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Abstract

Uniformization of semistable bundles on elliptic curves
by
Penghui Li
Doctor of Philosophy in Mathematics
University of California, Berkeley
Professor David Nadler, Chair

Let G be a connected reductive complex algebraic group, and E a complex elliptic curve. Let
G denote the connected component of the trivial bundle in the stack of semistable G-bundles
on F/. We introduce a complex analytic uniformization of G’z by adjoint quotients of reductive
subgroups of the loop group of G. This can be viewed as a nonabelian version of the classical
complex analytic uniformization F ~ C*/¢?. We similarly construct a complex analytic
uniformization of G itself via the exponential map, providing a nonabelian version of the
standard isomorphism C* ~ C/Z, and a complex analytic uniformization of G generalizing
the standard presentation £ = C/(Z @ Z7). Finally, we apply these results to the study of
sheaves with nilpotent singular support.
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Chapter 1

Introduction

Let G be a connected complex reductive algebraic group, and E a complex elliptic curve. The
moduli of G-bundles on E plays a distinguished role in representation theory, gauge theory
and algebraic combinatorics (for example [8, 29] as the setting of the elliptic Hall algebra),
and its geometry has been the subject of a long and fruitful study. Atiyah [2] classified vector
bundles on F in terms of line bundles and their extensions. In particular, he showed rank
n vector bundles with trivial Jordan-Holder factors are in bijection with unipotent adjoint
orbits in GL(n), with the unique irreducible such vector bundle corresponding to the regular
unipotent orbit. This initiated the organizing viewpoint that vector bundles on F form an
analogue of the adjoint quotient of GL(n), where the “eigenvalues” of a vector bundle are
the line bundles appearing as its Jordan-Holder factors. In a beautiful series of papers,
Friedman, Morgan and Witten [11, 9, 10] extended this to any G, definitively describing the
Jordan-Holder patterns and the geometry of the coarse moduli of semistable bundles. Our
focus here is the moduli stack of semistable bundles, and specifically the construction of an
analytic uniformization of it by finite-dimensional subvarieties of the loop group of G. We
discuss motivations and applications at the end of the introduction.

Thanks to complex function theory, the uniformization E ~ C*/¢%, with |q| < 1, has
been known since the 19th century. Let Jac(E) be the Jacobian variety parameterizing
degree zero line bundles on E. (Thanks to Serre’s GAGA, one can equivalently consider
algebraic or holomorphic bundles.) The Abel-Jacobi map E — Jac(E), z — Og(x — )
is an isomorphism, inducing a similar uniformization Jac(E) ~ C*/¢%. This isomorphism
also results from the following geometric observations. By the uniformization F ~ C*/q¢Z,
holomorphic line bundles on E are equivalent to equivariant holomorphic line bundles on
C*. Since every holomorphic line bundle on C* is trivializable, equivariant holomorphic
line bundles are encoded by their equivariance up to gauge. Such data can be represented
by elements of the holomorphic loop group L, C* up to g-twisted conjugacy. Within this
identification, one finds the uniformization of Jac(E) by the constant loops C* c Lj,;C* up
to ¢g-twisted conjugacy by the coweights Z ~ Hom(C*,C*) c L;,,C*.

Now let Gg denote the connected component of the trivial bundle in the stack of
semistable G-bundles on E. By the uniformization F ~ C*/¢%, isomorphism classes of G-



CHAPTER 1. INTRODUCTION 2

bundles on E are in bijection with ¢-twisted conjugacy classes in the holomorphic loop group
LG (see for example [4] where this is attributed to Looijenga). We would like to enhance
this to an analytic uniformization of G by finite-dimensional subvarieties of L;,G. As a
first attempt, we could take the constant loops G c Ly, G, but unfortunately, in general, the
natural map G/G - G from the adjoint-quotient is neither surjective nor étale.

We correct for both of these shortcomings in the following theorem. Let T c G be a
maximal torus of GG. For each s € T', we define a reductive group G, c LG and a connected
adjoint-invariant open analytic subvariety Go® c G. By construction, the element s lies in
both G¢ and also the center of Gy, so in particular Gy is the automorphism group of the
semisimple G-bundle on F defined by s.

Theorem 1.1. There is a finite set S c T, such that the natural map

HseS Gget/Gs I GE
15 surjective and étale.

Note that the uniformization F ~ C*/¢% presents E as a quotient of C* by the ¢-
translation action of the group Z. A further challenge of the nonabelian setting is the
complicated gluing of the above cover, in particular the fact that it is far from the quotient
map of a group action. In Corollary 3.32, we describe the fiber products

0,et 0,et
Gsl /Gsl XGE G32 /G327 Sl, 82 € T

which again turn out to be disjoint unions of open substacks of adjoint-quotients of reductive
groups. Furthermore, it is straightforward to generalize this to the fiber product of any finite
number of terms. To organize this canonically involves some care, in particular since the
terms and their fiber products are stacks not schemes. To achieve this, we introduce a
simplified version of the Cech diagram of the cover and prove that G is indeed its colimit
in the setting of stacks. We record this extension of Theorem 1.1 in the following abstract
form and refer the reader to Theorem 3.28 for a more explicit version.

Theorem 1.2. There is a category €, a functor 9 : € — Stacks, and an equivalence
colim 9y —— G g

such that 9g assigns open analytic substacks of adjoint-quotients of reductive groups to objects

of €.

Before discussing motivations for and applications of the above results, it is worth high-
lighting that the methods also provide a useful “exponential uniformization” of the adjoint-
quotient G/G itself. Whereas we previously started with the natural map G/G - Gg and
then refined and extended it in the subsequent theorems, here we start with the expo-
nential map g/G - G/G and then refine and extend it accordingly. What results is an
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explicit description of G/G as the colimit of a diagram of disjoint unions of open substacks
of adjoint-quotients of reductive Lie algebras. We also construct an explicit presentation of
G in similar terms, which can be thought of as an iteration of exponential uniformization
and Theorem 1.2. In these cases, spaces of connections up to gauge transformation play the
role of holomorphic loop group up to g-twisted conjugation.

At this point, the reader may jump ahead to 1.1 for a concrete example of the exponential
uniformization of G/G. We continue the introduction here.

To put the above results in further context, recall the well-known trichotomy of plane
cubic curves. Let B c G be a Borel subgroup, and let H = B/[ B, B] be the universal Cartan
group with Lie algebra . Let Ay = Hom(G,,, H) denote the coweight lattice, note the
canonical isomorphisms h = (G, ® Ay), H = (G,, ® Ay), and let Hg = (F ® Ag) be the
“elliptic Cartan group”.

The following chart organizes the idea that semistable bundles on plane cubic curves
behave like adjoint-quotients. (In the chart, A = -16(4a? + 27b?) is the usual discriminant.)
Our results allow us to systematically reduce questions about the second and third columns
to the far simpler linear geometry of the first column.

Plane cubic curve | cuspidal curve | nodal curve elliptic curve
Local equation y?=a3 yv=x*(x+1) | y?=23+ax+b,A#0
m (curve) {1} Z 7?
Semistable bundles g/G G|G Gg
Coarse moduli h/W H|W Hg|W

Finally, let us mention some specific motivations for and applications of the above results.
One of our primary goals is to understand the derived category D}, (Gg) of constructible
sheaves with singular support lying in the global nilpotent cone (the zero-fiber of the Hitchin
map). Our approach also gives a new understanding of the (derived) category of character
sheaves D}, (G/G). We record the theorems on sheaves in the following abstract form and
refer the reader to Theorem 5.25 and Theorem 6.3 for a more explicit version.

Theorem 1.3. There are categories 6, ¢, and functors 4,9y : €5 ,¢* - oo-Cat, and
equivalences

limeg,: 4 —— D} (G/G)
such that 9*,%9;, assigns derived categories of character sheaves on adjoint-quotients of re-

ductive Lie algebras to objects of €*.

Comparing to Theorem 1.2, Lie groups are replaced by Lie algebras, and the phrase
“open substacks of” is removed. An application of the above result is the topological nature
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Corollary 1.4. The category D}, (Gg) is locally constant in the parameter q.

With modest further effort, and similar applications of the above results, one can extend
the corollary to the derived category D} (Bung(E)) of constructible sheaves with nilpotent
singular support on the entire moduli of all G-bundles on E. This category contains the
Hecke eigensheaves of the geometric Langlands program, and we expect it to offer also a
theory of affine character sheaves. Furthermore, under Langlands duality /mirror symmetry,
it is expected to correspond to a derived category of coherent sheaves on the commuting
stack. (Note that the commuting stack, and hence its coherent sheaves as well, is evidently a
topological invariant, only depending on the fundamental group of the elliptic curve.) This
is in turn the subject of beautiful recent developments (Schiffmann-Vasserot [30, 32, 31]
on Macdonald polynomials and double affine Hecke algebras; Ginzburg [14] on Cherednik
algebras and the Harish Chandra system) and in particular its role as affine character sheaves
was established in [6].

Another application of the results of this thesis is the construction of a horocycle cor-
respondence for loop groups. The traditional horocycle correspondence relates character
sheaves and the Hecke categories, and in particular is the fundamental geometry used to con-
struct character sheaves. Due to the infinite-dimensional nature of the loop group, the anal-
ogous horocycle correspondence, or for that matter the adjoint-quotient of the loop group,
is difficult to work with. But from the results of this thesis one can construct an “elliptic
horocycle correspondence” over the semistable locus. We expect this will play an important
technical role in the structure theory and classification of objects of D} (Bung(FE)).

1.1 A first example

To illustrate the ideas, we give a first example in its most plain form. It will be revisited in
Example 5.28 in the form compactible with the general discussion.

Let G = SLy, g = sly, T,t the diagonal matrices in G,g. Let U := {X € g: |Re(A(X))]| <
1/2}, for A(X) an eigenvalue of X. Let V be another copy of U. We have U - G by
X —~exp(2miX)and V - Gby Y _01 _01) exp(2miY’). Let D={H et:0< \{(H) < 1/2},
where \;(H) is the first eigenvalue of H. We have D x G/T - U by (H,g) —» gHg™' and

/2 0 4 : /2 0 ~
DxGIT -V by (H,g) ~ g(H—( 0 _1/2))9 . Notice that [H,( 0 _1/2)] =0 We
have the commutative diagram

D xG|T

N
o
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which is a fiber diagram. All arrows are open embeddings and U [V — G is surjective. The
diagram is G-equivariant, passing to the quotient, we have

D/ (1.5)

T

UG o V]G
G|G

with all actions being adjoint actions. Passing to the sheaves, we have all the pullback

preserve nilpotent singular support. Hence we have

Sha(G/G) = lim Sha(DJT) (1.6)

N

Sha(U/Q) Sha (V@)
The above diagram can be identified with

Sha (Y1) (7

N

Sha(g/G) Sha(9/G)

with the pullback identified with (parabolic/hyperbolic) restriction. Hence this gives a de-
scription of the category of character sheaves on a Lie group in terms of categories of charac-
ter sheaves on the Lie algebras. We have analogous statement in elliptic situation. It turns
out that the charts U/G,V /G and D/T we defined above naturally sits in side the infinity
dimension uniformizations we shall consider.

1.2 Outline of the strategies

The main content of this thesis can be divided into two parts. The first part is to define
some covers of the stacks mentioned in the introduction, and the second part is to use those
covers, by the general theory of descent, to describe the category of sheaves with certain
singular support condition. We shall outline the main strategies respectively as below.

1.8. First part: at the level of spaces.

We shall start with some general construction. Let X € Sp, where Sp = the category
Mfld of smooth manifolds, Cplx of complex manifolds, or Sch of schemes. We have tau-
tologically X = colim yesp Y in the presheaf category (valued in co-groupoids). Now if 2~
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is a 1-stack over Sp, (see Appendix A for a brief account of the theory the stacks we shall
use) we have similarly 2" = colim g;/el_stack/%gf. Notice that 1-stack,, is a (2,1)-category,
i,e a weak 2-category where all 2-morphisms are invertible.

For each functor F': 4 — 1-stack,,-, we have a natural morphism colim F' - 2°. We
could understand £ in terms of F. E.g, if % - 2 is (representable) smooth surjective, let
¢ = A° the opposite of simplex category and F': 4 — 1-stack,s by F([n]) = #. Then
smooth descent implies that colim F' - 2" is an isomorphism.

Now suppose 2" = X/G, we can define a (2,1) category . and a functor S : . —
1-stack; s, as follows: The object of .7 are of the form (X,G), for X ¢ X, G c G such
that G acts on X. Mory((X1,G1),(Xs,G2)) ={9€G:9(X1) c X2,9G197' c G3}. And a
2-morphism for each triangle

f

— T
(XlaGl)T)(X27G2)T>(X37G3) (1.9)

Then for g : (X1,G1) - (X2,G2) in .7, then g induces S, : X1 - Xo, 21 » g-2; and a
group homomorphism ¢, : G; - G2,¢91 ~ gg1g~*. The two maps (S, ¢,) are compactible
in the sense that S;(g121) = ¢,(91)5,(z1). Hence they induces a map of quotient stacks
Sy X1/G1 — Xo/Gy. Similarly, we have Sy, : (X2, G2) - (X3,G3) and Sy : X1/Gy - X3/Gs.
We have an natural (invertible) 2-morphism

Sp9: Sy oS, =S (1.10)
Now there is a functor S:.# — 1-stack,,. By taking (1.9) to
Sy
Xl/Gl Tg>)g2/Ggs—h>X3/G3

Now for any J : € — ., we have colim F' - 2, where F' = SoJ. In practice, 2 is assumed
to be finite dimensional, but X, G could be infinite dimensional. And all objects (X,G) in
& are taken to be finite dimensional.

We are mainly interested in the situation 2 is (a) Locg(S!) = Q1(St, g)/C>~(S!,G), (b)
Bung(E)? = Q%(E,g)/C>(E,G), or (c) Bung(FE) = LpuG /1Ly, G, We shall construct some
%, F as above such that colim F' - 2" is an isomorphism, where 2 = 2 in case (a), and
2" =GpcZ in case (b),(c). They are discussed in the following places of the thesis:

(1) The category % is defined in chapter 2. It is of the form A% as in 2.9.

(2) The functor F' is defined for case (a) in 5.11, (b) in 6.1 and (c) in 3.3. The covers
F(c),c € € are isomorphic to U/K where K is some a reductive Lie group and U is an
invariant open subset of ¢ = Lie( K') for (a),(b) / of K for (c). See also Remark 5.7 to make
sense of the above discussion at the level of S-point.

(3) We prove the fact that colim F' ~ 2" in case (c¢) in Theorem 3.28. This is the main
theorem of the first part. The proof relies on the particular geometry of adjoint quotient.
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And the corresponding statement is stated in (5.12) for (a) and in (6.1) for (b). There are
various versions of ¢, F' we will use, c.f Remark 3.33. The diagram (1.5) will be a partiuclar
example.

1.11. Second part: at the level of sheaves.

In this part, the linear geometry on Lie algebras is crucial for explicit calculations, so
we shall only consider case (a),(b). The functor F' : ¥ — Prestk, induces pullback on
sheaves: F* : €°P - oo-Cat. And colim F ~ 2" together with descent gives lim F* ~
Sh(Z"). We show that the sheaves with nilpotent singular support correspond. Hence
we have Shy(Z7') ~ limeey Shy(F(c)) as in (1.6). To calculate this, we show in that the
restriction Shy(8/K) — Shy(U/K) is an equivalence in section 4.1, c.f Corollary 4.5. In case
(a), under the above equivalence, we show that the pullback F'(¢)* induced by 1-morphism
p:c—c in € is identified with (i) hyperbolic restriction or (ii) based restriction between
reductive Lie algebras. The notion of based restriction is introduced in 4.2. And the fact
that based restriction is the same as hyperbolic restriction is shown in 4.3. Using these,
we define various functors ¥ — Prestk in 5.2. The fact of they are all isomorphic to F™*
(with nilpotent singular support) and hence can be used to calculate Shy(Z) is our main
theorem, Theorem 5.25. One of the functors will give (1.7). We have similar statememts
for case (b), but in this case, we could only use based restriction rather than hyperbolic
restriction.

1.12. Structure of the thesis.

The logical order amount chapters are as follows:

il

The first part mainly consists of Chapter 2,3, and the second part mainly consists of
Chapter 4,5,6. We study case (¢) in Chapter 3; the adjoint-quotient of Lie algebra g/G in
Chapter 4; case (a) in Chapter 5; and case (b) in Chapter 6.



Chapter 2

Category preliminaries

In this chapter, we introduce the combinatoric that organize the diagram we will use later.
The main object is the category A%_ defined in (2.9).

Let F: 92 — 7 be a functor between two categories, assume & is small. Let Z, be the
category obtained by adding a final object pt to &. The category &, has a final object.
Then giving a cocone of F' in .7 is same as giving a functor F, : ¥, - 7.

Definition 2.1. Let & be a category, a functor F, : 4, — 7 is called a colimit diagram if
the natural map colim(F') - F,(pt) is an isomorphism.

2.2. The category Z;. Given a functor J : ¥ — Set (assume Z is small), we can associate
it a category Z; by Ob(Z;) = ey J(d), for ¢,c’ € Ob(Z;), we have ¢ € J(d),c" € J(d)
for unique d,d’ € Ob(2Z), define Morgy,(c,c') = {f € Mory(d,d")|J(f)(c) = ¢'}. with the
identity and composition induced from . Z; is indeed a category.

Now let .7 be a category with coproduct. Let K : Z; - 7 a functor. We define a functor
K;j: 29— 7. K;(d) =y K(c), and for f:d - d’, we have J(f): J(d) - J(d'), for each
ce J(d), then J(f)ce J(d"), and f e Mory,(c,J(f)c). We have K(f): K(c) - K(J(f)c),
we have natural morphism K (J(f)c) = Ueejay K(¢') = K;(d') in 7, by composing above
two morphism, we have a morphism, still denoted by K(f) : K(c) = Huesay K(¢') = K (d').
Hence, we have an induced morphism K;(f): K;(d) = ey K(c) > K;(d'). K; is indeed
a functor.

Example 2.3. Take S € Set, S : 2 — Set be the constant functor mapping to S. Then
Ds ~11g 2. In particular, I,y ~ 9. Forany K : 95 - T  Kg~IsK:9 - 7.

Given a cocone in 7 for K, it is naturally a cocone for K;. So we have an induced
morphism (in the category of presheaves on .7) colim(K ;) — colim(K), which is an iso-
morphism. Let J, : 2, — Set, J,(pt) = pt Then 2., ~ D;,, Let K, : Z;, - 7 a functor,
then

K, is an colimit diagram if and only if K, is so. (2.4)
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Let 2 be the category of a commutative square. J: ¥ — Set any functor.

S

h
—_—
k f
g
—_—

L/
VR

.@J, T ,K,K; as above. For be J(x),ce J(y),d e J(z), such that J(f)b=J(g)c=d, Let
:={aeJ(w):J(h)a=b,J(k)a=c}. We have the following diagram in .7:

Uaer,, K (a) 2 K (b) (2.5)

lK(k) lK(f)

K(e) =29 K (a)

Proposition 2.6. K;(2) is a fiber diagram if and only if (2.5) is a fiber diagram for all
such triple (b,c,d). O

Let A be the opposite category of the augmented simplex category, with objects (n)
for each n e Nu {-1}. Let 7": (n) = (n—1), where 7]* be the (opposite of) face maps They
satisfies the relation 7”1 o 77" = 7" o 7|, for i < j we call such commutative diagram an
elementary square.

Let .7 be a category. Let U — X in .77, assume the n—tuple fiber product U} exist.
Then we have a natural functor Cov§ : A? - .7 by Cov§(n) = Ugt, Cov§(-1) := X with
natural morphisms.

Lemma 2.7. Let X : A?” > 7 be a functor. X; := X(i). Assume that for each elemen-
tary square D, X(D) is an fiber diagram. Then X' exist, and there is unique natural
isomorphism of functor p: X — Cov))gfl, such that p(1) : X; - X; is identity for i=-1,0.

Proof: kI COUXl(Tn),O' = X(7"), @i = (i), We shall drop the indices if there is no
confusion.
We have k! = ol. We define ¢ inductively. For n =2, we have unique isomorphism ¢, making
the following diagram commutative.
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Suppose ¢y is uniquely defined for £ < n. Then there is unique isomorphism ¢,,,; making
the following diagram commute.

n+1

X+l ! Xn
1 1
$n #n
n+1 gngﬁ—l
X 51 X n
n+1 : n "
N
R
$Pn
, %1
ot
Xn anl

We need to show the following diagram commute for all 7,

Pn+1 +1
X1 22 X

F L

©n
X, — X7
For j = 1,2, this is the previous diagram (top face and left face). For j > 3, Let K o=
poogjopt: X, - X,, to show K = Kj, 1t Is equivalent to show k; o k) = k; ok for 1 =1,2.
Indeed, for i = 1, k1 0K); = Koo o™ = pooiogjop™ = Yoo, jooi0p™! = K jopooiop™ =
Kj-1© K1 = K1 © Kj. Same is true for ¢ =2. O

Let 70 : (0) — (-1) in A?. Let Prestk the category of functors from Sp to co-Grpd.
Combining the above lemma with etale descent, we have:

Proposition 2.8. Let X : A - Prestk be a functor, such that X (i) is an analytic stack
for all i € A, X(D) is a fiber diagram for every elementary square D, and X (73) is
representable and etale surjective. Then X is a colimit diagram. O

2.9. The category A(gjr- Let S be a set, I' a discrete group acting on S, then I' acts on S™
diagonally. Let S,S//T": A - Set, be simplicial set defined by S(n) := S**1.S//T'(n) =
Sn+1/ /T with the natural morphisms. We have two categories A%, Ag?; /r (notation as in 2.2)

ind a functor P: AY — Ag};/r induced by S — S//T'. Let AL be the (2,1)-category defined
NE

Ob(Agr) = Ob(AY) = Uyen S*,

For s e S* 8" € ', Morpor (s,s") = {(d,a) € Moraer([k], [1]) xT': 6(a(s’)) = s}
= {(8,a) € Morpor([K],[I]) xT: 0 € Morpor(s',a™'(s)}-

For (6,a),(d",a") € MoerSsz(s,s’),

pt 6=0'
F oz

2-Mor((6,a),(d',a")) := {
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Then there are natural commutative diagram of functors

AP (2.10)

oS

Ay

Where F : A}, - A?}/F by F(s) := [s], F(,a) := [0], F(2—morphisms) := id is an equivalence
of (2,1) categories. It can be viewed as a canonical way to glue up the ”fibers” of P.

AT is defined analogously, replacing A by AY in the above definition. We have
Aipsr - ( r)+ Let AS,F - (Agr) P, A S0 = (A SF)Op

Notation 2.11. Let F : AOp - (resp. A+SF,ASF, A, sr) > 7 be a functor. We shall
denote F' = (F(s), F(e) F(n)) where € is a general 1-morphism in AZ},, and 7 is a general
2-morphism in Ag’h. Actually, all the 2-morphism /(1) we are going to use is of the form

F™ as in (1.10). If no confusion arise, we shall suppress the 2-morphisms and denote
F=(F(s),F(e)).

Let U be a topological space, I" a discrete group acting freely on U. I'1,I's two subgroup
of I'. Uy, Uy two open subset of U stable under the action of I';,I'y respectively. For U’ c
UU*:=x(U), "<, T ="zt < T.
Pick a set of representative R for the double coset T'\\(I' xI")//(T'y xT'g), for each (z,y) € R,
we have a commutative diagram in Top:

(Ur nU3)/(Tf nT5) — Uh/Ty

J |

Uy/Tg ———— UJT
Let U; = Uy = U, we have

Lemma 2.12.
Hy)er U/(Ifnly) — U/

| |

Uty — U/’
18 a fiber diagram.

Proof: U[Tyxy;pU [Ty = (Uxy;pU)[(T'ixIy) = (L,er Uy)/(F1xT2). Where U, = {(z,yz) :
zeU}cUxU. If B=mpay!, for a,f €T',7; € T;, then the action of («, ) identifies U,
and Uz. And (71,72) € I'y x I'y stablize U, if and only if vy = 727, all such elements can
be identified with 4T'1y™t nT'y. Hence (I1,er Uy)/(T1 x T2) = Ierp\ryr, U/(WT1y 1 N Ty) =
UyerU/(FFnT3). O
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Example 2.13. The following example is a prototype of the diagram we will define in next
chapter. It explains the kind of combinatorics in AZ. Let X be a smooth manifold, I" a
discrete group acting on X properly discontinuously. Let X7 ¢ X be the open locus where
the action of T is free. Let I, := the stablizer of I' at x. Then by the above Lemma, we have
the fiber diagram:

Hapyer X 9/(TgnTY) —— X9/, (2.14)

| |

Xres|T, —— XregT

" has induced action on X™. For x = (21,9, ...,2,) € X", Iy := the stablizer at x. Then we
have I'y = NiL; 'z, and I'px = 'S

Let | X| be the underlining set of X, There is a natural functor X : A‘f’" x| ~Prestk
that canonically organize the above fiber diagram with higher descent data. And it is given
by
Xi9(x) == X9 [Ty, X (e = (0,a)) :=action by a, Ac, : X" [Ty > X" T'.(xy, For the unique
2-morphism 7 between € = (§,a),€’ = (§,a’) € Mor(x;,x2), we have a’(5(x1)) = d(a’(x1)) =
xy = 0(a(x1)) = a(d(x1)), hence aa’~! € T'y,. It induces a natural isomoprhism between
id and Acge-1: X[9(x3) - X19(x2). Composing with the 1-morphism Acy : X[¥(x;) -
X" (x5) gives the desired natural isomorphism X'*(n) : X' (0,a) - X(d,a’). In view
of Notation 2.11, we defined a functor X% = (X7e9/I'y, Ac,, Acy) : Aqu,r — Prestk, then
X' is a colimit diagram.

We can strength this functor to give a presentation of X /I". For x € |X|, let XTI := {y €
X : T, cI'x}. Then we have Ac, : X%/T'x — X:(x)/FE(X). Define X7 = (X%, Ac,) : Ai’j‘xw -
Prestk, then we have similarly:

X" is a colimit diagram. (2.15)

Note that |X| could be replace by any T' invariant subset S, such that U,s X7 = X. In
reasonable situation, we should expect to find such S being discrete in X, and S//T" is finite.

Remark: In fact, in this example, one could just take the whole X instead of X7 in the
above definition, and one would still get a colimit diagram. However, this is no longer the
case for the actual situation we shall consider in next chapter.
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Chapter 3

Twisted conjugation of loop group

In this chapter, we shall study Gg for E = C*/¢* using the uniformization Bung(FE) =
LpotG 1Ly G. We shall work in the context of complex analytic stacks, see Appendix A for
the facts we will use.

3.1 Automorphism groups

In this section, we calculate automorphism groups of semisimple bundles. The result is given
in Corollary 3.10. The result was also obtained in [3, Theorem 5.6]. The approaches on com-
puting connected components are a bit different.

Let ¢ € C* with |¢| < 1, E = C*/¢” be an elliptic curve, 0 € E be the identity. Let G a
connected reductive algebraic group, with Lie algebra g, T" maximal torus with Lie algebra
t. X, (T)=Hom(C*,T),A ={x(q)|r € X.(T)} c T , Let Gg be the connected component of
the stack of semistable G-bundles on E. Let Lj,G be the holomorphic loop group of G,
LG acts on itself by twisted conjugation Adz(z)g(z) = k(qz)g(2)k(2)~!, unless otherwise
mentioned, we will use this twisted conjugation of L;,G instead of the usual conjugation
through out Chapter 3.

For any g(2) € LyG, we can define a G bundle P,,) = C x,z G on E, where the action
of ¢% is given by q(z,2) = (¢z,9(2)x). Then Aut(P,,)) can be identified as the subgroup
{k(2)|k(qz) = g(2)k(2)g(2)'} = CL,.,c(9(2)) of LpyG. e we can pullback the automor-
phism of P,(,) to a automorphism of trivial bundle on C* compatible with ¢Z action, and it
is given by the above formula. In another word, Lj,G/LnyG = Bung(E)(C) as a groupoid.

For s € T, Let G, := Cp,,c(s). It has a twisted conjugation on itself. Indeed, for
f(2),9(2) € G, f(q2)g(2)f(2)! € G4 by direct calculation. For the moment, G, is just
a set. In the rest of this chapter, we will calculate G explicitly and gives it a geometric
structure. We shall do G = GLy first. Let Ty ¢ GLx be the invertible diagonal matrices.

Lemma 3.1. Let f: C* - C be a holomorphic function. Assume that f(qz) = af(z) for
some a € C. If a€q?, then f(z) =cz", for some ceC and n =log,(a); Otherwise, f(z) = 0.
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Proof: Use the Laurant expansion of f and compare the coefficients. O

Proposition 3.2. Let s = diag(Ai, As,...,An) € T, under the embedding GLy — gly,
GLy, consists of those invertible matrices in gly , = @ ;) C2"i By, for those (i,j) such
that X/ \j € g%, where ng; =log,(Ni/A;), Eij is the elementary matriz of (i,7) entry.

Proof: Let g(z) € GLy, embed GLy into gly and write g(z) in terms of coordinate
function g;;(2), then g(gz) = s-g(z)-s7! is equivalent to g;;(¢z) = (Xi/A;)gi;(2) for all (4, 7).
gij(z) is holomorphic on C*. By last Lemma, g;;(2) = cz™i if \;/A\; = ¢"4 and g;;(2) = 0
otherwise. In particular, g;;(z) € C is some constant. O

Corollary 3.3. GLy is Zariski closed in some finite dimensional stratum of Lpe,GLy.
With the reduced subscheme structure, GLy s is an reductive algebraic group, the twisted
conjugation on itself is an algebraic action, and the evaluation map

ev1:GLys - GLN

9(z) = g(1)
s injective homomorphism of algebraic groups. Furthermore, the Lie algebra of GLy s 1s
naturally identified with gly ; € Lpo,@ly-

Now, for general reductive algebraic group with maximal torus (G, T), pick an embedding
i:(G,T) > (GLN,Ty). Then LG c LGLy and Gsc GLys. We have Gy = LpgGNGLy s =
LpoiyGNnGLys. So G is Zariski closed both in GLy s and Ly, G.

Proposition 3.4. G is Zariski closed in some finite dimensional stratum of Ly, G. With
reduced subscheme structure, G4 is an reductive algebraic group with mazximal torus T, the
twisted conjugation on itself is an algebraic action. And the evaluation map evy : Gy - G is
an injective homomorphism of algebraic groups, and p: G - Aut(Py) is an isomorphism of
algebraic groups.

View G, as a algebraic subgroup of GLys. The Lie algebra go= Lyo,g N gly . More
explicitly, it is given by:

Proposition 3.5. Let s € T, then gs = t@ @, ga2", for those root « such that a(s) € ¢%,
where ng, =log,(a(s)).

Proof: gly , is a finite dimensional subalgebra of L., gly satisfying { X (2) € Lgly|X (qz) =
Ad(s5)X(2)}. So gs= Lyaygngly = {X(2) € Lg|X (qz) = Ad(s) X (2)}. Write X(z) = h(z)+

Y fa(2), with respect to the root decomposition of t, i.e h(z) : C* - ¢, fo(2) : C* - g,. Now
aed

the condition X (gz) = Ad(s)X(z) is equivalent to h(qz) = h(z), and f,(qz) = a(s)fa(2)-
K

Let fo(2) = ¥ a,2"X,, where X, is the root vector of a. the above condition become
n=—K
K K
Y anq"z" = Y. aza(s)z® compare coefficients, get the only nonvanishing f, are those
n=—K n=—K
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with a(s) = ¢"e for some n, € Z and in this case f, = 2" X,. h(z) corresponds to the case
a(s) =1 so h(z) is constant function. O

Corollary 3.6. GY is generated by T,exp(CX,z"), for those a and n, as above.

Example 3.7. G = SL,, T diagonal matrices, with roots {a, -a} take s = (\éa \/2_1) eT,
hence a(s) =/q/(\/q ') = ¢, 80 14 = 1, similarly n_, = -1,

we have X, = (8 (1)) y Xoa = ((1) 8), then by the proposition, G9 is generated by 7', exp (8 b(f) ,

bz

d of LG. In fact, in this case we have

0 0 . a
expf 1 O) which equal to the subgroup (cz1
GY=Gs=CLg(s). O

Let M, N be C*/complex manifolds, let O(M, N) be the set of C'*/holomorphic maps
between M, N.

Lemma 3.8. Assume M is connected, T ¢ G c O(M,G) be the constant maps, then
Now,e)(T) = O(M,T) - Ng(T) as subgroups of O(M,G).

Proof: Let f(x) € Now,e)(T), then f(x)Tf(x)™ =T for any x € M, hence f(x) €
O(M,Ng(T)). We get Noa,ey(T) c O(M, Ng(T')). Since M is connected, O(M, Ng(T)) =
O(M,T)-Ng(T). Now O(M,T) c Nou,e)(T), and Ne(T') ¢ No,qy(T). Hence O(M,T)-
Ne(T) e Nou,)(T). o

Pick a lifting of W to Ng(T') ¢ G as a subset, For w € W, there is unique way to write
w = up, for ue W p e X, (T). So we have a lifting of W to LpyG. Denote w the lifting of
weW.

Lemma 3.9. (Lo - Ne(T)) nGs =T - Cy(s) as subgroups of LipaG.

Proof: The right hand side does not depend on the lifting and equals (X, (T")-Ng(T'))nGy
which naturally sits inside the left hand side. Need to show that (Ln,T - No(T)) n G c
X, (T)-Ng(T). Now suppose fw € (LpaT - Na(T)) NGy, for fe LpyT,we Ng(T). we have
s=f-(w(s)). However, w(s),s €T, this implies f € X,.(7T") by Lemma 3.1. O

Let Wy := Cy(s), by Lemma 3.8, 3.9, we have Ng (1) = Np,,,c(T) n Gy = (LpaT -
Ng(T)) nGs =T - W, and the weyl group W(Gs,T) := Ng (T)/T ~ Ws. now T c Gy is a

maximal torus, hence we have

Corollary 3.10. G, = GY- Ng (T) =< G%w : w € W, >=< T, exp(CX,z"),w : a(s) =
q" ng € L, weWs>0O
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Example 3.11. G = PGL,, T diagonal matrices, with roots {«,—-«a} take s = \(/)5 (1) We

have G0 =T, G, =<T,w >~ T x Z[2, where w = (z(‘]l (Z)) O

Remark: Same method can be use to calculate automorphism group of all semisimple
bundles. We will not use them in this thesis.
The following proposition can be check directly.

Proposition 3.12. The left multiplication by s7' : G, - G is a Gs-equivariant isomorphism
of algebraic varieties, where the first action is q-twisted conjugation, and second action is
usual conjugation. Hence we have an isomorphism of stacks s™' : G4/Gs - Gs[aGs. O

(Y is stable under the twisted conjugation of G5. Hence G%/G has the usual properties
of adjoint quotient (on its identity component.). Hence we get the following corollaries.

Corollary 3.13. C[GY]% =C[T]": O

So there is a map x, : G9 - T//W,. Let U c T be an W, invariant open subset, let
V= H(U[[W)

Definition 3.14. Let S be a topological space, A c S a subset, A is abundant (in S) if the
only open subset of S containing A is S.

Examples of abundant subsets we will use is given in Corollary 3.15. It’s follows that
A c S is abundant if and only if for any s € S, {s} n A is nonempty.

For a groupoid &, let || be the set of isomorphism classes in €. For an analytic stack
2| 2| =2 (C)| has a natural topology comming from (representable) smooth morphisms,
i.e, the image of a (representable) smooth map from complex analytic space are open.

Corollary 3.15. The image of U in |V |G| is abundant. O
Let Ts7"¢9 be the locus where the action of Wj is free.

Corollary 3.16. Assume further that U c T3, then V |Gy < U[Ng.(T) = (U x BT)|W,
a

In particular, let 79-7¢9 be the locus where the action of W is free. Let GU7"Y :=
X (Tre9 [ [Wy). We have,

Corollary 3.17. GY97"9|G, < Ta7es|Ng (T) > (1779 x BT) /W, O
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3.2 Etale charts

In this section, we will define some étale charts of Gg. The main results in this section are
Proposition 3.23 and its strengthen version Theorem 3.27. Facts about semistable bundles
on elliptic curves are collected in Appendix B.

There are three mutually commuting action of ¢%, G, G on C* x G x G:

q-(z,h,9):=(qz,h,h(2)g), qeq”
k'(’z?hag) = (Z,AdZ(h),k(Z)g), keGs
g (z,h,9)=(2,h,g99"), g eG

Let &, := (C*xGIx G)/¢*. P maps naturally to F x G? which is a GY equivariant (with
respect to the twisted conjugation on GY) principal G-bundle .
1-morphisms. There is a map ps : G9/Gs - Bung(E) by: given a S point of G%/G

P— GO

|

S
Where P is an G4-bundles on S, and P - G9 is a G, equivariant map. We have

Y::(EXP)XEngt@S—>1@S

| |

ExP— S ExGY

l

ExS

Y has an induced transitive G4 action, such that Y - E x P is GG, equivariant, And the
induced map Y/G, - E x P/G, = E x S is a principal G bundle. So we get an S point of
Bung(F).
2-morphisms. The lifting @ = w(z) of w € W induces Ad’, : GO — G?U(S). There is
commutative diagram:
CxGIxG—25Cx @O

= w(s) ™

l IdxAdZ J

CXGS—:’”>CXG?U(S)

G
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Where ¢, (2, h, g) = (2, Ad? (h),w(z)g). The diagram is gZ-equivariant and hence induces:

Qs%yw(s)

l IdxAdZ J

FE x Gg —:>UE X Gg}(s)

And induces an isomorphism between the diagrams below, intertwining the G action and
G (s) action, factorial in S:

(ExP) X Bx GO Py — P RN (E x Py) XExGO, P(s) — Pus)

| l l |

ExP———FExG} ExPy——————ExG°

l |

EXS EXS

()

Hence @y : ps = Pu(s) 0 Adl : GI/Gy — G an isomorphism between the morphisms of stacks.
Proposition 3.18. Let Gg := Bung(FE)%*, the image of ps lies in Gg.

Proof: Since GY/G, is connected, the image lies in Bung(£)?. T c GY maps to the
degree 0 semisimple semistable bundles. By Lemma 3.15, Any other point in G? has closure
containing points in 7. So by Proposition B.2. GY maps to Gg c Bung(F)? . O

Let G be the stack classifying {(P,3)}, where P is a semistable G’ bundle of degree
0, B is an trivialization of P at 0 € E. G is representable by Proposition B.6. There is a
natural map p, : GY - G defined by &, with the natural trivialization by identifing the
fiber over 0 € £/ with the fiber over 1 € C*. p/ is G, equivariant, where the G acts on G
via ev; : Gy » G and G acts via change of trivialization. So p’ induces p, : G%/G, - Gpo/G.

Hence p!, is representable. We have the following commutative diagram of stacks:

GG~ GGy — GG
\) :l
Gp
By Proposition 3.4, ev; : G, — G is injective, so the top arrows are representable and hence:
Proposition 3.19. p, is representable. O

Let G =T be a torus, T =T, ps : T/T — Tg does not depend on s, denoted by pr. A
acts freely via twisted conjugation on the fibers of pr, so we have a map Ab: (T/T)/A =
T/A x BT - Tg. By following proposition, we can be view pr as the uniformization in the
abelian case.
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Proposition 3.20. Ab is an isomorphism.

Proof: It suffices to prove the map A induced by Ab, AV’ : T/A - T is an isomor-
phism. Two T bundles with trivialization are the same if and only if the underline bundles
are isomorphic. Any element s € T is twisted conjugation in LT to 1 if and only if it is
in A, So we have Al is injective, but T'/A is proper, any injective map to another proper
irreducible variety of the same dimension must be surjective. O

Given any GG bundle P on a space X, V a representation of GG. Let Vp := P x5 V be the
associated vector bundle. Then Vp has a natural Aut(P) action (the action preserve fibers).
In particular, Aut(P) acts on H{(X,Vp). Let V* be the dual representation. Then we
have an canonical isomorphism (Vp)Y ~ (V*)p which commute with Aut(P) action on both
sides. H Y (TpBung(C)) = H(C,gp) = Lie(Aut(P)). And H°(TpBung(C)) = HY(C, gp).
We have H-Y(TpBung(C)) = H(C,gp), H(TpBung(C)) = H'(C,gp) and the action of
Aut(P) is identified as the above action for V' = g.

Let H be an algebraic group, with Lie algebra h, P a H bundle on E. We have
H°(E,hp) > HO(E,(hp)¥)* > H'(E,bp), Where the second isomorphism is Serre dual-
ity and all arrows are Aut(P) module map. When H is a torus, hp is trivial, and hence a
is an isomorphism. Let b: H(E, hp) — H'(E,hp) be the composition of the above two maps.

Let ¢ : H - K be a homomorphism of algebraic group, we have a morphism between
smooth stacks ()i : Hg - Kg by assigning a H bundle P its associated K bundle Py =
P xg K, we want to calculate the differential of this map.

On the other hand, we have a natural H module map dp : h — £, this gives ¢, : hp -
tp ~ £p, vector bundle map, hence give H'(p,): HY(E,bp) > H'(E, tp,.).

Lemma 3.21. The following diagram commutes.

HO(E, hp) — " HO(E, tp,)
I |
Hl(E, hP) &}Hl(Epr)

Lo 5
HY(TpHy) _H@0x») HY(Tp, Kp)

Moreover, it interwine the Aut(P) action on the left and Aut(Pr) action on the right.
And b is isomorphism if H is a torus and P is an H-bundle of degree 0 . O

Let Let T¢t := {t € T : Gy c G}, then T¢ is an W, invariant open subset of T, Gt =
XsH (TS W),
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Proposition 3.22. p,: G%/G; - G is etale at t, fort e TE.

Proof: For t € T¢ Gy c G, then Gy = (Cra(t) n Gy) = Cq,(t). So ps induce Aut(t) =
Ce,(t) - Aut(P,) which give isomorphism. So H™1(dps;) : H Y (T,Gs/Gs) - HY(Tp,GE) is
an isomorphism. To calculate H°(dps;), we use the following diagram:

T|T — GY/G,

JVPT lps
TE _— GE

The induced map on H? of tangent groupoid is:

t——— HO(T(GY/G5))
J{N lHO(dps,t)
HO(Eut'Pt) —>HO(E79731)

Where the last line is identified via Lemma 3.21. The left arrow is isomorphism due to
Proposition 3.20.

The top arrow is injective. The bottom row is inclusion of tinto HY(E, gp,) = Span{t, 2" X, }.
So the image of H%(dps,) contain the Cartan subalgebra t of H°(E,gp,). But the tangent
map is Aut equivalent, so we get the image of H°(dps,) contains Aut®(P;)t = HO(E, gp,),
hence H(dps,) is surjective. The two HO of tangent groupoid have the same dimension(both
of them have dimension = dimension of G;), so it is isomorphism. O

Proposition 3.23. p,: Go /G, » G is etale. And p: [Ler GGy - G is surjective.

Proof: The first assertion follows from the above propsition and 7 is abundant in
|GY°' /G| and the fact that etale locus is open. For the second assertion, the image of p
contains all semisimple bundles, by Proposition B.2 the set of semisimple bundles is abundant
in |G|, and p has open image since it is etale, so we conclude that p is surjective. O

Let X be a algebraic variety, Aut(K) acts on Bung(X) via twisting the action of K
on a K bundle P by group automorphism. The action induced by Inn(G) is canonical
ismorphic to identity morphism on Bung(X). Hence Out(G) acts on Bung(X). Let H < K,
Bung(X) - Bung(X) is Ng(H) equivariant, and Ng(H) action on Bung (X) is canonical
isomorphic to identity since Nx(H) < K acts via inner automorphism. Take X = E, K =
G,H =T, then W = Ng(T') acts on Tg. Let T be the locus where this action is free (on the
set of points). So we have T /W — G g, which factor through T,9/W - G9 ¢ G, where
G'5? is the open substack of G consisting of regular semisimple bundles with connected
automorphism group. And 77 /W — G5’ is an isomorphism.

Using the identification T3 /W « (T7res/A x BT)/W =~ (T4 x BT)/W, we have the

commutative diagram:
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(Te-7¢9 x BT) /W, >— G279 G, (3.24)

(T77e9 x BT) W s G759

Definition 3.25. Let f : 2" — % be a morphism between analytic stacks, we say f is a
local isomorphism if for any C-point x of 2", there is an open substack % of 2", v € %,
such that f|y : % — % is an open embedding.

Local isomorphism is a property stable under base change, but it does not satisfy de-
scent. If f: 2" — # is local isomorphism, then the induced map f : |Z7| — |#] is local
homeomorphism, and f, : Aut(z) - Aut(f(x)) is an isomorphism. The following Lemma
will be used in 3.3.

Lemma 3.26. Let f: 2 - Z,g: % — Z be local isomorphisms of analytic stacks, then
the natural map h |2 xo Y| - |Z| x12/|%] is a homeomorphism.

Proof: need to show that h is bijective and local homeomorphism.

ERFad

| 2| x| |# | —— | Z]

l I

| —— |2

All real arrows are local homeomorphisms, so & is also a local hemeomorphism. Surjec-
tivity is clear, and the fiber of h over (x,y) is identified with
fo(Aut(x))\\Isom(f(x),9(y))//g.(Aut(y)) is a point if either f,(Aut(x)) = Aut(f(z)) or
g« (Aut(y)) = Aut(g(y)), which is satisfied in our situation. O

The following stronger version of Proposition 3.23 will also be used in 3.3.

Theorem 3.27. p, : G /G, - G is a local isomorphism. And p: .p G2 |Gy - G is
surjective.

Proof: Let r: Ta-"e9 /W, — Ta-res[W. For t € T, we have W, c Wy, hence W, = Cypr(t) =
Cw,(t), so there is an W, invariant open neighborhood U of ¢, such that r|ynpa-resyw, maps
isomorphically onto image. Take V = x;1(U//W5), we have py|y is etale and generically

open, so it is open embedding by Lemma A.2. O

For s = (s1,82,...,5,) € T%, let Gy =N, Gs,. Wy = Ne (T)/T, define s, 7€, G analo-
gously, We have all the above statement for G still holds for Gy, and Wy = O\F, W, T¢t =
Ne, Tet . Trres c T¢ for all s by the connectedness of G.
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3.3 Gluing

In this section, we will glue the charts defined in section 3.2, i.e we will calculate the fiber
products of the charts. The combinatorics of higher descent data is naturally organized in a
similar diagram as in Example 2.13. The main result of this chapter is Theorem 3.28, which
is analogous to (2.15).

For se€T, w=u\eW =W x X,(T). Since Gy = Cra(i(s)) = AdyCra(s), so we have
a isomorphism of algebraic groups: Ad,; : G5 — Gys) Where Ad,; is the usual conjugation of
win LG.

AdL(Gs) = uAN(qz) G A (z) 1t = aA(2)A(q)GA(2) 1t = Ady(Gs) = Guys) since A(q) €
T c Gs. Since Ad} stablize T', we have Adl : GY - G?U(S) isomorphism of algebraic varieties.
The pair of isomorphism of algebraic varieties and algebraic group (Adf, Ad,) : (G, Gy) —
(G?U(s), Gu(s)) interwine the twisted conjugation action on both sides. Hence we have an in-
duced isomorphism of quotient stacks, still denoted by Ad? : GY/Gs — Gow(s) [Gus)- It's also

easy to see that the above map takes etale locus to etale locus, so we have AdY, : GY G, -
G?Jz) /Gu(s)- Similarly, we can replace s by any element s € T*.

With the notation in 2.9,2.11, let G := (GG, Ad?) : A _ — Prestk. Where
IT,W

Adi(a,w) = AdY : G, " |Gy, » G,”"|Gs,. The augment 1-morphisms pg : G"/Gs - Gg
and augment 2-morphisms ¢, extend G to a functor G : Aipm + —Prestk.

Theorem 3.28. G is a colimit diagram.

Proof: Let S be a section of F : AiﬁT\,W - Ai{)\TV/’W’ K, := G 0S. To show G is a

colimit diagram, since S is an equivalence, it suffices to show K, is so. Then by (2.4), it
suffices to show K T A —»Prestk is a colimit diagram. By Lemma 2.8, it suffices
to show K, 1y, 57(D) is fiber diagram, and K, 7, 57(79) is etale surjection. The latter one
follows from Propsition 3.23. By Proposition 2.6, what remains to show is the following:

Proposition 3.29. For every triple (b,c,d) € Tk [W x T*|[W x T*=1][W , such that §;(b) =
dis1(c) =d, Let Ry = {a e T*/|/W : §;(a) = b,0;(a) = c.}, the following (2-)commutative
diagram is a fiber diagram:

Heer,, G%'(a) — G (b) (3.30)

| |

G (c) — G(d)

For a € T'//W, a# := 8(a), and for s € T",[s] := F(s). Then §;(b) = 6;+1(c) = d implies
that, there exist u,v € W such that ¢;(ub*) = d;41(ve#) = d#, then there is unique a; € T**!
such that, d§;(a1) = 0%, d;(ay1) = ¢#. Since Wy = Cyr(s) we have a bijection of sets

Wt \\(Was x Wa ) || (Wi x W) = Ry
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by (w,w") = (w,w’)-a* where the action of the first factor is by acting on those coordinate
coming from b#, the second factor is by acting on those coordinate coming from c#.

Proof of Proposition 3.29: We will only prove it for k£ =1, other cases are similar. In this
case, Ry .= W\\(W x W)/[/(Wy x W.) the diagram (3.30) become:

0,et
H(w weW\\(WxW)//(W, v XW o) G [(ww)a1] #/G [(w,w")a1]# G /Gb#

| |

cadiem Gy

This give a map

A H GO et

[(w,w
(w,w ) eW\\(WxW) /[ (W, xW _4)

Nai] #/G [(w,w")aq]# - G /Gb# XGE GO t/Gc#

By Lemma A.2, to show A is an isomorphism, it is equivalent to show that A is etale,
generically open and surjetive on the set of C-points. A is etale since all maps in the
diagram are etale. Take the generic g-reg locus in the above diagram:

0,9—-reg 0,9-reg
U(w w’)EW\\(WxW)//( it XW, #) G[(w,w’)m #/G [(w,w")a1]# G /Gb#

| |

Gl G G’
By (3.24), this is same the the diagram

L )TN\ 1 (W sy 19779 % BT [ Wi uyag 0 —— T x BT [ Wy

l |

Ta-7e9 x BT W4 Ta-res x BT |W

We have Wiy wr)a, = W (%) n W (c#)*', So by Lemma 2.12 the above diagram is a fiber
diagram. So A is generically open.
It remains to show that A is surjective on C points By Lemma 3.26 and Theorem 3.27,

|G2;t/Gb# XGp GO G| |G2#ft/Gb#| X|Gpl |G /G 4| is a homeomorphism. Let A’ :=
hoA, A is etale and therefore A’ has open image. Two elements in s,t € T defines the
same bundle in Gg if and only if 3w € W, such that w(s) = ¢. Hence the semisimple
locus [T/ [Wys xjap) ITLN [Wer € |G0 Et/Gb#| X|Gp| |G /G| is in the image of A’, where
[ Tkl] [Wis < |Gg;t/GC#| denote the image of |T/%| — |G2f/Gb#|. To show the surjectivity of
A’ and hence of A, we are left to show:

Proposition 3.31. The set |Tg!|//Wy xiap [T [We < |Go |G| Xiay) |GS |Gl = S is
abundant.
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Proof: Take (g,h) €S, ie. ge Gg,’et, he Gg,’et,such that P, ~ P}, then we have s € @,t €
{h} semisimple elements. Then P, P, is the semisimplification of P,, P, respectively, by

Proposition B.2(2b) P, ~ P, and hence (s,t) € S. And by product topology, (s,t) € {(g,h)}.
Hence we have prove Proposition 3.29. And therefore finish the prove of Theorem 3.28. O

As an immediate corollary of Propsition 3.29, we gives a explicit description of fiber
product of two local charts.

Corollary 3.32. For s,t €T, Let B = {(w,w') e W\\(W x W)/[(W, x W;)}

H(w,w')eB(GU’_l(s) N Gw"l(t))076t/(Gw‘l(s) N Gw’—l(t))

Al?u Adi\

GG, o  GYG,
Ge

s a fiber diagram. O

Remark 3.33. In fact, the etale covers and glueing hold in more general context. Take
S c |T| any W-invariant subset. And for given V, ¢ T open W,-invariant subset for each
s € S, such that w(Vi) = Vi) and [eg Vi = T. Let V5 := nV,,Us =% V. We have the
functor

U := (Us/Gs, Ad?) : AV — Prestk.

W
Let U, be the augmented functor with U,(-1) = Gg. Then by the same reasoning;:

U, is a colimit diagram.

Besides the one given in Theorem 3.28, there are another two useful choices of such
functor as follows:
(1) Let s € T, s is called a vertezr if G4 is maximal among Gy, t € T as subset of LG. Let
Z:={seT,sis a vertex}. Then Z/Z(Q) is discrete in T/Z(G), And Z/(Z(G) x W) is finite.
Then

G = (G%/Gy, AdY) : AOEPW — Prestk

satisfies the above property. In this way, G is essentially covered by finitely many charts.
(2) Take S = |T|, Us = Dy a small W-invariant ball near s, such that the augmentation maps
GsD,/Gs -~ G are open embedding. We have the functor

D := (“*D,/Gs, Ad?) : A? _ — Prestk

T, W

This functor has the advantage that its local topology is easy to study. A combination of the
functor in (1) and (2) in Lie algebra version will be used in Chapter 5 and 6. See (5.12),(6.1).
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Chapter 4

Character sheaves on Lie algebras

The theory of character sheaves on a reductive algebraic group G was introduced in a se-
ries of papers by Lusztig [17, 18, 19, 20, 21]. In characteristic p, it play important roles
in the representation theory of the finite group G(F,). In particular, Lusztig show that
under Grothendieck sheaf-function correspondence, the (irreducible) character sheaves gives
an orthonormal basis for the space of class functions on G(IF,). In characteristic 0, [24, 12]
show that (irreducible) character sheaves agree with (irreducible) adjoint-equivariant per-
verse sheaves with singular support in nilpotent cone. Parallel theory of character sheaves
on reductive Lie algebras was also developed in [22, 25].

In this chapter, we shall focus on the microlocal description of nilpotent singular support,
to study the category of character sheaves of a reductive Lie algebra and various restriction
functors between them. The viewpoint in [13] is also helpful for us. Results in this chapter
serve as local geometry for Chapter 5 and 6.

4.1 A rescaling lemma

We start with some preliminaries on (constructible) sheaves. The reference we use is [15].
Let k be a commutative ring with finite global dimension, X an analytic stack, and kx be the
constant sheaf on X. Let Sh(X) = Sh(X,kx) be the oco-category of sheaves of ky-modules.
For any F' € Sh(X), we can associate to it the singular support SS(F') of F', where SS(F)
is a conical closed coisotropic subset of HY(T*X). Many properties of the sheaves can be
seen from the microlocal measurement. For example, F is constructible if and only if SS(F)
is Lagrangian subvariety and F), is perfect for all x € X. And a constructible sheaf F' is
perverse if and only if the microlocal stalk F¢ vanish outside degree 0, for £ in the smooth
locus of SS(F).

Let £ ¢ H(T*X) a closed conical isotropic subset. Let Shy(X) :={F € Sh(X):SS(F) c
L}, DV(X) = {F € She(X) : F, is perfect, for any z € X.} the oco-category of constructible
sheaves, and Perv,(X) = {F € D%(X) : F is perverse.} the abelian category of perverse
sheaves. Our results in the remaining of the thesis will be stated for Sh.(X), but they work
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equally well for D.(X) and Perv,(X).

Let f:U — X a smooth map, Shy(U) := Shg+(£)(U). By the theory of descent, the
functor Sh; : X, - oo-Cat, where U — Sh,(U), is a sheaf of categories. In particular, if f
is surjective, the natural map Sh(X) — lima She(U%) is an equivalence.

Let A be a Lie group acting on a smooth manifold X, £ c T*X be a closed A-invariant
conical isotropic subset. Let 7 : X - X/A and p : T*X — g* the moment map, then
(T (X[A)) = 17 (0) = Lyex T, X, and

Proposition 4.1. L is contained in p~1(0).

Proof: Suffices to check on the smooth locus of £, where it follows from definition of
isotropic submanifold. O

Proposition 4.2. Let U ¢ X open subset, F € Shp(U), then F|aznu is locally constant for
all zeU.

Proof: SS(F) c L c «|f;(T*(X/A)), hence by [15, Prop. 6.6.2], in a neighborhood of
reU, F=nl|;(F"), for some I’ e Sh(X/A). O

Lemma 4.3. Let X be a smooth manifold with R* action, L be a closed biconical isotropic
subset of T*X. Let j: U - X open embedding, such that U nR*x is contractible, for any
x € X, then the restriction functor:

j*: She(X) = She(U)
is an equivalence of categories.

Proof: By Proposition 4.2, any F € Shy(X) is conic, i.e. satisfies F|g+, is locally
constant for all x € X. Hence for Iy, Fy € She(X) by [15, Prop. 3.7.4(iii), Cor. 3.7.3],
Homgy,, (x)(F1, F2) 5 Homgp,wy(j*F1,j*F>) is an isomorphism, hence j* is fully faithful.
Let F’ € Shy(U), the by Proposition 4.2, for any x € U, F'|g+zqy is locally constant. We
have natural maps

UxRt+—U
Y
XXR‘W—; X

Where j = j x Id, a is the action map, p is the projection, i(resp. 1) is inclusion to
X(resp. U)yx {1}. @’ :=aoj:UxR* - X, then a' is R*-equivariant, has contractible
fibers and F’® kg+ is constructible along the fibers of a’. F := o/, (F'®kg+) € Sh(X), then F
is conic by [15, Prop. 3.7.4(ii)] . There is a chain of isomorphisms

Fl o i (F @ kg ) = i"a* (F) ~ " j*a* (F) ~ i"j*p* (F) = 5*(F) (4.4)
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where the second isomorphism is by [15, Prop. 2.7.8] , the fourth isomorphism is by [15,
Prop. 3.7.2] . a’ is smooth and surjective, and SS(a”* F) = SS(F'Rkgr+) c LxTZ,R* =a'*(L)
since L is biconical. Hence SS(F') c L by descent [15, Prop. 5.4.5] . Combining with (4.4),
J* is essentially surjective. O

4.2 Base restriction

Let K be a connected complex reductive group with Lie(K) = ¢, T maximal torus of K,
t:= Lie(T). Let ¢, be the center of .
A completely invariant open subset U of € is by definition a K-invariant open subset such
that U nt is abundant in |[U/K|. There is one to one correspondence between:
{completely invariant subsets of ¢} «— {WW (K, T') invariant subsets of t}

U——Unt

KV VvV

Where £V := the minimal complete invaraint open subset containing V' (such thing exists),
the correspondence preserve the property of being star-shape at C' € cg.

Let N = Ny ¢ HY(T*(¢/K)) be the nilpotent cone, i.e Mpx = {Y € ¢ : [X|Y] =
0,Y is nilpotent.}, where Y is nilpotent in €* if it is nilpotent under the identifcation €* ~ ¢
given by some/any non-degenerate invariant bilinear form on €. We will use nilpotent cones
lying in different cotangent bundles in the thesis. When the context is understood, we shall
drop the indices and write all nilpotent cones as N.

Corollary 4.5. Let U be a open invariant subset of €, such that there is some C € ¢ with U
being star-shaped centered at C. Then the restriction functor:

J*: Sha(¥/K) > Shy(U/K)
18 an equivalence of categories.

Proof: This follows from Lemma 4.3 since N is biconical with respect to the R* action
on £ centered at C' and also the fact that this R* action commute with conjugation by K.
Note also that the set of all such C' is contractible. O

Remark: Shy(8/K) is by definition the category of character sheaves on €. Fourier trans-
form gives an equivalence Fr : Shy(¢/K) = Sh(N/K). The latter category is studied in
the generalized Springer theory initiated in [23]. For characteristic 0 coefficient, Sh(N/K)
is explicitly calculated in [27, 28]. For characteristic p coefficient, the abelian category
Perv(N/K) is the subject of recent developed modular generalized Springer theory [1].
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Let L be a Levi subgroup of K containing 7" and [:= Lie(L). Let k be a non-degenerate
invariant bilinear form of €, then k| is also a non-degenerate invariant bilinear form on I.

For any X €&, Tx (¢/K) = ¢ b ¢ in degree —1,0. Under & ~ € by #, T3 (]/K) = ¢ b ¢
(in degree 0,1) = T'x(¢/K)[-1]. Let f:I/L - ¢/K, Y €, then dfy : Tx(I/L) - Tx(¢/K)
and dfy. : Tx(¢/K)[-1] - Tx(I/L)[-1]. A direct computation shows that H°(df; )| = Idi.
Let '=[7:={Z el:Cx(Z) =CL(Z)}.

Proposition 4.6. f|r/.:["/L - ¢/K is etale and df|;/L respects nilpotent singular support.
Le, forY el",§ e HY(Ty (¢/K)), we have HO(df)(§) € N if and only if € € N,.

Proof: Let Y € [" suffices to prove dfy is a quasi-isomorphism. I.e H=!(dfy) and H°(dfy)
are isomorphisms. H~!(dfy) is isomorphism because Y € [" and by definition, H=*(Ty (I/L)) =
{Zel:[Y,Z]=0}={Zet:[Y,Z] =0} = HY(Ty(¢/K)). H°(dfy) being isomorphism is
equivalent to H(df;;) being isomorphism. Again by Y € I we have HO(Ty:(¢/K)) c [. Then
the fact that HO(df:)| = Id proves the proposition. O

Definition 4.7. A base open subset U of | is invariant open subset of [" satisfing the assump-
tion in Corollary 4.5. For such U, define the base restriction Ry : Sha(8/K) — Shp(I/L) by
the following commutative diagram:

Sha(¢/K) (4.8)

I N

Sha(1/L) —2— Shy(U/L)

For V' an Wp-invariant convex open subset of tn [" with V n¢ # @, L'V is a base open
subset of [, and put Ry := Ry Let U c U’ both base open subset star-shape centered at
C, the natural map Ry = Ry is an isomorphism. For x € ¢ := ¢n [", put R, = lim, Ry,
where U range over all base open subset star-shape centered at x. Then for any such U, the
natural map Ry = R, is an isomorphism.

Let £ c g Levi subalgebra. Let Vi an Wi-invariant convex open subset of tn € with
Vince #@ , Vo an Wi-invariant convex open subset of tn [ with V5 n ¢ # @. Then we have
Ry, : Shy(g/G) — Shy (¢/K) and Ry, : Sha(¢/K) — Shar(I/L).

The set V := Vi n 'V, is Wi-invraint convex open subset of tn [;, assume further that
Vne #@. Then we have Ry : Sha(g/G) = Shya(I/L). There is a natural isomorphism

RV2 o R\/l = RV (49)
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Given by the following diagram:
Sh(g/G)

|

Shy (¢/K) —— Shy (KV1/K)
| ™ ¢
Sha(l/L) ——= Shy (*Va/ L) —— Shy(*V /L)

Let P be a parabolic subgroup of K containing L, p := Lie(P). We have
(/L <—T> p/P—" e/

Let Res, :=i'p* be the hyperbolic restriction functor. By similar argument as in Propo-
sition 4.6 the map [y, : I"/L — p/P is also etale, Let p” c p such that p”/P = i(lf/L). Then
we have the commutative diagram, with the top arrows are etale morphisms.

/L —spr/PL—¥/K

| 17

(/L ——p/P

Hence we have
Res,

/L (4.10)

qi = Idyr, The contraction principle gives: i~ qid' > qi, See [15, Proposition 3.7.5]

/L= I

hence Res, S qp*.

The parabolic restriction ¢p* commute with the the Fourier transform [25, Lemma 4.2].
And also qip* : SR(N:/K) — Sh(N/L). So we have parabolic restriction preserve nilpotent
singular support, we get:

Res, : Sha(8/K) - Shy(I/L)

Take any based open subset U of [, by (4.10) and Corollary 4.5, there is commutative
diagram:

Shy(¢/K) (4.11)
Sha (/L) —— Shy(U/L)

Compare with (4.8), we have a naturally commutative diagram:
ShN(E/K)TShN(E/K) (4.12)

lResp IRU

Shar(YL) — Sha (/L)
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4.3 Real structure

There is a natural identification of parabolic subalgebras with certain base open subsets. We
show that under this identification, hyperbolic restriction and based restriction are isomor-
phic compactible with higher transitivity.

The identification X,(T) ® C — t, by (\,¢) = dA(c) gives tg := X, (T) ® R - t. Then all
the weights take real value on tg. Let ¢f = ¢, == ¢,n [}, and CER = ch&R = nlyntg. We have
tr = o = L UCC‘ER a component C+ This defines a stratification on tg by simplices. This
stratification is actually the stratification of tg by facets. For a € ®(K,T) a root, let €, be
the corresponding root space.

Proposition 4.13. The assignment p : tg - {Subalgebras of ¢},

T Pe =@ Buea(K,T),0(2)>0t

satisfying:

(1) p is constant on each facet C. Let pc :=p,, for some z € C.

(2) If C' + C", then pc # pcr.

(3) If C c C", then po > per.

(4) pc is a parabolic subalgebra of € with Levi factor [ = ¢,(C).

(5) The induced map {Facets of tg} — {Parabolic subalgebra of € containing t} is a bijiec-
tion.

Corollary 4.14. p induces a bijiection of sets between:
{Components of <[y} <> Pey:={Parabolic subalgebras of € with Levi I}

This bijection of sets can be thought as homotopy equivalence between K(7,0) spaces:
CI:]R > P&[.

We shall also provide another identification with Pg: Let p € P, C, be the corresponding
component in ¢{p. Let Vg c tg be the union of all facets in tg whose closure intersect C,.
In formula, 7

Vie= () H,= () H, (4.15)

aed(K,T),a(Cy)>0 e (up)
Where H, := {X € tg : a(X) > 0}, and ®(u,) := {a : £, c u, := the nilpotent radical of p}.
The set V,r is Wi-invariant open convex subset of tg. The union of Vpgr’'s in tg are dis-
joint, and ¢fp = [yep,, Vo r is @ homotopy equivalence. In summary, we have the following
commutative diagram of K (7, 0)-spaces, with horizontal maps being homotopy equivalences:

{p} Cy Vor (4.16)

|

Py g — U Vpr
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Example 4.17. When [ = t, we have ¢y =t} = r ) and Cy = Vg is a chamber in tg. This
gives the correspondence between Borel subalgebras and chambers in tg. O
Let V, := Vg xitg is W -invariant open convex subset of t. By (4.12), we have
ShN(E/K)TShN(E/K) (4.18)
Resp Ry,
Shy(I/L) — Sh (/L)
This identification is compactible with (higher) transitivity, in the following sense: Let [ c
£ c g reductive Lie algebras, and p be a parabolic subalgebra of £ with Levi factor [, and ©

be a parabolic subalgebra of g with Levi factor £&. Then Vg nVig = Vg, for g=peu, is a
parabolic subalgebra of g with Levi factor [. Then qn€=yp, and we have

/\
/\/\

The natural map 5'2 oD} > p}oib is an isomorphism. This gives
a”* : Res, o Res, — Res, (4.19)

On the other hand, (4.9) gives a natural isomorphism 3% : Ry, o Ry, = Ry, .
And the 2-diagrams naturally commutes (there is a natural way to fill the solid):

Sha(9/G) ———— Shu(9/G) (4.20)
Rest Ry,

v e o
| 2 S () ] e S ()
k.__,»ﬁesp Ry,

There is similar compactibility with higher transitivities. We shall omit the details.
The following proposition is easy to verify.

Proposition 4.21. Let C € ¢, then —C* : Shy(¢/K) - Shy(¢/K) is canonically isomorphic
to identity functor. O
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4.4 Dependence on parabolic subgroups

Results in this section will not be used later in the thesis.

Taking a step back to the theory of finite groups. Let f : A < B be an inclusion of
finite groups. Then we have the following commutative diagram of induction/restriction on
representations/characters (with horizontal arrows going in the same direction):

C[A] - modsa ——= C[B] — mod 4

f
lch lch

ClA/A) === C[5/B]

Where the vertical lines are taking characters of a representation.

Now let G be a reductive Lie group, L c¢ G a Levi. An useful technique is to reduce
the study of G to that of L which is a smaller group. However, it turns out that direct
induction/restriction between G and L as in finite group case does not behave well. To
correct it, the idea is to use an intermediate parabolic subgroup P. And define the parabolic
induction /restriction in various context using the diagram

Lt p ?.qg

It’s natural to ask how what is the dependence of resulting restriction/induction on the
choice of parabolic subgroups. Indeed, this has been proved to be independent in many
context. In the case of character sheaves on Lie algebra,

f

T
(/L —p/P—L=g/G

f is not étale, and the direct restriction functor f* does not preserve nilpotent singular
support whereas its restriction to ["/L does. Define res, := gp*.

At the level of abelian categories, the following argument is essentially contained in [13,
Theorem 4.1]. using (4.11), we have:

Pervy (g/G)

lresp %\‘

Perv (1) LY~ Pervp (I"/ L) — Perva (U /L)
G*

where 7 is a faithful embedding since j* is an equivalence. So on the level of objects, for each
F e Perv(g/G), res,(F') can be characterized up to isomorphism by the commutativity of the
diagram (also up to natural isomorphism), and hence it’s isomorphism class is independent
of p. Similar argument also works for character sheaves on Lie groups.
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On the level of derived category, faithful embedding does not make sense. Nevertheless,
we could overcome this by taking into account of the higher homotopy: for z € ¢[_, a point,
we have defined R, : Sha(g/G) = Shy(I/L).

And for every path v :[0,1] = ¢, v(0) = z,7(1) = y, we have a natural isomorphism of
functors R, : R, = R,. Similarly for higher cells in ¢_. Let ¢ be the underline homotopy
type of ¢i_,. We have defined a functor:

R: ¢y~ Fun(Shy(/G), Sh(1/L))

For a topological space X, Let CX:=the cone of X. SX:=the suspension of X. Let po [
a parabolic subalgebra of g. Then (4.11) gives

Ry : Ceieg > Fun(Sha(9/G), Sha(1/L))

such that R,(0 € Cg[rcg) = Res,. For q o [ another parabolic subgroup, then we can define
Ryq = Ry Ug Ry : S¢iy — Fun(Shy(g/G), Sha(I/L)), such that Ry q(0y) = Resy, 12, 4(04) =
Resq. If [ # g, then Sg{cg is connected but not contractible, we have Res, ~ Res,, but not
canonically. And such isomorphism can be made canonical, e.g, by choosing a point in
Cleg- Note that ¢f_ g 18 K (7, 1)-space. The situation for Lie group at derived level is more
complicated due to the topology appearing in Lie group, and we shall study this in the
future.

Remark: The independence of parabolic subalgebra at derived level was proved in [25,
Theorem 7.3|, and the same choice in higher homotopy is implicit in the proof.
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Chapter 5

Complex gauge theory on S

The gauge theory on S' provides the simplest nontrivial example of gauge theories. In this
chapter, we study the stack G/G ~ Locg(S') using the gauge uniformization
Q(S1,g)/C>(S',G). We use complex structure groups which in turns gives nilpotent codi-
rections in T*Locg(S?).

The charts in Q!(S?, g)/C>= (S, G) mapping to G/G are a kind of exponential map. The
exponential map plays important role in Lie theory, for example in Harish-Chandra’s theory
of harmonic analysis on (non-compact) semisimple Lie groups. We develop similar method
of exponential maps for character sheaves. And one of our main theorem, Theorem 5.25,
describing of the category character sheaves on G/G as glued from character sheaves on
various Lie algebras, gives a new viewpoint on character sheaves on Lie groups.

5.1 Gauge uniformization on circle

We will establish the results in Chapter 3 in the present situation.

Let G be a connected reductive algebraic group over C. Conng(.S!):= the moduli space
of C* G-bundles on S! with connection. Any G-bundle on S* is trivial, hence Conng(S') =
Conn(S* x G)[Aut(S* x G) the space of connection on trivial bundle modulo automorphism
group of trivial bundle. We have Aut(S! x G) ~ C>~(S!,G). Fixing the trivial connection on
St x G gives Conn(S* x G) ~ QY(S1,g). The action of C* (S, G) on Q(S1,g) is identified
with the Gauge transformation, i.e,

Conng(S') =Q'(Sh, g)/C= (S, G)

where the gauge action Gg,(A) = gAg™ —dg- g™t for g e C~(S1,G), A e Q(S,g). The
tangent complex at A € Q1(S1, g) is:

o o0 d+A
TaConng(S') = Q52 4(S'.g) = [C=(S". g) — Q'(S", 9)]

Fix an orientation on S, the cup product/Poincare duality paring:

Qv (St g) x Q. (ST g*) > C
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(@.0)~ [ ans

gives identification T;Conng(S') = Qf. (S, g*), in particular, H°(T;Conng(S1)) =~ {h €
C=(59*): [ V(f)Anh=0,VfeC>=(S',g)}. Let Ny c H'(T;Conng(S*)) be the conical
subset consist those h such that h(z) e N c g* for all 2 € ST. We have g*(N4) = N,.4, hence
N =Ng = UAeConns, Ny € HY(T*Conng(S1)) is well defined.

Remark: Any connection on S 1N>< G is automatically flat. Hence we have equivalences
between differentiable stacks: G/G — Locg(S1) < Conng(S?), c.f Remark 5.7 to make sense
of the stacks over arbitrary points. And Ng: is identified with N c T*(G/G). O

Take & be an invariant non-degenerate symmetric bilinear form on g. It induces g — g*.

We have for f,h e C=(S1,g):

[v(an== [ favn
For h* := /‘i(h,—) € 000(5179)7

fslfAv*(h*):—fSIV(f)Ah*:_fslv(f)/\h:/Slf/\v(h)

Hence, we have a identification
T Conng(S') ~ Ty Conng (S*)[-1] (5.1)
Remark: This is (the de-Rham resolution of) the 1-shifted sympletic structure on Locg(S)
in [26].

Automorphism groups. Let A € Q!(S*,t),G 4 := Cooos1,6)(A), Then gy = Lie(Ga) =
{X(0) e C=(S',g):dX +[A, X] =0}, Let X = H(0) + ¥ netr fa(0) X, where H : St —> ¢, f,, :
S1 — C. Then the equation dX +[A, X] =0 is equivalent to dH(0) = 0,df, = faa(A). The
first equation has solution constant functions and second equation has either trivial solution
or 1 dimensional solution, denoted by Cf¢. Hence

G% =<T,expCf§:aed> (5.2)
T is a maximal torus of GY, hence
Ga=GY N, (T) =G (Nea(T)nGa) = G- (LT - No(T)) nGa) (5.3)

where the last equality is by Lemma 3.8.
Since HY(X,€y) = 0, the boundary map in the exponential long exact sequence C*(St,C*) -
HY(X,Z) is surjective. Let f e C>~(S!,C*) be a lift of 1 ¢ H(X,Z).
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Now for concreteness, we shall let S be the unit circle in C*, and 6 be the angle coordinate
on S. Take f =¢€. And define I's := fZ c C=(S,C*). Note that S is naturally a Lie group,
and I's = Homp;.(S,C*).

There is commutative diagram, the normalization -2 is to make it compactible with
Gauge transformation:

I's — = H(S,Z)

l

COO(S, C*) x(-2mi)

l—dlog(—)

Q1(S,C) —— HL,(S,C)
Let Qg :=T's®C, Ag := X*(T)®F§,t§ = X*(T)®F§®C =As®C = X*(T)®QS =I's®t. We

have, Qs —oe), QL(S,C), which is injective onto the space of translation invariant 1-forms,
i.e, those of the form adf, for a € C. We have tg = Q(S,t) - Q!(S,g). On the other hand,
As = X (T) @ C=(S,C*) = C=(S,T) = C=(S,G). C>=(S,G) acts on Q'(S,g) via Gauge
transformation, and under this action, Ag stablize ts and the action is identified with the
canonical action. Similarly, the action of Ng(T') c C*(S,G) stablize Q'(S,t) c Q!(S,g). T
acts trivially, W = Ng(T)/T acts on Q%1(S,t) which can be identified with the canonical
action of W on ts. Let Ws:= As x W c Aff(ts). Fix a lifting W — Ng(T') gives a lifting
Ws — C*=(S,G) as a subset. Let &g be the set {nf+a’:neZ,a' ¢ &} c Map(ts,Qs).
Qurr={n+a’:neZ,a" €@} c Map(t,C) be the set of affine roots. For any a =nf+a’ € g,
define U, := exp(e™CX,) c C=(S, ) the corresponding 1-parameter subgroup. Let ®g 4 :=
{ave Pg: a(A) =0}. There is a natural map Os/Pyrr - @, > a:=a—a(0). By (5.2)

GY =<T,Uy:a(A)=0>

The kernal of dlog(-) is C*, so we have Ng,(T) =< LT, Ng(T') > nG4 =< T, Cw,(A) >, hence
by (5.3)
Ga:=<GY, Cy.(A) > (5.4)

From the explicit expression of GY, the following proposition is easy to verify:

Proposition 5.5. Let X(0) € ga, the following are equivalent:
(i) X(0) is nilpotent in ga.

(1i) X (0y) is nilpotent in g, for some 6y € S.

(1ii) X (6p) is nilpotent in g, for all Oy € S.

a

Let Wa := Ng,(T)/T,W} = Ngo (T)/T, then W§ ¢ Wy = Cy;(A). On the other hand,
W9 is generated by a(A)avw, € Ws, for those a € g 4. They are affine (complex) reflection
on tg with respect to the hyperplane a(X) = a(A) € Ts.
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Let Q¥ c X.(T) be the coroot lattice, QY = Q¥V®I's c Ag, then Q¥ =W is group generated
by reflections whose reflections are of the form navw,, for some n € I's. Now by the general
property of reflection groups, see e.g. (7, V.3.3 Prop.1], Cqy.w (A) is generated by reflections
fixing A, (this was stated for A real, but can be extend to complex case in present situation.).
Hence we have W9 = Cou.w(A). In particular, when G is simply-connected, W§ = Wy, i.e,
(G 4 is connected. This gives:

G simply-connected, s € G semisimple, then Cg(s) is connected.

To summarize the notation, we have the following identifications given by f = e®:

(1) | T's Z et < n

(2) Q&R R (1) ®R

3) | s C () eC

(5) | Q¢ QY Inside (4)

(6) tg’R tr (2) ® X. (T)
() | ts ¢ (3) ® X.(T)
(8) | Ws Wit = Xu(T) » W (4) x W

9) | Wg Warr=QVxW (5) x W

(10) WS ~tg W;}Cf ~t Under (7),(8)
(11) (I)S q)aff Under (3),(7)

Etale charts. Let g% := ga-dlog(f) = gaidd. The map -A : g — ga, X ~ ()ZHA)

intertwine the G4 action, this shows that gj is stable under action of G4, and induces
gj /G4 ~ ga/Ga. Where the first action is Gauge transformation and the second action is
conjugation.

For A = (A1, A,,..., Ay) e, we'll say A; € A. Define Ga = Naca Ga,ga = Lie(Ga)
C=(S,9),0% = gaidd c Q'(S,g). ¢y = (g4)%,ca = (ga)%2 = c(ga,Ga). ¢y is an affine
space in ts which contains A;’s, while ¢4 is a linear subspace of t. Any element C' in cﬁ
induces —C': g5 /Ga — ga/Ga which identifies ¢, and ca. Let N c T*(g%/Ga) corresponds
to N c T*(ga/Ga) under this isomorphism. It does not depend on the choice of C.

Hence the results in Chapter 4 can be applied to the situation of Gauge action of Ga
on gy. In particular, Proposition 4.21 implies that the functors —A} : Shy(ga/Ga) —
Sha (g4 /Ga) are canonically isomorphic. Denote this (contractible space of) functor(s) by
~A": Shy(9a/Ga) = Shy(ga/Ga).

For e = (o, w) : A" > Ain AP, Let Gg. := Ggy : Q(S,9) - Q'(S,g). For pt e g ¢
AT w» set gn; = (S, 9), G,y = C=(S,G). We have Ggc(g},) € gy, and Ady(Gar) € Ga.
This gives Gy, : gﬁ,/GA/ — ga/Ga. See Remark 5.7 below to make sense of the map at
S-points for A = pt. let gﬁ’,; ={X egy, : Gag.(x) = Gg(Gx)}. Using (5.1) and Prop. 5.5,
the following proposition is proved in a similar way as in Proposition 4.6.
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Proposition 5.6. Gy, : gj;r6 — gfl is etale, and nilpotent cones correspond under (dGg.)*.0

Remark 5.7. Let S be a set or a C*/complex manifold, we shall make sense of the above
morphisms at S-point. It suffices to define the morphism before sheafification. Let the stack
(over C* /complex manifolds) g,,/G i = Locg(S') = Map(S*, BG), this stack is (the sheafi-
fication of) the functor S~ {(P,3): P a G-bundle on S, : P — P an automorphism}. And
for A e Ay, s /G a is the sheafification of the prestack (g /Ga)?"e := {S = g5 (S)/Ga(S)}.
Now given X : S - Q!(S,g) a set valued point, we get (G x S,5x : G xS - G x S), where
Px|ses 18 the automorphism of the trivial bundle G by solving the equation dg(0) = X (s)g
on S. hence (G x S, Bx) defines a set-valued point S of Locg(S!). And for h an set valued
S-point of C'*(S,G), multiplication by h gives an isomorphism of sets 7, : (G x S, 8x) -
(G x S, Bu(x)). Hence we have the map gy /Ga LN QL(S,9)/C>=(S,G) - Locg(S') on set
valued points. Now if X h are C'*°/holomorphic points of gﬁ, Ga, then Bag, (x), Vad,(n) are
C /holomorphic. Hence we have the morphism of prestacks (g /Ga)"¢ - g,,/Gp which
gives the desired morphism of stacks Ggy : g% /Ga = gﬁt/ Gyt (on C* /holomorphic points).

It is not hard to directly define the C'™ points for Q(S,g) and C>=(S,G), we omit the
details.

5.2 The functors

€

fin
For the convenience later, we will denote a solid triangle in A% ;. by A —— Al —— A
stS, VWS €2 €1

€1 = (51,11)1),62 = (52,11}2), €= (5,w) Where (51 2A1 - All,Al = wl‘l(A) s 52 : A; - Ag,AIQ =
wyl(A}), and 6 : Ay > AY, Ay = w ' (A). Then by definition, for the two arrow to exist, we
have § = 0, 00,2 , and Ay = w™(A) = wy (A;) = wy' (wil(A)). By (1.10), we have

Ggw
A Aﬂng A
Oay/Gay G Oay/Ga 5 9a/Ga (5.8)
This induces pull back on sheaves:
Gy,

— T
Sh(ga/Ga) N Sh(gy,/Gay) Yo Sh(gay/Gay)

For e = (§,w): A" > A in A

+tg,Wa? by Proposition 5.6:

Gy,
— T
Sha(ga/Ga) o ShN(gi’{:el/GA’l) G ShN(gig,e/GAg) (5.9)
w1y w2
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In particular, we have

Gy,

— T
Sha (93 /Ga) 5= Shw (83, /Ga) 5= S (83,/Gas) (5.10)

There are analogous diagrams for Af; w,» When we replace gﬁ by ga and Gg, by Ad,.

5.11. The functor D*>*.

Now for simplicity assume that G is simply-connected. tsg := X,(7) ® I's ® R. By the
previous discussion, G 4 is determined by the hyperplane structure on tgg. Let CQR =Usep F
for F' facet. Then CQ,R is Wy-invariant open convex in tgg, and Cj = Var xitgs is Wiy-
invariant open convex subset of ts. Let Dﬁ :=Ga C’j c gj. Let = c tgr be the set of vertices.
Restricting (5.8) to Dy /Ga gives a functor:

D? = (Dﬁ/GA, Gge,Goy) : Ai’g,wg - Prestk (5.12)

where DpAt/Gpt = Locg(S'), and ATZy, ¢ ALy is the full subcategory such that Cp + 2,
this condition can be describled completely in terms of root data. We have Ujc= Cﬁ = {s,
and Gy, is etale on Dy /Ga. Hence in view of Remark 3.33, the functor DY is a colimit

diagram. It induces a limit diagram on pull back of sheaves with nilpotent singular support:
D2 = (Shy(D4/Ga).Ga? . Ggy) : A =y, co-Cat (5.13)

5.14. The functors g, g;. Let A € Ay a€dg, define a(A) > [=0if a(A4;) >/ =0,V4; ¢
A, and a(A) 2 0 if «(A) >0 but not «(A) =0. For o € &g, let H,, := {Aetgr:a(A) >0}
and for o’ € @, let Hy := {X etz : o/(X) > 0}.

Let 6 : A" > A in AZ”°, define @} := {a € Pga : @(A') 2 0},D;5 := -Pf. We have
D5 a = 5 LI Psar I D5. Let Vig := Nacas Hy © tr and Vi := (Vsr xitg) c t. As in (4.8), put
Rs:= Ry, : Sha(ga/Ga) = Shy(gar/Gar). For we Ws, let A :=w(A), and §v: A" - A¥
in A2 induced by d. Then Ad,;(Vs) = Vsw, this induces

Ad,
Sha(9a/Ga) — Shy(gar/Gav) (5.15)

J{Ré = lRéw
Ady,

Shar(gar/Gar) — Shy(garw [Gam)

For A" % A’ %5 A in AZ let § = 6, 06 Then &7, U®? = &, hence Vs, Vs, = Vs. By
(4.9), we have
R52 o R51 = R5 (516)

Now for e = (§,w) : A} = A'in AZ, , where d : A} - Ay in AZ” for A} = w™(A), define
R, by:
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Ad*
Sha(ga/Ga) ——== Sha(ga,/Ga,)

K JRa
ShN(QAg /GA’l)

€

/ﬂ—n\
For A"—>A' —— A in Aﬁpw , €1 = (01,w1), € = (02,ws), € = (0,w). Where 1 : A -

AlA = wll(A) , 09t Ab = AL AL = wyt(A]), and 6 : Ay > A Ay = w ' (A). We define
R, : R, o R., = R, by the diagram:

Ad;/
(5.10)
Al ;
Sha(ga/Ga) — Shy(ga,/Ga,) — Sha(9a,/Ga,) (5.17)
Rsl Rtgll (5 15) (5,w2” )J/ (5.16)

ShN(QA’ /GA’ ) —> ShN(gA’ /GA’ ) | Rs

Re,
R(;Ql
Sha(gay/Gay)

Hence we have defined a functor
g = (Sha(ga/Ga), R, Ry) : AZ gy, — 00-Cat

The subscript I; is to denote the fact that we are using based restriction for 1-morphisms.
Analogously, V. ﬂaeqﬁ H, c tsg. V = V(ﬁ% xitsr C ts. We have RéA : Sha(ga/Ga) —
Sha(gar/Gar), RA RAoGgw ShN(gA/GA) — Sha(ga;/Gar). And Ry : RS, 0 R, = RE.
We have the functor

80" = (Sha(85/Ga), RS R2) : ALy, — oo-Cat

—A identifies V(SA]R with Vs, and induces a natural isomorphism of functors:

g =g (5.18)
Since C%, = V© is inclusion of Wa-invariant convex open subset of ts. There is natural
A 5

isomorphism of functors:
gb ﬁ DA * = DA *

Ac (5.19)

2wy
given by
Sha(8a/Ga) —— Shy(Dy/Ga)

lRe ngZ

ShN(Gil/GA’) — ShN(DAI/GA’)
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5.20. The functors g=*,g*.
—
For 6: A" > A in AZ| let Fp :=the (real) open convex hall of {A4;: A; € A}. Let AA'*:=
Usera yera, T8 C ci’,r Ntsp , where z7 := the ray from z to y. AA":=-A(AA'%)c ), ntp =

r
CA',]R'

Ps =< T, U,:«€ (I>§ >. Let ps = LiePs c Lg péA = pgld@ (- gi
Lemma 5.21. P;s is a parabolic subgroup of G o with Levi factor G 4. O

We have ,
ga'/Gar = ps/DPs LS ga/Ga

Let Ress := Res,, =i'p*, Since Ad,;(ps) = psw, there is analogous diagram of (5.15):

Ad*
Sha(ga/Ga) — Shy(ga»/Gav) (5.22)

JRESLS = lRes(;w
Ad,

Sha(gar/Gar) —= Sha(garw/Gam)

For A” 2 A’ 2 A in AZ°, (4.19) gives
Ress, o Ress, = Ress, o6, (5.23)

For e = (0,w) : A} — A in AZ}} | Res, = Res; o Ady;.
m
For Ay —— A} —— A in AZ, in Ay, . Similar to (5.17), the diagrams (5.22),(5.23)
and (5.10) gives Res,, : Res.,oRes., = Res.. We have a functor g* := (Shar(ga/Ga), Rese, Res;)).
The diagram (4.16) becomes:

{ps} Af' Vsr
PgA,gA/ CTA,R H %,]R

(4.20) gives commutative triangles:

Shp(ga/Ga) Shn(g9a/Ga)
Rese; R,
Resn R’r]
Res, | <———= ShN(gA’/GA') SRR - ) [P — ShN(gA'/GA’)

A Rey

ShN(gAH/GAN) ShN(gAII/GAII)
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i.e a natural isomorphism of functors

g =g (5.24)

We left to the readers the definition of the functor g#-*, and the natural isomorphism of
functors g&* = gf’* and g* = g&*.
5.3 Main theorem: circle case
So far, we have constructed a diagram of isomorphisms of functors from AZ . to co-Cat:

(524)
— T gb

g)(-
l l(5.18)
g

* AN A%

g’

(5.19)

with the square being commutative. After taking the limit, we have obtained the following
main theorem on sheaves in the circle case:

Theorem 5.25. For G simply-connected, the natural isomorphisms defined above gives com-
mutative diagram of equivalences between oo-categories:

lim g* —— lim g

|

lim g** — lim g;** — lim D** W)ShN(G/G)

Remark: (1) It is not hard to define similar diagrams for any reductive group, we shall
omit the details.
(2) Use of exponential map on nilpotent cone has appeared in e.g. [25, p. 6.6] to understand
cuspidal sheaves. The use of analytic exponential maps enable us to consider all character
sheaves at once.

5.26. The functors (7).
Let ¢ = (€5, Fo : €6 - A2 Wsl) € Catjps . For each functor (?)&*, where ? =D or
) =, sl

g, =24 or @, & =) or @ whenever defined above, precomposing with ¢ gives: (?)37 :=
(?7)a" 0 F, : €, - co-Cat. There is a canonical map lim(?)3”* — lim(?);;. We'll consider
the question when we could reduce the diagram AOE,Wsl to C,, i.e when the above maps is
an isomorphism. It’s clear that if one of the five maps is an isomorphism, so the others.
Now assume G is simply-connected, we have a natural choice of ¢ as follows: let C' be a
chamber in ts g, Let S¢ = {A1, Ag, ..., A} be the set of vertices of C. Let & be the category
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of non-empty subset of S¢ with morphism inclusions. Fixing a total order on S¢ gives a
functor ¢¢ : P - Az y,., Let (7)‘ =) oc- Note that (7)‘ o is actually independent of

the choice of the total order. The map limD*"* - lim Dc is induced from the embedding of
non-degenerate Cech complex to the degenerate Cech complex, hence it is an isomorphism.
So we have the following:

Proposition 5.27. The natural maps lim(?)y" — lim(?)3'7, are isomorphisms. O

Remark: P¢ is a finite diagram with only 1-morphisms while A%7W51 is an infinity dia-
gram involving 2-morphisms. This is vaguely similar to the phenomenon that at Langlands
dual side, the Tanakian formalism for adjoint group can be essentially reduced adjoint rep-
resentation plus certain additional data.

Example 5.28. For G = SL,, T=diagonal matrices.

ld9 0 em@ 0
_ids | then t1 = C- H,Ag1 = { ping | T E Z}. For s € C, Gy := Gy =
b znO
a@ c ta,b,c,deCiad—be=1} s=neZ
ce m
taeC} =T s¢Z
== {nH nEZ} And for n = (ny,ng,...,ng) € ZF,
((n=-1,n+1)xiR)H mny=ng=---=n;=
Va=Var =1 ((n,n+1) xiR)H {ny,ng,....,n;} ={n,n+1}
%) Ini,ng,|ng —nj| > 1
The nontrivial proper parabolic P, are those 0 :n = (n1,n9,...,n) - n’' = (n},n},...,n},),
such that {ni,ne,...,n} =n, {n},n},...,n.} = {n-1,n} or {n,n+1}. In the first case,
inf
P, = (8 b§_1 ), and in the second case, P, = (ceine a(zl)' Let C' = (0,1), Theorem 5.25
and Proposition 5.27 gives
Shy(G/G) = lim Sha(t/T)
RGSPOV %A{O,l}
Shar(80/Go) Shy(91/G1)

If k is field, char(k) = 0, and for perverse sheaves, the above diagram can be explicitly
calculated as:
Pervy (G/G) = lim Vect

00 F 0 F

Vect @ k[Z/2]-mod Vect @ k[7Z/2]-mod
= Vect @ Vect ® k[(Z/2 » Z/2)]-mod = Vect & Vect @ k[W,¢¢]-mod
Where F : k[Z/2]-mod — Vect is the forgetful (restriction) functor. The two Vect are
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generated by two cuspidal sheaves, and k[W,ss]-mod corresponds to sheaves coming from
Springer correspondence, see [5].
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Chapter 6

Holomorphic gauge theory on elliptic
curves

We prove analogous results in last chapter for Gg using the gauge uniformazation
QUWYE,G)/C>(E,G) in 6.1. We get a similar presentation of Shy(Gg) as glued from
character sheaves on Lie algebras. In addition we also study the situation over M, ; the
moduli space of elliptic curves in 6.2.

6.1 Main theorem: ellitpic case

Let z be the coordinate on C. Let wy,wy be two complex numbers not contained in a real line.
E = C/(w1Z & woZ) is an elliptic curve. Let S;,Ss be two unit circles with angle coordinate
6:,05. We have an isomorphism of Lie groups S; xSy — E, by (61,65) — %. Most of
Chapter 5 has direct analog with minor changes, we shall not repeat the proof but only state
the facts.

This is an natural isomorphism of groupoids BunZ(E)(C) = Q%1(E, g)/C>(E,G). Tt :=
HomLie(E,(C*), QE =Tg®R, Ag := X*(T)(X)F]E,ﬁg = X*(T)(X)F]E@R =Ag®R = X*(T)(X)Q]E =

= Olog(-
e®tr. We have, Qg 2los), QY1 (E, C), which is injective onto the space of antiholomorphic

1-forms, i.e, those of the form adz, for a € C. We have tg = Q%1(E, t) - Q%(E, g). dz gives an
identification t ~ tg. On the other hand, A - X, (T)® C~(E,C*) = C~(E,T) - C~(E, G).
C>=(E,G) acts on Q% (E, g) via Gauge transformation, and under this action, Ag stablize
tg and the action is identified with the canonical action. Similarly, the action of Ng(7T) c
C*>(E,G) stablize QO(E, t) c Q®(E,g). T acts trivially, W = Ng(T')/T acts on Q®1(E,t)
which can be identified with the canonical action of W on tg. Let Wi := Ap x W c Af f(tg).
Fix a lifting W — Ng(T') gives a lifting Wi - C~(E,G) as a subset.

Let ®g be the set {f +a’: f €'g,a’ € ®} ¢ Map(tg, Qr). For any a = f + o’ € Py, define
U, = exp(CfX,) c C~(E,G) the corresponding 1-parameter subgroup. Let ®g p := {a €
O : 4(B) = 0}.
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For B € tg, let Gp := Coe(m,)(B) and gp = Lie(Gp) c C~(E,g). Then gg = {X(2) €
C>(E,g) : 0X +[B,X] = 0}, Let X = H(2) + Ypco fa(2)Xa, where H:E - t, f,:E - C.
Then the equation X + [B,X] = 0 is equivalent to dH(z) = 0,0f, = faa(B). The first
equation has only constant solution. The second equation has solution f(z) = e**+(2) for
some holomorphic function h(z) on C, with adz = a(B) € Qg and satisfying the periodic
conditions f(z+wi) = f(2), f(z +w2) = f(2). We get h(z) = cz + d, for some constants c, d.
And solution exist only when a(B) = dlog f’ for some f’ € I'z. In this case, the solution is
f" up to a constant. In conclusion, we have:

GY=<T,U,:aedgp>

To calculate to full centralizer, it suffices to show that (C*(E,T)-Ng(T))nGp c Ag-Ng(T).
Now suppose Fw € (C*(E,T) - No(T)) n Gp, we have w(B) € tg and B = F(w(B)) =
w(B) - dlog(F), hence 0log(F) € tg. By previous argument, F € Ag-T. We get:

Gp=<G%,Cy.(B) >

gB = ggdz. The map -B : g% 5~ 0B, X (d;,B) intertwine the G g action, and induces
05/Gp ~ gp/Gp. Where the first action is Gauge transformation and the second action is
conjugation.

Define Gg, gp, 9B as before. We also have the (contractible space of) functor(s) -B
Sha(98/GB) ~ Shy(95/GB)

The identification E ~ Sy xS, gives I'g = I's, xI's,, t = tg = t5, rxts, g = tr xtr, Ag = Ag, xAs,
acts on tg by product action, and W acts diagonally. We have commutative diagrams:

* .

= (E, Q)
/ \ / \ SN
Ws, Bs, C=(S1,G)  C=(S,, Q)

\/ \/ \G/

For B = (A1, Ay) under the identification, we have inside the above diagrams:

WeB

Pr GB
7N 7N VR

Wsia, ° Wsa, P8, 0 Ps,a, Ga, 0 Ga,

NS NS NS
w ® G

where all arrows are injections.
. . = = —_ A AN A
Now assume G is simply-connected, Let Z := Zg, xZg,. For B € tg, let Cg E= CAl XC’A2 c
A . . . .
tg, C’BJE is Wg g-invariant open in tg. DB E° = Cg . We have the functors

DE, = (D5 +/Gr),Gg) : A”L, . — Prestk (6.1)
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ﬁ§,+ = ((Dﬁ,E/GB)a Gg) : A%’ . — Prestk (6.2)

e, W
are colimit diagrams.
For § = (01,02) : B' = (A}, A}) > B = (A, Ay), Let Vi = Vi o x V0, Vo = Vo, g X Vi, s
define
g, = (Sha(98/GB), Ry, 0 AdY) : Az, wy, — co-Cat

A . .
and g similarly, we have

Theorem 6.3. For G simply-connected, there is natural isomorphisms of equivalences be-
tween oo-categories:
lim g |

|

lim g ;" —— lim D" +— Shy(Gz)

6.2 Parallel transport over M,

Let X be a smooth manifold, £ c T*X be a conical subset, then the functor Sh, : X,,, —
oo-Cat by U — Shy, (U) is a sheaf of categories. Where X, is the site of manifolds with
submersion to X.

Let W = {(w1,ws) € C? 1wy — woiwy # 0}. For w = (wy,wy) € W, let B, := C/(Zwy & Zws).
The group C* x GL(2,Z) acts on W via (A,7) -w := Ayw. Then W/(C* x GL(2,Z)) - M1

is an isomorphism of complex analytic stacks. Let Bun%sf be the universal family of degree

0 semistable bundles over M;;. We have 7 : Bung’ff - My, where 71(E) = Gg. Let

0,ss 0,ss

Bung, = Bungy xm, , W.

For A € C*, we have A : E, - E,,. This induces pullback of connections on the trivial
bundles \* : Conn(E,, x G) - Conn(E, x G). Under the identification Conn(E, x G) =~
QUHE, g) ~ C®(S; x Sp)dz, (A7) : C=(S; x Sp)dz - C>=(S; x Sy)dz is identified with
f(601,62)dz —» \f(61,62)dZ. For v € GL(2,Z), we have 7 : E, - E,,. Similarly, (y*)7! is
identified with f(0)dz — f(v0)dz.

Under the identification tg, ~ ts, x ts,, for B = (Aj,Ay) € 5, x ts,, let B, € tg, the
corresponding element. the groups Gp, (identified as subgroup of C*(S; xSy, G)) and
hence gg do not depend on w, denote them by Gg and gg. We also regard gé = gpdZz
as some abstract space does not depend on w, and for given w, we have an embedding
gp —> QOY(E,, g), and by definition ggw is the image.

The functor 6.2 varies over W, and gives a colimit diagram over W:

]53\,7+ = (DQ,W/GE Gg) : AP° — Prestk (6.4)

+itg) xtg, ,(Agy xAgy )W
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where f)ﬁvﬁ(pt) = Bun%i‘f\,, Dlﬁ,w = Upeww DQ]EW x {w} < Uwew ggw =gp x W =: gﬁvw. The
geometric structure on Dﬁ,w is induced as being open subset of gg’w. The Gg action on
Dg,w is induced from the Gauge action of Gg, on ggw.

Let No = N x Teg c Trgx Tey =T*(g x ¢g). Let s:gxcg—>gx¢y defined by s(X,C) :=
(X +C,C). We have:

Lemma 6.5. s*(N;) =N..O

Choose a C* map Cy, : W — Cg,w = Uwew cgw c gﬁ’w. For example, we could choose
Cw(w) = B(w) := By, for some B e B. then -Cyy : g5,,/GB ~ gBW/GB = (g8 x W)/GB by
(X,w) ~ (%"’;(”),w) is an isomorphism. Where the later action of Gg is by conjugation
on the factor gg. Let My := N x Tj, W ¢ T*(gB,w/Gg), then by Lemma 6.5, -C5,, (M) ©
T+ (gé,w /Gg) does not depend on the choice of Cyy. We denote this set still by M. We have
Gg* preserve Ny, on Dﬁjw/GB. Then by (6.4), Ny c T*(DQW/GB) descent to a subset in

T *Bun%ifv, which we shall still denote by Nyy. It is clear that Ajy’s are isotropic. We have
the limit diagram Dy, := (Shas, (D§ ,,/Gg), Gg*).

Proposition 6.6. The isotropic subset Ny, of T*Bun%ifv is C* x GL(2,7Z) invariant, hence

it descent to some N c T*Bun%ff.
Proof: For A € C*, under the identification tg, ~ tdz, for any w € W. A(B,) = By, €
tdz, \*(Djy E,) = Dy g, C g5, and there is a commutative diagrams:

A A* A A A* A
DB,W DB,W DB,W DB,W

T

A A* A 0,85 A¥ 0,ss
98w »gpw Bungyy > Bungy,

S

9B W —— 9BW W—"-—W

The bottom row on the left preserve Ny, hence the top rows preserve Ay, and hence the
middle row on the right.

For v € GL(2,7Z), We have ~v* :ggW - gﬁB,W' Let ggj = ggiept c ggw for €, : B, —> pt a
final morphism, and gg:rw = Uwew gfgjf c gg’w . We have also 7~ : ggfw - gjg’w. There are
similar diagrams:
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*

Ar v Ay Ay Y Ay
9w 9w 9w " 9B W

Lo

A v* A 0,ss 0,ss
9w gypw  Bungyy »Bungy,

Pl

9B W — 94BW W——--—>W

The bottom arrow on the left again preserves N)y. O
We have the sheaf of categories Shy, on Bung®. Let Shy, (Bung™) = 7, (Shyy, ) a sheaf of

categories on My ;. For any f:U - M a smooth map, by definition, Shy, (Bung™)(U) =

Shdf*(Nl)(Bun?;’ff Xy, U), where f: Bun0 X, U~ BunOGsf is the base change of f.

Theorem 6.7. Sth(Bun *) is a locally constant sheaf of categories on Myy. And for
A{E} - /\/l11 a point, the natural map i* : Shy, (Buny™)g — Sh(Gg) factor through
Sth(BunGss)E — Shy(GEg) which is an equivalence of categories.

Proof: Suffices to prove the statements after base change to WW. Now assume U is a
contractible open subset of W and w € Y. The notations introduced below are self-evident.

Let 7, : Gg, - Bun0 °* the closed embedding. There is a natural transformation of functors

1 ¢ Dg 4= Du N mduced by the inclusion %, B : DB]E - DBu We have colim (2,,) =~ i,.

The followmg diagram is commutative:

‘w —C (w)
Dy, /Ge - +ggw/CT'BMTWJB/G}s

N

Dg /G —— 95.,/Gs —=> 9B1/GB

It induces a commutative diagram on sheaves:

Sha(Dg 5. /GB) +=— Sha(gg, /GB) «—=— Sha(98.,/GB)
/I\
Ti; | i, ~ |4y
| - |
Shag, (Dh 1/ Gs) <2~ Shag, (95 14/ GB) +=— Shai, (g8.2/CB)

Where jj being equivalence by Corollary 4.5, and similarly for j;. And ¢, on the right is
equivalence since U is contracitble and Ny = N x T;U ¢ T*(gg/Gs) x T*U. We conclude
that all the vertical %,’s preverse nilpotent singular support and are equivalences. Hence the
natural transformation i, induces an isomorphism ¢} : f)ﬁ: = f)g:;. Taking limit, we get
the desired results. O
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Remark: In fact, i is non-characteristic w.r.t N; and i*(N;) = N. This in particular
implies that ¢* ~ 7' up to a shift, and both preserve nilpotent singular support.
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Appendix A

Analytic stacks

Let ComSp be the site of complex spaces, where the coverings are etale surjective maps. A
morphism between two complex spaces is etale if it is a local biholomorphism. A prestack is
by definition a functor 2 : ComSp — Grpd, and a stack is a prestack which is a sheaf. An
morphism f: .2 — % between stacks is representable if for any morphism from a complex
space g:Y - %Y x4 2 is representable by complex space.

A morphism between two complex spaces is smooth if it is locally isomorphic to U x D" —
U, where D is the unit disk in C. A representable morphism between two stacks is called
smooth if it is so after base change from any complex space. Let P be a property of morphism
that is stable in smooth topology on ComSp, we say a represetable morphism has property
P if it has property P after base change by smooth morphism from any complex space. Such
properties include being surjective, etale, smooth, closed embedding, open embedding, open
dense embedding, isomorphism. It’s not hard to see that the two definition of being smooth
of a representable morphism agrees.

An analytic stack is by definition a stack 2" such that:
(1) & > Z x Z is representable, and
(2) There is smooth morphism surjective 7 : X - 2, where X is a complex space.

A analytic stack is smooth if in the above definition, X is a complex manifold. To study
smooth analytic stack 2", % and smooth morphism between them, it suffices to study functor
2, % after restriction to Cplx the site of complex manifolds.

Definition A.1. f: 2 — % is generically open if there is % c 2 open dense embedding,
such that f|y : % — % is open embedding.

Lemma A.2. An etale and generically open morphism of analytic stacks is open embedding.

Let © € Ob(Z (C)), we say f is etale at x if for any base change Y — % f/: X :=
2 %y Y =Y is etale at any point 2’ € X over x. By definition, etaleness only depends on
isomorphism class of x, so we can also speak about f being etale at z € |2"|. We have the
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locus in | 27| where f is etale is open.
It’s easy to see that f is etale if and only if it is etale at every |27|.

T, Z the tangent groupoid at x is defined to be the fiber category of o : 2 (C[e]) —
2 (C) over x. Le. Ob(T,Z) :={(v,¢) : ve Z(Cle]),¢: o(v) = x}, and morphism are
those induces identity on x. There is an action of Aut(x) on T,.2 via (v,¢) ~ (v,go¢) We
have natural map of groupoid df, : T, Z" — T ¥% by postcomposition with f. The map
interwine the action of Aut(x) and Aut(f(x)). By base change, We have

Proposition A.3. Assume 2, % smooth analytic stacks, then f is etale at x if and only if
df, is an equivalence. O

Tangent groupoid and tangent complex. For smooth analytic stack 2, the tangent
groupoid T, Z has a natural structure of category in vector spaces such that the commuta-
tivity constraint is trivial. Such datum is equivalent to complex of vector spaces in degree
-1,0. The assignment is by associate such a category ¢ to H~! — H° where the differential is
trivial and H°(%"):=isomorphism classes of objects in €', and H~!(%’) := the automorphisms
of identity object. Note that both of them have vector space structures. Under this assign-
ment, Aut(z) acts linearly on Hi(T,2"), and df, induces an linear map between H* ’s and
it is an isomorphism if and only if the original functor between groupoids is an equivalence.
We have H (T, Z") = Lie(Aut(x)), and the action of Aut(x) is conjugation.

Example A.4. Let 2" = X/G be the quotient stack, T'Z" is represented by the complex
g®c Ox -» TX, for x € X, let  be the image of x in 2", then T; 2 is quasi-isomorphic to
the complex g - T,,X, where the arrow is H = 4|, _gexp(tH)z. We have Aut(z) = Ce(x)
the stablizer at x acts on T3 2 = {g 2, T.X}, by conjugation on g, and for g € Aut(z),v =
7'(0) € T, X, for (t) a curve through z. g-v:= %|,_4gy(¢). Then § is an Aut(Z) module map.
Indeed, 6(ady(H)) = L|,cgexp(tady,(H))z = &|, _ogexp(tH)g'w = L], _ogexp(tH)x = g-6(H),
where g~'z = x because g € Cg(x). O
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Appendix B

Semisimple and semistable bundles

In this chapter, we collected some basic facts about G-bundles on elliptic curve, summarized
in Proposition B.2.
Following [4, 9, 10], we make the following

Definition B.1. Let P be a G bundle on a compact Riemann surface C.
P is of degree 0 if it lies in the neutral component Bung(C)? of Bung(C)
P is semisimple if P has reduction to a maximal torus 7'.

Let C' = F be an elliptic curve.

P is semistable if the associated adjoint bundle gp is semistable.

It’s easy to see that semisimple semistable G bundles of degree 0 are exactly those in
the image of the map Buny(C)? - Bung(C)°. Let Bung(FE)%** be the stack of degree 0
semistable G bundles on E. It is an open substack of Bung(£)?. We have the following
characterization of degree 0 semistable bundle on E.

Proposition B.2. Let P be a G bundle of degree 0 on E, then:

(1) P is semisimple semistable if and only if P is a closed point in |Bung(E)%%).

(2a) P is semistable if and only if the closure of P in |Bung(E)Y| contains a semisimple
semistable bundle. (2b) Moveover, in this case, such semisimple semistable bundle is unique,
we shall call it the semisimplification of P.

The propostion is known in the case when G is semisimple and simply connected [3, 10].
For the general case, we need the following lemmas.

Lemma B.3. Let H' — H finite cover of algebraic groups, with kernel K central in H'. C
a compact Riemann surface. P an H' bundle C'. Then

(1) HY(C, K) acts on |Bung:(C)°|, with quotient |Buny (C)°|. In particular, = : |Bung. (C)°| -
|Bung (C)°] is open finite surjective.

(2) Assume H (hence H’) is reductive, then P is semisimple if and only if Py is semisimple.
(8) Assume C = E, H is reductive, then P is semistable if and only if Py is semistable.
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Proof: (3) follows directly from definition.
(1) There is a short exact sequence 1 - # — 7' - H# — 1, where H (resp. 7", 7) is

the sheaf of sections of the constant group scheme K (resp.H’, H) over C. Notices that
HO(C, ") - H(C, ) is surjective. We have

1—— HY(C, K) —— [Bung (C)| ——— [Bung (C')| —— H2(C, K)

| J |

1l ———— m(Bung/(C)) — m (Bung (C)) K 1

This gives 1 > H'(C, K) - [Bung/(C)°| - [Bung (C)°| - 1.
(2) Let T" be a maximal torus of H', then K ¢ T" and T := T"/K is a maximal torus in
H. We have the commutative diagram of short exact sequences of groups.

1 K 1" T 1

N

1 K H' H 1

Take the corresponding sheaves and long exact sequences on cohomology, (2) is obtained by
diagram chasing. O

Lemma B.4. Let H' — H be a finite central cover of reductive algebraic groups with kernel
K. If Proposition B.2 holds for H', then it holds H.

Proof: Suppose Proposition B.2 holds for H'. Let P € |Bung(F)°. For (1), assume
P is semisimple semistable. Then by Lemma B.3, 7=1(P) is a finite union of semisimple
semistable H' bundles, hence is closed in [Bung/(E)°|. Hence {P} = w((7~1(P))c)¢ is closed
(7 is open, ¢ stands for complement). Conversely if P is a closed point in |Bung (E)%ss|

77 1(P) is a closed set in |Bung:(FE)%**| hence it contains closure of any of its point,
hence contains a semisimple semistable H’ bundle. Again by Lemma B.3, P is semisimple
semistable. To prove (2a), assume P is semistable, then there is a semistable H’ bundle P’,
such that 7(P’) = P, there is a semisimple semistable H’ bundle R’ € W, then we have
R :=m(R’) is semisimple semistable and R ¢ W Conversely, suppose {P} contains some
semisimple semistable bundle. Let 7=Y(P) = {P;,P),...,P,}, if any of P/ has a semisimple
semistable H’ bundle in its closure, then we conclude P; is semistable, hence so is P. Sup-
pose none of P! contains a semisimple semistable bundle in its closure, we want to reach

a contridiction. Indeed, we’ll have (w((U}, {P;})¢))¢ is closed, containing P and does not
contain any semisimple semistable H bundle, which contridicts to the assumption. For (2b),
let P be semistable, take P’ € 7=1(P), then n(H'(E, K)-{P’}) is closed containing P and

only contains one closed point which the image of the closed point in {P’} under 7. O

Proof of Proposition B.2: Proposition holds for all semisimple simply-connected groups,
Lemma B.4 implies it holds for all semisimple groups. It’s easy to see if proposition holds
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for H, then it holds for T'x H for T" a torus. Then for any connected reductive group
G, G = (Z(G)" x [G,G])/F for a finite central F. So by Lemma B.4 again, we conclude
proposition holds for G. O

Corollary B.5. Let K c G two reductive algebraic groups. Under the natural induction map
Bung(F) - Bung(F), the image of Bung (FE)%** lies in Bung(E)%**,

Let Ggo be the moduli stack of degree 0 semistable G-bundles with trivialization at
0 e E. We have:

Proposition B.6. G is representable.

Proof: Suffices to prove that for any degree 0 semistable G-bundles P, the natural map
Aut(P) - Aut(Py) is injective, where Py is the fiber of P over 0 € E. By Corollary B.5,
we can reduce to the case when G' = GL,. Then the above injectivity follows from Atiyah’s
classification. O
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