-
serving that the only path that 7* outputs (0,1,0,0,--) has &, probability, which causes
the state distribution of s;.1 to differ by at most &, under the TV distance (subject to
a=(0,1,0,0,---) or a = (0,0,0,---) conditioning). This concludes that D* generated by
7 above is strongly e,-open-loop consistent.

Now, depending on the first action a;, the MDP can be decomposed into two parts: the top
(a = 0) and the bottom (a = 1). We construct the data distribution for each branch and
analyze the actual and nominal optimality gap for each branch in the following steps.

Step 3. Data distribution Dy, for the top branch: we use a mixture of the follow-
ing two policies to construct a strongly ej,-open-loop consistent Dygp.

Policy my,,:
7Ttlop(‘)(o) = 71-tlop(ct) = 7Ttlop(Z) =0,

: (D.87)
7Ttlop(X1) = 7Ttlop(‘)(l) =2.

thop always take a = 2 unless it is in state Xy, C' or Z where it always takes a = 0. It
is clear that this policy only produces two possible action chunks: a4 = (0,0,---,0) or
Aprh = Ay, = (0,2,0,--+). We note that the as.q, policy always leads to state Z:

PDW% (St+h =7 ’ Sty Qp:ph = O) =1. (D88)
Policy 7Tt20p3 "
7Ttop XO = 07
71-top()(l) = 7Ttop(C’) =1, (D89)
Wtop(a =0|X;)=1-dg,
7Tt2op(a =1 | Xl) - 66’7

with some dg € (0,1). 7Tt20p can also only produce two possible action chunks: a;;p =

(0,0,---,0) or Gggqn = agy,p, = (0,1,0,---,0).
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The distribution of s;y; conditioned on asyp, = 0 is
PDTrtg (3t+h =7 ‘ Sty Atit+-h = 0) =0,
PDW? (8140 = G | 81, appn, = 0) = 0, (D.90)

PDWE (st4n = Xo | 8¢, Gpeyn = 0) = 1.
op

Mizing mi,, and nZ,,: Let Diop be a mixture of Dy, and Dpa -
PDtop = (1 —g)Ppgop +gPD%0p, (D91>

where

1
ST o1 —bg)+ 1
It is clear that 0 < ¢ < 1 (because d¢ € (0, 1)), making it valid mixing ratio.

(D.92)

We now compute the marginal state distribution of the mixture by first analyzing the action
probability:

Ppi (afy.p | S¢) = €n,
Diop it—i—h t (D.93)
Ppz (i | se) = (1= 2e4)(1 = 6c).

top

The state marginals are then
Ppyo, (St4n = Z, ajy ), | t)
Pp,o, (a7 | 5t)
(1 =<)Ppy_(ai,n | st)

PDtop (8t+h = Z | St a‘tk:t—‘rh) =

(1— g)PDtlop(a;t+h | s¢) + §PD§Op(at*:t+h | st) (D.94)
B en(l—5)
eI =)+ (1 —2e,)(1 = d¢)s
= 2¢y,.

Therefore,
Ppy,, (Sttn = Z | st,a544p) = 2n,
Pp,o,(sten = Xo | 81, a844,) =1 = 225, (D.95)

PDtop (St+h = G ’ St’ a:t-ﬁ-h) = 0

Step 4. Strong £,-open-loop consistency of Di,,: Now, we check for strong open-
loop consistency for the three possible action chunks on the top branch:

a:f(:t—i-h = (07 07 Oa U )
azt—l-h = (07 17 07 e ) (D96)
a;:tJrh = (07 27 07 T )
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For a},., = 0, we can compute open-loop marginal state distribution as follows:
T(st4n = Z | s, a::t-i-h) = &p,
T(sern = Xo | S, a5ypp) = 1 — 264, (D.97)
T(st4n =G | 81,054 1n) = €n-
Combining this with the data distribution calculated in Equation (D.95), it is clear that
Dy (T(sHh | Sty Qgpn = 0) H Pp.., (St4n | 8¢, Qpayn = O)) = &p,. (D.98)
We can repeat the same procedure to show that

DTV(T(3t+h’ | Sty Qp:t+-h = O) H PDmp(StJFh/ | Sty Atit+h = 0)) =, VR € {17 o h— 1}
(D.99)

because the only difference in these distributions is that they occupy s;ip = Xpr with 2¢,
probability instead of s;,, = Xy with 2g;, probability.

For ag,,, = (0,2,0,---), it is clear that

Dy (T(St+h’ | Sty Quan = a;:t+h) H PDtop(SHh' | St Qpqn = Cl;Hh)) =¢€p (D.100)

holds for any A’ € {1,2, -, h} since the only difference between these two distributions is
the e-probability path (i.e., Xg = C' — Z where the probability is under T'(- | 54, a7,,,))-

For aj,., = (0,1,0,---), we first compute the marginal state distributions:
(1 — 25h>5G
2ep, + (1 — 2ep,)d¢g’
25h
2ep + (1 — 28}1)(5@’

PDtop<St+h = G | St? aZt+h) = O

Pp. (St4n = Z | 8¢, 05,,) =

Pptop (3t+h - XO | St a<t>:t+h)

o (1 _ 25h>5G (DlO]_)
PDtop<St+1 = Xl | St? at:t+h) = 2€h + (1 o 26h>6G
~ o En
PDtop(St+1 - Xl | St7 at:t+h) - 26}1 _I_ (1 _ 2€h)5G
€hn

PDtop(st+1 = C | 8t7a’§:t+h) = 28]1, + (1 _ 2€h>(5(}.

We can also compute the open-loop marginal state distribution as follows:
T(seen = Z | sty a5 4) = 1= 285
T(sp4n = Xo | ¢, @Zt+h = 25h

) =
)=
) =
)
)
)

T(st4n = G | 81, G541, (D.102)

- o
T(sp1 = X1 | 81,051 — 2ep.

T(s111 = Xl | ¢, af;t+h

T(5t+1 =C | St a;,):tJrh
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Let ¢z be any value that satisfies c3 € (0,£,/2), we can set

&Th(l — 26h — 203)

0 = : D.103
@ len 1 ) (1 — 2ep) (D.103)
such that
PDtop(St+h - Z | 8t7 a;;t+h) - 1 - 28h - 203,
Pp,, (8140 = Xo | st, agp4p) = 25h + 2¢s,
Pp,, (Seon =G | s4, a5,
D o0 = G 2 i‘”") (D.104)
PDtop (8t+1 = Xl | St7 at;t+h> - 1 - 28h - 2637
PDtop(St—f—l = Xl | St a:;:t—i-h) Ep + C3,

PDtop(‘St—‘rl - C | St7 a’<t>t+h) - gh + 03

It is easy to check that 0 < dg < 1 (a valid probability) because in Equation (D.103),
each term in the numerator has a larger term in the denominator (i.e., 5, < &, + ¢3 and
1—2¢, —2c3 < 1—2€h).

Now, for all #’ € {1,2,--- , h}, using the values calculated in Equations (D.102) and (D.104),
we have

Dy (T (sean | $ts ararn = agip) || Poy (Sten | 8t regn = a54y)) = 265, (D.105)
Since c3 < €,/2, the strong open-loop consistency assumption holds for af, ., as well.

Step 5. The optimality gap and value estimation error for the top branch: Now
we can compute the optimality gap for the estimated value for ag,

(1 —2¢ep, — 2¢3)y
(L= —2(en +c3)v")’

where the h-step reward sub-optimality gap is due to the agent reaching Z with (1—2¢gj, —2c¢;3)
probability, and the h-step distribution gap is reflected in the (1—2(gj+c3)y") term at bottom
because the probability of reaching X, after h steps is 2(ej, + ¢3).

V*(Xo) - ‘A/aoc(XO> =

(D.106)

Similarly, we can compute the optimality gap for V% and V2

A o A )
V*(Xo) = Vor(Xo) = ent—+ == 9" (1 = 260)(V* = Vio)
- -7 (D.107)
_ EnYY
(T =71 = (1 —2e)y")’
2en(v — ") 2e,A" .
VA(Xo) — Vi) = 2T By g 1)
" " (D.108)
2epy
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Now, we observe that
1 —2¢, —2¢c3>1— 3¢, > 2¢y, (D109)

where the first inequality is due to ¢ € (0,£5,/2) and the second inequality is due to ¢), €
(0,1/5) in our assumption. This allows us to lower bound the estimated optimality gap for
ag,.p, as follows:
(1 —2ep, — 2¢3)y
(1 =) (1 =2(en + c3)7")
2en7y (D.110)
(1 =) = (1 —2e)7")

~

= V*<X0) - VZC(XO)>

V*(Xo) = Vie(Xo) =

>

where the inequality is obtained by triggering Lemma 5 (e.g., by setting &1 = 2¢p,60 =
(1 —2ep, — 2¢3),7 = "). The bound above rules out the possibility of af,., being picked by
7. because it has a lower estimated value compared to aj, .

Finally, for aj, ., since it is correlated with s;,; = Z and receives no reward except the first
step in Dygp, the estimated value is just 1, being trivially smaller than ‘A/a*C(XO) and would
never get picked by 7). Up to now, we have finished our data distribution construction
and analysis for the top branch. We summarize the key intermediate results as the remark
below:

Remark 1 (Intermediate results from Step 1-4) The optimal action chunk is a;,, , , and
the estimated values for the two other possible action chunks ay,,,, a7, , are smaller
than that of aj, ,:

2epy
(L=9)(1 = (1 —2ep)7")

In addition, both Dy, and D* are strongly ej,-open-loop consistent.

Ve (Xo) < V2(Xo) < Vi (Xo) = V*(Xo) —

(D.111)

Next, we move on to the bottom branch.

Step 6. Data distribution Djiom for the bottom branch: For the bottom, we again
use two policies.

Py 1 .
POlécy Thottom -

ﬂ-éottom(XO) - 7T-’tl)ottom(cy) = 7T%ottom(Z)

= 17
1 1 > (D.112)
Wbottom(“) = Wbottom(“) = 2.
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T otiom takes @ = 1 at X, and G and Z, and takes a = 2 otherwise (at V3, Y;). Tt is
clear that this policy only produces two possible action chunks: a,ft o= (1,1,1,---) or

agrn = (1,2,1,---).

o 2 .
P()l]/(’y Thottom *

7Tbottom(XO) =1,

7le%ottom( =0[Y1) =0z,

7Tk2>ottom( =1[V)=1- (D.113)
7rbottom(Yl) =0,

7T-12)0tt0m(}/i) - 17 Vi € {27 e 7h - 1}7
where 07 € (0,1) and we shall specify the exact value of d; shortly.

Tiottom takes a = 1 when it is at Y; and takes either a = 0 (with dz probability) or a = 1
(with 1 — §; probability) when it is at Y;. It is clear that this policy only produces two
possible action chunks: aﬁerh =(1,1,1,--+) or ag,,, = (1,0,1,---).

Now, we observe that the marginal state distributions for both policies conditioned on aﬁg ‘h
are independent of ¢; and d; because the action chunk only appears when 7i ... reaches G
and when 7, reaches Xj. More specifically,

A A
P’Dtl) ctom (St—l—l =( | St, at:t+h) PDtlmttom<St+h =G | St, at:t+h) =1, (D114)
A A .
PDgottom(St'H = Xz | St, at:tJrh) PDbottom(St+h = XQ | St, at:t+h) = 1,Vz € {17 e ’h — 1}
(D.115)
We can now mix D} ... and D} ... with an appropriate ratio to control the state marginals

for sp.41p = G and sy = X arbitrarily (s, = Z stays at 0 because none of the policies
take/have taken a’, +n When they reach 7).

Aj,“nq My )()‘rt()m and /Nb()ttom Let Dbottom be a mixture of Dbottom and Dbottom
PDbottorxx = (1 - ﬂ)P'D%)O + ﬁppﬁottom’ (D116)
where we set the mixing ratio to be
&
= - . (D.117)

c1 + (1 — 62)(6h + Cl)
This mixing ratio helps the calculations to be simpler later on.

We can now compute the marginal state distribution of the mixture. We start by analyzing
the action probability:
P (aA | s1) = ¢,
Dbottom tit+h t (Dl 18)
Pp2 (att+h | 51) = (1 —en—cr)(1—dz).

bottom
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The state marginal is then

Ppyiom (St1n = Xo, a1y, | 51)
PDbottom(St+h - XO | St, CLtAt+h) bottom = » Ytit+h
PDbottom (a’t:t+h | St)

A
ﬁPD%ottom (a/t.t-i_h | St)

_ (I—ep—c)(1—0z)9
a(l—=09)4+ (1 —ep—c1)(1 —67)0
=1- Ep — Cq.
We can use it to deduce the rest of the marginals as follows:
PDbottom<8t+h =G | St, @ ﬁf—i—h =é&p + 0, Vh' € {1, cee ,h — 1},
PDbottom (St+h - XO | 8t7 ft.’.h — 5}7, - Cl,
PDbottom (St-‘rh =Z | Sty Qpprp) = Yy (D120)

Py (00w = Y | s0,05,) =1 —en— e, VR € {1,--- ,h =2},

a2
PDbottom (St“rl - )/1 | 8t7 t:t+h
Up to now, we have established Dyitom and we are ready to check the strong open-loop
consistency.
Step 7. Strong ep-open-loop consistency of Dygttom:

For (1ﬁt ., = (1,1,---), we can compute the open-loop marginals as follows:

T(serw =G | s,apyy,) =1, VR €{1,-+-  h—1},

T(sgen = Xo | 84,0 ﬁ%) =1—¢,—c,

T(sipn =2 | 81,00, 1) = ne (D.121)
T(sprnw =Y | spsapy,p) =1 —cep—ci, VW €{l,--- ,h—2}

T(see1 = Y1 | st,0p,,,) = €n

Combining it with the marginals calculated in Equation (D.120), it is clear that for all
he{l,--- h—1},

Doy (T (sesw | 65 aen = af ) || Poossom (Stenr | St Qrasn = i) = en, (D.122)

satisfying the open-loop consistency.
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Foraj, ., = (1,2,1,---), the data and open-loop state marginals are

PDbottom <8t+h = Z ‘ St’ atXt-‘rh) = 17
1l—¢e,—0

_ X _
PDbottom(st+1 - }/1 | St? at:t+h) - 1 - )

PDbottom (St+1 }/1 ‘ St7 at t+h

) =
T(St-l-h =7 | St, Qy. t+h) L — ¢, (D'123)
(St+h =G ‘ St CLt t+h) = Cy,

T(st41 = Y1 | 8,0 t+h)
T(s141 = Yl ‘ St Qy. t+h)

T(5t+1 =G | St at:t+h) = (1.

This allows us to bound the TV distance for all A’ € {1,--- ,h — 1} as

Dov (T (sesn | Sty auern = 0 ) || Povoriom (Stnr | 865 aran = alpsp)) < T (D.124)
—C
Since ¢; < e,/2 < 1/10,
C1 10
< —c1 < bep/9 < ey, D.125
1— C1 9 ! h/ 4 ( )
satisfying the strong open-loop consistency assumption.
Foraj, , = (1,0,1,---), we first compute the state marginals in Dyttom as follows:
(1 — Ep — Cl)(SZ
P Sian = 2 | s8¢, a;. = ,
Dbottom( t+h ‘ t tvt"rh) En 4 (1 —&p — 61)5Z
Eh
P =X o. - )
Dbottom<8t+h 0 | St at.tJrh) eh + (1 — e — Cl)(SZ
(D.126)
P, (s441 =Y1 | S¢,07,05,) = (1 —en = c1)d
Dbottom t+1 1 ty t:t+h gh _|_ (1 _ €h — 01)52 .
~ €
P Sgr1 = Y1 | ¢, a, = :
Dbottom( t+1 1 ‘ t t.t-i-h) £ (1 ey — Cl)5Z
We can also compute the open-loop marginal state distribution as follows:
T(spn =2 | st,a544,) =1 =€ — a1,
T(sp4n = Xo | 81, agppp,
T(sipn =G | s, a5
( t+h | t t:t+h <D127>

T(st41 = Y/1 | St7a§;t+h

) =
) =
T(spr1=Y1|81,07,4) =1 —en—c,
) =
T(si41 =G | 5, a;:t+h)
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Let ¢4 € (c1,€), and we set

Eh(l — & — 64)

= (en+ec)(l—ep—c1) (D.128)
Then, we have
Pp, o (Sten = Z | St,05445) = 1 — e — ca,
Py riom (St1n = Xo | 1, a;t+h) = 6h + ¢4,
Ppyrion (S0 = G | 51, 05) = (D.129)
PDbottom (3t+1 =Y ’ St a?;m—h) = 1 — &p — C4,
Ppyoon (501 = Y1 | 81,05,.0) = en + ca.
The TV distance is then
Dy (T (st | Sty Gty = Gy p) H Ppy oo (Stanr | Sty Qasn = afyip)) = ca. (D.130)

Since ¢4 < g5, the strong open-loop consistency is also satisfied for ag,_,.

Up to now, we have checked that all three possible action chunks in the bottom branch satisfy
the strong open-loop consistency assumption. Since Dy,, and Dhottom have non-overlapping
supports for a;.;1,, and they are both strongly e,-open-loop consistent on their own, we can
construct D as

Pp(- | 51) = (1= 0) Py (- | 8t) + 0Ppygyen (- | 51), (D.131)

for any o € (0, 1), and conclude that

Remark 2 (Intermediate result from Step 5-7) D is strongly e,-open-loop consistent.

Up to now, we have checked both D and D* are strongly j,-open-loop consistent.

As the final step, we calculate the optimality gap and value estimation error for these action
chunks.

Step 8. The optimality gap and value estimation error for the bottom branch:

We first note that similar to ay,,, /., is correlated with s, = Z and always receives 0

reward except the first step in D. Thus, the estimated value V* is just 1, being trivially
smaller than V. and would never get picked by #%. The only top contenders are a;f,, ,, a5, ,
and aj,,, (Which we already analyzed in Step 5 above)

We start with ay,,, where we can compute optimality gap as follows:

(1—en—ca)y+0(1 =) + (en + ca)d(y = 7")
(1 =9)(1 = (en + ca)™) '

V*(Xo) — Vo (Xo) = (D.132)
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Now, observe that
EpFcq < 26, < 1—2¢y, (D.133)

where again the last inequality comes from the fact that ¢, < 1/4.

We can now lower bound the optimality gap as follows:

2epy +0(1 =) + (en + ca)d(y —7")
(T =) = (1 —2ep)7")
2eny (D.134)
1L—7)(1 = (1 —2ep)7")
= V*(Xo) — Vi (Xo).

V*(Xo) — Vio(Xo) >

T

where the first inequality is obtained by triggering Lemma 5 (e.g., by setting e = 2,69 =
(1—en—c),7=17")

With this lower bound, we can conclude that ag,,, would not be picked by 7, as well because
Vae(Xo) < Vi(Xo).

Up to now, we have eliminated both ag, ., and a;;,,, (for the possibility of being picked by
7)) and the only remaining contender left is atA:t h

We can also compute the estimated and the actual values for a;.; p, = aft 4 = 1 in terms of
their optimality gaps:

- Il —ep—c1)y
V*(Xo) — V2(X,) = , D.135
o) = ) = Ty == e - e (D439
(5(1 — & — 01) +Eh]’)/
VH(Xo) - VA(X) = — : D.136
o) =V 9 = T = (T =2 — e (D-130)
Let
%ny —cy 1—(1—ep—ci)yt
5 — Y — C2 (1—en—a)y ‘ (D.137)
(I1—ep—c1)y 1—(1—=2e)1"
We first check 1 — § is a valid reward value (within [0, 1]):
5 - 2e 1—(1—¢ep—c)y"
l—ep—cp 1—(1—=2ep)7"
_ 2¢p, 1 —(1—2¢e,)y"
1— 2651~ (1—2ep)" (D.138)
. 28h
1 —2¢,

<1,
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where the first inequality is because ¢, > 0, the second inequality is due to ¢; < g5, and the
final inequality is due to g, < 1/4.
Q

It is also clear that 0 > 0 because all terms are positive in the fraction (Equation (D.137)).

Next, we substitute ¢ in to obtain

~ 25}17_02
V*(Xy) — VA (Xy) = D.139
o) = Vo) = T - - 2m) (D439
2 _
V*(Xo) — VA(X,) = EhY ~ C Ry (D.140)

A= —(1—25)7") A=A =(I—er—c)y")’

where intuitively the second term in V*(Xj) — V,2(Xy) is due to the fact that from Pp(- |
S¢, a,ftJrh) to T'(- | s, atA:tJrh), there is a shift in €, probability mass from s,y = (Xo, G, )
to Sgien = (Xo, Y1, Z, -+ ) incurring an additional % sub-optimality in terms of the h-step
reward, and then amplified by the value recursion by an additional factor of m
(where 1 — &, — ¢; is the probability that a., + reaches X for the value recursion to occur).

Since ¢ > 0, we can now show that aﬁf .+, achieves the highest estimated value among six
possible action chunks:

2eny

VE— VA <V -V = : (D.141)
(1 =) (1 = (1 = 2ex)7")
which means that 7}.(X,) = aﬁwh = (1,1,---), or equivalently V2 = V!
Finally, putting everything together, we have
ey —
V(X)) — Vi (Xo) = SR =l (D.142)

A= —(1—25)7") A= =(1—er—c)y")’

as desired. O
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D.9 Proof of Proposition 3

In this section, we provide the proof for Proposition 3 (restated below).

Proposition 3 (Optimality of Closed-loop Execution of Action Chunking Policy) Let
V* be the value of the one-step policy, 7°, as a result of the closed-loop execution of the
action chunking policy 7f, learned from D. That is, for each s; € supp(Pp(s;)),

7 (s)) = ai,  where af,,, =7l (s). (5.23)
If D and D* are strongly j,-open-loop consistent, and
supp(Pp(S¢, agan)) 2 supp(Pp«(S, pian)),
then Vs; € supp(Pp-(s;)),

EnY 2 1

Vi) = Vi(s) < T—7)2 [T= (T =2z ' I=(1—en)"

<3e,H’H. (5.24)

Proof. We observe that
Voo (80) = Qo (80, agfy )

<O (s.a7). (D.143)
Combining this with Theorem 3, we get
Q (s, a) > V*(sy) — A, (D.144)
where A = % 1_(1_225h)"/h + 1—(1—16h)7h]'
Now, we can bound V* as follows:
V*(se) = Vo(s1) < Q*(se,077) — Q% (se,077) + A
S VEq(spary [V (8041) = Vi (sp4)] + A (D.145)

< ERTY 2 4 1
RECREI EE (e SN e S (AR
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D.10 Proof of Proposition 2

In this section, we provide the proof for Proposition 2 (restated below).

Proposition 2 (Comparing Q-chunking backup and n-step return backup) Let D be
strongly ;-open-loop consistent and ¢,-sub-optimal, and supp(Pp(s:)) 2 supp(Fp+(s)).
Let 7} : s, — argmax,, Q. (s;,a;) be the policy learned from D, via n-step return
backup:

Q:(Sta at) =K |:Rt:t+n + ’7”@7—;—(875_,_71, ij(St—i-n))] . (5.21)
Then, for all s, € supp(Pp-(s;)) (and with H, = 1/(1 — ™)),

S 6n _ EnTY 2 4 1
T 1l— 1—9g|1=(1Q=2e)7" 1—(1—ep*
Z (Snﬁn - 3€hHI:I.

ViE(s) — Vi (sy)

(5.22)

To prove Proposition 2, we first prove the following helper Lemma 6 to quantify sub-
optimality for n-step return policy.

Lemma 6 Let Q) be the solution of the uncorrected n-step return backup equation:

Qr (5, a) = Epp((si,a0) | Rectn + 7" max Q} (St4ns Atsn) (D.146)

Qttn

The following inequality holds as long as D is ¢,-sub-optimal:

On
Q*(st7at) > Q;(st,at) + 1_ Vn,‘v’st € S,CLt € A (D147)

where (Q* is the Q-function of the optimal policy in M. For the n-step return policy
Tt S — argmax Q) (8¢, ar), (D.148)
at

its corresponding value admits a similar bound:

On
V*(St) > V;(SQ + 1 f)/n,VSt (D149)
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Proof. Using the definition of sub-optimal data (Definition 3), we have

Q;(Stv at) = EPD('|Sz,at) Ryqn + 7" max Q;(St—i-m at+n):|

At+n
< Q*(sta at) - 571 + 7hEPD(~|st,at) [Igl?x Q;(St—&—na at+n> - V*(St—l-h)
Rearranging the inequality above yields
Q (s a1) — Q" (54, a0) < =0y, + ’yn]EPD(~\st)[V7L*(St+n) — V*(s14n)],Vsr € S,a, € A

By recursively applying the inequality above, we have

O,
Q*(st,ar) > Qr(se,ar) + Wavst €cS,a,eA

By choosing aj = 77 (s;), we see that

V*(St) Z Q*($t7 at)

Now we are ready to prove the main Proposition 2.

Proof of Proposition 2. From Lemma 6 and Theorem 3, we have

5, eny 2 1
Vv < V*(s) < ViE '
n<8)+1—’7n_ (S)— ac(5)+1_,y[1—(1—2€h)7h+1—(1—5h)7h]
Rearranging the terms gives
0 EnY 2 1
V+ . V* > n . .
ac(s) n<s)— 1—~m 1—7 {1—(1—2%)7’1—‘_1—(1—5}1”4

D.11 Proof of Theorem 5

In this section, we provide the proof for Theorem 5 (restated below).

148

(D.150)

(D.151)

(D.152)

(D.153)

(D.154)

(D.155)

O
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Theorem 5 (Closed-loop AC Policy under Bounded OV) Let D* be the data distribu-
tion collected by an optimal policy. Assume D can be decomposed into a mixture of data
distributions {D*, Dy, D, - - Dy} and for some JE£, 9§ > 0, they satisfy the following
two conditions:

1. Locally bounded optimality variability condition: every D; (including D*)
exhibits ﬁﬁ—bounded variability in optimality conditioned on s;,a; for all (s;,a;) €

SUPP<PDi(3t’ at))> and

2. Globally bounded optimality variability condition: D as a whole exhibits ¥$-
variability in optimality conditioned on s, ay.¢vp for all (s;, asein) € supp(Pp(st, Griin))-

149

Then for all s; € supp(Pp«(s)),

gE 9§ + " min(9F, 0F)

V*(s)) — V*(s) < T (T <VFH + 20 HH. (5.26)
Proof of Theorem 5. Consider any s; € supp(Pp+(s,)). Let a,,, = 7.(s;) and
g p 7= ATMAX,, ) counn(Pos (ananlse)) BPos Clstaesn) [Betrn + 7"V (si0n)]] . (D.156)
We first observe that
Epp. (fsvas, ) [Rern +7"V (s140)] =V (s0), (D.157)
because
V*(5t) = EapypnmPps (lst) [EPps Clstianesn) [Betsn 7"V (se00)]] (D.158)
and the maximum value of a random variable is no less than its expectation.
Let
Quin (51, A0y yp,) = min [Retin + V*(st4n)] s (D.159)
supp(Pp (+[st,a., 44,
Qmax (51, a0 p) = max [Reein + V*(sen)] . (D.160)
supp(Pp (-[st,ag., 4 )
Since D exhibits ¥$-variability in optimality, we have
Quin (56, @01 ) > Quax (51, a5 ) — V5. (D.161)
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= V*(s0) = Vot (s0) + Vi (s1) = @ (s1, @)

=V*(s) — Q;rc( , Q. t+h) + Qac(st,at rn) — Q*(sy,a;))

< V*(s1) — Qi (s1, a5, ben) + 05+ EPD( Ist,a ) [‘A/;(Sﬁh) - V*(st+h)] (D.162)
(st) = Qac(

Qie(56, 0% yn) + 05 + Vh]EPD(.\st ar, ) [Va—(’:—(sﬂ'h) — Q" (St+; a;&:h)i| -

tit+h

V'Eppisiat,, ) [V (56rn) = @ (stens afiy)] -

We can use it to lower bound V.f(s,) as follows:

‘A/a—g(st) = A;—c(sh a::_t+h)
Z Q;_ (Sta Qy. t+h)
- EPD( lst,a7.y 4 p) |:Rt t+h T ‘/ac (St+h)]
Strh) [Rt:t+h + ’YhV*(St-&-h)] + EPD( 1500204 5) [r}/h(‘z—g(st—i—h) _ V*(5t+h>>:|
> Quin (56> a51n) + Epp (s, aSiin) [vh(V;(sm) - V*(8t+h)):|
> QmaX(Stv agiin) — 195 + EPD('|St,a§:t+h) [Vh(‘li(mh) - V*(3t+h))i|
o) [Rein +9"V*(st00)] = 5 + 7" Erp(s, .y n) |:(‘A/a—g(8t+h) - V*(St-&-h))}

> V*(st) — ﬁh + IEle( |st,af,p) [(V:g(swrh) - V*(St—i-h))}
i
L=n

- IEP'D( |s¢,a®

> EPD*( [s¢,a

2 V*(st) — e

(D.163)

Let Mt = {Dy, - -- D+ } be all data distributions from {D*, Dy, Dy, - - - , Dys} where (s, alyin)
is in the support. Let DT be any mixture of M where each mixture component has non-zero
weight:

M
Ppy =Y w;Pp (D.164)
=1

where w; > 0,) . w; = 1.
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Let

Q (St, Clt) = min [Rt:t—l—h + v*(5t+h)] , (D165>

supp(Pp+ (-[st,at))
Q (St, Clt) = max [Rt:t+h + V*(St+h)] s (D166)

supp(Ppx (+|st,a+))
Q (St, at) = min [Rt:t—‘,-h + V*(St+h)] s (D167)

supp(Ppi (+st,at))
~inax(st7 a;) = max [Riton + V*(st4n)] (D.168)

supp(Pp (+]st,at))
anax(st, CL:F) = max [Rt:t+h -+ V*(StJrh)] s (D169)

supp(Pp+ (|st,a;"))
Drhax (5t Ugpyp) = max [Resn + V7 (st40)] - (D.170)

Supp(P’ﬁ+ (.|8t7a?:>t+h))

The minimum and the maximum is over the remaining trajectory conditioned on s;, a; or
St, Ay, that is still in the support of the corresponding data distribution.

From the ¥£-bounded variability in optimality and the Assumption 2 of each data mixture,
we observe that

Q*(Sta at) > anin( ) > Qin x( ) - 1957 Vi € {17 27 o 7M} (Dl?l)
Q*<8t7 a’t) > Q:nin( ) > Q:nax< ) - ﬁfl; <D172>

We can then derive that
~$ax(st7 a;r) maX(Qmax(8t7 a’t+)7 max(8t7 aj) T Ngax(sh a’j)) (D 173)

< Q*(st,a0) + 195-

With this, we can now upper-bound f/at(st) as follows:

V;g(st) = Q;<St’ a:rt+h)
=Ep,(lseat,, ) [Rt rh T Vac (5t+h)]

- EPﬁ+('|5t7a n) [Rt arn + 7"V, ac <5t+h)]
By U ] 1 [ V)]

~

< Qmax(3t> Qy. t+h) +7 EPD( lstaf, ) [Vd (St+n) — V*(3t+h)}
< Qa5 0) + 2V Byt | Vil (040) = V(500

< Q*(si,af) + 05 + VhEPDust,a;Hh) [‘A@(Swh) - V*(St—i-h)} :
(D.174)
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Let

A(sy) == V*(s1) — Q*(sy,a)). (D.175)
A(sy) = ViE(s)) — Q* (51, af). (D.176)

From the inequalities above, we have

Alsy) < 9F +~"sup [A(st+h) . A(st+h)] , (D.177)
St+h
e
0<As)) < 5 _h,yh + A(sy), (D.178)
A AR
A(sy) — A(sy) < min { . _h h,A(st)} . (D.179)

The minimum operator allows us to obtain two upper bounds on A:

1+~")0F
A(s) < 9% + % (D.180)
s A IE+ 0§
Alsr) € 7o + As) < S5 (D.181)

Finally, combining these two upper bounds together and recursively applying the inequality
yields our desired results:

L L hoo - G aL
VA(se) — Q°(s1,a) < vy " Oy A" min(9¢, 9%)

Tl (== (=)=t (D.182)
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D.12 Proof of Theorem 6

In this section, we provide the proof for Theorem 6 (restated below).

Theorem 6 (Worst-case Closed-loop AC Policy under BOV) For any h > 1,7 €

(0,1),9¢, 9% € <O, ﬁ] ,C € [0, ﬁ) ,0 € <0, %), there exists M and D

satisfying the assumptions in Theorem 5 such that there exists s; € supp(Pp-(s;)), where

O 95 + " min(Wy, 95)
1—v (1—=7)(1—9")

— 0, V(1) = VE(se) > ——. (5.27)

V(1) =V (s1) = 1—~

To show that our upper bound is achievable, we need to carefully design both the MDP and
the data distribution. For clarity of the proof, we divide up the construction into two parts.
The first part (Lemma 7) focuses on designing part of the MDP and two data distributions

G
D* and D° such that any action chunk that has a value bigger than V* — ﬁ’; - is preferred

over the action chunks in D* and D°. The second part (Lemma 8) focuses on constructing
the remaining MDP and the D* that contains the action chunk that 7}, picks where V©

C
h min (9 ,9¢ .
overestimates the value of this action chunk by 9% + %ﬁhﬂ%). Finally, we assemble these

two results (combining D*, D°, D?) to show that the MDP and the mixture data achieve
our upper bound ezxactly.

Lemma 7 (“The Castle”) For § € (0,1),95 < 271__73), consider a 2-state, 2-action

MDP in Figure D.5. Let there be two data distributions, D* and D°. D* is collected by
the following optimal closed-loop policy from X and Y:

(X)) =0,7(Y) = 1. (D.183)

(X)) =1,7%(Y) =0. (D.184)
Let D be a mixture of D* and D° with
Pp = (1_C>P’D* + ¢Ppo. (D185>

There exists ¢; € (0,1/2) such that

1. D* and D° both individually exhibits O-variability in optimality conditioned on
sy, as for all sy, a; € supp(Pp(s¢, ar)),
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2. D exhibits ¥¢-variability in optimality conditioned on s;, az.¢yp, for all s;, apep €
supp(Pp (st ae4n)),

and
7 : 1—y+s(y—="  oof
VIHX)=ViHY) = - = D.186
(%) &) 20 =M1 —v) 1-7" ( )
Y X
r=1/2—-¢ r=1/2 r=1/2—-¢ r=1/2
§ 1) 5 5 1-6 1-6 1-6 1-6
Y X

Figure D.5: MDP construction Part 1 for Theorem 6 (“the castle”). This diagram
describes states X and Y and how actions @ = 0 and a = 1 transition between them. The
main purpose of this construction is to make V' (X) underestimate V* by exactly 95 /(1—~").
This allows the action chunk that appears in the second part of the construction to be
preferred (by 7f.) over the action chunks that start with a =0 or a = 1.

Proof. Set

(L =5
="

We first check whether ¢; € (0,1/2). For the upper bound, it is clear that ¢; < 1/2 because

5 < 27(1_—:7:) For the lower bound, ¢ > 0 because all terms in the fraction are positive.

(D.187)

C1 =
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We now check the two optimality variability conditions. The first (local) one is trivial because
7° always receives r = 1/2 — ¢ and 7* always receives r = 1/2, and the optimal value for X
and Y are both V*(X) = V*(Y) = 5

=)

Next, we check the second (global) condition by analyzing all possible states and action
chunks in D. We observe that for any a;,., that starts with a; = 0, we have

- 1 —2¢1(y ="
min X, : - y D.188
Qumin (X, t:t+1) 21— ) ( )
. 1
max Xa : = T D.189
Qmax (X, art4n) 21 =) ( )
which gives
Qmax(Xa a’t:t-i—h) - Qmin(Xv at:t+h) = 19? (Dlgo)
By symmetry, we also have
Qmax(Y, at:t—l—h) - Qmin(Y, at:t—i—h) = 795- (D~191)
for all as;1p that starts with a; = 1.
Now, for any as¢1, that starts with a; = 1, we have
- v —2a(y ="
min X; : = y D.192
Q ( Qg t+h) 2(1 — 7) ( )
~ gl
max X, : = D.193
Q ( Gy t+h) 2(1 — ’Y) ( )

which admits the same gap as the case when a; = 0. The same also holds for Y with a; = 1.
Thus, D exhibits ﬁf—variability in optimality conditioned on s;, asp for all s, apn €
supp(Pp (8¢, Qrt4n))-

Finally, we check for the value,

VE(X) = VE(Y) = (L= )/2 4 (12 + (1 — 201) D=2 )

2(1-7)
_ 1 (1—2c1)(y —9")
= et D191
_ 1 P+g7—7“—%1—7W§] '
2(1 —~") 1—vy

R e o e ) R/
2L =AM (1 —~) 1=
as desired. O
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Lemma 8 (“The Flower”) Assume 9§ € (0, %] ,0E € (O, ﬁ}, v € (0,1), and
Consider a 5-state, 3-action MDP in Figure D.6 building on top of the transitions that
already in Figure D.5. Let D be a data distribution induced by a cycling, time-
dependent (with a time cycle length of h) policy 7 (we use the subscript to indicate

the time step from 0 to h — 1):

16 (se = X) =g (ss = X) =2, (D.195)

5 (s =Y) =3 (D.196)

T (spex = C) = o (sepe = D) =2, Vke{1,2,--- ,h—2}, (D.197)

T (8p4n1 = C) = mo ($e45-1 = D) = 0, (D.198)
(s =X)=0, Vke{1,2,---,h—1}, (D.199)

(s =Y)=1, Vke{1,2,---,h—1}. (D.200)

Let V' be the nominal value of the action chunking policy 7} learned from D and let

9 o ming. o)
1—~h 1—~h

A =95+ (D.201)

For any c € [O, ﬁ), there exists some 0 < ¢y < 1/2, 0 < ¢3 < 1/2, 4,85 € (0,1),
such that for every 0 < A < min (A 2 )7

) 1,,yh

1. D# exhibits O-variability in optimality conditioned on s, agerp for all s, @i €
Supp(p’DA <8t7 at:t+h))a

2. D exhibits ¥E-variability in optimality conditioned on s;, a; for all
St, @ € supp(Ppa (i, ar)),
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and
V(X)) = L % +A (D.202)
21 =) 1Ak T '
A—A
V) = V) = = (D.203)
VA(X) = Vit (X) 2 - < ~ (D.204)
VHX) = Va(X) 2 = - (D.205)

Proof. Without the loss of generality, we assume we always start from state X. Due to
symmetry, the same analysis applies to state Y (with the first action being a;, = 3 rather
than a; = 2).

Due to cycling nature of the data collection policy, we observe that all action chunks starting
from X are in the form of ayp = (2, -+ ) or awn = (2,2,--+,2,0). These two

0’s and 1’s
possibilities correspond to two different paths that the data collection policy takes:

® aj,,, = (2, _-- ): Stay in either X or Y. The agent going on this path receives a
0’s and 1’s
constant reward of 1/2 except the first step where it receives a reward of (1 — ¢3)/2.

o aﬁerh = (2,2,---,2,0): Visit C' and then stays there for A — 1 until it goes out with

a = 0 to visit X. The agent going on this path receives a constant reward of (1 + ¢3)/2
except the first step where it receives a reward of (1 — ¢3)/2.

Similarly, all action chunks starting from X are in the form of apeen = (2, ) or

~—~
0’s and 1’s

apivn = (2,2,-++,2,0). These two possibilities correspond to two different paths that the
data collection policy takes:

® aj, , = (2, _-- ): Stayin either X or Y. The agent going on this path receives a
0’s and 1’s
constant reward of 1/2.

. afﬁrh =(2,2,---,2,0): Visit C and then stays there for h — 1 until it goes out with

a = 0 to visit X. The agent going on this path receives a constant reward of (1+ ¢)/2
except the first step where it receives a reward of 1/2.
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a=0
r=(14c4)/2
X
a=0
_lteg
2
A /—ﬂ a=2
C r 14c3
\/ 5
2
Xe (1-82)(1-6) r= 1—202 (1-62)6 %
a=2 a=3
176 / |
a=3 r=20 a=2

Figure D.6: MDP construction Part 2 for Theorem 6 (“the flower”). This diagram
describes the remaining states C', D and X, and what actions a = 2 and a = 3 do in states X

and Y. The main purpose of this construction is to make V;(X ) overestimate the optimal
value of the action chunks that ., Q*(X,a;), by exactly 9% +~" min(9%, 9) /(1 — ).
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Now, we divide up the problem into two cases depending on the relative values of 9 and

98,

1. Case 9F > 9%

Set
1 4+ ~AM)9¢ -
ca:2Pﬁ+Lil%4W—2A>a
I—x
2(1 — vk
C3 = —< W)h h > 0,
v =
2(1 — 4
Cq4 = —( f}/)h h > 0.
Y=

Next, we check that cq,c3,¢4 < 1/2.

We first observe that

(D.206)
(D.207)

(D.208)

I=NA=7") =2y =) =1=-37+"(y+ ) <1=3v+y(y+1) =(1—7)?*>0.

Dividing both sides by 8(1 — ) yields

_ ~Ah _ ~Ah
8 4(1 — )

Now, using the inequality above, we have

h\,qG
0222[1%%} _5A

1—~h
L (L4+AM0p

4%

1—~h

Furthermore,

2(1 — )0k

C4<C3: hSl/Q
v ="

(D.209)

(D.210)

(D.211)

(D.212)

Next, we check the data distribution D* satisfies both optimality variability conditions.
We first note that we only need to check for s; € {X, X} because all other states are out
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of the support due to the cycling nature of the data collection policies. The first (global)
optimality condition is trivial because the h-step reward received is deterministic conditioned
on apen € {ay, +h,a1ﬁ +n}, and the optimal value of V*(s,1;) is always ﬁ This leads
to O-variability in optimality conditioned on s;,ag¢rn. For the second (local) optimality

condition, we check the difference in optimality for two paths from s;, a; = 2 for both s; = X
and s; = X.

For s; = X, the optimality gap is

h
T L
— =y D.213
o=y ( )
For s; = X, the optimality gap is
c4271 i 5= = 99 < k. (D.214)

(
This concludes that the second (local) optimality condition is also satisfied.

Next, we first analyze which action chunk 7}, prefers by computing Q

Aty o L] Y= o
EXdiyn) = 5 | (1= e+ 22| i n) (D.215)
tiv A L] y—" i)
X = 5 |-+ ()l Z0 |4V, (D219
QH(X,a ):1 E _Vh] + A (X) (D.217)
ac » Ytit+h 2 I 1 — v Y Vac ) .
(% O 1] Y= s
Xt = L+ 0 e) T i) (D.218)

We first observe that

A+ (v A A+ A 1 v - ,.yh
aC(X7 atitJrh) - aC<X7 at:t+h) - 5 C2 — (CS — C4) Y

1 —
S k0 L T
Wt 1 — b h VN (D.219)
200 <
iy
>0

Also,

QF (X, a0y ,y) — Qf(X,a7,p) = 2> 0 (D.220)
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Therefore,
V;g(X) = maX(Q:C(X, Apern); Q;_C(X’ aftJrh))
< maX(Q:{C (X, Appen)s QA:c (X7 a’ﬁt—&-h))
= Vi (X)

Now, we can compare the values for the action chunks for X and X:

- o o St Ry T
QX af) = QX a1) = ergr s+ (V) = V2 (X)) > 0
S A e V= ey T

2K a8 0) = QLK i) = eug s+ (V) — VE (X)) > 0

since ¢3,¢4 >0 and A > 1,0 <y < 1 (and thus % > 0).

This concludes that 77 (X) = 7} (X) = atA:Hh =(2,2,---,2,0) and thus

ac

_ _ _~h
2(1 =")(1—=7)
and . .
: 1 T T ot
+ _ +
Vi) = 5 (= e+ (e | + T V(D)
1 9¢ A
21 —7) 1—~o" 2
We can now compute the remaining values as follows:
1
VHX) = ,
o 2(1 =)
1—c)l-7)+y
Q" X,a=2) = ,
( ) 2(1 =)
1-— Co
Q*(X,a=2)=
( ) 2(1 =)
Substituting the value of ¢y yields
s (1+M)08 A

e e ([ RE L e

2. Case 9F < 9¢:

161

(D.221)

(D.222)

(D.223)

(D.224)

(D.225)

(D.226)
(D.227)

(D.228)

(D.229)
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Set
VE 4 9¢
A=29|lh”h D.2
{1—7’11 (D-230)
9L+ 9 -
—9 | Th | A D.231
=2 B0 S As (D231
2(1 — ~)vE
o= = LT (D.232)
¥ =

where again A is any value that satisfies 0 < A < A.

h

From the definitions above and the value range of ¥§ (9§ < 1_47

), it is clear that

c3=cy <y <

499 2(1—7)
< <1/2. D.2
L=t = y=at — / (D.233)

Next, we check the data distribution D* satisfies both optimality variability conditions.
With the same argument as the previous case, we can quickly conclude that the global opti-
mality condition is satisfied. We just need to show the remaining local optimality condition.
We repeat the procedure from the previous case.

For s; = X, the local optimality gap is

Y= L
— = . D.234
ST ) O (D-234)

For s; = X the local optimality gap is the same because ¢4 = cj:

v ="
2(1 —~")
This concludes that the second (local) optimality condition is also satisfied for the second
case.

= 7. (D.235)

Cy

Now, we can follow the same procedure as the previous case to show that Q;;(X , aﬁ in) —
A [¢] A % A A % [e]
a(X, at:t+h) >0 and Q.(X, at:t+h) - ;C<Xa at:t—i—h) > 0.

This concludes that 7 (X) = 7} (X) = aﬁf% =(2,2,---,2,0), and thus

1—y+ (1 +e)(y—7"
(T =1 —=~h) ’

V.HX) = % (D.236)
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and . .
~ 1 — ~ ~
VE(X) =5 (1 =) + (1 + o) o= | + 5 Vit (%)
2 1—7 1—Ah
C (D.237)
B 1 s N A
S 2(1—r) 1Ak 27
Repeating the same procedure as the previous case, we obtain
* * 19L + 190 A
VX)) - Q" (X,a=2) = {l_/yhh — A, (D.238)
resulting in an optimality of
I+ 9 A
VX)) - V(X)) = n U : (D.239)

(1= =9" 1-v

9 Gub_omtimality of V+-
3. Sub-optimality of V_I:

Finally, we can use a pretty crude upper bound on the actual value of the action chunking
policy mf. (reparameterizing d, = 1 — (1 — &2)"):

VO < (1= 11— ey e 0= e x % D.240
ac( )—( 2) ( 02)/ +2(1_7) +'7 ac( ) +1_7 ( . )
1— 6, 5y
1—~+8(y—"] + . D.241
2(1—7")(1—7)[ 7+ =) 1—~ ( )
Set § = 1/2, we have
1— 6 5
+ < . )
Ve (X) < T [1—v/2=7"/2] + 5 (D.242)
We set
h N7 /R
Y=t —de(l—9")
6y =1—|1— 5 , (D.243)
which results in
- _~h _ ~h
5, = 1=t —dell =97 (D.244)

2—-3vh 44

It is clear that 0 < d < 1 because ¢ < 4(”’1__7;) and 2_73_77127 < 1.
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Substituting d, in the bound of V. (X) above, we obtain

c

VX)) - V(X)) > — (D.245)
O
Proof of Theorem 6. Let
s AP min(9§, 9F)
A =y h b _h D.24

Consider the 5-state, 3-action MDP constructed in Lemma 7 and Lemma & and a data
distribution consisting of a mixture of three data distributions D*, D° (from Lemma 7) and
D* (from Lemma 8):

PD:O,/(l—§)PD* +<P’D<> —l—(l—Oé)PDA. (D247)

We set « to be any value between 0 and 1 (non-inclusive) and set ¢ as any positive value
such that

(v =) = 205(1 —7) +2A(1 — 1) (1 — ")

(v =7") =205 (1 =) ’
where A = o(1 — ) < min(WF,9§) < min(A,%) (satisfying the condition for A in
Lemma 8).

¢ < (D.248)

The numerator and the denominator are both positive:
(v =" = 205(1=7) +2A(L =)L = ") > (y =1") =205 (1 =) >0,  (D.249)
meaning such ¢ always exists.

Substituting the inequality to the result of Lemma 7 results in

1— — ~h ad 1 ad N
7+,f(7 ) _ Th < ——h A, (D.250)
20 =M1 —=v) 1= 2(1-v) 1-v

which shows that 7} will always prefer aft 45, over action chunks in D* and D°.

This means that the value V. and the action chunking policy 7, we learn from D coincides
with those of D%, allowing us to directly use the results of Lemma 8.

Thus, we can conclude that
c

V(s = Vit () 2 1

(D.251)



APPENDIX D. PROOFS FOR MAIN THEORETICAL RESULTS 165

and
A-A v N v§ N A" min (9%, 95)
l—y 1—7 (-0 =7") @T-=y1-9"

— o0, (D.252)

as desired.



166

Appendix E

Additional Theoretical Results

E.1 e-deterministic dynamics is weakly open-loop
consistent
To provide some intuitions on what this open-loop consistency implies, we discuss a concrete

family of MDPs where any data distribution from these MDPs is (weakly) e,-open-loop
consistent (Proposition 4, with proof available in Section E.2).

Definition 5 (Near-deterministic Dynamics) A transition dynamics 7 is e-deterministic
if there exists a deterministic transition dynamics represented by function f: SxA — S

and another arbitrary transition dynamics 7': § x A — Ag, and T is a combination of

fand T:

T(s' | s,a) = (1 — €)04(sa)(s) +€T(s' | 5,a),Vs,5 € S,a € A (E.1)

Proposition 4 (Deterministic Dynamics are Weakly Open-loop Consistent) If a tran-
sition dynamics M is e-deterministic, then any data D collected from M is weakly e,-
open-loop consistent with respect to M for any h € N* as long as g, > 3(1—(1—¢)"1).

An e-deterministic dynamics acts like a deterministic one most of the time (with 1 — ¢
probability) and a non-deterministic one occasionally (with e probability). This bounded
stochasticity allows the results of taking an action sequence (of length h) open-loop to be
deterministically determined in the event that the deterministic dynamics is ‘triggered’ (with
a joint (1 — g)"~1 probability across h time steps). It is clear that under such event, there
is no gap between the ‘replayed’ open-loop data PR and the original data distribution Pp,
and as result there is also no value estimation bias under this event, and thus intuitively we
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can bound the value estimation error by a function of the probability that the stochastic
dynamics is ‘triggered’ (i.e., with 1 — (1 — &)"~1 probability).

E.2 Proof of Proposition 4

In this section, we provide the proof for Proposition 4 (restated below).

Proposition 4 (Deterministic Dynamics are Weakly Open-loop Consistent) If a tran-
sition dynamics M is e-deterministic, then any data D collected from M is weakly ej-
open-loop consistent with respect to M for any h € N* as long as g, > 3(1—(1—¢)"71).

Proof. Since T is e-deterministic, it can be represented as T'(- | s,a) = (1 — €)d(s.0) +
eT(- | s,a) for some f : Sx A = Sand T : S x A = As. Let f(s,a1, - ,ap) =
fCf(f(s,a1),a2) - - an)

Let I € {0,1} a binary indicator variable that is 1 if and only if
St+k+1 = f(st+k7 at+k),Vk S {O, ]., 2, ce ,h - ]_} (EQ)

Intuitively I = 1 when the trajectory is generated deterministically until but not including
the last state s, in the trajectory chunk.

From the fact that T is e-deterministic, we know that
Pp(l, =1)> (1 —¢)"! (E.3)
We also have
Pp(agisn | st) = Po(In = 1)Pp(agisn | St, In = 1) + Pp(I, = 0)Pp(agian | se, I =0) (E.A4)
Then we have
Drv(Pp(avesn | s0) || Po(avesn | se, I =1)) < (1= (1—=¢)"™) (E.5)

If we transform each distribution of a;.;. deterministically by f(s,-), by data processing
inequality (DPI; Lemma 4), we have

DTV (E“t:t+hNPD('|si) [5f(5t7(lt:t+h)] H Eat:t+h~P'D('|StJh=1) [5f(8t,llt:t+h)]) S (1 - (1 - g)hil) (E6)

Similarly, we have

Drv(Pp(aisnia | 80) || Po(aseenia | s I =1)) < (1 —(1—¢)) (E.7)
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which can be also deterministically transformed by taking a;;ipi1 — (f(st, ), aren) (again
with DPI, Lemma 1) to obtain

Dy (Eat t1n~Pp(-|st) [ (at—‘,—h | S, At t+h)]If (st,at:t4n) ] ||
(E.8)

Eapiin~Po(lstlnii=1) [W%(awh | St5 Qrayns Ini1 = 1)]If(st,at:t+h)] ) <(1-(1- S)h)

Now, if we analyze the distribution of s, subject to the open-loop execution of the action
sequence from Pp(- | s;) and break it up into the deterministic and the non-deterministic
case, we get

]Eat:t+hNPD("5t) [Tat:t+h(' | St)} = PT(] = 1)Eat:z+hNPD('|St) [5f(3t7at:t+h)j| +

PT(I = O)Eat:t+hNPD('|5t) [Tat:H—h(' | St Ih = 0)}

Note that Pr(I = 1) denotes the probability that an open-loop executed trajectory using
agien ~ Pp(- | s¢) is deterministic. This is different from Pp(I, = 1) because the latter
is based on Pp(St41nt1,arern) wWhereas Pr(l, = 1) is based on the open-loop trajectory
distribution: Pp(- | s;) Hz;é T(S¢1k | St,ar44x). They both admit the same lower bound of
2(1 — (1 —g)h 1.

(E.9)

Therefore,

DTV (Eat:t+hNPD('|5t) [Tat:t+h<' | St)] H Eat:t+hNPD('|5t) |:5f(5t7at:t+h)i|) S (1 - (1 - g)hil) (ElO)

Similarly for the state-action case, we can multiply both side by the same conditional dis-
tribution 7% (a¢yn | St, @rern) which preserves the TV bound. For the left-hand side, we
have

PR (Strny aren | 51) = BayyynmPo(ls) [T (aern | st Grarn) Tapsn (Sen | 5] (E.11)

Therefore, we get

Drv (P5(3t+h7at+h | St) || Eat;t+h~Pp(~|st) [W%(atJrh | 3t7at:t+h>]1f(st,at;t+h)})

S (E.12)

We also have
PD(St+h | St) (1 — 5) _1P'D(St+h | St, I = 1) + (]_ — (1 — S)h_l)P'D(St+h | S¢, ]h = O) (E13)
Similarly, we have

Drv(Pp(seen | 5¢) || Po(Seen | 86, In = 1))

) (E.14)
= Doy (Pp(seen | 8¢) || Baponmppisen=t) [0f(stanm]) < (1= (1 —e)"h)
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For state-action, we can also get

PD(StJrhaatJrh ‘ St) = (1 - 5)hPD(3t+h>at+h ’ Sty Iny1 = 1)

, (E.15)
+ (1= (1 —)")Pp(St4h; Qs | 5¢, Ing1 = 0)
which can be turned into the TV distance bound:
DTV<PD(St+h;at+h | St) || PD(SH—hJaH-h \ Sty Ihy1 = 1))
= Dy (PD<5t+h7 Qtyh | St) ||
(E.16)

o J—
Eat;t+hNPD('|8t,Ih+1=1) |:7TD(at+h | Stv at:t+h7 Ih+1 - ]'>]1f(5t7at:t+h)j| >

<(1-(01-9"

Connecting all three total variation inequality (Equations (E.6), (E.10) and (F.14)) together,
we get

DTV (PD(SH-h | St) H Eat:t+h~PD('|5t) [Tat:t+h(' | St)]) < 3(1 - (1 - E)h_l) <ep (E17)
Connecting all three total variation inequalities for state-action (Equations (E.8), (E.11)
and (E.16)) together, we get

Drv(P3(Stan—1, atrn—1 | st) || Po(Stsn, aren | st)) <3 —2(1 — €)h71 - (1- €)h72
<3(1—(1—¢e)" (E.18)
<eép

Therefore, D is ep-open-loop consistent as desired. O

E.3 Conditions when n-step return policies are
provably sub-optimal

In this section, we provide the conditions under which the n-step return policies are provably
sub-optimal.

Definition 6 (Near Optimal Data) We say D is 5n—0ptimal for backup horizon length
n € Nt if

Q*(Sn at) - EPD(~|st,at) [Rt:t+n + ’an*(StJm)] < Snavsh at € SUPP(PD<St7 at))' (E.19)

In Proposition 2, we have shown that the value of the learned action chunking policy is
better than the nominal value of n-step return policy with a value gap of 3¢, H. However,
the actual value of the n-step return policy maybe better. Here, we analyze the worst-case
performance of n-step return policies.
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Proposition 5 (Worst-case analysis of n-step return backup) For any n € N*, on €

(0, —~")and o € (O, 0,/ (1 — 7)), there exists an MDP M, and a §,-optimal data dis-

tribution D with supp(Pp(s¢, a;)) 2 supp(Pp+(s¢, a;)) such that for some s € supp(Pp«(s;))
Vii(s) = Vi(s) = -0, (E.20)

n

and for all s € supp(Pp-(s¢)),
V*(s) = Vi (s). (E21)

The proof (available in Section F.4) provides concrete examples where n-step return policies
are worse than action chunking policies. The implication of this result is that the sub-
optimality of the data distribution (as characterized by d,, and 5n) is generally independent
from the open-loop consistency (as characterized by &y,).

E.4 Proof of Proposition 5

In this section, we provide the proof for Proposition 5 (restated below).

Proposition 5 (Worst-case analysis of n-step return backup) For any n € N, On €
0,y —9") and o € (O, 0,/ (1 — fy)), there exists an MDP M, and a d,-optimal data dis-
tribution D with supp(Pp(s¢, ar)) 2 supp(Pp- (s, a;)) such that for some s € supp(Pp+(s;))

VEi(s) = Vi(s) = — o, (E.20)

n

and for all s € supp(Pp-(s¢)),
V*(s) = VI (s). (E.21)

Proof. Consider an MDP in Figure E.1. Let D be the data collected by the following policy:

mla=0|X)=n(a=1|X)=1/2, (E.22)
ma=0]Y)=q, (E.23)
mla=1]Y)=1-a. (E.24)

It is clear that the optimal policy is 7*(X) = 1,7*(Y") = 0.

Since the dynamics are deterministic, the data distribution D is strongly open-loop consistent
and thus by Theorem 3, V,.(s¢) = V*(s;) for all s; € supp(Pp+(st)).
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=1 - s a=0
Y
r=0 t—/— ~_ r=1
a=1
r=1
X
a=0
r=1—co
Z

Figure E.1: An MDP where the learned action chunking policies are optimal and
the learned n-step return policies can be arbitrarily sub-optimal.

To make sure the data distribution satisfies the ,-optimal condition, we set

: ¢ =0, — (1 —7)o. (E.25)

It is clear that at state Y, m/(Y) = 0. We can then calculate the optimality gap for Q:[
exactly as follows:

N Co . (Sn
l—y 1—7
- 1L l—gy+a(y=9") _ b

-0, (E.26)

VHX) - OF(X,a=1) = - . E.27
M@= =r o a a1y
Since o > 0, 7,7 (X) = 0. Now, we can compute V,,(X) as follows:
V) — U (X) = 2 = (E.28)
" T 1l-vy 1—n 7 '

as desired.
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E.5 Closed-loop execution without stochastic
shortcuts

In this section, we provide an alternative way of bounding the sub-optimality of 7*, the
closed-loop execution of the learned action chunking policy 7;\.. In particular, we characterize
two conditions when closed-loop execution of an action chunking policy can help mitigate
open-loop biases.

Our first condition is based on the key observation that only a certain type of value overes-
timation is harmful for closed-loop execution of the action chunking policy. The source of
this type of value overestimation comes from stochastic shortcuts:

Definition 7 (Stochastic Shortcuts) We say M is free of ¥,-stochastic shortcuts for
a horizon h if

V*(St4n) + Retn — V7 (st) < Oy,

el (E.29)
VStittht1s Qestth - H P(St+k+1 | St+k; at—i—k) > 0,
k=0

where V* is the value function of optimal policy in M.

Intuitively, stochastic shortcuts are low-probability (but plausible) paths (i.e., ¢, ar, -« -, Sein)
in the MDP that lead to returns that are much higher than the optimal expected value
(i.e., V*). These stochastic shortcuts are particularly problematic for action chunking value
backup because the chunked critic/Q-function cannot distinguish between a low-probability
stochastic shortcut and an optimal (or near-optimal) closed-loop trajectory, leading it to
erroneously favor the shortcut.

Our second condition is that our data distribution is a mixture of some data distribution
that is collected by some optimal closed-loop policy (D*) and some data distribution that
is collected by an open-loop policy (D°, and thus is open-loop consistent). Intuitively, this
condition makes sure that any non-optimal trajectory can be accurately estimated by the
action chunking value function V;g and the bounded mixing ratio restricts the amount of
bias that the \A/aﬁ has on the estimation of the optimal trajectories when the open-loop action
chunks (e.g., in D°) coincide with the action chunks in the optimal data (e.g., in D*). We
formally define the second condition as follows:
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Definition 8 (Open-loop Data Mix) We say D is a-open-loop mixed if for some g €
[0,1), D can be decomposed into two data distributions D*, D° as

Pp(-| st) = BPp+(- | st) + (1 — B)Ppo(- | st), (E.30)

where D* is any data distribution collected by an optimal closed-loop policy 7* and D°
is any strongly open-loop consistent data distribution, and

af
1—a)(1-p)

Ppo [a.i4n € supp(Pps(atern | st)) | 8¢] < ( Vs, (E.31)

With such data mixing assumption and in the absence of stochastic shortcuts, we can show
that closed-loop execution of the action chunking policy (i.e., only executing the first action
of the action chunk) recovers a near-optimal closed-loop policy:

Theorem 7 (Closed-loop Execution in the Absence of Stochastic Shortcuts) If D is
a-open-loop mixed and M is free of ¥),-stochastic shortcut, the value (V'*) of the one-
step policy (7*) as a result of the closed-loop execution of the action chunking policy
7 learned from D admits the following bound for all s; € supp(Pp«(s;)):

Q@ n Iyt
(1=7P1=9"1-a)) (A=7=2")

V*(s) — V*(sy) < (E.32)

A proof is available in Section E.6. Intuitively, the second condition measures how much the
support of the open-loop data overlaps with the support of the optimal data. With some
algebraic manipulation, assuming the worst case of Equation (1£.31), we can rewrite the data
mixture as

D =j[(1—a)D* +aD] + (1 — B)D°

out»

(E.33)

where 3 = 2=, supp(Pps (- | ) € supp(Pp+(- | 5¢)) and supp(Pps,, (- | 5:)) N supp(Pp: (- |

out

s1)) = @. As the bound is independent of /3, it becomes clear that DS, makes no contribution
to the optimality of action chunking policy learning. The only harmful portion of the open-
loop data distribution is Dy, as the action chunking Q-function cannot differentiate these
open-loop actions in Dy, from the closed-loop optimal actions in D*. This is reflected as the
first term in our bound. The implication is that even if the data D is arbitrarily sub-optimal
(with B — 0, and hence arbitrarily bad for n-step return policies), 7® remains near-optimal
as long as the ‘in-distribution’ open-loop data Dy, is relatively low in density compared to

the optimal closed-loop data D* (i.e., a is small).

Furthermore, our bound is independent of the open-loop consistency of the data D. As
a,9 — 0, closed-loop execution of the action chunking policy exactly recovers the optimal
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policy. In contrast, even when «, 9 — 0, open-loop execution of the original action chunking
policy (i.e., m}) can suffer from the open-loop inconsistency of the data D: its value error
can only be bounded by g—A—z (as shown in Theorem 1), a function of ¢, (the strong
open-loop consistency of D).

E.6 Proof of Theorem 7

In this section, we provide the proof for Theorem 7 (restated below).

Theorem 7 (Closed-loop Execution in the Absence of Stochastic Shortcuts) If D is
a-open-loop mixed and M is free of ¥),-stochastic shortcut, the value (V'*) of the one-
step policy (7*) as a result of the closed-loop execution of the action chunking policy
7 learned from D admits the following bound for all s; € supp(Pp«(s;)):

Q@ n Iyt
(1=7P1=7"1-a)) (A=7=2")

V*(s,) — V*(sy) < (E.32)

Before we start proving the main theorem, we first prove the following Lemma, which shows
that the overestimation of V. is bounded when the advantage of the stochastic shortcut (as
defined in Definition 7) is bounded.

Lemma 9 (Lack of stochastic shortcut bounds overestimation) If M is free of -
advantageous stochastic shortcuts for a horizon A, then

Iy,
1 —~h’

Vie(st) = V*(se) < (E.34)

where VI is the value function of the action chunking policy learned from any data
distribution D from M and V* is the optimal value function in M.

Proof.
Vi (s0) = V*(50) = Epy [Bevn + 9"Vt (s10)| = V*
< Epy [1" (Vi (s020) =V (s142))] + 0 (E.35)
Un
< .
<
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Lemma 10 (Monotonicity of optimality) Let D° be any data distribution that is
collected by an open-loop policy. Then, for all s;, as.¢ip,

V*(St) 2 ESt+1NT('|St,at) [Tt + ny*(StJrl)] Z EP’DO('|5tuat:t+h)[Rt:t+h + fth*(StJrh)] (E36)

Proof. The first inequality is clear from the definition of Q*(s;, a;) and V*(s;):

Q*<St7 a’t) = E5t+1~T('\St7at) [Tt + ’YV*(SHJ)] <E37>
V*(sy) := max Q*(s¢,a7) > Q*(s¢, ar) (E.38)

For the second inequality, we observe that
IEP'Do (Ist,at:t+n—1) [Rt:t—i—h—l + Vh_lV*(sHh_l)}

o h—1 * *
= Eppo(lseanein ) | LBetn—1+7 arpax Q" (St4n-1, at+h—1)
t+h—1

> Eppo(fstanin1) [Beten-1 + 7" Q*(Strn-1, @rsn-1)] (E.39)
= Eppo(siarnin) [Retrnot + 7" 1(Sernot, aerno1) + YV (se1)]]
= Eppo (st.arisn) [Rt:t+h + ’}/hV*(stJrh)}
By induction,
Er(isian) [Tt + YV (5011)] = Eppo(lsnansn) [Retsn + WhV*(SH_h)] : (E.40)
as desired. -

With these two lemmata, we are now ready to present our main proof.

Proof of Theorem 7. The key idea of our proof is to analyze the action chunk taken by the
policy 7t (i.e., ml : s, — argmax, Q(sy, agqp)). Due to our construction of D, the action

chunk learned by 7 either comes from D* or D°. We can express D° as the aggregation of

two open-loop data distributions, D;, and Dg:
PDO(' | St) = dP’D?n( | St) + (1 — d)P’Dgut(' | St) (E41)
where supp(Ppe_ (ag4n | 5¢)) N supp(Pps(apeqn | 5¢)) = @ and
af
a < . E.42
I=a)i-7) (F42)

Case 1, from D*: If 7}.(- | s;) Nsupp(Ppe(apssn | s1)) = &, then we know that

gy, € SUPP(Pp+(asrn | $t)), (E.43)
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for any ay,,, € 7} Thus, the closed-loop execution policy 7* takes the optimal action at s;.
This leads to the following equalities:

V() = V2 (s1) = V(1) — Q° (s, 07)

= YEr(se,a2) [(VF(5151) — V*(5141))] (E.44)

Vik(se) = V*(51) = By |Qils1:a50in)| = V7 (s1)

(E.45)
= 7"y Vi (st0n) = V" (510)]

Case 2, from D°: If w}.(- | s;) "supp(Ppe (aee4n | 5t)) # &, then there exists aj,, ), € 7l (- |
s¢) such that

agerp € SUPP(Ppo(arrn | St)). (E.46)

For any a,,, € wh(- | s;) such that a, , ¢ supp(Ppe(auirn | 5:)), we know from the
previous case that V*(s;) — Q*(s¢, af") = YEr(sa0) [(V*(8141) — V*(s141))]. We are left with
analyzing V* — Q*(s, ay) for the second case.

Since PD( | St) = BPD*(' | St) + (1 - B)OA[PD&( | St) + (1 - B)(l - @)Ppgut(' | St) with
supp(Ppe (apsin | 5t)) N supp(Pps(apiqn | 5t)) = D, we can isolate the contribution of D,

in D° by an event [ that is 1 when a1, € supp(Pp«(api4n | s¢)) and 0 otherwise. Now, we
can remove D¢ . when conditioned on I =1 as follows:

d gy, (-0 B
mpp*(- | s, 1 =1)+ mppo(. | s, 1 =1)

= (1—6[)PD*( | St7I:1)+@PDo(' | Stv-[:]-)

Fo(- s I=1) = (E.47)

Since & < %, with some algebraic manipulation, we can obtain & < a.

By Lemma 1, there exists af,, ) € supp(Pp+(au+n | 5¢)) such that
Pp(- | 3t>a§:t+h) =(1—a)Pp-(-| Staazmh) + aPpo (- | Staazmh) (E.48)

with a < a < a.

We are now ready to bound V. as follows:

Vi (s) = V*(s0) = Qi(se, Agpin) — V7 (5¢)

= (1= @Epy. QL (50, 0%01)| + ABrye [Qlst 03010 = V(50

> (1 - a)Ep,. [’YhG};(SHh) - V*(5t+h>>} —aV?*(sy)

~ (6%
> (1= a)y"Epp, [‘QJE(SHh) - V*(St+h)} 1o,

(E.49)
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where we drop the term alEpo [Q:{C(st, ag,yp)| = 0 for the second inequality.

By combining Equation (F.49) (when 7f.(- | s;)Nsupp(Pp- (- | s¢)) # &) with Equation (I£.45)
(when 7}.(+ | s¢) Nsupp(Pp-(- | st)) = &), we can now recursively bound V.t (s;) — V*(s;) as
follows:

Vo) =60 2 S e

(E.50)

Combining this with the result from Lemma 9, we have both a lower bound and an upper
bound on VI in terms of V*:

V*(sy) — Co < Vit () < V*(s4) + Cy. (E.51)
. o v
where C,, := (177)(17%(17&)),@9 = 17’;,1.

Now, we are ready to bound V* —Q*(s;, ay) for the second case (when 7 (- | s;)Nsupp(Ppo (- |
s¢)) # @). For notation convenience, for the following equation, we use Ppo as an abbrevia-
tion for Ppe(- | s1,a5,,5)-

V*(s1) — Q°(s4,a7)

=V*— ]EPDO [Tt + ’YV.(SHI)]

<V*—Ep,, [Rt:t—i-h + "V (se1n) — Y(V*(811) — V.(St—i-l))}

<Vi(s:) + Co — Epp, [Rt:t—i-h F AV (se4n) — Cg) — 7 (V*(8011) — V2 (5041))

= Vg(st) —Epp. [Rt:tJrh + Vh(vat(surh)) + Co + ’thﬁ + ET(~|st,a§) [7<V*<3t+1) - V°(5t+1))]

= Co +7"Cy + VEr(fsp.a) [V (8141) — V*(5e41)],
(E.52)
where the first inequality uses Lemma 10,

Er(iseas) [re YV (5641)] = Eppo(isnas, . ) [Retrn + 7"V (s00)], (E.53)

t:t+h
and the second inequality uses the lowerbound for V.t (s,) and the upperbound for V} (s¢,).

Combining the bounds of V*—Q*(s;, a7) for both cases (Equation (E.44) and Equation (E.52)),
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we have
V¥ —V*(s;) < max <’Y]ET(-|St,a§) [(V*(s641) = V*(5641))]
Co +7"Cy + VEr(is.00) [V (St41) — V'(5t+1)]>
= Co +7"Co + VEr(jse.as) [V (5041) — V*(5141)]
h
< Co +7"Cy
e

(E.54)

! L+ Iy"
=720 =7"1-0a)) Q=7 =")
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