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L e a r n i n g S i m p l e A r i t h m e t i c P r o c e d u r e s 

Garriso n W .  Cottrel i  an d Fu-Shen g Tsun g 
Departmen t  o f  Compute r  Scienc e an d Engineerin g 

Institut e fo r  Cognitiv e Scienc e 

Universit y o f  California ,  Sa n Diego . 

Abstrac t 

Two types of simple recurrent networks (Jordan, 1986; Elman, 1988) were trained and compared on the 
tas k o f  addin g tw o multi-digi t  numbers .  Result s showe d that :  (1 )  A  manipulatio n o f  th e trainin g environ -
ment ,  calle d Combine d Subse t  Trainin g (CST) ,  wa s foun d t o b e necessar y t o lear n th e larg e se t  o f  pattern s 

used ;  (2 )  i f  th e network s ar e viewe d a s learnin g simpl e programmin g construct s suc h a s conditiona l 
branches ,  while-loop s an d sequences ,  the n ther e i s a  clea r  wa y t o demonstrat e a  capacit y differenc e 
betwee n th e tw o type s o f  network s studied .  I n particular ,  w e foun d tha t  ther e ar e program s tha t  on e typ e 
of  networ k ca n perfor m tha t  th e othe r  cannot .  Finally ,  a n analysi s o f  th e dynamic s o f  on e o f  th e network s 

i s described . 

Introductio n 

One majo r  criticis m o f  artificia l  neura l  network s i s tha t  ther e i s n o obviou s metho d fo r  doin g 

sequential ,  symboli c processing .  Rumelhart ,  Smolensky ,  McClellan d &  Hinto n (1986 )  propose d tha t 

symboli c processin g ma y b e achieve d b y (1 )  creatin g physica l  representation s o f  th e problem ,  (2 ) 

processin g th e representation s vi a patter n association ,  an d (3 )  recordin g th e resul t  o f  th e processin g i n th e 

physica l  representation .  Th e exampl e the y us e i s th e proble m o f  addin g tw o thre e digi t  numbers .  Firs t 

th e tw o number s ar e writte n dow n i n a  standar d forma t  a s o n th e left : 

1 

327 32 7 

865 86 5 

Thi s i s no w a  patter n recognitio n problem ,  wit h th e resul t  bein g recorde d b y a n action ,  i.e. ,  writin g dow n 

th e su m o f  th e rightmos t  colum n a s o n th e righ t  above .  Thi s present s a  ne w pattern ,  whic h trigger s th e 

writin g o f  a  carr y an d th e proces s repeats .  Similarly ,  the y clai m tha t  a  comple x logica l  proble m i s solve d 

by breakin g i t  dow n int o simple r  problem s an d applyin g th e abov e procedur e repeatedly .  W e wer e 

intereste d i n jus t  wha t  wa s involve d i n implementin g th e abov e description ,  especiall y whe n a  memor y 

loa d i s adde d b y no t  explicitl y  recordin g th e carry . 

I n orde r  t o hav e a  P D P networ k d o sequence s o f  actions ,  i t  ha s t o hav e som e wa y o f  knowin g 

"where "  i t  i s i n th e sequence .  On e wa y o f  accomplishin g thi s i s b y explicitl y  havin g discret e state s i n th e 

uni t  function s whic h chang e ove r  tim e (Feldma n &  Ballard ,  1982) .  A n alternativ e i s t o hav e recurrenc e 

i n th e network ,  s o tha t  th e stat e o f  th e networ k i s reflecte d i n th e activatio n level s o f  th e units .  W e adop t 

th e latte r  approach ,  followin g th e wor k o f  Jorda n (1986 )  an d Elma n (1988) .  Bot h o f  thes e approache s ar e 

restricte d extension s o f  th e basi c feed-forwar d networ k use d i n mos t  bac k propagatio n experiment s 

(Rumelhart ,  Hinton ,  &  Williams ,  1986 )  tha t  nevertheles s stil l  allo w th e us e o f  bac k propagatio n learning . 
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Figur e 1 .  (a )  Jordan' s recurren t  network .  Th e output s ar e linearl y summe d ove r  tim e i n th e stat e vector , 

lowe r  right ,  (b )  Elman' s network .  Th e contex t  vecto r  (lowe r  right )  i s  a  cop y o f  th e hidde n unit s fro m th e 

previou s tim e step . 

In Jordan's approach (see Figure 1(a)), the output vector of the network is linearly averaged into a 

stat e vecto r  (th e sam e lengt h a s th e output) ,  whic h i s give n t o th e networ k a s par t  o f  th e input .  W e wil l 

cal l  thes e network s "state "  networks .  Th e stat e vecto r  a t  tim e t  become s som e proportio n {mu )  o f  it s 

valu e a t  tim e t-1 ,  plu s th e outpu t  vecto r  a t  tim e t-1 .  Thu s th e networ k ha s a n exponentiall y  decayin g 

representatio n o f  it s  outpu t  history .  Th e othe r  inpu t  i s caUe d th e pla n vector ,  tha t  is ,  a n arbitrar y 

representatio n o f  th e sequenc e t o b e produced .  Thi s remain s constan t  throughou t  th e processing .  Stat e 

network s ca n b e traine d t o produc e nearl y arbitrar y sequences . 

I n Elman' s approac h (se e Figur e 1(b)) ,  th e hidde n uni t  activation s a t  tim e t- 1 ar e copie d int o a 

contex t  vector ,  whic h i s give n a s inpu t  t o th e networ k a t  tim e t .  Thi s i s equivalen t  t o havin g th e hidde n 

unit s b e completel y recurrentl y connected ,  an d bac k propagatin g on e ste p i n tim e alon g th e recurren t 

links .  W e wi U cal l  thes e network s "context "  networks .  Contex t  network s ar e typicall y use d t o predic t 

thei r  nex t  input ,  whic h cause s the m t o represen t  structura l  regularitie s i n thei r  environment . 

Thus thes e architecmre s hav e typicall y bee n applie d t o ver y differen t  tasks :  Th e stat e network s hav e 

been use d t o lear n t o produc e sequences ,  usin g a  fixed-inpu t  plan ;  th e contex t  network s hav e bee n use d t o 

recogniz e structura l  regularitie s i n thei r  input .  Henc e n o compariso n o f  thei r  powe r  ha s bee n done .  I n th e 

following ,  w e appl y the m bot h t o th e sam e problem :  Learnin g a  simpl e arithmeti c procedure .  Thi s allow s 

compariso n o f  th e tw o networ k types .  W e find  tha t  ther e ar e procedure s tha t  on e ca n perfor m tha t  th e 

othe r  carmot . 

We chos e multi-colum n additio n a s ou r  symboU c processin g tas k becaus e althoug h i t  i s  a  simpl e 

problem ,  i t  i s  nontrivia l  fo r  paralle l  distribute d processin g (PDP )  network s becaus e i t  involve s contro l 

processe s suc h a s sequentia l  processin g an d loopin g tha t  ar e no t  traditiona l  P D P tasks .  Furthermore ,  i t  i s 

an interestin g paradig m fo r  generalization ,  sinc e w e ca n onl y trai n th e networ k o n a  finite  se t  o f  examples , 

whil e ther e ar e a n infinit e numbe r  o f  possibl e cases .  Henc e th e networ k mus t  lear n th e implicit , 

underlyin g rul e o f  addition . 
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Architectur e o f  th e model s 

For  bell i  th e stat e an d contex t  networks ,  w e assum e tha t  th e externa l  inpu t  t o th e networ k a t  an y 

moment  consist s o f  th e tw o digit s o f  th e curren t  column .  Th e networ k ha s tw o outpu t  fields:  a n actio n 

and a  result .  Th e actio n field  i s a  localis t  encodin g o f  fou r  possibl e actions :  W R I T E th e su m o f  th e tw o 

digits ,  not e tha t  ther e i s a  C A R R Y,  shif t  th e inpu t  windo w t o th e N E X T colum n o f  digits ,  an d D O N E. 

The resul t  field  onl y ha s meanin g whe n th e actio n i s W R I T E ,  whe n i t  hold s th e lo w orde r  digi t  o f  th e 

su m o f  th e tw o inputs .  Durin g othe r  actions ,  th e resul t  fiel d i s no t  meaningfu l  an d n o teachin g signa l  i s 

give n t o it .  On e interestin g aspec t  i s th e N E X T action :  Th e networ k ha s contro l  o f  it s input s an d signal s 

when i t  i s read y t o mov e o n t o th e nex t  colum n o f  digits . 

The progra m th e networ k mus t  lear n i s give n i n Figur e 2(A) .  Th e C A R R Y actio n i s conditionall y 

performed ,  dependin g o n th e siz e o f  th e inputs .  Otherwise ,  i t  i s  skipped .  Notic e tha t  th e fac t  o f  ther e 

bein g a  carr y i s no t  represente d i n th e input .  Tha t  is ,  th e networ k mus t  lear n t o "remember "  th e carry ,  an d 

must  respon d differentl y t o identica l  pair s o f  digit s dependin g o n this .  I f  ther e wa s a  carr y o n th e 

previou s input ,  th e networ k shoul d ad d 1  t o th e sum ,  otherwis e not .  Fo r  th e stat e network ,  a  recen t 

C A R RY i s reflecte d i n it s stat e vector ,  whic h average s outputs .  Th e contex t  network ,  o n th e othe r  hand , 

has t o lear n t o recogniz e th e for m tha t  it s interna l  stat e take s whe n i t  ha s outpu t  a  C A R R Y o n a  recen t 

tim e step . 

To reduc e th e numbe r  o f  basi c addition s t o b e learned ,  w e use d bas e 4  instea d o f  decimal .  Ther e ar e 

thu s 1 6 basi c association s fo r  additions ,  plu s th e othe r  progra m elements .  Th e carr y complicate s th e 

simation ,  sinc e th e ne t  ha s t o respon d t o eac h pai r  differentl y i n th e presenc e o f  a  carry .  Wors e yet ,  sinc e 

th e stat e o r  contex t  vector s recor d processin g history ,  th e networ k ha s essentiall y  a n infinit e se t  o f  uniqu e 

inputs .  Sinc e mos t  o f  thi s  i s irrelevant ,  on e thin g th e networ k mus t  lear n i s t o ignor e it s distan t  history . 

Simulation s 

Trainin g Strateg y 

The goa l  i s  t o ge t  th e networ k t o lear n th e additio n proces s fo r  a n arbitrar y numbe r  o f  digits . 

Immediat e question s are :  H o w t o pic k a  trainin g set ? Wha t  make s a  goo d one ? H o w man y example s ar e 

enoug h fo r  th e ne t  t o generalize ? W e somewha t  arbitraril y  decide d t o trai n th e networ k o n addition s wit h 

addend s o f  u p t o thre e digits .  Thi s se t  contain s al l  th e canonica l  simations ,  an d therefor e shoul d b e 

enough .  However ,  ther e ar e 409 6 addition s (includin g al l  I-digit ,  2-digit ,  3-digi t  combinations) ,  an d whe n 

translate d t o th e networ k outpu t  sequences ,  ther e ar e mor e tha n 30,00 0 individua l  patterns .  Learnin g i s 

whil e no t  don e d o 

begi n 

output(WRITE ,  low_order_digit) ; 

i f  sum>radi x the n 

output(CARRY ,  ???) ; 

output(NEXT ,  ???) ; 

en d 

i f  carry_on_previous_inpu t  the n 

output(WRITE ,  '01') ; 

output(DONE ,  ???) ; 

whil e no t  don e d o 

begi n 

output(WRITE ,  low_order_digit) ; 

output(NEXT ,  ???) ; 

i f  sum(previous_input)>radi x the n 

output(CARRY ,  ???) ; 

end 

i f  carry_on_previous_inpu t  the n 

output(WRITE ,  '01') ; 

output(DONE ,  ???) ; 

(A )  (B ) 

Figur e 2 .  (A )  Th e "program "  th e networ k learns .  Ther e ar e tw o outpu t  fields,  an d actio n field  an d a  resul t 

field.  Fo r  mos t  outputs ,  th e resul t  field  i s no t  traine d ("??? "  i n th e figure).  (B )  Modifie d program . 
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ver y difficul t  wit h suc h a  larg e trainin g set .  T o kee p th e ne t  smal l  (1 6 hidde n units) ,  an d th e trainin g 

fairl y  fast ,  w e trie d tw o trainin g environments .  On e wa s a  rando m subse t  consistin g o f  1 % o f  th e 409 6 

additions .  Thi s wa s learne d withi n 3  t o 5  thousan d epochs .  However ,  generalizatio n wa s poor .  W e 

foun d tha t  i f  w e trie d a  bigge r  subset ,  8 % o f  th e additions ,  th e networ k woul d hi t  a  loca l  minim a (tota l 

su m square d erro r  (tss )  o f  34 6 afte r  500 0 epochs) .  Thu s w e hav e th e followin g dilemma :  I f  th e trainin g 

set  i s smal l  enoug h t o b e learne d i n reasonabl e time ,  th e networ k generalize s poorly .  I f  th e trainin g se t  i s 

larg e enoug h t o insur e goo d generalization ,  i t  doe s no t  lear n i n th e tim e w e ar e willin g t o wait .  I t  seeme d 

tha t  anothe r  metho d o f  trainin g wa s needed . 

We developed a method we call combined subset training (CST)' to solve these problems. Initially, 

a manageable ,  randoml y selecte d subse t  i s use d t o trai n th e networ k wit h a  relativel y loos e erro r  criterio n 

(stoppin g condition) .  The n th e trainin g se t  siz e i s double d b y retainin g th e curren t  se t  an d addin g a n 

equa l  numbe r  o f  othe r  trainin g examples ,  chose n randoml y fro m th e entir e set .  Th e erro r  criterio n i s 

tightene d o n th e ne w se t  b y a  smal l  fixed  amount .  Onc e thi s i s learne d successfully ,  th e trainin g se t  i s 

double d agai n i n th e sam e fashion .  Thi s procedur e i s repeate d unti l  th e whol e se t  i s included ,  o r  unti l  th e 

net  i s abl e t o generaliz e t o th e res t  o f  th e origina l  trainin g set .  Intuitively ,  thi s metho d shoul d wor k fo r 

th e followin g reason :  W h e n th e ne t  i s onl y seein g a  smal l  subse t  o f  th e th e tota l  trainin g set ,  man y partia l 

solution s adequat e fo r  tha t  subse t  ma y b e possible .  Over-trainin g o n thi s se t  wil l  forc e th e ne t  t o choos e 

one o f  thes e loca l  solutions ,  whic h ma y no t  generaliz e t o th e globa l  solutio n desired .  Stoppin g a t  a  highe r 

erro r  criterio n leave s th e option s ope n b y preventin g th e networ k fro m divin g to o deepl y int o loca l 

minima . 

For  thi s experiment ,  w e picke d 1 % (o f  th e 409 6 additions )  a s ou r  initia l  set .  Th e network s (bot h 

types )  ar e traine d t o a  ts s o f  1.0 ,  an d th e trainin g se t  i s double d t o 2 % o f  th e total .  Th e tota l  su m square d 

erro r  (tss )  jump s u p initiall y  a t  th e introductio n o f  th e ne w examples ,  bu t  no t  a s hig h a s wit h th e startin g 

weight s (se e Figur e 3a) .  Thi s show s tha t  th e networ k i s alread y generalizin g t o som e extent .  Th e sam e 

behavio r  wa s observe d whe n w e double d t o 4 % an d 8% ,  excep t  tha t  eac h time ,  th e pea k o f  th e erro r  jum p 

i s les s tha n th e pea k befor e it .  A t  8 % o f  th e trainin g se t  (clos e t o 300 0 individua l  patterns) ,  w e foun d tha t 

ts s 5 0 

1% 

" ts s 13. 6 

V j 

4% 
\  3. 8 

8% 
1. 9 

5000 

ep3 

ts s 80 0 

ts s 34 5 

CST curv e 

500 0 

tss<1.0 eps 

Figur e 3 .  (a )  Erro r  curv e fro m combine d subse t  trainin g o n th e contex t  net .  Eac h jum p i n ts s i s wher e 

trainin g set s ar e doubled .  Beginnin g tss :  348.5 ;  final  tss :  0.399 .  (b )  Compariso n o f  C S T t o fixed  se t  train -

in g fo r  2 % ,  4 % an d 8 % subset s (th e y  axi s i s muc h highe r  tha n i n (a)) . 

'W e report  o n ihi s metho d a t  mor e lengt h i n Tsun g &  Cottrel l  (1989) . 
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th e ne t  generalize s ver y wel l  t o th e res t  o f  th e 409 6 additions . 

I n Figur e 3(b) ,  w e compar e th e C S T procedur e outline d abov e wit h trainin g o n fixed  subset s o f  siz e 

2 %,  4 % an d 8% .  Notic e tha t  th e C S T curv e fall s unde r  al l  o f  th e others .  Mor e t o th e point ,  th e 8 % curv e 

appear s t o hav e reache d a  loca l  minim a a t  ts s 346 ,  whil e th e network s traine d o n fixed  subset s o f  2 % an d 

4 % d o no t  generaliz e wel l  t o th e res t  o f  th e pattern s (dat a no t  shown) .  Thi s illustrate s th e dilemm a state d 

above :  W h e n trainin g o n fae d subsets ,  i f  th e trainin g se t  i s smal l  enoug h fo r  th e networ k t o reac h 

criterion ,  the n i t  doesn' t  generaliz e well .  Wit h large r  trainin g sets ,  th e networ k doe s no t  learn . 

We the n teste d th e CST-traine d networ k o n longe r  additions .  Eve n thoug h th e networ k wa s onl y 

traine d o n addition s o f  u p t o 3  digits ,  o n test s o f  10 0 longe r  additions ,  th e mis s rat e i s onl y 10% .  W e the n 

traine d th e ne t  o n a  par t  o f  th e tes t  se t  o f  longe r  additions .  I n general ,  w e foun d tha t  (se e Tsun g & 

Cottre U 1989) : 

(A) Training on a small part of the test set corrects performance on the rest. This suggests 

tha t  ther e onl y one ,  o r  few ,  classe s o f  error s th e ne t  i s pron e t o make . 

(B )  Th e networ k learne d t o correc t  th e mistake s quickl y (withi n ten s o f  epoch s o f  furthe r 

training) .  Furthermore ,  th e extr a trainin g doe s no t  upse t  th e performanc e o n th e 3-digi t  ad -

ditions . 

(C )  Furthe r  generalizatio n test s showe d ver y littl e error ,  wit h a  mis s rat e o f  les s tha n 1% . 

From the patterns of error behavior and the observations listed above, it is clear that the network has 

learne d th e task ,  needin g onl y smal l  refinements . 

Difference s betwee n stat e an d contex t  net s 

Bot h stat e an d contex t  network s behave d similarl y o n thi s task .  W e ma y as k th e question :  I s ther e 

some tas k tha t  on e ca n do ,  an d no t  th e other ? Th e answe r  i s yes ,  an d a  simpl e exampl e i s foun d b y 

interchangin g tw o line s i n th e progra m th e networ k mus t  learn .  Instea d o f  th e origina l  sequenc e o f  "writ e 

result-carry-next" ,  th e ne t  i s traine d t o outpu t  "writ e result-next-carry" ,  a s i n Figur e 2  (B) .  A  stat e 

networ k shoul d no t  t> e abl e t o solv e thi s problem .  Thi s i s becaus e th e stat e networ k ha s acces s t o onl y th e 

curren t  inpu t  an d th e outpu t  history ;  i t  keep s n o recor d o f  previou s input s o r  th e interna l  state s o f  th e 

system .  Thus ,  a  stat e networ k canno t  "remember "  thing s abou t  it s inpu t  tha t  ar e no t  reflecte d i n it s 

output .  Followin g th e progra m i n Figur e 2  (B) ,  afte r  writin g th e result ,  th e N E X T actio n shift s th e inpu t 

t o th e nex t  colum n o f  digits .  N o w ,  afte r  losin g acces s t o th e previou s input ,  th e stat e networ k ha s t o 

determin e whethe r  th e previou s su m wa s greate r  tha n th e radix .  Th e onl y histor y th e networ k ha s reflect s 

onl y th e lo w orde r  digi t  o f  th e previou s sum .  Thu s i t  canno t  possibl y determin e whethe r  th e nex t  ste p 

shoul d b e C A R R Y o r  not .  Th e contex t  network ,  o n th e othe r  hand ,  ha s a  transforme d versio n o f  th e inpu t 

at  th e hidde n laye r  whic h i s recycle d a t  eac h tim e step ,  thu s i t  shoul d b e abl e t o "remember "  inpu t  tha t  i s 

not  reflecte d i n it s output . 

Simulatio n result s bea r  thi s  out .  Th e stat e networ k doe s no t  lear n thi s task ,  a s show n i n Figur e 4 .  I t 

achieve d a  lo w ts s fo r  eac h subset ,  bu t  th e erro r  curv e i s no t  smoot h an d i t  doe s no t  generaliz e t o th e 

double d subset .  Tha t  is ,  i t  i s  memorizin g th e sequence s rathe r  tha n learnin g th e task .  Result s wit h th e 

contex t  networ k sho w tha t  thi s i s a  harde r  proble m tha n th e origina l  problem ,  bu t  i t  di d lear n it .  Th e 

contex t  networ k take s abou t  twic e a s lon g t o lear n thi s procedur e ("10,00 0 epochs )  compare d t o th e 

previou s version . 

Initia l  analysi s o f  th e interna l  representatio n 

To loo k a t  th e dynamic s o f  th e networ k a s i t  move s throug h th e problem ,  w e foun d th e principa l 

component s o f  th e 1 6 hidde n uni t  activation s ove r  time ,  a s th e contex t  networ k (usin g th e progra m i n 

Figur e 2  (A) )  processe d 1 0 addition s fro m on e o f  th e generalizatio n tes t  sets .  Thi s analysi s give s th e 

direction s o f  highes t  varianc e o f  th e hidde n uni t  activation s ove r  time .  Basically ,  w e ca n thin k o f  thi s a s 

finding  a  ne w coordinat e spac e fo r  th e hidde n uni t  vectors ,  wher e th e coordinat e vector s ar e ordere d i n 
term s o f  h o w muc h "action "  occur s alon g eac h one . 
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ts s 80 0 

2% 4% 

V. 
~—̂ 

8% 

15000 
eps 

v_^ — 

Figur e 4 .  Learnin g progra m fro m Figur e 2  (B )  wit h th e stat e network .  C S T doublin g i s indicated .  Th e 

net  i s  learnin g loca l  solutions ,  an d i s unabl e t o generalize . 

In Figure 5, we show the projection of the hidden unit vectors onto the plane of the first two 

principa l  component s a s th e networ k i s doin g a  3 0 ste p addition .  Eac h poin t  i s  labele d b y th e actio n tha t  i s 

produce d o n th e outpu t  an d th e ste p i n th e entir e computation .  Thi s show s ho w th e networ k move s 

throug h it s interna l  state s a s i t  processe s th e input .  Ther e ar e severa l  thing s t o notic e here .  Basically , 

W R I TE resul t  action s (labele d R# )  ar e generall y i n th e righ t  hal f  o f  th e space ,  N E X T s an d C A R R Ys ar e 

Figur e 5 .  Projection s o f  th e hidde n unit s activatio n vecto r  ont o th e first  tw o principa l  components .  Th e 

number  i n th e poin t  label s correspond s t o th e ste p i n thi s addition .  R :  R E S U L T ,  C :  C A R R Y,  N :  N E X T , 

D:  DONE. 
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Figur e 6 .  Projectio n o f  th e hidde n uni t  activatio n vecto r  ont o principa l  componen t  1  plotte d agains t  itsel f 

one tim e ste p later . 

in the left Second, in general, the second component is correlated with overall time within this problem. 

I t  i s  interestin g tha t  th e networ k represent s absolut e tim e eve n thoug h i t  i s  unnecessar y fo r  solvin g th e 

problem .  Th e mos t  strikin g resul t  tha t  emerge s from  thi s analysi s i s tha t  o n th e first  principa l  componen t 

(th e X  axis) ,  th e networi c i s distinguishin g betwee n a  N E X T tha t  follow s a  C A R R Y,  versu s on e tha t 

follow s a  W R I T E .  Al l  o f  th e N E X T s followin g a  C A R R Y ar e greate r  tha n 0  o n thi s axis ,  al l  o f  thos e 

followin g a  W R I T E ar e les s tha n 0 .  Th e significanc e o f  thi s i s tha t  followin g a  N E X T tha t  follow s a 

C A R R Y,  th e networ k mus t  outpu t  a  resul t  tha t  i s  on e mor e tha n th e su m o f  th e tw o inputs .  W e ca n thu s 

see th e interna l  stat e tha t  represents  th e memor y o f  a  carr y i n thi s graph . 

A secon d wa y o f  viewin g th e dynamic s o f  th e networ k i s t o plo t  th e first  principa l  componen t  a t 

tim e t  vs .  t+1 .  Thi s give s th e m a p fro m th e contex t  vecto r  t o th e nex t  hidde n uni t  vector ,  sinc e th e contex t 

vecto r  a t  tim e t  i s  th e hidde n uni t  vecto r  a t  tim e t-1 .  Figur e 6  show s thi s plo t  fo r  th e sam e proble m a s i n 

Figur e 5 .  Her e point s ar e labele d b y th e transitio n bein g made .  Her e th e separatio n o f  th e NEXT' s 

followin g a  C A R R Y i s particularl y clear ,  formin g a  distinc t  cluste r  abov e th e mai n diagona l  o f  th e graph . 

Conclusion s 

I n thi s pape r  w e presente d a  simpl e mode l  o f  symboli c manipulatio n usin g a  connectionis t  networ k 

tha t  learne d a  procedur e fo r  addin g tw o multi-digi t  numbers .  Th e mode l  serve d a s a  catalys t  fo r  severa l 

othe r  results.  Th e mos t  importan t  on e i s a  metho d fo r  trainin g network s t o lear n larg e trainin g environ -

ment s vi a Combine d Subse t  Training .  W e foun d tha t  withou t  CST ,  th e network s w e studie d coul d no t 

lear n th e task .  Furthe r  investigatio n i s necessar y t o determin e i f  thi s techniqu e i s suitabl e fo r  othe r  net -

wor k architecture s (suc h a s standar d feed-forwar d networks )  an d othe r  proble m types . 

The second result is a clear demonstration of the capacity differences between the type of networks 

studie d b y Jorda n an d thos e studie d b y Elma n b y givin g a  simpl e progra m tha t  on e ca n lear n tha t  th e 

othe r  cannot .  Th e basi c notio n m a y b e state d a s follows :  Network s wit h onl y outpu t  historie s canno t 

remember  thing s abou t  thei r  inpu t  tha t  ar e no t  reflecte d i n thei r  output .  Thi s i s perfectl y clea r  now ;  i t  wa s 

not  whe n w e starte d thi s research . 

The thir d resul t  i s  a  demonstratio n tha t  network s o f  thi s typ e ca n lear n simpl e programmin g 

construct s tha t  ar e no t  nested .  I n particular ,  thes e net s ca n d o simpl e sequencing ,  looping ,  an d branching . 
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Also ,  value s necessar y fo r  futur e processin g ca n b e store d ove r  shor t  period s b y th e contex t  network . 
Othe r  recurren t  networ k model s ar e mor e powerfu l  i n thi s regar d (William s &  Zipser ,  1988) ,  bu t  requir e a 
prohibitivel y larg e amoun t  o f  compute r  tim e t o train .  Sinc e rememberin g a  bi t  take s a  lon g tim e t o learn , 
thi s suggest s tha t  memor y fo r  "variables "  require s initia l  structure s subservin g thi s functio n tha t  ar e easil y 

refine d b y learning .  W e thu s hav e simpl e version s o f  al l  o f  th e mechanism s fo r  a  universa l  compuier -
excep t  th e abilit y  t o nes t  thes e constructs .  W e conjectur e tha t  nestin g wil l  no t  b e abl e t o b e carrie d ver y 
deepl y (cf .  Servan-Schreiber ,  Cleeremans ,  &  McClelland ,  1988) . 

Fourth ,  eve n thoug h th e networ k wa s no t  designe d t o b e a  psychologica l  mode l  o f  huma n learning , 
i t  ma y provid e som e insigh t  int o method s fo r  optimizin g huma n learnin g i n term s o f  structurin g th e 
proble m set s o f  additio n facts .  Also ,  thi s mode l  i s  fertil e groun d fo r  explorin g othe r  aspect s o f  huma n 
procedura l  learnin g an d symboli c processing . 

Finall y w e hav e begu n a n analysi s o f  th e networ k b y lookin g a t  it s  stat e spac e graph .  Thi s typ e o f 
analysi s i s necessar y whe n w e ar e usin g recurren t  network s t o observ e th e dynamic s o f  th e system .  W e 
expec t  tha t  th e us e o f  thi s kin d o f  analysi s wil l  becom e mor e commonplac e a s mor e researcher s stud y 
recurren t  networks . 
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