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Abstract

In this article we consider the Euler-a system as a regularization of the incompressible Euler
equations in a smooth, two-dimensional, bounded domain. For the limiting Euler system we
consider the usual non-penetration boundary condition, while, for the Euler-a regularization,
we use velocity vanishing at the boundary. We also assume that the initial velocities for
the Euler-a system approximate, in a suitable sense, as the regularization parameter o —
0, the initial velocity for the limiting FEuler system. For small values of «, this situation
leads to a boundary layer, which is the main concern of this work. Our main result is that,
under appropriate regularity assumptions, and despite the presence of this boundary layer, the
solutions of the Euler-a system converge, as @ — 0, to the corresponding solution of the Euler
equations, in L? in space, uniformly in time. We also present an example involving parallel
flows, in order to illustrate the indifference to the boundary layer of the o — 0 limit, which
underlies our work.

Keywords: Euler-a equations; Euler equations; boundary layer; homogeneous Dirichlet
boundary conditions.

Mathematics Subject Classification(2000): 35Q30; 76D05, 76D10.

1 Introduction

Let Q C R? be a bounded, simply connected domain, with smooth boundary 9Q). We denote by n
the exterior normal vector to 2. We consider the initial-boundary-value problem for the Euler-a
system in Q, with initial data u§ € H?(Q2), given by:
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titi@math.tamu.edu(E.S. Titi),
tCorresponding author: Email: zangab05@126.com (A.B. Zang).



Opv® +u® - Vo* + iv}lVU? =-Vp* in Qx(0,00),
divuf}‘:; 0 in Qx[0,00), (1.1)
u® =0 on 02 on 09 x [0,00),
u®(x,0) = u§ in Q,

where v® = u® — o2 Au®.

Existence and uniqueness of a solution for problem (1.1) was established, by using geometric
tools, in [42,50] for initial data u§ € H*(2), s > 2. Moreover, it is also remarked in the end of
section 1 of [5] that the global regularity of the two-dimensional Euler-« system (1.1) follows clearly
from [17]. Specifically, it is observed that, for fixed «, the solutions of the viscous second-grade
fluid established in [17] converges to the solution of (1.1), as the viscosity tends to zero. This in
turn provides a direct traditional PDE proof for the global regularity of (1.1). We also remark
that one can apply the abstract existence theorem of [34] to (1.1) in order to show the existence
and uniqueness of solutions to (1.1).

Fix ug € H3(Q2), a divergence-free vector-field satisfying ug -7 = 0 on Q. We write the initial-
boundary-value problem for the incompressible two-dimensional Euler equations in {2, with initial
velocity ug, as

u+u-Va=-Vp in Qx(0,00),

diva = in Qx10,00),
(1.2)
w-n=20 on 90 x [0,00),
a(xz,0) = ug in Q.

Existence and uniqueness of a solution 4 € C([0,00); (H3(2))?) for (1.2) can be found in [34]
(see also [52]) and references therein. Clearly, we also have @ € C1([0, 00); (H?(£2))?).

Next, we consider a family of initial data for the Euler-a system, {ug} C H3(£2), corresponding
to ug, satisfying the following conditions:

(i)  u§ vanishes on 0f),

(i) u§ — up, asa—0, in L*(Q),

(iii) [|[Vu§|rz = o(a™t), as a— 0, and
(iv) Jug|lgs = O(a™3), as a — 0.

(1.3)

We call a family {u§} satistying (1.3) a suitable family of approzimations to ug.

Fix T > 0 and let u® € C([0,T],(H?(22))2 N V) be the unique solution of (1.1) with initial
velocity u§, established, e.g., by Theorem 2 in [50] (see also earlier remarks concerning [5] and [17],
and [34]). In section 4, we present and prove the main result of the present article, namely that if u®
denotes the solution to (1.1) with initial data u§ satisfying (1.3), then the sequence {u®} converges,
in C([0,T7]; (L?(92))?), to the solution of (1.2) with initial velocity ug. In [33] T. Kato introduced
a criterion for the convergence of solutions of the incompressible Navier-Stokes equations, with
no-slip boundary conditions, at the limit of vanishing viscosity, to solutions of the incompressible
Euler equations with non-penetration boundary conditions. The proof of our main result, Theorem
2, borrows some ideas from [33].

Using the eigenfunctions of the Stokes operator in the domain €2, we prove in section 5 that,
for a given ug € (H3(2))?, with div ug = 0 and ug - 7 = 0 on 912, there exists a suitable family



of approximations {u§} to ug. Thus, using Theorem 2, we have that any smooth enough solution
of Euler equations (1.2), with initial data ug, can be approximated by a solution of (1.1) in the
C([0,T); L*(2))—norm.

In section 5 we also present an example which illustrates the possible boundary layer behaviors
of the @ — 0 limit.

The main motivation for the present work is the vanishing viscosity limit of Navier-Stokes
solutions to solutions of the Euler equations. This problem is well-understood for fluid flows in
domains with no boundary or in full space, but it is a classical open problem in the presence of
boundaries. The main difficulty is the boundary layer, which arises from the mismatch between
the no-slip boundary conditions of viscous flows and the non-penetration boundary condition of
ideal flows. Formally, the situation is the same in the vanishing a limit of Euler-a to Euler, yet our
analysis shows, in this paper, that the boundary layer does not obstruct convergence in this case.
The vanishing viscosity limit of Navier-Stokes to Euler has been extensively studied and, although
the problem remains largely open to date, several partial results have been established. We mention
results for flows with special symmetry, such as radial symmetry, see [6,38,39,43], parallel flow in
a channel or in a pipe, see [44,45] and flows with analytic boundary layers, see [11,12,41]. For a
more extensive survey see [4,23,37] and references therein. One approach to this problem is to seek
criteria for the vanishing viscosity limit to hold. This approach was pioneered by T. Kato in [33],
where it was established that convergence is equivalent to vanishing dissipation rate in a thin layer
near the boundary; see also [20, 35,53, 54] for extensions and reformulations of this criterion. Our
work is inspired on the analysis performed by Kato.

The Euler-a system (1.1) was introduced as an ad hoc regularization of the incompressible
Euler system, see [29,30], and was later shown to have deep geometrical significance, as the Euler-
Lagrange equations for geodesics on the group of volume-preserving diffeomorphisms with the right-
invariant metric inherited from H!, see [42,50]. In addition, the Euler-a system corresponds to
setting viscosity to zero in the second-grade fluid equations, which is a well-known non-Newtonian
fluid model, see [22]. Moreover, in the three-dimensional case the Euler-a system inspired the
introduction of the Navier-Stokes-a and Leray-a: viscous models, which turned out to be remarkable
sub-grid scale models of turbulence (see, e.g., [9,13-16,25,26], and references therein).

There has been substantial work on the Euler-a system. In the full plane, well-posedness has
been studied under different regularity assumptions, see [2,3,5,48]. Also, the vanishing viscosity
limit of second-grade fluids to Euler-a was established in [5] and the limit « — 0 of Euler-«
to Euler was investigated in [2,3,47]. In domains with boundary, besides the non-penetration
condition u - 7 = 0, the Euler-a system requires additional boundary conditions, but there is no
natural choice for them, either on physical or geometric grounds. There are two different kinds
of boundary conditions considered in the literature: Navier-type slip conditions and homogeneous
Dirichlet boundary conditions (no-slip). Existence and uniqueness of solutions to the Euler-«
system in a bounded domain, under Navier conditions was established in [8,50]. The limit as o — 0
of second-grade fluids to the Navier-Stokes equations was studied, for flow in a bounded domain
with Dirichlet boundary conditions, in [10,31]. As mentioned earlier, in [5], it was remarked that
the uniform estimates, with respect to the viscosity, that have been established in [17] will easily
imply the convergence of the solutions of the second-grade fluid equations, as the viscosity v — 0,
and fixed «, to the corresponding unique solutions of the Euler-a equation under homogeneous
Dirichlet boundary conditions. In [7], the independent limits of second-grade fluids, as « — 0 or
v — 0, were studied for flows in a bounded domain with Navier-type boundary conditions. In all
singular limits studied, in the presence of boundaries, the difficulty of dealing with a boundary
layer was avoided. The main purpose of the present work is to address precisely this difficulty.

The a-regularization, under homogeneous Dirichlet boundary conditions, as considered here,
has two advantages: (a) it is particularly simple and (b) it formally resembles the effect of viscosity.



However, our analysis ends up highlighting the sharp contrast between small viscosity, in the
context of the Navier-Stokes equations, and small «, in the context of the Euler-a equations, in
the presence of rigid boundaries. The initial objective of the present investigation was to obtain
a version of the Kato criterion in the vanishing « limit. The convergence which we obtained here
was unexpected, and it certainly appears in other contexts, such as the three-dimensional case,
combining small @ and small viscosity in case of second-grade fluid (cf. [40]), or by considering
other a-type regularizations of the ideal flow equations. We chose to focus, in this article, on the
simplest case in order to provide an accessible baseline for future research.

The remainder of this paper is organized as follows. In section 2, we will introduce notation,
present some preliminary results and write the vorticity formulation of (1.1). In section 3, we
include a proof of global existence and uniqueness of a weak solution for (1.1). Although this
result can be found explicitly in [42,50] (or indirectly in [34], or in [5] combined with [17]), we
require, for our main result, some explicit estimates, which are derived in the proof of Theorem 1.
In section 4, we obtain, for any T' € (0, 00), the convergence of solutions of the Euler-a equations to
solutions of the Euler equations, as o — 0, in C([0, T; (L?(£2))?), assuming that the initial data for
the Euler-a system is a suitable family of approximation to the initial data for the Euler equations.
In section 5, we describe a method for constructing a suitable family of approximations for a given
initial velocity ug of Euler equation (1.2). We also present a class of examples illustrating the
boundary layer behavior of the small o approximation and we discuss some directions for future
research.

2 Notations and preliminaries

In this section, we introduce notation and we present the vorticity formulation of the Euler-a
system.

We use the notation H™(2) for the usual L?-based Sobolev spaces of order m, with the norm
|l - |l and the scalar product (-,-),,. For the case m = 0, H°(Q) = L?(Q); we denote the
corresponding norm by || - || and the inner product by (-,-). We denote by C°(Q2) the space of
smooth functions, compactly supported in €2, and by HJ*(2) the closure of CS°(€2) under the
H™-norm.

We also make use of the following notation:

[u,v] = (Vu, Vo) + a?(Au, Av), for all u,v € C°(),
H={uec (L*2)?:divu=0inQ, u-n =0 on 9N},
V ={ue (H}(Q))?:divu =0 in Q},

'1771_ 1 . ™ ar = .
B = GH(Q)/Q dz = 0}

It is easy to see that, for each fixed o > 0, [+, ] gives rise to an inner product on HZ({2) and that

the corresponding norm is equivalent to the usual H?-norm, restricted to HZ(€2).
Let u = (u1,u2) € V. Then

curlu = 0, up — Opyuy = V-,

where V4 = (=0, 0x, ).

Hereafter we use C' for constants that, in principle, depend on «, and K for those that are
independent of «.

The following results can be found, for example, in [28].



Lemma 1. Let ¢ € H™(Q),m > 0. Then there exists a unique divergence-free vector field U €
(H™1(Q))? with ¥ -7 = 0 on 0L, such that

curl = ¢,
[¥[m+1 < K|,

for some constant K > 0, which depends only on m and €.

Next we introduce the potential vorticity. Given u = (u',u?) a solution of the Euler-a system

(1.1), the associated potential vorticity ¢ is defined by

q = curl (u — a?Au) = 9,, (u? — @®Au?) — Oy, (u' — a?Aut).

1

We apply the curl operator to the first equation in (1.1) and, after a straightforward calculation,
we obtain the vorticity formulation of the Euler-a equations:

Oiq+u-Vqg=0, in Qx (0,00),
divu = 0, in Q x [0,00),
curl (u — @?Au) = g, in Qx [0,00) (2.1)
u=0, on 99 x [0,00)
q(-,0) = curl (ug — a?Aug) =qo in Q.

Assume (u,q) is a solution of (2.1). Let us introduce the stream function ¢, such that u =
Vi¢ = (—¢u,, ¢z, ). After appropriately fixing an additive constant, it is easy to see that ¢ satisfies
the elliptic problem:

Ap— a?A%p=¢q, in Q
(2.2)
p=92=0, on 00
Lemma 2. Let ¢ € L*(Q). There exists a unique solution ¢ € HZ(Q) of (2.2), in the following
sense:

Furthermore, the solution operator q — ¢ maps L*(2) continuously into H*(2) N HZ(Q).

Proof. We define the bilinear operator A(¢, ) = [¢, 1], for ¢, € HZ(Q). It is easy to see that
[A(¢, )| < Clloll2]lv]l2

and, also, that
A, ¢) = [¢,0] = (Vo, V) + (A, Ag) > C||¢]3,

where C' > 0 depends only on a and 2. Using the Lax-Milgram theorem (cf. [19,24]), we obtain
existence and uniqueness of ¢ € HZ(12) satisfying (2.3).

Next, we will show that the solution operator ¢ — ¢ is continuous from L2(£2) into H*(2) N
HZ(€). Indeed, from Lemma 1, there exists a unique divergence-free vector field ® € (H'())?,

with ® - 7 = 0 on 912, such that
curl® = g and [ < K]lgl. (2.4)

It is easy to see from (2.3) that ¢ satisfies A¢p — a?A2¢ = ¢ in D'(Q2). Hence we have, in the
sense of distributions, the identity

curl (—a?A(V+¢) — (& — V+¢)) = 0.



Therefore, since ) was assumed to be simply connected, there exists a unique pressure 7 € H,
associated with the irrotational vector field —A(V+¢) — L (® — V4¢), so that

—A(VE¢)+Vr=f, in Q
div (V+¢) =0 in (2.5)
Vig=0 on 99,

1
— (@ — V+¢) € H'(Q). From standard estimates on the Stokes operator (see, for

example, Lemma IV.6.1 in [27]), we have

where f =

K
IV=6lls < Kllfll < —5(12]x + [VE¢ll). (2.6)

Using (2.3) with ¢ = ¢, we obtain, thanks to the Poincaré inequality [24]
1
IVII* + | Asl* < [[ollll4ll < ||V¢|H|q|\ﬁ,
1

where \; is the first eigenvalue of the Laplace operator on €2 with Dirichlet conditions. Applying

Young’s inequality we find that a?||Ag¢|? < 2)\11/2 llg||?, which, in turn, implies that
1

K
Vol < —=75 llall, (2.7)
a )

by standard elliptic regularity estimates together with the Poincaré inequality. Finally, we use (2.4)

and (2.7) in (2.6), and we recall that we are interested in the small « regime, say o € (0, )\1_1/2),
we hence obtain

K
IV+6lls < —llall (2:8)
It follows from this estimate, together with the Poincaré inequality, that ¢ € H?*(Q), and that
K
6l < Sl 0
Remark 1. In view of Lemma 2, we can now introduce the bounded linear operator K : L*(Q) —

H3(Q)N Wol’oo(Q), given by ¢ — u = Klq] = V1¢, where ¢ is the unique solution of (2.2). We
will refer to K as the Biot-Savart-o. operator.

3 Global well-posedness of Euler-a equation

In this section we will establish global-in-time existence and uniqueness of a weak solution to the
Euler-a equations (1.1), see Theorem 1 below.
Recall the Biot-Savart-a operator K introduced in Remark 1.

Theorem 1. Fiz T > 0. Let gy € L*(Q0), and set ug = K(qo). Then there ezists a unique function
q € C([0,T]; L*(R2)) and a unique vector field u = K(q) € C([0,T); (H3(2))2N V), such that the
pair (u,q) is a weak solution of (2.1) in the following sense:

For any test function v € C§°(Q) it holds that

(a(8),v) 12 — (g0,0) 2 — / /Q (u- Vo)gda dt = 0, (3.1)



for every t € [0,T). Moreover,
la@I < llqoll,  for all t € [0,T]. (3.2)

Remark 2. In [36], the authors consider the Euler-a equation with Navier (slip) boundary condi-
tions, and they prove the existence of solution by constructing the solution as the limit of viscous
reqularization of the a—model. Here, we will use the Banach fixed point theorem.

Proof. We begin by constructing a mapping F from C([0,T]; V) to itself which, subsequently, we
will show is a contraction. For simplicity’s sake we first consider the vorticity formulation of the
Euler-a equations.

Let u € C([0,T];V). It follows from the existence, uniqueness and regularity results of the
DiPerna-Lions [21], that the following linear problem has a unique weak (distributional) solution
d e C([0.T); L2(Q)):

OG+u-Vi=0,
~ 3.3
{ q(0,+) = qo- (3:3)
Moreover, the following estimate holds true:
la(tll < llqoll, for all ¢ € [0, T]. (3.4)

Next, we introduce a new velocity, u, constructed as follows:
i = V+¢, where ¢ € HA(Q) N HZ(Q), and
Ad —a?A%p = ¢, in [0,T] x Q.

It follows that @ = K[g]. In view of Lemma 2 and Remark 1, it follows that @ € C([0, T]; (H3(£2))?N
V).
We introduce the mapping F : C([0,T]; V N (H3(R))?) — C([0,T]; V N (H3(Q))?) as

u > Flu] := 4.
We easily obtain that

sup || F[u]®)]lr < C sup [[4(®)] < Cllgol-
te[0,T] te[0,T]

In fact, in view of (2.8), as established in Lemma 2, we have even more:
sup [ Flul(t)]ls < C sup [g(t)] < Cllgoll (3-5)
te[0,T] t€[0,T
Let © := i —a?Ad. Next, we note that (i, 9) is a solution of the following modified Euler-a system:

8t6+u-Vz7—ZjujV6j+Vp:0, in (0,7) x Q,

divii =0, in [0,7] x Q,
=0, on [0,T] x 09, (3.6)
@(0, -) = wo, on §.

Indeed, one has the identity

Ohq+u-Vi=curl (004 u-Vi — ZuijJj).

J



Thanks to (3.3), one concludes that
curl (05 +u- Vo - u;Vi;) =0
J
Since € is simply connected, there exists a pressure p such that
O +u-Vo— Y u;Vi; = —Vp.
J

Thus the first equation of (3.6) holds. We use system (3.6) to show that, for some sufficiently
small § > 0, F is a contraction with respect to the norm C([0,6]; V). To this end let u! and u? be

divergence-free vector fields in C([O §;; VN (H3(Q))?), for some 6 > 0 to be fixed later. Consider

at, @2, o' = a' — o?Ad! and 92 = 4% — o®Au®. Set

R =u' —u?,

Note that
ot — 9% =S — a?AS.

Subtracting the equation for @2 from that for %' we obtain:

0i(S — a®AS) +u' - V' —u? VI =Y uiVi; + Y uVir 4 Vp' - Vp? = 0. (3.7)
] J

Take the scalar product of (3.7) with S, re-write the nonlinear terms using R and S and integrate
over () to obtain:

td,
L 1s1? + a2 SRy (55)
—/ S-[(R- V)it + (u - V)(S — a?AS)] de
Q
+/S- D ujV(S—a®AS); + Y R;VE?| du
@ j j
=1+ J

We begin by estimating first I. We note, as usual, that (S,u? - VS) = 0, so that we find:

1] <

/ S-[(R-V)d! — (u?-V)a?AS)]dx
Q

=[] S-[(R-V)?']+ [(u*-V)S] - a*AS) dx
Q

= / S-[(R-V)d'] +a? Z[aguiaks + uz 0,0, S]0,S) dx
@ k.l

_ /S~[(R-V)f}l]+a22[8gui8k5]855)dx
Q ke



where we integrated by parts the term with the Laplacian and then used the divergence-free
condition on u? to show that the remaining term with two derivatives of S vanishes. Therefore,
using Holder’s inequality, we deduce that

1] < (ISl pall Rl 4l VoH | + a®(|Vu? || < | VS|,
so that, using the Sobolev inequality, we get
[I] < CIVS|[|VR] + Ca?||VS|>. (3.9)

Next, we estimate the second integral term, J. We find, using Holder’s inequality together with
the divergence-free condition on S, that:

|J| < /QS- > uv(S - a?AS); + > R;Vi?| do
J J

IN

/QZU}S~Vdex—ozz/QZu]lvdiv(ASj Sy dz| 4 ||| L2 | Rl 4| V22|
J J

IN

lutllze ISV S] + o? /QZVU}'SASNI + 1S zall Rl 24 ]|V
j

= [lut L= ISV S| + o /QZVU}'Sﬁkﬁzedex ISl e[| Rl s [ VO]
J.k

< |||l ISIVS|| + a2 / § OuVuj - SO Sj + Vuj - 0pS O Sj da| + S| pa || R| 12 || VI
O <
7,k

<l 2= ISV S|+ 0 Y [10k0eujl| o | Sl a | VS| + @[ Ve [ o [ VS| + (18] pa || R 24l VE*
g
where we integrated by parts the term with the Laplacian. Therefore, using the Sobolev inequality,
followed by Young’s inequality, together with the uniform bound (3.5), we arrive at

7] < ClISIIIVS] + Ca?[VS|I* + CIVS|IVR]. (3.10)

Insert the estimates derived in (3.9) and (3.10) into (3.8) leads to the differential inequality

1d

S (ISI+ a2V S)?) (3.11)
< CIVSIIIVR| + Ca?|[ VS| + C||S]V S|
< CL(ISI? + a2 VSIP) + Co((|RI? + o?| T RJ).

Recall that S(t = 0) = 0, since ul(t = 0) = @!(t = 0) = @?(t = 0) = u?(t = 0) = uy. Hence, we
obtain by Gronwall’s inequality, that

(\|S||2+a2\|V5||2)(t)§/ (IS11* + @IV S|I*)(s) €74~ ds. (3.12)

t
0



Taking the supremum, for ¢ € [0, 6], of the norms (||S]|? + o2||VS||?)(t) we deduce

Cé
—1
o sup (IRII* + «®[VR|[*)(). (3.13)
t€[0,4]

e
sup ([|S]? +a?[VS|*)(t) <
t€[0,6]

Cé

Therefore, if we choose § > 0 small enough, so that o = < 1 then we have shown that

F is a contraction with respect to the H!-norm, for short interval of time [0,6]. Ineed, we have
obtained the estimate

sup [ Flu'] = Flu?)[[1(t) <o sup [lut —u?[1(t). (3.14)
te[0,6] t€[0,9]

We invoke the Banach fixed point theorem in metric spaces to conclude the existence of a unique
fixed point u € C([0,4]; V). This fixed point is also the limit of the fixed point iteration, where
u® = uy and u™ = Flu""1], as the argument. We easily know that the sequence {u"} converge to
win C([0,T]; V). As ug € (H*(Q2))? it follows from (3.5) that

sup [lu”(t)[ls < Cligoll;
te[0,4]

)

for all n. Hence, by the Banach-Aloaglu theorem there exists a subsequence {u™*} which converges,
weak-* in L>((0,6); (H3(£2))?), to a limit in the same space. As this subsequence also converges
strongly in C([0,d]; V) to the unique fixed point u, it follows, by uniqueness of limits, that the
fixed point belongs to the more regular space L>((0,48); (H3(Q))?).

In fact, since u € C([0,4];V), we also have ¢ € C([0,d]; L?(2)) from the uniqueness and
regularity reuslts in [21] for the transport equation (3.3). Clearly, u is a solution of (3.1) with
q = curlv, v = u — a?Au. Consequently, u € C([0,d]; (H3(£2))?). Therefore, it follows that u is a
distributional solution of (1.1). Since the C([0,d]; (H?(2))?)-norm of u is bounded independent of
J, we can repeat the argument above and extend the solution to any interval [0, T.

O

4 Convergence as o — 0

In [47], the authors have studied the convergence of smooth solutions of the Euler-a to corre-
sponding solutions of the Euler equations, as a — 0, in whole space. In this section, we will prove
that the solutions {u®} of Euler-a equations, with Dirichlet boundary conditions, converge to the
unique solution @ of Euler equations, as « — 0 . Specifically, we state and prove the following
theorem which is the main result in this paper:

Theorem 2. Fiz T > 0, and let ug € (H3(Q))?> N H. Assume also that we are given a suit-
able family of approximations {u§}aso C (H3())? for ug, satisfying (1.3). Suppose that u® €
C([0,T); (H3(£2))?) is the unique solution of Euler-o with initial velocity ug, established in Theo-
rem 1. Let i = u(t,x) € C([0,T]; (H3())?) N CL([0,T]; (H*(Q))?) be the unique strong solution
of the incompressible Fuler equations with initial velocity ug. Then

lim sup |u®(t) —a(t)|| =0, and lim sup o?||Vu®(t)|| = 0. (4.1)
a=04¢(0,1) a=04¢c(0,71] :

In [33] T. Kato established a criterion for the convergence, of the vanishing viscosity limit of
solutions of the Navier-Stokes equations subject to the homogeneous Dirichlet boundary conditions,
to a solution of the Euler equations in domains with physical boundaries. The proof of Theorem

10



2 is inspired by Kato’s argument. The main ingredient consists of establishing a boundary layer
corrector function for the discrepancy between u® and u near the boundary. To construct this
boundary corrector function we consider, first, the stream function ¢ = (¢, ) associated to ,
given by the unique solution of the elliptic equation

éz/; = curl @, in Q, (4.2)
P =0, on 0f).
It follows classically that -
=V,
Let £ : Rt — [0, 1] be a smooth cut-off function such that
£0)=1, &(r)=0forr>1. (4.3)
Let § > 0, be small enough to be determined later, and set
z=2z(x)=¢ (g) , where p = dist(z, ), for any x € Q. (4.4)
We introduce the boundary layer corrector u, = up(t, x) as
uy = V- (29). (4.5)
We collect below some useful estimates on the boundary layer corrector function.
Lemma 3. Let uy, be defined by (4.5). Then we have that:
sup [[0fup(t)|| < Ko%, sup [|0f Vuy(t)]| < K62,
te[0,T] ; t€[0,T] 1 (4.6)
sup P2V (8)][ o~ < K6, sup | pVun(t)]| < K63,
te[0,T] te[0,T]

where £ = 0,1 and K depends only on u,& and 2, but does not depend on §.

We observe that these estimates follow by straightforward calculations and we omit their proof
(cf. [33]).

We are now ready to give the proof of our main result, Theorem 2.

Proof of Theorem 2. We start with the observation that, since u® € C([0,T]; V N (H3(Q))?). We
multiply the Euler-a equations (1.1) by u® and integrating over time and space, and use the
hypotheses (1.3), we obtain that

[u®ll* + o[ Vu|* = [lug |* + o* | Vug||* < K. (4.7)

Since divu® = 0, we have from (4.7)
K
lcurl u®|| = || Vu®| < - (4.8)
Recall that ¢ = curl (u® — a?Au®), then by theorem 1, (4.8) and (1.3), We have, for all t € [0, T],

K
le* I < llgg || < llewrlug | + o ug s < -

11



by our assumptions (1.3). From the above and (4.8) we have

K
|| A curlu®|| < ||¢%)| + [Jeurlu®| < —.
a

Finally, we conclude that, for all ¢ € [0, 7],

a0l < 2 (19)

where K is independent of a.
Set W& = u® — 4, then from (1.1) and (1.2), W satisfies

W + (u™ - V)W + (We - V) =
u®|?

) +dive®, in Qx(0,7),

—V(p Pt

div Ve =0, in Qx(0,7), (4.10)

We. i =0, on 90 x (0,7),

W0, z) = ul — uo, in Q,
where

2
divo® = a?0; Au® + o*(u® - V)Au® —i—QQZ

j=1

Multiply (4.10) by W and integrate on Q x [0,¢]. After integrating by parts, we obtain

1
SIwe @) = ZIwe))? - // (W - V)a] - e d ds
t (4.11)
—|—/ /diva“-W”‘dmds, for all ¢t € [0,T7.

Clearly the second term on the right-hand side may be estimated by

/ (W - V)a] - W de ds| < [Vl = @x 0.9 / W (s)]? ds

(4.12)
SK/O W s) |2 ds

We also have, for every t € [0,T],

//leO’ W“dmds-a//aAu -W*dzds
+a// -W%dxds
(4.13)

+a2/l/ Z(Au?)Vu?-W“dxds
0 Jaio

12



We will examine each of the terms in (4.13). We begin by estimating I;(t). Notice that the
main difficulty arises from the fact that only @ -7 = 0 on 02, while the vector field & might not
vanish on 0f). However, the basic step, as we will see below, in Kato’s argument is to consider
instead (% — up). Therefore, we have:

t
Il(t)zon/ /GSAua-Wadxds
0 Jo

t t
:a2/ /BSAua~uO‘dxds—a2/ /BsAua-ﬁdxds
0 Ja 0 JQ

t t
= —ozz/ OsVu® - Vu®drds — a2/ OsAu® - (U — up) dz ds
0o Ja o Ja

o2
—a / /8Au ubdde———HVu t)]1* + ||Vu8‘||2
//6Vu - V(@ —up) dz ds — o? / /8Au -up dzds
— L TR + LI - / /Vu 9.V (i — up) da ds

—a /Vuo (Vg — Vuy(0)) dz + o? /Vu ) - (Va(t) — Vup(t)) dz

a2/ /Auo‘ - Osuy dmds—l—az/ Aug - up(0) dz — a2/ Au®(t) - up(t) d.
0o Jo Q Q

With this identity we can estimate I3 (t), for all ¢ € [0,T],
a? a?
Li(t) < —THVU”‘@)HQ + 7||Vu8‘||2 - 042/ Vaug - Vig dz + o || Vug |[[|Vuy (0)
Q
+2([Vur ([[[Va)]| + o[V (@) [ Vus (0| + o [[Aug || |us (0)[| + o2 (| A (#)][]|us (£)]]
t t t
+a2/ \\Vua||||8SVﬂ||ds+oz2/ ||Vua||||85Vub||ds+a2/ |Au||||Osup|| ds
0 0 0
o a s, @7 a2 2 o _ 2¢-1/2 a
< —7HVU N + 7||Vu0|| -« Vug - Vigdr + Ka®d IVug]|
Q
a’ a 2 20194112 o? o 2 2¢—1
16 IV I + Ko [[Va)l[z~ 0. r)r2) + 75 IVu @I + Ka”s
+ a? | Aug | [lup(0)[| + || Au () || [|us (2) |

t t t
+o¢2/ HVU“HH@SVZLHderOzz/ ||Vua||||5'sVub||ds+a2/ |Au|[||Osup|| ds,
0 0 0

where we have used above Young’s inequality together with the estimates from Lemma 3.
Next, we recall the following inequality for functions in H3:

IAF] < KV A2 £l (4.14)

Let us continue to bound I;. We use (4.14) and the fact that @ € C*([0,7]; H*(2)) to obtain,

13



for all t € [0,T]
o’ , , o 2 2 2¢-1/2
1) < -S|V @) + S Vg 2 - /VUS’-VﬂoderKoz 57117 ug |
Q

a? _ a? _
+ TGHVU(X@)W + K2 Va(t)[|7~ o,r)02) + 1—6||Vu0‘(t)||2 +Ka?6!
« anl/2 a o 1/2
+ Ko [V |2 [|ug |75 s O) | + K[ Fu @)1 ]u @)l 75 s (2],
t t t
+a2/ ||Vu“||2ds+a2/ ||85Vﬁ||2ds+a2/ |Vu®||? ds
0 0 0
t t Lo
+a? [ovuds + Ka? [ [7u |2 32 10 ds
0 0
Using (4.8) and (4.9) together with estimates from Lemma 3, we obtain
o? o 2 2 2c 1721
IL(t) < —7\\Vu°‘(t)H —|—7||Vu8|| —a /Vu8~Vaoda:+Koz oY >
Q
ajvatQKZV’tQ a—zvatQK%—l
+ 15 Vet O + Ko Va(®) [z o,ryz2) + 15 IVe* (O + Ka
INY2 1\ 12 o? o
rre () (G) 0 ST + K
t t t t
+a2/ \|Vu“|\2ds+a2/ ||85Va||2ds—|—a2/ ||Vua||2ds+a2/ 0.V ds
0 0 0 0
t t
+a2/ HvuaH?dHKa?/ w272 | Dsup||*2 ds.
0 0
Therefore, coalescing similar terms we obtain, for all ¢ € [0, T,
o? oz L @ a2 2 a v —1/2
L(t) < *ZHVU Gl +?HVUOH —a Vug - Vigdz + Kad
Q
1\2/3
+ Ko? + Ka?6™ ' + K6Y? + Ko? <3> (61/2)4/3
a
t 1\2/3
+Ka2/ |Vu®||?ds + Ka®T + Ka*T5™ + KaT <3> (61/2)473,
0 (0%
Thus, for all ¢ € [0, T], we have
o2 o2 t
B(t) < =SVt @ + G IVag| + Ka? [ |vu|?ds
0
—a2/ Vug - Vigdr + Kad V2 + Ka? + Ka?6~ + K6'/2 + K§%/3
Q
052 a 2 a2 a2 2 ! a2 o =
= -7 IVe* @I + S IVugl® + Ka | [Vu®[|* ds + g(ev, ug , to),
with

glo,ug, dy) = —a2/ Vug - Vigdr + Ko + Kad /2 4+ Ka?6~! + K6'/? + K§%/3.
Q
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Now, we choose § = §(«) such that

2

5(c) — 0 and % 0, as a — 0. (4.16)

Therefore, it follows from the assumption (4.16) and the hypotheses of Theorem 2 that
glo,uf,ap) — 0, as a— 0. (4.17)

Next, we examine I and I3. We start by noticing, after integrating by parts, that, for all
t e 0,17,

Io(t) + I3(t) —a// V)Au®] W“dxdera//ZAu @ W dzds
—a// cu®deds — // -udzds
+a2/ /Z(Au?)Vu?‘~u“dmds—a2/ /Z(Au}*)VU?-ﬁdxds

0o JoiD 0 JQ iy
t t
=a2/ /[(uo‘-V)Au”‘}-uadxds—FaZ/ /Aua-[(ua-V)ua} dzds
0 Jo 0o Ja
t t 2
—ozz/ /[(uo‘.V)Au"]~ﬂdxds—a2/ /Z(Au?‘)Vu?.ﬁdxds.
0 JQ 0 /9, '

Notice that since divu® = 0 and u® vanishes on 02, we can integrate by parts to show that

// U dxds+a//Au V)u®]dzds = 0.

As a result of all the above we have

I+ 13 = —a// V)Au®] uda:ds—a//ZAu G -udrds
Q

=: Iy(t) + I3(t).

We now estimate I5(t), for all ¢ € [0, 77,

; t)a2/0t/ﬂ[(uo‘~V)Au°‘}~ﬁdxdsaz/ot/QAua~[(uaoV)ﬂ]dxds

t 2
= —a2/ / Z Ou® - O[(u® - V)u] dz ds
0 2k
t 2
= —ag/ / Zaku“ J(Oku® - V)ulde ds — « / / Z@ku V)0u] dx ds.
0o Jo, Qp
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Using the fact that @ € C([0, T]; (H3(Q2))?) N CL([0,T]; (H?(Q2))?), we obtain, for all ¢t € [0,T],
t t
L(t) < 0| Val| L~ (0.0 / IV (s)|2 s + o2 / IV ()l (3)]] 4 | D?a(s)]| 1 ds
t t
< Ko®|[al| = (o.0ya9 / |Vu®|? ds + Ko? / [ /2| 7 [¥/2 ) D2 4 d,
0 0
t t
< Ko?||ul g~ (o) / V62 ds + Ko2||alsw co.1y05) / a2 ds
t
+Ka2/ ||Vu°‘||2ds,
0

where we used the 2D-Ladyzhenskaya inequality followed by Young’s inequality in the last bound.
Hence we find, after piecing together similar terms that, for every t € [0, 7], we have

t
It) < Koﬁ'/ [Vu®||*ds + Ka*T. (4.18)
0
Finally, we turn to I;. Here again we will not be able to integrate by parts, since only @ -7 =0

on 0N), while the vector field @ might not vanish on 0{). To remedy this situation we consider

instead the vector field @ — uy, where we have explicit understanding, thanks to Lemma 3 of the
behavior of u, at 092. Thus we have

t 2
Ii(t) = —a2/ / Z(Aujo‘)Vu]O‘ -adxds
o Jo'io
2

t 2 t
= —az/ / Z(Auja)Vu;’ (@ — up) dz ds — a? / / Z(Auf)Vu?‘ ~upda ds
0 Je i 0 Joio

= T () + Ja(t).

Note that, for every ¢ € [0, 7], we have

t 2
Ji(t) = —042/0 /Q Z(Au?)VU? (U — up) da ds
j=1

t 2 t 2
= a2/ / Z (aku?)Vu? Ok (t — up) dx ds + az/ / (8ku§?‘)8kVU? (7 —up) dx ds
o Ja 5T 0 JQ k1
. [ % SIS [Oug |
=a / / Z (Ouf)Vus .8k(a—ub)dxds+a2/ / Z (@ —up) -V l 2J ] dz ds
079 k=1 0 JQ 5
t 2 t 2
= ag/ / Z (Opu§)Vu§ - dpudads — a2/ / Z (Opus ) Vu§ - Opup da ds
0o Jo 5T 0 JQ k1
t t 2
< ||V g 0,1y %) /0 [Vu|?ds — a2/0 /Q Z (Okuf) (Oeus) - Ok (up)e da ds.
£,5,k=1
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Therefore, after integrating by parts we obtain

N(t) < Ka? ||u||Lm((OT)H3)/ VU |2 ds + a2 // Z (OeOu?) uS D (up)e d ds

Qéjk 1

t
=Ka2IIﬂIILoo«o,T);(HS(m)Z)/ [Vu®|* ds

2

t
704// Z 5‘p5‘k8ku ‘?‘(ub)gdxdsfaz// Z (8g8ku?)8ku?(ub)gdxds
Q o Ja

0,5,k=1 0,5,k=1

t
:Ka2||12||Lm((O,T);H3)/ Va2 ds

—a/ Z Ggakf)ku (ubgdxds—a//z up - V)

Ry ik=1 j k=1

\<9lcua|2

] dx ds

= Ko?||al| <o,y 19) / |Vu®||? ds — o? // Z (0e0kOus) uf - (up)edrds
Q

£,5,k=1

= Kao? ||uHLoo((0T) H3)/ HV'LLO‘H dS"‘rOé / / Z 3k6ku )ag’u, (ub)gdxds

£,5,k=1

t
:Koz2||1_LHLoo((O,T);H3)/ \|vua(s)||2ds+a2/ /(Au;)vug.ubdxds.
0 0 JQ
Consequently,
t
J1(t) gKoﬂ‘/ [Vu(s)||? ds — Jo (),
0

for all t € [0,T]. As a result, we have obtained that
t
L) = Ju(t) + Jo(t) < Ka? / IVu® (s) |2 ds, (4.19)
0

for all t € [0,T]. Recalling (4.13) and putting together the estimates in (4.15), (4.18) and (4.19)
we deduce that

t
/ /divao‘-Wadxdszfl(t)+12(t)+13(t)
0 Jo
2 t
< —OKZHVu"(t)H2 +Ka2/ ||Vu°‘||2ds—|—g(a,u8‘,ﬂo) (4.20)
0

¢ ¢
+Ka2/ ||Vua||2ds+Ka2T+Ko<2/ [Vu®|)? ds.
0 0

We insert (4.12) and (4.20) into (4.11) to conclude
1 a 1 a 2 a2
W@ < SIwe)* + K HW 17 ds
a2 e « [e3 [0 -
- + Ka? [ H2d8+ IV + g(a g 7o) (a.21)
0

t ¢
+Ka2/ ||Vu°‘||2ds+Ka2T+Ka2/ | Vu®||? ds.
0 0
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We can rewrite (4.21) as

W@ + [V ()] < K1 (W (0)|* + o[ Vug |*)

K a2 2 a2 ~ a = (422)
Ky [ (W + a2 Tu ) ds + gla i, wo).
0
where
glo,ug,ao) = glo, ug, Uo) + KTa?. (4.23)
Applying Gronwall’s lemma to (4.22), we obtain
S (WO +e [V OI) < 7 (K (WO + 0 [F51%) + 505 )]
where K1, Ko do not depend on a.
Thanks to (1.3), (4.17) and (4.23), we conclude that
sup ([lu®(t) — a(®)[|” + o*|[Vu (1)) = 0,
te(0,T)
as o — 0.
O

5 Comments and conclusions

In our main result, Theorem 2, we assume that the initial data for the Euler equations belongs
to (H3(Q))?, is divergence free and satisfies ug - 7 = 0. In addition, we postulate the existence
of a suitable family of approximations to ug, i.e. a family of approximations verifying (1.3),
{ug} € (H3(2))2. A natural question which arises is whether such approximations exist for any,
given, ugp as above. We begin this section by providing a construction of such an approximation.
In fact, in the following result, concerning the construction of uf, we require considerably less
regularity from ug.

Proposition 1. Let ug € HN (H'(2))2. Then there exists a suitable family of approzimations to
uo, {ug} satisfying (1.3).

Proof. Let us denote by P, the Leray-Helmholtz projector operator, i.e. the orthogonal projection
from (L?(Q2))? onto H. We denote by A = P,(—A) the Stokes operator, with D(A4) = (H?(Q2))?NV.
It is well known that the space H possesses an orthonormal basis {w,;}32, of eigenfunctions of A,
with corresponding eigenvalues \;,j = 1,2,---, i.e. Aw; = Ajw; (cf. [19]). Moreover, it is well
known that A\; ~ jAq, for j =1,2,---, see, e.g., [32,46]. Let us set H,, = span{wi,wa, -+ , W}
and by P,, to be the orthogonal projection from H onto H,,.

Let ug € HY(Q) N H, we set

m
«
ug = Ppug = g (uo, wj)w;,
i=1

where we choose m = | .
It is clear that ||u§ — UOM — 0, as o — 0, and that u§ = 0 on 9. Therefore, conditions (i) and

(49) of (1.3) are met.
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We observe that for every s > 0, there exists a constant K > 0, which depends on s, but is
independent of «, so that

m
g 17+ < K Ao, w))|* < KX, [luol|® < Ko [lug||*. (5-1)
j=1

Setting s = 3 in (5.1) implies condition (iv) of (1.3).
All that remains to verify is condition (i) of (1.3). Observe that

1
IVug|* = IV Pruoll® = [|A2 Pryuo|* = (Pmuo, APmuo)

= (u07 PmAP’muO) = (an AP’H’LUO) = (U(), PO'(_A)P’"LUO)
ou§

= (ug, (—A)Ppup) = /Q(Vuo s Vug) de — /89 uo - dr (5.2)

< IVuo||[[Vug || + [luoll 200y IVug || 22 (a0
1 1
< Vuol[[Vug || + Klluoll1 [ Vug |2 [lug I3,

where the last inequality is obtained by using the following boundary trace inequality [27]

1F1Z200) < KNI

By virtue of Young’s inequality, (5.2) implies

2 1
o?|Vug|* < Ko?||Vuol* + Ko ug |3 uol (5.3)
Using (5.1), for s = 2, we find that

2y, a5 3 2 2 3 2 2
o [lug 13 lJuollf < Ko [uol|3[luollf < Ko |[uoll1-

Thus it follows from the above and (5.3) that
o?|Vug||® < K(o® +af)ljuol

Hence, we obtain (iii) of (1.3) as desired.
O

Our final result is an illustration of what we are calling boundary layer indifference of the a — 0
limit. We consider 2 the infinite channel {0 < z2 < 1,27 € R}, and we seek stationary solutions
of the Euler-a system of the form u(zy,z2) = (¢(x2),0), known as parallel flows.

For the sake of comparison, let us first consider the Navier-Stokes equations, with viscosity v > 0
in a channel, with no-slip boundary conditions. If we seek (stationary) parallel flow solutions for
the Navier-Stokes equations in the context above, it is well-known that ¢ must be the Poiseuille
parabolic profile, which, for any viscosity v > 0, is given by p(z2) = cza(1 — z2), for an arbitrary
constant c¢. On the other hand, any parallel flow is a stationary solution of the Euler equations in
the channel, and it is natural to ask which parallel flows are vanishing viscosity limits of stationary
viscous flows. In fact, if one considers v-dependent families of Poiseuille profiles, the only possible
limits as v — 0 are again of the form czo(1 —z2) (see the Prandtl-Batchelor Theorem, for example,
in [1] for a more thorough discussion of this issue).

The contrast of this rigid behavior with what happens with the Euler-a regularization is quite
striking, as can be seen by the following result:
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Proposition 2. Let ¢ = ¢(x2) be any function in C%((0,1)) N C([0,1]) with ©(0) = (1) = 0.

Then the velocity u(x1,z2) = (¢(x2),0) is a stationary solution of the Euler-a system for any «,

with pressure

B s02 _ 0‘2(30/)2
—

Proof. The two-dimensional stationary Euler-a system can be written in the form:

p:

u-V(u—a?Au) + Z(uj — a?Au;)Vu; = —Vp;divu = 0
J

Setting u = (p(x2),0), the divergence free condition is automatically satisfied, the horizontal
momentum balance becomes —0,,,p = 0 and the vertical momentum balance equation becomes:

2.

(p —a*¢")¢' = —0u,p,
so, taking p as stated concludes the proof. O

As a consequence of this result, any parallel flow in the channel can be approximated in the
L?—norm, by stationary Euler-a solutions through the use of a cut-off function near the boundary
of the channel, and by adjusting the pressure accordingly. The resulting boundary layer is of
arbitrary width and profile. This suggests that the hypothesis (1.3) on the initial approximation
could be a technical limitation of our proof, and not a sharp requirement.

There are many natural questions arising from the work we have presented. First, one may seek
extensions to the three-dimensional case, the case of the second-grade fluid equation, and the case
of other regularized models such as Leray-a and the Euler-Voigt-o models - a subject of a current
research [40]. Second, one may seek to optimize the regularity requirement on initial data, improve
the space where convergence is taking place and find more precise estimates on error terms. Yet
another avenue of investigation would be to examine the behavior of numerical approximations or
implementations of a-models with small « in domains with boundary. Finally, one may look for
better understanding of the boundary layer, specially in time-dependent cases.
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