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* RECOIL EFFECTS IN HEAVY ION REACTIONS 

M. A. Nagarajan 

Lawrence Berkeley Laboratory 
University of California 

Berkeley, California 94720 

February 1973 

Abstract 

LBL-1629 

Expressions for the recoil effects in single nucleon transfer in heavy 

ion reactions are obtained in first order in the mass ratio (m/M), where m is 

the mass of the transferred nucleon and M is the mass of either of the nuclear 

cores. The effect of recoil on the j dependence, the energy dependence and 

angular momentum of the residual nucleus is predicted. 

* Work performed under the auspices of the U. S. Atomic Energy Commission. 
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1. Introduction 

Recent experiments1 ) on single nucleon transfer in heavy ion induced 

reactions seem to indicate that the approximation of neglecting terms of the 

order m/Mf), where m is the mass of the transferred nucleon and M is the mass 

of the projectile or the target, is inadequate. The importance of these recoil 

terms had been pointed out by Greider3 ) who had explicitly demonstrated the 

effect of recoil on the differential cross sections at high energies. An 

t f '1
4 

b h approximate first order treatmen o reco~ was proposed y the author, w ere 

the recoil corrections were included by making a Taylor series expansion of 

the distorted waves and retaining only the terms of the order m/M, and the 

gradient of the distorted waves was evaluated in theW. K. B. approximation. 

The above theory is in agreement with the kinematic conditions of Brink5). 

The selection rules proposed by Brink for single nuclear transfer at energies 

above the Coulomb barrier explicitly allow one to estimate the angular momen-

tum carried by the neglected recoil term. The angular momentum conservation 

rule is given by 

(1.1) 

where Al and A2 are the Z components of the single particle orbital angular 

momentum in its initial and final bound states, and ]JVR represents the angular 

momentum of relative motion of the colliding particles at the distance of 

closest approach. The local angular momentum is different in the initial and 

final states because there is a change in the reduced mass due to mass transfer, 

and a change in the relative velocity and the distance of closest approach. 

In the approximation of Buttle and Goldfarb2), one assumes that one can neglect 

' \' 
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the change in R, s.o that one would obtain 

(1. 2) 

Thus the recoil momentum is explicitly defined by the quantity 

Arecoil = (~V)o(R) 
(1. 3) 

m = 

Since the relative angular momentum of the colliding particle is usually large 

in reactions above the Coulomb barrier, the recoil angular momentum could be-

come of the order of 1 or 2 units at energies of 2MeV per nucleon above the 

Coulomb barrier. The recoil term obtained by the author
4) was identical to 

the above expression. The Taylor series expansion of the distorted waves 

yields 

(1. 4a) 

(1. 4b) 

+ + 
where Ki,Kf are respectively the local momenta at the distance of closest 

+ 
approach for the initial and final states, r is the intercore distance vector, 

+ + 
r 1 and r 2 are respectively the vectors representing the distances of the 

transferred nucleon from the outgoing ion and the target, and~ and M2 are 

the masses of the target and the residual nuceus. If one assumes that the 

transfer takes place in the peripheral region around the distance of closest 

approach, the recoil corrections predicted by eqs. (1.3) and (1.4) should be 

qualitatively similar. 
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of recoil. eq. (1. 4), has been applied to 

208 . 16 12 proton transfer to Pb w~th 0 and C 

The analysis indicates the importance of 

recoil in predicting the j dependence noticed in these reactions as well as 

the energy dependence. In the first order treatment of recoil, the transfer 

amplitude is obtained as a sum of two coherent amplitudes. The two amplitudes 

are determined by angular momentum transfer which are different. The reliability 

of the spectroscopic factors from the above treatment is thus very sensitive 

to the relative phase of the no-recoil and the first order recoil amplitudes. 

In the present paper, we obtain the.exact first order recoil amplitude. 

\.! 
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2. The Transition Amplitude 

2 
We shall use the co-ordinate system used by Buttle and Goldfarb ) and 

use their terminology throughout this paper. We are interested in the reaction 

schematically represented by 

(2.1) 

In a distorted wave Born approximation (DWBA), the transfer amplitude is given 

by 

X (+) (~.) 
4 1 
k. 

1 

(2.2) 

Where ) +) (:+r. ) and ) -) (:+rf) ~ ~ are respectively the distorted waves in the initial 
k. 

1 
k 

1 f 

and final channels, and V (r
1

) is the interaction which binds the neutron in 
c
1

n 

the projectile. 

pendent vectors. 

Taylor series, 

and 

( +) (:+ ) 4 r. 
k. 1 

1 

x.i,-l*n· > 
k f 

f 

:+ :+ 
We wish to use the vectors r and r

1 
as the two linearly inde-

We thus expand the initial and final distorted waves in a 

(2.3a) 

(2.3b) 
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where 

= ( 2. 3c) 

and m is the mass of the transferred neutron. The transfer amplitude can thus 

be expressed as 

= (2.4) 

where Tfi (O) is the no-recoil amplitude evaluated by various authors3 ), and 

Tfi (l) is a first order recoil amplitude. One can obtain an expression for 

Tfi (l )7 ) in the notation of Tobocman et al. 2 ). However, we shall obtain the 

2 
expression using the method of Buttle and Goldfarb ) where one assumes that 

the reaction occurs in the asymptotic region of the final single nucleon bound 

state. Replacing the final bound state by an exponential dec~ing spherical 

Hankel function, one obtains 

(1) 
Tf. (kf ,k.) 

l . l = 
U,' 
LM 

(2.5a) 

where it has been assumed that the single particles are in pure (n!j) configu-

rations. The coefficients U(abcd;ef) are related to the W coefficient through 

the relation 
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U(abcd;ef) = ~f W(abcd;ei'} (2.5b) 

and where we use the notation ~ = (2a+l)112• The nuclear overlap integral 

Bt t' is defined by 
1 

(2.5c) 

I 

where jt'~ix2r1 ) is a spherical Bessel fUnction of order t , X2 is the decay 

constant of the final bound state, and Ut (r1 ) is the radial wave function for 

the initial bound state. The distorted w;ve integral t~) is given by 

t (l) (-+k -+k ) m {b(l) (-+k -+k ) + c(l) (-+k -+k >} 
LM f' i = - Ma1 LM f' i LM f' i 

(2.6a) 

where 

b{l) = ( tOlO ILO } J d3r xi_-)(;') h(l)*(" r) y *c;> L xi_+>ci?"> 
tLM t 1 X2 1M ar k. ki' ]. 

(2.6b) 

c(2) ( tOlO ILO } /d3r [2, xi_->ct')] h(l)*(ix r) * I' (+)-+ = YLM(r) 4 (r) LM ()r t 2 
kf k. 

]. 

(2.6c) 

and 

c~> = /2 "L; <toloiL'o > u(L'Ul;lL) < L'-M'l-v ILM > 

h~l)*(ix2r) * v' 
;v y ( ~ ( ) )+)(-+r) r L'-M' r; -1 Lv' ,~ 

ki 

(2.7a) 
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(2) = 12 L: (£01011'0} U(1'£11;11) (1'-M' l-\J 1 ILM> 
£LM L'M' 

\)' (2.7b) 

r 

a a In eqs. (2.6) and (2. 7), ar and a r' are radial differential operators, and L\J., 

\J 1 =01±1, are the spherical components of the orbital angular momentum operators 

which operate on the distorted wave functions immediately to their right. The 

transfer cross section is given by 

da 
ds-2 = 

1 

(2.8) 

where !~lo is the no-recoil cross section, !~!recoil is the recoil cross-section 

· dal and ds-2 Int is the interference term. They are given by 

(2.9a) 

where 

(2. 9b) 

and 

(2.9c) 

and 

I' 
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( 2nh2)2 ki 2(2c2+1) R.R.' 

1M 

( 2R.l +1 )( 2R.2 +1) 

(21+1) 
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[ 
(22 +1) ]1/2 R. 

x ( 2t'+l)(21+1 ) (-1)
1

- < 1ot2ojt1 o > < tot2olt'o > < t 1olojt•o > 

{2.10) 

x u2
(t1 j 1 t 2j 2 ;1/21) U(R.

1
lt2t;R.'1) AR.~ BR. R.' t~)* t~) 

1 1 

+ complex conjugate 

dcr/ 
drl Recoil = L .R.+R.'-R.-R. 

~ 

R.R.' 
!I• 
1M 

[
(22+1)(2i+l)(2\+1)(2R.2+1)] [ 1 jl/2 

X 3 (2£ 1+1)(21'+1) (-l) 
(21+1) 

* ltLM{l) 12 X BR. R.' BR. :[• 
1 .1 

(2.11) 
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Equations (2.9) to (2.11) give the exact expression for the first order recoil 

corrected cross-sections. As the energy of the projectile becomes larger, 

one would expect the validity of the Taylor Series expansion of the distorted 

wave to break down. We feel, however, that the expansion is meaningful 

because of the convergence of the nuclear overlap integrals. In fact, the 

overlap integral Bi +i' appearing in the recoil amplitude is related to the 
1 R 

integral Ai appearing in the no-recoil amplitude. If one uses the approximate 
1 

expression f'or Ai given by Buttle and Goldfarb2 ), 
1 

= 

one obtains 

0 for i' = i 1+1 

- i 
2il+l 

x2 
for i' = i -1 

1 

(2.12) 

(2.13) 

and the contributions from all the higher order terms in the Taylor Series 

expansion vanish. The approximation, eq. (2.12), is valid if x
2
R

1 
~ i. 

There are a large number of reactions which fall into the above category. 

'' . 
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3. The Distorted Wave Integrals 

We shall neglect the spin-orbit force in the optical potential. The 

distorted waves can be expanded into partial waves as follows: 

(+) (-+) 
X-+ r 
k. 

1. 

4n =-
k.r 

1. 

~ L. * "' "' L..i i 1. XL. (ki ,r) YL.M. (ki) YL.M. Cr) 
L.M. 1. 1. 1. 1. 1. 

1. 1. 

(- )*(-+) 4n ~ -Lf ( ) ( "' ) ( ~ 4 r~ = k.r' £...J i XL ki,r' YL_M kj YL_M r'J 
kr 1. L~r r :r-r :r-f . 

where the radial waves xL(kir) have the asymptotic form 

XL(kir) -~ ~ [~(kr)-nL HL(kr)] 
r-+= 

(3.2) 

(3.3) 

where HL = GL+iFL is the outgoing wave Coulomb function and nL is the reflection 

coefficient for the L wave. 

where 

The integral t(O) is given by 
LM 

(3.4) 

(3.5) 
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In deriving eq. (3.4), k. has been chosen along the z-axis and the reaction 
l 

plane is chosen to be the x-z plane. There are two types of distorted wave 

integrals that appear in the recoil amplitude. The integral b~), for 

example, will be given by 

b~) will be given by a similar expression. 

x <Lf-MLMjL.o > u(LfL'L.l;L.L) 
l l l 

(3.6) 

The other integral c(l) is given by 
LM 

(3.7) 

where r1i~Lf is defined in eq. (3.5). Thus, in addition to the radial-integral 

of the type, eq. (3.5), one has to evaluate radial integrals of the form 

appearing in eq. (3.6) 

- / . 
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The magnitude of the radial integrals are very sensitive to the value 

of 9., characterizing the form factor hil)*(ix2y), becoming larger for larger 

.L In the no-recoil approximation, 9., is determined by the selection rules 

(3.8) 

In the case of the recoil amplitude, we obtain 

(3.9) 

Thus the angular momentum 9., has opposite parities for the no-recoil and the 

first order recoil amplitude. If the second order term in the Taylor expansion 

were included, one would once again obtain terms of the same parity as in the 

no-recoil approximation, but with a wider range of 9., values. The importance 

of higher order terms can therefore be estimated by comparing the no-recoil 

amplitude with the normal parity amplitude in an exact calculation such as 

those of Devries8) or Bock and Yoshida9) • 
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4. Discussion 

One can attempt to make some predictions on the effect of recoil. 

From eqs~ (3.8) and (3.9), one can show that the maximum angular momentum 

transfer allowed by the first order recoil term will always be one unit larger 

than that allowed in the no-recoil approximation. However, one has to consider 

also the properties of the overlap integral Bt t'• From eq. (2.13), it is 
1 

seen that only the integral corresponding to t'=t1-l will be non-vanishing if 

eq. (2.2) is valid. In some test calculations, it was verified that eq. (2.12) 

is valid only for very small binding energies of the final nucleon bound state; 

i.e.; for x2R1 ~ 1. Thus, one can expect this condition to hold for neutron 

transfer to a final bound state with binding energy of tbe order of 3 to 4 MeV. 

In these cases, one obtains a considerable increase in the cross-section due 

to recoil only for the case with j 1=t1-l/2 and j 2=t2-l/2. The maximum allowed 

t transfer, in this case, is t 1+t2-2 for the no-recoil amplitude and t +t -1 
1 2 

for the recoil amplitude. The DWBA integral increases with increasing t and 

hence the recoil amplitude will be large. For all other values of jl and J
2

, 

the t transfer for recoil is one unit less than that allowed for the no-recoil 

amplitude. The above case applies to the reaction Pb208 (o16 ,~ 5 )Bi209 leading 

to states of Bi 209 with j 2=£2-l/2. The experiment does exhibit stronger recoil 

effects for these states than states with J
2
=£2+1/2. 

An obvious effect of recoil is to change the energy dependence of the 

transfer cross section. In general, if the no-recoil and recoil amplitudes are 

in phase, the energy dependence of the cross-section will be steeper than 

predicted by the no-recoil theory. This effect has been verified in the study 

of proton transfer on Pb208 with o16 ions where it was found that the discrepancy 

·~ 
' 



• 

' . ~ 

' 0 

-15- LBL-1629 

between the j lower and j upper states became larger at the higher bombarding 

energy. The no-recoil and recoil amplitudes were found to interfere con-

structively for the j< and destructively for the j> states. Finally, one 

can predict that the recoil effects will be more important for states with 

large angular momenta. This arises from the properties of the form factor 

which behaves like a spherical Hankel function. The ratio of the form factors 

for ~ + 1 and ~ increases with ~. 

Summary and Acknowledgments 

The problem of incorporating the effect of recoil in heavy ion trans-

fer reactions has been attempted. The exact expression for the recoil correc-

tion in first order is derived and its consequences analyzed. It should be 

pointed out that the analysis of recoil effects by a Taylor expansion is, 

at the moment, academic and one needs to demonstrate the adequacy of such 

an expansion. However, it is evident from the discussions above that such 

an analysis sheds light on some of the features of recoil effects which would 

remain hidden in an exact calculation. It would be interesting to analyze 

the available experimental data, with recoil effects introduced approximately 

or exactly. 

I wish to express my gratitude to Drs. B. G. Harvey, F. Becchetti, 

and D. A. Kovar for their keen interest in the problems of recoil effects 

which initi~ted the author into the study of heavy ion transfer reactions. 
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