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The effect of .lougitti.nal dispersion upon concentration or temperature 

pro files is shova graphically, for individual complete profiles, for outlet 

• concentrations wider a range of conditiofle, and for the ratio of the concentration 

change at the inlet to the over-all concenttion e}iange. In addition, an 

• algebraic correlation is given for 1'eterior a?parent" N2U, as a function of 

"tr•" NTU and of a suitably defined 1tnnber of over-all &taperslon wilts. 1' 

These calculational tools are intended to facilitate the analysis of lmgi-

tudinalnixing effects in operating e%uiuent, 

kv 

C) 
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Lawrence Radiation Laboratory ex$ Departhient of Chemical Engineering 
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Exact mathematical relations are available, for exemple in the fore-

going paper (3), for calculating the concentration or temperature profiles in 

non-staged contacting euipeent (e.g. absorption or extraction columns, or 

tubular heat exchangers) under such cond1tons that the pertinent physical 

parnetera are constant throughcut the length of the column. These psrnetérs 

are the longitud.inalødispersion coeffiejent for each phase, the over-all "true" 

coefficient of mass or heat transfer, and the capacity ratio (or product of 

flowrate ratio and solute partition coefficient). 

Tables have recently been computed for many representative combinations 

of these variables (4,5). This study provtdes typical graphs of the tabulate& 

functions, in a form .vhich slime more direct application for interpreting 

experimental data. It also gives an approximate interpolation method for 

relating the "number of over-all dispersion units" the number ,  of over-all 

maae- (or heat-) transfer irnits, and the actual performance of equipuent, 

so - as to permit calculation of any one of. these properties if the other two 

are Icnown. Although countercurrent flow is emphasized, a few results are also 

19 	
shown for cocurrent flow. 

* 
This work was performed under the auspices of the U. S. Atomic Energy 

Connniasion. 
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The diffusion-equation model for longitwilnal diaperion, used in 

preceding papers, yields the relative outlet concentration or temperature 

values (6), and also the profile of values for each phase throughout the 

length (3). Various sets of values of the parametera correspond to the same 

"exterior" perfozinance, or combination of inlet and outlet concentrations; 

but each set of parameter values corresponds uniquely to a particular pair 

of "interior' profiles 0  Bxporimental knowledge of the complete profiles is 

therefore an essential factor in proving that the theory does apply ads quately 

to given types of flow equipment, and in confinzing the ntnnerica3. rates of 

dispersion and of interphaae transport that are assigned,. 

The following dimensional variables are used: 

For each phase: superficial velocity ç superficial axial 

dispersion coefficient E, analogous, to a diff ivity; mixing length 4 

concentration Ci or temperature t. 

For the two phases together; overuall transfer coefficient 

or height of overoa11 transfer unit 	F1/k0 a., expressed relative to either 

phase; partition coefficient in = dc/dc (taich is unity in heat transfer); X.  

length within the coltmm, z, measured from the Xphase inlet; ohsz'Sctérietle 

length d (for instance, the particle diameter d,, in packed beds>; total co1ann 

length L. 

From these, nine dimensionless variables are developedi 

1 0 2, Colwnu Pclet nivnbere, PB and PyB with B d/L _ and 31  

3, Capacity ratio, or extraction factor, A mF/F. 

I, Lnber Of true over-aU transfer units (relative to the X phase), 

N =L/H =k ox 	ox 	ox f  x.• 
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5 	Practional length, Z = 

6,7, Dimensionless "concentrationa,' C1  = 	or t1/t, vhere 

subscript 0 denotes the inlet value. 

8,9, Generalized cone ntrationa X and Y, with 

L 	 C -(Q+rnC 1 ) 
 

• 	 mc) 

and 

• 	 m(C-C 1) 
 

l-(Q+mC) 

Solutions of the difruaion'type differential equations, using these 

dimensionless variables, are obtained, in the form 

x =.x(N0,, A, PB, P,B, z), 

P, z). 

The behavior of these solutions is examined in some detail,. 

ountereurrent Case 

The general solution for this case, reported in the preceding paper, 

has been evaluated numerically on an IM 701 computer. Pipre 1 , in block-

diagram form, show-s the computation program that was used. Values of X and Y 

have been tabulated to the fourth decimal place (Ii.) for the following range 

of varia las: 

A= 

1, 2 0  4, 8; in some cases also 16, 32, 64 0  

1 z 
PyB = PB, 1E PB, PB, 2 PXB,  8 y, 

Z = 0, 0.05, 0.15, 0.50, 0 .85, 095 1.00. 
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The fractionai-'length () values were selete4 to permit construction 

of the entire profile by graphical interpolation. The curvature of any profile 

increases toward the outlet end, 'aince at this point a zero slope is reached. 

Plots of typical prÔtles (with PB  ut PYA in each) are given for the following 

cases: 

&zN 	1 aA. 4 (ire 2).  The uniformly varying piston- 

flow case is 'shown by the 'PXB ai '  a lines, Perfect mixing in both phases (PB 

= 0), not shown, correspon4a to a horizontal line at X = (A N + 

(.a N + Box + 1)1 i.e., 0.667 and 0.555, respectively. Because of the Inversion 

relations &iacussed below, Pigure 2 is also a plot of Y against Z but with the 

coordinates reversed, 

(Figure 3). Again the range from no mixing 

to almost complete mixing is given; now the horizontal-line limits are X = 0. 555 

and X = 0 .333. With the capacity ratio inverted, the becomes a plot of Y versus 

Z at a new pair of 

(?gure). The horizontal-line lirnita for X 

are 0.833 and .0.810. The cm'ves for 	I, here, are the complements of those 

for Nox = ii in E'igure 3; that is, if one figure describes the X-phese behavior 

in a colwun, the other describes the accompanJing !-phaae behavior. 

Inversion relations exist because of syétry in designating the X and 

Y phases. If actual changes in generalized concentration were calculated and 

were compared with the total possible chance t' give, a percentage of completion," 

the X and Y phases would lose their identification with raffinate and extract, 

or with warm and cool fluid, and would become completely arbitrary. As discussed 

in the precedng paper, the inverted functions (designated with the dagger) axe 

given by 	 '. 
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= (d).; N0 	 ; PB P3B, 

(3) 

Yt=l_X; X1 

For countercurrent flow, aLec, z3. L 

The separate effects of PB and P)TB can be shown graphically if the 

other vs lablea are reduced in mmiber; for instance, by setting Z = 1, and 

plotting only the outlet: concentration X. ElgWee 5 shows tl, variation in 

that can. Occur at a specific pair' of parieter values: A 1, N =ox 
The absc±asa is PB, on a nonUnear scale, Vhile the contours correspond to 

different P3,B values. Perfect mixing in one phae€, with complete absence of 

mixing in the other is represented by the uppermost right-hand point and 

the lowermost left-band point; if A were not equal to unity, the corresponding 

values would not be equal. 

Ccurrent Case 

Tables similar to the above have been calculated for parallel flow of 

the phases in contact (5), correspoxding to the solution, given for this case in 

the preceding paper, ,Xn this case, the inversion relation for fractional 

length is Z = Z, vhile the other variables still conform to Equation 3. Be 

canae Y is now related to Z at the same Z,• conversion of X to 	is facilitated.; 

and the tabulated range of variables bM therefore been reduced (compared with 

those covered for co'untercurrent flow) by eliminating . A values greater than 2. 

Typical profiles are given in 	ue,6 forA=andA= 4,  It appears 

that cocurrent flow will 'always give .plots that are concave upward on XZ co-

ordinates, unlike the couxitercurrent profiles with 'A.> 1 typified by Figu•14. 
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•outlet CoSentration JOz uone u7 

Occurrina in the Other  

If one of two phases (say, the 7 phase) is supplied at large flowrates 

(i.e., F - CQ), or provides an irreversible outlet for the solute (a -s 0.), the 

capacity ratio becomes vanishi* 	small (a -. 0). Under these conditions, 

the Y phase has, either actually or effectively, an entirely uniform concentration 

from entrance to exit. Within the apparatus, regardless of the flow pattern, the 

7 phase acts as if it underwent perfect mid.ng (PB 0).  Therefore it is 

convenient to use the equations for perfect mixing in one phase (Case 5 in 

Table I of the preceding paper) as a starting point for introducing the condition 

that A 0. 

The X-phaio. connentration will continue to show the inlet di800ntinuity 

and stthsequent continual decrease cheracteristic of longitudinal diapersion. It 

is possible to describe its beharior by a still simpler equation that for PB = 0. 

If the condition that A 0 is added, then in the Case 5 equation E = 0 and X F/D. 

The equation for outlet concentration, with some rearrangement, then becomes 

-$0 	2B[2 	2 P B/2 
 

(l+v) e 	(l-v) e X 

with v = (1 + 4N0/PB)1/2. A similar result has been obtained for first-,order 

chemical reaction in stn1e..phaae flow (2,8). 

Exterior-apparent NTU, No.  is related to outlet concentration by the 

Colburn equation (i), as discussed in the preceding paper. In the case discussed 

here this becomes 

-N 
5 

or 

NOXF•  . 	 = 	ln(Xl)A 40 	 . 	 • 	 . 	
• 	( 5a) 
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Thua for A = 0, either X, or NOXP  can be calculated from 	and PB  by use 

of Equations 14  and 5. The resulting rnnerical relations are plotted in 

gare 7.  Concentrations other than the outlet values are not given by ?iure7 

but can be calculated from the relation X = Pt). 

If the complete concentration profiles in a colurnn are not ipecified, 

a good indication of its behavior can stiLl be had by knowing the interior 

concentrations at the inlet ends (i( , ), together with the outlet ve.iues• 

(x1  X1, L = Y0), In any experiment, the mathematical discontinuity at: the 

inlet is not achieved completely, because the dispersion coefficient is likely 

not to remain constant at the ends of the equipnent, Eence it is best to 

estimate X0  and Y by extrspolation from the X and Y values at other interior 

points. 

Each discontinuity depends primarily upon the three variables A, I, 

and PB for the phase involved, and secondarily upon PB for the other phase. 

As a result, any one set of the fOur independent variables .correapond.s uniquely 

to aome one set of four terminal interior concentrations X0, 111,  T1,110 .  

With previous knowledge only of A, and not of either dispersivities or 

transfer coefficients, it is necessary to apply trial-and-error procedures in 

order to find the values of the controlling variables that match the experimental 

concentration data. 

Plots of X. or 

Direct plotting of X 0  or Y, is one evident method. Figire 8 abs XO 
as a function of N and PB,  with PB and A specified (both zero); here Z0 isox 

N 
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determined from the equation X F/i), which corresponds as above to Case 5 

in the preceding paper. Similar diagrams for other cases can be calculated 

from the respective equations, or from the numerical tables available 

"Jump Ratio" Plots 

Better groundwork could be laid for trial-and"error procedures it the 

multiplicity of gz'epha like iiure8 could be reduced. This would req.uire 

finding a variable to wtii'ch concentration, is relatively insensitive, such as 

PB for the opposite phase, as already etted. Further simplification can be 

brought about by using a 'secondary function of experimental concentration 

values, the jum ratio, defined as follows for the two phasess  

TX •=,. (1 .xó)/(l ..x1), 

(6) 

Yl/o 

For either phase, then, r is the difference between the feed concentration and 

the inlet-end interior concentration, divIded by the differenóe between feed 

and outlet concentrations. This ratio is much less sensitive to NON  than the 

XO or Y, values themselves. 

Figure 9 shows a particularly favorable case for using the r.,and ry  

values, at A 1. The plotted values have been obtained from the available 

concentration-profile tables '(Iij).  A complete grid of contours is given here 

for 	2; and a partial 'grid, with every second value of P.B. for Nox  = 8. 

If N is known only to within 50%, the P1B values can be determined to withinox  

about 10%.  The resulting estimates can be used with the X1  value, by methods. 

to be described below, to provide a better estimate of N0. This in turn gives 

better values of the P8's, and 'the process can be repeated as many times as' 

necessary. 
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A similar plot for A = 4 is given in P1gre 10. Uere an acc'.uately 

known pair of r values, taken with a 50% error in N0, can give a 25%  error 

in PB  or PB. Fgure U abws the relatiósbips for A = 16, and gives about 

the same error in P 1B' a as is introduced in Nox . Even this large discrepancy 

does not prevent convergence after iteration through several cycles. 

The inversion relations are utilized in iuea 10 ad U, to make 

them applicable also to case of A 1/4 and 1/16. For such-usep it should 

be remembered that PB P YA, and PtB = P,B. Plots at intermediate values 

of A i.e. 2 and 1/2, and 8 aM 1/8 	could also be prepared from the 

tables available. For a A applicable to any particular experiment, interpolation 

between the graphs already available would probably be preferable to re-solving 

the exE4ct equation by machine computation to develop an entire new table. 

The present tables do not cover A values outside the range of 1116 to 

16. For such extreme values, it would be desirable to test the applicability 

of A = 0 behavior, with inversion of the desirntofla of the two phases if 

necessary. 

Another type of limiting behavior is shown in Figure 1, applicable 

where column performance is determined entirely by dispersion phenomena - 

i.e., for 	—.. For this situation, the mixing effects in the two phases 

can not be identified separatelyj they are ocabined algebraically in what 

amounts. to a separate function, defined 	in the preceding paper: 

-1 

PB 
••=

YB 
	

(7) 

A tbree.way confirmation that the infinite N approximation is satisfactory, 

in a given case, is obtained, if the PB values deduced from r,  from r7, and 

from X, are all equal. It is noted that Fiu'e 12 applies to the full range 

ofAvalues. 
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The calculation of some one point on the concentration profile, such as 

X. or Xi., is inherently more simple than a computation of the entire profile. 

In this paper, it has been possible to describe X 0  by a series of 	 t aphe rela 

ing it toX 1. Blaethere, Sleiçher has given graphs illustrating the behavior 

or x (6). An algebraic calculation method of X, will now be given which is 

less exact, but much faster, than the complete analytical. solution represented 

bigure1. 	 S.  

The relation selected for this purpose takes its form from Miyauchi' a 

equation for NOX 
-4 (case 9 of the preceding paper). With A 1, the 

generalized outlet concentration is 

.. i) PXBP, 
• 	(l-  

	

A)Aexp 	]3+AP 	. 

2 	1(A.. I) PxB !yiB - 
i.. 	exp 

This expreaalon can be compared with the Colburn equation (1), used here to 

define the exterior apparent (or pistflow.'model) NTtJ* 

(lAjexp 
= 	

A exp [(A - NoXp  

 

 

CombinatIon of Equations 8 afld 9, for the case in which 
NOX

= only, yields 

(N0 ) 	=
+ 	

+  
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(This relation Is continuous through the value of A = 1; there £ ii 	- 1) 

is unity, and also X i/(l + 

Since NOXP  is a fctIon of Nox  A, PB, and PyB s  it can be broken 

up arbitrarily into parts that retain tbi.s fmctional dependence. The behavior 

of 90, 
in the two limiting canes of mass transfer controlling and of longi-

tudinal dispersion controlling is consistent with the addition of reciprocals, 

1.. = 
;— + ta 

4'oxP 	110x 	£IOXD 

where NoxDIs 
the "number of over-all dispersion units," referred to the X 

phase -- evidently a function of A, PB, P1B, and probably also of  Nox - 

Equation U retains its validity if every term is multiplied by the 

column height h. The quotient H = h/N is recognized as the cust. 

true HTU JjOXp  = h/N0  becomes the exterior apparent HTUJ and %xD = hPOxD  

becomes the "height of a disperolon unit." Thus, ROXP  = K + HO.  
ox 

Xv . This 

concept has been utilized in fixed-bed separation operations by Van Deenter 

et . (7). 

Combinatofl of quationa 10 	U indicates that the former gives 

the limiting value of Noaj, as N. —. . This relation is therefore assumed 

to provide a general form for the evaluation of 

+ (PB),. 	 (iz) 

As a first step toward poøaible correlation, EqUation 12 was used with 

1 and with (PB) y  P0/ as calculated by Equation 7. Figire 13 shows the 

resulting cbrrelation, in dashed curvea compared with the computer value a an 

solid czves • Since the aeement seems adequate at A = 1 but not elsewhere, 
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it was concluded that the correlation had been put in suitable algebraic 

form but that a different definition of the over-al]. P4clet group would be 

necessari. 

For this reason, (PB), has been defined by the equation 

= 	+ fy] -1 	 (13) 

Here the weighting factors f and fy  are functions of'lox 
 and Aj and 0 may 

be a function of (PB) 9  N0 , and A. In practice, 0 is assumed to deviate 

from unity only in the region of low Pelet numbers where, because perfect 

mixing is approached, the mass-transfer framework of calculation is put to 

its severest test. The factors f and f are not true constants, but only 

average values which provide a reasonable approximation over the entire range 

of possible behavior. Thus the values of N 	 to be developed from EquationsOXD  

12 and 13 must a1wars be viewed as aroximate. 

For each available L1  value, known as a function of the independent 

variables, Equation 9 can be solved explicItly to obtain the corresponding 

N; Equation U then leads to the exact NoxD 

At given A and Nox,,  two different combinations of PB  and PB can be 

solved simultaneously (with =1) to obtain values of f  and f. It was 

noted that, since the definitions of the X and Y phases are arbitrary, fx 

and f should be closely related. The inversion properties are 

= 1/A, 

and hence 

1x (A, N0) = f, (i/it, A N0) . 
	 ( iA) 
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A pair of empirical functions having this property, and fitting the limiting 

conditions atN0 	oo and also at A = 1, is 

N +,cN 
ax 

ox 

= N, + 'C NoX au 4C 15 	' 

(15) 

f 	N +,cN 
ax 

y = 	ox 	.ox 

N + K N 
ax 

	

ox 	ox 

A very reasonable fit of these functions to the computed fand f values 

is given by the constants a = 0, . 	6.8. The behavior of f and 

calculated by use of Eq,uation 15 as a smoothing function, is shown in 

Fire 114.  Other exponents on A were investigated, which did not improve 

the correlation. 

Determination of 0 ,, as the correction for the difference between 

correlation values of (PB) (from equation 13) and "exact" N0 a, leads to 

the relation 

0 0.050 
- 	

- yox 

The entire correlation becomes unsatisfactory in the range where 0 becomes 

negative. 

Typical values of C, 1  estimated by means of the correlation just 
12 

presented, using in turn Equations 15, 13,  16,111, and  9, are shown in 

Table I along with comparative values from the exact computer calculations. 

The eatimate4 values generally agree within 1% of the feed-concentration level, 

and therefore appear satisfactory for use in many design calculations. A 

complete comparison from A = 1/16 to A = 1/2 is given in the Appendix. 
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Tab3.eZ 

Cômparløon of approximate and exact x'affinate compoaltiona 

0.25) 

• 	PB ox 	x P zB  

Eat1jated cputed 

2 	1.0 025 0.3860 0.38114 

1.0 0.3628 0.3728. 
11.0 0.3520 0 0 3518 

14.0 1.0 0.3179 0.3190 

14.0 0.2819 0.2883 

16.0 0,2689 0.2690 

8 	1.0 0.25 0.2213 0.2178 

1.0 0.1807 0.1906 

4.0 0.1569 0.1468 

4.0 1.0 0.1354 0.1465 

4.0 0.0760 0.0796 

16.0 0,05140 0.01474 

16.0 14.0 0.0396 0.0451 

16.0 0.0156 0.0149 

64.0 0.0105 0.0106 
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In this correlation, (PB) is in6eneitive to small changes in N. 

Hence it can be evaluated with an inacurate F ' and used in Equations 11 

and 12 to develop a more accurate value. With the recognition that longi- 

tudinal diaperBion is often a significant factor in equipment performance, and 

with the development of calculation methods to account for it, a pressing. 

need has developed for measuring complete concentration profiles in 

operating equipmeüt -- not merely outlet values - - which will supply 

more accurate values of transport rates than were heretofore available, 

along with new quantitative information about dispersion rates. 

Tables were computed in the University of California Computer 

Center. 

Norman Nian-tze Li assisted in the preparation of the jump-ratio 

plots. 
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NATION 

a 

B 

ci  

Cl  

a 

D,E,F 

fi 

H ol 

k0  

L 

m 

N01  

P1  

ri  

ti  

x 

Y 

interfacial area per unit column volume (0m2/cm3 ) 	- 

L/d (dimensionless) 

Concentration of solute in ith phaBe (n-moles/cm3 ) 

c1/c 0  (dimensionless), with c 0  the feed-stream concentration 

A length characteristic of the equipment (cm) 

Calculation parameters in the evaluation of X at PB 0 

Effective longitudinal dispersion coefficient (superficial) In 

the ith phase (cm 2/sec) 

Weighting factor, in Equation 15 (dimensionless) 

Superficial volumetric flow rate of ith phase through unit cross 

section of the apparatus (cm/see) 

Height of an over-all transfer unit based on the ith phase (cm) 

Over-all coefficient of mass (or heat) transfer based on the ith 

phase (cm/see) 

Mixing length; E1/F1  (cm) 

Effective column length in direction of mean flow (cm) 

Solute partition coefficient; dc/dc y  (dimenalonleas) 

Number of oarer-all transfer units in a cOlumn, based on the ith 

phase; L/Hoi  (dimensionless) 

Local Pclet number for the ith phase; d/A (dimensionless) 

Intercept on linear equilibrium plot; c7 Q + mc, (n..moles/cm 3 ) 

Jump ratià in the Ith phases see Eqiation 6 (dimensionless) 

Temperature in the ith phase ( °c) 

Generalized solute concentration in the X phase; [C - N + in 

+ in C 	(dimensionless) 

Generalized solute concentration in the Y phase; ui(C - %0/(l - (Q + 

(&imensionless) 
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Length within the column, measured from the X-phase inlet in the 

direction of flow (cm) 

Z 	FractiOnal length in column; z/L (dimensionless) 

Adjustable exponent in Equation 15 (d.imensionlees) 

K 	Numerical coefficient in Equation 15 (di.mensionless) 

A 	Capacity ratio; mr/F (dimensionless) 

v 	(i + 1 N 	(dimensionless)ox  

Correlation factor, in Equation 12 (dimensionless) 

Subscripts 

D 	dispersion 

I 	designates phase concerned, either X or Y 

o 	Over-all 

P 	piston-flow model, or emterIor apparent value 

x,y 	designates X or Y phase 

o 	feed-inlet end, inside column 

1 	feed-outlet end, inside column 

perscripta 

* 	equilibrium 

t 	designates inversion of phase definitions 

o 	feed-inlet end, outside column 

1 	feed-outlet end, outside column 
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LAMBDA N OXPX.B 	PY.R CX1.ESTIM 

.0625 	1 	0.125 0.125 .50527 
0.125 0.50 .50491 

0.5 0  0.125 .49442 
0,50 0.50 ,49094 

• 	 0.50 2.00 .48983 

1.00 0.25. .48153 
1.00 1,00 •47613 
1000 4,00 .47445 

2.00 0.50 .46267 
• 	2.00 2.00 •45562 

, 	2.00 8000 .45352 

8 4 00 2.00 .41788 
• 	 8 0 00 .8.00 	. •411T9 

8 0 00 32.0.0 .41014 

.0625 	2 	. 	0.25 0,062 • 	.32422 
0.25 0.25 .32112 
0,25 1.00 .32005 

• 	

. 	 1.00 	• 0,25 .29860 
1.00. 1.00 028984 
1 0 00 4,00 .28694 

2,00 0,50 .27384 
2.O() • 	2.00 .261.86 

• 	2.00 	• 8.00 .25810 

4,00 1.00 .24218 
4.00. 4,00 .22905 
4.00 .16,00 .22518 

• 	. 	 16,00 4.00 .18396 
16.00 16,00 .17610 
16.00 64,00 .17401 

.0625 	4 	0.50 0,125 .18548 
0.50 0,50 .17772 
0,50 2.00 .17476 

2,00 0,50 .14301 
2.00 2.00 .12618 
2.00 8.00 .12050 

4.00 1 6 00 •011010 
4,00 4.00 .09228 
4.00 16,00 	• .08683 

EXACT 

.51009 

.5 0 927 

.49766 

.49673 

.49428 

.48402 

.48220 

.47879 

.46414 
,46095 
.45728 

.41791 

.41329 

.41140 

.34407 

.34322 

.34046 

.3 0 883 

.30514 

.2839 

.27856 

.27178 

.26443 

.24346 

.23375 

.22809 

• 18304 
• 17644 
.17475 

.19958 

.19659 

.18902 

.14263 
, 1 3078 
.1 1906 

.10845 

.09210 

.08412 
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LAMQDA N OX PXR PY.R CX1.FSTI.M EXACT 

.0625 4 	6.00 2.00 .07749 .07648 
8.00 8.00 •u6326 6 06180 
8.00 32. 00  .05930 4 0 5806 

32.00 8.00 .03802 0 03621 
32.00. 32.00 .03318 .03285 

.0625 p 	1100 0025 .0962 ,09637 
1000 . 	 1000 .08428 .08665 
1.00 4.00 .37787 4 07080 

4.00 11400 .05023 • 04954 
4.00 4.00 .03145 .02780 

.4.00 16.00 .02580 .01975 

8600 .2.00 .02556 .02728 
8.00 8.00 •01356 .01114 
8.00 32.00 •01063 .00870 

16.00 4.00 .01051 .01073 
16.00 16.00' .00525. .00441 
16.00 	. 64.00 .00414 .00383. 

.125 1 	0.125 0,031 .52197 • 52474 
0.125 .0.125 .52.024 . 	 .52433 
0.125 0,50 .51957. .5228 0  

0.50 0.125 .51063 .51261 
0950 0.50 .50505 .51086 
0.50 2.00 .50297 .50625 

1 6 00 0.25 .49815 .49940 
1 6 00 1.00 •48939 .49600 
1.00 	. 4,00 .48627 .48959 

2.00 0,50 .47936 .47991 
2.00 2.00 •46775 .47393 
2.00 8000 .46390 .46699 

8 0 00 2.00 .43215 .43234 
8000 8.00 .42177 .42359 
8.00 32.00 •41881 .41993 

.125 2 	0.25 0.062 .35914 .36961 
0.25 0.25 .35397 .36803 
0.25 1.00 .35185 , .36296 

1000 0.25 .33183 .33600 
.31719 2921 

00 4.00 .31159 •31680 
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LAMBDA N OX PY.B 	CX.1.ESTIM 	•: EXACT 	- 	
V 

.125 2 	2.00 0.50 •30489 .30630; 	
V 

2.00 2.00 .28483 .29387 

2900 8,00 .27775 .28019 	 V  

4.00 1.00 	V .26962 •2703 	V 	 . 	 V 

- 	V 	 V 4.00 4.00 .24755 .25240 	. 
V 4.00 16.0 0  .24046 .24166 	

V 

V  

16.00 4.00 	
V  

.20221 . .20192 	V 

16.00 16.0 0  V018887 .18.927 	
V 	

V 

• 	 V 

V 	
16.00 64.Q.0 	

. 
.18521 

V  
.18590 	

V 

V 	

.125 4 	050 025 V 	 .23172 .23668 	V 	 . 

0.50 .0.50. 	V .21.877 .23129  

0.50 2.00 	V .21290 .21778 	
V VV 

V  

2.00 0650 .V1813 .18021 	 V 

2.00 	• 2.00 .15356 
V• 

. 	.15886 	V 

V  2.00 8.00 .14276 • 13725  

• V 	 4V00 1.00 	V 014185 .14241 

4.00 	V  4.00 	•,. •11149 •11253 	V 	

V 

4.00 16.00 10140 
V 	

09713 	. 	 . 

8000 2.00 .10058 V.10274 	
V 	 •• 	• 	

-. 	 V  

V  8.00 8.00 . 	.07600 ?[•07505 	
V 	 V 	

V 	 V 

V ; 	8.00 .32.00 .0885 
V 	 V 

V 32.00 8.00 004825 
V 	

04653• 	
V 	V 	V 	

V 

V 	32.0 0  32.00 . 	03976 - 	 . 	 V  

6125 	
V  

V 
8 	1 0 00 025 .14572 

• 	V 	1408 	- 

1.00 1.00 	. .11961 i12359 	 V 

V 	 V  
11

00 4.00 .10686. • 09558 	. 	. 	 V 	 . 	V  

4V00 1 6 00 .07929 • 0636 	 V  

V  400 4.00 .04.536 •C435 . 

V  4.00 160 0  .03436 V 	.02730 	 V 
V 	 V 

p 

V 8.00 2.00 .04276 .04916 	 V  

8.00 8.00 001985 .01777 	 V 	V  
V 

V 8.00 32.0 0  .01417 .01217 

.250 1. 	0.125 06031 .55361 .5128 
V 

V 	0.125 0.125 .55089 .55052 	 . 	V  

0.125 . 0.50 .54954 .54776 	V 

0.50 0.125 .54257 • 54002 	 V  
V 0.50 050 • 53370 .5369 0  

V  0.50 2.00 V152956 ,52R73 
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LAMRDA N OX PX.R PY.B 	CX1.ESTIM •EX\CT 

.250 	1 1100 0.25; .53014 •527 60  
1000 1.00 .51610 .52157 

• 1.00 4.00 .51002 .51.018 

2.00 0.50 .51 0 8.5 .5 0 885 

2.00 2.00 .49199 .49827 

• 2.00 	. 8.00 .48464 .48582 

8.00 	. 2.00 .45906 • 45;940 

8.00 8.00. .44153 .44367 
32.00 .43614 .43685 

.250 	2 0.25 0.062 •41429 .41518 

0.25 0.25 . 	 940620 '.41245. 

0.25 1.00 .40198 .40386 

1 0 00 0.25 .38596 .38440 

1.00 1.00 .36278 3.7289 ,: 	 • 	 • 	 -. 	 • 

• 1.00 4.00 	. •3520.O .35186 • 

2.00 0 • 50 • 	 • .35712 •*35593 
2.00. 2.00 •325 0 0 33488 • 	 . 	 • 

2.00 	• 8.0w .31166 . 	 0 31121 

.00 100 .31789 ,3190Q 	• 

4.00 4..00 .28192 .28838 

4.00 16.00' .26889 .26906 . 	 • 

16.00 4.00 .23758 0 2383 

16.00 16.00 
64.00 

.21498 
. 	 .2 0 85 0  

. 	 .21577 

16.00 -.20921 	
• :• 	 • 

.250 	• .4 0.50 0.125 • 	 .30319' •' 	.30145 

0.50 	1 0.50 .28323 .29260 • 

0.50 2.00 • 	 .27201 .27090 

2.00 0.50 .2473.. .24653 

2.00 2.00, .20177 .21161 

2,0 0  80 .18153 .17508 • 

4.00 1.00 •1°896 .20399 

4.00 4.00 •1487.1 .15401 

• 4.00 .16.0 0  .12990 .12582 

8 0 00 2.00 .1.4598 .15'33 

• 8 0 00 8 0 00 01033 0  .10447 

8 1 00 32.00 • 	 .08991 ,08902 

32.00 8.00 .07170 0 07083 

32900 32.00 .05573 .05560 



0.125 
0.50 
2.00 

0,50 
2.0.0 
8.00 

1.00 
4,00 

16.0 0  

2,0 0   
8.00 

32.0 0  

8.00 
32.00 

1lT'tT7 

cy- 
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LAM!RDA N OX PX.B 
	PY.B CX1.ESTIM 	.EXACT 	

I 

.250 	1 	1100 
1.00 
1.00 

- 	 2.00 2.00  

• 	 2.00 

8.00 
8.00 
8.00 

0250 2 0.25. 
0.25 
0.25 

. 	
1.00 

• 	1.00 
•1.00 •  

• 	2.00 
• 	2.00 
• 2.00 

4.00 
4.00 

• 	4.00 

16.00 
16.00 
1.6,00 

.250 4 0.50 
0.50 
0.50 

2.00 
2.00 
2.00 

4.00 
4.00 
4.00 

8.00 
8.00 
8.00 

32.00 
32.00 

.53014 .52760 

• 	.51610 .52157 
.51002 • .51018 

•51 0 85 .5 0 885. 
.49199 	• .49827 
.48464 .48582 

.45906 • •45940 

• 	.44153 .44367 
•43614 .43685 

.41429 	.41518 

.40620 	.41245 

.40198 	• 40386 

.38596 	• 38440 

.36278 	.37289 

.35200 	.35186 

.35712 	.35593 

.325 0 0 	.33488 

.31166 	.31121 

•31789 	.31900 
.28192 • .28838 
.26889 	.26906 

.23758 	.23883 

.21.498 	.21577 
•20850 	• 2 0 921 

.30319 	.30145 
•28323 	.2926 0  

•27201 	.27090 

•2473 • .24653 
.20177 	.21161 

.18153 	.17508 

419896 	.2 0 399 

.14871 	• 154 0 1 

• 12990 	.12582 

•14598 	.15333 
.10330 	.10447 

.08991 	.08902 

.07170 	• 07083 

.05573 	.05560 

0.25 
1.00 
4.00 

0.50 
2.00 
8.00 

2.00 
8.00 

32.00 

0.06 
0.25 
1.00 

0.25 
1.00 
4.00 

0,50 
2.00 
8.00 

1.00 
4.00 

16.00 

4.00 
16.00 
64.00 

••,•• 	.•• 
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LAMBDA N OX PX..B PY.B 	CX1.ESTIM ,EXACT 	 V 

.250'' 	8 	1.00 0.25. .22129 .21786 
1.00 1.00 .18071. 

V 	
V 

.19060 
V 	 V 	

' 	1000 4.00. 	
•V .15688 .14688 	

V 

V 	
4.00' 1V.00 .13544 

V 	
.14652 	V 	

V 

4.00 4.00 .07600 6 0 7968' 	 V 

4.00 16.00 	V .05403 004745 	 V 	 V 	
V• 

8000 2.00 •08131 V.09419 
800 8000 •03626 .03605 V  

8.00 32. 0 0 .02401 .02239 	 V 

V 

V 	

16.00 4.00 ' 	•03955 •04517 
16.00 16.00 

V  

.01559 .01497  
V 	 16.00 64.00 .01047 .01064 	V  

64.00 16.00 .00777 .00680 	V 	
V 	 V 	 V 

64.00 64. 0 0 .00408 .00402 	
V 

.250 	16 	2.00 0.50 .15683 0 16340 
2.00 2.OL • 09267' •1125 	' 	 V 

2.00 81900 .05901 ' 	•047,84  

8.00 ' 	2.00 •05607 .07062 	 , 	V 

8.00 ' 8000 .0127.6 	V •01256 	' 
8000 32.00 .00453 .00373 	 ' 	V 

V 	 V 	
16.00 4 • 00 001910 '002513 	V 	 V 	 V 
16.00 16.00 .00243. .00211 
16.00 64,00 .00073 .00075 	 V  

V 	 32.00 8.00 .00408 .00446 
32.00 	• 32.0 0  .00038 .6.0032 	 V  

28.00 32.00 000011 .00006 	. 	 V 

•250 	32 	V 	4.00 1000 .09871 .11214 	
V 

4.00 4.00 •2886 ,V)3207 
V 4.00 16.00 .00775 .00536 	 ' 	V 

16.00 4.00 •01314 .01795 	 V 	V 
16.00 16.00 . 0 004 0  

V 
.00032 

 

• 	16.00 	. 64.00 000002 , 000002 	V 	 V 

32.00 8.00 .0 0 152 .00190 	V 	V 	 V  
32.00 32,00 .00001 

V 	 64.00 64.00 
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LAMRDA N OX PX.B PY.S 	CX1.ESTIM EXACT 

0250 	64 600 2.00 •04598 .05473 
8.00 8,00. • 00313 • 00336 

8.00 32.00 	. ,00009 • 00006 

32.00 8.00 000093 6 00119 

32.00 32.00 

64.00 16.00 .00001 .00001 
64.00 64.00 

,50C) 	1 0.125 0,031 .60252 .59629 

0.125 0.125 •59874 • 59507 

0.125 0.50 .59617 4 59064 

0.50 0,125 .59239 . 	 .58650 
0.50 0,5u 957988 .58151 
0,5U 	. 2.0. 0 .57216 .56852 

1 1 00 0,25 ,5R066 ,57544. 

1 0 00 1.00 • 56059 6 565P, 4 

bOO 4.00 454942 .54770 

2.00 0.50 .56177 .5581 0  
2.00 .2.00 .53418 .54133 
2.00 8.00 .52094 .52117 

8.00 . 	 2.00 .50632 .50716 

8.00 8.00 •47892 .48167 
8.00 32,00 	. .46955 . 	 .46989 

.500 	2 0.25 0.062 •49353 .4902 

0.25 - 	 0.25: .48271 484 	. 
0.25 	. 1.00 .47522 .472-22 

1 1 00 0.25 .46677. .46278 
.43503 .44582 

1600 4.00 .41625 .41514 

2.00 0.50 .43839 .43680 

2.00 2.00 ,39330 .40597 

2.00 8 6 00 .37033 .370.44 

4.00 1.90 .39767 ,40007 

4.00 4.00 .34529 .35482 
4.00 1660 0 . .323 0 5 .324 0 2 

16.00 4,00 .30523 .30847 	- 
16.00 16. 00  .26932 .27089 
16.00 64.0 0  .25828 .25898 

.500 	4 . 	 0.50 0.125 .40649 .40284 

0,50 0,50 .38071 .39042- 
0.50 2.00 .36238 . 
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LAMFDA N OX 	PX.B PY-6 	CX1.ESTIM EXACT 

•5fl0 	4 	2.00 0.50 .34990 .35216 
2.00 2.00 .28789 .30428 	 S 

2.00 8.00 .25417 .25274 

4.00 1.00 .29772 .30638 
4.00 4.00 .22444 .23623 
4.00 16.00 019199 .19140 

8000 2900 .23478 .24586 
8.00 8.00 .16682 .17207 
8100 32.00 .14245 .14321 

32.00 8.00 .13097 .13209 
32.00 3200 .10048 1 10088 

•500 	8 	1.00 0.25 .33696 •33724 
1.00 1.00 .28499 .30168 
1.00 4 1 00 .24844 .24789 

4.00 1.00 .23975 .25451 
4.00 4.00 915024 .16230 	 : 
4.00 16.00 •10962 .10762 	 5 

8.00 2.00 .16847 .18476 
8000 8100 .08775 .09251 
8.00 32.0 0  .06022 .06035 




