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" * SEMICLASSICAL METIIODS IN REACTIVE AND NON-REACTIVE COLLISIONS 

William H. Hiller 
; 

Inorganic Materials Research Division, Lawrence Berkeley Laboratory, and 

Departmen't of Chemistry; University of California, 

Berkeley, California 94720 U.S.A. 

I. INTRODUCTION 

SeJlliclassical me.thods have a long history of application in the field of 

atomi~ and molecular collisions. For the simplest case, namely that of elastic 

scattering (1-3), the well-known analysis of Ford and Hheler (1) has been 

immensely important, both as a method for carrying out calculations and, even 

more importantly,in providing an interpretation of the quantum effects in 

elastic scattering. 

Inelastic collisionF have also been treated by a variety of semiclassical 

approximations. Perhaps 'the simplest examples of such an approach are t~e 

"impact parameter", or classical path methods (4) which assume a classical ,tra

jectory for the translational motion and then solve a time-dependent quantum 

mechanic~l problem for the internal degrees of freedom. The time-dependent 

quantum mechanical problem may be solved exactly (i.e., numerically), but is 

usually treated approximately, e.g., via perturbation theory. The translational 

motion is most often a~sumed to follow a straight line, constant ve~ocity tra

jectory, but this is not a fundamental limitation. 

The inherent shortcoming of these classical path approaches is that they 

are unable to describe the translational dynamics correctly; Le., it is not 

possible to take adequate account of the effect on the translational motion 

cauSed "by t"he inelastic transition in the internal degrees of freedom. These 

I 

I 
I methods have thus found their greatest utility in treating high energy collision I' 

processes for which the translational dynamics is re;latively unimportant. 

Another class of semiclassical treatments begins from a more rigorous start~ 

ing point, namely the quantum mechanical coupled channel expansion of the wave

function, 

1jJ(r ,q} (1.1) 

. 
where q and r denote the internal and translational coordinates, respectiveiy, 

{til are the internal eigenfunctions, and {f i } t~e translational, or radial 

functions. The radial functions are determined by coupled channel Schrodinger 
I 

equations of the f<;>rm 

(1.2) 

and here one introduces semiclassical approxi~1tions to effect the solution of 

;' '" 
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these equations. Progress can only be made semiclassically, however, if (a) 

there are only a few channels ·involved and the transitions between them are 

localized, or (b) explicit dynamical approximations are incorporated· in the treat_; 

ment.The Landau-Zener-Stuckelberg (5) description of electronic transitions in I' 

atom-atom collisions is the best-known example of the first situation. The 
; 

in,rOdUCtion of dynamical approximations is necessary if there are a large numbe~ 

of strongly coupled channels, as is typically the case if the internal states I 
. corr~.~~~nd to h!,!avy particle degrees of freedom (1.1" rotatio,n .and vibration), j 
·0J:. ~f, t,he:.i:ransition is not localized. For rotational/vibrational excitation in· 

molec;lar ·coliisions useful semiclassical analyses have been based on the I 
distor~ed wave Born approximation (6, 7~ and on the sudden approximation (7), and I 
the ~ikonal approxiration (8) has beeniused to describe electronic transitions ' 

in atoud~ collisions semiclassically. 

~iS paper reviews a recently developed semiclassical theory (9, 10) 

designed primarily for treating molecular collisions which take place on one 

electronically adiabatic potential energy surface; 1. e. ,all degrees of freedom, i 

internal as well as translation, are heavy particle degrees of freedom.$ection I 
IV discusses the extension to describe electronic transitions between different 

potential surfaces.) Its principal distinction from the semiclassical proce

dures noted above is that the dynamics of all degrees of freedom is treated 

classically, the only vestige of quantum mechanics which is retained being the 

quantum principle of superposition. The power of such an approach is that the 

full dynamics of all degrees of .freed~m can be treated exactly (Le. numed.callY] 

via computation of the classical trajectories of the system; quanti- . 

zation of the internal degrees of freedom is achieved by supplying the appro- I 
priate boundary conditions to the classical equations of motion. Furthermore, 

since all intrinsic quantum effects - interference, tunnelirig, selection rules, 

resonances, and quantization itself - are actually a direct c~msequence of the 

superposition of probability amplitudes, this combination of ,"classical dynamics 

plus quantum superposition" contains all these effects at least qualitatively. 

It will be seen, too, that they are often described even quantitatively. 

The net result, therefore, is that one has a prescription for using 

numerically computed classical trajectories for an atom-diatom collision system, 

say, to construct tbe probability amplitudes (i.e., S-matrix elements) for 

transitions between specific quantum states of the collision partners. The 

utility of purely classical trajectory methods in reactive and non-reactive 

molecular collisions is well-established (12,13) and "classical S-matrix"theory 

thus provides the possibility of incorporating many of the. essential quaqtum 

effects within the overall classical trajectory approach. 

The following !i(!('tions first SIJlTIlllurJze without derivati(ill the gen.-ral 

theoretical results and then discuss a few simple examples fo illustrate the 

j 
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! 
is given special emphasis, and the last section discusses how electronic transi_ I 

primary features of the theory. The topic of "classically forbidden" phenomena 

tions between different adiabatic electronic states can be described within this 

semiclassical theory. 

II. THE CLASSICAL S-MATRIX 

A. General Formulae 

The general semiclassical theory has been derived in detail elsewhere (9, 

10. 14). Here we wish to summarize the basic results as they apply to scat

tering systems and then illustrate the theory with several examples. 

Consider first a non-reactive collision system with N degrees of ,freedom, 

one being radial translation of the collision partners and (N-l) "internal" 

degrees of freedom \vhich are quantized in the asymptotic regions. The 

Hamiltonian operator is 

(2.1) 

where h is the Hamiltonian for the internal degrees of freedom and Vis the 

~nteraction. which vanishes as the translational coordinate R becomes large. The 

internal'Schrodinger equation 

hln> .. £ In> 
'>' n -

(2.2) 

defines the internal states I~> and the internal energies £ ; there are (N-l) 
n ' 

quantum numbers, ~ = n
l

• n2 , ••• , nN_l for the (N-l) quantized degrees of free-

idom: The quantities of interest in a scattering problem are the on-shell S

matrix elements 

S (E) 
~2'~1 

which are the transition amplitudes descrihing transitions bet\!een quantum states I 
of the internal Hamiltonian; as indicated, the S-matrix elements depend on the 

value of the total energy. 

The' classical limit of the S-matrix, Le •• the "classical S-matrix", is 

constructed in thje following manner. Let lI(P. R. ~. g), 

H(P.R.~.S) (2.3) 

be the classical Harni1tonia~,function for the dynamical system. where (!:.s) :: 

(ni.qi)' i'" 1,2, .... N-l;;:~re.,t~ii~ ~tjo~1J:!.~ variahle~ (15) for the internal' 

degrees of freedom; £(n) is the \.!KB 'eip.,'llvalue function for the internal de!'.rees 
~ , 

of freedom. (This form for the Hamiltoll1.,n can be obtained by c.1rrying Ollt a 
-----------------"------------
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canonical transformation from ordinary cartesian coordinates R,~ and momenta 

8 R .. -,the interaction V .. 0, so that the "quantum numbers" ~(t) become con

stant in the asymptotic regions. The classical S-matrix element for the n
1 

.. n 
I ~. -2 

transition is constructed from the classical trajectory (or trajectories) with 
I 

initial conditions at time tl given by 

~(tl) -~l (a specific set of integers) 

• R(t
l

) = large 

·P(t
l

) = - {2~[E - £(~1)]}1/2 

() - + d£ (n 1) () / ( ) '!. tl .. gl ~- l.l R tl P tl 

and with final conditions at time t2 given by 

~(t2) - ~2 (anotheri set of integers) 

R(t
2

) .. large 

P(t2) = + {2~[E - £(~2)]}1/2 
~(t2) .. anything 

(2.4a) 

(2.4b) 

(2.4c) 

(2.4d) 

(2.5a) 

(2.5b) 

(2.5e) 

(2.5d) 

i.e., it is integer val~es of the action variables, or quantum numbers ~ which 

are the classical counterpart to a quantum state,and the transition amplitude 

between quantum states is related to the trajectory (or trajectories) for which 

the action variables net) are integers in the initial and final asympotic regions 

. To find those trajectories which satisfy the above double-ended boundary 

conditions it is useful to introduce the quantum number function ~2(Sl'~l;E), 

the final value of the quantum numbers, not necessarily integral, which result 

from the clasGical trajectory with the initial conditions in Equation (2.4). 

[Note: The second term in Equation (2.4d) is inserted as a matter of convenience 
d£(nt) . 

so that ~l·" g(tl ) - ont l.l R(tl)/P(tl ) is time independent at t l + -=.] 

This function ~2(gl'~I;E) is evaluated simply by numerically integrating the 

classical equations of motion with the indicated initial conditions. For a given 

total energy E and a given set of initial quantum numbers ~l' the task is to find 

the particular values of the angle variahles ~l for which ~2(~l;~l;E) turns out 

to be the specific integers ~; i.e., suppressing the arguments ~1 and E, one 

must solve the equations 

. where ~2 on the RHS is a specific set of integers. This is a set of (N-I) non

linear equations in (N-I) unkno~s. 

The classical S-matrix element for the ~l .. ~2 transition is then given by 
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(2.7) 

wh1re ~2/a~1 is the N-I dimensional Jacobian determinant evaluated at the root 

of Equation (2.6), and ~ is the classical action integral 

t2 
f dt [R(t) pet) + q(t)·n(t)] (2.8) 
tl 

evaluated along the' c1as~ica1 trajector.y satisfying the above initial and final 
I 

boundary conditions l ' If there is !:lore than one traje::tory at this energy cor- 1 
. . . I 

respond~ng to the same initial and final quantum numbers ~l and ~2' Equation (2,71 
is a sum of similar terms, one for each such trajectory. 

I . 
Equation (2.7) is an asymptotic approximation to the S-matrix, in the same! 

·spirit as the WKB approximation (16) for systems with one degree of freedom. I 
Thus the phase 4> may be thought of as coming from the solution of a Hamilton

Jacobi-like equation and the pre-exponential Jacobian factor from the solution .. 

of a classical continuity equation (17). To see the physical meaning of the I 
pre-exponential factor more clearly, note that for fixed ~l the square modulus 

of the S-matrix element in Equation (2.7) gives the probability distribution in 

the final quantum number: 

2 IS I" Prob(n2) 
~2'~l -

(2.9) 

With ~l fixed, however, the initial angles ~l and final quantum numbers ~2 are. 

functionally related by the classical equations of motion; their probability 

distributions are thus related by 

(2.10) 

With n1 specified, though, the probability distribution in ~l is random (eL the 

uncertainty prindiple), meaning that 

Prob(~l) .. constant (2.11) 

I 

80 that Equation (2.10) gives 

Prob (~2) .. .. . ~an2) constant/,,:: 
ll~1 ~l 

(2.] 2) 

i.e •• 

r' 
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Is 12 = constant/I~~2\ . 
~2 '~1 \-oh/~l 

(2.13) 

Whi1h is pre-exponential factor in Equation (2.7). 

B. Example: Vibrational Excitation 

" .• " . ..T~~ s.implest non-trivial example which illustr~tes the above formalism is 

the. lilt>n .. ~re6ct!:~e collinear atom-diatom collision (18,19). Describing the 

..• ·vibrad.ona1 de?;ree of freedom by its action-angle variables, the classical 

Hamiltonian for this system is 

.; 
lI(P.'R.n,q) = p2/2\l + e:(n) + V(R,n',q) (2.14) 

If the oscillator is harmonic, the cartesian coordinate and momenta for vibration 

are expressed in terms of the action-angle variables by 

r(n,q) 
bn + 1:.\1/2 

= ro + \ mW ~/2 sinq 
(2.l5a) 

p(n.q) [mw(2n + 1)] cosq (2.l5b) 

.and the vibrational eigenvalue function is 

1 £(n) .. (n + I)W (2.16) 

units being used such that h - 1. For the application to be discussed (20) the . 

interaction potential is an exponential repulsion between the atom and the 

closest end of the diatom, so that 

V(R,n.q) = V[R,r(n.q)] 

where 

V(R.r) c exp[a$r-R)] 

a being a parameter of the potential. 

According to the general prescription of the previous section, one con

siders classical trajectories characterized by initial conditions 

nCt 1) = n!, ~n integer (2.17a) 

R(t!) - 1arr,e (2.17b) 

P(tl ) .. -{2\l(F. - £(n!)] }1/2 (2.17c) 

". . 
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The f~nction nZ(ql,nl ) i~ the final vibrational quantum number that results from 

numerical intecration of the equations of motion with these initial conditions. 

To fescribe a particular vibrational transition one looks for roots of the 

eqJation 

•. ?).(q;,Ill ) .- nz (Z .18) 

for ~a'O'~ t ~xcitation, for example, Equation (2.18) reads 
.. \ . . 

n
2

(qp O) = 1 

Figure 1 showr an example of nZ(ql.nl ) for the case nl = 1 and where the 

masses Bnd potential parameters correspond roughly to He + H2 at a total energy 

E = lOhw ~ SeVe The horizontal line at nZ = 2 indicates the two roots of the 
, , 

equation 

i.e., there are two classical trajectories which contribute to the 1 ~ 2 vibra

tional transition at this energy. 

The S-matrix element for such a transition is thus the sum of two terms, 

(2.19) 

where ~ is the classical action integral 

IX) 

~ '" -/ dt[R(t) P(t) + q(t) xi(t)] (2.20) 

and the pre-exponential factor is 

for the two trajectories satisfying Equation (2.18). lbe transition probability 

is 

(2.22) 

If h were actually set to zero, the interference term in Equation (2.22) would 

be infinitely oscilliitory and thus absent, whereby Equation (2.22) would reduce 

to the completely classical result 

(2.23) 

If interference is neglected, therefore. nature reverts to classica~ super-

:...pes! tion,.....as . ...in. EquBtion-.(2...23.},-.simply -thc-sum of- the.-pr.obabilltics_8ssociatcd._. 

r 



, -8-

with the two trajectories which lead to the nl + n2 transition. 

Figure 2 shows the vibrational transition probabilities which correspond 

to Figure 1. The broken lines connect points which are the completely classical 

result, Equation (2.23), while the solid lines connect the semiclassical values 

(actually, the uniform (18) semiclassical values), and it is seen that the 

interference structure is quite prominent. These semiclassical. values are in 

excellent agreement (within a few %) with essentially exact quantum mecha'nical 
I 

calculations (20). showing that the semiclassical theory is an accurate descrip-

" 

I 
i 

tion of the quantum effects for this system. In one sense, therefore, the j 
system is highly quantum·-like, in that the purely classical transition probabili-, 

i 
ties are poor; the quantum effects are chiefly of an interference nature,.however~ 

so that "classical dynamics plus quantum superposition" provides an accurate 

description. 

The completely classical transition probability, Equation (2.23), is poor, 

however, orily so long as one looks at transitions between individual quantum 

states. It is clear from Figure 2 that the purely classical transition probabili;-

ties will be much more satisfactory if one considers quantities which sum over a 

number of final quantum states. The average energy transfer, for example, is 

defined quantum mechanically as 

(2.25) 

Upon summing over n2 the interference term in the semiclassical transition 

probability essentially averages to. zero, and if in addition the sum over n2 is 

'replaced by an integral, Equation (2.25) becomes 

and changing variables of integration from n2 to ql gives 

2'1r 
Ae:(n1)= (2'1r)-1 J dq~{r:[n2(ql,nl)] - (n

l
)} 

o 
(2.26) 

j 

The average energy transfer is :hus simply the 'e~ergy transfer for the trajectory! 

with initial conditions nl and ql' averaged over ql' In systems with more degrees' 

of freedom integrals such as that in Equation (2.26) are conveniently performed 

by Monte Carlo, or other sampling methods (12,21). 

Thus, if one is not interested in completely "state selected" information, 

but rather quantities that involve a I;um or avera~e over at least a few quantum '1 
states, then a purely classical treatment is probably completely adequate.' 

During the di scussion of this example the reader 1llr1y have not iced many 

analogies of this semiclnssical theory of inelastic scattering to the semiclns

:..sieal-description. of ··elastic. scaltcrin~ .. (1 ... 3) ; .. indccd ,~his-.malosy-.was. most-. __ 

I 

, i 
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helpful in developing the concepts for the more ~encral collision processes. 

The function n2 (Ql)' for ex.:lrIple, plays the S.lme role in inelastic scattering as 

does the classical deflection function 0(b) of elastic scattering, and Equation 

(2.18) is analogous to the equation 

0(b) = ±O (2.27) i 
1o 

which is central to the analysis of elastic scattering. The multiple roots of 

Equation (2.18), which give rise to the interference structure in the vibra

tional transition probabilities, are likewise analogous to the multiple roots of 

Equation (2.27) which are the origin of interference structure in elastic scat

tering. Finally, just as an extremum in 0(b) leads to a "rainbow" in the 

differential elastic cross section, it will be seen in the next section that 

extrema in n2 (ql) (cf. Figure 1) give rise to similar structure in the vibra

tional translation probabilities. 

III. CLASSICALLY FORBIDDEN PROCESSES 

A. General Description: Vibrational F.xcitation. 

As seen graphically in Figure 1, there are two roots of the equation 

n2(ql,1) = n2 for n2 = I, 2. 3, 4. The equation 

(3.1) 

however, has no roots, for the maximum of n
2

(ql,1) is less than 5. The 1 -+ 5 

vibrational transition is thus classically forbidden (18) at this energy, the 

1 .... 0, 1 -+ 2, 1 -+ 3, and 1 -+ 4 transitions all being classically allowed. 

It is important at the outset to recognize that the terms "classically 

allowed" and "classically forbidden" are dynamical concepts and distinct from 

"energetically alloweg" or "energetically forbidden". In Figure I, for example, 

the total energy being lOhw implies that final vibrational ~tates up to n2 = 9 

are energetically allowed; as seen, however, only final quantum numbers up to 

n = 2 
4 are access.ible via classical dynamics from the initial state n1 = 1. 

To describe the 1 .... 5 classically forbidden tloansition se!lliclassically one 

notes that although Equation (3.1) has no real roots, there are nevertheless 

complex roots. This js easy to see in an approximate fashion by expanding n
2

(ql) 

quadratically about its maximum: 

where qx is the position of the maximum (i.e., n
2

' (qx> 
tion (3.1) are thus approximated by 

[ 

'l(n2max - 5>]1/2 
ql '" qx ± i In" (q ) I 0 

2 x 

(3.2) 

0); the roots of Equa-

(3.3) 

"0 
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The evaluation of n2 (ql) for complex values of ql is accomplished more 

generally (22,23) by actually numerically integrating the classical equations of 

motion with the initial conditions in Equation (2.17), with <il complex. During 

the course of the trajectory all the coordinates and momenta of course become 

'complex. so that the final values at time t2 - R(t2) , P(t2), n(t 2), and q(t2) -

are in general complex. The value n(t2) can be made real, however, by the 

proper choice of the initial value <i
l 

[I.e., <il is chosen to satisfy Equation ,. 

(3.1)], and with n(t
2

) = n
2 

real, the finql value of the translational momentum, 

is automatically real. The final value of the translational coordinate is also 

a phys:f.cal observable and should be real, and can be made so by integrating the 

equations of motion from t2 to t 2 , 

t2 = t2 - i{~/P2)ImR(t2) 

at which time the trajectory is terminated; it is easy to see that R(t2), is real. 

(Note that this final pure imaginary time increment in the asymptotic region 

does not alter the final values of n or P, for these quantities are time-indepen

dent in the asymptotic,regions.) 

'Classically forbidden transitions are thus described by complex-valued 
" 

classical trajectories (22,23) for which the total time increment (t2-tl ) must 

also be complex. For the real part of the time increment one has the usua~ 

scattering limit 

Re(t2-tl ) -+ + 00 

but the imaginary part of (t2-tl ) is uniquely determined by 

priate boundary conditions. 

It should be clear that this numerical integration of 

the p~.i.ally ••• ro-I 

complex-valued clas-

sical trajectories is essentially accomplishing an analytic continuation of 

classical mechanics in a manner analogous to the way the FKB approximation is 

used to describe tunneling in one-dimensional systems. It is possible, in fact, 

to cast the l-!KB approximation for one-dimensional tunneling into precisely the 

present language of complex-valued trajectories and complex time (22,24,25). 

Thus classically forbidden processes are a generalization of the concept of 

tunneling to dynamical systems with more than one degree of freedom. 

Regarding the notion of complex time it is important to point out that the 

final values of the coordinates and Ir.omenta depend only on the tin.e increment 

(t 2-t l ) and not on'the particular path in the complex time path along which one 

numerically integrates the equations of motion from tl to t 2 ; this is true 

because the coordinates and momenta are analytic functions of time (because they 

r'" 
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! One is at liberty, therefore, to choose I 

I 
any convenient time contour in order to integrate the equations of motion. [This I. 

are generated by analytic continuation). 

statement must be modified when branch points exist (-26)]. 

Along a complex-valued trajectory the·action integral ~ in Equation (2.20) I' 

-* is also complex. If qI is a complex root of Equation (3.1), however, it is easy 
- - * to show that qII = qI is also a root; the phases ¢I and ~)II associated with 

these two complex trajectories are also complex conjugates of one another, 

* . ~II = ~l' If the root at <iI corresponds to an exponential damping in the S-

matrix, Le., Im¢I > 0, then it is clear that the second root at CiII corresponds I 

to an exponential enhancement, exp(Im¢/h), in the S-matrix. It is intuitively 

clear on physical grounds, and can be concluded more rigorously, that the expon

entially large term should be discarded (it would go to +00 as h ~ 0), so that 

the S-matrix element is just the single term 

- -1/2 S = [-2nin2 '(qI)] exp(i~I/h) n2,n1 
(3.4) 

so that 

(3.5) 

The transition probability thus has the exponential damping which is reminiscent 

of the t..'KB expression for one-dimensional tunnel1-ng. ,-
The above theory has been 'applied (22,23)' to the non-reactive collinear 

systems and excellent results have been achieved for vibrational probabilities I 
as small as 10-11 ; the agreement with exact quantum mechanical values (20) is i 
within a few percent, the same level of accuracy observed for classically allowed

j 
processes. The dynamics of even these weak classically forbidden transitions is I 
still essentielly classical,therefore, all the quantum effects arising from ' 

superposition; i.e., tunneling is simply an analytically continued interference 

effect. 

Referring to Figure 1 again, it has been seen that the classical So-matrix 

is an accurate description of transitions to quantum numbers above or below the 

maximum of n2 (Ql)' The only situation in which the semiclassical theory has 

difficulty is when the final quantum number is close to n2max, i.e., when the 

transition is "just" allowed or forbidden. It is easy to see that the "primitive' 

semiclassical expressions, Equations (2.19)-(2.22) and Equation (3.4), become 

invalid in this case, for the pre-exponential factor becomes infinite [because 

n2 :(Ql) ~ 0 as ql ~ qx]' This situation is precisely analogous to the break- I 
dOf of the WKB wavefunction near classical turning points, and to the rainbow I 
in(inity in the classical differtential cross section for elast'ic scattering (1-3) 

there is always such a classical infinity at a boundary between clas~ically I 
;1 

r 
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allowed and classically forbidd~n regions. For the present case the situation 

is easily remedied by invoking a uniform semiclassical expression (18,19,27) 

which makes a smooth transition through the allowed/forbidden boundary. In more! 

complicated situations it is more difficult to discover the proper uniform semi

classical expressions, although considerable progress is being made in this 

regard ~8-30). In some cases there may actually be no uniform asymptotic treat

ment which is possible (31,32). 

B. ~eactive Tunneling. 

One of the most interesting examples of a classically forbidden process is 

reactive systems which have activation barriers. The practical tunneling in 

importance of 

threshold for 

this process lies in the fact that the energy region near the I 
reaction, where tunneling effects are most significant, often domin-

ate's the thermal energy kinetics, particularly so if the transferred atom is 

hydrogen. 

To describe rearrangement processes the theoretical expressions given above: 

need simple modifications that are discussed in detail elsmJhe're (9,14). The I 
essential, ideas are unchanged except in an obvious manner; thus, to describe the 

reactive transition 

(3.6) 

one must find the reactive trajectories corresponding to the initial and final 

quantum conditions for the internal degrees of freedom of the appropriate 

arrangement. 

This section describes results (33) obtained for the collinear H + H2 

reaction at collision ,energies below the classical threshold for reaction, i.e., • 

at energies for which" all ordinary (Le. , real-valued) traj~ctories are non

reactive. The most novel feature of such a calculation is that one IllUSt take 

advantage of the flexihility described in the previous section regarding the 

choice of the complex time path in order to "make" the trajectory react. More 

details of this procedure are described elsev7here. 

Figure 3 shows the ground state to ground state reaction probability for 

the collinear II + H2 -.. H2 + H reaction on the Porter-Karplus (34) potential 

surface. Also shown are the results of quantum mechanical calculations (35,36) I 
and purely classical Monte Carlo calculations (37), all for this same potential I 
energy surface. One sees that there is a considerable amount of tunneling' for 

this model system and that it is quite accurately described by classical S-matrix 

theory. Figure 4 shows the same results on a log scale, showing again that the 

dynamics is still ~ssentially classical-like even at energies for which the 

transition is extremely weak. 

Figure 5 shows the'reactive trajectory which s.ltisfieS the n
l 

O. n
2 

.. 0 

quantization conditions for two different collision eneq~ics. The nlost signi

ficant qualitative feature here :1s that the tunncl1nr, dyn3r.lics "cuts the corner" 

," 
(0 . ·'i" " 

, .. 
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(38-41), i.e., does not follow the adiabatic path of least potential energy. 

This feature would seem to invalidate many approximate treatments of tunneling 

which reduce the problem to a one-dimensiona~ one by invoking vibrational 

adiabaticity (42,43). 

, 
I 
! 

A dramatic illustration of the practical significance of reactive 
I 

tunne1in~, 

as well as an interesting interpretation of the imaginary part of the time incre

ment, is revealed by considering a thermal average of the reactive probability: 

-
peT) - S ! dE exp(-SE) peE) (3.7) 

o 

where S= (kT)-l; peT) is the one-dimensional analog of the thermal rate constant , 
for a three-dimensional system. Since there is just one complex-valued tra- I 

i 
jectory that contributes to the 0 ~ 0 reaction, peE) is of the form given by 

Equation (3.5) so that Equation (3.7) becomes 

CID 

peT) 0: S ! dE 
o 

( an )-1 \2TIlaq~1 exp[-SE - 2Im¢(E)/h] (3.8) 

Evaluating.Equation (3.8) by the method of steepest descent (which is consistent 

with the general semiclassical theory) gives 

peT) = A(T) exp(-SE - 2Im¢(E)/h] (3.9) 

where A(T) is a slowly varying pre-exponential factor and E -E(T) is determined 

by the steepest descent condition 

or 

d --[-SE - 2Im¢(E)/h] a 0 dE 

Im~'(E) = - t he (3.10) 

The energy derivative of the classical action, however, is the time increment, 

so that the steepest descent condition is equivalently expressed as 

(3.11) 

From the imaginary part of the time increment for the complex-valued trajectory 

at energy E. therefore, one aSf;ociates a tcnperature according to Equation (3.11); 

the physical meaning is that this is the tenperature for which the energy region I 
about E makes the dominant contribution to the Boltzmann rtverage for thfs tC'mper-

ature. , 

, 
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Figure 6 shows the E versus T relation r.iven by Equation (3.11) for the 

present H + H2 reaction. For a given temperature T this graph gives the energy 

E which is the most important for this temperature. Since the classical 

threshold for reaction is slightly above E ~ 0.21 eV (cf. Figure 3). Figure 6 

shows that for temperatures below lOOOoK the most important re~ion for the 

Boltzmann average is below the classical threshold. demonstrating the importance 

of tunneling in this system. ·The tempera ture-dependent reaction probability is 
-1 ' 

shown in Figure 7 as an Arrhenius plot. i.e .• log peT) vs. T ; the pronounced 

curvature below lOOOoK is also a result of tunneling. 

Another interesting interpretation of the E vs. T relation of Equation
l 

(3.11) (and sholo.'l1 in Figure 6) is obtained by considering the activation ener!!), 

for the reaction. The activation energy. which is in general a function of 

temperature. is defined by 

d -
E (T) = - dO tn P(T) act p 

(3.12) 

or from Equation (3.9) 

E (T) = ~dd~ SEeS) + 2Im~[E(S)]/b} act p 
(3.13) 

where E(B) :: E(T)- is the function defined implicitly by Equation (3.11) and 

where the T-dependence of the pre-exponential factor A(T) has been ignored. It 

is easy to show that Equation (3.13) gives 

E t(T) = E(B) ac . 
(3.14) 

i.e •• the E vs. T rel~tion defined by Equation (3.11) and show'l1 in Figure 6 has 

the interpretation of the temperature dependent activation energy. At high 

temperature it becomes constant. as expected, but because of tunneling falls 

considerably below the high temperature limit at low temperatures. It is inter

esting that this se~iclassical theory leads to a definition of the activation 

energy in terms of purely dynamical quanti ties. with the imaginary part of the 

time increment playing a central role. 

C. Applications to Three-Dimensional Collision SYstems. 

I 
I 
i 
I , 
: , 

The discussion in Sections lIB. IlIA. and IIIB have all referred to col

linear A + Be collision systems since they are the simplest models which illus

trate the essential features of the present semiclassical theory. Applications I 
have also been made. however. to three-dimensional A + BC collision systems. both' 

reactive and nOIl-reactive. (26.28.44). 

The most important' feature of three-dimensional collisions which 

distinguishes them from the collinear models discusl'led above is the aclJitional 

I r 



f) \., :') 0 J 9 

-15-

degrees of freedom corresponding to rotational and orbital anp,ular momentum. 

Because of this, one is almost always interested in cross sections that are 

sununed and/or averaged over some of the quantum numbers; an ambitious goal, for 

example, would be to select the initial and final vibrational/rotational states 

(but not the projection quantum numbers), and this still involves a sum over 

three quantum numbers: 

'IT I (2J + 1) 
J 

These sums tend to quench the interference structure Hhich the semiclassical I 

theory provides and thus reduce ·the averagecl cross section to that which would I. 
be calculated by the usual }~nte Carlo procedures. This tendency is even further: 

accentuated by the fact that with three internal degrees of freedom there will 

typically be more than two classical trajectories which contribute to a single 

S-matrix element (28); there \-,ill thus be more than o'ne interference term, mean

ing that the interference will be even more easily quenched. 

For the above reasons one expects a completely classical treatment to be 

adequate in most cases if the process of interest is classically allmved. The 

most practically important contribution of classical S-matrix theory is thus 

expected. to be the ability to describe classically forbidden processes for which 

completely classical approaches are obviously inadequate. [The most useful ver

sion of the theory for application to three-dimensional collisions turns out to 

be a "hybrid" approach (26, 44,. 45) in which the classical-like degrees of free

dom (e.g •• rotation), which have many quantum states stronr.ly coupled, are 

treated within the usual funte Carlo framework, whfle the quantU1!l-like degrees of. 
I 
I 

freedom (e.g., vibration) are quantized semiclassically via the boundary con-

ditions of the trajectories; this is all accomplished without introducting any 

dynamical: approxima tions.] Vibrational excitation, typically a weak transition, I 
j 

and reactive tunneling are two important examples of classically forbidden I 
processes which have been discussed above, Bnd the next section discusses 

another class of phenomena which are of this type, narr.ely electronic transitions 

between different adiabatic potential energy surfaces. 

IV. ELECTRONIC TRANSITIONS m LOH Et!ERGY NOLECULAR COLLISIOt\S. 

The description of inelastic and reactive scattering in Sections II and 

III had been relatively simple because no coupled channel expansion [Equations I. 
(1.1) and (1. 2») in the internal quantum states was made. A coupled channel 

expansion in internal states imposes an intrinsically quantum dynamical descrip

tion of the internal degrees of freedom, and difficulties thus arise when one 

attempts to treat the translational dynamics classicnlly. The problems related 

tO
I 

mixing quantum and classical dynmnics ~ E.!. were avoided in the previous 

sections by treating the dynamics of all degrees of "freedom cla>;sically and 

; 
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quantizing the internal degrees of freedom by use of action-angle variables and 

asymptotic boundary conditions for the classical trajectories. 

Describing electronic transitions in a molecular collision, such as A + 'Be 

presents an especially difficult problem to a semiclassic3l theory which wishes " 

to refrain from incorporating any intrinsic dynamical 'approximations, for it is 

clear that the electronic degrees of freedom ~ be described by an expansion in 

electronic states while one at the same time wishes to retain the advantages of 

treating the dynamics of all heavy particle degrees of freedom classical+y. It 

is necessary, therefore, to deal with an explicit mixture of classical and 

quantum dynamics, not si.mply a combination of classical dynamics and quantu~ 
superposition. (One obvious way to avoid having to mix cL.lssical and qua:1tuni 

dynamics is to tre .. t all internal degrees of freedom quantum mechanically, i.e., 

perform a coupled channel expansion in rotational/vibrational, as well as 

electronic, states. This is fruitless, however, for one cannot deal semiclassi

cally with the large number of coupled channels without incorporating intrinsic 

dynamical approximations.) 

In the following paragraphs we sketch (without derivation) the semiclassi

cal model which emerges from classical S-matrix theory. (46, 14). Although the 

description is certainly not an exact quantum mechanical treatment. the model is 

"dynamically exact" in that it does not incorporate any intrinsic approxications 

regarding the heavy particle dynamics. The model is essentially an extension 

of Stuckelberg's(5c,47) semiclassical treatment of electronic transitions in 

atomic collisions, arid as such, the principal physical requirement is that the 

possibility of electronic transitions be localized. 

The first point to be ~Ade is that the semiclassical solution of a coupled 

channel problem, such as Equation (1.2), results in classical motion on the 

adiabatic potential surfaces (48). If the channel indicies i in Equation (1.2) 

denote electronic states and: c (r
l

, r 2 , ••. , r
N

) denotes all heavy particle 

coordinates, therefore, the potential matrix V
ij

(:) is the matrii of the molecu

la.r electronic Hamiltonian in some molecular electronic basis set, and its 

eigenvalues {\"i (:)} are the adiabatic potential surfaces .:hich determine the 

classical motion of the nuclei. 

Electronic transitions from one potential surface to another appear in 

classical S-matrix theory as a classically forbidden process in the sense that 

complex-valued classical traj ectories are nee_ded to describe them. To see this, 

note that the adiabatic potential surfaces {Wier)} are the roots of the elec

tronic secular equation 

(4.1) 

i.e., the roots of an Mth order polynomial, M being the numher of electronic 

I r 
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basis functions. The M different roots of an ~!th order polynomial, however, are i 
simply the l-I different branches of the same analytic function. For the two chan- i 

, 
nel case, for example, the eigenvalues of the two-by-two potential matrix are 

p,iven explicitly by 

(4.2) 

. i ':" I, 2, showing that the two roots are a direct result of the double valued

ness of the square root function. The three roots of a tllree--by-three secular 

equation are a resuit of the triple valuedness of the cube root function, and in 

I 
!. 

general, the H roots of an M-by-H secular equation result from the !-I-fold ' 

multivaluedness of the Mth root function. I 
Transitions from one adiabatic surface to another are described by complex

valued classical trajectories which change from one branch or Riemann sheet, of II 

the multivalued electronic potential function to another. Thus with initial 
I 

conditions of the trajectory specified, the nuclear coordinates r(t) are function~ 

only of the time, and the adiabatic potential surfaces are likewise functions 

only of time, 

Wet) = W[r(t») (4.3) 

Considered as a function of the complex time variable, I-J(t) has branch points in 

the time plane as a result of the multi valued character of the roots of a 

secular equation. For the two channel case, for example, the condition 

(4.4) 

defines the branch points t*; these are also recognized as the complex times·at 
I 

which the adiabatic potentials intersect. If Imt* > 0, choosing the time path in : 

the complex t-plane to 'pass below t* ,,·ill cause the trajectory to termix;tate on I 
the same adiabatic surface on which it hegan; choosinp. t.he time countour to pass I 
above t*, however, will cause the trajectory to enerpe on another branch of the 

potential energy surface, i.e., in another adiabatic electLonic state, meanin? 

that an electronic transition has occured. 

Classical S-matrix elements describing a transition from an initial rota

tional/vibrational/electronic state to a particular final rotational/vibrational/ 

electronic state is constnJctued from the appropriate complex-valued trajectories 

in an analop,ous manner to that described in Sections II and III. Thus if a and 

£3 denote the electr-onic states and n the heavy particle qualltu.n numbers, the 

appropriate Rcncralization of Equation (2.7) is (45) 

r 
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B - a Cl 

[ 
N-l dn2 (ql ,n l ) 

S (E)" (-2ni) - - -
B~2,a~1 d~la 

x e~p[it(~2B,~la;E)/hJ (4.5) 

where the quantum number function 

is the final quantum number which results from a complex-valued trajectory 

beginning on Riemann sheet a of H(r), i.e., electronic state a, with the indi

cated initial conditions and with the complex time path chosen so, that the 

trajectory terminates on Riemann sheet S. The initial an'~le variables are 

determined by the usual conditions 

and the action integral :fs 

t 
/'d,t[-R(t)P(t) 
tl 
t2 . • 

+ ! dt [-:R(t)P (t) 
to 

(4.6) 

a 
~ (t) 

(4.7) 

where F4(~s.~a) is the classical generating function for the canonical trans

formation from the action-angle variables of potential surface a to those of 

potential surface S. (The action integral 4> can be shm,n to be independent of 

the time t at which 'this transforn~tion is carried out.) Since 4> is in general 
o 

complex, the S~matrix elements have an exponential damping characteristic of 

classically forbidden processes. 

One can show that the above model reproduces s(>veral~ .. ell-known appro:dmate 

results in the appropriate simplifying limits: the I~ndau-Zener-Stuckelberg 

approximation (5) for avoided crossings of adiabatic potential curves,' the 

Demkov'approximation (49) for transitions between nearly parallel potential 
2 curves, and Nikitin's formula (50) for fine structure transitions in P atoms. 

Another approximate version of the theory which involves only real-valued tra

jectories and ~iscards all interference terms is essentially equivalent to Tully 

and Preston 's (51) "traj ectory surface hopping" model which has been successfull " 
. + 

employed by them to describe non-adiabatic transitions in theH + H2 system; 

more recently Chapman and Preston (52) have carried out dnlilar calculations for! 
+ + + the Ar + H2 .... ArH + H. Ar + H2 system, also with good np,ree>ment with experi-

mental results. 

r 

I· 

I 
i 
i 
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To the extent that electronic transitions are reasonably localized, ,h.:-1 
I , fore. it is possible to formulate a semiclassical theory which is free of any 

intrinsic approximations regarding the heavy particle dynamics. The nuclear 

dynamics is described by the classical equations of motion with the potential 

energy being the adiabatic electronic energy; electronic transitions result 

because the potential energy function is multivaluecl and there exists complex

valued classical trajectories which be~in on one Riemann sheet of the potential 

energy function and terminate on another •. The "quantum principle of sURerposi

tion is incorporated in the description in the same manner as with a single 

potential energy surface. 

V. CONCLUllU,G REMARK.~ 

It appears, therefore. that the semiclassical model of "classical dynamics 

plus quantum superposition" accurately describes many of the quantum effects in 

molecular collision phenomena. As such. methods based on this semiclassical 

theory may prove to be a useful way to carry out calculations. particularly so 

for three-dimensional collision systems for which the large number of quantum 

states associated with the heavy particle degrees of freedom obviates a quantum 

mechanical coupled channel description. As with the semiclassical treatment of 

elastic scattering. however. perhaps the most important contribution of the 

approach"is the physical picture it provides, i.e., the realization that the 

heavy particles dynamics is essentially classical. with all significant quantum 

effects ariSing from the superposition of semiclassical probability amplitudes. 
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FIGURE CAPTIONS: I 
Figure 1: An example of the quantum number function n2 (Q1,nl ) here with 01 ~ 1., 

The ordinate is the final value of the vibrational qcantum number as 

a function of the initial phase ql of the oscillator, along a 

classical trajectory with the initial conditions in Equation (2.17). 

The dotted line at n2 = 2 indicates the graphical solution for the 

two roots of the equation n2 (Ql,l) = 2. 

Figure 2: Vibrational transition probabilities for collinear He + H2 at total 

energy E • 10 hoo, for initial vibrational states n1 = 0 (top), 1, 2 

(bottom). The dotted lines connect the completely classical transi

tion probabilities, Equation (2.23), and the solid. lines connect the 

semiclassical results (which, on the scale of the drawing, are essen

tially the same as the exact qU:l1,t:lm mechanicnl values of ref. 20.) 

i , 
Ffgure 3: 

I 

Reaction probability for the ground state to ground state H + H2 + 

ll2 +n reaction (coiline~r) as a function of the relative collision 

'--_______ e_n_e_r!:y~:o •. The crosses aFid circles are the qUiln!_u_m_n_le_.c_h_an_i_c~_~ _____ , __ 

,/ 



Figure 4: 

Figure 5: 
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results of Diestler (35) and Wu and Levine 

is the purely classical Monte Carlo result 

(Porte~-Karplus (34)Jpotential surface. 
! • 

I 

(36) , and the 

(37). all for 

Same as Fi~ure 3. but with a log scale for the ordinate. 

broken line 

the same 

Trajectories for reactive tunneling in the ground state to ground 

state H + 1T2 reactfon at a collisi~n ener~y Eo '" 0.20 eV (dotted line) 

and Eo = 0,02 eV (dash-dot line). The dashed line is the "reaction 

coordinate'''. i.e •• the path of minimum potential energy. Rand r a ! a 
are tl~ real parts of the complex translational and vibrational 

coordinates. respectively. for arrangement' A + BC. 

The energy-temperature relation determined by the steepest descent 

condition. AEquation ().10) or (3.11), for the Boltzmann average of 

the H + H2 rerction probability. For a given temperature T the 

corresponding· energy E is the value which makes the dominant contri

bution to the Boltzmann average at that'temperature. E(T) can also 

be interpreted as the teMperature-dependent activation energy. 

I 
I 

, 

I 
I 
I 
I 

Figure 7: The temperature-dependent reaction probability for the ground state to, 

-ground state H + H2 reaction. The present semiclassical treatment is I 
only valid for T ~ 10000K, so the dashed part of the ·curve is simply 

an extrapolation to unit probability at infinite temperature. 

~ .. - I 
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r------------------LEGALNOTICE--------------------~ 

This report was prepared as an account of work sponsored by the 
United States Government. Neither the United States nor the United 
States Atomic Energy Commission, nor any of their employees, nor 
any of their contractors, subcontractors, or their employees, makes 
any warranty, express or implied, or assumes any legal liability or 
responsibility for the accuracy, completeness or usefulness of any 
information, apparatus, product or process disclosed, or represents 
that its use would not infringe privately owned rights. 
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