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Abstract
Poincaré invariance, gauge invariance, conservation of parity and time reversal invariance are

respected in an impulse approximation evaluation of the handbag diagram. Proton wave functions,

previously constrained by comparison with measured form factors, that incorporate the influence of

quark transverse and orbital angular momentum (and the corresponding violation of proton helicity

conservation) are used. Computed cross sections are found to be in reasonably good agreement with

early measurements. The helicity correlation between the incident photon and outgoing proton,

KLL, is both large and positive at back angles. For photon laboratory energies of ≤ 6 GeV, we

find that KLL 6= ALL, DLL 6= 1, and that the polarization P can be large.

PACS numbers: 13.60.Fz
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FIG. 1: Direct (a) and crossed (b) handbag graphs for the Compton amplitude.

The recent and planned experimental accessibility[1, 2] of Real Compton Scattering on
the proton at large momentum transfer make this reaction a promising new probe of short
distance structure. The scattering amplitude depends on the square of the charge of a struck
quark, and so provides a ground-state to ground-state matrix element that is different than
the ones involved in the electromagnetic form factors[3].

One primary goal has been to determine the dominant reaction mechanism that allows the
proton to accommodate the large momentum transfer while remaining a proton. According
to perturbative QCD (pQCD)[4, 5] the three active valence quarks share the momentum
transfer via the exchange of two gluons that each carry a large momentum. In the pQCD
treatment, hard gluon exchanges are included in an effective current operator, and so can
be taken to occur within the time duration of the reaction. The most recent calculations
[6] find that this mechanism yields cross sections that are about 10 times smaller than ones
measured at photon energies of 6 GeV or less. Another approach uses overlaps of soft
non-perturbative wave functions[7, 8]. As noted in the review[9], the invariant amplitude
is obtained by evaluating the so-called handbag diagrams of Fig. 1. The large momentum
transfer occurs on a single quark, with a probability amplitude determined by the overlap of
the initial and final state wave functions. Here the high momentum transfer is accommodated
by the exchange of an uncountable number of gluons that occurs either before and after the
reaction takes place. Such calculations have had reasonable success in reproducing the
measurements [10].

Previous treatments of the handbag diagram[7, 8, 10] have provided a unifying relation
between elastic form factors, real Compton scattering and virtual Compton scattering. This
approach has led to interesting predictions that are testable experimentally. Our concern
here is with understanding the limitations of the approximations. One involves asserting
that the longitudinal momentum of the proton is carried by a single quark[8, 10]. Another
involves the neglect of the effects of hadron helicity flip[7, 8, 10] in high momentum transfer
exclusive reactions. A specific consequence is that the observables KLL (which involves the
helicity of the final proton) and ALL (which involves the helicity of the initial proton) are
predicted to be the same.

The present intent is to use a model wave function that provides a reasonably good
description of all four nucleon electromagnetic form factors[11, 12, 13] to evaluate the graphs
of Fig. 1 in a manner that avoids neglecting the effects of hadronic helicity non-conservation.
The essential feature of this is that relativistic effects induce significant quark transverse and
orbital angular momentum that causes violations of hadronic helicity conservation.
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TABLE I: Different parameter sets, units in terms of fm. From Ref. [13]

Set(legend) m β γ

1 dash 1.8 3.65 4.1

2 dot-dash 1.8 3.65 3.9

3 solid 1.7 2.65 3.7

We begin describing the formalism by reviewing the salient features of the wave functions
of Refs. [11, 12, 13]. This model starts with a wave function for 3 relativistic constituent
quarks:

Ψ(pi) = u(p1)u(p2)u(p3)ψ(p1, p2, p3), (1)

where pi represents space, spin and isospin indices: pi = pisi, τi and repeated indices are
summed over. The spinors u are canonical Dirac spinors. The components of momenta are
expressed in terms of light cone notation: pi ≡ (p+,p⊥)i, with p−i = (p⊥

2
i +m2)/p+

i . The
three momenta pi of the quarks can be transformed to the total and relative momenta to
facilitate the separation of the center of mass motion as P =

∑
i pi, ξ = p+

1 /(p
+
1 + p+

2 ), η =
p+

1 + p+
2 /P

+,k⊥ = (1− ξ)p1⊥− ξp2⊥ ,K⊥ = (1− η)(p1⊥ +p2⊥)− ηp3⊥ . One may express
the proton wave function in the center of mass frame in which the individual momenta are
given by p1⊥ = k⊥ + ξK⊥, p2⊥ = −k⊥ + (1 − ξ)K⊥ ,p3⊥ = −K⊥. The structure of the
color-spin-isospin wave function can be understood in a familiar form. This eigenstate of
spin[14, 15] is a product of an anti-symmetric color wave function with a symmetric flavor-
spin-momentum wave function, given by Ψ = 1√

2
(φρ χρ + φλ χλ) Φ, where φρ represents a

mixed-antisymmetric and φλ a mixed-symmetric flavor wave function and, χρ,λ represents
mixed symmetric or anti-symmetric spin wave functions in terms of Dirac spinors. The
lower components of these contain terms in which the spin of the quark is opposite to that
of the proton, with the difference accommodated by the orbital angular momentum. Such
terms are responsible for reproducing the experimental feature thatQF2/F1 is approximately
constant for Q2 ≥ 2 (GeV/c)2[11, 12, 13].

The spin-independent momentum-space wave function is a function of the mass op-
erator M0 of a non-interacting system of any P µ: M2

0 = (K2
⊥ +m2η)/η(1 − η) +

(k2
⊥ +m2)/(ηξ(1− ξ)),where m is the u, d quark mass. We take the S-state orbital function

Φ(M0) to be of a power law form: Φ(M0) = N/(M2
0 + β2)γ that depends on β, γ and the

constituent quark mass m. Parameters of the Light Front Cloudy Bag Model[13], which
makes the Cloudy Bag Model[16] relativistic, are displayed in Table I. The effects of the
pion cloud are unimportant at high momentum transfer and are ignored here.

The use of light front dynamics enables one to relate the proton wave functions in different
reference frames using a kinematic boost. If the proton acquires a transverse momentum (is
boosted) by the absorption of a quantity of momentum, ∆ ≡ (0,∆⊥) = q− q′ by the third
quark, the effects of the boost are obtained merely by replacing the momenta k⊥,K⊥ that
appeat in the wave function with k⊥, K⊥ − η∆⊥.

The evaluation of the Compton scattering amplitude MS′,S(ǫ′, ǫ) is made using an im-
pulse approximation in which the Compton scattering, occurring through the Born and
crossed Born graph of Fig. 1. The antisymmetric nature of Ψ allows us to take the scat-
tering to occur on the third quark of charge Q3. The incident (outgoing) photon has four
momentum and polarization vector q, ǫ (q, ǫ′), evaluated using the γp center of mass frame.
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MS′,S(ǫ′, ǫ) depends on the initial spin S and final spin S ′ of the proton, as well as on ǫ, ǫ′:

MS′,S(ǫ′, ǫ) = 3Q2
3

∫
dηd2K⊥

∑

s,s′
ρS′,s′;S,s(η,K

′,k)ū(K ′, s′)Oǫ
′,ǫ(K ′, K)u(K, s), (2)

where ρ(η,K′,k) ≡
∫
dξd2k⊥Ψ†

S′,s′(ξ,k⊥, η,K
′
⊥)ΨS,s(ξ,k⊥, η,K⊥), and in which the repeated

indices(s, s′) represent both spin and isospin (charge) quantum numbers of the struck third
quark. The quantities K,K ′ are four vectors given by K = ((1−η)M0,−K) and 6Ku(K, s) =
mu(K, s), 6K ′u(K ′, s) = mu(K ′, s). The latter two relations are necessary in maintaining
gauge invariance. The operator Oǫ

′,ǫ(K ′, K) represents Compton scattering on a quark:

Oǫ
′,ǫ(K ′, K) = 6ǫ ′∗

1

2
(K + q +K ′ + q′) · γ +m

(K + q)2 −m2
6ǫ+ 6ǫ

1

2
(K ′ − q +K − q′) · γ +m

(K ′ − q)2 −m2
6ǫ ′∗. (3)

The numerators appearing in Eq. (3) are displayed in a form symmetric with respect to the
initial and final states. This is necessary to maintain the time reversal invariance of the
resulting amplitudes. Deriving Eq. (2) from the full four-dimensional formalism involves
integration over the minus components of the wave function and neglecting modifications of
the intermediate propagator of the struck quark caused by spectator quarks. Note also that
the total momentum of the proton does not enter into the expression (2), so that our results
are independent of frame.

Each of s, s′, ǫ, ǫ′, has two possible values, so there are 16 amplitudes. The use of parity
conservation and time reversal invariance reduces the number of independent amplitudes to
six[17]. We calculate the 16 amplitudes and demonstrate explicitly that there really are only
six independent ones. It is not obvious that the impulse approximation used in obtaining
Eq. (2) will yield only six amplitudes. Applying parity invariance immediately reduces the
number of independent amplitudes to eight. But the effects of time reversal invariance
are more difficult to satisfy. This is because the sum of the quark minus-momenta is not
equal to the minus-momentum of the proton. Thus conservation of four-momentum occurs
only at the hadronic level, but not in the γq scattering. However, numerical calculations
show that a reasonably accurate approximation can be made that leads to the respect of
time reversal invariance. Examine Eq. (2) and shift the variable of integration according to
K⊥ → K⊥+η∆/2. Then note that if the momentum transfer ∆ is large compared to typical
momenta appearing in the wave function, one may ignore the component of K parallel to
∆ in evaluating the matrix element ū(K ′, s′)O(ǫ′, ǫ)u(K, s). Numerical work shows that
using this approximation doesn’t change the computed values of observables by significant
amounts, but does reduce the number of independent amplitudes to exactly six, and also
maintain gauge invariance.

The relevant experimental observables involve photons and protons of a definite helicity.
The γp-cm helicity amplitudes are determined by making a unitary transformation on the
spin amplitudes MS′,S(ǫ′, ǫ):

Φµ′λ′,µλ =
∑

S′,S

T ∗(p′)S′λ′MS′,S(ǫ′µ, ǫµ)TS,λ(p), (4)

where µ, λ represent the helicity of the initial photon and initial proton, and TS,λ(p) ≡
ū(p, s)uH(p, λ)/(2Mp) in which u represents an ordinary Dirac spinor and uH represents a
helicity spinor. Then the differential cross section is expressed as:

dσ

dt
=

1

64π(s−m2)2
Σµ,µ′,λ,λ′|Φµ′,λ′,µλ|

2. (5)
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FIG. 2: Cross sections. The data are from Ref. [18]. Three curves are obtained with parameters

defined in Table 1 and three are obtained by increasing the quark mass m by 10%.

Our results for this are shown in Fig. 2. Using the parameter set of Table I leads to cross
sections that are a bit too small, but increasing the quark mass by 10%, leads to qualitatively
good agreement. The dependence of dσ/dt on photon laboratory energy in shown in Fig. 3.
There is a 20% overall normalization uncertainty, and the data shown in Figs. 2 and 3 have
been mul.ltiplied by by 0.8.

The spin dependent observables are defined according to Ref. [10]. One set involves both
photon and proton helicities. The correlation KLL between the helicities of the incoming
photon and the outgoing proton is

KLL
dσ

dt
=

dσ(µ = +, λ′ = +)

dt
−
dσ(µ = +, λ′ = −)

dt
, (6)

and is especially interesting because the experimental result[1] will be announced soon. The
correlation, ALL, between the incident photon and the proton in the initial state is

ALL
dσ

dt
=

1

2

[
dσ(µ = +, λ = +)

dt
−
dσ(µ = +, λ = −)

dt

]

. (7)

In the handbag approach of Refs.[8, 10], the amplitudes Φ−−++ ≡ Φ2 and Φ−++− ≡ Φ6 have
the same magnitude, and this leads to the prediction that KLL = ALL. Our results, for the
photon energies of immediate experimental interest (3.2 and 4.3 GeV)[1, 2], are displayed
in Fig. 4, and the related cross sections can be found in Fig. 5. Examining Fig. 4 shows
that the predicted values of KLL and ALL do not depend on the quark mass, and have little
variation with energy. The values of KLL are large and positive at large scattering angles.
This is similar to the KLL of Refs.[8, 10], but their predicted equality between KLL and ALL

does not hold in our approach– for backward scattering angles, we find KLL ≈ −ALL.
This difference demands explanation. In Ref. [10] the equality between KLL and ALL

arises from neglecting the variation of the quark’s minus and tranverse momenta, and the
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FIG. 3: Energy dependence of cross sections. The data are from Ref. [18]. The curves are obtained

using set 3 of Table I, with an increase in the value of m by 10%.

effects of quark orbital angular momentum that lead to vanishing proton helicity flip matrix
elements. In particular, the massless quarks are taken to move collinearly with the proton
which consequently does not change helicity. This could be valid for very large energy and
momentum transfer, but perhaps not for photons of a few GeV. In our model, the role of
orbital angular momentum and non-conservation of the proton helicity is the crucial aspect
in reproducing the proton form factors[11].

Let’s consider scattering by 180◦ (back-angle scattering) to illustrate how it is that
KLL 6= ALL. Examine Eq. (4). The transformation matrices T (p)Sλ reduce to over-
laps between two-component spinors, in which σ · p̂|λ〉 = λ|λ〉. Then for back-angle
scattering T ∗(p′)S′λ′ = 1√

2
(δS′,+1/2 + λ′δS′,−1/2), T (p)Sλ = 1√

2
(δS,+1/2 − λδS,−1/2), so that

Φ2 = 1

2
[M++ + M−− −M+− −M−+] , Φ6 = 1

2
[M++ + M−− + M+− + M−+] . The de-

pendence of MS′S on the photon polarization vectors is suppressed, as these are the same
for Φ2,6. In our notation, equality of Φ2 and Φ6 can only occur if each of the proton spin flip
matrix elements M+−,M−+ vanish, or if their sum vanishes. A brief inspection of Eq. (3)
shows that the spin-flip matrix elements do not vanish. A further inspection shows that
the terms γ · (q + q′) = γ02q0 lead to operators of the form (1 + σx) evaluated between
Pauli spinors. The operator σx raises and lowers spins with exactly strength. Thus the sum
M+− + M−+ does not vanish, Φ2 6= Φ6, and ALL 6= KLL.

There are other polarization variables[10]. The helicity transfer from the incoming to the
outgoing photon is given by DLLdσ/dt = (dσ(µ = +, µ′ = +)/dt− dσ(µ = +, µ′ = −)/dt) .
Ref. [10] finds thatDLL ≈ 1. The polarization of the incoming proton is defined by Pdσ/dt =
1

2
[dσ(↑)/dt− dσ(↓)/dt] . In Ref. [10] small corrections lead to estimating that P ≈ 3%. Our

predictions, shown in Fig 6, are that DLL and P can have very significant values.
One may also consider sideway proton spin directions. The correlation between the

helicity of the incoming photon and the sideways (S) polarization of the incoming proton,
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FIG. 4: KLL, ALL obtained using the parameter sets of Fig. 2.

FIG. 5: Computed values of dσ
dt the parameter sets of Fig. 2.

parallel or anti-parallel to the S-direction is defined[10] as ALS, and the one for the sideways
polarization of the outgoing proton is defined as KLS. We find KLS = 0 and ALS = 0. A
single-spin observable for Compton scattering is the incoming photon asymmetry Σ [10],
and our result is that Σ = 0.

Let’s summarize. Poincaré invariance, gauge invariance, conservation of parity and time
reversal invariance are respected in our impulse approximation evaluation of the handbag
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FIG. 6: Computed values of DLL,P the parameter sets of Fig. 2.

diagrams. Proton wave functions, previously constrained by comparison with measured
form factors, that incorporate the influence of quark orbital angular momentum (and the
corresponding violation of proton helicity conservation) are used. omputed cross sections
are in reasonably good agreement with early measurements. The value of KLL is large
and positive for scattering at large angles. The use of detailed wave functions leads to
KLL 6= ALL, DLL 6= 1 and large values of the polarization, P . With our model functions,
photon laboratory energies of 6 GeV or less are too low for the simplifying assumptions
that lead to proton helicity conservation to be valid. Future experiments that measure
any of ALL, DLL and P can determine whether or not proton helicity conservation holds in
Compton scattering at any given energy.
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