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At the foundations of contemporary mathematical logic lies Tarski’s model-theoretic defi-

nition of logical consequence. Underlying this definition is a division of all expressions of a language

into logical and extra-logical. Drawing such a distinction by mere enumeration, as is common in

familiar logical languages, means proceeding on an arbitrary basis. To fully secure logical conse-

quence against skeptical attacks it is necessary to devise a criterion of logicality, a mathematically

precise and philosophically informative set of principles to demarcate the class of logical constants.

At the center of this thesis is the development of a combined criterion of logicality –

involving both model- and proof-theoretic elements. From the semantic tradition it adopts the idea

that logic must be formal and that to exhibit this property logical notions must display a high degree

of invariance. From the proof-theoretic tradition it takes up the insight that logical expressions must
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be categorical, in the sense of being uniquely determined by their inferential roles. Together, these

conditions delineate a robust core of logical expressions extending the class of standard operators

of the first-order predicate calculus. We explore the consequences of the criterion and develop a

theory of the notion of Carnap-categoricity, the unique determinability of formal notions.

The very possibility of a combined criterion of the kind pursued here is threatened by a set

of underdetermination phenomena, collectively referred to as Carnap’s Problem. The thesis presents

a comprehensive and systematic examination of the issues pertaining to the underdetermination

of the semantics of logical expressions by their syntax and explores the extent and degree of the

underdetermination of generalised quantifiers by their inferential roles.

Carnap’s problem has a profound impact on adequate formulations of a proper notion of

unique determinability of meaning by inference. Due to the failure of the most natural and naive

way of understanding what it means for (model-theoretic) meaning to be uniquely determined

by inference we develop and defend a new notion of what it means for meaning to be uniquely

determined in such a setting and draw out its consequences.
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Chapter 1

Introduction

Logic is an ancient discipline whose systematic study dates back to antiquity. Its concerns

have changed little throughout its history, though its scope and methods have expanded vastly,

especially in light of developments that took place during the late 19th century. Logic studies the

features that make certain transitions between propositions or sentences good reasoning steps. At

the heart of logical theory lies the concept of logical consequence, of what follows (logically) from

what.

The arguably most influential explication of this notion can be found in Tarski’s model-

theoretic definition of logical consequence, according to which a sentence is a logical consequence

of a collection of sentences whenever the truth of the former is guaranteed by the truth of the

latter. Tarski’s definition was so successful not only because it corresponds quite closely to the

intuitive notion of logical consequence and proved mathematically enormously fruitful. It was also

extremely general in that it did not just supply a satisfactory notion for this or that specialised

formal language but, rather, constituted a method for obtaining an adequate conception for a wide

variety of languages of a particular form.

This great universality came at a price. While widely applicable, the definition of logical

consequence was founded on a prior distinction between logical and non-logical expressions of a

given language. A general account of such a division, however, was lacking. While it was possible

to find a satisfactory division between the two classes of terms for any of the commonly used

formal language, the relativity and specificity of the distinction between logical and non-logical
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terms stood in stark contrast to the generality of the definition of logical consequence based on

it. Tarski’s logical project was thus left with an unanswered question: Is it possible to provide a

principled and explanatory account of the division of the expressions of a language into logical and

extra-logical matching the generality of the notion of logical consequence?

The issues presented by this unanswered question were exacerbated by the discovery of

novel logical forms of sentences and their seamless incorporation into the Tarskian logical apparatus.

While the progress of contemporary mathematical logic was, for large parts of its development,

marked by incremental restrictions, revisions, and limitations, the possibility of these new forms

of reasoning probed the established boundary of what is logical and what goes beyond. This

constitutes the starting point of this thesis. It is an analysis of the notion of logical term. This

investigation takes the shape of a search for a criterion of logicality, a mathematically precise and

philosophically informative set of principles according to which the expressions of a language can

be sorted into logical and extra-logical.

In order to fruitfully assess and evaluate the set of claims of a particular theory it is

helpful and often necessary to ‘step back’ and consider these claims and their consequences from

a metaphorical distance. This provides the required space to see the theory as a whole and to

carefully weigh its components, implications, and internal coherence against each other. Method-

ologically, the principle is sound. Unfortunately, it is also thoroughly impracticable under certain

circumstances. One such circumstance concerns the subject matter at the center of this thesis:

logic.

Logic is so basic and fundamental to our thinking and theorising that one cannot just ‘step

back’. There is no theoretically fruitful standpoint outside of logic, it is one theory we just cannot

leave. Logic is more than ‘just a theory among others’. It is, at the same time, the framework

providing the raw materials for theory-construction. This tension between logic as a theory (among

others) and logic as an instrument or method goes back to at least Aristotle: the relationship and

order of the Prior and Posterior Analytics set up the opposition between logic being subject to

the norms and constraints of theory construction, and logic being the source of these norms.

All this to say that I have found it incredibly difficult to find a fruitful point of view from

which to ask the kinds of questions I wanted to ask in this thesis. The perspective ultimately

settled on does not neatly fit into any particular paradigm: it is neither fully historic, nor fully
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mathematical or philosophical. It is a little bit of all of them. The approach chosen and pursued,

through trial, error, and many detours (plenty of which are still all too noticeable), is the result of

combining two historically tried and tested facets essential to logic. Or, to be more precise, it is

the result of their tension.

On the one hand, logic is concerned with truth. Logical consequence is necessary truth-

preservation in virtue of form. Its claims are grounded in the most general and universal features

of reality. On the other hand, logic is concerned with inference. Logical consequence tells us which

transitions between sentences we are licensed in making, what claims we are committed to on the

basis of accepting others. These two perspectives are connected: inferences are underwritten by

logic if they preserve truth (in virtue of form) and truth is preserved in virtue of form if all inferences

with the same form are valid.

From these two conceptions of logic different approaches have developed. One is con-

cerned with identifying logical features as highly general and ubiquitous properties of objects. The

other sees inferential connections between linguistic items and their systematic specification as the

primary locus of the force of logic. Both perspectives have given rise to important and influential

traditions in logic. This thesis attempts to combine elements and insights of these different tradi-

tions in order to make headway on the question of what is a logical term. It is an extended defence

of a combined criterion of logicality, making crucial use of both semantic and inferential aspects of

logic in order to provide a precise, informative, and explanatory demarcation of the logical expres-

sions of a language. From the semantic/model-theoretic tradition it takes the idea that the features

of objects that matter to logic are formal features. From the inferential/proof-theoretic tradition

it adopts the thought that the meaning and inferential role of an expression are tightly connected.

We hope that the resulting conception of logical expressions will appeal to proponents of semantic

approaches who would like to see a stronger connection between logical denotations and logical

terms and proponents of inferential approaches dissatisfied with the limitations inherent in purely

‘syntactic’ positions alike.

The following subsection provides a brief overview of the structure and set-up of the thesis.
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1.1 Outline of the Thesis

The thesis is divided into three main parts. Chapters 2 - 4 provide the background

material of the central question addressed and contain a discussion of the nature of the problem at

the heart of this thesis, as well as of the most successful and promising ways of solving it. Chapters

5 - 6 present and study our proposed combined criterion of logicality and explore the theory and

consequences of its main notion. The third part is constituted by Chapters 7 - 8 which take up two

core issues encountered in devising the criterion of Chapter 5.

Chapter 2 This chapter sets up the demarcation problem of the logical constants with a focus on

the Tarskian framework in which it most forcefully arose. After first providing a brief and incomplete

outline of the historical developments that led to its renewed prominence in the philosophy of logic,

we provide a brief overview of the context and significance of the problem in Tarski’s overall

semantic approach to logic. In the final section of this chapter we discuss and criticise an attempt

at a solution of the issue, put forward by Tarski himself.

Chapter 3 In this chapter we take up and discuss the most important and influential semantic

approach to resolving the demarcation problem of the logical constants, the Tarski-Sher Thesis.

After first presenting its basis, motivation, and scope we discuss various criticisms that have been

advanced in the literature, dismissing all but one. We then turn our attention to modifications

and alternatives to the criterion of isomorphism-invariance, a key component of the specialised

version of the Tarski-Sher Thesis. Ultimately, we accept isomorphism-invariance as a necessary

and sufficient constraint for an object to constitute a logical denotation, and thus as a necessary

constraint for a term to be part of the logical lexicon.

Chapter 4 This chapter provides some very general background to those elements of the infer-

ential tradition about meaning and logicality that we take up in the design and formulation of

a combined criterion in the next chapter. We briefly indicate which aspects of inferentialist ap-

proaches to meaning we take up and in how far we adapt and modify them to fit into the largely

semantic approach taken in this thesis.
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Chapter 5 Here we formulate, develop, and defend our combined criterion of logicality, which

is based on elements of the approaches to the question of logicality analysed in Chapters 2 -

4. After first discussing other approaches sharing with ours the view that both inferential and

semantic aspects of an expressions have a role to play for its status as logical or non-logical, we

criticise the only other extant, fully worked-out combined criterion of logicality which places a strong

emphasis on the semantics of an expression, Feferman’s Semantical-Inferential Necessary Criterion

for Logicality. We then articulate our own criterion based on the idea that logical expressions are

those possessing formal denotations that are uniquely determinable by inferential roles, outline

some of its consequences, and compare it to the previously discussed criteria.

Chapter 6 We call a notion that meets the conditions for qualifying as logical according to the

criterion developed in Chapter 5 Carnap-categorical. This chapter presents the beginnings of a

theory of Carnap-categoricity. After first considering some interesting case studies of generalised

quantifiers that fail the requirements of logicality in our sense, we compare the notion of ‘definability

by inference’, central to the notion of Carnap-categoricity, with various familiar notions of (first-

order) definability.

Chapter 7 In the development of our novel criterion we encounter an interesting gap between

model-theoretic meanings and their inferential characterisations in the shape of an underdetermi-

nation phenomenon. Chapter 7 is a systematic investigation of the extent and nature of these

underdetermination phenomena, often called Carnap’s Problem. While previous discussions of this

issue have been, by and large, restricted to the propositional case, we emphasise its impact on

expressions from the grammatical category of (generalised) quantifiers, and assess extant solutions

in light of their ability to handle this case.

Chapter 8 In making use of inferential ideas in the formulation of the criterion of Chapter 5,

we take up the notion of unique determinability by inference and adapt it to the model-theoretic

setting we are working in. This chapter argues that our adaptation of this concept is in line with the

inferentialist motivations that gave rise to it by investigating both the original purely inferential

conception and various ways of modifying it to fit the needs of a framework in which meanings

become model-theoretic.
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Chapter 2

The Demarcation Problem of the

Logical Constants: Background

2.1 Introduction

In the introduction to the gargantuan volume on model-theoretic extensions of first-order

logic, Model-theoretic Logics, Jon Barwise states that “[t]here is no going back to the view that

logic is first-order logic” (Barwise 1985, 23). The view that logic is to be identified with the

classical first-order predicate calculus (FOL) had taken about 60 years to mature and gain almost

universal acceptance. Yet, a mere 30 years after it reached the status of a canonical truth, it was

challenged. What makes the situation even more perplexing is the fact that Barwise’s co-editor,

Solomon Feferman, declared a mere 14 years after the publication of Model-theoretic Logics that

he felt, despite all the logical developments since then, “that the classical first-order predicate logic

has a privileged role in our thought” (Feferman 1999, 32).

The First-order thesis, the view, not dissimilar to Kant’s conviction that logic had found

its completion in Aristotelian syllogistic,1 that logic just is FOL has played a prominent role in

debates concerning the bounds and limits of logic during the last century. As such, it constitutes an

excellent place at which to develop a narrative for the undertaking of the present thesis whose goal

1See (Kant 1998, Bviii): “That from the earliest times logic has traveled this secure course can be seen from the
fact that since the time of Aristotle it has not had to go a single step backwards [...] and therefore seems to all
appearance to be finished and complete.”
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it is to propose a criterion for determining where logic ends and ‘something else’ begins. The central

question of this thesis is approached from a particular perspective – the Tarskian model-theoretic

paradigm, (one of) the major paradigm(s) in contemporary formal logic. This brief, first chapter

serves to locate the starting point of the thesis in this setting.

Given the particular focus of this thesis on questions of the logicality of first-order exten-

sions of FOL (see Section 2.4 for details) rather than on, historically prior, higher-order systems,2

the emergence and position of FOL in the landscape of logics becomes a useful focal point. It is

neither the only, nor the historically first, and might not even be the best focal point for an under-

taking of the kind of project proposed here, but it constitutes a starting point I am comfortable

with and which, I believe, leads to a helpful, if historically questionable and undoubtedly rather

incomplete, narrative that helps to appreciate the significance of the kinds of questions addressed

in the thesis. To make this starting point somewhat more acceptable Section 2.2 contains a brief,

incomplete, partial, and highly opinionated, account of the emergence of FOL and the first-order

thesis. It is not meant to provide a historically accurate picture, or to engage with other writers

who have reconstructed the development of FOL, but merely to provide a kind of map of how we

got to where we got, and thus how the questions we care about arose.

The kind of project attempted in this thesis, with its particularly narrow focus, might

seem especially arbitrary in light of the proliferation of logical systems experienced during the last

decades: beyond classical first-order systems we encounter constructive, intuitionistic, relevant,

substructural, para-complete, para-consistent, multi-valued, second-order, higher-order, small in-

finitary, large infinitary, . . ., calculi, all of which are intrinsically interesting and important. The

question of this thesis is not whether, among all these, any classical first-order logical system con-

stitutes the ‘right’ logic; whether FOL is the ‘one true logic’. While many of the systems mentioned

have profoundly advanced our understanding of logic, the classical first-order calculus has, for better

or for worse, remained an influential constant in the development of methods for the investigations

of other logics, and certainly singular in its relationship to its bigger sibling, mathematics. This in

itself justifies the current focus.

More substantially, however, the assumption of classical logic has played a particularly

central role in the Tarskian paradigm in which we here manoeuvre. The restriction to first-order

2Or systems with infinitary syntax.
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systems has historical, metaphysical, and epistemological reasons and effects, if nothing else, the

avoidance of particularly distracting attempts to derail the kind of project attempted here. It

remains significant in this highly restricted context for a simple reason: after Lindström worked

out the full scope and versatility of a technical device, the Lindström-quantifier, in 1966, the

question of where to draw the boundary between logic and ‘something else’ re-asserted itself with

a vengeance.

This is where this thesis begins. We address the issue of where to draw the boundary of

logic, first and foremost, from the perspective of the question left famously unanswered in Tarski’s

celebrated model-theoretic definition of logical consequence: the question of which expressions of a

given language qualify as logical, and which do not, a distinction on which the entire account relies.

Section 2.3 reviews the Tarskian background and the question that it left unanswered. Section 2.4

briefly provides some of the background of first-order logical languages as they feature in this thesis

and Section 2.5 discusses Tarski’s own proposed solution to the demarcation problem of the logical

constants.

2.2 From Paradox to Paradise: How Logic became First-order

The first-order thesis is the claim that all there is to logic is manifested in first-order logic

(FOL):3

First-Order Thesis: Logic is first-order logic.

In order to fully appreciate the content of the First-Order Thesis, a distinction between first-

order logics and FOL is necessary. A first-order logic is a logic in a language whose variables range

over individuals only, whose constants name individuals, and whose function- and relation-symbols

denote functions and relations that apply to and hold between individuals of an antecedently

specified domain. FOL is a particular first-order logic comprising a stock of relation- and function-

symbols, constants and variables of a first-order language, as well as the logical constants ∧,∨,→

,↔,¬,∀,∃,= (or any functionally complete subset thereof).

The following section is devoted to tracing, in extremely broad strokes, the origin and

development of the First-Order Thesis from the inception of modern formal logic around 1850

3Cf., e.g., (Barwise 1985).
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until now, in order to develop the narrative for the subsequent sections.4

2.2.1 From Logic to First-order Logic: Formal Developments

The early systems of what was to become formal logic in our contemporary sense were

much stronger and more encompassing than FOL:5 Frege’s original system6 comprised much of

what is known today as second-order logic, his system in the Grundgesetze der Arithmetik was so

strong as to be inconsistent, and Russell’s logic, embodied, ultimately, in the ramified theory of

types, still contains large parts of higher-order logic (HOL)7 and set-theory.8 In order to understand

the prominence the First-Order Thesis was to attain some time mid-last century, it is important

to discern the development from classical logical theory, i.e., pre-1850 Aristotelian syllogistic, to

systems essentially as expressive as HOL, and their ultimate restriction to FOL.9

The early history of contemporary formal logic is intimately tied up with problems and

questions in mathematics. The connection is much tighter than logic merely being investigated

by means of mathematical methods – it was issues in mathematics that shaped the development

of logic and necessitated its expansion beyond classical boundaries. The need for augmentation

beyond the paradigm of Aristotelian syllogistic stemmed from external pressure, the need to analyse

mathematical explanation and account for mathematical modes of reasoning whose complexity

surpassed the modest resources of Aristotelian syllogistic. This influence from mathematics led to

an immense expansion of the subject matter of logic beyond its traditional boundaries, such that,

in the late 19th and early 20th century its subject matter comprised the propositional calculus,

set-theory, and substantial parts of higher-order logic:

The subject of symbolic logic is formed by three parts: the calculus of propositions, the
calculus of classes, and the calculus of relations. (Russell 1903, §13)10

4The current section is based on portions of my third-year essay submitted as part of the required materials
when advancing to candidacy. It has been modified slightly. In tracing the early developments of the First-Order
Thesis our account relies heavily on secondary sources and in particular the following: (Moore 1988), (Shapiro 1991),
(Ferreiros 2001) and (Mancosu 2010a). For further overviews, see the sources cited in (Ewald 2019).

5Cf. (Shapiro 1991, 173): “Almost all the systems developed in the first part of this century are higher-order;
first-order logic was an afterthought.”

6See (Frege 1879).
7Cf., e.g., (van Benthem and Doets 1983; Leivant 1994).
8See (Ferreiros 2001, 444).
9In the following, we will very much focus on the early traditions emanating from Frege and Russell’s work,

ignoring parallel developments, such as, e.g., Peirce’s logic, and alternative traditions, such as, e.g., the algebraic
approach to logic pioneered by Boole; for an overview over these other traditions see (Moore 1988).

10As cited in (Ferreiros 2001, 444).

9



After this initial explosion of subject matter, the subsequent history of the development of logic is

a history of incremental restrictions and measured extensions.

The discovery of the antinomies in logic and set-theory at the turn of the century11 halted

the expansion of logic and led to a period of successive restrictions of its scope.12 Crucially, the

paradoxes exerted a two-fold effect on the subsequent development of the discipline: on the one

hand, they grounded the need for a careful formalisation and codification of the logical systems

which provided the backbone for the analysis of mathematical notions and reasoning. On the

other hand, they increased worries about the foundations of mathematics and the feasibility of the

enterprise of abstract, infinitary mathematics.

The first factor caused logic to become essentially identified with some system of type

theory, in which the introduction of typed levels of the expressions enabled the circumvention of

the antinomies, while the language(s) itself still remained higher-order in that there were quantifiers

and variables of arbitrarily high types.13 In this context, a system essentially equivalent to FOL

was for the first time separated and identified as a proper subsystem of logic in a series of lectures by

Hilbert in 1917.14 Importantly, even when first appearing in print in 1928, Hilbert and Ackerman

still treated FOL as a fragment of logic, with no special significance except of occurring at the

very bottom of the typed hierarchy. Thus, while FOL emerged as a proper subsystem of logic, it

was not (yet) regarded as foundationally superior in any sense.15 A similar distinction between a

first-order subsystem and the full logic was drawn by Löwenheim in 1915 in his proof of what was

later to become known as the Löwenheim-Skolem Theorem. Crucially, however, it was not until

Skolem’s ‘radical’ suggestion of treating the relation of membership ∈ as a non-logical notion in the

context of formulating set-theory in a first-order framework in order to demonstrate its relativity16

that the newly identified subsystem found any substantial mathematical application and that the

separation of logic and set-theory into two distinct theories began.

The evolution from the precise codification of FOL to its identification with logic sim-

11See (Russell 2002) and (Frege 2002).
12Cf. (Ferreiros 2001, 467): “In this respect, the ‘logical’ contradictions, as they were called by then, meant a

very important crisis in the evolution of the notion of logic and the first great motivation for putting bounds to the
previous conceptual expansion.”

13See (Ferreiros 2001, 445).
14See (Shapiro 1991, 179/180) and (Moore 1988, 115).
15In fact, Hilbert regarded it as an insufficiently weak basis for mathematics and meta-mathematical investigations;

see (Shapiro 1991, 180) and (Moore 1988, 116).
16See (Moore 1988, 123).
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pliciter originated in the foundational worries caused and amplified by the discovery of the paradoxes

and was driven by a host of interrelated, yet independent, factors. The turn toward foundational

concerns and the need for justification of the consistency of classical (infinitary) mathematics ef-

fected a shift in focus away from the classification of mathematical objects and toward consistency

considerations in mathematical reasoning itself. This shift in focus enabled the acceptability of a

tradeoff between expressive strength and conceptual consistency, with a strong tendency to favour

the latter over the former during the 1930s and 1940s.

This tendency was manifested in, among other things, worries about the propriety of some

sort of higher-order logic in the form of the theory of types as a secure basis for mathematics. The

insecurity stemmed, on the one hand, from unclarity associated with the expression ‘all subclasses’,

whose precise extension must be clearly determinable in any given situation if one is to work in a

higher-order environment17 and, on the other, from worries about circular reasoning in (predicative)

systems of higher-order logic18.19

Moreover, the profound foundational insecurity emanating from the demise of naive set

theory that gave rise to the core foundational worry of ensuring the consistency of the notions

and systems with which mathematics operated put forward strong demands on the methods that

were to be used in such a foundational enterprise. In particular, the rise and apparent success of

(finitary) proof-theoretic methods, and here especially achievements of the axiomatic method in

formalising many important mathematical theories, together with Skolem’s and Gödel’s early usage

and later insistence on a finitary and first-order meta-theory for doing meta-mathematics,20 led to

the establishment of FOL as the de facto standard in logical investigations in the late 1930s and

1940s.

This rather dogmatic stance was underpinned by Gödel’s discovery of some of the central

meta-logical results of FOL: the completeness theorem for FOL and his celebrated incompleteness

theorem. In combination, these two theorems provided the most convincing reason for a restriction

of logic to FOL within the foundational concerns of the times, with the former providing a definite

argument regarding the consistency of the truths FOL was to capture, and the latter demarcating

17See (Shapiro 1991, 193).
18And obstacles that were encountered when trying to devise impredicative systems.
19See (Ferreiros 2001, 447).
20See (Shapiro 1991, 181ff.) and (Moore 1988, 128).
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a strict boundary between what could and could not be reached if assurance of consistency was the

underlying concern.

A second set of considerations in favour of FOL as the most basic system for the inves-

tigation of mathematics was pragmatic in nature. On the one hand, FOL proved satisfactory in

mathematical practice, as it provided a sufficiently precise approximation and codification of math-

ematical proof and reasoning; it emerged as the core system proper for an analysis of mathematical

proof and practise in the context of the foundational enterprise and its constraints. On the other

hand, FOL proved superior to various type theories, in that a finitary base-logic together with a

first-order axiomatisation of set-theory was simpler than type-theories of comparable strength and

quality, leading to the adoption of FOL as the more foundational system.21

A third strand in the shaping and emergence of the First-Order Thesis might be termed

ideological. Various authors, with Quine most forcefully leading the way, asked the question what

the properties are that are constitutive of logic, and whether the proposed formal systems actually

instantiated these properties. While the ‘classical’ conception of logic as formal and universal

already problematises the incorporation of set-theory, – as seemingly violating the tenet that logic

“has no objects to call its own” (Quine 1995), i.e., that logic is devoid of any (particular) ontology,

– Quine’s criticism of higher-order logic was based on his early nominalistic commitments, which

saw higher-order quantification replaced with schematic predicate letters.

As a result of the converging considerations outlined above, FOL was proclaimed the

essential core of modern formal logic and became, eventually, identified with logic simpliciter.22 It

is important to note that

the mathematical context played a primary role in the shaping of modern logic, both
during the phase of expansion, and later, during the restrictive phase. In the former
period, the rise of abstract mathematics and the process of rigorization were crucial
for the maturation of modern logic, while in the latter period the context of debates
concerning the foundations of mathematics became central. (Ferreiros 2001, 461)

This is important to keep in mind, for while FOL might satisfy nominalistic requirements, it is

insufficient for a complete reconstruction of classical mathematics.23 With the adoption of a frame-

work for theories based on FOL goes along a loss in desirable properties such as, for example, the

21See (Ferreiros 2001, 477ff.).
22See (Ferreiros 2001, 479).
23See (Mancosu 2010a, 404).
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categoricity of the theories constructed in such language.24 The insistence on expressively more

limited languages was often accompanied by a, more or less dogmatic, rejection of the negative

consequences resulting from this,25 but it is nevertheless undeniable that there is a tradeoff here.

The tradeoff between two particular desiderata – provable consistency vs categoricity – as experi-

enced during the 1930s, points to a shift in focus of what became most relevant in foundational

investigations and emphasises the dependency of what was taken to be essential and focused on in

the respective research-programmes at work at the time.26

Such a description of the emergence of the First-Order Thesis emphasises the “implau-

sibility of a purely rational justification of the modern delimitation of (elementary) logic”, which

developed as a “combination between the ‘natural’ and the historically contingent” (Ferreiros 2001,

449/454) and thus renders FOL to “not [be] a ‘natural unity’, i.e., a system the scopes and lim-

its of which could be justified solely by rational argument”, but rather acknowledges that FOL,

“like so many other conceptual systems [...] is the sound and satisfactory outcome of a fascinating

combination of rational argument and historical contingencies” (Ferreiros 2001, 441). This, on the

other hand, raises the question of where, according to principles active in a particular foundational

research program, the boundary between logic and ‘something else’ should be drawn.

2.2.2 Model-theoretic Logics vs. FOL

Only 35 years after the First-Order Thesis had been firmly established in the collective

consciousness of mathematicians, logicians and philosophers, J. Barwise proclaimed, in the intro-

duction to Model-theoretic Logics that “whatever the fate of the particulars, one thing is certain.

There is no going back to the view that logic is first-order logic” (Barwise 1985, 23). The rise of

the First-Order Thesis had rested, according to Barwise, on a conflation of instrument and

subject-matter. Its success depended largely on contingent historical factors:

The reasons for the widespread, often uncritical, acceptance of the first-order thesis are
numerous. Partly it grew out of interest in and hopes for Hilbert’s program. Partly it
was spawned by the great success in the formalisation of parts of mathematics in first-
order theories like Zermelo-Fraenkel set theory. And partly, it grew out of a pervasive
nominalism in the philosophy of science in the mid-twentieth century, led by Quine,
among others. (Barwise 1985, 5)

24A theory is categorical if it has a unique model (up to isomorphism), i.e., if all its models are isomorphic.
25See (Shapiro 1991, 192).
26See (Shapiro 1991, 193) and (Ferreiros 2001).
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In fact, however, it hindered the development of the subject:

The first-order thesis [...] confuses the subject matter of logic with one of its tools. First-
order logic is just an artificial language constructed to help investigate logic, much as
the telescope is a tool constructed to help study heavenly bodies. From the perspective
of the mathematician in the street, the first-order thesis is like the claim that astronomy
is the study of the telescope. (Barwise 1985, 5/6)

What enabled Barwise to proclaim the end of the First-Order Thesis was the interaction of at

least two factors: foundational worries declined steadily throughout the 1940s and 1950s, leading

to a shift in perspective from holding foundationally motivated constraints higher than expres-

sive power to the expressive limitations inherent in FOL. And these limitations were quite severe

compared to what mathematicians were used to work with:

Mathematicians often lose patience with logic simply because so many notions from
mathematics lie outside the scope of first-order logic, and they have been told that that
is logic. (Barwise 1985, 23)

Importantly, while the extent of these limitations were already well-understood in the form of

Gödel’s Incompleteness Theorem and the downward Löwenheim-Skolem Theorem, FOL was also

given an exceedingly sharp characterisation by Per Lindström in 1969 in terms of model-theoretic

properties, emphasising the boundaries of first-order logic once more.27 As such, its insufficiency

for application in certain mathematical investigations became more and more obvious and dissat-

isfaction about its expressive capabilities began to outweigh its alleged foundational sufficiency.

At the same time, Lindström provided a technical device, the Lindström-quantifier, which

facilitated the logical study of mathematical objects that lay outside the scope of FOL, by providing

a mechanism by which one could ‘hardwire’ any mathematical concept whatsoever – identifying it

with an isomorphism-class of structures, – into a first- or higher-order language.

The device of Lindström-quantifiers gave rise to a host of logics and languages, whose

properties and relationships were studied extensively in the late 1960s and 1970s.28 Apart from their

immense formal and mathematical fruitfulness, these developments raised substantial philosophical

questions about the nature of logic, especially against the back-drop of the engrained First-Order

27Lindström’s Theorem establishes FOL as a maximal logic w.r.t. the compactness-property and the Löwenheim-
Skolem property down to ℵ0, or, alternatively, the completeness-property and the Löwenheim-Skolem property down
to ℵ0; cf. (Flum 1985, Chapter 3).

28We here focus on the impact of Lindström- or generalised quantifiers in mathematics, but they had an equally
important impact in formal semantics and linguistics.
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Thesis. For there was now a host of ‘logical’ systems, exemplifying a variety of (formal) properties,

and it was not clear which of these systems should qualify as belonging to logic and which should

be considered as ‘mathematics in disguise’. This was aggravated by the fact that properties that

were taken as essential to and constitutive of logic were shown to not demarcate the realm that was

delineated by the First-Order Thesis, and that former criteria and their scope were in disarray

with the ‘logical reality’.

This becomes especially obvious in case of the property of completeness, once the hall-

mark and driving force behind the First-Order Thesis, for Keisler proved in 1969 that FOL

extended by the FOL-indefinable quantifier ‘there exist uncountably many’ affords a complete

proof-procedure.29 Reliance on the concept of completeness as delineating the boundary between

logic and mathematics thus squarely overshoots the limits given by the First-Order Thesis and

sets them within the realm of infinitary mathematics. We will return to this quantifier and the

problems it raises below.

These developments warranted a reconsideration of what logic is and does and where one

is to draw the boundary between logic and ‘something else’. The fading of foundational worries

and the therewith connected re-thinking of the significance of formal properties answering to these

concerns – such as, e.g., completeness and consistency, – effected a renewed reflection on the

essential properties of logic and led to asking the question of what the extent of a logical system

could be.

The context in which these questions were asked particularly forcefully was the same

context underlying the recent model-theoretic expansion of logic: the Tarskian model-theoretic

paradigm to which we will now turn.

2.3 The Tarskian Project

To better appreciate the significance of the demarcation problem of the logical constants

for contemporary logic, it is necessary to understand the context in which it most forcefully arose:

Tarskian model-theoretic semantics. Tarski’s celebrated model-theoretic definition of logical con-

sequence has become almost synonymous with logical consequence simpliciter, and constitutes an

29See (Keisler 1970).
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invaluable, if not the single most important tool in contemporary logical theorising. Despite this

exalted status, at its very basis it relies on an almost arbitrarily seeming distinction – something

Tarski was well aware of and which left him somewhat dissatisfied. This section is devoted to

reconstructing the emergence of the demarcation problem of the logical constants in the Tarskian

setting. Our concern is not primarily with an accurate historical reconstruction of the development

of Tarski’s thought, but with providing a brief outline, in extremely broad strokes, of the context

in which the problem to which the remainder of the thesis is devoted emerged. We hope we will

be forgiven for historical inaccuracies and omissions – our primary interest here is systematic, not

historical, given that the issue we are concerned with constitutes an issue not only for the historical

Tarski, but also, fundamentally, for contemporary logic. Tarski’s influence, and the triumph of

the model-theoretic method in logic, linguistics, and mathematics, can hardly be overstated and

as a result the literature on his work is vast. We make no attempt at surveying the large body of

literature here, but merely focus on the main points of Tarski’s original account that are relevant

to the following.30

2.3.1 Scientific Semantics & The Semantic Conception of Truth

Tarski’s concern with model-theoretic semantics stemmed from a profound dissatisfaction

with the state of semantic notions in use in meta-mathematical investigations of his time.31 There

was a serious tension between their pervasive and ineliminable use and usefulness in these investi-

gations, and the lack of a general way of formally defining them, made so much more pressing by

the permanent threat of inconsistency and paradox that seemed to attach to them.32 While their

30For an overview of Tarski’s work, containing many references, see (Gómez-Torrente 2019). For a general historical
introduction to Tarski’s work on truth and logical consequence, see (Patterson 2012). For a recent treatment of the
philosophical themes in Tarski’s work, see the collection (Patterson 2008). For developments in the field of model-
theory, see (Baldwin 2018). For the philosophical impact of model theory see (Button and Walsh 2018).

31For Tarski’s conception of truth, see (Tarski 1983a; Tarski 1983b; Tarski 1943; Tarski 1969). For an accessible
summary, analysis, and commentary of the core of Tarski’s theory, see (Hodges 2018), (Sher 1999b), (Etchemendy
1988), (Ray 2018). For interpretations and developments of Tarski’s theory of truth, see (Field 1972), (Kripke 1975),
(Sher 1998). The literature on Tarski’s and Tarskian theories of truth is extensive. For a good starting point to sight
the relevant literature, we refer the reader to (Gómez-Torrente 2019) and the bibliography therein.

32See (Tarski 1983a, 200): “It is worthy of note that – in spite of the great importance of these terms for meta-
mathematical investigations – they have hitherto been used in a purely intuitive sense without any attempt to define
their meaning more closely.” See also (Tarski 1983b, 401): “Concepts from the domain of semantics have tradition-
ally played a prominent part in the discussions of philosophers, logicians, and philologists. Nevertheless they have
long been regarded with a certain skepticism. From the historical point of view this skepticism is well founded; for,
although the content of the semantical concepts, as they occur in colloquial language, is clear enough, yet all attempts
to characterize this content more precisely have failed, and various discussions in which these contexts appeared and
which were based on quite plausible and seemingly evident premises, have often led to paradoxes and antinomies.”
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use and nature seemed clear enough in any given definite circumstance, the lack of a general way

of defining these concepts had led to a hostile suspicion towards them:

For a long time the semantical concepts have had an evil reputation among specialists in
the study of language. They have resisted all attempts to define their meaning exactly,
and the properties of theses concepts, apparently so clear in their content, have led to
paradoxes and antinomies. (Tarski 1983a, 252)

The impression that the concepts of truth, satisfaction, and definition required a precise treatment

to be applicable in formal investigations, to conclusively overcome residual worries of having un-

beknownst introduced antinomies, was further reinforced by the “insuperable difficulties” (Tarski

1983a, 164) encountered when trying to provide an explication of the notion of ‘true sentence’ in

colloquial language. Colloquial languages are semantically closed in that they contain, next to

their expressions, names of these expressions as well as semantic terms, such as ‘true’, that apply

to sentences of the language.33 This expressive richness enables the formulation of liar-sentences

leading to immediate inconsistency:34

λ: ‘λ’ is false.

‘λ’ is true iff what is says is the case, i.e., iff ‘λ’ is false. Considering truth to be a primitive

and intuitively understood notion is thus not an option for the level of transparency needed in

foundational investigations, for if it is left unexplicated there is no guarantee that one does not,

unintentionally, re-introduce the antinomies.

There are two general lessons to be drawn from this: (i) liar-sentences show that “the

semantical concepts simply have no place in the language to which they relate, [...] the language

which contains its own semantics, and within which the usual logical laws hold, must inevitably

be inconsistent” (Tarski 1983b, 402). This makes it necessary to distinguish between an object-

language, the language that is talked about and for which the semantic concepts are being defined,

and a meta-language, the language used to talk about the object-language and in which the defi-

nition of the semantic concept is to be given; (ii) since colloquial language is not such a language,

and must rather, by necessity, be understood as a semantically closed language35 “it is only the

semantics of formalized languages which can be constructed by exact methods” (Tarski 1983b, 413).

See also (Tarski 1943, 346). For a description of the historical development of Tarski’s thought on the matter, see
(Vaught 1974; Vaught 1986).

33See (Tarski 1983a, 164) and (Tarski 1943, 348).
34(Tarski 1983a, 158ff.).
35See (Tarski 1983a, 164).
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The goal of Tarski’s project in (Tarski 1983a), then, is to formulate, in the contexts where

this is possible, a definition of truth – to develop a general method of providing “a materially

adequate and formally correct definition of the term ‘true sentence’ ” (Tarski 1983a, 152) for a

large class of languages of a particular type. The formal correctness of the definition is to ensure

that it complies “with the most rigorous standards of logical consistency and correct definition”

(Sher 1999b, 150) by fully explicating “the words or concepts which we wish to use in defining

the notion of truth” (Tarski 1943, 342) and avoiding any other unexplained semantic concepts in

the definition. A formally acceptable definition of truth must be such that it is constructed out

of previously well-understood notions, and does not rely on other semantic concepts equally in

need of explication. The requirement of formal correctness of the definition is to ensure that the

defined notion is eliminable, and thus non-creative.36 By being eliminable, we are assured of the

consistency of the defined notion, relative to the consistency of the theory in which it was defined.

The formal correctness of a definition of truth thus guarantees the consistency of the resulting

theory, relative to the consistency of the theory which was used to formulate the definition, and for

the assumption of which we have independent reasons. In this way, the notion of truth becomes

perfectly acceptable by the standards of the systems used to define it.37

By itself, formal correctness is of course not sufficient, for we do not simply wish to define

just any concept partially resembling the notion of truth in a formally correct way, but intend to

capture the pre-theoretical, intuitive notion of truth itself: “The desired definition does not aim

to specify the meaning of a familiar word used to denote a novel notion; on the contrary, it aims

to catch hold of the actual meaning of an old notion” (Tarski 1943, 341). An adequate definition

of truth must also be factually correct. This is what the material adequacy of the definition aims

to ensure. The ‘actual meaning’ of truth, so Tarski, is contained in the “classical Aristotelian

conception of truth” (Tarski 1943, 342) according to which the truth of a sentence consists in its

agreement with/correspondence to reality – a sentence is true iff the world is as the sentence says

it is.38 As an example, consider the sentence ‘Snow is white’. The sentence ‘Snow is white’ is true

36Cf. (Ray 2018).
37See (Gómez-Torrente 2019).
38See (Tarski 1983a, 155), (Tarski 1983b, 401/404), (Tarski 1943, 343). According to Tarski, semantics concerns

“the totality of considerations concerning those concepts which, roughly speaking, express certain connexions between
the expressions of a language and the objects and states of affairs referred to by these expressions” (Tarski 1983b, 401),
including concepts such as denotation, satisfaction, and definition (see also (Tarski 1983a, 252)). While semantics
is thus concerned with relational properties holding between expressions of a language and objects ‘in the world’,
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iff it is agreement with reality, i.e., iff snow if white. More generally,

x is a true sentence iff p (Tarski 1983a, 155)

where ‘p’ is any sentence of the language under consideration,39 and ‘x’ is a name of that sentence.

“Statements of this form”, Tarski says, “can be regarded as partial definitions of the concept of

truth. They explain in a precise way, and in conformity with common usage, the sense of all special

expressions of the type: the sentence x is true” (Tarski 1983b, 404, our emphasis). This provides

a way of spelling out the condition of material adequacy for the definition of truth:

if we succeed in introducing the term ‘true’ into the metalanguage in such a way that
every statement of the form discussed can be proved on the basis of the axioms and rules
of inference of the metalanguage, then we shall say that the way of using the concept
of truth which has thus been established is materially adequate (Tarski 1983b, 404)

This is Tarski’s Convention T:40 a definition of truth is materially adequate if all T-biconditionals

of the form x is true iff p, where ‘p’ is a sentence of the language under consideration and ‘x’ is a

name of ‘p’, can be derived from it.

For a finite language, with finitely many sentences, the disjunction of all partial definitions

of truth, i.e., the (finite) disjunction of all T-biconditionals for the sentences of this language, would

be a perfectly satisfactory and materially adequate definition of truth. However, even for the usual

simple logical languages this approach will not work, given their potential infinitude. To provide

an adequate definition for these kinds of languages, Tarski makes use of definition by recursion,

and employs the auxiliary semantic notion of satisfaction. Underlying the use of recursion in

the definition of truth is the insight that, for an inductively defined language L, the semantic

values of complex expressions of L are determined by the semantic values of their compound

expressions, and the structure of the complex expression. Specifying the semantic values of the

most basic expressions, and the ways these values can combine based on the use of finitely many

expression-building operations, provides an effective way to determine the conditions under which

truth is really a property of linguistic expressions – truth is about sentences, not about a relationship between words
and world. However, it is about sentences in virtue of those sentences corresponding with reality and therefore,
derivatively, a semantic notion in Tarski’s sense (Tarski 1943, 345). Consequently, Tarski names his conception the
semantic conception of truth (ibid.). For a general description of Tarski’s theory of truth in comparison with other
theories of truth see (Glanzberg 2018), (Kirkham 1992), (Künne 2003), (Soames 1998).

39This is imprecise: ‘p’ is a sentence of the language containing the truth-predicate. However, Tarski’s requirements
ensure that every object-level sentence has a meta-language sentence with the same meaning.

40See (Tarski 1983a, 187/188) and (Tarski 1943, 350).
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any arbitrarily complex expression of an infinity of expressions of a language would be true.41

However, due to the fact that the constituents of complex expressions of a given language might

not be sentences, but open formulas – as is the case for quantificational expressions of the form

∀xϕ(x), for example, – and thus do not themselves possess a truth-value, the definition of truth for

such a language cannot be given directly by specifying the truth-values of the basic expressions and

the way these truth-values combine in more complex constructions, but it must, rather, proceed

via the notion of satisfaction by a sequence of objects.

Tarski thus first defines recursively what it takes for a formula of arbitrary complexity

to be satisfied by a sequence of objects based on what sequences of objects satisfy its component

formulas. He then defines truth directly in terms of satisfaction.42 Given the familiar definition

of satisfaction for logical languages the definition of truth Tarski provides is: a sentence is true

iff it is satisfied by all sequences of objects (or, equivalently, by one of them). This definition,

he proves, is both formally correct and materially adequate, implying all T-biconditionals of the

object-language.

Hence, a satisfactory definition of truth, and with it of satisfaction, definability, etc., can

be provided for a wide range of languages of interest – i.e., all those that admit of a recursive

definition of satisfaction. To provide such a definition for a language L it is necessary to ascend

to a meta-language L∗, which is essentially richer than the object-language L. In particular, the

meta-language must be such that it contains, for every sentence of the object-language, a sentence

with the same meaning, a theory enabling the meta-language to talk about the syntax of L – and

here especially a name for each sentence of the object-language or its meta-language equivalent, –

a truth-predicate for the sentences of the object-language, and a theory of a ‘general logical kind’,

enabling the derivation of the T − biconditionals.43

What about truth for the meta-language itself? One can, of course, always move to a

meta-meta-language and reiterate the procedure outlined above. In fact, as Tarski showed through

his result on the undefinability of truth one has to:44 it is in principle impossible for a language based

on a classical logic which contains sufficient resources to talk about its own syntax to possess its

41For an analysis of the particular contributions of a Tarskian theory of truth to a correspondence conception of
truth see (Sher 1996b) and (Sher 2016, 226ff.).

42See (Tarski 1983a, 189ff.) and (Tarski 1943, 352/353).
43See (Tarski 1983a, 210/211).
44See (Tarski 1983a, 246/247).
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own truth-predicate, lest it is inconsistent. Hence, recourse to a hierarchy of languages is necessary

to provide adequate definitions of truth. It would, however, be incorrect to infer form this “the

impossibility of operating consistently and in agreement with intuition with semantical concepts

and especially with the concept of truth” (Tarski 1983a, 255), given that it is always possible to

ascend to an essentially richer meta-language in which it is possible to provide a formally correct

and materially adequate definition of truth for the object language.

2.3.2 The Model-theoretic Definition of Logical Consequence

The central concept of logic is the notion of logical consequence, of one sentence logically

following from others. It is, Tarski says, “one of those whose introduction into the field of strict

formal investigation was not a matter of arbitrary decision on the part of this or that investigator,”

for in “defining this concept, efforts were made to adhere to the common usage of the language of

everyday life” (Tarski 1983e, 409).45 The commonly accepted, or at least widely used, explication

of this concept in foundational, mathematical, and meta-mathematical investigations at the time of

Tarski’s writing, was its syntactic or proof-theoretic version, according to which a sentence logically

follows from others if it can be obtained from them by means of a stock of finitary, simple, and

‘purely structural’ rules of inference.46 Nonetheless, Tarski claimed, this explication fails to fully

capture the ‘common’ notion of logical consequence, as there are arguments that are ‘intuitively’

valid, but cannot be shown to be so by means of syntactic and proof-theoretic methods.

The example Tarski provides of a failure of this kind is that of an ω-incomplete theory

(Tarski 1983e, 410): suppose a theory proves, for some property P , that

A0 : 0 has property P ;

A1 : 1 has property P ;

and, in general, for every number n

An : n has property P

45References throughout this section are to the article found in the volume (Tarski 1983c). There is a newer
translation from the original Polish version of the paper, (Tarski 2002), which should be regarded as more authoritative
than the version we are quoting from. Since we are largely interested in systematic, rather than interpretative and
historical issues we have, for reasons of convenience, continued to work with the text (Tarski 1983e). The literature
on Tarski’s definition of this concept is, unsurprisingly, almost as vast as the literature on his notion of truth. We
refer the reader to the references listed in (Gómez-Torrente 2019) for a good starting point.

46See (Tarski 1983e, 409/410).
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Then, ‘intuitively’, the sentence A: Every natural number has property P . should follow from

the collection of individual sentences {An|n ∈ N} – “Provided all these sentences are true, the

sentence A must also be true” (Tarski 1983e, 411). However, A cannot be proven on the basis

of {An|n ∈ N} in the standard systems of inference. Even worse, Gödel’s incompleteness result

conclusively established that no extension of any standard system of rules with further rules of the

same format (i.e., finitary rules) will ever be able to fully capture the common concept of valid-

ity: “In every deductive theory (apart from certain theories of a particularly elementary nature),

however much we supplement the ordinary rules of inference by new purely structural rules, it is

possible to construct sentences which follow, in the usual sense, from the theorems of this theory,

but which nevertheless cannot be proved in this theory on the basis of the accepted rules of in-

ference” (Tarski 1983e, 412/413). The only way around this insufficiency of the proof-theoretic

method for defining consequence involves the introduction of rules of a very different nature and

format, whose acceptance might be met with suspicion due to their infinitistic nature.

In order to capture the common conception of logical consequence more adequately Tarski

believes that we must “resort to quite different methods and apply quite different conceptual

apparatus in defining it” (Tarski 1983e, 413). This different conceptual apparatus is provided by his

semantic method by means of which, similar as in the case of truth, he wants to present a general

method for defining logical consequence for a wide range of formalised languages of a particular

kind.47 The starting point for such an investigation is constituted by “[c]ertain considerations of

an intuitive nature” (Tarski 1983e, 414):

Consider any class K of sentences and a sentence X which follows from the sentences
of this class. From an intuitive standpoint it can never happen that both the class
K consists only of true sentences and the sentence X is false. Moreover, since we are
concerned here with the concept of logical, i.e. formal, consequence, and thus with a
relation which is to be uniquely determined by the form of the sentences between which
it holds, this relationship cannot be influenced in any way by empirical knowledge,
and in particular by knowledge of the objects spoken about in the sentence X or the
sentences of the class K. The consequence relation cannot be destroyed by replacing
the designations of the objects referred to in these sentences by the designations of any
other objects. (Tarski 1983e, 415)

Thus, the two intuitive adequacy constraints on any formally appropriate explication of the concept

47Tarski considers Carnap’s definition of logical consequence according to which The sentence X follows logically
from the sentences of the class K if and only if the class consisting of all the sentences of K and of the negation of
X is contradictory, but dismisses it due to its complicated nature and reliance on the concept ‘contradictory’ (Tarski
1983e, 414).
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of logical consequence must amount to the following: the notion of logical consequence must be

such that it is (A) necessarily truth-preserving, and (B) formal. We will undertake a closer analysis

of (A) and (B) in Chapter 3. As a necessary condition for fulfilling these requirements, Tarski

suggests condition (F):

(F) If, in the sentences of the class K and in the sentence X, the constants – apart from purely

logical constants – are replaced by any other constants (like signs being everywhere replaced

by like signs), and if we denote the class of sentences thus obtained from K by ‘K ′’, and the

sentence obtained from X by ‘X ′’, then the sentence X ′ must be true provided only that all

sentences of the class K ′ are true. (Tarski 1983e, 415)

Condition (F), Tarski says, is certainly a necessary condition for a sentence X to be a logical

consequence of a class of sentences K. It cannot, however, be sufficient. This is the case due to

potentially impoverished vocabularies of the languages under consideration: if the substitution-

class of terms is not sufficiently large, intuitively non-logical consequences will come out as logical

purely in virtue of counter-examples not being expressible in the language due to a lack of linguistic

resources.48 Moreover, assuming that there will always be a large enough stock of constants at hand

is “fictitious and can never be realized” (Tarski 1983e, 415).

To achieve the required language independence Tarski suggests, by means of using methods

from semantics, to move from the replacement of symbols to their denotations. The key component

is provided by the concept of satisfaction, which permits us to define the notion of a model, an

arbitrary sequence of objects: consider a class of sentences L of an interpreted language. Replace

all extra-logical constants occurring among the sentences of L uniformly by variables of the same

type as the original constants. Call the resulting class of sentential functions L′. A sequence of

objects which satisfies every sentence ϕ ∈ L′ is called a model of L.49 A model of a class of sentences

L is thus a sequence of objects that satisfies the class of sentential functions that results from L by

uniformly replacing the non-logical constants of the sentences in L with appropriate variables. The

notion of satisfaction, and the defined notion of model, provide the missing ingredients for Tarski’s

model-theoretic definition of logical consequence:50

48See (Tarski 1983e, 414/415).
49See (Tarski 1983e, 416/417).
50It is often noted that Tarski’s model-theoretic definition of logical consequence was anticipated by Bolzano

(Bolzano 1837). See also (Simons 1987).
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The sentence X follows logically from the sentences of the class K if and only if every
model of the class K is also a model of the sentence X. (Tarski 1983e, 417)

This definition, so Tarski, “agrees quite well with common usage” (Tarski 1983e, 417) and satisfies

the requirements of necessary truth-preservation and formality. In particular, it can be proved that

it is indeed truth-preserving – every consequence of true sentences is true as well – and satisfies

condition (F). Therefore, it can be regarded as an appropriate definition of the concept of logical

consequence.51

2.3.3 The Demarcation Problem of the Logical Constants

In order to assess the truth of a sentence ϕ in a model M Tarski’s procedure provides

for first replacing all of the extra-logical constants of ϕ by appropriate variables and then checking

whether the model satisfies the resulting sentential function. Given that, in assessing the logical

51Given the influence of Tarski’s definition it is unsurprising that it has been investigated and criticised from
a variety of angles. One type of criticism focuses on whether Tarski’s definition really succeeds in capturing the
pre-theoretical, intuitive notion of logical consequence. Another type holds that it is “inaccurate to attribute to
[Tarski] the model-theoretic definitions of the logical notions, both for historical reasons and to do justice to the
philosophical concerns he addressed in the 1936 article, concerns that count against the standard semantic analysis
as well as its syntactic counterparts” (Etchemendy 1988, 74). For a general and extensive attack on the Tarskian
project of defining logical consequence, see (Etchemendy 1988; Etchemendy 1990; Etchemendy 2008). For responses
and rebuttals see (Sher 1996a) and (Ray 1996). One thrust of the criticism is that Tarski’s definition of logical
consequence differs from the contemporary understanding of this notion in important respects, most notably by
adopting a fixed-domain conception, whereas the contemporary notion of model-theoretic consequence operates on
the basis of a variable-domain conception. Thus, the modern notion of model-theoretic consequence involves the
variation of the domain of quantification and a re-interpretation of the non-logical symbols of a language, whereas
Tarski’s original account appears to be missing the former feature. This leads to strange and counter-intuitive
consequences (counting, for example, statements about the cardinality of the universe as logically true), but seems
to sit well with certain comments Tarski made. Furthermore, the first explicit definition of the notion most closely
resembling the contemporary concept can be found in (Tarski and Vaught 1958), more than 20 years after the
publication of (Tarski 1983e), and after the notion of a model had been used more or less as a conceptual primitive,
see, e.g., (Tarski 1954). On the other hand, it is clear that Tarski was already aware of the possibility to relativize the
satisfaction relation to a particular domain in 1933 (Tarski 1983a, 199). This leads Hodges to say that “I think there
is no doubt that Tarski had in hand all the ingredients for the definition of truth in a structure by 1931, twenty-six
years before he published it” (Hodges 1986, 138) (see also (Milne 1999)) and to speculate that Tarski’s reluctance to
introduce the concept in full generality might have had something to do with the audience to which he delivered the
lecture. Similarly, Gómez-Torrente says that the “supposition that Tarski did not contemplate domain variation is
nearly impossible to reconcile with his contemporary work” (Gómez-Torrente 1996, 145). Sher says that “it seems
to me highly unlikely that in 1936 Tarski intended all models to share the same universe. This is because such a
notion of model is incompatible with the most important model-theoretic results obtained by logicians, including
Tarski himself, before that time” (Sher 1991, 41). The attempt at a historical exegesis of Tarski’s original account
concerning fixed-domain vs variable-domain interpretations has led to a lively debate; see, e.g., (Sher 1991; Sher
1996a), (Ray 1996), (Gómez-Torrente 1996; Gómez-Torrente 2009), (Bays 2001), and (Mancosu 2010b) for overview.
Our response to this largely historical issue here is similar to the one provided by Sher. We are, in the context of
this thesis, interested in the contemporary conception of logic which, whether identical with them or not, owes a lot
to Tarski’s ideas on the subject. The problem of the demarcation of the logical constants as it arises in the context
of Tarski’s logic and model-theoretic definition of logical consequence is identical to the problem as it arises in the
contemporary setting. So for all intents and purposes of this thesis we may simply assume that the contemporary
conception of logic and logical consequence could already be found in Tarski’s account of the matter.
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truth of a sentence, or whether a sentence logically follows from a class of sentences, we take into

account all models, i.e., all possible denotations of the non-logical symbols of the sentence/class

of sentences, it becomes even more obvious that in this process the meaning of the extra-logical

constants plays no role, but that that of the logical constants does all the more. Tarski’s definition

of logical consequence is founded on the distinction between logical and extra-logical constants:

Underlying our whole construction is the division of all terms of the language discussed
into logical and extra-logical. (Tarski 1983e, 418)

This distinction constitutes the basis of Tarski’s entire apparatus, from bottom to top: from the

recursive construction of the formulas of a language, over the inductive formulation of satisfaction

conditions for arbitrarily complex formulas, to the truth of a sentence in a model and the notion

of logical consequence itself, the distinction is of crucial importance to Tarski’s system.

The distinction between logical and extra-logical expressions is “certainly not quite arbi-

trary” (Tarski 1983e, 418), Tarski says, for treating, for example, the implication sign or universal

quantifier symbol as non-logical would “lead to results which obviously contradict common usage”

(Tarski 1983e, 418) and thus be inadequate. Nonetheless, he continues, “no objective grounds are

known to me which permit us to draw a sharp boundary between the two groups of terms. It

seems to be possible to include among logical terms some which are usually regarded by logicians

as extra-logical without running into consequences which stand in sharp contrast to ordinary us-

age” (Tarski 1983e, 418/419). In an important sense, this imprecision does not hamper the logical

project pursued by Tarski for “[i]t is clear that for all languages which are familiar to us such defi-

nitions [of ‘logical term’] can be given (or rather: have been given); moreover, they prove fruitful,

and this is really the most important. We can define ‘logical term’, e.g., by enumeration” (Tarski

1987, 29).

Despite the fact that, for the cases of interest, a working definition of ‘logical term’ can

be given in the shape of, for example, a list this does not take away from the incompleteness of

the overall account of logical consequence that results from the lack of a general characterisation

of this notion. For unless such a distinction between logical and extra-logical vocabulary can be

characterised fully generally for the class of languages to which the model-theoretic definition of

logical consequence applies, this definition will remain materially inadequate. Without a criterion

distinguishing the logical from the non-logical expressions of a language the definitions of logical
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truth and logical consequence will remain utterly uninformative,52 as no general account is provided

of why sentences of a particular shape qualify as logical truths, and of why certain sentences follow

from others, beyond this being so due to a stipulative list of privileged expressions.

Tarski partially embraced the openness resulting from the lack of a fully general definition

of ‘logical term’: “sometimes it seems to me convenient to include mathematical terms, like the ∈-

relation, in the class of logical ones, and sometimes I prefer to restrict myself to terms of ‘elementary

logic’. Is any problem involved here?” (Tarski 1987, 29). Overall, at the time of the writing of his

article on logical consequence, he remained skeptical about the possibility of finding an informative

basis for drawing a well-founded distinction between logical and extra-logical terms:

Further research will doubtless greatly clarify the problem which interests us. Perhaps
it will be possible to find weighty objective arguments which will enable us to justify the
traditional boundary between logical and extra-logical expressions. But I also consider it
to be quite possible that investigations will bring no positive results in this direction, so
that we shall be compelled to regard such concepts as ‘logical consequence’, ‘analytical
statement’, and ‘tautology’ as relative concepts which must, on each occasion, be related
to a definite, although in greater or less degree arbitrary, division of terms into logical
and extra-logical. (Tarski 1983e, 420)

This is the starting point of this thesis: the demarcation problem of the logical constants – the

search for a general, mathematically precise, and philosophically informative set of constraints

determining which terms of a given language to count as logical; in other words, the search for a

criterion of logicality.

2.3.4 Reactions

Given the lack of a fully general and principled way of distinguishing between the logical

and the non-logical vocabulary of languages of the type for which the model-theoretic definition of

logical consequence is appropriate Tarski concluded the project of providing such a definition on a

somewhat skeptical note. At least at the time of writing of the 1936 paper he considered it possible

that the concept of logical consequence was a relative concept, relative to a particular choice of

logical terms which might vary according to the goals and purposes of the investigation at hand.

One can, very roughly, distinguish three types of responses to the demarcation problem of

52See (Sher 1996b, 514ff.).
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the logical constants as it arises from the model-theoretic conception of logical consequence:53 (i)

those that admit the importance of the issue and believe that a satisfactory and principled resolution

is possible; (ii) those that admit the importance of the issue but believe that a satisfactory and

principled resolution is not, in general, possible; and (iii) those that deny the importance of the

issue outright and view it as a ‘red herring’.54

Gómez-Torrente (Gómez-Torrente 2002), for example, argues that the diverse and taxing

epistemic, semantic, and metaphysical requirements that have been imposed on logic have given rise

to an impossible-to-solve version of the issue, ruling out any kind of principled and fully satisfactory

solution to it.55 This does, however, not render the issue unimportant, he maintains. Rather, it

motivates the adoption of largely pragmatic principles in the search for principled demarcations,

involving general constraints on the kinds of expressions that can appropriately be considered

logical. These include, e.g., the idea that logical constants must be generally applicable to all

kinds of discourse. At the same time approaches adopting a largely pragmatic stance must admit

that both, suitably formalised and precisified versions of the concepts used to characterise logical

constanthood, as well as the resulting expressions themselves, are shaped by “notions that make

implicit reference to relations between expressions and the practical interests of human beings”

(Gómez-Torrente forthcoming, 28).56

A similar sentiment is expressed by Warmbrōd (Warmbrod 1999) who deems principled

approaches to the question of the demarcation of the logical constants to be misguided and un-

explanatory from the outset, and advocates a general openness of any eventual delineation. The

choice of a set of logical constants, according to Warmbrōd, must be tailored towards the needs

of the sciences.57 Since logic is to be a theory as widely applicable to particular sciences as pos-

53For a different classification of possible attitudes towards the issue and an excellent overview of the different
arguments and positions available, see (MacFarlane 2017).

54Note that the distinction between (i), (ii), and (iii) is merely intended for classifying positions found in the
literature. In particular, it does not represent a choice point: it is not that we first decide, in advance of an
investigation, which perspective of the three to adopt and then proceed on the basis of that decision. Rather,
whether or not we fall under either of these headings depends on the outcome of our investigation.

55See, e.g., (Gómez-Torrente 2002, 32): “The search for a characterization of the intended set of logical expressions,
which was inherited largely from Tarski’s theoretical needs and which forms an essential component of nearly all post-
Tarskian conceptions of the problem, may be a hopeless project if it is required (as it is) that the characterization be
given in terms of mathematical concepts (Tarski and some post-Tarskians) or unexplicated semantic and epistemic
properties (most post-Tarskian authors, influenced by the logicist tradition). If the project is hopeless, then all the
versions of the problem generated by these conceptions will be unsolvable.”

56See (Gómez-Torrente 2002) for a criticism of various versions of the demarcation problem of the logical constants
and an articulation of a pragmatic view, and (Gómez-Torrente forthcoming) for a development of this position.

57See, e.g., (Warmbrod 1999, 522): “The job of core logical theory is simply to provide the least controversial,
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sible “logical theory should be as simple, as modest in its assumptions, and as flexible as possible

given the goal of providing a conceptual apparatus adequate for the project of systematization”

(Warmbrod 1999, 521). The class of logical constants should thus be the minimal set58 of expres-

sions required for the ‘deductive systematisation of scientific theories’, a set which might change

throughout history given the changing needs of science itself.59

Pragmatic delineations would have hardly been satisfactory to Tarski as a solution to

the general issue of providing a well-founded definition of logical consequence, given the lack of

guarantee these approaches carry regarding the possibility of always finding a clear, uncontroversial,

and contradiction-free set of constants. On the face of it they are, at least explanatorily, little better

than mere provisions by enumeration. We thus turn to two somewhat more ‘extreme’ reactions to

the demarcation problem of the logical constants: those dismissing the problem outright, and those

trying to solve it within the formal constraints dictated by the languages for which Tarski provided

his definition of logical consequence.

2.3.4.1 A Pseudoproblem?

In his all-out assault on Tarski’s model-theoretic definition of logical consequence, Etche-

mendy also attacks the ‘myth of the logical constant’ (Etchemendy 1990, Chapter 9). Etchemendy’s

arguments are subtle and complex, relying on ascribing an interpretational conception of logical

semantics to Tarski,60 and we won’t have time and space to fully discuss them here. Insofar as they

pertain to the demarcation problem of the logical constants, he considers the issue to constitute a

‘red herring’ (Etchemendy 1990, 129), for he takes there to be no connection between the ‘right’

selection of logical constants and the adequacy of the resulting relation of logical consequence for

capturing validity. In cases where Tarski’s definition is successful – such as, e.g., the language of

FOL, – that success, Etchemendy says, is due to the poverty of the languages investigated and the

richness of the background theory of structure. That a particular selection of logical constants ‘got

minimal apparatus adequate to the task of clarifying, communicating, and testing scientific theories.”
58Cf. also (Harman 1972, 79): “That suggests a conservative principle for distinguishing logic from non-logical

theory: “Count as logic only as much as you have to.””
59A further author who is very sympathetic to discipline-guided pragmatic considerations and a general openness

with respect to what is to count as logical is van Benthem (van Benthem 1989; van Benthem 2002), who emphasises
the fruitfulness of the application of invariance criteria but warns of artificially limiting logical investigations by
restricting attention to only the kinds of expressions thus delineated.

60See Chapter 3 for a discussion of this type of semantics.
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it right’, however, is completely accidental and does not mean that anything about that selection

was essential to validity: “When Tarski’s definition works, it works for a very simple reason, one that

has nothing to do with any special characterisation of the expressions in F [the logical constants]”

(Etchemendy 1990, 129).61

The issue of the logical constants should thus be dismissed as a pseudo-problem, unrelated

to an adequate characterisation of the notions of validity and logical consequence: “it is not any

property of the expressions we hold fixed, the so-called logical constants, that accounts for the occa-

sional success of Tarski’s definitions” (Etchemendy 1990, 128).62 Underlying much of Etchemendy’s

and related criticisms is the intuition that the attempt to characterise (logical) validity in terms

of form against a deflated metaphysical background is beset by problems. These problems are

thought to run so deep that no selection of logical constants will ultimately be able to overcome the

inadequacies stemming from a flawed set-up, and the demarcation problem of the logical constants

is thus only symptomatic of a much deeper deficiency.63

Etchemendy’s criticism views the demarcation problem of the logical constants as a mis-

guided attempt at obtaining a notion of form that grounds, in a metaphysically innocent way, the

formal validity of logical consequences. His criticism builds on a particular interpretation of the

concept of model as it features in Tarski’s account. Recently, logical pluralists have capitalised on

the potential openness of the notion of model, arguing that different ways of spelling out what

constitutes an appropriate case to consider when assessing a claim of logical consequence, and

thus what kind of models to take into account, determines the extension of the relation of logical

consequence, and thus, ultimately, the kind of logic under consideration.64 This flexibility with

respect to which models to consider has given rise to a much deeper relativity which, distinct from

Etchemendy’s judgement, renders the demarcation of the logical from the non-logical constants not

61See also (Etchemendy 1990, 133): “What is important to recognise is that there is no reason to expect, for an
arbitrary language, that there will be any single selection of F that gets the extension exactly right, that neither
overgenerates nor undergenerates.”

62We will, mostly indirectly, engage with the basis of Etchemendy’s criticisms further in Chapter 3.
63See (Etchemendy 1983). Cf. also (Read 1994) who argues that the model-theoretic definition of logical conse-

quence is not a good analysis of validity since it disqualifies non-structural relations between sentences in virtue of
‘analytical linkage’. Exaggeratedly, one could say that Read thinks that the model-theoretic definition of logical
consequence is not a good analysis of the notion of validity since not every valid argument is valid in virtue of form,
and Etchemendy thinks that it is not a good analysis of validity in virtue of form either. For a further skeptical
account concerning the possibility of a principled division between the logical and extra-logical vocabulary from a
historical perspective, see (Dutilh Novaes 2012).

64See, e.g., (Beall and Restall 2005).
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superfluous, but questions its centrality in the delineation of logical consequence.65

What is common to approaches of this kind, and the reason that they consider the de-

marcation problem of the logical constants to not be as significant as it might seem, is the rejection

of the centrality of logical terms for the adequate explication of logical consequence.66 Rather, the

selection of logical constants is seen as an instance of a broader, more general issue concerning

the question of which models are admissible in the assessment of logical consequence. A choice of

logical constants, on these views, generates a set of constraints on the class of admissible models,

but it is only one among several, and potentially not the most fruitful, ways of approaching the

issue of providing an adequate notion of logical consequence.67 The basic idea, in the spirit of

Tarski, is that expressions of a language are assigned their meaning through the specification of a

class of models. In standard Tarskian semantics the meaning of the logical constants is imposed

‘from the outside’, so to speak, and not part of the models of a language itself, but this, in a sense,

already pre-judges a choice of logical constants.68 In principle, nothing prevents the possibility

of interpreting logical vocabulary in the same way as extra-logical vocabulary within particular

models, and to make this interpretation part of the structure of a model.69 This allows for a more

uniform treatment of languages in which the question of logicality is not already pre-judged.

A choice of logical constants, then, amounts to a choice of admissible models: “treating

certain bits of language as logical constants amounts to identifying a certain class of models with

the class of all possible models” (Varzi 2002, 201). Not only does this more general perspective

permit a ‘Tarskian Relativism’ about logical constants (Varzi 2002), it also raises the question of

what sort of constraints on the class of models are logically appropriate. Prima facie, these will

not only include constraints going beyond those imposed by a choice of logical constants, but also

lead to the adoption of constraints unrelated to the meaning of the logical vocabulary.70 Tarski’s

demarcation problem of the logical constants thus emerges as an instance of a much more general

65An early account of this attitude is developed in (Varzi 2002). More recently, (Sagi 2013; Sagi 2014a) and (Zinke
2018b; Zinke forthcoming) have further motivated and expanded this line of reasoning.

66Cf., e.g., (Sagi 2014a, 259): “I adopt the Tarskian tradition by which logical validity is determined by form, but
reject the centrality of logical terms.”

67See, e.g., (Zinke forthcoming, 2): “I call this the problem of admissible interpretations. The problem of logical
constants is just a sub-problem of this more general difficulty.”

68We disagree with this assessment, but do not have space to elaborate here. In any case, it won’t matter much
for what follows.

69See (Varzi 2002), (Sagi 2014a) for formal ways of doing so.
70Cf. (Sagi 2014a), (Zinke 2018b; Zinke forthcoming).
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issue, permeating his entire overall conception.

We are convinced that the demarcation problem of the logical constants presents a genuine

challenge to the adequacy of the Tarskian conception of logical consequence and that it is not an

instance of a much broader issue, of which it is only a special case. It thus merits investigation in

its own right.

2.3.4.2 The Landscape of Approaches

Among approaches that, in a Tarskian spirit, take as a starting point the kind of formal

resources available in contemporary mathematical logic71 we can distinguish two kinds: inferential/

proof-theoretic and semantic/model-theoretic approaches.72 Within each of these we can further

separate global from local perspectives. Globally oriented positions assess the logicality of particular

expressions in terms of properties the entire logical system containing it possesses, whereas local

positions look at the properties of these expressions in isolation. We will here quickly describe this

taxonomy and the individual types of approaches in some more detail in order to better locate the

particular position pursued in this thesis in the overall landscape of possible solution attempts.

Global Inferential Approaches Global inferential approaches to the demarcation problem of

the logical constants start off by identifying proof-theoretic properties a system as a whole must

possess in order to qualify as a system of logic in the first place. The probably most influential

attempt to devise a criterion of logicality along these lines is (Hacking 1979).73 Hacking there

identifies three structural properties that must hold of any consequence relation for it to constitute

a relation of (classical) deducibility: reflexivity, dilution, and transitivity.

Similarly to their local cousins, these types of approaches draw on a central insight of

Gentzen that operational rules can be regarded as definitions or characterisations of the symbols

whose behaviour they govern. Since such definitions do not take place in a vacuum, but rather

in a context of deducibility, they must respect this context: definitions must be non-creative and

71In contradistinction to approaches that rely on primitive and unexplained semantic, metaphysical, or epistemic
notions.

72Our use of ‘semantics’ here is not neutral. We do not mean to prejudge proof-theoretic semantics, a paradigm that
has proven not only extremely fruitful and viable, but also lead to substantial developments in the theory of meaning,
but will, in the context of this thesis, reserve the term ‘semantic’ for notions and concepts related to model-theory.

73See (Peacocke 1981) and (Sundholm 1981) for an analysis and criticism of Hacking’s account. We will further
talk about Hacking’s approach in Chapter 5 below.

31



conservative over the context in which they are introduced – they may neither create novel, nor

destroy old inferences that do not feature them. In order to ensure the non-creativity of the

definitions Hacking demands that constants that are defined by means of rules must be conservative

with respect to the basic facts of deducibility, in the sense that the resulting logical system should

admit of elimination-theorems for cut, dilution, and identity. A logical constant is thus a constant

that can be introduced by (Gentzen-style) rules and whose addition to a logical system obeying

the basic facts of deducibility results in a system admitting (finitistic) provability of elimination

theorems for these properties.

Global Semantic Approaches Global semantic approaches are characterised by the attempt to

delineate the class of logical expressions of a language in terms of semantic properties of the systems

containing these expressions. Approaches of this kind stand out in two ways: on the one hand, the

First-order Thesis plays a particularly important role for them. This is not particularly surprising

insofar as they rely on characterisation results of entire logical systems, which are limitative in

nature, in that they characterise the relevant logical system as maximal with respect to a particular

set of properties.74 Given, then, that FOL possesses many important properties that are and have

been taken as characteristic of logic, and given the knowledge that possession of these properties

is tightly connected to FOL’s limited expressive power, it comes, philosophically, as no surprise

that FOL comes to play a special role in attempts to characterise logical systems by reference

to properties the logic as a whole possesses. On the other hand, while many global semantic

approaches incorporate syntactico-semantic constraints, the nature of the results underlying them

guarantees a certain syntax-independence: no matter how the syntax is defined and developed, as

long as certain semantic constraints are met the logic will remain unaffected. This is of course a

very attractive feature of an approach emphasising the semantic nature of logic.

Among characterisation results of logics which have been used to try to justify their

exceptional philosophical standing, Lindström’s Theorems take pride of place. They provide an

explanation of why it is that FOL has come to play the role it came to play, and provide reasons as

to why settling on FOL as the paradigm logical calculus is more than a mere historical coincidence.75

74A further limitative result that has been interpreted as demarcating the proper boundary between logic and
‘something else’ is Gödel’s incompleteness theorem, cf. (Kneale and Kneale 1962, 724/741ff.).

75See (Lindström 1969; Lindström 1973). For an accessible reconstruction of the main proof-idea, see (Ebbinghaus,
Flum, and Thomas 1994). For review, general comment, and further Lindström-type results, see (Flum 1985, Chapter
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Lindström’s results establish that FOL is maximal with respect to a natural set of properties; that,

among logical systems, there is no logic of greater expressive power that still possesses the respective

properties. In particular, Lindström established that among all ‘abstract’ logics, FOL is maximal

w.r.t. being complete76 and possessing a downward Löwenheim-Skolem theorem (down to ℵ0),77

as well as w.r.t. possessing the latter property and being (countably) compact.78 Motivating a

combination of these properties as philosophically significant for logicality would thus immediately

deliver an unassailable defence of the First-Order Thesis. Echos of Lindström’s theorems can

be found in almost all global semantic approaches to the question of logicality.

An influential proponent of the First-Order Thesis was W.V.O. Quine. In many places

of his work we find remarks to the effect that FOL stands out among all other logical systems: “Clas-

sical quantification theory enjoys an extraordinary combination of depth and simplicity, beauty and

utility. It is bright within and bold in its boundaries” (Quine 1969a, 112/113), it “determines an

integrated domain of logical theory with bold and significant boundaries” (Quine 1986, 90). Quine’s

view that FOL occupies the singular position it does arises from the interplay of several principles

pervasive throughout Quine’s philosophy:79 the ‘ubiquity of logic’, so Quine, requires it to be onto-

logically innocent in order to guarantee its “universal applicability [...], its impartial participation

in all the sciences” (Quine 1986, 102). Logic “has no objects to call its own” (Quine 1995, 52), it is

distinguished by its “lack of special subject matter” (Quine 1986, 98). Furthermore, its obviousness,

resulting from its dependence on grammar and grammar’s own obviousness, grounds the need for

completeness such that any truth of logic is obvious “actually or potentially. Each, that is to say,

is either obvious as it stands or can be reached from obvious truths by a sequence of individually

obvious steps” (Quine 1986, 82/83). Further pragmatic minimality principles pertaining to the

design of canonical notation as the proper system for the formalisation of science, together with

3). For a nice description of Lindström’s work and overall approach, see (Väänänen and Westerst̊ahl 2010).
76A logic is complete if it possesses an adequate proof-system, i.e., if its consequence relation, or, sometimes, its

set of validities, is recursively enumerable.
77A logic possesses the downward Löwenheim-Skolem theorem (down to ℵ0) if every (countable) set of sentences

that possesses a model possesses an at most countable model.
78A logic is (countably) compact if, for every countable set of sentences of the logic, if every finite subset possesses

a model, the set of sentences as a whole has a model.
79See, for example, (Krynicki and Mostowski 1995), which paint FOL as the natural outcome of two constraints

in Quine’s system: the assumption of ontological innocence and of completeness. While this picture is not wrong,
it remains somewhat misleading concerning the way Quine reaches his conclusion that logic essentially stops at the
limits of FOL. We do not have the space here to fully reconstruct his reasoning and will settle for a very rough and
incomplete list of the kinds of constraints that influenced his conclusion.
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the convergence of various definitions of logical truth (structural, substitutional, model-theoretic,

proof-theoretic (Quine 1986, 49ff.)), and the complementing proof-procedures given by the model-

and proof-theoretic methods ultimately determine the boundaries of logic as those of FOL. The

logical constants of this system are delineated by means of a quantitative grammatical criterion

(Quine 1980), yielding precisely the stock of the standard constants of FOL, potentially excluding

identity.80

Quine’s argument that FOL emerges as the focal point of complete first-order logics was

threatened by Keisler’s (Keisler 1970) discovery of a complete first-order logic extending FOL. L.

Tharp, in a series of papers,81 takes up the Quinean project and tries to locally refine it by pin-

pointing logically relevant properties of the quantifiers of FOL that other generalised quantifiers

lack. This strategy is born out of the insight that, according to Tharp, the requirements of com-

pleteness and compactness are easy to defend as (epistemic) constraints on logicality, whereas the

Löwenheim-Skolem property is not. To defend the special status of FOL it is thus necessary to

discredit the ‘competitors’ of FOL and to identify supplementary constraints on logically admis-

sible quantifiers. He ultimately settles on a continuity condition which emphasises the similarity

between the universal/existential quantifier and certain infinitary connectives. Ultimately, however,

the relevance of this condition to logicality remains unsatisfactory.

A further proponent of a global semantic approach to logicality is S.J. Wagner who defends

FOL on the basis of its completeness and of meeting a further fundamentality condition, spelled

out in terms of a requirement of conceptual closure (Wagner 1987). Logics extending FOL fail to

meet this latter condition, according to Wagner, as an understanding of the notions they introduce

presupposes other notions whose addition to the system under consideration destroys its complete-

ness (the quantifier ‘there are uncountably many’, for example, presupposes an understanding of

the notion ‘infinitely many’, whose addition to a logic as strong as FOL renders that logic essen-

tially incomplete). This sort of fundamentality constraint connects up with the Löwenheim-Skolem

condition on a logic, though their correspondence remains imperfect and, ultimately, unsatisfying.

A novel, globally flavoured, semantic approach to a graded account of logicality can be

found in G. Sagi’s work. In (Sagi 2018) she defends the principle that “the less structure that is

80Which Quine ultimately includes among the logical constants via a separate argument, see (Quine 1986, 62ff.).
81See (Tharp 1973), (Tharp 1974), (Tharp 1975).
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required to fix a term in a manner faithful to its intended meaning, the more logical it is” (Sagi 2018,

2). The goal of logic, according to Sagi, is to avoid metaphysical assumptions as far as possible,

and less reliance on structure translates into fewer demands on the background theory of structure,

which, in turn, means less dependence on potentially controversial metaphysical assumptions. She

then suggests measuring the structure-dependency of terms with isomorphism-invariant denotations

in terms of the Löwenheim-Skolem-number of the system that results from adding the term under

consideration to FOL. The higher that number, the more metaphysical, and thus the less logical,

the term is.

Local Inferential Approaches Local inferential approaches to the demarcation problem of

the logical constants are distinguished by their attempt to characterise what qualifies as a logical

expression in terms of inferential/proof-theoretic properties pertaining to an expression in isolation,

independently of the logical system in which it occurs. Oftentimes, they have substantial overlap

with proof-theoretical programs that are trying to develop a theory of meaning according to which

the meaning of a (logical) expression is to be given by, or must be suitably connected to, its role in

inference.82

Furthermore, attempts at local inferential explications of the notion of logicality are fre-

quently inspired by Gentzen’s remark that “[t]he introductions represent, as it were, the “defini-

tions” of the symbols concerned, and the eliminations are no more, in the final analysis, than the

consequences of these definitions” (Gentzen 1934, 5.13) and thus put strong emphasis on admissible

rules-formats for specifying, defining, or characterising logical constants.83 K. Dǒsen, for example,

argues that an expression is logical iff it can be analyzed in purely structural terms, where the

latter notion is spelled out by means of the existence of double-line rules of a particular format

(Došen 1989).84 In general, approaches of this kind identify meaning-theoretic, epistemic, or struc-

tural properties (and their inferential manifestations) essential for logicality and demarcate the

82See (Dummett 1991). For a possible criterion of logicality involving such meaning-theoretic considerations,
see (Tennant 1997). Cf. also (Hodes 2004) for whom meaning-theoretic considerations are decisive for whether an
expression is logical or not. For an account that places strong emphasis on the connection between the psychological
and semantic features of an expression, see (Peacocke 2004).

83See (Prawitz 1965; Prawitz 1971) for an analysis and development of Gentzen’s remarks. Early proposals along
the lines of Gentzen’s idea include (Popper 1947a; Popper 1947b) and (Kneale 1956). See (Schroeder-Heister 1984)
for an analysis of Popper’s work on logic. Prior’s pathological connective tonk (Prior 1960) created a stumbling block
for early versions of the program (see Chapter 7) and motivated the adoption of additional constraints, see (Belnap
1962). Cf. also (Koslow 1992) in this context.

84See also (Bonnay and Simmenauer 2005) in this context.
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class of logical constants by counting those expressions as logical that possess rules governing their

inferential behaviour that exhibit these properties.

Local Semantic Approaches Local semantic approaches isolate features relevant for the log-

icality of an expressions in properties of their denotations. To the best of our knowledge, all

approaches of this kind spell out the kinds of conditions a denotation has to fulfil to be able to

serve as the extension of a logical expression in terms of invariance-constraints. An expression is

then, usually, counted as logical in virtue of denoting an extension that is invariant in the logically

relevant way. Local semantic approaches constitute the focus of this thesis and we will have to say

much more about them in the coming sections and chapters, such that we will postpone a more

extensive discussion and description until then. The approaches that will receive most attention

in the context of this thesis are Tarski’s permutation-based invariance approach in Section 2.5

and Sher’s isomorphism-based invariance approach in Chapter 3, though we will have occasion to

mention and discuss other, related accounts as well.

2.4 First-order Languages

In this thesis we are interested in classical, first-order languages with finitary syntax.

These languages are classical in that they possess a functionally complete set of classical propo-

sitional operators. They are first-order in that the quantifiers, syntactically, only bind individual

variables and, semantically, only quantify over individuals. They possess a finitary syntax in that

the alphabet of any language is at most countable, and all formulas have finite length. In this

section, we will, in one fell swoop, introduce the formal details concerning the family of languages

we are concerned with in this thesis. Although presentations of the formal apparatus might differ in

upcoming sections, either because of convenience or to remain closer to the original literature, the

basic framework into which all these can be translated back will be, largely for reference, provided

here.85

85For general overviews and detailed studies of logics extended with generalised quantifiers, their logical and lin-
guistic properties, see (Westerst̊ahl 1989), (van der Does and van Eijck 1995), (Sher 1996b), (Peters and Westerst̊ahl
2006) and the collection (Krynicki, Mostowski, and Szczerba 1995). The contemporary concept of a generalised quan-
tifier has its origin in (Mostowski 1957) and (Lindström 1966). Linguistic applications were pioneered in (Montague
1974) and (Barwise and Cooper 1981).
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2.4.1 First-order Languages

A first-order language L possesses five types of symbols:

I. Level 0 Symbols

(i) A countably infinite set V arI of individual variables: x0, x1, x2, . . .;

(ii) A countable set ConI of individual constants: c0, c1, c2, . . .;

(iii) For each n ∈ N, a countable set Funn of function-symbols: fn0 , f
n
1 , f

n
2 , . . .

II. Level 1 Symbols

(iv) For each n ∈ N, a countable set Reln of relation-symbols: Rn0 , R
n
1 , R

n
2 , . . .

III. Level 2 Symbols

(v) A countable set Quant of quantifier-symbols Qτ . Each quantifier-symbol comes associated

with a type τ = 〈k1, . . . , kn〉 with ki ∈ N (1 ≤ i ≤ n).

IV. Propositional Connectives

(vi) A set ∆ = {∧,∨,→,↔,¬} of propositional connectives.

V. Auxiliary Symbols

(vii) Symbols to ease readability of formulas such as parentheses ), (, ], [, punctuation, etc.

The alphabet A of a first-order language L will contain all items of categories (i), (vi) and (vii) and

may contain any selection of items from categories (ii) - (v).

Items from categories (i) and (ii) are terms of L. Moreover, if α1, . . . , αn are terms of L,

and fni is a symbol with adicity n from category (iii) of L, fni ∈ FunLn , then fni (α1, . . . , αn) is a

term of L as well.

The well-formed formulas of a first-order language L, FormL, are defined inductively as

follows:

(a) If α1, . . . , αn are terms of L and Rn ∈ RelLn , then Rn(α1, . . . , αn) is a formula of L.
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(b) If ϕ,ψ are formulas of L, then so are ¬ϕ, ϕ ∧ ψ, ϕ ∨ ψ, ϕ→ ψ, ϕ↔ ψ.

(c) If x1, . . . , xn is a sequence of k1 + . . . + km variables, ϕ1, . . . , ϕm are formulas of L, and Qτ

is a quantifier-symbol of type τ = 〈k1, . . . , km〉, then Qτx1, . . . , xn[ϕ1, . . . , ϕm] is a formula of

L.

A variable occurrence is free if it does not lie within the scope of a quantifier-symbol, bound

otherwise. The notion of scope is standard and we will not define it precisely here.86 A formula

of L without free variable occurrences is a sentence of L. The set of sentences of L is denoted by

SentL.

The vocabulary B of a language L consists of the symbols from categories (ii) - (vi) of the

alphabet of L, and is split into two mutually exclusive and jointly exhaustive classes of symbols:

constant symbols C, and variable symbols V. C will contain all symbols of category (vi) and may

contain any selection of symbols from categories (iv) and (v). V contains the remaining symbols

of A without items from categories (i) and (vii). A logic L is a class of languages L with identical

constant symbol set C.

A language is relational if ConLI = ∅ and, for all n ∈ N, FunLn = ∅. (The main concern in

this thesis is with languages of this type. We will thus often only consider models with relational

signatures.) Where confusion is unlikely to arise we omit sub- and superscripts. We will freely use

variable names other than ‘x’ and utilise infix-notation for binary relation symbols. We freely and

flexibly avail ourselves of auxiliary symbols without specifying this class further, and will omit or

add parentheses wherever it eases readability.

Given a logic L we assign, to each symbol c ∈ C of categories (iv) and (v), a class-function

Fc over the universe of sets87 as follows:

(a) if c ∈ Reln then, for any set M : Fc(M) ⊆Mn;

(b) if c is a quantifier-symbol of type τ = 〈k1, . . . , kn〉 then, for any set M : Fc(M) ⊆ P(Mk1) ×

. . .× P(Mkn).

Given a set M , an assignment σ : V arI 7→ M is a function s.t., for all xi ∈ V arI , σ(xi) ∈ M .

(Note: oftentimes it is easier to state and prove the results in this thesis by also assuming that

86Precise definitions of this concept tend to be messy and unhelpful. See any introduction to logic textbook for a
worked out definition of this notion.

87Unless stated otherwise we always assume that the extent of the universe of sets is determined by ZFC.
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we have a countable set of predicate-variables available. Predicate-variables are like symbols of

category (iv) whose meaning is assigned by the assignment function, s.t., for a predicate-variable

Xn, σ(Xn) ⊆Mn. Predicate-variables cannot be bound).

A model M for a language L is a tupleM = 〈M,Σ〉, where M is a set (called the domain

or universe of M), and Σ its signature. The signature Σ contains, for all symbols c ∈ V of L,

a set-theoretic object constructed over M (we assume that there is a canonical way of assigning

these objects to the symbols c ∈ V), s.t. the semantic value or interpretation of c in M, cM, is

constrained as follows:

(ii) if c ∈ ConI , then cM ∈M ;

(iii) if c ∈ Funn, then cM ∈ Mn
M ;88

(iv) if c ∈ Reln, then cM ⊆Mn;

(v) if c ∈ Quant and of type τ = 〈k1, . . . , km〉, then cM ⊆ P(Mk1)× . . .× P(Mkn).

We adopt the convention that whenever M is a model, M is its domain. If c ∈ C, we set cM =

Fc(M).

LetM be a model for L, σ an assignment, and t a term of L. The value of t in M under

σ, ||t||M,σ, is as follows:

(i) if t ∈ V arI , then ||t||M,σ = σ(t);

(ii) if t ∈ ConI , then ||t||M,σ = tM;

(iii) if t := fn(α1, . . . , αn), then ||t||M,σ = tM(||α1||M,σ, . . . , ||αn||M,σ).

Let M be a model for L, and σ be an assignment. A formula ϕ ∈ FormL is satisfied in M under

σ, M |= ϕ [σ] if:

(a) if ϕ := Rn(α1, . . . , αn), then M |= Rn(α1, . . . , αn) [σ] iff 〈||α1||M,σ, . . . , ||αn||M,σ〉 ∈ RMn ;

(b.1) if ϕ := ¬ψ, then M |= ¬ψ [σ] iff M 6|= ψ [σ];

(b.2) if ϕ := ψ ∧ χ, then M |= ψ ∧ χ [σ] iff M |= ψ [σ] and M |= χ [σ];

(b.3) if ϕ := ψ ∨ χ, then M |= ψ ∨ χ [σ] iff M |= ψ [σ] or M |= χ [σ];

(b.4) if ϕ := ψ → χ, then M |= ψ → χ [σ] iff M |= χ [σ] or M 6|= ψ [σ];

88Where Mn

M is the class of all functions f : Mn 7→M .
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(b.5) if ϕ := ψ ↔ χ, then M |= ψ ↔ χ [σ] iff M |= ψ [σ] iff M |= χ [σ];

(c) if ϕ := Qτx1, . . . , xn[ϕ1, . . . , ϕm], then M |= Qτx1, . . . , xn[ϕ1, . . . , ϕm] [σ] iff

〈Jϕ1(x1, . . . , xn)KM,σ, . . . , Jϕm(x1, . . . , xn)KM,σ〉 ∈ QMτ ,

where the value of a formula ϕ(x1, . . . , xn) in the variables x1, . . . , xn in a model M under an

assignment σ, Jϕ(x1, . . . , xn)KM,σ, is the set {〈a1, . . . , am〉 ∈ Mm | M |= ϕ(a1, . . . , am) [σ]}. Here

we write M |= ϕ(a1, . . . , am) [σ] if M |= ϕ(x1, . . . , xm) [σ∗], where σ∗ is just like σ, except that

σ∗(xi) = ai for all 1 ≤ i ≤ m. To determine Jϕ(x1, . . . , xn)KM,σ we only take into account those

variables x1, . . . , xm, potentially a subset of x1, . . . , xn, that possess free occurrences in ϕ.

A sentence ϕ is true in a model M, M |= ϕ iff M |= ϕ [σ] for all assignments σ (equiva-

lently, iffM |= ϕ [σ] for at least one assignment σ). A sentence ϕ is a (model-theoretic) consequence

of a set of sentences Γ, Γ |= ϕ, iff, for all models M, whenever M |= γ for all γ ∈ Γ, then M |= ϕ

as well. We abbreviate M |= γ for all γ ∈ Γ by M |= Γ. If a set of sentences Γ is true in a model

M, then we say that Γ has a model.89

2.4.2 FOL

The languages of what is traditionally called (classical) first-order logic (FOL) possess,

as additional constant symbols, a binary relation-symbol =, and two quantifier-symbols ∀ and ∃.

They are further distinguished by not containing any variable symbols from category (v). The

constant symbols are associated with the following class-functions:

(i) F=(M) = {〈a, a〉 | a ∈M};

(ii) F∀(M) = {M};

(iii) F∃(M) = {A ⊆M |A 6= ∅};

We alternatively write the class function of ∀ as ∀(M) = ∀M and of ∃ as ∃(M) = ∃M . FOL has

played a fundamental role in foundational investigations in mathematics and constitutes the core

logical system of contemporary logical theory. This distinguished status is, in part, due to several

important properties FOL possesses. Among them are90

89There are further types of languages that have a claim to be considered first-order but which we omit here. They
include branching-quantifier logics (see, e.g., (Henkin 1961), (Enderton 1970), (Peters and Westerst̊ahl 2006, 2.5),
(Sher 1997)) and independence-friendly logics (see, (Hintikka and Sandu 1989)).

90In fact, as mentioned above, the combinations of (A) + (C) or (B) + (C) fully characterise FOL according to
Lindström’s theorems.
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(A) Completeness: FOL possesses a proof-system, s.t. a sentence ϕ is derivable from a set of

sentences Γ in that proof-system iff Γ |= ϕ.

(B) Compactness: If every finite subset of a set of sentences of FOL has a model, then the entire

set has a model.

(C) Löwenheim-Skolem property (down to ℵ0): If a set of sentences of FOL has a model, then it

has a model whose domain is countable.

Throughout most of the further thesis we will be concerned with a specific class of first-order

languages for which it will be useful to introduce separate notation. From now on, we denote the

language(s) of FOL by L. The expression ‘L(Q1, . . . , Qn)’ denotes a language of FOL extended by

further quantifier constants Q1, . . . , Qn.

2.4.3 Languages with Quantifier-variables

Consider adding several monadic quantifier-symbols, i.e., symbols of types 〈1, . . . , 1〉, to

the set V of a language of FOL.91 The result will be a language of first-order logic extended with

several quantifier-variables, i.e., quantifier-symbols that are interpreted within a model and whose

interpretation is not subject to any constraints other than grammatical type restrictions. For

simplicity, suppose we are adding a single type 〈1〉 quantifier-symbol Q (though the further consid-

erations straightforwardly generalise to arbitrarily many quantifier-symbols of arbitrary monadic

type). To any standard, complete axiomatisation of FOL we add the following two axiom-schemes:

(i) Qxϕ(x)↔ Qyϕ(y) with y free for x in ϕ;

(ii) ∀x(ϕ(x)↔ ψ(x))→ (Qxϕ(x)↔ Qxψ(x)).

Keisler (Keisler 1970) showed that FOL extended with quantifier variables of monadic type and

supplemented by variable-change axioms (i) and extensionality axioms (ii) remains complete, com-

pact, and possesses the Löwenheim-Skolem property (down to ℵ0).92 The resulting logic is often

called weak logic in the literature.

Thus, supplementing FOL with monadic ‘qualifiers’ does not increase its expressive power.

Of course, the addition of fully unrestricted (monadic) quantifier variables is only the most extreme

91A restriction to quantifiers of this type might be justified on the basis of natural language evidence, see (West-
erst̊ahl 1989, 62).

92See, e.g., (Westerst̊ahl 1989, Appendix B), (van der Does and van Eijck 1995, Section 4).
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point on a scale going from fully uninterpreted quantifier-symbols over somewhat more constrained

interpretations of them, to considering additional quantifier-expressions as constant symbols, and

questions about the interplay between expressive capacity and metalogical properties arise.

By a universal property we mean a second-order sentence ∀X1 . . . ∀XnΨ(X1, . . . , Xn) where

all Xi are predicate variables of adicity 1 and Ψ is a sentence of L supplemented with additional

monadic quantifier-variables. A universal property ∀X1 . . . ∀XnΨ(X1, . . . , Xn) is true in a model

M = 〈M,Σ〉 iff 〈M,Σ, A1, . . . , An〉 |= Ψ(X1, . . . , Xn) for all A1, . . . , An ⊆ M , where Ai interprets

Xi. Examples of universal properties include:93

(a) Upwards monotonicity : ∀X∀Y [(QxXx ∧ ∀x(Xx→ Y x))→ QxY x]

(b) Splitting : ∀X∀Y [Qx(Xx ∨ Y x)→ (QxXx ∨QxY x)]

Building on work in (Westerst̊ahl 1989), (Doets 1991) shows that the logic of FOL extended by

monadic quantifier variables whose behaviour can be axiomatised by a universal property remains

complete, compact, and possesses a Löwenheim-Skolem theorem. Important quantifier properties

such as, for example, QxQyϕ↔ QyQxϕ are not covered by this result.94

A quantifier property of particular interest in the following is the property of permutation-

invariance. A permutation π of a domain M is a bijection of M onto M . A type 〈1〉 quantifier-

on-a-model QM is permutation-invariant iff, for all permutations π of M , A ∈ QM iff π[A] ∈ QM.

Allowing quantifier-variables Q to range only over permutation-invariant interpretations leads to

an incomplete and incompact logic (Yasuhara 1969).95

2.4.4 Languages with Quantifier-constants

When quantifier-symbols are part of the variable vocabulary of a language L, their meaning

might be completely variable, changing from model to model, or be somewhat more restricted,

either by introducing axioms governing their behaviour or by restricting attention to models with

certain signatures. At the other end of the scale one can treat quantifier-symbols as part of the

constant vocabulary of a language. This was done for the universal and existential quantifiers of

93For further examples, see (van der Does and van Eijck 1995, 40).
94Cf. (van der Does and van Eijck 1995, 41).
95See also (Väänänen 1978). Completeness can be recovered by considering generalized models and definable

permutations, see (Thomason and Johnson 1969) and (van der Does and van Eijck 1995, 41). Cf. also (Anapolitanos
and Väänänen 1985).
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FOL and means assigning class-functions to each quantifier-symbol treated as a constant symbol.

As a notational convention we denote the class-function denoted by a quantifier constant Q by Q,

and its semantic value on a domain M by Q(M) or QM . Examples include

(i) the type 〈1〉 quantifier Q0, s.t. Q0(M) = {A ⊆M | ℵ0 ≤ |A|}, meaning infinitely many ;

(ii) the type 〈1〉 quantifier Q1, s.t. Q1(M) = {A ⊆M | ℵ1 ≤ |A|}, meaning uncountably many ;

(iii) the type 〈1〉 quantifiers Qα, s.t. Qα(M) = {A ⊆M | ℵα ≤ |A|}, meaning at least ℵα many ;

(iv) the type 〈1, 1〉 quantifier Most, s.t. Most(M) = {〈A,B〉 ∈ P(M)×P(M) | |A∩B| > |A−B|},

meaning most A are B ;

(v) the type 〈1, 1〉 Härtig-quantifier H, s.t. H(M) = {〈A,B〉 ∈ P(M)× P(M) | |A| = |B|};96

(vi) the type 〈1, 1〉 Rescher-quantifier R, s.t. R(M) = {〈A,B〉 ∈ P(M)× P(M) | |A| ≤ |B|};

(vii) the type 〈1〉 Chang-quantifier C, s.t. C(M) = {A ⊆M | |A| = |M |};

(viii) the type 〈2〉 well-ordering quantifier WO, s.t. WO(M) = {R ⊆M ×M |R is a well-order on

M}.

Adding quantifier-constants denoting these quantifiers to FOL has great effects on the meta-logical

properties of the resulting systems: the logic of L(Q0), for example, is incomplete, whereas the

logic of L(Q1) is complete and compact, and the logics of certain L(Qα) can be proven complete

under additional set-theoretic assumptions. These kinds of languages and their properties will be

the focus of the further thesis.97

2.5 The Generality of Logic: Tarski’s Thesis

Tarski’s attempt at a demarcation of the logical stems from a lecture first delivered in

1966, and published posthumously as (Tarski 1986).98 It is challenging to classify this article both

historically and conceptually. Historically this is the case because the ideas taken up and developed

in it had already been explored before.99 Conceptually, the article is problematic in that its relation

96See, e.g., (Herre, Krynicki, Pinus, and Väänänen 1991).
97For an extensive study of this class of logics see the volume (Barwise and Feferman 1985).
98For a history of the lecture and its publication, see the excellent editorial introduction by J. Corcoran in (Tarski

1986).
99Just as Tarski does in his lecture, (Mautner 1946) had advanced the thesis to identify logic as an invariant

theory in Klein’s sense well before Tarski, though this article remained unknown to Tarski who developed his account
independently. Generalisations of the notion of permutation-invariance, central for Tarski’s conception of logical
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to Tarski’s earlier work, especially to his work on the notion of logical consequence and the issues

the model-theoretic explication of this concept left open, remains very unclear.

In his article, Tarski says that what he wishes to do is to “make a suggestion or proposal

about a possible use of the term ‘logical notion’,” that “seems to me to be in agreement, if not

with all prevailing usage of the term ‘logical notion’, at least with one such usage which actually

is encountered in practice” (Tarski 1986, 145). Emphatically, the purpose of the article is not to

try and catch the “proper, true meaning of a notion, something independent of actual usage, and

independent of any normative proposals, something like the platonic idea behind the notion,” since

“[t]his [...] approach is so foreign and strange to me that I shall simply ignore it, for I cannot say

anything intelligent on such matters” (Tarski 1986, 145). Just as emphatically, however, Tarski

takes his article to not be concerned with

the general question ‘What is Logic?’ I take logic to be a science, a system of true
sentences, and the sentences concern terms denoting certain notions, logical notions.
I shall be concerned here with only one aspect of the problem, the problem of logical
notions, but not for instance with the problem of logical truths. (Tarski 1986, 145)

Thus, while it might be natural to see the article as attending to a lacunae left open by Tarski’s

work on logical consequence in the 30’s, Tarski’s main interests in the 1966 lecture appear to be

divorced from concerns regarding this notion (independent of ‘the problem of logical truths’). We

will return to the difficult conceptual position of Tarski’s article the next section.

Despite all this, and especially given the subsequent development of the debate concerning

logical constants, it is appropriate (or, in the very least, helpful) to start the discussion of local

semantic criteria of logicality with this paper of Tarski.

2.5.1 From Logical Consequence to Logical Notions?

Tarski famously ended the discussion of his model-theoretic explication of the notion of

logical consequence on a skeptical note, expressing doubts about the possibility of ever finding a

principled demarcation of the logical notions of a language, and considering it not only possible,

but increasingly likely that it might “turn out to be necessary to treat such concepts as following

logically, analytic sentence or tautology as relative concepts which must be related to a definite

notions, can already be found in (Mostowski 1957) and (Lindström 1966), though it is only in the former that we
find substantial philosophical motivation for the adoption of some kind of invariance in order to delineate the logical.
See Section 2.5.6 for a short discussion of these early proposals.

44



but more or less arbitrary division of the terms of a language into logical and extra-logical” (Tarski

2002, 189). The project of providing a rigorous foundation to the semantic conception of logical

consequence was thus left with an unfinished agenda. Moreover, the completion of this project was

no mere further desideratum on the list of the newly inaugurated program of scientific semantics,

it was foundational to it, threatening to undermine its core notions – the lack of a clear division

between the logical and extra-logical constants of a language threatened to erode the very possibility

of the kind of rigorous, mathematicalised scientific semantics envisioned by Tarski.100 Given this

pressing theoretical need of Tarski’s account, without which the project of the model-theoretic

explication of the notion of logical consequence could not be considered complete, it is natural and

tempting to view Tarski’s 1966 lecture as an attempt to fill the lacunae left open in his project from

the 30’s, and interpreting Tarski as attending to this gap in his later paper.101 However, despite

the fact that it is natural to see the 1966 lecture as a continuation of the project begun in the 30’s,

and as formulating a response to the issues left open therein, viewing it as such is by no means

obvious.

Thus, while the relevance of a well-motivated demarcation of the class of logical constants

of a language to Tarski’s theory of logical truth and logical consequence is impossible to overstate,102

it is, in the very least, very unclear that this distinction is what Tarski is after in his 1966 lecture.

For Tarski’s concern in that paper are logical notions rather than logical constants, where a notion

is a (set-theoretic) object located somewhere in a type-hierarchy over a base universe. I.e., his

concern here is with objects in the world rather than with the linguistic expressions themselves:103

I use the term ‘notion’ in a rather loose and general sense, to mean, roughly speaking,
objects of all possible types in some hierarchy of types like that in Principia mathemat-
ica. Thus notions include individuals [...], classes of individuals, relations of individuals,
classes of classes of individuals, and so on. (Tarski 1986, 147)

Given, then, that the question addressed in the lecture concerns logical notions, or objects, Tarski

100The reason his agenda was so influential and taken up with such speed and ease despite the lack of clear foun-
dations was largely due to the fact that it was straightforward enough to complete the necessary demarcation for
at least the standard languages used when doing scientific semantics, albeit in an uninformative way by means on
unprincipled enumeration.

101In fact, Corcoran suggests as much in his editorial introduction to the published version of Tarski’s lecture; cf.
(Tarski 1986). Further support for the thesis that Tarski intended to address the precise problem left open in his
earlier paper can be found in, e.g., (McGee 1996) and (Bellotti 2003). For skepticism regarding this interpretation
see (Sher 1991) and (Sagi 2017). For an interesting middle-ground see (Gómez-Torrente 2019).

102Cf., e.g., (McGee 1996).
103We will make this precise in the next subsection. See (Sher 2008, 300) for elaboration.
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seems less interested in language, and thus in the question concerning logical constants: “Tarski is

most emphatically not talking about expressions” (Simons 1987, 383). This by itself might (and

has) be(en) regarded as sufficient to consider the “methodological status of Tarski’s suggestion [...]

a little obscure” and to conclude that “[i]t remains unclear whether Tarski viewed his suggestion as

providing the key test for distinguishing the logical from the non-logical, and so solving the problem

he posed in 1936” (Simons 1987, 387).

One might question, however, in how far this shift in focus, from expressions/constants

to objects/notions, is indicative of a change of topic from the 1936 to the 1966 account, or in how

far it is merely a switch in perspective. For Tarski himself remarks, at the very beginning of his

lecture, that in logic, as a “system of true sentences”, “the sentences contain terms denoting certain

notions, logical notions” (Tarski 1986, 145, our emphasis). Thus, a connection between constants

and notions, between Tarski’s concerns in the 1936 paper on logical consequence and the 1966

lecture on logical notions, is already implicitly present here. Furthermore, this tentative connection

is later made explicit and adopted as a definition for what it means for a symbol to be considered

logical in (Tarski and Givant 1987) – to be a logical symbol means to denote an operation of

the kind characterised in the 1966 lecture, extending the definition of logicality advanced there to

linguistic expressions in a natural manner.104

It is precisely this connection between aspects of Tarski’s work from the 30s and the

account given in (Tarski and Givant 1987) that lead Bellotti to state that “there is a deep continuity

of Tarski’s thought on logical notions” (Bellotti 2003, 408). For not only do both, the 1966 lecture

and the 1987 volume, contain references to an earlier work by Lindenbaum and Tarski (Tarski and

Lindenbaum 1983) in which it is shown that notions considered standardly as logical are invariant

under permutations – the property put forward as characteristic mark of logicality in the 1966

lecture, – but (Tarski and Lindenbaum 1983) is also explicitly noted as the place in which the

conception of logical symbols provided in (Tarski and Givant 1987) was first developed.105 There

thus appears to be a direct connection between Tarski’s early work on logical consequence and his

late work on logical constants, via his work on logical notions, that indicates an ‘unwavering’ and

uninterrupted conviction that permutation-invariance is the right approach to logicality.

104Though the context in which this definition is proposed is highly specialised and particular, see (Gómez-Torrente
2002, n. 17). We will expand on the definition of logical constanthood given in (Tarski and Givant 1987) below.

105Cf. (Tarski and Givant 1987, 57). See also (Bellotti 2003).
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Bellotti concludes that Tarski’s skepticism at the end of (Tarski 2002) requires a different

explanation than uncertainty over the right way to spell out the division between logical and

non-logical terms.106 Gómez-Torrente (Gómez-Torrente 2019) partly agrees with this assessment:

he does acknowledge a continuity between Tarski’s early work and his later characterisation of

logical notions and constants, but emphasises the relative nature of Tarski’s proposal, according

to which a distinction between logical and non-logical expressions would depend on the context of

investigation. This is very well illustrated by Tarski’s closing remarks in (Tarski 1986) where he

considers the logical status of the ∈-relation of set-theory and concludes that its status depends on

‘taste’ and one’s approach to set-theory – contingent on whether one treats set-theory as a first- or

as a higher-order theory, ∈ might come out as logical or not.107

Other commentators have regarded the criterion of logicality as given in Tarski’s 1966

account as divorced from his early concerns tied to the explication of logical consequence. This

assessment is due to, on the one hand, the self-professed concerns of the 1966 lecture with “the

problem of logical notions, but not [...] with the problem of logical truths” (Tarski 1986, 145, our

emphasis) and, on the other hand, with the motivation of the approach taken in it, emphasising its

detachment from the issues left open in the 1936 paper:108

One would have expected Tarski to motivate his criterion by the problem that threat-
ened his own definition of ‘logical consequence,’ and whose full import he recognized
and brought to our attention [...], namely, the problem that the definition’s adequacy
depended on the existence of an adequate criterion of logicality. At the time Tarski
worried that such a criterion would never be found (in which case his definition would
be forever unjustified), and this naturally leads us to expect that his 1966 lecture was
intended to assuage those worries.

However, judging from what Tarski explicitly said (and did not say) in his 1966 lecture,
his route to the criterion of logicality was completely divorced from his early concerns.
(Sher 2008, 301)

106Possibly having to do with Tarski’s conviction that what is logical might not be a clear-cut distinction, but might
rather be graded and depend on pragmatic factors and perspective, a position consistent with Tarski’s comments on
the logical status of the ∈-relation of set-theory (see below); cf. (Bellotti 2003, 410ff.).

107We will return to this point below.
108Cf. also (Sagi 2017, 7): “it is important to stress that Tarski himself did not present his characterisation of

logical notions as relating to the question of logical terms, at least not as those are connected to the concept of logical
consequence. Quite the contrary: in his lecture [...] Tarski expressly distinguishes the matter of logical notions and
the matter of logical truth. Logical consequence, or validity, is not even mentioned. It is thus rash to interpret
Tarski’s logical notions as filling a gap left open in his paper on logical consequence [...], where Tarski expresses
skepticism about the existence of a sharp boundary between logical and nonlogical terms. [...] In sum, it appears
that logical notions were defined independently from the motivations guiding the model-theoretic definition of logical
consequence in Tarski (1936).”
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Thus, the particular focus of the 1966 lecture, the ‘shift’ from logical terms, on whose demarcation

Tarski’s notion of logical consequence depends, to logical notions is interpreted as more than a

mere simplifying switch of perspective. The limited engagement with the question of logical terms

is instead taken to be indicative of a radical break with the concerns of the earlier paper, to the

point of not engaging with these concerns at all. This interpretation receives support from the

particular approach taken by Tarski in the 1966 lecture and the way it is motivated. For, as

(Sagi 2017) emphasises, the approach there considers logic part of mathematics, and attempts to

characterise the specific subject matter of this mathematical discipline. This is done by means

of taking up and generalising a particular program influential in mathematics, more specifically,

geometry – Felix Klein’s Erlangen Program, which we will talk more about in the next section, –

and applying it to logic. However, the “turn to the geometric comparison class in Klein’s Erlangen

program is foreign to the traditional view of logic as having a distinctive connection with validity

and language” (Sagi 2017, 7) and thus signifies a turning away from philosophical concerns and

thereby from the issues left open in the 1936 account of logical consequence. The 1966 lecture

“seems to address mathematical logic as a mathematical discipline with its own subject-matter, on

a par with other mathematical disciplines, including the geometric ones” (Sagi 2017, 8) and thereby

defines logical notions independently from the motivations and concerns underlying the explication

of logical consequence.

Sher argues along similar lines in her (Sher 1991), pointing out that Tarski’s later arti-

cle is discontinuous with his earlier account of logical consequence given the different approaches

adopted. Whereas the model-theoretic definition of logical consequence proceeds from philosoph-

ical considerations on the foundations of logic (logical consequence as necessary and formal), the

approach adopted in the later lecture relies on a generalisation of Klein’s classification of geometri-

cal theories, a criterion motivated on the basis of considerations from a geometrical/mathematical

program. Given the difference in method and motivation, then, it seems natural to conclude that

Tarski’s work on logical consequence and his later work on logical notions are best seen as two

separate and disconnected projects. Contra Bellotti, it is maintained that the earlier mention of

permutation-invariance as a good way of demarcating the logical supports the ‘discontinuity-theory’

rather than refutes it, for permutation-invariance was already a salient option to solve the problem

of the 1936 characterisation of logical consequence given Lindenbaum’s and Tarski’s earlier work
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(Tarski and Lindenbaum 1983), yet no appeal was made to this concept in the model-theoretic

definition of logical consequence. Rather, the issue was left unresolved despite the availability of

this notion and an awareness of its importance.109

Accounts skeptical of the connection between the early project on logical consequence and

the late project on logical notions need to explain the explicit connection between the two drawn

later via the notion of logical terms in (Tarski and Givant 1987). This is often done by pointing to

the restricted context in which this link was set up, but such an explanation remains incomplete

without a further argument of why, for Tarski, this connection does not generalise beyond the

particular context in which it was introduced.110

At any rate, having indicated the interpretational difficulties associated with the relation

between Tarski’s account of logical consequence and his demarcation of logical notions, we will here

follow most other approaches to the history of the development of a criterion of logicality by simply

ignoring this potentially complicating factor and treating Tarski’s criterion as if it was intended

to close the gap left open in the model-theoretic definition of logical consequence. Whatever

inadequacy might result from this potentially anachronistic treatment is hopefully offset by gains

in clarity of the conceptual narrative.

2.5.2 Capturing Generality : Klein’s Erlangen Program

The project taken up by Tarski in (Tarski 1986) consisted in the attempt to obtain the

notions characteristic of logic by applying the methods of Felix Klein’s Erlanger Program111 to the

domain of logic. Klein was interested in distinguishing and classifying the notions studied in the

variety of geometric systems that had proliferated at the time of his writing. Tarski’s hope was

that this approach could be generalized beyond geometry to other sciences, including logic.112

In light of the emergence of a range of new geometric theories (such as, e.g., projective

geometries) in the early 19th century, the goal of Klein’s Erlanger Program, outlined in his (Klein

1872), was to provide a classification and systematisation of these new and old geometries, by, on the

one hand, providing a method of characterising the distinctive notions of each particular geometry

109Cf. (Sagi 2017, n. 5).
110Cf. (Gómez-Torrente 2002, n. 17).
111Cf. (Klein 1872).
112Cf. (Tarski 1986, 145ff.). Tarski believed that he was the first to attempt an application of Klein’s program to

logic, seemingly unaware of an earlier attempt by Mautner (Mautner 1946) doing just that.

49



and, on the other, unifying the discipline by determining the precise relationship between different

geometries. He suggested to do so by means of characterising each geometry in terms of invariance

properties of the notions studied by that geometry: Klein observed that given a geometry, i.e., a

space and a set of properties on that space, it was possible to specify a group of transformations113

such that the geometrical properties of the relevant geometry were invariant under transformations

from this group. A transformation, in this context, is a one-to-one function of the space onto itself.

He then proposed to turn this observation around and characterize geometric properties in terms of

their invariance under particular groups of transformations.114 According to Klein, the issue taken

up in the Erlanger Program is the following:115

Es ist eine Mannigfaltigkeit und in derselben eine Transformationsgruppe gegeben; man
soll die der Mannigfaltigkeit angehörigen Gebilde hinsichtlich solcher Eigenschaften un-
tersuchen, die durch die Transformationen der Gruppe nicht geändert werden.

Es ist eine Mannigfaltigkeit und in derselben eine Transformationsgruppe gegeben. Man
entwickele die auf die Gruppe bezügliche Invariantentheorie. (Klein 1872, 7)

If, in addition, we specify a group of transformations as a group possessing a certain attribute, e.g.

in terms of a set of properties which they preserve, we are given a geometric invariance condition

(Sher 2008, 301) according to which a property O belongs to the relevant geometry iff it is invariant

under all transformations from this group.

Consider, for example, Euclidian geometry : given a space, Euclidian geometry studies,

roughly, shapes of rigid bodies in that space. Such shapes do not change when the corresponding

rigid bodies are moved in the space. We say that shapes are invariant under motion. Identi-

fying shapes of bodies with sets of points of the space (those points that are ‘occupied’ by the

body) a motion is a particular kind of transformation, namely one that preserves distance between

points; these kinds of transformations are called isometric transformations.116 Hence, the notions

113A group is a set of objects together with a binary operation satisfying certain properties. In particular, the set of
objects is closed under the operation, the operation is associative, every element possesses an inverse, and the group
has an identity element. See any introduction to basic algebra for a precise definition.

114Cf. (Klein 1872, 6/7): “geometrische Eigenschaften werden durch die Transformationen der Hauptgruppe
nicht geändert. Auch umgekehrt kann man sagen: Geometrische Eigenschaften sind durch ihre Unveränderlichkeit
gegenüber den Transformationen der Hauptgruppe characterisirt [sic].”

115Our translation: “Given is a manifold and within it a transformation-group; the goal is to investigate the
constructions belonging to the manifold regarding those properties which are not changed by the transformation
from the group.”

“Given is a manifold and within it a transformation-group. The goal is to develop the invariant-theory belonging
to this group.”

116Cf. (Tarski 1986, 146). We will make the somewhat intuitive notions used here mathematically precise when
applying them to logic in the next section.
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of Euclidian geometry, the properties studied in it, are invariant under isometric transformations,

transformations which do not change distance between points, i.e., that ‘respect motion’. In fact,

the notions of Euclidian geometry are invariant under an even larger class of transformations for

shapes do not change if the ratio of distances between points is preserved: a triangle remains a

triangle if it is shrunk or ‘blown up’ uniformly. Tarski calls transformations that preserve the ratio

of distances between points similarity-transformations (Tarski 1986, 147). Thus, the notions of

Euclidian geometry are invariant under similarity-transformations as well. Clearly, every isometric

transformation is a similarity transformation and so this class of transformations is a super-set

of the the class of isometric transformations over one and the same space; the class of isomet-

ric transformations is properly contained in the class of similarity transformations. In fact, the

class of similarity transformations is the largest class of transformations under which the notions

of Euclidian geometry are invariant - that leave the relevant properties ‘undisturbed’ so to speak.

Hence, we can use this fact as a means of characterising Euclidian geometry and its notions: Eu-

clidian geometry is the discipline that studies those properties that are invariant under similarity

transformations. A notion belongs to Euclidian geometry iff it is invariant under all similarity

transformations.

In this way, groups of transformations characterise the subject matter of a given geometric

discipline, and can be used to define the notions of this discipline as those notions invariant under

the relevant class of transformations. The invariants of a group of transformations on a space will

thus be the characteristic notions of the associated geometry.117

Of course, by weakening or strengthening the conditions defining the class of relevant

transformations (e.g., transformations that preserve distance, transformations that preserve ratios

of distances, transformations that preserve ‘connectedness’...) we can increase/decrease the class

of transformations taken into account and thereby reduce or enlarge the class of notions invariant

under the respective transformations. I.e., if we narrow the class of transformations we widen the

class of notions invariant under members of this class, and, vice versa, if we broaden the class of

transformations we will obtain fewer notions invariant under them. At one end of this scale there

117In fact, groups of transformations do more: they also yield a coarse-grained criterion of identity for the notions
of the relevant discipline, more adequate than the criterion of extensional identity inherited from the underlying
set-theory. In order to render the resulting notion of subject-matter specific identity an equivalence-relation it is
crucial that the collection of transformations form a group; see (Sagi 2017, 6).
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would be the trivial class of transformations, containing only the identity transformation which

sends every point to itself. Going in the other direction, one can widen the class of transforma-

tions moving from isometric, to similarity, to affine (leaving ‘mutual linear position’ unchanged), to

continuous (preserving ‘connectedness’) transformations, with each subsequent class of transforma-

tions characterising a geometry (rigid bodies, Euclidian geometry, affine geometry, topology) more

general than the former, each possessing a narrower class of notions of a more general nature than

the preceding, with each invariant under a wider class of transformations.

Thus, by broadening the class of transformations we obtain more general notions and

disciplines studying them: in case of “a wider class of transformations, [...], a narrower class of

notions invariant under this wider class of transformations; the notions are fewer, and of a more

‘general’ character” (Tarski 1986, 149). The relationship between notions and the geometries to

which they belong, as spelled out in terms of wider or narrower classes of transformations under

which they are invariant, also permits a comparison of different notions and geometries according

to whether they are invariant under fewer or more transformations. We can therefore arrange

these notions and their disciplines in a hierarchy in terms of their invariance-properties. In this

hierarchy, notions that are invariant under more transformations, that are left ‘undisturbed’ by

a larger class of transformations of the underlying space, are more general than notions invariant

under fewer transformations; for example, topological notions are much more general than Euclidian

notions. This type of classification through transformation groups thus naturally yields a hierarchy

of generality, with notions invariant under a wider class of transformations being more general. At

the other end of a scale that started with the identity transformation we can thus find the class of

all transformations of a space, and can expect to locate the most general notions there, i.e., those

invariant under all transformations of a space: “In the extreme case, we would consider the class

of all one-one transformations of the space, or universe of discourse, or ‘world’, onto itself” (Tarski

1986, 150).

Now, Tarski asks,

What will be the science which deals with the notions invariant under this widest class
of transformations? Here we will have very few notions, all of a very general character.
I suggest that they are the logical notions, that we will call a notion ‘logical’ if it is
invariant under all possible one-one transformations of the world onto itself. (Tarski
1986, 149)
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The conception of logic that emerges from these considerations is well-established and prevalent:

implementing generality as invariance under larger and larger classes of transformations, logic is

characterized as the theory studying the most general notions possible, logical notions are those

notions that are invariant under all possible transformations; the “distinctive mark of logicality”

thus becomes “utmost generality” (Sher 2008, 306).

Notwithstanding the historical and conceptual issues gestured at in the previous section,

the resulting conception of logic, or at least part of it, sits well with some of Tarski’s earlier

remarks. In (Tarski 2002, 183) he says that the relation of logical consequence “cannot depend

on our knowledge of the external world, in particular on our knowledge of the objects which are

spoken about” and that the holding of this relation “cannot be lost as a result of our replacing

the names of these objects in the sentences under consideration by names of other objects.” This

sort of formality, understood as insensitivity to the particular identities of objects talked about

by the sentences featuring in a relation of logical consequence, is well captured by the notion of

permutation-invariance, i.e., invariance under all possible one-to-one and onto transformations.

Thus, as McGee observes, the assumed topic-neutrality of logic lends support to the criterion of

logicality arrived at on the basis of Klein’s program:

One direction of Tarski’s thesis seems clear enough: the logical operations are invariant
under permutations. Any operation which is disturbed by a permutation must somehow
discriminate among individuals in the domain, and any consideration which discrimi-
nates among individuals lies beyond the reach of logic, whose concerns are entirely
general. (McGee 1996, 567)

Hence, it is a necessary condition for an operation to be logical, that it be permutation-invariant.

The other direction, the sufficiency of permutation-invariance for logicality, is then provided by

recourse to Klein’s Erlangen program and its rendering of the notion of generality.118 Whether

this appeal is warranted vis-a-vis its implementation of the notion of generality, and whether it can

provide a sufficient justification of the kind of generality logic is presumed to possess is something

we wish to address in Section 2.5.5 below.

118Cf. (McGee 1996, 567/568).
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2.5.3 Logical Notions: Tarski’s Thesis

As mentioned above, Tarski’s goal in the 1966 lecture was to give an account of logical

objects. The notions talked about were the objects of a type-hierarchy generated over a base

universe of individuals: individuals, sets (of individuals), relations (between individuals), classes of

sets, classes of relations, classes of classes of sets, and so forth. Such a type-hierarchy can be seen as

providing a system of semantical categories for a language, determining the grammatical category

of an expression based on the type of denotation it takes. For example, names are those expressions

that denote individuals, (first-level) predicates denote properties (in extension), which are identified

with sets of individuals, second-level predicates denote sets of sets of individuals, etc. Given such

a classification of semantic values, and corresponding expressions, in a type hierarchy over a base

universe Tarski proposes to identify the logical notions with a particular class of invariants at each

type, motivated by a generalisation of Klein’s approach to geometry. The goal of the current section

is to make this proposal, outlined informally above, mathematically precise and to sketch some of

its consequences.

For the purposes of this chapter we consider a relational type-hierarchy built up as fol-

lows:119

Definition (type):

(i) e is a type;

(ii) if τ1, . . . , τn are types, then so is 〈τ1, . . . , τn〉.

Given a universe of individuals, a non-empty set M , we set

(i) Me = M ;

(ii) M〈τ1,...,τn〉 = P(Mτ1 × . . .×Mτn).

The type of an object in this hierarchy is the lowest type τ such that it occurs in Mτ .

Given some base universe of individuals M the question is which of the objects occurring in some

type of the type-hierarchy over M is a logical object – which are the logical notions of such a

119Following Feferman’s definition in (Feferman 1999). This is one particularly straightforward way of implementing
the ideas of Tarski as expressed in the 1966 lecture. While relatively simple, this account ignores certain subtleties
pertaining to the precise extent and definition of a type hierarchy in the interest of a clearer presentation.
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hierarchy. The answer that Tarski provides is that it will be those notions that are ‘of the most

general character’, for logic deals with the most general notions. The way the generality of a

notion is measured, following Klein’s proposal, is, of course, by means of its invariance under a

class of transformations. The most general notions will be those invariant under the largest class

of transformations: the class of all transformations, i.e., the class of all one-to-one mappings of

the universe onto itself. Tarski thus proposes to delineate the logical notions as the most general

notions and to determine such notions, in turn, by identifying them with those objects of a type

hierarchy that are “invariant under all possible one-one transformations of the world onto itself”

(Tarski 1986, 149). Such a transformation of a set is called a permutation.

Definition (permutation): Let M be a set, and π : M 7→ M a function from M to M . π is a

permutation if it is one-to-one and onto.

A permutation π of the base-universe M = Me, the ‘world’, induces a permutation ‘further up’ the

hierarchy. Let π : M 7→M and define πτ for a type τ as follows:

(i) If a ∈Me, then πe(a) = π(a);

(ii) if a ∈Mτ for τ = 〈τ1, . . . , τn〉, then πτ (a) = {〈πτ1(a1), . . . , πτn(an)〉|〈a1, . . . , an〉 ∈ a}.

In particular,

(a) if A ∈M〈e〉, then π〈e〉(A) = π[A] = {b ∈M |π(a) = b for some a ∈ A};

(b) if R ∈ M〈e,e〉, then π〈e,e〉(R) = π[R] = {〈c, d〉 ∈ M ×M |π(a) = c and π(b) = d for some

〈a, b〉 ∈ R}

(c) if Q ∈M〈〈e〉〉, then π〈〈e〉〉(Q) = {π〈e〉(A)|A ⊆M and A ∈ Q}.

Since each πτ is uniquely determined by π we will omit the subscript and simply write π(a) or

π[a] for an object a from the type-hierarchy, no matter its type. Now we define the notion of

permutation-invariance:

Definition (permutation-invariance): Let π : M 7→M be a permutation of M and X be an object

from the type-hierarchy over M . X is permutation-invariant or invariant under permutations if

π(X) = X for all permutations π of M .
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The application of a permutation π to a permutation-invariant object X thus leaves everything

‘undisturbed’, it changes nothing about X, so to speak.

We are now in a position to state Tarski’s Thesis, the thesis according to which “we

will call a notion ‘logical’ if it is invariant under all possible one-one transformations of the world

onto itself” (Tarski 1986, 149), as follows: let M be a set and O a notion over M , i.e., an object

from the type-hierarchy over M .

Tarski’s Thesis: O is a logical notion iff it is invariant under all permutations of M120.121

What is the scope of Tarski’s Thesis, what are the notions qualifying as logical according to it?

Let M be a base universe. Then the following notions all fall under Tarski’s Thesis:

(i) Identity : =M := {〈a, a〉 ∈M ×M | a ∈M}.

(ii) The universal quantifier : ∀M := {X ⊆M |X = M} = {M}.

(ii) The uncountably-many quantifier : QMK := {X ⊆M | |X| ≥ ℵ1}.

(iv) The well-ordering quantifier : WOM := {R ∈M ⊆M ×M |R well-orders M}.

Furthermore, any boolean combination of permutation-invariant notions will yield another per-

mutation invariant notion. Hence, ∃M := {X ⊆ M |M − X /∈ ∀M} = {X ⊆ M | X 6= ∅} and

6=M := (=M )c = {〈a, b〉 ∈ M ×M | a 6= b} will come out as logical according to Tarski’s Thesis

as well. Examples of notions disqualified as logical according to the thesis include

(v) Individuals: no a ∈Me will be logical.

(vi) Non-trivial properties: Let P ⊂M〈e〉, s.t. P 6= ∅. Then P will not be permutation-invariant.

More systematically, Tarski (1986, 150) shows that ‘going up the hierarchy’ yields the following

results:122 there are no logical individuals, i.e., there are no logical notions at type e.123 Among

unary properties (of individuals), i.e., notions of type 〈e〉, only the universal class, {M}, and the

120Cf. (Tarski and Givant 1987, 57): “Given a basic universe U , a member M of any derivative universe Ũ is said
to be logical, or a logical object, if it is invariant under every permutation P of U .”

121(Gómez-Torrente 2002, 13) relativizes the statement of Tarski’s Thesis to ‘O is logical as a member of Mτ ’,
where Mτ is a ‘derivative universe’ over M , given that O can occur in multiple such ‘derivative universes’. This is
based on a remark by Tarski & Givant in (Tarski and Givant 1987) where they, after stating Tarski’s Thesis, say
that “Strictly speaking, since an object M can be a member of many derivative universes, we should use in (i) the
phrase ‘is said to be logical, or a logical object, as a member of Ũ ’.” (Tarski and Givant 1987, 57). In this current
context, this distinction does not matter.

122These results were proven in (Tarski and Lindenbaum 1983) as corollaries to a more general theorem.
123Assuming the base universe is of cardinality greater than 1.
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empty class come out as logical according to Tarski’s Thesis. Among binary relations (between

individuals), objects of type 〈e, e〉, we find four logical relations: the universal relation M ×M , the

empty relation, identity, and the ‘diversity’ relation 6=. It can be shown that all (finitary) logical

relations are definable from the truth-functional connectives and identity.124 At the level of (unary)

second-order properties, i.e., classes of classes, objects of type 〈〈e〉〉, only ‘cardinality’-notions are

logical, i.e., those properties which are only sensitive to the cardinality of sets of individuals,125

such as, e.g., ‘at least n’, ‘infinitely many’, ‘finitely many’, ‘uncountably many’, etc. Moving even

higher up the hierarchy and considering relations between classes, we find that relations such as

class-inclusion, disjointness, overlap, etc., all come out logical on Tarski’s Thesis.126

In general, referring to a result of (Tarski and Lindenbaum 1983) according to which

“[r]oughly speaking, [...] every relation between objects (individuals, classes, relations, etc.) which

can be expressed by purely logical means127 is invariant with respect to every one-one mapping

of the ‘world’ (i.e., the class of all individuals) onto itself” (Tarski and Lindenbaum 1983, 385),

Tarski (1986, 150) shows that “the notions which are denoted by terms which can be defined within

any of the existing systems of logic, for instance Principia mathematica” are logical notions in the

sense of Tarski’s Thesis: “Every notion defined in Principia mathematica, and for that matter

in any other familiar system of logic, is invariant under every one-one transformation of the ‘world’

or ‘universe of discourse’ onto itself” (Tarski 1986, 150). Hence, all notions definable in the purely

logical part of the language of higher-order logic128 and in particular the notions definable in a

system such as Russell’s Simple Theory of Types (STT), will count as logical under Tarski’s

proposal. This includes of course the notions denoted by the standard basic connectives and the

124See (Westerst̊ahl 1985, 395).
125This result is what leads Tarski to say that the logic under discussion here is not even a logic of extension, but a

logic of number: “it turns out that our logic is even less than a logic of extension, it is a logic of number, of numerical
relations. We cannot logically distinguish two classes from each other if each of them has exactly two individuals,
because if you have two classes, each of which consists of two individuals, you can always find a transformation of
the universe under which one of these classes is transformed into the other. Every logical property which belongs to
one class of two individuals belongs to every class containing exactly two individuals.” (Tarski 1986, 151). Cf. also
(Tarski and Lindenbaum 1983, 387/388): “It is customary to say that our logic is a logic of extensions and not of
intensions, since two concepts with different intensions but identical extensions are logically indistinguishable. [...]
this assertion can be sharpened: our logic is not even a logic of extensions, but merely a logic of cardinality, since two
concepts with different extensions are still logically indistinguishable if only the cardinal numbers of their extensions
are equal and the cardinal numbers of the extensions of the complementary concepts are also equal.”

126Cf. (Tarski 1986, 151).
127In a system of higher-order logic containing, at least, something equivalent to Russell’s Simple Theory of

Types.
128See, e.g., (Leivant 1994) or (van Benthem and Doets 1983).
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quantifiers of all types and levels of STT, as well as notions defined in terms of them. Thus

“the Tarski-Lindenbaum theorem guarantees that all mathematical notions definable in the logicist

fashion in the simple theory of types are logical notions no matter what the universe of individuals

is taken to be” (Gómez-Torrente 2002, 16).129

Tarski’s claim that the notions defined in Principia Mathematica are logical notions in

his sense has been regarded as problematic not in virtue of his criterion potentially overshooting,

but because of how these notions are to be identified in the type-theoretic framework in which he

operates. In a footnote to the 1966 lecture (Tarski 1986, n. 6) Corcoran remarks that Tarski was

talking about ‘notions’ in the narrow sense in his lecture as meaning sets, classes of sets, classes

of classes of sets, etc. The standard truth-functions and quantifiers of a system such as that of

Principia Mathematica can be construed as notions in this ‘narrow sense’ and thus be identified,

for present purposes, with objects from the type-hierarchy that are covered by Tarski’s proposal.

While mathematically feasible and familiar, there are issues with such a suggestion: the

quantifiers and connectives of STT and any system of higher-order logic are, arguably, domain-

transcendent – their meaning is not fully specified by giving an extension to them based on one

particular, even if privileged, domain. Yet, such a proposal is precisely what is underlying Tarski’s

account, for logical notions are determined relative to a type-hierarchy which is based on a specific

base domain over which the relevant entities are build: “Tarski’s proposal tells us how to discern

the logical objects given a domain, but not how to make cross-domain comparisons” (Simons 1987,

387). One cannot simply say that a notion is logical if it is permutation-invariant and ‘the same’

on each domain, for not only will the extension of the ‘universal class’ differ on different domains, if

we demand identity across domains this notion might seize to be logical if we move from a domain

to a larger one, containing the former as a subset. A natural response would of course be to say

that a logical notion needs to constitute a logical object in each domain,130 but such a proposal

leaves it unclear how the different logical objects ‘hang together’, i.e., in virtue of what they are the

same logical notion.131 There are several natural ways of establishing such a connection (e.g., by

identifying logical notions with concepts/intensions or class-functions over all domains), but such

129Cf. also (Gómez-Torrente 2019).
130This idea seems to underly the proposal of branches of logical constants in domains, made by Corcoran in a

lecture and referenced in (Simons 1987, 387).
131This is reminiscent of a criticism raised by Feferman against Sher’s proposal, which we will discuss below; cf.

(Feferman 1999).
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proposals would render a logical object something other than a Tarskian notion, and thus, even if

reasonable, it is unclear in how far such an approach is consonant with Tarski’s original ideas.132

The issue is so severe at this point because the connectives and quantifiers are usually

taken to be logical notions par excellence, and accommodating these intuitions was an adequacy-

constraint on Tarski’s 1966 account.133 Yet, despite their fundamental importance, it is difficult

to see how precisely they are covered by Tarski’s proposal. It appears, rather, that “they find no

place in Tarski’s scheme” (Simons 1987, 388). Of course the proposal can be made to fit with a

formal trick, thereby making the relevant notions amenable to Tarski’s treatment. However, such a

move is extremely artificial and it is questionable whether mere formal adequacy is sufficient for the

present project of trying to delineate the logical. This issue is exacerbated even further by the fact

that an identification of connectives and quantifiers with objects in the type-hierarchy over a base

universe jettisons the apparent uniformity of these notions. For, as pointed out by, for example,

(Casanovas 2007, 44), the operation of conjunction acting on sentences is a very different object

than the operation of conjunction acting on formulas containing free variables – while the former

can be identified with a truth-function, the latter involves the operation of intersection.134 These

are non-trivial issues arising in large part from the domain-specific character of Tarski’s account

which we will come back to below.135

Tarski’s proposal turns out to be very inclusive in terms of the notions it admits as logical.

Just how permissive it is is pinned down by a characterisation result of McGee (1996). In this

result, McGee characterises the scope of Tarski’s Thesis by establishing a correspondence between

invariance under permutations and definability in the infinitary language L∞,∞.136 By Lκ,λ, with

κ, λ cardinal numbers, we denote a language that is like FOL, possessing the same connectives

and quantifiers as FOL, except that it also has a large infinitary stock of individual variables

and allows conjunctions/disjunctions of fewer than κ formulas and quantifications of sequences of

132See, e.g., (Simons 1987, 388ff.) for a criticism along these lines.
133Cf. (Gómez-Torrente 2002, 12).
134Considerations of this kind ultimately lead Sher to adopt a two-part criterion, involving a propositional and a

predicative part.
135In his later (Tarski and Givant 1987), Tarski appears to have been aware of these sort of issues, but (justifiably)

does not regard them as particularly damaging: “As a matter of fact , the remaining symbols in L+ and Lx which were
referred to from the start as logical constants, i.e., the implication and negation symbols and the universal quantifier,
can also be subsumed under logical constants in the sense of (ii); this would require, however, some expansion and
elaboration of our terminology.” (Tarski and Givant 1987, 57)

136For a generalisation of McGee’s approach, see (Bonnay and Engström 2018).
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variables of length < λ.137 For example, Lω,ω just is the language of FOL, whereas Lω1,ω allows

only finite quantifier prefixes, but countably long conjunctions and disjunctions. L∞,∞, then, is the

language allowing conjunctions and disjunctions of arbitrary cardinality, as well as quantifications

of arbitrarily large sets of variables.138 It is thus the largest, most expressive, infinitary language

among all languages of the form Lκ,λ.139

Rather than talking about Tarskian notions directly, McGee considers infinitary operations

oα from sequences of sets of (individual) variable assignments 〈Ai | i < α〉 to a set of variable

assignments A (where α is an ordinal number). These operations subsume notions in Tarski’s

sense and allow McGee to understand all formulas of L∞,∞ as defining a connective describing an

operation in this sense.140 An α-ary operation oα is definable in L∞,∞ iff there exists a formula

ϕ of L∞,∞ containing (apart from possibly the identity symbol) α-many relation-symbols Ri of

appropriate adicity, s.t. 〈M, 〈Ai | i < α〉〉 |= ϕ [σ] iff σ ∈ oα(〈Ai | i < α〉).141 Focusing on notions of

type-level 2, McGee then shows that142

Theorem (McGee 1996): An α-ary operation oα on a domain is permutation-invariant iff it is

definable by some formula ϕ of L∞,∞.

Lifting the above type-restriction, McGee (1996, 574ff.) further shows that by allowing variables

of higher types permutation-invariant operations of any type are definable in L∞,∞ equipped with

these higher-order variables. From this and Lindenbaum & Tarski’s results, an analogue of the above

theorem follows for operations of any type-level. This, McGee says, provides a sort of “functional

completeness result” for logical connectives in Tarski’s sense:

The operation described by a logical connective is a logical operation. Hence Tarski’s
necessary and sufficient condition for an operation on a domain to count as logical
implies a necessary condition for a connective to count a[s] logical: a connective is
logical only if, on each domain, the operation on the domain described by the connective

137For a precise formulation of the syntax and semantics of such languages, see (Väänänen 2011) or (Bell 2016).
138In particular, L∞,∞ possesses identity, negation, disjunction for arbitrarily large sets of formulas, and existential

quantification of arbitrarily large sets of variables, and permits substitution of variables. For details, see (McGee
1996).

139Short of permitting class-sized conjunctions/disjunctions and quantifications.
140See (Feferman 1999, 35/36).
141For details see (McGee 1996) and (Feferman 1999).
142Cf. (McGee 1996, 572). For a more general approach to McGee’s theorem in terms of a generalisation of abstract

Galois theory, see (Bonnay and Engström 2018).
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is invariant under permutations. Consequently, if an operation on a given domain is
described by a logical connective, it is invariant under permutations. Here we shall
obtain the converse: if an operation on a domain is invariant under permutations, we
shall construct an unmistakably logical connective that describes it, so that an operation
on a domain is invariant under permutations if and only if there is a logical connective
that describes it. (McGee 1996, 570)

McGee saw these results as providing support for Tarski’s Thesis, for he claims that they show

that any notion that is logical in Tarski’s sense, i.e., any permutation-invariant operation, is de-

scribable by a clearly logical connective; it is definable by a connective using the operations of

identity, substitution of variables, negation, disjunction, and existential quantification (the latter

two in both their finite and infinite forms),143 all of which possess an intuitively logical charac-

ter: “Since the primitive connectives of L∞,∞ are all intuitively clearly logical connectives, and

since, intuitively, anything definable from logical connectives is again a logical connective, this [the

Theorem] will show that every operation invariant under permutations is describable by a logical

connective, so every operation invariant under permutations is a logical operation” (McGee 1996,

571).

However, this sort of justification moves too quickly, for languages such as L∞,∞ are not

languages in any ordinary sense. Rather, they are large set-theoretical objects “not dependent on

the conventions and practices of human society” (McGee 1996, 568).144 Their status as abstract

mathematical objects, then, renders the intuitive status of infinite quantifications and disjunctions

less obvious than that of their finite counterparts.145 Bonnay & Engström (2018) further show

in how far permutation-invariance of operations is tied up with definability in L∞,∞. Thus, what

McGee’s result establishes is the fact that Tarski’s Thesis is intimately tied up with a notion of

logicality far exceeding the context of any, no matter how idealised, language possessing a finitary

143Cf. (McGee 1996, 568): “Since it is intuitively clear that every item on this list is a logical notion, this confirms
Tarski’s thesis that an operation invariant under permutations is a logical operation.”

144Cf. (McGee 1996, 568): “To speak of languages in which there are disjunctions of arbitrary infinite sets of
formulas, we must regard a language as an abstract, mathematical entity, not dependent on the conventions and
practices of human society. I do not propose that such an abstract treatment is the only way to think of language or
that it is best, but only that it is one useful way of thinking about languages. From this point of view, the fact that
we are unable to construct infinite disjunctions is a deficiency in us, but it is no defect in the operation of infinite
disjunction. One may well take a contrary point of view, and doubt whether there is a language in which there is a
connective expressing an infinite disjunction; but if one agrees that there is such a connective, there is little doubt
that it is a logical connective.”

145For regarding infinite conjunctions and disjunctions as logical “presupposes that having reasons to count con-
junction as logical automatically counts as having reasons to count infinitary conjunction [as logical], and similarly
for quantification” (Bonnay and Engström 2018, 128).
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syntax. Since definability in L∞,∞ corresponds to invariance under groups of permutations, “[a]s

soon as we choose to explicate logicality in terms of groups of permutation, we let infinitary syntax

sneak in” (Bonnay and Engström 2018, 128).

Given the abstractness of the language used by McGee in his characterisation result it

remains difficult to assess just how ‘unacceptably’ encompassing Tarski’s criterion is. Addressing

worries of this kind, Tarski turns to the relationship between logic and mathematics in order to

determine whether, on his proposal, mathematical notions are logical notions, a question which he

sharply distinguishes from the (logicist) question of whether mathematical truths are logical truths

(Tarski 1986, 151). To simplify, Tarski remarks, we can reduce the general question of whether

mathematical notions are logical notions to the question of whether the set-theoretic membership

relation ∈ qualifies as logical under his proposal, given that “it is well known that the whole of

mathematics can be constructed within set theory” (Tarski 1986, 151)146 The answer, says Tarski,

“will be disappointing” (Tarski 1986, 152), for it depends in large part on the way one chooses to

develop ones theory of sets: “So the answer is: ‘As you wish’ ! [...] For we can develop set theory,

the theory of the membership relation, in such a way that the answer to this question is affirmative,

or we can proceed in such a way that the answer is negative.” (Tarski 1986, 152).

In particular, developing set theory as a first-order theory, a theory of unstructured entities

in which ‘∈’ is an undefined primitive holding between individuals of a domain M , will render

the membership relation non-logical according to Tarski’s Thesis. However, if set-theory is

developed in a type-theoretic/higher-order framework, and the membership relation is construed

accordingly, “set theory is simply a part of logic” (Tarski 1986, 152). On such an account the

membership-relation is a notion occurring in multiple types,147 s.t. ∈τ is a logical notion according

to Tarski’s Thesis for all types τ .148 Consider, for example, the second-order membership-

146Cf. (Tarski 1986, 151): “Since it is now well known that the whole of mathematics can be constructed within set
theory, or the theory of classes, the problem reduces to the following one: Are set-theoretical notions logical notions
or not? Again, since it is known that all usual set-theoretical notions can be defined in terms of one, the notion of
belonging, or the membership relation, the final form of our question is whether the membership relation is a logical
one in the sense of my suggestion.”

147(Gómez-Torrente 2019) points out that the account indicated by Tarski here requires a cumulative hierarchy of
types, for otherwise ∈τ , for any type τ , would not actually be an object occurring in any type, given that it relates
objects of different types - it would fall outside of the type-hierarchy altogether. On a non-cumulative construal,
type-theoretic membership would thus not be a notion in the sense of the 1966 lecture at all. While it is somewhat
unclear how Tarski conceives of the structure of the type-hierarchy in his lecture it later becomes clear that Tarski
has something like a cumulative hierarchy in mind.

148This makes it of course difficult to talk about the membership relation, given that there is one for each type τ .
To remedy this one could either privilege a particular type, or conceive of the membership relation as a function from
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relation ∈〈e,〈e〉〉=: {〈a,A〉 ∈ M × P(M) | a ∈ A}. Given that any permutation π of M induces a

permutation ‘further up’ the hierarchy, it is clear that, whenever a ∈ A, π(a) ∈ π(A), and thus that

∈〈e,〈e〉〉 is permutation-invariant and thereby logical under Tarski’s proposal. Hence, “as a science

of individuals, mathematics is different from logic, but as a science of higher-order structures,

mathematics is logic” (Sher 1991, 63). This kind of conclusion sits very well with an interpretation

of Tarski as putting forward a relativistic proposal, according to which the question of whether a

particular notion is logical is relative to a context of investigation.149

2.5.4 Logical Constants

The claim of discontinuity between Tarski’s early project of providing a philosophical

foundation for the concept of logical consequence, which critically relied on a distinction of the

terms of a language into logical and extra-logical, and his later attempt at a characterisation of

logical notions has often been supported by pointing to the apparent shift in focus from logical

terms or constants to logical notions or objects. However, a very natural way of connecting his later

account with his earlier interests and theoretical needs suggests itself: simply count those terms as

logical that denote logical notions in the 1966 sense – logical constants will be those expressions that

denote permutation-invariant objects. An approach of this kind was advanced in the posthumously

published monograph A Formalization of Set Theory Without Variables (Tarski and Givant 1987),

written by A. Tarski and S. Givant. Some indication that this was the intended way of completing

the required definition of ‘logical term’ are already implicit in Tarski’s 1966 lecture. There Tarski

talks about logic as a system of true sentences, where “the sentences contain terms denoting certain

notions, logical notions” (Tarski 1986, 145), and asks his readers to “consider the notions which are

denoted by terms which can be defined within any of the existing systems of logic” (Tarski 1986,

150) [our emphasis].

The impression of continuity, and of the 1966 lecture indeed addressing the issues left open

in the 1936 account of logical consequence, is further supported by the intra-textual references given

by Tarski: not only does the earlier paper (Tarski and Lindenbaum 1983) already play an important

types τ to universes Mτ , seeing every individual ∈τ as a particular instance of the membership relation.
149Cf. (Gómez-Torrente 2002), (Gómez-Torrente 2019). Cf. also (Tarski 1987), as quoted in (Gómez-Torrente 2019)

and (Bellotti 2003, 411): “sometimes it seems to me convenient to include mathematical terms, like the ∈-relation,
in the class of logical ones, and sometimes I prefer to restrict myself to terms of ‘elementary logic’. Is any problem
involved here?”
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role in his characterisation of the logical notions, but both the Lindenbaum-Tarski results, as well

as the 1966 account of logical notions is explicitly mentioned and referenced as underlying the

definition of logical constants in (Tarski and Givant 1987): “It is based upon a conception of logical

symbols which we believe was suggested for the first time in Lindenbaum-Tarski [1936]” (Tarski and

Givant 1987, 57).150 Moreover, the examples given for the kinds of relations that qualify as logical,

according the criterion provided in (Tarski and Givant 1987), are precisely the same as those that

can already be found in (Tarski and Lindenbaum 1983) and (Tarski 1986). It is worthwhile to

reconstruct Tarski & Givant’s 1987 account of logical constants in full here.

Similar to how the 1966 account defines the possible space of notions, Tarski & Givant ask

their reader to consider any non-empty set U (which is to serve as the domain for a model of the

theory they are investigating in the book), and construct a type-theoretic hierarchy of objects over

that set, obtaining “from this basic universe U various derivative universes of higher types” (Tarski

and Givant 1987, 57), denoted by Ũ . Just as in the 1966 account they then introduce the central

concept of a permutation, point out how a permutation of U induces a permutation of all Ũ , and

explain what it means for an element of any derivative universe to be permutation invariant:

Every permutation P of the basic universe (i.e., every one-one mapping of U onto U)
induces in a natural way a uniquely determined permutation P̃ of any given derivative
universe Ũ . A member M of Ũ is said to be invariant under P if P̃ (M) = M . (Tarski
and Givant 1987, 57)

Tarski & Givant then continue to provide a two part definition of the concept of ‘logical constant’.151

The first, condition (A), perfectly matches the account of logical notions given in (Tarski 1986):

(A) Given a basic universe U , a member M of any derivative universe Ũ is said to be logical, or

a logical object, if it is invariant under every permutation P of U . (Tarski and Givant 1987,

57)

They continue by remarking that, due to the type-theoretic formalism and the fact that an object

can be a member of several derivative universes, it would be better to relativize ‘is a logical object’

to ‘is a logical object as a member of Ũ ’. They then proceed to state the, for our purposes central,

definition of the concept of logical constant in the framework of their investigation:

150They further refer to (Tarski 1986).
151Cited from (Tarski and Givant 1987, 57).
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(B) A symbol S of the formalism L̄x is said to be logical, or a logical constant, if, for every

given realisation U of this formalism with the universe U , S denotes a logical object in some

derivative universe Ũ . (Tarski and Givant 1987, 57)

A brief comment is in order here: the particular formulation of (B) is tailored to the specific goals

pursued by Tarski & Givant in their monograph. In particular, they are here concerned with

establishing the expressive equivalence between two languages, one of which is L̄x, by extending

their respective vocabularies with new symbols. Apart from a non-logical membership symbol

E, L̄x and its extensions contain only logical symbols (s.t. realisations U of L̄x will consist of a

universe U , together with an interpretation of the non-logical symbol E), necessitating the definition

of this concept. Overall, the monograph aims to present a non-quantificational language for the

formalisation of set theory. Given the specifics of the definition, and the fact that its formulation is

tailored to a particular kind of language, it seems, at first sight, as if the definition of logical symbol

provided here is highly dependent on the particular context of the investigation, and relative to a

particular class, or type of, languages. However, nothing speaks against adapting and applying the

definition formulated in condition (B) to a wider class of languages than the languages considered for

the special purpose at hand. In fact, not only is nothing in the text indicating that the definition was

only meant to apply to the very restricted context presented there, but there is further evidence that

Tarski & Givant saw condition (B) as a specific instance of a more generally applicable definition

of the notion of a ‘logical symbol’, and that it is thus generalisable without issues beyond the

context of (Tarski and Givant 1987). For almost immediately below the definition comprising

conditions (A) and (B) they point out that those symbols “which were referred to from the start

as logical constants, i.e., the implication and negation symbols and the universal quantifier, can

also be subsumed under logical constants in the sense of [B]”, even if “this would require, however,

some expansion and elaboration of our terminology” (Tarski and Givant 1987, 57). Hence, even

constants of languages not covered explicitly by condition (B) can be regarded as logical constants

in the sense of condition (B), even if this would require some modifications to make the definition

apply correctly (presumably of the kind discussed in the previous section, identifying the semantic

values of logical symbols with certain notions/objects in the type hierarchy over a base universe
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U)152.153

Hence, condition (B) can be seen as a suitably adapted and contextually restricted version

of a general thesis concerning logical symbols:

Tarski’s Thesis∗: A symbol S is a logical term if it denotes a logical notion.

This thesis can easily be extended to cover composite expressions as well and to thereby guarantee

closure under definability: An expression e (whether atomic or composite) is a logical term if it

denotes a logical notion.

Note that this formulation, just as Tarski & Givant’s account in (Tarski and Givant 1987),

leave it open whether we are taking a ‘fixed-domain’ or a ‘varying-domain’ perspective, i.e., whether

we are discussing the status of an expression in an interpreted language, or with respect to a full-

blown model-theory. This translates into the question of whether a symbol/expression is logical

if it denotes a logical notion in the type-hierarchy over a specific base universe U , or whether it

must denote a logical notion (the same logical notion?) in the type-hierarchies over all possible

base universes. The account Tarski seems to provide in (Tarski 1986) aligns with the former thesis,

and he has thus often been taken to adopt a ‘fixed-domain’-account.154 For exegetical purposes

it might thus be more accurate to formulate the two theses above by relativizing them to “An

expression e (whether atomic or composite) is a logical term in an interpreted language L if it

denotes a logical notion in the type-hierarchy over UL”, where UL is the domain of discourse of the

language L. However, in the contemporary model-theoretic setting the variable domain-perspective

is predominant (and even essential) and for this reason, going forward, we thus simply interpret

Tarski’s Thesis and Tarski’s Thesis∗ as being applied in a variable-domain approach.

Since the theorem of (Tarski and Lindenbaum 1983) referenced in the previous section

applies no matter the base universe over which a type-hierarchy is built, Tarski’s result concerning

the logicality of the basic notions of STT, assuming some adequate identification of these notions

with objects of the type-hierarchy, carries over to the basic symbols of the formalism of STT.

Hence, all primitive symbols of STT, taken to denote some object in the type-hierarchy over a

152See also (Gómez-Torrente 2002, n. 17).
153Note that in the definition of what is a logical symbol, condition (B), can be read as having avoided the domain-

specific difficulties discussed above, by requiring S to have to denote a logical object in every ‘realisation of the
formalism’. If it is read, instead, as ‘every realisation with universe U ’, the same difficulties re-emerge of course.

154See note 51.
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base universe and including the standard connectives and the quantifier-symbols ∀τ , ∃τ for all

types τ , qualify as logical according to Tarski’s Thesis∗.155 Assuming closure under definability,

all symbols and expressions defined by purely logical means will then also be rendered logical.

On the other hand, simple cardinality considerations for infinite universes show that not every

logical notion in a type-hierarchy such as STT can be denoted by a logical expression – assuming

a countable language, logical notions vastly outnumber expressions.156

2.5.5 Issues with Tarski’s Criterion

Invariance-based criteria for the demarcation of the logical constants have received a

substantial amount of criticism since their inception, directed at a variety of features exhibited

by criteria of this type. A host of these, as they pertain to the main argument of this thesis,

are discussed in Chapter 3. Here, we focus on the criticisms that focus on aspects particular to

Tarski’s Thesis, leaving those that are not specific to Tarski’s account, but apply more broadly

to invariance-based approaches in general for discussion below.157

A first issue that is usually pointed out when discussing Tarski’s criterion of logicality

concerns the scope of applicability of Tarski’s Thesis: while the thesis yields a distinction be-

tween logical- and non-logical notions or objects, what was needed for an adequate criterion of

logicality was a well-motivated distinction between logical and non-logical symbols or expressions.

This limitation is not so severe since the natural extension of Tarski’s approach to logical notions

to linguistic expressions, the move from set-theoretic objects to linguistic entities, was already im-

plemented by himself in later work, as outlined in the previous section. Logical symbols, on this

extended account, are those that denote logical notions. Nonetheless, we here encounter a core fea-

ture of local semantic and, in particular, invariance-based approaches to the demarcation problem

for the logical expressions of a language, namely that the logicality of an expression is secondary to

and derivative of the logicality of its denotation/semantic value. An expression is logical in virtue

of its denotation being logical, and the former’s logicality crucially depends on the latter’s. The

determination of the logicality of a semantic object takes precedence. Local semantic criteria thus

155Cf. (Gómez-Torrente 2019).
156See, e.g., (Gómez-Torrente 2002, n. 20).
157For an excellent overview of the kinds of criticisms advanced against invariance-based criteria, see (Bonnay 2014)

and (MacFarlane 2017).
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generally comprise at least two parts: (A) a criterion for the logicality of an object; and (B) a stip-

ulation that those expressions are logical that denote an object that qualifies as logical according

to (A).

Unfortunately, the stipulation that a logical constant is an expression denoting a logical

object, combined with a characterisation of the logicality of an object a’la Tarski’s Thesis, is

not sufficient to fully address the worry that Tarski’s answer to the demarcation problem remains

partial. For Tarski’s Thesis is domain-relative: given a domain of objects, an underlying universe

of discourse, it tells us what are the logical objects over that domain. Tarski’s criterion delivers

an answer to the question of what are the logical expressions relative to this particular domain.

However, expressions may receive different interpretations in different domains and so the domain-

relative approach of Tarski gives rise to the question of whether what makes an expression logical

is a domain-specific or a domain-transcendent property; whether, for an expression to be logical, it

needs to denote a permutation-invariant object in all possible interpretations of the language it is

part of, in a, possibly privileged, particular interpretation (or: in all possible interpretations over a

privileged domain of objects158), or whether the logicality of an expression is an altogether relative

affair.

The domain-relativity of Tarski’s proposal tells us how to discern a logical object given

a domain, it does not, however, explain how to make cross-domain comparisons. There is no

mechanism to tell us what makes an expression logical independently of a pre-specified domain

– logical notions, and thus the expressions denoting them, remain relative to a base universe of

individuals and cross-domain comparisons are blocked altogether. There is a formal and a concep-

tual issue with this: the formal problem concerns the silence of Tarski’s criterion on how to make

such cross-domain comparisons, on how to go from ‘logical under an interpretation’, to ‘logical

simpliciter’. Not only does this omission conflict with the varying-domain account of contemporary

model-theory according to which expressions are interpreted over all possible domains, but it also

calls into doubt the adequacy of Tarski’s characterisation of the logical. For it raises the, metaphys-

ically problematic, question of whether there is one privileged domain according to which logical

notions should be evaluated (e.g., the domain containing all ‘actually existing’ individuals159), and

158Note that this is arguably the formulation most closely resembling condition (B) above.
159Thereby introducing a whole host of other issues concerning the question of whether the collection of all existing

things has proper-class size and thus cannot function as a domain in the sense of traditional model-theory.
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conflicts, if circumstances are unfortunate enough, with predictions of what sort of expressions and

properties should be considered logical and which should not. Given the dependence on the under-

lying domain, Tarski’s domain-relative characterisation of the logical allows accidental features of

the underlying set to creep in. McGee (1996, 569) provides the delightful example of the affluence

quantifier A, denoting the operation of affluent cylindrification: Axϕ(x) will be true iff some rich

person is a ϕ. Now,

[o]n a great many domains, we can show that affluent cylindrification is not a logical
operation by pointing to a permutation by which the operation is disturbed. Any
permutation which takes a set with a least one rich person in it to an equinumerous
set containing no rich people will do the job. But if we happen to be in a particularly
upper-crust domain consisting entirely of rich people, affluent cylindrification will act
just like ordinary cylindrification, so it will be invariant under all permutations of the
domain. (McGee 1996, 576)

Hence, given a domain sufficiently uniform with respect to some accidental feature such as, e.g.,

wealth, Tarski’s criterion will yield wrong predictions as to what is logical and what is not;160 it is

unable to distinguish accidental from non-accidental features of the domain.161 What is needed to

rule out this sort of example is the possibility of cross-domain comparison for a “property which,

while invariant under all permutation [sic!] of a given domain, is disrupted when we move [...] to a

different domain must depend on some special feature shared by the members of the first domain

and lacked by the members of the second domain. It is not the sort of purely structural property

that pure logic studies” (McGee 1996, 576). This criticism presupposes a domain-independent

conception of (logical) properties. Properties in this sense receive an extension over each domain,

but are not identical with any extension over a particular domain (we may think of a logical

object in this sense as a class function from domains to extensions over these domains). One is

obviously free to simply deny that a property is such a domain-transcendent object, but note that

not only is this a rather natural way to think about what ‘really’ is a logical notion, already hinted

at when talking about how to identify the operations corresponding to the standard connectives

and the operations of quantification in the Tarskian framework, but denying it also puts serious

160See (McGee 1996, 576): “if we happen to be in a particularly upper-crust domain consisting entirely of rich people,
affluent cylindrification will act just like ordinary cylindrification, so it will be invariant under all permutations of
the domain.”

161Of course, this issue could be circumvented by demanding a sufficiently ‘rich’ domain, but this would bring us
back to the problematic question of whether there is, and if so, in virtue of what it is, a privileged domain for the
evaluation of logicality. See note 51 for comment on the issue of ascribing a fixed-domain conception to Tarski.
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pressure on identifying a privileged domain over which the expressions of a language are to be

interpreted and to explain why contemporary model-theoretic practice is wrong. In any case, what

matters for present purposes is that there is no way on the Tarskian account to adequately capture

such a cross-domain conception of logical properties given its local notion of logicality in terms of

permutation-invariance.

This is the case as the sort of issue pointed out by McGee cannot be resolved on Tarski’s

conception neither by making his notion of a logical property absolute, nor by making it universal :

on the one hand, demanding that a particular object is logical only if it is logical everywhere

trivialises the Tarskian approach since objects logical over one domain might seize to be so under

extensions of that domain (the only notion that would qualify as logical under this kind of proposal is

the empty set at all types)162. On the other hand, note that while it is easy enough to block examples

of the kind above by permitting cross-domain comparisons (simply considering an equinumerous

domain containing a not-so-well-off person would do to rule out the (cross-domain) operation of

affluent cylindrification as a logical operation), it is still not enough to demand that, for a cross-

domain operation to be logical, it needs to instantiate a logical operation over each particular

domain, i.e., that it needs to yield a permutation-invariant operation when restricted to a particular

domain. For such a conception would still permit non-logical features to influence the extension of

a logical operation on a domain and thus make logic susceptible to non-logical factors:

In order for an operation across domains to count as logical, it is not enough that
its restriction to each particular domain be a logical operation. To see this, consider
wombat disjunction, defined by

σ satisfies (φWψ) iff either there are wombats in the universe of discourse
and σ satisfies either ϕ or ψ or there are no wombats in the universe and σ
satisfies both ϕ and ψ.

“W” is clearly not a logical connective, yet, for any S, the operation on S described by
“W” is a logical operation on S. For “W” will be coextensive either with “∨”, which is
a logical connective, or with “∧”, which is likewise a logical connective. (McGee 1996,
575)

An operation such as ‘wombat disjunction’ threatens Tarski’s account since it turns out to be

coextensive with a logical, i.e., permutation-invariant notion over each domain, yet its extension is

162See the remarks above concerning the identification of standard logical notion in the Tarskian type-theoretic
framework and (Simons 1987, 387).
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not independent of ‘our knowledge of the external world’: in order to know its extension we need to

have knowledge about the domain over which we are interpreting the connective, namely whether it

contains wombats or not. It thus turns out to be sensitive to the one-to-one replacement of objects,

for if we switch wombats for non-wombats the extension of the operation of wombat disjunction

will eventually change.163 Wombat disjunction “surely oughtn’t count as a logical symbol, since the

truth or falsity of a sentence of the form (P W ¬P ) is contingent upon the existence of wombats,

even if P is a sentence with no extralogical terms” (McGee 2005, 375). What thus emerges as a

desideratum for an invariance-based conception of logicality is a principled account of cross-domain

comparisons of operations ruling out the above counterexamples. These examples demonstrate that

permutation-invariance over all domains is insufficiently weak as such a cross-domain constraint.

(A somewhat related criticism concerns the extensional adequacy of Tarski’s criterion.

This criticism alleges that while Tarski’s Thesis might be a necessary condition for a notion to

qualify as logical, its sufficiency is seriously undermined by the fact that certain, intuitively non-

logical, properties turn out to be co-extensional with logical notions over all domains (e.g., ‘is a

unicorn’; ‘is a round square’, etc.).164 Since this intensional criticism arises for any extension-based

invariance account, we will discuss it in Chapter 3 below.)

The most devastating criticism of Tarski’s approach, however, stems from its starting

point, the idea that logical notions are distinguished by their generality. Simons (1987, 383) em-

phasises that Tarski’s account has much to recommend itself, stressing, as it does “both the conti-

nuity between logic and mathematics and the greater generality of logic”. However, it remains very

unclear in how far Tarski’s approach can actually be seen as either continuous with mathematics or

as capturing the particular generality of logic. Regarding the latter point, it is important to point

out that, even if this fact is frequently misconstrued, Tarski was concerned with the generality of

the notions particular to logic - his goal was to delineate the notions proper to logic by means

of identifying them as the most general notions. Yet, when talking about the generality of logic,

163Note that different from the demand for the ‘uniform behaviour’ of a logical operation across domains, as ar-
ticulated in (Feferman 1999), this constitutes a genuine problem for the invariance-based account of Tarski, for the
‘meaning’ of wombat-disjunction over a domain depends on non-structural, accidental, features of the domain; it
depends, in a very concrete sense, on the identity of objects. Furthermore, this kind of example is also different from
the intensional criticism put forward by, for example, (Gómez-Torrente 2002, 18) against the extensional adequacy
and sufficiency of Tarski’s Thesis, and which we will discuss further in Chapter 3 below; cf. also (MacFarlane 2017)
and (Bonnay 2014).

164Cf., e.g., (McGee 1996), (Gómez-Torrente 2002), (Bonnay 2014).
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what is usually meant concerns the generality of logical laws, the universal applicability of these

laws to every domain and every subject matter whatsoever and their vast, (near) universal, scope.

Thus we have here a contrast between the generality of logical notions and the generality of logical

laws. This contrast need not be problematic for the Tarskian project, and might indeed be a rather

shallow issue given that it is natural to anchor the generality of logical laws in the generality of

logical notions. It seems natural to ground the universality of logical laws in the fact that logical

notions do not discriminate between objects; their insensitivity to particular subject matters is

what makes the logical laws based on them so widely applicable. Nevertheless, in the very least

it demonstrates that further argument is needed to show that the generality of logic translates

directly into logical notions being the most general notions available, and to outline the mechanism

by which the generality of logical laws is grounded in the generality of its notions.165

The previous remark leads to a much deeper and more substantial objection concerning the

way the Tarskian project is carried out, questioning in how far the generalisation of Klein’s Erlanger

Program, a program whose original purpose consisted in a unification of geometry, is appropriate for

capturing and formally characterising the generality of logical, i.e., non-geometrical, notions. What

becomes important here is the relationship between the pre-theoretical conception of generality and

its particular (formal) implementation, obtained by extending Klein’s program beyond geometry,

for there are reasons to think that the notion to be formalised and its formalised counterpart are not

quite congruent in the present context. Sagi (2017, 6) contends that the “generality of logical notions

strips them from any content specific to some geometric discipline” and that Tarski’s conception,

therefore, “transcends the realm of geometry” (Sagi 2017, 6/7). However, there are reasons to

think that the core of the ‘geometric’ adaptation of the notion of generality as formulated in Klein’s

Erlanger Program remains in the choice of the classes of maps at the center of Tarski’s approach

165The generality of logic is often taken to consist of the fact that its laws are unrestricted, encompassing everything
and applicable everywhere, active in every specialised discipline and field whatsoever. While it is natural to ground
the generality and universal applicability of logical laws in the nature of its privileged notions, the fact that Tarski is
here concerned with general notions, rather than general laws, once again emphasises the focus of his project: true
to Klein’s Erlangen Program his concern is the particular subject-matter of logic, its characteristic notions. Logic,
on Tarski’s view here, is not the ‘most general science’, but, rather, the science studying the most general notions.
The generality of logical notions and the generality of logical laws based on them naturally complement each another,
which is further supported by McGee’s characterisation theorem which shows that Tarski’s conception of logical
notions is equivalent to the assumption of a particularly strong infinitary logic. Nonetheless, the connection between
the two is not completely obvious, for the generality of logical laws is often grounded in their necessity, a feature that
seems to be absent from the characterisation of the logical notions along the lines of Klein; cf. (Sanchez-Miguel 1993,
107ff.).
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to logicality. For Tarski required his maps to be surjective and there appears to be nothing in the

concept of ‘generality’ that he was trying to explicate in terms of ‘structure-preserving invariance’

justifying this requirement. In particular, if greater generality corresponds to more encompassing

classes of maps, then the class of all permutations is not the limiting case of the classes of maps

from a space to itself – there will be many more more encompassing classes consisting, in particular,

of those functions not respecting the requirement of surjectivity. Such functions will not merely be

artificial generalisations either, for “[i]n mathematics much more general kinds of transformations

[than permutations] – which do not respect inequality – are many times considered the natural

ones” (Casanovas 2007, 36); classes of structure-preserving maps more encompassing than classes

of permutations are oftentimes the most natural maps to choose and study when being concerned

with the invariance of particular mathematical objects. Hence, the existence of such natural (i.e.,

relevant structure-preserving) and, importantly, wider classes of functions in mathematics suggests

that Tarski’s justification of permutation-invariance in terms of generality might be incomplete.

His conception should have naturally led him to even larger classes of functions and prevented him

from stopping at the class of all permutations of a space. In the very least, additional justification

is required for why surjectivity of functions is an essential component of his formal implementation

of the concept of generality.166 Thus, Bonnay (2008) says that:

The argument in terms of generality rests on the assumption that invariance under the
biggest class of transformations yields maximal generality. The idea is that the group of
all permutations is as “big” as one might wish, because in that case the transformations
do not respect any extra-structure, such as e.g., the topological structure of the space.
[...] But [...] this is quite demanding [...]. Now there are a lot of other concepts of
similarity between structures which are used in model theory and in algebra which are
far less demanding. Instead of requiring the structure to be fully preserved, they lower
the requirement to some kind of approximate preservation. Why should we refrain from
resorting to these other concepts? To sum up, even if one grants that generality is a
good way to approach logicality, there is no evidence that the class of all permutations
is the best applicant for the job. (Bonnay 2006, 38)

Continuing the natural course of argument from generality and its implementation a’ la Klein to its

limit, one could, in the extreme case, “remove all constraints on the functions involved, requiring

logical operators to be invariant under all functions [...] whatsoever” (Sher 2008, 306). While

166Cf. also (Bonnay and Engström 2018, 128) who point to the potential divergence of the pre-theoretical motivation
and the formal implementation: “Our point is rather to suggest that these arguments [including the argument from
generality] may be deemed to be on the right track only if we know that logical relations are characterizable in terms
of invariants of a group of permutations.”
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this would certainly yield ‘notions of utmost generality’ according to the conception of generality

developed here, the result would have “very little to do with what we think of as logic” (Sher

2008, 306). The ensuing theory would look like a theory of semantic types, of categories into which

expressions could be sorted according to their denotations. Sher concludes from this that “if we want

to reserve any semblance to what we intuitively mean by logic, we cannot regard utmost generality

[...] as the mark of logic” (Sher 2008, 307). In the very least, what the preceding demonstrates

is that there is a serious dissonance between the starting point of logical notions being the most

general notions, and the way this conception is fleshed out in the context of Klein’s Erlanger

Program. One is thus led to suspect that remnants of the geometric origin of the conception of

generality (contra Sagi167) are still present in its formalisation as invariance under permutations,

for nothing in the ‘naive’ idea of generality appears to require sensitivity to the distinctness of

objects (thereby warranting the restriction to surjective functions).168 Taking the argument to its

full conclusion, however, leads to most general classes of functions, and extensionally inadequate

results. It is thus questionable whether the geometrical conception of generality is appropriate as a

measure and implementation of a notion of generality for logic. This calls into doubt the foundation

of Tarski’s Thesis and leaves one wondering whether the conception of logicality Tarski arrives

at can be sufficiently justified on the basis he proposes169.170

2.5.6 Historical Remarks

Lindenbaum & Tarski 1936 The probably first explicit connection between (a particular selec-

tion of) logical notions and permutation invariance was made by Lindenbaum and Tarski in their

article, frequently mentioned above, “On the Limitations of the Means of Expressions of Deductive

167The reason for the preservation of the geometric core in Tarski’s conception does not derive solely from its
geometric origin, but rather from the, from the perspective of logicality arbitrary, stopping point at surjective functions
build into this conception. The fact that this restriction does not flow naturally from the formalisation of the concept
of generality and that there is reason to seriously doubt the adequacy of this constraint for capturing the proper
notion leads one to doubt whether the starting point in geometry does ultimately lead to a suitable generalisation
for the purpose at hand.

168Cf. also (Button and Walsh 2018, 390ff.).
169(Mautner 1946, 345) might have been aware of this conceptual difficulty, for he remarks that “the aim of this

paper is not a contribution to the rigorous foundations of logic, but the application of group- and invariant-theoretic
methods.”

170A further difficulty with the proposed formal explication of generality is mentioned by MacFarlane (MacFarlane
2000) when he discusses the language-specificity and therefore limited applicability of the kind of conception outlined
(i.e., languages need to be extensional, possess satisfaction-conditions, etc). We will return to the question of how to
extend the approaches outlined here to other languages in Chapter 3 below.
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Theories” in 1936. They there show that in a system of logic at least as strong as the logic of Prin-

cipia Mathematica, i.e., in a system consisting of the simple theory of types (including the axiom

of extensionality) and possibly other axioms (but no further undefined constants), every notion (at

any type) definable by purely logical means is invariant with respect to permutations of the base

universe of individuals. Moreover, this invariance can be proved within the system (Theorem 1).171

From this result they derive the fact that “no two individuals are distinguishable by purely logical

means” (Tarski and Lindenbaum 1983, 386), i.e., that there are no logical individuals (Theorem

2), and that the only classes definable by purely logical means are the universal and the empty

class of individuals (Theorem 3). They further establish that there are only four binary relations

holding between individuals definable by purely logical means (Theorem 4) – identity, distinctness,

the universal, and the empty relation, – and point out how this result can be extended to n-ary

relations, showing that for each n there will only be a finite number of n-ary relations invariant

under permutations, each definable in terms of identity and the sentential connectives. As a final

application of the main theorem they show that “no two classes of individuals which have equal

cardinal numbers and whose complements also have equal cardinal numbers, are distinguishable

by purely logical means” (Tarski and Lindenbaum 1983, 387)(Theorem 5). This leads them to say

that172

It is customary to say that our logic is a logic of extensions and not of intensions, since
two concepts with different intensions but identical extensions are logically indistin-
guishable. In the light of Th. 5 this assertion can be sharpened: our logic is not even
a logic of extensions, but merely a logic of cardinality, since two concepts with differ-
ent extensions are still logically indistinguishable if only the cardinal numbers of their
extensions are equal and the cardinal numbers of the extensions of the complementary
concepts are also equal. (Tarski and Lindenbaum 1983, 387/388)

Lindenbaum & Tarski then continue the article by applying the results obtained to a sample ‘spe-

cial deductive science’, Euclidian geometry, and show that as a consequence of their main theorem,

every notion definable in terms of logic and geometry is invariant under similarity-transformations.

They further derive some indefinability results (no absolute unit of length is definable in Euclid-

ian geometry, no direction of a straight line can be singled out), quickly discuss extensions to

171They refer to an earlier result by Mostowski as having already given the proof of their theorem, albeit under a
weaker formulation of it; cf. (Tarski and Lindenbaum 1983, n. 2).

172See, e.g., (Westerst̊ahl 1989, 68) for a precisification and (partial) verification of this claim for a class of quantifiers
of a particular type. See (Sher 1991, 68) and (Sher 2001, note 9) for comment on the general claim.
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projective geometry and topology, and then return to a discussion of the effects of Theorem 1

on specifically metamathematical concerns. Thus, while many of the ideas concerning logicality

formulated in (Tarski 1986) where clearly already present and well-thought out in (Tarski and

Lindenbaum 1983), published some 30 years earlier, the main theorem of (Tarski and Lindenbaum

1983) is not used to provide a characterisation of logical notions or logical constants there, but

rather to show that, presupposing the standard logical constants of a theory such as Principia

Mathematica, these constants and those definable in terms of them by purely logical means are

insensitive to permutations of the base universe of individuals. Hence, while the general methods

and the overall formal approach were already adequately developed, the question of a demarcation

of the logical was of little concern for this early paper.

Mautner 1946 The first person to extend and apply Klein’s Erlanger Program to logic was not

Tarski in 1966, but F.I. Mautner twenty years earlier in his article “An Extension of Klein’s Erlanger

Program: Logic as Invariant Theory” (Mautner 1946), which remained, as far as we know, unknown

to Tarski. Mautner’s goal in this paper was, emphatically, not philosophical, but to extend Klein’s

method to the ‘two-valued, boolean, mathematical logic of propositions and propositional functions’

to show that logic emerges as the ‘invariant-theory of the symmetric group’ and to develop it as

the invariant-theory of the symmetric group in the sense of Weyl:173 “the aim of this paper is

not a contribution to the rigorous foundations of logic, but the application of group- and invariant-

theoretic methods” (Mautner 1946, 345). In the course of developing logic as the invariant theory of

the symmetric group Mautner establishes, first for propositional functions in one variable (Theorem

1.1) and then, extending this result, for all finite-valued propositional functions (Theorem 1.2), that

given a fixed domain of individuals D the group of automorphisms of the Boolean algebra of all

propositional functions on D is the symmetric group174 over D. He further shows (Theorem 1.3

& 1.4) that “only such properties [...] are of objective logical meaning as are invariant under the

symmetric group” (Mautner 1946, 346). Thus, while the philosophical significance of these results

was only exploited later, the mathematical extension of Klein’s program to logic had, in an algebraic

setting, already been made.

173Cf. (Weyl 1997).
174The symmetric group over a set is the set of all bijections from that set to itself with the group-operation of

composition of functions.
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Krasner 1950 A characterisation of the scope of the criterion of permutation-invariance, in terms

of a correspondence between permutation-invariance and definability in L∞,∞, was, in essence, al-

ready contained in work by Marc Krasner.175 In his paper Généralisation abstraite de la théorie

de Galois (Krasner 1950) Krasner generalised classical Galois theory – which studies the corre-

spondence between subgroups of the automorphism group of a particular type of field-extension

and intermediate fields in these extensions, – to a logical setting, claiming that “the true origin

of Galois theory [does not lie] in algebra, in the strict sense of the word, but in logic” (Krasner

1950, 163).176 More specifically, Krasner extends the notion of a Galois correspondence to cover

the duality between automorphism groups of structures and sets of relations closed under ‘logical

operations’.177 He then shows, essentially, that there is a correspondence between subgroups of

the full symmetric group of a structure, i.e., the group of all permutations, and sets of relations

closed under definability in L∞,∞ over a first-order structure (permitting relations of infinite adic-

ity). (Bonnay and Engström 2018) show how this result can, along Krasner’s lines, be extended to

structures containing also second-order relations (now with all first- and second-order relations of

finite adicity), obtaining McGee’s result, mentioned above, as a special case.

Mostowski 1957 The earliest account most closely resembling what has been called the “re-

ceived view regarding the semantic characterization of logical constants” (Bonnay 2014, 56), the

Tarski-Sher Thesis, is the theory of (logical) quantification developed in A. Mostowski’s On a

Generalization of Quantifiers (Mostowski 1957). Here we find, for the first time, a generalisation

of the first-order universal- and existential quantifiers, as well as an account of what makes such a

(generalised) quantifier a logical quantifier.

According to Mostowski, a quantifier, in its generalised form, is a proposition-building op-

erator which satisfies certain invariance-conditions. More specifically, while investigating “operators

which represent a natural generalization of the logical quantifiers” (Mostowski 1957, 12), i.e., of the

universal and existential quantifiers of FOL, Mostowski distinguishes between limited and unlimited

quantifiers. A limited quantifier is defined on a specific set M , whereas an unlimited quantifier de-

175Cf. (Bonnay 2014). For this paragraph we rely heavily on the account of Krasner’s ideas and results given in
(Bonnay and Engström 2018).

176As quoted in (Bonnay and Engström 2018, 111).
177(Bonnay and Engström 2018) show that ‘closure under logical operations’ in Krasner’s article is equivalent to

‘closure under definability in L∞,∞’, and thus directly related to McGee’s result.
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termines a limited quantifier on each set. In addition, limited quantifiers are required to be invariant

under all permutations of the set on which they are defined, whereas unlimited quantifiers have to

be invariant under all bijections between sets. More precisely, given a set M , a limited quantifier

on M is a function QM from (all) propositional functions in one variable on M to the truth-values

true and false, s.t. QM is invariant under all permutations of M . I.e., for a propositional function

P : M 7→ {true, false} in one variable, permutation π of M , and limited quantifier QM on M ,

we have QM (P ) = QM (π[P ]))178. An unlimited quantifier (also simply called a quantifier) is a

function Q assigning a limited quantifier QM to each set M , s.t. Q is invariant under bijections.

I.e., for sets M , M ′, a quantifier Q, a propositional function P in one variable on M , and a bijection

β : M 7→M ′, we have that Q(M)(P ) = QM (P ) = QM ′(β[P ]) = Q(M ′)(β[P ]) = Q(β[M ])(β[P ]).

Evidently, the standard first-order quantifiers, given in conditions (i) and (ii) below, are

quantifiers in the above sense, but Mostowski’s characterisation goes further and yields a genuine

extension of FOL, as illustrated by (iii) and (iv). These cases provide examples of operations that

qualify as Mostowskian quantifiers but are undefinable in standard FOL and thus yield a genuine

increase in expressive power when added to FOL.

(i) The (unlimited) universal quantifier ∀ can be identified with the following Mostowskian op-

erator: ∀(M) = ∀M , s.t. for all propositional functions P : M 7→ {true, false}, ∀M (P ) =

true iff P (x) = true for all x ∈M .

(ii) The (unlimited) existential quantifier ∃ can be identified with the following Mostowskian

operator: ∃(M) = ∃M , s.t. for all propositional functions P : M 7→ {true, false}, ∃M (P ) =

true iff P (x) = true for some x ∈M .

(iii) The (unlimited) quantifier “there exist ℵα many” for some (infinite) cardinal number ℵα, Qℵα ,

is a Mostowskian quantifer of the following form: Qℵα(M) = QℵαM , s.t. for a propositional

function P : M 7→ {true, false}, QℵαM (P ) = true iff P (x) = true for at least ℵα many

x ∈M .

(iv) The (unlimited) quantifier “finitely many”, QFin, given by QFin(M) = QFinM , s.t. for a

propositional function P : M 7→ {true, false}, QFinM (P ) = true iff P (x) = true for fewer

than ℵ0 x ∈M .

178Where π[P ] is the permutation of P induced by π; cf. (Mostowski 1957, 13).
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The concept of a quantifier introduced by Mostowski thus constitutes a genuine extensions of the

standard quantifiers of FOL. In devising his generalisation of a quantifier Mostowski isolated and

abstracted two ‘quantifier-conditions’ from the classical ∀ and ∃ which he took to be essential for

a notion to constitute a quantifier, and which he transformed into a definition. This definition

encompasses the universal and existential quantifiers of first-order logic, while at the same time

extending the class of monadic (first-order) quantifiers substantially. The two conditions are:

(a) Quantifiers are proposition-forming operators attaching to (a sub-class of) propositional func-

tions: “quantifiers enable us to construct propositions from propositional functions with one

argument” (Mostowski 1957, 13).

(b) Quantifiers are insensitive to the identity of objects: “quantifiers should not allow us to

distinguish between different elements of [the domain]” (Mostowski 1957, 13).

Condition (a) is captured syntactically by associating with each quantifier a quantifier-symbol that

functions as a formula building-operator, attaching to a formula and binding (at most) one vari-

able in it, thereby generating, in finitely many applications of the quantifier-operation, a sentence

expressing a proposition. Note the restriction to binding at most a single variable when attaching

a quantifier-symbol to an open formula. The second requirement, condition (b), that “quanti-

fiers should not allow us to distinguish between different elements of [the domain]”, is captured

through an invariance condition: invariance under permutations in the case of limited quantifiers

(which Mostowski takes to suffice for satisfying condition (b)), invariance under bijections in case

of (unlimited) quantifiers. We here have a connection to both the earlier works of (Tarski and

Lindenbaum 1983) and (Mautner 1946), both of which are referenced by Mostowski,179 as well as

to later work by Sher, whose invariance-condition was foreshadowed in Mostowski’s requirement of

bijection-invariance for unlimited quantifiers.

Syntactically, a Mostowskian quantifier is associated with a quantifier symbol Q that

combines with a single variable and formula ϕ to form a well-formed formula Qxϕ in which x is

bound. Models, satisfaction, and truth are defined as in standard FOL, except that, in the extended

system, Q is interpreted by a permutation-invariant limited-quantifier QM on a set M of a model

M, s.t. M |= Qxϕ [σ] iff QM (JϕKM,σ) = true.180 Mostowski shows that all quantifiers satisfying

179Cf. (Mostowski 1957, 13).
180Cf. (Mostowski 1957, 15ff.).
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conditions (a) and (b) are cardinality-quantifiers in the following sense: given a domain M of

cardinality |M |, consider the set CM of all ordered pairs 〈κ, λ〉 of cardinal numbers, s.t. κ+λ = |M |.

We can then consider functions t : CM 7→ {true, false} and, for each of these functions, a limited

quantifier Qt, s.t. Qt(P ) = t(|P |, |P c|).181 Mostowski then demonstrates that, for each t, Qt is

indeed a limited quantifier in his sense and, furthermore, that for each limited quantifier QM there

exists a t : CM 7→ {true, false}, s.t. QM = Qt.182 Mostowski says that all (limited) quantifiers

QM are determined by such a cardinality-function t. All and only those operators that can be

defined by a cardinality function t in this way will be quantifiers in Mostowski’s sense. Hence,

logical quantifiers, on Mostowski’s account, are cardinality quantifiers.183

Mostowski further investigates the properties of the extended logics arising from his gen-

eralised notion of a quantifier, showing, among other things, that completeness is, in general, lost.

More precisely, he shows that any system containing a quantifier satisfying the following condition

will be essentially incomplete:

(E) the quantifier is determined by a cardinality function t, s.t., on countably infinite domains,

both {n | t(n,ℵ0) = false} and {n | t(n,ℵ0) = true} are countable.184

Condition (E) provides a sufficient (though not a necessary) condition for the resulting system to

be essentially incomplete. It holds, for example, for a quantifier Q which, on a countable universe,

is such that QM (P ) = true if |P | is even.

There are many aspects of Mostowski’s work that are important for the topic of this

thesis.185 Noteworthy are especially the general nature of the invariance condition that must be

satisfied by a notion to qualify as a quantifier, and its motivation as the formalisation of the inability

of logical quantifiers to distinguish the identity of objects,186 even if this condition is not necessarily

imposed here as a general criterion of logicality (but rather, as a condition of quantity). It is also

important to note that Mostowski limits himself to unary monadic quantifiers, quantifiers of type

181Where, abusing notation, |P | is the cardinality of the set of elements x s.t. P (x) = {true} and |P c| is the
cardinality of the set of elements x s.t. P (x) = {false}.

182See (Mostowski 1957, Theorem 1) and (Sher 1991, Appendix).
183Cf. Tarski’s remark above that ‘our logic is really a logic of cardinality, not of extension’.
184Cf. (Mostowski 1957, Theorem 2) and (Sher 1991, 17).
185For a more extensive analysis of Mostowski’s account, see (Sher 1991).
186For an extensive analysis and evaluation of the connection between Mostowski’s account and the later Tarski-

Sher Thesis, see (Sher 1991, Chapters 2 & 3).
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〈〈e〉〉, or, in other words, quantifiers in a single variable, thereby falling short of the general notion

of a Lindström-quantifier.187

Lindström 1966 The modern, fully general, conception of a generalised quantifier, also called a

Lindström quantifier, was first articulated by Per Lindström in his 1966 paper First Order Predicate

Logic with Generalized Quantifiers (Lindström 1966). Lindström generalised Mostowski’s quanti-

fiers in two ways: on the one hand, he extended the Mostowskian definition by relational and

polyadic operators, covering quantifiers that bind multiple variables in multiple formulas. On the

other hand, he demanded that quantifiers not only be permutation-invariant, but that they be closed

under isomorphisms. More precisely, a relational (first-order) structure M = 〈M,Ri1 , . . . , Rin〉 is

a tuple consisting of a non-empty set of objects, M , and a finite sequence of relations of adicity im

over M . The type of a structureM = 〈M,Ri1 , . . . , Rin〉 is a sequence 〈i1, . . . , in〉 of natural numbers

of length n (the number of relations of the structure M) with im the adicity of Rim (1 ≤ m ≤ n).

A Lindström- or generalised quantifier is then defined as follows:188

Definition (generalised quantifier): A (generalised) quantifier Q is a class of (relational) structures

of a type τ ∈ ωn that is closed under isomorphism.

IfM = 〈M,P i1 , . . . , P in〉 andM′ = 〈M ′, Ri1 , . . . , Rin〉 are structures of type 〈i1, . . . , in〉, s.t. there

exists an isomorphism f :M 7→M′, 189, then Q is closed under isomorphism iff, wheneverM∈ Q,

then M′ ∈ Q as well.

Syntactically, we associate with each quantifier Q of type τ = 〈i1, . . . , in〉 a symbol Q, s.t.

Q binds i1 + . . . + in variables and attaches to n formulas ϕj (1 ≤ j ≤ n) to form a well-formed

formula Qx̄1, . . . , x̄n(ϕ1, . . . , ϕn), where each x̄m is a sequence of variables of length im. For a

(first-order) structure M and an assignment σ : V ar 7→M , we have that

187See (Sher 1991) for an extension of Mostowski’s proposal and motivation to the class of all Lindström-quantifiers.
In many respects, the designation ‘Tarski-Sher Thesis’ for the core claim concerning logicality emerging from Sher’s
work is somewhat misleading, for it suggests viewing Sher’s criterion of isomorphism-invariance as a natural generali-
sation of Tarski’s criterion of permutation-invariance. However, Sher’s account is mostly unrelated to Tarski’s project
in (Tarski 1986), and her thesis can better be seen as the result of a generalisation of Mostowski’s intuitions to the
full range of Lindström-quantifiers, based on an analysis of the principles underlying Tarskian logical semantics.

188See (Lindström 1966, 186).
189An isomorphism f between two structuresM andM′ of type τ is a bijection from M onto M ′, s.t. f [P ij ] = Rij

for all ij in τ .
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M |= Qx̄1, . . . , x̄n(ϕ1, . . . , ϕn) [σ] iff 〈M, Jϕ1KM,σ, . . . , JϕnKM,σ〉 ∈ Q

The following are examples of generalised quantifiers in the sense of Lindström:

(i) The existential quantifier ∃ of type 〈1〉 as the class of all structures of the form 〈M,R〉 where

R ⊆M and R 6= ∅.

(ii) The More than quantifier of type 〈1, 1〉 given as the class of all structures of the form

〈M,R1, R2〉, s.t. R1, R2 ⊆M and |R1| > |R2|.190

Lindström’s definition and characterisation of generalised quantifiers gave rise to the enormously

fruitful field of study of abstract, model-theoretic, or generalised logics.191 yielding many important

and interesting insights192 and applications193. Lindström’s generalisation of quantifiers enabled

him to formulate the concept of an abstract logic194 and to develop powerful methods for comparing

logics with generalised quantifiers in terms of expressive strength, culminating in his celebrated

Lindström’s Theorem which characterises FOL as maximal w.r.t. the property pairs of compactness

+ Löwenheim-Skolem property down to ℵ0 and completeness + Löwenheim-Skolem property down

to ℵ0 (Lindström 1969).

Despite adopting the requirement of isomorphism-invariance and treating it as essential

to the notion of a (logical) quantifier, Lindström himself never discussed or elaborated on the philo-

sophical significance of this constraint or its motivation. Nevertheless, here the formal invariance

condition was, for the first time, stated and endorsed in full generality, ranging over all possible

second-level relations, and therewith over all possible (first-order) candidate logical quantifiers.

2.6 Concluding Remarks

The goal of the current chapter was to outline the origin, importance, and difficulty of

a central issue in the philosophy of logic – the distinction between the logical and the non-logical

expressions of a language. While broader in its scope, the issue arises particularly forcefully in

the context of Tarski’s model-theoretic definition of logical consequence, whose very foundations it

190See (Lindström 1966, 187/188).
191See, e.g., (Barwise and Feferman 1985).
192E.g. his celebrated characterisation of FOL among all other possible generalised logics.
193As, for example, in linguistics; see, e.g., (Peters and Westerst̊ahl 2006).
194See, for example, (Ebbinghaus 1985) for description and discussion.
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threatens to undermine. Given the importance of this definition for the contemporary conception of

logic this is the perspective we adopted throughout this chapter, and will throughout the remainder

of this thesis.

We criticised Tarski’s own later attempt at devising a principled division of the logical

notions of a language on the basis of multiple shortcomings. In the next chapter we will turn to what

has arguably become the most influential invariance-based approach to the demarcation problem of

the logical constants, the Tarski-Sher Thesis. Taking up many insights of Tarski’s early writings

on the foundations of logic, Sher’s proposal ultimately subsumes Tarski’s Thesis and overcomes

the deficiencies resulting from its local nature and its motivation in terms of generality.

This chapter contains material currently being prepared for submission for publication. The dis-

sertation author is the sole author of the material.
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Chapter 3

Invariance Criteria

3.1 The Formality of Logic: The Tarski-Sher Thesis

Tarski’s Thesis has frequently been criticised for its local nature, its inability to rule

out accidental features pertaining to the make-up of the particular domain under consideration. It

seemed unable to focus exclusively on logically relevant, and therefore domain-independent, aspects

of the underlying universes of discourse. G. Sher’s account1 is often presented as a generalisation

of Tarski’s approach, capable of overcoming these limitations by moving to a more encompassing

and thus more general invariance relation. While this picture constitutes a helpful and appealing

narrative, true in many ways given the nature of her eventual formal criterion, it is also somewhat

misleading when it comes to the motivations of Sher’s proposal and the justification of assumptions

and constraints she provides in that it ignores substantial differences between the conceptual basis

and nature of Tarski’s thesis and the Tarski-Sher thesis.

Sher’s proposal developed independently of Tarski’s 1966 account – ultimately subsuming

it, – and is based on principles found in his early work on scientific semantics and the philosophical

foundations of logic.2 There, Tarski took the relation of logical consequence to be a relation that had

to be necessary and formal.3 Sher’s account proceeded from an analysis of the principles at work

in the early Tarski’s characterisation of logical consequence, synthesising insights of Mostowski and

1Developed in a series of papers and books starting with (Sher 1991) and continuing through (Sher 1996a; Sher
2008; Sher 2013; Sher 2016) to name the most important works.

2See (Sher 1991, 63).
3See Chapter 2.
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Lindström on the nature of the formal, independently of Tarski’s later account of the nature of the

logical constants, despite their ultimate convergence. A guiding consideration of her approach was

that the conception of logical terms reached by the analysis must be consonant with an account of

logical consequence as necessary and formal. A core insight was that the principles underlying the

design of Tarski’s syntactic-semantic apparatus of models that grounded his conception of logical

consequence were not fully realised by the ‘standard logical system’ of FOL.

Apart from closing the gaps in Tarski’s celebrated approach to logical consequence, thereby

putting Tarski’s proposal on a secure philosophical foundation, Sher formulated, defended, and

advanced what has become known as the ‘received view’ concerning the demarcation of the logical

constants in the philosophy of logic – the gold standard against which every approach to the issue

has to measure itself and which, more often than not, is modified or supplemented rather than

abandoned by alternative proposals. Our own criterion, developed in detail in Chapter 5, is no

different here – adopting large parts and central aspects of the Tarski-Sher Thesis as it does.

Nonetheless, we believe certain shortcomings remain and to map those out and emphasise their

relevance in the context of this thesis is a central goal of the present chapter. We do so by carefully

reconstructing and critically examining the foundations and core features of Sher’s account, paying

special attention to the emergence of her criterion of isomorphism-invariance, and by analysing

some of the most influential criticisms that have been put forward against it. While rejecting most

of the criticisms, and accepting isomorphism-invariance as the essential (mathematical) constituent

of the formal, and thus the logical, in an account of the type we are interested in here, we ultimately

find fault with two aspects of her criterion: on the one hand, we feel that the role of the background

theory of structure required to get the criterion “off the ground” remains underemphasised. This

is not an issue for the account per se, but rather calls into question whether a distinction between

its informal/conceptual level, and its formal implementation can be drawn as clearly as desired.

On the other hand, and this we take to be significant and warranting re-examination, we take

Sher’s account to primarily address the question of what it is that makes a denotation logical.

This, however, does not yet tell us what it is that makes a constant, a particular symbol,4 logical.

We believe that the natural response that a constant is logical if it denotes a logical denotation

4In the widest sense of the word: we here take a symbol to be anything that can be used as a medium of
representation in a language.
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falls somewhat short, and it is this perceived lacunae in Sher’s account that our proposal in later

chapters wishes to address by devising a combined criterion of logicality, drawing from motivations

of an alternative tradition in the philosophy of logic, addressed briefly in Chapter 4.

The structure of the chapter is as follows: in Section 3.1 we reconstruct Sher’s criterion

‘from the ground up’, indicating and discussing the various choices made that led to its eventual

formulation, and its mathematical implementation as isomorphism-invariance. In this context we

also discuss in how far the relationship between the informal/conceptual version of the criterion

and the choice of a formal background theory of structure for any concrete implementation is

tighter than it might seem at first. Section 3.2 takes up and discusses some of the most common

objections to the Tarski-Sher thesis and finds all but one wanting. In Section 3.3 we then consider

various suggestions that have been made for modifying the criterion of logicality emerging from the

Tarski-Sher thesis in light of the objections discussed in the previous sections. Lastly, Section 3.4

concludes with a brief review and outlook.

3.1.1 Tarski’s Conditions on Logical Consequence

The most difficult part of an investigation into the foundations of logic, a theory so basic

to our overall system of knowledge that it is near impossible to do without, is to find a fruitful

standpoint from which to ask an informative question. Sher’s way out of this methodological

dilemma is to ask the question in a functional, rather than a metaphysically or pre-theoretically

loaded, way. Thus, rather than asking “What, in the nature of things, makes a property or relation

logical?” (Sher 1991, 36) we should be inquiring about the role logic is to play in our system of

knowledge in order to make headway on the question of where its boundaries lie. The task of logic,

its function or ‘job’, in our overall system of knowledge is characterised by Sher as follows:

Logic’s task is to develop a method of inference which is both highly general and has
an especially strong modal force. More specifically, its task is to develop a method
for constructing inferences that transmit truth from sentences to sentences with an
especially strong modal force and regardless of field of knowledge. (Sher 2016, 255)

These requirements on logic are perfectly captured by Tarski’s characterisation of logical con-

sequence as necessary and formal. The necessity of logical consequence ensures its particularly

strong modal force, whereas its formality guarantees wide applicability. Any adequate notion of

logical consequence that does justice to the ‘job-description’ of logic will have to be such that it
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is both necessary and formal. We can therefore derive the following two desiderata for a notion

of logical consequence from its characterisation as a universal, modally strong relation of inference

(Sher 1991, 40):

(C1) Logical consequence is necessary. Whenever a sentence ϕ is a logical consequence of a set of

sentences Γ, then it is impossible (in a very strong sense) for all γ ∈ Γ to be true, and ϕ to

be false.

(C2) Logical consequence is formal. The connection between premises and conclusion in a logical

inference that guarantees the transmission of truth with an especially strong modal force

holds in virtue of formal features of the sentences involved.

Tarskian model-theoretic semantics can be seen as a rigorous way to guarantee that the model-

theoretic definition of logical consequence does indeed explicate or precisify a notion of logical

consequence as necessary and formal: “conditions (C1) and (C2) on the key concept of logical

consequence delineate the scope as well as the limits of Tarski’s enterprise: the development of a

conceptual system in which the concept of logical consequence ranges over all formally necessary

consequences and nothing else” (Sher 1991, 44).5

The key component of this conception of logical consequence is the condition of formal-

ity. Logical consequence is necessary truth-preservation in virtue of form and the focus on the

formal features of the relation allows a qualification of the notions of necessary truth and necessary

consequence,6 thereby avoiding the murky waters of general metaphysics and making space for a

conceptually much clearer notion of consequence. Formality should thus be seen as a qualification

of necessity; logical consequence is formally necessary consequence: “The intuitive notion of logical

consequence includes the idea that logical consequence is necessary in a special way, namely, in a

formal way” (Sher 1996b, 529).7

The formality of logical consequence is captured through two devices in Tarskian seman-

5See also (Sher 1996a, 668): “Taking Tarski’s intuitive conditions as determining the scope as well as the limits of
logical semantics, I will develop a conception of logic under which [...] Tarski’s definition yields all and only intuitively
logical consequences,” and (Sher 1996b, 533): “The task of Tarskian semantics, as I understand it, is to provide a
“complete” system for detecting logical, i.e. formal and necessary, consequence.”

6See (Sher 1996a, 668): “The key to understanding logical consequence is the formality condition, which allows
us to distinguish between the general notion of necessary consequence and the specific notion of logical (= formally
necessary) consequence.”

7See also (Sher 1991, 43).
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tics: (i) the apparatus of models; and (ii) the choice of logical terms.8 The apparatus of models

ensures that all non-logical terms are capable of exhibiting sufficient semantic variability, a key

feature of their non-logicality. It also provides a direct implementation of (formal) necessity as

truth in all formally possible structures (= models), thereby reducing formal necessity, and with it

the grounds of logical truth and logical consequence, to formal universality or formal generality.9

In order to do justice to the idea of grounding formal necessity in universal truth over certain

structures, great care needs to be taken regarding the make-up and nature of these structures both

to capture the formality aspect as well as to ensure that there are ‘sufficiently many’ to warrant

the reduction of necessity to universal truth.10

The role of logical terms is to indicate the formal structure of a sentence, i.e., that structure

that is to be responsible for the transmission or preservation of truth in logical consequence. Their

selection will determine whether the resulting relation of consequence is indeed a logical consequence

relation, i.e., whether truth is indeed necessarily preserved from premises to conclusions in virtue

of formal features. The issue of the demarcation of the logical constants of a language thus once

again returns with a vengeance, except that in the present circumstance it offers an opportunity to

formulate a clear and informative question concerning the bounds of logic: for what choice of logical

constants will the model-theoretic definition of logical consequence yield all and only necessary and

formal consequences?11

Having thus “identif[ied] a central task of logic and determine[d] what role logical terms

play in carrying out this task, we will be able to view the distinction between logical and non-logical

terms as a distinction between terms that can and terms that cannot fill this role, or terms that will

and terms that will not contribute to the logical project by “acting” as logical terms” (Sher 1996b,

528).12 The “Tarskian challenge, therefore, is to find a criterion for logical constants that, when

used in conjunction with the model-theoretic definition of logical consequence, yields consequences

that satisfy the philosophical conditions of necessity and formality” (Sher 2016, 297). The question

8See (Sher 1996a, 668).
9See (Sher 1996b, 532).

10We will address issues pertaining to the selection of an appropriate background theory of structure and the
construction of models in sections 3.1.3.2 and 3.1.3.3 below.

11Cf. (Sher 2012, 584).
12See also (Sher 1991, 36): “If we identify a central role of logic and, relative to that role, ask what expressions

can function as logical terms, we will have found a perspective that makes our question answerable, and significantly
answerable at that.”
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‘What are the bounds of logic?’ can thus be asked in the form “What is the widest notion of

a logical term for which the Tarskian definition of “logical consequence” gives results compatible

with (C1) and (C2)?” or “What is the widest definition of “logical term” compatible with Tarski’s

theory?” (Sher 1991, 44).

What is desired is a “general theory of the scope and nature of logical terms based on [an]

analysis of the function of logic and the philosophical guidelines at the basis of modern semantics”

(Sher 1991, 65) and the “goal is to characterise logical constants in accordance with their role in

a logical system performing a certain theoretical role in our system of knowledge. Specifically, the

goal is to characterise the logical constants in such a way that [...] logical consequences transmit

truth from premises to conclusion universally and with the requisite modal force” (Sher 2016, 302).

The hope is that, given the constraints on what these constants must be like in order to play

the designated task, an informative and precise criterion can be formulated demarcating those

constants that are suitable for the role, and thereby delineating all and only the logical constants.

A somewhat surprising upshot of the inquiry into the bounds of logic conducted in this way is the

recognition that the basic principles underlying the design of first-order logic(s) are not exhausted

by FOL13 – “[t]his system fails to produce all the formally necessary, i.e. “logical,” consequences”

(Sher 1991, 61).

3.1.2 A General Theory of Consequence: Language, Truth & World

A consequence relation14 is a binary relation between sets of sentences and an individ-

ual sentence.15 Consequence relations in general are relations of truth-transmission or truth-

preservation. If Γ ` ϕ then the truth of the sentences in Γ is transmitted to ϕ, i.e., whenever

all γ ∈ Γ are true, so is ϕ. Moreover, whenever Γ ` ϕ then the transmission of truth from Γ to ϕ is

guaranteed with a particular modal force.16 How strong the modal guarantee of truth-transmission

is, and in virtue of what it holds, determines the kind of consequence relation we are dealing with.17

13See (Sher 1991, 8, 61, 130).
14A note on notation: in the following, we denote arbitrary consequence relations by `, regardless of how ` is

given. If we want to make explicit that a consequence relation is given model-theoretically we denote it, in deference
to tradition, by |=.

15We here assume that consequence relations are single-conclusion. For a comment on this assumption see Chapter
4.

16See, e.g., (Sher forthcoming, 20).
17See, e.g., (Sher 2013, 162ff.) and (Sher 2016, 262).
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Truth depends on how things are in the world: on a straightforward correspondence-

conception a sentence σ is true iff things in the world are as σ says they are, false otherwise. The

inherent connection with truth makes (logical) consequence world-directed:18 “if truth is a matter

of things having the properties attributed to them by a given sentence, then preservation of truth is

a matter of a connection between things having the properties attributed to them by one sentence

and things having the properties attributed to them by another” (Sher 2001, 243). Different kinds

of consequence relations will be grounded in different kinds of connections between objects and

their features, and the strength of these connections between objects and features will vary.

This is the gist of Tarski’s semantic method: properties of linguistic expressions are

grounded in non-linguistic, objectual properties and, via such a ‘semantic reduction’, linguistic

relations, like logical consequence, are grounded in objectual relations.19 Putting the pieces to-

gether we arrive at the following general characterisation: a sentence ϕ is a consequence of a set of

sentences Γ in virtue of the truth of the sentences in Γ being transmitted to the sentence ϕ, of there

being a guarantee that the truth of the sentences in Γ suffices to secure the truth of the sentence ϕ.

Truth, in turn, depends on how things are in the world, and transmission of truth on connections

between things in the world. A guarantee of truth-transmission is thus ultimately grounded in a

particular relation between things/situations/states of affairs in the world: “Therefore, consequence

relations, including the relation of logical consequence, have to take into account connections (or

lack of connections) between the ways things are with respect to the sentences involved” (Sher

2013, 163). “Specifically: consequence relations must take into account the relations between the

conditions that have to hold in the world for the sentences of [Γ] to be true and the conditions that

have to hold in the world for [ϕ] to be true” (Sher 2016, 264). Such relations will have to be law-like

connections in order to possess the requisite modal force to ground consequence.20

Consider, for example, the following two inferences:21

(i) Polar bears and grizzly bears have the same average body volume. Polar bears live in much

colder climates. Therefore, polar bears have shorter extremities.

18Cf. (Quine 1986, 97): “Logical theory, despite its heavy dependence on talk of language, is already world-oriented
rather than language-oriented; and the truth-predicate makes it so.”

19See (Sher 1996a, 670).
20See (Sher 2011, 356ff.), (Sher 2002, 505), (Sher 2008, 310), (Sher 2013, 164ff.) and (Sher 2016, 264ff.) for a more

detailed description and explanation of these connections.
21See (Sher 1996a) and (Sher 2016) for a more detailed and elaborate presentation of this account.
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(ii) Earth and Venus have different masses. Therefore, if a billiard ball is dropped from a height

of 1 meter on Earth and on Venus, it will reach the surface of earth quicker.

Both inferences above are ‘good’ inferences, but both are so according to different standards. (i)

is based on a biological principle, Allen’s Rule, which, in turn, is supported by mathematical

facts concerning surface-area-to-volume ratios and physical principles of heat-loss, whereas (ii) is

grounded in Newton’s Law of Gravitation. Simplifying somewhat, (i) is grounded in a biological

law, whereas (ii) is grounded in a physical law. Insofar as the laws of physics are more general than

biological laws in that all biological organisms are subject to physical laws, but not all physical

objects must obey biological laws, the modal force of a consequence relation based on physical laws,

licencing inferences such as (ii), will possess a greater modal force – the inferences it licenses will

have wider counterfactual support. Nonetheless, the principle is the same: what underwrites the

modal force of the relevant consequence relations licensing (i) and (ii) respectively, what provides the

guarantee of truth-transmission, is a law. In order to transmit truth from premises to conclusions

with a particular modal force, consequence relations, being ultimately grounded in relations between

objects, must be based on laws or law-like principles in order to exhibit the requisite modal strength

and robustness.

Different consequence relations will be grounded in different relations between objects,

i.e., in different sets of laws, and depending on the force and generality (range of applicability) of

these laws, the inferences licensed on the basis of these consequence relations will possess lesser

or greater modal strength. Logical consequence is thought to possess a particularly strong modal

force and we will investigate the kinds of laws it is based on, possessing the requisite range and

generality, in the following sections. What we are presently interested in concerns the mechanism by

which consequence relations manage to be based on the relevant sets of laws. The key observation

here is that the inferences in (i) and (ii) above are sensitive to different features of objects: in (i)

the inference is carried by features concerning volume, surface, and heat-loss, as well as biological

properties of endothermic animals. (ii) is based on features pertaining to mass, attraction, and

force. The laws underwriting the respective inferences and guaranteeing the preservation of truth

from premises to conclusions are the laws governing the interaction of these features.

In devising the linguistic, syntactic aspect of consequence relations the features on which

the relevant (kinds of) inferences depend are picked up on by distinguished terms, which then serve
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as fixed syntactic parameters in a consequence relation capturing inferences licensed on their basis.

The laws pertaining to the interaction of the designated features are ‘detected’ by considering

all structures compatible with the interpretation of the distinguished terms by their designated

features; they will be described by those sentences and inferences that hold in all of these ‘possible’

structures: “Generally, to construct a semantics for consequences of type χ we (i) select terms of

type χ (terms denoting features of objects of type χ), as distinguished terms of the system, and (ii)

build an apparatus of models that represent all χ-ally possible structures of objects” (Sher 1996a,

671), thereby grounding consequences of type χ in features of objects governed by laws of type χ.

Thus, what is needed to generate an appropriate consequence relation, capturing the

relevant inferences with the requisite modal force, is (i) an appropriate set of distinguished terms

denoting those features whose laws guarantee the transmission of truth, and (ii) a class of models

delineating the relevant scope of possibilities and thereby granting the laws under consideration

the requisite modal scope and force. Since the space of possibilities is strongly dependent on the

features denoted by the distinguished terms (consisting of all those possibilities consistent with their

interpretation as the features to be picked up on) the “central syntactic notion of a given theory of

consequence is that of ‘distinguished (fixed) term,’ and this notion is determined based on semantic

considerations, namely: what kind of features of objects the given notion of consequence takes into

account” (Sher 1996a, 672).

To briefly summarise: consequences and consequence relations are relations of truth-

transmission. Truth depends on the way things are in the world and is thus what connects conse-

quence relations (including logic) to reality. Given that truth-preservation is to be guaranteed with

a particular modal force, consequence relations are grounded in features of the world that possess

the requisite modal strength, i.e., laws. These laws govern the behaviour of particular features of

objects, which features are picked up on by distinguished terms of the system designed to capture

the relevant notion of consequence. The modal reach of the laws is guaranteed by considering all

structures consistent with the interpretation of the distinguished terms as the relevant features.

“To view logical consequence as a semantic relation [of this kind] is, thus, to view it as a relation

between linguistic entities, based on a relation between the objects referred to by these entities”

(Sher 1996b, 531). What remains to be done to delineate the scope of logic is thus to identify the

relevant set of laws logical consequence is based on, distinguish the particular features governed by
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such laws, and demarcate the space of models granting these laws the required modal scope.

3.1.3 Logical Consequence

Logical truth and logical consequence are properties of linguistic entities, they hold of

sentences/between a set of sentences and an individual sentence. Nonetheless, according to the

semantic approach, whether or not a certain claim constitutes a logical truth, or whether a certain

inference is a logical consequence, is not (solely) due to features of language. A claim of logical

consequence holds or fails to hold due to the relations of expressions to objects and connections

that obtain between the objects referred to by these expressions:22 “Logical consequence [...] is

tied to reality through (i) its inherent connection with truth, (ii) the inherent connection between

truth and reality” (Sher 2011, 358). Tarski characterised logical consequence as a relation that

is necessary and formal or, rather, formally necessary – necessary in virtue of formal features.

Sher grounded all consequence relations, as relations of truth-transmission or truth-preservation, in

law-like principles governing the interaction of those features relevant for the consequence relation

under consideration.23 What, then, are the appropriate features that logical consequences should

be sensitive to? What kind of laws ground claims of logical consequence so as to make them for-

mally necessary? To re-emphasise: the crucial features of logical consequence according to Tarski’s

analysis are necessity and formality, where formality is a modifier of necessity – logic is concerned

with formally necessary inferences. The necessity of logical consequence is ensured by grounding its

claims in extremely general and strong laws that have a particularly wide range of applicability and

carry a particularly strong modal guarantee of truth-transmission. The characteristic property of

logical consequence, however, is formality : “logical consequences take into account formal features

of objects; logical consequences preserve truth in all formally possible structures of objects” (Sher

1996a, 675).

Formality, in turn, requires that “logical consequence depend only on formal features of

the objects involved” (Sher 1996b, 532), that the features denoted by the parameters of logical

consequence, the logical terms, be formal.24 According to Tarski logical consequence is formal in

22Cf., e.g., (Sher 1996a, 669).
23See (Sher 2016, 282) for a detailed application and description of the model of consequence of the previous section

to logic.
24See (Sher 2001, 244): “the formal-structural view says that logical constants take into account formal properties

of objects.”
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that it “cannot be influenced in any way by empirical knowledge, and in particular by knowledge

of the objects spoken about” in the claim of logical consequence (Tarski 1983e, 414/415). We will

provide a more concise characterisation of the formal as conceived of here shortly (Section 3.1.3.1)

and of the formal features denoted by logical constants (Section 3.1.4.2). For now note that the

formal features logical consequence can be sensitive to have to be structural features according to

the Tarskian analysis, having to do with the relations of objects to one another, but not with the

identity of these objects themselves; logical terms do not distinguish empirical features of objects,

they do not distinguish the “identity of individuals” or pick up on discerning features beyond

sameness and difference.25

Now, if objects possess formal/structural features these “formal qualities and configura-

tions exhibit certain regularities and are governed by certain laws” (Sher 2013, 184).26 It is these

kinds of laws that underwrite logical consequences.27 Logic and logical consequence, therefore, are

based on and grounded in laws of formal structures, i.e., laws regulating the interaction of formal,

structural features of objects and governing their formal behaviour.28 These formal laws, due to

their extremely high level of generality, given through reliance on only the least discerning features

of objects conceivable, possess a high degree of modal force, and thus a strong guarantee for the

transmission of truth from premises to the conclusion in a claim of logical consequence.

Objectual formal laws of this kind are akin to mathematical laws which describe structural

relations between objects in the world without regard to the identity of these objects and which

possess the required modal scope and force to ground claims of logical consequence.29 Formal

features of objects, on this view, become mathematical features such as, for example, intersection,

union, or non-emptiness. For example, it is a formal feature of collections that the union of two

non-empty collections is itself non-empty. That is, there is a mathematical/formal law saying that,

for any two collections A, B: if A 6= ∅ and B 6= ∅, then A ∪B 6= ∅. This law, in turn, grounds the

25Note that on the Tarskian conception logical terms are emphatically not syncategorematic terms as they have
traditionally been regarded in the scholastic tradition, of which echos can be found in, for example, (Quine 1980).
On the present semantic approach logical constants, just like other terms, denote objectual features, see, e.g., (Sher
1996a, 673).

26See (Sher 2016, 195/196) as well.
27Note that it is important on the present semantic view that such laws or regularities really exist in the world.

Formal features of objects are as real, and as law-governed, as biological or physical features of objects.
28See (Sher 1996a, 674), (Sher 1999a, 219, 231), (Sher 2011, 361), (Sher 2002, 566,569), (Sher 2001, 245), (Sher

2013, 165,177,183), (Sher 2016, 270).
29Cf. (Sher 2011, 362), (Sher 2016, 268/269).
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logical consequence that ∃xϕ(x),∃xψ(x) |= ∃x(ϕ(x) ∨ ψ(x)).30 Logical consequences are grounded

in laws governing or regulating the behaviour and interaction of formal features. These are the

features that are denoted by the logical terms of a system in a Tarskian set-up (Sher forthcoming,

18). These logical terms, in turn, determine the logical forms of sentences and thus ensure, based

on the formal laws governing the features denoted by them, that truth is transmitted in virtue of

form only, and with a particularly strong modal force.

Logic, on this picture, becomes “a theory of reasoning based on the formal (structural)

laws governing our thinking on the one hand, and reality on the other” (Sher 2008, 307); the “task

of logic [...] is to construct a theory of the transmission (preservation) of truth based on formal

or structural grounds” (Sher 2016, 326): logical constants denote formal properties, and logical

consequence is based on the laws governing these formal properties.31 On the Tarskian account

logic does justice to its job as an instrument for identifying necessary and formal consequences

through two interrelated features: (i) logical terms denote formal properties, and (ii) the space of

models is expansive enough to supply the laws governing these formal features with sufficient modal

force.32 The general architecture of the Tarskian syntactic-semantic apparatus ensures that once

these two constraints are met, the model-theoretic definition of logical consequence delivers all and

only formally-necessary consequences.33 The strong modal force of logical consequence, its necessity

on Tarski’s account, is achieved by taking into account all formally possible structures: “logical

consequence is grounded in laws (regularities) that hold in all formally possible situations, and as

such it is strongly necessary” (Sher 2016, 281). The expansion of necessity to formal necessity

reduces the necessity of logical consequence to formal generality/universality – formal laws must

hold throughout all formally possible structures.34 Formal generality, in turn, becomes structural,

mathematical universality.

The Formality Thesis thus amounts to the following:

Logic (logical consequence) is grounded in formal laws governing reality – laws governing
formal features of objects and properties – and it is the broad applicability and strong
modal force of such laws that underlies (and explains) the generality and strong modal
force of logic. (Sher 2016, 271)

30Cf. (Sher 2016, 273).
31See (Sher 1996a, 674): “Logic, on the present conception, takes certain general laws of formal structure and,

using the machinery of logical terms, turns them into general laws of reasoning, applicable in any field of discourse.”
32See (Sher 1991, 51).
33See (Sher 2008, 310ff.), (Sher 2013, 172).
34See (Sher 1996b, 532).
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It follows that, in case of a logical inference, “the truth of the premise[s] [...] is transmitted to the

conclusion in virtue of a formal law connecting the respective situations described by them. Since

formal laws, as laws holding in all formally possible states of affairs, have the modal status of formal

necessity, so do the consequences based on them” (Sher 2002, 572).35 Logical consequence is based

on formal laws that are represented by regularities holding throughout the space of models taken

into consideration. Logical constants anchor logical inferences in these formal laws of structure

by, on a semantic level, denoting the formal features and properties that are governed by such

laws and, on a syntactic level, constituting fixed syntactic parameters of the consequence relation,

responsible for truth-preservation in virtue of formal features of objects. We will now turn to a more

precise characterisation of the formal as outlined here, and the way formal necessity is captured by

Tarskian model-theoretic means. We will discuss the role of logical constants in denoting formal

features of objects, bootstrapping formally-necessary consequences, in Section 3.1.4.3 below.

3.1.3.1 Formality

As we saw above, the distinguishing feature of logic and logical consequence lies in its

formality. Its role consists in qualifying the necessity of logical consequence, so as to make it

manageable, and to render the inferences licensed by a logical theory necessary and formal, in

accordance with the standard of adequacy imposed by Tarski. The “formality of logic is captured

by the view that logical constants refer to formal operators and logical consequences are grounded

in formal laws” (Sher 2001, 259); formality is conceived as “having to do with certain features of

objects and the laws governing them” (Sher 2013, 175).36 What must these features be like such

that the laws governing them give rise to strongly necessary consequences in virtue of form?

In his characterisation of logical consequence Tarski says the following:

[S]ince we are concerned here with the concept of logical, i.e. formal, consequence, and
thus with a relation which is to be uniquely determined by the form of the sentences
between which it holds, this relation cannot be influenced in any way by empirical

35See also (Sher 2013, 169): “We may thus say that logical consequence is grounded in formal laws governing reality.
When a sentence σ stands in the relation of logical consequence to a set of sentences Σ, this can be explained by a
certain formal or structural connection between the situation described by Σ and that described by σ, or alternatively,
by a certain formal connection between the properties attributed to objects by Σ and those attributed to them by
σ. [...] Using a more neutral terminology we can say that a given logical consequence is grounded in a universal law
connecting formal elements in the truth conditions of its premises and conclusion.”

36See (Sagi 2017) for a proposal of seeing formal features as constituting a distinct ‘sub-extensional’ level of the
meaning of expressions.
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knowledge, and in particular by knowledge of the objects spoken about in the sentence
X or the sentences of the class K. The consequence relation cannot be destroyed by re-
placing the designations of the objects referred to in these sentences by the designations
of any other objects. (Tarski 1983e, 414/415)

The condition of formality, as described in the above passage, he shortly thereafter rendered as

(F) If, in the sentences of the class K and in the sentence X, the constants – apart from purely

logical constants – are replaced by any other constants (like signs being replaced everywhere

by like signs), and if we denote the class of sentences thus obtained from K by ‘K ′’, and the

sentence obtained from X by ‘X ′’, then the sentence X ′ must be true provided only that all

sentences of the class K ′ are true. (Tarski 1983e, 415)

The above quotes re-emphasise the dependence of logical consequence on logical terms; it is the

formality of logical terms that “ensures that logical consequences do not rest on empirical evidence

and do not distinguish the identity of objects in any given universe” (Sher 1991, 61). Moreover,

despite the overt reference to linguistic entities in the above characterisation Tarski quickly grew

disillusioned with a purely linguistic or substitutional account of logical consequence.37 Formality,

on this account, is to be thought of semantically, in the sense of logical constants denoting objectual

features, real features ‘in the world’, that are insensitive to the identity of objects, such that

consequences that hold on their basis hold independently of the particular objects concerned.38

The insensitivity to variability expressed in the above characterisation thus concerns variability of

objects, rather than variability of terms.39

For a feature40 to be formal, then, means for it to be insensitive or indifferent to the

identities of objects, i.e., to not distinguish some objects from others based on particular features

37See Chapter 2. See also (Sanchez-Miguel 1993, 125).
38In his dissertation, MacFarlane (MacFarlane 2000) distinguishes three ways in which logic has, historically, been

called formal: logic is 1-formal in the sense that “its norms are constitutive of concept use as such”, it is 2-formal in
the sense that “its characteristic notions and laws are indifferent to the particular identities of different objects”, and
it is 3-formal in the sense that it “abstracts entirely from the semantic content or “matter” of concepts” (MacFarlane
2000, 51). MacFarlane contrasts these three senses of logics’ formality with other, syntactic, notions of formality
and dismisses the latter as ‘decoys’. In MacFarlane’s taxonomy, the formality Tarski has in mind corresponds to
2-formality. See (MacFarlane 2000, Chapter 3.2) for a detailed analysis and historical contextualisation of this notion
of formality. For a ‘conceptual archeology’ of the notion of the formal, see (Dutilh Novaes 2011).

39See (Dutilh Novaes 2011, 306/313).
40By feature we mean either a property or an operator. The distinction between these two notions arises from

the particular formal framework adopted. However, since any property corresponds to an operator, given by the
property’s characteristic function, and every operator corresponds to a property, given by the class of values for
which the operator returns true, we use these terms interchangeably in the context of this thesis.

97



the objects possess: “[t]he defining characteristic of a formal structure is [...] indifference to the

distinctive features, or identity, of individuals” (Sher 2016, 276). In other words, “[f]ormal operators

distinguish patterns delineated by individuals and their properties, but not the individuals them-

selves” (Sher 2016, 276).41 Thus, “a property is formal iff whether an object satisfies it depends

only on its structural features” (Sher 2016, 276); to be formal “is to abstract from, or disregard,

everything about objects and their relations besides their formal features or structure”42 (Sher

2012, 592). Consider the property of being-a-mammal. Since this property distinguishes between,

for example, platypuses and tortoises, it is sensitive to particular features of objects and thus not

formal.

The idea that insensitivity to the identity of objects can be operationalised as lack of

change in outcome or assessment under exchange of individual objects, as indifference to the 1-1

replacement of objects, gives rise to a powerful idea for a criterion of formality – invariance under

1-1 replacements:43

(Formality) An operator is formal iff it is invariant under all 1-1 replacements of
individuals. (Sher 2016, 276)44

What kind of laws govern the formal operators which ground logical consequence? To be formal, in

the sense intended here, is to be structural and this question can thus only be answered satisfactorily

by considering an appropriate theory of formal structure. (Note that we here encounter a non-

trivial constraint on the kind of theories suitable to play this role. They need to be such that the

characteristic feature of the structural coincides with invariance under 1-1 replacement.) The most

suitable theory for this purpose is delivered by the discipline which studies the formal/structural,

i.e., mathematics. It is important to note at this point that Sher is very mindful to carefully

distinguish between two different ‘levels’ of her approach: the theoretical/conceptual level which

analysed the formal as invariance under 1-1 replacements and which stemmed from Tarski’s intuitive

constraints on logical consequence, and the mathematical implementation of this analysis based on

the assumption of a specific background theory of structure, which enables a precisification of

41See also (Sher 2013, 172): “logical operators are formal in the sense that they distinguish only the pattern
delineated by their arguments [...] they do not distinguish between arguments that differ with respect to their
underlying individuals.”

42“... That is, to be logical is to be formal or structural in a very strong sense.”
43See (Sher 2013, 172/173), (Sher 2016, 276), (Sher forthcoming, 13/14).
44See also (Sher 2011, 363) and (Sher 2001, 247).
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the notion of 1-1 replacement and delivers a set of laws governing the formal operators.45 This

distinction is important to keep in mind, especially in light of several criticisms that have been

levelled against her account on the basis of conflating these two dimensions of her criterion.46

Adopting, then, for the purposes of making the idea of formality more concrete, ZFC as a

suitable candidate for such a background theory of formal structure,47 indifference to the identity of

objects, in the sense of invariance under 1-1 replacements, can be analysed by means of Mostowski’s

criterion of bijection-invariance48 (or, what amounts to the same if the underlying structure is a

set: isomorphism-invariance).49

Definition: Let M , N be sets. An isomorphism ι : M 7→ N between M and N is a bijection, i.e.,

a function that is one-to-one and onto.

A set-isomorphism, i.e., a bijection between sets, simply is a 1-1 replacement of objects. Given a

hierarchy of objects constructed over base universes M , N , any function between base universes

45See, e.g., (Sher 2011), (Sher 2013), (Sher forthcoming) for particularly clear statements of this distinction, though
it is present and underlies her entire approach to the demarcation problem of the logical constants.

46We will say more about this in Section 3.3 below.
47Sher emphasises that nothing much depends on adopting this particular theory as a background theory of struc-

ture, and that there might be several equally good candidates to do the job such a theory should fulfil in the present
context. Her claim is the weaker claim that one such theory that can reasonably be considered appropriate appropri-
ate for the job at hand is ZFC (Sher 1996a, 682). See Section 3.1.3.3 for comment and Section 3.3.2 for the discussion
of some criticisms and objections related to this particular choice.

48Strictly speaking, Mostowski, following Tarski & Lindenbaum (Tarski and Lindenbaum 1983) and Mautner
(Mautner 1946), only demands permutation-invariance to express the requirement that “quantifiers should not allow
us to distinguish between different elements [of the domain]” (Mostowski 1957, 13). However, on the same page he
also introduces the more general condition of bijection-invariance in connection with unlimited quantifiers.

49The nomenclature here is somewhat tricky and not always cleanly kept apart in the literature: conceived of
as operations on standard models (or, rather, their underlying domains), invariance here means invariance under
arbitrary bijections of sets. Thinking of the operators corresponding to, say, generalised quantifiers as Lindström-
quantifiers, i.e., as classes of structures of the same signature, invariance becomes closure under isomorphisms: if
M,N are structures of signature τ ,M∼= N and Q is a Lindström-quantifier of type τ , thenM∈ Q iff N ∈ Q. These
uses of bijection-invariance and closure under isomorphism are often (intentionally) run together in the literature,
and we will follow suit as they amount, at least for present purposes, to the same thing. In general, an isomorphism is
a structure-preserving bijection, where a structure is an ordered tuple consisting of a set, and additional set-theoretic
constructions from the type-hierarchy over that set (the latter constituting the structure that is to be preserved).
Given that the structures that are relevant here are the domains of models, i.e., sets, there is no additional structure
that needs to be preserved. A set-isomorphism, however, simply is a bijection: two sets, as sets, are isomorphic iff they
are bijective. This is not the usual way in which the concept of isomorphism is used in the present context, but we
think it is important for the arguments from 1-1 replacement (bijection-invariance) and structurality (isomorphism-
invariance) to converge. Thus, in the following, when we talk about isomorphism-invariance of operators we mean
isomorphism-invariance with respect to the underlying sets, i.e., bijection-invariance, or, equivalently, closure under
isomorphism of the associated Lindström-quantifiers. See (Peters and Westerst̊ahl 2006, Chapter 3.3) and Chapter 6
for further details.

99



induces corresponding mappings between objects ‘higher up’ in the hierarchy.50 An operator o,

thought of as a class-function defined over all sets,51 s.t. o(M) = oM is a set-theoretic construction

in the type hierarchy over M , is isomorphism-invariant if the following holds:

Definition: Let ι : M 7→ N be an isomorphism between M and N . An operator o is invariant-

under-ι iff ι[oM ] = oN . o is isomorphism-invariant iff for all M , N , and bijections ι : M 7→ N :

ι[oM ] = oN .

Against a mathematical background theory of structure like ZFC, invariance under 1-1 replacements

is thus operationalised as isomorphism-invariance. To be formal means to be invariant under

isomorphisms: “to be formal is not to distinguish between (to be invariant under) isomorphic

structures” (Sher 1991, 56).52 Thus, within the context of a mathematical theory of structure like

ZFC the criterion of Formality becomes

(Formality∗) An operator is formal iff it is isomorphism-invariant.53

The condition Formality∗ has been termed the Tarski-Sher Thesis, and we will discuss it fur-

ther in Section 3.1.4.1 below. For now, we would like to distinguish between two possible arguments

for the identification of formality with invariance under isomorphic structures in a mathematical

context as provided by ZFC: the argument from 1-1 replacement, and the argument from struc-

turality. Within Sher’s own work these two arguments are (for good reasons) often run together,

but for our purposes here we’d do well to distinguish between them.

The argument for the identification of formality with isomorphism-invariance from 1-

1 replacement holds that isomorphism-invariance is the mathematical counterpart of the informal

idea of 1-1 replacement. It is the idea that “invariance under isomorphisms is a systematic rendering

of the intuitive idea of being indifferent to, or not distinguishing, the individual characteristics of

objects in any given universe of discourse” (Sher 2012, 592) – that isomorphism-invariance is the

50See Chapter 2 for the construction of such a hierarchy and a way mappings between higher-order objects are
induced by a function operating on the base universe.

51We will say more about this requirement below.
52See also (Sher 2001, 247): “The distinctive feature of formal operators is that they do not distinguish between

individuals either within or across universes. Mathematically, formal operators do not distinguish between isomorphic
argument-structures.”

53See (Sher 2001, 247), (Sher 2011, 363), (Sher 2002, 568), (Sher 2013, 176), (Sher 2016, 284), (Sher forthcoming,
13/14).
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formal explication of 1-1 replacement. Note that this is only true if the objects between which the

isomorphism holds do not possess additional structure. Otherwise isomorphism-invariance would be

1-1 replacement under preservation of this additional structure. Given that the underlying objects

here are sets, this requirement is met.

The argument from structurality, on the other hand, takes the identification of the formal

with the structural/mathematical literally.54 Isomorphism-invariance is thus seen less as a formal

implementation of the idea of 1-1 replacement, and more as the mark of ‘strong structurality’ (Sher

forthcoming, 16). This is the case because “[t]he mark of formality for mathematical structures is

the same as that for logical operators: invariance under isomorphisms. A mathematical structure

preserves its mathematical identity under isomorphisms” (Sher 2013, 188).55 Here, then, the nature

of the criterion of formality is inherited from the criterion of identity of the underlying theory of

structure.

In the current context, both arguments coincide in their conclusion, given the choice of

background theory of structure, and identify formality with isomorphism-invariance. But they

need not do so in general: they might diverge, as the criterion of structural identity depends on

the mathematical background theory used, whereas the idea of switching objects in a 1-1 manner

does not differ in its implementation.56

3.1.3.2 Necessity

Logical consequence is necessary consequence. Necessity, as a guarantee of truth-preser-

vation from the premises to the conclusion of an argument, is oftentimes regarded as the most

important feature of logical consequence. On a Tarskian semantics, this modal aspect of the logical

54See, e.g., (Sher 1991, 60): “to be formal is, intuitively, to take only structure into account. Within the scheme of
model-theoretic semantics, to be formal is to be invariant under isomorphic structures.”

55See also (Sher 2008, 307): “the Invariance-under-Isomorphism criterion is a criterion of formality or structurality :
isomorphic structures are formally identical; identity-up-to-isomorphism is formal identity.”

56This line of thought appears to underlie part of Casanovas criticism in (Casanovas 2007), where he remarks that
“[i]n mathematics much more general kinds of transformations – which do not respect inequality – are many times
considered the natural ones. It is therefore convenient to investigate more general kinds of transformations and to find
out which are the notions and operations invariant under them” (Casanovas 2007, 36). Furthermore: “My approach
to invariance is influenced by the fact that in algebra the most general kind of transformation usually considered is not
isomorphism but homomorphism” (Casanovas 2007, 37). For another account doubting that isomorphism-invariance
is the right (or only correct) implementation of the idea of indifference to the identity of objects due to there being
many equally good criteria of structural identity or non-discrimination, see also (Button and Walsh 2018, Chapter
16.5). We will address criticisms of this kind in Section 3.3.1 below, after first identifying the nature and role of the
background theory of structure in Section 3.1.3.3.
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consequence relation is captured through the model-theory and the extent of the class of models.57

Truth-in-all models is identified with necessary truth, and consequence-in-all-models with necessary

consequence (Sher 1991, 56). The current section wants to ask what aspect of the model-theory

the necessity of logical consequence is grounded in. In doing so, at least two questions arise: (a)

How does Tarski’s model-theoretic apparatus aim to capture the necessity of consequence?, and

(b) does it succeed in doing so? Here, we are almost solely concerned with question (a). We will

discuss (b) in the form of criticisms that allege that Tarski’s model-theory falls short of capturing

an appropriate notion of necessity in Section 3.3.2 below.

How, then, does the model-theoretic apparatus impart modal force on consequences ar-

rived at on its basis? In his forceful and sustained critique of the Tarskian model-theoretic definition

of consequence Etchemendy (Etchemendy 1990) presents two possibilities of how to interpret the

Tarskian model-theoretic apparatus, – representationally or interpretationally – and thus two ways

of how one might conceive of the necessity of logical consequence, which we will briefly discuss now.

Representational/Metaphysical Semantics On a representational or metaphysical seman-

tics58 Tarskian models are taken to represent possibilities or possible worlds: “[i]n a representational

semantics the class of models should contain representations of all and only intuitively possible

configurations of the world” (Etchemendy 1990, 23). Logical truth, as truth-in-all-models, thus

corresponds to truth-in-all-possible worlds, necessary truth, and logical consequence corresponds

similarly to necessary consequence.59 On a representational/metaphysical semantics we start off

with a fully interpreted language and an apparatus of models that contains representations of, or

stand-ins for, possible worlds (Sher 1996a, 659). A sentence is true-in-a-model iff it is true at the

world represented by that models, i.e., iff it would have been true had the world been as depicted

by the model (Etchemendy 1990, 24).

There are strong reasons for supposing that standard Tarskian model-theoretic semantics

is not a species of metaphysical semantics. Central among them is that “the model theory of meta-

57Cf. (Sher 1991, 138): “The main semantic tool is the model, whose role is to represent possible states of affairs
relative to a given language.” See (Bueno and Shalkowski 2013) for a criticism of the attempt to account for the
necessity of logical consequence in terms of an apparatus of models in the context of the project of demarcating the
logical constants.

58Representational is Etchemendy’s preferred terminology, Sher opts for metaphysical ; see (Etchemendy 1990, 20ff.)
and (Sher 1996a, 658).

59Cf. (Etchemendy 1990, 25): “all and only necessary truths will come out true in all models on an adequate
representational semantics.”
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physical semantics is couched in a background theory based on general metaphysics” (Sher 1996a,

659). This involves, among other things, the imposition of strong metaphysical constraints and the

specification of an enormous amount of interrelations between individuals and properties, perspic-

uously absent from the pristinely clear and minimal formulation of a background theory couched

in set-theoretic terms which counts many more things possible than a metaphysical account could

stomach (representations of round squares, for example, are perfectly legitimate representations on

a standard set-theoretical meta-theory).60 Moreover, a metaphysical semantics would appear to

constitute a case of lucidum per obscurum as it “requires solutions to the most obscure and thorny

questions of general metaphysics” involving “recalcitrant questions of identity, essential properties,

moral and rational agency, meaning, etc. that have baffled philosophers for years” (Sher 1996a,

660/661).61 This substantial entanglement with metaphysics by itself is sufficient to abandon the

project of construing Tarskian model-theoretic semantics as a metaphysical semantics.62

Interpretational/Linguistic Semantics To avoid the uncomfortable entanglement with meta-

physics inherent in the representational approach, interpretational or linguistic semantics63 goes

the opposite route, starting off with a (partially) un-interpreted language, and, rather than varying

the world to assess truth in a model, holds the world fixed and accounts for different possibilities

in terms of variations of language.64 Modality, on this account, is reduced to semantic variability,

rather than ‘world-hopping’, by re-interpreting the terms themselves in the actual wold.

The idea is very elegant, but comes with some caveats: first and foremost, re-interpre-

tations of terms are subject to grammatical restrictions. Secondly, not all terms are up for re-

interpretation otherwise nothing would come out as necessary. Third, a sufficiently large class of

terms must be up for interpretation lest too many consequences come out as necessary. These latter

two constraints ground the need for the distinction between logical and non-logical terms. Logical

terms are those whose meaning is held fixed, all other expressions are up for re-interpretation

60See (Sher 1996a, 660).
61See also (Etchemendy 1990, 25): “Any obscurity attaching to the bare concept of necessary truth will reemerge

when we try to decide whether our semantics really satisfies the representational guidelines – in particular, when we
ask whether our models represent all and only genuinely possible configurations of the world.”

62Etchemendy is of course aware of this and ultimately argues for construing Tarskian semantics as a form of
interpretational semantics, cf. (Etchemendy 1990, 51): “I adopt the term interpretational semantics for the Tarskian
conception of model-theoretic semantics.”

63Etchemendy prefers the former, Sher the latter terminology.
64See (Sher 1996a, 661).
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in order to delineate the ‘proper’ class of necessary truths; this is in keeping with the idea that

logical truths are necessarily true in virtue of form, and that that form is provided by the logical

constants. However, the distinction between logical and non-logical terms is not only absent, but

also hard to motivate from the point of view of the interpretational approach to the necessity of

logical consequence.

The interpretational account trades on reducing necessary truths to true universal gener-

alisations of material truths. This is achieved by counting a sentence necessarily true if all of its

substitution-instances, gained by replacing the non-logical lexical items uniformly by lexical items

from the same grammatical categories, are actually true.65 Equivalently, circumventing potential

limitations of language, a sentence is necessarily true on an interpretational semantics if all of its

re-interpretations are true, where a re-interpretation is a possible assignment of meanings to its

variable expressions.66 As an example, consider the sentence ‘Snow is red’. ‘Snow is red’ is true

in a model on a metaphysical semantics if that model represents a world in which snow is red. It

is true in a model on an interpretational semantics if that model interprets ‘red’ as meaning white

(and ‘snow’ as meaning snow) (Sagi 2014b, 952).67

Rather than relying on a complicated notion of possible world, interpretational semantics

reduces necessary truth to material truth under permissible (i.e., grammatical) re-interpretations

of the language, thereby deflating the modal concept of necessity. Instead of having to solve

deep issues of metaphysics, we are thus dealing with the two more tractable notions of material

truth and lexical variation/re-interpretation of terms68 – “[t]he linguistic strategy, if successful,

is highly attractive: avoiding metaphysical speculation altogether, it produces an ontologically

cheap solution to a deep philosophical problem” (Sher 1996a, 662). Nonetheless, interpretational

semantics faces similarly unsurmountable difficulties as representational semantics. It still requires

an account grounding the distinction between those terms that are up for re-interpretation and

those that are not, an account which it appears unable to provide, thereby having to draw this

65Some assumptions on substitution classes are needed to avoid undesirable consequences due to expressive lim-
itations of the language under consideration. See (Sher 1996a, 661ff.) for this and commentary on substitutional
semantics as a special case of this approach.

66This is the formulation that appears to be preferred by (Shapiro 1998) and (Sagi 2014b) and is adopted by
(Etchemendy 1990), cf. (Etchemendy 1990, 56): “our models are meant to range over all semantically well-behaved
interpretations of some subset of the expressions in the language”.

67See (Etchemendy 1990, 59).
68See (Sher 1996a, 662).
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distinction on seemingly arbitrary grounds. Moreover, the reduction of necessary truth to material

truth, and the concomitant dependence on the actual world, comes with its own set of issues. Some

of the truths that will be deemed necessary by the standards of interpretational semantics will

depend on somewhat ‘mundane facts’ concerning the make-up of the actual world. Consider, for

example, statements concerning the number of individuals that exist. Given that all models on the

interpretational account will share the same universe of discourse (the domain of the actual world)

some statement of the form “there are κ many individuals” will be necessarily true. Not only is

this highly counterintuitive – after all, surely there could have been fewer or more individuals than

there actually are, – but it also conflicts with the verdict of standard Tarskian model-theoretic

semantics: Hence, Tarskian semantics cannot be an interpretational semantics either.69

The Blended Approach Shapiro (Shapiro 1998) tries to overcome the shortcomings that rep-

resentational and interpretational accounts face in isolation by combining them into a blended ap-

proach according to which models represent possible worlds under reinterpretations of non-logical

terms.70 Such blending of approaches is warranted, he argues, due to the fact that our pre-theoretic

notion of logical consequence is a conglomeration notion incorporating both metaphysical and se-

mantic elements:

ϕ is a logical consequence of Γ if ϕ holds in all possibilities under every interpretation
of the non-logical terminology in which Γ holds. In the jargon of possible worlds,
one models a given sentence or argument by first choosing a possible world and then
reinterpreting the non-logical terminology in that world (Shapiro 1998, 20).71

The utilisation of possible worlds by the representational approach accounts for the necessity of

logical consequence, the re-interpretation of non-logical terms overcomes the ‘thorny’ issues plaguing

it.

The model-theoretic concept of logical consequence, so Shapiro, should be regarded as a

mathematical model of this pre-theoretic conglomeration notion, answerable to the same metaphysi-

cal and semantic constraints.72 The formality of logical consequence is captured by the isomorphism

property of the formalism:

69See (Sher 1996a) for a more detailed description and analysis of the differences between interpretational and
model-theoretic semantics.

70See (Shapiro 1998) and (Shapiro 2005).
71Due to the unavailability of the collected volume in which Shapiro’s paper was originally published, references

are to a paper in draft form.
72See (Shapiro 1998, 21).
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Isomorphism property: Let M, N be two models, s.t. M ∼= N . Then, for all formulas ϕ,

M |= ϕ iff N |= ϕ.

This property, so Shapiro, “is a manifestation of the intuition that logical truth and logical conse-

quence should be a matter of “form”, to the extent that isomorphism preserves “formal” features of

various models” (Shapiro 1998, 25). Moreover, it is crucial in reigning in the metaphysical excesses

of representational semantics: the isomorphism-property implies that what matters for the truth

of a sentence ϕ in a model is not the nature of the individuals of that model’s domain, but the

size of that domain – if M and N are two models whose domains have cardinality κ, then a sen-

tence ϕ is true under every re-interpretation of its non-logical vocabulary in M iff it is true under

every re-interpretation of its non-logical vocabulary in N .73 We thereby reduce the metaphysical

assumptions we have to make when taking models to represent possible world to those having to

do with the size of the universe.74 We need to ensure that for any cardinality κ there is a domain of

size κ. The only ‘thorny’ metaphysical assumption we need to make thus concerns the cardinalities

of the domains of possible worlds. Re-interpretations of the non-logical terminology take care of

the rest:

These considerations might provide comfort to those who are skeptical of modality.
If the isomorphism property holds, then in evaluating sentences and arguments, the
only “possibility” we need to “vary” is the size of the universe. [...] It is a pleasing
situation. We avoid most of the sticky metaphysical questions about modality, moving
to interpretational semantics instead. The only “modality” we keep is “possible size”
(Shapiro 1998, 26).

It is a pleasant situation indeed: we seem to have overcome the metaphysical excesses that ruled

out the representational/metaphysical account, and remedied the shortcomings that affected the

interpretational/linguistic approach by combining the two, all the while modelling the pre-theoretic

notion of necessary and formal consequence.75

The Formal-Structural Conception Rather than trying to provide a mathematical model of

an intuitive metaphysical-semantic notion of consequence, the central question Sher is asking is

73See (Shapiro 1998, 25/26), (Shapiro 2005, 663) and (Sagi 2014b, 959/960).
74See (Shapiro 1998, 26): “the only thing that can prevent a given formula from being a logical truth, or the only

thing that can prevent a given formula from being a consequence of a set of formulas, is a model of a certain size.”
75See esp. (Shapiro 1998, 20ff.) for details of how the blended approach overcomes the difficulties each of the

accounts it combines faces in isolation.
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what the class of models must be like such that all and only formally necessary consequences will

come out as true. The formality of logic, as we saw above, is grounded in the strong structurality

of the operators denoted by the logical terms. It is the key component of Sher’s conception as “the

condition of formality [...] sets a limit on [...] the condition of necessity: necessity does not suffice

for logicality. While all logical consequences are necessary, only necessary consequences that are

also formal count as genuinely logical” (Sher 1991, 43). The necessity of logical consequence, on

the other hand, is grounded in the modal force of formal laws, laws governing the behaviour of

these operators.76 In order to delineate the totality of (formally) necessary consequences, then, we

need to delineate the totality of formal laws.

The formal, on Sher’s account, is identified with (not modelled by) the structural. What

is (a) structure, and what are all structures, on the other hand, is investigated and axiomatised

by particular theories of structure. The best theories of structure available are theories developed

and devised in mathematics, and it will be one of these theories in whose terms the theory of

Tarskian models is couched. Tarskian models as construed within the confines and in terms of such

a background theory of structure constitute formally possible structures of objects.77

Models constitute formally possible structures of objects, the totality of models the totality

of these structures, i.e., the totality of formal possibilities.78 Just as the notion of a formally possible

structure is systematised by an appropriate mathematical theory, so the extent of the totality of such

structures is determined by this theory.79 Vis-à-vis a background theory of formal structure “formal

possibility is reduced to mathematical existence and formal necessity to mathematical generality:

“It is formally possible that Φ” to “There exists at least one mathematical (set-theoretical) structure

S such that Φ holds in S” and “It is formally necessary that Φ” to “For all mathematical (set-

theoretical) structures S, Φ holds in S” ” (Sher 1996a, 682). Formal laws, the laws that ground the

modal force of logical consequences, are captured by ‘mathematical generalities’, i.e., regularities

across all models.80 The totality of models thus constitutes the “full scope of formal laws” (Sher

76See, e.g., (Sher forthcoming, 18).
77Cf. (Sher 1996a, 675): “a (logical) model represents a formally possible structure of objects relative to the

primitive terms of a given language”; (Sher 1996b, 534): “Models, in Tarskian semantics, represent formally possible
structures of objects”.

78See (Sher 2002, 568) and (Sher forthcoming, 18).
79See (Sher 1999a, 231) and (Sher 2002, 568).
80See (Sher 2008, 311) and (Sher 2001, 249): “a regularity across all models [...] represents a formal law, and an

argument schema preserves truth in all models iff it is grounded in such a law.”
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2016, 280).

Since “every formally possible state of affairs will be taken into account in determining

logical truths and consequences” (Sher 2016, 282) the ‘only’ direction of the ‘all and only’ require-

ment on logical consequences is satisfied given a sufficiently rich space of models. The requirement

of capturing all formally possible consequences, on the other hand, places hard constraints on the

mathematical background theory of structure as such a theory needs to be sufficiently strong to

ensure that all formally necessary consequences can be accounted for by it.81 We will have more

to say about the strength and extent of a particular background theory of structure below in sec-

tions 3.1.3.3 and 3.3.2. Given such a background theory, however, Sher ensures the availability

of sufficiently many structures through a strong combinatorial principle: “every possible states of

affairs relative to the expressive power of L can be represented by some model for L” (Sher 1991,

42, our emphasis).82 As long as the background theory of structure possesses sufficient resources,

then, every formal possibility will be represented by some model. Notice, however, that this does

not mean that every model represents a possible state of affairs. Logical possibility, that is, formal

possibility, “is weaker than, and hence different from, the general notion of possibility” (Sher 1991,

42). Thus, “the totality of models reflects “possibilities” that in general metaphysics might be ruled

out by non-formal considerations. That is to say, the notion of possibility underlying the choice of

models is wider than in metaphysics proper” (Sher 1991, 138) – logic itself does not rule out the

possibility of round squares.

Blended Approach vs Formal-Structural Account Moving away from two flawed ways of in-

terpreting Tarski’s model-theoretic apparatus, the representational and interpretational approaches,

we are now presented with two viable accounts: Shapiro’s blended approach and Sher’s formal-

structural account. According to Shapiro, models represent possible worlds under re-interpretations

of the non-logical vocabulary. According to Sher, models represent formally possible structures.

We thus appear to have the choice between two accounts, both of which make good on the promise

of model-theoretic semantics capturing necessity. Both use the property of formality to qualify ne-

cessity and make it manageable, freeing it from ‘thorny’ metaphysical concerns. Sagi (Sagi 2014b)

81Cf. the Assumption of Sher’s account in (Sher 1991, 42).
82See also (Sher 1991, 47): “Every denotation of the extra-logical terms that accords with their syntactic category

appears in some model.”
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further shows that the Tarski-Sher thesis for logical operators and Shapiro’s isomorphism property

converge, such that they, at least in the context of first-order languages, extensionally yield the

same results. It follows that the accounts do not, at least extensionally, diverge in their respective

interpretations of logical consequence. Thus, at least in their extent, both accounts seem equivalent

in the context of first-order languages.83 Are there weighty reasons to prefer one over the other?

Sagi (Sagi 2014b) argues that Shapiro’s blended approach has several explanatory ad-

vantages over Sher’s formal-structural account. Her central claim is that the blended approach

better captures the core intuitions concerning the properties of necessity and formality that logical

consequence is thought to possess.84 Coupled with the result that it is extensionally equivalent

with the formal-structural account for first-order languages and the fact that it manages to avoid

controversial metaphysical assumptions while maintaining the ‘natural’ idea that models represent

possibilities, this renders the blended approach preferable to the formal-structural account.

Sher’s account, Sagi claims, relies on the “contentious notion of formal structure or formal

possibility” (Sagi 2014b, 961). While it seems that we have a natural and intuitive way to obtain

the formally necessary by starting with the necessary and restricting attention to those necessities

that are necessary in virtue of formal features,85 the same cannot be said for its dual concept, the

formally possible: “the extension of the formally possible extends that of the ordinary concept of

possibility, and it is not clear how it is to be attained” (Sagi 2014b, 956). By relying on the concept

of the formally possible, Sagi claims, Sher “abandons the familiar grounds of accepted concepts”

(Sagi 2014b, 956), using “primitive or unexplained” modal notions (Sagi 2014b, 960). This attempt

at circumventing metaphysical issues succeeds only superficially, however, possible worlds with all

their metaphysical complications enter the picture through the backdoor (Sagi 2014b, 957):

By employing the concept of formal possibility, Sher seemingly gains the advantage
over views that involve possible worlds, incorporating necessity into her system without
the “metaphysical baggage”. But when adopting the new concepts of formal necessity
and formal possibility, she abandons the familiar ground of accepted concepts. Formal
possibility, however, is not the result of the intersection of two pre-given concepts, but
of the expansion of one of them, and cannot be straightforwardly derived from what
is formal and what is possible. That is to say, the concept of formal possibility is a

83See (Sagi 2014b).
84Cf. (Sagi 2014b, 960): “A comparison of Sher and Shapiro’s semantic approaches reveals that Shapiro’s is more

satisfactory at filling the philosophical gaps in Tarski’s account of consequence. It is more straightforward [...].”
85Cf. (Sagi 2014b, 956): “the extension of the formally necessary is included in that of the ordinary concept of

necessity” and “It’s obvious that to get the formally necessary we intersect the formal with the necessary.”
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completely new modal concept which Sher employs as her proposed theoretical basis
for model-theoretic semantics. Sher does not give a substantive definition of formal
possibility – that which models represent in her approach. Nor does Sher adopt it as a
primitive concept. (Sagi 2014b, 956)

I think this criticism of the formal-structural account is misapplied. The complaint is that Sher

owes us an account of how to obtain a notion of the formally possible. She supplies one: the

formally possible is identified with the structural and the extension of this concept is precisified

by adopting a background theory of structure which precisely delineates the range of possibilities.

Sagi’s criticism appears to reverse Sher’s methodology. We are emphatically not starting out with

an intuitive, pre-theoretical notion of the modal, but are presented with an analysis of the kind

of entities logic must be based on (formal laws) for its claims to (i) possess the modal strength

they supposedly possess and (ii) possess them in virtue of the features particular to logic (formal

features). In this foundational project no debt is owed to any intuitive concept of necessity given

that that was never the starting point. As long as logical consequence can be shown to possess

the right modal profile, the modal “oomph” it is traditionally presumed to possess, the analysis

of necessity adopted by the formal-structural account must be taken to do full justice to Tarski’s

conditions on logical consequence.

Furthermore, while the formal-structural account is capable of providing a justification

of why isomorphism-invariance is (under certain circumstances) the correct criterion of formality,

the blended approach remains silent on this matter. On Sher’s account, isomorphism-invariance

emerges as the mathematical implementation of a formality constraint as against a specific back-

ground theory of formal structure like ZFC, in the context of which isomorphism is the criterion of

structural identity. The blended approach, on the other hand, appears to merely stipulate that the

isomorphism-property is a good and widely accepted mark of the formal, without providing much

by way of justification that this is how it should be. While plausible and arguably correct, a founda-

tional approach to logical consequence owes us an explanation why this assumption is appropriate

and this is, so far, still missing from Shapiro’s account. In other words, while the blended approach

adopts a particular mathematical framework for modelling logical consequence, it is unable to say

why this mathematical framework constitutes a good model beyond capturing certain intuitions.

Given the foundational project we are engaged in, however, this remains too thin.86

86To engage in such a foundational project, to be fair, is not the goal of the blended approach, so the respective
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There are moreover good reasons to eschew any account adopting a representational el-

ement, however thin. Blanchette (Blanchette 2000), for example, argues that when understand-

ing model-theoretic semantics representationally in the sense of models representing (aspects of)

possible worlds, the account will get it wrong: the correspondence between necessary truth and

truth-in-all-models will be deeply problematic. We will discuss some of her more specific criticisms

below,87 but, roughly, Blanchette’s claim is that truth-in-all-models, i.e., mathematical generality,

will not suffice to capture the constraint of necessity on logical consequence (which she understands

in terms of intuitive necessity, to be spelled out in terms of possible worlds). This is due to the

fact that, outside of certain tightly circumscribed claims of a mathematical/formal nature, certain

logical formulas that are true-in-all-models might have non-necessary readings. She concludes that,

in general, only under extremely favourable circumstances (e.g. when dealing with complete log-

ics and, what she calls, nice deductive systems, – systems whose theorems express only necessary

truths) will truth-in-all models coincide with necessary truth when understood representationally.

Nonetheless, she admits that this point “has no bearing on the logical and mathematical purposes

for which models, and model-theoretic relations, were originally introduced” (Blanchette 2000, 68).

According to the kind of features Sher bases her account on this is all that is needed given that

such an account is concerned with formal, structural laws rather than metaphysical modality. Any

account adopting a representational element however, will have to face questions concerning the

adequate delineation of a subset of metaphysically necessary truth.

3.1.3.3 The Background Theory of Structure

Every aspect of Tarskian logic is crucially dependent, by its very construction, on a back-

ground theory of formal structure: “Tarskian logic is embedded in a general theory of formal

structure. The “totality” of models, the definition of logical terms, the extension of “truth in A,”

are all determined based on this theory” (Sher 1996a, 676). The extension of the core concept of

logical consequence depends on the truths of this non-logical background theory of structure (Sher

1996a, 680). Such a theory will “determine the totality of formally-possible structures of objects

(basis for structures/models), the totality of formal features of objects (basis for logical constants),

justifications for the blended and formal-structural approaches might simply be incommensurate at this point.
87But see (Blanchette 2000) for details.
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and the universal laws governing formal features and formally-possible structures of objects (basis

for logical laws and ground of logical consequence)” (Sher 2013, 183). The background theory of

structure thus carries a lot of weight in the current framework.

The central concept of Tarskian semantics, the notion of a model, is itself relative twice

over to such a background theory of structure: it is (i) relative to the specific nature and resources

of a particular theory of structure, and it is (ii) relative to a conception of which constructions in

terms of the background theory qualify as models. Both parameters are relevant to an adequate

rendering of the notion of logical consequence. We will say very little about (ii) in the present

section. Note, though, that Sher solves the issues raised by (ii) through a combinatorial principle

ensuring maximum variability of the denotations of non-logical terms: every collection of objects

licensed by the background theory of structure can constitute the domain of a model, and every

denotation that is in accordance with the grammatical category of a non-logical term is taken on

by that term in some model.

The background theory of structure itself is imposed ‘from the outside’, so to speak; its

nature and extent are not to be determined by logic (though logical methods are of course used in

its formulation and investigation – a source of frequent conflict between Sher and her critics, and

tightly connected to Sher’s holistic methodology). Given Sher’s formal-structural approach which

grounds logical consequence in formal laws governing objectual formal features, such a theory must

be supplied by a discipline studying such phenomena, i.e., mathematics.88

The adoption of a background theory of structure does not take place in a vacuum, but is

answerable to a substantial set of constraints. One type of constraint concerns the general philo-

sophical analysis of the notion of the formal as invariance under 1-1 replacements of objects of

the universe. Any appropriate background theory of structure must be such that it admits of a

natural implementation of this constraint as the ‘mark of the formal’. Moreover, any such theory

must provide specific and satisfactory answers to questions concerning (i) the precise extent of the

totality of models; (ii) the totality of formal laws, i.e., regularities across all models; (iii) the con-

ditions under which two structures qualify as structurally identical.89 These general requirements

88Note that, since a given background theory of formal structure studies the formal features of reality the conception
of which might change over time given various theoretical, practical, and phenomenological pressures, the need for,
and choice of, a particular theory of structure constitutes a potential source of error in logic – logic is not analytic
on Sher’s picture; cf. (Sher 2013, 194).

89See (Sher 2008, 312) and (Sher 2016, 286/287).
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concerning implementation and scope constrain the choice of an appropriate background theory of

structure but are “in principle compatible with a wide array of such choices” (Sher 2016, 284).90

In choosing a specific, concrete, mathematical theory of formal structure we will inevitably

encounter issues that are extrinsic to the general philosophical analysis of the formality of logical

consequence:

One serious problem in presenting our characterization in terms of a particular theory
of formal structure is that such a theory, like any specific theory of complex subject
matter, is likely to have certain weaknesses and deficiencies. Clearly, it is a mistake to
reject a given general, philosophical conception of logic on the ground that a particular
theory used to precisify it has certain peculiarities. But it is tempting to do so. [...]
[I]t is a universal predicament of human theorizing that hardly any of our background
theories are perfect, yet this is not a reason for discarding all our theories or drawing
sweeping negative conclusions about their viability. (Sher 2016, 275)

Thus, while the general analysis “leaves it an open question which mathematical theory of formal

structure is correct or is overall the best theory available today” (Sher 2016, 275), one popular

candidate for a specific background theory of formal structure is ZFC.91 ZFC is not an inevitable

choice and we will, in fact, consider weighty arguments against its adequacy later on. To appreciate

these criticisms, however, it is important to keep in mind the distinction Sher draws between the

general analysis of logicality and its specific, mathematical implementation, as measured against

what the particular background theory of formal structure chosen is supposed to achieve on her

account, and whether it can do so to an acceptable degree. Notwithstanding its perceived and

actual shortcomings, ZFC “is the right kind of theory for this purpose” (Sher 1996a, 676).92 Not

only does it possess a wide array of virtues that render it ‘up to the task’ the logical project sets up

for it,93 but its ability to generate a vast and reasonably well-behaved universe of models, as well

as its intuitive implementation of invariance, make it, in the very least, “a reasonable candidate for

the reduction of logical consequence” (Sher 1996a, 682).94

90See also (Sher 1996a, 676): “The general architecture of “Tarskian” semantics requires a background theory of
formal structure but it is not tied to ZFC (or to any other specific theory).” See also (Sher 2016, 317).

91Another popular choice is a Russellian theory of types, see (Sher forthcoming, 14).
92See also (Sher 1999a, 219): “The idea of a formally possible structure of objects can be systematized in various

ways. One of its most fruitful systematizations is that of contemporary model theory which, in turn, is based on
ZFC.”

93See (Sher 2016, 284) for details. They include its role in providing a foundation for classical mathematics, as well
as its suitability to function as the meta-theory for logical syntax, semantics, and proof-theory. Moreover, it has a
proven track record in application, as well as in theory (avoidance of paradoxes, etc.).

94Though see Section 3.3.2 for doubts about its adequacy and suitability.
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While the account Sher presents is not committed to any particular background theory

of structure, – any theory will do as long as it fulfils the requirements imposed by the analysis of

the notion of logical consequence, – it will be useful to distinguish two ways in which one could be

dissatisfied with, say for concreteness, ZFC, in order to see in what ways ZFC is, and in what ways it

might not be, an appropriate choice. Let us first note that in the context of ZFC the requirement of

invariance under 1-1 replacements of objects becomes isomorphism-invariance in two ways. For one,

bijections just are formal 1-1-replacements, and a set-isomorphism just is a bijection. Secondly,

thinking of invariance under 1-1-replacements as the (informal) mark of structurality that is to

be given a formal rendering in ZFC, isomorphism-invariance once more emerges as the decisive

criterion given that isomorphism is the mark of structural identity in the universe of sets and, to

a large degree, mathematics more generally. This is acknowledged by Sher when she says that “[a]

mathematical structure preserves its mathematical identity under isomorphisms just as a formal

operator preserves its identity under isomorphisms. Both in the case of mathematical structures

and in the case of formal operators we can say that identity is identity-up-to-isomorphism” (Sher

2016, 325).95

One can now distinguish two areas of disagreement as regards the choice of ZFC as an

appropriate candidate for a background theory of structure. On the one hand, dissatisfaction might

stem from the extent and structure of the set-theoretic universe as licensed by ZFC. One might,

for example, lament the inability of ZFC to account for the existence of class-sized structures, or

its inability to decide the truth of certain set-theoretic claims, laws of formal structure, like, for

example, the continuum hypothesis. Let us call disagreements of this kind shallow disagreements.96

Doubts along these lines are not shallow in the sense of being misguided or easy to rebut. They are

shallow in the sense of being on board with the general analysis and implementation of formality as

isomorphism-invariance, but disagree about the precise universe of sets in which questions regarding

formal laws should be addressed. They agree, in other words, with the kind of background theory

95See further (Sher 2016, 324): “This answer points to a close connection between our conception of mathematics
and that of the structuralists [...]. The connection is partly reflected in the centrality of isomorphism for both.
To be formal, on our account, is not to distinguish between isomorphic structures, or to remain the same under
isomorphisms, and this is also one of the main candidates for identity between mathematical structures according to
structuralism.”

96Of the authors we have mentioned so far, see, for example, (Blanchette 2000) or (Etchemendy 2008, n. 24) for
the articulation of criticisms of this kind. We will treat further interpreters who have advanced criticisms and doubts
along these lines in Section 3.3.2 below.
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needed, but not with respect to its precise extent and strength.

There is, however, a deeper disagreement possible. This disagreement takes on board

Sher’s analysis of the formal as strong structurality, but disagrees about the nature of the underly-

ing notion of mathematical structure that should be used to flesh out this idea. The disagreement is

deeper because it disagrees about the kind of theory that should be used to provide the mathemat-

ical implementation of the notion of structure. Proponents of this type of disagreement might thus

advocate for a different underlying notion of structure altogether, and thus propose an invariance

criterion other than bijection-invariance.97

To simplify, shallow disagreements concern the extent of the set-theoretic universe licensed

by the mathematical theory of structure used, but not the underlying conception of structure itself.

Deep disagreements concern the underlying notion of structure, and thus the type of mathematical

theory of structure to be used in the first place. Above we said that the criterion of isomorphism

invariance could be gotten at via at least two routes in the context of a theory like ZFC: (i) as

a natural implementation of the informal idea of 1-1 replacement of individuals, and (ii) as the

criterion of structural invariance/identity that is associated with the chosen background theory

of structure. We can now see how the argument from 1-1 replacement and the argument from

structure can come apart in its convergence on isomorphism/bijection-invariance as the right formal

implementation of formality. For the distinction between the two types of argument has effects on

the identification of formality with bijection-invariance in the context of a mathematical theory.

The explication of formality as invariance under 1-1 replacement in a formal-mathematical context

will always yield bijection-invariance due to the fact that bijections simply are mathematical 1-1

replacements. However, the explication of formality as structural invariance might differ, depending

on the underlying theory of structure adopted.

This is the case as any mathematical background theory of structure comes with an

associated criterion of structural identity.98 This notion of structural invariance naturally arises

from the theory of structure under consideration. In the case of a set-theory like ZFC the associated

notion of invariance (based on the fact that the associated notion of measure is cardinality, which

is measured in terms of bijections) happens to be bijection-invariance. Thus, in a context like ZFC,

97Some such idea I take to be underlying Casanovas remark as quoted above in note 56.
98Contra a remark by (Bonnay and Engström 2018, 128), structure-preserving maps are determined internally to

the framework, and not imposed ‘from the outside’.
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the formal explications of 1-1 replacement and structurality coincide. However, the precise notion

of structurality and structural identity/invariance depends on the underlying theory of structure,

and might differ from theory to theory. Thus, what counts as a structural/non-structural variation

depends on the theory of structure under consideration. However, if formality is interpreted as

invariance under non-structural variations, and these variations depend on the theory of structure,

then the resulting notion of formality will differ depending on the theory of structure and its

associated class of non-structural variations. In other words, the criterion of invariance that emerges

from this account, relying on a class of non-structural variations, might also differ according to the

theory of structure considered. Thus, different invariance criteria might arise from different notions

of structure. Another way of putting the previous point would be to say that, on the 1-1 replacement

view of formality, the resulting notion of invariance does not depend on the underlying notion of

structure, whereas it does on the structurality view of formality, thereby allowing for the emergence

of different invariance criteria from different ways of explicating the notion of structure. Hence, the

argument from 1-1 replacement and from structurality might come apart in their assessments.

Sher is aware of the possibility of divergent judgements regarding the suitability of iso-

morphism invariance for explicating formality. Given that the choice of an appropriate background

theory of structure is subject to extra-logical constraints, she acknowledges that “[d]evelopments in

science and philosophy may [...] affect our theory of formal structure. For example, current model-

theory assumes an ontology of discrete, numerable and ‘determinate’ individuals” (Sher 1999a,

235). Thus “changes in our basic view of objects might affect our conception of formal structure

and with it logic” (Sher 2016, 331). At another place she asks “Is it formally necessary that real-

ity consists of discrete, countable objects of the kind that can be represented by Ur -elements (or

other constituents) of a standard set theory?” (Sher 1991, 139) and “What laws govern the formal

behavior of objects? Different answers to this question give rise to different logical theories” (Sher

2002, 574).99

However, the possible divergence of judgements concerning the ‘right’ mathematical notion

of invariance limits how accommodating Sher’s philosophical account can be as regards the choice of

background theory of structure. Convergence of the two crucial arguments (the argument from 1-1

99Cf. also (Sher 1991, 15) where Sher briefly considers measures on sets other than cardinality, and more elaborate
model-theoretic structures going along with them.
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replacement and the argument from structurality) is only assured in the context of a background

theory like ZFC. Thus, the adequacy of the philosophical analysis of formality as strong structurality

as delineated by invariance under 1-1 replacements is only guaranteed with respect to a background

theory of structure of the type of ZFC. Change the underlying notion of structure and the analysis

becomes problematic.

Considering the two types of issues outlined above, having the right kind of theory, but not

the most encompassing and appropriate candidate in that species of theory vs. having the wrong

kind of theory altogether, concerns regarding the extent of the background theory of structure

can certainly be accommodated on Sher’s account. It is less clear whether concerns regarding a

change in the notion of structure as exhibited by a chosen background theory can. Sher’s account

might thus not be committed to any concrete background theory of structure, like ZFC, but it

is committed to a particular kind of background theory of structure, which is essentially set- or

class-theoretic in nature, and the connection between the philosophical analysis of formality and

its formal implementation might be a bit tighter than originally thought.100

Acknowledging this, how, then, do we go about choosing an appropriate theory of struc-

ture? In how far did ZFC constitute an appropriate candidate? What features may lead to the

adoption of a particular background theory of structure? Shapiro (Shapiro 1998, 25) appears to

suggest an equilibrium conception: the extent of the universe of structure is determined by the

interdependency and balancing of (i) what sort of claims should come out logical, (ii) what sort of

operators should qualify as logical, and (iii) what sort of meta-theoretic claims and entities we can

stomach.101 Such an equilibrium account is not consonant with the foundational analysis as under-

taken by Sher here. Rather, on Sher’s account, the appropriate type of theory is determined by the

needs uncovered by the philosophical analysis of the notions of logical consequence and formality,

whereas the concrete theory itself is provided ‘from outside’ of the logical project, and is dependent

on the best and most appropriate theory available in the discipline that studies the phenomena and

100Sher has mentioned (p.c.) that on her view the background theory of structure could be thought of more broadly
as one that assumes discrete individuals having properties and standing in relations. This kind of picture is of
course nicely captured by means of a set-based theory of structure. She considers it possible nonetheless, at least in
principle, that there could be a background theory of a different type with its own notion of formality, giving up on
the underlying picture of the world as consisting of discrete objects possessing properties and standing in relations.

101Cf. (Shapiro 1998, 25): “This illustrates the fact that the proper settings of our two parameters are not inde-
pendent. Second-order logic, which amounts to taking certain quantifiers and other terminology as logical, requires
richer assumptions about the set-theoretic hierarchy than first-order logic does.”
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laws underlying logic, i.e., mathematics. The adequacy of such a theory is thus judged along two

dimensions: internally to the foundational project as to how well it satisfies the criteria unearthed

by the analysis of logical consequence, and externally as to how good the respective theory does

what it is supposed to do as assessed by criteria and standards of the discipline the theory comes

from. ZFC scores extremely high along both dimensions.

3.1.3.4 The Formal-Structural Notion of Logical Consequence

What emerges from the preceding is what Sher calls the formal-structural view of logical

consequence. According to the formal-structural view logical consequence is grounded in formal

laws, laws governing formal operators that are denoted by fixed expressions of a language.102 These

formal laws and formal operators are studied and characterised relative to a background theory of

formal/mathematical structure. According to this approach

The task of logic [...] is to construct a theory of the transmission (preservation) of truth
based on formal or structural grounds. The formal laws underlying this theory are
studied by mathematics; their formal parameters are build into our language as logical
constants. This, in turn, gives rise to “logical forms”, and these are then connected by
a method of inference based on, or applying, the laws studied by mathematics, which,
being formal, have an especially strong modal force. (Sher 2016, 326)103

The different components of the formal-structural account can be summarised as follows (Sher 2016,

282): consider a claim of logical consequence Γ ` ϕ

(i) the logical connections between the sentences in Γ and ϕ are due to their logical structure;

(ii) logical structure is determined by the logical constants of the sentences;

(iii) logical constants denote formal features, and the logical structure of a sentence thus describes

formal features of a situation/state of affairs;

(iv) there are connections between situations based on their formal features and formal structures:

(v) formal connections that obtain universally constitute formal laws; laws that possess a partic-

ularly wide scope of application, and thus modal force;

(vi) Tarskian models represent formal structures of situations and states of affairs; the model-

theory underlying the Tarskian account represents all such formally possible scenarios;

102See, e.g., (Sher 2001, 245) and (Sher 2016, 257).
103See also (Sher 2001, 246).
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(vii) “the relation of logical consequence between [ϕ] and [Γ] is grounded in a formal law that

connects the formal structures of the conditions that have to be satisfied in the world for all

the sentences of [Γ] to be true and those that have to be satisfied for [ϕ] to be true. Since

this law is formal, it connects the formal structures in question with considerable generality

and modal force, as required by an adequate grounding of logic” (Sher 2016, 282).

The scope of logic, on the formal-structural account, “is the scope of formal laws. Since formal

laws apply, in principle, to all areas of knowledge, so does logic” (Sher 2016, 331). This is the case

as standard model-theoretic Tarskian semantics reduces logical inference to mathematical truth,

which possesses an extraordinary scope and range of application (Sher 1996a, 667). Since “the

mathematical parameters of reality do not vary from one possible state of affairs to another” (Sher

1991, 53), they are insensitive to the (empirical, non-formal) nature of the situation, and it is these

parameters that are denoted by logical constants, logical consequence is formal.104 Since formal

laws hold in all formally possible structures, logical consequence is (formally) necessary:

Since (i) Tarskian consequences depend on the logical constants of the given language
and on the apparatus of models; since (ii) [...] logical constants are formal (in the sense
of taking into account only the formal or structural features of their arguments); and
since (iii) Tarskian models represent all formally possible situations relative to the given
language, consequences based on formal constants satisfying Tarski’s test are necessary
and formal. (Sher 2012, 593)

Thus, logical systems built on the principles outlined above will satisfy Tarski’s adequacy constraints

on logical consequence and satisfy the ‘job description’ of logic as providing a modally strong and

reliable method of inference. What remains to investigate, then, is the broadest possible notion

of logical term compatible with the characterisation of logical consequence given here, in order to

fully determine the “bounds of logic”.

3.1.4 Logical Notions

The centrality of logical terms for the formal-structural account of logical consequence is

difficult to overstate. Logical consequence is grounded in formal laws and these formal laws govern

formal features of objects which, in turn, are denoted by logical terms. Logical constants are the

104See (Sher 1991, 60/61): “logical consequences depend on the logical vocabulary of the language. The formality of
logical terms ensures that logical consequences do not rest on empirical evidence and do not distinguish the identity
of objects in any given universe. Hence logical consequences [...] are formal in Tarski’s sense.”
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parameters of consequence, ensuring its formality. Logical terms and the logical notions they denote

thus lie at the very foundation of the formal-structural approach: “it is largely through its criterion

for logical constants that the formal-structural approach guarantees the indifference of logical con-

sequence to empirical properties of individuals” (Sher 2001, 258). Given the crucial importance of

logical terms and the dependency of logical consequence on them, it is no wonder that the absence

of a precise criterion providing informative reasons and a justification as to why which kinds of

terms qualify as logical was disquieting to Tarski. This discomfort was only exacerbated by the

availability of a natural criterion for the propositional case: the truth-functionality of propositional

operators. The distinctive feature of truth-functionality, possessed by all classical logical proposi-

tional connectives, enabled the formulation of a precise, informative, and well-motivated criterion

of logicality for propositional operators. This criterion identified them with boolean functions and

enabled a complete and systematic classification of all possible propositional operators, all the while

providing an explanation and account of the modal force and logical properties possessed by clas-

sical propositional consequence.105 Such a criterion is glaringly absent for the crucial ingredient of

first-order languages, i.e., quantifiers.

The choice of logical terms can of course not be arbitrary.106 Such a choice is constrained

by the requirement that the collection of logical terms be such that they give rise to only formal

and necessary consequences; any choice of logical terms must be consonant with an account of

logical consequence as formally necessary. Thus, any selection of logical terms must ensure that

logical consequence can play the role of necessary and formal consequence in our overall system

of knowledge, only such terms are permissible as parameters of consequence as are compatible

with the resulting notion of logical consequence being necessary and formal.107 Given that the

goal is to identify formally necessary consequences, we are able to ask the question of what are

possible candidate logical terms, and what do they have in common, in a particularly sharp manner:

“which choices of logical constants would enable logic to perform its function or designated role. [...]

Which choice(s) of logical constants produce consequences that guarantee the transmission of truth

105See (Sher 2012, 584) and (Sher 1996b, 515). We take the availability of such a criterion as justification for
neglecting the treatment of propositional operators in the following, focusing instead almost exclusively on quantifiers.

106Though cf. (Tarski 1983e, 419).
107Cf. (Sher 1991, 138): “the choice of logical constants is constrained by the requirement that the logical super-

structure represent formal, metaphysically unchanging parameters of possible states of affairs.”
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from premises to conclusion with an especially strong modal force [...]?” (Sher 2013, 170).108 The

challenge, then, “is to find a criterion of logical constants that, when used in conjunction with the

model-theoretic definition of logical consequence, yields consequences that satisfy the philosophical

conditions of necessity and formality” (Sher 2016, 297).109

Here we are able to make some headway based on the previous results: since logic is

“attuned only to formal features of reality, i.e., logic is indifferent to the identity of individuals

and their “personal” features, those features that are tied up with their identity” (Sher 2016, 277)

logical terms must be formal, they must denote formal features and formal properties of objects for

logical consequence itself to be based on such formal features and thereby be formally necessary.

Logical consequence, we repeatedly said above, was grounded in formal laws, i.e., laws governing the

behaviour of formal properties. The role of logical constants is to denote the “relevant parameters

of these laws” (Sher 2013, 170), the formal features of reality, i.e., features insensitive to the identity

of objects. This leads to the formulation of the following principle of logicality :

(Logicality) An operator is logical iff it is formal. (Sher 2016, 278)

More specifically, when restricting attention to predicates and predicative operators, “[a] predicative

operator is formal iff it is invariant under all replacements of individuals that preserve identities

and non-identities” (Sher 2016, 279). Formality as invariance under replacements of objects (or,

what is equivalent in the context of the ‘right’ background theory of structure, invariance under

non-structural variations) was explicated as isomorphism-invariance in the context of a background

theory of structure like ZFC. If being formal is the mark of the logical notions, and being formal

amounts to being invariant under isomorphic structures, then “all and only formal terms, terms

invariant under isomorphic structures, can serve as logical terms in a logic based on Tarski’s ideas”

(Sher 1991, 53) (provided they are incorporated into his syntactic-semantic framework ‘in the right

way’, more on this in the next section). Logical terms “do not distinguish between objects [...]

with the same mathematical (= set-theoretical) structure” (Sher 1996b, 524); logical terms “are

formal in the sense of being essentially mathematical” (Sher 1991, 53). In order to make sure that

108See also (Sher 2013, 182): “Which choice of logical constants will give rise to a logical system where consequences
transmit truth from premises to conclusions with an especially strong modal force in all fields of knowledge?” We are
asking the question, once more, in a functional way: “if the function or task of logic was X, what choice of logical
constants will enable it to accomplish X, why, and how?” (Sher 2016, 253) and (Sher 1991, 46/47, 51).

109See also (Sher forthcoming, 11).
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the account of logical consequence presented here captures all formally-necessary consequences we

need to make sure that every formal structure can be denoted by some logical term – to realise

the present conception in full generality all and only formal structures must be able to serve as

denotations of logical terms.110

Now, “the success of the logical project depends on the choice of logical terms. Inasmuch

as logical constants represent the formal and necessary constituents of possible states of affairs the

system will accomplish its task” (Sher 1991, 130). Based on the principle that “to be logical is to

take only structure into consideration” (Sher 1991, 88) selecting terms that denote formal features

of objects as logical constants will ensure that the logical system built on this basis will fulfil logic’s

job-description.111

3.1.4.1 The Tarski-Sher Thesis

While Sher carefully distinguishes between different levels and components in her approach

to logicality, others have not been as mindful of these distinctions in their responses to Sher’s

account. Thus, for example, the distinction between the pre-formal philosophical analysis of the

notions of formality and logicality, and their realisation within a specific mathematical theory is

often lost. Even when it comes to the formulation of the precise mathematical criterion for logicality,

despite consisting of an entire set of conditions, one in particular is usually singled out and given

the honorific title of Tarski-Sher Thesis. The criterion of logicality is thus usually identified

with one particular component of the formal version of the overall thesis. The current subsection

is dedicated to carefully introducing and analysing the Tarski-Sher criterion for the logicality of

terms in its entirety.112

The central component of Sher’s criterion that most writers focus on is what Logicality

becomes when relativized to a particular (set-based) background theory of structure, i.e.,

(Logicality∗) A term is logical iff it is isomorphism-invariant.113

110See (Sher 1996b, 533).
111See (Sher 2013, 170).
112We are deliberately vague here on whether ‘term’ is intended to refer to (objectual) operators or linguistic entities.

In most formulations Sher prefers to talk about operators in this context. A separate linguistic condition then links
constants with operators. Our carelessness here is warranted by Sher’s identification of constants with their extension
as licensed by condition (iv) below.

113See (Sher 2008, 302), (Sher 1999a, 222). See also (Sher 2012, 591) and (Sher 2008, 322) for a more comprehensive
formulation of Logicality∗, encompassing and separating the propositional from the predicative case, and talking
about operators specifically, rather than terms.
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Logicality∗ follows straightforwardly from Logicality and Formality∗: Logicality tells us

that an operator/term is logical iff it is formal, and Formality∗ bridges the gap between the

formal and isomorphism-invariance as it says that a term is formal iff it is isomorphism-invariant

(Sher 1996a, 676/677). It follows that a term is logical iff it is formal iff it is isomorphism-invariant.

The full criterion of logicality for constants of first-order languages that Sher proposes

comprises the following components (since, in this thesis, we are mainly interested in quantifiers,

i.e., second-order predicates, we will restrict the formulation of these conditions to predicative

operators and ignore functions as well as propositional constants):114

I. Framework components

(i) Syntactically, a logical constant c is a level 1 predicate of adicity n (n ∈ N), or a level 2

predicate of type 〈n1, . . . , nk〉 (n1, . . . , nk ∈ N).115

(ii) Logical constants are defined over models. In each modelM over which a logical constant c is

defined, the semantic value of c inM will be a set-theoretic construct over M , in accordance

with the syntactic category of c. In particular, given (i) and our restriction to predicative

operators:

(a) if c is a level 1 predicate of adicity n, then the semantic value of c in M, cM ⊆Mn;

(b) if c is a level 2 predicate of of type 〈n1, . . . , nk〉, then the semantic value of c in M,

cM ⊆ P(Mn1 × . . .×Mnk).116

(iii) A logical constant c is defined over all models (of the logic).117

II. Denotation condition

(iv) A logical constant c is defined by a an extensional function oc and identified with its exten-

sion.118

114See (Sher 1991, 54/55) and (Sher 2003, 189/190).
115Condition (A) in (Sher 1991, Chapter 3).
116Condition (C) in (Sher 1991, Chapter 3).
117Condition (D) in (Sher 1991, Chapter 3).
118Condition (B) in (Sher 1991, Chapter 3).
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III. Invariance condition

(v) A logical constant c is defined by a function oc that is isomorphism-invariant.119

Condition (v) is what most writers are referring to when talking about the Tarski-Sher Thesis,

and it is certainly the component carrying the most weight among the conditions. Nonetheless,

a couple of comments are in order. The framework conditions of group I determine the scope of

the criterion by delineating the kinds of languages we are restricting attention to. In particular,

condition (i) tells us that the languages of interest are first-order languages. It further rules out

that any level 0 constant will qualify as logical, though in light of (v) and Tarski’s result that no

individual can ever be logical, this is already ensured.

Conditions (ii) and (iii) tie together the grammar and model-theory of the logic. In

particular, condition (ii) ensures the right correspondence between an expressions’ grammatical

category and its model-theoretic value. It moreover ensures that the meanings of logical constants in

a model are ‘available’ in that model, thereby preventing the possibility of bypassing the apparatus

of models when assessing logical consequences.120 It does even more: by tying the meaning of a

logical expression to a set M , rather than relativizing it to the modelM of which M is the domain,

it enforces a constancy constraint which ensures that the meaning of a logical constant depends

only on ‘ontology’ (what there is according to the model) and not on ‘ideology’ (what can be said

about the model in terms of distinguished structure), that, in other words, logical constants will

have the same meaning across different models with identical domains. The meaning of a logical

term in a model depends thus on the domain of that model not, however, on its model-theoretic

structure.121 This point is worth dwelling on for a second longer. It is often said that logical terms

are ‘fixed’ and that this is what distinguishes them from the highly variable non-logical terms.

However, to be fixed in this way cannot mean that logical terms must have the same meaning

in every model: the universal quantifier, for example, has a different extension in models with 2

elements than in models with ℵ0 elements.122 What precisely the fixity of logical terms amounts

119Condition (E) in (Sher 1991, Chapter 3).
120See (Sher 1991, 56).
121See Section 3.2.2.3 below for more on this point. The feature that the extension of a logical constant is deter-

mined solely by the domain of the respective models is also a consequence of the demand that logical constants be
isomorphism-invariant, cf. (Sher 1991, 56).

122Cf. (Sher 1991, 48). Sher takes the fixity constraint to be satisfied by the demand that the meaning of a logical
constant is captured by a (semantic) rule definable over all models.
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to, and what it means for a logical term to have a constant meaning we will further discuss below

in Section 3.2.2.3.123

Lastly, condition (iii) of the framework components ensures that all models must be

taken into account when evaluating logical truths and logical consequences as based on the logical

constants. It thereby ensures that the range of possibilities is broad enough to capture a notion of

(structural) necessity (Sher 1991, 56).

The denotation condition (iv) is the major component of Sher’s criterion that connects

logical constants (linguistic items) with logical notions (objects ‘in the world’). It thus occupies

a central role in a criterion of logical constanthood and will be subject to a much more detailed

and in-depth discussion in Section 3.2.2 below. As formulated here, it is supposed to enforce that

logical terms are rigid : their meaning is pre-fixed and completely given by the semantic clause in

the meta-language. Identifying a logical term with its model-theoretic extension ensures that the

mode of specification of the meanings of the respective logical term does not matter. We will return

to this point below.124

The heart of the criterion is certainly the invariance condition (v), which explicates the

idea of the formality of the logical notions. It is the implementation of Mostowski’s requirement

that quantifiers should not distinguish the identity of individuals,125 and, more generally, articulates

the demand that logical constants be formal: “to be formal is not to distinguish between (to be

invariant under) isomorphic structures” (Sher 1991, 56).

This leads to the complete definition of logical terms:

Definition: A term c is logical iff c satisfies conditions (i) - (v) (Sher 1991, 56).126

To illustrate the above definition, consider the following examples:127

123See (Sagi 2018) for an account establishing a connection between fixity and invariance by showing that only
isomorphism-invariant terms are actually capable of being fixed in a strong sense in the context of a model-theoretic
framework as considered here.

124See Section 3.1.4.3 for further details.
125See (Sher 1991, 67).
126A different, bottom up definition of logical terms can also be provided, see (Sher 1991, Chapter 4) or (Sher 1996b,

522ff.).
127For further examples see (Sher 1991, 57ff.).
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Examples:

(a) The universal quantifier ∀ is a logical term. ∀ is a level 2 predicate of type 〈1〉, defined

by the function ∀(M) = ∀M = {M}. It can immediately be seen that ∀ meets conditions

(i) - (iv). As for condition (v): let ι : M 7→ N be a bijection between M and N. Then

ι[∀M ] = ι[{M}] = {ι[M ]} = {N} = ∀N . Hence ∀ is isomorphism-invariant.

(b) The cardinality quantifier ‘there are infinitely many’, Q0, is a logical term. Q0 is a level 2

predicate of type 〈1〉, defined by the function Q0(M) = {A ⊆M | |A| ≥ ℵ0}. Let ι : M 7→ N

be a bijection between M and N . Then, A ∈ Q0(M) iff |A| ≥ ℵ0 iff |ι[A]| ≥ ℵ0 iff ι[A] ∈

Q0(N). Hence, ι[Q0(M)] ⊆ Q0(N). The converse direction follows similarly. Thus, Q0 is

isomorphism-invariant.

(c) The Montague-quantifier Mi, defined by Mi(M) = {A ⊆ M | i ∈ A} is not logical. For let

ι : M 7→ N be a bijection between M and N where i ∈ M , but i /∈ N . Then Mi(M) 6= ∅,

whereas Mi(N) = ∅ and thus clearly ι[Mi(M)] 6=Mi(N).

While the Tarski-Sher thesis, or in the very least its crucial component (v), is often accepted as a

necessary constraint on logicality, Sher herself regards the set of conditions (i) - (v), or at least their

non-formal general counterpart, as formulating a criterion of logicality, providing a set of necessary

and sufficient conditions for a term to qualify as logical: “our invariance criterion – or at least the

general version of this criterion – has the status of a necessary and sufficient condition” (Sher 2016,

314) and, adopting the particular formalisation envisioned here, “the invariance-under-isomorphism

criterion sets a necessary and sufficient condition on logicality” (Sher 2016, 314).128

The “Invariance-under-Isomorphism criterion characterizes logic as a theory of formal or

structural inference, inference based on the laws governing formal or structural operators” (Sher

2008, 307). It gives rise to a “maximalist conception of logicality under a unified theme, formality”

(Sher 2013, 182). The invariance-under-isomorphism condition emerged as a way of explicating

the notion of formality in a mathematical, set-theoretical setting. It subsumes Tarski’s condition

of permutation-invariance which grew out of his application of Klein’s geometric ideas to logic.

If a notion is isomorphism-invariant, it is permutation-invariant, but not necessarily the other

way around.129 Generality, or so it seems, becomes a special, local, case of formality. This is of

128See also (Sher 2013, 182).
129See, e.g., (Peters and Westerst̊ahl 2006, 100) for examples.
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course oversimplified and we will return to a more thorough discussion of the relationship between

formality and generality below. Note, however, that isomorphism-invariance does overcome one of

the shortcomings of Tarski’s criterion of permutation invariance mentioned above, namely, its local

character according to which there need not be a strong connection between the behaviour of a

logical notion on different domains regardless of their structural similarities. Consonant with the

structural moment of the Tarski-Sher thesis, the invariance-under-isomorphism criterion demands

that structure matters, and thus that identity of (relevant) structure must ensure identity of formal

behaviour, that there is a connection between the behaviour of a logical term on structurally

identical domains or, even stronger, that we can ensure ‘cardinality-based’ structural identity.

How much stronger than permutation-invariance is isomorphism-invariance? One way

this question can be answered is by identifying conditions under which permutation-invariance

and isomorphism-invariance will yield extensionally identical results. Westerst̊ahl isolates one such

condition:

(Ext) Let Q be quantifier of type 〈n1, . . . , nk〉, M, N models with M ⊆ N , and suppose

Ri ⊆Mni for all 0 < i ≤ k. Then 〈R1, . . . , Rk〉 ∈ QM iff 〈R1, . . . , Rk〉 ∈ QN .130

It can then be shown131 that under the assumption of Ext permutation-invariance and isomorphism

-invariance are equivalent:

Proposition (Westerst̊ahl 1985): Let Q be a quantifier satisfying Ext. Then, Q is isomorphism-

invariant iff Q is permutation-invariant.

Proof (Westerst̊ahl 1985): For simplicity, consider Q of type 〈1〉 and assume it satisfies Ext. The

left-to-right direction follows immediately, so consider the right-to-left direction by assuming Q to

be permutation-invariant. Let ι : M 7→ N be a bijection between M and N . W.l.o.g. assume that

M and N are disjoint and consider M∗ = M ∪N . Note that ι∪ ι−1 is a permutation of M∗. Then,

A ∈ QM iff A ∈ QM∗ (by Ext)
iff ι ∪ ι−1[A] ∈ QM∗ (by permutation-invariance of Q)
iff ι[A] ∈ QN (by Ext and the fact that ι[A] ∈ N)

�
130See (Peters and Westerst̊ahl 2006, 105) for this definition.
131See (Westerst̊ahl 1985, Proposition 2), (Peters and Westerst̊ahl 2006, Fact 14).
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Thus, in the class of Ext-quantifiers, permutation- and isomorphism-invariance delineate the same

notions. Among Ext-quantifiers there is no difference between local and global invariance con-

straints. This is not surprising given the kind of constancy constraint that is enforced by Ext, but

nevertheless very informative as it re-emphasises the interplay between invariance and constancy,

an important theme in what will follow.

3.1.4.2 Scope of the Proposal

The encompassing nature of the Tarski-Sher Thesis and the maximalist conception of

logic it gives rise to have generated substantial criticism, some of which we will explore in Section

3.2. Here we are concerned with the scope of the criterion: what operators and constants are

covered by it? From a purely formal perspective, the move from Tarskian permutation-invariance

to full-blown bijection- or isomorphism invariance is approvingly quoted by McGee (McGee 1996).

He deems Sher’s criterion a “natural generalization of Tarski’s thesis” (McGee 1996, 568), supported

not only by Tarski’s original informal constraints on logical consequence, but also by the fact that

it avoids the kinds of issues resulting from the domain-relativity of Tarski’s account:

The reasons Tarski gave initially for supposing that the logical operations on a partic-
ular domain ought to be invariant under arbitrary permutations equally well support
a further contention: a logical operation across domains ought to be left fixed by an
arbitrary bijection. A property which, while invariant under all permutation [sic!] of a
given domain, is disrupted when we move, via a bijection, to a different domain must
depend on some special feature shared by the members of the first domain and lacked
by the members of the second domain. It is not the sort of purely structural property
that pure logic studies. (McGee 1996, 576)

The Tarski-Sher Thesis, in its full formulation, facilitates a correspondence between categories of

expressions and types of operators and properties: propositional connectives correspond to truth-

functions, predicative (unary monadic) quantifiers to cardinality properties, and relational quan-

tifiers to structural properties in general (Sher 1991, 68). Lindström-quantifiers are essentially

subsumed by the Tarski-Sher criterion.

Tarski wondered about the relationship between mathematical and logical notions. On

Sher’s account “any mathematical predicate and functor [...] can play the role of a primitive logical

constant” (Sher 1991, 132), provided only that it is incorporated into the Tarskian syntactic-
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semantic apparatus ‘in the right way’, i.e., in accordance with conditions (i) - (v).132 The resulting

conception of logic Sher terms Unrestricted Logic (UL).133 “[I]n the new conception of logic”, she

says, “any mathematical constant can play the role of a logical term, subject to certain requirements

on its syntactic and semantic definitions” (Sher 1991, 133).134

The limitations on what can qualify as logical according to the Tarski-Sher Thesis stem

from two sources: (a) not meeting the requirements of logicality given in (i) - (v) by, for example,

not being isomorphism-invariant, and (b) limitations of the background theory of structure at play –

proper classes, for example, might be excluded by fiat from qualifying as logical properties when the

background theory of structure is purely set-based. Notwithstanding this, the Tarski-Sher Thesis

successfully overcomes one of the major shortcomings of FOL, the Löwenheim-Skolem theorem.

Long noted as a limitation of FOL, indicative of its inability to distinguish between different sizes

of infinity, the Löwenheim-Skolem theorem can be regarded as a sort of ‘incompleteness theorem’ for

FOL that demonstrates its inability to pick up on certain formal-structural features (in particular,

uncountable cardinalities of the domain).135 This particular limitation is completely overcome in

UL.

McGee provides a characterisation-result similar to the one provided for Tarski’s Thesis:136

Theorem (McGee 1996): An α-ary operation oα across domains is invariant under bijections iff,

for each non-zero cardinal κ, there is a formula ϕκ of L∞,∞ that defines oα on domains of cardinality

κ.

McGee regarded this result as proof of the fact that the Tarski-Sher thesis ‘got it right’ in an

important sense, for it shows that every bijection-invariant notion can be characterised by a class-

sized collection of sentences which use only intuitively logical expressions, and definition in terms

of logical notions (however large and complex) clearly preserves logicality.137 As we will see below,

others have disagreed with this assessment.

132See (Sher 1991, 59).
133See (Sher 1991, 59).
134Cf. also (Sher 1991, 67) and (Sher 1996b, 534).
135See (Sher 1996a, 679).
136Cf. also (Bonnay and Engström 2018).
137See (McGee 1996, 568).
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3.1.4.3 Logical Constants

The linchpin of the Tarskian setting are the logical terms. It is they that carry the

burden of rendering logical consequences necessary and formal by fixing the kinds of features that

are to be taken into account and held constant.138 They do so, to reiterate, by denoting formal

properties of objects whose laws yield the modal force and scope requisite for logical consequence.139

Logic “is a theory of formal reasoning, and it is the job of logical terms to represent the formal

properties and relations on which this reasoning is based” (Sher 1996a, 676). Formal features,

in turn, are identified with structural-mathematical properties, delineated by the characteristic

mark of structural invariance, isomorphism-invariance, which ensures that formal properties do not

distinguish the identity of objects.

The Tarskian system is designed in such a way that the syntax of the language clearly

marks the logical structure of sentences “where this structure reflects [...] formal structure” (Sher

2016, 279) in the world: “[l]ogical constants denote the distinguished – i.e., formal – parameters of

the situations that have to hold in the world for the sentences involved to be true/false” (Sher 2016,

280). Logical objects are formal, i.e., isomorphism-invariant objects. Logical terms, i.e., linguistic

entities, are logical in virtue of what they denote:140

(LC) A constant is an admissible logical constant iff it refers to (denotes, represents) a logical

– i.e., formal – operator. (Sher 2016, 280)

In addition to the objectual part, captured by Logicality and Logicality∗, the criterion of

isomorphism-invariance thus also possesses a linguistic part, according to which, for a constant to

be logical it “must denote a property that satisfies the objectual part of” (Sher forthcoming, 13)

the criterion. Moreover, it must do so in a particular way to ensure that “logical constants [...] are

adequately integrated into a syntactic-semantic system of logical consequence” (Sher forthcoming,

13). The purely objectual part of the criterion is, following MacFarlanes classification in (MacFar-

lane 2000), pre-semantic: “it sorts logical from non-logical semantic values [...] without reference to

138See, e.g., (Sher 1996b, 533): “The role of logical terms in Tarskian logic is, thus, to mark formal features and
structures of objects, the kinds of features and structures responsible for logical consequences.”

139Note that, on this account, logical terms are not syncategorematic, but referential like all other terms of the
language as well. The identification of logical constants with grammatical particles as in, for example, (Quine 1986),
is a remnant of the conception of logical constants as syncategorematic terms in the context of term-logics. This
identification is no longer appropriate in the post-Fregean framework of logic, cf. (MacFarlane 2017), (Sher 1996a,
673).

140See (Sher 2016, 280, our emphasis): “we characterize “admissible” logical constants based on their denotations”.
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linguistic expressions (“logical constants”) or their relation to these semantic values” (MacFarlane

2000, 176). A criterion based solely on an objectual component, like Tarski’s in (Tarski 1986),

defines logicality at the pre-semantic level, and is concerned only with semantic values, rather than

linguistic expressions and also with their relationship to these values: “[i]t makes no reference to

specifically semantic relations between linguistic entities and objects or truth values” (MacFarlane

2000, 187). However, a criterion operating solely at this level is bound to remain incomplete, for

“whether a meaningful linguistic expression is a logical constant depends not only on its (actual or

possible) semantic values, but on its meaning – that is, on the way its semantic value is determined”

(MacFarlane 2000, 189).

A constant, then, is logical iff it denotes a logical, i.e., formal, operator and only if it

does so in a particular way, subject to additional constraints. Thus, while all formal operations,

all isomorphism-invariant objects, constitute candidate denotations for logical terms,141 only those

constants that denote them in a particular way are logical constants. The linguistic part of the

criterion remains secondary to the objectual part, and is crucially dependent on it.142

A central condition constraining the way the denoting of formal operations by logical

constants must happen is the demand that logical constants denote logical operators rigidly, that

“[l]ogical constant rigidly refer to formal operators” (Sher 2002, 568).143 This demand is met by

the denotation condition which identifies a logical constant with its denotation, thereby ensuring

that it is a rigid designator of that extension:144

Condition [(iv)] ensures that logical terms are rigid. Each logical term has a pre-
fixed meaning in the metalanguage. This meaning is unchangeable and is completely
exhausted by its semantic definition. That is to say, from the point of view of Tarskian
logic, there are no “possible worlds” of logical terms. Thus, qua logical terms, the
expressions “the number of planets” and “9” are indistinguishable. If you want to
express the intuition that the number of planets changes from one possible “world” to
another, you have to construe it as an extralogical term. If, on the other hand, you
choose to use it as a logical term (or in the definition of a logical term), only its extension
counts, and this is the same as the extension of “9”. (Sher 1991, 56)

The inclusion of a rigidity-requirement for logical terms aims to safeguard the criterion against

141Cf. (Sher 1996b, 523).
142Cf. (Sher 2001, 247): “a constant (linguistic entity) is logical iff it refers [...] to a formal operator and it [the

criterion] gives a precise mathematical criterion for formal operators.”
143Cf. also (Sher 2001, 249): “A constant is logical iff it rigidly refers to a formal operator.”
144Other constraints besides denoting a formal operator and doing so rigidly include that the meaning of a constant
c be exhausted by its extension, that it be defined over all models, that its denotation be semantically fixed, etc. See
(Sher 2016, 281) and (Sher 2013, 176) for a list of conditions here.
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criticisms of its intensional adequacy. The upshot of criticisms of this kind is that since invariance

criteria evaluate the logicality of an expression solely in terms of properties of its extension, they

thereby neglect other logically important aspects of its full meaning and here, in particular aspects

of its intension, or the way of ‘getting to’ its extension.145 McCarthy, for example, says that “[t]he

general point suggested by these [criticisms] is that the logical status of an expression is not settled

by the function it introduces, independently of how these functions are specified” and thus that “if

logical constanthood is a semantic property, the semantic description of a logical constant is not

completely determined by the class of functions it introduces” (McCarthy 1981, 516).

The debate surrounding intensional criticisms of the descriptive adequacy of invariance

criteria operating solely at the level of extensions is rather convoluted and difficult to fruitfully

access. We will treat some of its aspects in Section 3.2.2 below, but wish to provide a brief outline

of the issue and its main complaints here. In general, we can distinguish two lines of argumentation

intensional criticisms of the descriptive adequacy of isomorphism-invariance take: (1) they may

claim that the criterion gets it extensionally wrong, that it classifies expressions as logical that,

intuitively, or based on more robust considerations, are not; and (2) that by doing so it engenders

conflicts with the basic assumptions that it took as guides for its formulation. These two points

are not mutually exclusive, with expression falling under (1) often criticised because they violate

assumptions underlying (2).

In appreciating the force of these criticisms it is important to keep in mind the distinction

between logical operators and logical symbols. According to the Tarski-Sher Thesis an operator, a

(set-theoretic) object, is logical if it has ‘the right shape’ and is isomorphism-invariant. A constant,

i.e., a symbol/linguistic expression, on the other hand, is logical if it denotes a logical operator.

McGee reminds us that “whether the operation described by a connective is invariant [...] is

a purely extensional question” and that it could happen that “the same operation is described

by two different connectives, one intuitively a logical connective, the other not” (McGee 1996,

569). This, however, does not count against the logicality of the operation: “for an operation to

count as logical, it is enough that there be some logical connective that describes the operation; it

does no harm if the operation is also describable by a non-logical connective” (McGee 1996, 570).

145Criticisms of this kind can be found in (Peacocke 1976, 228/229), (McCarthy 1981), (McGee 1996), (Hanson
1997), and (Gómez-Torrente 2002). For summaries and overviews, see (MacFarlane 2017), (Bonnay 2014), (Sagi
2015).
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Logicality of operators is a property of extensions, not of the way we describe them, i.e., whether

an extension is logical only depends on properties of that extension, not on the way we ‘get to

it’. The objectual part of the Tarski-Sher Thesis, McGee says, imposes a necessary condition on a

constant to constitute a logical expression: that it must denote a logical operation. This, by itself,

however, is not yet sufficient,146 since “[w]hether a connective is a logical connective is a question

of what the connective means” (McGee 1996, 569, our emphasis).

According to (LC) “whether a term is logical is entirely independent of its meaning, sense,

or intension” (Hanson 1997, 394) and solely dependent on features related to its extension. Yet, it

is precisely here, in the ‘getting to’, the specifying of the extension, that non-logical elements may

inadvertently enter the picture: expressions such as ‘unicorn’, ‘heptahedron’147, and ‘male widow’

all denote the empty set (and arguably necessarily so, based on metaphysical, mathematical, and

analytical reasons) over any universe. Since they thus possess an isomorphism-invariant extension,

they qualify as logical terms according to (LC).148 Properties specific to these expressions and

their extensions give rise to further, somewhat awkward, operators of different levels and types:

Gómez-Torrente considers the binary predicate ‘is the same as, if there are no heptahedra, and is

not the same as, if there are heptahedra’ (Gómez-Torrente 2002, 18) which is co-extensional with

the identity predicate (and thus logical), as well as the quantifier ‘nothing is a male widow and there

are things such that ..., or something is a male widow and everything is sich that not’ which is co-

extensional with the usual existential quantifier, and thus logical (Gómez-Torrente forthcoming, 5).

McGee discusses unicorn negation U , a unary connective s.t. Uϕ := (¬ϕ ∧ there are no unicorns)

and H2O-negation Hϕ := (¬ϕ ∧ water is H2O) (McGee 1996, 569/578), both co-extensional with

negation (and thus logical). Intuitively non-logical expressions can thus be found in all syntactic

categories, constituting “decisive refutations of the extensional adequacy of [LC]” (Gómez-Torrente

2002, 18).149

146Cf. (McGee 1996, 578).
147Meaning ‘regular polyhedron of seven faces’.
148The examples are due to (Gómez-Torrente 2002, 18) and (Gómez-Torrente 2003a). For a response to the criticism

based on these examples, see (Sher 2003). For a response to the response, see (Gómez-Torrente 2003b) and (Gómez-
Torrente forthcoming). See (Sher forthcoming) for further response and an additional perspective on these criticisms.
We will not discuss the complexities of this debate here, largely because we think that the two positions disagree
about the type of approach that should be taken to an explication of logical consequence. We therefore think that
Gómez-Torrente’s observations, while crucial to the adequate formulation of constraints on any notion of logical
consequence that is to meet several pre-theoretic desiderata, does not suitably engage with and address the kind of
concerns guiding the foundational project of Sher.

149For the formulation of these kinds of criticism to the criterion of isomorphism-invariance and other criteria of
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It is not only that these expressions are intuitively non-logical. More significantly, they

give rise to consequences that conflict with traditional characterisations of logical consequence. The

necessarily empty extension of ‘heptahedron’, for example, renders ‘∀x¬heptahedron(x)’ a logical

truth (Gómez-Torrente 2002, 19). Similarly is ‘0 6= 0∨H0 6= 0’, which entails ‘Water is H2O’, come

out a logically true (McGee 1996, 578). However, while the former might be necessary and a priori,

it is not analytic, and while the latter might be necessary, it isn’t necessary in virtue of form and

thus should not qualify as a logical truth.150 A particularly forceful criticism of this kind is raised

by Hanson in (Hanson 1997),151 who provides the following example:

Let n be the least number of whole seconds (that is, the least number of seconds,
disregarding fractions of a second) in which, up through the end of the twenty-first
century, a human being runs a mile. Now consider a quantifier that behaves exactly like
the universal quantifier (over individuals) in models with domains of cardinality ≥ n,
but like the existential quantifier in models with domains of cardinality < n. Call this
quantifier ‘Q∗’. ‘Q∗’ is a logical term on Sher’s account because it satisfies her semantic
isomorphism conditions, although it seems bizarre to treat it as one. To see just how
bizarre this is, consider the following argument:

(7) (Q∗x) (Dog(x)→ Black(x))

(Q∗x) Dog(x)

∴ (Q∗x) Black(x)

As long as n ≥ 3, argument (7) has countermodels. So we know that (7) is invalid,
since we know that no one will run a mile in less than three seconds before the end of
the next century (or ever, for that matter). Yet we don’t and can’t know this a priori.
(Hanson 1997, 391-392)

The Tarski-Sher thesis thus appears to license constants that give rise to inferences that cannot

be known a priori. The violation of such an a prioricity constraint is particularly devastating for

Sher’s project, so Hanson, as the a posteriori nature of the inference demonstrates the influence of

empirical knowledge on logical consequence thus construed. This however violates one of Tarski’s

core constraints, the independence of logical consequence from such knowledge, and therefore un-

dermines Sher’s entire approach: the exclusion of an a prioricity constraint, so Hanson, is, for this

reason, “actually inconsistent with some of the fundamental principles on which her [Sher’s] account

logicality, see (Gómez-Torrente 2002) and (Gómez-Torrente 2008). For a response, see (Sher 2003; Sher forthcoming).
For a response to this response, see (Gómez-Torrente 2003b; Gómez-Torrente forthcoming).

150Cf. (Gómez-Torrente forthcoming, 8).
151For Hanson’s original criticism see (Hanson 1997). For a response by Sher see (Sher 2001). For a response to the

response, see (Hanson 2002).
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is based” (Hanson 1997, 392). Logical consequence “is a formal relation and as such nonempiri-

cal”, however, “this nonempirical feature carries at least a limited commitment to determinability

a priori” (Hanson 1997, 394).152

These criticisms show, MacFarlane concludes, that denoting an isomorphism-invariant

extension by itself is not sufficient to render a constant logical. The Tarski-Sher thesis “gives at

best a necessary condition for logical constancy. Its main shortcoming is that it operates at the

level of reference rather than the level of sense; it looks at the logical operations expressed by the

constants, but not at their meanings. An adequate criterion, one might therefore expect, would

operate at the level of sense” (MacFarlane 2017). McGee appears to embrace a similar conclusion

when he says that, while bijection-invariance of extensions is undoubtedly necessary for a connective

to qualify as logical, a “connective is a logical connective if and only if it follows from the meaning

of the connective that it is invariant under arbitrary bijections” (McGee 1996, 578).153

Sher has responded to these challenges in detail, most extensively in (Sher 2001), (Sher

2003), as well as in (Sher forthcoming).154 We are not too concerned with the precise details of

the responses here, but rather with the general theme that materialises in them, namely the idea

that for an expression to be logical it must be a rigid designator. In particular, what emerges

from Sher’s responses is that whether or not an expression will qualify as logical has little to do

with its natural language meaning and everything with the way in which it is integrated into the

syntactic-semantic apparatus of Tarskian logic: “It goes without saying that if we decide to use

‘unicorn’, ‘heptahedron’, and ‘male widow’ in a non-standard way (relative to their English use),

then, depending on how we use them, they will or will not satisfy (LT)” (Sher 2003, 196). In

particular, using them as logical constants in the context of this apparatus simply means using

them rigidly, which is achieved in the Tarski-Sher thesis by flat-out identifying constants with their

denotations. What and how constants mean in a logical language is tightly constrained and does

not owe anything to their natural language counterparts – their meaning in a formal language may

diverge to a greater or lesser degree from these.155 Thus, “[t]o the extent that this characterisation

152After Sher’s response to Hanson’s criticism in (Sher 2001), in which she shows in how far her account respects
Tarski’s characterisation of the freedom of logical consequence from empirical knowledge, Hanson, in (Hanson 2002),
distinguishes two different senses in which logical consequence can be said to be free from empirical influence.

153But see the comments in (Bonnay 2014) for why this conclusion might be overhasty.
154See (Gómez-Torrente 2002), (Hanson 2002), and (Gómez-Torrente forthcoming) for further comments on these

responses.
155See (Sher 2003, 197).
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of logical constants concerns their use in formal systems and is not committed to preserving their

meanings in a given background language, it is also immune to the type of criticism exemplified

[above]” (Sher 2003, 197). “Qua quantifiers”, Sher says,156

“the number of planets” and “9” are indistinguishable. Their (actual) extensions deter-
mine one and the same formal function over models, and this function is a legitimate
logical operator. In another world another description (and possibly another symbol)
may designate this function. But that has no bearing on the issue in question. (Sher
1991, 64-65)

Furthermore, within the Tarskian framework outlined above, the only properties that a Tarskian

account is obliged to preserve are the necessity and formality of logical consequence, as these

were the two adequacy constraints set by the account itself. Satisfaction of additional, intuitive,

constraints is welcome, but need not be in the Tarskian spirit. Sher notes that the adduced

counterexamples all admit of a non-empirical definition (Sher 2001, 251) and ponders the addition

of a constraint on expressions that to be logical they need to denote their extensions not only

rigidly, but also non-empirically. Ultimately, she concludes that not much depends on the addition

of such a constraint: “My answer is, As you wish. From the point of view of the formal-structural

approach, not much hangs on a positive or a negative answer to this question” (Sher 2001, 256).

Contrary to McCarthy’s contention that “the logical status of an expression is not settled by the

function it introduces, independently of how these functions are specified” (McCarthy 1981, 516)

Sher concludes that “[t]he question is not how we come to know the meaning of a given linguistic

expression, but how we set out to use it” (Sher 1991, 65).157

What materialises in this response is that the criticisms of the descriptive adequacy of the

criterion of isomorphism-invariance on the basis of its perceived intensional failures misconstrue

the goal of the project taken up in devising the Tarski-Sher thesis. The goal was not to deliver

a characterisation of logicality of natural language expressions, capturing a wide array of pre-

theoretical intuitions and taking into account the multiple dimensions of meaning natural language

expressions possess. Rather, the goal is much more modest: to articulate a criterion of logicality

that does justice to Tarski’s original project, and is confined to the restrictions, constraints, and

156See also (Sher 1999a, 223).
157“... If we set it up as a rigid designator of some formal property in accordance with conditions (A) to (E), it will

work well as a logical constant in any Tarskian system of logic. Set differently it might not. Switching perspectives,
we may say that the only way to understand the meaning of a term used as a logical constant is to read it rigidly
and formally, i.e., to identify it with the mathematical function that semantically defines it.” (Sher 1991, 65).
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limitations of this original proposal.158 We need to be careful to acknowledge, then, that

Formal criteria for logicality, such as permutation invariance, are really criteria that
apply to model-theoretic surrogates for natural language meanings. Sometimes, we can
more or less identify the model-theoretic surrogates for natural language meanings with
their actual meanings. Perhaps this is true for mathematical language; perhaps it is
true of a reformed language of science like that dreamed of by both Frege and the
logical positivists. Sometimes, we need to carefully distinguish mathematical models of
meaning from meanings themselves, such as when we deal with natural language in all
of its modal, aspectual, and colored character. (Woods 2016, 780)

The intensional criticisms outlined above are then not so much criticisms of the criterion itself,

but rather of the overall framework in which the criterion has developed and whose inadequacy to

model all (significant) aspects of natural language meaning is pointed out by the counterexamples.

Sagi appears to agree with this assessment when she says that

Arguably, the array of extensions of a given term in standard first-order logic represents
its meaning. [...] One may object to the presumption that the array of extensions of
a term fully captures its meaning in each case. A possible defense would be that this
is a limitation of the framework of extensional logic. Whatever can be represented by
arrays of extensions is the most of the meaning of a term that can be captured in this
framework. The metalanguage merely guides us to this array. Some rules are more
useful than others, but any difference between two metalinguistic rules giving the same
array of extensions is irrelevant to the modal status of sentences in the object-language.
(Sagi 2015, 163)

Gómez-Torrente acknowledges this line of response,159 but remains dissatisfied with it.160 The same

kind of dissatisfaction is shared by MacFarlane, who questions why we should accept the limitations

imposed by the choice of framework.161 We agree with Sher that the counterexamples produced

158Cf. (Woods 2016, 798): “Sher’s stated aim is a characterization of logical constants in logical languages [...] and,
in particular, logical languages of a Tarskian stripe.”

159Cf. (Gómez-Torrente forthcoming, 8): “The suggestion is perhaps implicit that the framework of extensional logic
is uncontroversial and elucidatory of uncontroversial aspects of the content of an expression, while any theoretical
apparatus that could sieve out ‘male widow’, say, from the analytically coextensional but intuitively logical ‘is different
from itself’ would be controversial.”

160Cf. (Gómez-Torrente forthcoming, 9): “To someone taking these examples as dismissible on account of the fact
that they involve non-extensional aspects of the content of some expressions, there is little I can say, except that if we
take this route we are simply denying the existence or importance of intuitive distinctions, but we have no reason to
consider these distinctions as unreal or as not grounded in real and important underlying linguistic or extra-linguistic
facts. Flatly denying an intuitive aspect of reality is not typically the right philosophical way to go, or it doesn’t
strike me and many others as right, at any rate.” Note that formality is an aspect of our intuitive understanding of
the world on Sher’s account. What it does not account for, rather, is how we refer to these formal features outside
of theoretical investigations in everyday language.

161Cf. (MacFarlane 2017): “Thus Sher’s proposal can only be understood as a stipulation that if one of a pair of
coreferential rigid designators counts as a logical constant, the other does too. But it is not clear why we should accept
this stipulation.” The choice of framework was of course not arbitrary, but the result of a careful balance of factors
in deciding on the appropriate setting in which to undertake a foundational investigation of the kind attempted here.
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by McCarthy, Hanson, and Gómez-Torrente do not threaten the adequacy of the criterion in the

context of the approach taken by her. However, we share the worry that more needs to be said

about the kind of rigidity that logical expressions must possess according to the Tarski-Sher thesis.

Even if rigidity manages to ensure purely logical extensions, it does not yet tell us anything about

how these logical extensions are actually determined. Invoking meta-linguistic specifications here

risks re-introducing the kind of counterexamples just dismissed. If MacFarlane is right, part of the

story is missing. What is needed is a framework-internal factor that grounds the rigidity of logical

expressions.

3.1.5 Historical Notes & Related Proposals

Grounded in an analysis of the principles underlying Tarski’s logical semantics, Sher for-

mulated an account and criterion of logicality based on a philosophical justification and systematic

application of ideas active in Mostowski’s and Lindström’s generalisation of quantifiers. The histor-

ical debts of the Tarski-Sher thesis have been sufficiently described in previous sections: the logical

notions on Sher’s proposal are essentially co-extensive with Lindström-quantifiers which were first

proposed, in full generality, in (Lindström 1966). The requirement of isomorphism-invariance, on

the other hand, left unmotivated in Lindström’s own account, was justified as the correct imple-

mentation of the requirement that logical notions be insensitive to the identity of objects, – an

analysis advanced in (Mostowski 1957), where it was used to vindicate the consideration of unary

monadic quantifiers beyond the standard universal and existential quantifiers of FOL.162

It is worth mentioning several further accounts here, whose analysis of the phenomenon of

logicality overlaps, at least partially, with those of the Tarski-Sher thesis. Similarly to Sher’s starting

point, D. Westerst̊ahl, in (Westerst̊ahl 1985) and related work, sets out to delineate the class of

logical constants by studying the constraints considerations of logicality place on the interpretations

of symbols in a logical calculus. Focusing on the property of topic-neutrality, which logic is often said

to possess, Westerst̊ahl identifies permutation- and isomorphism-invariance as central constraints

on potential semantic values of logical symbols. The question of which of the two to prefer as an

adequate implementation of the notion of topic-neutrality is rendered superfluous by the adoption

162For a discussion of the relation between Sher’s account and Mostowski’s and Lindström’s work, see (Sher 1991,
Chapter 2, Chapter 3.8), (Sher 2012, 585ff.) and (Sher 1996b, 516ff.).
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of a second necessary constraint, constancy, which demands that logical symbols must be held fixed

and have ‘the same’ meaning in all models. For quantifiers, this requirement takes the shape of

what was termed (Ext) in Section 3.1.4.1 above, and forces the equivalence of isomorphism- and

permutation-invariance.163 We will return to a discussion of the notion of sameness for a logical

constant below and in Section 3.2.2.3.

Similarly, although skeptical about the general project of a demarcation of the logical

constants,164 J. van Benthem acknowledges a tight connection between logicality and invariance.

A central aspect in characterising the logical constants, he says, has to do with “their invariance

behaviour across different semantic structures. Roughly speaking, logical constants will be those

items whose denotation is invariant under quite drastic changes of semantic models” (van Benthem

1989, 316). This invariance, van Benthem continues, captures the independence of logical constants

from content and their concern with structural features and is best spelled out through permutation-

/bijection-invariance.165 Nonetheless, permutation-invariance by itself remains insufficient for a

characterisation of logicality: “permutation invariance ignores further semantic aspects of logicality,

such as intuitive features of ‘uniformity’ or ‘finiteness’ ” (van Benthem 2002, 428)166 To capture a

notion of uniformity van Benthem proposes a principle of context neutrality, which is identical to

Westerst̊ahl’s constancy constraint in the form of Ext167 (van Benthem 1989, 321).

In addition to an invariance condition, both Westerst̊ahl and van Benthem thus postulate a

cross-domain connection for logical notions stronger than bijection-invariance. This is a theme that

will prominently re-emerge in our discussion of objections to the Tarski-Sher thesis as a criterion of

logicality in the next section, but it is worth mentioning already that while we agree that bijection-

163See (Westerst̊ahl 1985, Proposition 2). In the same paper Westerst̊ahl also discusses conservativity as a further
constraint on logicality, but ultimately concludes that conservativity is justified as a linguistic universal rather than
an essential property of logic and thus marks “[w]ith a slight oversimplification, [...] the difference between natural
language quantification and quantification in mathematical logic” (Westerst̊ahl 1985, 398).

164See, e.g., (van Benthem 1989, 336): “this is an expression of a view opposed to the traditional idea of regarding
logic as being primarily concerned with the study of ‘logical constants’ ” and (van Benthem 2002, 420): “I myself
feel no need for a principled separation of logic from other territories, mathematics, linguistics, computer science,
psychology, or whatever.” See also his remark on holistic approaches to logicality in (van Benthem 2002, 427, 438).

165See (van Benthem 1989, 317).
166van Benthem also holds that permutation-invariance is hopelessly circular as an account of logicality given that

the choice of invariance relation depends, according to him, on the kinds of notions that we intend to come out as
logical (van Benthem 2002, 428). Identity, for example, presupposes the preservation of identity and distinctness,
thereby necessitating the choice of an invariance relation based on permutations. Hence, he claims, “permutation
invariance cannot serve as an independent foundational account of logicality” (van Benthem 2002, 429, 431). We
think that underlying van Benthem’s assessment here is a conflation of analysis and implementation but will not
pursue the issue further at this stage, postponing a discussion to Section 3.2.3.

167Though only formulated for quantifiers of type 〈1, 1〉.
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invariance by itself is insufficient to ensure a strong enough connection between the behaviour of

a logical notion across domains, constancy, in the form of Ext, is the wrong way to enforce this

kind of constraint. For notice that not even the universal quantifier satisfies Ext: let M, N be

models, s.t. M ⊂ N . Then M ∈ ∀M = {M}, yet M /∈ ∀N = {N}. Ext is, in fact, too strong, and

not sensitive to the right distinctions here. We will return to the topic below.

Another account that will be discussed in a bit more detail below and which also ex-

plicitly recognises the philosophical significance of bijection-invariance for logicality is McCarthy’s

account in (McCarthy 1981). Dissatisfied with Peacocke’s proposal in (Peacocke 1976), McCarthy

introduces an isomorphism-invariance constraint to express “a natural semantic constraint on the

notion of topic-neutrality” (McCarthy 1981, 507). Arriving at this condition through a general-

isation of properties possessed by the standard constants of FOL rather than through an inde-

pendent foundational analysis, McCarthy accepts isomorphism-invariance as a necessary condition

of logical constanthood, but questions its sufficiency on the basis of considerations discussed in

Section 3.1.4.3 above and Section 3.2.3 below. He ultimately adopts an amended criterion which

involves isomorphism-invariance as a crucial component, supplemented by a modal condition and

which, while transcending FOL, is ultimately more restrictive than universal logic by, for example,

disqualifying infinite cardinality-quantifiers as logical.168 He further suggests ways in which his

proposed criterion, with its concomitant demand of isomorphism-invariance, might be modified so

as to also apply to intensional languages.

It is curious to note, as pointed out in (Sher 1991, 14/15), that M. Dummett in (Dum-

mett 1973) invokes permutation-invariance as a justification for why to count identity part of the

expressions logic is properly concerned with:

The one expression normally treated as a logical constant which, on this principle, would
be ruled out as belonging to the first type, is the sign of identity. The justification for
this exception is quite different, and might be expressed as follows. Let us call a second-
level condition any condition which, for some domain of objects, is defined, as being
satisfied or otherwise, by every predicate which is in turn defined over that domain
of objects. Among such second-level conditions, we may call a quantifier condition
any which is invariant under each permutation of the domain of objects: i.e. for any
predicate ‘F (ξ)’ and any permutation ϕ, it satisfies ‘F (ξ)’ just in case it satisfies that
predicate which applies to just those objects ϕ(a), where ‘F (ξ)’ is true of a. Then
we allow as also being a logical constant any expression which, with the help of the
universal and existential quantifiers and the sentential operators, allows us to express a

168For a further development of this idea see also (McCarthy 1987).
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quantifier condition which could not be expressed by means of those two quantifiers and
the sentential operators alone. Thus, the sign of identity is recognized, on this criterion,
as a logical constant, since it allows us to express the condition that a predicate applies
to at most one object, which cannot be expressed without it. (Dummett 1973, 22)

Thus, permutation-invariance is invoked here to justify inclusion of an identity predicate amongst

the objects of study of logic, on the basis of it being necessary to express certain quantifier-conditions

– such as, e.g., ‘there exists exactly one’, – without, however, generalising the concept of a quantifier

beyond that of a first-order definable one.

3.2 Criticisms & Objections

Bonnay remarks that “[t]he Tarski-Sher thesis might be considered as the received view re-

garding the semantic characterisation of logical constants” and that, as such, “[e]verybody criticizes

it but almost everyone uses it in some way or another” (Bonnay 2014, 56/57).169 The Tarski-Sher

thesis has shaped the debate surrounding criteria of logicality and has established itself, in most

accounts that do justice to contemporary model-theoretic practice, as a necessary component of

the logicality of expressions. This prominent status has also opened it up to a variety of criticisms.

The issue with many of these is that they often criticize the criterion in isolation and independently

of the theoretical project in the context of which it was formulated.170 Thus, oftentimes, a defence

consists in pointing out that the criticism might be warranted in a different context, but that the

criterion was not really designed to address the kind of concerns the objections invoke.

It is nevertheless instructive to consider the various criticisms, as we will do now, if

only to probe the limits and boundaries of the project in the context of which the criterion was

formulated, and to gain a deeper appreciation of its inner workings. Ultimately, we find that most

criticisms discussed below somewhat miss the mark, but agree with a certain brand of sceptics that

something else is needed to ensure the proper workings of the criterion in the context for which it

was designed. The line of reasoning that we are sympathetic towards here concerns considerations

on the stability of the meaning of expressions, in particular with respect to worries of inconstant

169He continues to list three different lines of criticism: (1) skeptical worries doubting the very possibility or relevance
of a criterion of logicality (which we briefly addressed in Chapter 2); (2) intensional issues (which we discussed in
Section 3.1.4.3 above); and (3) extensional criticisms, some which we will take up in what follows.

170Cf. (Sher 2016, 302): “none of the objections address any of the theoretical motivations or advantages of our
criterion. [...] This creates a certain degree of incommensurability between our support of the criterion and the
existent objections to it.”
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and non-uniform behaviour across domains, addressed in Section 3.2.2. Section 3.2.1 focuses on

what is arguably the most common, if also the most misdirected, complaint against the criterion

of isomorphism-invariance, its alleged ‘overgeneration’. Despite being, in many ways, the easiest

criticism to dismiss, its prevalence alone justifies including it in a comprehensive discussion of the

Tarski-Sher thesis. Lastly, Section 3.2.3 takes up issues that were already mentioned above, having

to do with the alleged incapacity of the criterion of isomorphism-invariance to render the resulting

logical system(s) adequate by not being able to ensure that they possesses certain properties.

3.2.1 Overgeneration

McGee’s result of which notions qualify as logical according to the Tarski-Sher thesis

generates an exceedingly sharp characterisation of its scope: any notion that is logical according to

the Tarski-Sher thesis, i.e., bijection-invariant, is, cardinality-wise, L∞,∞-definable. McGee took

his result as a proof of adequacy of the Tarski-Sher thesis for logical operators (recall his skepticism

when it comes to extending this claim of adequacy to logical expressions): since the “primitive

connectives of L∞,∞ are all intuitively clearly logical connectives, and since, intuitively, anything

definable from logical connectives is again a logical connective” (McGee 1996, 571) we are assured

by his characterisation result that the Tarski-Sher thesis captures only logical operations.171

Others, however, have found the vast expressive capacities of L∞,∞ hard to swallow.

Rather than demonstrating the adequacy of the Tarski-Sher thesis they hold that McGee’s result

shows that it overgenerates, i.e., that it classifies too many operations and expressions as logical.172

By being as encompassing as it is the Tarski-Sher thesis, so the criticism alleges, “assimilates

logic to mathematics, more specifically to set theory” (Feferman 1999, 37), thereby giving rise to

a “conflation of logic and mathematics” (Bonnay 2014, 62) and yielding a “collapse of logic into

mathematics” (Bonnay 2006, 38). There are at least two versions of this argument that it is worth

keeping apart: (A) the argument that the Tarski-Sher thesis conflates mathematical and logical

171For a nice reconstruction and criticism of McGee’s ‘squeezing argument’, see (Button and Walsh 2018, Section
16.7). Bonnay (Bonnay 2006, 35) interprets McGee’s theorem as a functional completeness result for first-order
languages: just as the propositional calculus is functionally complete with respect to truth-functional operators,
McGee shows that L∞,∞ is functionally complete with respect to permutation-/bijection-invariant operators. Cf.
also (Bonnay 2014, 61).

172Prominent proponents of this view include (Feferman 1999; Feferman 2010) and (Bonnay 2006), though the latter
points out that McGee’s result is not particularly surprising given that “[a]s soon as e choose to explicate logicality
[...] in terms of groups of permutation, we let infinitary syntax sneak in” (Bonnay and Engström 2018, 128).
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notions; and (B) the argument that the Tarski-Sher thesis conflates mathematical and logical truths.

With respect to argument (A) Bonnay demonstrates how “every mathematical notion gives

rise to a clearly related logical notion,” making “the very idea of a difference between logical and

mathematical notions [...] elusive” (Bonnay 2006, 37). He outlines a recipe of how, when conceiving

of mathematical objects as isomorphism-closed classes of structures, any such object can be turned

into a notion classified as logical according to the Tarski-Sher thesis.173 This appears to collapse,

or in the very least minimise, the difference between mathematics and logic. Feferman further

points out that L∞,∞ accommodates second-order quantification as a logical operation174 and that

the Tarski-Sher thesis might thus be taken to inherit all the controversies and problematic features

associated with second-order quantification in general.175

The ‘assimilation’ of logical to mathematical notions is most problematic, however, due to

the consequences of argument (B), for the conflation of logical and mathematical truths indicates a

problematic meta-theoretical entanglement which conflicts with the basicness and neutrality logic

is supposed to possess. The issue here is that due to the expressive capabilities afforded to logical

theories by the Tarski-Sher thesis logic becomes able to express substantial mathematical claims;

so substantial, in fact, that their status is unsettled or unsettlable: “we can express the Continuum

Hypothesis and many other substantial mathematical propositions as logically determinate state-

ments of the Tarski-Sher thesis” (Feferman 1999, 38). The ability to express such claims means

that the truth of logical statements depends on the status of mathematically unsettled or unsett-

lable propositions.176 This meta-theoretical entanglement is problematic as logic was supposed to

be more basic than mathematics, and to be neutral about extra-logical matters. Yet, the depen-

dence of the truth of some of its statements on extra-logical matters appears to undercut precisely

this commitment. There is thus a conflict between the entanglement of logic with its background

theory of structure, enabled by its expanded expressive capacity on the Tarski-Sher thesis, and its

supposed neutrality about matters mathematical. Feferman concludes that “insofar as one or the

173See (Bonnay 2006, Fact 1.2) and (Bonnay 2014, 61).
174See (Feferman 1999, 37).
175See (Quine 1986) for the canonical arguments here. See (Boolos 1999b) for an assessment and (Shapiro 1991) for

discussion.
176Consider, for example, the claim that ∃!2ℵ0x(x = x) ↔ ∃!ℵ1x(x = x) (Sher 2008, 328). The truth of this

statement, involving only logical operations according to the Tarski-Sher thesis, depends on whether the continuum
hypothesis is true or false, which is, of course, independent of ZFC. So to determine its truth we need to take a
definite stand on the truth or falsity of CH, and thus the precise extent and make-up of the set-theoretic universe.
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other version of the thesis requires the existence of set-theoretical entities of a special kind, or at

least of their determinate properties, it is evident that we have thereby transcended logic as the

arena of universal notions independent of ‘what there is’ ” (Feferman 1999, 38).177

In a recent article, Griffith & Paseau (Griffiths and Paseau 2016) examine five ways in

which the entanglement of logic with its meta-theory under the criterion of isomorphism-invariance

might be considered problematic, and reject all of them, thereby providing a general refutation

of the most plausible readings of the argument. However, even if there is something to the argu-

ment as a whole, Sher’s account is able to provide a more succinct refutation of its problematic

features.178 According to Sher’s account, the criterion of isomorphism-invariance in no way con-

flates mathematics and logic in the first place, for it maintains that there are substantial differences

between the two disciplines even though they are systematically related:179 “On our account logic

and mathematics stand in a systematic relationship to each other, but they are not identical or in-

cluded one in the other” (Sher 2016, 306).180 Rather, while “[m]athematics investigates the laws of

formal structures, logic applies these laws in general reasoning” (Sher 2008, 307). They are related

because they are both grounded in a common element, the formal,181 but they approach and deal

with this element in different, yet dependent, ways: “Both logic and mathematics are grounded in

the formal aspect of reality, but they approach this aspect in different ways: mathematics studies

the formal; logic devises a method of reasoning based on it” (Sher 2016, 322).

While the background theory of structure required by logic is created, explored, and

studied in mathematics, the inferential apparatus developed by logic on its basis is in turn utilised by

mathematics.182 The interplay between the disciplines is that of a “cumulative process of definition

177There are substantial issues as to how to understand the claim that the truth of a logical statement depends
on the truth or falsity of a corresponding statement in the meta-theory, and what precisely the issues this raises
amount to. For clarification of the overgeneration argument see (Florio and Incurvati 2019) and (Florio and Incurvati
forthcoming), as well as (Sher 2008, 328). Notwithstanding these issues, the claim that meta-theoretical entanglement
is highly problematic is familiar from debates concerning the logicality of second-order logic, and the adequacy of the
model-theoretic definition of second-order logical consequence over full semantics. For references see the previously
cited papers as well as (Etchemendy 1990), (Priest 1995), (Gómez-Torrente 1998), (Paseau 2014).

178For discussions of the charge of overgeneration, see (Sher 2008, 324ff.), (Sher 2013, 178ff.), and (Sher 2016, Ch.
10.7).

179See (Sher 2008, 327) and (Sher 2016, 305/306).
180See also (Sher 2013, 185): “logic and mathematics stand in a systematic and fruitful relationship to each other

but are not identical to each other.”
181See (Sher 2016, 321): “Both logic and mathematics are grounded in formal laws governing reality, laws governing

formal properties of, and formal operations on, objects in the world ...”
182See (Sher 2013, 190): “mathematics provides logic with a background theory of formal structure, logic provides

mathematics with an inferential framework for the development of theories,” and (Sher 1991, 134): “formal terms
are created in mathematics; they are used in logic”
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and application” (Sher 1991, 134).183 Given that the account of logic developed by Sher takes

its background theory of structure from mathematics, the ‘enormous’ ontological commitments

resulting from the encompassing nature of the isomorphism-invariance criterion are, in fact, indirect

commitments, – they enter the picture via the choice of a background theory of formal structure.

However, that means they are completely dependent on and imposed by this background theory of

structure and thus do not, in the very least, inhere in the criterion as such, but only in its formal

realisation as against a particular theory of formal structure such as, e.g., ZFC.184

Sher’s proposal is distinguished by an openness to developments in the sciences, and in

particular mathematics, for influencing logic. This interdependency of disciplines is part and parcel

of her foundational/non-foundationalist approach as a whole. The dependence of particular logi-

cal statements on mathematical truths is thus neither surprising nor damaging – it is an integral

component of the entire approach. The theory of the formal on which logic bases its inferences is

supplied by mathematics, which explores the space of the formal by means of methods developed in

logic. It thus appears that, even granting the proponent of the overgeneration objection that there

exist substantial connections between logic and mathematics on Sher’s account, this does nothing

to discredit its criterion. Whether or not the criterion is deemed problematic on the basis of ‘over-

generating’ “will evidently depend on one’s gut feelings about the nature of logic” (Feferman 1999,

37), but might have to give way to more weighty theoretically motivated considerations advanced

in the interest of devising a foundational account of logic within the context of an integrated theory

of knowledge.

3.2.2 Stability of Meaning

A second group of criticisms focuses on aspects of the model-theoretic meanings of the

expressions deemed logical according to the Tarski-Sher thesis as against the background theory of

structure which supplies these meanings. This type of criticisms alleges that the Tarski-Sher thesis

gives rise to unstable or inconstant meanings that are not sufficiently robust to serve as meanings of

the fixed expressions of a logical system. We will, in this section, discuss issues of this kind in two

flavours: issues having to do with the stability of meaning of a logical expression given variations

183See (Sher 2013, 185/186) and (Sher 2016, 321/322) for a detailed description of the relationship between mathe-
matics and logic on Sher’s account.

184See (Sher 2008, 328ff.), (Sher 2013, 178ff.), and (Sher 2016, 307ff.).
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of the underlying background theory of structure in Section 3.2.2.1, and issues pertaining to the

connection between the meaning of an expression across varying domains in sections 3.2.2.2 and

3.2.2.3.

3.2.2.1 Robustness

As a subsidiary point to the overgeneration criticism, Feferman points out that many of

the set-theoretical notions considered logical according to the Tarski-Sher Thesis are not robust

(Feferman 1999, 37ff.). There are two motifs intertwined in the criticism that the isomorphism-

invariance criterion renders non-robust notions logical: on the one hand, the exclusion of non-

robust notions is aimed at reigning in the perceived “excesses” of the Tarski-Sher thesis, alleviating

overgeneration worries. This is the line of reasoning most frequently advanced by proponents of

this objection. On the other hand, however, and closely intertwined with this first goal, is the claim

that the non-robustness of certain ‘logical’ notions demonstrates an instability in their meaning, a

point we will frequently pick up on below. The upshot of requiring logical notions to be robust is

thus two-fold: to reduce the proliferation of logical notions into the higher infinite, and to ensure

the stability of meaning of logical notions. The essence of the non-robustness criticism consists of

the idea that “if logical notions are at all to be explicated set-theoretically, they should have the

same meaning independent of the exact extent of the set-theoretic universe” (Feferman 1999, 38).

Although the idea of ‘same meaning’ for logical notions is highly problematic, as we

will explore in the next section, the demand that meanings remain stable under extensions and

contractions of the set-theoretic universe can be given a precise rendering in terms of the notion

of absoluteness. Let T be a theory in the language of set-theory, and M, M′ be models of T ,

s.t. M is a sub-model of M′ (for simplicity, assume that M, M′ are transitive ∈-models). A

formula ϕ(x1, . . . , xn) is absolute (relative to T) if, for all a1, . . . , an ∈ M : M |= ϕ(a1, . . . , an) iff

M′ |= ϕ(a1, . . . , an).185 A notion is absolute (relative to a theory T ) iff it is defined by an absolute

formula. Absolute notions (relative to ZFC, for example), include ‘x is a transitive set’, ‘x is an

ordinal’ , ‘x is infinite’ and ‘x = ω’.186 ‘x is uncountable’, on the other hand, is not absolute

relative to ZFC, for whether a set x is uncountable depends on the existence of another set, a

185See, e.g., (Kunen 2011, 96).
186See (Kunen 2011, 96/97).
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bijection between x and ω, which might be missing from a model M but be present in a larger

modelM′. According toM x would thus be uncountable, according toM′ countable. The notion

of absoluteness captures the idea that the meaning of a formula does not change under expansions

or contractions of the universe of sets – whatever was ϕ before an expansion will be ϕ after an

expansion.187 It ensures that an operator defined by means of such a formula, an absolute operator,

does not change its meaning over existent sets under global changes of the universe of sets. As

such, Feferman claims, absoluteness provides a necessary condition for a notion to be robust in the

sense intended.

The constraint of absoluteness “is meant to complement the idea that logical notions are

(nearly) devoid of content” (Bonnay 2006, 45), and to rule out ‘problematic set-theoretical content’

(ibid.).188 The basic intuition is that what is logical should not depend on the precise extent of the

set-theoretic universe, and that this constraint is best captured by demanding independence, as far

as possible, from any particular set-theory. Given that the notion of absoluteness is itself relative

to the choice of a background theory, it becomes exceptionally important to settle on the right

set-theory to eliminate the problematic set-theoretic content inherent in the unrestricted version of

the Tarski-Sher thesis. In the context of the set-up of the criterion of isomorphism-invariance two

salient but competing choices suggest themselves: absoluteness with respect to the kind of theory

deemed appropriate to constitute a background theory of structure for the criterion (such as, e.g.,

ZFC), or absoluteness with respect to some minimal theory encapsulating as little set-theoretic

content as possible. In (Feferman 2010), Feferman opts for the latter choice and adopts KPU

without the axiom of infinity as an appropriate theory since “by requiring of the definition of Q

that it be absolute relative to a weak set-theory without the axiom of infinity, we are insuring that its

meaning does not depend on any special set-theoretical assumptions of what exists beyond the most

elementary set-constructions” (Feferman 2010, 17). What is logical will thereby “rest[...] on just

what is needed for a theory of the syntax of any humanly manageable system of logical reasoning”

(Feferman 2010, 17). He further shows that if an operation across domains is isomorphism-invariant

187The notion of absoluteness was first used by Gödel in the context of proving the independence and relative
consistency of the Axiom of Choice and the Continuum Hypothesis. A logic L is called absolute if the predicates
‘is a sentence of L’ and its satisfaction relation |=L are absolute. For the study of absolute logics see (Barwise 1975)
and (Väänänen 1985).

188(Bonnay 2006) uses the notion of absoluteness as an upper squeezing condition in his choice of an appropriate
similarity relation for logicality; see Section 3.3.1.2. See also (Sacks 1972) for the claim that absoluteness is the right
way to approach the concept of logicality: “absoluteness, unlike cardinality, is a logical concept” (Sacks 1972, 2).
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and absolute with respect to KPU-Inf, then it is definable in FOL (Feferman 2010, Theorem 5.3),

thereby confirming the ‘privileged role’ of FOL in our thought (Feferman 1999, 32).

Is the imposition of absoluteness a reasonable constraint in the context of the Tarski-

Sher criterion? Sher points out that the relevance of the robustness of a logical operator to its

logicality remains underspecified and tentative at best: “the relevance of robustness of absoluteness

to logicality, let alone to the idea that logicality is grounded in formality, is highly questionable”

(Sher 2016, 308).189 If anything, she continues, the criticism can at most be directed at the

specialised concrete implementation of the criterion in the context of a particular background theory

of structure, not, however, at the level of the general conception of the criterion itself.190 Given

this, however, the non-robustness of logical operators licensed by the Tarski-Sher thesis is merely

an ‘artefact’ of a particular background theory of structure. It concerns the appropriate choice

of such a background theory of structure not, however, the extension of the criterion of logicality

within it. It thus attacks a pre-logical component of the criterion, the choice of a good theory of

the formal, only against the backdrop of which the criterion can be formulated in full specificity.191

The choice of an appropriate background theory of structure, however, is prior to the

determination of the logical constants whose meanings are supplied by this theory, and its choice

is dictated by concerns largely independent of those considerations that drove the formulation of

the criterion of isomorphism-invariance (modulo the remarks made in Section 3.1.3.3 above). Once

we have settled, by means of criteria and standards dictated by a discipline like mathematics, on a

particular background theory of structure, relative to this theory, the meaning of a logical constant

is robust.192 The question of possible extensions and contractions of the universe of sets does not

arise at this point, but has to be pre-decided before applying the criterion.193 What is worse,

the non-absoluteness of operators within a particular set-theory is largely due to the expressive

limitations of the language used to formulate that background theory of structure, some of which

189For full responses by Sher to the criticism from robustness, see (Sher 2008, 329ff.), (Sher 2013, 180ff.), (Sher
2016, 307ff.).

190See, e.g., (Sher 2008, 330) or (Sher 2016, 308).
191Cf. (Sher 2008, 330).
192Note that just because we have settled on a background theory of structure like, for example, ZFC, this does

not yet mean that we have settled on a particular model of this theory. This fact somewhat complicates the current
situation. However, in line with most understandings of theories in the special sciences, by ‘choice of theory in
mathematics’ we mean ‘choice of an interpreted theory ’ here. Thus, the choice of a theory comes with a choice of its
intended model. This is in line with thinking about the background theory of structure not primarily as a logical,
but rather as a mathematical object, and thus as an interpreted, semantic object.

193Cf. (Sher 2008, 330/331).
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are addressed and overcome by the addition of expressions the criterion of logicality classifies as

logical – the destabilising features of the meanings of expressions are alleviated by permitting

these expressions in the formulation of the respective theory of structure.194 Thus, Sher concludes,

absoluteness is not a reasonable constraint on logicality and has no role to play in the formulation

of an adequate criterion of logicality.195

We fully agree that considerations of absoluteness might have a role to play in the se-

lection of a good and appropriate background theory of structure, but not in disqualifying logical

constants within a selected set-theory. The concerns pertaining to the selection of such a theory are

prior to and, to a large degree, independent of the kind considerations that drove the development

of the criterion of isomorphism-invariance. Hence, the instability of the meanings of logical expres-

sions across background theories is unproblematic; an instability of meanings within a particular,

given, background theory of structure, however, does constitute a serious issue for the criterion of

isomorphism-invariance. This issue is what we will turn to now.

3.2.2.2 Uniformity & Irregular Operators

D/Ali said that, as a rule, people who overused the word ‘natural’ did not know much
about the ways of Mother Nature. If you told them how snails, worms and black sea
bass were hermaphrodites, or male seahorses could give birth, or male clownfish turned
female halfway through their lives, or male cuttlefish were transvestites, they would be
surprised. Anyone who studied nature closely would think twice before using the word
‘natural’.

Elif Shafak, 10 Minutes 38 Seconds in This Strange World

Tarski’s thesis, the claim that the logical operations are those that are invariant under all

permutations of the underlying domain, was vulnerable to the criticism that this leaves logical

constants – and thus logical consequence, – susceptible to the influence of empirical and accidental

factors. Accidental features of a domain might go unnoticed when assessing the logicality of an

operation with respect to only an individual domain, as is sufficient by the thesis, such that non-

logical operators, operators that can be influenced by empirical knowledge, are considered logical.196

The Tarski-Sher thesis removed this undesirable feature, and rendered the problematic operators

194Cf. (Sher 2013, 180).
195Cf. (Sher 2008, 331), (Sher 2013, 179), (Sher 2016, 309).
196See McGee’s delightful examples of the operations of affluent cylindrification and wombat-disjunction for examples

of operations of this kind (McGee 1996).
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inadmissible, by allowing cross-domain comparisons, thereby lifting the local nature of Tarski’s

thesis. However, the criterion of isomorphism-invariance stops short of full comparability: the

Tarski-Sher thesis allows for the comparison of domains sharing the same structure, which, in the

context of sets, amounts to domains possessing the same cardinality. It still does not permit cross-

cardinality comparisons of domains, and is thus unable to enforce cross-cardinality restrictions on

the behaviour of logical operations:197

The Tarski-Sher thesis does not require that there be any connections among the ways
a logical operation acts on domains of different sizes. Thus, it would permit a logical
connective which acts like disjunction when the size of the domain is an even successor
cardinal, like conjunction when the size of the domain is an odd successor cardinal, and
like a biconditional at limits. (McGee 1996, 577)

Thus, while the Tarski-Sher thesis overcomes the domain-specificity of Tarski’s proposal, it remains

bound by its cardinality-specificity. The ghost of Tarski’s thesis, to borrow a phrase from Kripke,

is still with us.198

In principle, the criterion of isomorphism-invariance permits quantifiers to “associate

wildly different relations with different universes” (Peters and Westerst̊ahl 2006, 106), no mat-

ter “how non-constructive or bizzare” (Machover 1994, 1081) the definition of such a quantifier

may be. The Tarski-Sher thesis permits that the behaviour of a quantifier on one domain can be

totally unrelated to its behaviour on other domains as long as these domains possess different cardi-

nalities, “we can get a ‘logical’ quantifier or connective whose behaviour depends in the wildest and

most arbitrary way on the cardinality of the domain” (Machover 1994, 1082). Sher, for example,

considers an irregular quantifier Q of this kind: it behaves like the universal quantifier in universes

with fewer than 101 individuals, like the existential quantifier in universes with between 101 and

745 individuals and like the ‘none’-quantifier in universes of all other cardinalities (Sher 2016, 312).

Even more extreme examples are conceivable (and are, as we will see below, significant). Machover

asks us to consider an arbitrary class C of cardinals, no matter how ‘non-constructive and bizzare’,

and a quantifier Q that behaves like the existential quantifier on all domains of cardinality c ∈ C

and like the universal quantifier otherwise (Machover 1994, 1081/1082).

197Note that Sher’s criterion is actually immune from the criticism expressed in the following quote given that,
at least in its standard formulation, the propositional part of a language is treated separately and insensitive to
considerations of cardinality, see (Sher 2008; Sher 2016). Nonetheless, the idea underlying the criticism stands and
can be reformulated for the class of quantifier expressions, see below.

198Cf. (Kripke 1975, 714).
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Many writers,199 and most emphatically Feferman,200 have taken the possibility of such

irregular behaviour of operators to count against the status of those operators as logical, and thus

to constitute an objection to the Tarski-Sher thesis. They maintain that logical expressions and

operators must exhibit some kind of uniformity in order to be properly considered logical.201 Thus,

Feferman says,

It seems to me that there is a sense in which the usual operations of the first-order
predicate calculus have the same meaning independent of the domain of individuals
over which they are applied. This characteristic is not captured by invariance under
bijections. (Feferman 1999, 39)

The fact that “[n]o natural explanation is given by [the Tarski-Sher thesis] of what constitutes

the same logical operation over arbitrary basic domains” is “perhaps the strongest reason for

rejecting the Tarski-Sher thesis, at least as it stands” (Feferman 1999, 37/38). For “if there is to

be an explication of the notion of a logical operation in semantical terms, it has to be one which

shows how the way the operation behaves when applied over one domain [...] connects naturally

with how it behaves over any other domain [...]” (Feferman 1999, 38/39). Bonnay describes the

kind of issue indicated here as another intensional worry, for the radically irregular behaviour of

an expression, he says, shows that the criterion licenses logical constants lacking a homogeneous

sense (Bonnay 2014, n. 8).202 The point made here is important, for the issue raised by irregular

operators concerns not so much the mere existence of gerrymandered objects, but rather a different,

intensional aspect of logicality that shows up even in the purely extensional framework considered

here. Notwithstanding this, Bonnay wonders whether it is in fact “part of the notion of a logical

symbol that it exhibits this kind of regularity” (Bonnay 2014, 60), whether regularity of the kind

lacking in the pathological examples cited above is built into the Tarskian notion of logicality that

is being explicated here. “The moral,” he ultimately concludes, “could again be that the quest for

logicality ends where formal linguistics begin: logicians and semanticists using generalized quantifier

199See, for example, (Machover 1994), (Hanson 1997), or (van Benthem 2002). MacFarlane explicitly integrates a
constancy constraint into his own amended criterion of logicality for expressions to avoid this possibility (MacFarlane
2000, 190/205).

200Cf. (Feferman 1999; Feferman 2010).
201Cf. (Machover 1994, 1082): “uniformity should be required as a condition of logicality; or, at the very least, a

concept should count as logical only if it is explicitly definable in terms of uniform logical concepts.” van Benthem
calls these kinds of objections ‘book-keeping objections’ (van Benthem 2002, 428) but agrees that uniformity has
some role to play in a semantic characterisation of logicality.

202For an intriguing analysis, based on slightly different assumptions than those of the present setting, of how
extensions express, capture, or represent intensions in the current model-theoretic setting of first-order languages, see
(Sagi 2018).
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theory have identified formal properties that make for smooth interpretations in and across domains

[...], but these properties do not analyze logicality” (Bonnay 2014, 61).

In response to Feferman’s criticism Sher readily admits that the “Invariance-under-Isomor-

phism criterion sanctions logical operators lacking a unified identity” (Sher 2008, 332). Moreover,

she agrees that there might be ‘value’ and ‘interest’ “in a specific concept of “natural operator” ”

(Sher 2008, 333). However, she maintains that such a condition has nothing to do with the notion of

logicality that is at the center of the present analysis. Given the unified and informative description

of logical operators the invariance-under-isomorphism criterion delivers, the admission of irregular

operators and corresponding constants is the price of ‘greater systematicity’. They might be strange

creatures, but their classification as logical remains ‘theoretically sound’ given the foundational

enterprise undertaken.203

Consider the following example: most critics of the criterion of isomorphism-invariance

accept the standard operators of FOL as logical. Together with a – generally accepted and desired

– principle of closure under definability, the finite cardinality quantifiers, elementary definable in

FOL, will also qualify as logical. Now, however, consider a completely random set D of natural

numbers and a quantifier Q that behaves like ‘there are exactly n’ on domains of cardinality n ∈ D

and like the existential quantifier everywhere else. This is a bizarre and irregular quantifier, but

it seems quite hard to exclude as a legitimate logical operator given that we have admitted all

its components as legitimate ‘logical values’ independently. In fact, a similar phenomenon already

arises at the propositional level. As soon as the truth-functional connectives are admitted as logical

it seems inevitable to also have to include other bizarre truth-functions that, for example, behave

like conjunction in certain ranges of truth-values, like disjunction in others, and “like some highly

irregular, randomly generated connective on all other rows” (Sher 2016, 312).

These irregular objects must be admitted on grounds of systematicity of theory: ruling

them out would severely undermine any attempt at devising a unified, precise, and principled

account of logicality, as denying their legitimacy would quickly conflict with the legitimacy of

paradigm examples of logical operators from whose combination they arose. Mathematics itself is

full of such ‘monsters’ (see (Sher 2016, 311) quoting Feferman) and they are generally not regarded

as a defect of mathematical theories. Thus, in the interest of systematicity, it seems unavoidable

203Cf. (Sher 2013, 180ff.), (Sher 2016, 311ff.).
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to also recognise irregular and outright ‘bizarre’ logical creatures.204

As a criterion for logical operators or logical objects we see no reason why the possibility

of gerrymandered or irregular operators poses a problem for the Tarski-Sher thesis. Objects don’t

possess senses. Expressions, however, do. And they do so even in a framework like extensional first-

order logic, in which the leeway given for the formulation of any adequate notion of sense is severely

limited. Nonetheless, part of what makes an expression a logical expression concerns the role that

it plays in inference. The inferences given rise to by a logical expression must be suitably connected

to its meaning, or denotation, somehow. Now, however, consider an expression that denotes an

isomorphism-invariant operator over each domain whose behaviour radically changes depending on

the cardinality of the domain. There will be no ‘characteristic’ inferences that feature this constant.

Its inferential behaviour will remain absolutely inscrutable. Furthermore, it won’t be unique in this

– there will be infinitely many such constants the characterisation of whose behaviour will remain

far beyond the descriptive resources of a first-order language enriched with such a constant.

At this point we have to draw an important distinction between two versions of the problem

as described above, for many of the gerrymandered operators mentioned in the foregoing examples

actually qualify as problematically irregular in the sense outlined in the previous paragraph. Let

us call an (isomorphism-invariant) operator weakly irregular as long as it is definable. Definability

we intend to be understood in an extremely broad sense here: definable in the object language

(EC, EC∆,..., GPC∆-definable), or even definable in the language of the meta-theory. Most of the

examples mentioned above (with the exception of Machover’s, citing a potentially non-constructive

class of cardinals, and Sher’s, involving randomly generated sets) are weakly irregular in this sense.

An (isomorphism-invariant) operator is strongly irregular if it is not weakly irregular. It is this class

of operators that constitutes an issue for the Tarski-Sher thesis.205 Weakly irregular operators might

be strange, unintuitive, or even ‘unnatural’, but their inferential behaviour can be tracked – we

should be very comfortable to put up with constants denoting such operators in the interest of

systematicity and unity of a criterion of logicality. The lack of unity of the meaning of strongly

irregular operators, however, defies definition and any attempt at an informative description of their

204For this point and the previous example see (Sher 2016, 311/12).
205Or rather: for directly transforming it into a ‘linguistic’ thesis. Note that strong irregularity might be a matter of

degree given that definability is relative to a background theory and language. Whether there are ‘absolutely strongly
irregular operators’ we leave an open problem here.
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inferential behaviour, however partial. Their senses remain inexplicable, even when invoking the

full resources of our meta-theory. We can well admit the operators as logical, but not the constants

denoting them, for the characterisation of their inferential behaviour lies, to a large degree, beyond

the expressive resources of our language, no matter however much we enrich it. Thus, as formal

operators they are unproblematic; as potential denotations for logical constants their irregular

behaviour renders them problematical.

Are there strongly irregular operators? We think so, and the case provided by Machover

constitutes a good example. Here is a simpler one: let Q be type 〈1〉-quantifier that behaves like

a different cardinality quantifier on each domain of cardinality κ in a way that does not depend

on the cardinality of the domain. No matter how much we enrich our language, given the limited

combinatorics of countable languages we will never be able to describe the inferential behaviour of

the constant by means of a collection of object-level sentences in any even approximately appropriate

manner. Given, moreover, the ‘random’ behaviour of the quantifier, we will never be able to describe

it in the meta-language either.

The disconnection between the inferences a constant denoting a strongly irregular operator

gives rise to and its meaning, the inexplicability of its sense, motivate a demand for more uniform

behaviour. To this end, we formulate an additional desideratum for an adequate criterion for the

logicality of expressions:

Constancy: To be a logical constant, the inferential behaviour of an expression must remain

transparent/scrutable.

The basic idea underlying such a constraint is that to constitute a usable logical constant at all

we must remain able to characterise, classify, or, at least in principle, be able to understand its

inferential behaviour. It must possess, to formulate this differently, a graspable sense.206

Such a constancy-constraint can neither be too weak nor too strong. Isomorphism-

invariance is only capable of constraining the meaning of a logical term in domains of the same

cardinality and thus requires supplementing. Contra Westerst̊ahl (Westerst̊ahl 2017, 451) we nev-

206Note how thin our conception of sense is at this point: it can be anything describing the extension of a constant
that is ‘more compressed than’, or different from that extension itself. We will become more precise on our preferred
conception of sense below.
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ertheless maintain that logicality should remain closed under definability. But that does not yet

force us to accept all irregular isomorphism-invariant operators as logical.

3.2.2.3 Constancy and Sameness

In keeping with the relevant literature on the topic, let us denote the thesis that logical

notions are isomorphism-invariant by Iso and the demand of constancy by Const in this subsection.

Note that Iso can be understood as a limited constancy-constraint: it ensures that a constant

denoting an isomorphism-invariant operation cannot behave arbitrarily on structurally identical

domains – it guarantees sameness of behaviour among domains with the same structure. Since the

limits of structural similarity among sets concern their cardinality, this implies that Iso is only able

to enforce uniformity across domains of the same size. The potential lack of uniform behaviour

of expressions classified as logical by the Tarski-Sher thesis enabled by this leads Westerst̊ahl

to supplement the constraint of isomorphism-invariance (interpreted as a constraint ensuring the

topic-neutrality of logical expressions) with a constancy constraint, whose nature we will discuss

now.

A far more common way to talk about the issue we labeled constancy in the preceding

section consists in saying that the fixity of a logical constant in a Tarskian logical system implies

that such a constant must denote ‘the same’ operation over all domains.207 However, substantial

work remains to be done to fully spell out what precisely sameness amounts to here.208 Denoting

the ‘same’ operation over each universe clearly cannot mean sameness of extension in every universe,

for logical operations are defined over disjoint universes. Moreover, even in overlapping domains

logical constants might receive different denotations, just compare the interpretation of the universal

quantifier over a domain with five elements, and over one with 357 elements including those five.209

One “obvious minimum requirement for constancy” (Westerst̊ahl 1985, 388) is the demand

that the extension of a logical constant depend only on the domain of a model, and not on any

207Cf. (Peters and Westerst̊ahl 2006, 106): “What, then, does constancy of a quantifier Q mean? Intuitively, it
means that Q ‘means the same’, or is given by the same rule, on every universe. But the identity conditions for
meanings, or for rules, are notoriously difficult to lay down. Indeed, it is not clear that the concept of constancy can
be explained fully in an extensional framework like ours.”

208Cf. (Westerst̊ahl 1985, 388): “the constancy of a logical constant amounts to its interpretation being the same
in all models. Different models may have different universes, though, so it is not entirely clear what “same” means
here.”

209(Kuhn 1981) takes this as an indication that the constancy of logical constants comes in degrees.
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additional structure present – on that model’s ‘ontology’, but not its ‘ideology’. This means, in

particular, that no two models with the same universe of discourse may interpret a logical constant

differently.210 It follows that the interpretation-function for logical constants is a function from sets

to extensions over them, rather than from models to the same. Note that this kind of constraint is

already enforced by ISO, which ensured that the meaning of a logical constant was a (class-)function

from domains to extensions build over them.211

All by itself, however, this still does not regulate the behaviour of a constant across

universes of differing cardinality tightly enough. Moreover, there is a strong intuition that the

behaviour of a logical notion should not change too drastically or arbitrarily when shrinking or

expanding the domain of discourse – its behaviour should remain ‘the same’ with respect to the

elements that are common to a model and its reduct or expansion, and its original meaning should

be recoverable on this basis. A good example of this kind of motivation is provided by considering

the relation of identity, =. Let M, N be models s.t. M ⊂ N . Then =M ⊂ =N and =N = =M

∪{〈a, a〉|a ∈ N −M}. This leads to the formulation of a constancy-constraint that demands that

the meaning of a logical constant on a sub-model is identical to the meaning of that logical constant

on the super-model restricted to the entities that exist in the sub-model, in the form of Ext:212

(Ext) A quantifier Q (of type 〈1〉) is Ext iff, for all A ⊆M ⊆M ′, A ∈ QM iff A ∈ QM ′ .213

Ext is a “serious candidate for a precise notion of sameness” (Westerst̊ahl 2017, 453) and a “pow-

erful notion of constancy” (Peters and Westerst̊ahl 2006, 106). It “entails an idea of constancy;

of a quantifier being ‘the same on each universe’ ” (ibid.). Ext encapsulates a stronger notion of

domain-independence than Iso since it trades the constraint of cardinality against domain-overlap:

“it is the property that the behaviour of the quantifier doesn’t change when you extend the uni-

verse” (Peters and Westerst̊ahl 2006, 100). Surely, then, “Ext is in itself a very strong notion of

sameness across domains. It says that only the elements of M belonging to some tuple in some Ri

210Westerst̊ahl names this constraint weak constancy ; see (Westerst̊ahl 1985, 392) for a precise definition.
211Sagi takes this to be a basic condition of the ‘fixity’ of a logical term in a model-theoretic setting and argues on

this basis that the constraint of isomorphism-invariance is a consequence of the requirements of fixity (Sagi 2018).
212For ease of presentation we here provide the definition for the case of type 〈1〉 quantifiers. For the general case

see (Peters and Westerst̊ahl 2006, 105).
213See (Peters and Westerst̊ahl 2006, 101) for this definition. In (Westerst̊ahl 1985), he called this constraint

constancy.
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matter for the truth value of the statement QM (R1, . . . , Rn). Extending the universe beyond that

has no effect: the operation remains the ‘same’ ” (Westerst̊ahl 2017, 454).

What is the effect of Ext on the extension of the notion of ‘logical term’? Quantifiers that

are Ext include the existential quantifier ∃, the finite cardinality quantifiers ∃≥n, and the quantifier

‘there exist infinitely many’ Q0. However, neither the universal quantifier ∀, nor the Chang-

quantifier QC given by QC(M) = {A ⊆M ||A| = |M |} satisfy Ext.214 Note that this immediately

implies that the class of Ext-quantifiers is not closed under standard first-order definability due

to the fact that ∃ is, but ∀ is not Ext. This fact leads Peters & Westerst̊ahl to conclude that Ext

might be a sufficient, but not a necessary condition for logicality.215

Notwithstanding this, we already noted in Section 3.1.4.1 above the attractive feature

that under the assumption of Ext, permutation-invariance and isomorphism-invariance become

equivalent, i.e., that Ext ⇒ (Iso ⇔ Perm).216 Acknowledging, furthermore, that “there simply

is no precise demarcation of the quantifiers, let alone the general operations across domains, that

accords with all of our intuitions about sameness” (Westerst̊ahl 2017, 462) we can regard the project

of finding constraints that accord with our intuitions on structural invariance and sameness as one

of explication, and consider the conjunction of “two precise and informative requirements on logical

constants” (Peters and Westerst̊ahl 2006, 344), Iso and Ext, as a “fairly successful explication of

sameness” (Peters and Westerst̊ahl 2006, 466). On the basis that “[Iso] is necessary, but probably

not sufficient for logicality, and Ext is sufficient, but not necessary, for constancy” (Peters and

Westerst̊ahl 2006, 344) we can define Const as Iso + Ext and think of it as “a necessary property

of logical constants” (Peters and Westerst̊ahl 2006, 344):

In other words, stipulate that the conjunction of one necessary – on one intuition –
and one sufficient – on another intuition – condition for sameness together constitute
a necessary and sufficient condition. [Iso] says that the operation across domains is
preserved under structure-preserving maps. Ext says that the part of the domain
which is outside the arguments of the operation never matters. Let’s require both.
(Westerst̊ahl 2017, 463)

The adoption of an invariance-constraint, Iso, and a constancy-constraint, Ext, for logicality

214See (Peters and Westerst̊ahl 2006, 102) and (Westerst̊ahl 2017, 455) for these and further examples, as well as
for a general characterisation of which quantifiers possess Ext. See (Westerst̊ahl 2017, 456ff.) for further details and
discussion.

215Cf., e.g., (Peters and Westerst̊ahl 2006, 330): “we do think Ext is a sufficient condition.”
216See (Westerst̊ahl 1985, 394) and (Peters and Westerst̊ahl 2006, Fact 14).
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amounts to accepting an alternative invariance-constraint:217

(Inj) A quantifier Q of type 〈n1, . . . , nk〉 has Inj iff for all M , N , Ri ⊆ Mni (1 ≤ i ≤ k) and

injections f : M 7→ N : 〈R1, . . . , Rn〉 ∈ QM iff 〈f [R1], . . . , f [Rn]〉 ∈ QN .

Then

Proposition (Peters and Westerst̊ahl 2006, Proposition 3): Let Q be a quantifier. Q has Inj iff

it has Iso and Ext.

Proof : For simplicity, suppose Q is of type 〈1〉.

(⇒) Assume Q satisfies Inj.

(Iso) Let ι : M 7→ N be a bijection between M and N . Then, A ∈ ι[QM ] iff ι−1[A] ∈ QM iff

ι(ι−1[A]) = A ∈ QN (by Inj). Hence, ι[QM ] = QN and Iso holds.

(Ext) Suppose that A ⊆ M ⊆ M ′. Consider the injection f : M 7→ M ′, s.t. f := id. Then,

A ∈ QM iff f [A] = A = QN (by Inj). Hence Ext holds.

(⇐) Suppose Q satisfies Iso and Ext. Let f : M 7→ N be an injection and suppose A ⊆ M .

W.l.o.g. assume M , N to be disjoint and consider M ′ = M ∪N and g : M ∪N 7→ M ′ given

by

g(a) =


f(a) if a ∈M

f−1(a) if a ∈ f [M ]

id otherwise

Note that g is a bijection between M ∪N and M ′. Then,

A ∈ QM iff A ∈ QM∪N (by Ext)
iff g[A] = f [A] ∈ QM ′ (by Iso)
iff f [A] ∈ QN (by Ext)

Hence, Inj holds.

�

217See (Peters and Westerst̊ahl 2006, 344).
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Even though Peters & Westerst̊ahl’s proposal allows for a succinct formulation in terms of a single

invariance condition Inj, Westerst̊ahl points out that it might be better to keep its individual

components Iso and Ext distinct, given that Inj is not put forward as an independently motivated

condition of logicality, but rather the result of combining two separately defended conditions.218

The constancy-condition of Ext suffices to substantially reduce the cardinality-based

limitations of isomorphism-invariance and to ‘regularise’ the behaviour of logical constants across

cardinalities. Nonetheless, we think its way of doing so remains somewhat dissatisfying: at least

in the way in which we want to understand the constancy-constraint we formulated above, the

constancy enforced by Ext is indirect, in that it does not pertain to the inferential behaviour of

an expression directly. More significantly, however, we accept the Tarski-Sher thesis as a criterion

of logical objects – as a necessary and sufficient condition for an object to qualify as a logical

denotation. Even if Inj is merely the result of combining two separately motivated semantic

constraints, it demonstrates that isomorphism-invariance was the wrong sort of invariance to focus

on. Yet, isomorphism-invariance is the right notion of structural invariance and thus must be

sufficient to render an extension logical.

A different way of putting our unease here would be to say that, despite all of its appeal

and success, Ext operates at the wrong level. It imposes another semantic condition, but we were

already satisfied with the semantic analysis of logicality provided by the Tarski-Sher thesis. What

we were dissatisfied with was an analysis of the logicality of an expression for which we deemed the

denotation-condition of the Tarski-Sher thesis insufficient. Little has changed about this condition

in the refined setting however. What makes an expression logical is still merely the fact that it

denotes a logical operation, what has changed is what qualifies as such. What we are looking for

is a condition that addresses this relation of denoting rather than the nature of the denotations

themselves. Furthermore, the fact that the universal quantifier itself is only derivatively logical,

because it can be defined in terms of Iso + Ext operations is, in the very least, awkward, and

introduces an unwelcome asymmetry into the present account. We therefore think that it is better

to keep looking for an alternative way to implement Constancy.

218See (Westerst̊ahl 2017, n. 21). In this later paper Westerst̊ahl further wonders whether Iso + Ext suffice as a
suitable characterisation of logicality, given the lack of closure under definability, and ultimately weakens the proposal
a bit: “since (at least in my view) logicality is closed under (suitably specified) definability, we cannot expect sameness
to be necessary for logicality. But it seems perfectly feasible to require logical operations of relational type to be
definable from [Iso] and Ext operations” (Westerst̊ahl 2017, 466).
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The general idea of how to do this can already be found in (Peters and Westerst̊ahl 2006).

There they say that the constancy of a logical notion consists in it being given by the same rule

in every universe.219 Due to the difficulty of specifying identity-conditions for rules, however, they

choose to implement this idea in the shape of the condition of Ext. We want to take this idea

literally and generalise it somewhat to avoid the pitfalls of intensional identity-conditions for rules.

In making their remark that the constancy of a notion amounts to it being given by the same

rule over all domains Peters & Westerst̊ahl have in mind rules in the sense of semantic clauses

or meta-language rules stating the satisfaction conditions of sentences involving the notions in

question.220 Inspired by a different tradition of specifying the meaning of the logical constants of a

language, we will pursue a more direct approach. Following Gentzen’s dictum that rules of inference

might be considered definitions of the signs whose behaviour they govern we derive and motivate a

uniqueness constraint based on object-level inferences, and devise a combined criterion of logicality

which accepts isomorphism-invariance as a necessary and sufficient condition on the logicality of a

denotation, but adds a constraint of inferential constancy in the shape of unique determinability

to delineate logical expressions.221

3.2.3 Insufficiencies of Isomorphism-invariance

After introducing, elaborating, and defending the formal-structural notion of logical con-

sequence, Sher demonstrates how many of the logical properties traditionally associated with logical

consequence and logical truth, – such as its generality, necessity, topic-neutrality, strong normativ-

ity, and even a limited form of a-prioricity (which she terms quasi-apriority), – follow from and are

accounted for by her characterisation.222 Despite this, there have been several criticisms question-

ing the adequacy of Sher’s characterisation measured against its ability to provide a well-motivated

and appropriate explanation of the properties traditionally ascribed to logical inferences.

We think that many of these criticisms miss the mark and misconstrue the nature and

scope of Sher’s project, but it is instructive to see how they misunderstand her position. To this end,

219Cf. (Peters and Westerst̊ahl 2006, 141 & 334).
220For a worked-out account of this kind, albeit with a different focus, see (Sagi 2014a).
221For the idea that the structure of inferences might shed light on which terms of a language are logical, and how to

extract logical terms from these inferences, see (Peters and Westerst̊ahl 2006, 9.3), (Bonnay and Westerst̊ahl 2009),
(Bonnay and Westerst̊ahl 2012), (Westerst̊ahl 2012).

222See (Sher 2013, 191ff.) and (Sher 2016, Chapter 10.5) for the derivation of these properties. See (Gómez-Torrente
forthcoming, 17-24) for a criticism of the adequacy of this derivation and the properties dealt with.
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we will briefly discuss two lines of criticism that have emerged in the literature: (i) those doubting

the adequacy of the criterion of isomorphism-invariance on the basis of it failing to account for

certain ‘intuitive’ features of logical consequence (Section 3.2.3.1); and (ii) those doubting the

explanatory adequacy of the criterion (Section 3.2.3.2).

3.2.3.1 Necessity, A-prioricity, and Natural Language

A common theme in criticisms that hold that the criterion of isomorphism-invariance is

only part of the complete story of logicality is that it cannot account for, or does not sufficiently

proceed on the basis of, the kind of properties that are most decisive for logical consequence.

They often regard isomorphism-invariance as a necessary, but not sufficient feature of logicality

and logical expressions because it ignores or does not give appropriate space to properties that are

taken to be constitutive of and essential to logicality and logical consequence. Peacocke, for example,

acknowledges that topic neutrality is a “necessary and sufficient condition for an expression to be

a logical constant” (Peacocke 1976, 229),223 but maintains that this feature is implied by the more

basic and important feature of the a-prioricity of logic. It is this property, he continues, that is

needed to guarantee the freedom from empirical knowledge and influence of logical consequence224

and that must underlie any successful characterisation of logicality.225

Both Hanson and McCarthy go further in their criticism of the Tarski-Sher thesis: based

on intensional considerations of the type discussed in Section 3.1.4.3 they claim that, by itself,

isomorphism-invariance is insufficient for logicality and cannot account for the a-prioricity of logic.

Even worse, by not guaranteeing an important role for a-prioricity in the characterisation of log-

icality the criterion of isomorphism-invariance conflicts with the epistemic and modal properties

traditionally associated with logical consequence. It thereby renders the account build on the basis

of the Tarski-Sher thesis inconsistent with the basic Tarskian tenet from which it proceeded, as it

permits a-posteriori and thus empirical and contingent, content to play a role in the determination

223Though he does not characterise the kind of topic-neutrality he has in mind in terms of isomorphism-invariance,
but rather in terms of the applicability of logical operators to schematic expressions.

224Cf. (Peacocke 1976, 233).
225In its simplest form, his criterion states that an expression α is a logical expression iff it is non-complex and

“for any expression β1, . . . , βn on which α operates to form [an] expression α(β1, . . . , βn), given knowledge of which
sequences satisfy each of β1, . . . , βn and of the satisfaction condition of expressions of the form α(γ1, . . . , γn), one can
know a priori which sequences satisfy α(β1, . . . , βn), in particular without knowing the properties and relations of
the objects in the sequences” (Peacocke 1976, 223). Peacocke later needs to complicate this condition somewhat in
order to accommodate satisfaction conditions for quantifiers. For comment, see (Sainsbury 2001).
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of logicality.226

In order to conciliate the intuition that the notions of logical truth and consequence are

connected with modal notions227 in a more substantive way than afforded by the Tarski-Sher thesis,

McCarthy suggests considering a “modal analogue of [...] extensional invariance” (McCarthy 1987,

426) to provide an explanation of the metaphysical and epistemic necessity of logical truths and

consequences. This ‘modal analogue’ is provided by a notion of rigid invariance, invariance relative

to a modality, by means of which he tries to “link the topic-neutrality of the logical constants

with the epistemic necessity of the logical truths” (McCarthy 1987, 440). While potentially open

to many different kinds of modalities, McCarthy, to comply with the ‘traditional epistemological

thesis’ that logical truths are a priori ultimately settles on an epistemic modality and equates

logicality with rigid invariance under this modality.228

Despite having voiced similar doubts about the project underlying the formulation of the

Tarski-Sher thesis, Gómez-Torrente doubts the adequacy of McCarthy’s proposed fix of the fault of

the thesis by means of a modal supplementation.229 The modifications proposed, he says, introduce

unexplicated semantic, epistemic, or metaphysical notions, thereby giving up on “Tarski’s project

of mathematical explication, and the usefulness of their defined concepts of logical constancy as

replacements of the unexplicated notion in Tarski’s definitions of logical consequence and logical

truth becomes doubtful” (Gómez-Torrente 2002, 20).

226We discussed these arguments in Section 3.1.4.3 above. Roughly, Hanson, in (Hanson 1997), holds that the
violation of an a-prioricity constraint as permitted on Sher’s account allows empirical content to enter consideration
of logicality, contrary to Tarski’s characterisation of logical consequence as formal, i.e., free from the influence of
empirical knowledge. For a response to Hanson’s criticism, and a refutation of the claim that freedom from empirical
features imposes an a-prioricity constraint, see (Sher 2001). For a reply see (Hanson 2002). McCarthy (McCarthy
1981) pursues a similar line of reasoning, showing that isomorphism-invariance by itself does not suffice to prevent a
posteriori and contingent content from determining a constant classified as logical by the Tarski-Sher thesis, thereby
demonstrating that “the logical status of an expression is not settled by the function it introduces, independently
of how those functions are specified” (McCarthy 1981, 516). For an early response to this, see (Sher 1991, 64/65).
For an assessment of these arguments, considering them to ultimately fail due to making an illegitimate move from
a modal statement about a linguistic entity to the modal status of the content of that entity, see (Sagi 2015). For
a response to Sagi and a rehabilitation of the criticism contained in McCarthy’s and Hanson’s argument, see (Zinke
2018a) (cf. also (Woods 2016, 784ff.)).

227Cf. (McCarthy 1987, 424).
228Cf. (McCarthy 1987). He concludes by saying that “[w]hat is missing, then, is an explanation of the distinguishing

epistemic properties of the constants in terms of more fundamental properties involving their understanding and use”
(McCarthy 1987, 442). Even though we have tried to avoid epistemic motivations of our combined criterion presented
in Chapter 5 below as far as possible, we think it might be able to provide precisely this element. However, we remain
completely neutral on the alleged a priori nature of logical consequence.

229Gómez-Torrente’s skepticism runs much deeper than this, and he doubts the very possibility of the success of
the demarcation project in general. See (Gómez-Torrente 2002, 20/21) and (MacFarlane 2017) for criticisms of
McCarthy’s proposed ‘fix’.
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Independently of whether McCarthy’s, McGee’s, or Hanson’s views are susceptible to

revenge-considerations of the kind they are trying to block, however, it remains questionable

whether they fully engage with the project taken up by Sher. This point is forcefully made by

Woods in (Woods 2016) who takes the main point of contention between the Tarski-Sher thesis and

the proponents of stronger theses to be one concerning the nature of meaning at issue in the debate.

Model-theoretic extensions are, in many ways, quite impoverished representations of meaning, ne-

glecting many important dimensions of natural language meaning. It is completely unsurprising,

however, that applying a criterion that was devised in the context of a particular background the-

ory of meaning to expressions whose meanings are much richer than those countenanced by that

theory will yield inadequate results. The richer the structure of meaning of an expression, the more

elaborate the invariance criterion must be for determining its logicality. The Tarski-Sher thesis,

however, was only designed for an extremely constrained and limited conception of meaning.

The criticisms advanced above, however, really only apply once we admit a conception

of meaning that goes beyond mere extensions, for they claim precisely that the meaning of an

expression is not exhausted by its extension: “The real complaint is that extensions are inadequate

as an account of the meaning of expressions” (Woods 2016, 786), and we should thus view them as

“instructive in how to develop the invariance criterion in the less rarified contexts of non-extensional

languages” (Woods 2016, 797), but not as direct attack on the adequacy of the Tarski-Sher thesis

in its chosen context. Woods own proposal to adapt the invariance-strategy from formal to richer,

natural languages consists of demanding invariance with respect to both content and character of

an expression for it to be logical.230

Sher is very careful to distinguish the different dimensions a demarcation-project such

as hers might possess and regards the characterisation of logical constancy in natural language as

outside of the scope of her undertaking, calling it a “largely empirical enterprise” which is “an

issue that neither Tarski nor I have much to say about” (Sher 2003, 197). Furthermore, contra

Hanson and McCarthy, when moving to a characterisation of logical constancy outside of the tightly

restricted domain of model-theory, there might still be no need to invoke epistemic or metaphysical

primitives in the characterisation of logical expressions: as formal linguists have long pointed out

230He calls his proposal double-standard invariance. See (Kaplan 1989) for the distinction between the content and
the character of an expression.
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and investigated, we find constraints and restrictions on natural language meanings (often in the

shape of linguistic universals) that might not have any direct connection with logicality, but that

substantially reduce the types of meaning that might even qualify as logical in the first place.231

There are thus resources beyond isomorphism-invariance available when moving to natural language

meanings. This implies that the criticisms outlined here are better understood as criticisms of the

overall framework, rather than of inadequate assessments within that framework itself.

3.2.3.2 Circularity

It is sometimes alleged that the criterion of isomorphism-invariance is explanatorily inert

because it involves a circularity. This position can be found in, for example, (van Benthem 2002):

“Permutation invariance is blatantly circular as an account of logicality!” (van Benthem 2002, 428).

Furthermore, this circularity does not merely affect a particular choice of invariance-relation, but

it is inherent in any invariance-based account:232

For, to get going, we must make a number of prior decisions that manipulate the final
outcome:

Which objects are taken? And then, which transformations?

E.g., in geometry, affine transformations are supposed to ‘justify’ “betweenness” as a
geometrical primitive. But betweenness is needed to define these transformations in
the first place, when all is said and done. The same holds for logicality. Do we want
identity to come out as a logical notion? Then look at permutations, whose definition
presupposes the notion of identity (surjective functions respecting non-identities). [...]
Evidently, this is no real ‘explanation’... (van Benthem 2002, 429)

From this van Benthem concludes that “permutation invariance cannot serve as an independent

foundational account of logicality” (van Benthem 2002, 429) since its independence is undermined

by its circularity.233

MacFarlane reaches a similar conclusion, pointing out that in order to settle on any sort

of invariance one already has to have made important prior decision about what kind of structure

231Cf., e.g., (van Benthem 1986) and (Peters and Westerst̊ahl 2006) for the investigation and discussion of such
constraints.

232See also (Feferman 2010, 10): “it is hard to see how identity could be determined to be logical or not by a
set-theoretical invariance criterion of the sort considered here, since either it is presumed in the very notion of
invariance itself that is employed – as is the case with invariance under isomorphism or one of the partial isomorphism
relations considered in the next section – or it is eliminated from consideration as is the case with invariance under
homomorphism.”

233It is worth mentioning that van Benthem does not take this to spell the end of the invariance-project, however:
“But please realize that this is only a knock-down objection if one had fundamentalist designs in the first place. I
myself think that there cannot be absolute foundations, neither for logical laws nor for logical notions. Therefore the
circularity does not bother me at all, and my story will continue.” (van Benthem 2002, 429).
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is worth preserving ‘in the name of logic’. This, however, renders an invariance account of logicality

unexplanatory:

Anyone who appeals to invariance to delineate the logical notions is making assumptions
about intrinsic structure on the basic types. If the invariance criterion is to have any
claim to be an explanatory criterion for logicality, then these assumptions must be jus-
tified. Otherwise the criterion is nothing more than a systematization of our antecedent
intuitions about which notions are logical; it does nothing to explain why these notions
are logical. (MacFarlane 2000, 237)

In an important sense, these objections are correct as far as they go: the account of invariance

given, by resorting to a background theory of structure using the very kind of notions the account

is supposed to delineate, is circular. The conclusion drawn from this, that it is therefore unex-

planatory, is overhasty. Sher readily admits that there is some circularity involved in her account,

but she denies that this circularity is vicious. Her foundational account is not foundationalist –

it does not bottom out in explanatory primitives but involves a complex web of holistic relations

between disciplines, fields, and theories which mutually and interdependently influence each other.

However, just because two theories are involved in mutually explaining each other does not mean

that such an explanation is inert or uninformative. The holist is well aware of the fact that expla-

nations might not bottom out, but maintains that this does not take away from their explanatory

power – it might be impossible to find a safe harbour to repair Neurath’s boat, but this does not

imply that it is doomed to sink at sea.234

Given this methodological stance, it remains to explain what it is that makes the circularity

involved in the explanation of logicality on Sher’s account non-vicious. What is worth emphasising,

first of all, is the dual nature of Sher’s approach – the general characterisation of logicality is

quite independent of any particular invariance relation and thus does not presuppose any prior

choice of logical constants or structures. Even without this distinction, however, notice that the

invariance-relation chosen is dictated by the background theory of structure (in a way described

in Section 3.1.3.3 above), whose choice, in turn, is governed by considerations independent from

logic, logicality, and logical notions. The charge of circularity thus does not do any damage to the

explanatory capacity of the criterion itself.

234For Sher’s foundational holist approach to knowledge and logic, see (Sher 2013) and (Sher 2016).
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3.3 Modifications & Amendments

Different from the criticisms of the previous section, the positions addressed here accept

the basic ideas underlying the Tarski-Sher thesis as correct and as appropriately explicating a

notion of logical consequence as necessary and formal. What they take issue with are the choices of

formal tools and theories adopted in supplying a concrete version of the criterion of logicality. In

Section 3.3.1 we address proponents of the objection that invariance approaches to the question of

logicality are correct and adequate, but that the choice of bijection-invariance remains unwarranted.

In Section 3.3.2 we consider arguments to the effect that ZFC is insufficient as a background theory

of structure. Finally, in Section 3.3.3, we examine how the restriction of isomorphism-invariance in

the context of ZFC to classical logics in extensional languages might be overcome.

3.3.1 Modifying Invariance

The notion of isomorphism-invariance emerged as a way of mathematically capturing the

idea that logic is formal or topic-neutral. However, even when accepting the idea that logic is distin-

guished by its formality or topic-neutrality, several authors have voiced doubts that isomorphism-

invariance is the right way of formally rendering this idea.

Button & Walsh (Button and Walsh 2018), for example, agree that a principle of non-

discrimination – according to which an expression should only be considered logical if its inter-

pretation does not discriminate between objects – constitutes a good starting point for a notion

of logicality (Button and Walsh 2018, 393), but doubt that the acceptance of such a principle

inevitably determines bijection-invariance: “it is an open question whether the appropriate notion

of non-discrimination should be bijection-invariance” (Button and Walsh 2018, 394). In particular,

they claim that there are multiple formal candidates for non-discrimination that coincide on the

intuitively clear test-cases for logicality and that, in light of these alternative candidates, a defender

of the bijection-invariance criterion owes additional explanation as to why bijections are the correct

transformations to take into account when explicating the notion of non-discrimination.

Mere intuitions, they continue, cannot serve as guide to the truth here, for at the level

of complexity of quantifiers “no one should have any very firm thoughts about what, intuitively,

should count as (non-)discrinimatory” (Button and Walsh 2018, 395). Neither will it do to simply
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insist that any sort of discrimination is disallowed, for even bijection-invariance is sensitive to the

distinctness and non-distinctness of objects and thus discriminates on the basis of identity/non-

identity.235 The ‘real question’, so Button & Walsh, is what types of discrimination matter to

logicality and which do not. Defenders of the Tarski-Sher thesis must provide an account of these

without merely appealing to an ‘intuitive notion of non-discrimination’, for “[t]here are simply too

many intuitive notions of non-discrimination floating around” (Button and Walsh 2018, 396).

This line of reasoning echos earlier concerns about the extension of the class of transfor-

mation taken to delineate the class of logical notions. van Benthem, for example, remarks that

“permutation invariance is only one extreme in a spectrum of invariances, [...] there are certain

forms of automorphism invariance that still resemble logicality quite closely” (van Benthem 1989,

320). This, on the other hand, motivates the consideration of “stronger notions of invariance than

the one with respect to arbitrary permutations” (van Benthem 1989, 320). After all, permutations

are not completely non-discriminatory for they “at least respect distinctness among individuals:

they are, so to speak, ‘identity automorphisms’ ” (van Benthem 1989, 320), taking some structure

into account.

This line of thought is lend force by the observation that in many mathematical inves-

tigations of structure the canonical notion of transformation considered is not isomorphism, but

homomorphism:236

Clearly, invariance under bijections across universes is not the [most] general kind of
invariance one can think of. Equality (or better inequality) is invariant under bijections
but not necessarily under arbitrary mappings. In mathematics much more general kinds
of transformations – which do not respect inequality – are many times considered the
natural ones. It is therefore convenient to investigate more general kinds of transfor-
mations and to find out which are the notions and operations invariant under them.
(Casanovas 2007, 35)

This demonstrates that “the notion of invariance is not as clear as one could have thought”

(Casanovas 2007, 37) and thus that “the logical character of notions and operations from a se-

mantical point of view is a matter of perspective and a matter of degree” (Casanovas 2007, 36).

Of course, the mere existence of deviant invariance-criteria does not call into doubt the

adequacy of the Tarski-Sher thesis. What is needed is an independent justification or argument

235See (Button and Walsh 2018, 396/397).
236See (Casanovas 2007, 37).
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for why these are better ways to capture the essential properties underpinning logicality. In the

following we will consider two candidates that have been put forward as alternative notions of

invariance for logicality: Feferman’s (strong) homomorphism-invariance and Bonnay’s potential

isomorphism-invariance.

3.3.1.1 Strengthening Invariance: Feferman’s Proposal

Dissatisfied with the criterion of isomorphism-invariance for reasons discussed in Sec-

tion 3.2, but convinced that the invariance approach to logicality is on the right track, Feferman,

in (Feferman 1999),237 sets out to investigate alternative notions of invariance that remedy the

shortcomings of overgeneration and the possibility of non-uniform operators. A natural way of

strengthening the notion of isomorphism-invariance is to consider invariance under the wider class

of homomorphisms: “It seems to me that there is a natural sense in which operations O invariant

under homomorphisms are logical form preserving, if one ignores equality” (Feferman 1999, 40). A

homomorphism η : M 7→ N between sets M and N is a surjective function from M onto N . An

operator O is invariant under homomorphisms (homomorphism-invariant) iff η[OM ] = ON for all

M , N and homomorphisms η : M 7→ N .238 Under the criterion of homomorphism-invariance an

operator will then be considered logical iff it is invariant under homomorphisms.239

Homomorphisms constitute a wider class of transformations than isomorphisms: ev-

ery isomorphism is also a homomorphism, but not vice versa. Just as isomorphism-invariance,

homomorphism-invariance thus also ‘neutralises empirical content’. In addition to this, however, it

also abstracts from numerical content (Bonnay 2006, 42): domains can ‘shrink’ along a homomor-

phism η and need not be mapped onto sets of the same size. The ability to allow comparisons be-

tween domains of differing cardinalities overcomes the limitations of isomorphism-invariance which

ruled out the possibility of cross-cardinality comparisons. Homomorphism-invariance thus provides

a criterion of identity across domains, ruling out non-uniform operators whose behaviour differs

widely depending on the cardinality of the underlying domain in virtue of their different local

meanings not being homomorphically relatable. “It is here,” Feferman says, “that homomorphism

237Feferman later abandoned the views advanced here in favour of an alternative criterion, see (Feferman 2010) and
(Feferman 2015).

238See (Feferman 1999, 39ff.) and (Feferman 2010, 9/10) for definitions in slightly different settings.
239(Casanovas 2007) provides an overview of different versions of homomorphism-invariance one might consider, and

compares their differences and relationship to Feferman’s own criterion.
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invariance wins the day as a criterion for logicality which explains sameness across domains of

different sizes” (Feferman 1999, 46/47).

The insensitivity to features of cardinality is mirrored at the level of operators: while exis-

tential quantification is homomorphism-invariant, non-identity and cardinality-quantifiers (whether

finite or infinite) are not.240 This is the case because multiple objects of the source domain might

be mapped onto a single object in the target domain, which preserves non-emptiness, but not

cardinality and distinctness. In general, definability in FOL−, FOL without identity, guarantees

homomorphism-invariance.241 The exclusion of notions traditionally considered logical, such as

identity, and notions definable in terms of those operations traditionally considered logical, such as

finite cardinality quantifiers, leads Feferman to contemplate adding identity back as a logical notion

on the basis of other considerations: “It is undeniable that the relation of identity has a “universal,”

accepted, and stable logic [...], and that argues for giving it a distinguished role in logic even if it

should not turn out to be logical on its own under some cross-domain invariance criterion, such

as homomorphisms” (Feferman 1999, 44). Closing logicality under definability from identity and

homomorphism-invariant operations also recovers the finite cardinality quantifiers. Their infinite

analogues, however, are still excluded, and this is as it should be for, according to Feferman, the

quantifiers ‘there exist at least κ many’, for κ infinite, “belong to mathematics (specifically, set

theory) and not to logic” (Feferman 1999, 44).242

The homomorphism-invariant operations do not constitute a subset of the classical op-

erations of FOL: the type 〈2〉 well-foundedness quantifier that ‘checks’ whether a relation is well-

founded also qualifies as homomorphism-invariant (Feferman 1999, 42). Given the non-standard

and somewhat mathematical nature of this quantifier, Feferman considers further conditions that

might be imposed in addition to homomorphism-invariance for an operation to qualify as logical.243

240See (Feferman 1999, 40ff.).
241See (Feferman 1999, Theorem 5.11).
242Though he says that the quantifier Q0, ‘there exist infinitely many’, constitutes a “borderline case to which

intuition and experience do not provide a clear answer as to its status” (Feferman 1999, 45). Under the full criterion
it is excluded. It can, however, be recovered by restricting attention to operations that are homomorphism-invariant
over infinite domains.

243Just how much homomorphism-invariance by itself ‘overgenerates’ was approximated by Bonnay & Engström in
(Bonnay and Engström 2018) – correcting an earlier claim that can be found in (Bonnay 2006) and (Feferman 2010),
– where they show that the shift from permutations or bijections to homomorphisms still requires infinitary resources
for proper characterisability: homomorphism-invariance corresponds to definability in L−∞,∞ as long as quantifiers
are restricted to definable subsets (Bonnay and Engström 2018, 129). Given the possibility of ‘defining’ a notion of
identity, this shows that homomorphism-invariance overgenerates almost as much as isomorphism-invariance. Nor
is this result particularly surprising, for the choice of homomorphisms as appropriate transformations told us to
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He ultimately includes the demand that logical operators either be monadic, or λ-definable from

monadic homomorphism-invariant operators.244 The restriction to monadic operators, and those

λ-definable in terms of them, is supported on the basis of natural language evidence. Polyadic

natural language quantification can be reduced to monadic quantification by ‘lifting’ the relevant

operations to higher types, thereby reinforcing the privileged status of monadic quantifiers among

all possible quantifiers.245

Combined with my argument for homomorphism invariance as a criterion for sameness of
operations across domains, this makes it plausible that the class of operations definable
from homomorphism invariant monadic operations is a natural one to consider from the
point of view of what one might call “natural logic”. (Feferman 1999, 47)

According to Feferman’s amended criterion an operation turns out to be logical iff it is definable in

FOL−: an operation is definable in FOL− iff it is λ-definable in terms of monadic homomorphism-

invariant operations (Feferman 1999; Feferman 2010, Theorem 5.15/Theorem 3.1). This demon-

strates, he says, that “the first-order predicate calculus [...] enjoys a privileged role in human

thought” (Feferman 1999, 47).

Sher grants that homomorphism-invariance is more general than isomorphism-invariance

as it involves a wider class of transformations, but denies that this can constitute a justification of

the move from isomorphisms to homomorphisms. After all, if generality was the guiding concern,

to be realised through wider classes of transformations, homomorphisms do not comprise a natural

stopping point – many more even wider classes of transformations are possible (Sher 2008, 335).

Furthermore, the insensitivity of the criterion to cardinality is problematic given that cardinality

is an important structural feature of objects according to a background theory of structure like

ZFC, some such Feferman works in as well. A criterion ignoring such a feature would thereby

neglect an important formal aspect of structures (Sher 2008, 335) and thus fail to harmonise with

a conception of logical consequence as formal, where this notion of formality is spelled out through

a background theory of structure like ZFC: “As a result, the new criterion leads to a concept of

logicality that parts ways with that of formality, making the explanation and justification of the

old criterion inaccessible” (Sher 2008, 335).

precisely disregard identity and distinctness.
244See (Sher 2008, 335) for a description of the progression of his criterion.
245See (Feferman 1999, 47) for details.
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Bonnay and Westerst̊ahl both criticise Feferman’s restriction to monadic types as arbitrary

and untenable.246 Neither is the natural language evidence convincing on its own, nor is it fully

clear why this should matter to questions of logicality in the first place (Bonnay 2006, 44). Once

lifted, however, homomorphism-invariance admits the kinds of operators that it sought to exclude

by means of the restriction to monadic and monadically definable operations. It is not even fully

clear that homomorphisms spell out an appropriate sameness, or identity constraint according to

Westerst̊ahl, for it, from the outset, excludes the possibility that the behaviour of a logical cross-

domain operation may depend on the disjointness of its arguments (Westerst̊ahl 2017, 451). This,

however, is something to be argued for rather than merely to be assumed.247

We believe that, ultimately, the lack of philosophical justification of Feferman’s approach,

stems from ignoring the context in which the criterion of isomorphism-invariance was derived. It

does not stand in isolation, but emerges as one piece in an interdependent web of philosophical

analysis, the adoption of a particular kind of background theory, and of a criterion of invariance

arising from the principle of structural indistinguishability of that background theory. Changing one

component of this complex without modifying the others accordingly leads to conceptual dissonance

and an impression of ‘ad-hocness’. We will return to this point in our assessment below.

3.3.1.2 Generalizing Invariance: Bonnay’s Similarity Relations

A further influential argument for the revision of the isomorphism-invariance condition of

the Tarski-Sher thesis stems from Bonnay’s generalisation of the invariance-framework as a whole.

Conceptually, he views the condition of isomorphism-invariance as the result of the convergence of

two arguments concerning intuitive properties of logic: Tarski’s argument for its generality, and

Sher’s argument for its formality. In both cases, the notion of isomorphism-invariance emerges as

the appropriate formal measure of the generality and formality of a notion. Nonetheless, the fact

that the Tarski-Sher thesis overgenerates by counting properly mathematical notions as logical248

shows that something must have gone wrong. Bonnay points out that “there are a lot of other

246See (Westerst̊ahl 2017, 451) and (Bonnay 2006, 43/44).
247van Benthem (van Benthem 2002, 431) agrees with this assessment of Feferman’s criterion, accusing it of the

same shortcomings other invariance approaches suffer from: “Feferman’s account has its merits, but changes nothing
in the general limitations of invariance approaches” (van Benthem 2002, 431) (though he does not think that this is
a negative feature of the approach).

248See Section 3.1.
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concepts of similarity between structures which are used in model-theory and in algebra which are

far less demanding” than isomorphism, and thus “even if one grants that generality is a good way

to approach logicality, there is no evidence that the class of all permutations is the best applicant

for the job” (Bonnay 2006, 38).

In order to put the space of options into focus more clearly Bonnay suggests generalising

the framework by looking at similarity relations and invariance under a similarity relation relation

in general. A similarity relation ∼ is a relation between structures M, M′, M ∼M′, respecting

signatures. An operator Q – for concreteness, consider a type 〈1〉 Lindström-quantifier – is invariant

under a similarity relation ∼, ∼-invariant, if, whenever M ∼ M′, then M ∈ Q iff M′ ∈ Q.249

Given an invariance relation ∼ we can consider the class of ∼-invariant quantifiers, I(∼), and order

similarity relations according to their fine-grainedness by having that ∼≤∼′ iff ∼′ ⊆∼.250

Within the new framework we can then state a general version of the invariance criterion

for logicality (Bonnay 2006, 39)

A quantifier Q is logical iff it is ∼-invariant.

and ask what the right similarity relation ∼ is to explicate logicality. Both isomorphism- and

homomorphism-invariance can of course be recovered as candidates for such a similarity relation:

(Iso) Two structures M and M′ are isomorphically similar, MIsoM′ iff there is an isomorphism

ι :M 7→M′ between M and M′.

(Hom) Two structures M and M′ are homomorphically similar, MHomM′ iff there is a homomor-

phism η :M 7→M′ between M and M′.

However, many more similarity relations are possible and can now be systematically considered

and compared.251 In order to determine an appropriate similarity relation for logicality we can ask

the question of what constraints on a similarity relation ∼ are plausible in order to narrow down

the space of potential candidates.

At this point an interesting feature emerges: the least discriminatory similarity relation

Uni counts all structures of the same signature as similar and therefore corresponds to the greatest

249See (Bonnay 2006, 39ff.) for details.
250(Bonnay 2006, 40) additionally defines, for every class of quantifiers Q, a similarity relation S(Q). The class of

all classes of such operators can be ordered by inclusion, and under these orderings I and S form a Galois-connection,
see (Bonnay 2006, 40ff.) for details.

251See (Bonnay 2006, 45ff.) for examples.
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class of transformations between structures. But then, in the setting of generalised invariance-

relations, “it does not make sense to require full generality without qualification, because the

most general notions are as much useless as they are general” (Bonnay 2006, 48) – apart from

extremely general distinctions concerning the semantic type of their argument they do not draw

any distinctions whatsoever. This, however, overshoots the target: “there is no reason why requiring

utmost generality should not result in a total loss of content” (Bonnay 2006, 48). Logical notions,

on the other hand, are not completely contentless. Rather, they are “the most general notions

which deal with certain kinds of features; but in order to make sense of the generality of logic, one

has to say what matters to logic” (Bonnay 2006, 48/49). Logical notions are only ‘nearly deprived

of content’. We have uncovered, in other words, a reason for qualifying the notion of generality

as adopted by Tarski in order to delineate the logical notions and prevent the enterprise from

dissolving into triviality. This consideration gives rise to a constraint on any appropriate similarity

relation ∼ for delineating logicality: Uni ≤∼.

Similarly, the overgeneration of isomorphism-invariance demonstrates that the formality

argument misfires and requires amendment: “[t]he point is [...] that it is not legitimate to seek a

characterization of logicality on the basis of a property – namely formality – which is obviously

common to logic, set-theory and mathematics in general” (Bonnay 2006, 55). Logical notions

must be formal, free from ‘empirical’ content, and thus isomorphism-invariant. But, according to

Bonnay, they must also be free from ‘problematic set-theoretic content’ – they must be even more

content-free than isomorphism-invariance can ensure. This gives rise to another constraint on any

appropriate similarity relation ∼ for delineating logicality: ∼≤ Iso.

Hence, we are looking for a similarity relation ∼, s.t. Uni ≤∼≤ Iso. By itself, this does

not yet narrow down the field of potential candidates very much: there are plenty of similarity

relations falling in-between Uni and Iso.252 One such similarity relation of particular interest is

given by the notion of potential isomorphism. A potential isomorphism θ between two structures

M,M′ is a partial isomorphism that can be infinitely extended, i.e., θ is a non-empty set of partial

isomorphisms such that for all f ∈ θ and a ∈M (b ∈M′) there is a g ∈ θ with f ⊆ g and a ∈ dom(g)

(b ∈ rng(g)). A partial isomorphisms is a function ρ :M 7→M′, s.t. ρ is an isomorphism between

252We refer the reader to (Bonnay 2006, Fact 3.7) for details and examples.
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two substructures A ⊆M and A′ ⊆M′.253 Two structures are potentially isomorphic if they are,

so to speak, ‘locally isomorphic’ – we can always find an isomorphism between substructures which

can be extended to an isomorphism between larger substructures. Two structures M and M′ are

potentially similar,M∼pM′, iff there is a potential isomorphism betweenM andM′. ∼p is ‘more

liberal’ than Iso and requires less structure preservation. Bonnay shows that Uni ≤ ∼p ≤ Iso

(Bonnay 2006, Fact 3.7).

How much higher than Uni should we aim with a similarity relation ∼? characterising

the amount of structure that needs to be preserved for a notion to be logical? This is dictated by

two important assumptions Bonnay makes. The first is that the usual operations and quantifiers

of FOL are accepted as logical. In terms of similarity relations, this is captured by the requirement

that Iso1 ≤∼?.254 The second consists in the adoption of a principle of closure under definability :

“the invariants of a similarity relation should be closed under definability” (Bonnay 2006, 49), since

“[o]perators which are definable in a purely logical manner are logical. We just do not see how

a non-logical element could creep in the logical elements of the definition and make the defined

operator non-logical” (Bonnay 2006, 50).

Logical notions defined by logical notions must themselves be logical. This Principle of

closure under definability becomes a constraint on candidate similarity relations as follows:

for a class Q of operators, let the logic LQ be the extension of FOL containing a new symbol Q

for each Q ∈ Q, interpreted by Q, given by means of the usual formation- and satisfaction-clauses

for Lindström-quantifiers. An operator Q∗ is definable in LQ iff there exists a formula ϕ of LQ,

containing predicates and constants corresponding to the type of Q∗, s.t., for all M, M ∈ Q∗ iff

M |= ϕ.255 Let C(·) be a closure operator, s.t., for a class of operators Q, C(Q) is the class of all

operators definable in LQ. In the current context, the principle of closure under definability for a

similarity relation amounts to saying that we require a similarity relation ∼, s.t. I(∼) = C(I(∼)).256

Bonnay shows that

253See (Bonnay 2006, 46) for definitions.
254Iso1 is the similarity relation that arises from considering structures M = 〈M,P 〉 and M′ = 〈M,P ′〉, where
P 6= ∅ and P = ∅, dissimilar, and thus existential quantification (non-emptiness) as logical. For details and precise
definitions, see (Bonnay 2006, 46/49).

255For precise definitions, see Chapter 6.
256See (Bonnay 2006, 50ff.). Note that this demand is non-trivial, see (Bonnay 2006, Fact 3.9).
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Theorem (Bonnay 2006, Theorem 3.10): ∼p is the ≤-least similarity relation, s.t. Iso1 ≤∼p and

I(∼p) = C(I(∼p)).

Hence, assuming the logicality of the operations of FOL and requiring closure under definability

isolates ∼p as the minimal feasible candidate for a similarity relation for logicality.257

Knowing that ∼? should be ≥ Iso1, how much lower than Iso should we shoot for? I.e.,

where between ∼p and ISO should ∼? be located? The formality argument overshot in counting

anything that is formal as logical, and was thus unable to guarantee freedom from problematic set-

theoretic content. Of course, not all set-theoretic content is problematic: some basic set-theoretic

concepts are needed to render, for example, the existential quantifier logical. The distinction

between harmless and problematic set-theoretic content is, once again, drawn with the help of the

notion of absoluteness. Non-absolute content is deemed problematic because it is, in some sense,

left unsettled by the background set-theory. Absolute content, on the other hand, is something

that remains ‘uncontroversial’ and settled no matter what the actual model of the background

set-theory might turn out to be.

Bonnay then observes that Iso is not an absolute relation relative to ZFC: whether or not

it is the case that in a model M of ZFC, M |= 〈A,P 〉Iso〈|A|,ℵ1〉 depends on whether there is a

bijection between P and ℵ1 in M. The answer might be negative in M, simply because M is not

rich enough, but it might be positive in a generic extension of M (Bonnay 2006, 56). Therefore,

“Iso is a typical example of a set theoretically problematic similarity relation, whose extension

depends on the specific features of the model of set theory one is working with” (Bonnay 2006, 56),

and not robust enough to serve as a marker of logicality. The relation ∼p, however, is absolute

with respect to ZFC and it can be shown that it is the largest relation ‘below’ full-blown Iso for

which ZFC is able to ‘know’ this:258

Theorem (Barwise 1973): ∼p is the ≤-greatest similarity relation ∼ that is absolute with respect

to ZFC and for which ZFC ` “ ∼≤ Iso”.

257For further details, see (van Benthem and Bonnay 2008).
258Theorem as cited in (Bonnay 2006, Theorem 3.19).
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The above two results yield the upper and lower squeezing-conditions of an argument that pins

down ∼p as the correct relation for logicality: if the correct similarity relation must be as close to

Iso1 as possible while being closed under definability (lower squeezing condition), and if it must be

the most encompassing similarity relation absolute with respect to ZFC while still (provably) below

Iso (upper squeezing condition), then, by the above two theorems ∼p is the similarity relation we

are looking for.259

Bonnay further notes that the adoption of ∼p as the appropriate relation to determine

the logicality of a notion is consonant with the intuitions underlying the original arguments from

generality and formality. His qualified generality argument holds that a good notion of invariance

for logical notions is provided by a similarity relation that is as general as possible while still

counting the standard logical notions of FOL logical, and that is closed under the definability of

logical notions.260 His qualified formality argument maintains that logical notions should be formal,

but adds that they should also not encapsulate any problematic set-theoretic content.261

What thus emerges as the specification of the similarity-schema above is the ∼p-thesis for

logicality (Bonnay 2006, 61):

A quantifier Q is logical iff it is ∼p-invariant.

According to the ∼p-thesis, the existential quantifier, the quantifierQ0, ‘there exist infinitely many’,

and the type 〈2〉 well-foundedness quantifier are logical, but the quantifier Q1, ‘there are uncount-

ably many’, and the quantifier ‘there are precisely ℵ0 many’, are not (Bonnay 2006, 61). What is

the scope of the ∼p-criterion for logicality in general? Citing a result by Barwise, Bonnay shows

that an operator Q is ∼p-invariant iff it is locally L∞,ω-definable, i.e., iff for any M there exists a

formula of L∞,ω that defines QM (Barwise 1973).262 The bounds of logic, under the ∼p thesis, thus

fall below the bounds of logic as set by the Tarski-Sher criterion, but still substantially extend FOL.

259See (Button and Walsh 2018, 400ff.) for commentary and criticism of accounts that use a principle of non-
discrimination (invariance) and a principle of closure (definability) as squeezing conditions in a delineation of logical
notions. They there defend the claim that such an approach, by itself, won’t delineate a unique class of operators and
that further conditions are needed to pin down particular versions of these two principles. In particular, they show
how McGee’s argument can be construed as a squeezing argument of this kind, with bijection-invariance constituting
a necessary condition of logicality as one squeezing condition, and definability in L∞,∞ as a sufficient condition of
logicality as another squeezing condition. By McGee’s characterisation theorem it then follows that a notion is logical
iff it is bijection-invariant. Button & Walsh question the latter squeezing condition here, doubting the adequacy of
the notion of definability in L∞,∞, see (Button and Walsh 2018, 407ff.).

260See Bonnay’s mild generality argument (Bonnay 2006, 59).
261See Bonnay’s lack of content argument (Bonnay 2006, 60).
262As cited in (Bonnay 2006, Theorem 4.3).
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Thus, while most infinite cardinality quantifiers are disqualified as non-logical, arithmetical truths

become logical truths on the current picture: “The [∼p-thesis] for logicality sets the boundary

between logic and mathematics somewhere between arithmetic and set theory” (Bonnay 2006, 64)

and “[a]s a consequence of the adoption of the [∼p-thesis], arithmetic turns out to be part of logic”

(Bonnay 2006, 65).263 This Bonnay deems appropriate: “Regarding the ‘natural logic’ underlying

natural language, this seems to be a reasonable place to draw the line” (Bonnay 2006, 64) since

the notions of set-theory proper “do not at all belong to our basic semantic competence” (Bonnay

2006, 65).

The fact that the class of logical notions delineated by ∼p-invariance corresponds to some

sort of “ ‘natural logic’ underlying our semantic competence” (Bonnay 2006, 66) is a nice feature of

the current approach, but it might of course be asked in how far considerations of this kind should

have any bearing in the context of the foundational enterprise undertaken here. More significant

problems, however, are constituted by two different issues arising from the methodology of the

similarity-relation approach.

Firstly, there are several questions surrounding the application of the notion of absolute-

ness, intended to capture freedom from problematic set-theoretic content. Feferman, for example,

wonders whether the goal to avoid as much set-theoretical content as possible does not commit

us to consider absoluteness with respect to a more minimal set-theory than ZFC to ensure that

no problematic set-theoretic content is accidentally admitted.264 Bonnay defends the use of ab-

soluteness with respect to ZFC on the basis of it constituting a standard background set-theory

for logical theorising. More significant, however, is the question of why absoluteness is applied to

similarity-relations rather than the notions that are invariant under them. Why should the instru-

ment used to determine the logical notions possess the kind of property that is relevant for the

logicality of the notions thus determined? Bonnay shows that ∼p-invariance is necessary for an

isomorphism-invariant operator to be absolute, but not vice versa.265 This means that the condi-

tion of ∼p-invariance does not ensure that to be what it deems problematic set-theoretic content

by its own lights is not exhibited by the operators it qualifies as logical. An explanatory gap thus

263Note that this does not just encompass standard Peano-arithmetic, but “all of ordinal arithmetic as well”, to
which “one might object that the ghost of overgeneration is still with us” (Bonnay 2006, 66) even if only in a more
limited form.

264See, e.g., (Feferman 2010, 17). We will return to this point in the next section.
265See (Bonnay 2006, 58).

177



remains here, which problematises the role absoluteness is supposed to play and its justification in

determining the upper squeezing condition of Bonnay’s argument.

Furthermore, and this is something we will take up again in Chapter 5, it is unclear in how

far the invariance approach pursued here can serve as a fully foundational account given that one

of its basic assumptions was that the logical operations of FOL already are logical. It constitutes

a form of ‘if-then-ism’ in that it already presupposes the logicality of the notions FOL, and thus

takes the privileged status of some notions for granted without supplying any explanation for this

privileged status. Any account of logicality which does not achieve at least this much might of

course be considered a non-starter, but within the kind of project pursued here one is looking

for a unified explanation as to what it is about certain notions of a common type that renders

them logical. The possibility of such a unified explanation is undermined by simply assuming some

notions in such a class as privileged without providing further justification.

Lastly, as pointed out by (Feferman 2010) and (Button and Walsh 2018), the desideratum

that the class of logical notions be yielded by a single similarity-relation never received proper

justification. Why would it be inappropriate to have a family of such relations, possible related

somehow? All in all, more work needs to be done to put the similarity-relation approach on a

secure foundation for it to be able to do the work of a foundational account of logicality. What it

has undoubtedly achieved, however, is to point out that the space of options is much larger than

originally anticipated, and that the account leading to the adoption of isomorphism-invariance as

a criterion for logicality must therefore be able to perform a vast amount of explanatory work.

3.3.1.3 Assessment

Common to the criticisms that aim to modify the invariance-constraint of the Tarski-Sher

thesis is that they wish to do so on the basis of considerations external to the foundational project

undertaken by Sher. They react to consequences of the account (e.g., overgeneration) rather than

to perceived inadequacies in its motivation and execution. Button & Walsh are of course right in

pointing out that there are several notions of non-discrimination in a model-theoretic context, but

their account remains incomplete; not every principle of non-discrimination is a candidate in the

present context, for we are not interested in just any principle of structural non-discrimination.

Rather, we are interested in the invariance condition that functions as the criterion of structural

178



equivalence with respect to the background theory of structure chosen. Such a condition is delivered,

automatically, by the choice of background theory. Every background theory of structure comes

with its associated criterion of structural equivalence. In case the background theory is ZFC,

or another set-theory, it will be bijection-invariance. Thus, it is rather uninteresting to look at

principles of non-discrimination as they might emerge for structures ‘build’ within ZFC – the

notion of formal structure is implemented, here, through ZFC and whatever criterion of structural

invariance or non-discrimination comes with this theory is the one that is relevant for logicality.

This is also precisely the defect of the invariance-criteria proposed by Feferman, Bonnay,

and Casanovas. While each of them tracks a particular sort of non-discrimination in its own right,

none of them demonstrate why this is the invariance condition supplied by the background theory of

structure. Just to (over-)emphasise: there is nothing intrinsically special about bijection-invariance

that makes it the right invariance-condition for logicality; what makes it the right condition for

logicality in the context of a chosen background theory of structure like ZFC is that it is the cri-

terion of structural identity as against this theory. Sher’s general account does not come with

a specific criterion of invariance, but it comes with a specific architecture. Once different com-

ponents of the overall account are chosen the concrete implementations of its parts follow from

these choices. Bijection-invariance follows from the choice of a set-theoretic background theory of

structure because it is the criterion of structural invariance for this theory.

Thus, the suggested modifications to bijection-invariance above miss the mark somewhat,

at least in the context of Sher’s project,266 by providing an argument internal to the theory of

structure where what is needed is an external argument to the effect that a theory of structure

which makes bijection-invariance the notion of structural invariance is the wrong kind of structure

to choose. Hence, at least in the context of Sher’s foundational project, these criticisms loose much

of their force.

3.3.2 Modifying the Background Theory of Structure

The question of whether a particular background theory of structure that needs to be

supplied for the Tarski-Sher thesis to properly achieve its task is adequate cuts in two directions.

On the one hand, one might worry that the theory supplies too much, thereby burdening logic with

266It should be noted that many of them adopt a different starting point.
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extra-logical commitments. On the other hand, one might worry that the theory supplies too little,

thereby failing to constitute a proper background against which to explicate the concept of logical

consequence.

Driven by worries of the first kind, Feferman suggests weakening the background theory

of structure for logic with respect to which we should assess the absoluteness of purported logical

notions. He suggests the set-theory KPU-Inf, Kripke-Platek set-theory with urelements and without

the axiom of infinity, for this purpose, since “much more so than absoluteness with respect to

ZFC [...], absoluteness with respect to KPU-Inf guarantees that one does ‘not encapsulate any

problematic set-theoretical content’ ” (Feferman 2010, 17). KPU-Inf is a particularly weak set-

theory, supplying just as much as “is needed for a theory of the syntax of any humanly manageable

system of logical reasoning” (Feferman 2010, 17): “by requiring of the definition of Q that it

be absolute relative to a weak set theory without the axiom of infinity, we are insuring that its

meaning does not depend on any special set-theoretical assumptions about what exists beyond

the most elementary set-constructions” (Feferman 2010, 17). Feferman draws further support for

favouring KPU-Inf from proving that the isomorphism-invariant operations that are absolute with

respect to KPU-Inf are precisely those definable in FOL, confirming his conviction of the special

standing of the operations of FOL.267

Feferman’s demand for weakening the background set-theory is, on the present approach,

problematic for two related reasons: underlying the idea of identifying logical truth with truth-in-

all-structures was the assumption that the background theory of structure provides enough such

structures, such that all relevant (formal) possibilities are exhausted and the identification of a

modal notion, logical truth, and universal truth, truth-in-all-structures, was warranted. However,

clearly KPU-Inf does not supply all formally possible structures given its lack of an axiom of infinity.

This is closely intertwined with a second, methodological, issue pertaining to the choice of KPU-

Inf, namely that it was not adopted based on the right standards of assessment. The standards for

the adoption of a background theory of structure do not stem from logic itself, but are extrinsic

to it. At least on the picture described and defended in Section 3.1.3.3 above, the theory that

267See (Feferman 2010, Theorem 5.3). Even when allowing a slightly stronger set-theory, KP, and demanding
absoluteness with respect to it, as long as the requirements that the set of valid sentences of L(Q) is recursively
enumerable, and Q is isomorphism-invariant are imposed, only operators definable in FOL will qualify (Feferman
2010, Theorem 6.1). Note that this resolves his unease about the distinguished treatment that had to be given to
include identity in his 1999 account.
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provides the most encompassing and appropriate account of what structures there are comes from

mathematics and is, by and large, independent of considerations concerning ‘minimal set-theoretic

content’. To have considerations of minimality and absoluteness play a role in the selection of the

background theory of structure, as Feferman would prefer,268 requires changing further parameters

of the project pursued by Sher, and is thus better seen as a different project altogether.

We pointed out in Section 3.1.3.3 that the Tarski-Sher thesis has a limited commitment

to the type of theory for which its conception makes sense, i.e., it had to be a theory for which

1-1 replacement and structural invariance bore a close resemblance. The main point here was

that it was committed to some kind of theory axiomatising the behaviour of collections of objects,

without postulating any further structure of those objects themselves. Apart from this minor

limitation, however, there is a wide range of choices; there are plenty of theories of collections to

‘choose from’.269 What, then, should inform such a choice? We already pointed out above that the

choice of theory is dictated by concerns extrinsic to the project of logicality, in the sense that the

standards for a suitable theory stem from mathematics, rather than from logic itself.270 The reason

that such a theory should be supplied by mathematics was the requirement that the background

theory of structure had to be ‘rich enough’, to contain ‘sufficiently many’ structures. This was

the case since “formal possibility is reduced to mathematical existence and formal necessity to

mathematical generality” (Sher 1996a, 682). Thus, in order to make sure that we have captured

only formal laws of structure our background theory needs to guarantee the existence of sufficiently

many structures to rule out any accidental271 feature that happens to be common to all models of

268Though Feferman is not fully convinced by the arguments for KPU-Inf himself: “Despite the various appealing
results above, and despite my personal feeling that the logical operations do not go beyond those represented in FOL,
I do not find the various arguments for logicality based on any of the invariance notions considered here convincing
in their own right.” (Feferman 2010, 17)

269There are, however, interesting limitations pertaining to this choice as well. Field (Field 2009a, 348) points out
that the restriction to set-sized structure in the standard account of model-theoretic consequence was not as arbitrary
as it might seem, for the notion of truth-in-a-model was only set-theoretically definable if the domain of models were
sets. Strengthening the background theory of structure too significantly, then, will occasion a much more substantial
revision of the Tarskian framework than might have been obvious at first.

270Note that this is in contrast to Shapiro’s preferred methodology (Shapiro 1998), according to which there is a
trade-off between the strength of the meta-theory and the logical/non-logical distinction. For example, in order to
count the second-order quantifiers as logical the meta-theory must contain strong axioms of infinity to prevent declar-
ing certain sentences of the object language automatically false, simply in virtue of the weakness of the background
theory: “This illustrates the fact that the proper settings of our two parameters are not independent. Second-order
logic, which amounts to taking certain quantifiers and other terminology as logical, requires richer assumptions about
the set-theoretic hierarchy than first-order logic does” (Shapiro 1998, 25).

271Etchemendy worries that no background theory of structure will ever be rich enough to rule out all accidental
features holding of all models, and thus doubts the adequacy of Tarski’s model-theoretic definition of consequence
and the prospects of Sher’s project; (Etchemendy 1990) and esp. (Etchemendy 2008, n. 24).
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a more impoverished background theory.272

There are two closely related questions concerning the appropriate scope of the back-

ground theory of structure here: (i) is it rich enough to account for all possible configurations of

objects? and (ii) are there sufficiently many structures to represent all possible structural varia-

tions? Question (i) reduces to question (ii) since it can be shown that objects can be replaced by

sets without altering the structural features of an arrangement of objects. In other words, every

structure (of appropriate size) is isomorphic to a structure consisting only of sets, such that we only

need to worry about having enough sets to track all possible structural configurations of objects

and do not, in addition, require axioms governing what kinds of objects, and how many of them,

there are. Sher claims that the adoption of a strong combinatorial principle ensures a positive

answer to the second question as well:273 “Since every set of objects is the universe of some model,

any possible state of affairs – any possible configuration of individuals, properties, relations, and

functions – [...] is represented by some model” (Sher 1991, 47).

However, even if a background theory is as combinatorially permissive as this, it does not

yet ensure that it is able to account for all structures. In particular, the choice of a set-theory

comes with certain inbuilt restrictions of size, most notably the restriction to set-sized structures,

completely disqualifying proper class-sized structures from the outset.274 This limitation to set-

sized structures spells difficulties for the notion of validity the model-theoretic method aims to

capture, for the restriction to sets makes it possible that certain sentences are deemed logically true,

simply due to the poverty of the set-theoretic universe, which are, ultimately, untrue (simpliciter):275

The [...] problem [...] is [...] a question which turns upon the richness of the mathemat-
ical universe, this time the question whether the universe of set theory is robust enough
so that we can find within it a model of each aspect of the actual world. The domain
of a model is always a set, and there is no set which includes everything, so there is no
model which comprehends the world as a whole. Rather, each model only represents
only a part of the world. That being the case, how can we be so sure that, if a sentence
ϕ is false, there is some model in which ϕ is false? Perhaps the falsity of ϕ depends
upon some feature of the world as a whole which isn’t reflected in any model. Until we

272For example, a background theory of formal structure permitting only finite structures would make finitude a
necessary formal feature, simply due to the absence of an infinite structure.

273Cf. also (Sher 1996a, 681).
274The restriction of standard background theories of structure to set-sized structures, and the issues arising from

class-sized structures for the Tarskian model-theoretic definition of consequence have been brought up and discussed in
(Kreisel 1967), (Boolos 1999b; Boolos 1999a), (Blanchette 2000), (McGee 1992; McGee 1996; McGee 2005), (Hanson
1997), (Field 2008; Field 2009a; Field 2009b). Our discussion follows these accounts closely.

275Cf. (Boolos 1999b, 40/42).
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can rule out this possibility, we cannot be assured that a sentence true in every model
is also true. (McGee 1992, 278)

The restriction to set-sized structures, at the exclusion of (proper) class-sized structures, is worri-

some in that there is no guarantee that every structural feature of the actual, class-sized universe

can be captured and represented by the background theory of structure we adopted. Hence, there

is no guarantee that the universe of models contains sufficiently many counterexamples to all false

claims of logical truth or logical consequence – if these counterexamples presuppose class-sized do-

mains, they cannot be accounted for in the context of a background theory of structure postulating

only set-sized domains. This is doubly problematic, for it leads to a divergence of (actual) truth

and logical truth: a sentence can be deemed logically true due to the absence of counterexamples,

whereas in reality, which arguably includes all of mathematical reality, the sentence is false: “if

models have sets as their domains, then the full universe (since it includes every set) can’t be the

domain of a model” (Field 2009a, 348) and the notion of truth-in-all-models thus diverges from

truth (simpliciter).276

The problem could be put by saying that truth is not a special case of truth in a model;
so if to call a sentence valid (or logically true) means that it is true in all models, then
there is no obvious bar to a sentence being valid (or logically true) and yet not being
true! More generally, if to call an argument valid means that in all models in which
the premises are true then so is the conclusion, then it looks like an argument could be
valid without preserving real truth, but only truth in a model. (Field 2008, 45)

That this would have devastating consequences for the notion of model-theoretic validity is obvious.

Not only does it demonstrate that there is a substantial disconnection between the notion of intuitive

validity and Tarski’s model-theoretic explication of it, the fact that, given a set-theoretic background

theory of structure, the truth of a statement cannot be inferred from its logical truth, the fact that

its model-theoretic validity does not entail its (actual) truth,277 undermines the claim that model-

theoretic consequence captures the necessity of logical consequence, and even that it is minimally

adequate.278 If it can be demonstrated that there exist such cases, Tarski’s “analysis of the concept

of logical validity [...] is an utter failure. Knowing that a sentence is true in every model is by

276Cf. also (Field 2008, 45): “since models have sets as their domains, there is on this explication no possible world
that corresponds to the actual world.”

277Cf. (Boolos 1999a, 83) and (Field 2008, 46).
278See (Blanchette 2000, 51): “Truth across models [...] not only fails to guarantee necessary truth, it fails to

guarantee truth.”
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no means an a priori guarantee that the sentence is valid, or even that it is true” (McGee 1992,

292).279

Are there cases where the impossibility of class-sized models calls into question the ade-

quacy of the model-theoretic definition of logical consequence? A particularly clear example that

brings out the conflict between object-level validity and meta-theoretical capacity concerns second-

order consequence. Consider, for example, the following sentence of second-order logic (under the

assumption of a full semantics for second-order logic280):281

(S) ∃X∀yXy

S will be true in every model, given that the domain of the model in question does indeed contain

all its elements. However, it should not be a logical truth, for we know that there is no universal set

and thus, when the variables range over (all) sets, the sentence should come out false. But there is

no model witnessing this. We encountered the problematic entanglement of meta-theory and logic

in Section 3.1 and remarked there that especially in the context of (full) second-order logic we are

required to make some highly non-trivial decisions about the extent of the background set-theory,

given that the logical status of some sentences of second-order logic depended on whether certain

facts independent of ZFC were assumed or not.282 Are there analogously problematic cases for

first-order languages?

Several facts about the first-order setting appear to make the issue outlined above more

tractable. Pride of place among attempts to show that first-order logical consequence does in-

deed capture our pre-theoretical notion must certainly go to Kreisel’s squeezing argument (Kreisel

1967): let ` denote proof-theoretic derivability by a set of axioms and rules, |= standard set-based

model-theoretic consequence, and val(Γ, ϕ) that the argument from Γ to ϕ is, intuitively or pre-

theoretically, valid. Note, in particular, that an evaluation of a claim of the form val(Γ, ϕ) includes

279Though McGee immediately qualifies this assessment: “the method of investigating a logical system by examining
its models has proven enormously fruitful, so fruitful that the fact that one or two isolated hard cases have proven
impenetrable to model theoretic methods scarcely diminishes its success. So if we think of Tarski’s paper, not as giving
a logical analysis, but as announcing a programme, the programme of investigating logical systems by looking at their
models, we shall regard it as an enormous success.” (McGee 1992, 292). Cf. also (McGee 2005, 383): “Tarski hasn’t
quite captured the meaning of the traditional notions; he’s done something better. He has proposed new notions
that can accomplish whatever useful purposes the traditional notions could accomplish without the metaphysical and
epistemological excess baggage.”

280See, e.g., (Leivant 1994) or (Shapiro 1991). In a full semantics we assume that second-order variables range over
all subsets of the domain.

281For this and further examples, see, e.g., (Blanchette 2000, 52).
282On this, see (Shapiro 1991, Chapter 6) and the sources cited in note 177.
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considering class-sized structures as well (ϕ is true in all structures in which all γ ∈ Γ are true).

Given a standard choice of ‘obvious’ rules of inference, we are assured that If Γ ` ϕ then val(Γ, ϕ).

Furthermore, if val(Γ, ϕ) then Γ |= ϕ (if ϕ is true in all structures in which all γ ∈ Γ are true, then

ϕ is certainly true in all set-sized structures in which all γ ∈ Γ are true, given that the latter are

included in the former). If our system possesses a completeness theorem, ensuring that Γ ` ϕ iff

Γ |= ϕ, we are able to derive that val(Γ, ϕ) iff Γ |= ϕ,283 and thus that model-theoretic consequence

indeed fully and adequately captures our pre-theoretical notion of validity. In this case, then, the

omission of considering class-sized structures in evaluating claims of model-theoretic consequence

did not prove detrimental to the adequacy of the model-theoretic definition of logical consequence

for capturing ‘real’ consequence. This argument works so long as the logic under consideration

possesses a completeness theorem (including, thereby, FOL and some of its extensions284) and the

rules of inference are accepted as establishing validity. Unfortunately, the Tarski-Sher thesis takes

us far beyond complete logics and Kreisel’s squeezing argument thus cannot serve as a general argu-

ment as to why class-sized structured do not have any bearing on the adequacy of model-theoretic

consequence.

The next best thing is provided by reflection-theorems that can be established in a

set-theory like ZFC.285 Reflection-theorems assure us that, in an important sense, sets already have

‘enough’ structure, that the kind of structure that can be found in classes can already adequately

be represented by means of some set: they guarantee that “the universe of pure sets is so large

and structurally variegated that every structural property of the universe as a whole is already

exemplified at some ordinal level of the set-theoretic hierarchy” (McGee 2005, 379). The class of

set-based models is, so to speak, structurally complete. Such reflection principles, which happen to

hold for (first-order) ZFC, guarantee that for any FOL-sentence S in the language of set-theory, i.e.,

in the signature Σ = {∈}, if S is false, then there is a set-sized model in which it is false as well: “it

cannot happen that a sentence of the language of set theory be valid and yet false” (Boolos 1999a,

83/84). In fact, reflection theorems of this kind continue to hold under expansions of the language

by a variety of generalised quantifiers, including, in particular, several of Mostowski’s cardinality

283See (Kreisel 1967, 152-155) for this classic squeezing-argument.
284E.g., FOL with the added quantifier ‘there exist uncountably many’ (Keisler 1970).
285See, for example, (Jech 2003, Chapter 12) or (Kunen 2011, Chapter II.10).
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quantifiers.286 Thus, at least for sentences in the language of set-theory, the place where class-based

difficulties are most likely to arise, we have a limited guarantee that the model-theoretic definition

of consequence will remain adequate.

Nonetheless, there are cases where the representational capacities of first-order set-theory

break down when expanding the language. McGee’s ‘there exist absolutely infinitely many’ quan-

tifier, ∃AI , provides a good example of this case.287 The satisfaction clause for ∃AI is:

M |= ∃AIxϕ(x) iff the objects a, s.t. M |= ϕ(a) are too numerous to form a set.

Given that the considerations that led to the formulation of the Tarski-Sher thesis did not depend

on any particular background theory of structure, McGee says that “we expect that structural

principles that hold for all sets will hold for arbitrary domains” (McGee 1996, 578) and thus that

∃AI will be rendered logical according to the Tarski-Sher thesis (McGee 2005, 377). But notice

that, as against ZFC, ¬∃AIx x = x will be logically true, but false (simpliciter) since there clearly

are too many sets (and thus objects) to form a set.288

Sher responds to this counterexample by saying that while, in general, ∃AI has a right

to be considered for logicality, it is outside the scope of a criterion couched in terms of ZFC.289

In order to even sensibly ask the question of whether or not ∃AI is logical requires a background

theory in which it makes sense to talk of classes. And even McGee admits that the example is

“highly contrived” (McGee 1992, 279). Nonetheless, it indicates that reflection theorems, despite

substantially alleviating class-based worries, might not be the silver bullet they were hoped to be.

Sher of course readily admits the weaknesses of ZFC, its limitation to set-sized structures:

“the adequacy of ZFC, or of any other particular theory, to serve in this role is, and will always

remain, an open question, and it is perfectly legitimate to replace ZFC by another theory” (Sher

2016, 317).290 However, the inadequacies of one such particular background theory of structure

cannot serve to problematise the Tarski-Sher thesis as a whole. The criterion itself concerns general

philosophical principles, delineating the logical notions as formal-structural notions. What precisely

those principles ultimately amount to depends on a concrete implementation in a specific mathe-

286See (McGee 1992, 279) or (McGee 2005, 377).
287See (McGee 1992, 279) and (McGee 2005, 377).
288See (McGee 1992, 279) and (McGee 2005, 377).
289See (Sher 2016, n. 107).
290Cf. also (Hanson 1999).
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matical theory. That choice is constrained by the general requirements of the overall account, but

there is substantial leeway. The general architecture of the account tells us that logical truths are

those that are true in all Tarskian models, logical consequences those that preserve truth over all

Tarskian models. There are constraints on what may serve as a Tarskian model, and requirements

on ‘how many’ there must be, but the precise nature of these models, and their extent, is a separate

issue that can be addressed independently of the general criterion.291 Criticisms of the kind above

should thus best be interpreted as a plea for a more powerful background theory of structure,

but not as an attack on the criterion itself. Unless it can be shown that no possible background

theory of structure obeying the general Tarskian constraints can be found,292 these criticisms do

not threaten, but rather support, the general conception of logic underlying the Tarski-Sher thesis.

“[I]n the end,” Sher says, “we have to judge the adequacy of a background theory for logic based

on relatively, not absolutely, stringent standards” (Sher 1996a, 682).

I agree, and interpret the issues outlined in the present section to be largely of a method-

ological nature. The Tarski-Sher thesis does not stand in isolation but emerged as one critical

component of an overall conception of logic which involved, among other things, a background

theory of structure. The choice of such a background theory of structure was not subject to con-

straints and standards that emerged from the needs of logic, though these needs of course narrowed

down the pool of possible candidates of such a theory, but was largely constrained by standards

external to logic, such as by the role such a theory should play in mathematics. This emphasises

the dynamic, holistic nature of our system of knowledge.

Is ZFC the right theory, then? I don’t know, and maybe no one will ever be able to

fully determine this. But I also do not think it matters. ZFC certainly meets many of the crucial

requirements: it plays a foundational role in mathematics and has proven sufficient for most of the

purposes it has been put towards, despite its well-known deficiencies and weaknesses. Thus, even

if it is not the ‘right’, the ‘one true’ theory, it is a strong contender for a good, robust, and tested

candidate, subject to be superseded at some point, but certainly not an inadequate choice to start

with.

291See (Sher 2016, 319).
292As (Etchemendy 1990) seems to maintain.

187



3.3.3 Beyond Standard Extensional First-order Languages

The criterion of isomorphism-invariance has been severely criticised for its perceived

parochialism, given its built-in limitation to purely extensional languages. In an ‘age of logical

profusion’ (Bonnay 2014) this restricted range of applicability beyond extensional contexts has

been taken as a sign of its ‘conceptual inadequacy’ (Dutilh Novaes 2014) due to the exclusion of

modal, temporal, or other intensional operators from the outset. Given this, it has been accused

of both overgenerating and undergenerating logical constants.293

This type of criticism remains short-sighted in that – while true that the criterion of

isomorphism-invariance as outlined above has primarily been developed for extensional first-order

languages and contexts, – the self-imposed limits of our investigation need not mark an inherent

limitation of the idea of invariance and its relevance to logicality beyond classical first-order ex-

tensional contexts. In fact, invariance makes sense for settings with far richer structures that are

used to provide the semantic theories and space of models for intensional and other languages.

Furthermore, there are several suggestions and attempts in the literature trying to extend the idea

of invariance to these settings: (McCarthy 1981, 511ff.) shows how to transfer the ideas from

extensional languages to intensional contexts and logics, and explores multiple ways of properly

adapting the ideas and insights gained from the extensional case. (Woods 2014) proposes an ac-

count of how to expand the Tarskian framework beyond standard languages to also cover indefinite

operators which might have a claim to logicality. (Woods 2016) extends the idea of invariance be-

yond formal languages altogether and proposes to apply a double-invariance criterion, demanding

invariance of content as well as of character, to natural language expressions in order to test their

logicality. Lastly, (MacFarlane 2000, 207ff.) presents a general proposal of how to accommodate

non-extensional, non-classical logics in an invariance-based framework.294

We will not go into details here, but the basic idea underlying these proposals is to

identify additional structure relevant to the languages and contexts under consideration and to

then only consider transformations respecting this additional structure, or delineating a new class of

transformations appropriate to the novel kind of structure.295 The central task of proposals aiming

293See especially (Dutilh Novaes 2014) for this last kind of criticism.
294Although he also raises serious doubts about the explanatory work the actual condition of invariance is left with

doing on his account.
295See especially (van Benthem and Bonnay 2008) for an investigation of the latter kind, trying to identify the ‘right’
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at expanding invariance conditions beyond extensional languages then consists in identifying the

sort of structure it is essential to respect in order to fruitfully apply invariance considerations to

identify the logical operators of these languages.

As an example, consider a simple propositional modal language L�, containing a unary

propositional operator �. Frames for such a language consist of a tuple 〈W,R〉, where W is a set of

indices (sometimes called worlds) and R ⊆W ×W is a relation on W (often called the accessibility

relation). A model for L� consists, in addition, of a valuation function v : Prop 7→ P(W ) assigning

each propositional letter to a set of indices.296 The simplest way to apply invariance-based ideas to

this enriched setting is to demand that the meaning of � be invariant under the full permutation-

group of the domain W .297 Given that the meaning of � crucially depends on the accessibility

relation R this amounts to demanding that R be invariant under all permutations of W . Since R

is simply an extensional first-level property, by the characterisation results of Tarski we know that

this is precisely the case when R = ∅, R = W ×W , or R is the identity relation on W . Thus,

the structure of the accessibility relation is not usually preserved under the permutation of indices,

only in extremely favourable circumstances will this be the case. By a well-known result, validity

on frames with a universal accessibility relation coincides with validity on frames in which R is an

equivalence relation, so called S5-frames. The demand of full permutation-invariance of W might

thus reasonably be taken to render the S5-� logical, but not, for example, the S4-�.298

This type of extension of the invariance-approach to richer structures lies at one end of

a spectrum. Arguably, considering all possible permutations of the base domain W is too coarse-

grained to assess the logicality of an expression of L� given its strong dependence on the extra

structure provided by the accessibility relation R. It thus seems that to deliver a fair assessment,

the structure provided by the accessibility relation also needs to be taken into account. The kind

of permutations to be considered, then, should be those that respect the structure of the accessi-

bility relation; after all, it was supposed to spell out the logical behaviour of an operator. Logical

temporal operators, for example, should be operators that remain invariant under automorphisms

notion of invariance for the logical notions of modal languages.
296See any introductory textbook to modal logic for details.
297This seems to correspond to McCarthy’s original suggestion, though he later also considers weaker constraints,

see (McCarthy 1981, 511ff.).
298See, e.g., (MacFarlane 2000, 217ff.) for a much more cleanly worked out account of the above.
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that respect temporal ordering structure.299 There is a further possibility that turns the order

around: rather than starting with a ‘logical’ invariance relation and restricting it to respect addi-

tional structure, we might first identify a class of appropriate structures for a logic and ask what its

corresponding invariance relation should be (by, for example, presupposing certain operators that

should remain logical under this invariance relation).300

What is common to these kinds of approaches, regardless of the precise details of their

execution, is the insight that intensional operators are sensitive to more structure than their exten-

sional counterparts, and that the invariance-conditions adopted need to reflect this. Preferring an

approach of the second kind – automorphism-invariance with respect to richer structures – Mac-

Farlane advances a proposal according to which the ‘right’ notion of invariance is invariance under

those permutations that preserve intrinsic structure, roughly, the kind of structure needed to make

sense of the semantic behaviour of the operators under consideration.301 In a simple possible worlds

semantics as described above, the accessibility relation, for example, might be regarded as intrinsic

structure.

It is therefore possible to adapt the invariance-based approach in natural ways to richer

semantic frameworks. What remains to be explained, of course, is what makes a particular structure

intrinsic – the main explanatory task consists in answering why it is this structure that deserves to be

preserved. This justificatory challenge, MacFarlane claims, not only faces the intensional logician,

but remains unanswered by most proponents of invariance-based approaches for extensional logics

as well:

proponents of the invariance criterion say nothing to answer this question. Rather than
arguing that the intrinsic structure of O is the null structure, they simply presuppose
this. And many of the positive conclusions about logical constants that they draw from
the invariance criterion depend as much on this unargued presupposition as on the
appeal to invariance. (MacFarlane 2000, 219)

Furthermore, it exposes a fundamental weakness in the invariantist’s approach to extensional logical

operators. For an account of the kind of structure that is to be preserved by the relevant class

of transformations is needed to render invariance under that class of transformations necessary

299See (van Benthem 1989, 334/335) for this example.
300For an approach of this kind, see (van Benthem and Bonnay 2008).
301See (MacFarlane 2000, 214ff.). MacFarlane takes the intrinsic structure of an operator that needs to be preserved

to be determined by post-semantic considerations. We will not follow him in this assumption here. See (MacFarlane
2000, 229ff.) for examples of applications of the notion of intrinsic structure to familiar logics.
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for logicality and “[w]hatever resources we appeal to in answering this question will be doing at

least as much work as permutation invariance in the resulting demarcation of logical constants”

(MacFarlane 2017). The “upshot is that unless we can give an independent characterization of

intrinsic structure, the invariance criterion gives very little guidance about which notions are logical”

(MacFarlane 2000, 220). Even worse, the criterion of isomorphism-invariance remains thoroughly

unexplanatory because it says nothing about what is special about these transformations as against

all others. Thus,

Anyone who appeals to invariance to delineate the logical notions is making assumptions
about intrinsic structure on the basic types. If the invariance criterion is to have any
claim to be an explanatory criterion for logicality, then these assumptions must be jus-
tified. Otherwise the criterion is nothing more than a systematization of our antecedent
intuitions about which notions are logical; it does nothing to explain why these notions
are logical. (MacFarlane 2000, 237, our emphasis)

I agree that this weakens the motivation of the criterion of isomorphism-invariance for accounts

that rely on intuitions or pre-theoretical considerations concerning the nature of topic-neutrality,

etc. However, in the context of Sher’s approach these considerations only appear to strengthen

her account, as she is able to provide an explanation, arrived at by an independent analysis, of

why it is the particular structure that is being preserved by isomorphism-invariance that should

be preserved to assess logicality. The reason is of course that the criterion is inherited from the

underlying theory of structure, which was chosen on the basis of considerations partly independent

of questions of logicality. What structure was relevant for questions of logicality for extensional

first-order languages was provided by the background theory of structure, which also supplied the

relevant criterion of structural identity, and thus the right class of transformations for determining

logicality.

Other logics might of course require different background theories of structure and thus

different classes of transformations. Determining these components, however, requires a different

and separate investigation. Sher says that302

we cannot take it for granted that the task of modal logic is the same as that of logic
proper. To determine the scope of modal logic and characterise its operators, we would
have to set upon an independent inquiry into its underlying goals and principles. (Sher
1991, 54, my emphasis)

302Ironically, this precise passage is often interpreted as saying that, according to Sher’s account, modal logics are
not really logic due to the failure of their operators being permutation-invariance. Needless to say that I disagree
with this interpretation.
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I therefore take it that it is an analysis of the appropriate semantic structures of a logic that supplies

an adequate invariance condition, and disagree with the second type of approach outlined above

which takes permutation invariance, in some form or other, to be the right notion of invariance un-

conditionally, though it at times might have to respect additional structure; permutation-invariance,

even when restricted, might be inappropriate given the principles underlying a logic.

3.4 Assessment

We here conclude our review and assessment of the [Tarski-Sher Thesis], the most ex-

tensive, worked-out, and also most heavily criticised attempt to close the gap Tarski left in his

model-theoretic definition of logical consequence. To do so, we will return to two main themes

that have frequently been encountered in the previous – the association of isomorphism-invariance

and formality, and the relation between logical objects and logical terms, – and, in light of these,

evaluate the status of the Tarski-Sher thesis as a criterion of logicality.

Isomorphism-invariance and Formality The notion of isomorphism-invariance “expresses

the idea that in logic only structure counts, not individual objects, sets, or relations” (Peters and

Westerst̊ahl 2006, 95). The dependence on purely structural aspects, on the other hand, was the

mark of formality, the characteristic feature of logicality. Since a good (type of) background theory

of structure for logic was identified as a set-theory on the Tarskian approach, and isomorphisms

on sets without any further structure reduce to simple bijections, this also captured the idea that

logic remained unaffected by the arbitrary switching of objects, and was thus insensitive to the

particular identities of these objects.

We have encountered several criticisms that called into doubt the adequacy of isomor-

phism-invariance on the basis of it overgenerating, or of only being one among many principles

of non-discrimination. Very few, if any, of these doubted, however, that isomorphism-invariance

was at least a necessary feature of formality. Those accounts that proposed alternative invariance

conditions remained somewhat unmotivated and did not exhibit the same kind of harmony that

obtained between the pre-theoretic conception of formality and its operationalisation in the context

of a set-theory such as ZFC. As such they remained seeming somewhat ad hoc.

We fully embrace the notion of isomorphism-invariance as a mark of the formality of a
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notion in the context of a set-theory like ZFC in this thesis, and regard it as a necessary constituent

of any criterion of logicality which operates along semantic lines.

Logical Objects and Logical Terms The central question that we thought the account out-

lined in the present chapter left unanswered, concerned the way in which an expression came to

denote a particular semantic value. The question is straightforwardly answered for the non-logical

expressions on a Tarskian account, as they receive their respective interpretations within any par-

ticular model: any meaning consistent with their grammatical category will be taken on in some

model. Logical expressions, on the other hand, possess global meanings, whose local instantiations

in particular models are connected. How do these local meanings cohere so as to form a global

meaning? What is their relationship? This question is especially pressing on the current picture

of logicality as logical constants, linguistic expressions, are logical in virtue of denoting a logical

denotation. And while the logicality of denotations is clearly and sufficiently established through

the criterion of isomorphism-invariance the ‘denoting in virtue of’ relation is notoriously difficult

to precisely spell out.

Concerns regarding the way an expression takes on a particular denotation were exacer-

bated by the fact that isomorphism-invariance was unable to enforce any connection between the

local meanings a putatively logical constants took on on domains of differing cardinality. Cross-

cardinality comparisons were ruled out by the very nature of isomorphism-invariance, which left it

unclear in how far the structural properties picked up by a constant on one domain resembled the

structural properties picked up on another domain of differing size. In particular, the Tarski-Sher

thesis made room for logical constants so wild and irregular that they evaded the very possibility

of a set-theoretic definition in the background theory of structure.

These creatures were too disorderly for our taste, in the sense that, very informally, they

precluded the possibility of even possessing senses. We thus believe that an account is owed of how

logical symbols come to have logical extensions, the latter of which the Tarski-Sher thesis provided

an exceedingly clear characterisation of. The central question left open at the present stage is how

a logical expression comes to denote a particular semantic value s.t. it rules out the possibility of

non-logical influences entering the picture, maintains the independence from empirical factors, and

enables the formulation of criteria of constancy and identity across domains of differing cardinality.
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McGee seems to articulate a similar demand when he says that

A connective is a logical connective if and only if it follows from the meaning of the
connective that it is invariant under arbitrary bijections. (McGee 1996, 578)

Above we put forward the idea of inferential constancy as doing justice to this demand, and took in-

ferential behaviour to be decisive for determining meaning of providing a notion of constancy. After

quickly reviewing the extremely simplified conception of this notion that we will adopt throughout

the further thesis in the next chapter, we will develop a combined criterion of logicality integrating

such a constraint in Chapter 5.

The Tarski-Sher Thesis as a Criterion of Logicality The Tarski-Sher thesis offers an inte-

grated philosophical foundation for logic and an explanatory account of logicality. Its comprehensive

and interconnected nature presents a challenge for alternative proposals and suggested modifica-

tions: either show at what point the specialised implementation of the Tarski-Sher thesis fails to do

justice to the general principles on which it is founded, or provide an independent account of the

foundations of logic and logicality for which the alternative criterion put forward fulfils the same

function as the Tarski-Sher thesis does in the context of its account. As far as we can see, none of

the alternatives discussed in this chapter have sufficiently addressed this challenge.

Where does this leave us with respect to the status of the Tarski-Sher thesis as a criterion

of logicality? Machover expresses a common thought when he says that “the necessity of Sher’s

criterion [...] is blindingly obvious” (Machover 1994, 1081), and the Tarski-Sher thesis has indeed

found wide acceptance as at least a necessary condition for logicality. Sher additionally maintains

its sufficiency:303 “our invariance criterion – or at least the general version of this criterion – has the

status of a necessary and sufficient condition. [...] we give priority to the view that the invariance-

under-isomorphisms criterion sets a necessary and sufficient condition on logicality” (Sher 2016,

314).

Yet, we have pointed out in the previous paragraph, even accepting that the invariance

under isomorphisms criterion constitutes a necessary and sufficient condition on the logicality of a

notion, this might not suffice to render it a criterion of logicality, as it does not yet translate into a

necessary and sufficient condition for an expression to be logical. We take the Tarski-Sher criterion

303In a qualified form, see (Sher 2016, 312/313).
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to constitute a necessary and sufficient condition for the logicality of an object, and a necessary

condition for the logicality of an expression (that that expression denote a logical denotation). What

is missing is a condition that ensures the sufficiency of the criterion for rendering an expression

logical.

There is a further set of considerations which we believe motivates the integration of an inferential

constraint in a full characterisation of the logical. Towards the end of her article (Sher 2003) Sher

distinguishes three possible characterisation tasks:

(a) a characterisation of logical operators;

(b) a characterisation of logical constants in logical languages;

(c) a characterisation of logical constants in natural languages.

We have repeatedly emphasised that Sher’s project is of the second kind, via (a), and that it

is therefore not beholden to constraints that might enter through requirements on logicality in

natural languages. Nonetheless, the pre-theoretical starting point concerns expressions of natural

language whose formal counterparts might then constitute candidate logical expressions and it

seems a legitimate question to ask in virtue of what the expressions of a formal language are such

counterparts. In virtue of what do they ‘capture the meaning’ of the corresponding natural language

expressions in a much more regimented mathematicalised setting? On the basis of what is it justified

to say that formal language constants explicate their natural language counterparts? The obvious

answer here, we believe, is that this is in virtue of their inferential behaviour. Denotations of formal

and natural language expressions are very different, to the point of being non-comparable, whereas

(suitably idealised) relationships between expressions, and behaviour within inferences licensed on

the basis of these expressions enables a cross-linguistic comparison and identification. The adoption

of such a type of constraint in a full account of logicality would therefore tie the project of logical

semantics back to the natural language setting from which it originated.

This chapter contains material currently being prepared for submission for publication. The dis-

sertation author is the sole author of the material.
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Chapter 4

Notes on Inference

4.1 Introduction

In a framework such as contemporary model-theoretic semantics the meaning of an ex-

pression consists of a set-theoretic object. The meanings of a particular subclass of expressions,

the logical constants, ground the precise extent of the central notion of logical theory, the relation

of logical consequence. The relation of logical consequence tells us what inferences we are licensed

to draw on the basis of logic alone – what transitions between sentences are guaranteed to preserve

truth with a particularly strong modal force, across a particularly broad spectrum of circumstances

and situations. These inferential relations between sentences tell us, indirectly, something about

the meanings of the expressions that feature in them – they must be such as to underwrite these

inferences.

Looking at the purely syntactic or inferential component of the Tarskian logical appara-

tus, the relationships holding between sentences, one might wonder how much information about

the model-theoretic meanings of the expressions occurring in them we might extract from these

relations. The model-theoretic definition of logical consequence provided a way of going from the

meanings of the logical expressions to the logical consequence relation generated on their basis –

how much and which aspect of this meaning is reflected in the consequence relation itself?

This is a question which we will pursue in greater depth in the subsequent chapters of

this thesis. Underlying it are certain insights and convictions of inferentialist approaches to the
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meanings of expressions, approaches that locate (an aspect of) the meaning of an expression in its

relationship with other expressions of a language. The literature on inferentialist conceptions of

meaning is extensive and its proponents have generated a vast amount of research and wide variety

of worked-out accounts. The purpose of the present section is not to provide an overview of these,

but rather to make explicit the conception of inference underlying our combined criterion, which

we will present in the next chapter, and to indicate the kinds of assumptions made in adopting it.

To this end, Section 4.2 tries to clarify the, slightly idiosyncratic, relationships between the terms

of inference, logical consequence, and consequence relations as they are used in this thesis. Section

4.3 briefly introduces the assumptions that we take to hold of any relation of consequence and

Section 4.4 sketches, in extremely broad strokes, the meaning-theoretic account and assumptions

from which we draw inspiration in devising our combined criterion of logicality.

4.2 Sorting Terminology: Logical Consequence, Derivability, In-

ference & Consequence Relations

In the literature on logical consequence it is common practice to distinguish between two

notions: that of derivability/deducibility and that of logical consequence. Logical consequence,

in this tradition, is taken to be synonymous with the semantic or model-theoretic conception of

‘logically following from’, whereas deducibility or derivability serves as a stand-in for its syntactic

or proof-theoretic explication. Parallel to this, the symbol |= is reserved for the notion of logical

consequence, and ` for the notion of deducibility.1

In many debates pertaining to the notion of ‘logically following from’ this distinction is

warranted and extremely helpful, but from the perspective of this thesis it is slightly misleading.

The contrast at the heart of this thesis concerns the model-theoretic meaning of an expression

and its inferential properties, i.e., its interaction with other expressions of a language. The basic

notion relating to the latter concerns is thus the notion of inference, of transitions with a certain

property from a set of sentences to another sentence. Formally, inference is encoded in consequence

relations which are global “book-keeping” devices of inferential relationships between sentences of

a language. The basic inferential notion in the setting of this thesis is thus that of a consequence

1See, e.g., (Shapiro 2005) for an investigation of the contrast between these two notions.
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relation, no matter how it is given. We think of inferential constraints as being given directly in

terms of consequence relations.

Consequence Relations and their Presentations We will have more to say about the pre-

cise format and nature of consequence relations as we assume them in this thesis in the next

section. Here, however, we want to briefly elaborate further on why the distinction between model-

theoretically and proof-theoretically specified consequence, the difference between logical conse-

quence and deducibility, is less central than the distinction between the model-theoretic and the

inferential aspects of the meaning of an expression.

Consequence relations, as relations between sentences, can be defined or characterised in

several ways. The ways of ‘giving’, defining, or characterising a consequence relation we call its

presentations. A single consequence relation can possess multiple presentations. Two important

kinds of presentations are model-theoretic and proof-theoretic specifications. In a model-theoretic

presentation we identify an appropriate class of models for the language/logic under consideration

and then generate the consequence relation by means of Tarski’s model-theoretic definition. In

deference to the way the consequence relation was produced, it is often denoted by |=.2 In a proof-

theoretic, or rule-based presentation of a consequence relation we identify a set of axioms, sentences

of the language that are taken to hold no matter what, and a set of inference rules that list the

permissible transitions between sentences of certain forms. The consequence relation given by such

a proof-system consists of the inferences that can either be obtained as instances of the axioms, or

are such that the conclusion can be derived from the premises by means of repeated applications

of the rules of the system.3

Despite their vastly different underlying mathematical machinery and methodology, both

kinds of presentations ultimately aim to pin down the same class of inferences: those that represent

instances of ‘logically following from’. There are severe limitations to either method, – computa-

tional limitations in the case of model-theory, expressive limits in the case of proof-theory, – but

that doesn’t belie the fact that both are trying to characterise the same relation. Presentations of

consequence relations are concrete ways of making these relations accessible in some way, and the

basic difference between logical consequence and deducibility concerns their mode of presentation,

2In the case of propositional languages these kinds of consequence relations are often termed valuational.
3See, e.g., (Avron 1991) for a detailed account of consequence relations and their presentations.
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but not what they are ultimately trying to present. The association of inference with proof-theory

and of logical consequence with model-theory is thus somewhat orthogonal to the goal of the thesis:

here, logical consequence, in the sense of semantic- or model-theoretic consequence, is a particular

species of inference, and inferential relationships can perfectly adequately be specified by means

of the model-theoretic method, without thereby reducing everything interesting that can be said

about an expression inferentially to its model-theoretic interpretation.

Thus, in difference to several other authors, we use the term ‘logical consequence’ to

denote any consequence relation that purports to capture the inferences licensed on the basis of

logic, independently of how this consequence relation was presented – the means of access do not

play a central role here.4 We denote consequence relations in general by `. Sometimes, as a matter

of emphasis, we use |= to indicate that the consequence relation was obtained model-theoretically.

At the level of inference, however, it makes no difference whether the respective consequence relation

was specified by proof- or model-theoretic means.

4.3 Properties of Consequence Relations

Inference is encoded by consequence relations. A consequence relation over a language L,

`L, is a relation between sets of sentences and individual sentences of L, `L ⊆ P(SentL)× SentL,

satisfying the condition of reflexivity, weakening, and transitivity :5

(R) whenever ϕ ∈ Γ: Γ `L ϕ;

(W) if Γ `L ϕ and ∆ ⊆ SentL, then Γ ∪∆ `L ϕ;

(T) if ∆ `L ϕ and Γ `L ψ for all ψ ∈ ∆, then Γ `L ϕ.

Without providing too much by way of a full defence of our choices, we will here make explicit the

kind of assumptions active in the definition given above.6

4Cf. (Shapiro 1998, 11): “At present, I presume a more relaxed view that most of the components of deductive
systems are artifacts, and that we are only interested in the end product, the notion of “deduction” or maybe just
“deductive consequence”. Only this need correspond to anything concerning real reasoning in natural language.”

5These properties and the corresponding rules are called structural as they pertain to the structure of a consequence
relation in general, independently of which operations and expressions are present in the underlying language. Note
that by assuming that the antecedent of a consequence constitutes a set we have already, implicitly, adopted further
structural constraints, such as, e.g., exchange of premises and contraction of identical formulas.

6For a general account, study, and comparison of consequence relations, see (Tarski 1983d), (Gentzen 1934), (Scott
1974a; Scott 1974b), (Shoesmith and Smiley 1978). For a more recent presentation see (Avron 1991), (Humberstone
2011).
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Single-conclusion vs Multi-conclusion The most glaring assumption on consequence rela-

tions as used here is that they are single-conclusion, i.e., that their succedent consists of a single

sentence of the language. This stands in contrast to multiple-conclusion consequence relations,

whose succedent consists, just like the antecedent, of a set of formulas. We will return to a more

extensive discussion of the choice of single-conclusion over multi-conclusion calculi in the context

of a discussion of Carnap’s Problem in Chapter 7 below. Here we will merely indicate two general

reasons underlying this choice:

(A) A more natural framework for modelling inference. Even Gentzen admitted that while the

multi-conclusion sequent-calculus was a useful technical device, it did not represent inferential

practice very closely. If the notion of inference we are trying to capture is beholden to

actual inferential practice in some way, then we must choose a single-conclusion over a multi-

conclusion framework since it represents it much more faithfully:7

multiple-conclusion systems represent so marked a departure from our actual prac-
tice that they can hardly be said to track that practice even in an idealised sense
(Steinberger 2011b, 335)

The rarity, to the point of extinction, of naturally occurring multiple-conclusion
arguments has always been the reason why mainstream logicians have dismissed
multiple-conclusion logic as little more than a curiosity. (Rumfitt 2008a, 79)

(B) Meaning-theoretic constraints. According to the most common semantic interpretation of

multiple-conclusion sequents the antecedent is understood conjunctively, whereas the succe-

dent is understood disjunctively. A proper understanding of multiple-conclusion consequence

relations thus appears to presuppose a prior grasp of the meaning and behaviour of at least

some logical expressions. This, however, is problematic in the context of theories and un-

dertakings in which the meaning of an expression is partially to be explained in terms of its

inferential behaviour.8

Properties of Consequence Relations By taking a consequence relation to be a relation

between a set of sentences, rather than a multi-set or sequence, and an individual sentence we

7For a sustained argument as to why to prefer the single-conclusion framework, see (Steinberger 2011b). For an
attempt to provide a practice-based interpretation of multi-conclusion frameworks, see (Restall 2005). See Chapter
7 for further comments and elaboration on the debate.

8See (Church 1944), (Steinberger 2011b) for comment.
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are quietly adopting further structural constraints, which are inherited from the underlying set-

theoretic framework. For example, the rule of contraction, according to which if Γ, ψ, ψ `L ϕ then

Γ, ψ `L ϕ, follows automatically from this assumption, as does the rule of exchange, according to

which if Γ, ϕ, ψ `L χ, then Γ, ψ, ϕ `L χ. We will briefly comment on the remaining three structural

properties that featured in the definition of the kind of relation a consequence relation is above.

The structural rules (R), (W), and (T) are often thought of as embodying basic facts about

(classical) deducibility9 and that in order to constitute a relation of (classical) deducibility at all,

a relation must possess these properties.10 Moreover, it is oftentimes claimed that the assumption

of these properties naturally flows from a truth-based conception of logical consequence.11 Among

the three structural constraints (R), (W), and (T), reflexivity constitutes the least controversial

rule and is, almost universally, assumed. The rule of weakening, on the other hand, has frequently

been omitted in systematic proof-theoretic treatments of consequence relations12 since it excludes

non-monotonic logics, logics in which the addition of a premise might ‘destroy’ an inference, from

consideration. Hacking takes this rule to embody the “stability of classical deducibility” (Hack-

ing 1979, 293) and we shall follow him here in assuming it basic for classical logical consequence.

Lastly, the property of transitivity might be considered the most ‘controversial’ among the three

rules adopted here. Even though the “need for an unrestrictedly transitive entailment relation for

serious logical work” (Smiley 1959, 242) has been considered a natural and necessary constraint if

a logical system is concerned with codifying truth-preserving inferences, the requirement of unre-

stricted transitivity, even when consequence is concerned with the preservation of truth, has been

doubted.13 Hacking (Hacking 1979) sees it as an essential property of any notion of deducibility and

we again follow him in this assumption, without critically examining the issue further. Transitivity

guarantees that inferences can be ‘pasted’ together, and thus ensures that consequences licensed in

terms of ‘mere’ model-theoretic facts cannot be interrupted by not being able to connect up certain

‘paths’ of getting from the antecedent to the succedent of an inference.

9See, e.g., (Hacking 1979, 294).
10Cf., e.g., (Belnap 1962).
11Cf., e.g., (Scott 1971, 796).
12See, e.g., (Avron 1991).
13See, e.g., (Tennant 1994) and (Cobreros, Egré, Ripley, and van Rooij 2013).
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Inferential Patterns The basic notion used to codify inference in the current setting is that

of a consequence relation. Yet, the inferential behaviour of a particular logical notion is often

much more compactly and precisely characterised through rules that schematically describe its full

‘inferential role’. Hacking emphasises that on an approach that takes consequence relations to be

primary such rules are “descriptions, or, perhaps, codifications of what one knows when one knows

how to make certain transitions that we call logical” (Hacking 1979, 290/291). Rules are compact

presentations of consequence relations, but they derive their justification from representing the

inferential behaviour of a connective over all the inferences licensed according to the underlying

consequence relation, not the other way around. When characterising a connective in the context

of a consequence relation by means of rules, these rules are often thought of as closure conditions on

the consequence relation – a certain connective is a, say, conjunction, if an only if the consequence

relation in the context of which it occurs is closed under the characteristic rules of conjunction.

Conversely, we may think of a consequence relation as admitting a constant by exhibiting certain

inferential patterns.14

Thus, while often convenient to think of the inferential role of a constant as given by a set

of rules, it is important to keep in mind that these rules are abstractions from the actual inferential

behaviour of that constant in the context of a consequence relation. They present a consequence

relation or describe the behaviour of a constant in the context of such a consequence relation in a

compact and tractable manner, but they do not justify its behaviour.15

4.4 Meanings in Extensional First-order Languages

There are, very broadly, two different kinds of approaches to a theory of meaning of

the expressions of formal languages: denotational/truth-theoretic and inferential/proof-theoretic

approaches. The former identify the meaning of an expression of a language with its denotation/its

contribution to the truth-conditions of the sentences in which it occurs, whereas the latter identify

14See, for example, (Avron 1991, Section 4) or (Ebbinghaus 1985). Cf. also Koslow’s structuralist conception of
logic in this context (Koslow 1992).

15Rules are sometimes taken to yield identity conditions for constants and to ensure comparability of different
logics. However, there are substantial difficulties involved in separating the rules of the constants from other rules
presenting the consequence relation in which they occur and which might be ‘absorbed’ into the rules for the constants,
see (Hjortland 2014b). For an intriguing proposal to identify logics in terms of the inferences they validate, yet not
identify a logic with a consequence relation, see (Barrio, Pailos, and Szmuc 2020).
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it with its inferential role/its role in establishing the inferential connections between the sentences

in which it features. From the point of view of truth-theoretic semantics truth-conditions come

first, and inference is a result of the meanings of certain core expressions of a language. From the

perspective of proof-theoretic semantics inference has explanatory priority, and the meaning of an

expression derives from its role in inference.16

The approaches to the question of logicality discussed so far are firmly located within the

truth-theoretic paradigm. This section briefly discusses elements of the inferential paradigm to

provide context for the additional conditions on logicality which we will adopt in the next chapter.

4.4.1 Inferentialism & Local Characterisations of Logical Meanings

Inferentialism is a species of use-theoretic conceptions of meaning. The ‘meaning as (cor-

rect) use’-paradigm places emphasis on the actual usage of language, and inferentialism takes the

contribution of an expression to the relations between sentences in which it occurs to be decisive for

its meaning. Inferentialist positions have in common that they emphasise the role inferential rela-

tionships between sentences of a language play in determining the meaning of the expressions that

feature in them. They thus assign priority to inferential relations in the constitution and determi-

nation of meaning. The paradigm case study for the inferentialist are the logical expressions and we

are here interested in the position, sometimes called logical inferentialism, that takes inferentialist

claims about meaning to hold, in the very least, for the logical expressions of a language.17

Reasons for adopting an inferentialist approach to meaning are multitudinous, but most

stem from a pervasive skepticism towards the ability of a truth-conditional semantics to deliver

the kind of explanations demanded of it. The need for de-emphasising referential features in

the explanation of meaning facts derives from a principle of epistemic modesty, which holds that

questions of how we come to know or understand the meaning of an expression (of how an expression

comes to refer to what it refers to, of how we come to assert a sentence) need to be assigned a

greater significance in accounts of what that meaning is (what it is that a term refers to, under what

16See (Wansing 2000) for an overview of formal approaches to semantics and the status of proof-theoretic semantics
in this taxonomy.

17See (Murzi and Steinberger 2017) and (Schroeder-Heister 2018) for a general overview of inferentialist positions
and proof-theoretic semantics. See (Brandom 1994) and (Brandom 2000) for a sustained and thorough development
of a global inferentialist position. See (Peregrin 2014) for a readable introduction and elaboration of the basic ideas
of this program. Cf. also (Sundholm 2002).
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conditions a sentence is true) if they are to be explanatory. Motivations range from descriptive to

foundational. For example, in learning a new language, the inferentialist points out, we only have

access to the linguistic practices of communities speaking this language – only through observation

of the way a term behaves in the context of its language can we learn its meaning. The relevance of

issues of access is substantial: especially when it comes to abstract objects and highly theoretical

terms, denotation-based explanations of meaning often cannot provide plausible epistemologies

that explain how we come in contact with these objects and thus how we can know about them.

Inferentialism offers an attractive way out by equating what it takes to understand a term/ get

to know its meaning with mastering its behaviour in the context of a theory. Lastly, various

considerations burden a semantics in terms of truth-conditions with anti-realistically unacceptable

commitments, calling for a revision that places a higher emphasis on epistemological concerns.

From the point of view of the inferentialist, truth-conditional semantics thus proceed the wrong

way around and fail to provide satisfactory explanations of a variety of (epistemic) facts. What is

necessary is a switch in the order of explanation, with inferential factors taking precedence over

denotation-based features.

There are of course many variations in how an inferentialist position might be fleshed

out. At one end of the spectrum we find the strict inferentialist according to whom meanings are

to be reduced to and identified with inferential roles. Model-theoretic semantics, on this picture,

has little explanatory value in investigations of meaning. However, as Murzi & Steinberger point

out, it is important to distinguish between the semantic question of what constitutes meanings

and how the semantic values of complex expressions are determined by the semantic values of their

components, and the meta-semantic question of how expressions come to have the semantic value

they have (Murzi and Steinberger 2017, 199).18 Given the enormous success of truth-conditional

semantics it is a rather radical position to give up on its achievements. This, moreover, is also

not necessary in order to take up a moderate inferentialist position according to which meanings

might be model-theoretic entities, but these entities are taken to ‘supervene’ on inferential roles;

the moderate inferentialist takes an inferential approach to the meta-semantic, but not necessarily

to the semantic question.

Inferential considerations, on this picture, enjoy explanatory priority, but do not exhaust

18And what constitutes an understanding or grasp of the meaning of an expression.
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the meaning-theory for the expressions of a language: “Rather, the inferentialist will maintain, the

meanings of logical expressions are determined, first and foremost, by their inferential properties

which are encapsulated in the rules governing paradigmatic inferences involving them” (Murzi and

Steinberger 2017, 200). For an “inferentialist, truth-preservation is not prior to inference, but even

she would probably want to have inference explicable as truth-preservation – at the end of the day,

if not at the beginning” (Peregrin 2006, 8). Thus, even when not reducing meanings to inferential

roles, the inferentialist might maintain that inferential roles (fully) determine meanings, whatever

those meanings themselves are. We can thus formulate the meaning determination thesis of logical

inferentialism in full generality as follows:

Determination thesis: the behaviour of expressions in inference determines their meaning.

This thesis can be interpreted in different, more or less demanding, ways. Minimally, it means that

there is no change in meaning without accompanying change in inferential behaviour (for the class

of expressions for which the inferentialist takes the Determination Thesis to hold). This ensures

a central place for inference in a theory of meaning: any change in meaning is noticeable at the

inferential level.19 Read as a claim about linguistic competence and understanding, it should be

understood as saying that knowing the inferential role of an expression suffices for understanding

it, and that one cannot be said to have (properly or fully) understood an expression unless one

accepts ‘characteristic inferences’ involving it; i.e., that the meaning of an expression can only be

understood through its inferential role.20

Characterising Inferential Roles Due to the basic principles and motivations underlying logi-

cal inferentialism there is a natural proximity to proof-theoretic methods for characterising inferen-

tial roles. Many proof-theoretic properties are notoriously framework-sensitive, so the choices made

in providing an adequate representation of the inferential role of an expression are very important.

In a first step, then, the format of the proof-system for characterising inference must be chosen and

19This need not necessarily mean that inferential roles, all by themselves, are sufficient to ‘get us to’ meanings.
Other factors, such as the nature of the space of semantic values, might also play a role. It means, however, that
any variation in meaning will be reflected at the inferential level. It is for a position of this kind, which understands
meanings model-theoretically, that Carnap’s Problem constitutes a genuine issue (see Chapter 7).

20Thus, even if meanings might become known through other means, an expression can only be said to have been
fully understood if one knows its behaviour in inference.
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defended – assertion-based vs multilateral systems, single-conclusion vs multi-conclusion systems,

etc.21

Much of the impetus for inferentialist approaches to meaning stems from worries about

epistemic access to them, and many inferentialist accounts of meaning try to answer questions hav-

ing to do with how we come to know the meaning of and what it takes to understand an expression.

These concerns lead to several, largely epistemically motivated constraints on acceptable inferential

characterisability. In particular, the slogan that to understand an expression is to know its role in

inference must be refined if it is to serve as a workable basis for an epistemically motivated infer-

entialist account of meaning. Unless we wish to formulate a highly idealised position that posits

language-learners with near unlimited cognitive resources, it will not do to identify the inferential

role of an expression with its global behaviour in the context of a consequence relation. Given the

epistemic limitations of actual cognizers a more compact characterisation of inferential behaviour is

required. This partly explains the heavy emphasis on inference rules in writings in the inferentialist

tradition. Rules codify (idealised) inferential behaviour in a practice in a way that explains what

sort of core inferential patterns a learner must accept or recognise in order to have understood the

expression governed by the respective inference rules.

Dummett, for example, maintains that there are two central aspects pertaining to a cod-

ification of a correct use of a given sentence: (i) the conditions under which that sentence may be

correctly asserted, and (ii) the consequences that may be derived from a correct utterance of it.

Crudely expressed, there are always two aspects of the use of a given form of sentence:
the conditions under which an utterance of that sentence is appropriate, which include,
in the case of an assertoric sentence, what counts as an acceptable ground for asserting
it; and the consequences of an utterance of it, which comprise both what the speaker
commits himself to by the utterance and the appropriate response on the part of the
hearer, including, in the case of assertion, what he is entitled to infer from it if he
accepts it. (Dummett 1973, 396)

These conditions place two natural demands on inferentially acceptable representations of the

inferential behaviour of an expression. They need to be such that (i) we are told under what

conditions we may derive a sentence containing the expression under consideration, and (ii) we are

21See, for example, (Kremer 1988), (Hacking 1979), (Restall 2005) for the investigation and adoption of multi-
conclusion systems in the context of this project. See (Prawitz 1965) or (Dummett 1991) for advocating assertion-
based single-conclusion natural deduction calculi. See (Rumfitt 2000) for adopting a bilateral single-conclusion
framework.
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told what kind of sentences we may derive from a sentence containing the expression. This, in turn,

grounds the demand that inferential behaviour be codified in terms of a system of introduction-

and elimination-rules.

There is a further important epistemically motivated constraint active and widely accepted

in the inferentialist literature, grounded in the idea that meanings must be locally graspable:

separability. An axiomatisation of a logic is said to be separable if every provable sentence has a

proof that involves only structural rules and rules for the logical operators that actually occur in

the sentence. The separability property ensures the locality of meaning of the (logical) expressions

of the system, their independence from the meaning of other expressions of the language. The

demand for separability is based on a resistance to a sort of meaning-holism according to which the

meaning of one expression of a language depends on the meaning of all others. It is thus thought to

make meanings of logical expressions graspable in isolation, independently of the meanings of other

logical expressions. Famously, standard single-conclusion axiomatisations of classical logic violate

separability. We will have to say more about this demand in Chapter 8.

Inferential Definitions and Meaning-constitutive Rules In a much cited and influential

remark Gentzen said that

The introductions represent, as it were, the “definitions” of the symbols concerned,
and the eliminations are no more, in the final analysis, than the consequences of these
definitions. (Gentzen 1934, 5.13)

The idea that inference rules define the logical constants they introduce was enthusiastically taken

up,22 though it quickly became apparent that not just any set of rules could be taken as meaning-

constitutive and to define a constant. Prior’s infamous connective tonk (to be treated in more

detail in Chapter 7) demonstrated the limits of the rules-as-definitions program.

Early responses to the issues demonstrated by tonk consisted in pointing out that def-

initions do not operate in a conceptual vacuum, but must respect the context in which they are

formulated.23 More generally, thinking of rules in this way reveals further features that must be

possessed by a rule/a collection of rules for it/them to define a logical constant or be meaning-

constitutive in a coherent sense:

22Cf., e.g., (Popper 1947a; Popper 1947b), (Kneale 1956) for the adoption and development of this idea.
23See (Belnap 1962).
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(A) Definitions have a particular shape: From a theory of definition certain constraints on the

kinds of shapes definitions can take may be derived. As applied to rules this might mean

that, in order to be able to form part of a definition of a constant, a rule might have to be

pure, in the sense of containing only a single logical operator non-schematically, or simple, in

the sense of containing only a single non-schematic occurrence of that logical operator.24

(B) Harmony : What tonk shows, and what Gentzen already indicated in the remark cited above,

is that while rules by themselves might be unproblematic, not every combination of rules

will work. Rather, to maintain logic’s innocence and respect the demands on definition,

collections of rules that are taken to be meaning-constitutive or meaning-determining for

an expression must cohere with each other, they must be in harmony.25 In other words,

a harmony-constraint entails that not all rules for a constant may be chosen freely; not all

combinations of rules can be considered meaning-determining. Rather, once a particular rule

is chosen, the choice of further, subsequent rules (for the same expression) is restricted by

the choice of the initial rule – the rules governing the behaviour of a logical constant are

interdependent and must be consonant with one another.26

A further notion that will become important in the following and that originates in the rules-as-

definitions conception advocated by Gentzen concerns the idea of uniqueness, the requirement that

a definition uniquely circumscribe the concept it introduces. Largely due to a remark of Belnap’s

in (Belnap 1962) (though already present in Popper’s earlier papers), the idea that the unique

specification of the meaning of a constant through rules is necessary for it to be properly defined

24The picture presented here is enormously oversimplified. There might be several requirements on rules that do
not stem from the thought that they are ‘definitions’ in some sense. Rather, constraints on admissible rule formats
might attach to general assumptions about what can qualify as meaning-conferring practice, cf., e.g., (Tennant 1997,
Chapter 10).

25The requirement of harmony plays an important role in the theory of meaning of Dummett, see (Dummett 1991).
For overview, commentary and comparison of different notions of harmony (such as conservativity, normalisability, or
invertibility), see (Steinberger 2011a). For a criticism of what he terms the Harmony Thesis, see (Rumfitt 2017). See
also (Tennant 1997, Chapter 10) and (Read 2010). For further discussion, development, and commentary, see (Read
2000), (Milne 2002), (Murzi 2020), (Weir 1986), (Milne 1994), (Tranchini 2015; Tranchini 2016). The literature on
notions of harmony and their respective advantages and disadvantages is vast and this is not the place to provide a
systematic overview here. For an interpretation and elaboration of Gentzen’s remark cited above, see also (Prawitz
1971).

26Note that the demand of harmony takes several shapes in the literature. As the demand of conservativity
(Dummett’s total harmony) harmony is a global property and thus potentially involves meaning-holistic elements.
As a demand for the ‘eliminability of local peaks’ (roughly, Dummett’s intrinsic harmony) it is a “property solely of
the rules governing the logical constant in question” (Dummett 1991, 250) and thus highly local. In this latter shape
commitments to an atomistic conception of meaning, according to which the meaning of an expression is independent
of the meaning of other expressions of the language, can be maintained.
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has gained currency in the inferential tradition. What precisely it is that is to be determined by

inference will determine the kind of uniqueness at issue. Chapter 7 is devoted to investigating the

difficulties for the notion of unique determination by inference in a framework in which meanings

are taken to be model-theoretic entities, whereas Chapter 8 will further explore different notions of

uniqueness and unique determination that have been advanced in the literature.

4.4.2 Two Aspects of Logical Meaning

The traditional division of contemporary logical theory into a syntactic and a semantic

part and the subsumption of proof-theoretic aspects under the former have fed the suspicion that

meanings in extensional first-order languages are exhausted by model-theoretic objects, whereas

the proof-theory is to be seen as a contribution to the grammar of a logic. Despite its revisionist

tendencies, it is one of the great achievements of the program of logical inferentialism to draw

attention to the fact that inferential patterns should be regarded as contributing to the meaning

of the expressions featuring in them. (Though the mere fact that they should contribute to an

expression’s meaning of course falls short of an argument for rejecting truth-conditions altogether,

as many inferentialists do.)

It is this insight, that there are two aspects of equal standing to the meaning of an

expression in the setting of an extensional first-order language, which we wish to take seriously

in the following development of our combined criterion of logicality. Going along with this is the

conviction that, at least from a meaning-theoretic point of view, neither of these aspects should be

reduced to the other. Rather, inference and denotation must cohere – model-theoretic extensions

must give rise to inferences that contain highly specific information about the semantic values on

which they are based, and inferences must be such that they respect the model-theoretic meanings

of their constituent expressions.

Equating what is expressed by the inferential features of an expression with its sense, we

could say that we want logical denotations to be such that they possess senses that determinately

lead us to unique logical extensions, that logical denotations are highly specific in terms of their

senses. This starting point is somewhat different from the meta-semantic question of how we come

to know or what it takes to understand an expression, more or less explicit in the inferentialist

approach to meaning. Our concerns in devising a criterion of logicality in the next chapter are
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not epistemic (though, in light of the preceding, it admits of an epistemic interpretation) but

rather semantic in that we take the meaning of a logical expression in the framework of first-

order extensional languages to be multi-faceted, and that a certain ‘harmony’ between the distinct

components – its denotational and its inferential aspects – must obtain to have properly specified

a non-variable, and thus logical, meaning.

4.5 Concluding Remarks

Towards the end of the previous chapter we said that we fully embrace two important

insights from invariance-based approaches to logicality: the idea that logical consequence is formal

consequence, and the implementation of this idea as isomorphism-invariance of denotations. From

inferentialist approaches to meaning and logicality we adopt two further elements, albeit with a

slight twist.

As regards meaning in general, we take up the idea, incorporated in the determination

thesis, that the inferential behaviour of an expression importantly contributes to its meaning. In

contrast to (most) inferentialist incarnations of this claim, we do not take its motivation to be

largely epistemic, however. Rather, we think of it as a further semantic desideratum – that the

aspect of meaning of an expression captured by its inferential role sufficiently coheres with its other

aspect, its denotation. That said, we will often adopt terminology and explanations that are open

to an epistemic interpretation, and even encourage it. This serves, on the one hand, to clarify

the exposition and, on the other, emphasise the combined nature of our criterion which we hope

will appeal to both inferentialists and invariantists alike. Since the idea that there must be a tight

connection between inferential behaviour and semantic denotation is largely thought of as a semantic

thesis, we are free to abandon the local character inherent in many inferentialist formulations of

how inferential roles determine denotations, and move to a more global perspective, talking about

entire consequence relations rather than rules of a specific format. This will, ultimately, have

consequences for the standing of the constraint of separability, which we will return to in Chapter

8.

A second feature which we take up from the inferentialist conception of rules-as-definitions,

this time with respect to the more specific theme of logicality, is the idea that the notion of
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uniqueness has an important role to play in the delineation of the logical constants. I.e., in case

of a logical expression, inferential behaviour and model-theoretic denotation must cohere in the

particularly strong sense that it is possible to use one as a ‘guide’ to the other.27 Tarski’s model-

theoretic definition of logical consequence here supplies one direction: the way of obtaining the

inferential behaviour of a logical expression denoting a certain model-theoretic value. The other

direction is closely related to the determination thesis. Given an inferential role and possible further

constraints on appropriate model-theoretic denotations, under what circumstances is it possible to

go from the inferential role to a unique denotation; in other words, under what circumstances does

the inferential role determine, among a pre-specified class of candidates, a unique semantic value?

Combining these ideas gives rise to our combined criterion of logicality which we will now

elaborate (Chapter 5) and explore (Chapter 6).

27Note that this demand is highly non-trivial and will only be satisfied by a comparatively small set of expressions,
given the much greater expressive power of model-theory over proof-theory.
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Chapter 5

Combined Criteria of Logicality

5.1 Introduction

A. Tarski’s celebrated model-theoretic definition of logical consequence according to which1

[t]he sentence X follows logically from the sentences of the class K if and only if every
model of the class K is also a model of the sentence X (Tarski 1983e, 417)

relies on a division of the expressions of the language under consideration into two importantly

different categories:

Underlying our whole construction is the division of all terms of the language discussed
into logical and extra-logical. (Tarski 1983e, 418, our emphasis)

The attempt to delineate the logical expressions of a language has given rise to the perennial issue

of the demarcation of the class of logical constants, the search for mathematically precise and

philosophically informative criteria by means of which to decide whether to count an expression

part of the logical lexicon.

In the tradition of devising such criteria one can distinguish between inference-based and

denotation-based approaches. The former take inferential behaviour as decisive for the logical status

of an expression and attempt to delineate the class of logical constants by providing conditions

1This chapter is based on joint work with D. Bonnay (Université Paris Ouest Nanterre La Défense). It is a
reproduction, extension, and development of ideas that can be found in: D. Bonnay & S.G.W. Speitel, “The Ways of
Logicality: Invariance and Categoricity”, in: The Semantic Conception of Logic: Essays on Consequence, Invariance,
and Meaning, edited by G. Sagi and J. Woods, to be published by Cambridge University Press.
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that characterise the kinds of inferential roles logical constants can occupy. The latter, denotation-

based approach, by contrast, locates logicality at the level of reference, in terms of properties of

the semantic values of the expressions of a language. Expressions are then, derivatively, designated

as logical in virtue of denoting an object that possesses these properties.

The relationship between these two types of approaches remains to a large degree under-

explored and unclear; for while the epistemological and metaphysical assumptions underlying their

different methodologies often make them rivals, identifying very different bases that ground the

logicality of an expression, the criteria they give rise to themselves can be seen as operating par-

allel to one another – overlapping significantly in certain of their consequences, but otherwise

not touching or interfering with one another. Yet both approaches have faced criticism for over-

or under-generating logical constants. In particular, the semantic approach is often accused of

over-generating and of mixing the logical with the mathematical, whereas the inferential approach

frequently stops short of classical first-order logic. Given these shortcomings, it is natural to ask

whether elements from both approaches can be combined in order to complement the respective

criteria in such a way as to produce a philosophically well-motivated criterion capable of resisting

the criticisms brought forward against semantic- and inferential criteria in isolation.

Such combined criteria, i.e., criteria making use of both inferential and semantic consid-

erations and concepts, are the topic of this chapter. There are many reasons to be interested in

the possibility of such criteria, over and above their potential for resisting the criticisms either

approach outlined above faces by itself. For one, they might help clarify the relationship between

syntactical and semantical contributions to the notion of logicality, and thereby offer an answer to

the question of what ‘level of meaning’ logicality ultimately resides on, with potential repercussions

for the epistemology and metaphysics of logic. For another, they would greatly help in locating

logic in our network of theories with respect to its double-life between inference and truth, and

thereby aid in unifying the dual conception of logic as a ‘theory of formal deductive inference’ and

an ‘instrument for the classification of structure’.2

While first attending to some extant criteria that place a heavy emphasis on inference and

see semantics as a super-structure in some sense arising from an account of inference, the criterion

we propose below will be closely related to insights of the semantic tradition concerning logicality:

2Cf. (Tharp 1975) and (McCarthy 1998).
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we will focus on a combined criterion that stresses the role and structure of the denotation of an

expression for it to be counted part of the logical lexicon. Inferential, or proof-theoretic, constraints

enter the picture as aids for ‘getting to’ or ‘pinning down’ those denotations in a particular way. On

the account of combined criteria provided here it is thus natural to see the model-theory as providing

the meaning of the logical expressions, and the proof-theory as constraining that meaning in some

way, or better, as constraining the way a certain kind of designation is characterised.3 Another

way of putting this point is to say that there is a class of ‘logical meanings’, but only expressions

that denote certain objects of this class in a particular way, or in virtue of a particularly strong

designation-relation, based on a property of the rules governing the inferential behaviour of these

expressions, will count as logical. Thus, the combined criterion devised in this chapter is not just

concerned with the question of what is a logical denotation, but also with what is it that makes

an expression logical, when the logicality of an expression consists in more than merely denoting a

logical operation, namely, in denoting it in a particular way.

The outline of the chapter is as follows: in Section 5.2 we will revisit a class of criteria

that can be classified as combined, based on the fact that they assign significance to both inference

and semantics in the determination of logicality. We do so to isolate the motivations and insights

underlying particular constraints and requirements of such criteria, which will play a significant

role in our own criterion. Section 5.3 will transition to approaches assigning greater significance

to semantic considerations by contextualising, discussing, assessing and criticising S. Feferman’s

Semantical-Inferential Necessary Criterion for Logicality, one of the few extant and worked-out

combined criteria, known to us, that emphasise the semantic side of logicality. Finally, in Section 5.4

we will motivate and formulate our own Combined Criterion of Logicality (CCL), before concluding

in Section 5.5 with some general observations.

3We use the term ‘semantic’ in the context of this chapter interchangeably with ‘model-theoretic’, in deference to
the tradition that assigns priority to model-theoretic methods and criteria. This is somewhat unfortunate terminology,
given proof-theoretic semantics, but very much in line with the model-theoretic perspective and approach taken here,
which sees meanings as being provided by the model-theory. We describe requirements provided in terms of proof-
theoretic constraints as inferential or syntactic.

214



5.2 Prioritising Inference

Combined approaches to logicality that place heavy emphasis on inferential elements have

in common the general idea that, while – ultimately, – any successful account of logical consequence

will have to account for its truth-theoretic features, logical constants are distinguished from other

kinds of expressions of the language in that they are ‘fully characterisable’ in terms of inference.4

The idea is that inference rules somehow ‘get us to’ the (model-theoretic) meanings of the logical

constants.

One set of such approaches takes rules to be such that understanding the transitions

they license is constitutive of understanding a constant: once one has mastered the rules, one has

grasped the sense of that constant, and it is that sense which, in the last instance, gets us to

the model-theoretic referent. Identifying the sense of a constant with a concept, such approaches

thus insert a psychological level inbetween the two dimensions of contemporary logical practice;

proof- and model-theory. According to them, rules give senses, and these senses yield denotations.

Constraints on rules will amount to conditions for the grasping of sense. Proposals of this kind

are the topic of sections 5.2.1.1 and 5.2.1.2 where we investigate two closely related sense-based

combined criteria of logicality.

The interjection of a level of sense between inference and reference has been criticised

for being too unclear and unnecessary, and the criteria investigated in sections 5.2.2.1 and 5.2.2.2

assess the logicality of an expression in terms of its inference rules being capable of fixing its

referent directly. We here encounter constraints on the relationship between inference and reference

– requiring both levels to cohere properly, – and on the background theory providing the space of

semantic values, that will become important for our own criterion later on. The basic distinction

between combined criteria of logicality prioritising inference thus runs along the division line of

sense-based vs. reference-based criteria.

The following does not lay claim to completely and adequately follow the precise dialectic

of the articles and authors treated. Rather, we emphasise and elaborate those parts of their

respective accounts that are relevant for the development our own criterion in Section 5.4. Our

concerns here are not a faithful reproduction of the original arguments and positions, but rather

4See, e.g., (MacFarlane 2017, 30) and (Gómez-Torrente 2002, 24ff.).
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the tracing of some of the central ideas underlying combined approaches to logicality and their

different manifestations, to emphasise those aspects that are relevant for devising a proper and

successful combined criterion of logicality. We take up, develop, and make precise several elements

featuring in our own criterion, already implicitly or explicitly present in previous discussions, but

that have, in our opinion, so far remained insufficiently addressed and elaborated.

5.2.1 Determining Sense

The basic idea of the first group of accounts considered in this section holds that axioms

and rules of inference determine/constitute the sense of an expression, and that they do so fully

when we are dealing with a logical expression. This sense is then taken to ‘get us to’ a referent.

Thus, the accounts dealt with here usually proceed in two steps: they first outline conditions

for rules to successfully determine/constitute/yield senses, and then describe how these senses

determine/fix/get us to the referent of the expression under consideration, its semantic value.

Such accounts prioritise inference in that the assignment of semantic values depends fully on the

inferential behaviour; what primarily constitutes a logical expression, and what makes it logical, is

its sense, reference is a mere consequence of this determination.

Hodes is most explicit in this when he labels his account ‘syntax first’ and states that “[a]

logical constant has its semantic value because of the sense-constitutive rules that govern it, not

the converse” (Hodes 2004, 142, our emphasis). Peacocke’s approach fits this classification as well,

given his emphasis on our ability of understanding logical constants for them to qualify as such,

and the rule-based conception of understanding he develops.

5.2.1.1 Grasping Senses I (Peacocke 1987)

In his (Peacocke 2004), C. Peacocke sets out to vindicate the view that “philosophical

accounts of the semantics and the epistemology of the logical constants cannot be developed in

isolation from one another” and that what is needed is “an account on which its referential and

psychological properties are fully integrated” (Peacocke 2004, 194). This naturally leads to the

insight that “conceptual role semantics and truth-theoretic semantics need not be in competition”

(Peacocke 2004, 196) and that a combined criterion of logical constanthood, making use of both

inferential and semantic aspects of logical constants, could help to elucidate “the relations between
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conceptual-role and truth-conditional theories of content” (Peacocke 2004, 154).

The inferential component of Peacocke’s proposal is delivered by a requirement on under-

standing a logical constant, for “what it is to understand a logical constant needs to make reference

to some of the thinker’s psychological states, viz. his primitive impressions of what follows from

what” (Peacocke 2004, 180). The overall claim is that for any logical constant there will be princi-

ples containing this (candidate) logical constant “whose instances are found primitively obvious” by

anyone understanding it (Peacocke 2004, 155, our emphasis). Moreover, this primitive obviousness

is not merely related to their fundamental role in our overall conceptual scheme, but is “at least

partially constitutive of understanding” the logical constant under consideration, of grasping its

sense (Peacocke 2004, 155). It is thus appropriate to say that no one understands the logical con-

stant under consideration unless they consider the instances of the relevant principles primitively

obvious (Peacocke 2004, 155): to find instances of such a principle primitively obvious is “partially

constitutive of understanding the expression it contains” (Peacocke 2004, 179).

Consider, as an example, the case of conjunction. Plausible principles, mastery of which

constitutes understanding – grasping the sense of ‘∧’, – are its introduction- and elimination-rules

(as given in a natural deduction format):5

ϕ ψ
∧I

ϕ ∧ ψ
ϕ1 ∧ ϕ2 ∧E; i ∈ {1, 2}ϕi

Anyone possessing the concept of conjunction must find instances of ∧I and ∧E primitively obvi-

ous.6 Contrariwise, no one not finding these principles compelling can be said to have understood

conjunction. Mastery of these rules is constitutive of understanding the meaning of the logical

expression featuring in them.

Individuating senses (of logical constants) through conditions of their grasp allows for

extremely fine-grained distinctions, obscured at the model-theoretic level. For example, conjunction

as given by ∧I and ∧E above, and ∧′ given by the rules

5See (Peacocke 2004, 153). We will turn to more complex cases shortly.
6An impression is primitively obvious if its obviousness is not “consequential upon [the] acceptance” of another

principle; see (Peacocke 2004, 154). We take issue with this inexact primitive psychological concept in what follows.
The claim that logic, its rules, or truths must be found obvious has a long history (see, for example, (Quine 1986)
for the claim that logic is a ‘theory of the obvious’). This highly epistemic desideratum most likely stems from
the foundational insecurities that surrounded the inception of modern logic and has exerted substantial force in
investigations into the foundations of logic. Nevertheless, given our starting point, we see no reason to impose
‘obviousness’ in any form as a requirement on the determination of what is logical; see also (Sher 1999a).
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¬ϕ ϕ ∧′ ψ
⊥

¬ψ ϕ ∧′ ψ
⊥

while truth-functionally equivalent, will be considered different constants, since what is involved in

grasping the sense of ∧ is different than what is involved in grasping the sense of ∧′.7

Understanding a logical constant is thus closely tied to finding certain inferences ‘prim-

itively compelling’. Referential features enter the picture on Peacocke’s account through a realist

constraint ;8 namely, that the rules found primitively obvious are, in fact, truth-preserving. More

precisely, “[w]hat makes a particular function the semantic value of [a logical constant] is that it is

that function which, applied to the semantic values of the expressions on which the [logical constant]

operates, ensures that the principles instances of which are found primitively obvious are indeed

genuinely truth-preserving” (Peacocke 2004, 157). In this way, normative acceptance conditions,

based on constraints rooted in what it means to understand an expression and possess a concept,

determine truth-conditional content (Peacocke 2004, 157/176).9

Logical constants possess the semantic value they receive in virtue of that semantic value

validating principles constitutive of understanding the logical constant in question. While these se-

mantic values ultimately tie logical truth to extra-psychological reality they answer to the constraint

that they must cohere with the principles capturing the sense that leads the thinker grasping it to

the relevant referent. The appropriateness of a semantic value for a logical constant thus depends

on that value rendering the rules constitutive of understanding the constant in question truth-

preserving – understanding and ‘world’ must match. However, despite semantic value supervening

seemingly free-floatingly on sense-based understanding, this is no anti-realist free-for-all regarding

logical constants.10 Just as semantic value must match prior understanding in order to qualify as

7See (Peacocke 2004, 156) and (MacFarlane 2017, 33-34).
8To satisfy the requirements of realism Peacocke needs to assure that a logical principle is not valid in virtue of

meaning alone, but also because of its connection with the world. Thus, even if finding a logical principle primitively
obvious is constitutive of understanding the meaning of the logical constants occurring in it, the principles’ validity
still consists in it being truth-preserving – even if this is the case due to the semantic value given to the logical
constant on the basis of the speaker’s understanding; see (Peacocke 2004, 172/179/189).

9“normative acceptance conditions determine truth conditions. If Claims 1 - 3 are true, the principles whose
instances are primitively compelling are, as valid, genuinely correct norms for the truth-conditional contents expressed
by the sentences in question. If Claims 1 - 3 are right, these norms determine the distinctive contribution made by
conjunction, both at the level of sense and at the level of semantic value. They determine the contribution in the
sense that there cannot be two connectives governed by exactly the same normative rules as those for [‘∧’] but which
differ in respect of the contributions they make to the truth-conditions of sentences containing them.” (Peacocke
2004, 157).

10Compare tonk in Chapter 7 below.
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candidate semantic value of an expression, the Semantic Constraint11 of the realist demands that

rules genuinely engendering understanding of a constant actually do possess a semantic value:

in showing the legitimacy of introducing a logical constant as conforming to certain laws,
the fundamental task for a realist must be to demonstrate that there is a semantical
value for it which makes those laws necessarily truth-preserving. (Peacocke 2004, 167)

Hence,

For each logical concept [...] there are principles containing it such that it is partially
constitutive of possessing that concept that the thinker has the primitive impression
that those principles hold. Semantic values are assigned to the constants in such a way
as to validate these principles.

Of course, there is nothing that guarantees that the standard rule-sets for the classical logical

constants are primitively obvious in the sense demanded by Peacocke, nor, even, that the standard

constants possess sufficiently extensive, primitively obvious principles grounding their intended

usage and meaning. Peacocke is well aware of this difficulty and extends his account in several

ways to accommodate complications of this kind. In order to justify the elimination rule of the

existential quantifier, for example, he defines the notion of a limiting principle. A limiting principle

is a principle that is not interderivable with the primitively obvious instances of principles for the

concept in question, but which is nevertheless validated by the maximally strong (when dealing with

(instances of) introduction rules), or maximally weak (when dealing with (instances of) elimination

rules)12 semantical value which also validates the primitively obvious instances. This way, he is

able to recover, in the context of an interpreted language, the standard semantic value and rules

for the existential quantifier.13 A similar move via limiting principles, based on the primitive (and

primitively obvious according to Peacocke) notion of incompatibility secures the standard rules and

semantical value of classical negation.14

While this requires modifying the basis on which to assign semantic values to constants

whose sense is grasped via primitively obvious principles containing these constants, demanding

that a proposed semantical value validates not just these primitively obvious instances of principles,

but also their (maximal) sets of limiting principles,15 this, according to Peacocke, constitutes no

11See (Peacocke 2004, 167).
12See (Peacocke 2004, 161) for a precise definition.
13See (Peacocke 2004, 158ff.).
14See (Peacocke 2004, 163ff.).
15See (Peacocke 2004, 163).
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objection to the approach at hand. For, on the one hand, there is no priority of one format or type

of rule over another (in particular, introduction-rules are not to be privileged over elimination-rules

in the context of the present approach) and “a determination of truth conditions by normative con-

ceptual role does not require that there be some uniform algorithm which for each constant allows

one to read off its truth-theoretic clause from the specification of its conceptual role” (Peacocke

2004, 197).16

What our account developed below shares with Peacocke’s is the idea that both inferential

and semantic principles have irreducible roles to play in a proper account for logicality. However, we

significantly reduce, and even reverse, the answerability of semantic value to principles engendering

understanding by asking what values actually possess formalisations that allow us to ‘get to them’ in

a particular way. This makes semantic value less dependent on pre-conceived inferential behaviour

(and justifies classifying our approach as one prioritising semantics, as opposed to the current

approach). Furthermore, it reduces the reliance on an unexplained (and somewhat unexplanatory)

psychological primitive (‘primitively obvious’) which carries large parts of Peacocke’s project. This

reliance is also responsible for a rather non-uniform treatment of logical constants, even those

belonging to a common grammatical category, a feature we criticise in the context of Feferman’s

criterion below. In addition, despite its detailed elaboration, it remains unclear at best in how

far Peacocke’s proposed account (even in its strengthened form) is capable of resisting Carnap’s

Problem - the underdetermination of semantic values by inferential roles – and thus whether his

delineation of conceptual roles is sufficient for guaranteeing the uniqueness of semantic value.17

Notwithstanding the precise details of Peacocke’s account, however, we have here a sub-

stantial instance of a combined criterion of logicality. For if Peacocke’s claims are right

then it involved a false dichotomy to suppose that justifications of primitive logical
principles must be exclusively either proof-theoretic or semantic. [...] On the present
theory [...] elements of the views of both parties to this discussion are correct. Learning
certain of the primitive laws is part of coming to understand some of the constants;
but those laws also receive a justification from a non-proof-theoretic semantics. On

16“On the contrary, on the account I offered the disquotational clauses for negation and for existential quantification
in a truth theory will not be as closely related syntactically to the inference rules for these constants as the clause
for conjunction is to its introduction and elimination rules. The form of the argument for the determination of
truth conditions by normative acceptance conditions also varied as between cases: I used limiting conditions in some
cases but not others. All this variety is in order; it does not undermine the general claim of determination of truth
conditions by normative conditions relating to acceptance of the contents. The variety stems from the variety of the
contents.” (Peacocke 2004, 197)

17See Chapter 7 for details. Cf. also (Peacocke 1976, Section V).
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the other hand, what makes the assignments given in the semantics correct is their
validation of certain primitive and limiting principles. Without some such principles,
we would have no source for the semantics; without the semantics, we would have, it
seems, no justification for the principles. (Peacocke 2004, 165/166)

5.2.1.2 Grasping Senses II (Hodes 2004)

A line of reasoning similar to Peacocke’s proposal of the previous section, but differing in

important details, was pursued by Hodes in (Hodes 2004). Like Peacocke’s, Hodes’ proposal can be

classified as a combined approach given the involvement of both semantic and inferential features,

and like Peacocke’s – though with much more emphasis on this aspect, – Hodes’ approach assigns

priority to inferential considerations. Semantics here enters the picture in a second step, dependent

on and determined by prior syntactic features: “Syntax precedes truth-theoretic semantics when

it comes to understanding a logical constant. A constant in a language is logical iff its sense is

entirely constituted by certain deductive rules. [...] A logical constant’s sense helps to determine

its semantic value” (Hodes 2004, 134). Thus, “sense-constituting rules for logical constants are

syntactic, making no direct reference to referential or pragmatic relations. [...] A logical constant

has its semantic value because of the sense-constitutive rules that govern it, not the converse. My

slogan for logic is ‘Syntax first’.” (Hodes 2004, 142, our emphasis).18

The core thesis of Hodes’ proposal is that a constant c of a language L is logical iff “c’s

sense is entirely constituted by certain of its purely syntactic roles in argumentation in L” (Hodes

2004, 135), where senses are equated with concepts, and grasping a sense with possessing the

respective concept.19 These ‘syntactic roles in argumentation’ can be codified by deductive rules

of inference, and the above thesis can thus be made more precise as follows:

The sense of a logical constant c in L is constituted by a [...] set R of syntactic deductive
rules that govern c in L, i.e., for understanders of L. (Hodes 2004, 136).

Hence, sense is equated with syntactic role, which, in turn, is captured by sets of (deductive) rules.

Not all rules constitute a sense, of course, that is the minimal lesson to be taken away from Prior’s

pathological connective tonk (see Chapter 7 below).20 In the context of Hodes’ thesis it is thus

18See also (Hodes 2004, 145): “In so far as the man in the street has a concept of logical entailment, it is the
concept of the existence of a syntactic object: a demonstrative argument – one such that one would find compelling
each inference in it – from premises to a conclusion.”

19See (Hodes 2004, 135).
20See (Hodes 2004, 143): “Not just any rules for a constant, or even just any introduction and elimination rules,

can be constitutive of sense; this is a lesson to be learned from Prior’s ‘tonk’.”
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important to determine what kinds of rules are sense-constitutive.

Hodes disagrees with Gentzen that “introduction rules have meaning-determining priority

over elimination rules” (Hodes 2004, 143). He disagrees just as much with Dummett’s requirement,

adopted by Peacocke, that sense-constituting deductions must ‘bottom-out’ in logical constant free

premises, and that classical negation is therefore, at most, justified through recourse to a different

kind of rule than available for constants such as conjunction and disjunction.21 Rather, Hodes opts

for a more encompassing position according to which “rules that are, broadly speaking, introduction

rules and elimination rules can constitute the sense of a logical constant” (Hodes 2004, 147). This

includes the usual rules for the ‘Big Five’ connectives (Hodes 2004, 147), as well as the standard

first-order universal and existential quantifier rules.22

Of course, ‘tonkitis’ is not completely cured yet by restricting sense-constitutive rules to

those that have the format of introduction- and elimination-rules. It remains to determine what

‘packages’ of such rules can be deemed to constitute the sense of a logical constant. Here, Hodes

combines a traditional idea of the syntactico-inferential approach to logicality with a condition on

what it takes to grasp the sense of a constant given by rules.

Little has been said so far about the way in which senses can be grasped by a thinking

subject. Overall, Hodes idea is similar to, and inspired by, Peacocke’s account: a rule R governing

a constant c overtly primitively governs c iff (under normal conditions) a thinker S is “disposed to

find inferences [...] which instantiate R primitively compelling, by virtue of their being instances

of R” (Hodes 2004, 136). Fully grasping a constant c’s sense consists in the possession of a mental

state that “would make its bearers subjects for whom members of R overtly primitively govern c”

(Hodes 2004, 136).23

Returning then to the pertinent question of which combinations of introduction- and eli-

mination-rules qualify as sense-constitutive, Hodes adopts the classic inferential constraint that

combinations of introduction- and elimination-rules must satisfy the inversion principle, i.e., the

21See (Hodes 2004, 143/144).
22Interestingly, his position allows him to classify the Law of Excluded Middle as a rule that does not fall into

his category of immediately sense-constituting rules, and which needs to be justified as an additional constraint on
meaning. This, in turn, allows him to maintain that classical and constructive negation possess the same sense
(are governed by the same set of sense-constituting rules), even if, in contexts admitting other kinds of extra-sense-
constitutive justification, the differentiation of the two notions can be achieved by imposing LEM ; see (Hodes 2004,
153ff.).

23Hodes provides an analogous account of what it means to find a (single-/multi-conclusion) inference overtly
compelling ; see (Hodes 2004, 137/142).

222



elimination-rules of a constant c should invert its introduction-rules (see Chapter 4),24 and com-

bines it with the additional epistemic constraint that “either all of c’s introduction rules are among

those that overtly constitute c’s sense, or all of c’s elimination rules are” (Hodes 2004, 156). In

fact, the requirement of inversion is more stringent, for Hodes demands perfect inversion: the set

of elimination-rules must be the maximal inverter25 of the set of introduction-rules for a constant

c and vice versa. The standard propositional connectives, as well as the universal and existen-

tial quantifiers of FOL possess perfect sets of introduction- and elimination-rules. A further up-

shot of the requirement of perfection, in combination with the epistemic constraint that either all

introduction- or elimination-rules overtly constitute a constant c’s sense, is that those rules tacitly

constituting c’s sense are secured on the basis of the overtly governing rules, for perfection ensures

that among perfect sets of introduction-/elimination-rules, either component uniquely determines

the other. Hence, all sense-constituting rules, overtly and tacitly governing, are fully determined

by the overtly governing component of a logical constant alone.26

In addition to perfection, Hodes imposes a further uniqueness-constraint for pairs of in-

troduction- and elimination-rules to qualify as sense-constitutive. A set of intro- and elim-rules R

is called definitive iff two constants c and c′, both governed by R, are provably equivalent by using

only rules from R; e.g. for unary connectives c, c′ and all formulas ϕ we have that c(ϕ) ` c′(ϕ)

and c′(ϕ) ` c(ϕ), s.t. in the derivation of the conclusion only rules from R are used.27 Hodes then

concludes that “[p]erfection and definiteness are necessary and sufficient for a package-pair to be a

logical concept” (Hodes 2004, 157).

The inferential component of Hodes’ proposed criterion thus involves the following el-

ements: senses are constituted by rules, though only rules of the form of introduction- and

elimination-rules fully qualify. Combinations of such rules constitute a sense only if they sat-

isfy perfect inversion and definiteness. Additionally, at least half of an intro-/elim-package must be

overt for a thinker. Just as before, semantics enters the picture by way of sense: “Logical constants

have their truth-relevant properties, including their ‘semantic values’ [...], because of their roles in

24A set of elimination-rules inverts a set of introduction-rules if “an application of an elimination rule [...] essen-
tially only restores what had already been established if the major premiss of the application was inferred by an
application of an introduction rule” (Prawitz 1965, 33); see (Troelstra and Schwichtenberg 1996, 66) for a general
formal statement.

25Spelled out in terms of inferential strength. Note that this is the demand of harmony ; see (Hodes 2004, 156).
26See (Hodes 2004, 156).
27See (Hodes 2004, 157). See also Chapter 8.
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argument, not vice versa” (Hodes 2004, 144).28 It therefore remains to be elaborated how “the

sense of an expression, or better, the conditions for grasp of that sense, contribute to determining

the expression’s ‘referent’ or, perhaps less misleadingly, its semantic value” (Hodes 2004, 157/158);

in other words, “how do the rules constituting the sense of a logical constant help to determine its

contribution to the pre-alethic conditions for formulae in which it is the main logical operator?”

(Hodes 2004, 158).

A (compositional) semantic theory, or framework, provides semantic values for linguistic

expressions and spells out the truth- and falsity-conditions of statements involving such expressions

(in a way that determines the truth-value (falsity-value) of a compound based on the truth-values

(falsity-values) of its components). It thereby specifies the contribution of an expression to the

truth-conditions (falsity-conditions) of a statement in which it occurs. Hodes observes that, by

themselves, rules for a constant c, even if they meet all requirements to be sense-constituting, do

not suffice to determine that constant’s semantic value without further constraints on the semantic

framework.29 He proposes a list of ‘natural’ constraints that might be adopted for a semantic

theory:30

(i) No truth/falsity-value gluts;

(ii) There is at least one false sentence;

(iii) Identity of sense implies identity of semantic behaviour.

He identifies a further core-constraint regulating the relationship between the syntactic level of rules

and the semantic level of truth-conditions [falsity-conditions]. Call an argument sound [cosound]

iff it preserves satisfaction [non-falsification].31 Then:

(Basic Soundness/Cosoundness) Every argument constructed using only sense-constituting

deductive rules that govern logical constants of L is sound [cosound]. (Hodes 2004, 159)

Total Soundness/Cosoundness allows, more extensively, the use of any rule in the construction of an

argument. Accepting basic soundness/cosoundness as “compelling constraints on how a determina-

28Reference is secondary in Hodes’ overall account – while sense leads to reference“there is no road back from
reference to sense” (Hodes 2004, 158).

29See (Hodes 2004, 158).
30See (Hodes 2004, 159).
31More precisely, an argument-schema is sound iff every substitution instance of the schema, obtained by type-

appropriate uniform substitution of the non-logical expressions preserves satisfaction. Mutatis mutandis for cosound-
ness; see (Hodes 2004, 159).
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tion theory assigns pre-alethic conditions to formulae of L”, Hodes conjectures that “if satisfaction

and frustration honour total soundness and cosoundness as well as the obvious constraints, then the

sense-constituting rules for any logical constant will suffice to fix that constant’s contributory value

uniquely” (Hodes 2004, 159/160). Alternatively, one can strengthen the conjecture to demand total

soundness/cosoundness.

No matter which conjecture is preferred, however, both fail. For the standard packages

of introduction and elimination rules of even the standard propositional constants are not capable,

under the constraint of soundness/cosoundness (basic or total) and assumptions on the semantic

framework, to uniquely pin down a unique semantic value. Conjunction, for example, will be am-

biguous between a weak- and a strong Kleene-interpretation.32 Moreover, the situation does not

change even when adopting the additional constraint that the semantic framework under consid-

eration be bivalent, that every formula be either satisfied or falsified (note that this collapses the

demands of soundness and cosoundness). Even under these strengthened requirements, the stan-

dard proof-rules severely underdetermine their semantic values - there are several semantic values

of the restricted semantic framework that are sound w.r.t. the respective rule packages, and these

rules therefore fail to pick out a unique ‘meaning’:33 “Here is the crucial point: soundness and

cosoundness, with the other [...] constraints, do not ensure this non-obvious principle [unique de-

termination]; adding bivalence does not help. So the sense-constituting rules for ‘¬’ together with

these constraints do not imply that ‘¬ is weakly truth-functional, let alone determine a unique

contributory value for ‘¬’ ” (Hodes 2004, 161/162).34

In order to solve this issue,35 Hodes adopts a meta-linguistic strategy : he permits semantic

ascent, followed by semantic descent, in reasoning about the way rules determine truth-conditions

by ascending to the level of the meta-language and reasoning by means of rules for “true-in-L” and

32See (Hodes 2004, 160). This is of course closely related to Carnap’s Problem, see Chapter 7.
33In fact, the conjecture already fails for the weaker demand that rules be merely weakly truth-functional, i.e., that

the truth-values of the components uniquely determine the truth-value of the compound.
34Hodes establishes this point by providing examples for the failure of the conjecture, presenting a non-standard

truth-function for negation that is sound w.r.t. its standard rules, and admissible in the restricted semantic framework
(Hodes 2004, 162). He then notes that analogous issues arise for the quantifiers by indicating what sort of principles of
the universal quantifier, ∀, cannot be secured by soundness and the (bivalent) semantic framework. The examples he
mentions are well-studied instances of Carnap’s Problem, see Chapter 7, though his remarks (esp. note 17) indicate
that he was not aware that his cases are instances of a more general and well-known phenomenon, and its history
and relevance. Although Carnap’s Problem plays an important role for our criterion, we postpone its discussion and
systematic treatment until Chapter 7.

35For various solution-strategies to Carnap’s Problem, see Chapter 7.
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“false-in-L”, where L is the object-language under consideration. Given the fixity of the truth-

conditions for the expressions of the meta-language, semantic ascent and descent straightforwardly

secure the desired principles for both connectives and quantifiers in the object language, thereby

solving the issue of underdetermination.36 Therefore, Hodes concludes,

Once we have settled what sort of semantic values logically atomic expressions have,
total soundness and cosoundness, with the obvious constraints on satisfaction and frus-
tration, and (here is the crucial point) all instances of the Sat[isfaction] and Fr[ustration]
schemata (and thus the Tr[ue] and Fa[lse] schemata), will suffice to determine the se-
mantic values, or at least the contributory values, for L’s logical constants. (Hodes
2004, 165)

There are many aspects of Hodes account that will reappear, in one form or another, in our

own criterion, formulated in Section 5.4 below, among the most important of which are the rel-

evance of a notion of uniqueness for logicality, the nature of the requirement on the coherence

between proof-theory and semantics in the shape of soundness, and the awareness (albeit some-

what partial) of Carnap’s Problem and more generally the underdetermination of semantic values

by proof-rules and the relevance of this fact for discussions of logicality. Notwithstanding these

insights, there remain substantial and profound points of disagreement between Hodes and our

own account. Chief among these is a dissatisfaction with the reliance on irreducible and infor-

mal epistemic/psychological features to serve as essential component of a criterion of logicality.

In particular, we believe it remains fundamentally unclear in what way the epistemic aspect of

Hodes criterion shapes the characterisation of permissible/sense-constituting rules. Furthermore,

the meta-linguistic solution strategy to Carnap’s Problem risks circularity and begging the ques-

tion by presupposing completely settled, classical truth-conditions ‘one level up’, and relies on the

existence of an adequate translation (though see (Hodes 2004, 163) for a commentary on this kind

of criticism). Hodes’ account assigns correct truth-conditions to object language expressions be-

cause the meta-language translation/equivalent of the object-language expressions is presupposed

to have these truth-conditions. Even if a case can be made that the accurate translation is secured

by sense-constituting rules, the success of the solution presupposes that the relevant issues are

(somehow) solved in the meta-language, and it remains unclear to us in how far an approach of

this kind suffices to achieve the goals it sets itself.

36For details of this proposal see (Hodes 2004, 163ff.).
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5.2.2 Determining Reference

A rather dissatisfying feature of the sense-based approaches outlined above is their de-

pendency on essentially psychological states and their role in determining what is logical and what

is not. Such a dependency is problematic in at least two ways: on the one hand, it makes a pre-

cise demarcation meeting the (internal) standards of contemporary mathematical logic virtually

impossible. On the other, it is thoroughly at odds with current practice which acknowledges a level

of inference and a level of reference/semantic values, but, at least in the context of extensional

languages, has fully cut out the level of sense (or at least reduced it, for better or worse, to the

level of syntax37).

While the two accounts treated in the present section still assign priority to inference, they

bypass the level of sense and talk directly about the way in which inference determines reference.

The way in which “acquaintance with the rules, viewed as syntactic expressions or patterns of use,

produces[...] acquaintance with some property of expressions that determines their denotations”

(Gómez-Torrente 2002, 28/29) has been called ‘mysterious’ and considered potentially vulnerable

to intensional problems of the kind that arose for purely invariance-based approaches.38 However,

they undoubtedly succeed in clarifying the relationship between semantics and syntax of the logical

operators, by outlining necessary sets of constraints that need to be operative in order for inference

to properly determine semantic value.

5.2.2.1 Do-It-Yourself Semantics (Hacking 1977/1979)

Despite the fact that Hacking’s criterion is primarily of an inferential character, defending

the claim that39 “the constants are those which can be introduced into a language in a certain

way. They can be introduced by rules of a certain form. The rules are syntactic in character”

(Hacking 1979, 313, our emphasis), it still merits consideration in the context of a treatment of

combined criteria since, even if logical constants are primarily demarcated syntactically, “they are

37Cf. (Girard 1989, 2): “Whereas denotation was modelled at a very early stage, sense has been pushed towards
subjectivism, with the result that the present mathematical treatment of sense is more or less reduced to syntactic
manipulation. This is not a priori in the essence of the subject, and we can expect in the next decades to find a
treatment of computation that would combine the advantages of denotational semantics (mathematical clarity) with
those of syntax (finite dynamics).”

38See (MacFarlane 2017), (Gómez-Torrente 2002) and (Sainsbury 2001). We will return to some of these issues in
Section 5.4.5 below.

39See also (Hacking 1979, 303/304).
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such that if strong semantic assumptions of a general kind are made, then the specific semantics

of the individual logical constants is thereby determined” (Hacking 1979, 313, continued). More

precisely, while emphasis is put on inferential constraints and concerns in Hacking’s criterion, he

still maintains that

Logic is concerned with the preservation of truth, and hence with logical consequence
and a semantics so a syntactic approach ought not be basic. My doctrine is, however,
that the peculiarity of the logical constants resides precisely in this: that, given a
certain pure notion of truth and consequence, all the desirable semantic properties of
the constants are determined by their syntactic properties. (Hacking 1979, 299)

As (Gómez-Torrente 2002, 28) points out, Hacking’s theory of logical constancy is designed to be

compatible with the traditional view that logical consequence is to be spelled out in terms of truth-

preservation. Thus, while being a logical constant depends on being capable of being given by

rules with certain properties, and while these rules themselves do not suffice to determine or fix a

semantics, given a notion of truth for a fragment of sentences, as well as certain constraints on logical

consequence and its interaction with deducibility,40 the semantic properties of the logical constants

can then be ‘read off’ of their inferential characterisation. The semantics of the logical constants

thus arises naturally from their syntactic demarcation: “Logic, on this view, is just exactly that for

which a Do-it-yourself semantics exists: logic bears its semantics on its face” (Hacking 1977, 373).

According to Hacking, this relates well to the traditional conception of logic:

The old idea, I believe, was that logic should bear its semantics on its face. That is,
there would be a core of atomic sentences whose truth conditions would be given prior
to logical syntax. Then it was supposed that a decent logic would make the truth
conditions of complex sentences dependent on the truth conditions of classes of simpler
ones. The theory of truth would in fact imitate the rules of grammatical formation.
(Hacking 1977, 372)

It is this aspect of Hacking’s account that we will be concerned with in the following. We will briefly

recount the main features of his inferential constraints without motivating them, merely drawing

out the consequences this approach has for his “Do-it-yourself semantics” and thus insofar as his

considerations might be taken to give rise to a combined criterion.

Treating rules of inference, as in the Gentzian tradition, as providing ‘definitions’, or

characterisations, of the logical constants they introduce, Hacking maintains that “a logical constant

40See (Hacking 1979, 300): “I claim, on the contrary, that the operational rules “fix the meanings of the logical
connectives” in the sense of giving a semantics, only if classical notions of truth and logical consequence are already
assumed.”
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is a constant that can be introduced by operational rules like those of Gentzen” (Hacking 1979,

303).41 This translates into the requirements that rules introducing a genuine logical constant

should

(a) have the subformula-property; and

(b) be “conservative with respect to the basic facts of deducibility” (Hacking 1979, 304); and

(c) be local.

(a) entails that all formulas occurring in a derivation are sub-formulas of the derived formula/se-

quent,42 whereas the requirement of conservativity, deriving from the conception of rules as defini-

tions of the signs they introduce, consists of (finitistically provable) elimination-theorems for cut,

dilution, and identity.43 That is, given a ‘pre-logical language’, free of logical operators, the intro-

duction of any constant via rules into this language needs to respect and preserve the following

‘fundamental principles of classical deducibility’:44

(i) Identity : for all formulas ϕ, ϕ ` ϕ;

(ii) Dilution: If Γ ` ∆, then Γ, ϕ ` ∆ and Γ ` ∆, ϕ;

(iii) Cut : If Γ ` ∆, ϕ and Γ, ϕ ` ∆, then Γ ` ∆.45

Only if the introduction of a new constant over a language-fragment respecting these requirements

is conservative, i.e., maintains these properties, has that constant been properly defined by its rules

and thus qualifies as logical.

An additional requirement demanded by Hacking is (c), locality : a rule is called local if

it places no restrictions on side-formulas (as, for example, the standard rules for the quantifiers

do).46 Dilution-elimination yields a limited form of locality47, and in the context of FOL local rules

equivalent to the standard rules can be found for all constants, though this is not necessarily the

41For details of Hacking’s proposal see (Hacking 1977; Hacking 1979), as well as (Peacocke 1981) and (Sundholm
1981) for commentary.

42See (Troelstra and Schwichtenberg 1996, 57) for a precise definition. The subformula-property follows from
normalisation-/cut-elimination theorems.

43In other words, that a cut-rule and the dilution-rules be admissible, and the identity-axiom suffices for atomic
formulas of the system. For motivation of these requirements as inferential constraints on logicality see Chapter 4.

44See (Hacking 1977, 377). Hacking takes these properties to be constitutive of a (classical) notion of deducibility.
45This is the shape the cut-property takes in the presence of identity and dilution.
46See (Hacking 1977, 381ff.).
47See (Hacking 1979, 312).
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case in other logical calculi.48 We will return to some of the consequences of this demand below.

In the exposition and elaboration of his criterion, Hacking consistently uses Gentzen-

style sequent calculi, and we will follow him in this. Although he maintains that this choice is

inconsequential, and that a natural deduction presentation would have done as well,49 it is not

fully clear that this is actually the case, and that nothing depends on the choice of framework,

– in particular whether or not his choice of inferential framework ‘smuggles in’ some semantic

assumptions ‘through the backdoor’.50 We will return to this point below in more detail. Given

these constraints on the formalisation of inference adopted by Hacking he concludes:

Finitistic cut-elimination, the subformula property, and the existence of local variants
define the class of calculi ‘like’ those invented by Gentzen. G-rules carry their own
semantics with them. This confirms Gentzen’s suggestion that his operational rules
give the meaning of the logical constants: not just the inferential properties, but also
the meaning, in any viable sense of that contentious word. [...] Although they are
syntactic, and deal strictly with signs, they absolutely determine the meanings of those
signs. (Hacking 1977, 389)

Adopting a Gentzen-style sequent-calculus as an appropriate framework for formulating rules, Hack-

ing’s requirements lead to the following schemata for all rules of constants to be considered logical

and thus, in the current context, as allowing us to ‘read off’ their semantics:51

{Πi ` Σi}
ϕ `

{Πj ` Σj}
` ϕ

ϕ is the principal formula containing the putative logical constant defined or characterised by the

rules. Thanks to dilution-elimination and the demand of locality, side-formulas can be ignored.

Thanks to the subformula-property and cut-elimination, all formulas occurring in Πi and Σi will

be components of ϕ. Above schemata thus represent the general shape any logical, meaning-

determining rule can take in Hacking’s framework.

This is of course at odds with the usual rules of the first-order quantifiers, whose statement

includes conditions on side formulas:

ϕ[t/x],Γ ` ∆

∀xϕ,Γ ` ∆
Γ ` ∆, ϕ[y/x]

y /∈ FV (Γ ∪∆); y /∈ FV (ϕ)
Γ ` ∆, ∀xϕ

48An S4-type modality, for example, does not admit purely local rules and is thus not counted as logical according
to Hacking’s proposal; see (MacFarlane 2017, 30) and (Troelstra and Schwichtenberg 1996, 226ff.).

49See (Hacking 1977, 373/376).
50See (Peacocke 1981, 173/174) and Chapter 7 for commentary. See also note 165.
51See (Hacking 1979, 312).
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Locality can be restored by moving to the equivalent ω-rules for the universal quantifier:52

[ϕ(ti)]i,Γ ` ∆

∀xϕ,Γ ` ∆

{Γ ` ∆, ϕ(ti)}i
ti runs over all terms

Γ ` ∆,∀xϕ
One attractive feature of G-calculi, calculi in classical sequent form that satisfy (a) and (b) and are

equivalent to a calculus that is local, is that “the class of logical constants characterized by G-rules

has no second-class citizens” (Hacking 1977, 386), in the sense that any defined constant can be

given its own set of G-rules characterising it in the sense demanded.53

Now, operational rules by themselves, not even of the type envisioned by Hacking, do not

determine a semantics.54 However, given certain sufficiently strong assumptions about the semantic

framework in which the rules operate will allow one to ‘read off’ a semantics for the constants from

the rules.

Let there be assumed a notion of classical truth and falsity for elementary sentences
lacking logical constants, and let the deducibility relation be complete for classical
logical consequence among the class of such sentences. Then one is in a certain sense
able to read off the semantics of the logical constants from the operational rules. Given
the underlying notions of truth and logical consequence, the syntactic rules determine
a semantics. (Hacking 1979, 299/300)

More precisely, Hacking asks us to imagine a ‘pre-logical’ language,55 not containing any logical

operators, in which the truth-conditions of the atomic sentences are understood in advance.56 The

logical constants are then ‘planted on top’ of this language fragment, by means of rules of the

shape described above. From these rules we will then be able to read off the truth-conditions of

the complex sentences in the extended language: “our syntax generates our semantics” (Hacking

1977, 374).

Given a semantic framework, we thus assume the truth-conditions of the atomic sentences

not including any logical operators to be understood. The shape of the semantic framework itself,

as well as its relationship to inference, is determined by a set of separate assumptions:57

52Such a move trades formality (finite derivations) for locality by allowing proofs to contain infinitely many premises;
see (Hacking 1977, 382).

53See (Hacking 1977, 385ff.). Hacking (Hacking 1977, 386) took this to “support out contention that constants
definable by G-rules constitute the class of logical constants.”

54See (Hacking 1979, 300): “The operational rules do not themselves determine this semantics. It is not as if one
could somehow fix what truth and logical consequence are, just by stating operational rules.”

55The existence of such a pre-logical language need not be taken at face-value, but can be regarded as a heuristic
myth; see (Hacking 1979, 314ff.).

56See (Hacking 1979, 315): “Such understanding might be achieved by providing a theory of truth for the lan-
guage, or a formal semantics, or: the language is simply understood.” See also (Hacking 1977, 374): “We make no
assumptions about the semantics of the prelogical language, except that the truth conditions be understood.”

57See (Hacking 1979, 311). See also (Sundholm 1981, 160ff.).

231



(i) Assumption about truth: Bivalence – “every sentence of the language fragment should be

assigned the value true or false but not both” (Hacking 1979, 311);

(ii) Assumption about logical consequence (|=): “a set of sentences Θ is a logical consequence of

the set of sentences Γ if no matter what values are assigned to the members of Γ,Θ, some

member of Θ is true when every member of Γ is true” (Hacking 1979, 311).

It is further assumed that a deducibility-relation ` satisfying reflexivity, dilution, and transitivity

coheres with the relation of logical consequence in the sense that it satisfies soundness:

(iii) Soundness: “Γ ` A only if A is a consequence of Γ” (Hacking 1979, 292).

Hacking claims that (i) and (ii) are the only substantial assumptions he imposes on the semantic

framework. However, (Peacocke 1981, 173/174) points out that there is a further assumption

quietly at work in Hacking’s theory, namely the assumption that either a sentence or its negation

is true. This assumption is hidden in the formalism adopted by Hacking,58 and without making

it explicit his argument cannot be seen as a defence of classical, over intuitionistic, logic.59 The

charge that sequent-calculi make illegitimate semantic assumptions is a familiar one that we will

return to in our discussion of possible solutions to Carnap’s Problem in Chapter 7 below, but which

we will ignore for now.

Rather, it is important to observe that on the basis of the assumptions made, when consid-

ering only a pre-logical language fragment not containing any logical operators w.r.t. the classical

semantic framework outlined above, the structural rules generating the constant-free deducibility

relation ` are complete w.r.t. logical consequence as given in (ii), i.e., Γ ` Θ is derivable iff Γ |= Θ,

i.e., iff Θ is a logical consequence of Γ. Hence, “Θ is a logical consequence of Γ in any classical

language whatsoever, if and only if Γ ` Θ is derivable by the structural rules alone. [...] Thus the

structural rules formalise the ‘pure’ theory of classical logical consequence” (Hacking 1979, 312).

58It stems from the fact that in a multi-conclusion Gentzen-calculus as adopted by Hacking the following inference
holds:

ϕ ` ϕ
` ϕ,¬ϕ

59See (Peacocke 1981, 173/141).
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The semantic framework itself is to be independent of particular logical constants, merely

formulating general constraints that anything that qualifies as an appropriate candidate for a

semantics has to fulfil. Given a semantic framework and rules of the shape described above, meeting

the inferential constraints on logicality Hacking proposes, a semantics for these constants should be

forthcoming as being determined by the rules through the constraints imposed on the interaction

between the inferential and truth-theoretic levels. In particular, given a right proto-premise, i.e.,

the premise of a rule in which ` ϕ is the conclusion, ϕ will be true in a model iff, for each j and

Πj ,Σj , either some member of Σj is true, or some member of Πj is false. Dually, ϕ takes the value

false iff there is a left proto-premise, i.e., a premise of a rule in which ϕ ` is the conclusion, s.t.

for each i and Πi, Σi some member of Σi is true, or some member of Πi is false.60

Consider, for example, the following set of rules for a constant ∗ (Hacking 1977, 387):

` ϕ,ψ
ϕ ∗ ψ `

ϕi ` i ∈ {1, 2}` ϕ1 ∗ ϕ2

‘Reading off’ the truth-conditions from the rules we see that ϕ ∗ψ is true iff either ϕ or ψ are false.

Hence, the truth-table for ∗ looks as follows

ϕ ψ ϕ ∗ ψ
false false true

false true true

true false true

true true false

and we see that the ‘meaning’ of ∗ is that of the Sheffer-stroke, or the NAND-operator. Since

the constant whose meaning we are reading off from the rules here does not occur in the premises

of the rules, and the truth-conditions of the formulas occurring in the Π,Σ of the premises are

presupposed to be known, “the ‘meaning’ of logical constants can be read off-immediately [sic!]

from the G-rules that define them” (Hacking 1977, 387). Of course, while it “purports to be a

mechanical way of providing the semantics of the logical constants [...] in fact it needs a thoroughly

hand-crafted semantics for the original language fragment in order for the whole thing to work”

(Hacking 1979, 313).

The limitations of such an approach come into clear view when moving from the class of

propositional operators to the category of quantifiers. Considering ∀, defined or characterised by

60See (Hacking 1979, 312) and (Hacking 1977, 387).
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its ω-rules,61 the Do-It-Yourself (DIY) Semantics outputs the following semantic clauses:

∀xϕ is false iff some ϕ(ti) is false.

∀xϕ is true iff all ϕ(ti) are true.

Here the ti are ranging over all terms of the language, so the dependency on the linguistic resources

of the language under consideration is immediately revealed, seemingly reducing Hacking’s account

to a substitutional definition of truth for quantifiers. In order to avoid this language dependency,

Hacking stipulates that should the introduction of an operator of a certain grammatical category

require the addition of expressions of other grammatical categories (e.g. variables, terms) we always

assume that sufficiently many of these additional devices will be available. More concretely, with

the addition of quantifiers to the language we assume the availability of countably many variables

and terms as well.62 Nonetheless, this only obscures the fact that the DIY-semantics for the FOL-

quantifiers succeeds by effectively identifying them with infinitary (countable) connectives.

It thus comes as no surprise that the boundary Hacking’s criterion draws regarding log-

icality coincides with the logicist boundary encompassing the ramified theory of types, but no

more – excluding, in particular, the axiom of reducibility, the simplified theory of types, and full

second-order logic.63 This result comes about due to the restrictions on rules (representations

of all constants as (infinitary) connectives), as well as syntactic limitations of the languages un-

der consideration (countable vocabulary), which, in effect, imply a downward Löwenheim-Skolem

theorem for each level of the ramified hierarchy (Hacking 1977, 389). From our perspective, this

approach to logicality introduces two misrepresentations into the debate: on the one hand, it

substantially misrepresents the grammatical category of quantifiers, treating them as infinitary

(countable) connectives rather than second-order predicates. On the other hand, it introduces un-

motivated model-theoretic assumptions (countable domains), whose relation to logicality remains

tentative at best. From our point of view, Hacking’s approach thus restricts itself too much from

the outset to provide a sufficiently informative and motivated answer to the demarcation problem

of the logical constants: syntactic constraints unrelated to logicality force him to consider higher-

61 [ϕ(ti)]i `
∀xϕ `

{` ϕ(ti)}i
ti runs over all terms` ∀xϕ

62See (Hacking 1979, 300ff.).
63See (Hacking 1979, 305).
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order quantifiers under Henkin-type interpretations, inhibiting him from considering the full extent

of logical expressions and operators in the context of first-order languages. By its very set-up and

design, Hacking’s criterion thus remains too limited in its scope to fully settle the question of the

logicality of expressions of first-order languages.

5.2.2.2 Semantics as Inferential Idealisations (Restall 2009)

Yet another way in which semantics can emerge from inferential features of a logic is

formulated and elaborated in (Restall 2009). Restall’s perspective is inferentialist,64 “the notion[...]

of logical consequence [is] to be given in a system of proof ” (Restall 2009, 241). Truth-values, on

the other hand, “are not a fundamental category from which the logic is defined, but rather, an

idealisation of more fundamental logical features in the proof theory for each system” (Restall

2009, 241). Conceiving of semantics as arising from underlying inferential aspects of the logic thus

promises “a new understanding of how the existing semantic structures may be understood in terms

of a more fundamental notion of logical consequence” (Restall 2009, 241). It is important to point

out that in such an approach the connection between truth and validity is not severed:

If we don’t define validity in terms of truth but by means of proof, this does not sever the
connection between validity and truth. It still may remain that one important feature
of valid arguments is that they preserve truth. Any argument with true premises and
an untrue conclusion is not valid. This is to be accounted for by all, not just by those
who use truth preservation to define validity. (Restall 2009, 242)

Restall’s proposal arises from a novel interpretation of a Gentzen-style sequent-calculus.65 Under-

lying this interpretation is the bilateralist thesis66 that denial is not to be analysed as the negation

of assertion, but rather that assertion and denial constitute distinct, irreducible speech-acts.67 On

this analysis, a sequent of the form

Γ ` ∆

where Γ,∆ are finite (multi-)sets of formulas is to be understood as saying that it is impossi-

ble/illegitimate/out of bounds to assert all ϕ ∈ Γ and deny all ψ ∈ ∆. The sequent-calculus,

64See (Restall 2009, 241).
65The canonical reference for this interpretation is (Restall 2005). All references to this paper are to the online

version that can be found at https://consequently.org/papers/multipleconclusions.pdf.
66See, e.g., (Smiley 1996), (Rumfitt 2000) and (Incurvati and Schlöder 2017).
67See Chapter 7 for a more extensive characterisation of the bilateralist position.

235



thus understood, supplies a set of normative constraints on the speech-acts of assertion and denial,

determining their coherent interactions:68 “a derivation of a sequent [Γ ` ∆] can be seen as making

explicit the manner in which joint assertion of each member of [Γ] together with the denial of each

member of [∆] is, in a precise sense, out of bounds” (Restall 2009, 244). Such a speech-act based

understanding of the sequent-calculus not only creates a neutral standpoint from which to frame

disagreements between realists and anti-realists,69 but also promises to uncover the differences be-

tween classical, intuitionistic, and other logics in terms of ‘permitted moves in a conversation’, as

well as in terms of the conversational commitments taken on at each stage of a discourse.

Although the approach can be adapted to encompass a wide variety of logics70 (classi-

cal, intuitionistic, modal), we will here stick with the, arguably, most straightforward and simple

application, namely, classical propositional logic. It is the most direct approach as very natural

assumptions about the interaction of the speech-acts of denial and assertion motivate the adoption

of the structural rules of the classical multi-conclusion sequent-calculus:71

(i) The identity-axiom, ϕ ` ϕ, expresses the incompatibility of assertion and denial – a conver-

sational state in which ϕ is both asserted and denied is out of bounds/incoherent.72

(ii) Dilution/Weakening : If it is incoherent/out of bounds to assert all ϕ ∈ Γ and deny all ψ ∈ ∆,

i.e., Γ ` ∆, this remains so under the addition of asserted and denied statements, i.e., if

Γ ⊆ Γ′, ∆ ⊆ ∆′, we still have that Γ′ ` ∆′.73

(iii) Cut : If it is not incoherent/out of bounds to assert all ϕ ∈ Γ and deny all ψ ∈ ∆, i.e., Γ 6` ∆,

then one of Γ, ϕ 6` ∆ or Γ 6` ∆, ϕ will also be the case.74

The operational rules of the sequent-calculus then serve to show how “clashes among assertions or

denials of complex expressions [...] arise out of clashes concerning their constituent parts” (Restall

2009, 245). E.g. if, modulo side-formulas, it is out of bounds to deny ϕ, and it is out of bounds

to deny ψ, then it is also out of bounds to deny ϕ ∧ ψ (Restall 2009, 245). Similarly, the sequent

¬(ϕ ∧ ψ) ` ¬ϕ ∨ ¬ψ tells us that it is incoherent to assert ¬(ϕ ∧ ψ) while denying ¬ϕ ∨ ¬ψ. Note

68See (Restall 2009, 244).
69See (Restall 2005, 16).
70See (Restall 2009).
71See (Restall 2005, 10).
72See (Restall 2005, 8/9), (Restall 2009, 245).
73See (Restall 2005, 9).
74See (Restall 2009, 244), (Restall 2005, 10).

236



that the entire story so far “says nothing about truth or falsity, or a structure of truth values. It

is an inferentialist understanding of the meaning of this logical vocabulary” (Restall 2009, 245).

The fundamental notion of Restall’s account is that of a position: given finite sets of

sentences Γ,∆ and a consequence relation `, a tuple [Γ : ∆] is a position iff Γ 6` ∆.75 Since Γ 6` ∆

is understood to mean that it is possible/permissible to assert all ϕ ∈ Γ and deny all ψ ∈ ∆ a

position can be understood as a possible/coherent conversational situation/context in discourse.76

Given that Γ,∆ are finite sets of sentences, we can further think of a position as a state in which all

ϕ ∈ Γ have been explicitly asserted/accepted and all ψ ∈ ∆ have been explicitly denied/rejected.

We call Γ the left component, and ∆ the right component of a position [Γ : ∆]. Regarding implicit

commitments of a position [Γ : ∆], a sentence ϕ is to the left of [Γ : ∆] iff Γ ` ∆, ϕ, it is to the

right of [Γ : ∆] iff Γ, ϕ ` ∆.77

In a conversational situation represented by a position [Γ : ∆] the formulas to the left of

[Γ : ∆] are those that cannot be denied, those to the right of [Γ : ∆] are those that cannot be asserted

without engendering incoherence. They are already implicit in the current state of discourse even

if they have not yet been made explicit. The notions of left/right of a position enable a nice

characterisation of the behaviour of the connectives w.r.t. a position [Γ : ∆], approximating the

standard truth-clauses: ϕ ∧ ψ is to the left of [Γ : ∆] iff ϕ is to the left of [Γ : ∆] and ψ is to the

left of [Γ : ∆]; ϕ ∨ ψ is to the right of [Γ : ∆] iff ϕ is to the right of [Γ : ∆] and ψ is to the right of

[Γ : ∆]; ¬ϕ is to the left of [Γ : ∆] iff ϕ is to the right of [Γ : ∆], ¬ϕ is to the right of [Γ : ∆] iff ϕ

is to the left of [Γ : ∆].78

What prevents the outright identification of positions with boolean truth-functions are

the following two features, rooted in the fact that positions are incomplete:

(a) Being to the left/right of a position is not mutually exhaustive, for every position there will be

sentences that are neither to the left nor to the right of that position – e.g. r in the position

[p : q] (Restall 2009, 248). Hence, positions do not determine the ‘location’ of each statement

75See (Restall 2009, 246). Note that the notion of a position is relative to a consequence-relation `. Given
a different consequence-relation, different positions are possible. Hence, the current approach is straightforwardly
extendible to other logics, conceived of as consequence-relations. However, given that positions are to be motivated
in terms of assertions and denials, this would also necessitate an alternative interpretation of these speech-acts and
their interactions. Cf. also the notion of a state in (Restall 2005).

76See (Restall 2005, 7/8), (Restall 2009, 246).
77See (Restall 2009, 247).
78See (Restall 2009, 248).
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vis-a-vis that position.

(b) Positions are finite, but the set of sentences of a language is infinite.

The issue indicated in (a) can be addressed by extending a position [Γ : ∆]: if a sentence ϕ is

neither to the left nor to the right of a position [Γ : ∆], that position can be extended to another

position [Γ′ : ∆′] including the statement ϕ and thus deciding its ‘location’ (e.g. both [Γ, ϕ : ∆]

and [Γ : ∆, ϕ] will be positions in that case). Furthermore, the process of extension can be iterated

indefinitely. The result of such an infinite iteration would be a limit position in which the status

of every sentence of the language has been decided and made explicit. For a given language L, a

limit position [Γ∗ : ∆∗] is a pair of sets of sentences of L, s.t. for all Γ ⊆ Γ∗ and ∆ ⊆ ∆∗, [Γ : ∆] is

a position, and Γ∗ ∪∆∗ = SentL (Restall 2009, 249).

Note that a limit position is not a position, but rather the “limit of a process of extension”

(Restall 2009, 249). Of course, every position can be extended and ‘completed’ to multiple limit

positions – the process of extension and completion is in no way unique. A limit position partitions

the sentences of a language into two categories and in fact perfectly mirrors the truth-conditions,

as recorded in the semantic clauses, of the connectives: in any limit position [Γ∗ : ∆∗], ϕ ∧ ψ is on

the left iff ϕ is on the left and ψ is on the left; ϕ ∧ ψ is on the right if either ϕ is on the right or ψ

in on the right; ϕ ∨ ψ is to the right iff ϕ and ψ are both to the right, it is to the left iff either of

them is to the left; ¬ϕ is to the left iff ϕ is to the right and vice versa, etc. (Restall 2009, 249/250).

Due to the fact that limit-positions partition the set of formulas into two classes, and that

this partition respects the boolean evaluation conditions for the connectives as seen above they act

on the language under consideration just as two-valued boolean valuations would. In fact, it is easy

to define an isomorphism between the set of limit positions and the set of boolean valuations over a

language by sending each limit position [Γ∗ : ∆∗] to the valuation v that sends all ϕ ∈ Γ∗ to true,

and all ψ ∈ ∆∗ to false. By the result quoted above, such a valuation respects the usual semantic

conditions for the connectives.79 Hence, “[l]imit positions are nothing more and nothing less than

boolean evaluations under another guise” (Restall 2009, 250).

Important for the present account is, however, how this identification of two-valued

boolean valuations and limit positions arose, for truth was not taken as fundamental, but rather

79See (Restall 2009, 250).
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arose from an idealisation of conversational situations governed by norms of assertion and denial:

taking finite conversational contexts to an infinite limit “[t]o be true, with respect to an [sic!] limit

position, is to be asserted in that position” (Restall 2009, 251) – truth is identified with assertion

in the limit. Given this story of the truth-values, all other truth-based properties can be recovered

as usual from the present account. Nonetheless, even if “it seems fair to consider the properties

of being to the left and to the right of a limit position as analyses of truth and falsity, at least

to the same extent that truth and falsity in a boolean interpretation deserve that name” (Restall

2009, 251), it is important to keep in mind that assertion cannot be equated with truth here, for

assertion remains constrained to finite contexts, whereas truth only arises in infinitary idealisations.

Modifying the notion of a position, for example by adding more places in it, or by changing the

underlying consequence-relation, yields inferential accounts of the semantics for different logics.80

While Restall’s approach provides an elegant way to recover an account of the truth-

conditions of sentences from their inferential behaviour, it remains unclear whether his proposal

can be extended to more complex semantic frameworks, such as, for example, models of first-order

languages. In particular, it remains unclear whether positions are complex enough to determine sub-

sentential meanings – such as that of the quantifiers, – without further constraints and assumptions

on potential semantic frameworks. It seems that any such approach will have to deal with, in the

very least, similar linguistic limitations as were pointed out in Hacking’s case, for first-order models

outrun the syntactic resources of finitary languages. Nonetheless, Restall’s account demonstrates

in an impressive way that inference need not be seen as an approximation of truth, but that one

can consistently reverse the picture and consider truth to be an idealisation of inferential features.

What we adopt from Restall’s account is the idea that, in an important sense, truth-theoretic

properties must be reflected ‘in the right way’ in inferential aspects of the logic, and that this

connection has an important role to play in the determination of logicality.81

5.2.3 Concluding Remarks

While differing in their overall approaches, starting points, and consequences, we can

identify several common threads in the above accounts, crucial for any kind of combined approach.

80See (Restall 2009, 252).
81Though we reverse the order somewhat by demanding that inferential roles cohere with, and, ultimately, uniquely

correspond to semantic values.
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Most significant is the idea of determination by inference – rules determine, or fix, a meaning. This

has two important implications: firstly, any combined approach will have to spell out precisely

what this kind of determination amounts to given the conceptual and formal framework chosen –

under what conditions is the meaning of an expression settled, so as to count as determined by

its inference rules? Following ideas from the inferential tradition which also occurred in some of

the positions discussed above we will focus on and adopt a uniqueness-constraint in our combined

criterion of logicality; a set of rules or inferences counts as having determined a semantic value just

in case that semantic value is in some sense uniquely characterised or fixed by these rules/inferences.

From this there arises a second fundamental requirement on combined approaches to log-

icality, namely to structure the relationship between the syntactic and semantic level. What is

needed is a coherence-condition that determines when and under what circumstances what kinds

of meanings are suitable for an expression based on inferential considerations, i.e., under what con-

ditions syntax and semantics cohere. Such constraints were most obvious in Hodes’ and Hacking’s

accounts, who explicitly demanded soundness of the rules in order for any semantic framework to

even qualify.

A further important realisation which will become important as a regulating factor in our

combined criterion concerns the recognition that inference, in general, underdetermines semantic

value, that in most cases inference rules are not strong enough to uniquely fix or determine a

meaning. This justifies the imposition of further semantic constraints in order to resolve this

underdetermination and recover uniqueness.

However, as fully general criteria of logicality, wide and convincing enough in their scope to

cover the kinds of cases we are concerned with in this thesis, the above accounts remain insufficient

and fall short of our desired goal. While the sense-based accounts inserted an additional level

of sense between inference and reference, relying on unexplained psychological notions in their

explanation and characterisation of logicality, the reference-based approaches remained too limited

in their scopes, by being designed only for certain types of expressions and grammatical categories

and thus, in general, falling short of applying to first-order languages in full generality. Thus,

while eliminating the formally unclear layer of sense, the goal will also be to extend the insights of

the reference-based approaches beyond the narrow confines of truth-functions and their infinitary

generalisations. Whether this can be achieved purely inferentially is doubtful, which is why we will
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now turn to an approach that emphasises the role of denotations in a (combined) determination of

logicality.

5.3 Prioritising Denotation

The previous section indirectly demonstrated in how far the model-theory for first-order

languages is capable of outrunning inferential means, and thus the limited ways in which the

semantics for such languages can be reduced to, made dependent on, or seen as fully emerging

from purely inferential features of a logic. This fact warrants the investigation of accounts which

take a theory of semantics to be given independently of a theory of syntax and inference, and

which examine the ways in which syntax can be brought to bear on a semantic theory which does

not, from the outset, need to satisfy presupposed inferential constraints. Thus, while considering

semantics from an inferential perspective in the previous section, we here reverse the perspective

and consider proof-theoretically given inference from the point of view of an independently given

semantics.

Such an approach is particularly explicit in the main account discussed in this section,

namely Feferman’s Semantical-Inferential Necessary Criterion for Logicality (Feferman 2015): “in

my view the meaning of given connectives and quantifiers is to be established semantically in one

way or another prior to their inferential role” (Feferman 2015, 21). To the best of our knowledge,

Feferman’s criterion is the only other extant and worked out criterion, next to our own, that

adopts this perspective, which is why we will investigate and criticise his criterion in detail here.

Feferman’s criterion itself is based on a much more inferentially oriented proposal by J.I. Zucker

(Zucker 1978; Zucker and Tragesser 1978). In order to understand the motivation underlying the

formers’ approach, it is necessary to understand the motivations and insights of the latter, which

is why we first treat the salient and relevant part of Zucker’s account here.

The outline of the section is as follows: after quickly reviewing some of the shortcomings

traditionally ascribed to purely semantic criteria (Section 5.3.1), while emphasising the status of

bijection-invariance as a necessary component of logicality, we will motivate and circumscribe the

kind of inferential constraints that might be taken to bear on an approach to logicality that proceeds

from a semantic perspective (Section 5.3.2). In Section 5.3.3 we quickly outline the pertinent parts
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of Zucker’s proposal, to then describe Feferman’s criterion in detail in Section 5.3.4. In Section

5.3.5 we present our criticism of Feferman’s criterion and approach to set the stage for our own

criterion in Section 5.4.

5.3.1 Invariance and its Limits

Analysing logicality at the level of denotations seems rather natural. There is a prima

facie obvious difference between words which refer to things in the world and logical particles which

are merely instrumental in helping us articulate contents. The noun “birds” refers to birds, the

adjective “yellow” is about those things whose colour is similar to the colour of the sun at sunset

or to the colour of a canary’s feathers. By contrast, the conjunction “and”, the determiner “all”

do not have something to do with particular things in the world; “and” is about a specific way of

combining statements, “all” qualifies the way we are going to speak of the things referred to by the

noun in the noun phrase – indicating that we intend to include all, rather than merely some, of

them. The difference between logical and non-logical words seems to readily appear when we ask

what those words denote.

However, it cannot simply be said that “birds” and “yellow” refer whereas “and” and

“all” do not. Modern model-theoretical semantics has built its success on attributing denotations

to every expression occurring in a sentence in a way which makes it possible to compute the truth-

conditions of that sentence. Just like, in an extensional setting, “birds” and “yellow” may be

taken to respectively denote functions from objects to truth-values, – indicating whether an object

is a bird or whether an object has colour yellow, – “and” will denote a truth-function mapping

pairs of true sentences to true and other pairs to false, and “all” will denote a somewhat more

complicated higher-order function, which, when treated as a type 〈1〉-quantifier, is a purely set-

theoretical function checking whether a characteristic function is the characteristic function of the

whole domain. So both candidate logical words and non-logical words have denotations which

model-theoretic semantics model as functions in a type hierarchy over one or more basic domains.

But one may still get the idea that the kind of semantic functions involved in each case are very

different. In keeping with the first intuition we have hinted at, the functions that are indicative of

sets of birds or yellow things essentially make differences between objects, whereas truth- or set-

theoretical functions are formal functions whose action is not sensitive to the identity of objects.
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How may we get a firmer grip on the distinction between functions which are sensitive

to objects’ identities and functions which are not, the latter being candidate logical denotations,

the former providing denotations for more mundane expressions? This is where invariance under

permutation comes into play. As bijective functions from the domain onto itself, permutations

arbitrarily replace objects with other objects. A function is invariant under permutation if it

gives the same result no matter whether objects have been switched under a permutation. The

characteristic function for the set of birds will not be invariant under a permutation which switches

Tweety Bird and Sylvester the cat, and the same goes for the function which yields true if and

only if it is applied to a yellow object. By contrast, truth-functions remain of course unaltered,

as does the characteristic function for the whole domain, as well as the function testing whether

a function is that function, which is our interpretation for “all” as a type 〈1〉-quantifier. However,

permutations operate within a fixed domain. In order to allow comparisons between different

domains, one should replace permutations with bijections. Invariance under bijection may then be

taken to provide an explication for what it means for a function to be formal, in the sense of being

insensitive to the identity of objects.82

The question is then whether such an explication of formality as a property of semantic

values readily provides a demarcation for logic itself (see Chapter 3).83 If logic is thought of as

being concerned with everything which is formal, there is no obstacle to a positive answer. But the

assumption that logicality and formality coincide is put in doubt by the consequences of adopting

such a stance. Testing whether a set is non-empty, or has at least two members come out as formal

functions, but so does testing whether a set is the size of the continuum, or whether a relation is

well-founded. This has sparked a debate over the so-called overgeneration problem.84 On one side,

(Sher 1991) and (Griffiths and Paseau 2016) wish to stand their ground and acknowledge whatever

82This, very informally, recalls the motivations underlying the proposals of Chapter 3.
83There is however more than meets the eye when it comes to whether invariance under bijection is an adequate

explication of formality and how exactly it should be spelled out. See, for example, (Woods 2014) for a treatment of
logical indefinites. Choice operators also raise issues for the categoricity constraint to be advocated in Section 5.4: is
there a sense in which essentially free choice functions could still be said to be fully determined?

84See Chapter 3. This chapter began life as a self-standing paper, co-authored with D. Bonnay, on a novel combined
criterion of logicality. The constraints within which that paper was written were very different than the constraints
of this thesis. Overgeneration-worries possess, for better or worse, a strong intuitive force and are easy to transform
into an issue with broad appeal. However, they also constitute a species of theory-external criticism to which Sher’s
account, as outlined in Chapter 3, is largely immune, and to which she responds in, for example, (Sher 2016, 303ff.).
Despite not seeing them as a decisive factor for moving from a purely semantic to a combined approach in the context
of the project of this thesis we have included them here as motivation, such that those who might be moved by them
might be convinced by the consequences of a combined approach in this regard as well.
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comes out as invariant under bijection as logical. On the other side, critics such as (Feferman

1999), (MacFarlane 2000), and (Bonnay 2006) claim that invariance under bijection lets too many

functions, loaded with too much set theory, pass the logicality test, suggesting that something is

wrong with the criterion and that it should be amended.

Whether or not overgeneration is taken to be an issue very much depends on one’s other

philosophical commitments, as well as one’s ‘feelings’ concerning the relationship between math-

ematics and logic. While we wish to remain neutral, at this point, about whether or not over-

generation does constitute a genuine problem, we think it is worth pointing out that it would be

difficult to address within the invariance framework itself.85 Part of the appeal of invariance under

bijection lies in its simplicity, by contrast with various proposals to complicate invariance in order

to alleviate the overgeneration problem. Invariance can be phrased so as to allow for more stringent

criteria, along the lines of (Feferman 1999) and (Bonnay 2006). The trick is, first, to see invariance

under bijection as simply one way to decide which structures are similar (namely, two structures are

similar if one can be obtained from the other via a bijection), and then to consider other possible

similarity criteria (for example, two structures can be considered as similar if they are potentially

isomorphic, or if they are elementary equivalent, and so on and so forth). However, the point

has rightly been made by (Feferman 2010) and (Button and Walsh 2018) that such complications

make it hard to find a natural stopping point. Invariance criteria may be devised that would make

logical notions consist only in trivial notions (operations always yielding constant truth-values), or

only in first-order definable notions, or only in notions definable in a given infinitary generalisation

of first-order logic, but such choices seem to lack explanatory power in that they appear to be

essentially grounded in the desire to have these or those notions come out as logical.

However, failure to refine invariance in a non-circular manner need not mean that one

must be happy with recognising any expression denoting bijection-invariant operations as logical.

Cardinality quantifiers expressing properties of higher infinites which cannot be made sense of inde-

pendently of set-theory might still be seen as going beyond the natural realm of logic, even though

they admittedly are as formal, and as bijection-invariant as any simpler cardinality quantifier.

(Griffiths and Paseau 2016) have argued against this very diagnosis of overgeneration. Consid-

85The argument from overgeneration as presented here is thus best read as a conditional argument: if it is thought
that overgeneration is problematic, then moving instead to a combined approach might be beneficial given that there
is very little hope to address the issue in a well-motivated way based on modifying the invariance condition itself.
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ering that raw intuitions about the logicality of operations or expressions are scarce, they direct

their main point towards worries about logical truths, and more particularly worries about making

problematic set-theoretic truths into logical truths. According to them, being able to find a purely

logical sentence which is true if and only if the continuum hypothesis is true is not significantly

different from being able to find a purely logical sentence which is true if and only if 7 + 5 = 12.

Despite this parallel, one may still be left with the lingering feeling that admitting an expression

synonymous with “there are at least ℵ17 objects such that ...” as a logical quantifier is at odds

with the beautiful simplicity of logic.

A possible way to reconcile those who believe in overgeneration and those who do not,

or adversaries to and proponents of bijection-invariance, would be to grant that there may be

no ontological difference between mathematical operations and logical operations, but insist that

logic may still be special because of the relationship of logical operations to inference. Whereas

mathematical expressions are confined to the specialised language of mathematical theories, logical

expressions, or their informal counterparts, show up in every sphere of discourse, as a means to

articulate statements and to reason. It then seems plausible that there should be at least a difference

in terms of access, if not of nature: logical expressions should not be any kind of expression

denoting formal operations, but expressions denoting formal operations whose denotation may be

fully characterised in terms of inference. Invariance under bijection captures the formality constraint

and formality is a necessary feature of logical expressions. However, the formality constraint may

not be sufficient to single out our reasoning tools within the broader realm of formal non-empirical

operations. The suggestion is then to supplement invariance criteria ensuring the formality of logical

denotations with syntactic criteria connecting logical denotations with inferential behaviour. This

is the lead we shall follow in the next sections.

Considerations of this kind, pertaining to access, are further supported by issues concern-

ing identity-conditions of logical operations as discussed in Chapter 3. There we pointed out that

bijection-invariance licenses operations whose senses are, in principle, ungraspable – both from the

perspective of the object-level theory, as well as from the meta-theory.86 This further strengthens

the intuition that bijection-invariance by itself gives rise to logical objects access to which might

be problematic. The kind of syntactic conditions we consider below promise to help here.

86Note that this constitutes a theory-internal criticism.
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5.3.2 Inferential Constraints and Zucker’s Insights

The guiding principle of a combined approach to logicality is the assumption that both

inferential and semantic considerations ought to play an important role in determining the logical

status of an expression. In the introduction we somewhat sloppily said that rules and axioms can

serve to constrain logical meanings in the context of such an approach. From a semantic/denotation-

based point of view on logicality, however, this is strictly speaking inaccurate: a proponent of

this approach will maintain that logicality is, first and foremost, a property of operations, of the

extensions themselves, and that an expression is logical only in virtue of features of the semantic

value that that expression denotes. The behaviour of an expression has thus, at least at first glance

and in the first instance, nothing to do with the logicality or non-logicality of extensions/semantic

values – this feature attaches to the structure of the (set-theoretical) objects constituting the

relevant meanings.

On canonical semantic approaches to logicality, such as, e.g., the one pursued by G. Sher

(Sher 1991), the logicality of an expression derives, in large parts,87 from the logicality of the

operation it denotes. Determining the logicality of an operation, however, is independent of any

inferential/syntactic concerns. The logical extension of an expression has to eventually vindicate

the inferences that the expression licenses, however, this remains, to a large extent, outside of the

standard picture. Thus, while the logicality of an extension of course has to ground the kinds of

inferential features associated with logical expressions, these features are, ultimately, a consequence

of, and not decisive for, the logicality of an extension. Rather, the space of logical meanings is

determined prior to, and independently of, inferential considerations, and these therefore cannot

serve to constrain what constitutes a logical meaning. An expression, on the other hand, is logical on

this kind of approach only in virtue of having such a logical meaning, of denoting a logical operation.

What the syntactic/inferential considerations of a combined approach add to a semantic perspective

concerns the nature of the way this denoting happens, – what it means for an expression to be logical

is not just that it denote a logical operation (nor that it rule out certain extensions as non-logical

and restrict the class of possible logical meanings), but rather that it denote (a logical operation)

in a particular way. Thus, the match between inferential behaviour and semantic denotation is,

87There are several further conditions an expression has to meet in order to qualify as logical on Sher’s picture,
though, arguably, the invariance condition pertaining to the denotation of an expression is the most important among
them; see (Sher 1991, Ch. 3).
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on traditional denotation-based approaches, not part of the logicality criterion. By contrast, the

syntactic/inferential considerations of a combined approach mean to add to the semantic perspective

by putting this match back into the picture. The intuition is that not only should the denotation

of a logical expression be such that the rules governing its use are sound, but also that this is the

way we pin down what the denotation of a logical expression is.

Such considerations concern features at the level of sense, of ways of ‘getting at’ the ref-

erent: both Feferman (Feferman 2015) and our criterion demand that, given a semantic framework

(i.e., a space of possible meanings), a particularly strong relation must obtain between an expression

and its denotation in order for it to qualify as logical. The demand is that the role circumscribed

by the rules and axioms for an expression can only be filled by a unique (logical) operation, that

the syntactic constraints leave no room for underdetermination – they uniquely/categorically ‘pin

down’ a (logical) operation. In that sense they ‘fix’ an expressions’ meaning, and it is in this

derivative sense that we say that they constrain the meaning of the logical expression whose be-

haviour they govern: they narrow the space of possible semantic values that expression can take

to a singleton, i.e., the inferential role circumscribed by them can only be filled by a unique logical

operation. On our view, this feature ultimately grounds the analyticity of logic, a point we will

have to say more about below.

Note that we wish to steer clear here of the kind of epistemic considerations inherent in

combined approaches prioritising inference, even if the vocabulary we oftentimes help ourselves to

might suggest otherwise. Nonetheless, our approach is perfectly general in that we only ask for

the existence of an inferential role with such and such properties, not that it be specifiable in a

particular way, or that it grant us access to the semantic values of expressions. Our approach

prioritises the semantics in that it emphasises its independence; we start off with a conception of

logical meaning separate from inferential constraints. An account of meaning as envisaged here

will include, minimally, the space of possible denotations for the expressions of a language, as

well as semantic type constraints outlining which classes of values constitute appropriate meanings

for which categories of expressions. Syntactic or inferential considerations enter the picture by

providing the inferential roles for the expressions of the language.

We then ask which roles are such that they are sound with respect to an appropriate model-

theoretic meaning and possess at most one such meaning. If an expressions is such that its inferential
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role can only be filled, i.e., is only sound for, a single semantic value, we say that the inferential

behaviour of the expression determines that semantic value. Note, however, that the logicality of the

model-theoretic value of an expression is independent of its inferential behaviour.88 In other words,

what is determined at the level of semantics are the model-theoretic meanings of the expressions of

a language, and the subclass of those meanings that are logical, that can serve as interpretations

of potentially logical expressions. What is determined at the level of syntax/inference are the

inferential roles of the expressions of the language, but not which expressions are logical. An

expression is logical, on our proposed account, in virtue of determining a logical denotation by

means of its inferential behaviour, i.e., circumscribing a behaviour so tightly that there is only a

single logical denotation with respect to which its inferential behaviour is sound.

At the level of slogans we can thus say that logical expressions are such that their sense

(whatever is expressed by the rules governing their behaviour) fully (i.e., uniquely) determines

reference; that their meanings (i.e., the semantic values/the operations they denote) are captured on

the basis of the sense expressed by the inferential role they play alone – once we know the behaviour

of an expression and the space of possible (admissible) meanings, there is nothing more to know

about it, its meaning is completely settled. Further qualifications of this somewhat oversimplified

picture are forthcoming below.

This framing of the current approaches constitutes a nice continuation of the accounts

discussed in the previous section (though there are of course important differences): Adopting

syntactic constraints because of their function as meaning-, or sense-conferring and -determining is

a natural continuation of proof-theoretic investigations into the demarcation of the logical constants.

Originating in a much-quoted remark of Gentzen that “[t]he introduction[-rules] constitute so to

say the ‘definitions’ of the respective signs, and the elimination[-rules] are, in the end, only their

consequences” (Gentzen 1934, 5.13; our translation),89 there have been several influential attempts

to tie, or at least make receptive, the logicality of an expression to its ability of determining (via

88We will provide a more exact description of the setting and mechanism we have in mind here in Chapter 6.
However, just to indicate the precise nature of the dependencies between syntax and semantics on the present
picture, and a clearer account of the way in which semantics precedes syntax, note that, in the extreme case, we
can simply consider the consequence relation generated by interpreting the expression under consideration by the
denotation in question (subject to grammatical constraints, of course) and ask whether the denotation that gave rise
to the consequence relation is the only one sound with respect to it. In other words, we are asking which (logical)
denotations possess inferential roles that are specific enough to be sound only with respect to them.

89See (Gentzen 1934, 5.13): “Die Einführungen stellen sozusagen die ‘Definitionen’ der betreffenden Zeichen dar,
und die Beseitigungen sind letzden Endes nur Konsequenzen hiervon.”
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its inferential behaviour) a semantic value90 or sense91, as we saw in the previous section.

While it is commonly acknowledged that, by themselves, proof-rules cannot supply defi-

nitions of the logical constants in a full-blown sense, but rather provide something like an implicit

definition, explication, or characterisation, this status has been used to justify the imposition of

various formal constraints on the kinds of rules that can legitimately be claimed to determine a

logical notion. One of the most prominent constraints that emerged from this line of investigation,

in particular as a response to A. Prior’s infamous connective tonk (Prior 1960), is the requirement

of conservativity.92 Loosely put, conservativity amounts to the demand that, after the introduction

of a new constant into a language L, no new theorems not containing the new notion, i.e., no new

theorems in the old language-fragment without the constant, become provable.93 This guarantees

that a new constant introduced by a set of rules maintains consistency, and can thus be regarded

as actually having been defined successfully by these rules.

Having ensured that some notion has been defined through obeying the conservativity-

constraint it remains to be established that it is possible to talk about the notion thus defined. A

further formal constraint deriving from Gentzen’s rules-as-definitions comment, – already mentioned

in N. Belnap’s response (Belnap 1962, 133) to Prior’s tonk,94 – that emerges as the definitional

complement of conservativity95 is therefore the property of uniqueness.96 In the context of Belnap’s

original paper, and more generally with respect to ‘definitions’ for connectives in terms of their

inferential role, this feature of uniqueness can, in a suitable ‘context of deducibility’, be translated

into the demand of interderivability for ‘two’ connectives obeying the same rules: two identical sets

of rules used to define a connective and its twin should be such that whatever holds of one connective

holds of its twin.97 More precisely, for a connective c with the same proof-rules (introduction- and

90See sections 5.2.2.1 and 5.2.2.2.
91See sections 5.2.1.1 and 5.2.1.2.
92See, e.g., (Belnap 1962) and (Hacking 1979).
93Conservativity is relative to pre-existing rules, and rules which are conservative in some context may not be so

in another context. This relativity is somewhat at odds with the idea that conservativity would provide an absolute
test for well-behaved inferential-role constituting rules. For a criticism of this demand see (Došen 1989).

94See (Belnap 1962, 133): “The mathematical analogy leads us to ask if we ought not also to add uniqueness as a
requirement for connectives introduced by definitions in terms of deducibility [...].”

95See (Došen and Schroeder-Heister 1985) for a characterisation of the duality between conservativity and
uniqueness.

96For an extensive and systematic discussion of the notion of uniqueness and its formal implementations see Chapter
8.

97See (Humberstone 2011, 578ff.) for a precise definition and general discussion of this idea; (Zucker and Tragesser
1978) adopt a similar requirement under the label of implicit definability by introduction- and elimination-rules.
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elimination-rules) as a connective c′ (and with A1, . . . , An schematic) the following should hold/be

derivable for c to be unique:98

(*) c(A1, . . . , An) a` c′(A1, . . . , An)

I.e., whatever holds of one connective/can be said by means of it, holds of its twin as well/can be

said by means of its twin.

Pursuing a similar line of reasoning, (Zucker and Tragesser 1978, 509) adopt (*) under

the label of implicit definability by introduction- and elimination-rules, and take it to express a

uniqueness-constraint.99 However, in doing so they point out that the kind of implicit definability

required to capture the notion of uniqueness crucially depends on the logic under consideration.

In particular, they call attention to the fact that a condition such as (*) is a perfectly adequate

implementation of the demand for the uniqueness of a connective in, what they term, inferential

logic, i.e., a logic “formulated in a natural deduction system, in which the meaning of each logical

constant is supposed to be given by its introduction rules”, in which the logical constants possess

an “inferential semantics” (Zucker and Tragesser 1978, 501). However, it might be inadequate for

other logics.

In the classical case, and a model-theoretic setting, where logical constants are individ-

uated not by their inferential roles, but in terms of their contribution to the truth-conditions of

the formulas in which they occur, condition (*) does not capture the particular sense of uniqueness

demanded by the truth-, rather than inference-based framework. Uniqueness here will concern the

uniqueness of truth-conditions, and the kind of implicit definability appropriate in this context

will therefore relate to the semantic value of a constant, rather than (primarily) to its inferential

behaviour.100

The issue indicated here, caused by the shift in perspective, is exacerbated by a problem-

atic case of underdetermination, Carnap’s Problem – the underdetermination of the semantics of

logical constants by their inferential roles.101 For while the provision of inference rules for, say,

98Where a` indicates interderivability in a shared proof-system containing both c and c′.
99To be exact, they say that a set of introduction- and elimination-rules implicitly define a constant c just in case,

whenever there is a constant c′ with the same introduction-rules (!) as c, we can derive c(A1, . . . , An) ` c′(A1, . . . , An)
in a system containing the elimination-rules for c and introduction-rules for c′, where the elimination rules for c are
consequences (in a technical sense) of the introduction-rules for c, and the introduction-rules for c′ are a copy of the
introduction rules for c. See (Zucker and Tragesser 1978) for details.

100See (Zucker 1978).
101First discovered by R. Carnap (Carnap 1943) the problem consists in the fact that the standard natural deduction

250



classical disjunction suffices to establish its uniqueness in the sense of interderivability, (*), Carnap

showed that the classical single-conclusion natural deduction rules for disjunction are not sufficient,

by themselves, to uniquely determine its classical semantics: both its standard semantics as given

by its truth-table, as well as the valuation rendering a disjunction true iff it is a tautology are fully

consistent with its proof-rules. We demonstrate this as follows:

Interderivability of classical disjunction: Consider two disjunctions ∨ and ∨′ with identical intro-

duction- and elimination rules. Then

ϕ ∨ ψ
[ϕ]

∨′I
ϕ ∨′ ψ

[ψ]
∨′I

ϕ ∨′ ψ
∨E

ϕ ∨′ ψ
ϕ ∨′ ψ

[ϕ]
∨I

ϕ ∨ ψ
[ψ]

∨I
ϕ ∨ ψ

∨′E
ϕ ∨ ψ

Semantic underdetermination of classical disjunction (Belnap and Massey 1990): Let L be a propo-

sitional language and V be the set of standard, compositional valuations v : FormL 7→ {0, 1} from

the formulas of L into the set of truth-values {0, 1}. In particular, for all v ∈ V and ϕ ∈ FormL:

(i) v(¬ϕ) = 0 iff v(ϕ) = 1

(ii) v(ϕ ∨ ψ) = 0 iff v(ϕ) = v(ψ) = 0

Let `CPL be the standard, single-conclusion consequence relation of classical propositional logic.

Then, |=V = `CPL.102 Now consider v∗ : FormL 7→ {0, 1}, s.t.

v∗(ϕ) = 1 iff `CPL ϕ

Then, since only theorems are derivable from theorems, `CPL ⊆ |=V ∪{v∗}. Furthermore, since

|=V ∪{v∗} ⊆ |=V , |=V ∪{v∗} ⊆ `CPL. Hence, |=V ∪{v∗} = `CPL = |=V . But now, for an arbitrary

propositional letter p:

v∗(p ∨ ¬p) = 1 while v∗(p) = v∗(¬p) = 0.

proof-rules of the first-order constants underdetermine their semantics, i.e., that there are multiple semantic values of
the constants consistent with the standard first-order consequence relation. While initially attracting little attention
(see, e.g., (Church 1944)) the issue later resurfaced in the context of (moderate) inferentialist accounts, cf. (Garson
2013), (Hjortland 2014a) and (Rumfitt 2000). For a recent semantic approach to Carnap’s Problem, see (Bonnay
and Westerst̊ahl 2016). See Chapter 7 for a thorough review of Carnap’s Problem and a systematic comparison of
solutions proposed to it.

102Where |=V is the consequence relation generated by V .
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Thus `CPL is not ‘strong enough’ to rule out non-standard valuations and force the classical truth-

table-meaning of ∨ (or ¬).

By themselves, the proof-rules therefore do not suffice to determine a unique semantics and to

narrow down the space of possible valuations to recover the standard meaning of classical disjunction

(and similarly for the other constants with the exception of conjunction). They do not exhaust its

meaning, and thus mere interderivability, in the sense of (*), fails to capture the sense of uniqueness

at issue in the classical truth-based semantics.

Carnap’s Problem nicely illustrates two requirements that emerge when changing the

perspective from a purely inferential to a syntactic-semantic point of view: on the one hand, it

demonstrates that additional (semantic) constraints are needed in order to rule out non-standard

interpretations for the logical constants – as soon as proof-rules cease to constitute the entire

meaning of a constant, purely proof-theoretic means are (in general) no longer sufficient to be

able to speak about the connective defined by a set of rules. Relatedly, it shows that when truth-

conditions become essential to the identity of a constant, wholly inferential ways of capturing

uniqueness can no longer guarantee the identity of the notion(s) involved. Mere interderivability is

no longer a guarantee that what is talked about is the same connective, and that what is pinned

down actually a unique operation. This is Zucker’s insight : the appropriateness of the specification

and implementation of the notion of uniqueness depends on the ‘semantic framework’ – in the

broadest possible sense of the word here, i.e., on the kinds of objects, features, and behaviours that

are taken to be meaning-constitutive, – which, in turn, depends on the nature of the logic under

consideration.

In addition, what emerges from taking the semantics of a logic seriously and privileging it

over its inferential specification is a reversal in importance of the central proof-theoretic constraints

of consistency/conservativity and uniqueness outlined above. Both properties were essential ingre-

dients in the proof-theoretic story for the successful definition of a logical notion, jointly providing

necessary and sufficient conditions for having defined a logical constant by its inference rules. Yet,

consistency (in the form of conservativity) played a much more important role on this account,

with uniqueness little more than an afterthought.103 After all, conservativity ensured that there

103See (Belnap 1962).
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was something that was actually being defined (existence), that the definition ‘got off the ground’ in

the first place, while uniqueness merely assured us, after the fact, that what was being defined had

been specified in sufficient detail to be uniquely determined. On a semantic approach, the provision

of a semantic value already suffices to ensure existence, thereby guaranteeing consistency from the

outset. This was indeed an early response proposed by (Stevenson 1960) to the problem of tonk :

not any (set of) inference rule(s) may be offered to define a new connective, but instead of trying to

find an inferential test to rule out tonk-like connectives, one may be content with requiring that the

rules are semantically interpretable, that is that there exists a semantic interpretation such that

the rules come out as sound with respect to that interpretation. But then there may of course be

more than one such semantic interpretation, in which case we are faced with too many potential

candidates to fill the inferential role and the demand of soundness thereby underdetermines the

semantic interpretation.

It is important to note that the uniqueness requirement here is indeed a logicality require-

ment. In general there would be no reason to assume that the role a given expression plays in our

inferences suffices to uniquely fix its denotation. This should be clear from an example. One may

provide axioms, say the three laws of movement and the law of gravitation, to capture the way we

reason about force, mass and movement in a Newtonian setting. However, it would be very strange

to demand that this axiomatic set-up uniquely fixes the extension of the symbols involved. What

the vectors denoting force and acceleration at a given point in a space are, or what the value of the

gravitational constant is, is constrained by our understanding of the relationships between mass,

force, and acceleration. But, at the end of the day, the repartition of mass is an empirical property

of physical systems, and the gravitational constant is an empirical physical constant. Denotations

for empirical symbols depend on the world in a way denotations for logical symbols do not, even

when our conceptual scheme is such that there are rules for reasoning about empirical symbols.

It would seem equally strange to entertain the idea that the denotation of conjunction

or the universal quantifier is an empirical property of physical systems in the same way as, say,

mass is. As logical symbols there is an especially strong connection between their meaning and

their behaviour in inference – they are uniquely determined by the role they play in inferences,

and there should not be further room for empirical determination. The uniqueness requirement

thus captures an analyticity constraint : that the denotation of logical symbols should be fully
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determined by inference rules (unless one wishes to admit that the meanings of the connectives are

underdetermined).

What we have just said follows Carnap’s motivation for framing the issue we referred to as

Carnap’s Problem. Early on (Carnap 1937), Carnap was worried that the realm of logical symbols

could not be demarcated merely by saying that these are the symbols we have rules for. There are

many symbols the use of which we have rules for which are clearly empirical and not logical. In

the syntactic context of (Carnap 1937) this was implemented as a completeness requirement (the

set of logical symbols would be such that any sentence containing only logical symbols would be

either derivable or have its negation be derivable; cf. (Carnap 1937, Theorem 50.1)).104 After the

semantic turn in (Carnap 1943) this was implemented as a categoricity requirement (the set of

logical symbols should be such that their interpretation should be uniquely fixed by the rules).

It is important at this point to distinguish between analyticity as a semantic claim and

analyticity as an epistemic claim. We take semantic analyticity to be part of the concept of a logical

constant we aim at capturing: there is nothing to the nature of logical constants, and hence to their

semantic interpretation, beyond their role in inference.105 We take logical symbols to have their

denotation fully determined by the rules governing their use, and to not require further ‘empirical

features’ for the determination of their referent. But we do not wish to take a stand on epistemic

analyticity: the fact that we go for these rather than those rules may or may not be taken to be

separable from the broadly empirical enterprise of providing the best possible theory of the world.

104In this context, (Carnap 1937) gives an example similar to our Newtonian example. In a homogenous space,
the metric tensor has a constant value which may be axiomatically fixed, it will naturally come out as logical. In a
non-homogenous space where it varies with the spread of matter and energy, it should not and will not come out as
logical because the geometrical axioms will not force its value.

Carnap’s attempt at a delineation of the logical expressions in this manner was meant to reflect that “all the
connections between logico-mathematical terms are independent of extra-linguistic factors, such as, for instance,
empirical observations, and that they must be solely and completely determined by the transformation rules of the
language” (Carnap 1937, 177). Independently of, from a contemporary point of view, awkward consequences of
this characterisation, Carnap’s method of demarcation was shown to be flawed shortly thereafter and he himself
acknowledged that the distinction between logical and non-logical expressions should be drawn in a different way
(Carnap 1942, 247). See (Leitgeb and Carus 2020).

105In the sense that, to made more precise below, and modulo certain additional semantic assumptions, their
denotation is uniquely recoverable from their inferential role – nothing ‘else’ is needed to know what their semantic
value is.
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5.3.3 Zucker’s Adequacy Problem for Classical Logic

In a series of papers106 J.I. Zucker, with co-author R.S. Tragesser, investigates a set

of issues highly relevant to the present undertaking. Although Zucker’s primary aim is not the

demarcation of a class of logical constants, but rather to solve the adequacy problem for a given

logic – to determine the adequacy of a given set of constants, – a solution to this problem involves

an at least partial analysis of the notion of a logical constant and thus promises to shed light on

the question of logical constanthood.107 Moreover, while it is somewhat strange to discuss Zucker’s

approach in the present section, given its primarily inferential nature, many elements of his account

will come to play a central role in Feferman’s and our criterion, and thus merit extended treatment

here.

Zucker is concerned with the adequacy problem of a logic, the question whether, given

a logic L and set of logical operations S for this logic, S exhausts the logical operations of L in

the sense that every logical operation of L is either in S or can be explicitly defined in terms of

operations from S.108 More specifically, for the case relevant for present purposes, he is interested

whether the set Sc = {∧,¬,>,∀} is adequate for classical logic. A determination whether a given

set of constants is adequate involves an account of what are all the logical constants of a given logic,

and thus, by the methodology chosen, what is at least necessary for something to qualify as a logical

constant.109 As indicated in the previous section already, what determines what a logical constant

is depends on the logic under consideration: in the case of inferential logic it was an operator that

could be fully characterised in terms of its introduction-rules.110 In the classical case – and this is

where elements relevant to the present investigation enter, – what makes an operation, such as a

quantifier, a logical operation is that it is fully determined by its axioms and inference-rules. Zucker

calls this his Basic Assumption:

For Q to be considered as a logical constant, its ‘meaning’ must be completely contained
in these axioms and inference rules. (Zucker 1978, 518)

This constraint on meaning is stronger than the coherence-requirements on the interaction between

syntax and semantics we encountered previously, for

106See (Zucker and Tragesser 1978) and (Zucker 1978).
107See (Zucker and Tragesser 1978, 502).
108See (Zucker 1978, 517), (Zucker and Tragesser 1978, 501).
109See (Zucker 1978, 519).
110See (Zucker and Tragesser 1978).
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it is quite inadequate to propose a quantifier Q for incorporation in the calculus as a
logical constant by giving its meaning in set-theory [...] and also axioms which are
merely consistent with this meaning. The meaning of Q must be completely determined
by the axioms and rules for it; they must carry the whole weight of the meaning, so
to speak; the meaning must not be imposed from outside (by, e.g., a set-theoretical
definition), for then we merely have a ‘mathematical’ or ‘set-theoretical’ quantifier, not
a logical one. (Zucker 1978, 518)

When shifting perspective from an inferential framework to the classical case, in which model-

theoretic meanings play an important role in the meaning theory for the logical constants, and thus

in which inference-rules are no longer meaning-constitutive, mere provision of a value respecting

inferential behaviour is therefore no longer sufficient. Rather, the entire meaning must already be

contained in the rules and axioms of an expression, they must ‘pin down’ and determine a unique

operation; i.e., they must implicitly define it:

A logical constant must be defined implicitly by its axioms and inference rules. (Zucker
1978, 519)

The idea of capturing a uniqueness-constraint by means of the notion of implicit definability sits

well with the Gentzian conception of rules-as-definitions, transferred to a semantic setting, and will

play a crucial role in Feferman’s account below as well. In order to solve the adequacy problem for

classical logic then, what Zucker needs to do is to show that any constant implicitly definable by

rules is already explicitly definable in terms of operations from Sc.
111 Note that, even if the analysis

is only partial and yields at most a necessary constraint, the requirement of implicit definability

can be considered a (relative) criterion of logicality: to be logical means to be implicitly definable

(in terms of Sc – we will return to the privileged status of operations in Sc below).112

Although we are primarily interested in first-order languages here, the basic ideas behind

Zucker’s approach are best appreciated when considering a calculus of higher-order logic, with a

universal quantifier for each type in a type-hierarchy of finite order.113 Validity (|=) in this calculus

will be assessed w.r.t. full models, i.e., models in which the quantifiers range over the full power-set

of the appropriate values for the variables they bind.114 Given a proposed quantifier Q with a

111See (Zucker 1978, 519).
112See (Zucker 1978, 531): “the implicit definability of a constant by its rules is fundamental – this is now the basic

criterion for the constant to be taken as ‘logical’.”
113See, e.g., (Leivant 1994) or (van Benthem and Doets 1983) for details.
114See, e.g., (van Dalen 2008).
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(finite) set of rule- and axiom-schemata, and assuming that it is possible to rewrite all inference-

rules for Q as axiom-schemata in LHOL, the language of higher-order logic, we can formalise and

talk about inference rules for Q and expressions like it in the object-language itself. For example,

given the existential quantifier at type τ , ∃τ , we can formalise its introduction-rule

Ptτ ∃τ -I∃τxτPxτ

as ∀yτ (Pyτ → ∃τxτPxτ ). In this way we are able to move inference-rules from the meta-language

level as object-level sentences to the object-language level.115

Given a (finite) set of axiom-schemata Σ[Q] for Q in LHOL, obtained by formalising its

inference-rules as indicated above, we let Σ̄[Q] be the set of their universal closures, universally

quantifying out all predicate parameters (e.g. ∀Xτ ′∀τyτ (Xτ ′yτ → ∃τxτXτ ′xτ ) for the axiom-schema

formulation of ∃τ -I above), and set Λ[Q] :=
∧

Σ̄[Q]. If Q was logical, by our initial assumptions

of what it means/is necessary to be logical, it is implicitly definable by its axioms and inference

rules. Given the current shape of the rules and axioms, we are now in a position to spell out this

notion in traditional model-theoretic terms to test the logicality of a proposed expression like Q.116

Zucker adopts the following model-theoretic rendering of the notion of implicit definability: Λ[Q]

will implicitly define Q iff

(i) |= ∃XτΛ[Xτ ]

(ii) Λ[Q],Λ[Q′], QP̄ |= Q′P̄

where Q is of type τ , QP̄ abbreviates Qx̄1 . . . x̄nP1x̄1, . . . , Pnx̄n, and Q′ is a twin of Q obeying the

same axioms and inference rules, replacing every occurrence of Q in Λ[Q] with Q′, yielding Λ[Q′].

Given the resources of LHOL, and assuming Q to be implicitly defined in the sense of (i)

and (ii), it is then possible to explicitly define Q117 by118

(*) ∀τXτ (Λ[Xτ ]→ Xτ P̄ )

115See (Zucker 1978, 523ff.).
116We have more to say about this in the next section.
117See (Zucker 1978, 524).
118Suppose M |= QP̄ , and let there be Q∗, s.t. M |= Λ[Q∗]. Then, by (ii), M |= Q∗P̄ and therefore M |=
∀Xτ (Λ[Xτ ]→ Xτ P̄ ). On the other hand, supposeM |= ∀Xτ (Λ[Xτ ]→ Xτ P̄ ). Then, sinceM |= Λ[Q], it immediately
follows that M |= QP̄ .
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Despite our more limited interest in first-order languages, this case is instructive to consider, because

it nicely illustrates the general idea behind Zucker’s proposal to identify the meaning of a quantifier

as fully contained in its inference-rules and axioms with a meaning captured by a sentence of LHOL

of a higher order than those occurring in the original rules and axioms. This kind of approach

breaks down in the case of first-order languages, due to the fact that the initial universal quantifier

in an explicit definition like (*) must be of two levels higher than the notion it is explicitly defining,

and this kind of higher-order quantification is not available in a purely first-order context. From

the standpoint of Zucker’s approach, first-order contexts thus constitute an interesting special case

to which his general insight and method must be adapted.

The general procedure remains the same: inference-rules are to be ‘flattened’ into object-

language entities in order to make them amenable to the concept of implicit definability in much

the same way as the example of the (higher-order) existential quantifier indicated above. Thus,

for a second-level predicate symbol Q endowed with first-order axioms and rules of inference we

let Σ[Q] be, as above, its set of axiom-schemata that have been obtained in this way. Note that

all ϕ ∈ Σ[Q] are still first-order (though predicate-letters are treated as variables, rather than

constants). Forming the universal closures of the sentences ϕ ∈ Σ[Q] by universally quantifying

over the predicate parameters of sentences in Σ[Q], however, yields a set Σ̄[Q] of second-order

sentences. We again set Λ[Q] :=
∧

Σ̄[Q]. Thus, when moving to a first-order context, the axiom-

schemata for first-order inference rules will, on the recipe outlined above, transcend the boundary

of first-order languages and consist of a sentence of a second-order language. It follows that the

same reasoning used to show that implicitly definable quantifiers are already explicitly definable

does not go through in the same way as it did for the language of HOL.

Instead, we can now consider ∆[Q], the set of all first-order instances of sentences in

Σ[Q], and strengthen the notion of implicit definability to understand Q as implicitly defined by

the collection of first-order instances of its axiom-schemata ∆[Q], rather than by its second-order

axiom-schemata. In other words, we replace (ii) above with

(ii’) ∆[Q],∆[Q′], QP̄ |= Q′P̄

We say that Q is strongly implicitly defined by its inference rules if (ii’) obtains.119 Zucker then

119Eventhough Zucker maintains that the ‘right’ notion of implicit definability should be based on the second-order
axiom-schemata, he needs to adopt (ii’) to establish his result; see (Zucker 1978, 526).

258



proceeds to establish that whenever a quantifier Q is strongly implicitly definable, it is explicitly

definable in first-order logic, i.e., there exists a sentence ϕ of FOL, s.t. Σ̄[Q] |= QP̄ ↔ ϕ.120 Hence,

Sc is adequate for both HOL and FOL, though it fails for second-order logic (Zucker 1978, 530).

From the perspective of logicality, the switch from implicit definability to strong implicit

definability is problematic as the move from the former to the latter is not philosophically motivated

but pragmatically necessitated. It is thus unclear in how far the motivation of implicit definability

as a necessary constraint on logicality as developed by Zucker carries over to the concept of strong

implicit definability, and thus whether the ‘criterion’ devised by Zucker is adequate in the context of

first-order languages. In fact, there is some evidence for the claim that strong implicit definability

is insufficient for first-order logicality. This is the case because the notion of first-order identity is,

as is well-known, not elementary.121 That means the first-order schemata for a notion of first-order

identity, =, are satisfied by any congruence-relation and do not determine the identity-relation.

The second-order axiom-schemata for identity, on the other hand, are categorical, demonstrating

the difference between implicit definability and strong implicit definability and lending support to

the claim that implicit definability is, indeed, the ‘right’ notion to focus on (unless one abandons

identity as a logical notion of course).122

Zucker himself clarifies the relationship between implicit definability and strong implicit

definability :123 they coincide exactly when the second-order axiom-schemata for a quantifier ‘can’t

tell the difference’ between full and weak models. More precisely, let Λ[Q] be the conjunction of

the second-order axioms of a quantifier Q, i.e., assume that Λ[Q] is a conjunction of universally

quantified sentences of the relevant second-order language, s.t. no first-order parameter remains

free, where each conjunct is the universal closure of first-order sentences. Call Λ[Q] extendible if

every standard model of Λ[Q] can be extended to a principal model of Λ[Q], where a standard model

is one that guarantees that Q behaves extensionally (and which possesses an identity predicate with

its standard interpretation), and a principal structure is full. Then, assuming Λ[Q] is valid, Λ[Q]

strongly implicitly defines Q iff it implicitly defines Q and Λ[Q] is extendible (Zucker 1978, 534).

The significance of this result lies in the fact that it shows us that the difference between strong

120Though Feferman (Feferman 2015, 24/25) doubts the accuracy of this proof and approach.
121See, e.g., (Hodges 1983).
122See (Zucker 1978, 532).
123See (Zucker 1978, 533/534).

259



implicit definability and implicit definability disappears when inference rules for a quantifier are

such that their second-order axiomatisation is insensitive to features particular to Henkin-type

structures, i.e., if they are such that the inferential behaviour does not depend on the model being

Henkin in any way. Hence, if a case could be made that inference rules need to be such that their

second-order formulation is incapable of ‘detecting’ whether it is in a Henkin- or a full structure,

the choice between strong implicit definability and implicit definability becomes irrelevant and the

motivational difficulty disappears.

Even if Zucker has succeeded in establishing Sc, or Sc∪{=}, as adequate for classical logic,

it remains unclear how promising a proposal along his lines would be for a criterion of logicality,

for “the status of the members of Sc as ‘logical constants’ [...] is not in doubt, and so we take

the phrase ‘defined implicitly’ [...] as meaning “... relative to Sc” ” (Zucker 1978, 519). Hence

it would at most be a relative criterion, relative to the logicality of the constants in Sc. Zucker

returns to the question of whether, for example, ∀ would qualify as logical based on the notion of

implicit definability, asking whether “∀ is ‘absolutely implicitly defined’ by its usual rules” (Zucker

1978, 530), but notices the threat of circularity in the application of implicit definability to ∀ itself,

given the essential use one needs to make of the universal quantifier in formulating its rules as

axiom-schemata, for the rewriting of rules as axiom-schemata employs ∀ itself. We will return to

this apparent circularity in our criticism of Feferman’s criterion below. Zucker contends that such

a rewriting of the rules is justified based on our prior understanding of ‘valid inference’ as based on

truth-preservation under all interpretations of parameters and thus that “the justification for our

assertion, that ∀ is implicitly defined by its rules, rests on this same understanding of the notion of

valid inference” (Zucker 1978, 531). He adds to this that this assumes possession of the universal

quantifier in the meta-language, and thus bases an understanding of it on an understanding of

higher-order validity. Not only does this appear to incur a very high conceptual cost (basing an

understanding of ∀ on higher-order validity rather than the other way around), but it might also

not be a feasible explanation in the case of first-order languages, due to the switch to the notion of

strong implicit definability and the underdetermination of the universal quantifier by its first-order

inference rules.124 It is thus questionable whether Zucker’s approach can deliver the ingredients

for an ‘absolute’ criterion of logicality, as we require a non-circular account of what privileges the

124We will return to this point in the next section.
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expressions in Sc.

5.3.4 Feferman’s Semantical-Inferential Criterion

In his recent (Feferman 2015), S. Feferman sets out to improve and develop Zucker’s

proposal, adopting a combined approach to logical constants over a purely semantic criterion by

using both semantic and inferential constraints in order to address the perceived shortcomings of

purely semantic approaches. On his account, “[t]he aim of logic is to characterise the forms of

reasoning that lead invariably from true sentences to true sentences, independently of the subject

matter; thus its concerns combine semantical and inferential notions in an essential way” (Feferman

2015, 19). This dual emphasis on inference and truth renders natural the assumption that “the

semantical and syntactic (inferential-theoretic) approaches are complementary to each other, and a

proper explanation of what are logical notions and of what is logic – if there is to be one – will have

to take both into account” (Feferman 2010, 17).125 Contrary to inferential criteria that privilege

inferential behaviour over model-theoretic denotation, and in line with traditional semantic views,

Feferman maintains that “the meaning of given connectives and quantifiers is to be established

semantically in one way or another prior to their inferential role” (Feferman 2015, 21),126 while

“what is needed to bring inferential considerations into play is to explain which quantifiers have

axioms and rules of inference that completely govern its forms of reasoning” (Feferman 2015, 21).

Given the priority assigned to the semantic perspective on logical constanthood, “[w]hat

is taken from the inferentialists [...] is not the thesis as to meaning but rather their formal analysis

of the essential principles and rules which are in accord with prior semantical explanations and

that govern their use in reasoning” (Feferman 2015, 21). More precisely, in devising his criterion

he adopts from the inferentialists the idea that the uniqueness of a notion is a central aspect of

its logicality.127 Following the insights of Zucker (Zucker 1978), Feferman accepts that a crucial

125Cf. also (Feferman 1999).
126“Their meanings may be the primitives of our reasoning in general, including “and”, “or”, “not”, “if ... then”,

“all”, “some” – or they may be understood informally like “most”, “has the same number as”, etc., in a way that
may be explained precisely in basic mathematical terms.” (Feferman 2015, 21)

127See (Feferman 2015, 21): “the Introduction and Elimination Rules for each logical operation of first-order logic
implicitly characterize it in the sense that any other operation satisfying the same rules is provably equivalent to
it. That unicity will be a key part of our criterion for logicality in general.” This is the most prominent principle
that Feferman adopts from the inferentialists, relating to the fact that the proof-rules for the logical operations of
standard first-order logic implicitly characterise these operations uniquely, in that any two operations satisfying the
same proof-rules can be proven equivalent; see (Feferman 2015, 21) crediting (Zucker and Tragesser 1978; Zucker
1978). For an extensive discussion of proof-theoretic ways of giving formal expression to the idea of uniqueness, see
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condition for a notion to be considered logical is that its meaning be ‘completely contained’ in

its axioms and inference rules, – that its rules and axioms ‘fully determine’ this meaning, – and

that more than mere consistency128 with the rules is required.129 While the semantic part of

Feferman’s criterion is “provided by Lindström’s generalization of quantifiers” (Feferman 2015, 20),

its inferential component relies on a notion of uniqueness, and, in particular, Zucker’s constraint of

implicit definability – the demand that a logical constant must be implicitly defined by its axioms

and inference rules. Since Feferman regards “the meaning of a quantifier to be provided from the

outside so to speak, i.e., to be given in model theoretic terms prior to the consideration of any

rules of inference that may be in accord with it” (Feferman 2015, 28), his implementation of the

demand for uniqueness cannot be met through a purely inferential conception of uniqueness, such

as, e.g., mere interderivability, and has to be sensitive to the pre-given model-theoretic ‘meanings’

of the constants under consideration. A standard model-theoretic analysis of the notion of implicit

definability is the following:130

For languages L and L+, a theory T in L+, and a symbol Λ of L+, we say that Λ is
implicitly defined by T in terms of L, if, whenever we have models M, N of T with
M|L = N|L: ΛM = ΛN .

It is indeed this kind of characterisation that Feferman, following Zucker, opts for in order to

capture the uniqueness-constraint. Taking this feature, motivated by inferential characterisations

of the logicality of the standard first-order operations, as a desideratum for the logicality of operators

in general, Feferman then asks which first-order quantifiers, in the context of a suitable meta-theory

for axioms and proof-rules, are characterised uniquely in this way.

In order to apply his analysis and to investigate the question of what are all the logical

notions obeying the uniqueness-constraint interpreted as implicit definability, Feferman considers

a second-order language L2(Q) with quantifiers ranging over individuals, propositions, and n-ary

relations. L2(Q) contains all the usual connectives and quantifiers of standard first-order logic and

possesses, in addition to the second-order universal and existential quantifier-symbols, a second-

(Humberstone 2011, Chapter 4.3).
128If ` is a consequence relation andM a model, we say thatM is consistent with ` if, whenever Γ ` ϕ, ifM |= Γ,

then M |= ϕ. Analogously, we say that a model M is consistent with a set of rules if M is consistent with the
consequence relation presented by the rules.

129See the ‘basic assumption’ of Zucker (Zucker 1978, 518).
130See, e.g., (Hodges 1997, 149). Here, M|L is the reduct of M to a signature in L and, for a symbol c, cM is c’s

interpretation in M.
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order relation constant Q (of a fixed adicity) as its only non-logical symbol131. The rationale for

considering and adopting such a language is that, taking the usual operations of first-order logic

for granted, it is then possible to capture all potential inference-rules and axioms of a first-order

generalised quantifier by a sentence of L2(Q) in a canonical manner (so long as it possesses a finitary

axiomatisation), allowing us to talk about inference-rules in the object-language132 and making this

talk receptive to the application of the notion of implicit definability as outlined above.

For example, the universal quantifier ∀ can be given by the following inference-rules in a

sequent-framework:133

∀xPx ` p(a)
r ` p(a)

∀R; a not in conclusion
r ` ∀xPx

Sequentially formalising both ` and sequent-transition as →, replacing ∀ by Q and universally

quantifying all parameters, we can express the rules for universal quantification by the following

single sentence (U)134 of L2(Q)135:136

(U) ∀X1∀X0[(∀x(X0 → X1x)→ (X0 → Q(X1))) ∧ (∀x(Q(X1)→ X1x))]

So far, modulo choice of inferential framework, the procedures of Feferman and Zucker are identical.

Where the proposals diverge is in terms of their choice of a semantics for their second-order meta-

theory for first-order inference rules. While Zucker opts for a full semantics for the second-order

language he considers, Feferman’s meta-theory is more modest in that he uses a Henkin-style

semantics137 for L2(Q) in which the second-order relation variables can range over any collection of

relations of the appropriate adicity over the domain. The choice of such a permissive semantics for

L2(Q) is essentially shaped by adhering to, what Feferman calls, the Locality Principle, according

131To simplify, we assume in the following that Q is monadic. For details of the language see (Feferman 2015).
132See (Feferman 2015, 23).
133See (Feferman 2015, 22).
134X1 is a predicate variable which gets assigned subsets of the domain, X0 is a sentence variable which gets assigned

truth-values; see (Feferman 2015) or the Appendix for details. (U) is formulated so as to mimic the usual introduction
and elimination rules for ∀ provided above, though it could be further simplified.

135Zucker’s and Feferman’s projects differ slightly but importantly in their respective goals; while Feferman aims
to formulate a criterion of logicality, Zucker’s goal is to show that the classical logical constants suffice in a strong
sense for the language of classical logic. Thus, while Zucker is interested in the ability of the standard constants to
capture all other potential logical operations (to be adequate for classical logic), Feferman, importantly, must also be
concerned with grounding the logical status of members of the set of constants of L2(Q). We will return to this point
below.

136See (Feferman 2015, 22).
137In a full semantics the second-order variables range over all possible relations of appropriate adicity over the

domain, i.e., the complete power-set of the appropriate cartesian product of the domain. In a Henkin-style semantics
second-order variables may range over subsets of this power-set; see, e.g., (van Dalen 2008, 143ff.).
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to which whether a quantifier applies to a tuple of relations of appropriate adicity depends only on

those relations and the domain they are from, and not on which relations exist in general over the

domain.138 Given a generalised quantifier Q, i.e., a class of relational structures, the meaning of

Q in an L2(Q)-model M, QM, is then naturally taken to be the restriction of its (local) meaning

Q(M) on domain M to the appropriate domain(s) of relations that are taken to ‘exist’ in M.

Adapting the demand of uniqueness, considered a necessary condition for logicality and

implemented as implicit definability, to this framework Feferman states that “the criterion for

accepting a quantifier Q given by such rules is that they implicitly define [Q(M)] in each model

of A(Q) [the L2(Q)-sentence formalising the inference-rules of Q] (more precisely, the restriction

of [Q(M)] to the predicates of the model)” (Feferman 2015, 24). That is, Feferman’s Semantical-

Inferential Necessary Criterion for Logicality139 asserts that:140

A global quantifier Q of type 〈k1, . . . , kn〉 is logical only if there is a sentence Λ[Q] of
L2(Q), s.t. for each L2-modelM, Q(M) is the unique solution of Λ[Q] when restricted
to the predicates of M.

Feferman’s criterion thus amounts to the following: a quantifier Q is logical only if there exists a

sentence Λ[Q] of L2(Q), s.t., for all L2-models M,

(F1) QM is a solution to Λ[Q] in M, i.e., 〈M,QM〉 |= Λ[Q]; and

(F2) QM is the unique solution,

where (F2) is captured by the demand that Λ[Q] implicitly define Q in the model-theoretic sense

given above.141 Taken together, (F1) and (F2) say that Λ[Q] uniquely determines QM as semantic

138Feferman takes himself to be keeping with Lindström’s original idea concerning generalised quantifiers (Lindström
1966) in respecting such a constraint; see (Feferman 2015, 20/23).

139Feferman states it only as a necessary, and not as a necessary and sufficient criterion, because he remains skeptical
that certain mathematical notions definable in FOL (such as the concept of a group, for example) should qualify as
logical, as they would according to his criterion. In order to exclude these cases, and to make his criterion sufficient
for logicality as well, he says his account would have to be supplemented by an analysis of what would constitute
axioms and rules for a quantifier that determine it uniquely; see (Feferman 2015, 28/29). Without such an analysis
and appropriate amendment to the criterion, it is only proposed as a necessary condition on logicality.

140See (Feferman 2015, 24).
141(F2), as a semantic implementation of the uniqueness-constraint, relates to and encompasses the syntactic con-

ception of uniqueness as, e.g., interderivability, in the sense that, if a quantifier Q is implicitly defined by a sentence
Λ[Q], then

(Λ[Q] ∧ Λ[Q′])→ (Q(X)↔ Q′(X))

will hold. Thus, implicitly defined quantifiers preserve uniqueness in the sense of interderivability (relative to their
implicit definition), though this interderivability might be established model-theoretically, rather than derivationally;
see (Feferman 2015, 22).
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value for Q on each L2-model M. When both conditions hold, we say that Λ[Q] implicitly defines

Q.142

With this framework in place, the question of “the use of axioms and rules of inference

for a quantifier Q that completely govern its forms of reasoning” (Feferman 2015, 24) has been

translated into “[w]hich quantifiers Q in general have formal axioms and rules of inference that

uniquely characterize it” (Feferman 2015, 22) and becomes: for which values of Q is there a sentence

of L2(Q) that is ‘solved’ by such a value, and which that sentence implicitly defines? Feferman

(Feferman 2015, 24ff.) answers that question by showing that whenever a quantifier Q satisfies his

criterion it is equivalent to a quantifier definable in standard first-order logic:

Theorem (Feferman 2015): Suppose Q is a quantifier satisfying (F1) and (F2). Then Q is equiv-

alent to a quantifier definable in FOL.

5.3.4.1 Comparison of (Zucker 1978) and (Feferman 2015)

We will present our criticism of Feferman’s account, pointing out what we take to be

substantial shortcomings of his approach in providing a proper criterion of logicality, in the next

section, but it is worth pausing at this point and to compare Zucker’s and Feferman’s respective

proposals, notwithstanding their different goals. For while there are many similarities in their

approaches, which allows many of the criticisms voiced in the next section to directly carry over

from Feferman to Zucker, there are also important differences which we take to indicate a lack

of conceptual sharpness in the implementation of the basic idea underlying both their accounts.

Such a comparison is further warranted by the overall result of Feferman’s and Zucker’s accounts;

despite technically interesting differences both converge on the result that FOL occupies a privileged

position among (classical) logics.

In comparing Zucker’s with Feferman’s approach we will focus on Zucker’s account of

the adequacy problem for the first-order case, which is most relevant for present purposes. It is

important to note in this context that his overall strategy when considering first-order contexts is

structurally identical to his strategy for the higher-order case, but required important modifications

142Note that we here, in accordance with Feferman’s account, shift emphasis from the definability of a symbol, to
the semantic value of that symbol.
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in its precise implementation due to the lack of expressive resources when moving from higher- to

first-order languages. Given that the overall procedure is motivated by its higher-order application

and its subsequent breakdown in the first-order case, necessitating a change in the precisification

of the core concept of implicit definability (modifying it to strong implicit definability), one might

already suspect the existence of conceptual issues pertaining to the applicability of his account

‘across the board’, an impression which is only strengthened when considering that the approach

proved completely infeasible for the second-order case. Even if the first- and second-order applica-

tions are only a special case of his overall criterion, the non-uniformity of the implementation of

the notion of implicit definability seriously calls into doubt its adequacy.

Conceptually, the basic difference between Feferman and Zucker stems from a change in

perspective. Whereas the notion of inference is still the starting point for Zucker’s take on logicality

and meaning, Feferman assigns priority to the semantics: “One basic conceptual difference that I

have with Zucker is that he regards the meaning of a quantifier to be given by some axioms and

rules of inference, provided these uniquely determine it on an inferential basis, where I assume that

its meaning is specified semantically” (Feferman 2015, 20). Thus, “one essential difference I have

with Zucker is that I regard the meaning of a quantifier to be provided from the outside so to

speak, i.e., to be given in model theoretic terms prior to the consideration of any rules of inference

that may be in accord with it” (Feferman 2015, 28). As mentioned above, this shift in perspective

is what renders Feferman’s approach denotation-based, whereas Zucker’s could still justifiably be

classified as inference-based.

Nonetheless, Feferman himself takes his criterion to constitute an attempt at an improve-

ment of “one originally proposed by Zucker” (Feferman 2015, 19) and sees himself following a

similar overall strategy. What is most centrally common to both approaches (and sets them apart

from the kind of criterion we wish to advance in the next section) is the idea that in order to de-

termine which inference rules uniquely characterise/determine a logical operation one has to ascent

to a meta-language in which to be able to talk about such inference rules. In the case of first-order

rules, both adopt a second-order language as appropriate medium of formalisation. Furthermore,

both approaches acknowledge the centrality of the concept of uniqueness for logicality (shared with

almost all other combined approaches to logicality, including our own), and implement it via the

notion of implicit definability.
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Here, however, the accounts diverge. For while Zucker adopts a notion of implicit definabil-

ity based on unique determination by the first-order instances of second-order rule schemata (strong

implicit definability), Feferman considers implicit definability by means of those second-order rule

schemata directly. This is closely connected to the difference in their choice of second-order lan-

guage for talking about rules. For while both adopt the same syntactical framework, they differ in

their choice of semantics for the language. Zucker opts for a full semantics, rendering the relevant

concept of validity basically higher-order, whereas Feferman, on the basis of a locality constraint,

adopts a very weak second-order semantics; weaker, in fact, than standard Henkin-type seman-

tics.143 Zucker thus combines a full, second-order semantics with a first-order account of implicit

definability (albeit via a detour through a second-order language), whereas Feferman combines

a weak, Henkin-type semantics with a second-order account of implicit definability: while Fefer-

man strengthens the notion of implicit definability and weakens the semantics of the language,

Zucker does the opposite; we are confronted with a choice between second-order schemata plus

weak semantics vs. first-order instances plus full second-order semantics. Curiously, this rever-

sal in strength does not appear to make a(n extensional) difference, possibly indicating a robust

underlying intuition, for both accounts (claim to) achieve the same result – both delineate FOL.144

Pertaining to the idea that in order to determine which (first-order) inference rules unique-

ly characterise a denotation one has to switch to a second-order framework in which to talk about

such rules, we encounter the same kind of harmful circularity induced by having to use some of the

expressions and operators whose unique determination is being assessed in the formalisation of the

relevant rules in both Zucker’s and Feferman’s account. Both proposals appear to presuppose a

certain stock of logical/privileged expressions that are being used and assumed by the very criterion

that articulates the standard of assessment for the logicality of an expression, and whose logicality

is itself in question and to be established. This is the case due to recourse to a higher-order language

which itself contains some of the expressions (e.g. propositional operators, first-order universal and

existential quantifier) whose logicality is to be established on the basis of the proposed criterion. It

thus remains unclear that their status as logical can be justified on the same basis as that of other

143See (Feferman 2015, 24).
144Adopting Zucker’s higher-order account for the first-order case, i.e., demanding higher-order implicit definability

in addition to a full semantics would, most likely, jettison the result that the constants of FOL are adequate for
first-order languages, which appears to be a core concern of both Feferman and Zucker.
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constants assessed by means of the criterion. This apparent circularity was already indicated by

emphasising the relativity of Zucker’s proposal to the choice of a basic set of operators (Sc), and

we will return to the issues associated with it in Feferman’s account below.

5.3.5 Criticism of Feferman’s Criterion

Feferman’s criterion has much to recommend itself: not only does it deliver a mathemat-

ically precise demarcation of the logical second-order predicates in terms of the purely logical part

of a second-order language whose choice rests on its ability to properly talk about inference-rules,

but it also justifies the intuition “that the classical first-order predicate logic has a privileged role

in our thought” (Feferman 1999, 32). However, while remarkable in its elegance, simplicity, scope,

and results, there is also something deeply unsatisfactory about it. This discomfort stems from the

fact that, in effect, all the criterion tells us is that nothing is logical beyond the operations already

presupposed as logical in the formulation of the criterion (and those notions definable in terms of

them). This is the case because in re-writing inference rules as higher-order sentences of L2(Q)

it is necessary to make use of first- and higher-order constants, such as the quantifiers, thereby

engendering an impression of circularity: “in a suitable metatheory for axioms and rules in which

we take all the connectives and quantifiers of FOL for granted” (Feferman 2015, 22, our emphasis)

and “[t]aking for granted that the standard operations of FOL are logical” (Feferman 2015, 28).145

Yet, the criterion does not tell us anything about why these presupposed notions qualify

as logical in the first place, and especially why the universal and existential quantifier occupy

the special position they do with regard to logicality among all the other second-order predicates.

Feferman’s criterion thus collapses into another form of ‘if-then-ism’ for type-level 2 expressions: if

we accept the standard first-order quantifiers as logical, then nothing will be logical apart from them

and notions definable in terms of them. This still is informative, since we might have discovered

that if we accept the standard first-order quantifiers as logical, some other non-first-order definable

operations are as well, but one might wish for more. Contrariwise, while it might be considered

a non-starter to even question the logicality of ∀ and ∃, this misses the point that what we are

145See also (Feferman 2015, 22): “If we accept → as a basic fully understood logical operator...”. Compare this
with (Zucker 1978, 519): “We assume [...] that the status of the members of Sc [the classical first-order constants]
[...] is not in doubt [...].” Of course this assumption has different weight in Zucker’s project which does not primarily
deal with the question of the logicality of the classical constants, but rather with whether that set of constants is
adequate.
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asking for in a criterion of logicality is, next to a precise demarcation, a set of informative constraints

providing a justification for why certain expressions qualify as logical and others do not. Feferman’s

criterion, however, does not address the question of why the standard first-order quantifiers are

special in this way in terms of the criterion he provides. His approach appears to thereby jettison

the request for uniform treatment in the determination of the logical expressions of a language.

For this reason we do not think that Feferman’s criterion fully meets the explanatory demand

associated with a criterion of logicality. Due to presupposing the logicality of some notions of the

same type as those falling under the criterion it remains incomplete.

In order to make this issue more vivid, we shall twist Feferman’s criterion and ask what

happens if the first-order existential and universal quantifiers were not granted special status, but

were judged by the same principles that are applied to other putative logical constants. We now

want to ask in how far Feferman’s criterion can justify the special status assigned to the first-order

universal and existential quantifiers that feature so prominently in its formulation; i.e., whether

the universal and existential quantifiers are actually logical according to his own criterion. We thus

turn Feferman’s criterion on the expressions whose logicality it takes for granted themselves, and

ask whether they qualify as logical according to it.

At first blush, it seems easy to show that the universal quantifierQ(M) = {M} is implicitly

defined by the sentence (U) of L2(Q) that Feferman proposes146 and therefore qualifies as logical.

More precisely, let

(U) := ∀X1∀X0[(∀x(X0 → X1x)→ (X0 → Q(X1))) ∧ (∀x(Q(X1)→ X1x))]

and consider a (normal) L2-structure M, where a normal structure is a structure in which the

interpretation of the first-order universal quantifier is the usual one, that is ∀(M) = {M} for all

domains M . Then,147

Proposition 1: Over normal structures, (U) implicitly defines Q(M) = {M}.

As a logicality certificate, this is not fully satisfactory, in so far as the result is obtained by making

essential use of the fact that the universal quantifier occurring in (U) already possesses its standard

146See (Feferman 2015, 22).
147Proofs and full definitions for the formal results of this chapter are included in the Appendix.
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interpretation – the universal quantifier Q(M) = {M} is logical when a universal quantifier ∀ is

already there as a logical constant. To break the circularity, it is worth asking whether Feferman’s

criterion would still deliver adequate results for the universal and existential quantifier when their

standard interpretations are not taken for granted and already assumed from the outset. To this

end we move from normal structures to general structures, i.e., structures for L2(Q) in which the

interpretation of the universal quantifier is allowed to vary.148

This does not impose an undue demand on Feferman’s criterion, trivialising the present

attempt, and entails that ‘any interpretation goes’, however. A motivating aspect of a combined ap-

proach consisted in acknowledging that inference rules can constrain the meaning of the expressions

whose behaviour they describe in a way that restricts the possible range of interpretations they

might receive. In keeping with the previous, a proponent of a combined approach is thus only com-

mitted to allowing interpretations of the logical expressions that are consistent with the inference

rules she takes to be appropriate for an expression. What we are thus asking is whether Fefer-

man’s criterion delivers a correct account of the model-theoretic meaning of the standard first-order

quantifiers if their ‘intended’ meaning is not presupposed from the outset, but the space of possi-

ble interpretations restricted to those that are ‘inferentially indistinguishable’, and thus acceptable

from a syntactic point of view, from the intended interpretation. I.e., whether Q(M) = {M} is

still logical according to Feferman’s criterion if we do not presuppose the standard meaning of the

universal quantifier, but merely demand that it obey Carnap’s constraint : that it respect standard

first-order consequence. That there are such non-standard interpretations of the quantifiers that

are consistent with standard first-order consequence (and thus with standard (single-conclusion)

inference rules) was already discovered by Carnap in his (Carnap 1943). The range of such in-

ferentially admissible non-standard interpretations has recently been characterised by Bonnay &

Westerst̊ahl (2016):

148It is important to mention and emphasise that we are doing injustice to and are, intentionally, misconstruing
Feferman’s overall account in the following, as we are, for now, ignoring his requirement that the criterion’s “semantical
part is provided by Lindström’s generalization of quantifiers” (Feferman 2015, 20). I.e., we are disregarding the
demand that candidate values for logical constants be isomorphism-invariant. With this additional condition the
general models we consider below would be ruled out from the beginning and would therefore not constitute the issue
for his account we make of them. We still believe that it is instructive to consider the results below, however, for they
not only reveal hidden assumptions and problematic presuppositions in Feferman’s account, but also illustrate the
general need for semantic constraints, in addition to robustly establishing that a semantically motivated constraint
is necessary for both, Feferman and our criterion alike, and thus that ascent to a second-order language does not
provide any advantage over remaining at the level of first-order rules.
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Theorem (Bonnay & Westerst̊ahl 2016): An interpretation ∀M of the universal quantifier is

consistent with `FOL iff it is a principal filter over the domain M .149

This result establishes that consistency with the rules for the universal quantifier is a much weaker

demand than the presupposition of its full standard meaning (pointing to an asymmetric rela-

tionship between the proof-theoretic and model-theoretic implementations of the uniqueness con-

straint). The claim here is not that Feferman has no recourse to the standard value of the universal

quantifier on his account. The claim is that as long as he does not indicate in virtue of what

the (first-order) universal quantifier in the meta-language qualifies as logical, his account remains

utterly uninformative and unexplanatory with respect to the reasons for the logicality of the uni-

versal quantifier of the object language.150 For the rules of universal quantification by themselves

do not implicitly define (in Feferman’s sense) the universal quantifier, as demonstrated by Bonnay

& Westerst̊ahl’s result.

Thus, allowing any unary generalised quantifier which is sound w.r.t. classical consequence

as an interpretation of ∀ we, unsurprisingly, obtain the following result:

Proposition 2: Over general structures, (U) does not implicitly define Q(M) = {M}.

When circularity is alleviated and the standard meaning of the first-order universal quantifier for

the meta-language in which inference rules are described is not presupposed, the universal quantifier

ceases to be implicitly defined by (U). Furthermore, the following proposition establishes that there

is no way in the current framework of L2(Q) to strengthen/replace (U) in such a way as to recover

the logicality of Q(M) = {M} when considering general structures, and thus that the non-logicality

of universal quantification under Feferman’s criterion with respect to general structures is not just

due to a bad choice of characteristic L2(Q)-sentence, but an inherent weakness of the framework:

149Where `FOL is classical first-order consequence. In the statement of the theorem, and this thesis more generally,
we restrict our attention to purely relational languages. Bonnay & Westerst̊ahl’s result is more general in that it also
applies to languages including terms, cf. (Bonnay and Westerst̊ahl 2016). We refer the reader to Chapter 6 where
we elaborate in more detail on this result.

150We will return to this criticism, and the question in how far it constitutes a fair objection to Feferman’s account,
below.
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Proposition 3: There is no sentence ϕ of L2(Q) that implicitly defines Q(M) = {M} over general

structures M.

Thus, if we demand only consistency with the rules instead of presupposing the standard meaning

of the universal quantifier in applying Feferman’s criterion, it is difficult to see why the universal (or

existential) quantifier qualify as logical on the basis of this criterion. On the other hand, Carnap’s

constraint appears to constitute the strongest well-motivated assumption about the meaning and

behaviour of the universal quantifier we are warranted in making if we wish to claim full generality

for Feferman’s criterion.

The difficulty encountered here might be blamed on Feferman’s strict interpretation of the

Locality constraint, according to which any subset of the totality of relations over a domain M can

form a licit second-order domain of a model, and which thereby grounds the choice of Feferman’s

extremely permissive and weak semantics for L2(Q). This intuition is further supported by an

observation of F. Engström (Engström 2014), that the scope of Feferman’s criterion, delineating

FOL, has little to do with any actual content of the criterion itself, but is purely due to the choice

of the extremely weak semantics, which, if motivated by the Locality constraint alone, stands

on wobbly feet. Engström’s result puts further pressure on the choice of semantics for L2(Q)

and reinforces our initial dissatisfaction with the somewhat uninformative output of Feferman’s

criterion.

To strengthen the semantics one could instead, as suggested by F. Engström (Engström

2014), require that the existence of at least some relations in this domain be guaranteed. A canonical

way of doing this consists in requiring the validity of all instances of the Comprehension Schema151

(Comp) ∃Xn∀x1 . . . ∀xn[ϕ(x1, . . . , xn)↔ Xn(x1, . . . , xn)]

This ensures the existence of at least all parametrically definable relations over a domain M ,

weakening Feferman’s interpretation of the Locality Constraint. Let `2 be the consequence relation

for the resulting logic and call the structures for it, in which the interpretation of the universal

quantifier is allowed to vary respecting the constraints outlined above, general models.

151Where Xn is a variable of any adicity n, and ϕ a formula of L2(Q) in which Xn does not occur free (though
other variables may).
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The reasons for looking at models, rather than structures, are many: in general, allowing

any set of relations over a domain M to form the second-order universe of a structure results

in a rather misbehaved and disordered class of structures that lacks systematicity and nice logical

properties (such as, e.g., soundness for standard quantifier-rules, see below). Concerning the present

case, one might worry that it is these ‘pathological’ structures that make it impossible to have

a sentence that renders the universal quantifier logical, and that these models constitute unfair

counter-examples given how ‘logically unconstrained’ they are. Further support for the switch from

structures to models derives from the fact that it ensures the soundness of the standard quantifier

rules for the second-order quantifiers:152

ϕ
∀-I∀Xnϕ

∀Xnϕ
∀-E

ϕ∗

ϕ∗
∃-I∃Xnϕ ∃Xnϕ

[ϕ]

...
ψ
∃-E

ψ

where, in ∀-I and ∃-E, Xn may not occur free in any open assumption used in the derivation of ϕ,

and ϕ∗ is obtained from ϕ by replacing Xn(t1, . . . , tn) by an appropriate formula ψ(t1, . . . , tn) in

ϕ. These rules were not sound w.r.t. to Feferman’s weak semantics, since nothing guaranteed the

inclusion of all first-order definable sets in the respective second-order domains, thereby invalidating

∃-I and ∀-E.153 Given the status of soundness, as a coherence-constraint on the interaction of

inference and semantics, this violation is highly problematic: it implies that inference did not

cohere correctly on Feferman’s original account, thereby compounding the lack of motivation of his

choice of semantics.

A minimal constraint on admissible models might thus be that any adequate class of mod-

els respect the standard rules of inference for the logical constants of a second-order language and

that, therefore, the proper class of models contains only Henkin-models, or what we here call, when

allowing for the interpretation of the universal quantifier to vary, general models. However, while

152See, e.g., (van Dalen 2008, 145).
153Another way of seeing this relies on the fact that Comp is derivable from ∃-I, but clearly not valid in all structures;

see (van Dalen 2008, 145/146).
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these might be good reasons for looking at models, rather than structures, this switch, unfortunately,

does not mitigate the problem we are concerned with:

Proposition 4: There is no sentence ϕ of L2(Q) that implicitly defines Q(M) = {M} over general

models M.

While it might in principle be possible to find restrictions on the class of models that render the

standard quantifiers logical according to Feferman’s criterion, the above exclusion of some of the

most natural constraints calls into doubt the availability of philosophical motivations for potential

additional restrictions, while maintaining some version of the Locality Constraint. The next step

would be to move to full models, i.e., models whose second-order domains consist of the complete

power-set of the domain and therefore contain all possible relations over the domain. Note that,

despite arguably conflicting with Feferman’s interpretation of the locality requirement, this move

is supported by another feature of his account, namely the assumption that the semantic part of

his proposal derives from Lindström’s generalisation of the first-order quantifiers (we will address

our neglect of this feature of Feferman’s account shortly). Part of Lindström’s conception of what

is a quantifier was the requirement that anything to qualify as such be closed under isomorphism.

However, the second-order quantifiers used in the criterion, neither on Feferman’s original semantics

nor on the strengthened Henkin-semantics, respect this demand (closure under definability falls, in

general, short of closure under permutation/isomorphism). Hence, it appears, the notions used by

his criterion do not possess the sort of invariance required by it. This shortcoming is remedied by

moving to full models. At present it remains an open question what would happen if we were to move

to full models, and in how far this would alleviate the underdetermination in an acceptable manner

(though it is very plausible that it would remove this kind of underdetermination completely).

However, moving to a full semantics entails loosing our ‘inferential grip’ on consequence: Full

second-order logic is essentially incomplete and one would thus ground one’s understanding of first-

order consequence, as based on first-order logical constants, on a grasp of inferentially inaccessible

higher-order validity. Just as in Zucker’s account, the ‘conceptual costs’ of this sort of move seem

prohibitive.

To sum up: we have accused Feferman’s approach of a kind of circularity which threatens
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to undermine his criterion, presupposing the logicality of the kind of notions that it outputs as

logical. We have criticised his semantics on account of its uninformative output and the fact that

its choice violates core constraints of Feferman’s own and combined approaches to logicality in

general: (i) the second-order quantifiers would not pass his test given their lack of closure under

isomorphism, and (ii) inference does not cohere correctly with the chosen semantics. These features

of the criterion are problematic according to Feferman’s very own standards. Feferman’s position

thus emerges as motivationally unstable or, as we will argue now, in the very least incomplete.

What the above results show is that it is problematic to apply Feferman’s criterion (or at

least that part of it which we treated in isolation here) to the notions it presupposes as logical while

maintaining their logicality. It does not appear to deliver a good explanation and justification of

why these notions should be regarded as logical according to its own standards, when considered

without the additional semantic constraint Feferman proposes. Does this mean that Feferman’s

combined approach fails at recognising the logicality of the universal quantifier? When the semantic

constraints boil down to consistency with the rules and when the circular presupposition of a

standard universal quantifier in the meta-language is dispensed with, this is indeed established by

the results.

To be fair to Feferman, however, his criterion is meant as a way to tell apart logical and

non-logical quantifiers, as clearly stated in the title of his paper, “Which Quantifiers are Logical?”,

where the definition of a quantifier is provided by Lindström’s generalisation of the first-order

quantifiers (Feferman 2015, 20). Non-standard interpretations consistent with the rules may not

be Lindström quantifiers, which encapsulate an invariance requirement. Thus, one could reply that

the upshot of the previous propositions should be reconsidered when available interpretations for

the universal quantifier are restricted to Lindström quantifiers. Indeed, as we shall see in Section

5.4, invariance under bijection successfully supplements consistency with the rules to establish

uniqueness. The problem, however, is that Feferman’s set-up covers up the role played by invariance

in fixing the interpretation of quantifiers, getting implicit definability in an all too easy and circular

way. In order to get the combined approach straight, implicit definability and invariance under

bijection need to be put on an equal footing, and standard meanings must not be presupposed.

There are furthermore serious doubts that implicit definability (in the model-theoretic sense) is
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the ‘right’ implementation of the uniqueness constraint in a first-order framework.154 This issue is

exacerbated by the fact that no analysis is given of the motivation behind taking up the constraint

of uniqueness via L2(Q) as an appropriate language with respect to which logicality is evaluated,

other than that it is sufficient to describe the kind of inference rules Feferman has in mind in a

manageable format. However, mere sufficiency does not guarantee that it is a well-motivated pick.

This becomes especially obvious in the choice of semantics for L2(Q), where multiple possibilities

seem equally defensible. Moreover, in how far proof-theoretic uniqueness provides an inspiration

for, or justifies, L2(Q) remains tentative at best. This warrants the formulation and exploration of

an alternative criterion, taking a more direct take on unique determination, which is the line we

shall pursue next.

5.4 A Novel Combined Criterion for Logicality

Our motivation for proposing another, novel, combined criterion for logicality derives

from the desire to overcome the various shortcomings diagnosed among the previously presented

criteria. We share many of the central insights that gave rise to their formulation, but oftentimes

disagree with their formal articulations, believing that they fall short of fully implementing the

principles they build on. In particular, we think that criteria which have privileged inference over

semantics, considering the latter as merely superimposed on the syntactic framework and deriving

its legitimacy from the syntax, have not given sufficient credit to properly semantic features in the

characterisation of logicality. On the other hand, the denotation-based approaches considered in

the previous section fall, in our opinion, short of adequately capturing the uniqueness-constraint,

and with it the basic idea of ‘characterisability by inference’. These deficiencies we set out to

remedy in the present section, resulting in our formulation of CCL – a combined criterion of

logicality. We further trace out some of its consequences, considering, by way of example, some of

154What enables Feferman’s criterion to implement the uniqueness-constraint in full generality is not the ‘conceptual
richness’ of the criterion itself, but rather the expressive poverty of the language and meta-theory in which the criterion
is formulated. This puts a lot of pressure on the choice of L2(Q) as appropriate language to determine logicality,
and little is said by way of justifying this choice other than that it is expressively sufficient for the purposes at hand.
Other than constituting a rich enough language to formalise inference rules for first-order notions, L2(Q)’s status
and relevance to the concept of logicality remains, unfortunately, underdetermined. One upshot of our alternative
criterion proposed below is precisely that such an ascent to a higher-order language is unnecessary to fully satisfy the
uniqueness-constraint. (See also Chapter 8 for a criticism of implicit definability as an adequate implementation of
the inferential uniqueness constraint.) We believe that the core defect of the combined criterion proposed by Feferman
lies in the lack of justification for the implementation of syntactic constraints adopted.
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the constants rendered logical by its light in Section 5.4.3, though we postpone a systematic study

of its scope until Chapter 6. We conclude this section with a comparison of Feferman’s criterion

and CCL, and discuss some of the (intensional) criticisms that have traditionally been advanced

against reference-based combined criteria of logicality.

Tarski’s model-theoretic definition of consequence was exceptional in that it did not simply

provide a definition of consequence for, or a way of generating valid arguments in, a particular given

language, but was applicable to all languages of a certain kind – it yielded a method for determining

consequences and validities, regardless of the language, so long as this language was of a certain form

and satisfied certain, extremely general constraints. In order to properly meet the challenge posed

by the demarcation problem of the logical constants, any criterion of logicality proposed to draw the

distinction between logical and extra-logical constants as it features in Tarski’s definition must do

the same, i.e., it must not just yield the intended division of the terms of any specific, particular

language, but must provide a method, applicable to a range of languages, ideally co-extensional

with the range of the model-theoretic definition.155

Our criterion is intended to meet that challenge, and to be regarded as a general method,

rather than an explicit account for any one particular language, applicable only to a certain setting

more limited than and not as broad as the scope of Tarski’s model-theoretic definition. In doing

this, however, two maxims conflict: on the one hand, we would like to present our criterion in

as much generality as possible. On the other hand, we wish to offer a concrete instantiation, to

illustrate its workings and enable assessment with respect to a well-studied case. In order to meet

the two conflicting goals we will first offer a separate, general formulation of the basic principles of

the criterion, a description of its ingredients, which are to be adapted and fleshed out depending

on the concrete make-up of the respective languages the criterion is being applied to. We will

then work out a concrete formulation applicable to a classical, first-order context, based on single-

conclusion consequence relations and a background theory of ZFC, and study the consequences

and scope of this concrete criterion. In doing so, we will often treat this particular concretisation of

the criterion as if it was the criterion we are offering, but it is important for the demarcation project

155We find here another limitation of Feferman’s proposed criterion, which crucially relied on the assumption that
inference rules be formalisable in L2(Q), without supplying an argument establishing that this boundary coincided
with the boundary drawn by Tarski’s definition. There are substantial reasons to believe that this is not the case,
for Feferman’s criterion must assume that all logical operators are finitely axiomatisable, whereas this presumption
appears to be lacking from Tarski’s model-theoretic account of consequence.
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to keep in mind that it is merely one particular instance of this more general method, instantiated

for the case of classical, first-order, extensional languages – the core object of study of the present

thesis. The method as outlined by the basic principles underlying our criterion is supposed to be

applicable to a wide variety of languages, adapted according to the relevant parameters of these

languages, and is thus supposed to be independent of any particular implementation. However, in

the following, we will often treat its explication to the context of interest – classical, extensional,

first-order, – as the criterion offered.

5.4.1 Inferential Constraints on Logicality (Once More)

The basic assumption underlying a combined approach is that inferential and semantic

constraints on what it is to be logical are both necessary to produce an adequate criterion of

logicality. Implicit in this conception is the conviction that both kinds of constraints operate

independently and essentially, – ‘on the same level’, – in the sense of being irreducible to one

another. The claim here is that logicality should not be analysed in either semantic or inferential

terms exclusively. It may be supported on the basis of logicians’ practice, for it is a fact to be

acknowledged that logical symbols show up as coming both with special semantic denotations

and with inference rules. Deciding that one of these two aspects should be discarded or reduced

to the other would be at odds with what logicians do.156 The claim may also be vindicated

on the basis of intuitions about logic. As discussed in previous sections, the logical part of our

vocabulary distinguishes itself both from a purely denotational perspective, – logical symbols having

denotations which are very different from those of other terms in being purely formal, – and from a

broader cognitive perspective, – logical symbols expressing concepts which shape our reasoning.157

Given the independence of the semantic and syntactic/inferential levels, we assume that

one component of a combined criterion of logicality will have to spell out the ways in which these

levels are to relate and interact, establishing in what way inferential behaviour and semantic values

156This fact cannot serve as conclusive vindication of our conviction, however. Actual practice might be more
reflective of pragmatic necessities or interests than of philosophical considerations. Moreover, reduction need not
imply triviality or loss of centrality. Nonetheless, we may glean from practice that it is preferable to treat both
methods as explanatory equals, rather than to subordinate one to the other.

157The, admittedly somewhat vague, connection between the syntactic mode of inference and reasoning stems from
the fact that the syntactic mode often allows for finitary, rule-based presentations. In generating a consequence
relation in this way we are thus not just considering the outcome of a reasoning process, the actual inference or
consequence, but also the process of reasoning itself, the step-to-step transitions of inferential steps.
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are to link up. We will call a constraint of this kind a coherence constraint, as it dictates the

conditions for semantics and syntax to cohere in the right way according to the account at issue.

A second component of a joint syntactico-semantic criterion will regulate the role inference

will play when it comes to logicality. Here, like the other combined criteria dealt with in the present

chapter, we focus on the property of uniqueness. In the context of model-theoretic semantics, and of

an approach that emphasises this feature of logical expressions, we are not talking about uniqueness

of inferential role, but of semantic value. Hence, in the current context, uniqueness is the demand

for inference(-rules) to uniquely determine the meaning/semantic value of the logical expression

whose inferential behaviour they characterise.158

As frequently noted above, the notion of uniqueness has played an important role in

inferential approaches to logicality. We will devote more time and space to a conceptual analysis

of this notion in Chapter 8, but wish to briefly characterise more clearly the kind of notion of

uniqueness at issue here. Given the emphasis on model-theoretic values of expressions on the

present approach, a purely syntactic conception of what it means to be unique would clearly fall

short. However, we also do not mean to suggest that purely semantic, invariance-based approaches

fail to uniquely specify their target notions – in providing set- or class-theoretic definitions of these

objects in the background theory of structure with its associated criterion of identity the notions

it treats are uniquely specified.159

Rather, the kind of uniqueness at issue here concerns uniqueness of ‘role-fillers’. Inferential

roles are syntactic objects that can be ‘filled’ by semantic, model-theoretic values. Any semantic

value w.r.t. which an inferential role, given by a consequence relation or a rule-based presentation

thereof, is sound, can fill the specified role. An inferential role uniquely determines a semantic value

(of a particular kind) if there is only a single value that can fill the respective role. A semantic value

can, derivatively, be called unique if there exists an inferential role for which it is the unique role-

filler. Uniqueness in our framework thus means unique determination by inference. A semantic value

is unique if it can be uniquely determined by an inferential role. A failure of uniqueness indicates

158This was also the original intuition underlying the choice of implicit definability to satisfy the demand of unique-
ness in Feferman’s criterion. However, this choice was problematic given the original constraint: on Feferman’s
implementation it is a higher-order description of inferential behaviour, rather than that inferential behaviour itself,
that uniquely determined. Part of our goal is to fix this shortcoming and avoid the detour through a second-order
language for talking about inference.

159Though we remarked in Chapter 3 that the invariance-based approach might overgenerate here and qualify as
logical notions that remain, in a strong sense, indefinable.

279



the non-existence of an inferential role uniquely determining it. Purely semantic approaches fail

to achieve uniqueness, in our sense, in that they count as logical notions which do not possess

inferential roles that uniquely specify them – their roles can be filled by multiple candidates none

of which can be distinguished from the other purely in terms of its inferential behaviour. In other

words, the question for proponents of purely semantic approaches becomes: in virtue of what do the

logical expressions on a semantic approach denote the respective logical values uniquely? In virtue

of what do they denote the value they denote, and not another that is inferentially indistinguishable

from it?

Given the foregoing, it is already conspicuous that the supplementation of the demand of

uniqueness with further semantic constraints is necessary in order to determine or fix the meaning

of even the basic propositional operators of FOL. For Carnap’s Problem, the systematic study of

which we postpone to Chapter 7, rears its ugly head immediately, causing the failure of unique

determination for all but one of the usual constants of FOL. This further underlines the indepen-

dence of semantic and syntactic constraints – it is infeasible to just demand unique determination

by rules; by themselves rules are not sufficient, in general, to fix a unique semantic value and to

resolve Carnap’s Problem. Carnap’s Problem demonstrates that it is necessary to impose further

semantic constraints if uniqueness of semantic value is sought. In our case, these semantic con-

straints will take the shape of invariance-requirements, connecting up with the semantic tradition

outlined in Chapter 3.

In a slogan, the previous could be summarised as follows: Carnap’s Problem shows that it

is not possible to base a criterion on the demand of simple categoricity – therefore, no categoricity

without invariance.

5.4.2 Formality and Categoricity: A Novel Criterion

We are now ready to state the combined criterion we have been aiming for. Given the

basic assumption that independent semantic and inferential constraints are to play a role in the

statement of such a criterion, our conceptual take on what makes an expression logical consists in

the following three principles:

(coherence) Logical symbols are identified both in terms of inferential behaviour and semantic
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denotation; inferential behaviour and semantic denotation must fully cohere.

(formality) Logical symbols have purely formal denotations.

(analyticity) The denotations of logical symbols are fully determined by their inferential be-

haviour160.161

Coherence serves to regulate the interaction between the syntactic and semantic levels, between

inference and semantic value, to make sure that their interplay is ‘harmonic’ and synchronised,

rather than completely disconnected. Formality is what logicality amounts to at the semantic

level. Logical symbols do not denote any kind of operation, they denote formal operations which

do not say anything about any object in particular. Analyticity is what logicality amounts to at

the level of sense. Logical symbols are tools in reasoning, there is nothing more to what they are

than their behaviour in inferences, so that that behaviour should suffice to fix their denotation.

Note that formality and analyticity are to be thought of as complementary rather than

redundant. Analyticity should not be reduced to formality. One may consider expressions endowed

with formal denotations which could not be grasped solely by means of inference rules determining

their role in reasoning. An example of such an expression is ‘being uncountable’ which, as we

will show below, is formal but not analytic in our sense. Neither should formality be reduced to

analyticity. One may, for example, fully specify by fiat that a predicate applies to this and only to

this object. Such a predicate would qualify as purely analytic but not as formal.162

Spelling out what these three principles – coherence, formality, and analyticity, – amount

to formally when given a particular language/logic will yield the precise implementation of the

components of our criterion for the particular case at issue and output a division of terms into those

deemed logical, and those considered extra-logical for the language and logic under consideration.

Thus, understanding what the three requirements mean, how they are best understood in the

160In the sense that, in the specific framework adopted below, there is at most one (logical) denotation described by
that behaviour, i.e., that is sound w.r.t. the inferential behaviour of the expression. See below for formal specification.

161The thought underlying the choice of label was the following: if a sentence ϕ expresses a logical truth, then ϕ
is true in virtue of the meaning of the logical expressions occurring in it. On our account, the meaning of a logical
expression is determined by its inferential behaviour (together with the general structure of the semantic framework).
Therefore, (analyticity) ensures that ϕ is true in virtue of the inferential behaviour of the logical expressions occurring
in it; cf. also (Boghossian 1997; Boghossian 1996).

162We can think of, for example, an interpreted language equipped with a constant symbol a, interpreted by an
object a. One can then fix the interpretation of P inferentially by demanding consistency with ∀x (Px ↔ x = a).
The interpretation of P is categorically fixed as {a}, yet P is not invariant under permutation.
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context of a particular logic or language, will move one from general method to concrete criterion.

Some of the parameters that need to be settled when applying the method include

(i) Choice of an appropriate background-theory of structure, providing the space of semantic

values for the expressions of the language under consideration. E.g. ZFC, NBG, PA, HA,

PRA, etc.163

(ii) Choice of the right format for the consequence relation. This includes both its formal pre-

sentation, e.g. single-conclusion vs multi-conclusion; size of sets of premises and conclusions,

etc., as well as what it intends to capture, e.g. truth-preservation, preservation of warrant to

assert, interaction of assertion and denial, etc.

(iii) Choice of an appropriate invariance-relation (or something similar) to capture what it means

to be formal. E.g. invariance under isomorphisms, permutations, homomorphisms, potential

isomorphisms, injections, computable homomorphisms, bisimulations, etc.

Further decisions to be made include what it means to cohere in the context of the logic under

consideration, i.e., what kind of property is preserved by consequence (truth, validity, resource-

use, etc.) for that logic, as well as what unique determination amounts to in the context of the

framework under consideration – whether it is, e.g., uniqueness of inferential role which might be

spelled out purely proof-theoretically through the notion of interderivability, or whether unique-

ness concerns truth-conditions, or something else entirely. Of course, these various choices will be

interdependent. What needs to be determined uniquely in each case is the meaning of an expres-

sion. What that meaning consists in, however, or how it is formally represented, will differ and

determine the right way to assess the uniqueness at issue. When meaning is syntactic, for example,

interderivability guarantees unique determination. When meaning is model-theoretic, however, we

demand categoricity – the unique determination of a single model-theoretic value (of a particular

kind) by its inferential role.

The overall framework presented here is designed to accommodate the assumption of

various possibilities for the parameters used in the formulation of the criterion above. It is extremely

important to keep in mind that what is the ‘right’ choice of the various parameters depends on

the logic/language under consideration – what is the right understanding of formality in a classical

163Zermelo-Fraenkel set theory with the axiom of choice, Neumann-Bernays-Gödel set theory, Peano Arithmetic,
Heyting Arithmetic, Primitive Recursive Arithmetic.
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extensional context need not be the correct understanding in an intuitionistic, or modal context,

for example, – and is highly variable from case to case.164

Leaving this general account as vague as it is at this stage we will now turn toward the

particular case we are most interested in in the context of this thesis. We shall see how to capture

the three principles – coherence, formality, and analyticity, – in the context of interest, building

on the works discussed earlier. The class of logics we are interested in here encompass truth-based,

classical, first-order languages. Based on this interest, the consequence relations we consider are

assertion-based single conclusion consequence relations.165 What does it mean for inference and

reference to cohere in a classical context? It means for consequence to be truth-preserving (captured

by our requirement of consistency below).

Unless otherwise noted, our background-theory of structure providing the space of pos-

sible meanings for the expressions of the language will be standard ZFC. We make two further,

simplifying assumptions: we will only consider relational languages in what follows, omitting sin-

gular terms. This constitutes no obstacle to full generality, as most results will carry over with

some minor modifications and in any case singular terms can be easily simulated in relational signa-

tures. In addition, since our interest in this thesis concerns mainly quantifiers and their logicality

(the issue of logicality for propositional operators in a classical context usually being considered as

having been successfully resolved166), we will, from now on, assume the existence of a functionally

complete classical propositional base for all languages considered in the following, for which Car-

nap’s Problem has been solved. I.e., the meaning of the propositional operators is not in question

in what follows, but is assumed successfully determined and fixed, by one method or another.167

164We are being inexact here: as outlined in Chapter 3, Sher’s account carefully distinguishes between two levels – a
general philosophical analysis of formality, and a specific implementation of this notion in the context of a particular
background theory of structure; see (Sher 2016, 276-288). Within the limits indicated in that chapter, the ‘right
understanding of formality’ really only pertains to the latter part of the criterion, its specific implementation. The
philosophical analysis of formality, modulo a substantial change in outlook on logical theory, remains unaffected by
the considerations advanced here. To be more precise, then, ‘understanding’ in the previous paragraph might be
better replaced with ‘implementation’. Nonetheless, as we emphasised in Chapter 3, even within the confines of a
particular analysis of formality, there is an interdependency between the choice of an appropriate background theory
of structure and the type of invariance-relation capturing the notion of formality in that particular context.

165For articulations of the demand that classical consequence be single conclusion see, among others, (Shoesmith
and Smiley 1978, 4), (Dummett 1991, 187), (Tennant 1997, 320), (Rumfitt 2008a, 79), (Steinberger 2011b). See
(Restall 2005) for an opposing view.

166By, for example, identifying the logicality of propositional operators in a classical setting with their truth-
functionality, and pointing out that the standard set of classical propositional operators is truth-functionally complete;
cf., e.g., (Sher 1991). We are, for now, ignoring the case of logical predicates like identity, though, in the setting
outlined in Chapter 6 we obtain it as logical ‘for free’.

167See Chapter 7 for an overview of various methods available to achieve this.
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As a consequence of this assumption we will formulate the criterion in such a way as to be directly

applicable to the grammatical category of quantifier-expressions.

Now, let L be a relational first-order language with predicate variables, ` a (single-

conclusion) consequence relation for L and Q a second-order predicate symbol of L endowed with

an interpretation Q providing for each domain M a denotation QM of the appropriate semantic

type for Q. In the context of a consequence relation `, a symbol Q equipped with an interpretation

Q is a logical symbol if and only if it satisfies the following three properties, which shall constitute

our Combined Criterion of Logicality (CCL):

(consistency) Q is such that, for any modelM of the right signature, 〈M,QM 〉 is consistent with

`.

(invariance) Q is invariant under bijection.

(uniqueness) Q is the unique interpretation for Q satisfying consistency with respect to ` and

invariance.

In keeping with the terminology used earlier,M is consistent with ` iff, whenever Γ ` ϕ andM |= Γ,

then M |= ϕ. Q is invariant under bijection iff for every bijection f : M 7→ N , f [QM ] = QN .

Note that our basic assumption on combined criteria of logicality is satisfied by the very

framing of our criterion, which takes logicality to be a property that symbols with an interpretation

possess in the context of a consequence relation, together with the consistency constraint, which

requires that semantic interpretation and inferential behaviour cohere (in the sense of classical

logic; i.e., that consequence preserves truth). Consistency therefore, in our case, amounts, as

mentioned above, to truth-preservation. Formality is captured by invariance, implemented as

bijection-invariance, and defended as a necessary ingredient of logicality above.168 Analyticity is

captured by uniqueness, which constitutes categoricity in the sense of Carnap as discussed in Section

5.3.2. Note the interplay between invariance and uniqueness: uniqueness is not required with

respect to all consistent interpretations, but only with respect to formal consistent interpretations.

168A fair warning: in the following we will often formulate and prove things in terms of permutation-invariance,
rather than full-blown bijection-invariance. This greatly simplifies things, but has otherwise little effect – to the best
of our knowledge, all results presented straightforwardly generalise to the more encompassing notion of invariance.
Conceptually, there is of course a large difference between permutation- and bijection-invariance, with the former, in
general, unsuited to properly capture an adequate notion of formality, see Chapter 2.
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Hence, the demand formulated here, and which constitutes our take on the inferentially motivated

uniqueness-constraint, is not that inference ‘absolutely’ uniquely determine, but ‘merely’ that it not

conflate different (consistent) logical denotations. This is in keeping with the idea that formality

and analyticity complement each other. Logical symbols are categorical as logical. It may still be

the case that rules are compatible with non-invariant interpretations, because analyticity is not

supposed to force formality.

Uniqueness as the sole ingredient of a criterion of logicality will not suffice, for Bonnay &

Westerst̊ahl’s result169 already demonstrates the limitations of this notion, establishing that such a

criterion would not even cover the universal and existential quantifiers. Categoricity by itself is too

strong a demand to be satisfied by even the standard first-order quantifiers. However, such a strong

requirement is also not what is called for on the present approach, for we have already accepted the

semantic constraint that logical operations should be bijection-invariant. That is, demanding that

inference rules uniquely determine a semantic value already requires too much; all we must require is

that, in order for an expression to be logical, the inference rules governing its behaviour determine a

unique value amongst all its possible, i.e., consistent, logical, i.e., permutation-invariant, candidate

denotations. Put differently, since we already know what it means to be a logical denotation –

namely, to be bijection-invariant, – we need not require that a logical expression pin down a unique

denotation, merely that it pin down a unique logical denotation in order to satisfy the uniqueness-

constraint.

If a second-order predicate Q satisfies consistency, invariance, and uniqueness, we say that

it is Carnap-categorical.170 Thus, on our account, to be logical means to be Carnap-categorical.

The similarity between the above introduced notion of Carnap-categoricity and implicit

definability in Feferman’s criterion is of course unmistakable. They are not identical though. The

most important difference concerns what models must respect in order to be assessed for rendering

an expression Carnap-categorical/implicitly definable: according to the notion given above, models

must (via being consistent with the consequence relation) respect the inferential behaviour of an

169See (Bonnay and Westerst̊ahl 2016) and Section 5.3.5.
170The name derives from the fact that the notion of categoricity captures a strong property of the uniqueness of

models, i.e., a theory T is categorical if and only if it has a unique model up to isomorphism. Since in this context we
are interested in the semantic value of expressions, and it was Carnap who pointed out that the standard proof-rules of
first-order logic did not by themselves suffice to fully determine the standard model-theoretic meaning of the logical
expressions (Carnap 1943) we chose the term Carnap-categoricity for a notion that tries to capture the complete
determination of the semantic value of an expression by means of its rules and axioms.
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expression in a language, whereas according to Feferman’s criterion, models must respect the truth

of a (finite) description of such inferential behaviour in a second-order language. We take this to

indicate that an approach using the notion of Carnap-categoricity is closer to the original spirit

of a combined criterion in terms of incorporating inferential constraints. Furthermore, in light of

the analyticity constraint, this dissimilarity raises the question for Feferman why the sense of a

first-order inference rule is a second-order sentence in a language with a Henkin-style semantics.

One last remark before moving on to consequences and applications of (CCL) in the

next section, and to comparing our criterion with Feferman’s in the one after that. Asking for

consistency with respect to a consequence relation is, in general, less demanding than asking that

rules preserve validity,171 as for example (Garson 2013) does.172 One might argue, however, that

there is a conceptual gain in using the simpler notion of truth rather than the notion of validity. As

far as our principles should also help us understand how speakers are able to learn the denotations

of logical symbols, we do not need to assume that speakers master the concept of validity as such

beforehand.

5.4.3 Applications and Consequences of CCL

One advantage of (CCL) as against Feferman’s criterion is that it makes no reference to

another language using the same kinds of expression whose logicality is under consideration in the

application of the criterion, thereby allowing for a non-circular application of the criterion to the

first-order universal and existential quantifiers ∀ and ∃.

From Bonnay & Westerst̊ahl’s result173 we know that the universal (and thus also the

existential) quantifier of standard FOL are not Carnap-categorical with respect to their standard

inference rules, hence also not with respect to standard first-order consequence, `FOL.174 It follows

that the universal quantifier ∀ does not possess an inferential role in the language of first-order

171Let |= be a standard model-theoretic consequence relation à’la Tarski. We say that Γ  ϕ iff, whenever |= γ for
all γ ∈ Γ, then |= ϕ. We then have that |=⊆. A modelM can be consistent with |= without being consistent with
 and , which encodes validity-preservation, is thus more demanding than |=.

172See Chapter 7. Note that Garson employs a different rule-format than the one we have used throughout this
chapter.

173See (Bonnay and Westerst̊ahl 2016) and Section 5.3.5.
174Note that the completeness of FOL w.r.t. these rules ensures that the choice of rules was not arbitrary: no

adequate set of single-conclusion inference rules will be sufficient to rule out non-standard interpretations. In other
words, standard first-order consequence, `FOL, is not sufficiently strong to fix the standard semantic value of the
quantifiers.
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logic for which it is the unique sound interpretation. Note that the point here is not that we do

not know what the meaning of the universal quantifier is because rules constitute our only access

to semantics. The point is rather that two aspects of logical meaning come apart: we have a

unique semantic object, ∀, that does not possess an inferential role that ‘selects it’/is sound for

only this value. The ‘inferential meaning’, so to speak, determined by ∀ is not specific enough

for the intended (model-theoretic) meaning of ∀ – we cannot freely go back and forth between the

two. In this sense we have an underdetermination of semantic value by syntax here, a type of

underdetermination we take to be problematic for the logicality of an expression. However, in the

same paper Bonnay & Westerst̊ahl also observe the following fact:175

Fact (Bonnay & Westerst̊ahl 2016): Given a set M , the only principal filter over M that is

permutation-invariant is the maximal principal filter {M}.

Thus, when only considering permutation-invariant176 interpretations of ∀, which, according to the

Theorem above, have to be principal filters to be truth-preserving/consistent with first-order conse-

quence, we are left with {M} as the only possible value for ∀. It follows from this that the standard

interpretation of the universal quantifier is the only one satisfying consistency and formality, hence

uniqueness as well – ∀ will be Carnap-categorical. As a consequence, ∀, in the context of standard

first-order logical consequence and equipped with its standard interpretation, does qualify as logical

on the basis of our combined criterion. Instead of demanding that the senses of candidate logical

expressions uniquely pin down a (logical) meaning amongst all possible, i.e., consistent, meanings,

(CCL) is more lenient in that it ‘only’ demands that the sense of logical expressions not conflate

different logical meanings. Thus, the existential and universal quantifiers, for example, do not pin

down a unique operator via their inference rules, and are therefore not categorical without further

ado, but they do succeed in picking out a unique bijection-invariant operator, so that they are

categorical under bijection invariance, and thus qualify as logical according to (CCL).

In Section 5.3.5 we introduced general structures/models, models in which the interpreta-

tion of the universal quantifier was allowed to vary within certain well-motivated limits, in order

175See (Bonnay and Westerst̊ahl 2016, 730).
176Permutation-invariance is the local analogue of bijection-invariance. In the following we sometimes use

permutation-invariance rather than bijection-invariance for ease of presentation.
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to show that (the syntactic part of) Feferman’s criterion would not suffice to render the standard

first-order constants logical. In some sense, the criticism was unfair, because, just like in our cri-

terion, the syntactic constraint is supplemented by a semantic constraint that would rule out the

‘deviant’ interpretations of the first-order quantifiers. The semantic part of Feferman’s criterion

is provided by Lindström’s generalisation of quantifiers,177 according to which admissible inter-

pretations need to be isomorphism-invariant.178 A full formulation of Feferman’s criterion would

thus contain the semantic constraint of isomorphism-invariance in addition to conditions (F1) and

(F2). However, when Feferman proves that (U) defines the universal quantifier, he does not need

the invariance assumption to prove it. It directly follows from the standardness of the quantifiers

available in the meta-language which are used in the phrasing of condition (U). In this respect,

our charge of circularity is indeed a fair criticism of Feferman’s criterion. Because there are some

non-standard interpretations of the universal quantifier compatible with its inferential behaviour,

invariance should be needed to prove that it is logical. Feferman’s set up and the availability of

quantifiers with fixed standard interpretations to describe inferential roles obscure, at a technical

level, the joint work accomplished by invariance and uniqueness in securing the logicality of the

universal quantifier, and overlook, at a conceptual level, the complementarity of formality and

analyticity as constituents of logicality.

(CCL), therefore, covers the standard first-order quantifiers in a non-circular way. But do

things, as in Zucker’s and Feferman’s case, stop here? Is the boundary drawn by (CCL) identical

to the boundary drawn by Feferman’s criterion, i.e., does it demarcate the standard class of logical

constants of FOL? While postponing a more systematic discussion and treatment of the scope

of (CCL) to Chapter 6, we will now, by way of some examples, take a brief look beyond the

standard first-order case to demonstrate how the criterion works in situations concerning more

‘controversial’ candidates for logical quantifiers, going beyond the familiar realm of FOL. We will

do so by considering the class of cardinality-quantifiers, type 〈1〉-quantifiers of the form ‘there are

at least κ many’, for κ any finite or infinite cardinal number.

At the lower end of this scale we find the existential quantifier ∃ with its reading ‘for at

least one’, constituting the beginning of a series of quantifiers continuing through the transfinite.

177See (Lindström 1966).
178See (Feferman 2015, 20).
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For finite κ, and quantifiers of the form ‘there are at least n many’ (n ∈ N), ∃≥n, the answer to the

question of their logicality is relatively straightforward and not unexpected: due to the fact that

such quantifiers are definable in FOL, they also qualify as logical according to (CCL), or, in other

words, Carnap-categoricity is preserved under (explicit) definability.179 Hence, all finite cardinality

quantifiers will be logical according to our criterion as well. This is a welcome result, as one would

usually expect that notions defined in terms of purely logical notions should be logical as well.

So far we are well within the scope of Feferman’s own criterion.180 Things become more in-

teresting when considering the first infinite number, and the quantifier ‘there are (at least) infinitely

many’, Q0, whose intended interpretation over a domain M is Q0(M) = {A ⊆ M |ℵ0 ≤ |A|}.181

For one can show that182

Theorem (Westerst̊ahl): The quantifier Q0(M) = {A ⊆M |ℵ0 ≤ |A|} is Carnap-categorical.

Thus, according to (CCL) the quantifier ‘there exist infinitely many’ comes out as logical.183 This is

an especially interesting case not only because Q0 is indefinable in FOL, and thus properly extends

standard first-order logic, but also because of the essential incompleteness of the logic resulting

from adding Q0 with its intended interpretation to FOL, FOL+{Q0}, and the traditional role of

completeness as distinctive of the logical and natural dividing line between logic and mathemat-

ics.184 We will return to this point in the conclusion below. In any case, the result above already

establishes that the boundary drawn by (CCL) does not coincide with the boundary of FOL.

Although all finite cardinality quantifiers are explicitly definable in FOL, the quantifier

179For details regarding this result see the Appendix.
180Even though Feferman assumes that we are “taking for granted that the standard operations of FOL are logical”

(Feferman 2015, 28) he considers it a “matter of some contention whether equality is a logical notion” (idid.). He
remains somewhat ambivalent about the logical status of identity and quantifiers definable in FOL, which is why
he proposes his criterion only as a necessary, but not a sufficient condition for logicality, considering augmenting it
with further conditions on admissible rules (Feferman 2015, 28). We are treating his condition here as a criterion of
logicality, i.e., also as sufficient.

181In an earlier version of the paper we conjectured that the boundary of our criterion would be identical with
that of Feferman’s, and demarcate FOL. However, Dag Westerst̊ahl disproved this conjecture with the example given
above. The original proof of the result is due to him.

182The idea to look at the quantifier Q0 when considering infinite collections of rules was suggested to the author
by Beau Madison Mount.

183In fact, in an important sense the quantifier Q0 can be regarded as ‘absolutely categorical’ in that permutation-
invariance is not needed to rule out possible non-invariant interpretations, for there are none consistent with its
consequence relation. This is of course due to its EC∆-definability involving the universal quantifier in its standard
interpretation – thus permutation-invariance is still required in order to force the latter’s intended interpretation.

184See Chapter 2.
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‘there exist finitely many’, Qfin , with intended interpretation Qfin(M) = {A ⊆ M ||A| < ℵ0}, is

famously not,185 creating an asymmetry between what can be explicitly and implicitly expressed

by means of FOL. However, given the previous Theorem, and for reasons discussed in the next

chapter, it is not difficult to establish that186

Theorem: The quantifier Qfin(M) = {A ⊆M ||A| < ℵ0} is Carnap-categorical.

and hence logical according to (CCL).

Given that (CCL) includes Q0 and Qfin among the logical expressions of first-order lan-

guages, and thus does not demarcate FOL, where does it draw the boundary between the logical and

the extra-logical? While we are, as of yet, not able to provide a complete answer to this question

and to fully characterise the precise scope of (CCL), with respect to type 〈1〉 cardinality-quantifiers,

this question receives a rather sharp reply, for the boundary runs precisely between ℵ0 and ℵ1, the

countable and the uncountable.

We will now consider the quantifier QK = Q1 with the intended interpretation ‘there exist

uncountably many’, QK(M) = {A ⊆ M |ℵ1 ≤ |A|}.187 This quantifier is of particular interest to

debates on logicality, due to the fact that (Keisler 1970) proved FOL extended with this quantifier

complete with respect to a small and natural set of axioms.188 As already mentioned before,

since completeness has a long history of being considered distinctive of logical, as opposed to

mathematical, systems, and has been taken to constitute a natural dividing line between logic and

‘something else’, its relevance to the First-Order Thesis, the claim that all there is to logic is the

standard first-order predicate calculus restricted to the quantifiers ∀ and ∃,189 and thus to the

present discussion, is clear.190

185See the first application of the compactness theorem for FOL in any introductory textbook on model theory.
186See the Appendix for proof.
187This is in keeping with our general method. We want to know whether the quantifier QK possesses an inferential

specification that is maximally precise, in the sense of QK being the only (permutation-invariant) quantifier sound
w.r.t. it. To this effect we consider the consequence relation generated by interpreting a quantifier-symbol Q in a
language L(Q) by QK , which is as precise as we can get for describing the inferential role of QK .

188See (Keisler 1970).
189See (Barwise and Feferman 1985).
190Historically, Quine (1970) advanced a criterion of logicality which privileged FOL because of its topic-neutrality

and obviousness, where the latter notion was formally captured by means of completeness, see Chapter 2. Imple-
menting the demand of topic-neutrality as permutation- or isomorphism-invariance, a criterion of logicality based
on Quinean considerations would declare standard FOL maximal with respect to the properties of completeness and
invariance of its privileged expressions, a position refuted by Keisler’s result. Later, L. Tharp (1975) took up the
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The axioms Keisler added to an axiomatisation of FOL, based on a suggestion by Craig

and Fuhrken, were the following:

(A1) ∀y∀z¬QKx(x = y ∨ x = z)

(A2) ∀x(ϕ→ ψ)→ (QKxϕ→ QKxψ)

(A3) QKxϕ(x)↔ QKyϕ(y) where y does not occur in ϕ(x) and ϕ(y) is the result of replacing each

free occurrence of x in ϕ by y.

(A4) QKy∃xϕ→ (∃xQKyϕ ∨QKx∃yϕ)

The crucial axiom for characterising the notion of uncountability is (A4), which should be read

as saying “If
⋃
a∈M

Jϕ(y, a)K is uncountable, then either Jϕ(y, a)K is uncountable for some a or there

are uncountably many a s.t. Jϕ(y, a)K is non-empty”. Equivalently, this says that the union of

countably many countable sets remains countable (Keisler 1970, 6). As we will see below, this

indirect characterisation is not sufficient to fully determine the notion of the uncountable, but

the intuition behind the axioms is that the quantity denoted by QK cannot be approached ‘from

below’, by means of smaller quantities added fewer times. (A1) says that sets of cardinality ≤ 2 are

countable, and (A2) states that every set which has an uncountable subset is itself uncountable.191

Let `K be the consequence relation of FOL extended by the quantifier QK
192.193 Keisler

(1970) showed that FOL + QK is complete with respect to QK ’s standard interpretation as the

quantifier “there exist uncountably many”. Now, QK satisfies consistency and invariance by design.

In assessing the logicality of QK with respect to the consequence relation `K and the interpretation

QK , we need to ask whether QK is the unique such interpretation, that is, whether the semantic

value of QK is uniquely fixed by its axioms among its consistent bijection-invariant interpretations.

In a first step we are then asking for the range of possible interpretations of QK that are consistent

Quinean project of trying to justify the exceptional standing of FOL among all other logics in terms of those of
its meta-logical properties that ground its logicality. However, the attempt to separate the logicality of FOL from
the logicality of FOL together with the quantifier QK remained vague and partial at best. With an eye toward the
relation of these two systems Tharp remarks that “there must be some sense in which ∀ and ∃ are very simple and
primitive” (Tharp 1975, 13) and that “[o]ne can consider stronger quantifiers, but one does not have as clear a grasp
of their meaning, and they usually seem to demand further explanation” (Tharp 1975, 18). While not motivated
by the (alleged) special status of FOL, our criterion can be seen as providing a formally clear validation of Tharp’s
claim, – at least with respect to the quantifier QK , – for it delivers a precise account of how the meanings of ∀, ∃,
and QK differ, in terms of (what we take to be) properties relevant to their logicality. However, given the preceding
results for Q0 and Qfin this can of course not serve as a defence of FOL.

191For this description of the intuitive meaning of the axioms see (Keisler 1970, 6).
192K for “Keisler”.
193See (Keisler 1970) for details. Like Keisler, we work within ZFC.

291



with `K . One can show that

Theorem: An interpretation QMK of the Keisler-quantifier is consistent with `K iff

(i) for all X ∈ QMK : ℵ0 ≤ |X|;

(ii) QMK is closed under super-sets, i.e., if X ∈ QMK and X ⊆ Y ⊆M , then Y ∈ QMK ;

(iii) if QMK 6= ∅, then min(QMK ) is regular;194

(iv) QMK is closed under equicardinal sets, i.e., for all X,Y ⊆M , if X ∈ QMK and |X| = |Y |, then

Y ∈ QMK .

It follows from this as an easy corollary that

Corollary: An interpretation QMK of the Keisler-quantifier is consistent with `K iff QMK = {X ⊆

M |ℵα ≤ |X|} for some regular cardinal ℵα.

This includes of course the standard interpretation of QK , QMK = {A ⊆ M |ℵ1 ≤ |A|}, but also

many more.195 Hence, the class of interpretations of QK that are consistent with `K proves to be

much more encompassing, containing, for any regular cardinal ℵα, interpretations of QK meaning

“at least ℵα many”.

This result is well-known: Keisler not only already proved the right-to-left direction of

the above corollary,196 but also made essential use of the fact that the logic of QK admits of non-

standard interpretations in his celebrated completeness proof.197 The possibility of non-standard

interpretations enables the construction of ‘small’ models over which one has more control. To

194See the Appendix for a precise definition of this condition.
195We will return to this observation briefly in the conclusion below, and more extensively in Chapter 6, but Keisler’s

completeness proof raises a host of interesting and non-trivial questions regarding logicality. G. Sher points out (p.c.)
that Keisler’s axioms do, intuitively, not appear to capture the idea of uncountability. Our result here confirms this in
a formal setting: they do indeed not suffice to pin down the notion of the uncountable. What makes the axiomatisation
an axiomatisation of the uncountability quantifier is the fact that it is complete with respect to an interpretation
of the quantifier as meaning “there exist uncountably many”. This, however, points to a severe disconnect between
logical notions and logical truth/consequence. For even if we have a perfectly accurate description of the behaviour of
a particular notion (such as the uncountable in terms of Keisler’s axiomatisation) this still does not tell us anything
about whether the reference of the expression whose behaviour we have axiomatised has been appropriately ‘fixed’.
This seems to loosen the connection between reference and truth. Completeness is rendered an imperfect guarantee
of adequate reference. I hope to return to the repercussions of this result in future work.

196See (Keisler 1970, Corollary 3.3.1).
197This is also essentially the reason why Feferman ruled out the quantifier QK on his criterion; cf. (Feferman 2015,

24).
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obtain a standard model, these well-behaved non-standard models are then ‘glued together’ in a way

that ensures that the sets which are supposed to be small (e.g. because we have that ¬Qxϕ(x)) stay

small, whereas other sets increase their size in the desired manner, to make sure that the sets which

are deemed uncountable by the theory under consideration are in fact uncountable.198 Nevertheless,

in the context of the present enterprise the existence of these alternative interpretations calls into

doubt the logicality of QK according to the criterion (CCL). For it is not hard to see that

Fact: For all (regular) cardinals ℵα, QMK = {A ⊆M |ℵα ≤ |A|} is invariant under permutation.

It thus follows that the constraint of permutation-invariance does not rule out the unintended

interpretations, and therefore does not narrow down the space of possible meanings of QK consistent

with `K to a unique permutation-invariant interpretation. Restricting consistent interpretations

of QK to those that are permutation-invariant does not remove the underdeterminacy of logical

meaning as it did in the cases of ∀ and ∃. Due to the existence of many possible bijection-invariant

interpretations of QK consistent with its axioms and inference rules, it therefore follows that QK

is not Carnap-categorical, which provides grounds for counting ∀, ∃, Q0, and Qfin , but not QK as

belonging to the logical lexicon based on (CCL).

The same sort of underdetermination rendering QK = Q1 non-logical according to (CCL)

also affects, in some shape, other classes of quantifiers of the form Qα for α > 1. More concretely,

we have that199

Proposition: Let ℵα be a singular strong limit cardinal. Then Qα = {A ⊆ M |ℵα ≤ |A|} is not

Carnap-categorical.

Proposition: Let ℵα be a successor cardinal. Then ZFC cannot prove that Qα = {A ⊆M |ℵα ≤

|A|} is Carnap-categorical.

198See (Keisler 1970, 2).
199For definitions and proofs see the Appendix. Under the assumption of additional set-theoretic hypotheses (GCH

or V = L) we can strengthen the second result. The details can be found in the Appendix and Chapter 6. In the
context of the main part of the chapter here we maintain the assumption of ZFC as background theory.
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The following table provides an overview of the results of this section.200

Quantifier Status Complete

∃ logical Yes

∃≥n logical Yes

Qfin logical No

Q0 logical No

QK = Q1 not logical Yes

Qα (ℵα singular strong limit) not logical Yes

Qα (ℵα successor) not provably logical consistent that yes

The logicality of each expression is assessed w.r.t. (CCL) of course, and the last column in the table

indicates, for each quantifier Q∗, whether adding Q∗ to FOL, FOL+{Q∗}, will result in a complete

logic.

Let us wrap up. In order to deal with the underdetermination of semantic value by

inferential behaviour the criteria discussed and formulated in this and the previous section already

restrict the class of potential denotations of a candidate logical expression to those that constitute

logical denotations – i.e., those that are permutation-/bijection-invariant. Instead of demanding

that the senses of candidate logical expressions uniquely pin down a (logical) meaning, the criterion

treated here is more lenient in that it ‘only’ demands that the senses of logical expressions not

conflate different logical meanings. Thus, ∀, ∃, Qfin , and Q0 are all deemed logical because their

inferential role succeeds in uniquely determining a semantic value among all possible logical, i.e.,

invariant, extensions. QK is rejected as logical, on the other hand, not because its axioms fail to

uniquely determine an extension, but because its axioms fail to pick out a unique permutation-

invariant extension, or, as we would like to see it, because they fail to pick out a unique extension

200The completeness of logics with added quantifiers of the form Qα under additional set-theoretic assumptions
raises interesting questions. In the context of this chapter, for a quantifier Q to fail to be Carnap-categorical all
that needed to happen was for there to be a different quantifier Q∗ that proved no less than Q. One could consider
strengthening this demand to a no more condition, i.e., to demand completeness for the complete consequence relation
of Q – |=Q = |=Q∗ . We investigate and comment on a demand of this kind in chapters 6 and 8. Note here, however,
that, at least under additional set-theoretic assumptions, QK fails even this stronger requirement as there will be
fully inferentially indistinguishable quantifiers non-identical to it.
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among all consistent logical extensions. The criterion proposed here already restricts the class of

potential denotations of a candidate logical expression to those that constitute logical denotations,

and disregards counter-examples that do not meet the requirement of permutation-invariance. The

expression QK thus does not fail to be a logical expression because it is capable of picking out

a non-logical extension, but because it fails to uniquely pick one out of a multitude of logical

extensions.

5.4.4 Comparison with Feferman’s Criterion

In terms of setup, one important difference between (CCL) and Feferman’s criterion is that

our criterion talks directly about the inference rules for potential logical expression without having

to take a detour through a meta-language – such as Feferman’s L2(Q), – in which inference rules

can be described. An unalleviated burden of Feferman’s approach is the vindication of the choice of

L2(Q) and its semantics for characterising logicality, which is particularly pressing given that the

choice of semantics proved crucial in characterising the extensional output of his criterion. With

Feferman we share the conviction that for a criterion of logicality both inferential and semantic

considerations play a role. Contrary to his approach, however, we expect that an adequate criterion

will provide a uniform treatment for expressions of the same grammatical class, and not primitively

privilege certain of these expression.

5.4.4.1 Conceptual Differences

Feferman and Zucker both appeal to a second-order language to make formally precise

what it means to possess a unique characterisation by inference rules, whereas our criterion makes no

reference to any such additional language in which to talk about inference rules; rather, it considers

these inference rules and them uniquely determining a denotation for an expression directly in terms

of a consequence relation. Essentially, Feferman, following Zucker, operationalised the notion of

‘inference rules implicitly defining a meaning’ as ‘implicit definability in a higher-order language’,

whereas we would like to say that this involves a conflation of levels – no ascent to a language

of higher-order than the one in which the inference rules under consideration are stated is needed

in order to provide a faithful implementation of the notion of implicit definability by these very

inference rules.
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Thus, rather than moving to a new language in which to talk about inference rules in

order to bring inferential considerations to bear on the question of logicality (and whose suitabil-

ity for answering such questions might be doubtful) our criterion directly refers to the inference

rules for potential logical expressions without taking a detour through such a hard-to-motivate

meta-language for inference rules. Instead, the meta-language aspects of rules of inference are

accommodated through a coherence constraint (based on the nature of the logic under considera-

tion). What we are charging Feferman’s criterion with is that it unnecessarily, and to its detriment,

equates “unique characterisation by inference rules” with “implicit definability in a language ca-

pable of talking about inference rules”, and thereby introduces extrinsic and complicating factors

into the determination of logicality.

The most important of these factors concerns the status and justification of L2(Q) as

an appropriate language for determining logicality. Not only does the reference to a language

such as L2(Q) introduce an additional language-dependent element (raising the question of the

logicality of the privileged notions of that language and their justification), but it also requires a

strong justification of the choice of language in terms of its suitability and adequacy for regulating

properties like logicality over and above its mere ability to talk about inference rules. In how

far proof-theoretic uniqueness provides an inspiration for, or justifies, L2(Q) remains tentative at

best in Feferman’s account. We believe that the core defect of the combined criterion proposed by

Feferman lies in the lack of justification for the choice of language adopted. No analysis is given

of the motivation behind taking up syntactic constraints in the form of L2(Q) as an appropriate

language with respect to which logicality is evaluated, other than that it is sufficient to describe

the kind of inference rules Feferman has in mind in a manageable format.

Yet, mere sufficiency does not guarantee that it is a well-motivated pick. This becomes

especially obvious in the choice of semantics for L2(Q): while Feferman chooses an extremely

permissible class of models, Zucker opts for a full semantics. Neither of these choices is particularly

satisfying, however. (Feferman 2015) proves that nothing is logical beyond the standard constants

of the first-order quantificational calculus, which might be taken to provide indirect evidence for the

adequacy of the criterion. However, Engström (Engström 2014) shows that this is essentially due to

the choice of an extremely weak semantics which does not allow for a substantial use of second-order

quantification. Without further modifying and strengthening the semantics, or imposing conditions
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on which subclasses of sentences of L2(Q) can be considered adequate descriptions of first-order

inference rules, Feferman’s result reduces to the almost trivial result that nothing beyond what is

already presupposed in L2(Q) will qualify as logical.

Zucker, in opting for a full semantics, is acutely aware of this problem and asks whether ∀

can be considered ‘absolutely implicitly defined’ by its usual rules,201 even if it has to be used in the

re-writing of the usual first-order rules of ∀ in L2(Q) itself. He ultimately concludes that the use

of ∀ in the language of L2(Q) is justified by a prior understanding of the notion of (higher-order)

validity.202 Thus, according to Zucker, the assumption of ∀ is warranted, as our understanding of

the notion of valid inference grounds our use of ∀. While this reversal in the order of explana-

tion regarding the connection between the notion of logical validity and ‘constanthood’ might be

warranted in the context of Zucker’s project, it becomes more problematic in the context of the

demarcation project that we are concerned with here.

This intimate connection between what is considered logical and the meta-theory used by

the criterion appears to engender circularity: presupposing and privileging notions whose logicality

is to be judged by the standards of a criterion in whose formulation they crucially figure, whose

logicality is subject to the application of the same criterion in whose formulation they are used,

seems, in the very least, highly problematic for providing a unified explanation of the logicality/non-

logicality of expressions of a common grammatical category. Thus, by using notions whose status

as logical is determined by the same criterion in whose formulation they so prominently and es-

sentially feature, Feferman and Zucker appear to jettison the demand for an explanation that does

not prejudge the special status of, and privilege certain expression from, a common grammatical

category.

Our criterion, on the other hand, offers an alternative, circumventing the above described

difficulties while at the same time providing a faithful implementation of the same kinds of con-

straints and on the basis of the same reasons that matter to Feferman. Both ours and Feferman’s

criterion in some sense ‘pre-select’ or ‘pre-determine’ what it means to be a logical denotation, but

different from Feferman’s criterion ours is able to provide a unified explanation, without apparent

201See (Zucker 1978, 530).
202See (Zucker 1978, 527) and (Zucker 1978, 531): “Hence the justification for our assertion, that ∀ is implicitly

defined by its rules, rests on this same understanding of the notion of valid inference. Notice that this assumes that
we ‘already have’ the universal quantifier in the metalanguage!”
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circularity, as to which expressions are logical. In particular, the logicality of the universal and

existential quantifiers is explained by the very same criterion and on the very same basis on which

the Keisler-quantifier ‘there exist uncountably many’ is ruled out. This constitutes a crucial dif-

ference to Feferman’s criterion which assumed the logicality of ∀ and ∃ in the meta-language used

by the criterion. Our criterion therefore succeeds more clearly in delivering a unified explanation

regarding the logicality/non-logicality of expressions of a common grammatical category.

In effect, what our criterion shows is that there is no need for a second-order implemen-

tation of the notion of uniqueness, no need to make reference to any language like L2(Q) whose

adequacy for determining logicality might be called into question, and that it is perfectly possible

to capture the same kinds of constraints by talking about first-order inference rules directly. By

moving toward a more language-independent criterion we are able to uniformly justify the logi-

cal status of ∀ and ∃, and the non-logical status of QK , all of which are expressions of the same

grammatical category; something which is more difficult on Feferman’s criterion.

5.4.4.2 Extensional Differences

Of course, as the Carnap-categoricity of quantifiers like Q0 and Qfin show, (CCL) is

not co-extensional with Feferman’s criterion. Far from it, it goes beyond FOL into incomplete

extensions. Part of the reason for the expansion of the scope of our criterion beyond FOL stems

from a liberalisation of the conception of inference, when compared to Feferman’s, underlying it.

Whereas Feferman required that logical notions possess a finite set of rules in order to fall under

his criterion, we take our basic notion of inference to be captured not by rules, but rather by entire

consequence relations instead. The idea that, when talking about inference, consequence relations

are basic and rules are only secondary means for presenting these consequence relations (when this

is possible) is familiar to certain kinds of proof-theoretic approaches to logic.203 It is, arguably,

the more basic formal conceptualisation of the notion of inference, subject to fewer limitations and

thereby more general.

The focus on rules, rather than entire consequence-relations, often stems from an epistemic

motivation – rules are seen as a means of comprehending the consequence-relations they present,

and enabling the grasp of infinite relations on a finite basis. Such motivation is, however, foreign

203See, e.g., (Avron 1991).
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to the most general statement of our criterion (and Feferman’s for that matter) and did not play

any role in motivating any of the constraints it includes. However, while we used the most liberal

and general conception of inference, and correspondingly of what can constitute a consequence-

relation, available for the general statement of our criterion, it is of course very plausible that

further constraints, other than the minimal conditions we imposed, must obtain for a relation to

qualify as a consequence-relation. Among the most interesting candidates are the requirement

that it be finitely axiomatisable, compact, or at least recursively enumerable. To investigate the

scope of the criterion presented here for classical, extensional, first-order languages when such

additional constraints are imposed, is left for future work.204 Thus, while restrictions such as finite

axiomatisability, compactness, or recursive enumerability constitute interesting restrictions, and

possibly even essential features of plausible analyses of the notion of inference, without such an

analysis of inference there is no reason to integrate them into a criterion like ours that was developed

along the lines outlined above. Hence, as things stand, the finitary restriction on inference is, while

interesting to pursue, not necessary for a criterion of logicality as developed here.

There are further reasons to not be put off by the fact that Q0 and Qfin come out as

logical according to (CCL). For at least the former is, in a sense to be made precise below, if not

explicitly, already implicitly characterisable within FOL. There is no single sentence in pure FOL

that expresses the concept of infinity, but it is possible to force domains to be infinite within FOL

by considering theories, sets of sentences. In a sense, this is precisely what our move from rules

to consequence-relations effects: we transition from single sentences to (potentially infinite) sets

thereof, enabling the articulation of concepts which could otherwise, in the context of FOL, only be

gotten to through (infinite) collections of sentences. Thus, we move from concepts that are elemen-

tary definable (EC-classes), to concepts that are generalised (elementary) definable (EC∆-classes),

i.e., definable by sets of sentences of FOL. As is well known, the class of all infinite structures,

while not EC, is, in fact, an EC∆-class.205 We postpone the proof of the following result(s) and

a systematic treatment and investigation of the generalisation of the concept of ‘definability by

inference’ occasioned by our criterion to the next chapter, however, the suspicion that we moved

logicality from elementary definability to (at least) generalised definability tracks:

204But see the conclusion and Chapter 6 below.
205It is EC∆ for, e.g., ∆ = {ϕ≥n|n ∈ N}, where each ϕ≥n says that ‘there are at least n elements’.
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Proposition: If a quantifier Q is an EC∆-class, it is Carnap-categorical.

Considering, furthermore, boolean combinations of Carnap-categorical quantifiers delivers the ex-

planation for the inclusion of Qfin among the logical expressions of first-order languages.206

Hence, our extension of the scope of the criteria of Feferman and Zucker is grounded in

our more liberal conception (or at least implementation) of inference. We will discuss the issues

pertaining to this liberalisation further below.

5.4.5 Determination by Inference

In terms of the division drawn between the proposals of Section 5.2, our approach is most

closely related to that of Hacking. Notwithstanding the inherent limitations of that approach, which

our criterion addresses and overcomes, what is in common between the two is the idea of talking

directly about the determination of reference by inference, without going thorough an ‘extra-layer’ of

senses. This, MacFarlane says, is an advantage, for “[t]he notion of determination of semantic value

in a well-defined semantic framework is, at least, clear – unlike the general notion of determination

of sense” (MacFarlane 2017, 31). However, the elimination of this extra level, interposed between

inference and reference, opens accounts of this kind up to an intensional criticism not unlike the

criticisms advanced against purely invariance-based criteria.207

The general thrust of the criticism is that by removing senses, as independent objects,

from the picture, we loose the fine-grainedness needed to qualify some, but not other, operators

as logical, when they turn out to be co-extensional. Thus Gómez-Torrente says that while rules

manage to provide partial senses, “offering some aspects of the sense of the expression which,

through a certain procedure, suffice to determine its extension” (Gómez-Torrente 2002, 27), this

does not suffice to yield a correct demarcation of the logical. To show this he asks us to imagine an

operator co-extensional with a logical operator, but differing in its sense in a way that, intuitively,

disqualifies it as logical. The counterexample offered by Gómez-Torrente is the quantifier ‘not for

all not..., if all are not male widows, and for all not..., if not all are not male widows’.208 Due

206See Chapter 6.
207See (McCarthy 1981), (McGee 1996), (Hanson 1997), (Gómez-Torrente 2002), and for responses (Sher 2001),

(Sher 2003). See Chapter 3 as well.
208See (Gómez-Torrente 2002, 29).
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to the fact that there are no male widows, such an operator has the same extension as the usual

existential quantifier, and, if introduced by a primitive sign in the language,209 as far as the rules for

the existential quantifier will determine its extension, so will the rules for the existential quantifier

determine the extension of this ‘new’ operator.210 However, these constants are intuitively different,

and the latter should not qualify as logical, for what it takes to understand them, to fully grasp

them, is very different: in the case of the existential quantifier, the rules fully suffice, in case of the

new operator, it is claimed that knowledge of the human custom of marriage is required, violating

the alleged topic-neutrality of logic.211

What I have to say here regarding this criticism will not satisfy any of its proponents.

But I believe that in the current setting and framework it is simply misapplied. When talking

about richer languages, such as English, with an entire repertoire of concepts and expressive means

far outstripping the streamlined and idealised resources of formal languages it might gain some

traction. However, in the context of strongly regimented formal languages, in which object-language

and meta-theory are clearly and rigorously specified, it is unclear in how far this criticism even gets

off the ground given that within such a theory even the resources to express it properly are lacking.

Especially with regards to the criterion we formulated above, epistemic concerns, having to do with

‘grasp’ and ‘understanding’, were entirely absent. As such, the criticism from underdetermination

of sense appears extrinsic to the project as conceived of here. It is my hope that this merely

indicates a limitation of its potential for extension, rather than an inherent flaw of its scope w.r.t.

the contexts at issue here.212

209In characterising logical constants as those expressions whose sense is fully determined on the basis of rules,
(Sainsbury 2001) encounters an analogous problem, incidentally showing that even approaches integrating a level
of sense into their account might have to contend with similar issues as purely reference-based approaches. His
worry is that the rules for the connectives are not specific enough to ‘pin down’ a unique sense. The rules for
conjunction, for example, are consistent with the sense of ‘ϕ and ψ’, as well as ‘not (not ϕ or not ψ)’. He suggests
solving this issue by introducing the notion of a primitive logical constant as a constant satisfying his criterion and
possessing the ‘least specific sense’, and considering other constants whose sense is determined by the same rules also
logical, but not primitively so. A similar manoeuvre might be attempted in the present case – making that constant
(primitively) logical which satisfies the respective criterion and possesses the least specific sense including the rules
under consideration. Unfortunately, however, the notion of ‘least specific sense’ only exacerbates the unavoidable
vagueness affecting the level of senses already, and which constituted the main motivation to try to exclude it from
a criterion of logicality; cf. (Gómez-Torrente 2002, n. 37).

210For a related criticism of Hacking’s proposal using intuitively non-logical ways of specifying consequence relations
that turn out co-extensional with fully logical consequence relations, see also (Peacocke 1981, 169ff.).

211Cf. (MacFarlane 2017, 32). Note that this criticism misses the mark: topic-neutrality is realised as invariance of
denotation, which is independent of sense. Whether sense requires a similar criterion, and whether topic-neutrality
should even be demanded for senses, is a whole different set of questions, largely independent of the current discussion;
cf., however, (Woods 2016) for a discussion of the issue presented here.

212See (Sher forthcoming) for a recent response to Gòmez-Torrente’s criticism.
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Quine taught us that explication means elimination. If some of the problems affecting the

original account disappear when its core concepts are explicated, these problems must be considered

solved.213 What we wanted to show was that a precise, workable, well-motivated criterion of

logicality could be devised on the basis of principles active in contemporary logical practice. As

this did not require talk of senses over and above what is expressed by rules in a pre-defined and

closed object-language, they should be regarded as irrelevant to the present project. This of course

only emphasises the extreme limitations of the current undertaking and the much more complex

and difficult task that needs to be tackled when trying to extend the criterion presented here to

richer languages and conceptual frameworks.

A more substantial answer is afforded by our criterion to a criticism of Feferman concerning

gerrymandered logical operators that are licensed by purely invariance-based criteria of logicality.214

He says:

For me [the possibility of gerrymandered operators] is perhaps the strongest reason
for rejecting the Tarski-Sher thesis, at least as it stands. It seems to me there is a
sense in which the usual operations of the first-order predicate calculus have the same
meaning independent of the domain of individuals over which they are applied. This
characteristic is not captured by invariance under bijections. As McGee puts it “the
Tarski-Sher thesis does not require that there be any connections among the ways a
logical operation acts on domains of different sizes. Thus, it would permit a logical
connective which acts like disjunction when the size of the domain is an even successor
cardinal, like conjunction when the size of the domain is an odd successor cardinal, and
like a biconditional at limits” (McGee 1996, 577). [...] I agree completely, and believe
that if there is to be an explication of the notion of a logical operation in semantical
terms, it has to be one which shows how the way an operation behaves when applied
over one domain M0 connects naturally with how it behaves over any other domain M ′0.
(Feferman 1999, 38/39)

The transition from Tarski’s Thesis of permutation-invariance for logical notions to the Tarski-Sher

Thesis of bijection-invariance for logical notions solved, among other things, the issue of connecting

domains containing different objects, thereby abstracting from the accidental composition of the

domains the criterion operated on. However, this was only possible so long as the domains were of

the same cardinality. All the bijection-invariance criterion was thus able to provide was an assurance

of identical behaviour of a logical operation across domains of the same cardinality. Behaviour could

213Cf. (Quine 1960, 260).
214See our account of the problems these kinds of operators can and cannot be said to cause in Chapter 3. See also

Sher’s response to Feferman’s criticism in (Sher 2016, 311ff.).
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still vary widely between domains of distinct cardinalities.215

However, such a criterion of cross-domain identity for logical operations naturally emerges

from our criterion. Sameness, in the spirit of (CCL), is inferential stability. Given that, according

to our criterion, the denotation of a logical constant is uniquely determined on each domain by

its rules, the connection between the denotation on different domains is yielded by their ability to

be the unique (permutation-invariant) value in each domain to render the rules of the respective

constant truth-preserving, to validate its inferential behaviour. This yields a robust criterion of

cross-domain identity, partially corroborating Feferman’s intuitions concerning the illegitimacy of

logical operations that (uncontrollably) take on the role of different logical notions on differently

sized domains. Inferential stability, in this sense, yields a concept of cross-domain sameness,216

thereby ruling out the problematic kind of gerrymandered operators.217

5.5 Conclusion & Outlook

The current chapter constitutes an attempt to show that, in trying to formulate a well-

motivated criterion of logicality providing a mathematically precise and philosophically informative

way to separate the logical from the non-logical expressions of a language, it is promising to take

both inferential and semantic considerations into account. Not only does such an approach respect

central tenets of logical practice, with its emphasis on both inference and truth, but it also promises

a deeper understanding of the way notions characteristic of logic, such as its generality, formality,

analyticity, etc., relate in their different proof- and model-theoretic guises.

We have outlined and argued for a particular combined criterion of logicality, (CCL),

proposing mathematically precise implementations of coherence, formality and analyticity for clas-

sical, extensional, first-order languages, to tell apart the logical from the non-logical. In doing so,

we criticised Feferman’s related criterion for not fully realising the motivations originally underlying

his account. We hope that the criterion given in this paper might prove appealing to someone who

215See (Westerst̊ahl 2017) for an investigation of criteria of sameness for cross-domain logical operations.
216Compare this with the ideas in (Peters and Westerst̊ahl 2006, Chapter 9.3).
217The account provided here would not satisfy Feferman. This is the case because he takes even definable operators

that behave differently on domains of different cardinality (e.g., like existential quantification on domains with fewer
than 17 and like universal quantification on domains with 17 or more elements) to constitute problematic cases of
gerrymandered operators. We distinguished in Chapter 3 between a strong and a weak version of the issue, ultimately
dismissing the weak version, which subsumes Feferman’s examples. The constancy-constraint outlined here is intended
as a response to the strong version of the problem.
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shares with us the conviction that a natural notion of invariance captures a central aspect of what

it means to be logical, but was dissatisfied with the fact that a criterion solely based on this notion

appeared to ‘assimilate mathematics to logic’. The supplementation of this semantic component of

a potential criterion of logicality by means of an inferentially motivated syntactic aspect enabled a

reduction of the class of logical expressions, while maintaining the intuition that there is no struc-

tural difference between logical and mathematical objects: it allowed us to distinguish logic from

mathematics, while identifying logical and mathematical objects.

By the results of Section 5.4.3, we know that (CCL) does not vindicate first-order logic:

there are non first-order definable quantifiers which satisfy (CCL). This raises two questions. The

first one, mentioned above, concerns the extent of logicality according to (CCL):

what is the class of quantifiers such that, together with the corresponding extension of first-

order consequence, they are Carnap-categorical?

The second question concerns the possibility to pin down first-order logic by strengthening (CCL)

with additional constraints:

should we ask for completeness, compactness, or finite axiomatisability, and what happens if

we do?

As of the writing of this chapter, the precise scope of (CCL) remains an open problem. The

beginnings of an attempt to solve the issue of (CCL)’s precise scope, together with a systematic

study of the notion of definability by inference as it arises from its conception as Carnap-categoricity

is undertaken in the next chapter.

A central question pertaining to such an investigation concerns the status of completeness

for logicality. Completeness is a useful property of a system, enabling us to easily conclude that

given a certain (complete) set of rules, everything that can be said about a constant in a system

has been said by means of these rules. If a restriction to complete consequence relations allowed us

to recover FOL, this would yield interesting support for the particular robustness of this system,

above and beyond merely historically contingent reasons.

Nonetheless, if our approach above is correct, what it also demonstrates is that complete-

ness cannot take on the role in the determination of logicality that has often been assigned to it by
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global semantic criteria. For, at least on the most general conception of inference we were able to

implement, completeness and logicality come apart: there are notions that are logical according to

(CCL), but result in incomplete calculi when added to FOL (e.g. Q0), and there are notions that

possess complete axiomatisations but are rendered non-logical (e.g. QK). This, in the very least,

strains the notions’ influence on what should be considered logical, and what should not.

As old as the question of where to draw the boundary between the logical and the extra-

logical is, of course, the related question of why such a boundary should be drawn in the first

place. After all, why does it matter where ‘logic ends and something else begins’? Might it not be

that there simply are “no objective reasons which would allow one to draw a precise dividing line

between the two categories of terms” (Tarski 1983e, 421) and that such a ‘dividing line’ is neither

required nor desirable? We have little to add to the reasons already provided by Tarski in the same

piece for the relevance of this distinction to a variety of philosophical projects. Nonetheless, we

hope that our conception of the logical notions and the logical will appeal to those who like to think

of logic as particularly moderate in terms of the epistemic, semantic, and metaphysical resources

required for its proper articulation, and as nevertheless yielding an exceptionally robust collection

of concepts and truths.
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5.6 Appendix

In this appendix we present the definitions and proofs for the formal results of the chapter.

5.6.1 Proofs for Section 3.5

We here include the definitions, proofs, and proof-sketches for the results cited in Section

5.3.5. While following Feferman’s account closely, we modify his set-up slightly; see (van Dalen

2008) for a similar account.

Definition (L2/L2(Q)): The language L2(Q) contains the following symbols

(i) a countable set V ar1 of individual variables x0, x1, x2, . . .;

(ii) for each n ∈ N a countable set V arn2 of predicate-variables of adicity n, Xn
0 , X

n
1 , X

n
2 , . . .;

(iii) logical symbols: ⊥,→,∧,∨,∃, ∀;218

(iv) a second-order predicate symbol Q of a type 〈k1, . . . , kn〉;

(v) auxiliary symbols ), , , (.

The formulas of L2(Q) are generated according to the following clauses:

Atomic Formulas

(i) ⊥ is an atomic formula;

(ii) if Xn is an n-ary predicate-variable and x1, . . . , xn is a sequence of n individual variables,

then Xn(x1, . . . , xn) is an atomic formula (this includes formulas of the form X0);

(iii) if Q is of type 〈k1, . . . , kn〉 and Xk1 , . . . , Xkn is a sequence of predicate-variables of

appropriate adicity, then Q(Xk1 , . . . , Xkn) is an atomic formula.

Formulas

(i) All atomic formulas are formulas;

(ii) if ϕ,ψ are formulas, and 4 ∈ {∧,∨,→}, then ϕ4ψ is a formula;

(iii) if ϕ is a formula, x an individual variable, and Q ∈ {∀, ∃}, then Qxϕ is a formula;

(iv) if ϕ is a formula, Xn a predicate variable, and Q ∈ {∀,∃}, then QXnϕ is a formula.

218We define the negation of a sentence ϕ, ¬ϕ, by ¬ϕ := ϕ→ ⊥.
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The language L2 is like L2(Q), except that it does not contain the symbol Q.

Definition (L2(Q)-structure): A structure of L2(Q) is a tuple M = 〈M, 〈RMn |n ∈ N〉,QM,∀M〉

where

(i) M is a non-empty set;

(ii) for all n ∈ N: RMn ⊆ P(Mn) (s.t. RM0 = {∅, {∅}});219

(iii) for Q of type 〈k1, . . . , kn〉, QM ⊆ RMk1
× . . .×RMkn ;

(iv) ∀M ⊆ P(M).

An L2-structure M = 〈M, 〈RMn |n ∈ N〉,∀M〉 can be obtained by omitting component (iii).

Definition (assignment): An assignment σ over an L2(Q)/L2-structureM is a function from the

set of variables V ar1 ∪
⋃
n∈N

V arn2 into M ∪
⋃
n∈N
Rn, s.t.

(i) if x is an individual variable, σ(x) ∈M ;

(ii) if Xn is an n-ary predicate variable, σ(Xn) ∈ Rn.

We write σ[a/x] for the assignment that is just like σ, except that σ[a/x](x) = a, and σ[An/Xn]

for the assignment that is just like σ, except that σ[An/Xn](Xn) = An.

Definition (satisfaction): Let M be an L2(Q)/L2-structure, σ an assignment over M, and ϕ a

formula. We say that M satisfies ϕ under σ, M |= ϕ [σ], if

(i) if ϕ := ⊥, M |= ϕ [σ] never;

(ii) if ϕ := Xn(x1, . . . , xn), M |= ϕ [σ] iff 〈σ(x1), . . . , σ(xn)〉 ∈ σ(Xn) (note that for n = 0,

M |= X0
n [σ] iff ∅ ∈ σ(X0

n) iff σ(X0
n) = {∅});

(iii) if ϕ := Q(Xk1 , . . . , Xkn), M |= ϕ [σ] iff 〈σ(Xk1), . . . , σ(Xkn)〉 ∈ QM;

(iv) if ϕ := ψ4χ for 4 ∈ {∧,∨,→} the conditions are standard;

(v) if ϕ := ∀xψ, M |= ϕ [σ] iff {a ∈M |M |= ψ [σ[a/x]]} ∈ ∀M;

(vi) if ϕ := ∃xψ, M |= ϕ [σ] iff {a ∈M |M |= ψ [σ[a/x]]} ∈ {A ⊆M |Ac /∈ ∀M};

(vii) if ϕ := ∀Xnψ, M |= ϕ [σ] iff M |= ψ[σ[An/Xn]] for all An ∈ Rn;

219When the context is clear, we omit the superscript on RMn .
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(viii) if ϕ := ∃Xnψ, M |= ϕ [σ] iff M |= ψ[σ[An/Xn]] for some An ∈ Rn.

If ϕ(xn) is a formula containing xn free, andM |= ϕ(xn)[σ[a/xn]], we often simply writeM |= ϕ(a).

If ϕ(Xn) is a formula containing Xn free, and M |= ϕ(Xn) [σ[An/Xn]], we write M |= ϕ(An),

suppressing mention of assignments completely when σ is clear from context.

A formula ϕ is true in M, M |= ϕ, iff M |= ϕ [σ] for all σ over M. ϕ is a logical consequence of

Γ, Γ |= ϕ if, whenever M |= Γ,220 then M |= ϕ.

Definition (consistency): Given a consequence relation `, a structure M is consistent with ` if,

whenever Γ ` ϕ, if M |= Γ then M |= ϕ.

The following schema is called the Comprehension-schema for L2(Q) (Xn not free in ϕ; ϕ may

contain free variables other than x1, . . . , xn):

(Comp) ∃Xn∀x1 . . . ∀xn(Xnx1 . . . xn ↔ ϕ(x1, . . . , xn))

Definition: An L2/L2(Q)-structure M is

(i) normal if ∀M = {M};

(ii) Henkin/an L2/L2(Q)-model if M satisfies all instances of Comp;

(iii) full, if RMn = P(Mn) for all n;

(iv) general if it is not Henkin and consistent with `FOL.

Let Γ `2 ϕ iff, for all normal L2/L2(Q)-models, whenever M |= Γ, then M |= ϕ. An L2/L2(Q)-

model M is general if it is consistent with `2. Thus, an L2/L2(Q)-structure is general if it is not

Henkin and consistent with `FOL, or Henkin and consistent with `2.

Definition (implicitly defines): A sentence ϕ of L2(Q) implicitly defines a (type 〈1〉) quantifier Q

iff, for all L2(Q)-structures M = 〈M, 〈RMn |n ∈ N〉,QM,∀M〉, M |= ϕ iff QM = Q(M) ∩RM1 .

Recall that the sentence defining universal quantification, according to Feferman, was

220Where M |= Γ iff M |= γ for all γ ∈ Γ.
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(U) ∀X1∀X0[(∀x(X0 → X1x)→ (X0 → Q(X1))) ∧ (∀x(Q(X1)→ X1x))]

Proposition 1: Over normal structures, (U) implicitly defines Q(M) = {M}.

Proof :

(⇒) Suppose M |= (U).

(⊆) Assume A ∈ QM. Thus, A ∈ RM1 . SinceM |= (U),M |= ∀x(Q(A)→ Ax). Then, since

A ∈ QM, for all a ∈ M , a ∈ A and thus A = M . It follows that A ∈ Q(M) and thus

that A ∈ Q(M) ∩RM1 . Therefore, QM ⊆ Q(M) ∩RM1 .

(⊇) Assume A ∈ Q(M) ∩ RM1 . Thus, A = M . Since M |= (U), if M |= Aa for all a ∈ M

thenM |= Q(A). Since A = M it follows that A ∈ QM. Therefore, Q(M)∩RM1 ⊆ QM.

Therefore, (U) implicitly defines Q(M) = {M}.

(⇐) Suppose QM = Q(M) ∩RM1 .

(i) Case 1 : M ∈ RM1 . Then, QM = {M}. Hence, M |= ∀x(Q(A1) → A1x) for all

A1 ∈ RM1 . Moreover, suppose M |= ∀x(R0 → R1x) and M |= R0. Then M |= R1a for

all a ∈ M and thus R1 = M . Hence M |= Q(R1) and thus M |= ∀x(R0 → R1x) →

(R0 → Q(R1)) for all R0 ∈ RM0 and R1 ∈ RM1 . Hence M |= (U).

(ii) Case 2 : M /∈ RM1 . Then, QM = ∅ and M |= (U) straightforwardly.

�

Proposition 2: Over general structures, (U) does not implicitly define Q(M) = {M}.

Proof : Note that, by Bonnay & Westerst̊ahl’s result, to be consistent with FOL ∀M must be a

principal filter over M . Thus, let M be a general structure, s.t. ∀M is a principal filter generated

by a set A ⊂M , RM1 = P(M), and QM = ∀M . Note that QM 6= Q(M) ∩RM1 .

However, let R1 ∈ RM1 and suppose that M |= ∀xR1x. That mean R1 ∈ ∀M and thus

R1 ∈ QM. Hence M |= Q(R1). Similarly, if R1 ∈ QM then R1 ∈ ∀M and thus M |= ∀x(Q(R1)→

R1x). Therefore, M |= (U).

Hence, (U) does not implicitly define Q(M) = {M} over general structures.

�
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This result only tells us about the non-suitability of (U) as a characterising sentence for universal

quantification, but leaves open the question of whether there is another sentence ϕ of L2(Q), s.t.

Q(M) = {M} is implicitly defined by ϕ over general structures. Our goal in the following is to

prove that this is not the case.

The result that Q(M) = {M} is not implicitly defined by any sentence ϕ of L2(Q) over

general models relies on an insight by F. Engström that Feferman is able to establish his conclusion

that all quantifiers implicitly definable in L2(Q) are already explicitly definable in FOL due to

the weakness of the semantics chosen. This weakness can be brought out in a helpful way. Let

L1(P ) be the first-order version of L2 supplemented by a predicate constant P of adicity 1.221 We

say that a (type 〈1〉) quantifier Q is defined by a sentence ϕ of L1(P ) iff, for all L1-models M:

〈M, PM〉 |= ϕ iff PM ∈ QM . As before, we call an L1-model general if it is consistent with `FOL.

Engström (Engström 2014) then (re-)establishes Feferman’s main result:

Proposition (Feferman 2015; Engström 2014): If a generalised quantifier is implicitly definable

in L2(Q), then it is definable in FOL.

Engström’s proof of this result can be straightforwardly adapted to our more general setting such

that we obtain the following Lemma:

Lemma: If a generalised quantifier (of type 〈1〉) is implicitly definable in L2(Q) over general L2(Q)-

structures, then it is definable by a sentence of L1(P ) over general L1(P )-models.

This suffices to prove

Proposition 3: There is no sentence ϕ of L2(Q) that implicitly defines Q(M) = {M} over general

structures.

Proof : Suppose that Q(M) = {M} was implicitly definable by a sentence of L2(Q) over general

221The following considerations generalise to quantifiers of all types. Given that our case of interest here is of type
〈1〉, however, we restrict ourselves to this case.
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structures. By the previous Lemma it follows that Q(M) = {M} is defined by a sentence ϕ(P ) of

L1(P ) over general L1(P )-models, i.e., for all general L1(P )-modelsM: M |= ϕ(P ) iff PM ∈ QM .

Since this holds for all general models it, in particular, holds for all normal L1(P )-models M∗.

Thus, for all normal L1(P )-models M∗: M∗ |= ∀xPx ↔ ϕ(P ). By the completeness of FOL it

follows that ∀xPx `FOL ϕ(P ).

By Bonnay & Westerst̊ahl’s result it is sufficient that ∀M is a principal filter over M for

M to be consistent with `FOL. Thus, letM′ be an L1(P )-model for which ∀M′ is a principal filter

generated by A ⊂M ′ and PM
′

= A. By the set-up we have that M′ |= ∀xPx. By the consistency

with `FOL guaranteed by Bonnay & Westerst̊ahl’s result it follows that M′ |= ϕ(P ) as well.

However, M′ is a general L1(P )-model s.t. M′ |= ϕ(P ) yet PM
′

= A 6= M and thus

PM
′
/∈ QM ′ = {M ′} – contradiction to the assumption that ϕ(P ) implicitly defines QM = {M}

over general L1(P )-models. It follows that Q(M) = {M} is not implicitly definable by a sentence

of L2(Q) over general structures.

�

It is well known that there exists a complete proof-procedure for second-order logic with Henkin

semantics.222 In order to establish Proposition 4 we have to replicate Bonnay & Westerst̊ahl’s

result w.r.t. L2(Q)-models. In doing so, we encounter an interesting issue: in establishing their

result for the first-order quantifiers, Bonnay & Westerst̊ahl assumed the availability of predicate-

variables to avoid having to relativize the results to definable subsets. Given the essential idea of

Henkin-models, that each model precisely specifies which relations are available to be quantified

over, the same simplification is not available here. This is not a significant impediment, however,

as we only need to make sure that the required sets and relations for the proof to go through along

the lines of Bonnay & Westerst̊ahl’s proof are available within the model. We call models for which

this is the case sufficiently rich. The existence of sufficiently rich L2(Q)-models is guaranteed by

the fact that full structures are Henkin-models. As a corollary to Bonnay & Westerst̊ahl’s result

we thus obtain the following:

Corollary: Let M be a sufficiently rich L2(Q)-model. M is consistent with `2 iff ∀M ∩R1 is a

222See, for example, (Nour and Raffalli 2003).
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principal filter.

Proof : Virtually identical to the proof of the first-order case as it can be found in (Bonnay and

Westerst̊ahl 2016).

We can then establish Proposition 4:

Proposition 4: There is no sentence ϕ of L2(Q) that implicitly defines Q(M) = {M} over general

models.

Proof : Suppose Q(M) = {M} was implicitly defined by a sentence ϕ over general models. We

will show that ∀X1(Q(X1) ↔ ∀xX1x) `2 ϕ. To this end, let M be a normal L2(Q)-model (note

that sinceM is Henkin we are assured that M ∈ RM1 ) and supposeM |= ∀X1(Q(X1)↔ ∀xX1x).

Hence, for all A ⊆M , A ∈ QM iff A = M . Thus, QM = {M} = Q(M) ∩RM1 and therefore, since

ϕ implicitly defines Q(M) = {M}, M |= ϕ. It follows that ∀X1(Q(X1)↔ ∀xX1x) `2 ϕ.

Let M′ be a sufficiently rich L2(Q)-model, s.t. ∀M′ ∩RM′1 is a principal filter generated

by a set A ∈ RM′1 with A ⊂ M ′, and QM′ = ∀M′ ∩ RM′1 . By the Corollary we know that M′

is consistent with `2. It is easy to see that M′ |= ∀X1(Q(X1) ↔ ∀xX1x) and thus we have that

M′ |= ϕ as well.

However, QM′ 6= {M} = Q(M)∩RM′1 – contradiction to the assumption that ϕ implicitly

defines Q(M) = {M}. Therefore, Q(M) = {M} is not implicitly defined by a sentence ϕ of L2(Q)

over general models.

�

5.6.2 Proofs for Section 4.3

We here provide the proofs and definitions for the results mentioned in Section 5.4.3.

A Setting

Let L(Q)[τ ] be the language of FOL in a purely relational signature τ (where τ is at most countable)
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extended by a type 〈1〉-quantifier symbol Q. I.e., in addition to the standard formation-clauses of

FOL we have that

(*) if x is a variable, and ϕ(x) a formula of L(Q)[τ ], then so is Qxϕ(x).

Let SentτL(Q) be the set of sentences of L(Q)[τ ]. A consequence relation ` over L(Q)[τ ] is a set of

the form:

` ⊆ P(SentτL(Q))× Sent
τ
L(Q)

We assume that all consequence relations ` considered here are Tarskian consequence relations, i.e.,

they are reflexive, monotone, and transitive. Since, for simplicity, we are working with languages

containing (countably many) predicate-variables of any adicity we often drop mention of signatures

τ (without this assumption the results below need to be restricted to definable subsets). We

furthermore assume that for all logics considered here `FOL ⊆ `.

A type 〈1〉-quantifier Q is a class of monadic first-order structures M = 〈M,A〉. For each (rela-

tional) first-order structure M with domain M , the associated quantifier-on-M ,QM , is given as

follows: A ∈ QM iff 〈M,A〉 ∈ Q. In other words,

QM ⊆ P(M), s.t. A ∈ QM iff 〈M,A〉 ∈ Q

We assume that Q is ‘defined’ for all sets M .

We let |= denote the standard first-order satisfaction relation. By |=Q we indicate that Q is to be

interpreted by Q. Then, omitting mention of variable-assignments for notational convenience and

keeping the satisfaction clauses for the usual constants of FOL standard we add:

(**) M |=Q Qxϕ(x) iff Jϕ(x)KM ∈ QM

where Jψ(x1, . . . , xn)KM = {〈a1, . . . , an〉 ∈ Mn|M |=Q ψ(a1, . . . , an)}. We write M |=Q Γ to

abbreviate M |=Q ψ for all ψ ∈ Γ.

Given a quantifier Q, we associate with it a consequence-relation |=Q as follows: Γ |=Q ϕ iff for all

models M: whenever M |=Q Γ, then M |=Q ϕ.
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Definition (consistent with `): Let ` be a consequence relation. A quantifier Q is consistent with

` iff, whenever Γ ` ϕ, then, Γ |=Q ϕ.

Observation 1: For any quantifier Q, Q is consistent with |=Q.

Observation 2: For any quantifier Q, |=Q is the maximal consequence-relation for Q, i.e., for all

` consistent with Q, ` ⊆ |=Q.

Definition (invariance): Let Q be a type 〈1〉-quantifier and f : M 7→ N a function. Then, Q is

invariant under f if f [QM ] = QN . In particular, if f : M 7→M , then f [QM ] = QM .

We say that a quantifier Q is invariant under permutations if, for all M and permutations

π : M 7→ M , π[QM ] = QM . A quantifier Q is invariant under isomorphism or closed under

isomorphic structures, if, for all isomorphisms ι : M 7→ N , Q it is invariant under ι.

Definition (Carnap-categorical): A quantifier Q is Carnap-categorical (abbreviated: CC) w.r.t.

a consequence relation ` iff

(i) Consistency : Q is consistent with `;

(ii) Invariance: Q is closed under isomorphic structures;

(iii) Uniqueness: for all Q∗ consistent with ` and invariant under isomorphism: Q∗ = Q.

We say that Q is Carnap-categorical if is it CC w.r.t. some consequence relation (over L(Q)).

Observation 3: For any quantifier Q, if Q is CC w.r.t. some `, then it is CC w.r.t. |=Q.

In the following, we sometimes establish invariance w.r.t. permutations, rather than isomorphisms,

as it simplifies the proofs. However, the results straightforwardly generalise to full isomorphism-

invariance.
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B FOL

Theorem (Bonnay and Westerst̊ahl 2016): ∀ = {M = 〈M,A〉|A = M} (and, dually, ∃ = {M =

〈M,A〉|A 6= ∅}) is CC w.r.t. `FOL.

Assume from now on that ∀ and ∃ possess their standard meaning. For a sentence ϕ of FOL, let

Mod(ϕ) = {M|M |= ϕ}. Note that Mod(ϕ) is closed under isomorphic structures.

Definition (elementary definable): A type 〈1〉-quantifier Q is elementary definable if there exists

a sentence ϕ of FOL in signature τ = {P} consisting of a single monadic predicate symbol P , s.t.

Q = Mod(ϕ).

Proposition 4: Let Q be an (type 〈1〉) elementary definable quantifier. It follows that Q is CC

w.r.t. |=Q.

Proof : Q is consistent with |=Q by Observation 1. Since Q = Mod(ϕ) for some FOL-sentence ϕ

in signature τ = {P} it is closed under isomorphic structures.

Suppose then that it is not unique, i.e., that there exists an isomorphism-closed Q∗ 6= Q

consistent with |=Q. It is not difficult to see that |=Q QxPx ↔ ϕ. But Q∗ is consistent with |=Q,

and hence, for all M, M |=Q∗ QxPx ↔ ϕ. But, since Q 6= Q∗, for some model M we will have

that M 6|=Q∗ QxPx↔ ϕ – contradiction.

�

Hence, Carnap-categoricity is preserved under elementary definability.

Corollary 5: The quantifiers ∃≥n = {M = 〈M,A〉|n ≤ |A|} are CC for all n ∈ N.

Proof : Let ϕ≥n := ∃x1 . . . ∃xn(
∧
i 6=j
i,j≤n

xi 6= xj ∧
∧
i≤n

P (xi)). Then, ∃≥n = Mod(ϕ≥n). Hence, by

Proposition 4, ∃≥n is CC.

�
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C Q0 and Qfin

Let Q0 = {M = 〈M,A〉|ℵ0 ≤ |A|} and Qfin = {M = 〈M,A〉||A| < ℵ0}.

Lemma 6: There is a set ∆ of FOL-sentences of signature τ = {P} (P monadic), s.t.

(i) ∆ |=Q0 QxPx and QxPx |=Q0 ψ for all ψ ∈ ∆; and

(ii) ∆ |=Qfin
¬QxPx and ¬QxPx |=Qfin

ψ for all ψ ∈ ∆.

Proof : Consider ∆ := {ϕ≥n|n ∈ N} with ϕ≥n as in Corollary 5.

�

Let ∆ be a set of FOL-sentences. Then Mod(∆) = {M|M |= ψ for all ψ ∈ ∆}.

Lemma 7: Let Q∗ be consistent with |=Q0 . Then Q∗ = Q0.

Proof : By Lemma 6.(i) we have that Q0 = Mod(∆) for ∆ := {ϕ≥n|n ∈ N} with ϕ≥n as in

Corollary 5. Now suppose that Q∗ 6= Q0.

(⊆) Assume that there existsM∈ Q∗, s.t. M /∈ Q0. SinceM∈ Q∗ we have thatM |=Q∗ QxPx.

Since Q∗ consistent with |=Q0 by assumption and QxPx |=Q0 ψ for all ψ ∈ ∆ by 6.(i) it

follows that M |=Q∗ ψ for all ψ ∈ ∆ as well. Hence, M ∈ Mod(∆) = Q0 – contradiction.

Hence, Q∗ ⊆ Q0.

(⊇) Assume that there exists M ∈ Q0, s.t. M /∈ Q∗. Hence, M 6|=Q∗ QxPx and hence, since

Q∗ consistent with |=Q0 and by 6.(i), there exists ϕ≥n ∈ ∆, s.t. M 6|=Q∗ ϕ≥n. But then

M /∈Mod(∆) = Q0 – contradiction. Hence, Q0 ⊆ Q∗.

Therefore, Q∗ = Q0.

�

Theorem 8 (Westerst̊ahl): The quantifier Q0 = {M = 〈M,A〉|ℵ0 ≤ |A|} is CC.
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Proof : By construction Q0 is isomorphism-invariant. By Observation 1 it is consistent w.r.t.

|=Q0 , and by Lemma 7 it is unique w.r.t. |=Q0 .

�

D. Westerst̊ahl’s original proof of the above result used a signature containing a function symbol,

and a set of sentences forcing it to be interpreted as the successor function. We here adapted his

original reasoning to a relational setting.

Lemma 9: Let Q∗ be consistent with |=Qfin
. Then Q∗ = Qfin.

Proof :

(⊆) Assume there exists M ∈ Q∗, s.t. M /∈ Qfin. Since M ∈ Q∗, M |=Q∗ QxPx. Furthermore,

since M = 〈M,A〉 /∈ Qfin we have that |A| ≥ ℵ1. Hence, M |=Q∗ ϕ≥n for all ϕ≥n ∈ ∆ of

Corollary 5. Since Q∗ consistent with |=Qfin
and by Lemma 6.(ii) above, M |=Q∗ ¬QxPx

– contradiction. Hence, Q∗ ⊆ Qfin.

(⊇) Assume that there exists M ∈ Qfin, s.t. M /∈ Q∗. Since M /∈ Q∗ we have that M |=Q∗

¬QxPx. Since M ∈ Qfin we have that M |= ¬∃≥nxPx for some n ∈ N. Since Q∗ consistent

with |=Qfin
and by Lemma 6.(ii) above, we have that M |=Q∗ ∃≥nxPx for all n ∈ N –

contradiction. Hence, Qfin ⊆ Q∗.

Hence, Q∗ = Qfin.

�

Theorem 10: The quantifier Qfin = {M = 〈M,A〉||A| < ℵ0} is CC.

Proof : By construction Qfin is isomorphism-invariant. By Observation 1 it is consistent w.r.t.

|=Q0 , and by Lemma 9 it is unique w.r.t. |=Qfin
.

�

We will reprove the results contained in Theorem 8 and Theorem 10 in a different way and

greater generality in Chapter 6.
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D Q1

The Keisler-quantifier QK is the quantifier Q1 = QK = {M = 〈M,A〉|ℵ1 ≤ |A|}.

Definition (Keisler 1970): The calculus of L(QK) is given by the following axiom-schemata and

rules of inference:

(PL) axiom-schemata for FOL (with identity);

(A1) ∀y∀z¬QKx(x = y ∨ x = z).

(A2) ∀x(ϕ→ ψ)→ (QKxϕ→ QKxψ)

(A3) QKxϕ(x)↔ QKyϕ(y) where y does not occur in ϕ(x) and ϕ(y) is the result of replacing each

free occurrence of x in ϕ by y.

(A4) QKy∃xϕ→ (∃xQKyϕ ∨QKx∃yϕ)

(MP)

ϕ ϕ→ ψ

ψ

(UG)

ϕ

∀xϕ

Let K be the set of all instances of (PL) and (A1) - (A4). ϕ can be derived from Γ in the calculus

of L(QK), Γ `K ϕ, if ϕ ∈ Γ, ϕ ∈ K, or ϕ can be obtained in a finite number of steps from formulas

in Γ ∪K by applications of (MP) or (UG).

Lemma 11 (Keisler 1970): Let ϕ,ψ be formulas of L(QK). Then,

(i) `K QKxϕ→ ∃xϕ

(ii) `K QKx(ϕ ∨ ψ)↔ (QKxϕ ∨QKxψ)

We say that Q ∈ K if, for all M, M |=Q K.

Lemma 12 (Keisler 1970): Let Q ∈ K and M be a model. If `K ϕ, then M |=Q ϕ. If Γ `K ϕ,

then, if M |=Q Γ, it follows that M |=Q ϕ.

319



Theorem 13 (Keisler 1970): Let Γ ∪ {ϕ} be a set of sentences of L(QK). Then, Γ `K ϕ iff

Γ |=QK ϕ.

The question we are interested in at this point is what are all the quantifiers Q compatible with

the logic of QK , i.e., what are all the interpretations of QK consistent with `K .

For a set X ⊆ P(M) we let min(X) be the least cardinal κ, s.t. κ = |Z| for some Z ∈ X. In other

words, min(X) =
⋂
{|Z||Z ∈ X}. Note that min(·) is well-defined over the class of all models,

since every domain of a model is a set.

The following definition is as given in (Jech 2003). For α > 0 a limit ordinal, an increasing β-

sequence 〈αδ|δ < β〉 (β a limit ordinal) is cofinal in α if limδ→β αδ = α. For an infinite limit

ordinal α, the cofinality of α, cf (α), is the the least limit ordinal β, s.t. there is an increasing

β-sequence 〈αδ|δ < β〉 cofinal in α.

Definition (regular/singular cardinal): An infinite cardinal ℵα is regular if cf (ℵα) = ℵα. It is

singular if cf (ℵα) < ℵα.

Lemma 14 (Jech 2003): An infinite cardinal κ is singular iff there exists a cardinal λ < κ and a

family {∆γ |γ < λ} of subsets of κ, s.t. |∆γ | < κ for all γ < λ, and
⋃
γ<λ

∆γ = κ.

Corollary 15: Let X be an infinite set. |X| is a singular cardinal iff there exists λ < |X| and a

family {δγ |γ < λ} with δγ ⊆ X, and |δγ | < |X| for all γ < λ and
⋃
γ<λ

δγ = X.

Proof :

(⇒) Let |X| = κ be a singular cardinal. By Lemma 14 there exists a cardinal λ < κ and a family

{∆γ |γ < λ} of subsets of κ, s.t. |∆γ | < κ for all γ < λ, and
⋃
γ<λ

∆γ = κ.

Let f : κ 7→ |X| be a bijection between X and κ and set δγ = f [∆γ ]. Then, {δγ |γ < λ} =

{f [∆γ ]|γ < λ}, δγ ⊆ X and |δγ | = |f [∆γ ]| = |∆γ | < κ = |X| for all γ < λ. It thus remains to
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show that
⋃
γ<λ

δγ = X.

Clearly
⋃
γ<λ

δγ ⊆ X. Suppose X 6⊆
⋃
γ<λ

δγ . That means there exists x ∈ X, s.t. x /∈
⋃
γ<λ

δγ , i.e.,

x /∈ δγ = f [∆γ ] for any γ < λ. Hence, for no a ∈ ∆γ and γ < λ do we have that f(a) = x.

Since
⋃
γ<λ

∆γ = κ it follows that for no a ∈ κ do we have that f(a) = x – contradiction to the

assumption that f was bijective. Hence,
⋃
γ<λ

δγ = X.

(⇐) Assume there exists λ < |X| and a family {δγ |γ < λ} with δγ ⊆ X, |δγ | < |X| for all γ < λ,

s.t.
⋃
γ<λ

δγ = X. Assume further that |X| = κ and let f : X 7→ κ be a bijection between X

and κ. Set ∆γ = f(δγ). Then, by Lemma 14, it immediately follows that κ = |X| is singular.

�

Theorem 16: A quantifier Q is consistent with `K iff for all models M

(i) for all X ∈ QM : ℵ0 ≤ |X|;

(ii) QM is closed under super-sets, i.e., if X ∈ QM and X ⊆ Y ⊆M , then Y ∈ Q;

(iii) if QM 6= ∅, then min(QM ) is regular;

(iv) QM is closed under equicardinal sets, i.e., for all X,Y ⊆M , if X ∈ QM and |X| = |Y |, then

Y ∈ QM .

Proof : We will begin with the left-to-right direction of the proof. Hence, assume thatQ is consistent

with `K and let M be a model.

(i) Let X ∈ QM and suppose that |X| < ℵ0. We claim that there exists Y ∈ QM , s.t. there

are Y0, Y1 ⊆ Y with Y0 ∪ Y1 = Y , Y0 ∩ Y1 = ∅, and |Y0|, |Y1| < |Y |. Take Y ∈ QM , s.t.

|Y | = min(QM ). We claim that |Y | ≥ 2. For suppose not, i.e., suppose |Y | < 2. That means

(a) |Y | = 0 or (b) |Y | = 1.

(a) Suppose |Y | = 0. That means Y = ∅. Set Y = Jϕ(x)KM. Since Y = Jϕ(x)KM ∈ QM

we have that M |=Q QKxϕ(x). Moreover, since Y = Jϕ(x)KM = ∅ we further have that

M 6|=Q ∃xϕ(x). However, since Q consistent with `K , by Lemma 11.(i): M |=Q ∃xϕ(x)

– contradiction. Hence, |Y | 6= 0.
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(b) Suppose |Y | = 1. Since Y ∈ QM , we know that M |=Q ∃yQKx(y = x) and therefore

M |=Q ∃z∃yQKx(y = x ∨ z = x). However, since ∃z∃yQKx(x = y ∨ x = z) ≡

¬∀y∀z¬QKx(x = y ∨ x = z) and Q consistent with `K , there is a contradiction to

M |=Q (A1). Hence |Y | 6= 1.

Therefore, |Y | ≥ 2.

Since, |Y | = min(QM ) we thus have that 2 ≤ |Y | ≤ |X| < ℵ0. Let a ∈ Y and set Y0 = {a},

Y1 = Y −{a}. Clearly, Y0, Y1 ⊆ Y , Y0 ∪Y1 = Y and Y0 ∩Y1 = ∅. Furthermore, since Y finite,

|Y0|, |Y1| < |Y |. Thus, the claim holds.

Now, let Y, Y0, Y1 be as above and set Jψ(x)KM = Y0 and Jχ(x)KM = Y1. Then, Jψ(x) ∨

χ(x)KM = Jψ(x)KM ∪ Jχ(x)KM = Y0 ∪ Y1 = Y ∈ QM and thus M |=Q QKx(ψ(x) ∨ χ(x)).

However, since |Y | = min(QM ) and |Y0|, |Y1| < |Y | we know that Y0, Y1 /∈ QM and thus

M 6|=Q QKxψ(x) and M 6|=Q QKxχ(x). Hence, M |=Q ¬(QKxψ(x) ∨QKxχ(x)). However,

by Lemma 11.(ii) and the fact that Q is consistent with `K we have thatM |=Q QKxψ(x)∨

QKxχ(x) – contradiction.

Therefore, |X| ≥ ℵ0.

(ii) Let X ∈ QM and suppose X ⊆ Y ⊆ M . Set Jϕ(x)KM = X and Jψ(x)KM = Y . Hence

Jϕ(x)KM ∈ QM and Jϕ(x)KM ⊆ Jψ(x)KM. If follows that M |=Q ∀x(ϕ(x) → ψ(x)) and

M |=Q QKxϕ(x).

Since M consistent with `K we have that M |=Q (A2). Therefore, M |=Q QKψ(x) as well

and it follows that Jψ(x)KM = Y ∈ QM .

(iii) Let QM 6= ∅ and suppose min(QM ) is not regular. Since min(QM ) ≥ ℵ0 by (i), it follows

that min(QM ) is singular. Let X ∈ QM be such that |X| = min(QM ). By Corollary 15

there then exists λ < min(QM ) and a family {∆γ : γ < λ} of subsets of X, s.t. |∆γ | < |X|

for all γ < λ, and
⋃
γ<λ

∆γ = X.

Let ϕ(x, y) be a formula and β = 〈aγ ∈ X|γ < λ〉 be a sequence of distinct elements from X.

We set Jϕ(aγ , y)KM = ∆γ for each γ < λ, aγ ∈ β, and Jϕ(b, y)KM = ∅ for all b /∈ β.

Then, J∃xϕ(x, y)KM =
⋃
d∈M

Jϕ(d, y)KM =
⋃
aγ∈β

Jϕ(aγ , y)KM =
⋃
γ<λ

∆γ = X ∈ QM . Thus,
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M |=Q QKy∃xϕ(x, y).

Since |∆γ | < |X| for all γ < λ, and |X| = min(QK), it follows that |Jϕ(d, y)KM| < min(QK)

for all d ∈M . Thus, Jϕ(d, y)KM /∈ QM for any d ∈M , and therefore

(*) M 6|=Q ∃xQKyϕ(x, y).

Moreover,
⋃
d∈M

Jϕ(x, d)KM = J∃yϕ(x, y)KM = {aγ ∈ X|aγ ∈ β}. Since λ < min(QK), it

follows that |{aγ ∈ X|aγ ∈ β}| < min(QK) and hence that J∃yϕ(x, y)KM /∈ QM . Therefore

(**) M 6|=Q QKx∃yϕ(x, y)

It follows from (*) and (**) that

M 6|=Q ∃xQKyϕ(x, y) ∨QKx∃yϕ(x, y).

However, sinceM |=Q QKy∃xϕ(x, y),M |=Q (A4) and Q consistent with `K , it follows that

M |=Q ∃xQKyϕ(x, y) ∨QKx∃yϕ(x, y) – contradiction.

Therefore, min(QM ) is regular.

(iv) Let X,Y ⊆ M with X ∈ QM and |X| = |Y |, and suppose Y /∈ QM . Let f : Y 7→ X be a

bijection between X and Y. Let ϕ(x, y) be a formula, s.t. Jϕ(x, y)KM is the graph of f , i.e.,

M |=Q ϕ(a, b) iff a ∈ Y , b ∈ X and b = f(a).

We then have that
⋃
d∈M

Jϕ(d, y)KM =
⋃

d∈dom(f)

Jϕ(d, y)KM = J∃xϕ(x, y)KM = ran(f) = X ∈

QM , and thus that M |=Q QKy∃xϕ(x, y).

However, since Jϕ(d, y)KM = {f(d)} if d ∈ dom(f) and ∅ otherwise, we have that |Jϕ(d, y)K|M

≤ 1 for all d ∈M . Thus, by (i): Jϕ(d, y)KM /∈ QM for any d ∈M . Therefore

(*) M 6|=Q ∃xQKyϕ(x, y)

Moreover,
⋃
d∈M

Jϕ(x, d)KM =
⋃

d∈ran(f)

Jϕ(x, d)KM = J∃yϕ(x, y)KM = dom(f) = Y /∈ QM and

thus:

(**) M 6|=Q QKx∃yϕ(x, y).
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It follows from (*) and (**) that

M 6|=Q ∃xQKyϕ(x, y) ∨QKx∃yϕ(x, y)

However, sinceM |=Q QKy∃xϕ(x, y),M |=Q (A4) and Q consistent with `K , it follows that

M |=Q ∃xQKyϕ(x, y) ∨QKx∃yϕ(x, y) – contradiction.

Hence, QM is closed under equicardinal sets.

For the right-to-left direction assume that Q satisfies conditions (i) - (iv). We need to show that

Q is consistent with `K , i.e., that whenever Γ `K ϕ and M |=Q Γ we also have that M |=Q ϕ.

Suppose then that Γ `K ϕ, and for a model M, M |=Q Γ. There are three possibilities:

(a) ϕ ∈ Γ;

(b) ϕ ∈ K, i.e., ϕ is an instance of an axiom of L(QK); or

(c) ϕ can be obtained in a finite number of steps from formulas in Γ∪K by applications of (MP)

or (UG).

In case of (a) the conclusion follows immediately. Suppose (b), that ϕ is an instance of an axiom

of L(Q)K . There are five cases to consider:

(PL) Suppose ϕ is an instance of an axiom-schema of FOL. Since the interpretation of the usual

constants of FOL is standard, it is easy to check that M satisfies the axioms for FOL with

identity.

(A1) Let ϕ := ∀y∀z¬QKx(x = y∨x = z). By (i) we know that for all X ∈ QM , ℵ0 ≤ |X| and thus,

in particular, that for no a, b ∈ M do we have that Jx = a ∨ x = bKM ∈ QM . Hence, M 6|=Q

∃y∃zQKx(x = y ∨ x = z). Since ¬∃y∃zQKx(x = y ∨ x = z) ≡ ∀y∀z¬QKx(x = y ∨ x = z) it

follows that M |=Q ϕ.

(A2) Let ϕ := ∀x(ϕ(x) → ψ(x)) → (QKxϕ(x) → QKxψ(x)) and suppose that M |=Q ∀x(ϕ(x) →

ψ(x)) and M |=Q QKxϕ(x). That means Jϕ(x)KM ⊆ Jψ(x)KM and Jϕ(x)KM ∈ QM . Since

QM is closed under super-sets if follows, by (ii), that Jψ(x)KM ∈ QM as well and thus that

M |=Q QKψ(x). Therefore, M |=Q ϕ.

(A3) Clear.
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(A4) Let ϕ := QKy∃xψ(x, y) → (∃xQKyψ(x, y) ∨ QKx∃yψ(x, y)) and suppose that M |=Q

QKy∃xψ(x, y), but M 6|=Q ∃xQKyψ(x, y) ∨QKx∃yψ(x, y). Hence we have

(*) M 6|=Q ∃xQKyψ(x, y)

and

(**) M 6|= QKx∃yψ(x, y)

By (*) it follows that for all d ∈M : Jψ(d, y)KM /∈ QM . By (**) we know that J∃yψ(x, y)KM =⋃
d∈M

Jψ(x, d)KM /∈ QM .

Since M |=Q QKy∃xψ(x, y) we know that J∃xψ(x, y)KM =
⋃
d∈M

Jψ(d, y)KM ∈ QM . Take

X ⊆
⋃
d∈M

Jψ(d, y)KM, s.t. |X| = min(QM). By (iv), X ∈ QM . By (iii), |X| is regular.

Furthermore, |X| ≤ |
⋃
d∈M

Jψ(d, y)KM|.

We claim that (a) for all d ∈ M : |Jψ(d, y)KM| < |X|. Suppose this was not the case, i.e.,

suppose that |Jψ(d0, y)KM| ≥ |X| for some d0 ∈ M . Since X ∈ QM it follows by (ii) that

X ∪ Jψ(d0, y)KM ∈ QM . Furthermore, since, by (i), |X| ≥ ℵ0 and |Jψ(d0, y)KM| ≥ |X|

it follows by cardinal arithmetic that |Jψ(d0, y)KM ∪ X| = |Jψ(d0, y)KM|. Thus, by (iv),

Jψ(d0, y)KM ∈ QM – contradiction to (*). Hence the claim follows.

We further claim that (b) |
⋃
d∈M

Jψ(x, d)KM| < |X|. For suppose |
⋃
d∈M

Jψ(x, d)KM| ≥ |X|. Since

X ∈ QM it follows by (ii) that X∪
⋃
d∈M

Jψ(x, d)KM ∈ QM . Furthermore, since, by (i), |X| ≥ ℵ0

and |
⋃
d∈M

Jψ(x, d)KM| ≥ |X|, it follows by cardinal arithmetic that |
⋃
d∈M

Jψ(x, d)KM ∪ X| =

|
⋃
d∈M

Jψ(x, d)KM|. Thus, by (iv),
⋃
d∈M

Jψ(x, d)KM ∈ QM – contradiction to (**). Hence the

claim follows.

Let |
⋃
d∈M

Jψ(x, d)KM| = κ. We thus know that there are κ-many elements c ∈ M , s.t.

Jψ(c, y)KM 6= ∅. Let 〈cγ |γ < κ〉 be a κ-sequence of these elements.

By claim (b) we know that κ < |X|. By claim (a) we know that for all c ∈M : |Jψ(c, y)KM| <

|X|. Note that
⋃
γ<κ

Jψ(cγ , y)KM =
⋃
d∈M

Jψ(d, y)KM ⊇ X.

Set Y =
⋃
d∈M

Jψ(d, y)KM − X. Then,
⋃
γ<κ

Jψ(cγ , y)KM − Y =
⋃
γ<κ

(Jψ(cγ , y)KM − Y ) = X.

But then, since κ < |X|, |Jψ(cγ , y)KM − Y | < |Jψ(cγ , y)KM| < |X| for all γ < κ, and
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⋃
γ<κ

(Jψ(cγ , y)KM − Y ) = X it follows by Corollary 15 that |X| is singular. Since |X| =

min(QM ), this is a contradiction to (iii).

Therefore, M |=Q ∃xQKyψ(x, y) ∨QKx∃yψ(x, y), and hence M |=Q ϕ.

Suppose now (c), that ϕ can be obtained in a finite number of steps from formulas in Γ ∪ K by

applications of (MP) or (UG). By the above we know that Q ∈ K. Then it immediately follows

from Lemma 12 that M |=Q ϕ.

�

Corollary 17: Q is consistent with `K iff, for all modelsM, QM = {A ⊆M |ℵα ≤ |A|} for some

regular cardinal ℵα.223

Proof :

(⇒) Let Q be consistent with `K . By Theorem 16 it follows, for all models M, that QM has

properties (i) - (iv). It thus suffices to show that if QM satisfies properties (i) - (iv) it is of

the form QM = {A ⊆ M |ℵα ≤ |A|} for some regular cardinal ℵα. We claim that this is the

case for ℵα = min(QM ).

Thus, let A ∈ QM . Then A ⊆ M and min(QM ) ≤ |A|. Therefore A ∈ {A ⊆ M |min(QM ) ≤

|A|}. For the other direction, let B ∈ {A ⊆ M |min(QM ) ≤ |A|} and min(QM ) = |Y | for

some Y ∈ QM . Since |B| ≥ min(QM ) = |Y | and min(QM ) infinite by (i), it follows by

cardinal arithmetic that |B ∪ Y | = |B|. Moreover, since Y ∈ QM and Y ⊆ B ∪ Y it follows

by (ii) that B ∪ Y ∈ QM and by (iv) that B ∈ QM . Hence QM = {A ⊆M |min(QM ) ≤ |A|}.

Furthermore, since min(QM ) regular by (iii), it follows that QM = {A ⊆ M |ℵα ≤ |A|} for

some regular cardinal ℵα.

(⇐) Let QM = {A ⊆ M |ℵα ≤ |A|} for some regular cardinal ℵα. It is not hard to check that in

this case QM satisfies properties (i) - (iv) of Theorem 16. Therefore, by the Theorem, Q

is consistent with `K .

�
223The right-to-left direction of this theorem, and thus straightforwardly of Theorem 16, is due to Keisler; cf.

(Keisler 1970, Corollary 3.3.1).
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Fact: For all cardinals ℵα, QM = {A ⊆M | ℵα ≤ |A|} is invariant under permutations.

Corollary 18: The quantifier Q1 = QK = {M = 〈M,A〉 | |A| < ℵ1} is not CC.

Proof : By Corollary 17 and the Fact above there are multiple permutation-invariant quantifiers

Q 6= Q1 consistent with `K . Hence, Q1 = QK is not CC w.r.t. `K . Since `K is complete for Q1

(Theorem 13), it is not CC for any `.

�

E Qα, α > 1

In this section, we consider quantifiers of the form

Qα = {M = 〈M,A〉|ℵα ≤ |A|}

and will show that, for many of them, we can demonstrate that ZFC cannot prove that they are

CC.

In case ℵα is a particular type of limit cardinal this follows from a result of Keisler. We say that,

for a quantifier Q and a set of sentences Σ of L(QK), Σ is Q-satisfiable iff there exists a modelM,

s.t. M |=Q Σ.

Definition: Let λ and κ be cardinals. A cardinal κ is a strong limit cardinal if 2λ < κ for every

λ < κ.

Theorem 19 (Keisler 1968): Let ℵα and ℵβ be singular strong limit cardinals. Then, for a set Σ

of L(QK)-sentences, Σ is Qα-satisfiable iff Σ is Qβ-satisfiable.

From this it quickly follows that no Qα, where ℵα is a singular strong limit cardinal, is CC:
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Corollary 20: Let ℵα be a singular strong limit cardinal. Then, Qα is not CC.

Proof : Let ℵα be a singular strong limit cardinal and assume that Qα is CC. Consider a singular

strong limit cardinal ℵβ, β > α (note that this is always possible). Since, by assumption and the

fact that |=Qα is maximal, Qα is CC w.r.t. |=Qα it follows that |=Qα 6⊆ |=Qβ . Hence, there exists

Γ∪{ϕ}, s.t. Γ |=Qα ϕ, but Γ 6|=Qβ ϕ. It follows that Γ∪{¬ϕ} is Qα-unsatisfiable and Qβ-satisfiable

– contradiction to Theorem 19. Hence, Qα is not CC. �

Relying on a result of Jensen we can further show that ZFC cannot prove any Qα, where ℵα is a

successor cardinal, to be CC.224

Theorem 21 (Jensen 1972):225 Assume V = L. Then every set of sentences consistent in the

calculus of L(QK) is Qα+1-satisfiable.

Note that it follows from this that, under the assumption of V = L and by Corollary 17, for any

α, |=Qα+1 = `K . Then226

Proposition 22: Assume V = L. No Qα+1 is CC.

Proof : By Corollary 18 we may assume that α > 0. Under the assumption of V = L, we have

that |=Qα+1 =`K = |=Q1 . Thus, for any α+ 1, we have that Q1 is consistent with |=Qα+1 . However,

Q1 6= Qα+1 and therefore Qα+1 is not CC. �

Corollary 23: ZFC does not prove, for any α+ 1, that Qα+1 is CC.

Proof : Suppose it did for some α+ 1. Then ZFC + V = L would prove that Qα+1 is CC as well

– contradiction to Proposition 22. �

224For a more detailed treatment see Chapter 6.
225See (Schmerl 1985, Corollary 2.1.7).
226We are indebted to D. Westerst̊ahl for suggesting we present the matter in this way, rather than in our previous

and less elegant manner.
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Chapter 6

Carnap-categoricity and

Quantification

6.1 Introduction

The purpose of this chapter is to study the notion of Carnap-categoricity more systemat-

ically and in more (formal) detail than we have done previously.1 We hope to be making good on

some promises given in the previous chapters and to provide deeper insight into the relationship

between Carnap-categoricity to other notions of determinability and definability. What is presented

here are, if at all, the mere beginnings of a theory; all the current chapter can hope to achieve is

to vindicate some of the points we raised in Chapter 5 above.

Thus, rather than constituting a comprehensive survey or even a fully systematic investi-

gation of the notion of Carnap-categoricity it might be best to think of the current undertaking as

something along the lines of a proof of concept, attempting to demonstrate two interrelated things:

(a) Carnap’s Question can be asked for any language whose syntax and semantics are sufficiently

formalised, and Carnap’s Problem arises for most of them in one form or other. Moreover, not

only does Carnap’s problem arise for all kinds of logics and languages, it also arises for all types

of expressions of these logics. As we already pointed out, while the study of Carnap’s problem

1This chapter is based on joint work with D. Westerst̊ahl (Stockholm University). It is a reproduction, exten-
sion, and development of ideas that constitute work-in-progress, tentatively titled Carnap’s Problem for Languages
L(Q1, . . . , Qn).
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in the context of classical propositional logic has received ample attention, the category of

(generalised) quantifiers, the crucial ingredient of first-order languages, has remained severely

underinvestigated. This might have partly historical reasons (with the concept of a general

quantifier only arising after Carnap’s seminal work on the underdetermination of semantics

by syntax), but, we claim, must constitute an important area of investigation for anyone

intending to defend a moderate inferentialist position or something close to it. This leads us

to the next point:

(b) A more indirect goal of the current section is to demonstrate that the study of Carnap’s

problem for (generalised) quantifier languages is indeed fruitful and yields interesting results.

Our focus here is of course determined by our philosophical agenda. We defended our crite-

rion incorporating the notion of Carnap-categoricity on the basis of it yielding the missing

component for a conception of logical symbols as those uniquely determining a formal de-

notation. This leads us to study the relationship between this notion and more common

and well-understood conceptions of first-order definability, extending the usual notions that

feature in Beth’s definability theorem.

We suspect that few of the results we will be presenting here will be truly novel or surprising. This

is owed to the fact that we make heavy use of and substantially build on previous results already

known for the logics and notions studied, and often merely draw out the consequences of these

results for the kinds of issues we are interested in here. Some details might be new, others will be

well-known, yet further are merely old results cast in a new light. We always mention the canonical

sources for the main results we build on in the respective sections, and we have tried to be as exact

as possible when ascribing results we make use of to authors who previously proved them. That

said, it has often proven impossible to fully trace whether a result was already known in the shape

presented here, whether it is a mere restatement and re-proving of things, or an extension of the

kinds of results we build on. The contribution of this chapter is not supposed to be mathematical,

and we hope we can be forgiven for the remaining inaccuracies, given that the project pursued here

is philosophical in nature and the interpretation of the results presented here as philosophically

significant is, to the best of our knowledge, novel.
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6.2 Implicit Definability of Quantifiers

We briefly introduce the general setting of our investigation in more detail and more

generality than we have done in the previous chapters in Section 6.2.1. We then re-prove and

discuss Bonnay & Westerst̊ahl’s central result concerning the universal and existential quantifier of

FOL in Section 6.2.2.

6.2.1 The Setting

As mentioned above, our focus here is the grammatical category of (generalised) quan-

tifiers. We thus always presuppose a classical, functionally complete propositional base in which

all propositional operators have received their standard model-theoretic meanings (either by stip-

ulation or in one of the ways indicated in Chapter 7). We also assume a privileged first-order

predicate of identity (=) whose meaning is the standard identity-relation. This presupposition can

be justified on the basis of the results presented in Section 6.2.2 below. The aspect of generalised

quantifiers we are interested in is the connection between their unique determinability (in the sense

of Carnap-categoricity) and their definability with respect to various (generalised) concepts of first-

order definability. Before outlining the structure of the present chapter we quickly provide and

review the definitions of the main notions relevant in the following.

A type τ = 〈n1, . . . , nk〉 is a sequence of natural numbers, i.e., ni ∈ N for all 1 ≤ i ≤ k.

A (generalised) quantifier Q of type τ is a class function that associates with each domain a set-

theoretic construction over this domain in accordance with the type of the quantifier. More precisely,

for each domain M , Q(M) = QM ⊆ P(Mn1) × . . . × P(Mnk). Alternatively, a (global) quantifier

Q of type τ = 〈n1, . . . , nk〉 is a class of (first-order) structures of signature 〈Rn1 , . . . , Rnk〉.2 For

each such global quantifier, the associated local quantifier QM on a domain M is as follows: QM =

{〈Rn1 , . . . , Rnk〉|〈M,Rn1 , . . . , Rnk〉 ∈ Q}. These two characterisations are equivalent. We associate

with each quantifier of type τ a quantifier symbol Q, s.t.

Qx̄1, . . . , x̄k(ϕ1(x̄1, ȳ1), . . . , ϕk(x̄k, ȳk))

where the length of the sequence x̄i is ni, is a formula. The variables x̄i for all 0 ≤ i ≤ k are bound.

The satisfaction clause for Q in a model MQ = 〈M,Q(M)〉 is as follows:

2See, e.g., (Lindström 1966).
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MQ |= Qx̄1, . . . , x̄k(ϕ1(x̄1, ā1), . . . , ϕk(x̄k, āk)) iff 〈Jϕ(x̄1, ā1)KM, . . . , Jϕ(x̄k, āk)KM〉 ∈ QM

(iff 〈M, Jϕ(x̄1, ā1)KM, . . . , Jϕ(x̄k, āk)KM〉 ∈ Q)

where Jϕ(x̄i, āi)KM = {〈b1, . . . , bni〉 ∈ Mni |MQ |= ϕ(b̄i, āi)}.3 Here, M will always denote a

standard first-order relational structure 〈M,R1, . . . Rn〉 with domain M . In general, we will re-

strict attention to purely relational signatures though we will assume that we have, in addition to

predicate-constants, countably many predicate-variables of any adicity available. These variables

cannot be bound, but allow us to avoid having to restrict our results to definable subsets.

Instead of MQ = 〈M,Q(M)〉 |= ϕ we often write M |=Q ϕ (M satisfies ϕ under the

Q-interpretation) and define the model-theoretic consequence relation associated with a quantifier

Q by

Γ |=Q ϕ iff for all M: if M |=Q Γ, then M |=Q ϕ

(where M |=Q Γ means that M |=Q γ for all γ ∈ Γ).

By FOL we denote the standard first-order predicate calculus with quantifiers ∀ and ∃,

both of which are assumed to have received their standard interpretations as ∀(M) = {M} and

∃(M) = {X ⊆ M |X 6= ∅}, respectively. If we permit ∀ and ∃ to vary over type 〈1〉 quantifiers,

i.e., if we do not assume their standard interpretations, we denote the resulting system by FOL−.

The language of FOL we denote by L. A first-order language is a language L(Q1, . . . , Qn) which

extends L with quantifier symbols Q1, . . . , Qn, each associated with a type τ . The formulas of

L(Q1, . . . , Qn) in signature η we denote by Formη
L(Q1,...,Qn), the sentences by SentηL(Q1,...,Qn). A

consequence relation `L(Q1,...,Qn)[η] over L(Q1, . . . , Qn) in signature η is a set of tuples of which

the first component is a set of L(Q1, . . . , Qn)-sentences of signature η and the second component a

single L(Q1, . . . , Qn)-sentence of signature η:

`L(Q1,...,Qn)[η] ⊆ P(SentηL(Q1,...,Qn))× Sent
η
L(Q1,...,Qn)

All consequence relations dealt with here are Tarskian in the sense outlined above. We will fre-

quently omit sub- and superscripts.

We will quickly repeat some further definitions and observations that have already been

mentioned and used before.
3See, e.g., (Peters and Westerst̊ahl 2006, 65) for this definition.
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A bijection between two sets M and N is a function that is one-to-one and onto. A permutation

is a bijection from a set M to itself. Given a bijection β : M 7→ N , β lifts to set-theoretical

constructions over M as follows: if X ⊆ M , then β[X] = {β(x)|x ∈ X}; if M = 〈M,R1, . . . , Rn〉,

then β[M] = 〈β[M ], β[R1], . . . , β[Rn]〉. If Q ⊆ P(M), then β[Q] = {β[X]|X ∈ Q}. Analogously for

more complex constructions.

Definition (invariance under bijection/permutation): A quantifier Q is invariant under bijec-

tions/permutations iff, for all M,N , for all bijections β : M 7→ N/permutations π : M 7→ M ,

β[QM ] = QN/π[QM ] = QM .

When Q is invariant under bijections we also frequently say that it is invariant under isomorphism.

Alternatively, if Q is a quantifier and M is isomorphic to N , M ∼= N , we say that Q is

closed under isomorphic structures, when M∈ Q iff N ∈ Q.

Observation 1: Let Q be a quantifier. Then, Q is invariant under bijections iff Q is closed under

isomorphic structures.

Proof :

(⇒) Suppose Q is invariant under bijections. Let M ∼= N and M ∈ Q. Since M ∼= N we know

there exists a bijection β : M 7→ N . Since Q invariant under bijections β[QM ] = QN . It

follows that N ∈ Q.

(⇐) Suppose Q is closed under isomorphic structures. Let β : M 7→ N be a bijection and suppose

that β[QM ] 6= QN . We distinguish two cases:

(1) there exists X, s.t. X ∈ β[QM ] and X /∈ QN . Now, X ∈ β[QM ] ⇒ β−1[X] ∈ QM ⇒

〈M,β−1[X]〉 ∈ Q ⇒ 〈β[M ], β[β−1[X]]〉 = 〈N,X〉 ∈ Q ⇒ X ∈ QN – contradiction.

Hence, X ∈ QN .

(2) there exists X, s.t. X ∈ QN and X /∈ β[QM ]. Now, X ∈ QN ⇒ 〈N,X〉 ∈ Q ⇒

〈β−1[N ], β−1[X]〉 = 〈M,β−1[X]〉 ∈ Q ⇒ β−1[X] ∈ QM ⇒ β[β−1[X]] = X ∈ β[QM ] –

contradiction. Hence, X ∈ β[QM ]
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Therefore, β[QM ] = QN . �

Definition (consistency): Let ` be a consequence relation and Q be a quantifier. Q is consistent

with ` if ` ⊆ |=Q.

Observation 2: Every quantifier Q is consistent with |=Q.

Observation 3: |=Q is the maximal consequence relation for a quantifier Q, i.e., whenever Q is

consistent with a consequence relation `, then ` ⊆ |=Q.

Definition (Carnap-categorical): A quantifier Q is Carnap-categorical (abbreviated: CC) w.r.t.

a consequence relation ` iff

(C) Consistency : Q is consistent with `;

(I) Invariance: Q is closed under isomorphic structures;

(U) Uniqueness: for all Q∗ consistent with ` and invariant under isomorphism: Q∗ = Q.

We say that Q is Carnap-categorical if is it CC w.r.t. some consequence relation (over L(Q)).

Note that we could further parametrise the notion of Carnap-categoricity to the type of

functions we demand invariance under, thereby obtaining a notion of Carnap-categoricity w.r.t. a

consequence-relation ` and class of functions F . However, due to our acceptance of isomorphism-

invariance as a necessary condition for a quantifier to qualify as logical (see Chapter 3) we here

restrict our attention to the class of all isomorphisms.4

Observation 4: For any quantifier Q, if Q is CC w.r.t. any `, then it is CC w.r.t. |=Q.

Because it will play some small role in the following we also provide the definition of a more

restricted conception of Carnap-categoricity here:

Definition (weak CC ): A quantifier Q is weakly CC (w.r.t. a consequence relation `) iff it satisfies

4Though see (Feferman 1999) and (Bonnay 2006) for other classes of functions to consider.
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(C), (I), and

(Uw) for all Q∗ s.t. |=Q∗ = |=Q and invariant under isomorphism: Q∗ = Q.

In other words, the difference between CC and weak CC is that for a quantifier to fail to be CC it

suffices that there be a non-identical quantifier consistent with its consequence-relation, subsuming,

as it were, its inferential role, whereas for a quantifier to fail to be strongly CC there has to be a

non-identical quantifier playing the exact same role. It is easy to see that CC’ness implies weak

CC’ness. Whether the reverse of this implication holds, however, remains, as of the writing of this

dissertation, an open question:

Question: Is there a quantifier that is weakly CC, but not CC (over the full space of models)?

The further structure of this chapter is as follows: after first introducing and re-proving Bonnay &

Westerst̊ahl’s results concerning the standard first-order quantifiers, which constitute the starting

point of the project of this thesis, we demonstrate by example that the CC of ∀ is a rather special

property by showing that other quantifiers possessing complete logics fail to be CC (sections 6.3.1

- 6.3.4). We then turn our attention to the preservation of the property of CC under notions of

(first-order) definability in sections 6.4.

We would be remiss not to emphasise the enormous importance the article (Bonnay and

Westerst̊ahl 2016) and the results proven therein have for this thesis. Their results demonstrated

the very possibility of the kind of approach taken here and indicated potentially fruitful extensions

of the line of reasoning pursued in (Bonnay and Westerst̊ahl 2016). Even more than that, large

parts of this thesis would not exist were it not for the patient advice and help of the authors of the

above mentioned paper in obtaining the results of the following sections. Their encouragement in

pursuing this project has been invaluable. We have tried to carefully indicate which results were

obtained by whom and in what way. Many of the results without indication have been obtained

fully collaboratively. All remaining mistakes are mine.

We should further mention the influence of the ideas and methods proposed, developed,

and advanced in (Antonelli 2013) and (Keisler 1970), which had a profound impact on the way the

current project was pursued. Antonelli drew attention to the fact that, analogous to the standard
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second-order quantifiers, first-order quantifiers also admit of non-standard interpretations. Keisler

had made use of such non-standard interpretations for first-order quantifiers in the shape of weak

models 40 years prior in proving his celebrated completeness theorem for first-order logic extended

by the quantifier ‘there exist uncountably many’. He substantially developed the theory of these

weak models as well. Further sources related to the general ideas of the present section and worth

mentioning in this context are: (Thomason and Johnson 1969), (Yasuhara 1969), (Väänänen 1978),

(Anapolitanos and Väänänen 1985).

6.2.2 ∀ and ∃ in FOL

In this section we quickly review and re-prove the central results of (Bonnay and West-

erst̊ahl 2016) which constitute the basis for our own proposal of the previous chapters. In addition,

we provide a very brief discussion of the conceptual foundation of the approach taken here by

comparing the notion of Carnap-categoricity with that of implicit definability.

The (model-theoretic version of the) notion of implicit definability discussed in chapters 5

and 8 makes straightforward sense for grammatical categories of expressions other than predicate

constants as well. In particular, we obtain the following formulation for generalised quantifiers:

Definition (implicit definability for quantifiers): Let T be a theory in the language of L(Q), and

Q be a quantifier of any type. We say that Q is implicitly defined (relative to T ) in terms of L(Q)

iff whenever MQ and MQ′ are models of T , then QM = Q′M .

We are interested in a slight generalisation of this notion, moving from theories to entire consequence

relations, and thus from definability by a theory to definability by inference:

Definition (implicit definability by a consequence relation `): Let ` be a consequence-relation

over L(Q) and Q be a quantifier of any type. We say that Q is implicitly defined by ` iff whenever

Q and Q′ are consistent with `, then Q = Q′.

Note that Carnap-categoricity is implicit definability by a consequence relation when only isomor-

phism-invariant interpretations are considered.
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Definition (filter): Let A be a set. A (proper) filter F over A, F ⊆ P(A), is a non-empty set of

subsets of A, s.t., for all X,Y ⊆ A, F is

(i) non-trivial : ∅ /∈ F ;

(ii) upward-closed : if X ∈ F and X ⊆ Y , then Y ∈ F ;

(iii) closed under finite intersections: if X,Y ∈ F , then X ∩ Y ∈ F .

A filter F over a set A is principal if there exists a (non-empty) set X ⊆ A, s.t. F = {B ⊆ A|X ⊆

B}. If F is of this form we call X the base of F and say that F is generated by X. We write FX

to indicate this, i.e., FX = {B ⊆ A|X ⊆ B}. It is easy to check that FX is indeed a filter for any

X ⊆ A.

Given a binary relation R ⊆M ×M we set Rx = {y ∈M |xRy} and R−1 = {〈b, a〉|aRb}. Following

nomenclature in (Bonnay and Westerst̊ahl 2016) we say that a filter F over M is commutative iff

for all R ⊆M ×M :

{x ∈M |Rx ∈ F} ∈ F iff {x ∈M |R−1
x ∈ F} ∈ F

Lemma 5 (van Lambalgen 1992; Westerst̊ahl 1996; Bonnay and Westerst̊ahl 2016): Commutative

filters are principal.

Proof (Bonnay and Westerst̊ahl 2016): Let F be a non-principal filter over M and let X ∈ F .

Consider the poset 〈P(X)∩F ,⊆〉. By Hausdorff’s Maximality Principle 〈P(X)∩F ,⊆〉 contains a

maximal totally ordered subset 〈F∗,⊆〉. We define the following:

(i) for Y ∈ F∗: ∆Y = X − Y . Consider {∆Y }Y ∈F∗ .

(ii) Z =
⋃

Y ∈F∗
∆Y

(iii) Z∗ = X − Z

Define R ⊆M ×M as follows:

R = (
⋃

Y ∈F∗
(∆Y × Y )) ∪ (Z∗ ×X)
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Then, {x ∈ M |Rx ∈ F} = Z ∪ Z∗ = X ∈ F . Note further that Z∗ /∈ F . For suppose it did.

By construction Z∗ ⊆ Y for all Y ∈ F∗. However, this is impossible since F is not principal by

assumption: since F is not principal there must be a Y ∗ ∈ F , s.t. Z∗ ∩ Y ∗ ⊂ Z∗ (for suppose

not: then Z∗ ∩ Y ∗ = Z∗ for all Y ∈ F , contradicting the assumption of non-principality). But

then Z∗ ∩ Y ∗ ∈ F∗ (by the fact that F∗ is maximal and Z∗ ∩ Y ∗ ⊆ X) contradicting the fact that

Z∗ ⊆ Y for all Y ∈ F∗. Hence, Z∗ /∈ F .

We will now show that Z∗ = {y ∈M |R−1
y ∈ F}.

(⊆) Let x ∈ Z∗. Then, by construction, x ∈ Y for all Y ∈ F∗. Hence, R−1
x =

⋃
Y ∈F∗

∆Y ∪ Z∗ =

Z ∪ Z∗ = X ∈ F , and thus x ∈ {y ∈M |R−1
y ∈ F}.

(⊇) Let x ∈ {y ∈ M |R−1
y ∈ F}. Hence, R−1

x ∈ F . Suppose x /∈ X. Then R−1
x = ∅ /∈ F . Hence

x ∈ X and therefore Z∗ ⊆ R−1
x . In fact, R−1

x =
⋃
x∈Y

∆Y ∪ Z∗. Suppose now that x ∈ Z.

Hence, there exists Y ∗ ∈ F∗, s.t. x /∈ Y ∗. Note that x ∈ Y ∈ F∗ implies that Y ∗ ⊂ Y , since

F∗ is totally ordered by ⊆ and x /∈ Y ∗. Hence
⋃
x∈Y

∆Y ∩Y ∗ = ∅ and therefore R−1
x ∩Y ∗ = Z∗.

We know that Y ∗ ∈ F and Z∗ /∈ F . Since F is closed under finite intersections R−1
x /∈ F –

contradiction.

Therefore, x /∈ Z. But then, since x ∈ X and x /∈ Z we have that x ∈ Z∗ as desired.

But then {x ∈M |Rx ∈ F} ∈ F , yet {x ∈M |R−1
x ∈ F} /∈ F and F is thus not commutative.

�

Lemma 6 (Bonnay and Westerst̊ahl 2016): Let Q interpret ∀. T.f.a.e.

(i) Q is consistent with `FOL;

(ii) for all M , QM is a commutative filter;

(iii) for all M , QM is a principal filter.

Proof (Bonnay and Westerst̊ahl 2016): We will prove a series of implications.

(i) ⇒ (ii): Suppose Q is consistent with `FOL and let M be a model. We will show that QM

must be a commutative filter.
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(a) QM is upward closed: Let X,Y ⊆ M and suppose X ∈ QM and X ⊆ Y . Set Jϕ(x)KM = X

and Jψ(x)KM = Y . Then,MQ |= ∀x(ϕ(x)∧ψ(x)). Since `FOL ∀x(ϕ(x)∧ψ(x))→ ∀xψ(x) and

Q is consistent with `FOL, it follows that MQ |= ∀xψ(x) and thus that Jψ(x)KM = Y ∈ Q.

(b) QM is closed under finite intersections: Let X,Y ⊆ M and suppose X,Y ∈ QM . Set

Jϕ(x)KM = X and Jψ(x)KM = Y . Then MQ |= ∀xϕ(x) and MQ |= ∀xψ(x). Since `FOL

∀xϕ(x) ∧ ∀xψ(x) → ∀x(ϕ(x) ∧ ψ(x)) and Q consistent with `FOL, it follows that MQ |=

∀x(ϕ(x) ∧ ψ(x)) and thus that Jϕ(x) ∧ ψ(x)KM = Jϕ(x)KM ∩ Jψ(x)KM = X ∩ Y ∈ QM .

(c) QM is non-trivial. Suppose ∅ ∈ QM . Set Jϕ(x)KM = ∅. Then, MQ |= ∀xϕ(x). Since

`FOL ∀xϕ(x) → ¬∀x¬ϕ(x) and Q consistent with `FOL it follows that MQ |= ¬∀x¬ϕ(x)

and thus that (JϕKM)c = ∅c = M /∈ QM – contradiction to the fact that QM is closed under

supersets (by (a)), since ∅ ⊆M . Hence ∅ /∈ QM .

Hence, QM is a filter.

(d) QM is commutative: LetR ⊆M×M and suppose {x ∈M |Rx ∈ QM} ∈ QM . Set JRKM = R.

Then MQ |= ∀x∀yRxy. Since `FOL ∀x∀yRxy → ∀y∀xRxy and Q consistent with `FOL it

follows that MQ |= ∀y∀xRxy and thus that J∀xRxyKM = {y ∈ M |JRxyKM ∈ QM} = {y ∈

M |R−1
y ∈ QM} ∈ QM . The reverse direction follows analogously.

Therefore, for all M , QM is a commutative filter.

(ii) ⇒ (iii): Follows from Lemma 5.

(iii) ⇒ (i): Let M be a model and QM a principal filter generated by a set X ⊆ M . Suppose

Γ `FOL ϕ. We will show that, for all sets of sentences Γ, whenever MQ |= Γ, then MQ |= ϕ σ for

all assignments σ : V ar 7→ X (thereby covering the situation in which ϕ is a sentence as a limiting

case).

The proof proceeds by induction on the length of the derivation of ϕ from Γ in a proof-

system adequate for FOL. We here choose the proof-system as given in (Buss 1998), but treat ∃

as a defined notion. The base case (excluding (∀E)) and the inductive steps for the propositional

clauses are straightforward, so it remains to establish the soundness of
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(∀E) ∀xϕ(x)→ ϕ(y/x) where y is free for x in ϕ

(∀I)

ϕ→ ψ(x)
x /∈ FV (ϕ)

ϕ→ ∀xψ(x)

For (∀E): We need to show that MQ |= ∀xϕ(x) → ϕ(y/x) σ for all assignments σ : V ar 7→ X.

Suppose, then, thatMQ |= ∀xϕ(x)σ, where σ : V ar 7→ X. That means Jϕ(x)KM,σ ∈ QM and thus,

since QM generated by X, X ⊆ Jϕ(x)KM,σ. Hence,MQ |= ϕ(x)σ[a/x] for all a ∈ X. In particular,

since σ : V ar 7→ X, MQ |= ϕ(x) σ[σ(y)/x] which is equivalent to MQ |= ϕ(y/x) σ (since y free for

x in ϕ).

For (∀I): Suppose the last step in a proof was an application of (∀I). By the inductive

hypothesis we thus have that MQ |= ϕ→ ψ(x) σ for all σ : V ar 7→ X, where x /∈ FV (ϕ). Suppose

further that MQ |= ϕ σ. Since x /∈ FV (ϕ) it follows that MQ |= ϕ σ[a/x] for any a ∈ X and

thus, since MQ |= ϕ → ψ(x) σ for all σ : V ar 7→ X: X ⊆ Jψ(x)KM,σ. Since QM is a principal

filter generated by X this means that Jψ(x)KM,σ ∈ QM and thus that MQ |= ∀xψ(x) σ. Hence,

MQ |= ϕ→ ∀xψ(x) as desired.

�

Theorem 7 (Bonnay and Westerst̊ahl 2016): ∀M = {M} is not implicitly defined by |=∀.

Proof : Let M be a model, X ⊂ M , and consider the principal filter generated by X, FX . Define

a class function Q∗ s.t., for all N ,

Q∗(N) =


∀(N) if N 6= M

FX if N = M

Let Q∗ interpret ∀. By Lemma 4 Q∗ is consistent with `FOL. By the completeness of FOL, `FOL

= |=∀. Hence, Q∗ is consistent with |=∀. However, Q∗ 6= ∀, since Q∗(M) = FX 6= {M} = ∀(M).

Hence, ∀ is not implicitly defined by |=∀.

�

Due to the fact that `FOL ∃xϕ(x) ↔ ¬∀x¬ϕ(x), any interpretation ∃ of the existential quantifier

∃ consistent with `FOL must be such that ∃M = {X ⊆M |Xc /∈ ∀M}. By Lemma 4, ∀M must be
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a principal filter and thus ∃M = {X ⊆M |Xc /∈ FX}, where FX is a principal filter interpreting ∀

over M . It immediately follows from this observation and Theorem 7 that:

Corollary 8: ∃M = {X ⊆M |X 6= ∅} is not implicitly defined by |=∃.

Proof : By the completeness of FOL we have that `FOL = |=∃. By `FOL ∃xϕ(x)↔ ¬∀x¬ϕ(x) we

know that, when Q interprets ∃, MQ is consistent with `FOL iff QM = {X ⊆M |M − Jϕ(x)KM /∈

∀M}. But QM = ∃M = {X ⊆ M |X 6= ∅} iff ∀M = {M} which cannot be enforced by `FOL given

Lemma 4. Hence |=∃ does not implicitly define ∃.

�

In fact, we have that

Proposition 9: Let FX be a principal filter over M generated by X, interpreting ∀ on M , i.e.,

∀M = FX . Then, for ∃ consistent with `FOL, M∃ |= ∃xϕ(x) iff Jϕ(x)KM ∩X 6= ∅.

Proof : Note that `FOL ∃xϕ(x) ↔ ¬∀x¬ϕ(x) and thus, for ∃ consistent with `FOL, M∃ |=

∃xϕ(x)↔ ¬∀x¬ϕ(x).

(⇒) Suppose M∃ |= ∃xϕ(x). Since ∃ consistent with `FOL it follows that M∃ |= ¬∀x¬ϕ(x)

and thus that M − Jϕ(x)KM /∈ ∀M = FX . Since FX is a principal filter, we have that

X 6⊆M − Jϕ(x)KM. But this means that X ∩ Jϕ(x)KM 6= ∅.

(⇐) Suppose that X∩Jϕ(x)KM 6= ∅. That means X 6⊆M−Jϕ(x)KM and thus, since ∀M a principal

filter generated by X, M − Jϕ(x)KM /∈ ∀M . Hence, M∃ 6|= ∀x¬ϕ(x), i.e., M∃ |= ¬∀x¬ϕ(x),

and therefore, since ∃ consistent with `FOL: M∃ |= ∃xϕ(x).

�

This underdetermination is removed when we restrict attention to bijection-invariant interpreta-

tions:
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Fact 10: Let Q be a quantifier s.t. QM is a principal filter for all M . Then Q is bijection-invariant

iff QM is maximal for all M , i.e., iff QM = {M}.

Proof (Bonnay and Westerst̊ahl 2016):

(⇐) Let Q be such that it is maximal for all M . Consider QM = {M} and a bijection β : M 7→ N .

Then, β[QM ] = β[{M}] = {β[M ]} = {N} = QN .

(⇒) Suppose Q is bijection-invariant, but not maximal for all M . Let Y ⊂ M be such that

QM = FY for some M . Let a ∈ Y , b ∈ M − Y and consider the permutation π : M 7→ M ,

s.t.

π(x) =


a if x = b

b if x = a

id otherwise

Then, by definition of π, a /∈ π[Y ] and thus Y 6⊆ π[Y ]. It follows that π[Y ] /∈ FY and thus

that π[QM ] = π[FY ] 6= FY = QM . Hence, QM is not bijection-invariant – contradiction.

Thus, it follows that QM is maximal for all M .

�

Theorem 11 (Bonnay and Westerst̊ahl 2016): ∀M = {M} is Carnap-categorical.

Proof : Note that ∀M = {M} is the maximal principal filter over M . By Lemma 6 ∀ is consistent

with `FOL. By Fact 10 ∀ is bijection-invariant. Moreover, by Fact 10, ∀ is the only bijection-

invariant operation s.t. ∀M is a principal filter over all M . Since, by Lemma 6, any Q interpreting

∀ consistent with `FOL must be a principal filter, ∀ is unique. Hence, ∀ is CC w.r.t. `FOL, and

thus CC.

�

Corollary 12: ∃M = {X ⊆M |X 6= ∅} is Carnap-categorical.
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Proof : We know that ∃ is consistent with `FOL and thus that, for any M, M∃ |= ∃xϕ(x) ↔

¬∀¬ϕ(x). That means, for any M , ∃M = {X ⊆ M |Xc /∈ ∀M}, where ∀M is a principal filter over

M . Thus, let ∀M = FY for some Y ⊂M . We claim that ∃M is not bijection-invariant in this case.

For consider Y c.

(i) Suppose |Y c| ≤ |Y |. Consider Z ⊆ Y , s.t. |Z| = |Y c|. Since Z ∩ Y = Z 6= ∅ by Proposition

9 we have that Z ∈ ∃M . Consider the permutation that sends Z to Y c and is the identity on

all other values. Then, Z ∈ ∃M , but π[Z] = Y c /∈ ∃M and thus π[∃M ] 6= ∃M .

(ii) Suppose |Y | ≤ |Y c|. Consider Z ⊆ Y c, s.t. |Z| = |Y | and repeat the same argument as in (i).

Hence, ∃M is not bijection-invariant. It is, however, easy to establish that ∃ given by ∃M = {X ⊆

M |X 6= ∅} is bijection-invariant. Note that {X ⊆M |Xc /∈ ∀M} = {X ⊆M |X 6= ∅} iff ∀M = {M}.

Since, to be consistent with `FOL, ∃ must be of such shape for any M , we know that

∃M = {X ⊆M |X 6= ∅} is the unique bijection-invariant interpretation of ∃. Hence, it is CC.

�

The shape of the alternative, non-bijection-invariant interpretations of ∀ has led to a proliferation

of possible interpretations consistent with `FOL. For any set M , there are now 2|M | − 1 possible

interpretations of ∀ respecting its inferential behaviour. Considering all of them we are of course

able to fully recover FOL-consequence (see Section 6.5 for the argument), but it is an interesting

question whether there is an interpretation of ∀ that remains functional and whose consequence

relation fully coincides with `FOL. We formulate it here as an open question:5

Question: Is there a non-standard class-function interpretation ∀∗ of ∀, s.t. |=∀∗ = |=∀?

Furthermore, as we will see below, ∀ and ∃ are rather special in that they are Carnap-categorical

over FOL−. With respect to all further quantifiers we are concerned with their implicit definability

and Carnap-categoricity over full FOL. We thus want to ask:

Question: Are there quantifiers other than ∀ and ∃ that are Carnap-categorical over FOL−?

5We suspect that it possesses an almost trivial affirmative answer, but have not been able to work out a full proof
yet.
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Lastly, we restricted attention to purely relational languages and the proof of Lemma 6 made

crucial use of the fact that relation-symbols were available. What changes when considering only

the monadic fragment of FOL? In particular:

Question: With respect to the monadic fragment of FOL, can we omit the requirement that ∀ be

interpreted by a principal filter?

6.3 Carnap-categoricity over L(Q): Some Case Studies

Despite our repeated emphasis of the fact that the global property of the completeness of

a logical system has no role to play in the determination of the logicality of the notions it contains,

it is undeniable that completeness is an extremely useful tool in investigating Carnap-categoricity.

In fact, it has a dual function in the following case-studies: on the one hand, knowing that the logic

of an expression is complete w.r.t. a given collection of axioms and rules make it easier to check

whether an alternative candidate is capable of filling the role of that notion – all that is needed

is to check that the axioms remain valid when interpreting the constant under consideration by

means of an alternative value, and that the rules remain truth-preserving. Given the completeness

of the system we are assured that there aren’t any further inferences we can add in order to rule

out the non-standard interpretation considered – everything true of the original notion is already

contained in the axioms; they are the best we can do to characterise the inferential role of the

semantic value under consideration in the confines of the language L(Q). This immediately yields

a non-categoricity result, and it is the shape all arguments below exhibit.

Completeness plays a further role when we can show that, potentially under the assump-

tion of additional set-theoretic hypotheses, a non-standard notion is also complete with respect to

the complete proof-system of the original notion. In this case, even weak Carnap-categoricity fails

(at least under the additional assumptions).

In this section we always assume that the universal and existential quantifiers of FOL

have received their standard interpretations as ∀(M) = {M} and ∃(M) = {X ⊆M |X 6= ∅}.
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6.3.1 The Chang-quantifier over Language-fragments

We here consider the type 〈1〉 Chang-quantifier (also called the equicardinality-quantifier)

given by

QC(M) = {A ⊆M ||A| = |M |}

The main source for this section is the wonderful textbook (Bell and Slomson 1969) by J.L. Bell &

A.B. Slomson. The axiomatisation of the equality-free fragment of FOL extended by the Chang-

quantifier stems from (Yasuhara 1969), and the axiomatisation of the monadic fragment of FOL

extended by the Chang-quantifier from (Bell and Slomson 1969). See (Herre, Krynicki, Pinus, and

Väänänen 1991) for a comparison of the Chang-quantifier with the related, but more powerful,

Rescher - and Härtig-quantifiers.

Note that over finite domains QC behaves like the universal quantifier, whereas over do-

mains of cardinality ℵα it behaves like the quantifier Qα. While it can be shown that the set of

validities of the logic of FOL extended with the Chang-quantifier is recursively enumerable under

certain set-theoretic assumptions, it is unclear whether an explicit, nice, and complete axiomatisa-

tion can be provided in ZFC itself, given the additional assumptions about cardinal exponentiation

needed (Bell and Slomson 1969, 282). Instead we will consider two fragments of FOL + {QC}

that can be proved complete in ZFC. In line with the literature we make the further simplifying

assumption that models with finite domains are excluded. Then,

Definition (weak model): A weak model MQ for the logic of the Chang-quantifier is a tuple

MQ = 〈M,Q(M)〉, s.t. M is a relational structure with ω ≤ |M | and Q(M) ⊆ P(M).

Definition (standard model): A standard model MQ for the logic of the Chang-quantifier is a

weak model where Q(M) = QC(M).

We are not considering the determinability of QC w.r.t. the full language L(QC), but w.r.t. two

fragments thereof:

Definition (fragments): By L−(QC) we denote the language of first-order logic extended by a type
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〈1〉 quantifier symbol QC , but without equality. By Lm(QC) we denote the language of first-order

logic containing only monadic predicate symbols extended by a type 〈1〉 quantifier symbol QC .

We can now consider an axiomatisation of QC for the language-fragment L−(QC).

Definition (Yasuhara 1969):6 The calculus of L−(QC) is given by the following axiom-schemata

and rules of inference:

(PL) axiom-schemata for FOL (without identity);

(A1) ∀xϕ(x)→ QCxϕ(x);

(A2) QCxϕ(x)→ ∃xϕ(x);

(A3) QCxϕ(x)↔ QCyϕ(y), where y does not occur in ϕ(x) and ϕ(y) is the result of replacing each

free occurrence of x in ϕ by y;

(A4) QCx(ϕ(x) ∨ ψ(x))→ (QCxϕ(x) ∨QCxψ(x))

(A5) ∀x(ϕ(x)→ ψ(x))→ (QCxϕ(x)→ QCxψ(x))

(MP)

ϕ ϕ→ ψ

ψ

(UG)

ϕ

∀xϕ

Let C− be the set of all instances of (PL) and (A1) - (A5) in L−(QC). ϕ can be derived from

Γ ∈ SentL−(QC) in the calculus of L−(QC), Γ `C− ϕ, if ϕ ∈ Γ, ϕ ∈ C−, or ϕ can be obtained in a

finite number of steps from formulas in Γ ∪ C− by applications of (MP) or (UG).

We then have that

Lemma 1: Let MQ = 〈M,Q(M)〉 be a weak model of C−. If Γ `C− ϕ, then MQ |= Γ implies

MQ |= ϕ.

6The axiomatisation of L−(QC) was originally given by (Yasuhara 1969) in the form of a Gentzen-system. We
here follow the equivalent axiomatisation as provided in (Bell and Slomson 1969, 283).
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Proof : The proof is a straightforward induction on the length of the derivation of ϕ from Γ.

Lemma 2: MQC = 〈M,QC(M)〉 satisfies the axioms of L−(QC).

Proof : The case for (PL) is clear. We will consider the remaining axiom-schemata in turn.

(A1) Suppose MQC |= ∀xϕ(x). That means Jϕ(x)KMQC = M . Since |M | = |Jϕ(x)KMQC | we have

that Jϕ(x)KMQC ∈ QC(M), and thus that MQC |= QCxϕ(x).

(A2) Suppose MQC |= QCxϕ(x). That means |Jϕ(x)KMQC | = |M |. Since M 6= ∅ it follows that

Jϕ(x)KMQC 6= ∅ and thus that MQC |= ∃xϕ(x).

(A3) Clear.

(A4) Suppose MQC |= QCx(ϕ(x) ∨ ψ(x)). That means Jϕ(x) ∨ ψ(x)KMQC = Jϕ(x)KMQC ∪

Jψ(x)KMQC ∈ QC(M). Hence |Jϕ(x) ∨ ψ(x)KMQC | = |Jϕ(x)KMQC ∪ Jψ(x)KMQC | = |M |. Let

|Jϕ(x)KMQC | = κ and |Jψ(x)KMQC | = λ and assume that κ, λ < |M |. Note that at least one of

κ, λ must be infinite since, by assumption, M is infinite and |Jϕ(x)KMQC ∪Jψ(x)KMQC | = |M |.

Then, |M | > max{κ, λ} = κ + λ ≥ |Jϕ(x)KMQC ∪ Jψ(x)KMQC | = |Jϕ(x) ∨ ψ(x)KMQC | = |M |

– contradiction. Hence, either |Jϕ(x)KMQC | = κ = |M | or |Jψ(x)KMQC | = λ = |M | and

thus Jϕ(x)KMQC ∈ QC(M) or Jψ(x)KMQC ∈ QC(M). Thus, MQC |= QCxϕ(x) or MQC |=

QCxψ(x) and therefore MQC |= QCxϕ(x) ∨QCxψ(x).

(A5) SupposeMQC |= ∀x(ϕ(x)→ ψ(x)) andMQC |= QCxϕ(x). Then we have that Jϕ(x)KMQC ⊆

Jψ(x)KMQC (and hence that |Jϕ(x)KMQC | ≤ |Jψ(x)KMQC |) and Jϕ(x)KMQC ∈ QC(M) (and

hence |Jϕ(x)KMQC | = |M |). It follows that |M | ≤ |Jψ(x)KMQC | ≤ |M | and thus that

|Jψ(x)KMQC | = |M |. Therefore, Jψ(x)KMQC ∈ QC(M) and MQC |= QCxψ(x).

�

This suffices to establish the soundness of the calculus of L−(QC) with respect to the intended

interpretation QC .

Theorem 3 (soundness): `C− ⊆ |=QC .

347



Proof : Let Γ `C− ϕ and suppose MQC |= Γ. By Lemma 2 MQC |= C− and thus, by Lemma 1,

we have that MQC |= ϕ.

�

Yasuhara further established the following completeness result:

Theorem 4 (Yasuhara 1969): Every set of sentences consistent in the calculus of L−(QC) has a

standard model of singular cardinality.

Putting things together this enables us to show that QC is not Carnap-categorical:

Corollary 5: QC is not CC over the language fragment L−(QC).

Proof : Note that the following are first-order validities:

(i) ∀xϕ(x)→ ∃xϕ(x)

(ii) ∃xϕ(x)→ ∃xϕ(x)

(iii) ∃xϕ(x)↔ ∃yϕ(y), where y does not occur in ϕ(x)

(iv) ∃x(ϕ(x) ∨ ψ(x))→ ∃xϕ(x) ∨ ∃xψ(x)

(v) ∀x(ϕ(x)→ ψ(x))→ (∃xϕ(x)→ ∃xψ(x))

Hence, M∃ = 〈M,∃〉 |= C− and thus, by Lemma 1 `C− ⊆ |=∃. By Theorem 3 and Theorem 4

we have that `C− = |=QC . However, since QC 6= ∃ it follows that QC is not CC over the language

fragment L−(QC).

�

The role of the completeness result given by Theorem 4 is that it ensures that there will be no

consequence relation whatsoever over the language L−(QC) uniquely determining QC , i.e., that we

cannot strengthen `C− in any way to exclude non-standard candidates.

We will now consider the second language-fragment Lm(QC).
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Definition (Bell and Slomson 1969): The calculus of Lm(QC) is given by the axiom-schemata

and rules of inference for L−(QC) with modified axiom (PL’) and additional axiom (A6):

(PL’) axiom-schemata for FOL (with identity);

(A6) ∀y¬QCx(x = y)

Let Cm be the set of all instances of (PL’) and (A1) - (A6) in Lm(QC). ϕ can be derived from

Γ ∈ SentLm(QC) in the calculus of Lm(QC), Γ `Cm ϕ, if ϕ ∈ Γ, ϕ ∈ Cm, or ϕ can be obtained in a

finite number of steps from formulas in Γ ∪ Cm by applications of (MP) or (UG).

As before, we establish the soundness of the calculus of Lm(QC) with respect to QC .

Lemma 6: Let MQ = 〈M,Q(M)〉 be a weak model of Cm. If Γ `Cm ϕ, then MQ |= Γ implies

MQ |= ϕ.

Proof : The proof is a straightforward induction on the length of the derivation of ϕ from Γ.

Lemma 7: MQC = 〈M,QC(M)〉 satisfies the axioms of Lm(QC).

Proof : As before, the case for (PL’) is clear and the proofs for (A1) - (A5) are identical to the ones

given in Lemma 2. It thus remains to establish (A6) ∀y¬QCx(x = y). To this end, considerMQC ,

pick a ∈ M , and suppose that MQC |= QCx(x = a). That means that |Jx = aKMQC | = |M |. But

|Jx = aKMQC | = 1 whereas, by assumption, |M | ≥ ω - contradiction. Hence MQC 6|= QCx(x = a)

and therefore MQC |= (A6).

�

Theorem 8 (soundness): `Cm ⊆ |=QC .

Proof : Let Γ `Cm ϕ and suppose MQC |= Γ. By Lemma 7 MQC |= Cm and thus, by Lemma 6,

we have that MQC |= ϕ.

�
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Slomson provides the following completeness result:

Theorem 9 (Bell and Slomson 1969): Every set of sentences consistent in the calculus of Lm(QC)

has a standard model.

With the help of Theorem 8 and Theorem 9 we can show that QC is not Carnap-categorical

over the language Lm(QC) either.

Corollary 10: QC is not CC over the language fragment Lm(QC).

Proof : Consider Q0(M) = {A ⊆ M |ω ≤ |A|}. By Corollary 17 in the Appendix to Chapter 5

MQ0 satisfies (PL’), (A2), (A3), (A4), and (A5). Since, by stipulation, we only consider models

of infinite cardinality we also have that MQ0 |= (A1). By an identical argument as in Lemma 7

we furthermore see that MQ0 |= (A6) and, therefore, MQ0 |= Cm. By Lemma 6 `Cm ⊆ |=Q0 . By

Theorem 8 and Theorem 9 we have that `Cm = |=QC . However, QC 6= Q0. Therefore, QC is not

CC over the language fragment Lm(QC).

�

6.3.2 Infinite Cardinality Quantifiers Qα (α > 0)

In this subsection we will consider type 〈1〉 cardinality quantifiers of the form (for α > 0)

Qα(M) = {A ⊆M ||A| ≥ ℵα}

Of special interest in the study of this class of quantifiers is the quantifier Q1, whose logic was

shown to possess a nice explicit and complete axiomatisation by Keisler (Keisler 1970), building

on work by (Fuhrken 1964) and (Vaught 1964). Further results concerning this particular logic

and, more generally, the logics of FOL extended by an infinite cardinality quantifier can be found

in (Barwise and Feferman 1985, Chapter 4) and (Barwise and Feferman 1985, Chapter 5). We

will here state the relevant results for our topic of interest, but not supply the proofs, which can

instead be found in the Appendix to Chapter 5. Furthermore, we will only consider quantifiers Qα
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for α > 0, as we will establish conclusions regarding Q0 as a consequence of more general results

below.

Note that, for any α, Qα is bijection-invariant. We define, as before, the notions of weak

and standard model for the logic L(Q1):

Definition (weak model): A weak model MQ for L(Q1) is a tuple MQ = 〈M,Q(M)〉, s.t. M is

a relational structure and Q(M) ⊆ P(M).

Definition (standard model): A standard model MQ for L(Q1) is a weak model where Q(M) =

Q1(M).

Keisler (Keisler 1970) provided the following axiomatisation for Q1:

Definition (Keisler 1970): The calculus of L(Q1) is given by the following axiom-schemata and

rules of inference:

(PL) axiom-schemata for FOL (with identity);

(A1) ∀y∀z¬Q1x(x = y ∨ x = z).

(A2) ∀x(ϕ→ ψ)→ (Q1xϕ→ Q1xψ)

(A3) Q1xϕ(x)↔ Q1yϕ(y) where y does not occur in ϕ(x) and ϕ(y) is the result of replacing each

free occurrence of x in ϕ by y.

(A4) Q1y∃xϕ→ (∃xQ1yϕ ∨Q1x∃yϕ)

(MP)

ϕ ϕ→ ψ

ψ

(UG)

ϕ

∀xϕ

Let K be the set of all instances of (PL) and (A1) - (A4). ϕ can be derived from Γ in the calculus

of L(Q1), Γ `K ϕ, if ϕ ∈ Γ, ϕ ∈ K, or ϕ can be obtained in a finite number of steps from formulas

in Γ ∪K by applications of (MP) or (UG).
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We establish soundness for the intended interpretation Q1 of Q1 w.r.t. `K :

Lemma 1: Let MQ = 〈M,Q(M)〉 be a weak model of K. If Γ `K ϕ, then MQ |= Γ implies

MQ |= ϕ.

Proof : The proof is a straightforward induction on the length of the derivation of ϕ from Γ.

Lemma 2: MQ1 = 〈M,Q1(M)〉 is a model of K.

Proof : See Theorem 16 and Corollary 17 of the Appendix to Chapter 5.

Theorem 3 (soundness): `K ⊆ |=Q1 .

Proof : Let Γ `K ϕ and suppose MQ1 |= Γ. By Lemma 2 MQ1 |= K and thus, by Lemma 1, we

have that MQ1 |= ϕ.

�

Furthermore, in his celebrated completeness proof Keisler showed that

Theorem 4 (Keisler 1970): Every set of sentences consistent in the calculus of L(Q1) has a standard

model.

For α > 0 a limit ordinal, an increasing β-sequence 〈αδ|δ < β〉 (β a limit ordinal) is cofinal in α if

limδ→β αδ = α. For an infinite limit ordinal α, the cofinality of α, cf (α), is the least limit ordinal

β s.t. there is an increasing β-sequence 〈αδ|δ < β〉 cofinal in α.7

Definition (regular/singular cardinal): An infinite cardinal ℵα is regular if cf (ℵα) = ℵα. It is

singular if cf (ℵα) < ℵα.

7Cf., e.g., (Jech 2003).
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We showed before that

Proposition 5: Q is consistent with `K iff Q = Qα for some regular cardinal ℵα (α ≥ 0).

Proof : See Corollary 17 of the Appendix to Chapter 5.

However, this suffices to establish that Q1 is not CC.

Corollary 6: Q1 is not CC.

Proof : See Corollary 18 of the Appendix to Chapter 5.

Note that Proposition 5 tells us that Q1 is not CC because, for any regular cardinal ℵα, Qα is

consistent with |=Q1 . Suppose now that we assume, as a further axiom, Q1x x = x, i.e., we are

excluding finite domains (and, on the standard interpretation of Q1, countable domains as well)

from consideration. Suppose, furthermore, that the largest domains we deem possible have at most

cardinality ℵ1, s.t. all possible models have either cardinality ℵ0 or ℵ1 (since L(Q1) possesses a

Löwenheim-Skolem Theorem down to ℵ1 we know that we are thereby not excluding anything

essential, see (Keisler 1970, Corollary 2.9)). Then we can show that Q1 is weakly CC:

Proposition 7: Over the space of models of cardinality κ (ℵ0 ≤ κ ≤ ℵ1) Q1 is weakly CC.

Proof : By Proposition 5 Q is consistent with `K iff Q = Q1 or Q = Q0. However, |=Q0 6= |=Q1

(consider, e.g., ∆ = {ϕ≥n(x)|n ∈ N} ∪ {Qxϕ(x)}, where ϕ≥n says that |Jϕ≥n(x)K| ≥ n. Then,

∆ |=Q0 Qxϕ(x), but ∆ 6|=Q1 Qxϕ(x)). It follows that Q1 is weakly CC.

�

Note that the result of Proposition 5 was restricted to regular cardinals, a condition enforced by

(A4). We can obtain a similar result for a particular class of singular cardinals as well. To this end,

we first establish the following terminology: for a quantifier Q and a set of sentences Σ of L(Q1)

353



we say that Σ is Q-satisfiable iff there exists a modelM, s.t. M |=Q Σ. To have a standard model

thus means to be Q1-satisfiable. We then define the notion of strong limit cardinal :

Definition: Let λ and κ be cardinals. A cardinal κ is a strong limit cardinal if 2λ < κ for every

λ < κ.

Keisler, in an earlier paper, showed the following:

Theorem 8 (Keisler 1968): Let ℵα and ℵβ be singular strong limit cardinals. Then, for a set Σ of

L(Q1)-sentences, Σ is Qα-satisfiable iff Σ is Qβ-satisfiable.

From this it quickly follows that no Qα, where ℵα is a singular strong limit cardinal, is CC:

Corollary 9: Let ℵα be a singular strong limit cardinal. Then, Qα is not CC.

Proof : Let ℵα be a singular strong limit cardinal and assume that Qα is CC. Consider a singular

strong limit cardinal ℵβ, β > α (note that this is always possible). Since, by assumption and the

fact that |=Qα is maximal, Qα is CC w.r.t. |=Qα it follows that |=Qα 6⊆ |=Qβ . Hence, there exists

Γ∪{ϕ}, s.t. Γ |=Qα ϕ, but Γ 6|=Qβ ϕ. It follows that Γ∪{¬ϕ} is Qα-unsatisfiable and Qβ-satisfiable

– contradiction to Theorem 8. Hence, Qα is not CC.

�

Given the result of Proposition 5, we know that no Qα (with ℵα regular) will be CC w.r.t. `K .

However, this does not yet tell us that none of them is CC (simpliciter), for there may be ways of

strengthening `K , s.t. we are able to pin down a specific Qα. Under certain additional assumptions

we can show that for specific classes of quantifiers Qα there can be no such strengthenings and

that, as a result, it will be impossible to prove these Qα CC in ZFC.

Theorem 10 (Chang 1965; Fuhrken 1965): Assume CH. Then every set of sentences consistent in

the calculus of L(Q1) is Q2-satisfiable.
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Note that this means that, under the assumption of CH and in conjunction with Proposition 5,

`K = |=Q2 .

Then we can show that8

Proposition 11: Assume CH. Then Q2 is not (weakly) CC.

Proof : Note that, under the assumption of CH, |=Q2 = `K = |=Q1 . Thus, Q1 is consistent with

|=Q2 . However, Q1 6= Q2 and therefore Q2 is not (weakly) CC.

�

Corollary 12: ZFC does not prove that Q2 is CC.

Proof : Suppose it did. Then ZFC + CH would prove that Q2 is CC as well – contradiction to

Proposition 11.

�

We can obtain similar results by further strengthenings of ZFC.

Theorem 13 (Chang 1965; Fuhrken 1965): Assume GCH. If ℵα is regular, then every set of

sentences consistent in the calculus of L(Q1) is Qα+1-satisfiable.

Proposition 14: Assume GCH. For regular ℵα, no Qα+1 is (weakly) CC.

Proof : By Corollary 6 we may assume that α > 0. As above, under the assumption of GCH

and regularity of ℵα, we have that |=Qα+1 = `K = |=Q1 . Thus, for any α + 1, we have that Q1 is

consistent with |=Qα+1 . However, Q1 6= Qα+1 and therefore Qα+1 is not (weakly) CC.

�

8We are indebted to D. Westerst̊ahl for suggesting that we present and structure the proofs of the following results
in this way. Our original way of going about proving these results was much less elegant.
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Corollary 15: Let ℵα be regular. ZFC does not prove that Qα+1 is CC.

It is furthermore possible to remove the requirement that ℵα be regular in the statement of Propo-

sition 14 and Corollary 15.

Theorem 16 (Jensen 1972):9 Assume V = L. Then every set of sentences consistent in the calculus

of L(Q1) is Qα+1-satisfiable.

Proposition 17: Assume V = L. No Qα+1 is (weakly) CC.

Proof : By Corollary 6 we may assume that α > 0. As above, under the assumption of V = L,

we have that |=Qα+1 = `K = |=Q1 . Thus, for any α+ 1, we have that Q1 is consistent with |=Qα+1 .

However, Q1 6= Qα+1 and therefore Qα+1 is not (weakly) CC.

�

Corollary 18: ZFC does not prove that Qα+1 is CC.

The above results demonstrate that it cannot be established in ZFC thatQα (α > 0) is CC whenever

ℵα is a successor or singular strong limit cardinal. The open cases for a full solution to the question

of the Carnap-categoricity of infinite cardinality quantifiers thus concern the cases in which ℵα is

a regular strong limit cardinal, or a (properly) weak limit cardinal. Towards a possible solution, we

point out that under the assumption of GCH every limit cardinal is a strong limit cardinal. One

might thus hope to establish a result analogous to the one established in Corollary 9 in ZFC +

V = L, and infer that it cannot be proved in ZFC that Qα is CC for any singular limit cardinal.

We further note that the existence of a regular limit cardinal cannot be established in ZFC.10

Lastly, note that under the assumption of V = L and GCH it can be proven that Q1 is

not even weakly CC.

9See (Schmerl 1985, Corollary 2.1.7).
10See (Jech 2003, Theorem 12.12).

356



6.3.3 Cofinality-quantifiers Qcfκ and QcfK

Here we will consider a family of type 〈2〉 quantifiers, i.e., quantifiers serving as interpre-

tations of quantifier symbols in expressions of the form Qxy ϕ(x, y) in which all occurrences of x

and y are bound. In particular, we are interested in the following classes of quantifiers:

For every κ, Qcfκ is the quantifier given by

Qcfκ (M) = {R ⊆M ×M |R is a right unbounded linear order on M with cofinality κ}

For every set of cardinal numbers K, QcfK is the quantifier given by

QcfK (M) = {R ⊆M ×M |R is a right unbounded linear order on M with cofinality κ ∈ K}

We closely follow the definitions, set-up, and progression as can be found in (Casanovas and Ziegler

2020) and adopt their definitions and proofs with only minor modifications. The logic of FOL

extended with cofinality quantifiers was originally investigated and proven complete by Shelah in

(Shelah 1975). An accessible introduction to this logic can be found in (Väänänen 2011, Chapter

10.7). Further sources dealing with aspects of this logic include (Makowsky and Shelah 1981) and

(Barwise and Feferman 1985, Chapter II). For further references see (Väänänen 2011, 343).

Linear Orders and Cofinality We start by introducing the central concepts involved in the

meaning of quantifiers of the form QcfK .

Definition (linear order): A linear order on a set M is a relation R ⊆M ×M that is irreflexive,

transitive, and connected. It is characterised by the following three axioms:

(i) ∀x¬Rxx

(ii) ∀x∀y∀z(Rxy ∧Ryz → Rxz)

(iii) ∀x∀y(Rxy ∨Ryx ∨ x = y)

A linear order is right-unbounded if it satisfies, in addition, the following condition:

(iv) ∀x∃yRxy
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We abbreviate the conjunction of (i) - (iv), where R is a binary relation symbol, by LO(R).

Definition (cofinality): A linear order < on a set M has cofinality κ (is κ-cofinal), cf(<) = κ, if

κ is the smallest cardinal s.t. there is a subset A ⊆M of cardinality κ that is unbounded in 〈M,<〉,

i.e., that is such that for all c ∈M , there exists a ∈ A, s.t. c < a.

A further useful notion is the concept of a connection:

Definition (connection):11 Let 〈M,<〉 and 〈M,≺〉 be two right-unbounded linear orders on M .

We say that 〈M,<〉 and 〈M,≺〉 are connected if there exists a connection C ⊆M ×M , s.t.

(a) ∀z∃x[z < x ∧ ∃w∀y(w ≺ y → C(x, y))]

(b) ∀z∃y[z ≺ y ∧ ∃w∀x(w < x→ ¬C(x, y))]

Then,

Lemma 1 (Casanovas and Ziegler 2020): Let 〈M,<〉 and 〈M,≺〉 be two right-unbounded linear

orders on M . Then, 〈M,<〉 and 〈M,≺〉 are connected iff cf(<) = cf(≺).

Proof :

(⇐) Assume that cf(<) = cf(≺) = κ and let 〈xα|α < κ〉 and 〈yα|α < κ〉 be <-cofinal and ≺-

cofinal sequences in M of cofinality κ respectively. Consider C = {〈xα, y〉|yα ≺ y}. We claim

that C is a connection between 〈M,<〉 and 〈M,≺〉.

(i) Choose arbitrary z ∈ M . Since 〈xα|α < κ〉 <-cofinal there exists xα, s.t. z < xα.

Consider now the corresponding yα. Whenever yα ≺ y, then 〈xα, y〉 ∈ C. Hence, (a) is

satisfied.

(ii) Choose arbitrary z ∈ M . Since 〈yα|α < κ〉 ≺-cofinal there exists yα, s.t. z ≺ yα.

Consider the corresponding xα and suppose that xα < x. If 〈x, yα〉 ∈ C, then x = xβ

for some α < β < κ. However, yα ≺ yβ for α < β and therefore, 〈xβ, yα〉 /∈ C. Hence,

(b) is satisfied.
11Definition taken from (Casanovas and Ziegler 2020).
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(⇒) Assume that C connects 〈M,<〉 and 〈M,≺〉, and let cf(<) = κ. Consider a <-cofinal sequence

〈xα|α < κ〉 and set of elements yα, s.t. yα ≺ y → C(xα, y) for all y, guaranteed by (a) (and the

assumption that cf(<) = κ – if the sequence of elements satisfying (a) does not have cofinality

κ, we can always ‘kick out’ sufficiently many elements to obtain a sequence of length κ and

consider the yα associated by C). We claim that 〈yα|α < κ〉 is ≺-cofinal (with cofinality κ).

We will first show that Y = {yα|α < κ} is unbounded in M . Suppose it was not, i.e., suppose

that there exists y ∈ M , s.t. for no α < κ, y ≺ yα. By (b) and the fact that 〈xα|α < κ〉

<-cofinal, we know that there exists y0 s.t. y ≺ y0 and ¬C(xα, y0) for some α < κ. From

¬C(xα, y0) and the construction of Y it follows that y0 � yα and thus, since y ≺ y0, y ≺ yα

– contradiction. Hence, Y is unbounded in M and we have that cf(≺) ≤ cf(<).

Suppose now that cf(≺) < cf(<). Consider a ≺-cofinal sequence 〈yα|α < γ〉, where cf(≺

) = γ < cf(<) = κ, and set of elements xα, s.t. xα < x→ ¬C(x, yα), guaranteed by (b). We

claim that 〈xα|α < γ〉 would be unbounded in M . Let x ∈M and suppose that for no α < γ

do we have that x < xα. By (a) and the fact that 〈yα|α < γ〉 is ≺-cofinal, there exists x∗, s.t.

x < x∗ and C(x∗, yβ) for some β < γ. Hence, by the choice of xα it follows that x∗ ≤ xβ and

thus x < xβ. Hence, 〈xα|α < γ〉 is unbounded in M – contradiction to the assumption that

γ < cf(<). Hence cf(≺) ≥ cf(<).

Therefore, we conclude that cf(≺) = cf(<).

�

Lemma 2 (Casanovas and Ziegler 2020): Let 〈M,<〉 and 〈M,≺〉 be right-unbounded linear orders

on M. Let C ⊆M ×M be such that it satisfies

(i) ∀x∃x′∃y(x < x′ ∧ C(x′, y))

(ii) ∀w∃x∀y∀z(x < y ∧ z ≺ w → ¬C(y, z))

Then, C ′ = {〈x, y〉|∃y′(y′ ≺ y ∧ C(x, y′))} connects 〈M,<〉 and 〈M,≺〉.

Proof : We need to show that C ′ satisfies (a) ∀z∃x[z < x ∧ ∃w∀y(w ≺ y → C ′(x, y))] and (b)

∀z∃y[z ≺ y ∧ ∃w∀x(w < x→ ¬C ′(x, y))].
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(a) Choose a z. By (i) we know that there are x and y, s.t. z < x and C(x,y). Now consider

y′, s.t. y ≺ y′. Since C(x,y) it follows by the definition of C ′ that C ′(x,y′) and thus (a)

holds of C ′.

(b) Choose a z. Since ≺ right-unbounded we know that there exists a y, s.t. z ≺ y. By (ii) we

know that there exists x, s.t. for all v, z, whenever x < v and z ≺ y, then ¬C(v, z). Now

consider x′, s.t. x < x′. Suppose that C ′(x′,y). That means there exists y′, s.t. y′ ≺ y and

C(x′,y′) – contradiction. Hence, ¬C(x′,y) and (b) holds as well.

�

If C is definable by a formula θ, we denote by Con(<,≺, θ) the conjunction of (i) and (ii) in Lemma

2 above, with C replaced by its definition.

Cofinality-logic We now proceed, as above, by introducing the notion of a weak model as well

as a calculus for cofinality-quantifiers in order to establish a soundness result w.r.t. a particular

type of weak model.

Definition (weak model): A weak model MQ (of type 〈2〉) is a tuple 〈M,Q(M)〉, where M is a

standard first-order model and Q is a type 〈2〉 quantifier, i.e., Q(M) ⊆ P(M ×M).

Definition (calculus for cofinality-logic) (Shelah 1975): The calculus of L(Qcf ) is given by the

following axiom-schemata and rules of inference:

(PL) axiom-schemata for FOL (with identity);

(A1) Qcfxy ϕ(x, y)→ LO(ϕ(x, y))

(A2) Qcfxy ϕ(x, y) ↔ Qcfzw ϕ(z, w) where z, w do not occur in ϕ(x, y) and ϕ(z, w) is the result

of replacing each free occurrence of x in ϕ by z and y by w.

(A3) (Qcfxy ϕ(x, y)∧LO(ψ(x, y))∧¬Qcfxy ψ(x, y))→ ¬Con(<ϕ, <ψ, θ), where <ϕ is the relation

defined by ϕ(x, y), <ψ the relation defined by ψ(x, y), and θ any formula (parametrically)

defining a relation.
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(MP)

ϕ ϕ→ ψ

ψ

(UG)

ϕ

∀xϕ

Let Σ be the set of all instances of (PL) and (A1) - (A3). ϕ can be derived from a set of sentences

Γ in the calculus of L(Qcf ), Γ `Σ ϕ, if ϕ ∈ Γ, ϕ ∈ Σ, or ϕ can be obtained in a finite number of

steps from formulas in Γ ∪ Σ by applications of (MP) or (UG).

Then it easy to show that

Lemma 3: Let MQ = 〈M,Q(M)〉 be a weak model of Σ. If Γ `Σ ϕ, then MQ |= Γ implies

MQ |= ϕ.

Proof : The proof is a straightforward induction on the length of the derivation of ϕ from Γ.

Lemma 4: Let K be a non-empty set of regular cardinals. Then MQcfK = 〈M,QcfK (M)〉 satisfies

the axioms for cofinality-logic.

Proof : The case for (PL) is clear. We will consider the remaining axiom-schemata in turn.

(A1) Suppose MQcfK |= Qcfxy ϕ(x, y). That means Jϕ(x, y)K
M
Qcf
K ∈ QcfK and thus, in particular,

that ϕ(x, y) defines a right-unbounded linear order on M . Hence, MQcfK |= LO(ϕ(x, y)) and

therefore MQcfK |= (A1).

(A2) Clear.

(A3) SupposeMQcfK |= Qcfxyϕ(x, y)∧LO(ψ(x, y))∧¬Qcfxyψ(x, y), i.e., (i)MQcfK |= Qcfxyϕ(x, y);

(ii) MQcfK |= LO(ψ(x, y)); and (iii) MQcfK |= ¬Q
cfxy ψ(x, y). By (i) ϕ(x, y) defines a right-

unbounded linear order on M , by (ii) so does ψ(x, y). We denote them by <ϕ and <ψ

respectively.
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Now suppose MQcfK |= Con(<ϕ, <ψ, θ) for some formula θ. By Lemma 2 it follows that

〈M,<ϕ〉 and 〈M,<ψ〉 are connected. By Lemma 1 if follows that cf(<ϕ) = cf(<ψ). But by

(i) and (ii) + (iii) we have that cf(<ϕ) ∈ K and cf(<ψ) /∈ K. Hence, cf(<ϕ) 6= cf(<ψ) –

contradiction. Therefore, MQcfK 6|= Con(<ϕ, <ψ, θ) and thus MQcfK |= (A3).

�

Theorem 5 (soundness): Let K be a non-empty set of regular cardinals. Then, `Σ ⊆ |=QcfK .

Proof : Let Γ `Σ ϕ and suppose MQcfK |= Γ. By Lemma 4 MQcfK |= Σ and thus, by Lemma 3 we

have that MQcfK |= ϕ. �

It immediately follows from this result that no quantifier will be CC w.r.t. `Σ, i.e., `Σ does not

determine a unique quantifier that is consistent with it. From Shelah’s completeness result it further

follows that no cofinality-quantifier with regular cofinalities is CC.

Theorem 6 (Shelah 1975):12 Let Γ ∪ {ϕ} be a set of sentences of L(Qcf ) and K be a non-empty

set of regular cardinals. Then Γ `Σ ϕ iff Γ |=QcfK ϕ.

Corollary 7: Qcfω is not CC.

Corollary 8: For no regular κ or set K of regular cardinals are Qcfκ or QcfK CC.

Corollary 9: For no regular κ or set K of regular cardinals are Qcfκ or QcfK weakly CC.

12Completeness for cofinality logic was originally proven in (Shelah 1975). However, “this article is not self-
contained and some fundamental steps of the proof must be found in [an] earlier article. The interested reader
consulting these two articles will soon realise that the structure of the proof is not completely transparent and that to
fully understand the details requires a lot of work” (Casanovas and Ziegler 2020, 1). The most accessible statement of
the completeness proof (as a step towards proving the full compactness of cofinality logic) we could find is contained
in the note (Casanovas and Ziegler 2020). The steps toward the soundness result in Theorem 5 stem from this note.
(Väänänen 2011) provides a very accessible completeness proof for cofinality logic with the quantifier Qcfω , though
the proof as presented in the book unfortunately remains incomplete (Hodkinson 2012).
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6.3.4 Magidor-Malitz Quantifiers

In this subsection we wish to very briefly mention and discuss the class of Magidor-

Malitz quantifiers. The methods for demonstrating the failure of Carnap-categoricity for a class

of these quantifiers are identical to the methods used in sections 6.3.2 and 6.3.3, however, the

formal details concerning logics containing them are substantially more complex. Given that the

precise axiomatisation provided in (Magidor and Malitz 1977) offers very little insight into the

behaviour of these quantifiers due to its complexity (“Our sole justification for this highly unwieldy

and unperspicuous group of axioms is that we use them in proving the main theorem and they are

valid.” (Magidor and Malitz 1977, 240)) and that the point of the present section is to provide some

examples of failures of Carnap-categoricity, we confine ourselves to a rather superficial discussion

here, without reproducing the formal details of the logic of Magidor-Malitz quantifiers in great

detail. We wish to nonetheless briefly discuss this class of quantifiers in the current context as

we think that Magidor-Malitz quantifiers constitute an interesting extension of the case studies

provided above. This is due to the fact that, rather than considering a single new quantifier in

isolation, here we add multiple quantifiers at once to the language, and provide them with a uniform

interpretation. As will become apparent, we are only scratching the surface of this extremely

interesting class of quantifiers. The canonical reference for Magidor-Malitz quantifiers is (Magidor

and Malitz 1977). For further discussion and a simplified completeness proof, see (Kaufmann 1985).

Where L is the language of FOL, LnMM is the language extending FOL by a quantifier symbol

Qn s.t., for a variable sequence x1, . . . , xn of length n and formula ϕ, Qnx1, . . . , xnϕ is a formula

of LnMM . LMM is the language that extends FOL by a novel Qn for all n ∈ N. Satisfaction for

formulas Qnx1, . . . , xnϕ of LMM is defined as follows:

M |=κ Qnx1, . . . , xnϕ(x1, . . . , xn) iff there is a X ⊆ M s.t. |X| = κ and for all distinct

a1, . . . , an ∈ X, M |=κ ϕ(a1, . . . , an)13

IfM |=κ Qnx1, . . . , xnϕ(x1, . . . , xn) we say that Qnx1, . . . , xnϕ is satisfied in a modelM under the

κ-interpretation.

13See (Magidor and Malitz 1977, 220).
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The languages LnMM under the κ-interpretation are more expressive than the correspond-

ing L(Qκ). For quantifiers of the form QnMM to be CC, we would expect them to force a particular

κ-interpretation.

Magidor & Malitz provide an axiomatisation for the class of quantifiers {Qn | n ∈ N},

that is sound with respect to every κ-interpretation when κ is regular (Magidor and Malitz 1977,

Section 10). They then go on to show that, under additional set-theoretic assumptions, a restricted

completeness theorem holds w.r.t. this set of axioms for the ℵ1-interpretation, following the struc-

ture of Keisler’s completeness proof for L(Q1). The additional set-theoretic assumption needed,

♦ω1 , is a consequence of V = L. The completeness theorem is restricted as it only holds for cer-

tain, sufficiently rich, vocabularies containing a class of additional relation-symbols needed for the

axiomatisation.14

The completeness of the ℵ1-interpretation over special vocabularies for the given axioma-

tisation, together with the fact that it is sound for every regular κ-interpretation ensures, just as

in the cases above, the non-Carnap-categoricity of quantifiers Qn under the ℵ1-interpretation. Of

course, this result is of a more limited nature given that additional assumptions of set-theoretic

principles, and restrictions to kinds of vocabularies, were needed. However, it is also broader in

that it demonstrates the (limited) non-Carnap-categoricity of an entire class of quantifiers under a

uniform interpretation. We hope to return to this case study in further work.

6.4 Explicit Definability of Quantifiers

For a FOL-sentence ϕ, let Mod(ϕ) = {M|M |= ϕ}. For a set of FOL-sentences ∆, let

Mod(∆) = {M|M |= ψ for all ψ ∈ ∆}. If M is a class of structures of a common signature

s.t. M = Mod(ϕ) for some ϕ, we call it an elementary class (EC). If M is a class of structures

of a common signature s.t. M = Mod(∆) for some set of sentences ∆, we call it a generalised

elementary class (EC∆).

Observation 1: Let ϕ be a sentence of FOL, ∆ a set of sentences of FOL. Then Mod(ϕ) and

Mod(∆) are closed under isomorphism.

14See, e.g., (Kaufmann 1985, 155) for details.
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Definition (elementary definability): Let Q be a quantifier of type 〈k1, . . . , kn〉. We say that Q is

elementary definable iff there exists a FOL-sentence ϕ(R1, . . . , Rn) whose only non-logical symbols

are relation-symbols R1, . . . , Rn (with the adicity of Ri = ki), s.t.15

M = 〈M,RM1 , . . . , RMn 〉 ∈ Q iff M |= ϕ(R1, . . . , Rn).

In other words, iffQ = Mod(ϕ(R1, . . . , Rn)). (Hence, Q is elementary definable if it is an elementary

class.)

Example: The type 〈1〉 quantifiers

(i) ‘at least n’ (∃≥n = {〈M,A〉||A| ≥ n});

(ii) ‘at most n’ (∃≤n = {〈M,A〉||A| ≤ n});

(iii) ‘exactly n’ (∃=n = {〈M,A〉||A| = n})

are elementary definable:

(i) Let ϕ≥n := ∃x1 . . . ∃xn(
∧
i 6=j
i,j≤n

xi 6= xj ∧
∧
i≤n

P (xi)). Then, ∃≥n = Mod(ϕ≥n).

(ii) Let ϕ≤n := ∀x1 . . . ∀xn∀xn+1(
∧

i≤n+1
P (xi)→

∨
i 6=j

i,j≤n+1

xi = xj). Then, ∃≤n = Mod(ϕ≤n).

(iii) Let ϕ=n := ϕ≥n ∧ ϕ≤n. Then, ∃=n = Mod(ϕ=n).

We then obtain, as an easy corollary, that all elementary definable quantifiers are CC:

Corollary 2: Let Q be an elementary definable quantifier. Then Q is CC w.r.t. |=Q.

Proof : For simplicity assume w.l.o.g. that Q is a type 〈1〉 quantifier. We know that Q is consistent

with |=Q. Since Q is elementary definable we know that Q = Mod(ϕ(P )) for some FOL-sentence

ϕ(P ). Hence, it is closed under isomorphic structures.

Suppose then that it is not unique, i.e., that there exists an isomorphism-closed Q∗ 6= Q

consistent with |=Q. It is not difficult to see that |=Q QxPx ↔ ϕ(P ). By assumption, Q∗ is

15Cf. (Bonnay & Engström 2018).
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consistent with |=Q and thus, for all M, M |=Q∗ QxPx ↔ ϕ(P ). Yet, if Q 6= Q∗, we will have

that, for some model M, M 6|=Q∗ QxPx↔ ϕ(P ) – contradiction.

�

It follows that Carnap-categoricity is preserved under elementary definability. This result is not

particularly surprising, but it is also not trivial as elementary definable quantifiers need not be

expressively inert: while their particular expressivity might not be detectable in the context of

full FOL, notions elementary definable in FOL need not be mere ‘syntactic sugar’. Their effect

on expressive power becomes clearer when dealing with fragments of FOL. In the two-variable

fragment of FOL, for example, the quantifier “at least n” cannot be elementary defined anymore

for any n > 2, and the addition of quantifiers ∃≥n for n > 2 therefore adds significant expressive

power to the language.16

A natural question arising from the previous chapter concerns where Carnap-categoricity

draws the boundary between what qualifies as logical, and what does not. Relatedly, given the close

connection to the notion of definability by a consequence relation we want to ask which concept

of definability (if any) corresponds most closely to the notion of Carnap-categoricity. I.e., can

we provide a basic stock of logical constants and a general mechanism generating the class of all

constants classified as logical according to CCL?

We already know from results in the Appendix to Chapter 5 that the boundary of logic as

given by the notion of Carnap-categoricity does not coincide with FOL: Q0 and QFin are Carnap-

categorical, but added to FOL vastly extend its expressive capacities.

We will now consider more general notions of definability that are familiar from the study

of FOL and investigate their relationship with the notion of Carnap-categoricity.

6.4.1 Boolean Combinations of Quantifiers

Given quantifiers Q and Q′ of type τ = 〈k1, . . . , kn〉 we can define several quantifiers based

on them by means of boolean combinations.17

(i) Complement : The quantifier Qc = {M | M /∈ Q and M has the same signature as the

16See (Ebbinghaus and Flum 1999, 59).
17See, e.g., (Väänänen 2011), (Peters and Westerst̊ahl 2006).
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structures in Q}. Equivalently, for all M and Rki ⊆ Mki (1 ≤ i ≤ n), 〈Rk1 , . . . , Rkn〉 ∈ QcM
iff 〈Rk1 , . . . , Rkn〉 /∈ QM .

(ii) Union: The quantifier Q∪ = Q ∪ Q′. Equivalently, for all M and Rki ⊆ Mki (1 ≤ i ≤ n),

〈Rk1 , . . . , Rkn〉 ∈ Q∪M iff 〈Rk1 , . . . , Rkn〉 ∈ QM or 〈Rk1 , . . . , Rkn〉 ∈ Q′M .

(iii) Intersection: The quantifier Q∩ = Q∩Q′. Equivalently, for all M and Rki ⊆Mki (1 ≤ i ≤ n),

〈Rk1 , . . . , Rkn〉 ∈ Q∩M iff 〈Rk1 , . . . , Rkn〉 ∈ QM and 〈Rk1 , . . . , Rkn〉 ∈ Q′M .

Suppose, for simplicity, that Q is of type 〈n〉. (The definition makes sense for quantifiers of other

types as well, but care needs to be taken to specify the arguments to which the complementation

operation is applied).18

(iv) Post-complement : The quantifier Qpc = {M = 〈M,RMn 〉|〈M,Mn−RMn 〉 ∈ Q}. Equivalently,

for all M and Rn ∈Mn, Rn ∈ Qpc iff Mn −Rn ∈ Q.

(v) Dual : The quantifier Qd = (Qpc)c = (Qc)pc. Equivalently, for all M and Rn ∈Mn, Rn ∈ Qd

iff Mn −Rn /∈ Qd.

In full generality, we can show that CC is preserved under the operation of complementation.19 Let

ϕ be a formula of L(Q). [¬Q]ϕ is the formula that results from replacing every occurrence of Q in

ϕ by ¬Q (note that the result is well-formed). By [¬Q]Γ for a set of formulas Γ of L(Q) we mean

{[¬Q]γ | γ ∈ Γ}. Then:

Lemma 3: For any M, M |=Q ϕ iff M |=Qc [¬Q]ϕ.

Proof : The proof proceeds by induction on the complexity of ϕ. Suppose, w.l.o.g., that Q is of type

〈1〉. The interesting case is the case where ϕ := Qxψ. Then we have thatM |=Q ϕ iffM |=Q Qxψ

iff JψKM ∈ QM . By the inductive hypothesis we have that M |=Q ψ iff M |=Qc [¬Q]ψ and thus

that JψKM = {a ∈ M | M |=Q ψ(a)} = {a ∈ M | M |=Qc [¬Q]ψ(a)}. Therefore, JψKM ∈ QM iff

{a ∈ M | M |=Qc [¬Q]ψ(a)} ∈ QM iff {a ∈ M | M |=Qc [¬Q]ψ(a)} /∈ QcM iff M 6|=Qc Qx[¬Q]ψ iff

M |=Qc ¬Qx[¬Q]ψ iff M |=Qc [¬Q]ϕ.

�
18See (Peters and Westerst̊ahl 2006, 92).
19The following proposition and its proof are due to D. Westerst̊ahl (p.c.) and generalises a result previously

obtained for a more specialised case. All remaining mistakes in the presentation are mine.
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Lemma 4: If Γ |=Q ϕ, then [¬Q]Γ |=Qc [¬Q]ϕ.

Proof : Suppose that Γ |=Q ϕ and assume M |=Qc [¬Q]Γ. By Lemma 3 it follows that M |=Q Γ.

Thus, by assumption, M |=Q ϕ and by another application of Lemma 3 we have that M |=Qc

[¬Q]ϕ. Hence, [¬Q]Γ |=Qc [¬Q]ϕ.

�

Proposition 5 (Westerst̊ahl): If Q is CC, then so is Qc.

Proof : If Q is CC, then it is in particular CC w.r.t. |=Q. We will show that Qc is CC w.r.t. |=Qc .

Note that Qc is consistent with |=Qc and closed under isomorphic structures by definition.

Now suppose that there exists isomorphism-invariant Q∗ 6= Qc, s.t. Q∗ is consistent with |=Qc . We

will show that Qc∗ is consistent with |=Q.

Let Γ |=Q ϕ and suppose M |=Qc∗ Γ. By Lemma 4 we have that [¬Q]Γ |=Qc [¬Q]ϕ and

by Lemma 3 (and the fact that (Qc)c = Q) that M |=Q∗ [¬Q]Γ. Since Q∗ is consistent with |=Qc

it follows thatM |=Q∗ [¬Q]ϕ and thus, by Lemma 3,M |=Qc∗ ϕ. Hence, Qc∗ is consistent with |=Q.

Since Q is CC w.r.t. |=Q, it therefore follows that Qc∗ = Q and thus that Q∗ = Qc –

contradiction.

Hence, if Q is CC (w.r.t. |=Q), then so is Qc (w.r.t. |=Qc).

�

6.4.2 EC∆-definability

At the beginning of this section we considered the notion of elementary definability which

admits of a natural generalisation, generalised elementary definability, which we will now turn to.

Definition (generalised elementary definability): LetQ be a quantifier of type 〈k1, . . . , kn〉. We say

that Q is generalised elementary definable iff there exists a set ∆ of FOL-sentences ϕ(R1, . . . , Rn)

whose only non-logical symbols are relation-symbols R1, . . . , Rn (with the adicity of Ri = ki), s.t.

M = 〈M,RM1 , . . . , RMn 〉 ∈ Q iff M |= ϕ(R1, . . . , Rn) for all ϕ(R1, . . . , Rn) ∈ ∆.
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In other words, iff Q = Mod(∆). (Hence, Q is generalised elementary definable if it is a generalised

elementary class.) If Q = Mod(∆) for some set of sentences ∆, we denote it by Q∆.

Fact:

(i) EC ⊆ EC∆, i.e., if M is an elementary class, then it is also a generalised elementary class.

(ii) EC∆ =
⋂
ϕ∈∆

ECϕ, i.e., if M∈Mod(∆), then M∈
⋂
ϕ∈∆

Mod(ϕ).

(iii) M is an elementary class iff both it and its complement are generalised elementary classes.

Let Q = Q∆ for some set ∆ of FOL-sentences. Assume, for simplicity of presentation, that, in the

following, Q is of type 〈1〉. Assume further that all models mentioned have appropriate signatures

(otherwise we have to consider appropriate model-reducts). We have that

Observation 6: QxPx |=Q∆
ϕ for all ϕ ∈ ∆.

Proof : Suppose M |=Q∆ QxPx. That means that M ∈ Q∆ = Mod(∆). Hence, M |= ∆ and thus

also M |=Q∆ ∆, i.e., M |=Q∆ ϕ for all ϕ ∈ ∆.

�

Observation 7: ∆ |=Q∆
QxPx.

Proof : Suppose M |=Q∆ ∆. That means M∈Mod(∆) = Q∆, and thus M |=Q∆ QxPx.

�

Proposition 8: Let Q∗ be a quantifier of the same type as Q∆, s.t. Q∗ is consistent with |=Q∆
.

Then, Q∗ = Q∆.

Proof : Suppose Q∗ is consistent with |=Q∆
.

(⊆) Let M ∈ Q∗. Hence M |=Q∗ QxPx. By Observation 6 we know that QxPx |=Q∆
ϕ for

all ϕ ∈ ∆. Since Q∗ is consistent with |=Q∆
and M |=Q∗ QxPx, it follows that M |=Q∗ ∆.

Hence M∈Mod(∆) = Q∆. Thus Q ⊆ Q∆.
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(⊇) Suppose for contradiction that there exists M ∈ Q∆, s.t. M /∈ Q∗. Hence M 6|=Q∗ QxPx.

However, since M ∈ Q∆ = Mod(∆) and all ϕ ∈ ∆ are sentences of FOL, we have that

M |= ∆ and thus, in particular, M |=Q∗ ∆. Since Q∗ is consistent with |=Q∆
it follows, by

Observation 7, that M |=Q∗ QxPx – contradiction. Hence Q∆ ⊆ Q∗.

Therefore, Q∗ = Q∆.

�

Theorem 9: For all generalised elementary definable quantifiers Q∆, Q∆ is CC w.r.t. |=Q∆
.

Proof : Q∆ is consistent with |=Q∆
and isomorphism-invariant. By Proposition 8 it is unique as

well.

�

Corollary 10 (Westerst̊ahl): Q0 = {M = 〈M,A〉|ℵ0 ≤ |A|} is CC w.r.t. |=Q0 .

Proof : Q0 = Q∆ for ∆ = {ϕ≥n | n ∈ N}.

�

Theorem 9 enables us to provide an alternative proof of a result established by D. Westerst̊ahl

(Bonnay and Westerst̊ahl 2015, 27-30):20

Fact: Over finite structures, every quantifier closed under isomorphic structures is a generalised

elementary definable class.

Corollary 11 (Westerst̊ahl): Over finite structures, every quantifier closed under isomorphic

structures is CC.

We showed in the Appendix to Chapter 5 that the quantifier QFin = {M = 〈M,A〉 | |A| < ℵ0}

was CC. Since this quantifier is not a generalised elementary class, it immediately follows that

20This observation and its proof are due to D. Westerst̊ahl.

370



Carnap-categoricity does not coincide with generalised elementary definability. However, we are

now in a position to provide a more compact proof of the CC of QFin:

Corollary 12: QFin = {M = 〈M,A〉 | |A| < ℵ0} is CC.

Proof : Note first that QFin = Qc0. Since Q0 is a generalised elementary class, it is CC. By

Proposition 5 CC is preserved under complementation.

�

The case of the quantifier QFin nicely demonstrates the difference between implicit definability by

a (possibly infinite) set of sentences and implicit definability by a consequence relation – with the

latter, as demonstrated here, being the stronger notion.

Among generalised elementary definable quantifiers, CC is also preserved under taking post-com-

plements and duals.

Let ϕ be a formula of FOL containing a monadic R as its only non-logical symbol. [¬R]ϕ

is the formula that results from replacing every occurrence of R in ϕ by ¬R.

Lemma 13: M = 〈M,RM〉 |= ϕ iff M′ = 〈M,M −RM〉 |= [¬R]ϕ.

Proof : By induction on the complexity of ϕ. �

Proposition 14: Let Q∆ be a generalised elementary definable quantifier. Then Qpc∆ is CC.

Proof : We have thatM = 〈M,RM〉 ∈ Qpc∆ iffM′ = 〈M,M −RM〉 ∈ Q∆ iffM′ |= ϕ for all ϕ ∈ ∆

iff (by Lemma 13) M |= [¬R]ϕ for all ϕ ∈ ∆.

But then, Qpc∆ = QΓ for Γ = {[¬R]ϕ | ϕ ∈ ∆} and thus, by Theorem 9, Qpc∆ is CC w.r.t.

|=Qpc∆ .

�

Proposition 15: Let Q∆ be a generalised elementary definable quantifier. Then Qd∆ is CC.
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Proof : Note that Qd∆ = (Qpc∆ )c. Now, Q∆ is CC by Theorem 9 and thus so is Qpc∆ by the previous

Proposition. Furthermore, complementation preserves CC by Proposition 5 and (Qpc∆ )c = Qd

is thus CC as well.

�

In the following, let Q∆ and QΓ be two generalised elementary definable quantifiers of the same

type. For simplicity, assume that they are of type 〈1〉.

Proposition 16: Q∩∆,Γ := Q∆ ∩QΓ is CC.

Proof : We will show that Q∩∆,Γ = Q∆∪Γ. M∈ Q∩∆,Γ iffM∈ Q∆ ∩QΓ iffM∈ Q∆ = Mod(∆) and

M ∈ QΓ = Mod(Γ) iff M |= ∆ and M |= Γ iff M |= Γ ∪∆ iff M ∈ Mod(∆ ∪ Γ) iff M ∈ Q∆∪Γ.

Hence, Q∩∆,Γ = Q∆∪Γ. Therefore, by Theorem 9, Q∩∆,Γ is CC w.r.t. |=Q∩∆,Γ .

�

Corollary 17: Let Qϕ and Qψ be elementary definable quantifiers of the same type. Then

Q∪ϕ,ψ := Qϕ ∪Qψ is CC.

Of course this is already a straightforward consequence of Corollary 2 (simply elementarily

define Qϕ,ψ by ϕ ∨ ψ), but it also, more informatively, follows from the preceding: for Q∪ϕ,ψ =

Qϕ ∪Qψ = (Qcϕ ∩Qcψ)c. Moreover, by Fact (iii) we know that if Q is an elementary class, then Q

and Qc will be EC∆ classes. The previous results thus imply that (Qcϕ ∩Qcψ)c is CC w.r.t. |=Q∪ϕ,ψ .

Note that this also implies that CC’ness of elementary definable quantifiers is closed under boolean

combinations.

Note, however, that this argument does not straightforwardly generalise to generalised

elementary definable classes due to the fact that the operation of complementation (as witnessed

by the case of the quantifier QFin) can take us out of the class of generalised elementary definable

quantifiers. This prompts the following question:

Question: Is Q∪∆,Γ := Q∆ ∪QΓ CC w.r.t. |=Q∪∆,Γ?
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Several results, some contained in this chapter, some not, lead us to formulate the following general

conjecture regarding the notion of CC:

Conjecture: A quantifier Q is CC in the context of L(Q) iff it is an EC∆-class, or can be obtained

by means of boolean combinations of EC∆-classes.

We hope to take up this conjecture in future work.

6.4.3 Projective Definability

In the context of model-theoretic investigations further generalisations of the the concept

of (explicit) definability are common. The notion we want to briefly consider now is the notion of

projective definability.

Definition (reduct): Let τ ⊆ τ∗ be vocabularies in the language of FOL and M be a model with

signature τ∗. The reduct ofM to signature τ ,M|τ , is the structure that results from omitting the

elements of the signature of M that correspond to symbols τ∗ − τ .

Definition (projective class): A class of models M is a projective class (PC) if it is a class of

reducts of models from an elementary class. More precisely, a class of structures M of signature

τ is a projective class (PC) iff it is of the form M = {M|τ | M ∈ M∗} for a class M∗ of τ∗ ⊇ τ -

structures, s.t. M∗ is an elementary class (in vocabulary τ∗).

If a quantifier Q = M for a projective class M, we say that Q is projectively definable. As before,

assume for ease of presentation that any Q considered here is of type 〈1〉.

Lemma 18: Let Q be a projectively defined quantifier of signature τ = {P}; i.e., Q = M =

{M|τ |M ∈ M∗} with M∗ = Mod(ϕ) for some FOL-sentence ϕ in signature τ∗ ⊇ τ . Then,

|=Q ϕ→ QxPx.

Proof : M∗ |=Q ϕ iff M∗ |= ϕ (since ϕ is a FOL-sentence) iff M∗ ∈M∗. Hence, M∗|τ ∈M. But
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M∗|τ ∈M iff M∗|τ |=Q QxPx iff M∗ |=Q QxPx.

�

Proposition 19: Let Q be a projectively definable quantifier and Q∗ be of the same type as Q. If

Q∗ is consistent with |=Q, then Q ⊆ Q∗.

Proof : Let Q∗ be consistent with |=Q. Furthermore, let Q = M = {M|τ | M ∈ M∗}, with

M∗ = Mod(ϕ) for some FOL-sentence ϕ.

Let M ∈ Q. Since M ∈ Q there exists an expansion M∗ of M = M∗|τ , s.t. M∗ |= ϕ.

Since ϕ is a FOL-sentence, M∗ |=Q∗ ϕ as well. But, by assumption, Q∗ is consistent with |=Q and

hence, by the Lemma above, M∗ |=Q QxPx. But then M∗|τ =M |=Q QxPx. Thus, M ∈ Q as

well.

�

While this result constrains the shape quantifiers consistent with the consequence relations of

projectively definable quantifiers can take, it falls short of telling us anything conclusive about

the preservation of CC under projective definability. On the basis of results not contained in this

chapter we venture the following conjecture:21

Conjecture: In general, CC is not preserved under projective definability.

We plan to return to this question in future work. As a proximate step in this direction, consider

the following: a class of structures K is a PC∆-class if it is a class of model-reducts of an EC∆-

class, i.e., if it is of the form K = {M|τ | M ∈ M∗} where M∗ is a class of τ∗ ⊇ τ -structures, s.t.

M∗ = Mod(∆) for a τ∗-theory ∆. It is a PCℵα∆ -class if it is a PC∆-class, |τ∗| ≤ ℵα, and |∆| ≤ ℵα.

Then,

Proposition 20: Qα = {M = 〈M,A〉|ℵα ≤ |A|} is PCℵα∆ -definable.

21The conjecture is based on combining insights from the case of cofinality-quantifiers, explored in Section 6.3.3
above, with the fact that the class of non-wellfounded linear orders is projectively definable.
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Proof : Consider the following set of sentences22

Σ = {∃x(P0x ∧ Pγx)|0 < γ < ℵα} ∪ {¬∃y(Pγy ∧ Pδy)|0 < γ < δ < ℵα}

Then, for M an {Pγ |γ < ℵα}-structure, we have that if M |= Σ then |PM0 | ≥ ℵα.

Thus, for τ = {P0}, Qα = {M|τ | M ∈Mod(Σ)}.

�

Corollary 21: CC is not closed under PCℵα∆ -definability.

Proof : By the above, Q1 is PCℵ1
∆ -definable, but it is not CC.

�

6.4.4 Explicit Definability in L(Q1, . . . , Qn)

In the previous section, and with respect to the combined criterion of logicality as for-

mulated in Chapter 5 more generally, we assumed that the Carnap-categoricity of a notion is to

be assessed with respect to the language L(Q). Implicitly, this amounted to assuming that the

inferential behaviour of a quantifier could be fully characterised through its interaction with the

existential and universal quantifiers of FOL. Evidence for this view was adduced from the fact that

several of the candidates we considered could be given complete axiomatisations in the language

L(Q), and thus that their interaction with ∀ and ∃ sufficed to adequately describe their behaviour

at the level of validity.

Nonetheless, this assumption is not uncontroversial. Wagner (Wagner 1987), for example,

holds that in order to fully understand the meaning of the quantifier Q1, we already need to have

a prior grasp of the concept of ‘infinitely many’, and thus of the quantifier Q0. This motivates

the consideration of richer languages and systems with respect to which to assess the CC’ness of a

quantifier.

In this section we will consider languages of the form L(Q1, . . . , Qn) and ask questions

analogous to those asked in the previous section for the richer language. The goal of the present sec-

tion consists to a large part in developing the appropriate framework and to raise several questions,

22Taken from the proof of the incompactness of L(Qα) in (Bell and Slomson 1969).

375



rather than to systematically investigate Carnap-categoricity in the richer setting in substantial

depth. The kind of questions raised in this context bear interesting connections to the theory of

definability and expressivity of model-theoretic logics23 and we hope to take up the topic in future

work.

Let ϕ be a sentence of L(Q1, . . . , Qn) and ∆ be a set of L(Q1, . . . , Qn)-sentences. The

definitions of |=Q1,...,Qn , |=Q1,...,Qn , and consistency with a consequence-relation are completely

analogous to the definitions of these concepts given above.

Given interpretations Q1, . . . ,Qn of Q1, . . . , Qn, respectively, we define ModL(Q1,...,Qn)(ϕ)

= {M|M |=Q1,...,Qn ϕ} and ModL(Q1,...,Qn)(∆) = {M|M |=Q1,...,Qn ψ for all ψ ∈ ∆}.

Observation 22: Let Q1, . . . , Qn be interpreted by Q1, . . . ,Qn. If Q1, . . . ,Qn are closed under

isomorphic structures, then ModL(Q1,...,Qn)(ϕ) and ModL(Q1,...,Qn)(∆) are closed under isomorphic

structures as well.

Observation 23: For all Q1, . . . ,Qn, Q1, . . . ,Qn are consistent with |=Q1,...,Qn .

Observation 24: Let ϕ be a sentence of L(Q1, . . . , Qn). Then, M |=Q1,...,Qn ϕ iffM |=Q1,...,Qn,Q∗

ϕ.

Assume now that interpretations Q1, . . . ,Qn of Q1, . . . , Qn have been fixed. Let Q∗ be a quantifier

of type 〈k1, . . . , kn〉. We say that Q∗ is L(Q1, . . . , Qn)-definable iff there exists a L(Q1, . . . , Qn)-

sentence ϕ(R1, . . . , Rn) whose only non-logical symbols are relation-symbols R1, . . . , Rn (with the

adicity of Ri = ki), s.t.

M = 〈M,RM1 , . . . , RMn 〉 ∈ Q∗ iff M |=Q1,...,Qn ϕ(R1, . . . , Rn).

In other words, iff Q∗ = ModQ1,...,Qn(ϕ(R1, . . . , Rn)).

As before, assume for simplicity of presentation that all quantifiers are of type 〈1〉. Then

23Cf., e.g., (Peters and Westerst̊ahl 2006, Chapter 4).
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Proposition 25: Let Q1, . . . ,Qn be Carnap-categorical w.r.t. |=Q1,...,Qn and suppose that Q∗ is

L(Q1, . . . , Qn)-definable. Then, Q∗ is Carnap-categorical w.r.t. |=Q1,...,Qn,Q∗ .

Proof : By assumption, Q∗ is L(Q1, . . . , Qn)-definable and thus there exists an L(Q1, . . . , Qn)-

sentence ϕ, s.t. Q∗ = ModL(Q1,...,Qn)(ϕ). By Observation 22, Q∗ is closed under isomorphic

structures, and by Observation 23, it is consistent with |=Q1,...,Qn .

Suppose, then, that Q∗ is not unique, i.e., that there exists Q∗∗ 6= Q∗ of the same type as

Q∗ consistent with |=Q1,...,Qn,Q∗ . Since Q∗ is L(Q1, . . . , Qn)-defined by a sentence ϕ, we know that

|=Q1,...,Qn,Q∗ Q
∗xPx↔ ϕ.

Assume now that there existsM∈ Q∗∗, s.t.M /∈ Q∗ (the other case is analogous). Since

M ∈ Q∗∗ we have that M |=Q1,...,Qn,Q∗∗ Q∗xPx. Since Q∗∗ consistent with |=Q1,...,Qn,Q∗ it follows

thatM |=Q1,...,Qn,Q∗∗ ϕ as well. Since ϕ is an L(Q1, . . . , Qn)-sentence we have thatM |=Q1,...,Qn ϕ

and thus that M∈ModL(Q1,...,Qn)(ϕ) = Q∗ – contradiction.

Therefore, Q∗ is CC w.r.t. |=Q1,...,Qn,Q∗ .

�

Examples

(A) We know that Q0 is CC w.r.t. |=Q0 and that QFin := Qc0 is definable in terms of Q0 as

QFin := ¬Q0. Hence, by Proposition 25, it follows that QFin is CC w.r.t. |=Q0,QFin .

(B) Consider the type 〈2〉 quantifier QN = {M = 〈M,R〉|〈M,R〉 ∼= 〈N, <〉}. It is well known that

〈N, <〉 is categorically described by the following set of sentences:

(i) “R is a linear order”, i.e., R is irreflexive, transitive, and connected.

(ii) ∃x∀y¬Ryx – “R has a left-minimal element”

(iii) ∀x∃yRxy – “R is right-unbounded”.

(iv) ∀x¬Q0yRyx – “every element has only finitely many R-predecessors”

Let ϕ(R) be the conjunction of (i) - (iv). Then ϕ(R) L(Q0)-defines QN.

We know that Q0 is Carnap-categorical w.r.t. |=Q0 . Hence, by Proposition 25, QN is

Carnap-categorical w.r.t. |=Q0,QN .
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Let Q∗ be a quantifier of type 〈k1, . . . , kn〉. We say that Q∗ is generalised L(Q1, . . . , Qn)-definable

iff there exists a set ∆ of L(Q1, . . . , Qn)-sentences ϕ(R1, . . . , Rn) whose only non-logical symbols

are relation-symbols R1, . . . , Rn (with the adicity of Ri = ki), s.t.

M = 〈M,RM1 , . . . , RMn 〉 ∈ Q∗ iff M |=Q1,...,Qn ϕ(R1, . . . , Rn) for all ϕ(R1, . . . , Rn) ∈ ∆.

In other words, iff Q∗ = ModQ1,...,Qn(∆).

Then we can generalise the previous proposition as follows:

Proposition 26: Let Q1, . . . ,Qn be Carnap-categorical w.r.t. |=Q1,...,Qn and suppose Q∗ is gener-

alised L(Q1, . . . , Qn)-definable. Then, Q∗ is Carnap-categorical w.r.t. |=Q1,...,Qn,Q∗ .

Proof : Suppose it wasn’t, i.e., suppose there exists Q∗∗ 6= Q∗, s.t. Q∗∗ is of the same type

as Q∗ and consistent with |=Q1,...,Qn,Q∗ . Suppose further that Q∗ is of type 〈1〉 and generalised

L(Q1, . . . , Qn)-defined by ∆. We distinguish two cases:

(i) Assume there exists M ∈ Q∗, s.t. M /∈ Q∗∗. Since Q∗ is generalised L(Q1, . . . , Qn)-defined

by ∆ it follows that ∆ |=Q1,...,Qn,Q∗ Q
∗xPx and M |=Q1,...,Qn ϕ for all ϕ ∈ ∆.

SinceM /∈ Q∗∗ and Q∗∗ consistent with |=Q1,...,Qn,Q∗ by assumption, it must be the case that

M 6|=Q1,...,Qn,Q∗∗ ϕ for some ϕ ∈ ∆. Since all ϕ ∈ ∆ L(Q1, . . . , Qn)-sentences,M 6|=Q1,...,Qn ϕ

for some ϕ ∈ ∆ – contradiction. Thus, M∈ Q∗∗.

(ii) Assume there exists M ∈ Q∗∗, s.t. M /∈ Q∗. Since M /∈ Q∗ it follows that M 6|=Q1,...,Qn ϕ

for some ϕ ∈ ∆. Moreover, we have that QxPx |=Q1,...,Qn,Q∗ ϕ for all ϕ ∈ ∆.

But, M |=Q1,...,Qn,Q∗∗ QxPx and thus, due to Q∗∗ being consistent with |=Q1,...,Qn,Q∗ ,

M |=Q1,...,Qn,Q∗∗ ϕ for all ϕ ∈ ∆. Since all ϕ ∈ ∆ L(Q1, . . . , Qn)-sentences, M |=Q1,...,Qn ϕ

for all ϕ ∈ ∆ – contradiction. Thus, M∈ Q∗.

Therefore, Q∗ is Carnap-categorical w.r.t. |=Q1,...,Qn,Q∗ .

�

Of course, for Example A above we already know more: we know that QFin is CC w.r.t. |=QFin

alone. This raises the following question:
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Question: Under what circumstances is it the case that when Q∗ is CC w.r.t. |=Q1,...,Qn,Q∗ it is also

CC w.r.t. |=Q∗ alone?

We will provide an example of an answer to this question for a particularly straightforward case

below. In the following, assume that all quantifiers are monadic, i.e., of a type of the form 〈1, . . . , 1〉.

Let L∗ be an arbitrary extension of FOL with additional generalised quantifiers. Then

Fact (Peters and Westerst̊ahl 2006, 452): If a quantifier Q is L(Q1, . . . , Qn)-definable, and each

Qi (1 ≤ i ≤ n) is L∗-definable, then Q is L∗-definable as well.

Corollary 27: Let Q∗ be L(Q1, . . . , Qn)-definable and each Qi (1 ≤ i ≤ n) be elementary

definable. Then Q∗ is CC w.r.t. |=Q∗ .

Proof : From the Fact it follows that Q∗ is elementary definable as well, and thus CC w.r.t. |=Q∗

by Corollary 2.

�

We conjecture that this result continues to hold when L(Q1, . . . , Qn)-definability is replaced by

generalised L(Q1, . . . , Qn)-definability, and elementary definability by generalised elementary de-

finability.

6.5 A Note on Completeness

On semantic approaches to logicality that emphasize epistemic aspects the completeness

of a logical system plays a particularly important role for the status of the expressions occurring

in it.24 Completeness of a system ensures that “every logical truth is either obvious as it stands

or can be reached from obvious truths by a sequence of individually obvious steps” (Quine 1986,

82/83). Together with the fact that completeness was one of the conditions featuring prominently in

Lindström’s Theorem, it is not surprising that it has been a fixture in global semantic approaches

24See, e.g., (Quine 1986) and (Tharp 1975).
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to the demarcation of the logical constants. Similarly, certain hybrid approaches putting heavy

emphasis on inferential elements deem (modular) completeness a crucial condition that must be

met for an expression to qualify as logical.25

The role of completeness in the present context is a bit more difficult to describe. For while

it has proven to be an invaluable technical device in order to establish results concerning the Carnap-

categoricity of particular quantifiers, conceptually it bears no special relationship to the notion of

logicality. Rather, the question of completeness is somewhat orthogonal to the question of Carnap-

categoricity: there are complete systems for non-CC notions (e.g., QK), and there are CC notions

whose addition to FOL renders the resulting system essentially incomplete (Q0). Completeness

thus seems to be neither necessary nor sufficient for Carnap-categoricity.

We defined above and briefly considered in the last chapter the idea that the condition

of Carnap-categoricity could be weakened to weak CC’ness, demanding that the kind of notions

that might disqualify another from counting as logical must be such that they possess exactly the

same inferential role, rather than merely subsuming it. Philosophically, we rejected this idea on

the current picture, for there was no motivation to adopt this more stringent demand. Formally, at

least in restricted contexts or under the assumption of additional set-theoretic principles it might

still not be enough to render many of the notions disqualified on our picture logical: we showed

above that the logic of Q1, the quantifier “there exist uncountably many” is, under the assumption

of GCH, complete for several interpretations. Hence, it is also weakly non-CC. Completeness still

does not ensure unique determination here.

What is the relationship between the ‘un-intended’ interpretations of an expression and

the completeness of the system when considering its ‘standard’ interpretation? Here we obtain a re-

assuring result: as long as the there is an interpretation of an expression w.r.t. which a logical system

is complete among the admissible interpretations, completeness w.r.t. all consistent interpretations

is maintained.26

Let Q be the intended interpretation of a quantifier Q and let K(Q) be the class of

interpretations of Q consistent with |=Q. We say that Γ |=K(Q) ϕ iff Γ |=Q∗ ϕ for all Q∗ ∈ K(Q).

Then

25See, e.g., (Garson 2013).
26See (Bonnay and Westerst̊ahl 2015, 22ff.) for this result and its proof.
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Proposition (Westerst̊ahl): Γ |=Q ϕ iff Γ |=K(Q) ϕ.

Proof :

(⇒) Suppose Γ |=Q ϕ. Since all Q∗ ∈ K(Q) are consistent with |=Q it immediately follows that

Γ |=K(Q) ϕ.

(⇐) Suppose Γ 6|=Q ϕ. Since Q ∈ K(Q) there exists Q ∈ K(Q), s.t. Γ 6|=Q ϕ and thus it follows

that Γ 6|=K(Q) ϕ.

�

It follows directly from this that if |=Q possesses a complete axiomatisation, so does |=K(Q).

Completeness is of course only of real importance when we are given a way of axiomatising

the relevant consequence relation. That axiomatisation, in turn, is important due to its finitary

nature. The real importance of a completeness theorem thus lies in the finitude of proof, which

solves the “access problem” of logical truth and consequence and the idea of which also underlies

the notion of compactness to which we now turn.

In this thesis we took a rather abstract view on inference by considering consequence

relations in their entirety rather than making more fine-grained distinctions. The underlying view

of inference as corresponding in any way to inferential practise is of course hopelessly naive. For

the purposes of this thesis the more abstract view was sufficient, but going forward, and developing

the notion of inference at work in the present account further, it is advisable to look at more

constrained notions of consequence and inference. A particularly central and natural property in

this regard, still abstract from any concrete proof system, is the notion of compactness. We say

that a consequence relation ` is compact iff whenever Γ ` ϕ there already is a finite Γ0 ⊆ Γ, s.t.

Γ0 ` ϕ.

Arguably, compactness is a well-motivated and characteristic constraint on any notion of

inference that can claim semblance to a notion being lifted from practice or executable by creatures

with finite cognitive resources. Emphasising the importance of compactness in the study of Carnap-

categorical notions, we state the following conjecture, which we leave for future work:

Conjecture: Any quantifier that is Carnap-categorical with respect to a compact consequence
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relation over L(Q) is already definable in FOL.

6.6 Concluding Remarks

This chapter outlined the shape an investigation into the notion of Carnap-categoricity

could take, and presented some initial results towards its exploration. We have left the project of

devising a combined criterion of logicality based on Carnap-categoricity, begun in the last chapter,

with an unfinished agenda in that a delineation of the scope of logic arrived at on its basis was left

open. Central to understanding where Carnap-categoricity draws the ‘bounds of logic’ are the two

conjectures we presented above:

Conjecture 1: A quantifier Q is Carnap-categorical w.r.t. a consequence relation over L(Q) iff

it is an EC∆-class, or can be obtained by means of boolean combinations of EC∆-classes.

Conjecture 2: Any quantifier that is Carnap-categorical w.r.t. a compact consequence relation

over L(Q) is definable in FOL.

Making progress towards resolving these conjectures is the most immediate goal for our future work

on Carnap’s problem for languages L(Q1, . . . ,Qn).

Philosophically, several further questions emerge from the preceding, some of which are

taken up in the next chapters. The most pressing question for the kind of philosophical project

undertaken in this thesis might be the following: when assessing a quantifier Q for logicality in

terms of Carnap-categoricity, our default setting has been to do so in the context of the language

L(Q). This decision was not arbitrary, for we took the interaction of a quantifier with ∀ and ∃ to

be the minimal context for properly capturing its inferential role. However, this assumption could

be questioned. Why is the interaction with ∀ and ∃ so special? Why are we warranted in assuming

that they are the only quantifiers relevant to the inferential behaviour of Q? The question that

emerges is the following:

Question: When assessing a quantifier Q for logicality in terms of Carnap-categoricity, what kind
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of consequence relation, i.e., over what language, is it reasonable to assume when assessing its

Carnap-categoricity?

Some option include:

(i) No other quantifiers may be presupposed. We know from Bonnay & Westerst̊ahl’s result that

∀ and ∃ are Carnap-categorical in this sense. Are there others?

(ii) The assessment of CC takes place w.r.t. a consequence relation of the form |=Q, allowing only

∀, ∃, and those quantifiers elementary definable in terms of them to matter.

(iii) The assessment of CC takes place w.r.t. a consequence relation of the form |=Q1,...,Qn,Q, where

all quantifiers Q1, . . . ,Qn are definable (elementary, generalised elementary, or L(Q1, . . . , Qi)-

definable (i ≤ n)).

(iv) The assessment of CC takes place w.r.t. a consequence relation of the form |=Q1,...,Qn,Q, where

all quantifiers Q1, . . . ,Qn are themselves Carnap-categorical.

A particularly intriguing option is the following:

(v) The assessment of CC takes place w.r.t. a consequence relation of the form |=Q1,...,Qn,Q, where

Q1, . . . ,Qn are all the quantifiers the meaning of Q depends on. Of course, the great difficulty

here consists in spelling out what precisely the relation of dependence amounts to.

We opted for option (ii) in our approach, which we justified as a version of option (v): the mean-

ing of ∀ and ∃ did not depend on any other quantifiers, whereas every other quantifier’s meaning

depended (at least) on ∀ and ∃. Evidence for this claim was deduced from the fact that the (par-

tial) axiomatisations of generalised quantifiers Q always involved axioms governing the interaction

between Q and ∀ and ∃. However, to fully justify the assumption that we can stop at option (ii)

further argument is required.
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holm University), currently being prepared for submission for publication, titled “Carnap’s Problem

for languages L(Q1, . . . , Qn)”.

383



The author of this dissertation thanks Dag Westerst̊ahl for permitting him to reuse and reproduce

their joint work in its current form here. The author of this dissertation was the primary author

of the dissertation.

384



Chapter 7

Carnapian Underdetermination

7.1 Introduction

The previous chapter outlined a proposal for a combined criterion of logicality according to

which a constant is logical if it possesses an inferential role that can be uniquely filled by a formal

denotation. What made the proposal interestingly different from purely inferential approaches

was that it enabled us to be far more encompassing in what to count as logical. What made

the proposal interestingly different from purely semantic approaches was that it allowed us to be

more restrictive in what to count as logical. The middle-ground occupied by a proposal of this

kind stemmed from a generalisation of the underlying notion of inference (moving from sets of

rules to entire consequence relations) on the one hand, and an underdetermination phenomenon,

often termed Carnap’s Problem, on the other. This Carnapian underdetermination of semantics by

syntax constitutes the main topic of the present chapter.

Originally discovered by Carnap in 1943, and occasionally re-discovered throughout the

following decades, possible interpretations of Carnap’s underdetermination problem and its signifi-

cance for topics in the philosophies of logic and language have been very muted, and solutions pro-

posed to it have remained very piecemeal. Given the importance unique determination by inference

plays in our approach to logical constanthood, the issue of underdetermination of model-theoretic

value by inference deserves more attention than we were able to provide in the previous chapter.

Moreover, independently of our local goals here, we believe that the impact of Carnap’s Problem
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has not been realised and appreciated to the degree it should have, and find most accounts of it

that are given in the literature to be incomplete. The present chapter tries to remedy this short-

coming by providing a comprehensive and systematic analysis of Carnapian underdetermination

phenomena as they pertain to classical logical languages under standard assumptions.

After first exploring an early philosophical use of the idea that inferential roles must be

filled somehow by model-theoretic values in Section 7.2 we will provide a systematic overview of

the nature and scope of Carnap’s Problem in Section 7.3. Section 7.4 then outlines, compares, and

comments on solution strategies that have been proposed in the literature and their philosophical

motivations. Section 7.5 comments on the significance of Carnap’s Problem for the kind of project

undertaken in this thesis, before Section 7.6 concludes. A natural companion chapter to the present

is Chapter 6 where we formally explore the extent of Carnapian underdetermination for a category of

expressions that has historically been neglected in its discussion: generalised first-order quantifiers.

7.2 Determination by Inference

We mentioned in Chapter 2 that the Gentzian project of seeing the rules of inference

as definitions of the signs whose behaviour they govern was threatened by permitting trivialising

connectives to be successfully defined in this way. Following Belnap (Belnap 1962), the inferentialist

response has traditionally consisted in tightening restrictions on the kinds of rules that do in fact

constitute genuine definitions. However, around the same time as Belnap’s original paper, a different

strategy to rule out pathological connectives like tonk emerged that appealed to model-theoretic,

rather than proof-theoretic features of connectives. This line of reasoning demonstrated that there

are too few model-theoretic values to fill the inferential role delineated by the rules for tonk, and

that this role therefore does not possess a corresponding meaning. Except for (Carnap 1943), and

completely independent of the concerns that drove him there, this kind of approach appears to be

the first time that the idea that inference rules must determine model-theoretic meanings in order

to constitute genuine meaning-conferring entities was philosophically exploited. Given our general

interests in the current chapter it thus merits our attention.

In this section we will briefly explore this model-theoretic line of response to the possibility

of pathological connectives and contrast it with the inferential reaction before providing the set-up
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for the following discussion of Carnap’s Problem which, in an important sense, pulls in the opposite

direction: the problem of tonk is that its inferential role cannot be filled, whereas Carnap’s Problem

arises from the fact that there are too many equally good candidates to fill a particular inferential

role.

7.2.1 Failures of Determination: tonk, knot, and blonk

The idea that all that is needed to successfully determine a (logical) connective is the

provision of a set of rules that are taken to define that connective was forcefully challenged by

Arthur Prior’s connective tonk (Prior 1960).1 Assuming a (single-conclusion) natural-deduction

setting2 tonk possesses the following introduction and elimination rules:

ϕ
tonk-I

ϕ tonk ψ
ϕ tonk ψ

tonk-E
ψ

Adding tonk-I and tonk-E to one’s logic appears to engender triviality:3

ϕ
tonk-I

ϕ tonk ψ
tonk-E

ψ

Hence, the inferentialist idea that any set of rules determines a logical notion cannot be the entire

story, and needs to be modified lest it reduces to absurdity. The case of tonk seems to show that not

just any set of rules can be definitional. Yet what precisely is wrong with the putative connective

defined by tonk-I and tonk-E has been subject to debate, with two broad trends emerging: one

blaming the failure of tonk on the lack of an appropriate model-theoretic value, the other attributing

the pathological status of tonk to a disregard of conditions on appropriate definitions. We will

discuss them in turns here.

1See also (Prior 1964).
2We here provide the rules for tonk in a natural-deduction format. While many proof-theoretic properties are

notoriously framework-dependent, rules for tonk can equally well be formulated in a sequent-calculus and other
settings, raising identical conceptual problems and worries. The issues engendered by tonk are thus, to a large
degree, independent of the particular framework chosen, see, e.g., (Hjortland 2010), (Fjellstad 2015).

3We call a consequence relation trivial if, for all Γ ∪ {ϕ}, Γ ` ϕ (‘everything follows from everything’). Note that
it is possible to draw a distinction here between cases in which Γ is allowed to be empty, and those in which it is
not. A consequence relation presented by only tonk rules will be trivial for non-empty sets Γ, but not for sets Γ = ∅.
We call a consequence relation ` strongly trivial iff ` ϕ for all ϕ of the language. Sometimes a consequence relation
is called Post-consistent if there exists a formula ϕ, s.t. 6` ϕ; see (Hjortland 2010, 28). The two notions coincide
when a theorem is present. In the following, we stipulate this to always be the case in order to avoid unnecessary
complications.
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7.2.1.1 The Semantic Perspective

The approach that diagnoses the pathological status of tonk in the non-existence of a

model-theoretic interpretation consistent with the tonk-I and tonk-E rules is best exemplified by

the early response of Stevenson (Stevenson 1960) to Prior’s paper, and Wagner’s commentary on

it (Wagner 1981). Stevenson holds that meaning is, primarily, truth-conditional,4 and that Prior’s

crucial mistake consisted in assuming that

we can completely justify an inference by appealing to the meaning of a logical connective
as stated in permissive rules. [...] The crucial point to be noted is this: in order to
completely justify an inference we must appeal to a sound rule of inference. (Stevenson
1960, 125)

Thus, what is needed to show that tonk-I and tonk-E in fact define a (logical) notion is the

provision of a semantic value for tonk (a truth-function5),6 s.t. the introduction and elimination

rules of tonk are sound w.r.t. that value. However, there cannot be such a truth-function for tonk:

for tonk-I tells us that ϕ tonk ψ must be true, whenever ϕ is true, whereas, according to tonk-E,

ϕ tonk ψ must be false whenever ψ is false.7 Thus, in a case where ϕ is true and ψ is false, ϕ tonk

ψ must, according to the rules for tonk, be both true and false – which is impossible in a classical,

bivalent framework.8 Hence, there can be no truth-function for tonk with respect to which tonk-I

and tonk-E are sound. This inability to provide an appropriate model-theoretic value for tonk

enables a proponent of the position that meanings must be model-theoretic to deny that tonk even

is meaningful at all.9

Wagner (Wagner 1981) reaches a similar conclusion, though he does not claim that tonk

is completely meaningless. Instead, drawing on a Fregean-inspired distinction between the sense

and the denotation of an expression, – with the sense of an expression to be given by its inference

rules and the denotation corresponding to a model-theoretic value, – he takes the lesson to be

4Cf. also (Hart 1982).
5As we will make clear below, the claim that semantic values for connectives must be truth-functional already

introduces substantial assumptions. Furthermore, by itself it is still insufficient: tonk can be given a truth-functional
semantics as long as we modify the semantic space and properties of the consequence relation; see (Cook 2005).

6See also (Stevenson 1960, 127): “The important difference between the theory of analytic validity as it should be
stated and as Prior stated it lies in the fact that he gives the meanings of connectives in terms of permissive rules,
whereas they should be stated in terms of truth-function statements in a meta-language.”

7See, e.g., (Restall 2010) and (Fjellstad 2015, 495).
8The idea that the problematic nature of tonk is due to a mismatch between its introduction- and elimination-rules

has gained substantial currency in inferentialist accounts.
9Cf. (Peacocke 2004, 167) and (Button 2016, 8).
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learned from tonk to be that having sense, by itself, is insufficient for denotation. For while tonk’s

sense can be given in terms of its inferential behaviour, it fails to pick out or have a corresponding

denotation. Thus, Wagner writes, “logical connectives do not get their meanings [= model-theoretic

value] by being associated with what we may call logical roles [= inferential behaviour]” (Wagner

1981, 293) – definitions in terms of inferential behaviour are not sufficient to ensure the existence

of something satisfying the stipulated inferential behaviour.

On both Stevenson’s and Wagner’s account, the lack of appropriate semantic, i.e., model-

theoretic, value for tonk therefore justifies regarding it as meaningless, – i.e., denotationless, –

and considering tonk-I and tonk-E to fail at defining a genuine connective. Fortunately, such a

sweeping conclusion is much too hasty and general, and even more so when turned into an overall

criticism of the inferentialist project of defining notions through rules and inferential behaviour,

for the triviality-result of tonk depended on several strong background assumptions. We have

discussed the assumptions that are most easily characterised in proof-theoretic terms in Chapter 4,

but several further assumptions are explicitly model-theoretic in nature. The most glaring is the

presumption of a bivalent framework, in which the semantic space is such that every well-formed

expression of the language takes on exactly one of the two truth-values true or false.

Just how much of the argument against tonk depends on this innocently seeming as-

sumption is shown by Cook who, in (Cook 2005), provides a truth-table semantics for a tonk-like

connective w.r.t. which both tonk-I and tonk-E are sound. Cook shows that tonk can be given

a truth-functional meaning10 when one relaxes the semantic framework. In particular, he allows

well-formed expressions to take on both, neither, or either of two truth-values and thus, in effect,

produces a four-valued truth-table for tonk, modifying the definition of entailment accordingly

to obtain a soundness result for the tonk-rules.11 Fjellstad (Fjellstad 2015) goes even further by

providing a sound and complete semantics for a non-trivial logic containing tonk (as well as a

negation and implication connective) based on a ‘bilateral’ semantics of (Humberstone 1988) in

which interpretations are pairs of valuations, treating premises and conclusions separately.12

We do not wish to discuss the respective merits of these proposals here, and the details

10In fact, in (Cook 2005) he shows that it can be given several such.
11See (Cook 2005, 222/223) and (Wansing 2006, 655) for details.
12For details see (Fjellstad 2015, 495ff.).
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of the systems do not matter too much for the purpose at hand.13 However, we wish to point

out the important fact that it is possible to give a sound semantics for tonk and to obtain a

non-trivial, sound and complete, tonk-logic. This, in the very least partially, puts the ball back

into the model-theorists court in that it shows that it need not be the rules of tonk that are

defective, but that triviality only ensues in conjunction with specific semantic assumptions, which

require an independent justification. It, in the very least, shifts the burden of proof away from the

inferentialist.

The dependency of the problematic status of a connective like tonk on, among other

things, certain semantic background-assumptions (e.g. a bivalent semantic framework) suggests

that rather than refuting a particular philosophical position (such as inferentialism), connectives

like tonk are symptomatic of a more general phenomenon concerning a mismatch between infer-

ential and semantic aspects of a logic. We will further elaborate on this remark below, but it is

worth mentioning that something very much like this is suggested by Button in (Button 2016).

In this article, Button argues that, given Carnapian underdetermination (see Section 7.3 below),

the situation concerning pathological connectives like tonk is no better from a semantic starting

point (and thus not a purely inferential issue). He shows that it is possible to come up with a

model-theoretically given connective knot, that, while semantically perfectly well-defined, severely

distorts inference: it invalidates natural constraints on inference as codified in a consequence rela-

tion (e.g. substitutivity of equivalents), and impairs reasonable inferential characterisations of other

connectives (e.g. the introduction rules for (classical) implication and negation).14

The possibility of a semantically well-defined but inferentially unstable connective like

knot suggests that tonk is an instance of a wider family of problems, not necessarily connected to

the dogmas of inferentialism, for

Just as semanticists are untroubled by Tonk, so inferentialists are untroubled by Knot.
[...] This raises a further parallel between inferentialist reactions to Knot and semanticist
reactions to Tonk. Semanticists sometimes allege that the natural deduction rules for
Tonk fail even to define a meaningful connective, on the grounds that Tonk cannot be
given semantic conditions. By exactly the same token, inferentialists might allege that
the semantic conditions for Knot fail even to define a meaningful connective, on the
grounds that Knot cannot be given natural-deduction-style inference rules, given the
(inferentially specified) meanings of the other connectives. (Button 2016, 11)

13Though we refer the reader to the extremely readable papers of (Cook 2005) and (Fjellstad 2015).
14For the details of Button’s proposal and argument, see (Button 2016). For comments on the connective knot,

see (Teijeiro 2020) and (Ramı́rez-Cámara and Estrada-González 2019). See also Section 7.4.1.3.
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7.2.1.2 The Inferential Perspective

The dependency on context and background assumption of the trivialising force of tonk

is made especially explicit in the context of inferential, proof-theoretic approaches to a solution.15

Such approaches, the most influential of which is undoubtedly (Belnap 1962), agree that in order

for a set of rules to constitute a definition they need to satisfy an existence condition, but disagree

that this existence condition must take the shape of a demand for a model-theoretic interpretation

consistent with the respective set of rules - such a demand amounts to ‘giving away the inferentialist

game’16 from the outset.17

Instead, the key insight of Belnap’s influential paper is that the definition of a connective

by a set of rules does not take place in a conceptual vacuum – the framework in which the definition

is formulated already possesses active assumptions and presuppositions, and these constraints need

to be respected if the definition is to be successful. In particular, the context of a definition provided

in terms of a set of rules is the antecedently given context of deducibility in which the definitions

takes place, and in order for a definition to successfully define something, to satisfy the existence

constraint, it must be consistent with these antecedent assumptions on deduction:

It seems to me that the key to a solution lies in observing that even on the synthetic
view, we are not defining our connectives ab initio, but rather in terms of an antecedently
given context of deducibility, concerning which we have some definite notions. By that I
mean that before arriving at the problem of characterizing connectives, we have already
made some assumptions about the nature of deducibility. (Belnap 1962, 131)

Hence, in order to satisfy the existence requirement the inferential definition of a connective must

be consistent with the antecedently given context of deducibility; it may not conflict with the

assumptions already active in the context in which the definition takes place. In the current

setting, we can identify the antecedently given context of deducibility with a consequence-relation

` that possesses particular properties, of which we will say more below. The need for consistency

takes, in Belnap and the vast literature that follows his approach,18 the shape of a demand that

15As a result model-theoretic constraints that rule out tonk have sometimes been labelled categorical, aiming to
delineate an absolute feature of logicality, whereas inferential approaches are seen as more relative, grounded in the
interaction of different features of a proof-system; see, e.g., (Restall 2010, 3).

16See (Restall 2010, 2).
17The idea that in order to constitute a definition rules must obey certain conditions and satisfy certain constraints

has given rise to a rich and vast body of literature. See Chapter 4 for references.
18The requirement of conservativity, as a notion of global harmony, has been extremely influential in the inferentialist

literature on logicality and the logical constants, see Chapter 4 for further details. See also (Humberstone 2011,
Chapter 4) for an overview.
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the addition of a connective to a logic (here in the form of a consequence relation ` codifying the

antecedently given context of deducibility) yield a conservative extension of the logic. The notion

of a conservative extension can be made precise as follows:19

Definition (conservative extension): Let L and L+ be languages, s.t. L ⊆ L+ (and hence

SentL ⊆ SentL+). Then, `L+ is a conservative extension of `L if:

(i) it is an extension: `L ⊆ `L+ ;

(ii) it is conservative: for all Γ ∪ {ϕ} ∈ SentL, if Γ `L+ ϕ, then already Γ `L ϕ.

The idea behind Belnap’s existence condition for a connective is thus that it can be introduced into

a given consequence-relation without engendering inconsistency and triviality.20 This is achieved by

demanding that the resulting consequence relation conservatively extend the given ‘antecedent con-

text of deducibility’ since, assuming that the antecedent context is non-trivial, so will be any conser-

vative extension of it.21 Thus, in order to have successfully defined something, for the definiendum

to exist, the definition must respect the conditions already active in the context in which it takes

place22 - it must conservatively extend23 the antecedently given context of deducibility.24

Whether or not the definition of a putative new connective gives rise to a conservative

extension is highly relative to the antecedent context of deducibility, i.e., whether or not the in-

troduction of a new connective into a given consequence relation is conservative depends on the

properties of this consequence relation. In particular, when the antecedent context of deducibility

is already trivial, i.e., if it consists of a consequence relation `L, s.t. for all ϕ,ψ ∈ SentL we already

19See (Humberstone 2011, Chapter 4.2) for a discussion of the conservative extension proposal as an existence
condition.

20Cf. (Restall 2010, 4): “The antecedently given context of deducibility provides the space for the definition of
some concept (it allows for its existence), if it may be conservatively extended to include it.”

21For an investigation and commentary on the relation between the proof-theoretic existence-condition of conser-
vativity, and the model-theoretic soundness constraint with respect to truth-functions, see (Hart 1982).

22The consistency of a system extended by rules for a new connective can be demonstrated in different ways,
depending on the underlying proof-theoretical framework. For example, if the underlying proof-system is a natural-
deduction formalism we can achieve the result through establishing a normalisation proof. If it is a sequent-system,
a cut-elimination argument demonstrates consistency; see (Restall 2010, 3/4).

23It is sometimes assumed that the demand for conservative extensions expresses the idea that definitions must be
non-creative. However, in the context of Belnap’s paper, it is important to stress that he does not there object to
the possibility of creative definitions. His reason for conservativity is rather the assumption that the antecedently
given context of deducibility already completely and exhaustively specifies what can be said and what holds in its
language-fragment; see (Belnap 1962, 132) and (Wagner 1981, n.2).

24It is important to note here that conservativity-properties are extremely sensitive to the particular set-up of the
underlying proof-system; cf. (Restall 2010, 5ff.) and (Hjortland 2010, 34). We take this sensitivity of set-up to be a
good motivation for exploring more robust criteria for the existence of a connective.
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have ϕ `L ψ, then the addition of tonk will lead to a conservative extension of `L. Hence, in the

very least, the antecedent consequence relation over which tonk is introduced cannot be the uni-

versal relation of the sentences of a language L if tonk is to engender triviality. On the other hand,

it is not too stringent of an assumption that we start out with a non-trivial context of deducibility

in which to define further notions.

Nevertheless, it is worth pointing out that tonk, by itself, does not cause inconsistency and

non-triviality, this only occurs in the context of other things. While the antecedent consequence

relation cannot be universal for tonk to be problematic, it also cannot be empty. This immediately

raises the question w.r.t. what kind of background consequence relation the acceptability of a

connective should be evaluated, what, in other words, are reasonable constraints to assume to hold

for the antecedent context of deducibility, as characterising our (or a) concept of deducibility.25

This question becomes especially pressing in light of the following observation: let `t be the

consequence relation over a language L consisting of propositional letters and the tonk connective,

presented by the tonk-rules. Although `t will be trivial in that ϕ `L ψ for all ϕ,ψ ∈ SentL, it will

not be strongly trivial or absolutely inconsistent26 in that there are sentences ϕ ∈ SentL, s.t. 6`t ϕ

(in fact, there will be no theorems in `L as there are no rules to discharge assumptions). Hence,

if absolute inconsistency is our standard for triviality, then tonk-consequence `t is a non-trivial

consequence relation. This changes radically if we add any connective whose rules allow us to

discharge assumptions. Consider, for example, implication with its standard rules:27

[ϕ]u

...
ψ →-I, u

ϕ→ ψ

ϕ→ ψ ϕ
→-E

ψ

In the current context we assume that → is being defined by →-I and →-E, and that its having

been successfully defined is assessed w.r.t. `t. However, the following derivation shows that `t,→,

presented by tonk-I, tonk-E, →-I, and →-E, does not conservatively extend `t, hence that → is

not consistent with the antecedently given context of deducibility, and thus fails Belnap’s existence

condition.
25Thereby raising the question whether non-conservativity might be a sufficient, but not a necessary condition for

non-existence, cf. (Humberstone 2011, 566ff.).
26This terminology is taken from (Hjortland 2010).
27The point made here, and the example used, are modifications of an argument and example that are given in

(Hjortland 2010, 28ff.).
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[ϕ]u
→-I, uϕ→ ϕ

tonk-I
(ϕ→ ϕ) tonk ψ

tonk-E
ψ

Of course we should deny that the relevant antecedent context of deducibility as given by `t

specified a suitable context of deducibility in the first place, and so should not be surprised by

the ‘non-existence’ of a connective → defined by →-I and →-E, but the above consideration raises

the question of whether there is a principled way in which to determine what kinds of constraints

on a consequence relation to adopt when assessing the acceptability of a connective defined in

its context. This issue is exacerbated by the fact that even separate conservativity over a given

consequence relation does not guarantee ‘joint conservativity’: let L be a language containing only

propositional letters, conjunction ∧, and disjunction ∨. Let ` be the consequence-relation presented

by the standard natural-deduction rules for ∧ and ∨.28 Then both `→, presented by {→-I,→-E,∧-

E,∧-I,∨-E,∨-I}, as well as `¬, presented by {¬-I,¬-E,∧-E,∧-I,∨-E,∨-I} (see below for ¬-rules)

are conservative extensions of `.

[ϕ]u

...
ψ

[ϕ]u

...
¬ψ ¬-I, u¬ϕ

[¬ϕ]u

...
ψ

[¬ϕ]u

...
¬ψ ¬-E, uϕ

However, `→,¬, presented by {→-I,→-E,¬-I,¬-E,∧-E,∧-I,∨-E,∨-I}, does not conservatively ex-

tend `→, due to the provability of Peirce’s Law in a logic containing both implication and classical

negation: (((ϕ→ ψ)→ ϕ)→ ϕ).29

We will have more to say about the kinds of assumptions that can reasonably be taken

to characterise deducibility in a general enough manner to provide an appropriate context against

which to ‘test’ inferential definitions and with which tonk conflicts independently of the presence of

28

ϕ ψ
∧-I

ϕ ∧ ψ

ϕ1 ∧ ϕ2 ∧-E, i ∈ {1, 2}ϕi

ϕi ∨-I, i ∈ {1, 2}
ϕ1 ∨ ϕ2

ϕ ∨ ψ

[ϕ]u

...
χ

[ψ]v

...
χ
∨-Eχ

29Cf., e.g., (Humberstone 2011, 540).
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any other, generally accepted, connectives. For now, we merely wished to emphasise the high degree

of relativity and context-sensitivity inherent in the notion of conservative extension as outlined

above. In order to transform this notion into a feasible condition for an assessment of the existence

of a connective defined by rules, more needs to be said30 about the way in which the consequence

relation in the context of which a putative connective is to be defined is to be structured.

Before returning to this point below, however, it is worth mentioning the other condition

on inferential definitions that Belnap considers, and that will be the main concern of Chapter

8 below. While consistency, in the shape of conservativity, might guarantee the existence of a

connective, this still does not allow us to talk about the connective thus defined. The analogy

to mathematical definitions, so Belnap, suggests a second requirement on successful definitions:

uniqueness. Satisfying a uniqueness-requirement guarantees that the definition is specific enough

to only ‘leave open’ one inferential role - that there is only a single connective that can fill it.31 We

will come back to the notion of uniqueness in much more detail in Chapter 8, here it suffices to

say that the formal implementation of the uniqueness-demand that Belnap adopts is what we term

below premise- and conclusion-equivalence:32

Definition (uniqueness): A connective c, given by a set of rules Rc, is unique iff, for any connective

c′ with identical rules Rc′ , the following holds:

(i) ϕ1, . . . , ϕn, c(ψ1, . . . , ψn) ` χ iff ϕ1, . . . , ϕn, c
′(ψ1, . . . , ψn) ` χ; and

(ii) ϕ1, . . . , ϕn ` c(ψ1, . . . , ψn) iff ϕ1, . . . , ϕn ` c′(ψ1, . . . , ψn).

Assuming the consequence relation at play satisfies further natural constraints it will be sufficient

that c(ψ1, . . . , ψn) a` c′(ψ1, . . . , ψn).33 The basic idea underlying this proposal is that a unique

connective is such that the inferential role delineated by its rules is so tightly constrained that it

can only be filled by a single constant; any connective obeying the same rules will be ‘inferentially

indistinguishable’ from it: it will be able to play the same role in both premise- and conclusion-

position, and, in the most favourable case, will be interderivable with the original connective. From

30And Belnap does say more about this; see (Belnap 1962, 132).
31Cf. (Restall 2010, 4): “Inference rules only truly define a connective if they go beyond describing some of its

inferential properties, and go on to determine its behaviour in valid argument. This is the criterion of uniqueness.”
32See (Belnap 1962, 133). It has been doubted that this kind of uniqueness captures the idea of ‘same meaning’;

cf. (Restall 2010, 7).
33See Chapter 8 for details.
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the perspective of the consequence relation there will be no difference between the two. Belnap’s

conditions on a successful, inferential definition thus consist of an existence- and a uniqueness-

constraint.

We saw above that triviality ensues due to the interplay of tonk with properties of the

‘antecedently given context of deducibility’ in the shape of a consequence relation ` over which

tonk is introduced. We emphasised that it is not tonk by itself that is problematic, but rather the

interaction of tonk with other features of `. The situation was complicated by the fact that, as

soon as other connectives and their interaction with tonk or each other were considered, it became

very unclear that conservativity indeed constituted a good test for the pathological status of a

connective. If conservative extensions are to be the hallmark for the existence of a connective

it becomes exceedingly important to specify and justify the kinds of properties interaction with

which we will consider in the assessment of the acceptability of a connective. Moreover, it will be

important that the set of such properties is as minimal as possible in order to not exclude connectives

due to ‘accidental’ or ‘inessential’ interactions that have nothing to do with the behaviour of that

connective and deducibility per se.

Conditions that have been taken to have to hold of any relation in order for it to qualify

as constituting or representing a relation of deducibility include the following:34

(i) Reflexivity: For every sentence ϕ of a language L – ϕ `L ϕ;

(ii) Transitivity/Cut: If Γ `L ϕ and ∆, ϕ `L ψ, then Γ,∆ `L ψ.

Oftentimes, the following two properties are also included or in the very least assigned an important

role in the characterisation of deducibility:35

(iii) Weakening: If Γ `L ψ, then Γ, ϕ `L ψ;

(iv) Contraction: If Γ, ϕ, ϕ `L ψ, then Γ, ϕ `L ψ.

The precise details do not matter too much for the purpose at hand. Notice, however, that these

constraints are all structural assumptions or properties, conditions governing the interaction of

sentences in the pre-logical fragment of a language, as opposed to operational properties which

govern the behaviour of the logical particles. Given that (a relevant subset of) these constraints must

34See, e.g., (Avron 1991).
35See, e.g., (Belnap 1962). For a more comprehensive list of structural properties that can be demanded of a

consequence relation see, e.g., (Restall 2000).
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hold of a relation for it to even qualify as a context of deducibility, a consequence relation, and that

they do not formulate demands on any specific connective by itself, they seem to be a good, minimal,

starting point from which to assess the success of defining a putative connective.36 Therefore, the

base ` providing the relevant context of deducibility w.r.t. which to assess the conservativity of

a consequence relation introducing a new connective should be one that is presented by purely

structural rules – the relevant notion of conservativeness is conservativeness over purely structural

properties of ` without any more specific demands on individual logical constants.37

And, in fact, as can easily be seen when considering the critical derivation at the be-

ginning of this section, tonk being pathological depends on the underlying consequence relation

being transitive – it is the transitivity of ` that, when tonk is introduced, leads to triviality. tonk

thus appears to conflict with a basic structural assumption constitutive of the notion of conse-

quence/deducibility, and this is the reason why it is an illegitimate connective. Such an account of

the pathology of tonk is corroborated by the fact that tonk can be consistently accommodated in

the context of non-transitive ‘consequence’ relations.38

Based on this, Cook (Cook 2005) concludes that while tonk is an unacceptable connective

within a transitive ‘antecedently given context of deducibility’, it might be a perfectly respectable

connective over a non-transitive consequence-relation.39 After providing one such consequence

relation,40 he establishes that there are logics to which we can add tonk as a legitimate connective:

Thus, there is a conception of logic within which tonk is a legitimate connective, and
the rules for tonk, as given by Prior, are valid. . . . the lesson one should take is that a
rejection of tonk as illegitimate depends on a prior (at least partial) account of what
constitutes a legitimate notion of logical consequence. . . . if one wishes to reject tonk,
then one[...] must rule out tonk-consequence[...]. Requiring transitivity of consequence
has long been known to be one way of doing so. (Cook 2005, 223)

Hence, in non-transitive logics we can have consequence relations that are conservatively extended

upon addition of tonk. Fjellstad (Fjellstad 2015) nevertheless does not think that non-transitivity

goes far enough when trying to accommodate tonk. He demonstrates that while non-transitive

consequence relations can solve the existence problem for tonk, they do not, and cannot, solve

36See, for example, (Hacking 1979) for a defence of these assumptions as characterising deducibility as such, at
least in the context of a classical logic. See (Restall 2005) for an alternative defence.

37See (Hjortland 2010, 35) and (Garson 1990, 155).
38See (Cook 2005), (Fjellstad 2015).
39In fact, Cut remains admissible for tonk-free fragments of such logics (Fjellstad 2015, 490).
40See (Cook 2005).

397



the uniqueness problem. tonk is, even in a cut-free sequent calculus, not uniquely defined by its

rules41 – tonk-I and tonk-E still do not constitute a definition of a connective according to Belnap’s

standards, even in the context of a non-transitive relation of deducibility. For this reason, Fjellstad

rejects Cook’s solution to the problem of tonk as inadequate, – accusing Cook’s connective of

being ‘tonk-like’, but not tonk42 – and goes on to show that the uniqueness constraint can be

satisfied by dropping the structural rule of Reflexivity43. Thus, according to Fjellstad, the

appropriate context of deducibility with respect to which tonk-I and tonk-E are successful in

genuinely defining a connective would be a non-reflexive and non-transitive consequence relation.

He therefore concludes that “[i]f we adopt a cut-free sequent calculus for tonk, we should in addition

accept that ` is non-reflexive to satisfy uniqueness” (Fjellstad 2015, 494).

While dropping Reflexivity appears like a drastic measure to take in order to accom-

modate a connective like tonk, such a step might be necessitated not only for reasons of uniqueness,

but also to fend off other pathological connectives. Bonnay & Simmenauer (Bonnay and Simme-

nauer 2005), for example, show how we can obtain a trivialising tonk-like connective, blonk, whose

interaction not with the transitivity of a consequence relation, but rather with its reflexivity causes

havoc.44 Since the pathology of blonk depends on a consequence relation being reflexive, a suitable

context of deducibility over which it constitutes a genuine connective must be lacking the structural

property of Reflexivity. In fact, (Wansing 2006) shows that for any (non-empty) non-trivial logic

it is possible to find a tonk-like connective inducing triviality.45 It thus becomes clear that aban-

doning the structural property of transitivity is not a cure-all method for the inferentialist, and

41See (Fjellstad 2015, §5) for the proof.
42Cf. (Fjellstad 2015, 491).
43Or, in the very least, restricting it to the tonk-free fragment of the language; cf. (Fjellstad 2015, 494).
44See (Bonnay and Simmenauer 2005). blonk is defined by the following double-line inference rule:

Γ ` ϕ ∆ ` ψ
Γ,∆ ` ϕ-blonk-ψ

The trivialising force of blonk stems from being able to arbitrarily split premise-sets and the reflexivity of a conse-
quence relation:

ϕ-blonk-ψ ` ϕ ` ψ
ϕ-blonk-ψ ` ϕ-blonk-ψ

The possibility of deriving ` ψ ex nihilo is of course the ground for the inconsistency and triviality of blonk-
consequence. For details see (Bonnay and Simmenauer 2005).

45Wansing calls these connectives non-trivially trivialising connectives and proves their existence for any non-empty,
non-trivial logic; see (Wansing 2006) for details.
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that “what is wrong with tonk in any logical system with a transitive derivability relation is wrong

with other connectives in any logic with a non-trivial derivability relation” (Wansing 2006, 656).

The general moral of the tensions between properties of consequence relations and logical

operators defined over them is perfectly summarised in the following quote by Cook:46

A mismatch between our account of the general acceptability of a particular connective
(such as tonk) and its acceptability within a particular formal logic (such as Tonk-Logic)
should then lead us to rethink both the acceptability of the connective itself and the
legitimacy of the particular conception of consequence in question. What the present
example illustrates [...] is that such mismatches always present us with a choice. (Cook
2005, 224)

7.2.1.3 Existence, Uniqueness, and Active Assumptions

What the previous section tried to point out is that failure of existence-constraints (and,

to an equally large extent, uniqueness-conditions, see Chapter 8 below) and the engendering of

triviality and inconsistency is not caused by ‘pathological’ connectives in and of themselves, but

only against the backdrop of particular assumptions active in the relevant context. In this case, the

observed pathologies resulted from a mismatch between rules/inferences, and consequence relations

or semantic frameworks.

Our goal in this chapter and thesis is not to identify the ‘right’ context for inferential

definitions (if there even is such), but to investigate the scope and implementation of a particular

conception of inferential definition in a particular context. Considerations of the kind outlined

in the previous section then show that we need to explicitly state the kinds of assumptions we

make about the notion of inference and target semantic frameworks of our investigations. Overall,

this thesis is less interested in the nature of formal logic as such, in questions of which logic is

the ‘right logic’, and what kinds of properties a consequence relation needs to possess in order to

constitute a relation of deducibility. Rather, our focus is much more specific and concerns questions

of the scope of logic in a Tarskian first-order framework, paying particular attention to quantifiers

and quantifier-expressions, the crucial ingredient of first-order languages. As a result, we simply

assume classical, transitive, reflexive, etc. consequence relations (though we often leave the details

implicit) and a bivalent, classical, set-theoretic semantics for the expressions of our language within

a meta-theory such as ZFC (unless explicitly stated otherwise).

46For further comments and references on tonk, see (Humberstone 2011, 576/577).
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Our target in this chapter is even more narrow, as we are not concerned here with the

inferentialist project of investigating which additional constraints need to be imposed in order

for a set of rules to constitute a proper definition,47 but merely with what it means for a set of

rules to determine a meaning conceived model-theoretically. This emphasis on model-theoretic

value and its interaction with inferential behaviour shifts the respective weight of existence- and

uniqueness-constraints as given in Belnap’s original paper. For while, in the context of (Belnap

1962), uniqueness was more or less an afterthought to the more significant constraint of conser-

vativity, existence and consistency receive a much simpler and more straightforward rendering in

the model-theoretic setting, whereas uniqueness takes center-stage as an inferentially motivated

constraint.

7.2.2 The Setting

The previous section demonstrated that inferential behaviour can fail to determine a

(model-theoretic) meaning. The current section elaborates on the theme of insufficient determi-

nation by introducing the formal framework in which we investigate issues of this kind in greater

detail. Unless noted otherwise, we will stick to the stipulations on context noted at the end of the

previous section.

Since there is a substantial increase in complexity when moving from propositional to

first-order languages, and since most previous research into the issues we are interested in here has

focused on the propositional case (often going along with a complete neglect of the quantificational

case) we will treat these two cases to a large extent separately here as well, with a strong emphasis

on propositional languages to elucidate the relevant phenomena. A more in-depth look at the

quantificational case will take place in Chapter 6.

The Propositional Case Let L be a (propositional) language,48 with SentL the set of sentences

of L.49 A (Tarskian) consequence relation `L over L is a relation

`L ⊆ P(SentL)× SentL
47See Chapter 4 for considerations of this kind.
48Recall our stipulation above that all propositional languages considered here contain a (classically) functionally

complete set of connectives.
49We closely follow the notation, set-up, and terminology that can be found in (Humberstone 2011, Chapter 1.12),

(Hardegree 2005), and (Hjortland 2014a), with only minor modifications.
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satisfying Reflexivity, Weakening, and Transitivity:50

(R) whenever ϕ ∈ Γ: Γ `L ϕ;

(W) if ∆ `L ϕ and ∆ ⊆ Γ, then Γ `L ϕ;

(T) if Γ `L ψ for all ψ ∈ ∆ and ∆ `L ϕ, then Γ `L ϕ.

By CONL we denote the set of all consequence relations over L.51 In the context of single-conclusion

consequence relations we write Γ `L ∆ to abbreviate Γ `L χ for all χ ∈ ∆.52

A valuation over L is a function

v : SentL 7→ {T,F}

We call VL = {v | v : SentL 7→ {T,F}} the valuation-space over L and suppress the subscript

whenever the context is sufficiently clear. We write v(Γ) = T/F whenever v(γ) = T/F for all

γ ∈ Γ.

For every V ⊆ V we define the consequence-relation |=V by

Γ |=V ϕ iff for every v ∈ V , s.t. v(ψ) = T for all ψ ∈ Γ we have that v(ϕ) = T

and consider |=V to be generated by a function |= : P(VL) 7→ CONL from sets of valuations to

the consequence relations they generate, i.e., |= (V ) = |=V .53 It is easy to check that |= is

well-defined and that |=V is, in fact, a consequence-relation for every V ⊆ V.

A valuation v is consistent with a consequence relation `L if

whenever Γ `L ϕ, if v(ψ) = T for all ψ ∈ Γ, then v(ϕ) = T

Fact: For all `L ∈ CONL there exists V ⊆ VL, s.t. `L = |=V .

50By taking Γ to be a set, rather than a multi-set or sequence, we are quietly taking on board other structural
assumptions such as, e.g., exchange/commutativity (if Γ, ϕ, ψ ` χ, then Γ, ψ, ϕ ` χ) and contraction (if Γ, ϕ, ϕ ` ψ,
then Γ, ϕ ` ψ). These properties are inherited from the underlying set-theoretic framework, and we will not mention
them explicitly.

51For the definition of consequence relations of this kind, see, e.g., (Humberstone 2011, 55) or (Avron 1991). In
the terminology of the latter author, what we here call Tarskian consequence relations are single-conclusion ordinary
consequence relations with the finitude requirement lifted. For a more general discussion of consequence relations,
see (Avron 1991), (Gabbay 1981), (Scott 1974a), and the references in (Humberstone 2011, 100). For a defence of
the constraints adopted here as reasonable conditions on classical consequence, see, for example, (Hacking 1979).

52See (Hjortland 2014a) and (Humberstone 2011, 134ff.) for how to set up the issue treated here in a sequent-
framework.

53See (Bonnay and Westerst̊ahl 2009) for this notation.
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Proof :54 Let `L be a consequence relation and V = {v | v is consistent with `L}. It follows

immediately that `L⊆|=V . For the reverse direction, let Γ 6`L ϕ for some Γ∪{ϕ} ⊆ SentL. Define

a valuation vΓ as follows:

vΓ(ψ) = T iff Γ `L ψ

We claim that vΓ(Γ) = T , but vΓ(ϕ) = F : by (R) we have that Γ `L Γ and thus vΓ(Γ) = T .

Moreover, since Γ 6`L ϕ by assumption it follows that vΓ(ϕ) = F .

We further claim that vΓ is consistent with `L. For let ∆ `L ψ and suppose that vΓ(∆) =

T . By definition of vΓ that means Γ `L ∆. But then, by (T), Γ `L ψ and thus vΓ(ψ) = T as well.

It follows that v ∈ V and Γ 6|=V ψ. Therefore, |=V ⊆ `L.

�

We define an operation V(·) : CONL 7→ P(VL), s.t.

V(`L) = {v | v is consistent with `L}

and state, omitting the proofs, the following facts characterising the relationship between V and

|= :

Fact (Humberstone 2011, 58):

(i) If `L ⊆ `′L, then V(`′L) ⊆ V(`L);

(ii) If V ⊆ V ′, then |=V ′ ⊆ |=V ;

(iii) `L ⊆ |=V(`L);

(iv) V ⊆ V(|=V )

In fact, the reverse of direction of (iii) holds as well, s.t. we obtain the following proposition:

Proposition (Humberstone 2011, Theorem 1.12.3): For any consequence relation `L: `L =

|=V(`L).

54See (Humberstone 2011, Theorem 1.12.3) for proof-idea.
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This proposition yields an (abstract) soundness and completeness theorem for a consequence rela-

tion `L w.r.t. to the class of models V(`L) (‘abstract’ as there is nothing independently interesting

about the class of valuations thus chosen, other than that they respects `L).55 Of course, such

a soundness and completeness theorem will become more interesting if, given a consequence rela-

tion `L and an independently specified and motivated class of valuations V, it can be shown that

V = V(`L).

The above results demonstrate that, for any language L, the tuple 〈|= ,V(·)〉 constitutes an (anti-

tone) Galois-connection between the posets 〈P(VL),⊆〉 and 〈CONL,⊆〉.56 In other words, we have

that

Proposition: `L ⊆ |=V iff V ⊆ V(`L).

Proof :

(⇒) Assume that `L ⊆ |=V . Then, by (i), it follows that V(|=V ) ⊆ V(`L). Moreover, by (iv) we

have that V ⊆ V(|=V ), and thus V ⊆ V(|=V ) ⊆ V(`L) as required.

(⇐) Assume that V ⊆ V(`L). Then, by (ii), it follows that |=V(`L) ⊆ |=V . By the Proposition

we have that `L = |=V(`L) and therefore that `L ⊆ |=V as well.

�

This Galois-connection is particularly strong in one direction,57 as demonstrated by Humberstone’s

proposition, but weaker in the other. Our interest in the following lies with the reverse direction of

(iv) above, which, in general, does not hold. More specifically, we are interested in the conditions

under which V = V(|=V ). The central concept here will be that of categoricity. Given a language

L and a set V ∗ ⊆ VL, we say that

V ∗ is categorical iff V ∗ = V(|=V ∗).

55See (Humberstone 2011, 59).
56See (Hardegree 2005) and (Hjortland 2014a). Cf. also (French and Ripley 2019) for a systematic and detailed

discussion of Galois-connections between consequence relations and spaces of valuations.
57Cf. (Hardegree 2005, Theorem 1) where he shows that this is essentially connected to the reflexivity and transi-

tivity of the underlying consequence relation.
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The present interest in categorical sets of valuations derives from the fact that, in a precise sense,

the standard consequence relations fail to ‘pin down’ the standard classes of models and therefore

fall short of ‘fixing’ or ‘determining’ the standard meanings of the logical connectives (thought of

as classes of valuations). This is what is often called Carnap’s Problem.58

The relationship of this problem to issues of logicality becomes particularly obvious (and

pressing) when considering a class of valuations V that is sound and complete for a consequence

relation `L, but not categorical. For any consequence relation `L, let V(`L) be the meaning

determined by `L (of the connectives of L). If there exists a unique V ⊆ VL s.t. |=V = `L we

say that `L uniquely determines the meaning of the connectives of L. Note that if there exists

such a V for `L, then V(|=V ) = V , i.e., V is categorical. (For suppose V was not categorical,

i.e., V 6= V(|=V ) = V(`L). Since `L = |=V(`L) = |=V(|=V ) it follows that there is no unique V , s.t.

|=V = `L.59) Failure of categoricity thus amounts to a failure of unique determination.

Thus, if a non-categorical V is taken to somehow constitute or represent the meaning of

the logical constants present in the language of `L (for which it is sound and complete), then we

are here confronted with a failure of uniqueness of meaning – several candidates are consistent with

`L and thus suitable to constitute the meaning of a constant as delineated by its the inferential role

in terms of `L. Non-categoricity here amounts to a failure of uniqueness or unique determination

of meaning by `L.

(First-order) Quantifiers The above setting translates, with minor modifications, to the case of

first-order languages L(Q1, . . . , Qn). The class of relevant models is now that of first-order relational

structures M = 〈M,R1, . . . , Rn〉 and the definition of model-theoretic consequence will have to be

adapted accordingly. However, the situation is also importantly different: while the meanings of

58Cf. (Hardegree 2005, Theorem 2). Hardegree demonstrates that the failure of categoricity for standard logics is
closely related to the failure of closure under supervaluations of the ‘appropriate’ valuation spaces for these logics.
Given a language L and V ⊆ VL the supervaluation associated with V is the valuation v∗V , s.t. for every sentence
ϕ, v∗V (ϕ) = T iff v(ϕ) = T for all v ∈ V . Hardegree (2005, Theorem 2) demonstrates that a set of valuations
is categorical (complete in his terminology) iff it is closed under supervaluations. However, when considering, for
example, V = {v1, v2} where v1(ϕ) = v1(ϕ ∨ ψ), v2(ψ) = v2(ϕ ∨ ψ) and v2(ϕ) = v1(ψ) = F , the supervaluation
v∗V with v∗V (ϕ) = v∗V (ψ) = F and v∗V (ϕ ∨ ψ) = T is not included in V , and thus, by Hardegree’s theorem, V is
non-categorical. Note, however, that V can be seen as a (partial) specification of the (correct) meaning of classical
disjunction, whereas v∗V should be excluded from being part of that meaning. We will elaborate on this phenomenon
in much more detail below, but see (Hardegree 2005) and (Humberstone 2011, 69ff.) for further details.

59Note that this implies that if there is no V ∗ ⊂ V(|=V ), s.t. |=V = |=V ∗ then V is categorical.
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the propositional connectives are, so to speak, ‘internalised’ in a class of admissible valuations60

this is not the case for regular first-order models: all relational structures (of a particular signature)

constitute admissible models for a first-order language without in any way impacting the meaning

of the logical vocabulary.

Hence, in order to allow for the possibility of inadmissible structures for first-order lan-

guages, conflicting with the ‘intended’ meanings of the logical operators and here especially the

meaning of the first-order quantifiers, we need to expand our conception of what constitutes a

model in order to not circumvent Carnap’s Problem by mere stipulation.61 In the context of first-

order languages, the meaning of the logical quantifiers is, in a sense, imposed ‘from the outside’,

specified by semantic clauses in the meta-language, without their (local) meaning being explicitly

represented in the models themselves. This is not inevitable, and the meaning of the quantifiers (in

a model) can be integrated into the structure of the model by considering weak models:62 a weak

model is a tuple 〈M, q〉, where M is a standard (relational) first-order structure, and q is a set of

subsets of an appropriate cartesian product of the domain M . For example, if q ⊆ P(M), it can

be seen as the interpretation of a type 〈1〉-quantifier over M.

By integrating possible interpretations of the first-order quantifiers into the structure of

the models, and thereby allowing for non-standard interpretations, it is possible to adapt the setting

outlined above to the context of first-order languages, and to bring out the tension between proof-

theoretic characterisability and inferentially determined model-theoretic meaning in much the same

way. However, we will take a somewhat different approach here, since it will allow us to take a more

uniform perspective and, we believe, is better suited to highlight the formal features that are of

interest to us in the present chapter. So rather than modifying the definition of a model, we will stick

with standard first-order relational structures and adjust the definition of satisfaction-in-a-model

and the resulting notion of model-theoretic consequence instead.63

60We will make this much more precise in the following sections. Intuitively, what is meant here is, e.g., that the
meaning of classical negation renders any valuation for which v(ϕ) = v(¬ϕ) inadmissible.

61This sort of strategy would amount to ignoring, rather than solving, Carnap’s Problem.
62Weak models were investigated and put to use in Keisler’s celebrated completeness theorem for the language
L(Q1) (Keisler 1970). Properties of weak models and the languages for them were further explored in (Thomason
and Johnson 1969), (Yasuhara 1969), (Väänänen 1978), (Anapolitanos and Väänänen 1985). More recently, weak
models played an important role in (Antonelli 2013) where it was pointed out that the asymmetric treatment of
first-order and second-order quantifiers on models gives rise to non-trivial philosophical questions and issues; see
(Antonelli 2013) and (Antonelli 2015).

63Thanks to Dag Westerst̊ahl for suggesting this set-up of the issue.
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Suppose, for ease of presentation, that we are considering a type 〈1〉-quantifierQ, providing

an interpretation of the quantifier-symbol Q in language L(Q).64 With each such Q we associate a

satisfaction relation |=Q as follows (where “Q” indicates that Q is interpreted by Q):65

M |=Q Qxϕ(x) iff Jϕ(x)KM ∈ QM

Given this, we associate with a quantifier Q a consequence relation |=Q as follows:

Γ |=Q ϕ iff whenever M |=Q ψ for all ψ ∈ Γ, then M |=Q ϕ

It is straightforward to check that, for all Q, |=Q is a (Tarskian) consequence relation.

A quantifier Q is consistent with a consequence relation `L iff66

whenever Γ `L ϕ, then, for all M, if M |=Q Γ it follows that M |=Q ϕ

The following is immediate from the definitions:

Observation: For any quantifier Q, Q is consistent with |=Q.

We now shift attention from sets of valuations (possibly incorporating a particular meaning for log-

ical connectives) being categorical, to a quantifier itself being categorical. We say that a quantifier

Q is categorical w.r.t. a consequence relation `L iff

(i) Consistency: Q is consistent with `L;

(ii) Uniqueness: for all Q∗ consistent with `L, Q∗ = Q.

A quantifier Q is categorical (simpliciter) if it is unique in the sense of (ii) above w.r.t. some

consequence relation `L. The following fact establishes that we can always choose |=Q to assess a

quantifier Q for uniqueness.

64Nothing depends on this particular setting, the definitions generalise to arbitrarily (but finitely) many quantifiers
of arbitrary types. We here merely choose the simplest case for clarity of exposition. For a more general treatment,
see Chapter 6.

65For definitions of generalised quantifier, satisfaction, truth, and consequence in full generality, see Chapter 6.
66We here take a global perspective. It is also possible to formulate consistency more locally by relativizing the

definition to a given model M and thus only considering the interpretation of Q on M , QM .
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Fact: |=Q is the maximal consequence relation for Q. I.e., whenever Q is consistent with some

consequence relation `, then ` ⊆ |=Q.

Proof : Let ` be a consequence relation and assume Q is consistent with `. Let Γ ` ϕ. Since Q

consistent with ` we know that whenever M |=Q Γ, then M |=Q ϕ. Hence, Γ |=Q ϕ.

�

Hence, if Q is categorical w.r.t. some consequence relation `, it is categorical w.r.t. |=Q. This allows

us to restate our definition of categoricity for quantifiers as follows: a quantifier Q is categorical

(simpliciter) if it is unique w.r.t. |=Q. The notion of Carnap-categoricity adds an invariance con-

dition to our notion of categoricity as outlined here, which we motivated as a logicality constraint

above.

7.3 Underdetermination: Carnap’s Problem

Suppose you are a Quinean spacefarer, exploring reaches of a galaxy where no (human)

explorer has gone before. You discover an ancient and highly developed civilisation, with technol-

ogy, customs, and language unlike anything ever documented. Contact with the aliens is made

and you are invited to observe their practices (or so you think, in the very least no one seems to

mind you moving around what you take to be their cultural and scientific centers). It doesn’t take

long to formulate, test, and confirm hypotheses as to how assent and dissent are expressed in the

beautifully melodic and strange language of the aliens. The civilisation you observe is technolog-

ically, socially, and culturally highly advanced, that much you can tell from your observations –

there is no disease, war, poverty, or inequality and you encounter technological feats beyond your

wildest imagination on a daily basis. All this convinces you that the aliens have epistemological

and knowledge-generating capacities far outstripping yours. You are certain that when they assent

to something, you will never be able to establish the falsity of what was expressed and thus, for all

intents and purposes, when they speak, they speak the truth (it also appears that they have not

mastered, or entirely overcome and abandoned, behaviours of deceit and lying).

Armed with the principle that alien discourse aims at truth, and the knowledge of what

constitutes assent and dissent, you can now go to work developing a translation manual, to hopefully
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some day partake in the wisdom of these ancient creatures. You slowly manage to make out

linguistic units in the aliens’ speech – units which you take to constitute independently meaningful

expressions and truth-evaluable complexes. You notice the frequent occurrence of a particle ‘te’

among the locutions of the aliens. In particular, you observe that given two independently utterable

linguistic units ‘A’ and ‘B’, the aliens are willing to assent to ‘A te B’ whenever they are willing to

assent to ‘A’ as well as to ‘B’. Furthermore, whenever they dissent from ‘A’, or, separately, from

‘B’, they also dissent from ‘A te B’. In other words, you uncover the following rules describing the

(idealised) behaviour of the particle ‘te’ in the aliens’ speech:

A B
A te B

A te B
A

A te B
B

Clearly, ‘te’ functions as conjunction in the aliens’ language. Since the aliens command far superior

epistemological capabilities, you might as well equate assent to a proposition with the truth of that

proposition and thus identify the meaning of ‘te’ with the binary truth-function that returns true

iff both of its arguments receive the values true.

This is a considerable success. Starting off with nothing but the observation of inferential

behaviour (and basic assumptions and presuppositions of translation) a translator, given sufficient

time, data, and funding, was able to determine the meaning of an expression based solely on the way

it interacted with other expressions of the language. So impressive is this success that it invites a

generalisation of the principles underlying it, and the construction and adoption of a general model

of how we come to know meanings on the basis of inferential behaviour.

7.3.1 Moderate Logical Inferentialism

Conjunction is indeed the great success story of inferentialist accounts of meaning, ac-

counts that prioritise the rules or inferential behaviour of an expression over its model-theoretic

value. For there is nothing more to conjunction, so the story goes, than its role in inference –

knowing the conditions under which a conjunction can be introduced (its introduction-rules), and

the conditions under which it can be eliminated (its elimination-rules) is all there is to know about

it. Understanding conjunction means accepting these principles governing its behaviour and no

one who denies these can be said to possess the concept of conjunction. So far, so good, but little
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has been said up to now about what precisely it is that we have thus come to know. In other

words, what kinds of things are meanings knowledge of which might be imparted by observing and

systematising inference?

Here tastes diverge. At one end of the spectrum we can find the strict inferentialist, who

takes the idea that there is nothing more to the meaning of an expression than its behaviour in

inference literally. A strict inferentialist identifies the meaning on an expression with its inferential

role; inferential roles constitute meanings. (Model-theoretic) semantics might provide a useful

tool for investigating formal languages and logics, but this is all they are, a formal instrument

without any meaning-theoretic import.67 Strict inferentialism is a rather drastic position, deflating

traditional semantic concepts like truth and reference, and replacing them with inferentialistically

acceptable, usually proof-based, alternatives.68

At the other end of the spectrum lies the semanticist, who identifies the meaning of an

expression with its truth-conditions or model-theoretic value and regards rules of inference and in-

ferential behaviour as little more than a consequence of such semantic value, in any case, considering

rules to be secondary when it comes to meaning. Somewhere inbetween these two poles lies the

position of the moderate logical inferentialist according to whom inferential behaviour determines

meaning.69 Call this thesis the determination thesis and the position adopting it (MLI).70

The moderate logical inferentialist position has in common with the strict inferentialist the

idea that inferential behaviour/rules determine meaning, with the semanticist that those meanings

are model-theoretic. Given the emphasis on rules, and coupled with the idea that these rules can

be lifted from practise, it constitutes a species of use-theoretic conceptions of meaning. When the

thesis is restricted to apply only to logical expressions, and strengthened to say that rules fully

determine the meaning of the logical constant they govern it expresses the by now familiar idea

that rules of inference constitute definitions of the constants they govern.71 Popper, who was not

67Cf. (Woods 2012, 281).
68See, e.g., (Schroeder-Heister 2018) and (Murzi and Steinberger 2017) for an overview of the different positions

and their issues.
69See, e.g., the following quote from a draft-paper by Woods (Woods 2019, 2): “Modest inferentialism differs both

from a fully semantic account of these expressions, where the rules of implication are held hostage to the meaning and
from a pure inferentialist view where there is no sense in which the meaning of these expressions is to be understood
in model-theoretic terms.”

70A more common, and more specific, version of this view holds that it is the rules of inference which determine
meanings, viz. (Raatikainen 2008, 283) or (Murzi 2010, 96). Since we are interested in a more general characterisation
of inference than most inferentialists, we will stick with the more general formulation above.

71See Chapter 2 and Chapter 5. Cf. (Gentzen 1934, 5.13), (Popper 1947b, 220), (Kneale 1956, 254ff.), (Dummett
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a moderate inferentialist, for example says that72

the meaning of [logical expressions] can be exhaustively determined by the rules of
inference in which these signs occur (Popper 1947b, 220)

and Dummett states that

The meaning of [a] logical constant can be completely determined by laying down the
fundamental laws governing it. (Dummett 1991, 247)

The restriction of the determination thesis to the logical expressions has been called the ‘paradigm

case’ for use-theoretic approaches to meaning (Raatikainen 2008, 282) and it is of course also this

class of expressions we will be concerned with in the following.

Softening the strict inferentialists’ position by allowing model-theoretic objects to play a

significant role in a meaning-theory for logical expressions not only has independent appeal73 and

constitutes an attractive option, but has also been described as the only really tenable direction

inferentialists can go in: “there is not much mileage in any version of inferentialism which simply

gives up on the use of semantic predicates altogether” (Button and Walsh 2018).74 Dummett says

that75

the meanings of the logical constants cannot consist in their role in deductive infer-
ence: they must have meanings of a more general kind, whereby they contribute to the
meanings of sentences containing them just as other words do. (Dummett 1991, 205)

and Restall acknowledges that

Everyone – whether inferentialist or not – can agree that logic and truth are intimately
connected. [...] If we don’t define validity in terms of truth but by means of proof, this
does not sever the connection between validity and truth. It still may remain that one
important feature of valid arguments is that they preserve truth. Any argument with
true premises and an untrue conclusion is not valid. This is to be accounted for by all,
not just by those who use truth preservation to define validity. (Restall 2009, 2)

According to the moderate logical inferentialist, then, inference is important but not exclusive –

she assumes that we have a prior understanding and grasp of the ‘semantic space’ in which the

1991, 247).
72Quotes from (Murzi 2010, 96).
73By, for example, making it superfluous to formulate and defend additional proof-theoretic constraints to rule out

pathological connectives like tonk; on a semantic view there simply is no model-theoretic value that could serve as
the meaning of tonk, providing an easy explanation as to why tonk is, literally, meaningless.

74See also (Raatikainen 2008, 285).
75Quote taken from (Murzi 2010, 100).
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meanings of the expressions governed by inference rules live, and of the particular kinds of meanings

that can be determined by rules of inference. The role of inference rules as against this background

theory of candidate semantic values for an expression is to get us to the (‘right’) meaning of that

expression, for the inferential role of an expression to fix the meaning in the background semantics,

for “inference rules [to] carve out the semantic content of logical constants” (Hjortland 2014a, 446).

This is in keeping with the rhetoric of popular (moderate) inferentialist accounts according to which

rules are ‘meaning-’ or ‘sense-conferring’. Meanings, on the moderate inferentialist account, are

fixed by inferential role/rules against an assumed account of the type of meaning an expression

may take on. The moderate logical inferentialist thus assumes knowledge of a general theory of

semantic values and an understanding of the kind of semantic values a particular expression can

take on in this space of given meanings. Rules of inference, on her account, tell us which one of

these candidate meanings it is: “according to modest inferentialism we know more or less what

kind of meaning a propositional connective # should have – say, a truth-function – but it is the

role of the characteristic rules for # to specify which truth-function, among the contenders, this

is” (Woods 2019, 2).76

7.3.1.1 Reading off Truth-table Meanings

Assuming a background theory of meaning which supplies the candidate semantic values

for logical operators governed by rules of inference, the moderate logical inferentialist then owes us

a story how, in this framework, rules determine, fix, or get us to, the meaning of a constant. We

will here quickly introduce the general idea behind her proposal by means of a couple of concrete

examples before moving on to a more precise and comprehensive formulation in the next sections.

Let us fix our attention on the classical propositional connectives and a semantic framework positing

classical valuations – total functions from the set of sentences of the language of propositional logic

to the two truth-values true and false (which we will abbreviate by 1 and 0, respectively).

How, in this framework, do the standard natural-deduction rules for the classical connec-

tives determine the truth-conditions for complexes in which they occur? The basic idea underlying

the moderate inferentialist’s proposal is that the truth-conditions for logical constants can be ‘read

off’ from inferential practice, that we can recover the classical truth-table meaning of the connec-

76The quote comes from a paper in draft form.
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tives from the rules of inference. Consider, once more, conjunction. The classical truth-table for ∧

is the following:

ϕ ψ ϕ ∧ ψ
0 0 0
0 1 0
1 0 0
1 1 1

Assuming that rules of inference must be truth-preserving, the rules for conjunction indeed yield

the desired truth-table: reading ∧I from top to bottom tells us that whenever ϕ and ψ are true, so

is ϕ ∧ ψ, thereby providing the last row of the truth-table. Reading ∧E from bottom to top yields

the other three rows given that the falsity of either conjunct suffices for the falsity of the entire

conjunction according to the rule. We have directly read-off the truth table for conjunction from

its rules by using the latter as instructions for how to complete the requisite rows in the table.

Unfortunately, this is as far as it goes for the classical constants. Neither the rules for

disjunction, for example, nor for negation permit us to complete their respective truth-tables in the

same way as we did for conjunction above. We will demonstrate this as follows: for a propositional

language L with countably many propositional variables p, q, . . . and constants ¬ and ∨ let `L be its

standard consequence relation. Let a valuation v : SentL 7→ {0, 1} be a map from the sentences of

L into the classical truth-values. Let V be the set of all such valuations and consider the following

two distinguished valuations:

(a) v>(ϕ) = 1 for all ϕ ∈ SentL

(b) v∗(ϕ) = 1 iff `L ϕ

It is not hard to see that v> is consistent with `L: since it makes all sentences of the language true,

it is trivially truth-preserving. The same goes for v∗; for any Γ `L ϕ, if v∗(γ) = 1 for all γ ∈ Γ

then we have, by definition of v∗, that `L γ, in other words, that all γ ∈ Γ are theorems. However,

since anything derived from theorems is itself a theorem `L ϕ, and thus v∗(ϕ) = 1 follows.77

Now, let Vc be such that for all v ∈ Vc, v(¬ϕ) = 1 iff v(ϕ) = 0 and v(ϕ ∨ ψ) = 0 iff

v(ϕ) = v(ψ) = 0. I.e., Vc is the set of standard classical valuations for L and we therefore know

that |=Vc = `L. Since v> and v∗ are consistent with `L we have that `L ⊆ |=Vc∪{v>} and `L ⊆

77v∗ is sometimes called the Belnap-Massey valuation. See (Belnap and Massey 1990) for the proof given here and
discussion of this non-standard valuation.
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|=Vc∪{v∗}. Furthermore, since for all Γ ∪ {ϕ}, s.t. Γ 6`L ϕ there already is a counterexample in Vc

it is easily seen that |=Vc∪{v>} ⊆ `L and |=Vc∪{v∗} ⊆ `L as well. Hence, `L = |=Vc∪{v>} and `L =

|=Vc∪{v∗}: the non-standard classes of valuations Vc ∪ {v>} and Vc ∪ {v∗} are sound and complete

with respect to classical propositional consequence `L, just as Vc is.

The last result means that neither the addition of v>, nor the addition of v∗ to the set of

standard valuations Vc for classical propositional logic in any way conflicts with the characterisation

of the inferential role of ∨ or ¬ by `L or, equivalently, by their standard rules of inference –

neither v> nor v∗ in any way conflict with the inferential roles of ∨ or ¬ as delineated by `L.

This becomes problematic when we wish to think of Vc as somehow embodying or capturing the

standard (model-theoretic) meanings of ∨ and ¬, which is precisely what we appear to do when

talking about the ‘truth-table meaning’ of either connective. For notice that the class of valuations

Vc can be characterised as precisely that class respecting the constraints on ∨ and ¬ as schematically

represented in their respective truth-tables (we will be much more precise about this in the next

section). In other words, truth-table and Vc express one and the same thing, phrased in one case

in terms of valuations, in the other in terms of constraints on a class of valuations. The problem

arising here stems from the fact that we cannot recover the truth-tables from the extended class of

valuations Vc ∪{v>} and Vc ∪{v∗} for, given an arbitrary formula ϕ and an arbitrary propositional

letter p, we have that

(i) v>(ϕ) = v>(¬ϕ) = 1

(ii) v∗(p) = v∗(¬p) = 0, yet v∗(p ∨ ¬p) = 1

Hence, the behaviour of ∨ and ¬ according to either class Vc ∪ {v>} or Vc ∪ {v∗} is not adequately

described by the classical truth-tables for these connectives – the truth-tables to not constitute sets

of constraints characterising these classes of valuations. In other words, `L is not ‘strong enough’

to rule out the non-standard valuations v> and v∗ (or to even detect their presence – (Peregrin

2014) calls such valuations ‘inferentially idle’) and thus to force the classical truth-table meanings

of ∨ and ¬. We cannot recover the standard truth-table meanings of these connectives from classes

of valuations respecting their inferential roles; we cannot ‘read off’ their characteristic truth-tables

from their inferential behaviour.

Another way of formulating this result and making it more amenable to philosophical
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interpretation is by pointing out that it shows that Vc is not categorical : Vc 6= V(|=Vc). Under the

assumption that Vc somehow captures or encodes the intended/standard meanings of the proposi-

tional constants this demonstrates that these meanings are not uniquely fixed or pinned down by

the standard consequence relation of classical propositional logic – `L, in this sense, cannot yield a

complete ‘formalisation of classical propositional logic’. In the terminology adopted with respect to

the notion of categoricity above this shows that the inferential roles of the standard propositional

connectives do not determine a unique meaning: there are multiple candidate classes of valuations

adequately corresponding to the relevant inferential role. (Notice the slight shift in focus here:

above we were concerned with inferential behaviour determining meaning. Now we are concerned

with inferential roles determining a specific meaning. If this specific meaning is not output by

the V(·) operation we are dealing with a failure of unique determination by the input consequence

relation.)

The phenomenon of underdetermination of semantics by inference gestured at by the

examples above was discovered and discussed by Carnap in his book Formalization of Logic (Carnap

1943).78 There, he called valuations such as v> and v∗ non-normal interpretations79 and took them

to show that despite an adequate representation of (L-)truth and (L-)implication, `L does not

yield a full formalisation of classical propositional logic and requires amendment. The discussion

pertaining to the valuation v∗ above can be found in (Belnap and Massey 1990, 68).80 For a

concise discussion of v>, see (Murzi 2010, 208). We will have more to say about the significance

and subsequent development of Carnap’s discovery below.

We have so far given a somewhat intuitive and informal characterisation of Carnap’s Problem for

the classical propositional case. It will be helpful in the following to also have a more systematic

and general presentation.81 Let ` be a consequence relation over SentL. ` is82

78Though, as (Church 1944) points out, it had received some attention in the context of discussions of boolean
algebras for classical logic. The explicitly logical and philosophical focus it received in Carnap’s work, however,
warrants labelling the phenomenon Carnap’s Problem.

79A normal valuation for Carnap is one that conforms to the classical truth-tables of the connectives. An inter-
pretation is non-normal if it is sound for classical propositional consequence and deviates in at least one case from
the entries of the truth-table of at least one connective.

80See also (Bonnay and Westerst̊ahl 2016, 727).
81Our treatment here closely follows the account given in (Humberstone 2011, 62ff.).
82See (Humberstone 2011, 62ff.) for these conditions. For easier recognisability and ease of presentation we here

also list redundant conditions; see (Humberstone 2011, 63) for an account of which conditions are implied by which.
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(∧c) ∧-classical iff for all Γ ∪ {ϕ,ψ, χ} ⊆ SentL:

(∧.1) Γ, ϕ ∧ ψ ` χ iff Γ, ϕ, ψ ` χ;

(∧.2) Γ ` ϕ ∧ ψ iff Γ ` ϕ and Γ ` ψ.

(∨c) ∨-classical iff for all Γ ∪ {ϕ,ψ, χ} ⊆ SentL:

(∨.1) Γ, ϕ ∨ ψ ` χ iff Γ, ϕ ` χ and Γ, ψ ` χ;

(∨.2) Γ, ϕ ` ϕ ∨ ψ and Γ, ψ ` ϕ ∨ ψ.

(¬c) ¬-classical iff for all Γ ∪ {ϕ,ψ} ⊆ SentL:

(¬.1) If Γ, ϕ ` ψ and Γ,¬ϕ ` ψ then Γ ` ψ;

(¬.2) Γ, ϕ,¬ϕ ` ψ;

(¬.3) ϕ a` ¬¬ϕ.

These classicality conditions capture the inferential roles of the connectives that feature in them. In

other words, if a connective c satisfies the classicality conditions for, say, ∧, if it behaves ∧-classical

with respect to a consequence relation `, it can be said to fill the role of conjunction w.r.t. that

consequence relation. The inferential role of a connective is (fully) described by its classicality

conditions; any connective behaving ∧-classical is a conjunction.83 It is sometimes said that a

consequence relation being c-classical for some connective c admits c. This way of putting things

fits well with our approach which regards consequence relations as primary.

The model-theoretic meaning of a connective, on the other hand, can be characterised

by means of boolean constraints. For any given valuation v, meeting the boolean constraint for a

connective c is necessary and sufficient for v to belong to c’s model-theoretic meaning. Thus, let

v : SentL 7→ {0, 1} be a valuation. v is84

(∧b) ∧-boolean iff for all ϕ,ψ ∈ SentL: v(ϕ ∧ ψ) = 1 iff v(ϕ) = v(ψ) = 1.

(∨b) ∨-boolean iff for all ϕ,ψ ∈ SentL: v(ϕ ∨ ψ) = 1 iff v(ϕ) = 1 or v(ψ) = 1.

(¬b) ¬-boolean iff for all ϕ,ψ ∈ SentL: v(¬ϕ) = 1 iff v(ϕ) = 0.

Each condition provides a constraint that characterises the class of valuations that constitute the

intended, or standard, meaning of the connective featuring in the respective constraint.

83It is straightforward to check that these classicality conditions are adequate for the usual classical connectives,
i.e., that ` is c-classical for c ∈ {∧,∨,¬} iff ` is closed under the usual rules for c.

84See (Humberstone 2011, 65) or (Humberstone 1996, 453).
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Completely analogous conditions for classicality and booleaness can of course also be

given for >,⊥,→ and ↔.85 For simplicity we treat these connectives as defined here. If we say of

a valuation v that it is boolean, we mean that it is c-boolean for all connectives c present in the

language over which it is defined. Note that ‘booleaness’ is a property of a valuation with respect

to a set of connectives C. A space V is c-boolean iff every valuation v ∈ V is c-boolean, it is boolean

(simpliciter) iff it is c-boolean for all connectives c of the language for which each v ∈ V is defined

(equivalently, it is c-boolean for connectives c that form a functionally complete set of connectives).

Given the above we can then ask Carnap’s question by asking whether c-classicality forces

c-booleaness. I.e., we are asking whether the class of valuations consistent with a c-classical con-

sequence relation contains all and only c-boolean valuations, or, put differently, whether c-classical

consequence defines the class of all c-boolean valuations.86 The examples of the previous section

show that this is the case for c = ∧,87 but not for c = ∨ or c = ¬. Let c ∈ {∧,∨,¬} and

C ⊆ {∧,∨,¬}. Then, `c is a consequence relation according to which c is c-classical, `C a conse-

quence relation according to which all c ∈ C are c-classical. Let Vc be the class of valuations that

are c-boolean and VC be the class of valuations that are c-boolean for all c ∈ C. We state, without

proofs, the following results characterising the relationship between classicality and booleaness.88

Fact:

(i) |=Vc is c-classical (Humberstone 2011, Observation 1.13.3).

(ii) |=VC ⊆ `C (Humberstone 2011, Theorem 1.13.4).

(iii) VC ⊆ V(`C) (Humberstone 2011, Corollary 1.13.8).

(iv) |=V(`C) = `C (Humberstone 2011, Theorem 1.12.3).

(i) and (ii) tell us that booleaness respects classicality: a connective c characterised by the class

of c-boolean valuations will give rise to only c-classical inferences. (iv) is a generalised version of

85See (Humberstone 2011, 62ff./83ff.). See also (Humberstone 2011, 84) for an interesting complication concerning
the classicality conditions for →.

86Thinking of Carnap’s problem as a problem of definability, Carnap’s question for classical propositional logic
can be reformulated as a question of the definability of the class of all boolean valuations by classical consequence.
In general, we can ask whether a consequence relation defines the class of admissible valuations, where this class is
specified by semantic constraints in the form of satisfaction clauses. Where this is not the case, Carnap’s problem
arises.

87See (Humberstone 2011, Observation 1.14.1).
88See (Humberstone 2011) for these results.
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the abstract soundness and completeness result we saw above, and (iii) tells us that C-boolean

valuations are a subset of the valuations consistent with C-classical consequence.

The failure of categoricity for the logical constants ∨ and ¬ demonstrates that, in general,

the reverse of condition (iii) fails, i.e., that, in general, V(`C) 6⊆ VC and thus that – by (ii) and

the fact that if |=VC ⊆ `C then V(`C) ⊆ V(|=C), – V(|=VC ) 6⊆ VC (though we of course have that

V(`∧) = V∧).89 Thus, if the intended model-theoretic meanings of the connectives are adequately

described by booleaness, and their standard inferential roles properly delineated by classicality-

conditions, the standard consequence relation does not suffice to pin down this intended meaning.

Given that there is a larger class of valuations than VC including several valuations violating boolean

constraints yet nevertheless consistent with `, we here encounter a failure of unique determination.

Above examples demonstrate that the class of boolean valuations is underdetermined,

i.e., not defined, by the classical propositional consequence relation. The admission of non-boolean

valuations is a problem for talking about the (model-theoretic) meaning of a constant as being

determined by its inferential role. Even worse, given the soundness and completeness of the standard

relation of classical propositional consequence w.r.t. the class of boolean valuations, the consistency

of non-boolean valuations is a problem for talking about the (model-theoretic) meaning of a constant

in the first place. Sensu stricto the issue Carnap was concerned with in (Carnap 1943) concerned

the fact that classicality conditions did not suffice to define classes of boolean valuations. In the

current context we are more interested in the failure of uniqueness this gives rise to: we are asking

whether the logical constants have inferential roles that are sufficiently rich to determine a unique

class of valuations that fully characterises that inferential role, or, put slightly differently, whether

the smallest class of valuations adequate to characterise the inferential role of the constant under

consideration is categorical. This latter formulation is more general in that it does not presuppose

a pre-specified intended class of valuations, but rather asks whether a class of valuations sufficient

for characterising the inferential behaviour of a connective is the largest such class.

Silent assumptions made in deriving the issue outlined here included (i) the principle that

consequence is truth-preserving, and (ii) that meanings are given in terms of classes of models. We

will say more about these presuppositions in the next subsection. However, we are already able to

say that since (i) and (ii) do not suffice to harmonise inferential role and model-theoretic meaning,

89Cf. the discussion of the weak vs strong claim in (Humberstone 2011, 67ff./72ff.).
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something ‘extra’ is needed to enforce concord. Several candidates for additional principles will be

surveyed in Section 7.4 below.

7.3.1.2 The Meaning of a Logical Constant

Carnap’s problem, the underdetermination of semantics by syntax, concerns a misalign-

ment of model-theoretic semantic value and proof-theoretic inferential behaviour. In order to speak

of misalignment there needs to be a connection between the two levels or aspects of logical meaning

at issue in the present discussion. A condition detailing such a connection we termed a coherence

condition in the previous chapter. As before (and as in most cases, though see Section 7.4.2 be-

low) the principle that valid inference is to preserve truth yields such a condition. For the most

part, the idea of truth-preservation by rules of inference as a minimal conditions for an appro-

priate interaction of semantics and proof-theory is uncontroversial; see, for example, Hacking and

Dummett:90

the operational rules ‘fix the meanings of the logical connectives’ in the sense of giving a
semantics, only if classical notions of truth and logical consequence are already assumed.
(Hacking 1979, 300)

a theory of meaning [...] needs a notion of truth, as that which is guaranteed to be
transmitted from premises to conclusions of a deductively valid argument. (Dummett
2004, 32)

Hence, minimally, the model-theoretic meaning of a logical expression should be such that it is

consistent with the inferential role of that constant as prescribed by the relevant set of rules or

consequence relation.

Above we spoke, somewhat informally, of the ‘truth-table meaning’ of a connective. It

pays to be more precise here and to provide a more general theory of meaning for logical expres-

sions that does not depend so much on the grammatical category of the respective sign under

consideration. Inspiration can be gleaned from the literature on abstract or model-theoretic logics

which is, among other things, concerned with the comparison and assessment of the strengths of

different logics independently of their precise syntactic formulations. Without recapitulating the

concept of an abstract logic here,91 the decisive idea for present purposes is given by the (in ef-

fect) identification of a logic with a class of classes of models – those that are to be considered

90Quotes taken from (Murzi 2010, 101).
91See (Lindström 1969) and (Ebbinghaus 1985) for definition and discussion of this concept.
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elementary according to the logic. Sentences, from the point of view of abstract logics, are iden-

tified with classes of models, as are the logical expressions themselves: quantifiers (in the sense of

Lindström), for example, are classes of models of a uniform type. Lindström (Lindström 1966) fur-

ther showed how propositional connectives could be construed as generalised quantifiers, therefore

making a semantic distinction between the values of quantifiers and connectives, corresponding to

their syntactic difference, unnecessary.92

We will not have to be as abstract here. What we take from the conception of logics as

classes of classes of models is the idea that the meanings of (logical) expressions are classes of models.

What kind of models we parametrise to the relevant language and logic under consideration. For

classical first-order languages, for example, models are just standard relational structures M =

〈M,R1, . . . , Rn〉,93 whereas in case of classical propositional languages models are valuations from

the sentences of that language into the set of classical truth-values {0, 1}.

The basic idea of the moderate logical inferentialist is that the inferential role of a constant

‘gets us to’ the (model-theoretic) meaning of that constant. This naturally leads to the identification

of the meaning of that constant with the class of models circumscribed by its inferential role – the

class of valuations consisting of all valuations consistent with the consequence relation specifying

its inferential role or the rules presenting it. In other words, that class of models all of which

are truth-preserving for the inferences licensed by the constant under consideration. The meaning

of a constant is the class of models that respect its inferential role. Thus, for example, if c is a

propositional constant characterised by `c, then its model-theoretic meaning, µ(c), is the following

set of valuations: {v|v is consistent with `c}.94 If c is a quantifier-symbol, then its meaning will be

a Lindström-quantifier of appropriate type, consisting of all relational structures consistent with

the inferential behaviour of c as specified by `c.95

This account seems to somewhat conflict with the usual characterisation of the meaning of,

say, the propositional constants in terms of their truth-tables or, more generally, the specification of

92At least from a purely formal perspective. There might, however, be considerations according to which a more
differentiated treatment of propositional and predicative operators is called for and where it is thus preferable to
treat them as possessing different kinds of model-theoretic meanings; see, for example, (Sher 2016, 278-279, 311) for
considerations of this type.

93We will, in general, restrict attention to relational structures to simplify presentation and results. Constants and
functions can of course be accommodated.

94Note that v> ∈ µ(∧). This is due to the fact that v> does not conflict with the truth-table meaning of ∧.
95We postpone a discussion of semantic values of quantifiers for the moment and focus on the propositional case,

but see sections 7.3.2.2 and 7.4.3 below, as well as Chapter 6 for precise formal details.
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the truth-conditions of logical operators in terms of satisfaction-clauses. This conflict, however, is

merely apparent: the truth-conditions of compound expressions involving a logical constant in the

shape of the usual satisfaction-clauses re-emerge on the present picture as descriptions of classes

of valuations, specifying necessary and sufficient conditions for membership in the meaning µ(c)

of a connective c. More precisely, given a class of valuations consistent with the inferential role of

a constant we can ask whether this class admits of a systematic and unique description (ideally

recursively in terms of the truth-conditions of the individual compounds of complex expressions

containing the constant under consideration); whether, in other words, the class of valuations under

consideration satisfies a particular condition which can be interpreted as a constraint given rise to

by the inferential role of the respective constant, and thus as expressing its meaning.96

Rules, or, more generally, sequents – i.e., expressions of the form Γ ` ϕ – can be inter-

preted as structural constraints on the space of models, as sorting that space into admissible and

inadmissible models: those that are consistent with the relevant consequence relation (identified

with the set of structural constraints), and those that are not. In the case of propositional opera-

tors they narrow down the valuation space to that class of models that coheres with the inferential

behaviour of the constants. This is what allows us to see Carnap’s problem as a problem of defin-

ability : consequence relations define classes of valuations, namely those that are consistent with it.

The meaning of a constant as given by the class of models consistent with its inferential behaviour

as described by rules, sequents, or otherwise, might be characterisable by compact semantic con-

straints on the class of models. If this is the case then that meaning might be thought of in terms

of constraints or semantic clauses that ‘axiomatise’ the relevant space of models, that serve as nec-

essary and sufficient conditions for a model to belong to the meaning-in-extension of the relevant

constant. Via the space of models these conditions can then be thought of as the ‘compressed’

meaning of a constant.

What Carnap’s problem as exemplified in the two examples above shows is that the usual

axiomatisations of the classical propositional calculus do not constrain the class of models consistent

with these axiomatisations strongly enough to recover the standard truth- or satisfaction-clauses

of its constants, that the class of valuations consistent with classical consequence does not admit

96For a clear description and several worked-out accounts of the way(s) in which rules express semantic conditions,
see (Garson 2013).
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of the usual description in terms of recursive satisfaction clauses for the connectives. Abbreviated

we might say that the classical rules do not determine the satisfaction-clauses for the respective

constants. The non-categoricity of the connectives then consists in the fact that no unique semantics

is determined: “The informal gloss on the non-categoricity result is that standard formalisations of

classical logic fail to uniquely determine the semantic content of the logical constants” (Hjortland

2014a, 451).97

Let the class of admissible valuations for the classical propositional calculus be the class

of valuations that is adequately described by the usual satisfaction clauses of the propositional con-

nectives. We can then ask Carnap’s question by asking whether the inferential role of a constant

(however described/given) gives rise to a constraint that yields the class of admissible valuations.

Carnap’s problem consists in the fact that there are sound bivalent valuations for classical propo-

sitional consequence that do not conform to the standard satisfaction-clauses (truth-tables) of

disjunction and negation (Belnap and Massey 1990), that the satisfaction clauses for the classical

propositional constants can be violated without disturbing consequence (Raatikainen 2008). When

we think about the satisfaction clauses themselves as semantic principles capturing an important

aspect of the meaning of a constant we begin to appreciate the scope of the problem of the ‘mis-

alignment of syntax and semantics’ which goes beyond a ‘mere’ failure of categoricity. We here

have a full-blown case of meaning-dissonance, of the two aspects of meaning of a constant being

unbalanced and in conflict:

On the assumption that it is part of the meaning of negation and disjunction that,
respectively, A is true (false) if and only if ¬A is false (true), and that a true disjunction
must have a true disjunct, there is a precise sense in which ‘the standard rules [of
CPL] fail to capture an important aspect of the intended meaning[s] of [negation and
disjunction]’ (Rumfitt 1997, 224): for all the rules tell us, A and ¬A may have the same
truth value, and a true disjunction may have no true disjunct. (Murzi and Hjortland
2009, 481)

7.3.1.3 The Significance of Carnap’s Problem

Informally, Carnap’s problem calls into doubt the maxim that understanding how an

expression functions in inference suffices for grasping its meaning (i.e., truth-conditional content).

It demonstrates the failure of standard rules of inference to pin down appropriate model-theoretic

97See also (Raatikainen 2008, 284): “although the standard rules of inference completely formalize logical truth
and logical consequence, they do not fully represent all logical properties of the connectives.”
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values. It therefore seems primarily to be an issue for what we called moderate inferentialist

positions, positions that attribute an important function to inferential role in a theory of meaning,

but do not identify the meaning of an expression with such. The viability of such positions appears

severely threatened by the underdetermination engendered by Carnap’s problem. Renouncing the

principles underlying the moderate inferentialist account, as for example a strict inferentialist or

semanticist might do, however, appears to render this problem harmless.

This is largely correct as far as it goes. It underestimates, however, two important features

of the moderate inferentialist position. While it is true that Carnap’s problem itself has lived

something of a fringe existence in philosophical debates so far, receiving only occasional and partial

attention,98 the principles underlying the moderate inferentialist’s position are much more far-

reaching than the explicit uptake of her account might suggest: any kind of position that shares

with her the idea that both aspects of meaning, inferential role and truth-conditional content, have

a role to play in a comprehensive theory of meaning, and that it is especially the former which will

provide the core plank for how we come to understand an expression, to grasp its meaning, will be

affected by a Carnap-style problem. Except for the most radical positions denying the existence

or usefulness of a properly semantic component, this will include almost all accounts with slightly

anti-realist leanings about semantic content, and an epistemology that does not rely on some sort

of primitive grasping relation for accessing semantic content. Carnap’s problem runs deeper than

the attention it has received might suggest.99

98Raatikainen (Raatikainen 2008), for example, laments the absence of attention that is being payed to the issues
raised by Carnap 60 years earlier. Though see the references given in note 99 below.

99Upon its publication in 1943, Church reviewed (Carnap 1943) in (Church 1944) and criticised Carnap’s preferred
solution suggesting an alternative approach (though this type of approach was not taken up until much later in
(Bonnay and Westerst̊ahl 2016)). In his review Church also provides references to earlier works that were aware of the
issue and investigated it in the context of boolean algebras, though did not draw the philosophical morale that Carnap
himself drew. In the following decades Carnap’s problem received occasional attention, see, for example, (Church
1954), (McCawley 1975; McCawley 1981), (Leblanc, Paulos, and Weaver 1977), (Gabbay 1978), (Shoesmith and
Smiley 1978), (Hart 1982), (Belnap and Massey 1990), (Garson 1990), (Koslow 1992), (Humberstone 1996), though
often the difficulties it poses for an inferentially motivated theory of meaning, or even its origin in (Carnap 1943), were
not fully appreciated and acknowledged. Carnap’s problem has recently received renewed interest, especially in the
context of what we termed here ‘moderate logical inferentialist positions’, viz. the article by Raatikainen (Raatikainen
2008) whose explicit goal was to “to remind the philosophical community of [Carnap’s problem]” (Raatikainen 2008,
283) for positions that take meaning to be determined by inference. In this context, see also (Murzi and Hjortland
2009), (Incurvati and Smith 2010). Further accounts explicitly addressing Carnap’s problem in the context of theories
of meaning for the logical constants include (Smiley 1996), (Rumfitt 1997; Rumfitt 2000), (Humberstone 2000),
(Hjortland 2014a), (Bonnay and Westerst̊ahl 2016) (see also references in the next section). Other recent accounts
dealing in some way with Carnap’s Problem include: (Koslow 2010), (Button 2016), (Garson 2010; Garson 2013),
(Woods 2014), (Peregrin 2014), (Haze 2019), (Br̂ıncuş 2020), (Button and Walsh 2018).
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Of course Carnap’s problem in itself is not problematic.100 It is not that no meaning

whatsoever is determined. Rather, the problem stems from the fact that the inferential roles do

not determine the intended meanings. What is needed to make the underdetermination truly

problematic is an account of what is so special about the standard model-theoretic meanings of the

logical constants, or why it is important that there is precisely one such meaning that is determined

by an inferential role. What makes it problematic is the conflict with a prior story that yields the

boolean conditions as the right description of the semantic behaviour of the standard constants, or

demands uniqueness.

Permitting ourselves some speculation here, the reason as to why Carnap’s problem did not

generate the kind of waves one might have expected given its threat to a cluster of fairly attractive

positions might have less to do with the fact that it has been overlooked, but rather that, at least for

the cases of interest for the moderate inferentialist debate, the problems it raises have been far from

devastating: there are several known and efficient ways of modifying the (inferential) framework

so as to ensure categoricity for at least particular classes of expressions (e.g. the propositional

operators).101 Furthermore, the fact that the lack of categoricity of the standard class of boolean

valuations for the classical propositional operators does not disturb the relation of consequence,

the core concern of logical systems, has been taken to indicate that “the difference between the two

versions [different classes of valuations consistent with consequence] remains so delicate that it is

often reasonable to ignore it” (Peregrin 2014, 178).

Notwithstanding the absence of a difference to consequence, and the availability of easy

ways of ‘patching up’ formalisations of classical propositional logic, Carnap’s problem brings into

sharp focus two features that are of imminent importance in the context of a combined criterion

of logicality. On the one hand, it conclusively demonstrates the discontinuity between the com-

pleteness of a logical system and the categoricity of its expressions. We have already touched on

100Normal valuations need not be considered special because of meaning-theoretic considerations. (Koslow 2010), for
example, does not think that meanings are truth-conditions and thus that non-normal valuations are problematic for
the determination of meaning. Rather, he thinks that the focus on normal valuations stems from prior assumptions
concerning truth: “Thus we see that the motivation to consider the normal valuations as the ones to use, is not to
preserve some core logical truths like disjunctions being true if and only if at least one disjunct is true. There is the
other possibility that the restriction to normal valuations respects a feature of truth and falsity: that they are dual
concepts” (Koslow 2010, 128).

101J. Woods, for example, says that “[s]uch a failure [of determination of semantic value by inferential role] is
disappointing, but it is by no means devastating. C∨ amounts to a partial constraint on the meaning of ∨, one to be
perhaps filled in some more direct fashion” (Woods 2014, 287).
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this aspect in the previous chapter, but just to reiterate: completeness was neither necessary nor

sufficient for categoricity, and vice versa. Either notion appears to be orthogonal to the other, so it

is at least not immediately clear in how far appeal to completeness allows Peregrin to ignore issues

of categoricity. Furthermore, even if there is an ‘easy fix’ for issues of Carnapian underdetermina-

tion, this does not mean that the problem is off the table. Whatever additional constraints will be

adopted require justification and can be assessed for fit in the framework in which they are put to

use: “If we are to maintain a modest inferentialist position, we need to adopt constraints removing

such [non-standard] models without moving away from a plausible interpretation of general models

all the while maintaining that the rules do the majority, if not quite all, of the work in specifying

the meaning of each connective. What such a constraint would be is opaque to this author” (Woods

2014, 288). Any strengthening of the constraints on meaning introduced in order to remove the

underdetermination of model-theoretic value by inferential role will require a substantial motivation

that must be capable of being brought into accord with the other active background assumptions

of the relevant position.

Of course, in the setting of a combined criterion like ours where a constraint of uniqueness

forms part and parcel of what it means for a symbol to be logical devising a solution to Carnap’s

problem constitutes an urgent task. This will be similar for any account that champions the deter-

mination of model-theoretic value on the basis of inference. Moderate logical inferentialism is an

attractive position. It combines epistemic minimalism (meanings are ‘gotten to’ through rules) with

‘semantic maximalism’ (meanings are full-blown model-theoretic entities). While such epistemic-

semantic concerns are of course a motivating factor for the adoption of MLI, they need not be the

decisive or only reasons for doing so. Taking the position of a moderate logical inferentialist often

has epistemological overtones, but it need not: inference and reference are two aspects of meaning

that can be separated, it is not unreasonable to demand that they are suitably connected. Car-

nap’s problem demonstrates that this connection is not without difficulty, and that that difficulty

arises in fact at an extremely basic level of meaning: “Our student has heard of the difficulties of

excluding nonstandard interpretations in the upper stories of mathematics; now he finds the same

thing in the basement” (Shoesmith and Smiley 1978, 3).

Carnap’s problem runs deep, calling into doubt basic and almost self-evident principles

that are often assumed to ‘glue together’ the syntactic and semantic levels of meaning. It problema-
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tises the uncritical but natural assumption that inference adequately determines reference. Having

gained an appreciation for the ‘basic-ness’ and ‘fundamentality’ of the assumptions that are called

into doubt by Carnap’s problem, we now further investigate the scope of the underdetermination it

gives rise to before surveying and assessing various solutions that have been proposed to eliminate

this underdetermination.

7.3.2 Dimensions of Underdetermination

Carnap’s problem demonstrates that the inferential semantics of the classical proposi-

tional calculus, the model-theoretic semantics ‘pinned down’ by classical consequence, is a “discon-

certingly indeterminate semantics”, far away from the “determinate haven of classical semantics”

(Belnap and Massey 1990, 78/80). How ‘disconcertingly indeterminate’ is the semantics constrained

inferentially, how bad is the underdetermination uncovered through Carnap’s question? Button &

Walsh (Button and Walsh 2018, Chapter 13) consider different levels of underdetermination that

might arise when going from an inference-based setting to a more robust semantic framework, in-

troducing a useful taxonomy of underdetermination phenomena. Following their classification, we

can re-label these levels or degrees of underdetermination ontological, global, and local underdeter-

mination respectively.

At the level of ontological underdetermination inference rules and inferential roles under-

determine in the sense that they fail to pin down or determine the precise nature of the semantic

objects serving as the denotations of the expressions whose behaviour they govern – they leave

underspecified what those semantic values are.102 For example, in the context of propositional

logics it is not settled what objects the truth-values true and false actually are. This is largely

due to the fact that any set containing at least two distinct objects will be able to do the job that

can be done by the truth-values themselves (in fact, we are guilty of using this underdetermination

by identifying true with 1 and false with 0). This kind of underdetermination is rather harmless

for present purposes, as it affects pretty much all discourse and it is not clear whether there is any

way out of it other than “by acquiescing in our mother tongue and taking [...] words at face value”

(Quine 1969b, 49). In other words, the most we could have hoped for anyways was the ability to

pin down the semantic values up to isomorphism, letting their precise nature depend on a more or

102See (Button and Walsh 2018, Section 13.1).
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less arbitrary pick amongst structurally indistinguishable sets of objects.

At the second level of underdetermination we encounter a global dimension of underspec-

ification.103 At this level, inference rules and inferential roles fail to determine and pin down the

semantic structure of the language under consideration. This means that there will be several, from

the point of view of inference equally good, non-isomorphic semantic frameworks all of which are

indistinguishable to the consequence relation. In particular, the classical rules of inference do not

suffice to pin down how many truth-values there are. This kind of underdetermination is tightly

connected to the existence of algebraic models:104 it is well known that an adequate semantics

for FOL can be given in terms of complete Boolean algebras.105 Given the class of boolean-valued

structures MB based on a complete Boolean algebra B, logical consequence can be defined over this

class with respect to a set of designated elements D of B: let Γ ∪ {ϕ} be a set of formulas of FOL

in signature τ . Then Γ |=D
B ϕ iff, as usual, for every boolean-valued structure MB based on B, if

JγKMB ∈ D for all γ ∈ Γ, then JϕKMB ∈ D as well; i.a.w. if all members of Γ receive a designated

value in MB, so does ϕ.106

Given a complete Boolean algebra B with designated elements D ⊆ B Button & Walsh

prove the following theorem:107

Theorem (Button and Walsh 2018, Theorem 13.6): T.f.a.e.

(i) D is a filter on B;108

(ii) for any set of sentences Γ ∪ {ϕ} of FOL:109 Γ ` ϕ iff Γ |=D
B ϕ.

Of course the two-element boolean algebra based on {1, 0} with designated element 1 will fit the

bill, however, what the result above shows is that any (complete) boolean algebra will do as long

as its designated elements form a filter. Even worse, any filter over the elements of the respective

complete boolean algebra will do. The rules of inference for the classical first-order constants are

103See (Button and Walsh 2018, Section 13.4).
104Carnapian underdetermination due to the existence of algebraic models was already something Church called

attention to; cf. (Church 1944; Church 1954). See also (Belnap and Massey 1990, 69) for a ‘recipe’ for obtaining
non-normal valuations for the propositional calculus via boolean algebras.

105For precise definitions see (Button and Walsh 2018, Chapter 13) or (Scott 2008).
106For the precise formal definitions and details, see (Button and Walsh 2018, Section 13.3).
107See (Button and Walsh 2018, Section 13.A) for proof. See also (Button 2016, Theorem 1).
108Let P = 〈P,≤〉 be a poset. A filter F ⊆ P over P is such that (i) F 6= ∅; (ii) for all a, b ∈ F there exists c ∈ F ,

s.t. c ≤ a and c ≤ b; and (iii) if a ∈ F , b ∈ P and a ≤ b, then b ∈ F . See, for example, (Davey and Priestley 2002).
109(Button and Walsh 2018) actually prove the result in a more general setting.
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therefore not strong enough to even regulate the precise structure of the semantic framework, all

they are able to determine is that the set of designated values must form a filter (though they do not

determine one particular filter, of the usually many, over a given Boolean algebra). In other words,

they are neither capable of determining the precise ‘shape’ a Boolean algebra must take beyond

its designated values having to form a filter – they do not determine which semantic framework

(that is, which of several non-isomorphic Boolean algebras) is the right one, – nor are they able

to ‘pin down’ the precise content of the set of designated values for any given Boolean algebra.

This, however, falls very much short of what might be hoped for in terms of constraints imposed

by inference on the model-theoretic semantics of the logic: “These limitative results concerning

Boolean algebras illustrate the ‘weakness’ of [...] first-order logic. [...] [T]he results concerning

Boolean algebras give teeth and claws to the semantic underdetermination argument” (Button and

Walsh 2018, 301).

According to the global dimension of underdetermination the classical rules of inference fail

to pin down a (structurally) determinate semantic framework. Even mending that, however, we are

still faced with a local dimension of underdetermination according to which the standard inferential

roles of the logical constants fail to pin down a unique value within a pre-chosen semantic framework.

This is what was properly called Carnap’s problem above. In the setting of Button & Walsh

a resolution of local underdetermination would amount to securing what they call designation-

principles, generalisations of the boolean conditions of the connectives we provided above. They

are (Button and Walsh 2018, 302):

(∧d) ϕ ∧ ψ is designated iff ϕ is designated and ψ is designated, i.e., Jϕ ∧ ψKM ∈ D iff JϕKM ∈ D

and JψKM ∈ D;

(∨d) ϕ∨ψ is designated iff ϕ is designated or ψ is designated, i.e., Jϕ∨ψKM ∈ D iff JϕKM ∈ D or

JψKM ∈ D;

(¬d) ¬ϕ is designated iff ϕ is not designated, i.e., J¬ϕKM ∈ D iff JϕKM /∈ D;

(∀d) ∀xϕ(x) is designated iff ϕ(ca) is designated for all a ∈M , i.e., J∀xϕ(x)KM ∈ D iff Jϕ(ca)KM ∈

D for all a ∈M , where ca is a name of a;

(∃d) ∃xϕ(x) is designated iff ϕ(ca) is designated for some a ∈ M , i.e., J∃xϕ(x)KM ∈ D iff

Jϕ(ca)KM ∈ D for some a ∈M , where ca is a name of a;
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Considering the standard two-valued boolean algebra and identifying ‘designated’ with ‘true’ will of

course yield the standard truth-conditions and satisfaction clauses that we titled ‘boolean’ above.

That `FOL cannot secure (all of) these designation principles can either be shown via a

multi-valued truth-table110 or in the way we did above. Button & Walsh show that within the

framework of boolean-valued models it is possible to articulate a necessary and sufficient condition

on the structure of designated values securing the designation principles.111 Let B be a complete

Boolean algebra and D a filter over the elements of B as before. Then,

Theorem (Button and Walsh 2018, Theorem 13.8):

(i) D is an ultrafilter112 on B iff (∧d), (∨d), and (¬d) hold in every B-valued structure;

(ii) D is a principal ultrafilter113 on B iff (∧d), (∨d), (¬d), (∀d), and (∃d) hold in every B-valued

structure.

It follows from this and the previous theorem that

Theorem (Button and Walsh 2018, Corollary 13.9): Let B be a complete boolean algebra and D

a filter, but not a principal ultrafilter on B. Then, for all sentences Γ∪ {ϕ}, Γ ` ϕ iff Γ |=D
B ϕ, but

some designation principle fails.

How ‘bad’ are local and global underdetermination? The previous theorem permits a nice as-

sessment of the situation, at least with respect to the framework of boolean-valued models. Let

us point out first that global underdetermination is really only bad because of local underdeter-

mination (Button and Walsh 2018, 303): if we could secure the duality between designated and

undesignated values as articulated in the designation principles, then we might as well disregard

the global underdetermination which underspecifies which (isomorphism class of) complete Boolean

algebra(s) constitutes the semantic framework (and which filter over it contains the designated val-

ues). If we can draw a distinction between what should count as true and what should count as

110See (Church 1944) and (Button and Walsh 2018, 303).
111For proof see (Button and Walsh 2018, Appendix 13.A).
112A filter F over a poset P is an ultrafilter if, for every a ∈ P , either a ∈ F or (abusing notation) ¬a ∈ F .

Alternatively, F is an ultrafilter over P if there is no filter F ∗ over P properly extending F .
113A filter F over P is principal if there exists a ∈ P , s.t. for all b ∈ F : a ≤ b. In other words, if F is the smallest

filter over P containing a.
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false (according to the Boolean algebra), if, in other words, we manage to secure the designation

principles, it is unimportant to further distinguish between the ‘different ways of being true/false’

that might be afforded by the underlying Boolean algebra – this is something logic is insensitive

to (Button and Walsh 2018, 303). Hence, what matters is not so much the precise structure of the

semantic framework itself, but rather its scaffolding into designated and undesignated values and

the interaction of these two kinds of values with the connectives.

We may thus focus solely on local underdetermination, which concerns semantic underde-

termination within a particular semantic framework (this is our main concern in the following – to

simplify the situation we will simply stipulate that in the propositional case our boolean algebra

is the usual two-valued algebra with objects 0 and 1). How bad is the underdetermination we

encounter here? Given the theorem above this question is equivalent to ‘How difficult is it for a

filter to not be a principal ultrafilter?’. The answer here seems to be: not very – in general there

will be many filters over a set that are not principal ultrafilters. Moreover, given the abstract

mathematical nature of these concepts it is difficult to see what kind of natural principle could be

motivated that restricts the choice of appropriate filters to principal ultrafilters.114

In addition, and this will be a common theme when we assess proposed solutions to

Carnap’s problem w.r.t. their relative merits below, the presupposition of an algebraic model-theory

has, at least in the context of delineating the logical, the significant drawback that it already pre-

decides certain facts about such a demarcation. If such an approach succeeds in securing the

standard meanings of the logical constants of FOL it does so because it solves the issues for the

connectives and reduces the quantifiers to infinitary connectives. However, not only might it be

said that this gets the grammatical classification of quantifiers seriously wrong given everything

we have learned from generalised quantifier theory, but it also, from the outset, simply precludes

the consideration of quantifiers that cannot, in the same way, be identified with, or reduced to,

infinitary connectives.115 We will have more to say about this below.

114Cf. (Button and Walsh 2018, Chapter 13.5).
115Though see (McGee 1996) and his characterisation of isomorphism-invariant logical operations for a possible line

of response to this criticism.
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7.3.2.1 The Scope of Carnap’s Problem: Connectives

Raatikainen summarises Carnap’s Problem by saying that “although the standard rules

of inference completely formalize logical truth and logical consequence, they do not fully represent

all logical properties of the connectives” (Raatikainen 2008, 284). We now wish to characterise

Carnap’s non-normal valuations for propositional logic a bit more concisely than we did above.

The connectives of classical propositional logic split into two categories: those that admit,

and those that do not admit of non-standard interpretations. Among the latter are ∧ and >. That

is, ∧-classicality and >-classicality are strong enough conditions to ensure ∧- and >-booleaness;

they guarantee that every valuation consistent with classical propositional consequence respects the

‘truth-table’ meaning of ∧ and >, that V(`∧) = V∧ and V(`>) = V>. We, in effect, already proved

this result for conjunction above116 and the analogous proof for > is trivial. All other connectives –

∨,¬,→,↔,⊥, – however, do not possess rules strong enough to rule out non-normal valuations. We

already demonstrated the existence of non-∨-boolean and non-¬-boolean valuations consistent with

the inferential roles of ∨ and ¬ in terms of the valuations v∗ and v> above.117 The result for the

remainder of the connectives follows easily from the consistency of v∗ with classical consequence.118

It can be shown, and Carnap already knew and provided this classification in (Carnap

1943), that there are precisely two kinds of non-normal valuations not ruled out by classical propo-

sitional consequence: (a) valuation(s) that make everything true, and (b) valuations under which

at least one sentence is false, but that fail to be boolean for at least one binary connective (Bonnay

and Westerst̊ahl 2016, 727). More informatively, assuming negation is present in the language, the

two types of valuations can be split into (a) those that violate the law of non-contradiction, permit-

ting a sentence and its negation to be true at the same time; and (b) those that violate bivalence,

permitting a sentence and its negation to be false at the same time.119 Valuation(s) of the first

kind are special: their class consists of a singleton containing only the valuation v>. Valuations

of the latter kind, however, are numerous.120 v> is special in other ways too: it is consistent with

116Though see (Humberstone 2011, Observation 1.14.1) for a ‘cleaner’ proof. See also (Humberstone 2011, 67/68) for
an articulation of the difference between the two groups of connectives in terms of those satisfying a strong condition,
according to which classicality forces booleaness, and those satisfying a weak condition, according to which classicality
only ensures the existence of sufficiently many counterexamples to witness invalidity.

117Though see (Humberstone 2011, Theorem 1.14.6 & Corollary 1.14.7) for a more general proof for ∨.
118Though see (McCawley 1975) for a more detailed proof for each connective.
119See, e.g., (Belnap and Massey 1990, 68), (Raatikainen 2008, 284), (Church 1944, 493).
120There is a nice way of characterising these (classes of valuations). Given a class of valuations U , call vU a
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every consequence relation. (This is of course owed to the fact that we took consequence to be

truth-preserving.)

Note, furthermore, that both varieties of non-normal valuations appear to bear an intimate

relationship to negation. This is no coincidence, for negation is special and ‘at the root’ of Carnapian

underdetermination for classical propositional logic. Adopting a non-triviality constraint according

to which there has to be at least one false sentence (thereby ruling out the valuation v>) and

somehow fixing the standard meaning of ¬, removing its underdetermination, secures the classical

truth-table meanings of all other connectives as well.121 This is essentially a consequence of the fact

that the set {∧,¬} is truth-functionally complete (and the circumstance that the inference rules

for ∧ secure its booleaness already). In fact, more surprisingly, removing the underdetermination

in any one of the connectives ¬,∨,→ removes the underdetermination in all others as well122 – a

single connective among ¬,∨,→ not permitting any non-normal valuations suffices to exclude the

non-normal valuations of all other connectives, and to render the space of valuations consistent

with the consequence relation of these connectives boolean.123

There is a further conspicuity pertaining to non-normal valuations: they interrupt the

truth-functionality of a connective. Given a set of valuations V and a connective c of adicity

supervaluation iff, for all sentences ϕ, vU (ϕ) = 1 iff v(ϕ) = 1 for all v ∈ U . (Hardegree 2005) shows that V(|=V ) = V
iff V is closed under supervaluations, i.e., iff vU ∈ V for all U ⊆ V . This is similar to Humberstone’s notion of
conjunctive valuations which are defined analogously for sets of valuations of cardinality 2. He shows that whenever
two valuations v1 and v2 are consistent with a consequence relation, so is their conjunctive combination v1 + v2 (=
the supervaluation vU for U = {v1, v2}), see (Humberstone 2011, Theorem 1.14.5). See also (Humberstone 2011,
70ff.) and (Humberstone 1996).

121This was something Carnap already noted in (Carnap 1943). See also (Belnap and Massey 1990, 73). The
‘special status’ of negation underlies Hart’s proposal suggesting a way of understanding and implementing the ideas
underlying Belnap’s response to tonk in a semantic setting, see (Hart 1982, esp. 132ff.).

122See, for example, (Garson 2013, 32) or (McCawley 1975, 415).
123Carnap recognised that, assuming non-triviality, removing the underdetermination of any of the critical connec-

tives ¬,∨,→,↔,⊥ ensures that the class of valuations consistent with standard propositional consequence is the class
of all boolean valuations. This might be somewhat surprising given that, for example, {∧,∨} does not constitute a
functionally complete set of connectives, but is owed to the fact that fixing the meaning of disjunction indirectly fixes
the meaning of negation as well, thereby again fixing the meaning of all other connectives, see (Belnap and Massey
1990, 73). This curious observation led Belnap & Massey to investigate the ‘holistic nature’ of classical propositional
logic, and to assess the thesis that “all semantic indeterminacies [are] systemic and so classical semantics would be
holistic in the following very strong sense. Either you must accept all semantic indeterminacies or none of them; if
you remove even one of them, you are left with classical semantics, the semantics of classical truth tables. Between
accepting all semantic indeterminacies and accepting none, tertium non datur” (Belnap and Massey 1990, 76). Thus,
according to them, “[s]emantic holism is the thesis that from inferential semantics to classical semantics there is but
a single semantic step. [...] More metaphorically, let us imagine a logician lost in the dark forest of indeterminate se-
mantics. Then, according to the thesis of semantic holism, the logician need take but a single semantical step to escape
from the dark forest of semantic indeterminacy” (Belnap and Massey 1990, 79). In the same paper they demonstrate
why the thesis of semantic holism is ultimately false, and the underdetermination of classical propositional logic thus
more severe than might be suggested by it, see (Belnap and Massey 1990, 77ff.).
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n, we call c truth-functional w.r.t. V if there exists a function fc : {1, 0}n 7→ {0, 1}, s.t for all

ϕ1, . . . , ϕn ∈ SentL and v ∈ V :124

v(c(ϕ1, . . . , ϕn)) = fc(v(ϕ1), . . . , v(ϕn))

We call such a function fc a truth-function for c. It follows in particular from this definition that,

for any truth-function f , whenever v(ϕi) = v(ψi) for all 0 < i ≤ n, then f(v(ϕ1), . . . , v(ϕn)) =

f(v(ψ1), . . . , v(ψn)), and thus, if c is truth-functional, v(c(ϕ1, . . . , ϕn)) = v(c(ψ1, . . . , ψn)).

As an example, consider once more the valuation v∗ as above and let f∨ be the bi-

nary truth-function given by the complete truth-table of ∨. We recall that v∗(p ∨ ¬p) = 1, but

v∗(p) = v∗(¬p) = 0. We then have that v∗(p ∨ ¬p) = f∨(v∗(p), v∗(¬p)). However, f∨(0, 0) = 0

and thus 1 = 0 – contradiction. Hence, f∨ cannot be the truth-function for ∨ over V∨ ∪ {v∗}.

Moreover, let f∗∨ be any truth-function for ∨. By the same argument as above we obtain that

v∗(p ∨ ¬p) = f∗∨(v∗(p), v∗(¬p)) = f∗∨(v∗(p), v∗(p)) = v∗(p ∨ p) (the last step follows again by the

truth-functionality of f∗∨). However, since we know that p ∨ p ` p for classical propositional conse-

quence ` and v∗(p) = 0 we are forced to conclude that v∗(p∨ p) = 0 as well due to the fact that v∗

is consistent with `.125 Hence, the same contradiction arises and we may conclude that ∨ is not

truth-functional w.r.t. V∨ ∪ {v∗}.

Note that c ∈ {∧,∨,¬,→,↔} is truth-functional w.r.t. Vc, i.e., that c-booleaness renders

c truth-functional (the relevant truth-function can be read off of its satisfaction clause). However,

the truth-functionality of a connective does not, in general, establish its booleaness: ¬ is truth-

functional w.r.t. V = {v>}, but not boolean. (Note that the restriction to consistent valuations does

not change anything about this situation, truth-functionality does not suffice to force booleaness

here either, for v> is consistent with every consequence relation.) On the other hand, when adopting

a non-triviality constraint and thus excluding v> from consideration, and restricting attention

to consistent valuations for which the classical connectives are truth-functional in the context of

(full126) classical propositional consequence `, we obtain the following: Let ∨ and ¬ be truth-

124See, for example, (Humberstone 2011, 376), (McCawley 1975, 412), (Hart 1982, 132), (Belnap and Massey 1990,
71). See also (Koslow 2010) for the analogous, syntactic, notion of extensionality, spelled out by means of his
implication-structures.

125See (Bonnay and Westerst̊ahl 2016, 728).
126Some results presented in this section are extremely sensitive as to which expressions are actually present in a

language under consideration, i.e., whether we are talking about a consequence relation over a language fragment of
the language of classical propositional logic, or the full language. Since these subtleties and complications would only
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functional for V ′ and V ′′, respectively. Then,127

(∨) Let v′ ∈ V ′. If v′ is not ∨-boolean, then for some ϕ,ψ we have that either (a) v′(ϕ ∨ ψ) = 1

and v′(ϕ) = v′(ψ) = 0, or (b) v′(ϕ ∨ ψ) = 0 and v′(ϕ) = 1 or v′(ψ) = 1. Due to the fact that

ϕ ` ϕ ∨ ψ and ψ ` ϕ ∨ ψ we can exclude (b) as in this case v′ would not be consistent.

Thus, consider case (a). Since ∨ is truth-functional for V ′ there exists a function f∨, s.t.

v′(ϕ∨ψ) = f∨(v′(ϕ), v′(ψ)) = f∨(v′(ϕ), v′(ϕ)) = v′(ϕ∨ϕ). As before, since v′ consistent with

` and ϕ ∨ ϕ ` ϕ it must be the case that v′(ϕ) = v′(ϕ ∨ ϕ) = 0 – contradiction. Hence, v′

must be boolean after all.

(¬) Let v′′ ∈ V ′′. If v′′ is not ¬-boolean, then for some ϕ we have that either (a) v′′(ϕ) = v′′(¬ϕ) =

1 or (b) v′′(ϕ) = v′′(¬ϕ) = 0. Since ϕ,¬ϕ ` ψ for all ψ and v′′ consistent with `, in case (a)

we would have that v′′ = v>, which we excluded.

Consider thus case (b). Since v′′ consistent with ` and ` ¬(ϕ ∧ ¬ϕ) we obtain the fol-

lowing (recall that all valuations consistent with ` are ∧-boolean, and that booleaness in-

duces truth-functionality): 1 = v′′(¬(ϕ ∧ ¬ϕ)) = f¬(v′′(ϕ ∧ ¬ϕ)) = f¬(f∧(v′′(ϕ), v′′(¬ϕ))) =

f¬(f∧(v′′(ϕ), v′′(ϕ))) = f¬(v′′(ϕ ∧ ϕ)) = v′′(¬(ϕ ∧ ϕ)). Since ¬(ϕ ∧ ϕ) ` ¬ϕ, v′′(¬ϕ) = 0 and

v′′ consistent with ` it follows that v′′(¬(ϕ ∧ ϕ)) = 0 – contradiction. Hence, v′′ must be

boolean after all.

Similar arguments work for the other connectives as well (which, for simplicity, we treat as defined

here). The requirement of truth-functionality (together with consistency and non-triviality) thus

rules out non-normal valuations that violate the booleaness of the connectives.

Putting things together we thus get that non-triviality, consistency, and truth-functionality

suffice to force booleaness of the connectives.128 In fact, by the above, the truth-functionality of a

single connective among ¬,∨,→ will suffice to ensure the booleaness of all others.129 Hence, under

natural assumptions, insistence on the requirement that the connectives be truth-functional suffices

distract from the points that interest us most here, we always assume that the consequence relations considered here
is over the full language of classical propositional logic, or, equivalently, a language fragment containing a functionally
complete set of connectives. For a much more detailed and careful consideration of the issues discussed here, see
(Humberstone 2011, 3.11 - 3.13).

127Note that these results are well-known. All remaining mistakes in the proofs are our own.
128See, for example, (Leblanc, Paulos, and Weaver 1977, Theorem 3 and Theorem 4).
129See, for example, (McCawley 1975, 415).
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to secure their intended and standard meanings.130 (It can further be shown that there is a unique

truth-function for each connective c w.r.t. the (largest) class of consistent valuations for which c is

truth-functional. Hence, we can speak of the truth-function for a connective c. This truth-function

is perfectly described by the boolean conditions for the respective constant.131)132

Truth-functions thus play a special role as ‘semantic values’, or compact descriptions/con-

ditions on these, for propositional connectives, and in order to secure the standard meaning of a

connective the above establishes that it would suffice to demand that the meaning of a connective

be truth-functional (and non-trivial). However, such appeal to semantic restrictions puts the cart

before the horse: in order to remain true to the principles of moderate logical inferentialism, its

proponent will have to carefully motivate such restrictions, rather than simply assuming them

outright.133

After proposing a solution to Carnap’s problem for the classical propositional operators

(to be discussed in detail in Section 7.4.1.1 below) T. Smiley remarks that ‘sentential categoricity’

is achieved, i.e., Carnap’s problem is to be considered solved, as soon as we have ‘fully formalised’

(in the sense of Carnap), the sentential calculus (Smiley 1996). As has been shown, and as we will

further review in the next section, Carnapian underdetermination translates upwards and affects

the category of quantifiers even worse than the category of propositional operators. How can this

be reconciled with Smiley’s assertion that Carnap’s problem is fully solved when solved for the

propositional connectives? Following (Incurvati and Smith 2010) we can distinguish between weak

inferentialism and strong inferentialism:

Let’s define weak inferentialism about a class of logical operators to be the doctrine
that fixing the inference rules governing those operators fixes all the logically salient
properties of sentences containing the operators (e.g. which propositions are consistent
with which, which are contraries, etc.). And define strong inferentialism about a class

130As an aside, note that truth-functionality by itself is not a criterion for the well-definedness of a connective by
its rules. tonk is consistent with respect to the class of valuations {v>, v⊥} w.r.t. which tonk is perfectly truth-
functional (as is every other connective). By imposing a non-triviality constraint, however, and requiring consistency
of valuations, we see that µ(tonk) = ∅, and that it is thus meaningless; cf. (McCawley 1975, 412).

131See (Humberstone 2011, Chapter 3.1).
132The reader might be wondering in how far the demand of truth-functionality resolves issues of uniqueness of

classes of valuations. After all, what guarantee do we have that the set of boolean valuations does not contain an
‘inferentially idle’ valuation itself? In other words, what guarantee do we have that no proper subset of the boolean
valuations will do to fully describe the inferential behaviour of the classical constants semantically, to give rise to the
intended consequence relation? Might the class of all boolean valuations not also be meaning-theoretic overkill, or
in how far will anything less than all boolean valuations fall short? These are important questions, a discussion of
which we will postpone until Section 7.5.

133See (Murzi and Hjortland 2009, 481).
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of logical operators to be the doctrine that fixing the inference rules fixes the meaning
of the operators. (Incurvati and Smith 2010, 6)

Carnap’s problem demonstrates the failure of both inferentialisms. Weak inferentialism fails since

fixing the inferential behaviour of the connectives does not suffice to determine the logical prop-

erties of sentences adequately; a set of sentences might be inconsistent, yet still satisfiable, for

example, when considering all valuations consistent with the inferential behaviour of the constants.

Weak inferentialism is the kind of inferentialism Smiley is interested in in his paper. This kind of

inferentialism is secured by solutions that ensure the categoricity of the propositional operators.

We, however, are interested in what Incurvati & Smith term strong inferentialism, and what the

next section demonstrates is that a solution for propositional underdetermination is a far cry from

resolving the underdetermination problem for the quantifiers.

7.3.2.2 The Scope of Carnap’s Problem: Quantifiers

Above we showed that the exclusion of the trivial valuation v> together with the require-

ment that logical constants be truth-functional (and consistent with classical consequence) forced

their booleaness, i.e., pinned down their standard meanings as the class of boolean valuations.

(Leblanc, Paulos, and Weaver 1977) show that, with similar restrictions in place, at least the sub-

stitutional interpretation of the universal (and thus, by duality, of the existential) quantifier can be

secured by its standard rules of inference. The idea is to treat universal quantification as an infi-

nite analogue of conjunction in a language possessing countably many constants. The ‘truth-table

meaning’ of universal quantification on this account can be given by the following ω × ω matrix:

ϕ(c1) ϕ(c2) . . . ϕ(cn) . . . ∀xϕ(x)

1 1 . . . 1 . . . 1
0 1 . . . 1 . . . 0
1 0 . . . 1 . . . 0
...

...
...

...
... 0

1 1 . . . 0 . . . 0
...

...
...

...
... 0

0 0 . . . 1 . . . 0
...

...
...

...
... 0

0 0 . . . 0 . . . 0

where ϕ(ci) is a substitution instance of ϕ(x) with free x uniformly substituted by the constant

ci, and the different columns run over all countably many constants. Letting this be the intended
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truth-table meaning of ∀ we can then provide conditions specifying its ‘booleaness’ and truth-

functionality:

(∀sb) A valuation v is ∀-boolean iff for all ϕ(x) ∈ SentL: v(∀xϕ(x)) = 1 iff v(ϕ(ci)) = 1 for all

i < ω.

(f∀) ∀ is truth-functional w.r.t. a valuation v iff there exists a function f∀ : {0, 1}ω 7→ {0, 1}, s.t.

v(∀xϕ(x)) = f∀(v(ϕ(c1)), . . . , v(ϕ(cn)), . . .).

Note first that unless we include an ω-rule for ∀ in our proof-system, `FOL will not suffice to secure

(∀sb), for let v+ be the valuation, s.t. v(ϕ) = 1 iff `FOL ϕ or ϕ := Pci for some unary predicate

letter P . As in the case of v∗, it is easy to see that v+ respects `FOL, yet we have that v+(Pci) = 1

for all i < ω, but v+(∀xPx) = 0 since 6`FOL ∀xPx. Hence, the standard inferential role of ∀, as

captured by `FOL, does not suffice to force its booleaness. (Leblanc, Paulos, and Weaver 1977)

then show that under the assumption of the booleaness of the propositional connectives, and the

truth-functionality of ∀, the demand of consistency suffices to establish the booleaness of ∀.134

There are two drawbacks to the kind of approach investigated by (Leblanc, Paulos, and

Weaver 1977). On the one hand, it assumes a substitutional interpretation of quantification when,

arguably, what is desired is the objectual or referential interpretation given the identification of

meaning with classes of models. Furthermore, as already remarked above and as will come up

frequently below, the reduction of quantifiers to infinitary connectives severely misrepresents the

category of quantifiers and limits the scope of quantification theory. Nonetheless, even granting

that what we want to secure is the objectual interpretation of the quantifiers, we will see that, in

an important sense, the substitutional interpretation is indeed the best one can do when pinning

down the semantics of the quantifiers, even in a referential setting.135

Given the rather fundamental level at which Carnapian underdetermination arises (the

‘basement’ of logical theory) it is a natural (and true) conjecture that the more structured and

complex a language is, the richer and more differentiated its semantics, the more difficult and

intractable Carnap’s problem becomes. This might be one reason for the drive to reduce more

134See (Leblanc, Paulos, and Weaver 1977, Theorem 8, Theorem 10, Theorem 11).
135Cf. also Bonnay & Westerst̊ahl’s assessment of the strategy of reducing the quantifiers to infinitary connectives:

“This procrustean strategy shows at best that if quantifiers are reduced to connectives, what works for connectives
works for quantifiers as well” (Bonnay and Westerst̊ahl 2016, 723).
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complicated, quantificational phenomena to the better understood propositional level. Unfortu-

nately, this does not make it the correct way to approach these phenomena. Except for occasional

treatments which reduce quantifiers to infinitary connectives,136 Carnap’s problem for quantifiers,

and, more generally, Carnap’s question for quantifier languages, has remained surprisingly under-

investigated. However, we fully agree with Bonnay & Westerst̊ahl when they say that “eliminating

non-normal interpretations of the quantifiers is the hard case, in the light of which any tentative

solution to Carnap’s problem should be evaluated” (Bonnay and Westerst̊ahl 2016, 722). This is

part of the reason why we deem most of the solutions to Carnap’s problem discussed in the next

section to be partial at best, and inadequate at worst.

There are multiple explanations for this neglect. Some of them involve motivational

reasons, having to do with the level at which Carnap’s problem must be resolved for the respective

positions under discussion to get off the ground (see the distinction between weak and strong

inferentialism in the previous section). Others have to do with the exceptional standing of ∀ and

∃ among all quantifiers in logical languages. Antonelli diagnoses such an ‘implicit bias’ towards

the standard quantifiers in their standard interpretation in (Antonelli 2013). Moreover, at the

time of Carnap’s original writing it was less obvious just how vast the class of expressions was

that was missed out on by ‘propositionalising’ quantification than became clear after the advent

of generalised quantifier theory as pioneered in the works of (Mostowski 1957), (Lindström 1966),

and (Montague 1974).

As a first step towards appreciating and understanding the significance, depth, and scope

of Carnap’s problem for quantifier expressions it is thus important to get clear on the appropri-

ate range of semantic values for such expressions. With the idea going back to Frege,137 and later

provided with a mathematical foundation and used very successfully in the context of formal seman-

tics and generalised quantifier theory, the appropriate semantic values of (generalised) quantifiers

in a classical model-theoretic setting consist of second-order predicates, i.e., collections of (first-

order) predicates.138 More precisely, given a quantifier-expression Q that attaches to k formulas ϕi

136As can be found in, for example, (Carnap 1943), (Leblanc, Paulos, and Weaver 1977), or (Hacking 1979).
137See (Frege 1980, §21).
138A potentially unintended, but nevertheless illuminating, consequence of this conception is that this treatment of

quantifiers allows us to focus on what (Antonelli 2013, 638) calls their ‘modal’ properties, properties pertaining to the
interaction of quantifiers with formulas. As a result, the interaction of quantifiers with singular terms is somewhat
neglected. This might be considered problematic given, for example, the inferences licensed by the rule of universal
instantiation which make heavy use of singular terms, supports however our restriction to purely relational signatures;
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(0 < i ≤ k) to yield an expression Qx̄1, . . . , x̄k(ϕ1(x̄1, ȳ1), . . . , ϕk(x̄k, ȳk)) (where the length of the

sequence x̄i is ni, and all sequences x̄i are considered bound),139 the appropriate semantic values

for Q live in P(P(Mn1)× . . .× P(Mnk)). Even more precisely, an appropriate semantic value for

Q is a class-function Q that associates with each domain M a set-theoretic construction over M

according to its type.140

The satisfaction clause for a generalised quantifier expression Q of type 〈n1, . . . , nk〉, in-

terpreted by Q, reads:

M |=Q Qx̄1, . . . , x̄k(ϕ1(x̄1, ā1), . . . , ϕk(x̄k, āk)) iff 〈Jϕ(x̄1, ā1)KM, . . . , Jϕ(x̄k, āk)KM〉 ∈ QM

where QM is the value of Q on M and Jϕ(x̄)KM = {ā ∈M |ā||M |=Q ϕ(ā)} is the extension of ϕ(x̄)

in M.

Thus, for example, the semantic value of a quantifier expression Q of type 〈1〉 over a

domain M , QM , is a set of subsets of P(M). We provide some examples:

(i) The semantic value of ∀ on a model M is: ∀M = {M};

(ii) The semantic value of ∃ on a model M is: ∃M = {A ⊆M |A 6= ∅};

(iii) The semantic value of Qα, with intended meaning ‘there are at least ℵα many’, on a model

M is: QMα = {A ⊆M |ℵα ≤ |A|};

(iv) The semantic value of QLO, a type 〈2〉 quantifier expression with intended meaning ‘ϕ(x, y)

defines a linear order’, on a model M is: QMLO = {R ⊆M ×M |R is a linear order on M}.

It is easily checked that these values correspond to the usual satisfaction clauses:

(i) M |=∀ ∀xϕ(x) iff M |= ϕ(a) for all a ∈M ;

(ii) M |=∃ ∃xϕ(x) iff M |= ϕ(a) for some a ∈M ;

(iii) M |=Qα Qαxϕ(x) iff M |= ϕ(a) for at least ℵα-many a ∈M ;

(iv) M |=QLO QLOxy ϕ(x, y) iff {〈a, b〉|M |= ϕ(a, b)} is a linear order over M ×M .

cf. (Antonelli 2013, 638/639).
139We say that Q is of type 〈n1, . . . , nk〉, where k is the number of formulas combining with Q to constitute a

well-formed expression, and ni indicates the number of variables bound in formula i.
140For formal details see Chapter 6. The latter construction is called a global quantifier, the former a local quantifier

or quantifier-on-M . For the relation between global and local quantifiers see (Peters and Westerst̊ahl 2006, Chapter
3.1) and (Bonnay and Westerst̊ahl 2015). We will frequently switch between the two ways of talking about quantifiers
here.
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Having decided upon the range of appropriate semantic values for the quantifiers then (second-

order predicates of appropriate type), based on a semantic framework provided by a set-based

model theory,141 we can ask whether there is Carnapian underdetermination for expressions in

the category of quantifiers, and if so, how bad it is. We ask this question against the backdrop

of a first-order language containing a functionally complete set of propositional operators in their

standard interpretation. In other words, when assessing the underdetermination of quantifiers we

exclude additional underdetermination that might arise from the interaction of quantifiers with

underdetermined connectives.142

Given the lack of categoricity at the level of propositional operators, it comes as no sur-

prise that further underdetermination can be found at the level of quantifiers as well. Carnap was

already aware of the fact that the standard rules for the first-order universal and existential quan-

tifiers do not suffice to pin down their intended model-theoretic meaning. Bonnay & Westerst̊ahl

recently characterised the precise scope of the underdetermination of ∀, and the shape of its possible

interpretations consistent with `FOL (Bonnay and Westerst̊ahl 2016).143

Given a set A, the subset-relation ⊆ induces a partial order on P(A). A (proper) filter F

over A, F ⊆ P(A), is a non-empty set of subsets of A, s.t., for all X,Y ⊆ A, F is

(i) non-trivial : ∅ /∈ F ;

(ii) upward-closed : if X ∈ F and X ⊆ Y , then Y ∈ F ;

(iii) closed under finite intersections: if X,Y ∈ F , then X ∩ Y ∈ F .

A filter F over a set A is principal if there exists a set X ⊆ A, s.t. F = {B ⊆ A|X ⊆ B}. If F is

of this form we call X the base of F and say that F is generated by X. We write FX to indicate

this, i.e., FX = {B ⊆ A|X ⊆ B}. If FX is a filter over the domain M of a model M, it is closed

under the interpretation of terms of the language L ofM iff, for every term t(x1, . . . , xn) of L and

sequence of elements 〈a1, . . . , an〉 ∈ Xn, tM(a1, . . . , an) ∈ X.144 Bonnay & Westerst̊ahl then prove

141Based on some set-theory. Unless explicitly mentioned otherwise, we always work in ZFC in the context of this
thesis.

142We furthermore assume that the first-order languages treated here possess a stock of predicate variables in
addition to predicate constants. This allows us to formulate the results in greater generality without having to
restrict them to definable subsets. See Chapter 6 for details.

143For a related observation that “just specifying a domain of objects underdetermines the semantics of first-order
quantifiers” see (Antonelli 2013, 638). Compare also (Garson 2013, Chapter 14) for the failure of the standard rules
for the quantifiers to express their assumed truth-conditions in a slightly but importantly different setting.

144See (Bonnay and Westerst̊ahl 2016, 729) for this definition.
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the following theorem:145

Theorem (Bonnay and Westerst̊ahl 2016): Given a modelM, ∀M is consistent with `FOL iff ∀M

is a principal filter closed under the interpretation of terms over M .

By the duality of the universal and existential quantifiers we obtain the following corollary:

Corollary: Given a modelM and interpretation ∀M = FX for some X ⊆M ,146 ∃M is consistent

with `FOL iff ∃M = {Y ⊆M |Y ∩X 6= ∅}.

How ‘bad’ is the underdetermination of ∀ and ∃ that these two theorems certify? The intended

interpretation of ∀ on a model M as {M} is of course a principal filter (it is, in fact, the maximal

principal filter over M), but it is, in general (assuming |M | > 1 and unnamed objects), far from

the only one. There will, in general, be many principal filters (closed under the interpretation of

terms) that are consistent with `FOL other than {M} – as many as there are bases A ⊂M that are

closed under the interpretation of terms over a domain M . How can we best understand the scale

of this underdetermination? Bonnay and Westerst̊ahl point out that when given a principal filter

generated by a proper subset X ⊂M and closed under the interpretation of terms the satisfaction

clause for ∀ becomes (Bonnay and Westerst̊ahl 2016, 730):

M |= ∀xϕ(x) iff M |= ϕ(a) for all a ∈ X

∀ thus comes to mean ‘all X’, just as, by the corollary, ∃ comes to mean ‘some X’. The only

thing guaranteed by the inferential role of the quantifier is that its interpretation is a principal

filter whose generating set will contain all named objects (including those that can be ‘reached’

via functions). Assuming at least one constant symbol, the smallest principal filter consistent with

first-order consequence will be the filter generated by the set containing the object(s) named by

the constant symbol(s) and closed under the application of the named functions to objects in the

set: this yields the substitutional interpretation of the quantifiers as the weakest interpretation

145Cf. also the filter-conditions discussed by (Antonelli 2013, 652/653). Of course, in light of Bonnay & Westerst̊ahl’s
theorem, what is missing to establish this equivalence is that the filters be principal.

146It is of course also possible to characterise ∃M in terms of algebraic properties as Bonnay & Westerst̊ahl did for
∀, however, such a characterisation is not as informative.
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consistent with `FOL (Bonnay and Westerst̊ahl 2016, 730).

In general, the rules for ∀ (and ∃) permit non-normal interpretations according to which

there is a difference between two kinds of objects: those in the generating set of the relevant principal

filter, and those outside of it. Only those in it possess existential import, they constitute the ‘inner

domain’ of existing objects (Bonnay and Westerst̊ahl 2016, 730). The resulting satisfaction clauses

of the quantifiers are thus identical to those used in free logic, which permits a distinction between

‘existing’ objects in the inner domain, and non-existing things in the outer domain.147

This is ontologically troubling, for this result appears to “undermine[...] the prospects of

philosophical ontology construed as the quintessentially armchair project of extracting ontological

commitments from the semantic analysis of quantified statements” (Antonelli 2015, 171). Such

an assessment appears inevitable if ontological commitment is the result of a semantic analysis of

first-order quantifiers, where their semantics is determined by their inferential role.148 To be clear,

Carnapian underdetermination as encountered here does not call into question the entire project

of being able to read off the ontological commitment of theories from their quantified sentences

(at least on Quine’s original account existential commitments pertain to kinds of objects and not

individual objects anyways), but it calls into doubt certain developments of it, and queries the

adequacy of ∃ as the gold-standard for existence. While it thus remains somewhat unclear whether

the verdict that “the possibility of nonstandard interpretations reveals that being the value of a

variable is at best a sufficient, but not necessary condition for ontological commitment” (Antonelli

2013, 657) might not be a bit too quick, it nevertheless tarnishes the self-evidence of the connection

between ontological commitment and existential quantification.

What about first-order quantifiers other than ∀ or ∃? We recall from the previous chapter

that Q1 was severely underdetermined and that, under the assumption of additional set-theoretic

principles (CH/GCH/V = L) various classes of Qκ (where κ was a certain kind of cardinal) were

underdetermined as well. The investigation of the underdetermination of first-order quantifiers not

expressible in FOL, giving rise to logics extending FOL, will be the topic of Chapter 6 where we

will obtain various categoricity and non-categoricity results for classes of generalised quantifiers

147See (Bonnay and Westerst̊ahl 2016, 730) and (Antonelli 2013, Section 5).
148This second premise appears to be missing from Antonelli’s argument in (Antonelli 2015), rendering it vulnerable

to the objection that the countermodels he proposes for this claim are not genuine countermodels, as nothing about the
the non-standard values of ∃ in them guarantees that they are legitimate interpretations of the existential quantifier.
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other than ∀ and ∃. While several of these results are more or less direct consequences of facts

already known, to the best of our knowledge the investigation of Carnapian underdetermination

phenomena in the context of first-order languages as pursued here is novel. In conjunction with

the claim, to be defended below, that Carnap’s problem should be understood as a problem of

logicality, this has significant repercussions for the debate surrounding the demarcation of the class

of logical constants.

7.3.3 Carnap’s Question: A General Statement

Although our discussion so far has taken place exclusively in the context of classical

languages and truth-conditional semantics, Carnap’s question can be asked for any language and

is of course not restricted to this setting. Carnap’s problem arises just as forcefully for other

logics – underdetermination phenomena are pervasive. What changes when moving to a different

language or logic is of course the semantic space: in an intensional setting it will no longer do to

treat propositional meanings as given by functions from sentences to truth-values, and we might

have to assess categoricity with respect to a semantic framework identifying meanings with, say,

sets of worlds. Our interest here lies with classical logic and classical model-theoretic semantics,

and we shall not go into Carnap’s problem for non-classical, intensional, or intuitionistic logics.149

Notwithstanding our particular interests in the context of this thesis, in order to properly ask

Carnap’s question for a language L, all that needs to be present are the following ingredients:150

(i) A (recursive) syntax for L;

(ii) A description of the inferential roles of the logical expressions of L, for example in terms of

a consequence relation over L, `L, or a set of rules presenting such a consequence relation;

(iii) A semantic framework, providing the space of semantic values for the expressions of the

language, together with a specification of the permissible ranges of values for categories of

expressions.

149See, for example, (Raatikainen 2008) for a formulation of this issue for the intuitionist. See (Murzi and Hjortland
2009, 482ff.), (Incurvati and Smith 2010, 7ff.) and (Murzi 2010, 210ff.) for responses and comments on the issue as
raised by Raatikainen. For a concrete discussion of Carnap’s problem in the context of intuitionistic propositional
logic, see (Bonnay and Westerst̊ahl 2015). For an argument that intuitionistic logic is the ‘right logic’ based on
Carnap’s problem, see (Garson 2001) (though see (Garson 2010) for a qualification of this assessment; see also
(Woods 2014) for commentary). For the scope and impact of Carnap’s problem in the context of intensional logics,
see (Bonnay and Westerst̊ahl 2016, Section 6) and (Bonnay and Westerst̊ahl 2020).

150This list is a slightly modified version of the list that can be found in (Bonnay and Westerst̊ahl 2015, 3).
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(iv) An account of what it means for (ii) and (iii) to cohere, i.e., of what it means for a seman-

tic framework to be an appropriate semantic framework for logical expressions with given

inferential roles.

(v∗) For each expression a privileged, standard, or intended interpretation among the interpreta-

tions deemed permissible by (iii).

Note that (v∗) can be dispensed with when adopting the (more general) demand that the inferential

role of a constant uniquely determine a semantic value appropriate to its grammatical framework

on the given semantic framework. This way we need not assume the existence of a somehow prior

specified privileged interpretation, having only one that ‘fits’ suffices. Here, our interest lies with

the classical case, and in particular with classical logic in first-order languages.

Button & Walsh state Carnap’s problem in the following form (Button and Walsh 2018,

296):

Inference rules can only manage to define the relation `. But the relation ` is sound and

complete for many different semantic structures. So: inference rules do not determine the

meanings of logical expressions.

We contend that this captures the spirit, but not the essence of Carnap’s problem and can be

seen as a special case of the kind of question we have in mind and wish to discuss in later parts

of the chapter. The easiest way to formulate the more general version of the question we wish to

investigate further is to turn around the ‘order of syntax and semantics’. We want to ask:

Which candidate semantic values for expressions possess inferential specifications capturing

the inferential role associated with such expressions that uniquely determine them? In other

words, for which semantic values does there exist a consequence relation that uniquely asso-

ciates an expression with this semantic value? Or: For what meanings can there be inferential

roles that uniquely determine them?

This question subsumes Button & Walsh’s version, but lifts the restriction that inferential roles be

given in terms of rules, and thus goes beyond limitations generated by the confinements of syntax.

Carnap devoted substantial resources to the resolution of the problem of the underde-

termination of the standard truth-conditional semantics of FOL by its consequence relation, and
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took it to constitute a significant issue for a ‘full formalisation of logic’, with the property of full

determination deemed to be on par with those of soundness and completeness. Whether it is, as

claimed,151 mostly forgotten now, or at least acknowledged but considered solved by one of the

many methods discussed in the next section, we think Carnap’s problem has not been appreciated

in its full force, and certainly not in the context of the advances logic has made since Carnap.

This becomes especially obvious when considering quantifiers: if treated at all, they are usually

reduced to infinitary connectives. This, however, is inadequate given the modern semantic picture

of the logical shape of quantifiers, and renders most solution-strategies proposed so far partial and

incomplete at best, and wholly insufficient at worst. This chapter sets out to remedy the situation

somewhat.

7.4 Solving Carnap’s Problem

The goal of this section is to survey the different kinds of strategies that have been put

forward to resolve the underdetermination that flows from Carnap’s problem. We do so in order to

assess what kind of strategy might be general enough to carry over to the setting we are interested

in in this thesis – classical first-order languages, – to determine which, if any, might prove helpful

to remove semantic underdetermination by inference in a combined criterion of logicality. In a

second step (in our case, in a first step given that we did so in the previous chapter) one would

then have to show that the chosen strategy is in accord with the guiding principles of the combined

criterion developed. Given our order of inquiry, the current section can thus be read as a post-hoc

justification by comparison of the choices made in the previous chapter.

In surveying and assessing the different solution strategies that can be found in the litera-

ture we make recourse to a taxonomy developed in (Bonnay and Westerst̊ahl 2016). There Bonnay

& Westerst̊ahl distinguish between three kinds of strategies for defeating Carnapian underdetermi-

nation:152

(i) Inferential strategies strengthen the proof-theoretic framework, modifying the notion of con-

sequence, in order to be able to formulate stronger constraints on the space of semantic values

151See (Raatikainen 2008).
152See (Bonnay and Westerst̊ahl 2016, 723/724).
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in proof-theoretic terms. We survey three approaches along these lines: (a) allowing multiple

conclusions; (b) adding force-markers to the language (but remaining single-conclusion); and

(c) using open-ended rules.

(ii) Mixed strategies modify the coherence condition regulating the relationship between syntactic

and semantic levels by demanding a tighter fit between the two. The main attempt in this

direction can be found in the work of Garson who explores strengthenings of the relation of

truth-preservation between premises and conclusion(s) of an argument.

(iii) Semantic strategies impose additional constraints on the space of semantic values, thereby

reducing candidate interpretations that must be taken into account when assessing what value

is determined by inference.

7.4.1 Inferential Strategies

The basic method underlying inferential strategies for resolving Carnapian underdeter-

mination consists in strengthening the underlying proof-theory or language so as to enable it to

express further or stronger conditions on the semantic framework with which it is to cohere. This

is the strategy of the first two approaches discussed here. While the move to multiple conclu-

sion frameworks changes the very notion of a consequence relation, bilateral and multi-lateral

approaches remain single-conclusion but instead enrich the language, thereby enabling the artic-

ulation of further demands on the semantic framework. Lastly, open-ended inferentialism holds

that Carnap’s problem is to be resolved by forbidding the ‘interruption’ of salient logical properties

when extending the languages and frameworks subject to Carnapian underdetermination.

7.4.1.1 Multiple Conclusions

Introduced in the seminal work of Gentzen (Gentzen 1934) multiple conclusion consequence

relations (mcrs) are a generalisation of (single-conclusion) consequence relations that proved par-

ticularly amenable to the meta-logical study of the proof-theory of various logics, and in particular

classical logic.153 What we simply called consequence relations above are, in effect, the special cases

153For a systematic presentation of multiple conclusion consequence relations see (Shoesmith and Smiley 1978) or
(Humberstone 2011, 1.16). The former, in fact, take Carnap’s problem to constitute a direct motivation for the switch
to mcr-systems, see (Shoesmith and Smiley 1978, 3ff.).
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of mcrs in which all sequents have exactly one conclusion.154 More precisely, a multiple conclusion

consequence relations `L over a language L is a set

`L ⊆ P(SentL)× P(SentL)

satisfying the multi-conclusion analogues of reflexivity, weakening, and transitivity :155

(R) for all ϕ ∈ SentL: ϕ `L ϕ;

(W) for all Γ,Γ′,∆,∆′ ⊆ SentL: If Γ `L ∆, then Γ,Γ′ `L ∆,∆′;

(T) if Γ, ϕ `L ∆ and Γ `L ϕ,∆, then Γ `L ∆.156

A valuation v : SentL 7→ {0, 1} is consistent with an mcr `L iff

whenever Γ `L ∆, if v(ϕ) = 1 for all ϕ ∈ Γ, then v(ψ) = 1 for some ψ ∈ ∆.

Completely analogous to the account given above we define |=V , for a set of valuations V , by

Γ |=V ∆ iff for all v ∈ V , whenever v(γ) = 1 for all γ ∈ Γ then v(δ) = 1 for some δ ∈ ∆. For a

given mcr `L, V(`L) = {v|v is consistent with `L}.

We can now restate the classicality conditions for our connectives in the new framework

as follows:157 an mcr ` is

(∧mc ) ∧-classical iff for all Γ ∪∆ ∪ {ϕ,ψ} ⊆ SentL: Γ, ϕ ∧ ψ ` ∆ iff Γ, ϕ, ψ ` ∆;

(∨mc ) ∨-classical iff for all Γ ∪∆ ∪ {ϕ,ψ} ⊆ SentL: Γ ` ϕ ∨ ψ,∆ iff Γ `L, ϕ, ψ,∆;

(¬mc ) ¬-classical iff for all Γ ∪∆ ∪ {ϕ,¬ϕ} ⊆ SentL: Γ, ϕ,¬ϕ ` ∅ and ∅ ` ϕ,¬ϕ,∆.

As before, booleaness respects the inferential roles of the connectives as specified by their classicality

conditions [(i) and (ii)], and it is possible to obtain an ‘immediate’ soundness and completeness

result [(iii)]:

154The focus on multiple conclusion consequence relations allows us, as before, to focus on consequence rather than
the different ways a given mcr might be presented and the format of the rules constituting that presentation.

155See (Humberstone 2011, 73) for this account.
156This is a simplified version of the full transitivity condition, introducing a finitude requirement. This is not

necessary, but greatly simplifies the treatment of transitivity and all that is needed for the points we intend to make
below. For a statement of the more general condition and the circumstances in which it reduces to the simplified one
used here, see (Humberstone 2011, 73).

157The new format allows us to be more compact in our statement of the classicality conditions. Cf. (Humberstone
2011, 76/77) for these conditions. See (Humberstone 2011, Lemma 1.16.5) for some of their consequences.
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Fact:

(i) |=Vc is c-classical (Humberstone 2011, Exercise 1.16.7).

(ii) |=VC ⊆ `C (Humberstone 2011, Observation 1.16.8).

(iii) |=V(`C)= `C (Humberstone 2011, Theorem 1.16.3).

The additional expressive resources afforded by mcrs when compared to simple consequence rela-

tions (and as reflected in the reformulated classicality-conditions) suffice to force consistent valua-

tions to be boolean:158

Theorem (Humberstone 2011, Theorem 1.16.6): Let c ∈ {∧,∨,¬}, C ⊆ {∧,∨,¬}, `c be a c-

classical mcr, and `C be a c-classical mcr for all c ∈ C. If a valuation v is consistent with `c then

v is c-boolean. If it is consistent with `C then it is c-boolean for all c ∈ C.

Proof : We will demonstrate the case of c = ∨, the other cases follow similarly. Suppose then that v

is consistent with `∨, but not ∨-boolean. That means there exist ϕ,ψ ∈ SentL, s.t. (a) v(ϕ∨ψ) = 1

and v(ϕ) = v(ψ) = 0, or (b) v(ϕ ∨ ψ) = 0, and v(ϕ) = 1 or v(ψ) = 1.

By the reflexivity of `∨ it follows that ϕ∨ψ `∨ ϕ∨ψ, and by ∨-classicality of `∨ we have

that ϕ ∨ ψ `∨ ϕ,ψ. Since v consistent with `∨ (a) is impossible. Furthermore, by reflexivity and

weakening we have that ϕ `∨ ϕ,ψ and ψ `∨ ϕ,ψ and thus, by the ∨-classicality of `∨, ϕ `∨ ϕ ∨ ψ

and ψ `∨ ϕ ∨ ψ. Since v consistent with `v (b) is impossible. Hence, v must be ∨-boolean.

�

Hence, in the context of mcrs, classicality conditions are sufficient to pin down the standard boolean

meanings of the connectives. It thus follows that159

Corollary: Let C ⊆ {∧,∨,¬}. Then V(|=VC ) = VC .

Proof-sketch: The “⊇”-direction is clear. By the Fact above |=VC is C-classical and thus, by the

158See (Shoesmith and Smiley 1978, Chapter 17) for categoricity proofs by means of logical matrices.
159See (Hjortland 2014a, Theorem 4.6) for a more general version of the following theorem.
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previous theorem, we have that whenever v ∈ V(|=VC ) then v is C-boolean. Hence, v ∈ VC .

�

In fact, we have the stronger result that160

Theorem: For any class of valuations V and mcr |=V : V = V(|=V ).

Hence, the expressive resources of the mcr-framework are sufficiently strong to ensure that the

standard meanings of the logical constants possess inferential roles that determine them. The more

general result, in addition, demonstrates that no proper subset of the boolean valuations would do,

that, in other words, the inferential roles of the logical constants uniquely determine their standard

meanings.

Whence the additional expressive power? What is the mechanism that allows mcrs to pin

down meanings so precisely? By way of example, consider again the troubling valuations v> and

v∗ from before. What makes v>, consistent with every (single-conclusion) consequence relation,

inconsistent with mcrs obeying classicality conditions for ¬? What makes v∗ inconsistent with

mcrs satisfying classicality conditions for ¬? v> is rendered inconsistent almost by fiat, for the

¬-classicality of an mcr guarantees that ϕ,¬ϕ ` ∅. According to v>, v>(ϕ) = v>(¬ϕ) = 1. If v>

was consistent with ` it would have to be the case that v>(ψ) = 1 for some ψ ∈ ∅. Since this

is impossible, it follows that v> is inconsistent with ¬-classical `.161 Similarly for v∗: due to the

¬-classicality of an mcr ` we are guaranteed that ` p,¬p for all p, yet v∗(p) = v∗(¬p) = 0, which

is inconsistent with `.

In fact, whereas we had difficulties expressing certain truth-table conditions in terms of

consequence relations above, the opposite is true here: every truth-table distribution is perfectly

expressible in terms of mcrs.162 Hence, every truth-function can be ‘pinned down’, so to speak,

by an mcr – the truth-functionality of a connective can be guaranteed by constraints that can be

160See, e.g., (Humberstone 2011, Theorem 1.17.3) or (Hjortland 2014a, Theorem 4.6).
161See, for example, (Humberstone 2011, 78)
162We will not reproduce the formal ‘recipe’ for doing this here, but refer the reader to (Humberstone 2011, Section

3.11 - 3.13). Every truth-table matrix can be captured perfectly well by a set of conditions on an mcr. In fact, mcrs can
be regarded as more expressive than needed for a truth-functional semantics, for we are able to formulate conditions on
mcrs that overdetermine the respective connective they characterise, trivialising the underlying consequence relation;
see (Humberstone 2011, Theorem 3.12.1).
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formulated in terms of an mcr which, in turn, secures the booleaness of the respective connective.163

The “valuational semantics implicit in [a] consequence relation” (Humberstone 2011, 389) is there-

fore much more constrained and regulated in the setting of mcrs as against ‘simple’ consequence

relations. The additional means of expression made available by moving to a multi-conclusion

framework rendered constraints on consistent valuations enforceable that were sufficient to rule

out Carnap’s non-normal valuations. In particular, conditions that required empty succedents,

or succedents containing multiple sentences, amounted to conditions not directly expressible in

terms of single-conclusion consequence relations, and thus unenforceable constraints in this simpler

setting.164

For the propositional case, mcrs thus successfully secure categorical axiomatisations.165

How do such systems fare in the quantificational case? As convincing as they might be in the

propositional setting, as disappointing they are in the case of quantifiers. For the multi-conclusion

strategy for ruling out non-normal interpretations succeeds in eliminating non-normal ‘valuations’

for the quantifiers only by reducing them to infinitary connectives. Carnap (Carnap 1943), for

example, assumes a fixed, countable domain of individuals, each of which has a name, and introduces

ω-rules for the quantifiers

Pc1, P c2, . . . ∀I∀xPx
∃xPx ∃E

Pc1, P c2, . . .

which yield a non-orthodox calculus for classical predicate logic which is neither compact, nor

does its single-conclusion fragment reduce to the traditional single-conclusion calculus.166 Kneale

(Kneale and Kneale 1962) and Hacking (Hacking 1979) pursue similar strategies, albeit for different

reasons.167 However, “[t]his procrustean strategy shows at best that if quantifiers are reduced to

connectives, what works for connectives works for quantifiers as well” (Bonnay and Westerst̊ahl

2016, 723), and it is difficult to see how such a strategy generalises to other quantifiers of interest.

163Cf. (Humberstone 2011, Observation 3.11.4 & Corollary 3.11.5; Theorem 3.13.9(i)).
164Cf. (Humberstone 2011, 3.13). See in this context also the distinction between weakly classical and strongly

classical connectives in (Gabbay 1978).
165See (Hjortland 2014a, Section 5) for a way to extend such an approach to n-sided sequents to obtain categoricity

results for any (finite) many-valued-logic. In this context see also (Rumfitt 1997).
166See (Shoesmith and Smiley 1978, 95) for the investigation of multi-conclusion calculi obtained from the addition

of these rules.
167Hacking, for example, uses an ω-rule for the quantifiers as their standard rules are non-local, an important

component of his logicality criterion. Of course, with this switch he obtains categoricity results for the quantifiers
‘for free’. See also (Shoesmith and Smiley 1978, 373).
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Furthermore, it is not even fully clear whether mcrs constitute inferentially acceptable means of

removing the underdetermination at the propositional level, as we will now investigate.

Criticism The multi-conclusion strategy to rule out non-normal valuations was in effect already

adopted by Carnap in (Carnap 1943), and immediately criticised by Church in (Church 1944). Even

independently of the issues pertaining to the treatment of quantifiers and despite their technical

usefulness, particularly so for the classical logician, mcrs have been regarded as sufficiently unnat-

ural to lack philosophical motivation, especially in the confines of the inferentialist program.168

Thus, despite the elegant and natural way in which multi-conclusion sequent systems permit a

treatment of classical logic, suggesting that “classical logicians, like so many Monsieur Jourdains,

have been speaking multiple conclusions all their lives without knowing it” (Shoesmith and Smiley

1978, 4), “it can hardly be said that multiple-conclusion proofs form part of the everyday repertoire

of mathematics” (Shoesmith and Smiley 1978, 4).169 The complaint is that “multiple-conclusion

systems represent so marked a departure from our actual practice that they can hardly be said to

track that practice even in an idealised sense” (Steinberger 2011b, 335), thereby calling into doubt

whether “the marriage of inferentialism with multiple conclusions makes for a coherent position”

(Steinberger 2011b, 338), and ultimately leading to the assessment that “multiple-conclusion sys-

tems already fail at a fundamental level; they are incompatible with the very idea of inferentialism”

(Steinberger 2011b, 347). This is the case because inferentialism is, by its very nature, not suited

to adopt a ‘Carnapian amoralism’ (Steinberger 2011b) about logic, given that its motivation and

justification relies on the fact that it adequately represent meaning-constitutive features of actual

inferential practice.170 Thus, Rumfitt says that

But not only is it doubtful whether people actually give such [multiple-conclusion]
arguments, it is also doubtful whether we can attain any intelligible conception of them.
(Rumfitt 2000, 795)

The rarity, to the point of extinction, of naturally occurring multiple-conclusion argu-
ments has always been the reason why mainstream logicians have dismissed multiple-
conclusion logic as little more than a curiosity. (Rumfitt 2008a, 79)

168For a sustained criticism of mcrs in the context of the inferentialist program, see (Steinberger 2011b). The present
section is much indebted to his discussion of the issue.

169Though see (Restall 2005, 11ff.) for an purported example of multi-conclusion reasoning in mathematics. See
(Steinberger 2011b, Section 5) for an analysis and response.

170See (Steinberger 2011b, 334ff.). Steinberger calls this adequacy constraint the principle of answerability. See also
(Hjortland 2014a, 455ff.).
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Tennant concurs, saying that

It behoves us, then, to stay with a natural deduction system, and to present it in
sequent form only if we observe the requirement that sequents should not have multiple
conclusions. (Tennant 1997, 320)

One of the issues these authors have with multiple-conclusion systems as a device for codifying

inferentialism is that they appear to violate its use-theoretic spirit. For rather than representing

actual argumentative practice, properly capturing the use that is made of premisses and conclusions

in such practice, multiple-conclusion sequents are more akin to meta-logical remarks in that they

set down that if certain things hold, some other things cannot all fail to hold – rather than using

a conclusion, they merely mention it.171 This is closely connected to an observation of Evan’s, as

reported in (Shoesmith and Smiley 1978):

We can assert a number of premises as a series ‘A1, A2, . . . , Am.’ Each stage ‘A1, . . . , Ai.’
of this is complete in itself and independent of what may follow: the subsequent asser-
tions merely add to the commitment represented by the previous ones. But if we tried
to make a serial utterance ‘B1, B2, . . . , Bn.’ in the way required for asserting multiple
conclusions, as committing us to the truth of B1 or of B2 . . . or of Bn, we should be
withdrawing by the utterance of B2 the unqualified commitment to B1 into which we
had apparently entered at the first stage, and so on. The utterance will therefore have
to be accompanied by a warning (e.g. a prefatory ‘Either’) to suspend judgement until
the whole series is finished, and we do not achieve a complete speech act until the ut-
terance of the last Bj , duly marked as such. But this is as much as to admit that the
various Bj are functioning not as separate units of discourse but as components of a
single disjunctive one. (Shoesmith and Smiley 1978, 5)

In the context of the present thesis we may be less worried about the ‘naturalness’ of mcrs in

capturing inferential practice. What is of concern to us, however, are the facts mentioned in the

latter part of the above quote, i.e., what is often called the disjunctive interpretation of multi-

conclusion sequents. According to this reading, a sequent of the form Γ ` ∆ is equivalent in

meaning to

∧
γ∈Γ

γ `
∨
δ∈∆

δ

(involving potentially infinite disjunctions and conjunctions).172 Such a reading reduces multi-

conclusion sequents to single-conclusion sequents with conjunctive antecedents and disjunctive

171See (Rumfitt 2000, 796) and (Hjortland 2014a, 455/456).
172E.g. (Buss 1998, 10), though he remains in a finitary setting there. This point is sometimes put by saying that

commas on the left are conjunctive, whereas commas on the right are disjunctive.
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succedents. It also precisely mirrors the semantic definition of validity we provided for mcrs above.

Such a semantical interpretation of the syntax leads Church to worry that “Carnap’s use of them

[mcrs] is a concealed use of semantics” (Church 1944, 496). This is worrisome in at least two ways:

on the one hand, it appears to violate the fundamental inferentialist idea that the meaning of all

logical constants is to be given by their respective rules of inference, in that the interpretation of

multi-conclusion sequents presupposes the meaning of some of them. The “very format of the proof

system requires us to have a prior grasp of the meanings of some logical constants” (Steinberger

2011b, 346), thereby undermining the basic inferentialist idea that the meaning of a constant is

fully and solely given by its introduction- (and elimination-) rules and by those rules alone. For

“[s]equents with two or more sentences in the succedent [...] have no straightforwardly intelligi-

ble meaning, explicable without recourse to any logical constant” (Dummett 1991, 187) and we

thus already need to understand disjunction before being able to understand any other constant

as characterised in a multi-conclusion framework. This of course constitutes a massive violation of

separability, the principle that the meaning of a logical constant is to be given by its rules and its

rules alone, not needing or presupposing any other non-schematic notions or their meaning173.174

Note that the situation here is disanalogous to that of conjunction, whose meaning we also might

be said to presuppose even in a single-conclusion framework when talking about derivability from a

set of premises. This is so since the conjunction of a set of sentences is equivalent to their sequential

assertion, bringing us back to Evan’s comment above – the assertion of a conjunction just is the

joint assertion of all the conjuncts. Not so for disjunction.

There moreover does not appear to be a way around assuming the full ‘semantic’ un-

derstanding of the disjunctive interpretation of multi-conclusion sequents. It was already pointed

out by Church that by dropping the requirement that multi-conclusion succedents be interpreted

disjunctively, “non-normal interpretations of this ‘full formalization’ become possible” (Church

173See (Steinberger 2011b, 345): “it follows that multiple-conclusion systems make it impossible in general to
characterise the meaning of any one logical constant in isolation. Someone unacquainted with the meanings of the
logical constants would not be able to fully comprehend the (logically relevant) meaning of, say, ‘and’ without already
having mastered the meaning of ‘or’. The notion that it should be possible to acquire knowledge of the meaning
of any one logical expression without prior knowledge of the meanings of other logical expressions is known as the
requirement of separability.”

174In fact, the situation is even worse than that, for not only is it the case that the meaning of disjunction is
presupposed, it is the meaning of classical disjunction: we know that some disjunct must be true, but have no means
of determining which one it is. Hence, it seems as if multi-conclusion frameworks, at least under the disjunctive
interpretation, have an inbuilt bias for classical logic; cf. (Steinberger 2011b, 345/349). See also (Tennant 1997, 320):
“this smuggles in non-constructivity through the back door.”
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1944, 496). In other words, without insisting on the disjunctive reading of multi-conclusion se-

quents, thereby presupposing the meaning of disjunction, a revenge Carnap’s problem looms by

permitting deviant interpretations of
∨

. For the inferential behaviour of the meta-language
∨

will

underdetermine its semantic value just as much as the inferential behaviour of the object-level ∨

underdetermines its semantic value. It will thus not be possible to pin down their standard in-

terpretations without making further assumptions. Therefore, one horn of the dilemma consists

in engendering an infinite regress, with the other amounting to simply bite the bullet and permit

non-standard, non-boolean interpretations of the disjunctive readings of succedents.175

The problem, then, appears to consist of the disjunctive interpretation of multi-conclusion

sequents. However, such an interpretation is far from inevitable. (Restall 2005) advocates a bi-

lateral reading of sequents according to which a sequent of the form Γ ` ∆ is best understood as

saying that it is not possible to assert all γ ∈ Γ and deny all δ ∈ ∆ (at the same time/in the same

conversational context, etc.).176 As already mentioned above, on this account the multi-conclusion

calculus is understood as an explication of normative constraints governing the interaction between

the two distinct and irreducible speech acts of assertion and denial. The operational rules deter-

mine how compounds formed by means of a connective interact with the denials and assertions

of their components. While circumventing many of the issues outlined above in an elegant way,

Steinberger remains dissatisfied with the bilateral interpretation of mcrs. According to him, such

a conception remains incomplete (thereby violating a core tenet of the inferentialist program177):

“Restall’s characterisation of a connective’s meaning in terms of how it constrains our assertions

and denials does not succeed in fully characterising the meaning of the logical constant” (Stein-

berger 2011b, 352). For while the multi-conclusion rules for the connectives thus understood might

regulate the interaction of assertions and denials, they do not suffice to fully and comprehensively

specify the conditions under which it is permissible to assert or deny a statement containing a

particular connective c. Furthermore, given the comprehensive nature of Restall’s overall program

and approach, we already remarked above that this kind of model, as elegant and promising as it

might be for the propositional case, might have difficulties to achieve the ‘quantificational jump’

175Cf. (Murzi 2010, 242): “If commas cease to mean what [...] Carnap takes them to mean, Carnap’s non-normal
interpretations are not ruled out.”

176See (Hjortland 2014a, 456ff.) for the way in which this interpretation avoids the criticisms outlined above.
177What Steinberger terms the two-aspect model of meaning, derived from Dummett’s anti-realist program.
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satisfactorily.178

7.4.1.2 Bilateralism

The fundamental assumption of bilateralism is that assertion and rejection179 are “distinct

activities on all fours with one another” (Smiley 1996, 1), that logical theory will have to deal in

two kinds of primitives, and that, consequently, the meaning of the logical constants will have

to be determined by means of two kinds of rules: those governing the interaction of a constant

with the speech-act of assertion, and those governing the interaction of a constant with the speech

act of denial or rejection. The move from unilateralism, the view that the meaning or sense of

a logical constant can be fully specified in terms of assertability conditions alone, to bilateralism,

demanding in addition an account of the conditions under which a statement containing a logical

constant can be denied or rejected,180 “is bedevilled by the equivalence between rejecting P and

asserting not P” (Smiley 1996, 4). Nonetheless, this equivalence does not render the presence of

the speech-act of denial in logical theory superfluous, – contra Frege and Dummett, – for bilateral

rules enable a harmonic formalisation of classical logic.181 Furthermore, – and more significant

for the present purposes, – they enable a proof-theoretically motivated way of resolving Carnapian

underdetermination in a single-conclusion setting.182

To accommodate the equal standing of assertion and rejection bilateralists introduce force-

markers + and −, indicating assertion and rejection, respectively. Speech-acts apply to contents,

and force-markers attach to formulas ϕ of an object-language L, yielding signed formulas of the

form +ϕ and −ϕ. Importantly, force-markers are non-embeddable and cannot be iterated. They

do not “contribute to propositional content, but indicate[...] the force with which that content is

178For further criticism of the bilateral interpretation of mcrs see (Murzi 2010, 228ff.) and (Rumfitt 2008a).
179Here and it what follows we take assertion and rejection to refer to the speech-acts that are correlated with

the attitudes of acceptance and denial. Nothing much of what will be said depends on this, and we will ignore the
subtleties pertaining to the distinction between speech-acts and attitudes.

180See (Rumfitt 2000) for this terminology.
181See (Rumfitt 2000). For a discussion of the bilateralist’s contribution to the logicality debate, see (Murzi 2010).
182With roots in (Bendall 1978; Bendall 1979) and (Price 1983; Price 1988; Price 1990) (as quoted in (Humberstone

2000) and (Smiley 1996), respectively), and in sharp disagreement with Frege’s reduction of the rejection of a statement
to the assertion of its negation in (Frege 2003), bilateralism gained renewed interest after the papers of Smiley (Smiley
1996) and Rumfitt (Rumfitt 2000). Especially the latter paper has generated a lively debate, see (Dummett 2002),
(Gibbard 2002), (Rumfitt 2002), (Ferreira 2008), (Rumfitt 2008a), (Rumfitt 2008b), (Kürbis 2016). See also (Rumfitt
1997) for an extension of (Smiley 1996), and (Humberstone 2000), as well as (Ripley 2011), for commentary and
overview. For work specifically concerned with bilateralism’s relation to Carnap’s problem, see (Murzi and Hjortland
2009), (Murzi 2010). See (Incurvati and Smith 2010) for response. Recently, the bilateralist project has received
renewed and substantial attention, see (Incurvati and Schlöder 2017; Incurvati and Schlöder 2019).
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promulgated” (Rumfitt 2000, 803). The presence of distinct force-markers necessitates the adoption

of rules describing or governing the way the acts of assertion and denial interact. Such coordination-

principles constitute structural rules of a logical system, making no mention of any logical operator

and instead imposing constraints on the consequence relation in general, independently of any

particular constant.183 Smiley, for example, adopts the rule of Smilean Reductio184 (Smiley 1996,

5):

Γ

[α]u

...
β

[α]u

...
β∗

u
α∗

where α, β range over signed formulas and (+ϕ)∗ = −ϕ and (−ϕ)∗ = +ϕ. Rumfitt (Rumfitt 2000,

804) opts for the following two rules, which (together with the cut-rule) imply Smilean Reductio.

Γ

[α]v

...
⊥ Redc, v

α∗

α α∗ LNCc⊥

To emphasise: these rules do not govern the behaviour of any particular logical constant. Rather,

they regulate the interplay of the force-signs “+” and “−”: “These rules are assumed to characterise

basic properties of the relation of logical consequence: in the logician’s jargon, they are structural

rules” (Murzi 2010, 233).

What is assessed for truth and and falsity are of course contents and not speech-acts. Thus,

just as before, valuations assign truth-values to (un-signed) formulas, they range over contents.

However, each valuation v induces a correctness-valuation vc for signed formulas as follows (each

valuation corresponds to exactly one correctness-valuation and vice versa):185

(i) vc(+ϕ) = c iff v(ϕ) = 1;

(ii) vc(−ϕ) = c iff v(ϕ) = 0;

183See (Humberstone 2000, 346) for an extended analysis of why coordination principles should be regarded as
structural, rather than operational rules.

184See (Rumfitt 2000, 804) for this nomenclature, and (Incurvati and Smith 2010, 4) for the statement of the rule.
185See (Murzi and Hjortland 2009, 485), (Hjortland 2014a, 453), (Humberstone 2000, 800), (Murzi 2010, 235),

and (Humberstone 2000, 345). See especially the latter for the correspondence between valuations and correctness
valuations.
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where c(orrect) and i(ncorrect) are the correctness-values.186 Thus, a speech-act of assertion is

correct iff the asserted content is true, incorrect otherwise. A speech-act of rejection is correct iff

the rejected content is false, incorrect otherwise. Nonetheless, it is important to emphasise that

valuations over contents are primary, and correctness valuations are derived from them.187

Bilateral operational rules govern the behaviour of the connectives vis-a-vis their interac-

tion with force-markers, they feature signed formulas. Bilateral consequence relates sets of signed

formulas and a single signed formula. Thus, bilateral rules and bilateral consequence are concerned

with preservation of correctness rather than with preservation of truth:188

Bilateral inference rules are not governing the sort of inferences that preserve truth
(or designated-value-in-a-valuation). The reason is simple: signed formulas do not
represent an expression of a proposition, they represent an expression of a judgment,
that is, speech acts (e.g., +) operating on a content (e.g., A). These speech acts are not
the sort of things that are true or false, and thus accordingly, what is preserved from
premises to conclusion in a bilateral inference is not truth but correctness. (Hjortland
2014a, 453)

Due to this changed concern the notions of consistency with bilateral consequence and validity

according to bilateral consequence require re-definition. Thus, for a consequence relation ` relating

signed formulas we now say that a correctness valuation vc is consistent with ` if, whenever Γ ` ϕ,

if vc(γ) = c for all γ ∈ Γ (note that this means, for the underlying v inducing vc, v(ψ) = 1 for all +-

signed formulas ψ and v(ψ) = 0 for all −-signed formulas ψ) then vc(ϕ) = c as well (i.e., v(ψ) = 1 if

ϕ := +ψ and v(ψ) = 0 if ϕ := −ψ). For a set of signed formulas Γ∪{ϕ} and a class C of correctness

valuations we say that Γ |=C ϕ iff for every vc ∈ C s.t. vc(γ) = c for all γ ∈ Γ we have that vc(ϕ) = c

as well. Due to the correspondence between valuations and correctness valuations we can continue

speaking of a valuation v as being consistent with a bilateral consequence relation `: v is consistent

with ` iff the correctness valuation vc induced by v is consistent with `. Relatedly, in the context

of the present section, for a set of valuations V we denote by |=V the bilateral consequence relation

|=CV where CV is the class of correctness valuations induced by valuations in V . This treatment

allows us to continue seeing V(·) as extracting valuations from a bilateral consequence relation.189

Smiley (Smiley 1996) and Rumfitt (Rumfitt 2000) provide sound and complete axiomati-

sations of the classical propositional calculus in the bilateral format. The bilateral rules for negation

186See (Button and Walsh 2018, 309) for a more general algebraic formulation.
187See esp. (Incurvati and Smith 2010, 6) for this point.
188See also (Button and Walsh 2018, 309).
189See (Hjortland 2014a, 453/454) for a cleaner treatment.
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and disjunction, for example, are as follows:190

+ϕi ∨I+, i ∈ {1, 2}
+(ϕ1 ∨ ϕ2) +(ϕ ∨ ψ)

+ϕ

...
α

+ψ

...
α ∨E+α

−ϕ −ψ ∨I−−(ϕ ∨ ψ)
−(ϕ1 ∨ ϕ2)

∨E−, i ∈ {1, 2}−ϕi

−ϕ ¬I++¬ϕ
+¬ϕ ¬E+−ϕ

+ϕ ¬I−−¬ϕ
−¬ϕ ¬E−+ϕ

Despite the apparent equivalence between the connective of negation and the force-marker of re-

jection, with the rules enabling an immediate transition between the assertion of a negation and

a rejection, thereby seemingly rendering the addition of this speech-act superfluous, the addition

of the speech-act of rejection is arguably not conceptually inert. Rumfitt shows, for example, that

bilateral rules enable a harmonic formalisation of classical propositional logic. Given that, on the

inferentialist picture, harmonic rules amount to a full and adequate specification of a connective’s

sense and “[w]e should expect [...] to be able to recover a connective’s truth table from an ade-

quate specification of its sense” (Rumfitt 2000, 806), a solution to Carnapian underdetermination

by means of bilateral rules is paramount to vindicating this project.

And, in fact, a solution to Carnap’s problem is forthcoming in the bilateral system: Smiley

observes that every semantics determines the sentential output of a logical system, a classification of

the assignments of truth-values over all sentences of the language into admissible and in-admissible.

Bilateral consequence is capable of perfectly ‘pinning down’ any potential sentential output, and

thus the semantics that gave rise to it. A sound and complete axiomatisation of bilateral con-

sequence then suffices to fully determine the sentential output of a semantics – every element of

this output will be equivalent to a statement of deducibility/non-deducibility. On the basis of the

soundness and completeness of the calculus presented by the bilateral rules for classical proposi-

tional logic with respect to its standard semantics, non-normal valuations in the sense of Carnap

190See (Rumfitt 2000, 801/802). See (Smiley 1996, 5) and (Rumfitt 2000, 804) for a more compact presentation of
classical propositional bilateral consequence.
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can thus be excluded by means of proof-theoretic constraints.191 The rules of the bilateral calculus

are “categorical in the sense of determining the connectives’ classically intended semantic values”,

and therefore, “in determining its classically intended sentential output – determine senses for the

classical connectives as specifically as a semantically minded logician could wish” (Rumfitt 2000,

808).192

Consider once more the non-normal valuation v>.193 By ¬I− we have that +ϕ ` −¬ϕ.

But now note that v> fails to induce a correctness preserving correctness-valuation: the correctness

valuation vc> induced by v> will be such that vc>(+ϕ) = c and vc>(−¬ϕ) = i.194 Hence, v> is

inconsistent with classical bilateral consequence and thus ruled inadmissible. Similarly, by ∨I− we

have that −p,−¬p ` −(p ∨ ¬p) and thus that v∗ takes us from correct to incorrect, rendering it

inconsistent with bilateral consequence.195 More generally:196

Theorem (Smiley 1996): For any set of valuations V and bilateral consequence relation |=V induced

by V , V = V(|=V ).

The situation is analogous to the case of mcrs which also provided the expressive means of char-

acterising every truth-value assignment by means of a statement of deducibility. In fact, mcrs

and bilateral consequence relations are intertranslatable: to every multi-conclusion sequent there

corresponds a bilateral sequent consistent with the same class of valuations and vice versa.197 For

example, the mcr condition ruling out v∗, ϕ∨ψ ` ϕ,ψ, translates to either of +(ϕ∨ψ),−ϕ ` +ψ or

+(ϕ∨ψ),−ψ ` +ϕ (Humberstone 2000, 353).198 Given this correspondence and the fact that mcrs

191See (Smiley 1996, 8). Smiley takes the categorical axiomatisation of a calculus to constitute a necessary condition
for identifying a calculus with its consequence relation: “If I am right, the practice of identifying a calculus with
its consequence relation is only justified if specifying the consequence relation is sufficient to determine the entire
sentential output of the semantics” (Smiley 1996, 7).

192See (Rumfitt 1997, 225) for how to extend this approach to providing categorical axiomatisations for calculi
admitting truth-value gaps.

193Booleaness conditions for correctness-valuations can be stated analogously to booleaness conditions for standard
valuations: call a correctness valuation c-boolean for a connective c if it is induced by a c-boolean valuation; see
(Humberstone 2000, 352).

194See, for example, (Hjortland 2014a, 454).
195Cf., e.g., (Murzi and Hjortland 2009, 485), (Rumfitt 2000, 807).
196See (Hjortland 2014a, Theorem 3.5).
197See (Hjortland 2014a, 455), (Rumfitt 2000, 810), and especially (Humberstone 2000, 353ff.) for details of the

translation.
198This method generalises: for any multi-conclusion statement Γ ` ∆, ϕ we can find a bilateral sequent Γ+,∆− ` +ϕ

(where Γ+ = {+γ|γ ∈ Γ} and ∆− = {−δ|δ ∈ ∆}) consistent with the same class of valuations. See (Humberstone
2000, 353) for details.
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yield categorical axiomatisations of the classical propositional calculus, it is no surprise that bilat-

eral systems rule out non-normal valuations as well. In fact, the latter might be considered a mere

notational variant of the former. To do so, however, would engender a confusion: “The close formal

relationship between bilateral calculi and their multiple-conclusion cousins [...] should not blind us

to what is, for present purposes, a crucial philosophical difference” (Rumfitt 2000, 810). In particu-

lar, bilateral systems permit the harmonic specification of the senses of the classical constants in a

single-conclusion setting, thereby circumventing the complaints against multi-conclusion systems of

constituting an unsuitable framework to properly capture the deductive use of these constants.199

Much, if not all, of the work of resolving Carnapian underdetermination in the bilateral

setting is achieved through the force-markers and their associated rules, so it is no surprise that the

status of these symbols and their meanings are an important point of contention. The force-marker

− of rejection is not only governed by rules that make it very much look like a kind of classical

negation, but additionally admits of a ‘flattening’ that shows that an asserted formula +ϕ can be

identified with ϕ and a rejected formula −ϕ with ¬ϕ without disturbing consequence.200 The fact

that force-markers are non-embeddable and non-iterable poses no obstacle to the identification of

rejection and negation, for this apparent limitation is ‘expressively irrelevant’: for every formula

containing an embedded negation operator we can find a unique logically equivalent formula that

is either negation-free or possesses at most a single outermost negation.201 This, however, might

raise suspicion and “suggest that ‘−’ just is a negation operator, and not a force sign,” thereby

providing “grounds for suspecting that the bilateralist is violating the rules of the game: if both ‘−’

and ‘[¬]’ are negations, it is hard to see why C2 [the semantic principle governing rejection] should

be acceptable, if NEG [the semantic principle governing negation] is not” (Murzi and Hjortland

2009, 486).202

In light of this apparent equivalence of bilateral and unilateral consequence given their

faithful intertranslatability, and the underdetermination of semantic values by the latter, (Button

and Walsh 2018, 308) ask how “bilateralism could possibly hope to offer any resistance against the

199See (Rumfitt 2000, 811).
200See (Button and Walsh 2018, Theorem 13.11).
201See (Murzi and Hjortland 2009, 486) and (Bendall 1979). Note that this assumes all classical connectives as

primitive.
202These sort of considerations, that the meaning of the connectives is secured by presupposing them at the higher-

level of force markers, is supported by a potential generalisation of the present approach, see (Humberstone 2000,
369ff.).
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semantic underdetermination argument”.203 The worry is that even if a straightforward reduction

of bilateral to unilateral consequence is rejected, a revenge Carnap problem might arise at the level

of correctness valuations, for what rules the correctness-valuation v>c (α) = c for all signed formulas

α inadmissible (Murzi and Hjortland 2009, 486)? Bilateral consequence will be consistent with v>c

as it clearly preserves correctness, yet “if it is correct to assert both A and ¬A, ‘¬’ can hardly be

seen as a negation sign. Carnap’s problem, it would seem, has now been shifted to the next level”

(Murzi and Hjortland 2009, 486). Given the structural similarity of negation and rejection the

non-normal valuations that threatened the meaning of negation can simply be reproduced at the

level of correctness to give rise to identical problems – Carnap’s problem has been shifted upwards,

but by no means resolved.

Rumfitt diagnoses a profound confusion in construing “the sign of rejection “−” as a

notational variant for the negation operator “¬” ” (Rumfitt 2000, 802) on the basis of their formal

similarity, for their status and function are very different. Button & Walsh concur, saying that

the best response on behalf of the bilateralist would be to insist that the identification of “¬” and

“−” “steamrollers over the distinction between rejecting a sentence and asserting its negation”

(Button and Walsh 2018, 309) and that there is an important difference between the two that

is to be acknowledged. The special relationship and difference between negation and rejection is

captured by the nature of their respective rules: whereas the rules for negation are operational

rules, governing the behaviour of a logical operator, the rules for rejection are structural rules,

articulating constraints on the relation of deducibility itself. The former concern an operation on

contents, the latter make precise the norms governing the speech-acts of assertion and rejection.

It would thus be a mistake to consider the semantic principles governing correctness norms

to have the same potential openness and underdetermination as the semantic principles capturing

the meaning of the connectives since it is “propositional contents that are the primary locus of

evaluation, and it is in terms of such an evaluation that validity is being basically defined” (Incurvati

and Smith 2010, 9). Correctness norms are not subject to potential re-interpretation, so Incurvati

& Smith, for “[t]he meaning of those markers is not up for revision, but it is part of the assumed

background” (Incurvati and Smith 2010, 10). What we are wondering is “whether the content of

the negation sign is fixed by the bilateral inferential practice when added to a given background of

203See (Button and Walsh 2018, Corollary 13.12).
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the use of force-markers to construct sentences whose default use is for assertion and rejection”

– “what distinguishes the two is not their expressive power but their role: the minus-sign is a

force-marker; the negation-sign is a content-modifier” (Incurvati and Smith 2010, 10). I.e., the

negation sign contributes to the content of the resulting proposition whereas the minus-sign, as a

force-marker, does not. Their formal similarity should not belie this crucial difference.

The question is whether this kind of distinction can be maintained given the formal set-up:

Incurvati & Smith say that valuations are still over contents, and the preservation of correctness is

derivative of the underlying assignment of truth-values to the contents related by the consequence

relation. Nonetheless, bilateral consequence is concerned with preservation of correctness and the

meaning of a sign in a calculus is given, at least on the present picture, in terms of the kinds

of valuations that are consistent with the relevant consequence relation. Not only is the relevant

space of meanings here the class of correctness valuations, but we might also ask for the meanings

of the object-level signs “+” and “−” which will have to be given in the same terms as other

object-level signs unless we assume that they are not inferentialistically given, thereby effectively

abandoning the inferentialist project at issue here.204 The insistence on the primacy of valuations

then, and on only considering correctness-valuations induced by underlying ‘content’-valuations,

amounts to little more than an unjustified semantic assumption. Even if we exempted the meaning

of force-markers from the account we provided for the logical constants in terms of consistent

valuations, there seems to be little reason to not consider all possible correctness-valuations when

determining the meaning of, say, negation, in the context of a consequence relation that spells

out its inferential behaviour in terms of correctness-preserving rules. Insisting on a restricted

space of correctness-valuations renders the appeal to bilateral consequence as a solution strategy

to Carnapian underdetermination non-inferentialist, as an adoption of this strategy goes beyond a

mere change of the underlying proof-theoretical framework, involving the imposition of additional

constraints on the semantic setting, and a strengthening of the coherence-relation from truth- to

correctness-preservation. The bilateral approach therefore constitutes a greater departure from the

inferentialist framework than was apparent at first.

Independently of considerations pertaining strictly to the inferentialist program, both

204I take it that a similar discomfort at considering force-markers and logical constants to constitute completely
different ‘logical beasts’ given their formal treatment in the context of bilateral consequence underlies (Murzi 2010)
response to the criticism of their proposal in (Incurvati and Smith 2010).
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(Humberstone 2000) and (Button and Walsh 2018) point out that the bilateralist will still have

some work to do in order to fully establish her position. (Humberstone 2000, 368), for example, calls

attention to the fact that, so far, the ‘conceptual priority of rejection over negation’ has merely

been assumed and requires further argument. The bilateralist gave an explanation of negation

in terms of the speech-act of rejection, yet the contention that negation arises as an object-level

correlate of the theoretically prior speech-act of rejection has, so far, merely stipulative character,

for nothing has been said as to why the speech-act or propositional attitude of rejection could

not have been the result of prior usage of the linguistic device of negation. Why, in other words,

negation is a ‘linguistic embodiment’ of a propositional attitude rather than the attitude being a

reaction to the possibility of a useful linguistic device (Humberstone 2000, 366ff.). Along the same

lines, (Button and Walsh 2018, 310) wonder what precisely justifies the bilateralist’s choice of a

particular correctness-principle, given the availability of alternatives: “Bilateralists need, then, to

explain why we should favour their original rejection-correctness principle over [an] alternative. To

achieve this, it is not enough for bilateralists to show that there is some natural-language difference

between rejecting a sentence and asserting its negation. They must also show that this natural-

language difference should have very specific consequences for our formal semantics. And showing

that is a much taller order” (Button and Walsh 2018, 310).205

Lastly, there remains the question concerning the quantifiers, and in how far bilateralism

offers a way of removing underdetermination at the level of quantification. The main difficulty for

assessing bilateralism’s success with respect to this class of expressions lies in the current inexistence

of a good semantics for bilateral systems incorporating quantifiers.206 Nonetheless, we can catch

a glimpse of potential issues by switching to the algebraic setting of Button & Walsh. They

show that,207 when considering boolean-valued models, correctness preservation is not sufficient

to secure the standard meanings of the quantifiers. For while the bilateralist’s rules ensure that

only models respecting the designation principles of the propositional connectives are consistent

with bilateral consequence, thereby securing categoricity for the propositional connectives, they still

permit non-standard interpretations of the usual first-order quantifiers in cases where the designated

values of the Boolean model form a non-principal ultrafilter (Button and Walsh 2018, 310). This

205Though see (Incurvati and Schlöder 2017) for an argument of this kind.
206Though see (Incurvati, Schlöder, and Aloni 2019).
207See (Button and Walsh 2018, Corollary 13.13).
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underdetermination is much less severe than in the unilateral case, given the strong background

assumptions required for guaranteeing the existence of the free ultrafilters needed to establish the

possibility of non-standard values for the quantifiers, and the corresponding wide variety of ways

to remove this underdetermination successfully, but it nevertheless establishes already here that

something more, a further semantic principle, might be needed to do so.

7.4.1.3 Open-ended Inferentialism

Open-ended inferentialism has in common with moderate (logical) inferentialism the as-

sumption that the learning of at least the logical connectives and quantifiers proceeds via their

respective rules – the inference rules ultimately ‘get us to’ and determine the meanings of the

vocabulary whose inferential roles they characterise. In addition to the principles of the ‘stan-

dard’ moderate logical inferentialist account, however, open-ended inferentialists insist that these

inference rules must “hold always and without exception” (Button and Walsh 2018; Button 2016,

313/11). This open-endedness – the idea that “the rules of inference are truth preserving within

any mathematically possible extension of [a] language” (McGee 2000, 70), – can be grounded in

the language-transcendent nature of the inference rules for the logical connectives:

There is nothing objectionable about having rules that are specific to a particular lan-
guage. There is, however, an objection to regarding such language-specific rules as
logical principles. If logic is to fulfil its Aristotelean ambition of providing fully general,
universally applicable principles of correct reasoning, the methods it provides can’t be
dependent on the quirks of the language we happen to be speaking at the moment.
Logical principles need to be resilient enough that they will continue to serve us faith-
fully even as we advance beyond our current vocabulary. [...] For the rules to count
as genuinely logical principles they must have language-transcendent applicability. [...]
The meanings of the connectives are so robust that we’ll continue to know what the
connectives mean even as the other parts of the language change, and our commitment
to the rules is so resolute that it will be maintained throughout the changes. (McGee
2015, 169/170)

Not only does such an attitude towards the range of applicability of the rules of inference mirror the

general “open-endedness of our theoretical commitments” (McGee 2006, 188), it also contains the

resources to defuse (at least some aspects of) Carnapian underdetermination. For if it is required

of the standard rules of inference that they must continue to hold no matter how we enlarge the

language, we are neither permitted to add novel operators that would ‘interrupt’ these rules, nor
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admit meanings of the logical operators that render the rules unsound after an extension of the

language.

The Propositional Case Within the context of (semantic structures isomorphic to) a two-

valued boolean algebra the set of classical logical operators is truth-functionally complete, i.e., any

truth-function can be defined in terms of the standard operators, given their standard meanings.

This kind of completeness disappears when moving to many-valued (read: more than two truth-

values) frameworks. However, at the, what we termed, second level of underdetermination the

standard rules of inference for the logical connectives are insufficient to determine a precise semantic

structure, being consistent with any boolean algebra so long as the designated values form a filter

on that algebra (see Section 7.3.2 above). And over such many-valued boolean algebras it becomes

possible to introduce genuinely new and undefinable connectives.

(Button 2016) and (Button and Walsh 2018) provide intriguing examples of such a sit-

uation: consider a boolean algebra B whose designated values D form a (proper) filter, but not

an ultrafilter, on B.208 By the Theorem of Section 7.3.2 `FOL is consistent with this semantics

(more precisely, `FOL preserves designation). Consider a function † : B 7→ B, s.t. †(b) = id if

b ∈ D or ¬b ∈ D, and †(b) = ¬b otherwise. We extend the language with a symbol †, denoting †,

and expand B by †.209 However, † is problematic in that it violates several principles of classical

inference. We will demonstrate this failure for two of them here:210

(i) Deduction theorem: From Γ, ϕ ` ψ infer Γ ` ϕ→ ψ.

Note that whenever v(ϕ) = d for d ∈ D, then v(†ϕ) = †(v(ϕ)) = †(d) = d as well. Hence,

since designation is preserved, ϕ |= †ϕ. Moreover, v(ϕ → †ϕ) = → (v(ϕ), v(†ϕ)) = →

(v(ϕ), †(v(ϕ)). Let v(ϕ) = a, s.t. a,¬a /∈ D (since D is not an ultrafilter, such a must exist).

Then, → (v(ϕ), †(v(ϕ)) = → (a, †a) = → (a,¬a) = ∨(¬a,¬a) = ¬a which is undesignated.

Hence, 6|= ϕ→ †ϕ and the deduction theorem does therefore not hold unrestrictedly.

208See (Button and Walsh 2018) for this example
209For the precise details, see (Button and Walsh 2018, 311ff.). † is Button’s pathological connective knot, see

(Button 2016).
210But see (Button 2016, 9) and (Button and Walsh 2018, Proposition 13.15) for these and further cases. See

also (Button and Walsh 2018, Proposition 13.14) for a novel operator violating inferential principles pertaining to
universal quantification.
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(ii) Substitutivity of Equivalents: For all χ, from ϕ a` ψ infer χ a` [ϕ/ψ]χ.211

We already showed that ϕ |= †ϕ. Now assume that v(†ϕ) = †v(ϕ) = d for some d ∈ D.

Suppose †v(ϕ) 6= v(ϕ). That means v(ϕ),¬v(ϕ) /∈ D. Hence, †v(ϕ) = ¬v(ϕ) /∈ D –

contradiction. Hence v(†ϕ) = †v(ϕ) = v(ϕ) = d ∈ D and thus ϕ =||= †ϕ.

Now, v(ϕ → ϕ) = → (v(ϕ), v(ϕ)) = ∨(¬v(ϕ), v(ϕ)) = 1, and thus |= ϕ → ϕ. However, for

v(ϕ) = a, s.t. a,¬a /∈ D we have that v(ϕ → †ϕ) = → (v(ϕ), v(†ϕ)) = → (v(ϕ), †v(ϕ)) =

→ (a, †a) = → (a,¬a) = ∨(¬a,¬a) = ¬a /∈ D. Hence, 6|= ϕ→ †ϕ and the substitutivity of

equivalents does not hold unrestrictedly.

Insofar as these kinds of principles can be seen as essential to the inferential roles of the logical

operators – the deduction theorem, for example, corresponds to the →-I rule, – or as basic con-

straints on a relation of deducibility, – such as, for example, a structural rule corresponding to the

substitutivity of equivalents, – † violates these principles. Thus, when extending a classical lan-

guage with connectives like † and its corresponding operation certain rules become unsound, and

the original interpretations of the connectives by certain operators become inconsistent with the

consequence relation over the extended language. Contrariwise, insisting on the unconditional and

open-ended applicability of standard inference rules or, equivalently, maintaining certain constrains

on the consequence relation, allows the open-ended inferentialist to rule out a connective like † as

illegitimate.

To see why, note that if [†] were somehow added to our language, then it would have
to cause the loss of other inference rules. [...] However, the inferentialist has stipulated
that these inference rules are to hold always and without exception. The inferentialist
can therefore legitimately maintain that [†] simply cannot be added to our language,
given the (inferentially specified) meanings of the other connectives. (Button 2016, 11)

In fact, the open-ended inferentialist can do rather more: by insisting that the permissible semantic

structures be such that the operational rules for the classical connectives must remain sound under

any possible extension of the language, she is able to rule out structures that permit the introduction

of a connective like †, thereby ensuring that the designated values of the respective boolean algebra

form an ultrafilter/principal ultrafilter and securing the standard designation principles.212 If she

211Note that the substitution need not be uniform.
212See (Button 2016, 12ff.). Button shows that the designated values of a boolean algebra not forming a (principal)

ultrafilter constitutes a necessary and sufficient condition for ‘disrupting’ the classical rules of inference through
connectives like †. Ruling out the latter therefore narrows down the structure of the semantic space substantially.
See (Button 2016, Theorems 2, 3 & 4, Corollary 5).

465



additionally insists on the unrestricted and unconstrained soundness of structural rules (e.g. the

(non-uniform) substitutivity of equivalents) she is able to pin down the intended semantic structure

completely, forcing it to be a two-valued boolean algebra, thereby securing the standard truth-

table meanings of the connectives.213 She thus succeeds in completely removing the Carnapian

underdetermination pertaining to the choice of semantic framework.214

This is an impressive feat. However, it is achieved, at least partly, by making a strong

assumption, namely that the appropriate semantic structures be boolean algebras, an assumption

that imposes strong constraints on the kinds of objects that can serve as the semantic values for the

logical operators.215 It thus remains unclear just how much work the open-ended inference rules

do in resolving Carnapian underdetermination at what we termed the third level, or in how far

this kind of underdetermination is removed by brute stipulation from the outset. Hence, despite its

impressive achievement it remains unclear in how far open-ended inferentialism really constitutes

a solution to the kind of underdetermination that we are concerned with here.

V. McGee, in a series of papers,216 reaches similar conclusions, but maintains similarly

problematic assumptions in the propositional case. Unlike Button, however, he does not, from the

outset, stipulate what kind of object propositional connectives are to denote, assuming that while

the rules might be able to tell us that there might be at most one semantic value that can be

assumed by a logical constant, they tell us nothing about the nature of potential semantic values

(McGee 2006, 193). The kind of uniqueness McGee has in mind here is what we will call inferential

uniqueness in the sense of INT in Chapter 8 below, the basic idea of which is that a logical constant

is unique, or uniquely determined by its rules, if, in a system containing a new logical constant

governed by the same rules, sentences differing only with respect to which of the two notions

they contain are fully interderivable. When replacement theorems hold, this sort of requirement

reduces to the demand that sentences containing the relevant notions as principal operators are

fully interderivable. We will postpone a more extensive discussion of the notion of uniqueness at

issue here until Chapter 8. By way of example, consider a system containing two types of negation,

213See (Button 2016, Theorem 6). See also (Button and Walsh 2018, 313).
214She can further achieve similar results for the first-order universal and existential quantifiers as well, as there are

‘deviant’ operations on boolean algebras that interrupt the rules for the quantifiers if its designated values do not
form a (principal) ultrafilter, see (Button and Walsh 2018, 312ff.).

215This is of course noticed by Button & Walsh, see (Button 2016, 13) and (Button and Walsh 2018, n. 25).
216See (McGee 2000; McGee 2006; McGee 2015). We will only partially and selectively reproduce his views here.
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¬1 and ¬2, both governed by the following set of rules (i ∈ {1, 2}):

[ϕ]v

...
⊥ ¬iI, v¬iϕ

[¬iϕ]v

...
⊥ ¬iE, vϕ

together with

ϕ ¬iϕ ⊥⊥

Then, negation is uniquely determined by these rules in the sense that, for all ϕ, ¬iϕ a` ¬jϕ

(i, j ∈ {1, 2}):

¬iϕ [ϕ]v
⊥⊥ ¬jI, v¬jϕ

It can be shown that all the usual constants of FOL (and SOL) are unique in this sense.217 McGee

takes this uniqueness to show that “[i]f we introduce two connectives ‘[¬1]’ and ‘[¬2]’, that play

the inferential role the rules prescribe for ‘[¬]’, they can’t designate different candidates because

there’s only one candidate” (McGee 2015, 167). Assuming, additionally, a soundness condition

– that inference and derivability preserve truth and logical consequence, – he claims that “[o]nce

we have a logical consequence relation and, hence, a logical equivalence relation, satisfying the

soundness condition, the [uniqueness] theorem assures us that the rules succeed in pinning down

the roles of the logical operations to within logical equivalence” (McGee 2000, 64), “[t]hey create

a uniquely defined semantic role for each of the connectives and quantifiers“(McGee 2000, 68).

This they achieve, ultimately, through their open-endedness: “What we require is that the rules

governing the connectives of L1 be open-ended, meaning that the rules are valid [...] not only

within the language L1”, but that they “will remain valid however the language may be enriched

by new sentences” (McGee 2000, 66). I.e., the (alleged) uniqueness of the (semantic values of

the) propositional operators is ensured by the fact that the open-endedness of the rules demands

that these rules remain sound with respect to an extended system containing a twin-operator,

forcing the twin-operator to take on the same semantic value as the original (see Chapter 8 below

for an account of the relation between uniqueness and the properties of such a ‘mixed’ system).

217See, e.g., (Harris 1982).
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The open-endedness of the rules permits the uniqueness proof which, via soundness, forces the

‘uniqueness’ of semantic value. As was the case with Button & Walsh’s proposal, the possibility

of introducing additional operators ‘disrupting’ the inferential behaviour of the original constants

serves as justification to disqualify alternative semantic values.

McGee continues to demonstrate in what sense and way the open-endedness of the stan-

dard rules is supposed to not only ensure the uniqueness of semantic value, but also how it manages

to secure the usual semantic principles associated with them, once by identifying meanings of sen-

tences with classes of models (McGee 2000), and once by identifying them with propositions (McGee

2015). He further shows how open-endedness rules out as illegitimate new propositional connectives

that ‘interrupt’ the inferential behaviour of the classical constants (McGee 2015, 179).

When McGee says that open-endedness “assure[s] us that the natural-deduction rules

uniquely pin down the semantic role of the connectives and quantifiers” and yields “a precise fix-

ation of the logical operations of first-order logic” (McGee 2000, 67) his concern does not lie with

Carnapian underdetermination. In fact, it is unclear whether his solution is adequate to deal with

this specific kind of underdetermination at all.218 Below we will show that McGee’s claim that

(inferential) uniqueness, combined with a soundness condition, by itself suffices to determine a

unique semantic role for the connectives fails in the form that we will call the naive conception.

While inferential uniqueness manages to establish the identity of the semantic values of the ‘twin-

connectives’ in the shared system, this, by itself, does still not guarantee the existence of a unique

semantic value. McGee mentions further silent assumptions that are active in his account, – e.g.,

a non-triviality assumption (McGee 2000, 71), or the truth-functionality of the operators (McGee

2006, 196), – and help in resolving the Carnap-style underdetermination of the propositional op-

erators, but either way, his overall interests in his project are somewhat different than ours.219

218See (Br̂ıncuş 2020) for a similar observation that McGee’s solution for the propositional operators might be
problematic.

219The best and most extensive reconstruction, analysis, and criticism of McGee’s argument for ‘pinning down’ the
standard meanings of the propositional operators that I know of can be found in (Br̂ıncuş 2019). There, Br̂ıncuş
shows that McGee’s argument for the case of negation crucially depends on the assumption that “for any class of
models, there is a mathematically possible language in which there is a sentence true just in those models” (McGee
2000, 70) and that this assumption is untenable in light of Carnap’s Problem. McGee’s argument goes through by
strengthening his assumption to ‘given a particular semantics (for the logical constants), for any class of models, there
is a mathematically possible language in which there is a sentence true just in those models’. Thus, McGee wants to
extend the language, but keep the class of models constant. This, however, only works if the semantics is fixed from
the outset, the precise point at issue in Carnapian underdetermination. As (Br̂ıncuş 2019, n.9) points out, McGee’s
argument thus already presupposes an account of what constitutes an admissible model, which is held fixed and
does not change relative to extending the language under consideration. This, however, amounts to solving Carnap’s
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They appear to not lie with Carnapian underdetermination, but rather with the question of how

language-immanent rules can fix language-transcendent semantic conditions, an answer to which is

provided by the open-endedness, or language-transcendence, of the rules themselves. And while his

particular brand of open-ended inferentialism might prove of doubtful advantage when trying to re-

solve Carnapian underdetermination at the propositional level, it provides an intriguing suggestion

for the quantifiers, which we will turn to now.

Quantifiers McGee is primarily interested in what way seemingly language-immanent rules are

capable of determining language-transcendent meanings in their full generality. When moving

from propositional connectives to quantifiers, his approach becomes relevant to issues of Carnapian

underdetermination.220 There are two underdetermination phenomena that motivate McGee’s ap-

plication of open-ended inferentialist principles to the rules for the quantifiers. On the one hand,

he recounts the Quinean worry that, given sufficiently unfortunate circumstances (e.g. every ex-

istential statement being witnessed by an object that possesses a name), it will be impossible to

distinguish objectual from substitutional quantification.221 The possibility of this underdetermina-

tion is so worrisome not because it simply might happen, but because it indicates a fundamental

indeterminacy in the nature of quantification as captured by the standard rules of inference:

What Quine has in mind [...] is the altogether more troubling possibility that there are
no factors that determine the range of our quantifiers. The only thing that there is to
fix the meaning of a word is the role of the word in determining the truth values of the
sentences that contain it; so, if discovering the truth values of all sentences does not
suffice to determine the range of the quantifiers, there is nothing else to do the job. So,
our problem is not that we are unable to learn the relevant facts, but that the totality
of relevant facts is insufficient to answer our question. (McGee 2000, 56)

A further worry concerns properly unrestricted quantification. Putnam-style arguments using the

(downward) Löwenheim-Skolem theorem for FOL demonstrate that it is indeterminate whether

we are quantifying unrestrictedly over everything, or restrictedly over a countable subset of all the

problem by mere stipulation and thus cannot serve as a well-motivated resolution of Carnapian underdetermination.
220The solution of Carnapian underdetermination as given in Button & Walsh’s approach to open-ended inferen-

tialism, while successfully securing the designation principles for the universal and existential quantifier of FOL, falls
short of constituting an adequate solution to the issue as formulated here, due to the restricted range of the proposed
solution given the algebraic setting, extending only to expressions of FOL (and their second-order counterparts). It is
not that the proposed solution ‘gets it wrong’ in any way, it succeeds impressively in determining the intended values
of the quantifiers in its setting, but we think that this setting is altogether too restrictive and reductive to allow
for a general enough formulation of Carnap’s problem. Nevertheless, it is an impressive result how close open-ended
inferentialism can get us to the standard semantics.

221See (McGee 2000, 56).
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things there are – from the viewpoint of first-order theories such a difference will be undetectable:222

“Some have argued that our usage never picks out a uniquely determined infinite domain of quan-

tification, while others have contended that, even when our quantified variables do have a specific

domain, that domain is never all-inclusive” (McGee 2006, 184).

While, to reiterate once more, somewhat different in focus, McGee’s worries are nonethe-

less closely related to Carnap’s problem as we diagnosed it for the quantifiers above, given the

relation of consistent non-standard interpretations to substitutional quantification and free logic.

The main concern is, either way, identical: “The worrisome hypothesis is that, while our usage

partially determines the semantic values of the quantifiers, it’s not incisive enough to uniquely pin

the values down” (McGee 2006, 191). The possibility of us meaning any of these deviant possi-

ble values that cohere with our usage of quantification is, according to McGee, undermined by a

combination of two facts together with the doctrine of open-endedness for the quantifier rules.

On the one hand, considerations of learnability support an understanding of quantification

as unrestricted. For in order to use a quantifier restrictedly, ranging over only a subset of all the

objects there are, we would have to be able to distinguish these objects from the ones that are

excluded somehow, otherwise restricted quantification wouldn’t be learnable. However, if it was

possible to draw such a distinction it would be possible to introduce a new predicate applying to

all and only the objects we were restrictedly quantifying over, thereby enabling us to ultimately

do distinguish between the restricted and unrestricted mode of quantification, contrary to the

original assumption.223 Of course, this argument only gains traction if there is a determinate way

to single out the collection of objects to which the (restricted) quantifier applies. If not, there

is no guarantee that we have actually latched on to unrestricted quantification rather than some

indeterminate restricted version.

On the other hand, as McGee observes, “[w]hen there is indeterminacy, there are multiple

candidates. Where there are several candidates for what the semantic value of a word might be, each

conforming to our practices in using the word and none emerging as superior to the others, then we

have good reason to suppose that there is no fact of the matter which candidate the word refers to”

(McGee 2006, 191). This state of affairs, however, is ruled out by a uniqueness theorem, for given

222See (McGee 2000, 58).
223See (McGee 2000, 59/60) and (McGee 2006, 187).
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two universal quantifiers ∀1 and ∀2, both governed by standard natural deduction introduction-

and elimination-rules, we have that (i, j ∈ {1, 2})

∀ixϕ(x)
∀iE

ϕ(t) ∀jI∀jxϕ(x)

McGee realises that while this demonstrates that the meaning of a universal quantifier governed

by ∀I and ∀E rules is unambiguous in a system to which we add a ‘second’ quantifier governed

by the same rules, this falls short of ensuring that there is but one interpretation of the universal

quantifier.224 It establishes that “different ways of using the symbols cannot peacefully coexist

within a single context” (McGee 2006, 192) but the mere fact that the quantifier possesses a

uniquely determined value does not tell us anything about what that value is in the particular

context at issue.225 However, combining the uniqueness fact with the doctrine of the open-ended

nature of the rules of inference strongly favours the unrestricted interpretation of the quantifiers.226

Carnapian underdetermination of the quantifiers shows that the rules for universal quan-

tification are sound for an interpretation that takes the variables to range over a proper subset of

the domain, so long as this subset forms the principal filter base of the universal quantifier. Given

a principal filter base X the universal quantifier then says ‘for all X’. However, when the rules of

∀I and ∀E are considered to be open-ended, we require that they remain applicable to any possible

extension of the language. In particular, then, they need to remain applicable when we extend

the language by a constant c and predicate P , s.t. c denotes an individual a not contained in X

and the interpretation of P is X. Then, ∀xPx will be true, yet Pc will be false, and the rule of

universal instantiation will become invalid.227 Given that this kind or argument can be reiterated

for any principal filter base that is not maximal, the demand for the open-endedness of the rules

of inference appears to force the standard value of the universal quantifier: “So, the default value

224Compare this to our refutation of the naive conception of a combined account of uniqueness in Chapter 8 below.
225See (McGee 2006, 193).
226A note of caution: when McGee speaks of unrestricted quantification he does so referring to absolute generality, to

including absolutely everything. We intentionally remove the metaphysics from this claim here and take him to mean
by ‘absolutely everything’ the domain M of a given model M. This brings the discussion in line with the issues we
are interested in here and avoids the thorny (and potentially paradoxical) metaphysics associated with unrestricted
quantification.

227See (McGee 2000, 68). This was something Antonelli observed as well when he said that “singular terms are
unconstrained in their taking denotations [...], thereby giving access to the “dark corners” of the first-order domain
where the light of the quantifiers does not shine” (Antonelli 2013, 638/639). The fact that singular terms have a
reach that might outstrip that of the quantifiers was also the reason for closing the principal filter domains under the
interpretation of terms in Bonnay & Westerst̊ahl’s theorem.
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of ‘∀’ [...] is quantification over everything” (McGee 2000, 69).228 McGee continues, saying that

“[t]he rules of inference do not determine the range of quantification. What they ensure is that

the domain of quantification in a given context includes everything that can be named within that

context. This includes even contexts in which there are no restrictions on what can be named. In

such contexts, the quantifiers range over everything” (McGee 2000, 69). Thus, modulo artificial

restrictions on what can be named and what denoted by predicates, the rules of inference, when

interpreted open-ended succeed in securing the standard semantic values of the quantifiers.229

How successful is McGee’s response to Carnapian underdetermination? His results look

promising, having recovered the standard truth-conditions of the quantifiers from the inferential

rules plus their open-ended applicability. Nonetheless, appearances notwithstanding, the proposal

remains language-centered (rules remain valid under all extensions of the language) and thus in-

herits any weakness such linguistic and substitutional approaches might possess. In our preferred

setting, for example, the absence of singular terms makes the approach as outlined above more

difficult. Independently of such artificial restrictions, however, by simply demanding that the base

of the universal quantifier be closed under the interpretation of terms, old or new, when moving

from one language to the next, will, in most circumstances, not remove the threat of Carnapian

underdetermination. As long as our languages remain countable (which is a reasonable restriction

from the point of view of the inferentialist who is, after all, concerned with what can be deter-

mined by finite means) the intended interpretation of the universal quantifier cannot be secured

in uncountable domains by means of the method outlined above. It remains that all the rules tell

us is that whatever can be named must fall in the range of the quantified variables, but nothing

about consequence forces us to adopt any larger range than this.230 Thus, while, at any stage

of language extension, the meaning of the quantifier might be unstable and subject to revision,

no extension will force us to assign the standard meaning to the universal quantifier so long as

the domain is uncountable. We are thus left with the suspicion that properly semantic principles

are indeed required to remove the Carnapian underdetermination of at least the quantifiers in an

228Note that this also resolves worries induced by the possibility of relativisation to countable subdomains, certified
by the Löwenheim-Skolem Theorem, thereby ‘frustrating Skolemite skepticism’ (McGee 2006, 187).

229See (McGee 2000, 71) for an account of how to derive the truth-conditions of universal quantification from its
open-ended rules.

230The suspicion that McGee might succeed in pinning down the extent of the domain, but not the meaning of the
quantifiers therein is also voiced in (Br̂ıncuş 2020).
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appropriate manner.

7.4.2 Mixed Strategies: Garson’s Local Models of Rules

The philosopher who did most with respect to a systematic exploration and treatment of

Carnapian underdetermination phenomena in the last 20 to 30 years is J.W. Garson.231 Garson’s

project is very close to the kind of project pursued here, investigating the prospects of a moderate

inferentialist account, though it is also in many ways more true to the basic tenet of inferentialist

positions. This is particularly noticeable in the shift from consequence relations to rules as the

primary entities which determine (model-theoretic) meanings.

Identifying a logic with its (single-conclusion, assertion-based) consequence relation, Car-

nap’s problem demonstrated that classical logic so described underdetermines its admissible class

of models and does not uniquely determine an adequate semantics. Shifting to a rule-based presen-

tation of a logic enables the formulation of further constraints that one might demand have to be

satisfied in order for a model to be admissible.232 Carnapian underdetermination, so Garson, is a

result of ignoring important resources we have at hand in the formulation of a logic: “The deductive

benchmark we are using for what counts as a model of a system [consistency with a consequence

relation] is completely insensitive to the rules that are used to formulate it. It has been assumed

that all that matters for specifying the inferential relations set up by a logic are the arguments that

qualify as provable in the system. However, this view is shortsighted” (Garson 2013, 15).

The core idea of Garson’s proposal is that instead of merely respecting the outcome

of a process of reasoning, by being consistent with the arguments deemed valid according to a

consequence relation, admissible models also need to respect, so to say, the process of establishing

these arguments as valid. In particular, then, we might demand that models are not only consistent

with consequence relations, but also that they be consistent with the rules that are taken to

represent these consequence relations.233 The addition of a rule-parameter to the determination

of the admissibility of models immediately adds a further layer of choice to the current framework

for, unsurprisingly, given the preceding, the format of the rules will play a decisive role in whether

231See (Garson 1990), (Garson 2001), (Garson 2010), and (Garson 2013). Garson’s overall approach and goals are
slightly different from the ones pursued here, which is why we will very selectively treat only a small part of his
project.

232We deviate from Garson’s own terminology here to bring the presentation of his results in line with our set-up.
233See (Garson 2013, 11).
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they succeed in removing the unwanted underdetermination or not. Garson, in (Garson 2013),

investigates three different types of systems of rules: axiomatic, natural deduction, and multi-

conclusion sequent systems. In addition to the rule-parameter, a further choice point of his set-up

concerns the definition of the notion of consistency with a set of rules, for which he explores three

different candidates. In light of results from Section 7.3 and 7.4.1.1 axiomatic systems always fail

in removing underdetermination, and multi-conclusion sequent system always succeed in pinning

down the classical meanings of the connectives.234 We will therefore focus on the (more interesting

for present purposes) case of natural deduction systems in the following.

In addition to structural rules that include identity axioms, weakening, and a cut-rule

(which, in the following, we assume to always be available), Garson adopts the following rules for

negation and disjunction:235

Γ, ϕ ` ψ Γ, ϕ ` ¬ψ
¬I

Γ ` ¬ϕ
Γ,¬ϕ ` ψ Γ,¬ϕ ` ¬ψ

¬E
Γ ` ϕ

Γ ` ϕi ∨I, i ∈ {1, 2}
Γ ` ϕ1 ∨ ϕ2

Γ ` ϕ ∨ ψ Γ, ϕ ` χ Γ, ψ ` χ
∨E

Γ ` χ

Rules, on Garson’s conception, indicate permissible transitions between arguments. What then

does it mean to be consistent with a rule? As before, let v be a valuation from the formulas of a

classical propositional language into {0, 1} and adopt a non-triviality constraint, i.e., assume that

every valuation assigns 0 to at least one sentence of the language.236 As above, a valuation v is

consistent with a sequent Γ ` ϕ iff whenever v(γ) = 1 for all γ ∈ Γ, then v(ϕ) = 1 as well. Garson

offers and investigates three possibilities for what it might mean for a set of valuations V to be

consistent with a collection of rules R:237

234See (Garson 2013, 20) for a summary of these results.
235See (Garson 2013, 35ff.) for a full statement of the system he adopts. Note that the kind of rules Garson adopts

constitute what is sometimes called meta-inferences (see, e.g., (Barrio, Pailos, and Szmuc 2020) for definition) –
spelling out relationships between a collection of inferences and an inference, rather than between a collection of
sentences and a sentence. The underlying conception of logic thus changes in that it is no longer identified with
a collection of inferences, a consequence relation, but rather with a collection of meta-inferences. This provides
additional resources to strengthen the relationship between proof-theory and semantics, though it also might already
presuppose more than we might be comfortable with. We leave this latter point uninvestigated here, but close by
pointing out that Garson’s approach ultimately modifies several aspects of a logic: its proof-theory as well as the
relationship between its system of inferences and its semantics. The departure from our initial framework might thus
be larger than it appeared at first.

236See (Garson 2013, 11/12) for the adoption of this constraint.
237Where a rule can be identified with the set of its instances, and consistency with a rule means consistency with

all its instances.
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(i) V is consistent with R iff all v ∈ V are consistent with the provable sequents obtainable by

means of R (these are Garson’s deductive models (Garson 2013, 12ff.));

(ii) V is locally consistent with R iff for all v ∈ V , r ∈ R: if v is consistent with the rule-premises

of r, then v is consistent with the rule-conclusion (these are Garson’s local models (Garson

2013, 18ff.));

(iii) V is globally consistent with R iff for all r ∈ R: whenever all v ∈ V are consistent with the

rule-premises of r, then all v ∈ V are consistent with the rule-conclusion (these are Garson’s

global models (Garson 2013, 15ff.)).

The demands on valuations to be consistent with a set of rules are of different strengths, with (ii)

in particular imposing stricter conditions than (iii). Assuming that a consequence relation ` is

presented by a set of rules, (i) reduces to our standard notion of consistency with a consequence

relation and does thus not succeed in alleviating Carnapian underdetermination. Adopting (i)

ignores, so Garson, the crucial contribution rules can make to removing this underdetermination,

and this is where (ii) and (iii) come in. Condition (ii) demands that rules be ‘satisfaction-preserving’

in the sense that any valuation consistent with the premises of a rule has to be consistent with the

conclusion of that rule as well. Condition (iii), on the other hand, demands more. It demands that

rules preserve (V-)validity, that whenever the premise-sequents of a rule are V -valid, i.e., satisfied

by all v ∈ V , then the conclusion has to be V -valid as well.

Now, being consistent with the rules of a calculus C “is a stronger condition than being

a model [consistent with] of the provable arguments of [C]. A model of the arguments of [C] is

insensitive to principles that regulate how one deduces new arguments from old ones, and this

information matters to the interpretation of the connectives” (Garson 2010, 166). This provides

reason for considering conditions (ii) and (iii) to assess whether the additional information provided

by being explicit about the process by means of which an argument is established can contribute

to resolving underdetermination phenomena. We will return to condition (iii) briefly below, and

more extensively in Chapter 8. For now, it is especially condition (ii) that is of great interest, for

Garson shows that

Theorem (Garson 2010; Garson 2013): For any connective c ∈ {∧,∨,¬,→,↔} with rules Rc
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(which include the structural rules and the connective’s usual natural deduction rules), if v is

locally consistent with Rc, then v is c-boolean.

Proof : We will demonstrate the case of ¬. Assume, for contradiction, that v is a non-boolean

valuation locally consistent with R¬. Assume that v(ϕ) = v(¬ϕ) = 0. Then, v is consistent with

ϕ ` ϕ and ϕ ` ¬ϕ. Hence, by ¬I and consistency with R¬, v is consistent with ` ¬ϕ and thus

v(¬ϕ) = 1 – contradiction.

Now assume that v(ϕ) = v(¬ϕ) = 1 and let ψ be the sentence s.t. v(ψ) = 0 (the existence

of which we are guaranteed by the non-triviality assumption). Then v is consistent with ¬ψ ` ϕ

and ¬ψ ` ¬ϕ. Hence, by ¬E and consistency with R¬, v is consistent with ` ψ and thus v(ψ) = 1

– contradiction.

Therefore, v is ¬-boolean.

�

Hence, modifying the proof-theoretic framework by moving from consequence relations to natural

deduction systems and strengthening the demands for coherence between proof- and model-theory

from simple consistency to local consistency succeed in removing Carnapian underdetermination

and pinning down the classical meanings of the connectives. By way of example let us reconsider

the deviant valuation v∗ from before. v∗ was such that, for some propositional letter p, v∗(p) =

v∗(¬p) = 0, yet v∗(p∨¬p) = 1. How is v∗ ruled out on the account making use of local consistency?

Suppose that v∗ was locally consistent with R∨. We know that, in particular, v∗ is consistent with

` p ∨ ¬p, p ` p, and ¬p ` p. Since these three are the inputs for ∨E and v∗ is locally consistent

with R∨ it follows that v∗ is consistent with ` p, and thus that v∗(p) = 1 – contradiction. Hence,

v∗ is not locally consistent with R∨. The nature of the local consistency demand allows us to make

effective use of false sentences in antecedents of rule-premises, enabling us to “obtain control over

rows of a truth table where subformulas have the value f” (Garson 2013, 39), which were precisely

the rows of the truth-table underdetermined by Carnap’s problem, and out of reach of the simple

consequence relations.238

238A related proposal worth mentioning in this context is J. Murzi’s approach as outlined in (Murzi 2010, 257ff.)
and mentioned in (Murzi 2020, n. 17). Adopting a particular interpretation of ⊥, he shows that we can formulate
rules for this constant that ensure its falsity under all interpretations, thereby ruling out the deviant valuation v>
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The move from consequence relations to their rule-based presentations, together with a

strengthening of the coherence relation from consistency to local consistency, succeeds in pinning

down a unique meaning of the classical constants. It accomplishes this by introducing two further

parameters into the framework we started with: (a) rule format, and (b) rule-based consistency

requirements on valuations. Both have an essential role to play: changing the rule format might

re-introduce the underdetermination,239 as does weakening the consistency requirement to the

standard we used above. Thus, the choices made for these two parameters require substantial

justification if they are to feature in the service of a successful defence of the moderate logical

inferentialist position. In particular, two crucial questions that emerge concern the rationale of the

choice of a natural deduction proof-system, and the adoption of the coherence requirement of local

consistency. While the former might be defended on the basis of most closely approximating our

natural language reasoning patterns (a line of argument we have frequently encountered before) it

appears difficult, as Garson himself argues, to come by a justification for the latter.

One big drawback that Garson takes to count against local consistency as the right stan-

dard of coherence is the failure of what Woods (Woods 2012, 281) terms semantic separability : the

natural deduction rules are not complete for the semantic values that are determined according

to the local consistency standard – “Local expression results for ND systems entail a strange and

potentially worrisome behavior. [...] [S]ystems of ND rules that locally express the standard truth

conditions are nevertheless incomplete for those very conditions” (Garson 2013, 35). Consider, for

example, the implicational fragment of classical propositional logic presented by the collection of

rules R→ containing the structural rules and standard natural deduction rules for →. It is well

known that the classical natural deduction rules are identical to their intuitionistic counterparts,

and are unable to prove Peirce’s Law, ((ϕ → ψ) → ϕ) → ϕ, which is, nevertheless, a classical

validity. Thus, R→ “has the expressive power to force the validity of a formula it cannot even

prove” (Garson 2010, 168), it expresses a semantics for which it is incomplete. Among other things

this demonstrates that the classical rules of negation are not conservative over R→ and, in the

present context, that the rules for implication are not complete for the system of validities that is

that renders all sentences of the language true. He further shows that this suffices to establish the standard meaning
of ¬ (and, as a consequence, of all other propositional connectives as well) by means of atomic rules, rules that behave
like assumptions in a natural deduction proof, see (Murzi 2010) for details.

239See, e.g., the result for axiomatic systems as shown in (Garson 2013, Theorem 3.3).
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given rise to by the semantic value they determine.240 Similarly, it can be shown that the rules

for intuitionistic negation are already sufficient to secure the classical value of negation under the

constraint of local consistency. However, the validities afforded by the classical semantic value of

negation, most notably, of course, ¬¬ϕ → ϕ, far outstretch the reach of provability by means of

intuitionistic rules.241

“Such a strong outcome”, Garson says, “may lead one to suspect that there is something

fundamentally wrong with defining expressive power using local models,” for one “might have

thought [...] that if a system of rules has sufficient expressive power to force its models to obey a

semantics, then the system must be complete for that semantics” (Garson 2010, 168). “It is bizarre

in the extreme to claim that a system of rules expresses a semantics when that system cannot even

prove some of the arguments that semantics deems valid” (Garson 2013, 21). This behaviour is not

only ‘strange’ and ‘potentially worrisome’, but the resulting “incompleteness is a major obstacle to

accepting local expression as an acceptable benchmark for model-theoretic inferentialism” (Garson

2013, 35), given the “massive mismatch between the deductive role of → and the meaning fixed by

the → rules” (Garson 2013, 42).

The incompleteness results support the suspicion that local consistency is the wrong stan-

dard of coherence. This impression gains further backing from a set of related results by Hum-

berstone, who points out that local consistency not only fails standards of completeness, but also

standards of rule-completeness. In particular, we call a rule ρ a local consequence of a set of rules

R if it is locally consistent with all valuations v that are locally consistent with all rules in R. A

rule ρ is a global consequence of a set of rules R if it is globally consistent with all sets of valuations

V that are globally consistent with all rules in R.242 Humberstone shows that it is not in general

the case that a rule ρ is derivable243 from a set of rules R if it is a local consequence of these rules

(Humberstone 1996, Proposition 1), whereas it is derivable from R iff it is a global consequence of

these rules (Humberstone 1996, Proposition 4). Global consequence thus entails a special kind of

rule-completeness, adequate to the focus on rules of Garson’s approach, whereas local consequence

does not.

240See, e.g., (Garson 2010, 168), (Garson 2013, 35ff.).
241See (Garson 2010, 168) and (Garson 2013, 40).
242See (Humberstone 1996) for these definitions.
243Where a rule ρ is derivable from a set of rules R if, when given the inputs of ρ we can derive its output by means

of rules from R.
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There are further reasons to opt for global over local consistency as the correct coherence

standard on a rule-based approach like Garson’s. Not only does it admit of an attractive rule-

completeness theorem, it also squares well with the idea that rules express the kind of semantics

for which they are complete, and on which count the standard of local consistency failed. Meanings

of logical constants obtained in terms of global consistency will be semantically separable, which

Garson takes to constitute an independent argument for preferring global over local consistency. We

will return to this point in Chapter 8 below in more detail. A further argument in favour of global

over local consistency that Garson advances concerns the fact that local consistency “incorporates

a covert prejudice against truth conditions that are not truth tabular” (Garson 2013, 44), thereby

automatically ruling out the possibility of intensional truth-conditions, i.e., truth-conditions that

depend on the relation of various valuations in a class to each other.244 However, not only does

this reveal a bias in favour of classical logic, it also calls into question the possibility to extend this

approach beyond the propositional case, given the standard truth-conditions for, say, the universal

quantifier in FOL (Garson 2013, 44).

The misalignment between validity, derivability, and local consistency should not surprise

us either, Garson continues, for “[w]hat we aim for in arguments is validity, and therefore preserva-

tion of satisfaction is not the correct criterion for capturing what a rule is supposed to do, namely

to take us from acceptable (valid) arguments to another acceptable (valid) one” (Garson 2013, 21).

This becomes especially obvious when considering logics possessing rules that are not truth- but

merely validity-preserving, such as, for example, FOL with an ∀I-rule based on the occurrence of

a constant, rather than a free variable,245 or modal logics with the necessitation rule. What rules

ought to preserve, then, is validity rather than truth, and given the shift from consequence relations

to rules we should adapt our idea of what is to be preserved, i.e., of the coherence demand, as well:

“What we need for argument correctness is validity, and therefore what rules ought to preserve

is this form of correctness. [...] So the requirement that [...] valuation[s] satisfy [a] rule is too

strong. It would demand more of a rule than what is required to establish its soundness: namely

preservation of validity” (Garson 2013, 43). Local consistency thus turns out to have been the

wrong standard of coherence from the outset: “The more general way to characterize what a set of

244Cf. also (Bonnay and Westerst̊ahl 2016, Section 6).
245See, e.g., (Garson 2013, 43).
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rules expresses requires instead that the rule preserves validity, not satisfaction. Therefore, global

expression will be the benchmark [...]” (Garson 2013, 45).

Unfortunately, however, the combination of global consistency and natural deduction rules

does not succeed in removing Carnapian underdetermination:246

Fact (Garson 2013): v∗ is globally consistent with the natural deduction rules of ∨ and ¬.

From this it follows that the natural deduction rules do not categorically determine the standard

meanings of the logical constants, even when the constraint of consistency is strengthened to global

consistency.

It appears we have reached an impasse: either we follow Garson in his arguments for

global over local consistency and are, once again, stuck with an insufficient solutions to Carnapian

underdetermination in the setting of classical propositional logic,247 or we adopt an unmotivated

coherence requirement and solve Carnap’s problem. Unfortunately, this latter path is not a live

option on the current approach. For while the results seem promising, the approach is too restrictive

to constitute a solution general enough for the present purposes: on the one hand, the switch

of perspective from consequence relations to rules introduces a substantial amount of framework

relativity and dependence248 that is hard to justify on the kind of semantically oriented approach we

pursue here. In addition, it, from the outset, severely restricts the scope of a criterion invoking local

consistency, potentially ruling out notions like Q0 by fiat due to the impossibility of their complete

axiomatisability (after all, what guarantee do we have that any given finite set of rule-schemata

says everything that is essential to the meaning of Q0?). Hence, the focus on rules over entire

consequence relations is, at least at the present stage of our project, unwarranted. Furthermore,

even if this point was conceded, Garson’s treatment of logical expressions is very much focussed on

246See (Garson 2013, Chapter 4.4) for an extensive discussion and exploration of Carnapian underdetermination in
case of global consistency.

247Garson takes a different route, arguing that what this result demonstrates is that the semantics the natural
deduction rules express are not classical, and goes on to show that they must be intuitionistic. We will return to
these arguments in Chapter 8 below.

248See, e.g., (Garson 2010, 166): “The upshot of this is that the model of rules criterion is sensitive to details
concerning how a system is formulated” and (Garson 2013, 34): “rule format can have an effect on expressive power
when the criterion for what a system expresses takes details concerning rule formulation into account”, as well as
(Garson 2013, 39): “The upshot is that what a system locally expresses is heavily dependent on exactly how the rules
are formulated.”
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the propositional case and it remains very unclear in how far this sort of approach can be extended

to the kind of quantificational phenomena that constitute the core topic of this thesis.

7.4.3 Semantic Strategies

Adopting a semantic strategy by imposing additional restrictions on the kinds of values

that qualify as candidate interpretations for the expressions under considerations is, in a certain

sense, the most straightforward and natural (i.e., easiest) way to go. We already pointed out above

that, at least in the propositional case, the adoption of the constraint of truth-functionality rules

out non-standard values of the propositional connectives. Thus, by demanding, for example, that

propositional connectives denote truth-functions we remove Carnapian underdetermination at least

at the propositional level. However, the adoption of additional semantic principles must not be

ad hoc if we are to have any hope to preserve the essence of the inferentialist spirit underlying

the whole idea of inference rules determining meanings. This means that any additional semantic

principle adopted needs to be well-motivated.

This subsection splits into three further sections: the section titled Linguistic restrictions

outlines the solution to Carnap’s problem advanced in the by now very familiar paper (Bonnay and

Westerst̊ahl 2016). We think that the approach advocated there is essentially correct (certainly

extensionally) but might require a reinterpretation in light of our primary concern with logicality.

We will undertake such a reinterpretation, large parts of which can already be found in (Bonnay

and Westerst̊ahl 2016), in the section titled Logical restrictions. The last section quickly surveys

a hodgepodge of other solutions that have been formulated in the literature but which we deem,

ultimately, unsatisfying.

7.4.3.1 Linguistic Restrictions

The fundamental insight underlying approaches to Carnap’s problem that we term ‘lin-

guistic’ here is the idea that general principles underlying linguistic competence might already

sufficiently narrow down the space of possible semantic values an expression can take to resolve

Carnapian underdetermination. Such linguistic principles would “a priori constrain the class of

possible interpretations, so that making the semantics determinate is easier” (Bonnay and West-

erst̊ahl 2016, 722). The best and most comprehensive example of such an account can be found
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in (Bonnay and Westerst̊ahl 2016) (though, as we will discuss below, it is not entirely clear that

the motivation for the principles they adopt is entirely grammatical). The starting point is, just

as for our space-faring Quinean above, empirical observation of linguistic behaviour, coupled now,

however, with the possession of general, universal, linguistic principles:

Suppose the only empirical evidence available to a learner of the meaning of the logical
constants is their behaviour in inferences. Carnap’s observation seems to indicate that
this is not enough. But if there are semantic principles one can assume to hold for
any language, these might sufficiently constrain the range of possible interpretations.
(Bonnay and Westerst̊ahl 2016, 725)

One such principle that could be motivated on this basis we already encountered above: non-

triviality – the maxim that not all sentences of a given language can be true at the same time, that

there has to be at least one false sentence. If (one of) the purpose(s) of language is, in any sense, to

draw distinctions that enable its speakers to make reliable predictions and to ‘find their bearings’ in

the linguistically discernible world, then non-triviality is indeed “a very weak requirement, hardly in

need of motivation” (Bonnay and Westerst̊ahl 2016, 725). This does not mean that it is superfluous,

of course – it rules out the critical valuation v> as inadmissible.

The paradigm case of a semantic universal is the principle of compositionality according

to which the semantic value of a compound expression is determined by the semantic values of its

constituent expressions and their mode of composition.249 Compositionality provides an (the only?)

explanation of the otherwise miraculous phenomenon of linguistic creativity, the ability of language

learners and speakers to be able to express and understand a potential infinitude of propositions

based on finite amounts of data. The principle of compositionality thus appears to constitute

a condition of the possibility of the learnability of any sufficiently rich language (Bonnay and

Westerst̊ahl 2016, 725), and thereby embodies a very agreeable principle to adopt.250 Nevertheless,

in conjunction with non-triviality it suffices to remove Carnapian underdetermination from the

realm of the classical propositional operators.251

249See, e.g., (Bonnay and Westerst̊ahl 2016, 725).
250See (Pagin and Westerst̊ahl 2010a) and (Pagin and Westerst̊ahl 2010b) for a discussion of the principle of com-

positionality, its precise formulation(s) and its issues.
251(Bonnay and Westerst̊ahl 2016, 726) point out that “the learnability argument presupposes that our hypothetical

language learner already knows, or guesses, what kind of language is to be learnt: what the syntactic categories
are, and what kinds of things expressions of these categories stand for. We are not claiming that this framework
may itself be derived from a learnability argument, nor that it should be.” They then suggest that the relevant
framework might be adopted on the basis of simplicity considerations: “if the learner succeeds in making sense of
the data available to her using extensional semantic values, she has no incentive to consider richer semantic values”
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In the strongly regimented setting of (propositional) formal languages, compositionality

says that, for a compound expression of the form c(ϕ1, . . . , ϕn), the semantic value of c(ϕ1, . . . , ϕn),

µ(c(ϕ1, . . . , ϕn)), is a function of the semantic values of its sub-expressions ϕ1, . . . , ϕn, µ(ϕ1), . . . ,

µ(ϕn), and the way these meanings are combined according to c(ϕ1, . . . , ϕn). This amounts to

saying that, in order for compositionality to hold, for a connective c there must be a function fc

operating on the semantic values of the constituent expressions with which it combines to form

a well-formed expression, s.t. fc(µ(ϕ1), . . . , µ(ϕn)) = µ(c(ϕ1, . . . , ϕn)) (Bonnay and Westerst̊ahl

2016, 727). (Note that while the meaning of a logical constant is global, the meaning of a sentence

is local, potentially varying from model to model).

Given the current, propositional, setting in which connectives combine with sentences

whose semantic values are truth-values, we can thus identify µ(ϕ) with a valuation v(ϕ). Composi-

tionality for classical propositional languages then says that fc(v(ϕ1), . . . , v(ϕn)) = v(c(ϕ1, . . . , ϕn))

(Bonnay and Westerst̊ahl 2016, 727). This means that fc is a truth-function, and we already noted

above that, under the exclusion of v>, truth-functionality forces booleaness of the connectives.

Since the requirement of compositionality makes fc a truth-function, and non-triviality rules out

v>, it is thus a consequence of compositionality (under the assumption of non-triviality) that the

standard connectives receive their standard truth-table meanings:252 “[c]ompositionality in the set-

ting of classical propositional logic amounts to truth-functionality” (Bonnay and Westerst̊ahl 2016,

728).

We say that a valuation v is c-compositional for a connective c iff for all ϕ1, . . . , ϕn ∈

SentL, v(c(ϕ1, . . . , ϕn)) = fc(v(ϕ1), . . . , v(ϕn)). Consider a valuation v∗ of what we called the

second kind above, i.e., s.t. for some ϕ we have that v∗(ϕ) = v∗(¬ϕ) = 0.253 For v∗ to be consistent

with classical propositional consequence254 `L we must have that v∗(ϕ ∨ ¬ϕ) = 1. If v∗ was

∨-compositional we’d have that

1 = v∗(ϕ ∨ ¬ϕ)
(a)
= f∨(v∗(ϕ), v∗(¬ϕ))

(b)
= f∨(v∗(ϕ), v∗(ϕ))

(a)
= v∗(ϕ ∨ ϕ)

(c)
= 0

(ibid.). Another, more controversial, option would be to assume that the semantic framework itself, like the semantic
universals, is hardwired. This kind of worry need not concern us here, since we already assumed in our set-up for
Carnap’s problem that the relevant semantic framework, including the appropriate ranges of values for the different
kinds of expressions of that language, are known.

252See (Bonnay and Westerst̊ahl 2016, 727/728).
253See (Bonnay and Westerst̊ahl 2016, 728) for this example.
254In fact, (Bonnay and Westerst̊ahl 2015, 5) show that when assuming compositionality and non-triviality intu-

itionistic consequence suffices for fixing the truth-table meaning of ∨. We will return to this ‘disturbing feature’
below.
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where the transitions are justified as follows:

(a) Compositionality of v∗;

(b) v∗(ϕ) = v∗(¬ϕ) by assumption;

(c) ϕ ∨ ϕ `L ϕ, consistency of v∗ with `L, and the fact that v∗(ϕ) = 0.

This, however, is a contradiction. Hence, v∗ cannot be ∨-compositional. In fact, it can be shown

(and Carnap was already aware of this fact) that for all connectives c, except for v> only normal

valuations are c-compositional and consistent with classical propositional consequence (Bonnay and

Westerst̊ahl 2016, 728). Hence, eliminating v> by other means (non-triviality) allows composition-

ality to rule out the valuations responsible for the non-standard meanings of the connectives, and

to thereby secure their intended interpretations.

It is important to note here that Carnapian underdetermination was not resolved by

simply imposing the requirement that connectives be interpreted by truth-functions (and v> be

illegitimate), but rather through the motivation of an independently plausible feature of semantic

frameworks, i.e., that they are structured according to constraints imposed by semantic universals,

which implied that the semantic values of the connectives be truth-functions.

When it comes to the first-order quantifiers ∀ and ∃, compositionality and non-triviality

are no longer sufficient to rule out the non-standard interpretations characterised above. Here,

Bonnay & Westerst̊ahl argue for a different semantic universal, namely topic-neutrality in its formal

guise as permutation-invariance:255 “Permutation invariance for logical constants is thus our last

semantic universal, labelled topic-neutrality” (Bonnay and Westerst̊ahl 2016, 731). Assuming that

the intended meanings of the propositional connectives have been fixed, they recall the following

fact:256

Fact: A principal filter FX over M is invariant under permutations iff FX = {M}.

Since all interpretations of ∀ consistent with `FOL are principal filters, it follows from the above that

permutation-invariance secures the intended interpretation ∀M = {M}. Permutation-invariance

255The restriction to permutation-invariance, which we criticised as an improper implementation of topic-neutrality
above, is owed to the fact that they focus on local interpretations of quantifiers in their paper. The results lift
naturally to global interpretations (see (Bonnay and Westerst̊ahl 2015, 18)), thereby blocking this criticism.

256See (Bonnay and Westerst̊ahl 2016, 730/736) for statement of proof.
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solves the issue of underdetermination for the universal quantifier and thus, by duality, for the

existential quantifier as well:

Together with non-triviality and compositionality, [permutation-invariance] ensures that
connectives and quantifiers receive their normal interpretations in all interpretations
which are coherent with the standard relation of logical consequence. Remarkably,
permutation invariance, which is the traditional hallmark of quantifiers qua logical
constants, was shown along the way not to follow from quantifier rules. As far as
rules or logical consequence are concerned, quantifiers could well not be invariant under
permutations; invariance is a supplementary semantic feature which cannot be guessed
on the basis of inferential practice. (Bonnay and Westerst̊ahl 2016, 731)

Permutation-invariance thus solves Carnapian underdetermination for the standard quantifiers of

FOL. (Incidentally, the assumption of permutation-invariance in the context of a language possess-

ing predicate-variables also ensures that the identity predicate, =, receives its intended interpre-

tation; see (Bonnay and Westerst̊ahl 2016, 731) and (Bonnay and Westerst̊ahl 2015, 17).) What

is the status of permutation-invariance on Bonnay & Westerst̊ahl’s approach? Throughout their

paper they largely motivate it on the basis of its status as a semantic universal, though remarks

in the previous quote and the next characterise it more as a feature pertaining to the logical-

ity of an expression: “topic-neutrality, in the precise form of invariance under permutations of the

universe, is almost universally agreed to be a necessary condition for logicality” (Bonnay and West-

erst̊ahl 2016, 725). Given the rather specific nature of its universality, pertaining to a particular

class of expressions of a language rather than being a feature of all expressions indiscriminately,

permutation-invariance, as the formal counterpart of topic-neutrality, might thus best be viewed

as a semantic universal of logical expressions, not necessarily tied up with their demarcation.

In the context of the current investigation it is important to distinguish between the

motivation of permutation-invariance as a semantic universal of (particular classes of) quantifiers257

and as a necessary component of logicality. One serves to explain an expressions’ linguistically

universal presence and behaviour, the other its special status among other expressions. The latter

might be taken to give rise to a criterion of logicality of the kind we advanced in the previous

chapter, the former might be problematic as an explanation of the special role of ∀ and ∃ in a sense

to be made precise shortly.

Let us first characterise the general approach advanced by Bonnay & Westerst̊ahl, how-

257See, e.g., (Peters and Westerst̊ahl 2006, 330).
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ever. Based on the idea that semantic universals can be taken to structure the semantic space of

any language, the languages for which we ask Carnap’s question may be assumed to possess these

properties. Assuming the three (relatively uncontroversial) universals of non-triviality, composition-

ality, and permutation-invariance solved Carnap’s problem for the language of FOL conclusively

and satisfactory. Hence, assuming that consequence preserves truth, standard inferential practice

succeeds in determining the intended interpretations of the logical constants in a space of semantic

frameworks obeying highly general, natural, and universal constraints.

Our take on Carnap’s Problem is that it is made artificially difficult by considering all
possible interpretations, no matter how bizarre. As speakers, we know that our language
is going to be compositional, that it will have some true and some false sentences, and
that its logical constituents will be topic-neutral. Therefore attention may be restricted
to interpretations which satisfy these principles. (Bonnay and Westerst̊ahl 2016, 733)

What is problematic about taking permutation-invariance to constitute a grammatical constraint,

in the sense that it is universally applicable to meanings of expressions of a common grammati-

cal type, are the kind of underdetermination phenomena we pointed out in the previous chapter,

pertaining to, for example, QK , and which we will further investigate below. For at least inso-

far as the behaviour of QK is governed by the axioms Keisler proposed (and their completeness

guarantees that it is) the semantic universal of permutation-invariance does not suffice to remove

Carnapian underdetermination as we showed. What should we make of this fact in the current

setting? If we wish to maintain that quantifiers are fixed by their inferential role, while being

topic-neutral by their very nature, we will have to look for further semantic constraints to make

sure that the space of candidate semantic values is narrowed so as to allow the quantifiers to be

completely pinned down by their inferential behaviour. Or one could try to disqualify problematic

candidates from the realm of quantifiers some other way. Or one could, as we wish to do, take the

difference between those invariant interpretations that can be inferentially captured and those that

cannot, to indicate a distinction between two different classes of quantifiers: logical and non-logical

quantifiers. In this case, however, we will have to interpret permutation-invariance as a logicality

constraint, and reconsider the justification of compositionality as a means of fixing the meaning of

the propositional logical constants, given that, while a natural semantic constraint, the relationship

of compositionality to logicality is rather unclear. This is what we will do now.
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7.4.3.2 Logical Restrictions

The constraints Bonnay & Westerst̊ahl adopted were, at least partially, justified by con-

cerns independent of considerations of logicality, pertaining instead to conditions on any linguistic

framework in general. The requirement of permutation-invariance for quantifiers nonetheless trans-

fers perfectly into a framework in which we are interested in narrowing down the class of candidate

interpretations of an expression to those that are logically relevant and motivated, as permutation-

invariance has been put forward as a necessary constraint on a denotation to be formal, general,

or topic-neutral (and thus logical). This is not the case for the principle of compositionality which

feels more like a(n accidental?) feature of language arising from the cognitive limitations of the

creatures using language, and less like an intrinsic property of a particular class of expressions. In

order to adapt a strategy like the highly promising one pursued by Bonnay & Westerst̊ahl to a

setting in which the logicality of an expression is threatened by Carnapian underdetermination and

in which we are looking for a way to resolve this underdetermination by way of constraints relevant

to the logicality of the expression under consideration, we require a slightly different approach.

One way of doing so would be to interpret the difference between the above approach and

the one we advanced in the previous chapter as merely motivational by simply stipulating that, just

as in the case of quantifiers suitable interpretations must be formal, i.e., invariant, suitable inter-

pretations of the propositional connectives must be truth-functions. By taking truth-functionality

to be a crucial feature of the logical at the sentential level, the issue of Carnapian underdeter-

mination of the propositional connectives is close to being resolved. Thus, instead of obtaining

truth-functionality of operators via the requirement that they behave compositionally, we assume

truth-functionality directly, though we will still require some sort of non-triviality assumption in

order for truth-functionality to fully resolve Carnap’s problem. This strategy is not as ad hoc as it

might seem at first: there are good reasons to consider truth-functionality the mark of the logical

at the sentential level, at least in classical contexts,258 and truth-functionality has long been consid-

ered a successful and immensely fruitful criterion of logicality for propositional operators. We will

not pursue this line of reasoning any further here, but wish to additionally outline an alternative

to this, having the added advantage of unification of explanation.

What might be considered characteristic of the kinds of approaches we termed ‘linguistic’

258See, e.g., (Sher 2012, 584).
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was that the relevant semantic universal resolving Carnapian underdetermination was tied to the

grammatical category of the expressions: in the case of propositional connectives it was a different

semantic universal (compositionality) that drove the success of the strategy than it was for the

quantifiers (invariance). While distinctions between classes of meanings based on the grammatical

types of the expressions they constitute ranges of meanings for are certainly plausible and mostly

uncontroversial, such a distinction might not even be necessary: Lindström showed that it is possible

to construe the propositional connectives as (generalised) quantifiers of types 〈0, . . . , 0〉 (Lindström

1966, 187). Considerations of invariance then directly carry over to the propositional case as

well.259 Given that invariance has long been considered the mark of the logical when it comes to

denotations, on an approach driven by logical considerations like ours such a reduction might thus

be very tempting.

Above we criticised algebraic semantics for reducing quantifiers to infinitary propositional

connectives, now we are reducing propositional connectives to quantifiers – are me making ourselves

guilty of the same ‘crime’? In an important sense these two reductions are disanalogous: by

reducing quantifiers to connectives we severely limit the extent of the category of quantifiers,

and substantially reduce the number of quantifiers that can be accommodated in the algebraic

framework. In reducing propositional connectives to quantifiers, no such limitation occurs. It might

still be said that we are getting the semantic type of propositional connectives wrong, though it

is less clear in how far this constitutes as strong an objection as it did in the case of algebraic

semantics, given the close resemblance between the propositional operations and their set-theoretic

counterparts operating on the semantic values of open formulas.

Either way, there is no need here to take a definite stance or advance a substantial argu-

ment for either option. What was important was to point out that by means of a slight reinterpre-

tation of the ‘linguistic’ approach advocated by Bonnay & Westerst̊ahl a linguistic universal can

be replaced or reinterpreted by or as a logical constraint, and the setting can thus be adapted to

one driven by concerns of logicality, rather than features of learnability.

259Obviously, a lot will depend on the precise formal set-up to appropriately articulate this. All that matters here
is that it will always be possible. Cf. note 92 for potential restrictions of the availability this strategy.
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7.4.3.3 Meta-linguistic Strategies

It is worth mentioning a further set of strategies which are occasionally noted as a way to

circumvent the underdetermination difficulties induced by Carnap’s problem, even if we are going

to dismiss them straight away. Variants of this strategy can be found in, for example, (Peacocke

2004, 182ff.) or, more explicitly, (Hodes 2004, 163ff.). The basic idea underlying these proposals

is that what fixes the intended meaning of the logical constants of a language L are the rules for

these constants, together with a truth-theory for object-language sentences given by truth-theoretic

axioms for the notion of true-in-L in the relevant meta-language.260 For example, assuming a

sufficiently formalised meta-language, the truth-axiom for disjunction (in the meta-language) can

be stated as:

∀P∀Q[Sent(P ) ∧ Sent(Q)→ (True(P ∨Q)↔ True(P ) ∨ True(Q))]

where the underlined connective is an object-level expression, and the non-underlined constants

belong to the meta-language. The meanings of the connectives become fixed on such accounts

through semantic ascent which allows direct reasoning about truth-conditions for object-level sen-

tences, rather than indirect and incomplete approximation through rules.

Such accounts, however, appear to invoke a rather basic petitio principii : they presuppose

the kind of truth-conditions they wanted the rules of inference to determine – the meaning of ∨ is

determined by presupposing the meaning of ∨. However, unless a convincing and inferentialistically

acceptable story can be provided as to how we get to have such a truth-theory for object-level

sentences in the first place, it remains unclear in how far the above proposal resolves Carnap’s

problem, rather than to merely push it ‘one level higher’:

if meanings are to be determined by the inference rules, and if meanings are truth-
conditions, logical inferentialists cannot legitimately appeal to NEG and DISJ [truth-
theoretic principles], on pain of invoking a previous knowledge of the meanings they are
trying to capture. (Murzi and Hjortland 2009, 481)

the problem has just moved to the next level. Namely, nothing here rules out e.g. the
possibility that a sentence A, or every sentence, is both true and false. In other words,
the problem now occurs on the level of truth as the problem is that true and false are
certainly assumed to be mutually exclusive properties, but nothing here guarantees that.

260Peacocke assumes that the logic of the meta-language is classical, Hodes makes no specific assumptions about
what the meta-language is supposed to be, and considers ordinary English and translations of atomic object-language
sentences into sentences of English.
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Everything assumed so far allows that true and false overlap or are even coextensive.
(Raatikainen 2008, 286)

I.e., the question now becomes in what way the meta-language logical constants obtained their

standard meanings. On pain of Carnap’s problem, this cannot have occurred via inference rules,

for otherwise they would be subject to the same underdetermination as their object-level counter-

parts.261

Button & Walsh discuss a way out of this dilemma, of how the inferentialist might, after

all, help herself to truth-theoretic principles and the semantic vocabulary needed to fix standard

meanings.262 The internal inferentialist maintains that semantic vocabulary like ‘is true’ must be

given just like any other vocabulary, i.e., in an inferentialist fashion. Thus, the meaning of the

truth-predicate is determined by the rules of inference of a truth-theory. Rather than seeing the

principles of a truth-theory as flowing from the meaning of the predicate ‘is true’, they should

be seen as determining that meaning. However, if the response to the existence of non-standard

interpretations of the truth-predicate merely consists in saying that there is nothing over and above

a purely ‘deductive understanding’ of the truth-predicate,263 then such an approach is best regarded

as breaking with the kind of project undertaken here, and as giving up on the formulation of a

truly moderate inferentialist position altogether.

7.5 Carnap’s Problem as an Issue of Logicality

Carnap’s problem testifies to a ‘misalignment’ of (model-theoretic) semantics and (proof-

theoretic) inference. Any view which takes inferential behaviour to ‘get us to’ model-theoretic

values, or considers meaning to emerge through the interaction of reference and inference will have to

address this shortcoming. As was shown above, Carnapian underdetermination and indeterminacy

already occur ‘in the basement’ of logical theory – they affect all but a small subset of even the

most standard logical expressions.

Carnap’s problem becomes an issue for logicality when the demand of uniqueness becomes

part and parcel of an expressions’ status as logical. That an expression be unique or uniquely

261See (Button and Walsh 2018, Section 13.5) for a particularly sharp way to raise this point in the algebraic setting.
262See (Button and Walsh 2018, Section 13.8).
263See (Button and Walsh 2018, 315).
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determined is a natural constraint flowing from the Gentzian conception of rules as definitions of

the signs whose behaviour they govern. The assumption of meanings more robust than inferential

roles introduces issues of Carnapian underdetermination into this framework. In the preceding

chapter we justified the demand for the uniqueness of an expression’s meaning by reference to

logic’s presumed analyticity – grounding the truth of a logically true sentence in the meanings

of those expressions that can be fixed on the basis of their inferential behaviour alone. In the

next chapter we will investigate notions of uniqueness in greater detail to motivate the particular

conception of uniqueness adopted in the context of the current, combined, approach. In the last

section of the present chapter we wish to further emphasise the relevance of Carnap’s problem for

issues of logicality, and its connection to the notions of uniqueness and categoricity.

7.5.1 Carnap’s Problem Reconsidered

Carnap’s problem is usually introduced as an issue of underdetermination of semantics

by syntax: the rules of inference/inferential patterns of an expression are not sufficient to ‘get us

to’ or yield the intended or standard meaning of a constant. Formulated in this way, however,

Carnap’s problem appears to presuppose a prior conception of the ‘intended’ meaning of a constant

and that the issue thus is one of misalignment rather than of complete underdetermination. This

characterisation appears to undermine the moderate logical inferentialist’s project of getting the

standard semantic clauses of the logical constants from the underlying rules of inference – to read off

the relevant semantic clauses from inferential patterns, – from the outset, as it seems to presuppose

the kind of meaning wanted as a standard of assessment of the success or failure of the project.

A precondition of a fair assessment of the project of the moderate logical inferentialist

is thus to abandon the idea of an intended model-theoretic interpretation: the meaning of an

expression is whatever the rules of inference lead us to given our assumptions on the semantic

framework and the adoption of a coherence principle. At the propositional level, for example,

the inferentially determined meaning of an symbol c, µ(c), would be µ(c) = {v | v : SentL 7→

{0, 1} and v is consistent with `c}. By not abandoning this idea Carnap’s problem, to a large

extent, disappears, and can be given an epistemic diagnosis: the model-theoretic meaning recovered

from the inferential pattern of an expression does not match our expectations, or does not admit

of as nice a systematic model-theoretic description as was hoped for, but that itself is not an issue
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of meaning or underdetermination. Thinking of Carnap’s problem in this way blunts much of its

force.

Despite the popularity of this particular formulation of the issue in the literature, we

believe that putting it thusly obscures much of its epistemological and logical impact. For the

real issue is not that two separately given aspects of the meaning of an expression do not match

up as expected, it is rather that the epistemically less taxing aspect (the inferential behaviour)

of an expression’s meaning does not suffice to tell us much about the other aspect of its meaning

(its model-theoretic denotation). Starting with a set of inferential constraints we are not able to

recover a unique candidate for the model-theoretic counterpart of these inferential patterns, we

are given no way of choosing between several equally defensible candidates. Rather than being an

issue of determining a non-standard meaning, Carnap’s problem should be thought of as an issue of

non-unique meaning: inferential patterns provide no way of distinguishing between several equally

acceptable candidate model-theoretic values of an expression.

The issue with Carnap’s problem is therefore not that a particular, privileged meaning is

only partially determined, but that there are several candidate meanings fitting the ‘inferential bill’.

Not uniquely determining any meaning is the sense in which Carnap’s problem demonstrates the

underdetermination of semantic value by inferential behaviour. For this we need not presuppose

an intended, pre-given meaning. Rather, what is desired is a one-to-one match between inferential

roles and classes of models – what is at issue, at the core of Carnap’s problem, are not standard

meanings, but unique meanings. Put differently: the underdetermination is not problematic be-

cause it demonstrates the failure of pinning down the standard meanings of the logical constants, it

is a problem because it demonstrates a failure of uniqueness. We know that the standard meanings

satisfy the inferential role of a constant, what the non-booleaness of the set of all consistent inter-

pretations shows is that this is not the only possible candidate for filling that particular inferential

role.

This way of putting things also emphasises the connection with the notion of categoricity,

which we will return to in the next subsection. Failure of categoricity indicates that the (full)

inferential role given rise to by a particular semantic value is not strong enough to uniquely pin

down that very value: the inferential role thus created admits of alternative interpretations, and

underdetermines meaning. Hence, in an important sense, Carnap’s problem is not a problem for
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the meaning of a connective, at least not if we think of meaning as classes of models. For the

rules for a connective will determine a meaning, even if it is non-standard. No, Carnap’s problem

is problematic because of the failure of uniqueness it engenders. Non-categorical inferential roles

do not determine a unique meaning in the sense that there are distinct classes of models that are

consistent with the inferential role thus given.

Non-categoricity and failure of uniqueness are two sides of the same coin here: in case a

meaning is not categorical there will be multiple sound interpretations that are candidate values

for filling the respective inferential role. In case the inferential role is also complete for several

consistent candidate meanings the issue is compounded even further. In the propositional case we

would then be dealing with what was termed ‘inferentially idle’ valuations, valuations that make

no difference to the inferential characterisation of a meaning at all. In the first-order case we are

confronted with multiple, equally good, and inferentially indiscernible quantifiers all fit to provide

the appropriate semantic value for filling the inferential role under consideration.

We are emphasising the connection between Carnap’s problem, non-categoricity, and fail-

ures of unique determination so much here, because we believe that it is the notion of uniqueness

which makes the underdetermination phenomenon so relevant to debates concerning logicality.

Switching perspective from inferential roles to meanings, failures of uniqueness show that certain

semantic values, certain model-theoretic meanings, are not inferentially well-behaved, in the sense

that they cannot be pinned down by a consequence relation (of the format we are considering here).

They do not possess inferential roles that capture what is distinctive about these values over others.

In other words, these are values that are not inferentially definable, or fully characterisable in terms

of inference alone, and it is this relation to the notion of definition that provides the connecting link

to the debate on logicality, given the importance the notion of definition has played in traditional

inferentialist accounts of the nature of the logical constants. Thus, on the perspective taken here,

non-uniqueness is an obstacle to the logicality of a notion because of its relation to definition, not,

however, because of any underdetermination of an intended meaning.

7.5.2 Categoricity Reconsidered

Above we distinguished the problem of unintended from the problem of non-unique se-

mantics. This distinction really corresponds to two different projects, trying to answer two separate
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questions. On the one hand, one could ask for the kind of semantics for which a given set of rules

is categorical.264 I.e., one could ask what the space of semantic values would have to be like,

what would the features of the semantic framework have to be, in order for a given set of rules to

uniquely pin down a value in that semantic framework. On the other hand, one might presuppose

a proof-theory and a semantics and pursue investigations of the constraints under which one is

categorical for the other. The former is the kind of project pursued in (Garson 2001; Garson 2013),

the latter the kind of project we are interested in here. The adoption of this kind of perspective

is justified in the present context by a somewhat historical attitude. Within logic we take there

to have emerged a rather natural and well-motivated conception of inference and, independently,

a natural and successful account of truth and model-theoretic semantics. Both stand on a firm

conceptual basis and do not require modification. Yet, they mismatch. In the context of a project

of logicality, as pursued here, we wish to address this mismatch directly, rather than arguing for

a revision of the notion of inference, or the adoption of a non-standard conception of truth and

semantics.

It is worth reconsidering the kind of categoricity we are after when investigating issues

of unique determination. At the propositional level, the operator V(·), upon given a consequence

relation `, output the set of all models of the language consistent with that consequence relation,

i.e., to reiterate, V(`) = {v | v is consistent with `}. A class of valuations V was then called

categorical if V = V(|=V ), i.e., when V was the largest class of valuations consistent with the

consequence relation it generates. When we are in possession of a completeness theorem for a

categorical V with respect to a consequence relation `, i.e., when `= |=V , this amounts to saying

that ` determines V as the space of meanings appropriate for the logical expressions occurring in

the language of `. The issues of underdetermination we encountered above for the propositional

operators were all of the following form: start with a natural set of models appropriate for the

expression c under consideration (the set of c-boolean valuations Vc). Then identify a non-standard

(i.e., non-boolean) valuation v∗ that is inferentially idle, i.e., does not refute any inference deemed

valid by Vc. This shows that Vc 6= V(|=Vc) ⊇ Vc ∪ {v∗}.

However, even when Vc is the maximal set of valuations consistent with the inferential

264We are overloading concepts here: it is of course semantic values that are or are not categorical. Nonetheless, a
set of rules can be said to be categorical if it succeeds in pinning down a unique semantic value.
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behaviour of an expression c as codified by a consequence relation `, i.e., when Vc = V(`), this

does not yet establish that the meaning of c is uniquely determined by `. For what guarantees

that there is no V ⊂ Vc, s.t. ` = |=V , i.e., that Vc did not already contain an inferentially idle

valuation? When considering uniquely determined quantifiers these kinds of cases are naturally

ruled out. In the propositional case, however, they warrant brief consideration. For both the case

of mcrs and bilateral consequence we obtained results that ensured that for any set of valuations

V : V = V(|=V ). This, in turn, guarantees the uniqueness of a categorical V ∗ for suppose there

was a V ⊂ V ∗, s.t. |=V = |=V ∗ . Then V = V(|=V ) = V(|=V ∗) = V ∗ – contradiction. In case we

adopt constraints that force the space of valuations to be boolean the above described possibility

of underdetermination is ruled out by the fact that every valuation in VBool (where VBool is the set

of all boolean valuations) is essential in the following sense:

Proposition: Let V ⊂ VBool. Then |=V 6= |=VBool .

Proof : Consider v∗ ∈ VBool, s.t. v∗ /∈ V . Let

∆+ = {p | v∗(p) = 1}

∆− = {¬p | v∗(p) = 0}

and let ϕ be an arbitrary contradiction. We claim that

(a) ∆+,∆− |=V ϕ; and

(b) ∆+,∆− 6|=VBool ϕ.

Ad (a): Note that among Boolean valuations a valuation is fully determined by the values it assigns

to propositional variables. It follows that there is no other valuation that agrees with v∗ on its

assignment of values to the propositional variables. In particular, then, for no v ∈ V do we have

that v(ψ) = 1 for all ψ ∈ ∆+ ∪∆−. But then, trivially, ∆+,∆− |=V ϕ.

Ad (b): Since ϕ is a contradiction and v∗ ∈ VBool we have that v∗(ϕ) = 0. Moreover, by design,

v∗(ψ) = 1 for all ψ ∈ ∆+ ∪∆−. Hence, ∆+,∆− 6|=VBool ϕ.

Thus, there exists Γ ∪ {ϕ}, s.t. Γ |=V ϕ, but Γ 6|=VBool ϕ, and therefore |=V 6= |=VBool .

�
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Hence, at least in the cases we are considering in the context of this thesis, categoricity implies

uniqueness.

At the level of FOL there is a further underdetermination phenomenon which it is worth

mentioning here, if only to point out in what way it is orthogonal to the underdetermination

phenomena treated in this chapter. It is well-known that the downward Löwenheim-Skolem theorem

for FOL establishes that we can, model-theoretically, do without any models of cardinality greater

than ℵ0, and that we can therefore substantially stratify our universe of models that can be ‘gotten

to’ by means of the resources of FOL.265 Hence, FOL underdetermines the class of models in

that countable models would fully suffice for everything we might be interested in doing. This

is of course correct as far as it goes, but it is a substantially different issue than the one we are

interested in here: here we are given a background theory of semantics from the outset. The nature

and extent of this background theory is independent of the logic whose semantics it is to provide,

and motivated by different (possibly non-logical) considerations.266 In the context of this thesis the

assumed background theory is given by ZFC (of course, there is insecurity about the extent of the

universe of ZFC, but that is not the issue here), and it is within the semantic framework yielded by

this background theory that we aim for the uniqueness of the meaning of logical expressions. Thus,

the question of whether all of this background theory is actually needed to provide a sufficiently

expansive space of models for the language under consideration is, while interesting, irrelevant to

the present project. Furthermore, many of the languages we consider actually require an extended

space of models, outstretching the one ‘pinned down’ by FOL.

7.5.3 Moderate Logical Inferentialism Reconsidered

At the beginning of this chapter we motivated Carnap’s problem by reference to its impact

on moderate inferentialist positions in the philosophy of language – positions that emphasise the

role of inference in getting us to the meaning of an expression but do not identify these meanings

with inferential roles. The repercussions of Carnap’s problem for positions of this kind and the

difficulties in overcoming Carnapian underdetermination have been emphasised. We hope that we

265See (Sagi 2018) for some possible consequences of this for questions of logicality.
266This does not mean that there are no requirements on such a theory that stem from logic. The kind of theory

needed to fulfil the job, that is suitable for the required task, depends on the underlying conception of logic. However,
the actual choice of such a theory, from among several appropriate candidates, might be subject to other, extra-logical
standards and constraints.
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succeeded in demonstrating that the questions and issues raised by Carnap’s problem far exceed

the narrow confines of the moderate inferentialist and touch on almost all areas in which the

different aspects of an expression’s meaning we have been interested in here – its inferential and

truth-theoretic aspects – interact. Regardless of this much wider and, arguably, more fundamental

significance and impact, we want to revisit the effects of Carnapian underdetermination on the

project of the moderate (logical) inferentialist positions in the present section.

Especially in light of the responses available to Carnap’s problem, and as will become even

more conspicuous in the next chapter, it is helpful to distinguish between two types of inferentialism

in the context of the present chapter: rule-based inferentialism, and consequence-based inferential-

ism. While this distinction might not be perfectly sharp, the general idea behind drawing it is

the following. On a rule-based approach much emphasis is placed on our ability to systematically

codify inferential patterns and to present them in a compressed manner by rules or rule-schemata.

This kind of approach is very much connected to the paradigm of observing inferential patterns in

practice and presenting them in a finite and epistemically feasible manner, and lies at the heart of

most inferentialist approaches. It also lends force to considerations of rule-completeness,267 the idea

that, roughly, all admissible rules (rules that preserve the semantic property under consideration

over the models deemed appropriate) are derivable from the set of rules determining the extent

of admissible models.268 Results of this kind can be understood as guarantees that we have fully

captured and codified an inferential practice and have been employed (as indicated in Section 7.4.2

above) in the service of motivating non-standard coherence-constraints.

In the context of this thesis we pursued an inference- or consequence-based approach ac-

cording to which the notion of an entire consequence relation (however it was given) was basic.

Rules were, where available, a nice way of presenting consequence-relations, but the basic codifi-

cation of inferential patterns was understood as being given by a consequence-relation rather than

a set of rules. This allowed us, on the one hand, to be more general in the scope and formula-

tion of our results, and, on the other, maintain that the ‘right’ coherence-constraint was given by

the semantic framework, independently of purely inferential considerations and thus not open to

substantial modifications.

267As advanced in (Humberstone 1996)
268See (Humberstone 1996) for details.
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By choosing consistency as our coherence-constraint, based on the idea that what classical

consequence captures is the preservation of truth, we also adopted the position that one semantic

value, c2, was at least as good as another value, c1, for filling an inferential role as long as it

validated no less than was licensed by c1 itself. Garson (Garson 2013) observed that this might

lead to a certain ‘inferential asynchronicity’ between the inferences licensed by the semantic value

for a particular expression, and the inferences licensed on the basis of the inferences that deter-

mined that value, for the value determined by an inferential pattern might give rise to inferences

not covered by these rules. The classic example here concerns implication and was already given

above: restricting ourselves to truth-functional interpretations, the intuitionistic rules for implica-

tion suffice to determine the classical interpretation of →. However, they do not suffice to prove

Pierce’s Law ((ϕ → ψ) → ϕ) → ϕ which is licensed by the classic truth-function for implication.

Hence, the rules determine a semantic value that licenses more inferences than were supported by

the rules that determined this interpretation. Woods (Woods 2014) calls this a failure of semantic

separability, and marks it as a potentially ‘strange and worrisome behaviour’ (Garson 2013, 35)

given that “it is bizarre in the extreme to claim that a system of rules expresses a semantics when

that system cannot even prove some of the arguments that semantics deems valid” (Garson 2013,

21).

Given the central importance afforded to the property of separability on inferentialist

accounts of meaning and logicality this ‘undesirable’ misalignment of semantically and proof-

theoretically licensed inferences leads Woods (Woods 2019) to formulate an equilibrium-demand

for a successful modest inferentialist position, requiring that “the meaning fixed by the inferen-

tial role should not outstrip the inferential role”, in the sense that “the proof-relation [...] should

not outstrip the consequence relation we can generate from the meaning determined [...] by the

proof-relation” (Woods 2019, 3). Instead, we “want the meanings extracted from the rules to cor-

respond to what can be derived by means of the rules” (Woods 2019, 4), i.e., that, where c is

the interpretation of c determined by `c, Γ |=c ϕ iff Γ `c ϕ.269 On this equilibrium-conception

of MLI the inferences licensed by a meaning determined by an inferential pattern need to match

what is justified on the basis of this pattern. Such an equilibrium-constraint amounts to a no-more

requirement in addition to the no-less condition – model-theoretic and proof-theoretic inference

269See (Woods 2019, 3).
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should match precisely.

Given our semantically focused approach to questions of unique determinability in terms

of Carnap-categoricity, it is possible to adapt our preferred notion of uniqueness so as to meet not

only the no-less, but also the no-more demand in our setting. This is the case because our particular

choice of the basis on which a semantic value should be determined is at the lower end of a scale

of increasingly demanding notions. Consider the following three principles. Given model-theoretic

values c and c∗ we say that c is uniquely determined by a consequence relation ` if c is consistent

with ` and

(U1) for all c∗ consistent with `: c = c∗.

(U2) for all c∗ consistent with `, s.t. for all ϕ, |=c ϕ iff |=c∗ ϕ: c = c∗.

(U3) for all c∗ consistent with `, s.t. |=c = |=c∗ : c = c∗.

(U1) was the kind of constraint we adopted in our account of Carnap-categoricity. (U3) incorporates

the kind of equilibrium-demand advocated by Woods in that the alternative values that are able

to upset the uniqueness of a value c determined on the basis of a consequence relation must be

such that they prove no less (consistency) and no more than the ‘original’ value c – c∗ and c

must be completely inferentially indistinguishable in a first-order framework. (U3) thus captures

the no-more demand in the sense that candidate values to fill an inferential role need not only be

consistent with it, but may also not license any further inferences. (U2), on the other hand, is a

restricted version of (U3), focusing only on theorems rather than entire arguments.

The modification of Carnap-categoricity resulting from adopting (U3) instead of (U1)

provides some interesting insights and indicates a promising direction of further study. For while

it is (as of yet) unknown whether any of the alternative interpretations of ∀ consistent with `FOL

fail the additional condition of (U3), i.e., whether ∀M = {M} is unique in at least the sense

of (U3) (given that is fails to be unique in the sense of (U1)), it is possible to show that Q1

remains underdetermined even with respect to (U3), at least when admitting a strengthening of the

background set theory. For we showed in Chapter 5 that under the assumption of V = L we have

that for any α, |=Qα+1 = `K = |=Q1 , and thus that in ZFC + V = L Q1 and Qα+1 are completely

inferentially indistinguishable.

It is not hard to see that (U1) implies (U2) implies (U3). The example of the previous
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paragraph raises the question whether failure to satisfy (U1) automatically leads to failure to satisfy

(U3). If this were true, the equilibrium demand would be met ‘for free’ by (U1), making it an even

more attractive principle to adopt. However, at least for restricted cases this does not seem to be

the case:

Example: Assume we are only considering models of cardinality ≤ ℵ1. Then, by the results of the

Appendix to Chapter 5, we know that Q1 still fails (U1) due to the presence of Q0. In particular,

given the restrictions on the size of models, Q1 fails (U1) only because of Q0. However, note

that |=Q0 6= |=Q1 (the latter possesses a complete axiomatisation, the former does not). Thus,

considering only interpretations Q∗ consistent with `K , s.t. |=Q1 = |=Q∗ we are left with Q1 as the

sole candidate, thereby establishing that Q1 is unique in the sense of (U3).

Open Question: Is there a quantifier Q, s.t. Q is unique in the sense of (U3), but fails to be unique

in the sense of (U1) over the full class of models?

Before uncritically strengthening (U1) to (U3), however, we should pause and question how justified

the equilibrium-demand is. For while a demand of this kind might be a reasonable constraint on a

purely inferentialist account, it becomes, in our opinion, a rather undesirable restriction as soon as

properly semantic considerations enter the picture. This is the case because it essentially demands

that whatever meaning we are justified to assume on the basis of inferential patterns must be such

that it does not ‘exceed’ the inferential patterns. This is a strange stipulation, even for the moderate

logical inferentialist, for if we only get out what we put in, we effect, in essence, a reduction of

semantics to syntax – we are knowing no more than we did before, obtaining the same inferences

under another guise. However, one of the advantages of bringing on board properly semantic

considerations was precisely the hope to surpass the limitations of purely syntactic and proof-

theoretic approaches. The idea was that the epistemically attractive resources of finitary syntax

might yield semantic values that permit us to surpass the finitary nature of the purely inferential

approach. By imposing an equilibrium-constraint we are, in effect, nullifying this achievement. It

seems to us that the attraction of an MLI position resides precisely in its ability to exceed the

confines of syntax – attempting to make sure it does not outstrip purely proof-theoretic confines is
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therefore somewhat revisionary. Thus, unless one wishes to reduce moderate logical inferentialist

positions to their more radical cousins, which see model-theoretic concepts as a mere heuristic

without substance and import, it seems better to eschew such an equilibrium-demand in order to

exploit the advantage moderate logical inferentialist accounts possess in virtue of their recognising

(model-theoretic) semantics as an independent layer of meaning that is to be suitably connected

with, but not reduced to, the layer of inferential meaning.

When it comes to the demarcation problem of the logical constants, the relevance of

Carnapian underdetermination is different. Here, the issue does not concern the matching of

model-theoretic and proof-theoretic inference, but rather the fact that model-theoretic meanings

might fail to give rise to inferential patterns that uniquely determine these very meanings, and that

inferential patterns by themselves thus do not suffice to characterise or give access to the model-

theoretic meanings of the logical constants. Connected with an account that identified senses with

what is expressed or captured by inferential behaviour we were faced with the issue that senses did

not get us to the relevant referents. An equilibrium-demand along the lines formulated above would

clearly be out of place in this setting – such a requirement gives way to a categoricity-demand in

the context of the debate on logicality of the previous chapters.

7.6 Concluding Remarks

The previous chapter, containing our positive proposal for a combined criterion of log-

icality, incorporated the idea that logical constants must be ‘inferentially definable’ in the sense

that their inferential patterns must ‘pin down’ a unique model-theoretic meaning. This demand

was highly non-trivial due to Carnapian underdetermination of semantics by inferential behaviour.

This chapter set out to provide a more systematic and critical assessment of the nature, scope,

and significance of Carnap’s problem, and to contextualise our approach for resolving it (by means

of an invariance condition) within the wider space of proposed solutions. Such an investigation

was necessary, not only to provide the context for our criterion of logicality and to illuminate one

of its background assumptions, but also because there is, as of yet, to the best of our knowledge,

no comprehensive treatment of Carnap’s problem in the literature apart from several partial and

highly specialised discussions more often than not excluding the phenomenon of quantification. We
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hope that the current chapter is a first step toward closing this gap, and to bring (what we take

to be) a deep problem in the philosophy of language and logic to the attention of workers in these

areas.

This chapter contains material currently being prepared for submission for publication. The dis-

sertation author is the sole author of the material.
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Chapter 8

Unique Determinability and Meaning

8.1 Introduction

The idea that inferential aspects of an expression play an important role in determining

its meaning arises naturally from a conception of rules as definitions. The further idea that when

that meaning is determined uniquely by inference the respective expression is to count as logical

emerged early on as an important feature of (inferentially characterised) logicality. K. Popper, for

example, emphasised the property of uniqueness in defining the logical constants inferentially,1 and

it has played a crucial role in N. Belnap’s writings on the topic and the tradition that followed

him.2 What it is that is being determined by rules, or more generally, inferential role,3 is of course

the meaning of the expression whose inferential behaviour is being considered. What that meaning

consists in, however, regulates the kind of uniqueness at issue and the ways in which that uniqueness

might be assessed.

With respect to the basic bifurcation at work in the context of the present thesis in

particular we need to sharply distinguish between the uniqueness of inferential-, or conceptual role,

and the uniqueness of semantic (model-theoretic) value. For whichever is taken to constitute the

1See, e.g., (Popper 1947b).
2Cf. (Belnap 1962). For a selection of authors emphasising the importance of uniqueness for logicality see, for

example, (Gabbay 1978), (Zucker and Tragesser 1978).
3When talking about the inferential role of an expression in the context of this chapter we refer to whatever can

be represented by a consequence relation, or a (rule-based) presentation of a consequence relation. Nothing more
substantial is meant here. When thinking about the inferential role of a sentence we might, in accordance with a
suggestion of Peregrin’s, identify that sentence’s inferential role with a tuple consisting of the sentences that follow
from it, and the sentences it follows from according to a given consequence relation.
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appropriate way of conceiving of the meaning of an expression will determine the precise conditions

of uniqueness and unique determinability that will have to be met. It follows that the ‘right’

notion of uniqueness is relative to a choice of background framework, and in particular to whether

a specification of meanings is undertaken in terms of truth-conditional content, or in terms of

inferential roles. For whichever theory of meaning is adopted will dictate what is demanded in

order to meet any potential uniqueness constraint. Thus, on both kinds of approaches to logicality,

the semantic and the inferential, what is to be assessed for its uniqueness is the meaning of an

expression, but what precisely that meaning is very much depends on the underlying semantic

theory adopted. This, in turn, determines the adequacy of the criteria used to assess the uniqueness

of meaning.

We are confronted here with an opposition between the uniqueness of inferential role vs.

the uniqueness of model-theoretic value and their relationship and interaction. Strictly speaking,

this way of putting it is still very misleading. For given that, on both accounts, it is syntactic

entities (rules or consequence relations) doing the determining, we are not literally concerned with

the uniqueness of meaning, but with the question of whether inferential roles and their specification

succeed in uniquely determining a meaning. This difference is somewhat obscured in the inferen-

tialist case where meaning and its specification by rules/consequence relations might be taken to

coincide, but becomes especially obvious when considering model-theoretic objects, whose identity

conditions are given by the underlying set-theory. Nonetheless, we will stick with the inexact but

more widely accepted terminology suggested by Belnap’s article in this chapter, continuing to talk

about the uniqueness of a meaning when we refer to its unique determinability. On the account

developed here, a meaning is unique if it is uniquely determined by its inferential behaviour. We can

then, somewhat sloppily, express the basic opposition between the two conceptions of meaning at is-

sue by contrasting unique characterisation (of conceptual role by inferential behaviour) with unique

determination (of semantic value by inference). The goal of this chapter is to clarify and charac-

terise different notions of uniqueness that emerge from different theories of meaning, and to work

out more clearly in how far Carnap-categoricity can serve as the ‘right’ notion of uniqueness/unique

determinability in the context of the model-based, classical, first-order approach pursued in this

thesis.

The structure of the chapter is as follows: in Section 8.2 we will outline the basic inferential
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implementation of the notion of uniqueness. In Section 8.3 we will consider the prospects of

a combined notion of uniqueness that supplements inferential ideas with coherence constraints,

ultimately dismissing these attempts as inadequate. Section 8.4 takes up the project of spelling out

a notion of uniqueness appropriate for a setting that emphasises semantic values of expressions for

their individuation. Here we will first outline and criticise the dominant adaptation of uniqueness

in a semantic framework in the shape of the notion of implicit definability (Section 8.4.1), to then

explicate and develop the notion of Carnap-categoricity as an appropriate way to obtain a workable

notion of uniqueness for logicality on a syntactico-semantic approach.

8.2 Inferential Uniqueness

The demand for the uniqueness of a logical operator came to prominence in N. Belnap’s

proof-theoretic response (Belnap 1962) to Prior’s pathological connective tonk (Prior 1960) (though

it had already played an important role in earlier inferentialist approaches to logicality). In this

response, Belnap motivated the requirement as complementing the (more important) demand of

existence, which stemmed from the conception of rules of inference as definitions of the signs

they introduce and whose behaviour they govern. The adoption of an existence and a uniqueness

requirement closely mirrored the treatment of definitions in mathematics:

The mathematical analogy leads us to ask if we ought not also to add uniqueness as a
requirement for connectives introduced by definitions in terms of deducibility (although
clearly this requirement is not as essential as the first, or at least not in the same way).
(Belnap 1962, 133)

According to Belnap, uniqueness thus emerges as the natural counterpart of existence in the context

of a conception of rules as definitions,4 as inspired by Gentzen’s influential remark that “[t]he

introduction[-rules] constitute so to say the ‘definitions’ of the respective signs” (Gentzen 1934,

5.13).5 It is to guarantee that, given a definition of a connective (say, a binary connective ∗) in

terms of inference, only one proposition can result from applying ∗ to propositions A,B, ensuring

that the proposition A ∗B is unambiguous. The kind of uniqueness that is at issue here of course

concerns uniqueness of inferential role. That is, we can only be said to have successfully defined a

4See (Došen and Schroeder-Heister 1985) for a precisification and investigation of the idea that uniqueness and
conservativity are two sides of the same ‘definitional coin’ and are, in suitably restricted circumstances, dual notions.

5See (Prawitz 1965; Prawitz 1971) for an analysis and development of Gentzen’s remark. Cf. also the project of
(Došen 1989).
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connective in terms of deducibility if it is the case that “at most one inferential role is permitted by

the characterization” (Belnap 1962, 133). In other words, we need to make sure that we have not

characterised two different connectives, but instead determined a unique operation (Belnap 1962,

134).6

G. Restall approvingly cites the idea that “[i]nference rules only truly define a connective

if they go beyond describing some of its inferential properties, and go on to determine its behaviour

in valid arguments” (Restall 2010, 4). The ‘criterion of uniqueness for logical constants’ is thus tied

less to the notion of logicality itself, but rather motivated by the idea that logical constants are

those expressions that can be completely defined in a particular way in terms of their inferential

behaviour. It is a condition on definition first, and on logicality second, entering the picture through

the demand that logical constants be those that are definable in terms of their inferential properties

alone. This is also obvious in the writings of an early proponent of the idea that logical constants

are those expressions that can be fully characterised/given in terms of their inferential behaviour.

Popper distinguishes logical constants in virtue of them possessing an inferential definition which

includes a requirement of uniqueness.7

The relevance of the notion of uniqueness to questions of logicality, especially for accounts

integrating, in one way or another, inferential constraints into the determination of this property,

has been hard to overlook in subsequent investigations.8 In discussing the admission of ‘new

intuitionistic connectives’, for example, Gabbay9 explicitly includes the constraint that the meaning

of a newly introduced connective be uniquely determined by its axioms among a set of conditions

jointly deemed sufficient for counting an intuitionistic connective as logical. Thus, as soon as

inferential considerations enter the picture, the idea that uniqueness is an essential component of

an expressions’ logicality naturally emerges via the conceptions that inferential roles define their

constants.10

6T. Smiley (Smiley 1962) investigated a similar notion at around the same time as Belnap under the label of
functional (in)dependence.

7Cf. (Schroeder-Heister 1984).
8Cf., e.g., (Hodes 2004, 148): “An adequate account of introduction, elimination and thickening rules will show

that they suffice to characterise uniquely the role of a logical constant in demonstrative argumentation.” See also
(Zucker and Tragesser 1978) and (Došen 1989) to name but a few accounts that take uniqueness to constitute an
important feature of logicality.

9See (Gabbay 1978, 128). See also (Gabbay 1981, 131). For discussion and criticism of Gabbay’s conditions, includ-
ing the uniqueness constraint, see (Kaminski 1988, 311). For overview, summary, and commentary, see (Humberstone
2011, Sect. 4.37)

10Digression: the possibility of new intuitionistic connectives raises interesting questions and puts the significance
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8.2.1 Synonymy & Uniqueness

According to Naibo & Petrolo, to demand that a logical constant be uniquely determined

by its inference rules amounts to the imposition of a principle of the identity of indiscernibles:

“if two operators cannot be distinguished on the basis of their inferential features [...] then these

two operators are identical with respect to the deducibility relation, i.e., they can be considered

as if they were the same connective” (Naibo and Petrolo 2015, 146). If a connective is uniquely

determined by its inferential features those features circumscribe a unique conceptual role, they

carve the space of possible variations so tightly that, from the perspective of deductive behaviour,

any two notions possessing these features behave identically in all relevant deductive respects and

can thus be identified; if “at the level of derivability they are indiscernible, [...] we can say that they

are the same connective” (Naibo and Petrolo 2015, 146). Thus, if the conditions of individuation

for a logical operator are located at the level of inferential behaviour, identity of deductive role is

sufficient for the identity of the respective operator. The crucial question then becomes in what

way we are to understand ‘identity of deductive behaviour’.

Since this chapter is, for the most part, concerned with a conceptual analysis of the

notion of uniqueness, details pertaining to the specific nature of particular languages and their

substitution properties would prove highly distracting. To simplify matters, and in keeping with

the vast majority of literature on the topic, we assume that all languages in this chapter, unless

explicitly noted otherwise, are simple propositional languages.

and strength of the assumptions made in this thesis in sharp focus. It was shown in (McCullough 1971) that under
the supposition of a natural condition on admissible intuitionistic connectives in the context of Kripke-semantics the
standard set of intuitionistic connectives is functionally complete. (Zucker and Tragesser 1978) show that assuming
an ‘inferential semantics’ (which they sharply distinguish from a properly intuitionistic semantics) one can prove the
set of standard connectives adequate. Yet, by the above, this is not in general the case. Hence, investigations of the
question of what is a logical connective? and of what are all logical connectives? depend on the kind of theory of
meaning deemed appropriate for the respective logic. The choice of semantic framework (in the broadest sense of
the word here, including inferentialist semantics) is relevant for isolating the appropriate principles underlying the
conception of a logic and thereby its pertinent notion of logicality. Contra Naibo & Petrolo (as quoted above), the
question of logicality cannot be independent of the question of an appropriate theory of meaning for a logic and can
thus only be answered through an investigation of the principles underlying such a theory. We restricted ourselves in
the way we did in this thesis, – considering truth-functions, set-theoretic models, and first-order languages, – because
the assumption of this background appears to be relatively uncontroversial and widely accepted in the context of
classical logic, unencumbered by disputed and obscuring elements extrinsic to the main questions dealt with here. It
is hoped that what these restrictions lose in terms of applicability and generality will be made up by gains in clarity
and convincingness. We further hope that the insights obtained here will prove helpful in answering similar questions
for other logics and logical systems, such as with regard to new intuitionistic connectives, a topic which we hope to
take up in future research.
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Deductive Synonymy of Formulas If the meaning of a formula is identified with its deductive

behaviour, then identity of deductive behaviour amounts to sameness of meaning, i.e., synonymy.11

Here, we are specifically concerned with the notion of deductive synonymy, i.e., sameness of meaning

according to a deducibility relation. Synonymy in such a context amounts to intersubstitutability

salva provability – two formulas are synonymous if they are “interreplaceable salva veritate in all

statements of provability and deducibility” (Smiley 1962, 427).

Some terminological set-up: we say that a formula ϕ of a language L is a context. If ψ

is a subformula of ϕ, we say it occurs in ϕ. Given a context ϕ and formulas ψ, χ, by [ψ/χ]ϕ we

denote the formula that results from replacing all12 occurrences of χ in ϕ by ψ. If Γ is a set of

formulas of L, [ψ/χ]Γ = {[ψ/χ]ϕ|ϕ ∈ Γ}. Given a (single-conclusion) consequence relation ` for L,

two formulas ψ and χ are deductively synonymous, or synonymous according to `, iff for all Γ∪{ϕ}

of L:13

(PCEF ) Γ ` ϕ iff [ψ/χ]Γ ` [ψ/χ]ϕ

I.e., the formulas ψ and χ are deductively synonymous if they are interreplaceable in all inferences.

Alternatively, two formulas ψ, χ are (deductively) synonymous (w.r.t. `) iff, for all contexts

ϕ of L:14

(INTF ) ϕ a` [ψ/χ]ϕ

Under moderate assumptions on the consequence relation these two characterisations of deductive

synonymy are equivalent:

Fact: Assume that ` is reflexive, transitive, and monotone. Then, (PCEF ) iff (INTF ).

Proof : Note first that [χ/ψ][ψ/χ]ϕ = [χ/ψ]ϕ.

11Although the notion of synonymy is a philosophically highly contested concept, fraught with controversy, we
largely circumvent the issues associated with these debates here by restricting our attention to the notion of deductive
synonymy, i.e., synonymy according to a consequence relation which, in any sufficiently specified context, is reasonably
clear and uncontroversial (whether it captures any kind of acceptable notion of meaning synonymy is of course a
separate question, ignored here by the stipulation that meaning is to simply be identified with inferential role).

12For simplicity we assume that replacement is uniform.
13Cf., e.g., (Humberstone 2011, 418) and (Smiley 1962, 427).
14Cf. (Smiley 1962, 426).
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(⇒) Let ϕ be a context and ψ, χ formulas for which (PCEF ) holds. Then, ϕ ` [ψ/χ]ϕ iff, by

(PCEF ), [χ/ψ]ϕ ` [χ/ψ][ψ/χ]ϕ iff [χ/ψ]ϕ ` [χ/ψ]ϕ which holds by the reflexivity of `. The

other direction is analogous.

(⇐) Let ϕ be a context and ψ, χ formulas for which (INTF ) holds. Note that, by (INTF ), ϕ `

[ψ/χ]ϕ and [ψ/χ]γ ` γ for all γ ∈ Γ. It follows that [ψ/χ]Γ ` Γ15, Γ ` ϕ, and ϕ ` [ψ/χ]ϕ.

Thus, by the transitivity of `, [ψ/χ]Γ ` [ψ/χ]ϕ. The other direction is analogous.

�

In case a biconditional is present in the language (or can be defined in terms of other operators)

(INTF ) simplifies to the demand that, for all contexts ϕ, ` ϕ↔ [ψ/χ]ϕ. In particularly favourable

circumstances (such as in, for example, classical propositional logic) where the consequence relation

is congruential, above conditions can be even further reduced. A consequence relation is congruential

iff, for all contexts ϕ, if ψ a` χ then ϕ a` [ψ/χ]ϕ. I.e., in the context of a congruential consequence

relation equivalent formulas are (fully) synonymous. In this case the synonymy of two formulas

ψ, χ reduces to the requirement of mere interderivability, i.e., ψ a` χ (or ` ψ ↔ χ) suffices. The

current definition of deductive synonymy amounts to indistinguishability from the perspective of

the consequence relation: in terms of deducibility, whatever can be done/said using one formula,

can be done/said using the other – they occupy the same inferential role and thereby coincide in

all their implications and consequences.

There are of course several variations on the concept of deductive synonymy, rendering

it more fine-grained than the version explicated by means of (PCEF ) or (INTF ). One could,

for example, focus on a particular class of formulas of a particular syntactical shape and restrict

attention to synonymy within that class of formulas (e.g., the positive fragment of a language). This

sort of restriction would yield a notion of synonymy for a language fragment. On the other hand,

one could restrict attention to a class of formulas possessing a particular, not necessarily syntactic,

property (e.g., theorems) and evaluate synonymy w.r.t. formulas possessing this property. Or, one

could assess synonymity in the context of a pre-given theory Σ and relativize (PCEF ) and (INTF )

to deductions that permit assumptions from Σ, i.e., we would obtain a notion of interderivability

modulo Σ.16

15Where [ψ/χ]Γ ` Γ means that [ψ/χ]Γ ` γ for all γ ∈ Γ.
16K. Došen (Došen 1980) further investigates a hierarchy of successively less fine-grained notions of synonymy by
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This is not the place to investigate the connections between the different notions of syn-

onymy outlined in the previous paragraphs and to study the conditions under which they come

apart and coincide. Here, we opt for what appears to be the most general formulation of the no-

tion of deductive formula synonymy that the problem we are interested in allows, and which will

therefore form the basis of our further investigations.

Deductive Synonymy of Constants In the previous section we outlined the notion of deductive

synonymy, of what it takes for two formulas to be synonymous according to a consequence relation.

This idea can be extended to determine under what conditions two expressions can be regarded

as synonymous from the perspective of a consequence relation. This, in turn, will form the basis

for articulating a notion of unique determination by inferential role. The transition between the

different notions, while natural, is non-trivial and will shed some light on the kinds of assumptions

that have to be made in the inferential framework when meaning is identified with inferential role.

In particular, rules take centerstage in the development of an inferentially acceptable conception

of uniqueness.

The idea that analogues of (PCEF ) and (INTF ) yield a promising notion of synonymy

for connectives and other constants is natural and promising. The basic insight underlying the

adaptation of (PCEF ) and (INTF ) to all expressions of a language is that two expressions will be

synonymous (in the context of a consequence relation) if they behave identical w.r.t. deducibility,

i.e., if they form synonymous compounds and can thus be used completely interchangeably. Thus,

Humberstone says that

Connectives [c, and c′] of the same arity – k, say – belonging to the language of a [...]
consequence relation ` are synonymous according to ` when for all formulas A1, . . . , Ak,
the compounds [c(A1, . . . , Ak)] and [c′(A1, . . . , Ak)] are synonymous according to `.
(Humberstone 2011, 418)

This idea is explicated by (PCE): assume that c and c′ are formula-generating expressions, each

looking not just at the structure of the consequence relation, but also, in addition, at the structure of the derivations
generating the relevant consequence relation. He ultimately labels the least fine-grained notion ‘synonymy tout court ’
given that “[t]his notion embodies the intuitive notion of interreplaceability salva provability” (Došen 1980, 66).
If the consequence relation we are considering is presented by a set of rules, our conception and Došen’s coincide.
Nevertheless, this agreement in case a consequence relation satisfies certain conditions should not hide the fact that a
move to the intensional level of proofs and derivations, considering criteria that take into account the structure of the
derivations themselves over and above the ‘brute’ deducibility facts as given by the consequence relation, uncovers
important differences tightly connected with a proper analysis of the notion of inference. See (Došen 1980, Chapter
9) for the development and investigation of notions of uniqueness based on alternative conceptions of synonymy for
formulas and expressions.
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combining with n formulas ψ1, . . . , ψn to yield a formula c(ψ1, . . . , ψn)/c′(ψ1, . . . , ψn).17 Then, c

and c′ are synonymous iff, for all Γ, ϕ, ψ1, . . . , ψn:18

(PCE.p) Γ, c(ψ1, . . . , ψn) ` ϕ iff Γ, c′(ψ1, . . . , ψn) ` ϕ;

(PCE.c) Γ ` c(ψ1, . . . , ψn) iff Γ ` c′(ψ1, . . . , ψn).

By (PCE) we mean (PCE.p) + (PCE.c). We say that two expressions c and c′ are premise-

equivalent if they satisfy (PCE.p), conclusion-equivalent if they satisfy (PCE.c), and premise-

conclusion-equivalent if they satisfy both. Belnap isolates condition (PCE) as expressing the idea

that two connectives c and c′ will “play exactly the same role in inference [...] both as premiss and

as conclusion” (Belnap 1962, 133). (PCE) captures the idea that two expressions are considered

deductively synonymous if whatever can be achieved by means of using one as governing a set

of formulas in premise- or conclusion-position can be achieved by means of the other. They are

inferentially indistinguishable when it comes to using compound-formulas governed by them, both

w.r.t. premise-, as well as w.r.t. conclusion-position (note that this is importantly different from

the kind of synonymy given by (PCEF ), which went further by demanding synonymy w.r.t. all

contexts).

Belnap further comments that whether or not two constants satisfy (PCE) depends on the

properties ascribed to c and c′, as well as on the properties of the underlying consequence relation. In

any case, he remarks, if we take a consequence relation to satisfy the basic conditions of reflexivity,

transitivity, weakening, and contraction, a necessary and sufficient condition for (PCE) is (INT)

(Belnap 1962, 133):19

(INT) c(ψ1, . . . , ψn) a` c′(ψ1, . . . , ψn)

(INT) says that compound-formulas governed by the expressions under consideration are fully

interderivable (we further assume that all ψi include only occurrences of the operator by which

17Humberstone (Humberstone 2011, 419) also considers a generalised notion of connective synonymy which it is
worth mentioning here. According to this notion it is possible to parametrise with auxiliary formulas ψ1, . . . , ψk,
i.e., an n-ary connective c can be synonymous with an n + k-ary connective c′ if, for all ϕ1, . . . , ϕn, c(ϕ1, . . . , ϕn)
is synonymous with c′(ϕ1, . . . , ϕn, ψ1, . . . , ψk) w.r.t. a given consequence relation. We here stick with the restriction
that constants need to be of the same syntactical type in order to be assessed for synonymy.

18See, for example, (Naibo and Petrolo 2015, 165) or (Fjellstad 2015, 493).
19Cf., e.g., (Humberstone 2011, 579) or (Naibo and Petrolo 2015, 145), though both impose further rule-based

restrictions on (INT).
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they are governed, i.e., that c′(ψ1, . . . , ψn) results from c(ψ1, . . . , ψn) by uniformly replacing all

occurrences of c in c(ψ1, . . . , ψn) by c′).

As formulated here, (INT) (and, for that matter, (PCE) as well) are both less and more

general than (INTF ) and (PCEF ). They are narrower in that interderivability in all contexts in

which the two notions have been switched is reduced to interderivability in contexts in which they

are the main operator. Due to this fact (INT) does not fully capture the idea of synonymy of

expressions as articulated by (INTF ). A more appropriate explication of synonymy of expressions

as based on (INTF ) would be the more general notion of (INT∗) (and, mutatis mutandis, of an

analogue (PCE∗)): let ϕ(c) be a context, possibly involving a constant c. By ϕ(c′) we denote the

context in which all occurrences of c have been replaced by c′. Then20

(INT∗) ϕ(c) a` ϕ(c′)

Clearly, (INT∗) implies (INT). The fully general notion of synonymy for expressions based on

(INTF ) would be (INT∗).21 However, an equivalence of (INT) and (INT∗) is guaranteed, thereby

justifying, in practice, the use of the much simpler condition (INT), by the assumption that the

underlying consequence relation ` is congruential.

Despite the difference between (INT∗) and (INT) more often than not, in order to spell

out what uniqueness of constants amounts to in terms of a notion of (deductive) synonymy, we

find that (INT) is the preferred choice.22 This is justified by the assumption of congruentiality of

the underlying consequence relation which collapses logical equivalence and full-blown synonymy,

thereby rendering (INT) and (INT∗) equivalent for all intents and purposes. The assumption that

a consequence relation be congruential may be adopted as an additional stipulation on the notion

of inference investigated here (for what it is worth, all standard consequence relations for the usual

extensional logical systems possess this property), or it can be forced to obtain by restricting the

contexts w.r.t. which the synonymy of two expressions – and thereby, ultimately, the uniqueness

of a constant, – is being assessed, though this puts some pressure on the kinds of rules constants

may be characterised by when being evaluated for uniqueness. In practice, we will use (INT) to

20Cf., e.g., (Došen 1980, 66), (Došen and Schroeder-Heister 1988, 555), and (Došen and Schroeder-Heister 1985,
161).

21This notion can be found in, for example, (Došen 1980), (Došen and Schroeder-Heister 1985), and (Došen and
Schroeder-Heister 1988).

22See, e.g., (Belnap 1962), (Smiley 1962), and (Naibo and Petrolo 2015).
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demonstrate the uniqueness of a constant, due to its easier applicability, keeping nevertheless in

mind that the more general notion of synonymy the conception of uniqueness is based on is actually

substitutability salva provability in all contexts, i.e., (INT∗), and that what allows us to identify

the latter with the former is the assumption of the congruentiality of `. We continue under the

assumption of the equivalence of (INT∗) and (INT). We then have the following fact:

Fact: Assume that ` is reflexive, transitive, and monotone. Then, (PCE) iff (INT).

Proof :

(⇒) Assume that (PCE) holds for c and c′. By the reflexivity of `, we have that c(ψ1, . . . , ψn) `

c(ψ1, . . . , ψn). Thus, by (PCE.p), c′(ψ1, . . . , ψn) ` c(ψ1, . . . , ψn). By an identical argument

exchanging c and c′ we obtain full (INT).

(⇐) Assume that (INT) holds for c and c′.

(i) Suppose that Γ, c(ψ1, . . . , ψn) ` ϕ. By (INT) we have that c′(ψ1, . . . , ψn) ` c(ψ1, . . . , ψn)

and thus by weakening that Γ, c′(ψ1, . . . , ψn) ` c(ψ1, . . . , ψn). By the transitivity of `

it follows that Γ, c′(ψ1, . . . , ψn) ` ϕ. By exchanging c and c′ in the argument we obtain

the right-to-left direction.

(ii) Suppose that Γ ` c(ψ1, . . . , ψn). By (INT) we have that c(ψ1, . . . , ψn) ` c′(ψ1, . . . , ψn)

and thus Γ ` c′(ψ1, . . . , ψn) follows by transitivity. The other direction is analogous.

Hence, (PCE) holds.

�

If a constant c is interderivable with a constant c′ in the sense of (INT) it is interchangeable without

loss of information w.r.t. facts of deducibility. They are indistinguishable from the point of view of

deducibility. If we are given a formula involving c as a premise, we are equally well served by the

same formula with c′ instead of c and vice versa. Mutatis mutandis for conclusions – one will do

just as well as the other (Restall 2010, 7). The preferred notion for spelling out uniqueness that can

be found in the literature appears to be based on (INT) or (INT∗), rather than (PCE),23 though,

23See, for example, (Humberstone 2011, 579), (Došen and Schroeder-Heister 1985, 161), (Došen and Schroeder-
Heister 1988, 555), (Naibo and Petrolo 2015, 145), (Došen 1980, 66), (Restall 2010), as well as (Smiley 1962, 429),
who investigates a notion of uniqueness as synonymy in a shared calculus under the label of functional (in)dependence.
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as shown above, that difference does not matter as long as the relevant consequence relation is

monotone, reflexive and transitive.

Inferential Uniqueness Given a notion of synonymy for expressions, we can now proceed to

use it as the basis for devising a notion of uniqueness. We said in the introduction that a constant

is to be regarded as unique if its inferential behaviour uniquely specifies a meaning. Since meaning

is, in the present case, identified with inferential role, a constant is unique if its inferential role

is uniquely determined. This translates into the demand that any expression exhibiting the same

inferential behaviour be synonymous with it. Here we encounter a crucial limitation of the notion of

synonymy developed thus far: it is, inherently, an intrasystemic notion – we can determine whether

two expressions are synonymous in the context of a given consequence relation. However, when

asking whether a logical constant such as, e.g., conjunction, is unique we are asking whether any

putative constant exhibiting the same inferential behaviour is fully synonymous with it, whether or

not this constant actually occurs in the original language or not. The assessment of uniqueness thus

concerns synonymy in an extended language, supplementing the original language by an ‘inferential

twin’ of the notion whose uniqueness is being assessed.

The uniqueness of an expression c is thus to be assessed w.r.t. an extended language,

containing a copy c′ of c, and a shared calculus specifying the inferential behaviour of both c and

its copy c′ in order to establish synonymy. Merely duplicating the consequence relation containing

c, replacing c with c′, and considering their union, however, clearly will not do (any notion would

be unique in this sense). Rather, the idea of uniqueness involves, in a sense to be made precise, an

extension of the inferential behaviour of a constant c from its original language, to a potentially

richer language containing its twin c′. The necessity to extend the inferential behaviour of a

constant to a richer language requires a shift in perspective from consequence relations to their

(rule-based) presentations, for while rules are language-transcendent objects, applicable to arbitrary

vocabularies, consequence-relations are language-immanent. Rules for a connective are independent

of any particular consequence relation for which they can function as a closure condition, and thus

enable the extension of the inferential behaviour of a constant, as codified by a set of rules, to a

richer language. The primary agent of inferential behaviour are therefore rules.24 In fact, it is hard

24We remain silent on the precise nature of rules here, though see (Hodes 2004, 145ff.) and (Humberstone 2011,
Sect. 4.33).
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to see how any other, non-trivial, inferential conception of uniqueness would be possible, and it has

been argued that the notion of uniqueness only makes sense when articulated on the basis of rules:

if one wishes to speak of a logic uniquely characterizing a connective in its language,
one had better be thinking of logics as collections of rules. Just looking at the collection
of provable sequents is not enough. If “IL” is thought of as a name of the set of
intuitionistically provable Set-Fmla sequents – or what comes to the same thing, of
the consequence relation `IL – then there is no intelligible question as to whether
IL uniquely characterizes ¬, unless these rules are taken as zero-premiss rules each
consisting of a single sequent. (Humberstone 2011, 590)

It is not hard to appreciate why this is the case: to assess the uniqueness of an expression we need

to check whether every expressions exhibiting the same inferential behaviour is synonymous with

it. As a result we need to move to an extended system, containing both the expression and its

twin, where we require these expressions to behave inferentially identical in this extended system,

and not merely when restricted to their respective language fragments.

Let us then assume that the inferential behaviour of a constant is codified by a collection

of rules. Let us further stipulate that the relevant rules are the rules in which the respective

constant occurs non-schematically. We stipulate that all consequence relations falling under the

scope of the notion of uniqueness developed here are presented by a collection of rules. For a

consequence relation `, let C` be the collection of rules presenting it. Let Rc ⊆ C` be the set of

rules codifying c’s inferential behaviour, and let Rc′ be just like Rc, except that c has been replaced

by c′ everywhere. An expression c is then said to be unique (in the context of its ‘own’ consequence

relation `) iff it is synonymous with all constants c′ obeying the same rules as c in the extension

of the calculus of c by the rules for c′. I.e., c is unique in C` if it is synonymous with c′ in the

calculus presented by C` ∪ Rc′ , where the rules are taken to range over formulas of the extended

language L(c, c′), the language of ` extended by a symbol c′ of the same type as c (Došen and

Schroeder-Heister 1985, 161).25 Thus, uniqueness in C` is synonymy in C` ∪ Rc′ – the meaning

of an expression is uniquely determined by its inferential behaviour if it is synonymous with every

other notion possessing the same inferential characterisation in an extended calculus (Došen and

Schroeder-Heister 1985, 161):26

25There are a host of important and subtle details involved in how exactly the shared calculus C`∪Rc′ is supposed
to look like, which will become extremely relevant when the semantic equivalent of inferential uniqueness is identified
with the notion of implicit definability. We postpone a more substantial treatment of these issues, though see (Došen
and Schroeder-Heister 1988).

26There is a nice algebraic counterpart to the notion of proof-theoretic uniqueness, as pointed out in (Humberstone
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the phenomenon of unique characterization of connectives [...] arises when a connective
is governed by rules which so constrain the logical behaviour of compounds formed by
that connective that any other connective supposed governed by exactly similar rules
would form compounds synonymous with those formed by use of the originally given
connective. We are to understand this claim of synonymy in terms of a combined proof
system presented by the original rules and the duplicated rules for the new connective.
(Humberstone 2011, 579)

Before discussing the notion of uniqueness further, we present some examples. Above we already

demonstrated the uniqueness of ∨ in the sense of (INT). We will briefly demonstrate the uniqueness

and non-uniqueness of further constants, as these proofs will serve as the basis of further remarks

regarding the notion of uniqueness described here. Since inferential uniqueness is relative to a

choice of proof-system, an aspect of this notion that we will take up and criticise below, we have

to be explicit about the kind of system we are assuming and, for definiteness, operate in a natural-

deduction proof system here.27 Given the foregoing, then, in order to establish the uniqueness of a

constant it suffices, by (INT), to establish its logical equivalence/interderivability with an inferential

twin governed by the same rules.

Conjunction: Let ∧ and & be two conjunction symbols obeying the standard natural-deduction

rules for conjunction. Then28

ϕ ∧ ψ
∧Eϕ

ϕ ∧ ψ
∧E

ψ
&I

ϕ&ψ

ϕ&ψ
&Eϕ

ϕ&ψ
&E

ψ
∧I

ϕ ∧ ψ

Thus, conjunction is unique in standard propositional logic and its extensions.

Universal Quantification: Let ∀ and Π be two universal quantifier symbols obeying the standard

natural-deduction rules for universal quantification. Then29

∀xϕ(x)
∀E

ϕ(t)
ΠI

Πxϕ(x)

Πxϕ(x)
ΠE

ϕ(t)
∀I∀xϕ(x)

2011, 582-584). In an algebraic/order-theoretic setting, ` becomes ≤ and the actions of algebraic operators such
as conjunction and negation on elements of the underlying algebra are characterised by means of equations (e.g.
a ∧ ¬a = 0). To demonstrate the uniqueness of an operator, say, a unary c, one then needs to show that for all
operators c′ satisfying the same equations as c, and all elements a of the algebra, ca = c′a, i.e., ca ≤ c′a and c′a ≤ ca.
See (Humberstone 2011, 583) for a worked out example for the case of negation.

27As can be found in, for example, (Halbach 2010).
28See, for example, (Restall 2010, 7) or (Naibo and Petrolo 2015, 146) for a sequent-system proof.
29See, for example, (Restall 2010).

516



Thus, universal quantification is unique in standard FOL and its extensions.

In fact, all constants of classical FOL will come out unique in the sense of (INT) and thus, since

`FOL admits replacement-theorems, also in the sense of (INT∗).30 Hence, all constants of FOL are

(inferentially) unique.31

However, the ability to be given natural-deduction style rules does not guarantee the

uniqueness of the constant thus governed. Consider, for example, the following case:

S4-modality : Let � be an S4-type modality, as given by the following rules32

ϕ
�I∗�ϕ

�ϕ
�Eϕ

∗where ϕ is a theorem, or derived from assumptions Γ, s.t. every formula in Γ is boxed, i.e., for all

ϕ ∈ Γ, ϕ = �ψ for some ψ.

Then we have, for two modalities �, N obeying the S4-rules33

�ϕ
�Eϕ
???

Nϕ

Nϕ
NEϕ
???�ϕ

The last step in the two derivations above, marked with ???, is, in general, not permitted by the

rules, given that the assumptions from which Nϕ/�ϕ are supposed to follow do not possess the

required form, to wit, they are not boxed by the right kind of box. Via a semantic argument it

can in fact be shown that an S4-modality � is indeed not unique in the sense of (INT) (the reason

being that there are, in general, several non-identical pre-orders over a domain of worlds).34

To show that a constant is unique, on the conception outlined here, means to show that

the system in which it occurs constrains its role so tightly that it can only be filled by a single

30For detailed proofs and discussion of these facts see, e.g., (Harris 1982).
31See (Došen 1980, Chapter 9) for an extensive treatment, discussion, and comparison of these facts, and here

especially §83 for the reasons why there is a uniform method of proving uniqueness for the classical propositional
constants, based on the kinds of rules they possess.

32Cf. (Prawitz 1965, Ch. VI).
33Compare with (Naibo and Petrolo 2015, 154).
34For further comments on the non-uniqueness of modal operators, see (Humberstone 2011, Sect. 4.36). It is

interesting to note that in the literature on logicality the existence of side-conditions of rules has long been taken to
violate a central tenet of the demand for topic-neutrality, and thus disqualifies a notion characterised by such rules
from being logical, cf., e.g., (Hacking 1979) for a restriction of this kind. For further non-unique constants, see (Naibo
and Petrolo 2015, 155ff.).
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operator – from the perspective of the system any two notions trying to occupy the role thus

constrained will coincide (w.r.t. their properties regarding deducibility): “To show that a constant

is unique means to show that it is somehow dependent on the system in which it occurs” (Došen

and Schroeder-Heister 1985, 163).35

Assumptions & Clarifications Despite the apparent minimality of the notion of uniqueness

introduced in the previous section it is worth pointing out and investigating the kinds of assumptions

that have already been made. This is not to replace a full analysis of inference, but rather to

highlight the presuppositions upon which the notion of inferential uniqueness introduced here was

built.

We already pointed out above that in order for (PCE) and (INT) to constitute equally

acceptable explications of uniqueness the consequence relations that provide the contexts for the

evaluation of notions as to their uniqueness would have to be reflexive and transitive. Furthermore,

consequence relations ought to be congruential in order for (INT) to yield a well-motivated notion

of synonymy, i.e., they should be such that (provably) equivalent formulas can be substituted for

each other salva provability in all contexts.

The requirement of substitutability of equivalent formulas in all contexts salva provability

is put even further pressure on when asking what kind of consequence relation or language we should

consider when assessing a constant for uniqueness. Should it be the entire language/consequence

relation under consideration, or merely the language fragment and sub-relation that possesses the

constant in question as its only logical symbol? Humberstone suggests the latter, i.e., to consider

the language fragment consisting only of atomic propositions and the constant that is being assessed

for uniqueness with its twin. Consideration of a proof system consisting only of the rules for the

respective constant and its twin forces congruentiality of the consequence relation that is used as the

context of assessment, thereby rendering (INT) sufficient for (INT∗), logical equivalence sufficient

for synonymy.36 This, on the other hand, puts pressure on the kinds of rules that are permitted

35Restall wonders whether such a “uniqueness result mean[s] that any two connectives introduced with [identical]
rules [and that are interderivable] have the same meaning?” After all, mere deductive equivalence does not entail
“that they are fully interchangeable in every context in every respect”, for it may well be that they “agree when it
comes to inferential power and derivability, but [...] do not agree in every aspect of meaning” (Restall 2010, 7). Note
that we circumvent this difficulty here by identifying the meaning of an expression with its inferential role. We might
thus be taken to be talking about the meaning of an expression in the context of a calculus.

36For the move from (INT) to full synonymy might break down in the presence of a non-congruential connective, see
(Humberstone 2011, 89), making space for the possibility of interrupting the uniqueness of a constant upon extending

518



in the characterisation of the inferential behaviour of a constant in that they must be pure. Pure

rules are rules that feature only a single logical constant in them (though this logical constant may

occur multiple times), but are otherwise completely schematic. Rules that feature multiple distinct

logical constants in them are called impure.37 If a constant does not admit of a pure presentation

in the context of a consequence relation, possessing only impure rules, it will not be amenable for

an assessment of uniqueness given the requirement of ‘solitude’ in a language fragment containing

only it and its twin but no other constants. For the role described in the language fragment won’t

be the same role that was delineated for it in the original language.38 The requirement of moving

to a language-fragment could of course be circumvented by demanding that all connectives be

congruential, or, alternatively and as is done in some articulations of the notion of uniqueness,39

by requiring the notion of synonymy underlying uniqueness to be spelled out through (INT∗) in

the first place.

Notwithstanding the cost of the assumption of congruentiality in order to obtain a highly

local condition of synonymy and its tradeoff with the generality of the more global notion of

(INT∗), (INT) further enforces, in applications to standard cases such as the examples above,

some quiet constraints on consequence relations. Restall points out, for example, that the proof

of the uniqueness of conjunction makes use of the structural rule of contraction, by using the

premise ϕ ∧ ψ/ϕ&ψ twice in the derivation of the conclusion ϕ&ψ/ϕ ∧ ψ.40 The uniqueness proof

of the universal quantifier needs the auxiliary assumption that terms that can be bound by one

quantifier, can also be bound by the other, i.e., that there is overlap in the syntactic categories of

the expressions with which they combine (thereby ruling out, for example, quantifiers over different

the language.
37Consider, for example, the following three rules (A), (B), and (C):

ϕ ∧ ψ
(A) ϕ

ϕ
(B) ¬¬ϕ

ϕ ∧ ¬ϕ
(C) ϕ↔ ¬ϕ

Rules (A) and (B) are pure, involving only a single logical constant ∧/¬, though (B) is not simple, as it involves
its logical constant twice. Rule (C) is impure as it involves more than one logical constant.

38See (Humberstone 2011, 580ff.) for this point and an example of an impure rule. Note that, from the inferential
perspective on logicality, this is not a particularly controversial assumption on the nature of logical notions since
logicality is, usually, assumed to be local in the sense that the logicality on an expression should only depend on its
own behaviour, not however, on the behaviour of other notions as well. We will return to this point in Section 8.5
below.

39Cf. (Došen 1980), (Došen and Schroeder-Heister 1985), (Došen and Schroeder-Heister 1988).
40Thus, if contraction is demanded for all consequence relations providing suitable contexts for the application of

(INT), bounded resource logics such as, for example, linear logic, will be excluded from the scope of this notion.
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sorts).41 While indeed extremely weak assumptions, they show that the notion of uniqueness

presented above does not come completely without conceptual ballast.

A further point of clarification is extremely important: the basic idea underlying (INT)

(and (INT∗)) is that in order to assess the uniqueness of a constant c it is compared with a ‘twin’

c′, mirroring its inferential behaviour, in a shared or combined calculus that includes both, c and

c′, and thus potentially extends the original calculus of c alone (though it might reduce it in other

respects by, for example, omitting any constant other than c and c′). In adding c′ to the calculus

Cc of c a decision with important consequences has to be made: are we to think of the combined

calculus of c and c′, Cc,c′ , as the ‘union of the separate calculi, Cc ∪ Cc′ ’, or as being obtained by

extending the rules of c and c′ to the full language including them both?

This point can be put more succinctly: let Cc be presented by rules R∗ ∪ Rc, where Rc

are all the rules involving c explicitly, and R∗ collects the remaining rules of the system. Mutatis

mutandis for Cc′ and R∗∪Rc′ . The rules in Rc are formulated in the language fragment containing

only c, Lc, not, however, c′, whereas the rules in Rc′ range over the language fragment containing

only c′, Lc′ , not, however, c. When moving to a shared system for the application of (INT), is

this shared system given by R∗ ∪ Rc ∪ Rc′ (with the understanding that the rules in R∗ apply to

formulas of the full language Lc,c′), s.t. no mixing of c and c′ in any instance of any of the rules for

c/c′ of the shared calculus is possible, or is it given by the extension of the rules in Rc and Rc′ to

the combined language Lc,c′? In other words, if the rules in Rc/Rc′ are given in schematic form,

is it possible to substitute formulas of the shared language Lc,c′ , featuring both c and c′, for the

schematic letters of these rules, or not?

The difference matters: restricting the application of rules in Rc to the language fragment

Lc and disallowing them to apply to the full language Lc,c′ , thereby prohibiting the mixing of c

and c′ in the premises and conclusions of the rules for c, yields a much more limited conception

of uniqueness. In fact, as shown by (Došen and Schroeder-Heister 1988), in a first-order context

it marks the difference between the notions of implicit definability (as traditionally conceived) and

uniqueness proper, rendering the former a mere special case of the latter.42 Thus, in order to

obtain the fully general notion of uniqueness intended here, one has to permit mixing of c and c′

41Cf. (Restall 2010, 7ff.).
42We will return to this point in Section 8.4.1 below.
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in premises and assumptions of all the rules of the shared calculus. In other words, Cc,c′ needs to

be presented by R∗ ∪ Rc ∪ Rc′ with all rules ranging over the full language of Lc,c′ , rather than

separately over their respective language fragments.43

The following example, taken from (Došen and Schroeder-Heister 1988, 557), will illustrate

the difference:

ϕ ∧ ψ
∧Eϕ

ϕ ∧ ψ
∧E

ψ
&I

ϕ&ψ
ϕ ∨ ψ

[ϕ]
∨′I

ϕ ∨′ ψ
[ψ]

∨′I
ϕ ∨′ ψ

∨E
ϕ ∨′ ψ

In demonstrating ϕ ∧ ψ ` ϕ&ψ no mixing of ∧ and & occurs in the application of the rules

∧E and &I, the premises and conclusions of the application of these rules firmly remain in their

respective language fragments (assuming, of course, that neither ϕ nor ψ are formulas of the

common language). However, when demonstrating ϕ∨ψ ` ϕ∨′ψ, ∨ and ∨′ are essentially mixed in

the application of the rule ∨E. Given that this mixing seems to be unavoidable, we may conclude

that the proper conception of uniqueness is one that admits mixing in the application of (INT).

One way to think about this difference is the following: note first that we may, w.l.o.g., think of

the subformulas ψ1, . . . , ψn of formulas c(ψ1, . . . , ψn) as belonging to Lc (since we are, ultimately,

interested in the uniqueness of c in the context of Lc). Of course the uniqueness proofs apply to

the full extended language given that we are identifying uniqueness with synonymy in an extended

language. Nonetheless, where no mixing is needed in a uniqueness proof we may switch from the

calculus Cc of c to the calculus Cc′ of c′ and back whenever an application of a rule for c/c′ is needed.

Where mixing is necessary, on the other hand, we need to remain in a common system and apply

the rules for c/c′ to formulas involving the twin-constant.

This point also touches on the nature of rules. If we wish to think of rules as being capable

of uniquely characterising a constant in the sense of (INT)/(INT∗), a rule has to be conceived of as a

language-transcendent object, i.e., a notion that possesses some stability across languages and does

not only make sense and gain content within the context of a specific language. Otherwise, when

allowing the mixing of constants in the applications of rules, there is no guarantee that the rules

governing the behaviour of a constant c in the language fragment Lc are the same rules governing

its behaviour in the language fragment Lc,c′ . Formally, this can be captured by identifying a rule

43See (Došen 1980, 66), (Došen and Schroeder-Heister 1985) and (Došen and Schroeder-Heister 1988) for the
distinctions and points presented in the previous paragraphs.
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with a function from vocabularies to sets of instances of that rule in the respective vocabulary.44

Parameters Belnap’s original formulation of the demand of uniqueness takes the shape of a

global constraint : all that needs to hold for a notion to be unique is that it be interderivable with

its twin. Even if, as Belnap remarks, the possibility to do so depends on underlying features of the

consequence relation, he himself imposes no further demands on the kinds of derivation permitted

in establishing the equivalence or the rules one is licensed to use, thereby outlining a very liberal

conception. This of course leaves open the possibility that any rule of the system could be used

in establishing the deductive equivalence of a putatively unique constant and its twin. According

to Belnap, then, in order to establish the uniqueness of a constant, “no appeal to the analysis of

proof structure is needed” (Naibo and Petrolo 2015, 165).

However, inference and the drawing of an inference are more fine-grained than that,

having to do not only with the relations of propositions to one another, but also with the structure

and properties of this relationship.45 In particular, a proper analysis of inference will include an

account of what, for any particular inference, is needed for drawing that inference, i.e., it will

relate to the properties pertaining to the way an inference is established. The level of deducibility

by itself is not fine-grained enough for this kind of analysis. Rather, a move to the level of the

structure of derivations is called for. Such a move motivates the adoption of further constraints

on what it takes for two notions to be equivalent, for in order to be inferentially identical two

notions need not only behave identically w.r.t. facts of deducibility, but also “exactly in the same

manner in proofs” (Došen 2003, 498).46 Paying attention to the structure of proofs and the role of

propositions and constants in them moves us away from the extensional level of brute deducibility

facts and emphasises intensional aspects of proof-identity.47 Belnap’s analysis is actually contrary

to the spirit of inferentialism, so the criticism continues, as it is reducible to the level of brute

consequence relations, and thus “is nothing other than an algebraic study of the relation between

two sets of sentences, the assumptions and the conclusions [...]; the structure of the proofs tends to

be neglected and only the “borders” of the derivation are taken into account” (Naibo and Petrolo

44Cf. (Hodes 2004, 145ff.) and (Humberstone 2011, Sect. 4.33).
45See (Naibo and Petrolo 2015) for this kind of argument.
46Cf. (Naibo and Petrolo 2015, 164).
47The reasoning of the preceding paragraph reconstructs (Naibo and Petrolo 2015) reasoning in favor of (DOI) over

(INT), given its more feasible computational interpretation.
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2015, 168). However, “properties related to the inferential structure of proofs are not at all reducible

to truth-theoretical concepts,” as “proofs do have an autonomous role that is independent of truth-

theoretical considerations” (Naibo and Petrolo 2015, 168). (INT), however, is “not genuinely

explicative at the level of derivability” (Naibo and Petrolo 2015, 178) and thus inadequate to truly

capture the inferentialist doctrine that gave rise to the notion of uniqueness.

A similar line of reasoning and set of requirements is encountered in Došen’s graded

accounts of synonymy – in terms of admissible, deducible, and derivable rules, respectively, – taking

into account features of the actual derivations needed to establish synonymy facts.48 The question

of whether to resort to intensional criteria in order to articulate the notion of inferential identity and

to make it the basis of a notion of deductive uniqueness is an important question, closely connected

with the question of what is inference. In order to settle these questions a more extensive analysis

of inference is needed than the one underlying the present work. Here we take the most general

view that seems tenable for the issues at hand and reduce inference to deducibility, pretending that

it is largely independent of intensional concerns. In other words, in order to articulate the notion of

inference underlying our combined conception we treat inference algebraically as a relation between

sets of sentences and a single sentences obeying certain order-theoretic requirements, and ignore

more fine-grained conceptions taking into account properties and shapes of proofs and derivations.

Given our ultimate rejection of the most general notion of inferential uniqueness thus obtained, we

believe the extensional treatment given here is appropriate for the issues addressed in the present

context.

Between a criterion of synonymy based on brute deducibility facts and one based on a

fully intensional criterion of proof-identity lies a zoo of other criteria, making more or less stringent

demands on the way in which interderivability facts have to be established in order to yield the

uniqueness of a constant. We can and will not review all or even a substantial number of them

here. However, in the list below we wish to point out some of the forms such more refined criteria

for the (inferential) uniqueness of a constant could take. These requirements are often motivated

by the idea that rules are to constitute definitions of the constants whose behaviour they govern,

and thus derived from conditions on definitions.

48See (Došen 1980, 65/66). Došen ultimately designates the least fine-grained of these options, admissible synonymy,
as the notion most properly capturing ‘synonymy tout court ’, since it is this notion that yields interreplaceability
salva provability.
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Conditions on inference that might be required to hold in order to have established the

uniqueness of a constant in terms of (INT) include:

(i) Additional constraints that pertain to the shape the derivations themselves may take; e.g.,

normalisable, bounded with a particular bound, etc.

(ii) They may pertain to the rules which are permitted to use in such a derivation; e.g., all rules

of the system, a particular subset of the rules, etc. An important option here is the restriction

to only the set of structural rules and the rules involving the constant whose uniqueness is to

be shown.

(iii) They can pertain to the kinds and shapes of the rules it is permitted to use; e.g., pure rules,

impure rules, rules with or without side-conditions, etc.

(iv) They may articulate restrictions on the relationship between pairs of rules, demanding, for

example, that introduction- and elimination rules be in harmony, however this notion is to

be spelled out.

Zucker & Tragesser (Zucker and Tragesser 1978), for example, advocate for a combination of condi-

tions from (ii) and (iv), assuming that each logical constant comes with a set of introduction- and

elimination-rules, and no other rules, of which the introduction rules have meaning-determining

priority.49 The elimination-rules are a consequence of the introduction-rules in that they serve to

‘stabilise’ these. In particular, they have to be such that (INT) can be established on the basis of

the introduction-rules for c′, and the elimination rules of c alone.50 Which precise set of additional

constraints is adopted depends of course a lot on other assumptions, pertaining, for example, to

the role and nature of rules in a theory of meaning for the logical constants.

Strong Uniqueness One particular modification of (INT), mentioned in (ii) above, deserves

special attention. It concerns the demand that for a constant c to be unique (INT) be established

by using only the structural rules of the calculus and the rules for the respective constant (and

these latter at least once), but no rules involving other constants. This version of uniqueness is

mentioned by, for example, Naibo & Petrolo:

49Cf. (Zucker and Tragesser 1978, 503).
50Cf. (Zucker and Tragesser 1978, 509). If this is realised they regard a constant c to be implicitly defined by its

set of introduction- and elimination-rules.
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We must be able to show that there is only one logical constant governed by a given set
of inference rules: if two n-ary operators † and †∗ are governed by the same inference
rules, then for all A1, . . . , An, †(A1, . . . , An) and †∗(A1, . . . , An) are interdeducible – i.e.
†(A1, . . . , An) a` †∗(A1, . . . , An) – using imperatively at least one of the rules of † or †∗
and, when needed, the reflexivity axiom rule in order to close the derivation. No other
rules are admitted. (Naibo and Petrolo 2015, 145)

It is helpful to distinguish between strong uniqueness and weak uniqueness: we call a constant c

strongly unique if (INT) can be established in the language fragment containing c (and its twin

c′) as its only logical constant(s). It is weakly unique if (INT) can be established over the full

language. In other words, a constant c is strongly unique if it is interdeducible with its twin using

only structural rules and the rules (directly) governing its behaviour, and it is weakly unique if

it is interdeducible with its twin using any available rules of the system. A small caveat is in

order regarding the equivalence of the language-based and the rule-based formulation of strong

and weak uniqueness: as they stand, they don’t necessarily coincide, for it is possible that the

rules for c are impure, involving also other constants and are thus not available in the language

fragment containing only c. It would thus be more accurate to say that c is strongly unique if it is

interdeducible with its twin using only structural rules and the pure rules governing its behaviour.

Thus, a restriction on the kind of rules permitted is needed as well. In the following we will ignore

this subtlety.

Which notion of uniqueness is the ‘right’ notion? If the underlying motivation is that

uniqueness is to ensure full determinability of meaning of an expression by its inference rules then

a strong case can be made that the correct notion to use is the local notion of strong uniqueness

according to which only the rules for the constant whose uniqueness is to be established may be

taken into account. For only strong uniqueness guarantees that unique description by inference

rules means that the meaning of the respective constant is completely contained in its rules, and

not in its rules relative to a system, i.e., in its rules and the rules for other constants as well. Weak

uniqueness only yields a relative notion of uniqueness – uniqueness relative to the meaning of other

notions – but is unable to ensure that the rules of a constant completely and by themselves capture

that constant’s meaning. This is contrary to the demand that for a constant c to be considered

logical “its ‘meaning’ must be completely contained in [its] axioms and inference rules” (Zucker

1978, 518)51 and corresponds to a demand of separability, that the meaning of a constant be solely

51This is exactly Zucker’s ‘basic assumption’ on the basis of which he rejects model-theoretic specifications of
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determined by its ‘own’ inference rules.52

Definability The uniqueness requirement for logical constants was a result of the conception of

rules as definitions of the constants whose behaviour they govern. In the context of formal systems

of the kind considered here there are various notions trying to capture what it means to be defined

within such a system. Naturally, the idea suggests itself that there must be a connection between

these concepts of definability and the kind of requirement expressed by a uniqueness constraint.

The most prominent conception of definability in a logical calculus is that of explicit

definability. Somewhat inadequately speaking, a constant c is explicitly definable in terms of a

set of constants ∆ (where c /∈ ∆) in the context of a consequence relation ` if for every formula

c(ϕ1, . . . , ϕn) there is a formula Φ[ϕ1, . . . , ϕn], composed from connectives in ∆ and the formulas

ϕ1, . . . , ϕn and not including the connective c, synonymous/logically equivalent with c(ϕ1, . . . , ϕn)

(w.r.t. `, i.e., Φ[ϕ1, . . . , ϕn] a` c(ϕ1, . . . , ϕn) or ψ a` [Φ[ϕ1, . . . , ϕn]/c(ϕ1, . . . , ϕn)]ψ respectively).

Furthermore, the process of ‘building up’ the equivalent formula Φ not involving c should be

uniform in the sense that Φ should be schematic, requiring only the substitution of ϕ1, . . . , ϕn

from c(ϕ1, . . . , ϕn) in order to obtain the synonymous formula Φ[ϕ1, . . . , ϕn]. In other words, there

should be a fixed schematic formula Φ s.t. by substituting ϕ1, . . . , ϕn for the parameters in Φ we

obtain an equivalent/synonymous formula of c(ϕ1, . . . , ϕn).53

Standard examples from classical logic include:

(i) ϕ→ ψ := ¬ϕ ∨ ψ

(ii) ⊥ := ϕ ∧ ¬ϕ

(iii) ∀xϕ(x) := ¬∃x¬ϕ(x)

meaning by themselves as inadequate, demanding that the rules and axioms of a constant implicitly define it.
52This is the dimension along which Naibo & Petrolo compare several versions of uniqueness. They ultimately

argue for (DOI) as it admits a computational interpretation and “remains neutral with respect to a particular theory
of meaning. This distinction, as already remarked, allows two a priori separate problems to be disentangled: the one
concerning the logicality of an operator and the other concerning the meaning of this operator, given a specific theory
of meaning” (Naibo and Petrolo 2015, 168). We are here in disagreement about the possibility of the distinction drawn
in the above quote, according to which considerations pertaining to the meaning of a logical expression are extrinsic
to and can be disentangled from the question of its logicality. On our account we cannot divorce considerations
of meaning from considerations of logicality, for only in the context of a theory of meaning can the logicality of an
operator be determined. In fact, on the account developed here, the conception of uniqueness depends crucially on the
semantic framework adopted. The upshot of Carnap’s Problem for issues of logicality, for example, is that inferential
conceptions of uniqueness are not sufficient anymore when moving from an inferential to a truth-conditional setting.
This is precisely the point that we termed ‘Zucker’s insight’ in Chapter 5 above.

53See, e.g., (Humberstone 2011, 418), (Smiley 1962, 427).
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In general, explicit definability ensures that a consequence relation according to which a connective

c is explicitly definable can, without loss of information, be described/replaced by a consequence

relation in a reduced language without the connective c, its addition was a mere pragmatic conve-

nience without any addition in expressive power.

There are two interesting connections to discuss here. The first concerns the relationship

of explicit definability to the idea of the definability of connectives by rules (a’la Gentzen), and the

other its connection to the notion of uniqueness introduced above. Regarding the former, the notion

of explicit definability is of course only an inadequate and incomplete approximation of Gentzen’s

original idea given that rules are not object-language entities. Thus, the definition of an explicitly

definable constant c does not directly correspond to its definability by rules. It does however show

that if a constant c is explicitly definable in terms of other constants ∆ its behaviour is completely

determined by other rules of the system, namely, the rules for the constants in ∆.

Furthermore, given the way we characterised explicit definability it is easy to see that

it is actually a special case of (a version of) the notion of uniqueness.54 Explicit definability

therefore yields uniqueness: if a constant is explicitly definable in a system, it is unique in that

system.55 Note that this is a system-relative notion of uniqueness – the constant will only remain

unique because of its explicit definability as long as this uniqueness is assessed w.r.t. the language-

54This is so as explicit definability is a special case of the notion of strict uniqueness (where the set of relevant
L-formulas is a singleton) which, in turn, is a special kind of uniqueness. Given a constant c and a consequence
relation ` over Lc, c is strictly unique (SU) w.r.t. ` iff for every formula ϕ(c) there exists a set of L-formulas ∆, s.t.
∆ ` ϕ(c) and ϕ(c) ` δ for all δ ∈ ∆ (Došen and Schroeder-Heister 1985, 166). Strict uniqueness is a special case of
(INT) (proofs from (Došen and Schroeder-Heister 1985, 166/167)):

[(SU) ⇒ (INT )] Assume that c is strictly unique, i.e., there exists a set of sentences ∆ of L (without c), s.t.
∆ ` ϕ(c) and ϕ(c) ` δ for all δ ∈ ∆. Since c′ a twin of c, we also have that ∆ ` ϕ(c′). Repeated applications
of transitivity and contraction yield the desired ϕ(c) ` ϕ(c′) (the reverse follows by symmetry).

[(INT) 6⇒ (SU)] As shown above classical negation is unique. But there is no set of negation-free formulas ∆
of, for example, a propositional language containing ¬ as its only constant s.t. ∆ ` ϕ∧¬ϕ (any set consisting
only of propositional variables is satisfiable). Hence, ¬ is not strictly unique.

The pattern is obvious: if a constant c is strictly unique no mixing of c and c′ in applications of their respective
rules and axioms is required in order to establish uniqueness in the sense of (INT). I.e., the rules of the respective
constants need not range over formulas of the common language Lc,c′ . Došen and Schroeder-Heister use the notion
of strict uniqueness, and an analogous notion of strict conservativity, to show that, in certain contexts, uniqueness
and conservativity exhibit a duality and are thus ‘two sides of the same definitional coin’ (cf. (Došen and Schroeder-
Heister 1985, 166ff.)). In full generality the notions of conservativity and uniqueness are somewhat ill-behaved, with
there being constants that are conservative but not unique and vice versa (cf. (Došen and Schroeder-Heister 1985,
164/165)) however, when restricted to their strict versions a nicer correspondence can be obtained. From the current
perspective strict uniqueness is of course not general enough to capture the kind of uniqueness demanded by (INT),
but is nevertheless interesting in that it articulates “an abstract notion of definability” (Došen and Schroeder-Heister
1985, 167) (which we independently used to prove the Carnap-categoricity of Q0 and QFin in Chapter 5).

55In Smiley’s terminology: if a constant is definitionally dependent, it is functionally dependent.
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fragment including the constants used in its explicit definition. The reverse does not hold, however.

I.e., uniqueness need not entail explicit definability. This can be seen, on an abstract level, from

the fact that nothing in the uniqueness of a constant c entails the existence of a schema Φ in the

language without c, s.t. c(ϕ1, . . . , ϕn) is synonymous with Φ(ϕ1, . . . , ϕn). More concretely, though

by methods too involved to present them here in sufficient detail, it can be shown that there are

constants that are unique, but not explicitly definable (in terms of each other) such as, for example,

the intuitionistic connectives ∧,∨, and ¬ (in a Hilbert-system).56 It follows that the concept of

uniqueness is not fully realised by the notion of explicit definability.

The non-definability of, say, ∧ in terms of {∨,¬,→} in intuitionistic logic puts it in stark

contrast to classical logic. The functional completeness of the classical boolean truth-functions

{∨,¬} guarantees that every formula of classical propositional logic in the language L(∨,∧,→,¬)

will be synonymous with some formula of the language fragment L(∨,¬) in which ∨ and ¬ are the

only constants, and thus that all the other connectives are explicitly definable in terms of {∨,¬}.

This apparent shortcoming of intuitionistic logic can, to some extent, be remedied by moving to

a stronger notion of definability which we, adapting terminology from (Tokarz 1978), might call

contextual definability. The basic intuition behind this notion is that the definition of a particular

connective c may be only possible in the context of its interaction with other connectives.57 The

crucial idea is that we cannot consider contextually definable constants in isolation in order to define

them in terms of other connectives. Tokarz, for example, shows that intuitionistic conjunction ∧

can be given the following contextual definition: ϕ ∧ ψ → χ := ϕ → (ψ → χ).58 Given these

contextual definitions he shows that one can provide a Hilbert-style axiomatisation in the language

fragments without ∧, identical (in terms of theoremhood) to the intuitionistic calculus formulated

in the full language.

Contextual definition encompasses explicit definability. However, it still falls short of full

uniqueness, especially if uniqueness of a constant c is to be assessed with respect to the language

fragment containing c as its only constant. On this assumption, the idea that contextual definition

captures uniqueness flies in the face of one of the central motivations underlying its requirement

(as does the notion of explicit definability). For one of the key motivations behind the notion of

56Cf. (Smiley 1962, 432), (Tokarz 1978), or (Humberstone 2011, 419).
57Cf. (Tokarz 1978, 136).
58Cf. (Tokarz 1978, 137).

528



(inferential) uniqueness was that it should assure that the rules/inferential behaviour of a constant

fully and completely determine the meaning of that connective (identified with its inferential role).

Clearly, this is not given if other constants are required to properly articulate its meaning. Thus,

contextual definability might over-, as well as under-shoot: contextual definability cannot be taken

as a guarantee of uniqueness in the desired sense, as it cannot assure us that the meaning of a

constant is captured completely by the inference rules/axioms for that constant alone.

A further important concept of definability, often considered the counterpart of explicit

definability, is the notion of implicit definability. Roughly, a constant c is implicitly defined by a

set of constants ∆ (s.t. c /∈ ∆) if, “fixing the signification of [the constants in ∆] fixes that of [c],

so that its signification becomes a function of theirs” (Smiley 1962, 429). The idea is that if the

meaning of c is dependent on the meanings of the constants in ∆ in such a way that as soon as

their meanings are fixed (by, for example, demanding that they obey certain rules and axioms)

there is only one way left open to assign meaning to c itself, then it should count as implicitly

defined by the constants in ∆. (Note that the rules and axioms satisfaction of which is demanded

to ‘fix’ the meaning of the constants in ∆ may range over the language including the constant c,

thereby (indirectly) describing the interaction between the constants in ∆ and c, and thus imposing

constraints on the possible meanings for c given the meanings of the constants in ∆).59

Is implicit definability the right conception of definability to characterise uniqueness?

In many ways it would seem so – (Caicedo 2004, 160), for example, when investigating ‘implicit

connectives’, provides a condition closely resembling (INT) as the definition of the notion of implicit

definability. We will postpone a more detailed discussion of the relation between implicit definability

and the notion of uniqueness to Section 8.4 below. Here, we wish to merely make two short remarks

regarding their relationship: (i) (Došen and Schroeder-Heister 1988) have shown that great care

59(Humberstone 2011, 629) briefly notes another potential notion of uniqueness which he terms Troelstra-McKay
supervenience and which, in many ways, resembles the notion of implicit definability we have in mind here. The basic
idea is the following: given a single language L including connectives from the set φ ∪ {c} and a set of consequence
relations C = {`i |i ≤ ω}, over L, c is Troelstra-McKay supervenient on Φ over C if any two consequence-relations in
C that agree on their Φ-fragments agree on their Φ ∪ {c}-fragments. I.e., relative to a given class C of consequence-
relations, fixing Φ suffices to fix c as well. There is a natural reading of Troelstra-McKay supervenience as a relativized
notion of implicit definability, i.e., as relativized to a pre-specified class of consequence relation C, though it is also
stronger in that the consequence relations in C are completely free of constraints on c itself. It is this latter part
that makes this sort of notion an unsuitable analysis of uniqueness in terms of definability if one wishes to stick with
the idea that uniqueness ultimately requires characterisation in terms of rules involving (non-schematically) only the
constant c itself, for, in such a case, for Φ = ∅ Troelstra-McKay supervenience would not capture many (if any)
notions.
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needs to be taken in how precisely to conceive of implicit definability if it is to capture the idea

of unique characterisation by inference rules. In particular, if the notion of implicit definability is

based on principles that render any notion implicitly definable in the framework of FOL explicitly

definable, uniqueness and implicit definability will come apart; (ii) if we wish to identify uniqueness

and implicit definability but want to avoid the charge that, by permitting (implicit) definability

in terms of connectives other than c, we, thereby, violate one of the core constraints underlying

the notion of uniqueness, we will have to identify uniqueness with implicit definability w.r.t. to the

empty set of constants. Uniqueness would then be some kind of implicit definability in the limit.

8.2.2 Comments and Remarks

In this final subsection discussing the purely inferential notion of uniqueness we wish

to stress two interrelated aspects of this conception which are, from the point of view taken in

this thesis, limiting its scope. These features concern the rule-centric nature of uniqueness that

arises from the inferential conception of meaning and the framework-dependency of the notion of

uniqueness obtained.

Rules as the Primary Vehicle of Meaning In Chapter 4 we said that our notion of inference

was to be understood in terms of consequence relations first, and only derivatively in terms of the

presentations of these consequence relations. However, here it became essential to think of conse-

quence relations as given by rules, and thus of rules as the primary vehicle of inferential meaning.

Thus, Humberstone emphasises, “if one wishes to speak of a logic uniquely characterizing a con-

nective in its language, one had better be thinking of logics as collections of rules” (Humberstone

2011, 590).

When it comes to uniquely determining or characterising a constant, rules must have

meaning-determining priority over consequence relations if the resulting notion of uniqueness is to

make sense. This is further supported by the fact that one can think of uniquely determining rules

which cannot be rewritten as conditions on consequence relations, i.e., to which no set of conditions

formulated in terms of consequence relations adequately corresponds. An example will suffice to

illustrate this point. Consider the rules ∧I, ∧E, ∨I and ∨E in a natural deduction calculus. Then,

∧I, ∧E, ∨I can be expressed in terms of the consequence relation as, respectively: ϕ,ψ ` ϕ ∧ ψ,
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ϕ∧ψ ` ϕ, and ϕ ` ϕ∨ψ. However, no such ‘consequentialising’ of ∨E is possible.60 Thus, “[t]he fact

that rules which cannot be rewritten as zero-premiss sequent-to-sequent rules may yet be described

as uniquely characterizing a connective they govern shows that it would not be appropriate to think

of a consequence relation itself [...] as uniquely characterizing this or that connective in a language”

(Humberstone 2011, 594). Hence, “what does or does not uniquely characterize a given connective

is a collection of rules” (Humberstone 2011, 595).

Formalism-dependency Thinking of consequence relations as collections of zero-premise rules,

as suggested by Humberstone, the problem outlined in the previous paragraph is exacerbated by

the framework- or formalism dependency of the notion of inferential uniqueness. Smiley showed via

a matrix argument (Smiley 1962, 430) that intuitionistic implication is ‘functionally independent’,

i.e., not unique w.r.t. standard intuitionistic propositional consequence.61 This is strange given

that intuitionistic implication has the same natural deduction rules as classical implication,62 and

we demonstrated the uniqueness of the latter above – what gives? The apparent tension is resolved

by realising that the notion of uniqueness is highly formalism dependent. Smiley worked in a

Hilbert calculus with modus ponens as sole rule, whereas our uniqueness proof proceeded via a

natural deduction system. (Došen and Schroeder-Heister 1985, 162) diagnose the non-uniqueness

of intuitionistic implication in Smiley’s calculus in the failure of the deduction theorem in the shared

calculus of → and its ‘twin’ ⊃. Recalling that rules are language transcendent objects, applying,

in the shared calculus, to formulas mixing→ and ⊃, and with the diagnosis of Došen & Schroeder-

Heister in hand, it is easy to see that in formalisms that assume a version of the deduction theorem

as a rule (such as, →I in a natural deduction system) uniqueness of intuitionistic implication

follows.63

This strategy generalises: by incorporating the features needed to achieve uniqueness into

rules (such as by, e.g., adopting the deduction theorem as a separate rule), ‘climbing up one level’

(Došen 1980, 246), the situation can be remedied and uniqueness can be recovered. This even works

for modal operators like the S4-� whose non-uniqueness we indicated in Section 8.2.1 above. Here,

60At least not in a single-conclusion calculus. In a multi-conclusion calculus we of course have ϕ ∨ ψ ` ϕ,ψ.
61Cf. (Humberstone 2011, Sect. 4.35) for an analogous argument establishing the non-uniqueness of classical

disjunction. See also (Došen and Schroeder-Heister 1985, 162) for an explanation of Smiley’s proof.
62Cf., e.g., (Troelstra and Schwichtenberg 1996, Chapter 2).
63Cf. (Došen and Schroeder-Heister 1985, 162/163).
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recourse must be taken to rules of an even higher-order than natural deduction rules: “we have to

‘climb’ a further level [...] in order to obtain uniqueness for �. Using the same metaphor, we can

say that the non-uniqueness of � at level 0 is ‘deeper’ than the non-uniqueness of→” (Došen 1980,

248). Alternatively, Restall shows that by moving to a calculus of hypersequents we can establish

the uniqueness of modal operators, such as the S5-� and others, in the spirit of (INT) (Restall

2010, 12ff.).

Concluding Remarks From the current perspective this framework-relativity of the notion

of uniqueness is troubling, for what is desired is a notion possessing a larger degree of syntax-

independence. Without such ‘formalism-freeness’ a decision has to be made, and arguments have

to be given, as to what is the right level and right framework for assessing the uniqueness of

constants. Should one treat the notion of uniqueness as intrinsically relative or regard logical

constants as possessing degrees of uniqueness according to some pre-defined hierarchy of formalisms?

The framework-dependency of the inferential notion of uniqueness is further in tension with the

idea that strong uniqueness is to be preferred over weak uniqueness as the right formulation of

uniqueness on the basis that it ensures that the meaning of a constant is completely captured by

its rules. For it only does so relative to some formulations of the rules, but not with respect to

others, even if the different formulations make no difference at the level of consequence, i.e., even

if they describe the same inferential behaviour at the level of the consequence-relation and thus

appear to delineate the same inferential role.

The advantage of basing a notion of uniqueness on rules is that it is possible to incorporate

features at the level of proof-structure, thereby enabling much more fine-grained distinctions than

possible at the level of the deducibility relation alone, touching on aspects indubitably essential

to a proper conception of inference. The disadvantage of this approach consists in its lack of

neutrality and the concomitant issues for a robust conception of inferential meaning, as well as the

difficult-to-motivate restrictions that need to be imposed on framework choice.

8.3 Prospects of a Middle Ground: Inference and Coherence

The shift in perspective from an inferentialist to a model-theoretic/truth-conditional set-

ting – identifying the meaning of a (logical) expression no longer with its inferential role, but with
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its model-theoretic value, – is accompanied by a change in what it means for an expression to be

unique. On a semantic account, the meaning of a constant is no longer exhausted by its inferential

role: individuation of logical meanings shifts from a proof-theoretic to a truth-theoretic framework

and we are therefore looking at the semantic values a constant can take on in order to assess its

uniqueness. In particular, it is no longer clear in how far constraints ensuring the unique deter-

mination of inferential role suffice for procuring the uniqueness and unique determinability of the

semantic value of the constant occupying that inferential role. Carnap’s Problem looms large here.

It thus remains unclear in how far the inferential notion of uniqueness sketched above transfers

to the semantic approach, and whether it constitutes an appropriate implementation of the idea

that the meaning of a logical constant, now identified with a model-theoretic object, is uniquely

determined by its inferential behaviour.

The move from an inferentialist to a model-theoretic framework occasions a reinterpre-

tation of the central notions underlying the idea that rules are to serve as definitions of the signs

whose behaviour they govern: in order to satisfy the existence constraint, it now suffices to supply

a sound interpretation of the symbol under consideration. Conservativity, as demanded by Belnap,

becomes soundness.64 This brings with it a reversal in the importance of the two notions carrying

Belnap’s conception of rules-as-definitions. While conservativity was the main requirement in order

for ensuring a well-formed definition, uniqueness was little more than an afterthought.65 Conserva-

tivity, or existence, becomes an almost trivial matter on a model-theoretic perspective given that it

amounts to the mere provision of a sound interpretation of the symbol under consideration. What

exactly uniqueness amounts to in such a context, however, is a more contested matter and will be

the focus of the current and next section. What makes it so difficult to pin down an appropriate

counterpart of the inferential implementation of uniqueness is the fact that the most natural no-

tion of uniqueness undergenerates in the current framework due to Carnap-like problems and thus

fails to capture the kind of notion required for a conception of inferential behaviour determining

meaning when such meanings are conceived model-theoretically.

A minimal constraint on an inferential role to be the inferential role of a constant c with

meaning/interpretation c is that inferential behaviour and semantic value cohere, i.e., that the

64Cf., e.g., (Engström 2014, 66) and (Došen and Schroeder-Heister 1985, 172).
65This emphasis on conservativity and cognate notions over uniqueness is something one can trace well through

the inferentialist literature on logicality.
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semantic value of a constant c does not invalidate inferences that are part of the inferential role of

c. In the current setting this amounts to the demand of consistency (of a semantic value for c with

its inferential behaviour): let ` be a (single-conclusion) consequence relation. By |=c we denote a

satisfaction relation according to which the expression c is assigned the interpretation c. Then

c is consistent with ` iff, for all models M, whenever Γ ` ϕ, if M |=c Γ then M |=c ϕ.

(Here we think of c’s inferential role as given by a consequence relation `. If we wish to think

of inferential roles as given by rules Rc, we restrict our attention to the consequence relation `

presented by Rc.) In the following, whenever we talk about an interpretation c of a constant c, we

assume that c coheres with the inferential role of c (otherwise it would not be an interpretation),

i.e., that c is consistent with the rules or the consequence relation ` describing c’s role.

Uniqueness in this syntactico-semantic setting pertains to the semantic value of an ex-

pression. However, we are not asking for a criterion of identity for entities of the kind that can

constitute the semantic values of the expressions under consideration.66 Rather, we are asking

when a semantic value c of an expression c may count as uniquely determined by the inferential

role of c. To be precise, we say that a constant can be unique, and the interpretation of a constant

can be uniquely determined. Both locutions relate to the same state of affairs: a constant will be

called unique just in case its semantics is uniquely determined (by its inferential role; what ‘does

the determining’ here will always be the inferential behaviour of a constant. When we say that an

expression determines a semantic value, we mean that its inferential behaviour does). ‘Semantics’,

as used in the current chapter, is to be taken in its broadest possible sense: if meaning is constituted

by inferential role, a constant is unique iff its inferential behaviour determines a unique role, i.e.,

if there is no non-synonymous expression exhibiting the same behaviour but occupying a distinct

role.67 If meaning is constituted by model-theoretic denotations a constant will be unique iff its

model-theoretic value is uniquely determined by its inferential role. What precisely it means for an

inferential role to uniquely determine a semantic/model-theoretic value will be the issue occupying

us in the following.

Note that the terminology used here slightly deviates from the usage made of these terms

66Which is, in any case, provided by the relevant background theory.
67In the inferential case this meant that the axioms and rules governing the behaviour of a constant did not

fully specify its meaning – there was enough slack to allow for the possibility of distinct roles overlapping with the
inferential behaviour of the respective constant.
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in the previous chapters, where we said that an interpretation c is the unique semantic value of

a constant c if it is the only value cohering with the inferential behaviour of c that satisfied some

additional conditions. We will return to these conditions in Section 8.4.2 below. We might say that

the uniqueness-constraint in Chapter 5 is satisfied (modulo additional constraints on the interpre-

tation of a constant) if Q is uniquely determined by `, where ` specified the inferential behaviour

of Q, or that Q is unique in that very sense. We sometimes, derivatively, describe a denotation

c itself as unique if it is the interpretation of a unique constant, i.e., if it is uniquely determined

by (the inferential behaviour of) that constant. Occasionally we even say that a denotation c is

unique and merely mean that there is some consequence relation68 ` and some expression c, s.t.

c can serve as an interpretation of c in the context of ` and is uniquely determined by `. In the

latter case we also say that c is uniquely determinable.

8.3.1 Model-theoretic Adaptations

In the following, we will first consider the two most direct and natural adaptations of the

notion of inferential uniqueness to the model-theoretic setting to show where they fail in pinning

down an appropriate semantic counterpart. We will then consider an alternative way of under-

standing what it means to be uniquely determined by inferential behaviour, due to Garson, before

moving on to alternative conceptions of model-theoretic uniqueness in the next section.

The Naive Conception What needs to be uniquely determined in a setting which identifies

meanings with model-theoretic values is no longer the inferential role of a constant, but rather that

value itself. Thus, translating the demand of uniqueness to a semantic framework, the requirement

becomes that the inferential behaviour of a constant uniquely ‘pin down’, or ‘determine’ a model-

theoretic meaning. Formulating this in terms of consistency we obtain the condition that, given a

characterisation of the inferential behaviour of a constant c by, for example, a consequence relation

`, there be a unique interpretation c of c consistent with `.69 In other words, given a consequence

relation `:

68Some consequence relation in a first-order language to be perfectly precise.
69The distinction and priority relation between rules and consequence relations as meaning-determining entities

looses much of its force and motivation when moving from an inferentialist to a semantic framework. Here we will
formulate things in terms of consequence relations. In the next section we will justify why this focus is appropriate
when switching to a setting emphasising semantic values.
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(UNIN ) An interpretation c of a constant c is uniquely determined by ` iff for all semantic

values c∗ consistent with ` (for all possible interpretations c∗ of c) it follows that c = c∗.

A constant c will thus be unique (relative to a consequence relation `) iff it uniquely determines

an interpretation, if there is but a single value consistent with its inferential behaviour.

While certainly the most natural, direct, and intuitive way to translate the condition of

uniqueness to a semantic setting, as convincingly demonstrated by Carnap’s Problem in Chapter

7, such a notion of uniqueness will prove inadequate for any but the most drastic revisionist about

logic. For consider, once more, classical FOL consequence, `FOL, and the following semantic values

for the (local) universal quantifier on a model M:

(a) ∀ = {M}

(b) ∀∗ = {A ⊆M |X ⊆ A} for some X ⊂M (X 6= ∅).

By Bonnay & Westerst̊ahl’s result, both ∀ and ∀∗ are consistent with `FOL for the model M

(and thus constitute interpretations of ∀). Yet, clearly ∀ 6= ∀∗ as soon as M has more than one

element. In fact, in a classical framework, the only constant unique in the sense of (UNIN ) will be

conjunction. Thus, a notion of (semantic) uniqueness based on (UNIN ) is much too demanding and

will fall far short of the range of its inferential cousin (INT). Surely it falls short as an adequate

semantic counterpart to the inferential notion of uniqueness as well.70 Therefore, in order to

obtain a workable and acceptable notion of uniqueness relating to the unique determinability of the

semantic values of logical constants we will have to weaken (UNIN ) in order to broaden its scope.

(INT) and (Joint)-Consistency Coherence itself proved insufficient for uniqueness. This is

somewhat parallel to the inferential case, where the mere provision of inference rules for a constant

c did not suffice to ensure its uniqueness. Rather, the inference rules needed to be sufficiently strong

to show that any ‘other’ constant c′ exhibiting the same inferential behaviour, delineated by the

rules, would be synonymous with c. Will a similar manoeuvre work in the present case? The idea

70Of course we are free to modify the proof-theoretic framework, thereby obtaining further notions unique in the
sense of (UNIN ). However, as discussed in Chapter 7, solutions to Carnap’s problem along these lines alleviate the
issue only insufficiently. Moreover, we operate under the assumption that single-conclusion consequence relations
constitute an adequate representation of our inferential practices and wish to find a notion of uniqueness respecting
this standard.
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would be to combine inferential constraints on uniqueness with semantic coherence requirements.

The most straightforward adaptation of that idea in the present context would be71

(CA) An interpretation c of a constant c is uniquely determined by ` iff c satisfies (INT).

That is, a constant c is unique iff it is inferentially unique and possesses a denotation consistent

with its inferential behaviour. Clearly (CA) is weaker than (UNIN ): if a constant c is unique in the

sense of (UNIN ). However, (CA) overcorrects and is much too weak to yield a sustainable notion

of semantic uniqueness. It is instructive to see why. Consider, once more, a model M and the two

universal quantifier interpretations given in (a) and (b) above. We know that ∀ satisfies (INT).

Therefore, ∀ is unique in the sense of (INT) and (CA). However, it is clearly not unique in any

semantically acceptable way given its multiple possible interpretations. What went wrong here?

The reason for this all-too-easy failure stems of course from the fact that the consistency of ∀ and

∀∗ w.r.t. `FOL (for the model M), was assessed separately, whereas their uniqueness a’la (INT)

was established w.r.t. a shared system, containing two symbols ∀ and a ∀∗. It is easy to see that

when considering the shared consequence relation with ∀ interpreting ∀ and ∀∗ interpreting ∀∗,

neither ‘interpretation’ will be consistent w.r.t. this combined consequence relation. For we know

that ∀xϕ a` ∀∗xϕ, yet, for JϕKM = X ⊂ M we have that M |= ∀∗xϕ, but M 6|= ∀xϕ. What has

been ignored in the case of (CA) is analogous to the fact that rules are language transcendent, viz.,

that when incorporating a condition such as (INT) into an account of uniqueness, consistency will

have to be assessed w.r.t. the shared consequence relation of the combined system, containing both

the notion that is being considered, as well as its twin.

This leads to the following refinement of (CA). Let `c,c∗ be the combined consequence

relation used in the establishment of (INT)72

(CB) An interpretation c of a constant c is uniquely determined by `c iff c satisfies (INT) and

c is consistent with `c,c∗ .

Thus, a constant c is unique in the sense of (CB) iff it is inferentially unique and possesses a

denotation consistent with its inferential behaviour over the shared consequence relation `c,c∗ , i.e.,

if it is sound w.r.t. the joint system. Now, an interpretation of a constant c satisfying (INT) will

71Note that we here assume, once more, that all consequence relations admit of a rule-based presentation.
72I.e., the consequence relation presented by R∗ ∪Rc ∪Rc∗ ranging over the shared language Lc,c∗ .
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be consistent with `c,c∗ precisely when c = c∗ (assuming a rich enough language) which is what

we were after in (UNIN ). Unfortunately, this is still insufficient for semantic uniqueness, for while

(CB) manages to secure the identity of the interpretations of c and its twin c∗ it does not guarantee

that there is a unique interpretation of c consistent with `c. We instead have that whenever c and

c∗ are consistent with `c,c∗ then c = c∗. However, this ‘intra-systemic’ uniqueness is not sufficient

to secure uniqueness of semantic value in general, for Carnap’s Problem tells us that, in most

(standard) cases, there will still be a wide array of values c and c∗ can take on that leaves them

consistent with `c,c∗ . For example, as long as both ∀ and ∀∗ take on one of the interpretations in (a)

or (b) (CB) will be satisfied. However, this does not change the fact that (a) and (b) are both viable

interpretations, both of which satisfy (CB). We might thus say that (CB) secures (intra-systemic)

identity, but not uniqueness.

We could further strengthen (CB) to

(CC) An interpretation c of a constant c is uniquely determined by `c iff c satisfies (INT) and

c is consistent with `c,c∗ for all interpretations c∗ of c∗.

This would nonetheless leave us in a similarly bad shape as (UNIN ), given that most of the standard

notions would be ruled out according to the standard of uniqueness set by (CC). This avenue of

adapting inferential uniqueness to the model-theoretic setting seems thus rather unpromising.

8.3.2 Garson’s Natural Semantics

The somewhat implicit assumption of the undertaking of this thesis has been that inference

and denotation are either seeing eye-to-eye, as two independent aspects of meaning that need to

harmonise, or that the relevant inferences to look at are those that are generated by model-theoretic

means. Carnap’s problem showed that it is not possible to simply go back and forth between the

two.

J.W. Garson, in a series of papers,73 approaches the issue from another direction. Rather

than asking what needs to be done in order to make inference match semantic value (strengthen

the rule format; restrict the space of semantic interpretations, etc.), Garson is asking what kind of

semantics is expressed by the rules of a logical system. Garson himself is an inferentialist of sorts,

73See (Garson 1990; Garson 2001; Garson 2010; Garson 2013).
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assigning priority to rules of inference as the basic vehicle of meaning. While discussing other

rule-formats as well, he ultimately opts for a (single-conclusion) natural deduction calculus as the

preferred format to capture the ‘inferential meanings’ of the logical connectives. These natural

deduction rules describe admissible transitions from arguments to arguments (rather than from

formulas to formulas).74 The basic unit of semantic meaning, as above, is the valuation, a function

from the sentences of the language into truth-values.

Global Models of Rules We have discussed some features of Garson’s views and overall ap-

proach in Chapter 7 and will here highlight aspects pertaining to his ‘stable inferential-semantic’

conception of the meaning of the logical constants. This conception has two facets: a choice of

rules, and an appropriate notion of a model of a rule. A model, in Garson’s setting, consists of a

set of valuations. For reasons briefly indicated in the previous chapter and further discussed below,

Garson considers local models of rules, i.e., sets of valuations each of which preserves satisfaction

(whenever the premises of a rule are consistent with a valuation, so is the conclusion) insufficient

for the purpose at hand and prefers, therefore, an alternative notion of a model of a rule. These

reasons include:

(a) The right benchmark to assess the quality of an argument in logic is validity. Since the rule-

format adopted by Garson licenses transitions between arguments, preservation of validity

should be the correct metric to delineate the models of a rule (Garson 2013, 43).

(b) Local models are prejudiced against intensional truth-conditions. By assessing the appropri-

ateness of a model by looking at individual valuations, the setting, from the outset, rules out

the possibility of intensional interpretations of the constants in that it forbids to take into

account relationships between different valuations of a model (Garson 1990, 155).

(c) There is a mismatch between inferential behaviour and the semantic conditions determined by

it. On a local understanding of models, inference rules determine model-theoretic meanings

for which they are incomplete. This is highly problematic for the inferentialist, for it remains

unclear how to explain the fact that the meaning contained in the inferential behaviour of

a constant goes beyond what can be established on the basis of this inferential behaviour

(Garson 2013, 42).

74Thereby incorporating meta-inferential features.
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For these reasons, the quality of which we leave unevaluated here, Garson adopts a global notion

of a model of a rule:75 a set of valuations V is a model of a set of rules R iff the rules in R preserve

V -validity, i.e., iff for all rules ρ ∈ R whenever the premises of ρ are V -valid (consistent with all

v ∈ V ), so is the conclusion.76

Natural Semantics Having thus made a choice of inferential vessels of meaning (natural de-

duction rules whose premises and conclusions are arguments) and their models (validity-preserving

sets of valuations) we can ask what kind of semantics is expressed by a set of rules for a constant.

Similarly to the account given in the previous chapter, a set of rules R is said to express a condition

P iff all (appropriate) models of R possess P , i.e., in this case, iff a set of valuations V is a global

model of R iff V satisfies condition P .77 A condition P on models is a natural semantics for a set of

rules R iff R expresses P and some further natural semantic requirements (e.g., compositionality)

are met by the condition.78

Considering rules in natural deduction format and models as global models, the rules of

the classical constants of FOL fall short of expressing their classical meanings. Rather, they express

something akin to intuitionistic meanings.79 The natural semantics for the conditional with rules

Γ ` ϕ
Γ ` ϕ→ ψ

→E
Γ ` ψ

Γ, ϕ ` ψ
→I

Γ ` ϕ→ ψ

for example, is not the classical semantic clause according to which

(→c) v(ϕ→ ψ) = true iff v(ϕ) = false or v(ϕ) = true

but rather the intensional condition

(→i) v(ϕ→ ψ) = true iff, for all v′, if v ⊆ v′, then if v′(ϕ) = true then v′(ψ) = true80

where a valuation v′ extends a valuation v, v ⊆ v′, iff, for all ϕ, if v(ϕ) = true, then v′(ϕ) = true.

75Given the priority assigned to rules as meaning-determining entities, considerations of rule-completeness also
count in favour of global over local models of rules, see (Humberstone 1996).

76See (Garson 2013, Chapter 4).
77See (Garson 2013, 48).
78See (Garson 2013, 50).
79Cf. (Garson 2013, 46ff.).
80See (Garson 1990, 161).
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Similarly, the natural semantics for the universal quantifier with its usual rules coincides

neither with a classical objectual, nor with a substitutional interpretation, but with an interpre-

tation that Garson terms its sentential interpretation that also relies, globally, on the relationship

between valuations in a model.81

The precise properties of the natural semantics for the classical constants of FOL do not

matter too much for present purposes.82 What matters is that only in the already familiar case of

conjunction do the natural deduction rules express the classical meaning. The standard rules of all

other constants fall short of determining their classical interpretation.

Meeting Belnapian Constraints Natural semantics exhibit some very nice properties. Notice,

first, that natural semantics satisfy a categoricity constraint: the semantics expressed by a set of

rules R is the unique semantics determined by R. Natural semantics not only ensure completeness

of a set of rules w.r.t. the semantic condition expressed by them,83 but also guarantee modular

completeness, i.e., completeness under combinations of semantic conditions expressed by the rules

of a system. It thereby (strongly) avoids the complaint against local models that these models

overshoot in the sense of rules expressing conditions for which they are not complete. Natural se-

mantics, with its use of global models, establishes a perfect match between truths and consequences

that can be established on the basis of rules, and those that follow from the semantic conditions

expressed by these rules.

Furthermore, natural semantics ticks many inferentialist boxes concerning meaning-deter-

mining rules. Garson shows that natural semantics ensure the conservativity of a constant over the

purely structural language fragment (Garson 2013, Chapter 13.1). Under additional independence

assumptions84 it is possible to further establish strong conservativity, i.e., conservativity of an

expression over language fragments containing further connectives (Garson 2013, Chapter 13.2).

Lastly, possession of a natural semantics ensures inferential uniqueness (Garson 2013, Chapter

13.4). Despite the model-theoretic slant of Garson’s approach, he thus nonetheless fully meets

inferential constraints on meaning-determining rules.

81See (Garson 2013, Chapter 14).
82Though see (Garson 2013) for a comprehensive treatment.
83See (Garson 2013, Chapter 12.1).
84See (Garson 2013, 190) for the precise condition.
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Remarks Garson’s account is rich in insights and promising results. A proper critical evaluation

of its merits and motivations goes beyond the scope of this chapter.85 What we want to briefly point

out here is rather the fact that the kind of approach taken by Garson is somewhat orthogonal to

the assumptions and direction of this thesis. We will comment on the viability and reasonableness

of the Belnapian proof-theoretic conditions in the current setting in Section 8.5 in much greater

detail. It should be noted, however, that it is somewhat unsurprising that Garson’s account sits

so well with inferentialist conditions on meaning-conferring rules given that part and parcel of his

project was to weaken semantics to such a point as to make it fit with what the rules are capable of

supporting. This is, in an important sense, a very reductive undertaking which, at least this is how

we wish to interpret it, gives up on many of the advantages offered by model-theoretic semantics,

making it little more than a superstructure dependent on the inferential base. The satisfaction of

Belnapian constraints is thus not particularly surprising, given that natural semantics, by design,

do not go much beyond what can be established inferentially.

This last point is also precisely where our approach as pursued in this thesis differs. We

took the semantics to be independent of inferential constraints and confines. It need not be prior

to inferential considerations, as it is often conceived on many model-theoretic accounts, but it is

independent of them. Thus, while we are interested in the match or mismatch of two independent

aspects of the meaning of a logical expression, Garson’s project could be seen as an attempt to

modify the semantics so as to make it fit with the syntax, thereby jettisoning one of the basic

considerations guiding our own project.

8.3.3 Remarks

The above suggests that a feasible notion of uniqueness for the model-theoretic setting will

have to be of a somewhat different kind and require additional semantic constraints. Inferential

criteria under the addition of coherence requirements will, in general, not suffice to yield an adequate

notion of semantic uniqueness satisfying plausible desiderata in a respectable manner, unless one

is willing to modify the semantics itself and subordinate it to inferential needs and constraints.

What emerges from the preceding is that inferential uniqueness, in the form of (INT), and unique

determinability (of semantic values) by a consequence relation might diverge. Carnap’s Problem

85Though see (Woods 2012) for comment and criticism.
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demonstrated that, at least in a single-conclusion framework, constants can be inferentially unique,

yet not be uniquely determined by the set of rules that establish their uniqueness. Humberstone

convincingly warns of confusing the issue of a connectives’ inferential uniqueness with the issue

of the unique determinability of its model-theoretic value and urges to carefully separate these

questions.86

When moving to a model-theoretic setting it becomes clear that resorting to a shared

system is no longer necessary in order to assess the unique determinability of an interpretation

by inference. What matters here are semantic values, and their being ‘pinned down’ in the right

way, not the interaction of ‘different’ expressions governed by identical rules. Devising a notion

of uniqueness appropriate to capture the idea of unique determinability of an interpretation by

inference means, therefore, to move away from (INT).

8.4 Model-theoretic Conceptions

If the most natural conception of unique determinability for constants proves untenable

when switching to a semantic framework in which meanings are identified with model-theoretic

objects and inferential conceptions of uniqueness are not sufficiently strong to carry over to a model-

theoretic setting, what might an appropriate notion of semantic uniqueness look like? In a first

attempt one might try to copy the inferential conception by replacing ` with |=, thereby obtaining

a direct model-theoretic implementation of (INT), (INTMT ), according to which an expression is

unique iff c(ϕ1, . . . , ϕn) =||= c′(ϕ1, . . . , ϕn). However, as already seen above, a constraint of this

kind is only able to achieve intra-systemic identity of denotation, not, however, inter-systemic

uniqueness. More is needed for a viable conception of semantic uniqueness.

The challenge is to complete a schema of the following shape:

(*) c is unique iff for all interpretations c of c s.t. . . ., c(ϕ1, . . . , ϕn) =||= c′(ϕ1, . . . , ϕn)

where the condition to be inserted for the . . . will ensure that intra-systemic identity translates into

actual uniqueness of denotation. A natural candidate for such a condition in the current context is

of course consistency with the inferential behaviour of a constant. In that case, (*) would say that

86See (Humberstone 2011, 595/596).
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a constant is unique iff all semantic values consistent with that constant’s inferential behaviour are

in fact semantically indistinguishable. Given the particularly lenient restrictions on languages in

this chapter (assuming that first-order languages possess first-order predicate variables) semantic

indistinguishability can be equated with full identity of model-theoretic value. Assuming further

that inferential behaviour is captured by a consequence relation `, the version of (*) just outlined

reduces to what we called the naive conception in the previous section. And, as we saw there,

(UNIN ) was too demanding to yield an appropriate notion of semantic uniqueness; the condition

indicated by . . . needs to be further strengthened. This is what the three proposals discussed in

the current section try to do.

A point worth highlighting here concerns the status of consequence relations and the

representation of inference in the now model-theoretic setting. In the inferentialist setting it was

emphasised that rules enjoy priority. However, many of these considerations and assumptions that

rendered rules primary no longer apply when we switch to a semantic setting. In particular, aban-

doning (INT) as inapplicable in the current situation allows us to de-emphasise the status of rules

over consequence relation in the determination of uniqueness. This, in turn, permits us to broaden

the representation of inference underlying the current endeavour by moving to entire consequence

relations as the basic implementation of the notion of inference regardless of their representability

by rules. In the semantic case it makes sense to think this way around. As a welcome side-effect

we reduce the framework-dependency inherent in the inferentialist approach, and gain a certain

degree of ‘formalism-freeness’, of independence from any particular proof-theoretic framework, by

looking at the (identical) output (the consequence relation) of various ways of presenting that out-

put (axiomatic, natural deduction, Gentzen-systems). We are thus no longer bound by constraints

particular to the inferentialist framework, e.g., that the rules of a constant characterise its meaning

completely, and are only committed to the assumption that inferential patterns pin it down. We

can thus broaden our notion of inference beyond rule-based consequence relations.

With the role of inferential behaviour reduced to determining a meaning, but not constitut-

ing it, we further loosen the demand that inferential roles be completely specified proof-theoretically,

or, relatedly, that the role of a constant be specified with respect to a language fragment containing

it as the only logical constant. From the current perspective, partial and impure specifications

might be fully sufficient to determine a meaning. One result of this relaxation we already witnessed
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in the Chapter 5: we know that there can be no (finitary) complete specification of the inferential

role of the quantifier “there exist infinitely many” in purely proof-theoretic terms, yet the incom-

plete specification we provided in the appendix to Chapter 5 was sufficient to uniquely determine

its model-theoretic denotation.

The change in setting also lifts the requirement that rules must be pure in order to

articulate inferential roles appropriately. Meaning is no longer contained in, or given by, rules,

and inference merely helps to constrain it. We thus discard the discrepancy between pure and

relative notions of uniqueness. Of course there will be remnants of this distinction, notions that

will be unique only relative to the presence of other notions in the language, but, in general, that

dependency will be greatly reduced.

In this section we investigate three different proposals that can be seen as suggestions

of how to complete the condition . . . in (*) and that thus yield three different suggestions for a

notion of semantic uniqueness: implicit definability in a higher-order language, Carnap-categoricity,

and absoluteness. The first is arguably the most popular adaptation of the notion of inferential

uniqueness to a semantic setting, though it has been criticised and we will further argue that it

is unsuitable to supply such a notion. Carnap-categoricity we introduced, used, and investigated

in the previous chapters and we will here motivate it as a notion of semantic uniqueness. Lastly,

absoluteness has been proposed as a measure of robustness of the logical notions87 and can be

interpreted as an attempt to spell out under what conditions a denotation is ‘fixed’ w.r.t. the

background theory.

8.4.1 Implicit Definability

When shifting perspective from an inferentialist conception of meaning, identifying the

meaning of an expression with its role in inference, to a truth-conditional setting, uniqueness of

meaning is no longer captured by uniqueness of inferential role. Thus the conditions under which

inference can be said to determine a meaning uniquely shift as well. The model-theoretic concept

most often identified as the semantic counterpart of the idea of inferential uniqueness is the notion

of implicit definability. W.D. Hart, for example, says that “Belnap’s uniqueness condition is all

but indistinguishable from the notion of implicit definability, a proof theoretic notion now confined

87See (Feferman 1999) and (Feferman 2010). See (Sher 2008; Sher 2016) for a response.

545



largely to model theory” (Hart 1982, 137). F. Engström remarks that “the proof theoretic notion of

unique definability corresponds, in some sense, to the model theoretic notion of implicit definability”

(Engström 2014, 66).

The relation of these two notions, however, is an uneasy one, as we will attempt to work

out precisely in the current section.88 Before discussing the different ways in which the notion

of implicit definability has been brought to bear on the question of the unique determinability of

semantic values by inference it is worth to carefully disentangle the connection between inferential

uniqueness and implicit definability.

Conceptual clarifications For this subsection, we work in FOL. It is customary to distinguish

between two standard notions of definability (for non-logical constants): explicit and implicit de-

finability.89

Definition (definability): Let R be a predicate-constant in L(R) (of any adicity), L = L(R)−{R},

and T a theory (i.e., a set of sentences) in L(R). Then,

(ED) R is explicitly defined (relative to T ) in terms of L if there exists a formula ϕ(x̄) of L

s.t. T ` ∀x̄(Rx̄↔ ϕ(x̄)).

(ID) R is implicitly defined (relative to T ) in terms of L if, whenever M, N are models of T

s.t. M|L = N|L, we have that RM = RN .

A predicate-constant is explicitly definable if one can prove an explicit equivalence between R and

a formula of the reduced language without that predicate (relative to a theory T ). A predicate-

constant is implicitly definable (relative to a theory T ) if the constraints imposed on the behaviour

of R by T are sufficient to uniquely pin down an interpretation.

Clearly, (ED) implies (ID). In the context of FOL, Beth’s Definability Theorem90

88That these two notions are different, contra Hart, was pointed out in, for example, (Williamson 1988, 114). Their
variation was worked out precisely in (Došen and Schroeder-Heister 1988). See also (Humberstone 1984).

89See, for example, (Hodges 1997, 301ff.) for these definitions. In line with the stipulation that we only consider
relational signatures, we will restrict ourselves to the case of a predicate-constant, though the definitions apply
equally to symbols of other syntactic categories as well. The content of this subsection is based on (Došen and
Schroeder-Heister 1988).

90See, e.g., (Hodges 1997).
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guarantees the converse as well, thereby establishing the equivalence of implicit and explicit defin-

ability:

Theorem (E.W. Beth): If R is implicitly defined relative to a theory T of FOL in terms of L, then

R is explicitly defined relative to T in terms of L.

Thus, in the context of FOL, explicit definability and implicit definability are equivalent. Here,

in the statement of (ID), implicit definability is already given an explicitly model-theoretic for-

mulation. However, for the following considerations it is instructive to also consider a purely

proof-theoretic version of (ID), (ID∗), in order to bring out its relation to the notion of uniqueness

more clearly.91 Consider two distinct predicate constants R and R′ of the same adicity. Let T (R)

be a theory in L(R) and T (R′) be the theory in L(R′) obtained by substituting every instance of

R in T (R) by R′. Then,

(ID∗) R is implicitly defined by T (R) if T (R) ∪ T (R′) ` ∀x̄(Rx̄↔ R′x̄).

The following fact is well-known:

Fact: (ID) iff (ID∗).

Proof :

(⇒) Assume (ID) and consider M, s.t. M |= T (R). Clearly, M |= T (R′) iff M |= T (R). Fur-

thermore, by (ID) we know that there exists exactly one expansion ofM|L to an L(R)-model

of T (R)/T (R′). Now suppose T (R) ∪ T (R′) 6` ∀x̄(Rx̄ ↔ R′x̄). Then, by the completeness

of FOL, there exists N , s.t. N |= T (R) ∪ T (R′), but N 6|= ∀x̄(Rx̄ ↔ R′x̄). That means

RN 6= R′N and hence that N is a model of T (R)/T (R′), s.t. N|L possesses two expansions

with N|L(R) |= T (R) – contradiction.

(⇐) Assume T (R) ∪ T (R′) ` ∀x̄(Rx̄ ↔ R′x̄) and suppose there are M, N , models of T (R), s.t.

M|L = N|L, yet RM 6= RN . SinceM |= T (R) iffM |= T (R′) andM|L = N|L we can expand

91See (Došen and Schroeder-Heister 1988) for this definition and in how far it is a special case of uniqueness.
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M by RN , s.t. 〈M, RN 〉 |= T (R)∪T (R′). Thus, by assumption, 〈M, RN 〉 |= ∀x̄(Rx̄↔ R′x̄),

but since RM 6= RN , 〈M, RN 〉 6|= ∀x̄(Rx̄↔ R′x̄) – contradiction.

Hence, (ID) iff (ID∗). �

Both (ED) and (ID∗) are formulated in their local versions. In full generality they amount to:92

(EDF ) R is explicitly defined (relative to T) in terms of L if for every formula ϕ(R), in which

R may occur, there exists a formula ψ of L not containing R, s.t. T ` ϕ(R)↔ ψ.

(ID∗F ) R is implicitly defined by T(R) if for every formula ϕ(R) in which R may occur:

T (R) ∪ T (R′) ` ϕ(R)↔ ϕ(R′)

where ϕ(R′) is obtained from ϕ(R) by replacing every occurrence of R in ϕ(R) by R′. In case

the logic admits of replacement of equivalents, i.e., in case ` is what we called congruential above,

(EDF ) and (ID∗F ) simplify to (ED) and (ID∗). Given that one of the core features of an appropriate

notion of definition is that it supports the substitution of definiens and definiendum in all contexts,

satisfaction of (EDF ) and (ID∗F ) should be thought of as conditions of adequacy for notions of

explicit and implicit definability.

(ID∗F ) closely resembles the notion of synonymy we took to explicate the concept of infer-

ential uniqueness when applied to logical instead of non-logical constants, especially when thinking

of T as somehow specifying the rules for the expression whose implicit definability is being es-

tablished. In the case of (inferential) uniqueness we said that a constant was unique if any other

constant with the same inferential behaviour was synonymous with it. Given that (ID∗F ) explicitly

mentions a parameter T it is here possible to further generalise implicit definability to uniqueness.93

Let R be a predicate-symbol, and Σ[R] be a set of sentences and schemata (without free variables).

Σ[R′] is obtained from Σ[R] by replacing every occurrence of R in the sentences and schemata of

Σ[R] by R′. Then

(UNI) R is uniquely defined by Σ[R] if for every formula ϕ(R), in which R may occur:

Σ[R] ∪ Σ[R′] ` ϕ(R)↔ ϕ(R′) (Došen and Schroeder-Heister 1988, 555).

92Cf. (Došen and Schroeder-Heister 1988, 555).
93See (Došen and Schroeder-Heister 1988, 555) for this definition.
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The difference between (ID∗F ) and (UNI) lies in there being only sentences in T (R), and the possi-

bility of there being sentences as well as schemata in Σ[R]. This difference should be understood

in the following way: while elements of T (R) are sentences of L(R), the schemata in Σ[R] may

be instantiated by formulas from the enlarged language L(R,R′), containing both R and its twin

R′.94 Hence, all ϕ from T (R) contain at most R, whereas instances of schemata from Σ[R] may

contain both R and R′, allowing the ‘mixing’ of R and R′ in sentences that can be obtained as

instances of the schemata in Σ[R]. Implicit definability can thus be seen as a “special case of a

more general notion of uniqueness” (Došen and Schroeder-Heister 1988, 554), being the “particular

case of uniqueness when Σ[R] is a set of sentences” (Došen and Schroeder-Heister 1988, 555).

Given this, implicit definability implies uniqueness. I.e., whenever a predicate can be

implicitly defined it is unique. The converse direction, however, does not hold; there are notions

that are unique but not implicitly definable.95 Uniqueness is therefore a strictly stronger notion

than implicit definability. The fact that uniqueness and implicit definability can come apart has

of course consequences for the kind of project undertaken here. In particular, it suggests that an

identification of implicit definability with inferential uniqueness might be unwarranted.

To substantiate this claim, however, we first need to show how to make logical constants

amenable to the notions outlined above. Here it is important to note that the concepts of (EDF ),

(ID∗F ), and (UNI) make sense for a broader class of expressions than that of non-logical constants,

and that they can straightforwardly be adapted to cover expressions of other syntactic categories of

the language as well, by simply removing the restriction to predicate-symbols in their formulation.96

With the idea that the theory T (c) and the set of schemata Σ[c] constitute constraints

on the behaviour of the expression c which they aim to characterise, we will refer to both sets as

constraint-sets. We will often identify Σ[c] with the set of its instances in Lc,c′ and pretend that in

all of its schemata c actually occurs. Mutatis mutandis for T (c). The crucial difference between

implicit definability (ID∗F ) and uniqueness (UNI) consisted in the possibility of ‘mixing’ a symbol

94See (Došen and Schroeder-Heister 1988, 555).
95(Došen and Schroeder-Heister 1988, 556) provide the example of the constant + and show that it is unique,

but not implicitly definable in the context of a first-order arithmetical theory. We will not reproduce their example
here. The proof crucially relies on the use of non-standard models of first-order arithmetic. When switching to a
second-order framework the structure of the natural numbers can be described categorically and it becomes possible
to implicitly define + in SOL.

96This is another reason for considering (ID), (ID)∗, and (ED) as parametrised instances of the more general notions
(EDF ), (ID∗F ).
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and its twin in formulas of Σ[c]∪Σ[c′], whereas no such mixing occurred in formulas of T (c)∪T (c′).

This distinction carries over when extending (ID∗F ) and (UNI) to expressions of other syntactic

categories and distinguishes uniqueness from implicit definability.97 When applying the conditions

(ID∗F ) and (UNI) to the logical constants of FOL itself, as we will shortly do, the right way to think

about the distinction between implicit definability and uniqueness is the following: a constant c

will be unique, if it is according to the special case of (UNI) in which the constraint-set is empty.

c is implicitly defined if it is according to the special case of (ID∗F ) (equivalently: (UNI)) in which

the constraint-set is empty and the rules governing the respective constant are restricted to the

language fragment without its twin, i.e., no mixing of c and c′ is permitted in formulas used in the

application of a rule governing c. We will shortly clarify in how far this constitutes the ‘right’ way

of thinking about implicit definability. The restriction to empty constraint-sets is further necessary

in order for (UNI) and (ID∗F ) not to collapse when assessing constants present by the very nature

of the set-up.

We showed above that both ∧ and ∨ are inferentially unique. The uniqueness proofs

performed there can be seen as the special case of (UNI) where Σ[∧]/Σ[∨] are empty.98 Furthermore,

as already pointed out there, the uniqueness proof of ∧ did not, but the uniqueness proof of ∨ did

require the mixing of the respective constant and its twin in an application of a rule governing

the relevant constants’ behaviour. ∨ required mixing, ∧ did not.99 Thus, ∧ is also implicitly

defined, whereas ∨ is not. This is as it should be and, in fact, justifies the restriction we formulated

for implicit definability when applied to constants of FOL in the previous paragraph100 for ∧ is

explicitly definable in the sense that any formula ϕ ∧ ψ is equivalent to a set of formulas not

containing it,101 namely {ϕ,ψ}. More precisely, ϕ,ψ ` ϕ ∧ ψ, ϕ ∧ ψ ` ϕ, and ϕ ∧ ψ ` ψ. No such

97Cf. (Došen and Schroeder-Heister 1988, 557).
98In fact, (UNI) is the direct translation of inferential uniqueness for logical constants into the current setting, i.e.,

inferential uniqueness is the special case of (UNI) in which the constraint set Σ = ∅ when allowing the rules of FOL
to range over the full language Lc,c′ containing both the relevant constant c and its twin. We left it implicit in the
way we set up the issue above, but it is made explicit in (Došen and Schroeder-Heister 1988) that the rules of FOL
in the context in which we operate are always to range over the combined language Lc,c′ in all conditions discussed,
i.e., in (ID∗F ) as well as (UNI). However, when shifting attention from the category of non-logical constants to that
of logical constants, and especially those that already occur in FOL, this assumption must be modified in order to
not trivialise the distinction between implicit definability and uniqueness.

99Cf. (Došen and Schroeder-Heister 1988, 557).
100(Došen and Schroeder-Heister 1988) actually impose even stricter conditions for implicit definability, allowing the

mixing of a constant and its twin only in the structural part of logic. Considering only constants that are strongly
unique erases this difference of course.

101This is a generalisation of (ED) in the sense that we move to a biconditional-free formulation.
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set of formulas can be found for ϕ ∨ ψ.102

Moving to a multiple-conclusion sequent-calculus, we do obtain such an equivalence be-

tween ϕ∨ψ and {ϕ,ψ}. Here, then, ∨ appears to be implicitly definable and we can indeed give a

uniqueness proof for ∨ without requiring mixing of ∨ and ∨′ in applications of the rules for ∨/∨′:

ϕ ` ϕ
ϕ ` ϕ,ψ

ψ ` ψ
ψ ` ϕ,ψ

∨L
ϕ ∨ ψ ` ϕ,ψ

ϕ ` ϕ
∨′R

ϕ ` ϕ ∨′ ψ
Cut

ϕ ∨ ψ ` ϕ ∨′ ψ,ψ
ψ ` ψ

∨′R
ψ ` ϕ ∨′ ψ

Cut
ϕ ∨ ψ ` ϕ ∨′ ψ,ϕ ∨′ ψ

ϕ ∨ ψ ` ϕ ∨′ ψ

As can be seen, only structural rules are applied to formulas mixing ∨ and ∨′, no mixing is required

in the application of the rules ∨L and ∨R. Hence, relative to a multiple-conclusion Gentzen system

∨ is implicitly definable (and explicitly definable) as well as unique.

These considerations suggest an adequacy-constraint on what it means to be implicitly

definable: a notion should be considered implicitly definable iff it is explicitly definable in the sense

that it is equivalent to a set of formulas not involving the relevant notion. This kind of constraint is

motivated by the tight connection between implicit definability and explicit definability in FOL, and

takes the relationship of the notion of implicit definability to its sister notion of explicit definability

as a core feature of its individuation. The adequacy constraint can also be interpreted and taken as

the characteristic difference between the notions of implicit definability and uniqueness. For while

the former bears a special relationship to explicit definability, the latter does not. (Došen and

Schroeder-Heister 1988, 563) prove that, when restricting the mixing of a constant and its twin to

the structural part of logic (roughly, only allowing mixing in the structural rules), that constant is

implicitly definable iff it is explicitly definable in the sense of being equivalent to a set of sentences

not containing it. They thereby obtain a generalised Beth-type theorem.103

102See (Došen and Schroeder-Heister 1988, 557).
103It generalises Beth’s original theorem in that it applies not only to the syntactic categories of non-logical constants

and makes fewer assumptions about the range of the rules for the logical constant (Došen and Schroeder-Heister 1988,
564): “Our definability theorem is an analogue of Beth’s definability theorem which makes fewer assumptions about
logic, and leaves the syntactical category of α quite undetermined. In particular, it captures the case of logical
constants which are now considered explicitly definable by sets of formulae, provided they are implicitly definable.”
(Došen and Schroeder-Heister 1988) further show how Beth’s theorem follows from theirs under certain conditions.
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Hence, if the tight connection with explicit definability is taken as essential for any notion

to qualify as implicit definability, we see that implicit definability in only a special case of a much

broader notion of uniqueness. Beth’s definability theorem can therefore be thought of as a core con-

straint on any adequate notion of implicit definability, constitutive of what it means to be implicitly

definable, independently of the syntactic category of the expression under consideration. While we

have, so far, still only considered an inferential notion of uniqueness-as-implicit-definability we will

now turn our attention to attempts to use its model-theoretic version to obtain a proper notion

of uniqueness for truth-conditional content. Here it will be advantageous to keep the difference

between uniqueness and implicit definability in mind to see whether what is obtained is actually a

notion of uniqueness as general as needed. To this end, it is worth re-iterating what it means for a

constant c to be unique, and for it to be implicitly definable. Thus, let c be a constant and c′ its

twin. Then

(UNI) c is unique iff it satisfies (INT).

(IDc) c is implicitly definable iff it is unique and no mixing of c and c′ in the uniqueness-proof

is required in any of the applications of the rules for c and c′.

Implicit Definability as (Semantic) Uniqueness The considerations of the previous subsec-

tion demonstrate that care needs to be taken when one wishes to compare the uniqueness of a logical

constant with its implicit definability – an unqualified identification is not warranted. However,

despite its proof-theoretic origins implicit definability is, at least in the context of the debates we

are concerned with here, oftentimes considered a properly model-theoretic notion, as our original

formulation (ID) above suggested. In this formulation, implicit definability also naturally extends

to other syntactic categories (by simply lifting the syntactic restriction to predicate constants)

and in what follows we shall largely be concerned with the category of second-order predicates, or

quantifiers.

The idea that implicit definability constitutes an adequate notion of uniqueness when

meanings become model-theoretic is due to two interrelated considerations. On the one hand, it is

frequently related to the Gentzian idea that rules are (implicit) definitions of the constants whose

behaviour they govern in the sense that they (suitably formalised) implicitly define the semantic
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value of that constant. This motivation is especially clear in the papers of Zucker (Zucker 1978)

and Zucker & Tragesser (Zucker and Tragesser 1978) that were already mentioned in Chapter 5.

Talking about quantifiers, Zucker says that “a symbol ‘Q’ is never given alone: it is generally given

together with a set of axioms and/or inference rules, proposed for incorporation in the logical

calculus” (Zucker 1978, 518). Approximating Belnap’s idea, in order for Q to be logical it is not

sufficient that these axioms and rules merely describe (aspects of) Q’s meaning. The demand is

that

For Q to be considered as a logical constant, its ‘meaning’ must be completely contained
in these axioms and inference rules. (Zucker 1978, 518)

Understanding these ‘meanings’ model-theoretically the demand of complete containment exceeds

mere coherence with the rules and axioms:

it is quite inadequate to propose a quantifier Q for incorporation in the calculus as a
logical constant, by giving its meaning in set theory [...] and also axioms which are
merely consistent with this meaning. The meaning of Q must be completely determined
by the axioms (and rules) for it; they must carry the whole weight of the meaning, so
to speak [...]. (Zucker 1978, 518)

Thus, for a constant to be considered logical it must be implicitly defined by its axioms and inference

rules: “A logical constant must be defined implicitly by its axioms and inference rules” (Zucker

1978, 519).

On the other hand, the outright identification with, or at least close connection to, the

inferential notion of uniqueness is taken as supporting the choice of implicit definability as a suitable

semantic notion of uniqueness. This shines through in the perceived continuity of the project of

(Zucker and Tragesser 1978) and (Zucker 1978) – dealing with adequacy issues in ‘inferential’ and

classical logic respectively, – where, in the former, meaning is identified with inferential role and,

in the latter, with model-theoretic value. In the former case, implicit definability is identified with

(INT), whereas in the latter it becomes (ID).104 Feferman is even more explicit in taking inferential

uniqueness as a motivation for implicit definability:105

What is taken from the inferentialists (or Zucker) is not the thesis as to meaning but
rather their formal analysis of the essential principles and rules which are in accord with

104Though the property of being implicitly defined by axioms and inference rules is assigned different importance
in the context of the two projects, see (Zucker 1978, 531).

105See also (Engström 2014, 66) as quoted in the introduction to this section: “the proof theoretic notion of unique
definability corresponds, in some sense, to the model theoretic notion of implicit definability.”
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the prior semantical explanations and that govern their use in reasoning. And in that
respect, the Introduction and Elimination Rules for each logical operation of first-order
logic implicitly characterize it in the sense that any other operation satisfying the same
rules is provably equivalent to it. That unicity will be a key part of our criterion for
logicality in general. (Feferman 2015, 21)

He continues to provide uniqueness proofs in the sense of (INT) for classical implication and the

universal quantifier in a multi-conclusion sequent calculus.106

The definition of (ID) said what it takes for a predicate to be implicitly defined relative to

a theory T . In extending (ID) to the syntactical category of quantifiers (second-order predicates),

proponents of the view that implicit definability yields an adequate notion of semantic uniqueness

choose a different route than the one we indicated in the previous section. On the assumption

that it is finitary rules that define the constants, they maintain that T in (ID) must contain the

relevant axioms and rules for the constant that is being characterised. Of course, rules are not

object-language entities, and so the parameters of the definition have to be shifted.

What is needed to render the definition amenable to the issue at hand is a language capable

of talking about axioms and rules, s.t. T in (ID) can be considered the set of rules for an expression

whose implicit definability is being assessed. When dealing with inference-rules for first-order

constants the move to a second-order language is sufficient for this purpose. The transition from

premises to conclusions in a rule can then be formalised by means of the material conditional, sets

of premises by means of their conjunction. The universal applicability of a rules to all formulas of

the language can be captured by universally quantifying out both individual parameters, as well as

(first-order) predicate parameters. We described the process of this formalisation in more detail in

the context of Zucker’s and Feferman’s approaches in Chapter 5 and reiterate it here for illustration

purposes for the universal quantifier given by natural deduction rules (ignoring side-conditions):

ϕ(x)
∀I∀xϕ(x)

∀xϕ(x)
∀E

ϕ(x)

We outline the procedure by a step-by-step replacement schema:

Step 1 : Replacing of expressions by parameters of appropriate type – quantifiers by second-

order predicates, formulas by first-order predicates (of appropriate types).

106See (Feferman 2015, 22).
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P (x)

Q(P )

Q(P )

P (x)

Step 2 : Universally quantifying free variables of the original rules.

∀xP (x)

Q(P )

Q(P )

∀xP (x)

Step 3 : ‘Horizontalising’ rules by indicating transitions from premises to conclusion by means

of the material conditional.

∀xP (x)→ Q(P ) Q(P )→ ∀xP (x)

Step 4 : Quantifying out the remaining parameters.

∀X(∀xX(x)→ Q(X)) ∀X(Q(X)→ ∀xX(x))

Step 5 : ‘Conjuncting’ the rules to obtain the implicit definition of Q.

Λ[Q] := ∀X(∀xX(x)→ Q(X)) ∧ ∀X(Q(X)→ ∀xX(x))

The resulting sentence, Λ[Q], should yield the sentence which implicitly defines Q if Q is logical.

Both Zucker and Feferman follow a similar strategy (with minor modifications) for formalising

first-order axioms and inference rules as second-order sentences. Given Λ[Q] it is straightforward

to show that Λ[Q] ∧ Λ[Q′]→ (Q(P )↔ Q′(P )) (Feferman 2015, 22).

We obtain a second-order version of (ID∗):107

(ID∗2) Q is implicitly defined by Λ[Q] if Λ[Q],Λ[Q′] |= ∀X(Q(X)↔ Q′(X)).

Some such variation on this version of implicit definability is adopted by both Zucker and Fe-

ferman.108 Implicit definability in the form of (ID∗2) thus takes the shape of a demand for the

existence of a second-order implicit definition. Even stronger, it demands implicit definability by a

single second-order sentence.

We criticised the apparent circularity of such a demand to establish the logicality of an

expression in Chapter 5. The adoption of (ID∗2) as a constraint on logicality leads to substantial

difficulties in establishing the logicality of constants present in the meta-theory needed to formulate

107We here provide the definition for a type 〈1〉 quantifier for simplicity of presentation. Note that it generalises
without issues to quantifiers of any type; cf. (Zucker 1978, 520).

108Cf. (Zucker 1978, 524), (Feferman 2015, 22ff.).
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the second order definition without presupposing the logicality of these very notions. We deemed

a criterion based on (ID∗2) a partial criterion at best. Here, however, we want to criticise (ID∗2)

from a different perspective, namely, as a proposed semantic explication of the inferential notion of

uniqueness.

To this end, it is first worth noticing that (ID∗2) is not a second-order analogue of (ID∗), but

rather a restriction thereof, for it only allows implicit second-order definitions in the form of a single

sentence. This requirement of finitude ensures two things: firstly, it rules out quantifiers Q that do

not possess finite axiomatisations. It ensures that every notion implicitly definable possesses only

a finite number of axiom- and rule-schemata that suffice as the basis for its second-order definition

implicitly defining it.109 Secondly, it ensures that the rules themselves are finitary objects in the

sense that they permit at most finitely many premises in each application. These facts emphasise

that the proposal of (ID∗2) is still ‘rule-centric’ in that it incorporates substantial constraints on

the nature of inference.110 While this focus is of course in line with the general idea underlying

these proposals, that it is rules that ultimately define their constants, it also shows that such

accounts are, unnecessarily, committed to essentially inferential concerns which do not follow from

the semantic perspective they adopt. We mentioned in the introduction to this subsection that a

shift in perspective from inferentialist to truth-conditional theories of meaning warrants a shift from

rules to entire consequence relations as the primary notion of inference. We have demonstrated in

Chapter 5 that the continued focus on rules leaves out uniquely determinable notions and thus falls

short of a fully general notion of characterisability by inference.

Are there reasons to relax the requirement of having a single second-order sentence and

consider instead sets Σ[Q] of second-order sentences as implicitly defining a quantifier Q, modifying

(ID∗2) accordingly (note that this still rules out infinitary rules)? Such a generalisation appears

difficult on Zucker’s conception who requires, in addition to (ID∗2), that the condition |= ∃Y Λ[Y ]

hold in higher-order logic.111 Feferman’s conditions, however, appear to be perfectly generalisable

109The possibility that a notion is implicitly definable according to (ID∗2) as long as it is implicitly defined by a
finite subset of its rules, even if that finite subset does not ‘fully’ or completely characterise it, is of course left open.

110See (Feferman 2015, 23) and (Zucker and Tragesser 1978) for some such explicitly mentioned constraints.
111It wouldn’t do to demand that |= ∃Y λ[Y ] for all λ[Q] ∈ Σ[Q] analogous to Feferman’s modified condition (F1∗),

since nothing guarantees the identity of ‘the Y’ thus obtained. Even the further generalisation that |= ∃Y
∧

λ[Q]∈Σ[Q]

λ[Y ]

for all finite conjunctions of λ[Q] ∈ Σ[Q] might not suffice. See (Zucker 1978, 525) for comment. See also (Zucker
1978, 521) for a justification of the ‘finiteness’-condition.
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according to the line suggested here. In particular, his condition (F1) that QM be a solution to

Λ[Q] for all M, i.e., that 〈M,QM〉 |= Λ[Q] is perfectly amenable to be reformulated as

(F1∗) QM is a solution to all λ[Q] ∈ Σ[Q], i.e., 〈M,QM〉 |= λ[Q] for all λ[Q] ∈ Σ[Q].

Feferman has independent reasons of rejecting such a generalisation. Nevertheless, these reasons

are not intrinsic to the notion of uniqueness he adopts.

What are we to make of the notion of uniqueness captured by (ID∗2)? On first view,

it appears like a direct adaptation/restriction of (ID∗) which was, in the context of FOL, shown

inadequate for, and different from, uniqueness proper. Given, however, the switch to a second-order

framework this judgement might be premature. At least the difference between the uniqueness and

implicit definability of + in a theory of arithmetic, given by (Došen and Schroeder-Heister 1988,

556), disappears when moving to a second-order framework. However, this is only the case when

adopting a particular semantics for the second-order language, much stronger than the one preferred

by Feferman. We will return to this issue shortly. Here, we wish to point out that, as was shown in

Chapter 5, Q0 and QFin are both quantifiers that are, presupposing the standard meanings of the

constants of FOL, uniquely determined by their inferential behaviour, but not implicitly definable

in the sense of (ID∗2). This constitutes an argument that (ID∗2) falls short of the kind of notion of

uniqueness aimed at here.

In the move from (ID∗) to (ID∗2) we moved from a simple consequence relation ` to a

model-theoretically given consequence relation |=. This transition creates a choice point, and a

decision has to be made regarding a semantics for the second-order language in order to assess the

full extent of |=. Three salient options are constituted by (i) a completely unrestricted semantics,

permitting the second-order quantifiers to range over any possible subset of second-order relations

of the domain, (ii) a Henkin-semantics, guaranteeing at least the existence of all (parametrically)

definable relations, or (iii) a full semantics, in which the second-order quantifiers always range over

the entire power-set of the appropriate cartesian product of the domain.112 As already mentioned,

the drifting apart of uniqueness and implicit definability in FOL puts some pressure on the choice

of semantics to ensure that such cases cannot arise if one wishes to identify uniqueness with implicit

definability.

112Cf., e.g., (Leivant 1994) or (Shapiro 1991).
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Feferman opts for second-order implicit definitions in the shape of (ID∗2) in the context of

an extremely permissive semantics, imposing no restrictions whatsoever on the extent of the second-

order domain of models. As a result, he is able to show that the only quantifiers implicitly defined

according to (ID∗2) are quantifiers explicitly definable in FOL.113 This result depends entirely on

the choice of an extremely weak semantics. Engström (Engström 2014) shows that through the

choice of semantics Feferman basically reduces his framework to a first-order setting, in effect not

making use of the additional strength of (ID∗2) over (ID∗):

The proof of the theorem rests on the simple idea that this general version of Henkin
semantics does not allow second-order quantification to be used in a substantial way,
not because of deep results but of completely elementary reasons. I believe the above
argument suggests that the specific choice of Henkin semantics [...] is completely wrong.
(Engström 2014, 69)

We already voiced our concerns regarding the adequacy of such a semantics for the question of

logicality in a previous chapter. Its inadequacy is further emphasised when taking it to articulate

a notion of uniqueness based on (ID∗). If the motivation behind Feferman’s criterion was to

identify implicit definability by rules with the existence of a second-order definition satisfying

(ID∗2) it misses the mark because the definitions his choice of second-order framework yields are

only apparently second-order and reduce, on closer examination, to first-order versions satisfying

(ID∗), thereby diverging from the notion of uniqueness required. Engström suggests moving to a

stronger semantics, such as a Henkin- or full semantics, and to ask the question which quantifiers

are implicitly definable in the sense of (ID∗2) w.r.t. such a semantics (Engström 2014, 69). Such a

move need not make an answer to the original question of which rules implicitly define a quantifier

intractable, for a more in-depth analysis of the notion of an inference rule ought to yield some

constraints on the shape second-order sentences articulating inference rules can take. Given such

constraints it is only with respect to this subclass of second-order formulas that the question of

implicit definability needs to be addressed, thereby hopefully simplifying the task.114

Zucker seems to agree with this kind of reasoning when regarding first-order quantifiers to

be primarily defined by their second-order schemata (those obtained in step 4 above) in the context

of a full semantics. Thus, according to him, the correct interpretation of (ID∗2) presupposes the

113See (Feferman 2015, 24ff.).
114Engström suggests restricting attention to Π1

1- or even ∆1
1-formulas. We think it is better to rethink the notion

of inference underlying semantic attempts to formulate a proper notion of uniqueness.

558



assumption of a full semantics and implicit definability by second-order schemata (or, equivalently,

their conjunction).115 Nevertheless, “in order to make progress” (Zucker 1978, 527) (ID∗2) will have

to be modified to obtain the ‘right’ notion of implicit definability for first-order quantifiers. To

assess this class of notions Zucker suggests adopting the criterion of strong implicit definability

instead. Here, Γ[Q] are the first-order instances of the second-order schemata formalising the rules

and axioms of Q as indicated above (i.e., the first-order instances of the conjuncts in Λ[Q]).116

(IDs) Q is strongly implicitly defined by Γ[Q] if Γ[Q], Γ[Q′] |= Q(R̄)↔ Q′(R̄)

Note that this is identical to condition (ID∗), made amenable to the application to FOL-undefinable

notions by taking a detour through second-order schemata for the proposed quantifiers and ‘flat-

tening’ their inference rules into first-order instances of these schemata. The link to first-order

implicit definability is further confirmed by Zucker’s result117 that whenever a quantifier is strongly

implicitly definable it is explicitly definable by a sentence of FOL,118 something which we described

above as an adequacy constraint on any notion of implicit definability. Of course, this equivalence

between strong implicit definability and explicit definability immediately raises the kinds of worries

associated with being implicitly definable in FOL concerning whether one has, in this way, actually

articulated a notion of uniqueness, or has fallen short of it, given how uniqueness and implicit

definability can come apart in a first-order setting. Thus, one might doubt whether what we have

here is the right notion of uniqueness.

Zucker himself, however, raises an even stronger worry, and questions whether strong

implicit definability even yields the right notion of implicit definability: identity, =, is implicitly

defined by Σ[E] = {∀xExx;∀X∀x∀y(xEy → (Xx → Xy))}, but since it is not an elementary

notion119 it is not implicitly defined by the first-order instances of Σ[E] (which merely characterise

a congruence relation).120 This, Zucker says,

suggests that there is a significant difference between [implicit definability] and [strong
implicit definability] [...]. It also gives added weight to the argument [...] for the
preferability of [implicit definability] to [strong implicit definability] as an interpretation

115See (Zucker 1978, 526).
116See (Zucker 1978, 527).
117See (Feferman 2015, 24/25) for doubts about the completeness of this result.
118See (Zucker 1978, 527ff.).
119See, e.g., (Hodges 1983).
120See (Zucker 1978, 532).
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[...] of (ID), since it seems very reasonable to accept = as a logical constant. (Zucker
1978, 532)

How far short of implicit definability does strong implicit definability fall? Zucker himself provides

the following characterisation (Zucker 1978, 534): let Q be a quantifier-symbol of type 〈n1, . . . , nk〉

and, for all n, RMn ⊆ P(Mn) a set of n-ary relations over a domain M of a modelM. M is a Henkin

structure if it is of the form 〈〈M,R1, . . . , Rn〉,RM1 , . . . ,RMn ,QM〉, where 〈M,R1, . . . , Rn〉 is a first-

order model with domain M , all of whose relations come from the appropriate RMn , and QM ⊆

RMn1
× . . .×RMnk . M is full if, for all n, RMn = P(Mn) and (thus) QM ⊆ P(Mn1)× . . .×P(Mnk).

A Henkin model M can be extended to a full model M∗ by leaving its first-order component

unchanged and extending its second-order domain(s) to the full power-set.

Let Λ[Q] be a Π1
1 sentence of L2(Q) (the second-order language possessing Q as its only

non-logical symbol); i.e., Λ[Q] will be of the form ∀X̄ϕ where ϕ is a formula of FOL+ {Q} and X̄

is a sequence of relation-variables (not necessarily of the same adicity). Λ[Q] is called extendible if

every Henkin model of Λ[Q] can be extended to a full model of Λ[Q]. We provide two examples:

Example: Let Q be of type 〈1〉.

(a) The formula Λ[Q] := ∀X∀Y [(Q(X) ∧ ∀x(Xx → Y x)) → Q(Y )], saying that Q is monotone,

is extendible.121

Proof : Let M be a Henkin model, s.t. M |= Λ[Q]. We extend M to a full model M∗ as

follows: whenever A ∈ QM and A ⊆ B ⊆ M we add B to QM∗ . Since ⊆ is transitive, all

supersets of A are covered. Now suppose M∗ |= Q(A) ∧ ∀x(Ax → Bx) for some A,B ⊆ M .

That means A ∈ QM∗ and A ⊆ B. We need to show that M∗ |= Q(B) as well. If A ∈ QM∗

then either (i) A ∈ QM or (ii) there exists A0 ∈ QM with A0 ⊆ A. In case of (i), since

A ⊆ B, it follows that B ∈ QM∗ and thusM∗ |= Q(B). In case of (ii), A0 ⊆ A ⊆ B and thus

A0 ⊆ B. By the same argument, M∗ |= Q(B) follows.

�

121Cf. (Zucker 1978, 533).
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(b) The formula Λ[Q] := ∀X∃Y (Q(Y ) ∧ ∀x(Xx→ Y x) ∧ ∃z(Y z ∧ ¬Xz)) is not extendible.122

Proof : Let M be a Henkin model with M = N and RM1 = QM = {A ⊆ N|A is finite}. Since

for every finite set of natural numbers there is a larger finite set, it is easy to check that

M |= Λ[Q]. However for no full model M∗ do we have that M∗ |= Λ[Q] since there is no set

properly extending N itself.

�

Zucker then states the following proposition (assume that for every domain M there is a value of

Q satisfying Λ[Q]):

Proposition (Zucker 1978): Let Λ[Q] be a Π1
1 sentence of L2(Q). Then, Q is strongly implicitly

defined iff Q is implicitly defined and Λ[Q] is extendible.

This result goes some way towards rectifying Zucker’s description to strong implicit definability.

For if Engström is right that an analysis of the notion of inference rule would conclude that we

may restrict our attention to Π1
1 sentences, and if Zucker’s open problem that all (relevant123) Π1

1

formulas are extendible “then it follows that assumption [(IDs)] is not really stronger than [(ID∗2)]

(at least in these cases)” (Zucker 1978, 534), and thus that strong implicit definability at least

captures the ‘right’ notion of implicit definability. Given the full second-order formulation of that

notion, moreover, there is hope that the difference between implicit definability and uniqueness

encountered in the first-order case can be overcome. To the best of our knowledge, the question of

whether all Π1
1-formulas are extendible is still open.

We now wish to conclude our discussion of the notion of implicit definability by pointing

out in how far we think that it falls short of being an appropriate semantic counterpart to the notion

of inferential uniqueness. What is central to the approaches to uniqueness in terms of implicit

definability discussed here is that they take (finitary) rules to be the primary vehicle of inferential

behaviour. This assumption is what underlies the ‘detour’ through a second-order language, a

122Note that Λ[Q] here is not Π1
1. To the best of our knowledge it is not known whether all Π1

1 formulas are
extendible. Cf. (Zucker 1978, 534).

123See (Zucker 1978, 534) for some minor restrictions.
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description of inferential behaviour in a meta-theory, in order to determine the uniqueness of a

notion. It would thus be more accurate to say that approaches of this kind are not concerned

with unique determination by inferential behaviour, but with unique determination by a (higher-

order) description of (a particular kind of) inferential behaviour. Such a description is, of course,

always relative to the framework which provides the resources for its formulation, and leads to

disagreements about the precise nature of this framework (e.g., Henkin vs full semantics).

We think that such a detour is not only unnecessary, but also counterproductive. Not

only does the switch from an inferential to a model-theoretic perspective allow us to move from

local characterisations of inferential behaviour by rules to global characterisations in terms of entire

consequence relations, but it also permits us to talk directly about characterisations by inferential

behaviour, without having to insert an additional layer of theory. This, in turn, enables us to cover

notions that are uniquely characterised by their inferential behaviour, but that fall outside of the

scope of the particular set-up of implicit definability, such as, e.g., the quantifiers ‘there are finitely

many’ and ‘there are infinitely many’.

Assessment Moving from a theory of logical constants that identifies their meanings with in-

ferential roles to one that identifies them with model-theoretic objects enables us to think about

inference more holistically as given in terms of consequence relations, and allows us to move away

from the presentations of such consequence relations. This significantly broadens the scope of the

concept of ‘characterisability by inference’ and therefore the class of notions thus characterisable.

By remaining rule-centric in their approach, proponents of a conception of uniqueness in terms of

implicit definability neglect many of the advantages gained by moving ‘to the semantic level’ and,

unnecessarily, continue to adhere to restrictions that stem from the debate surrounding uniqueness

from an inferentialist point of view.

The limitations of such an approach are particularly noticeable in the finiteness condition

inherent in (ID∗), which requires that the inferential behaviour of a notion be (second-order) finitely

axiomatisable in order for it to even be considered assessable for unique determinability. That finite

axiomatisability is neither necessary nor helpful to qualify as unique we repeatedly pointed out by

means of the examples of Q0 and Q1. Part of the motivation for increasingly strict conditions on

the format of rules and descriptions of inferential behaviour originated in the inferentialist idea that
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the meaning of an expression is in some sense fully contained in its set of axioms and rules; that

that meaning can be comprehended in isolation, w.r.t. its role in language in general, and not only

relative to other expressions. But these requirements (and with them their motivations) became

obsolete when rules were seen merely as a way to ‘get to’ the meaning of an expression, as an

incomplete characterisation of one aspect of its meaning. In particular, what emerged in Chapter

6 about the relationship between categoricity and completeness in the context of logicality and

uniqueness was that those two concepts can come apart, that unique determinability by inference

does not require that all logical truths involving these notions be obtainable by finite means, and

vice versa, that the finite axiomatisability of the truths involving a notion do not secure that it is

uniquely determined by these truths. In a semantic setting, rules may ‘get us to’ the meaning, but

the meaning itself cannot be reduced to rules.

Restricting one’s approach through rule-centric considerations prevents accounts adopting

these constraints from capturing inference in full generality. Such positions further impose (often

epistemically motivated) requirements on the nature of inference, risking, from a semantic point of

view, the conflation of inference and of drawing an inference. This restriction to particular forms

and formats of inference is especially explicit in Zucker’s account, but it also informs Feferman’s

approach. Moreover, even if an approach in terms of implicit definability appears to stay true to

Gentzen’s original conception of rules as implicitly defining their constants, this is a mere adherence

in letter, not, however, in spirit; for what such an approach does is to consider a notion as (im-

plicitly) defined by a description of inference rules relative to a meta-theory in which to formulate

these descriptions, but not actually as (implicitly) defined by these inference rules themselves. If

nothing else, an approach in terms of implicit definability imposes seemingly obsolete limitations

on inference, thereby artificially narrowing the class of those notions even assessable for unique-

ness. This restriction justifies the search for more neutral and farther-reaching conception of unique

determinability.

In some sense the choice of the notion of implicit definability was somewhat counterin-

tuitive from the start. For the underlying idea is that an expression is implicitly definable if it

is definable with extra non-logical symbols, if it is uniquely fixed relative to a reduced language

and the corresponding model-reducts. Above we said that rules need not be pure for a semantic

account to appropriately capture what it means to be uniquely determinable, that the meaning of
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an expression may be characterised by entire consequence relations. Nevertheless, that does not

mean that a uniquely determinable notion should be allowed to depend on a particular signature.

In the approaches above this was achieved by the selection of a particular second-order language,

which permitted as its only non-logical symbol the symbol that was to be implicitly defined. Not

only does this put additional pressure on the choice of such a language for determining uniqueness,

but it re-introduces a new kind of relativity, namely relativity w.r.t. the logical constants used

(and presupposed) in the meta-theory itself (here: all the constants of FOL plus the second-order

universal and existential quantifiers). A notion of uniqueness in terms of implicit definability thus

remains language-relative and a constant uniquely determined according to a criterion based on

implicit definability cannot be considered fully determined by its inferential behaviour alone. This

issue becomes particularly pressing when employing this conception of uniqueness to settle ques-

tions of logicality as we tried to argue above. We therefore conclude that implicit definability is

able to yield, at best, a partial analysis of uniqueness/unique determinability.

8.4.2 Carnap-categoricity

We introduced the notion of Carnap-categoricity in Chapter 5 as the key component of

a combined criterion of logicality, a criterion using both inferential and semantic aspects in its

determination of the logicality of an expression.124 There we took it to exemplify the properties

of coherence, formality, and analyticity in a classical framework where we identified the latter

condition with a uniqueness demand. In the current subsection we wish to develop and elaborate

on this particular feature, the suitability of Carnap-categoricity to constitute a natural and plausible

formulation of a uniqueness constraint in a framework in which meanings are model-theoretic and

uniqueness becomes unique determination by inferential behaviour.

The basic idea underlying Carnap-categoricity is to take the naive conception of model-

theoretic uniqueness above and to introduce additional semantic constraints,125 demands on the

particular nature and structure of the denotations that can serve as interpretations of the sym-

bols under consideration. It builds on the naive conception by ‘merely’ demanding that candidate

model-theoretic denotations of logical symbols satisfy supplementary conditions. In the context of

124The notion of Carnap-categoricity and the discussion of the current subsection is highly indebted to the account
of (Bonnay and Westerst̊ahl 2016).

125We borrow the term from the work of Gil Sagi, but use it to mean different things; see, e.g., (Sagi 2014a).
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Chapter 5 this amounted to invariance, the satisfaction of an invariance requirement on denota-

tions of quantifiers. A semantic value had to be invariant before even being considered a candidate

interpretation for a quantifier symbol. This permitted us to exclude certain denotations (even if

they were consistent with a given consequence relation) before assessing the remaining values for

uniqueness. What kind of additional semantic constraints are appropriate and should be adopted

depends on a variety of factors: the grammatical type of the expression under consideration, the

particular aspect of an expressions meaning one is interested in, etc. Bijection-invariance for quan-

tifiers, for example, was chosen because we took it to constitute a necessary constraint on any

quantifier denotation to be the denotation of a logical predicate. It was seen as the appropriate

instantiation of the general demand of formality in the context at issue.

Semantic constraints of this kind narrow down the range of admissible semantic values for

an expression. They amount to a pre-selection of denotations to be considered as interpretations.

Once such a pre-selection has taken place, and only candidate values satisfying the constraints

remain, we further determine which of these admissible values cohere with the inferential behaviour

of the expression under consideration, i.e., which of these values are consistent with its associated

consequence relation. Uniqueness is then assessed with respect to these two constraints, i.e., what

has to be checked is whether the inferential behaviour of the expression under consideration is

sufficient to uniquely determine, or ‘pin down’, a single interpretation. In other words, whether

there is precisely one denotation amongst the admissible values that coheres with the relevant

consequence relation. Note two methodological advantages of this approach over the one in terms

of implicit definability at this point: on the one hand, no ascent to a higher-order language, and

thus no presupposition of a privileged class of expression in a meta-language, is necessary; unique

determination is assessed at the level of inference, not at the level of a description of that inference.

On the other hand, an approach in terms of Carnap-categoricity is decidedly not rule-centric. The

underlying representation of inference is in terms of consequence relations – no reference to rules

is needed (though it is of course permitted and often highly desirable).

There are then three aspects of the notion of Carnap-categoricity. Central to it, as to all

other combined criteria, is a coherence constraint. The demand that, given a consequence relation

` for an expression c,
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(C) any admissible semantic value c for c be consistent with `.

What it additionally imposes are semantic constraints on denotations, i.e., it requires, given a set

of conditions C, that

(I) any admissible semantic value c for c satisfy the conditions in C.

What kind of conditions to find in C depends on the type of the expression as much as it depends

on the particular aspect of meaning under consideration. For example, when concerned with logical

aspects in a classical setting, the following two conditions are plausible candidates for additional

constraints to be imposed on c:

(i1) if c is a propositional connective, c must be truth-functional ;

(i2) if c is a quantifier expression, c must be bijection-/permutation-/homomorphism-invariant.

If the concerns lie with the second-order properties of a particular individual a, the following

constraint might be motivated:

(i3) if c is a second-order predicate symbol, all sets in c must contain a.

Carnap-categoricity takes both conditions, (C) and (I), to be essential in the assessment of unique

determinability and calls a semantic value c uniquely determined by a consequence relation ` iff it

is the unique denotation meeting (C) and (I). More precisely, let c be an admissible interpretation

of c, i.e., let c satisfy (C) and (I). Then

(U) c is uniquely determined by ` iff for all c∗ satisfying (C) and (I): c = c∗.

If a semantic value c meets (C), (I), and (U) w.r.t. a consequence relation `, we say that it is Carnap-

categorical w.r.t. `. In such cases we also say that c is unique for ` or (overloading terminology)

that c is uniquely determined by `. A semantic value c is Carnap-categorical (simpliciter) if

there is some consequence relation ` (over a pre-chosen language L) with respect to which c is

Carnap-categorical. If such a consequence relation exists, we also say that c is unique or uniquely

determinable.

Note that if C = ∅, i.e., if no constraints are imposed on candidate semantic values at all,

if unrestrictedly all consistent interpretations are permitted, Carnap-categoricity reduces in this
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special case to the naive conception of model-theoretic uniqueness dismissed as inadequate above.

Carnap-categoricity is therefore a strengthening of this basic and most natural (alas deficient)

conception of unique determinability by inference when meanings are model-theoretic. The demand

of full determination of semantic value by single-conclusion consequence relations as articulated by

the naive conception can be recovered easily from the notion of Carnap-categoricity, and emerges

as one of the extremes on the scale of constraints that may be imposed on semantic values. As we

already saw, some constraints are needed in order to prevent trivialisation.

One of the core desiderata of a workable notion of semantic uniqueness was that it does

not fall short of the related inferential conception in paradigm cases. Pre-specifying a class of

admissible semantic values for expressions of a common grammatical category by narrowing down

the in-principle possible denotations solves Carnap’s Problem for at least the (logical) operators of

FOL deemed unique by inferentialist standards. By, for example, narrowing the space of admissible

semantic values for the propositional operators to truth-functions, and for quantifiers to logical, i.e.,

bijection-invariant, predicates, Carnap’s underdetermination problem disappears for the classical

propositional constants and quantifiers of FOL.

In order to be less ad hoc and more explanatory than the approach of moving to a meta-

language simply presupposing these meanings, it is of course essential to motivate the semantic

principles deemed appropriate for restricting the class of denotations. The constraint of truth-

functionality of the propositional operators is very much self-justifying in a context in which we

are interested in the preservation of truth. Considering the constraint of permutation/bijection-

invariance for quantifier expressions exposes an interesting confluence of motivations. In previous

chapters we motivated the invariance constraint for quantifiers based on considerations of logicality

according to which bijection-invariance captured the demand of formality against the backdrop of

a theory like ZFC, thereby isolating the denotations that could serve as interpretations of logical

second-order predicates, i.e., (logical) quantifiers. Even independently of considerations of logicality,

however, one may wish to draw a distinction between qualifiers and quantifiers among second-order

predicates, where the latter may be sensitive to only quantitative, i.e., cardinality features of the

objects to which they apply in order to truly quantify rather than merely qualify. Since cardinality

features are measured in terms of bijections against a background theory such as ZFC, this motivates

the constraint of ISOM, often defended as a linguistic universal, according to which quantifiers
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ought to be insensitive to features other than the cardinality of the sets they apply to.126

Bijection- or isomorphism-invariance thus emerges as an extremely natural constraint on

denotations for (logical) quantifiers along multiple dimensions. Nonetheless, in the application

of Carnap-categoricity it remains important to justify and motivate the status of the conditions

imposed on the various classes of denotations. Are they of a grammatical or logical nature? Do

they pertain to the nature of the expression one is considering or express a consequence of the

particular aspect of meaning that is being investigated? The relevance of these questions becomes

especially obvious when realising that even if invariance is accepted as a necessary feature of the

logicality of denotations, it still remains to be settled what kind of invariance is appropriate.

We will continue to work with expressions from the grammatical category of quantifiers

in the following. Given a quantifier Q, |=Q is the maximal consequence relation for Q in the

sense that whenever Q is consistent with a consequence relation `, then ` ⊆ |=Q. W.l.o.g. we can

therefore restrict our attention to consequence relations of the form |=Q when assessing the Carnap-

categoricity of a quantifier Q (for if it is not Carnap-categorical w.r.t. |=Q, it won’t be Carnap-

categorical for any other consequence relation either). A quantifier Q is Carnap-categorical iff its

inferential behaviour (i.e., |=Q) uniquely determines it. If, in other words, it is the only quantifier

with the inferential behaviour captured by |=Q, the unique quantifier that fills the inferential role

delineated by |=Q. The most general way to ask the central question we are interested in in this

thesis is therefore the following:

Which quantifiers Q are uniquely determined by |=Q?

where we take quantifiers to be bijection-invariant second-order predicates, and mean uniquely

determined in the sense of Carnap-categoricity.

Note that (U) demands that, in assessing a quantifier Q for uniqueness, it be compared

with all quantifiers Q∗, s.t. |=Q ⊆ |=Q∗ . This can be strengthened to the demand that Q∗ not just

be consistent with |=Q, but that it be fully indistinguishable at the level if inference, i.e., that |=Q

= |=Q∗ . We could thus consider the more stringent demand (U∗):127

(U∗) Q is uniquely determined by ` iff for all Q∗ s.t. |=Q = |=Q∗ it follows that Q = Q∗.
126Cf. (Lindström 1966), (van der Does and van Eijck 1995), (Westerst̊ahl 1989), (Peters and Westerst̊ahl 2006).
127There is also a weaker version of (U), (U−), according to which uniqueness is assessed w.r.t. semantic values that

agree on the validities of a given consequence relation.
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(U) implies (U∗), though the converse does not obviously hold. The difference between (U) and

(U∗) concerns the ‘comparison-class’ of a quantifier Q. Whereas (U) demanded that it be unique

amongst all consistent interpretations of Q, (U∗) demands that it be unique amongst all interpre-

tations with the exact same inferential behaviour. Strengthening (U) to (U∗) does not trivialise

the notion of Carnap-categoricity. There are quantifiers that are distinct, yet still not inferentially

distinguishable: we showed in Chapter 6 that, under the assumption of V = L, |=Q1 = |=Qα+1 . It

immediately follows from this that Q1 is not uniquely determined even according to (U∗), at least

under the assumption of additional set-theoretic axioms. This case impressively demonstrates the

limitations of first-order languages of the form L(Q) for characterising certain concepts. However,

here we are interested in the ability of inferential behaviour to be uniquely determining in general

rather than to be uniquely determining amongst inferentially indistinguishable denotations – we

are interested in a property of consequence relations and their strength in pinning down a unique

interpretation. We will thus, by default, use condition (U) over the more demanding condition

(U∗).

The theme of this chapter is determination by inference and we here equate ‘uniqueness

of denotation’ with unique determinability by a consequence relation. In order to be as general

as possible we considered maximal consequence relations, i.e., model-theoretically specified conse-

quence relations without regard to any proof-theoretical properties these relations could possess.

This of course flies in the face of the inferentialist program, from which we claimed to have drawn

inspiration in the current enterprise. We did so in order to achieve maximum generality in terms of

the questions asked. As repeatedly mentioned, a full and more comprehensive investigation along

the lines pursued in this thesis would require a much more detailed investigation of the notion of

inference and, concomitant with that, of the kinds of proof-theoretic demands that ought to be im-

posed on a relation between sets of sentences and sentences in order for that relation to constitute

a consequence relation. To do so would go beyond the scope of this thesis, so we merely wish to

flag this issue here and mention some of its consequences.

Given the statement of Carnap-categoricity above it would of course not at all be a problem

to accommodate further constraints on inference in the form of properties a consequence relation

should satisfy. An important example is the restriction to compact consequence relations:
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Compactness: Only consider consequence relations that are such that whenever Γ ` ϕ, then

Γ0 ` ϕ for some finite set Γ0 ⊆ Γ.

In fact, restricting ourselves to consequence relations satisfying additional constraints we venture

the following conjecture:

Conjecture: Any quantifier that is Carnap-categorical w.r.t. a compact consequence relation over

L(Q) is equivalent to a quantifier definable in FOL.

There are of course further (inferentialistically plausible) conditions that can be imposed on con-

sequence relations, but we will not pursue the issue further here. Rather, the preceding may serve

to re-emphasise the dimensions along which the notion of Carnap-categoricity can be varied:

(i) Demands on the consequence relation: Restricting the notion of ‘consequence relation’ to those

relations between sets of sentences and a single sentence that satisfy additional constraints.

(ii) Demands on the coherence relation: Strengthening/weakening the coherence relation by de-

manding preservation of validity/preservation of truth in special cases, as against preservation

of truth simpliciter.

(iii) Demands on the semantic values: Restricting the space of denotations to those satisfying

various (invariance-)conditions.

Above we criticised the inferential conception of uniqueness for its framework-relativity, and a

semantic notion of uniqueness in terms of implicit definability for its relativity to a choice of meta-

theory. It is only fair that we here at least mention and try to defend some of the more relative

features of a semantic notion of uniqueness in terms of Carnap-categoricity. Inferential uniqueness

was criticised for its diverging assessments of what is unique depending on the presentation of

the ‘underlying’ consequence relation. From the point of view of a combined criterion this was

a highly undesirable dependence, given that no difference in terms of inferential behaviour was

detected, but that the variation was confined merely to the way in which that inferential behaviour

was described, or given. Getting rid of rules in the determination of denotations removed the

relativity of the resulting notion of uniqueness to the format of the rules. However, an analogous

relativity remained, pertaining to the format of the consequence relation. In Chapter 7 we showed
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that the difference between single- and multiple-conclusion frameworks mattered for the (under-

)determination of the propositional connectives, and thus that their Carnap-categoricity is, in an

important sense, relative to a choice of the format of the consequence relation w.r.t. which their

uniqueness is being assessed. Nonetheless, the framework dependency in the inferential case seems

to be much higher, given that the relativity occurred against the backdrop of the same consequence

relation, differing only in the way it was given, whereas, in the present case, what is changing is

the consequence relation itself, the framework in which inference is to be formalised. Furthermore,

as far as we can see, even this relativity disappears at ‘higher levels’, when moving to the level of

quantification.

A much more substantial relativity inherent in the approach to uniqueness based on

Carnap-categoricity can be found in the fact that constants are not, as in the inferential case,

assessed in isolation, against the backdrop of a language not containing any other logical constants,

but rather in the context of their interaction with other constants. For example, when assessing

quantifiers we always presuppose a functionally complete set of connectives. When assessing quan-

tifiers other than ∀ or ∃ we even presuppose full FOL. It thus seems fair to say that quantifiers

unique according to Carnap-categoricity are only unique relative to FOL.128 In this respect, our

approach appears very similar to the one in terms of implicit definability, given that that approach

also presupposed (at least) the constants of FOL. The important difference consists in the fact that

Carnap-categoricity does not presuppose the exact notion to be assessed for uniqueness. Thus, for

example, ∀ can be assessed by the very same standards as Q1, something which proved impossible

to do in terms of implicit definability.

Still, what justifies the relativity resulting from the presupposition of some constant

when assessing the uniqueness of another? Maybe Carnap-categoricity only delivers a notion of

uniqueness-in-a-context after all. We believe that this remaining relativity, related to the presence

of certain constants, is justified by the fact that an adequate characterization of a notion such as,

for example, Q1, requires taking its interaction with the standard quantifiers of FOL into account.

Thus, only in the context of FOL are we fully able to see what kind of inferential behaviour a

notion such as ‘there are uncountably many’ exhibits. Restricting ourselves to a language fragment

containing Q1 as its only logical constant would not suffice to approximate the inferential behaviour

128This constitutes a massive violation of separability, an issue we will take up further in Section 8.5 below.
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of this quantifier accurately – a description of its inferential behaviour requires taking into account

its interactions with ∀ and ∃. That it is necessary to also consider the interaction with other quanti-

fiers in order to adequately characterise the behaviour of a given quantifier Q becomes particularly

obvious when considering the axiomatisation of, for example, Q1, all of whose axioms require the

use of ∀ and ∃ in their formulation and, as we have seen, whose behaviour is fully described by its

interaction with these two quantifiers.

The above is, of course, no more than a mere indication of the importance of the inter-

actions between universal, existential and other quantifiers Q for fully capturing Q’s inferential

behaviour, and further argument is needed to convincingly establish this point. We will, however,

not pursue this line of investigation any further here and close with a qualification and an attempt

at a justification. When saying that an accurate description of the inferential behaviour of a gener-

alised quantifier Q depends on its interaction with other quantifiers, is there a way of determining

which other quantifiers precisely it relies on? In general, we would like to only consider a system

containing no more quantifiers than those the interaction with which suffices to fully characterise

the inferential behaviour of the quantifier under consideration. We leave it here as an unsubstan-

tiated claim that this includes at least the standard universal and existential quantifier of FOL, ∀

and ∃, and that our assessment will therefore always take place w.r.t. FOL + X, where X might

include a finite number of additional generalised quantifiers. First and foremost, we are interested

in the minimal extensions of FOL of the form L(Q) including only the quantifier Q in addition to

∀ and ∃ but further extensions to L(Q,Q1, . . . , Qn) are interesting and promising.

To further weaken the charge from relativity against Carnap-categoricity we would like to

point out that there is no priority relation amongst the quantifiers in languages of the form L(Q) in

the sense that Q’s Carnap-categoricity depends on first fixing the intended meanings of ∀ and ∃. No

such dependency exists, for their meanings can be determined in parallel. As we have seen, as soon

as we only consider permutation-invariant interpretations, ∀ and ∃ receive their standard meaning

and are no longer underdetermined by their rules. Nonetheless, there is no sense in which this

needs to be done before assessing the Carnap-categoricity of Q. Rather, as soon as permutation-

invariance is imposed, one level of variation and potential underdetermination disappears from all

quantifiers at the same time.

To summarise: we wish to put the notion of Carnap-categoricity forward as a fruitful
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implementation of a semantic conception of uniqueness based on the fact that it makes minimal

changes to the most natural version of such a notion and avoids many of the drawbacks affecting

its competitors. It is based on straightforward consistency, independently motivated semantic con-

straints, and the idea that these factors should suffice for inference to uniquely determine reference.

8.4.3 Absoluteness

Another notion worth exploring here, due to its frequent invocation in the context of

debates about logicality, is the notion of absoluteness. Absoluteness has been proposed as a way

to reign in the perceived excesses of the criterion of isomorphism-invariance for logical operators,

and has formed part of Feferman’s criticism that the notions deemed logical by said criterion are

not sufficiently robust to qualify as logical.129 Moreover, Bonnay uses the notion of absoluteness as

the upper ‘squeezing-condition’ in his argument for the modification of the isomorphism-invariance

criterion, taking it to capture the independence of logical notions from mathematical content, and

therefore as constituting a way of making precise what qualifies as ‘problematic’ set-theoretical

content.130

Formally, let T be a theory in the language of set-theory and let M, M′ be ∈-models of

T (i.e., they interpret ‘∈’ as the true is-an-element-of relation), s.t. M is a submodel of M′. A

formula ϕ(x1, . . . , xn) is absolute relative to T if, for all a0, . . . , an ∈ M : M |= ϕ(a0, . . . , an) iff

M′ |= ϕ(a0, . . . , an).131 Intuitively, absoluteness captures the idea that the meaning of a formula

does not change throughout models obtained by expanding or contracting the domain; whatever is

ϕ according to the submodel, will still be ϕ according to the super-model. A notion is absolute if it

is defined by an absolute formula. ‘x is a transitive set’, ‘x is an ordinal’, ‘x is finite’, ‘x is infinite’,

and ‘x = ω’, are all notions absolute relative to ZFC, for example.132 The notion of uncountability,

on the other hand, is not absolute relative to ZFC: whether or not a given set x has cardinality ℵ1

depends on whether there is a bijection f between x and ℵ0 or not. However, such a bijection might

not exist in a model M of ZFC according to which x would therefore be uncountable. Moving to

129See (Feferman 1999) and (Feferman 2010). A similar sentiment is also expressed in the following quote from
the epigraph of (Barwise 1975, Part B) (originally from (Sacks 1972)): “... the central notions of model theory are
absolute, and absoluteness, unlike cardinality, is a logical concept.”

130See (Bonnay 2006).
131See, e.g., (Kunen 2011, 96) or (Jech 2003, 162).
132See (Kunen 2011, 119).
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a larger model M′ that possesses such a bijection then renders x countable.133

Feferman motivates absoluteness as a necessary condition for the robustness of set-theo-

retical concepts. He says that “if logical notions are at all to be explicated set-theoretically, they

should have the same meaning independent of the exact extent of the set-theoretical universe”

(Feferman 1999, 39) and (Feferman 2010, 9). Bonnay (Bonnay 2006) sees absoluteness as providing

a necessary condition for being insensitive to problematic set-theoretic features and a natural way

to formalise independence with respect to which sets exist according to a given theory. Both

accounts react to what they take to be undesirable features of full-blown isomorphism-invariance

– its alleged conflation of the mathematical and the logical.134 Here we are less interested in the

relation of absoluteness to logicality, and more in its ability to yield a semantic notion of uniqueness.

The notion of absoluteness might be regarded as a conception of uniqueness for set-

theoretic objects in that absolute notions are uniquely determined relative to a theory – no matter

how much we enlarge or reduce the universe they will not vary their meaning. The connection with

the more syntax heavy approaches investigated above was already made in (Feferman 2010) where

he says the following:

by requiring of the definition of Q that it be absolute relative to a weak set theory
without the axiom of infinity, we are insuring that its meaning does not depend on
any special set-theoretical assumptions about what exists beyond the most elementary
set-constructions that generate HF from any set of urelements. That is, it rests on just
what is needed for a theory of the syntax of any humanly manageable system of logical
reasoning.

This last connects with the completely different program to characterize logical notions
in terms of rules of inference that implicitly determine them [...]. And that returns us
to the traditional conception of logic as the study of the forms of correct reasoning, of
what invariably leads from truths to truths. (Feferman 2010, 17)

The connection between absoluteness and inferential characterisability that Feferman hints at here

stems from the idea that notions absolute relative to a set theory weak enough to only guarantee the

existence of the sets required for a theory of syntax should somehow match the kind of notions that

are fully characterisable in terms of syntactic operations. As it stands, this assumed connection

133A logic L itself is said to be absolute if its set of sentences SentL and its satisfaction relation |=L, conceived
of as set-theoretic predicates, are absolute; see (Barwise 1972) and (Väänänen 1985). An alternative syntactic
characterisation of absoluteness was given in (Feferman 1968), where Kreisel and Feferman proved that a notion is
absolute relative to a theory T iff it is ∆1 w.r.t. T .

134For a response to these criticisms and a discussion of whether absoluteness should play a role in the determination
of logicality, see (Sher 2008, 329ff.).
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remains very vague, and even though we strongly suspect that there is a connection between

Carnap-categoricity and absoluteness, we have so far not been able to characterise this connection

precisely. Nonetheless, it shines light on a very important feature of the notion of absoluteness,

namely that it is highly relative to a particular theory, and that the choice of an appropriate

theory with respect to which to assess the absoluteness of a given notion is extremely important.

Bonnay (Bonnay 2006, 33) advocates for ZFC as the right theory due to its privileged status when

it comes to providing a background theory of structure for the denotations of first-order languages.

Feferman, on the other hand, prefers KPU-Inf, an extremely weak set theory, to ensure that “one

does ‘not encapsulate any problematic set-theoretical content’ ” (Feferman 2010, 17) in assessing

notions for their logicality.135

Adopting the latter theory Feferman is able to show, based on a result by Ken Manders,136

that

Theorem (Feferman 2010, Theorem 5.3): If a quantifier Q is isomorphism-invariant and absolute

relative to KPU-Inf, then Q is definable in FOL.

Relaxing the assumptions on the set-theory used somewhat, but adding a different kind of finiteness-

restriction, he further shows that

Theorem (Feferman 2010, Theorem 6.1): If a quantifier Q is isomorphism-invariant and absolute

relative to KP, then if the set of valid sentences of FOL+{Q} is recursively enumerable, Q is

definable in FOL.

Notwithstanding these impressive results, their upshot is somewhat besides the point here. The

central question in the present context remains whether the notion of absoluteness can serve to

yield a feasible notion of semantic uniqueness. While the notion undoubtedly captures an important

aspect of the set-theoretic robustness of (logical) denotations, determining which objects are unique

relative to a particular set-theory, it does not seem to capture the kind of notion of uniqueness we

135See (Barwise 1975, Chapter 1) for a justification of why KPU provides a good context for the kind of investigations
Feferman pursues.

136See (Feferman 2010, Theorem 5.1).
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are after here, i.e., unique determination by inferential behaviour. What is missing is a connection

between set-theoretic robustness and inferential patterns, which is an area not addressed by the

concept of absoluteness at all. We strongly suspect that there is a tight connection between the

kind of notions that are absolute relative to a particular set-theory and those that are uniquely

determinable, but at this point we cannot yet appreciate the relevance of the notion of absoluteness

for the concept of unique determination by inference pursued in the present chapter.

8.5 Uniqueness as a Condition for Logicality

Logical symbols come, if they are to be more than mere inscriptions, in the very least with

descriptions of their inferential behaviour, however partial and incomplete such a description might

be. A logical constant, a symbol with a meaning, was considered unique if the inferential behaviour

of the symbol uniquely determined that meaning. Uniqueness, on the picture sketched above, is

unique determinability of meaning by inferential behaviour. What that meaning is depends on the

framework and its underlying theory of meaning. Here we dealt with strongly simplified versions of

two conceptions of meaning: meaning as inferential role vs meaning as truth-conditional content.

What the ‘right’ notion of uniqueness, of unique determinability by inference, is is highly

sensitive to the underlying theory of meaning, given that it is meanings that are uniquely de-

termined or not. In the case of ‘inferential semantics’ unique determinability amounted to fully

specifying the inferential role of a constant, of making sure that any ‘two’ notions exhibiting the

same behaviour coincide, are synonymous in all contexts. In the case of model-theoretic seman-

tics, things became more complicated. The naive conception is clearly the most direct, natural,

and intuitive adaptation of inferential uniqueness to a model-theoretic framework. It is the ‘right’

notion of semantic uniqueness and what we would like to have but cannot, on pain of severely

undercutting the inferential conception and thereby, ultimately, crippling what qualifies as logical.

Carnap’s Problem renders the naive conception unsuitable as an appropriate semantic version of

inferential uniqueness if one of the desiderata of adopting such a notion is that it, in the very

least, encompasses the paradigmatic cases that qualify as unique according to the inferentialist.

In general, any feasible notion of uniqueness will have to balance the conflicting demands of the

following three desiderata:
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(i) It will have to relate to the unique determinability of model-theoretic meanings.

(ii) It should recover paradigmatic notions that are inferentially unique.

(iii) It should remain ‘as close as possible’ to the naive conception and only introduce well-

motivated additional constraints.

If we do not want to modify our framework of inference or the semantics (moves which are either

unmotivated or inadequate as we tried to argue above), and if we wish to remain in a setting not

presupposing the uniqueness of select operators, Carnap-categoricity emerges as a reasonable and

minor modification of the naive conception, balancing the three demands outlined above. Unique

determination, in the sense of Carnap-categoricity, amounts to the possession of a unique inter-

pretation among semantic values satisfying certain semantic constraints. In other words, among

candidate interpretations, there will only be one satisfying the additional constraints. These con-

straints are to be motivated on the basis of grammatical or investigation-dependent considerations.

In the case of logicality, isomorphism-invariance for quantifiers constitutes such a well-motivated

constraint.

Why is uniqueness relevant to logicality in the first place? We briefly mentioned in Chapter

5 that Carnap-categoricity captured an analyticity constraint for logical expressions and the truths

they give rise to. We have added a further, related, dimension in the present chapter: rules, or

more broadly, inference can be seen as providing a definition of logical symbols. Following insights

of the inferential tradition, and generalising some of their core motivations, we can regard logical

symbols as those that can be given inferential definitions. So far, this is merely attending to (and

twisting) Gentzen’s remark and the tradition it gave rise to. Things change importantly, however,

when moving to a model-theoretic setting. The relative importance of the two core criteria for

successful inferential definitions is reversed: conservativity, the major concern of positions proposing

inferential definitions, becomes the existence of a sound interpretation. Conservativity, as a proof-

theoretic guarantee of existence, loses importance when considering semantic values. Uniqueness,

however, a side-concern in many inferential positions, becomes central, and difficult to achieve in

light of Carnap’s Problem. It is here that the investigations of this and the previous chapter may

serve as a corrective to several proposed adaptations of the inferential conception of definition to a

model-theoretic framework.
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D. Ripley expresses a common sentiment among more inferentialistically oriented ap-

proaches when he says that

From an inferentialist perspective, soundness and completeness serve to legitimate talk
of reference, denotation, semantic value, and the like; these model-theoretic terms derive
their sense from the connection between models and valid inference. (Ripley 2013, 142)

If the above considerations are correct, completeness is only sufficient for semantic value in ex-

tremely favourable circumstances. In general, even if completeness assures convergence of inference

and reference at a sentential level, it fails to do so at the level of meaning. Completeness might

suffice at the level of truth, but it does, in general, not at the level of reference and denotation, for,

as we showed, completeness is neither necessary for unique determination of denotation (e.g., Q0;

∀ over finite models), nor sufficient (e.g., Q1).

K. Došen and P. Schroeder-Heister appear to express a similar thought when they say

that

If we assume that S is sound and complete, to establish that Sα is conservative amounts
to showing that there is at least one α. So, the conservativeness of Sα should correspond
to its soundness. On the other hand, to establish that Sα is unique in Sα amounts to
showing that there is at most one α, and this seems to bear on questions related to the
categoricity and completeness of Sα. (Došen and Schroeder-Heister 1985, 172)

What our investigation demonstrates, if it is correct, is that uniqueness of meaning is related

much closer to a special kind of sub-sentential categoricity, and that completeness is somewhat

orthogonal to the question of the unique determinability of meaning: pragmatically helpful, but

otherwise conceptually inert.

The concept of Carnap-categoricity emerged as a philosophically viable account of a notion

of uniqueness when meanings become model-theoretic in the context of a project that takes logical

notions to be inferentially defined. We will further comment of some aspects pertaining to such a

conception.

8.5.1 The Status of Uniqueness as a Requirement for Logicality

The notion of uniqueness, the idea that the inferential behaviour of a constant uniquely

determines its meaning, has played a prominent role in this thesis. There were at least three

discernible motivations to invoke this idea in the context of delineating the logical:

578



(i) Epistemic motivation: the condition of uniqueness was an (idealised) constraint ensuring the

determinate graspability of content. This sort of motivation is present in many inferentialist

approaches to meaning. While our criterion of logicality is certainly amenable to this inter-

pretation, and we did invoke epistemic aspects multiple times, it is somewhat foreign to the

origin of our combined criterion.

(ii) Semantic motivation: taking the inferential behaviour of an expression to provide an aspect

of its meaning, independent of and irreducible to its semantic value, rendered the demand

of uniqueness/unique determinability a condition for a particularly pronounced inferential

meaning, as strong, in many ways, as its corresponding model-theoretic value. Adopting

such a ‘dual-aspect’ view of meaning and making it a condition of logicality allowed us to

address some of the shortcomings related to identity-conditions of logical notions in purely

invariance-based approaches.

(iii) Definitional motivation: the idea of unique determination of the meaning of a logical notion

rose to prominence in the Gentzian approach which saw rules as providing definitions for the

signs they govern. This definitional aspect was emphasised in the current chapter and traces

of it are also present in our combined criterion of logicality. Logical notions, on this view, are

those notions that can be inferentially defined. Originating in a heavily proof-theoretic setting

the idea of uniqueness required some modification and rethinking when transplanting it to a

semantic setting. This was made necessary due to the issues of expressive underdetermination

that resulted from Carnap’s Problem against this richer semantic background.

In the tradition stemming from Belnap’s response to tonk, uniqueness complemented the, con-

sidered to be more important, requirement of conservativity. Conservativity was to ensure that

definitions remained non-creative, that they were able to prove no-more than was already provable

by means of the definiens alone. Uniqueness, on the other hand, functions as a no-less condition,

ensuring that nothing is lost by the definition.137 When moving to a setting in which meanings are

identified with, or (partly) constituted by, model-theoretic objects the conception of uniqueness at

work has to be adjusted. A modification was made necessary due to Carnapian underdetermination

phenomena on the one hand, and a change in the inferential setting on the other: the move from

137For the interpretation of uniqueness as the no-less condition, see (Tranchini 2016) and (Schroeder-Heister 2014,
1205).
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rules to entire consequence relations is non-trivial.

Humberstone (Humberstone 2011, 595) stresses that inferential uniqueness is not to be

confused with unique determination of model-theoretic value – the former depends on rules and

the fact that these are language-transcendent objects. The latter, on the other hand, has to do

with semantic conditions that can be enforced by a consequence relation (of a particular format):

“One moral to draw from this is that it would be a sign of confusion to ask, without further ado,

about the relationship between a connective’s being fully determined [...] and its being uniquely

characterized” (Humberstone 2011, 595). This disconnection also cautions against identifying in-

ferential uniqueness with implicit definability in the richer setting. In the previous sections we put

forward Carnap-categoricity as the right rendering of the notion of uniqueness. The constraints on

permissible interpretations inherent in the notion of Carnap-categoricity can be thought of as akin

to the structural constraints on consequence relations; in order to qualify as a consequence relation,

a relation must satisfy certain properties, in order to qualify as a logical denotation, a denotation

must satisfy certain ‘structural’ properties which we spelled out in terms of invariance.

To emphasise the difference between inferential and semantic-syntactic conceptions of

uniqueness further it is helpful to consider the ways in which notions can fail to be unique in the

respective settings. When looking at unique determination of model-theoretic value, there are two

scenarios in which a consequence relation can fail to uniquely determine a semantic value. There

can either be too few suitable candidates, too few values that meet the inferential constraints

in the relevant semantic framework, as in the case of tonk, for example, or there can be too

many appropriate candidate values cohering with the inferential behaviour of an expression. In the

inferential case, the proof-theoretic description of the inferential behaviour of a notion can similarly

be too weak to establish interderivability with a twin-notion in a combined system. However, there

can also be rules that are too strong in an interesting way. The situation here is different from the

model-theoretic setting, for while tonk is illegitimate due to the non-existence of a truth-function

for which it is sound, on a purely inferential picture it does not constitute a connective because

adding it to a consistent consequence relation is non-conservative. Uniqueness does not constitute

the primary reason why tonk is ruled out.

Collections of rules that are too strong to determine a unique meaning are interestingly

different in the inferential case; they concern the impossibility of the co-existence of, prima fa-
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cie, different connectives in a shared system. As an example, consider, once more, classical and

intuitionistic negation. We demonstrated above that the intuitionistic rules for negation are suf-

ficient to establish its (inferential) uniqueness. Since the classical rules for negation subsume the

intuitionistic rules, we can also establish the uniqueness of classical negation. Classical negation

and intuitionistic negation are very different: while the former validates the law of double-negation

elimination, the latter does not. Yet, when putting both negations into a shared system, with each

governed by its respective rules, they collapse: classical and intuitionistic negations become inter-

derivable. The rules for classical negation are too strong to be sensitive to the distinction between

the intuitionistic and the classical notion. Or, put differently, the rules for intuitionistic negation

are too weak to establish its uniqueness in contexts also containing classical negation.138

The moral of this is that while both inferential uniqueness and Carnap-categoricity can be

understood as trying to articulate a condition of uniqueness, whether or not they succeed in doing

so has to be judged according to different standards: neither is a straightforward implementation

of the other in a different setting. Indirectly, this suggests that the attempt to apply the inferential

conception of uniqueness in a semantic setting in the shape of, for example, implicit definability,

was ill-fated.

8.5.2 Belnap’s Constraints Reconsidered

In reaction to Prior’s tonk Belnap insisted that in order to have successfully determined a

connective by rules of inference, these rules must satisfy an existence- and a uniqueness-constraint.

Uniqueness, on the Belnapian picture, amounted to the interderivability of logical operators,

whereas the existence-constraint was operationalised as the demand of conservativity, the require-

ment that the extension of a logical system with a new connective does not change the relation of

deducibility between sentences of the old language-fragment. What happens to these requirements

on the current picture in which the semantic framework is model-theoretic?

The uniqueness of a connective, we argued, pertains to the unique determinability of its

meaning by inferential behaviour. Whether or not a set of rules was sufficiently restrictive to pin

down a unique meaning depended on what that meaning was taken to be. In a model-theoretic

setting, unique determinability concerned unique determinability of semantic value. Due to the

138See (Hand 1993), (Harris 1982) and (Humberstone 2011, 4.32).
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failure of the most direct adaptation of this idea to the semantic case, we argued for the notion

of Carnap-categoricity as an appropriate substitute for the Belnapian concept of uniqueness. This

demand was thus, albeit under a different guise, maintained as essential for logicality.

The story of conservativity is a bit more involved. This is due to the fact that this no-

tion really fulfils two, related but importantly distinct, tasks in a meaning-theory that emphasises

inferential roles. According to Belnap, conservativity satisfies the existence requirement of (in-

ferential) definitions: if the consequence relation over which the defined connective is introduced

was consistent before, and the rules for the novel connective are conservative, then the consistency

of the extended consequence relation is thereby ensured. But, at least on a classical picture of

mathematics, consistency is sufficient for existence. Thus, conservativity, by maintaining consis-

tency, ensures the existence of a connective with the properties ascribed to it by its rules. Note

that in a semantic/model-theoretic setting consistency becomes the existence of a sound interpre-

tation and that, by simply providing a model-theoretic value, the existence requirement is, almost

automatically, fulfilled by such a provision.139

Conservativity, however, does more than to merely ensure consistency. Thought of as

a meaning-theoretic constraint it ensures the semantic innocence140 of an expression added to a

language fragment by means of conservative rules. Such expressions do not ‘interfere’ with meanings

of expressions already present in the language and thus won’t upset the equilibrium of the language

fragment to which they are added. Under this guise conservativity is closely related to a further

important notion in the inferential tradition, namely, separability. Roughly put, separability codifies

the idea that the meaning of an expression relies on its rules only, that the addition of rules not

involving the relevant constant (non-schematically) do not influence its meaning as specified by

the rules in which it occurs explicitly. This, so Rumfitt, “prevents a specification of sense for

one expression from becoming inadequate through a distinct expression’s disappearance from the

relevant language” (Rumfitt 2000, 809) – it ensures a certain autonomy of meaning.

Separability is a property of axiomatisations of a logic and amounts to the demand that

every sentence ϕ of the logic that possesses a proof, possesses a proof using only the structural rules

of the system and the rules of the expressions actually occurring in ϕ.141 It derives force from the

139Cf. (Hart 1982) for an investigation of the relation between conservativity and the existence of truth-functions.
140Cf. (Rumfitt 2017, 239).
141Cf., e.g., (Bendall 1978, 250).
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assumption that logic is analytic, that a logical truth is true in virtue of the meanings of the logical

expressions occurring in it, when this view is combined with the idea that the meaning of a logical

expression is (exhaustively) specified by the rules governing its behaviour.142 The assumption that

the meanings of the logical constants need to be independent, manifested in some sense in the

requirement of separability, goes along well with further requirements on inferential specifications

of the meaning of the logical constants. These are the requirements that the rules that are meaning-

determining for a constant must be pure and simple, i.e., they may only contain a single occurrence

(simplicity) of the connective for which they are meaning-governing, and that connective must be

the only connective occurring, non-schematically, in the respective rules (purity).143 Even if the

requirements on rules might be independent from the separability requirement on axiomatisations

of a logic, they are often combined in positions advocating inferential conceptions of meaning.

Together they ground an atomism about the meaning of the logical vocabulary, according to which

the meaning of each logical operator can be fully specified in isolation from any other.144 Thus,

Tennant says

the contention here is that the analytic project must take the operators one-by-one.
The basic rules that determine logical competence must specify the unique contribution
that each operator can make to the meanings of complex sentences in which it occurs,
and, derivatively, to the validity of arguments in which such sentences occur. This is a
requirement of separability.

It follows from separability that one would be able to master various fragments of the
language in isolation, or one at a time. It should not matter in what order one learns
(acquires grasp of) the logical operators. It should not matter if indeed some operators
are not yet within one’s grasp. All that matters is that one’s grasp of any operator
should be total simply on the basis of schematic rules governing inferences involving
it. With mastery thus decomposable into various logical co-ordinates, we see validity
of argument, and our competent appreciation of it, as a sort of vector sum of our co-
ordinated grasps of the various distinct and separable operators. (Tennant 1997, 315)

The demand that the rules of inference for an expression be meaning-autonomous, that they alone

fully and completely specify the meaning of that constant which is manifested in the inferential

142See, e.g., (Murzi 2010, 190), (Rumfitt 2000, 809). Milne (Milne 2002) immediately connects this requirement
back to conservativity: “Conservativeness is an extremely natural requirement from the proof-theoretic perspective.
Granted (i) that logically valid inferences are valid in virtue of the meanings of the logical operators occurring in
them, and (ii) that the meaning of a logical operator is given by (some subset of) its introduction and elimination
rules, it follows that we ought never to be in the position of declaring an inference valid that nonetheless cannot be
derived without application of rules governing an operator not occurring in the inference.” (Milne 2002, 521)

143See, e.g., (Tennant 1997, 314ff.).
144Cf., (Murzi and Steinberger 2017, 208).
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relationships between sentences in which that expression features, thus naturally relates to the

requirement of conservativity. If, upon addition of a novel constant to a system, sentences not

involving that constant, but only containing expressions from the old language fragment, that were

not derivable before become provable the meaning of the original constants could not have been

fully specified by their rules.

When an expression, including a logical constant, is introduced into the language, the
rules for its use should determine its meaning, but its introduction should not be allowed
to affect the meanings of sentences already in the language. If, by its means, it becomes
possible for the first time to derive certain such sentences from other such sentences,
then either their meanings have changed, or those meanings were not, after all fully
determined by the use made of them. (Dummett 1991, 220)

Famously, standard natural deduction formulations of classical logic are not separable; some of its

constants fail the conservativity requirement: Peirce’s law ((ϕ → ψ) → ϕ) → ϕ, for example,

becomes provable only after adding negation to the implicational fragment of classical logic.145

Thus, “harmony and separability are but necessary conditions on any adequate meaning analysis

that is to provide a foundation for logic” (Tennant 1997, 320) and “[a] solution of the separation

problem for a language is a necessary condition for maintaining that its logical operators can be

defined in terms of entailment” (Bendall 1978, 258).146

How independent should the meaning of a connective be? Belnap suggested that a constant

must be conservative with respect to the purely structural fragment of the language to which it is

added. However, if we need to be assured that the new rules are meaning-theoretically harmless,

and “if we intend the new rules as fundamental principles of reasoning, not specific to any particular

language, we need assurance that the rules will remain harmless even as the language grows. We’ll

want to be sure that introduction of the new symbol isn’t impeding the advancement of science

by blocking the future development of useful theoretical tools that otherwise would have been

available” (McGee 2015, 171). This motivates a strengthening of the conservativity requirement as

145A further example is the principle (ϕ→ ψ) ∨ (ψ → ϕ) which cannot be proven by means of the rules for → and
∨ alone, see (Tennant 1997, 319).

146The relationship between the notions of conservativity, separability, and various requirements on rule-formats
are somewhat evasive in that many of the details depend on the precise set-up of the underlying system. (Murzi
2010) shows that a system is separable iff each of its logical operators is conservative over the structural base of that
system (Murzi 2010, 187) (cf. also (Murzi 2010, 198ff.) for a further characterisation of the relationship between rule-
formats and the requirement of separability), and Bendall holds that conservativity naturally leads to the requirement
of separability (Bendall 1978, 255). We haven’t been particularly careful here to disentangle the various ways these
notions flow from or impact inferential conceptions of meaning. They all pertain, in one way or other, to the idea
that inferential characterisations of meaning must be local, an idea which we will reject below.
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envisioned by Belnap:

Suppose a set of single-operator rules introduced as defining a logical operator is con-
servative relative to specified structural rules, and that a further set of single-operator
rules is proposed by way of introducing a second logical operator. Then it would seem
plausible, for all the same reasons, to require that this new set be conservative relative to
the combination of the structural rules and the previously admitted logical rules. But the
order in which these two sets of logical rules are introduced should not matter. Hence
the first set should also be required to be conservative relative to the combination of
the structural rules and the second set. The obvious continuation of this line of thought
leads to the requirement that the calculus determined by the rules at each extension be
separative [...]. (Bendall 1978, 255)

K. Došen remarks that conservativity imposes a very rigid requirement on what qualifies as a proper

definition, thereby excluding many interesting cases of analysis.147 Relatedly, it has been striking

that all axiomatisations of generalised quantifiers of Chapter 6, Carnap-categorical or not, involved

characterising the relationship of the novel quantifiers with, at least, ∀ and ∃. McGee points out

that while it might be ‘plausible enough’ that behaviour in deductive inference is sufficient to

determine the inferential role for the propositional constants it is “wholly implausible as applied

to the quantifiers” (McGee 2000, 61). His point is that the canonical uses of quantificational

inferences do not only occur in deductive contexts, and thus that rules for the deductive behaviour

of quantifiers cannot be sufficient for determining their full meaning. We think the same holds

for generalised quantifiers even when restricting attention to their purely deductive behaviour.

Quantificational phenomena are highly interdependent and the nature of the failure of Carnap-

categoricity for a variety of quantifiers demonstrates substantial meaning overlap between distinct

quantifiers.

When it comes to operators such as quantifiers, we thus believe that the requirement of

separability is wholly unmotivated. While the meaning of expressions combining with sentences

might emerge, so to speak, from the network of inferential relationships between sentences, when

sub-sentential structure becomes relevant, relationships between components of these sentences

become important as well. We therefore reject Belnap’s requirement of conservativity as a necessary

condition for having successfully determined the meaning of an expression by means of inference. If

the point of the requirement was to enforce existence/consistency, this is easily done on the model-

theoretic perspective through supplying a semantic value. If the point was to ensure the autonomy

147Cf. (Došen 1980; Došen 1989).
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of meaning, separability and conservativity are insufficient measures in the model-theoretic case.

If the worry is that the logicality of a notion should only depend on its own meaning, and not

on the meaning of another constant, then separability is justified if meaning is identified with

inferential role, not however, in a semantic/model-theoretic context anymore. Here, the meaning

of an expression does not change when another expression is added to the language, even if the

inferential behaviour of that expression might change.

Nonetheless, an important question the foregoing raises concerns the language we should

assume when trying to capture the inferential behaviour of a quantifier. Throughout this thesis,

we have assumed that the context should be a language of the form L(Q), but we never fully

defended this choice. Why should the Carnap-categoricity of a quantifier be measured against the

extension of FOL to which a quantifier-expression of appropriate type is added, rather than against

a richer language? Surely, L(Q) is the minimally necessary context given the crucial dependence

of axiomatisations of the additional quantifiers on the presence of ∀ and ∃. Any halfway adequate

description of their inferential behaviour had to feature the universal and existential quantifiers

of FOL. However, in order to defend our criterion from criticism of this point, further argument

might be needed to justify the sufficiency of this context. Some results of Chapter 6 indicated the

possibility of such an argument, and we hope to take up the question in further work.

8.6 Concluding Remarks

Uniqueness emerged as one of the major requirements on logical constants if they were

considered given through their inferential behaviour. What precisely had to be uniquely determined

through inference depended on the meaning-theory adopted for the constants. On a (thoroughly

oversimplified) inferential picture on which meaning is identified with inferential role a constant

had to be interderivable with its inferential twin to be considered unique. When meaning became

model-theoretic interderivability was no longer sufficient and it soon became apparent that further

semantic constraints were needed to obtain a workable notion of uniqueness appropriate for a

model-theoretic setting.

We pointed out the insufficiency of the notion of implicit definability which is often con-

sidered the semantic equivalent of proof-theoretical uniqueness. Instead, we defended the notion
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of Carnap-categoricity as an appropriate counterpart to its proof-theoretical cousin, with the addi-

tional semantic requirements imposed by it to be thought of as a structural constraint on semantic

values, akin to the structural constraints that need to be satisfied by a relation to constitute a

consequence relation.

What is the upshot of the previous investigation? To a large degree, it has been clarifica-

tory in nature, untangling various strands of motivation underlying the cluster of notions consisting

of definition, logical constants, meaning and inference. Given its conclusions, it opens the way to

thinking of our criterion of logicality as providing the basis for an account that takes the logical

expressions to be those that can be ‘inferentially defined’ and thus as contributing to the program

which takes logical expressions to be those that possess structural/proof-theoretic definitions, while,

at the same time, moving from a purely inferential to a model-theoretic setting.

This chapter contains material currently being prepared for submission for publication. The dis-

sertation author is the sole author of the material.
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Chapter 9

Conclusion

The goal of this thesis has been to formulate and defend a combined criterion of logicality,

a criterion for determining which expressions of a language to count as logical based on two aspects

of their meaning: their denotation and their inferential behaviour. To do so we first considered the

most prominent and successful type of approach to the demarcation problem left open by Tarski’s

celebrated model-theoretic definition of logical consequence, namely invariance-based approaches.

We then supplemented this denotation-focused conception with further, inferentialistically moti-

vated, constraints which ensured that a particularly strong connection of denoting obtained between

logical expressions and their model-theoretic meanings. What resulted was a criterion that is in-

ferentialistically global but denotationally local : while considerations pertaining to the inferential

behaviour of an expression related to entire languages and system-wide interconnections between

sentences and expressions, a denotation was formal in virtue of properties it possessed in isolation.

In this concluding section I want to briefly mention a couple of observations concerning the crite-

rion advanced, and close by reflecting on several unanswered questions suggested by the previous

investigations.

A (brief) look back Throughout this dissertation we have explored a conception of (formal

representations of) meaning according to which, even in a model-theoretic setting, meaning is

not completely exhausted by denotation. Rather, inferential aspects, the deductive interaction

of an expression with others in the language, were taken to have an independent contribution to

make in a meaning-theory for logical expressions. Based on assumptions and insights from the
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inferentialist program in the philosophy of logic and language we took these aspects to complement

a denotation-based conception of meaning. A combination of this sort allowed us to overcome

inferentialist strictures driving the call for revision in logic – we did not have to give up on the

gains made by truth-conditional semantics. This, we believe, makes the inferentialist program more

viable and more widely applicable. It also allows for a more uniform and continuous conception of

meaning for logical and extra-logical expressions. The gains achieved by means of truth-conditional

semantics, in turn, have been so enormous that little needs to be said by way of justifying their use.

What emerges, on the current picture, is a richer conception of formal meaning, with inferential

aspects playing an autonomous role in the context of truth-theoretic considerations.

We think this is a desirable state of affairs for “the intuitively valid inferences (just as the

intuitively grammatical sentences) of a language [are] part of its given data, to which logical and

semantic theories must conform” (Westerst̊ahl 1985, 387). Thus, inferential patterns have a claim to

be taken into account in their own right in the determination of the meaning of an expression. This

desirability becomes even more conspicuous when considering natural language. Natural language

meanings are incredibly rich, and formal languages carefully select various aspects of this meaning,

ignoring, for example, tone, pitch, and context in favour of reference alone. Formal languages,

McGee says, “are the linguistic equivalent of frictionless planes” (McGee 2000, 56). Nonetheless,

even for the impoverished formal languages considered in this thesis, we hope to have shown that

their meanings are richer than might have previously been thought. The additional wealth shows

in our ability to make distinctions between classes of denotations in terms of how tightly their

structure is reflected in their inferential behaviour, in how ‘easy’ it is to go from inferential patterns

to model-theoretic values.

Our entire approach was of course unmistakably build on a comfortable Tarskian model-

theoretic foundation. It was also here that the main focus of the thesis lay, which was less concerned

with general considerations about the structure of meaning and more with the particular issue

left open by Tarski’s model-theoretic project: the question of whether and how we can draw a

principled distinction between the logical and non-logical expressions of a language. An answer

to this question was important to put the Tarskian system on a secure philosophical foundation

and to underwrite the generality and wide applicability of the model-theoretic definition of logical

consequence. Adopting the most successful and foundational approach to the question of logicality
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– the invariance-based proposal of the Tarski-Sher Thesis, – we supplemented the notion of

logicality that emerged from it with further inference-based constraints. The resulting conception

was surprisingly close – at least in spirit – to an enduring assumption of inferentialist approaches

to logical meaning, namely that the rules governing the behaviour of a notion constitute that

notions’ definition. Both the conception of inference and of meaning changed in our setting, but

the idea nevertheless remained that those expressions whose inferential behaviour determines a

unique logical denotation, whose logical meanings are unambiguously ‘accessible’ on the basis of

inference, are logical.

A look ahead Many questions this thesis has asked have been left unanswered. The precise

extent of our criterion in terms of the notion of Carnap-categoricity remains an open question. We

have put forward two conjectures indicating where we believe it draws the boundary between the

logical and the extra-logical and we hope to take up a study of its bounds and behaviour in future

work. Relatedly, the setting of this thesis was completely classical. However, Carnap’s Question

can be asked for any sufficiently formalised language, and Carnap’s Problem arises for most of

them in one form or another. An application of the methods developed in this thesis to other

non-classical logics and their characteristic expressions thus constitutes an immediate extension of

the project begun here. Of course, in order to achieve satisfactory answers a prior investigation

of the basic (semantic) principles upon which the respective logic is founded must be undertaken.

Only in the context of a worked out theory of meaning can questions about the Carnap-categoricity

of expressions be informatively asked.

Underlying our entire approach was a very naive view of inference. In the context of this

thesis, inferential facts were taken to be codified by consequence relations. This algebraic treatment

of inference, according to which a proper notion of inference was a relation between sets of sentences

satisfying certain order-theoretic requirements, is of course much too coarse-grained to stand up to

any more differentiated analysis. However, such an analysis will be necessary in order to obtain a

properly motivated and adequate conception of inference if it is to relate to inferential practice at

all. Any sufficiently fine-grained and half-way appropriate such notion will undoubtedly need to

take into account various computational aspects, which we have, so far, completely ignored. Here

the detailed work of the inferentialists will once again prove helpful for obtaining a more realistic
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and reasonable notion of inference, thereby putting a combined criterion of logicality depending on

both semantic and inferential considerations on a firmer footing.

This last point also connects with the proof-theoretic perspective mentioned in the con-

cluding chapter of (Sher 1991). There, Sher points out that the new conception of logic resulting

from the invariance-based generalisation and extension of FOL invites reflection on proof-theoretic

characterisations of logic to see whether the proof-theoretic perspective can ‘keep up’ with the se-

mantic generalisation. What we did in this thesis pulls in a different direction: rather than seeing

proof- and model-theoretic considerations as operating independently, and potentially matching

in their assessments, we used proof-theoretic constraints to modify and restrain model-theoretic

extensions. Of course, just as a more fine-grained analysis of inference will further restrict the

scope of logic on our view, a generalisation of the notion of proof will extend it. What needs to be

respected, however, are the fundamental principles underlying either approaches whose full extent

will only become visible through a thorough analysis.

Lastly, no investigation into the bounds of logic would be complete without relating to

the logicist program in the philosophy of mathematics. Hacking goes as far as saying that “[t]he

question, What is a logical constant? would be unimportant were it not for the analytic program”

(Hacking 1979, 287). What, then, is the impact of the conception of logic emerging from our

analysis on this program? Without providing a full answer to this question, we would like to

highlight two features: (i) while not explicitly pursued in this thesis, the possibility of motivating

our approach on the basis of epistemic considerations provides an attractive (if partial) answer to

how we have ‘access’ to (a subset of) mathematical truths. On the basis of (observable) inferential

patterns, together with knowledge of general conditions of the semantic framework, our logical

constants pick out unique meanings which ground the truth of various sets of claims. (ii) Given

that the quantifier ‘there exists infinitely many’ qualifies as logical on our account, large parts

of arithmetic become categorically accessible to a logicist adopting our conception of logic. The

particular extension of what counts as logical considered here might thus prove attractive for the

logicist.

With this we conclude the thesis. Whether or not the conception of logic delineated in it proves

viable will depend on several factors. The invariantist will need to be convinced of the relevance
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of inferential features for the sorts of meanings she assumes, while the inferentialist will need to

accept independent knowledge of the semantic framework and of certain semantic principles. We

hope, though, to have established that the tension of two of the main ingredients of contemporary

logical theorising gives rise to an interesting and rich conception of logical meaning, somewhere

inbetween the invariantist’s plentiful and the inferentialist’s scarce conception.
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Gómez-Torrente, M. “Logical Consequence and Logical Expressions.” Theoria 18 (2003a): 131–
144.
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