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Abstract

Uniformization of semistable bundles on elliptic curves

by

Penghui Li

Doctor of Philosophy in Mathematics

University of California, Berkeley

Professor David Nadler, Chair

Let G be a connected reductive complex algebraic group, and E a complex elliptic curve. Let
GE denote the connected component of the trivial bundle in the stack of semistableG-bundles
on E. We introduce a complex analytic uniformization ofGE by adjoint quotients of reductive
subgroups of the loop group of G. This can be viewed as a nonabelian version of the classical
complex analytic uniformization E ≃ C∗/qZ. We similarly construct a complex analytic
uniformization of G itself via the exponential map, providing a nonabelian version of the
standard isomorphism C∗ ≃ C/Z, and a complex analytic uniformization of GE generalizing
the standard presentation E = C/(Z ⊕ Zτ). Finally, we apply these results to the study of
sheaves with nilpotent singular support.
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Chapter 1

Introduction

Let G be a connected complex reductive algebraic group, and E a complex elliptic curve. The
moduli of G-bundles on E plays a distinguished role in representation theory, gauge theory
and algebraic combinatorics (for example [8, 29] as the setting of the elliptic Hall algebra),
and its geometry has been the subject of a long and fruitful study. Atiyah [2] classified vector
bundles on E in terms of line bundles and their extensions. In particular, he showed rank
n vector bundles with trivial Jordan-Holder factors are in bijection with unipotent adjoint
orbits in GL(n), with the unique irreducible such vector bundle corresponding to the regular
unipotent orbit. This initiated the organizing viewpoint that vector bundles on E form an
analogue of the adjoint quotient of GL(n), where the “eigenvalues” of a vector bundle are
the line bundles appearing as its Jordan-Holder factors. In a beautiful series of papers,
Friedman, Morgan and Witten [11, 9, 10] extended this to any G, definitively describing the
Jordan-Holder patterns and the geometry of the coarse moduli of semistable bundles. Our
focus here is the moduli stack of semistable bundles, and specifically the construction of an
analytic uniformization of it by finite-dimensional subvarieties of the loop group of G. We
discuss motivations and applications at the end of the introduction.

Thanks to complex function theory, the uniformization E ≃ C∗/qZ, with ∣q∣ < 1, has
been known since the 19th century. Let Jac(E) be the Jacobian variety parameterizing
degree zero line bundles on E. (Thanks to Serre’s GAGA, one can equivalently consider
algebraic or holomorphic bundles.) The Abel-Jacobi map E → Jac(E), x ↦ OE(x − x0)
is an isomorphism, inducing a similar uniformization Jac(E) ≃ C∗/qZ. This isomorphism
also results from the following geometric observations. By the uniformization E ≃ C∗/qZ,
holomorphic line bundles on E are equivalent to equivariant holomorphic line bundles on
C∗. Since every holomorphic line bundle on C∗ is trivializable, equivariant holomorphic
line bundles are encoded by their equivariance up to gauge. Such data can be represented
by elements of the holomorphic loop group LholC∗ up to q-twisted conjugacy. Within this
identification, one finds the uniformization of Jac(E) by the constant loops C∗ ⊂ LholC∗ up
to q-twisted conjugacy by the coweights Z ≃ Hom(C∗,C∗) ⊂ LholC∗.

Now let GE denote the connected component of the trivial bundle in the stack of
semistable G-bundles on E. By the uniformization E ≃ C∗/qZ, isomorphism classes of G-
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bundles on E are in bijection with q-twisted conjugacy classes in the holomorphic loop group
LholG (see for example [4] where this is attributed to Looijenga). We would like to enhance
this to an analytic uniformization of GE by finite-dimensional subvarieties of LholG. As a
first attempt, we could take the constant loops G ⊂ LholG, but unfortunately, in general, the
natural map G/G→ GE from the adjoint-quotient is neither surjective nor étale.

We correct for both of these shortcomings in the following theorem. Let T ⊂ G be a
maximal torus of G. For each s ∈ T , we define a reductive group Gs ⊂ LholG and a connected
adjoint-invariant open analytic subvariety G0,et

s ⊂ Gs. By construction, the element s lies in
both Get

s and also the center of Gs, so in particular Gs is the automorphism group of the
semisimple G-bundle on E defined by s.

Theorem 1.1. There is a finite set S ⊂ T , such that the natural map

∐s∈SG
0,et
s /Gs

// GE

is surjective and étale.

Note that the uniformization E ≃ C∗/qZ presents E as a quotient of C∗ by the q-
translation action of the group Z. A further challenge of the nonabelian setting is the
complicated gluing of the above cover, in particular the fact that it is far from the quotient
map of a group action. In Corollary 3.32, we describe the fiber products

G0,et
s1 /Gs1 ×GE G

0,et
s2 /Gs2 , s1, s2 ∈ T

which again turn out to be disjoint unions of open substacks of adjoint-quotients of reductive
groups. Furthermore, it is straightforward to generalize this to the fiber product of any finite
number of terms. To organize this canonically involves some care, in particular since the
terms and their fiber products are stacks not schemes. To achieve this, we introduce a
simplified version of the Čech diagram of the cover and prove that GE is indeed its colimit
in the setting of stacks. We record this extension of Theorem 1.1 in the following abstract
form and refer the reader to Theorem 3.28 for a more explicit version.

Theorem 1.2. There is a category C , a functor GE ∶ C → Stacks, and an equivalence

colim C GE
∼ // GE

such that GE assigns open analytic substacks of adjoint-quotients of reductive groups to objects
of C .

Before discussing motivations for and applications of the above results, it is worth high-
lighting that the methods also provide a useful “exponential uniformization” of the adjoint-
quotient G/G itself. Whereas we previously started with the natural map G/G → GE and
then refined and extended it in the subsequent theorems, here we start with the expo-
nential map g/G → G/G and then refine and extend it accordingly. What results is an
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explicit description of G/G as the colimit of a diagram of disjoint unions of open substacks
of adjoint-quotients of reductive Lie algebras. We also construct an explicit presentation of
GE in similar terms, which can be thought of as an iteration of exponential uniformization
and Theorem 1.2. In these cases, spaces of connections up to gauge transformation play the
role of holomorphic loop group up to q-twisted conjugation.

At this point, the reader may jump ahead to 1.1 for a concrete example of the exponential
uniformization of G/G. We continue the introduction here.

To put the above results in further context, recall the well-known trichotomy of plane
cubic curves. Let B ⊂ G be a Borel subgroup, and let H = B/[B,B] be the universal Cartan
group with Lie algebra h. Let ΛH = Hom(Gm,H) denote the coweight lattice, note the
canonical isomorphisms h = (Ga ⊗ ΛH), H = (Gm ⊗ ΛH), and let HE = (E ⊗ ΛH) be the
“elliptic Cartan group”.

The following chart organizes the idea that semistable bundles on plane cubic curves
behave like adjoint-quotients. (In the chart, ∆ = −16(4a3 + 27b2) is the usual discriminant.)
Our results allow us to systematically reduce questions about the second and third columns
to the far simpler linear geometry of the first column.

Plane cubic curve cuspidal curve nodal curve elliptic curve
Local equation y2 = x3 y2 = x2(x + 1) y2 = x3 + ax + b,∆ /= 0
π1(curve) {1} Z Z2

Semistable bundles g/G G/G GE

Coarse moduli h/W H/W HE/W

Finally, let us mention some specific motivations for and applications of the above results.
One of our primary goals is to understand the derived category D♭

N
(GE) of constructible

sheaves with singular support lying in the global nilpotent cone (the zero-fiber of the Hitchin
map). Our approach also gives a new understanding of the (derived) category of character
sheaves D♭

N
(G/G). We record the theorems on sheaves in the following abstract form and

refer the reader to Theorem 5.25 and Theorem 6.3 for a more explicit version.

Theorem 1.3. There are categories C ∗
0 ,C

∗, and functors G ,G ∗
E ∶ C ∗

0 ,C
∗ → ∞-Cat, and

equivalences

limC ∗
0
G ∗ ∼ // D♭

N
(G/G)

limC ∗ G ∗
E

∼ // D♭
N
(GE)

such that G ∗,G ∗
E assigns derived categories of character sheaves on adjoint-quotients of re-

ductive Lie algebras to objects of C ∗.

Comparing to Theorem 1.2, Lie groups are replaced by Lie algebras, and the phrase
“open substacks of” is removed. An application of the above result is the topological nature
of D♭

N
(GE).
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Corollary 1.4. The category D♭
N
(GE) is locally constant in the parameter q.

With modest further effort, and similar applications of the above results, one can extend
the corollary to the derived category D♭

N
(BunG(E)) of constructible sheaves with nilpotent

singular support on the entire moduli of all G-bundles on E. This category contains the
Hecke eigensheaves of the geometric Langlands program, and we expect it to offer also a
theory of affine character sheaves. Furthermore, under Langlands duality/mirror symmetry,
it is expected to correspond to a derived category of coherent sheaves on the commuting
stack. (Note that the commuting stack, and hence its coherent sheaves as well, is evidently a
topological invariant, only depending on the fundamental group of the elliptic curve.) This
is in turn the subject of beautiful recent developments (Schiffmann-Vasserot [30, 32, 31]
on Macdonald polynomials and double affine Hecke algebras; Ginzburg [14] on Cherednik
algebras and the Harish Chandra system) and in particular its role as affine character sheaves
was established in [6].

Another application of the results of this thesis is the construction of a horocycle cor-
respondence for loop groups. The traditional horocycle correspondence relates character
sheaves and the Hecke categories, and in particular is the fundamental geometry used to con-
struct character sheaves. Due to the infinite-dimensional nature of the loop group, the anal-
ogous horocycle correspondence, or for that matter the adjoint-quotient of the loop group,
is difficult to work with. But from the results of this thesis one can construct an “elliptic
horocycle correspondence” over the semistable locus. We expect this will play an important
technical role in the structure theory and classification of objects of D♭

N
(BunG(E)).

1.1 A first example

To illustrate the ideas, we give a first example in its most plain form. It will be revisited in
Example 5.28 in the form compactible with the general discussion.

Let G = SL2, g = sl2, T, t the diagonal matrices in G,g. Let U ∶= {X ∈ g ∶ ∣Re(λ(X))∣ <
1/2}, for λ(X) an eigenvalue of X. Let V be another copy of U . We have U → G by

X ↦ exp(2πiX) and V → G by Y ↦ (−1 0
0 −1

) exp(2πiY ). Let D = {H ∈ t ∶ 0 < λ1(H) < 1/2},

where λ1(H) is the first eigenvalue of H. We have D ×G/T → U by (H,g) ↦ gHg−1 and

D × G/T → V by (H,g) ↦ g(H − (1/2 0
0 −1/2))g

−1. Notice that [H,(1/2 0
0 −1/2)] = 0 We

have the commutative diagram

D ×G/T

zz $$
◻U

$$

V

zz
G
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which is a fiber diagram. All arrows are open embeddings and U∐V → G is surjective. The
diagram is G-equivariant, passing to the quotient, we have

D/T

|| ""

◻U/G

""

V /G

||

G/G

(1.5)

with all actions being adjoint actions. Passing to the sheaves, we have all the pullback
preserve nilpotent singular support. Hence we have

ShN (G/G) = lim ShN (D/T )

ShN (U/G)

::

ShN (V /G)

dd
(1.6)

The above diagram can be identified with

ShN (t/T )

ShN (g/G)

;;

ShN (g/G)

cc
(1.7)

with the pullback identified with (parabolic/hyperbolic) restriction. Hence this gives a de-
scription of the category of character sheaves on a Lie group in terms of categories of charac-
ter sheaves on the Lie algebras. We have analogous statement in elliptic situation. It turns
out that the charts U/G,V /G and D/T we defined above naturally sits in side the infinity
dimension uniformizations we shall consider.

1.2 Outline of the strategies

The main content of this thesis can be divided into two parts. The first part is to define
some covers of the stacks mentioned in the introduction, and the second part is to use those
covers, by the general theory of descent, to describe the category of sheaves with certain
singular support condition. We shall outline the main strategies respectively as below.

1.8. First part: at the level of spaces.

We shall start with some general construction. Let X ∈ Sp, where Sp = the category
Mfld of smooth manifolds, Cplx of complex manifolds, or Sch of schemes. We have tau-
tologically X = colim Y ∈Sp/XY in the presheaf category (valued in ∞-groupoids). Now if X
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is a 1-stack over Sp, (see Appendix A for a brief account of the theory the stacks we shall
use) we have similarly X = colim Y ∈1-stack/X Y . Notice that 1-stack/X is a (2,1)-category,
i,e a weak 2-category where all 2-morphisms are invertible.

For each functor F ∶ C → 1-stack/X , we have a natural morphism colim F → X . We
could understand X in terms of F . E.g, if Y →X is (representable) smooth surjective, let
C = ∆op the opposite of simplex category and F ∶ C → 1-stack/X by F ([n]) = Y n

X . Then
smooth descent implies that colim F →X is an isomorphism.

Now suppose X = X/G, we can define a (2,1) category S and a functor S ∶ S →
1-stack/X , as follows: The object of S are of the form (X,G), for X ⊂ X , G ⊂ G such
that G acts on X. MorS ((X1,G1), (X2,G2)) = {g ∈ G ∶ g(X1) ⊂X2, gG1g−1 ⊂ G2}. And a
2-morphism for each triangle

(X1,G1) g
//

f

⇑η **

(X2,G2) h
// (X3,G3) (1.9)

Then for g ∶ (X1,G1) → (X2,G2) in S , then g induces Sg ∶ X1 → X2, x1 ↦ g ⋅ x1 and a
group homomorphism φg ∶ G1 → G2, g1 ↦ gg1g−1. The two maps (Sg, φg) are compactible
in the sense that Sg(g1x1) = φg(g1)Sg(x1). Hence they induces a map of quotient stacks
Sg ∶ X1/G1 → X2/G2. Similarly, we have Sh ∶ (X2,G2) → (X3,G3) and Sf ∶ X1/G1 → X3/G3.
We have an natural (invertible) 2-morphism

Sh,gf ∶ Sh ○ Sg ⇒ Sf (1.10)

Now there is a functor S ∶ S → 1-stack/X . By taking (1.9) to

X1/G1 Sg
//

Sf

⇑Sh,g
f

))

X2/G2 Sh
// X3/G3

Now for any J ∶ C →S , we have colim F →X , where F = S ○J . In practice, X is assumed
to be finite dimensional, but X ,G could be infinite dimensional. And all objects (X,G) in
S are taken to be finite dimensional.

We are mainly interested in the situation X is (a) LocG(S1) = Ω1(S1,g)/C∞(S1,G), (b)
BunG(E)0 = Ω0,1(E,g)/C∞(E,G), or (c) BunG(E) = LholG/qLholG, We shall construct some
C , F as above such that colim F →X ′ is an isomorphism, where X ′ = X in case (a), and
X ′ = GE ⊂ X in case (b),(c). They are discussed in the following places of the thesis:
(1) The category C is defined in chapter 2. It is of the form ∆op

−,− as in 2.9.
(2) The functor F is defined for case (a) in 5.11, (b) in 6.1 and (c) in 3.3. The covers
F (c), c ∈ C are isomorphic to U/K where K is some a reductive Lie group and U is an
invariant open subset of k = Lie(K) for (a),(b) / of K for (c). See also Remark 5.7 to make
sense of the above discussion at the level of S-point.
(3) We prove the fact that colim F ≃ X ′ in case (c) in Theorem 3.28. This is the main
theorem of the first part. The proof relies on the particular geometry of adjoint quotient.
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And the corresponding statement is stated in (5.12) for (a) and in (6.1) for (b). There are
various versions of C , F we will use, c.f Remark 3.33. The diagram (1.5) will be a partiuclar
example.

1.11. Second part: at the level of sheaves.

In this part, the linear geometry on Lie algebras is crucial for explicit calculations, so
we shall only consider case (a),(b). The functor F ∶ C → Prestk, induces pullback on
sheaves: F ∗ ∶ C op → ∞-Cat. And colim F ≃ X ′ together with descent gives limF ∗ ≃
Sh(X ′). We show that the sheaves with nilpotent singular support correspond. Hence
we have ShN (X ′) ≃ limc∈C ShN (F (c)) as in (1.6). To calculate this, we show in that the
restriction ShN (k/K) → ShN (U/K) is an equivalence in section 4.1, c.f Corollary 4.5. In case
(a), under the above equivalence, we show that the pullback F (ϕ)∗ induced by 1-morphism
ϕ ∶ c → c′ in C is identified with (i) hyperbolic restriction or (ii) based restriction between
reductive Lie algebras. The notion of based restriction is introduced in 4.2. And the fact
that based restriction is the same as hyperbolic restriction is shown in 4.3. Using these,
we define various functors C → Prestk in 5.2. The fact of they are all isomorphic to F ∗

(with nilpotent singular support) and hence can be used to calculate ShN (X ′) is our main
theorem, Theorem 5.25. One of the functors will give (1.7). We have similar statememts
for case (b), but in this case, we could only use based restriction rather than hyperbolic
restriction.

1.12. Structure of the thesis.

The logical order amount chapters are as follows:

Chapter 2

��

Chapter 3

''

Chapter 4

ww

Chapter 5

��

Chapter 6

The first part mainly consists of Chapter 2,3, and the second part mainly consists of
Chapter 4,5,6. We study case (c) in Chapter 3; the adjoint-quotient of Lie algebra g/G in
Chapter 4; case (a) in Chapter 5; and case (b) in Chapter 6.
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Chapter 2

Category preliminaries

In this chapter, we introduce the combinatoric that organize the diagram we will use later.
The main object is the category ∆op

−,− defined in (2.9).

Let F ∶ D → T be a functor between two categories, assume D is small. Let D+ be the
category obtained by adding a final object pt to D . The category D+ has a final object.
Then giving a cocone of F in T is same as giving a functor F+ ∶ D+ → T .

Definition 2.1. Let D be a category, a functor F+ ∶ D+ → T is called a colimit diagram if
the natural map colim(F ) → F+(pt) is an isomorphism.

2.2. The category DJ . Given a functor J ∶ D → Set (assume D is small), we can associate
it a category DJ by Ob(DJ) ∶= ∐d∈D J(d), for c, c′ ∈ Ob(DJ), we have c ∈ J(d), c′ ∈ J(d′)
for unique d, d′ ∈ Ob(D), define MorDJ (c, c′) ∶= {f ∈ MorD(d, d′)∣J(f)(c) = c′}. with the
identity and composition induced from D . DJ is indeed a category.

Now let T be a category with coproduct. Let K ∶ DJ → T a functor. We define a functor
KJ ∶ D → T . KJ(d) ∶= ∐c∈J(d)K(c), and for f ∶ d→ d′, we have J(f) ∶ J(d) → J(d′), for each
c ∈ J(d), then J(f)c ∈ J(d′), and f ∈MorDJ (c, J(f)c). We have K(f) ∶ K(c) → K(J(f)c),
we have natural morphism K(J(f)c) → ∐c′∈J(d′)K(c′) = KJ(d′) in T , by composing above
two morphism, we have a morphism, still denoted by K(f) ∶K(c) → ∐c′∈J(d′)K(c′) =KJ(d′).
Hence, we have an induced morphism KJ(f) ∶KJ(d) = ∐c∈J(d)K(c) →KJ(d′). KJ is indeed
a functor.

Example 2.3. Take S ∈ Set, S ∶ D → Set be the constant functor mapping to S. Then
DS ≃ ∐S D . In particular, Dpt ≃ D . For any K ∶ DS → T ,KS ≃ ∐SK ∶ D → T .

Given a cocone in T for K, it is naturally a cocone for KJ . So we have an induced
morphism (in the category of presheaves on T ) colim(KJ) → colim(K), which is an iso-
morphism. Let J+ ∶ D+ → Set, J+(pt) = pt Then D+J+ ≃ DJ+, Let K+ ∶ DJ+ → T a functor,
then

K+ is an colimit diagram if and only if K+J+ is so. (2.4)
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Let D be the category of a commutative square. J ∶ D → Set any functor.

w

k

��

h // x

f

��
y

g
// z

DJ ,T ,K,KJ as above. For b ∈ J(x), c ∈ J(y), d ∈ J(z), such that J(f)b = J(g)c = d, Let
Fb,c ∶= {a ∈ J(w) ∶ J(h)a = b, J(k)a = c}. We have the following diagram in T :

∐a∈Fb,c
K(a)
K(k)

��

K(h)
// K(b)

K(f)

��

K(c) K(g)
// K(d)

(2.5)

Proposition 2.6. KJ(D) is a fiber diagram if and only if (2.5) is a fiber diagram for all
such triple (b,c,d). ◻

Let ∆op
+ be the opposite category of the augmented simplex category, with objects (n)

for each n ∈ N ∪ {−1}. Let τni ∶ (n) → (n − 1), where τni be the (opposite of) face maps They
satisfies the relation τn−1

i ○ τnj = τn−1
j ○ τni+1, for i < j we call such commutative diagram an

elementary square.

Let T be a category. Let U → X in T , assume the n−tuple fiber product Un
X exist.

Then we have a natural functor CovUX ∶ ∆op
+ → T by CovUX(n) ∶= Un+1

X ,CovUX(−1) ∶= X with
natural morphisms.

Lemma 2.7. Let X ∶ ∆op
+ → T be a functor. Xi ∶= X(i). Assume that for each elemen-

tary square D, X(D) is an fiber diagram. Then X0
n
X−1

exist, and there is unique natural

isomorphism of functor ϕ ∶X → CovX0

X−1
, such that ϕ(i) ∶Xi →Xi is identity for i = −1,0.

Proof : κni ∶= CovX1

X0
(τni ), σni ∶= X(τni ), ϕi ∶= ϕ(i), We shall drop the indices if there is no

confusion.
We have κ1

1 = σ1
1. We define ϕ inductively. For n = 2, we have unique isomorphism ϕ2 making

the following diagram commutative.

X2

σ2
2

��

σ2
1

$$

ϕ2

  

X2
1

κ2
2

��

κ2
1

// X1

σ1
1

��

X1

σ1
1 // X0
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Suppose ϕk is uniquely defined for k ≤ n. Then there is unique isomorphism ϕn+1 making
the following diagram commute.

Xn+1
1

κn+1
1 //

κn+1
2

��

Xn
1

κn1

��

Xn+1

ϕn
;;

σn+1
1 //

σn+1
2

��

Xn

ϕn
;;

σn1

��

Xn
1

κn1 // Xn−1
1

Xn

σn1 //

ϕn
;;

Xn−1

ϕn−1

;;

We need to show the following diagram commute for all i,

Xn+1
ϕn+1

//

σj

��

Xn+1
1

κj

��

Xn
ϕn

// Xn
1

For j = 1,2, this is the previous diagram (top face and left face). For j ≥ 3, Let κ′j ∶=
ϕ ○ σj ○ ϕ−1 ∶Xn+1 →Xn, to show κ′j = κj, it is equivalent to show κi ○ κ′j = κi ○ κj for i = 1,2.
Indeed, for i = 1, κ1○κ′j = κ1○ϕ○σj ○ϕ−1 = ϕ○σ1○σj ○ϕ−1 = ϕ○σj−1○σ1○ϕ−1 = κj−1○ϕ○σ1○ϕ−1 =
κj−1 ○ κ1 = κ1 ○ κj. Same is true for i = 2. ◻

Let τ 0
0 ∶ (0) → (−1) in ∆op

+ . Let Prestk the category of functors from Sp to ∞-Grpd.
Combining the above lemma with etale descent, we have:

Proposition 2.8. Let X ∶ ∆op
+ → Prestk be a functor, such that X(i) is an analytic stack

for all i ∈ ∆op
+ , X(D) is a fiber diagram for every elementary square D, and X(τ 0

0 ) is
representable and etale surjective. Then X is a colimit diagram. ◻
2.9. The category ∆op

S,Γ. Let S be a set, Γ a discrete group acting on S, then Γ acts on Sn

diagonally. Let S,S//Γ ∶ ∆op → Set, be simplicial set defined by S(n) ∶= Sn+1, S//Γ(n) ∶=
Sn+1//Γ with the natural morphisms. We have two categories ∆op

S ,∆
op
S//Γ

(notation as in 2.2)

and a functor P ∶ ∆op
S →∆op

S//Γ
induced by S → S//Γ. Let ∆op

S,Γ be the (2,1)-category defined
by:
Ob(∆op

S,Γ) ∶= Ob(∆
op
S ) = ∐k∈N S

k,
For s ∈ Sk, s′ ∈ Sl,Mor∆op

S,Γ
(s, s′) ∶= {(δ, a) ∈Mor∆op([k], [l]) × Γ ∶ δ(a(s′)) = s}

= {(δ, a) ∈Mor∆op([k], [l]) × Γ ∶ δ ∈Mor∆op
S
(s′, a−1(s)}.

For (δ, a), (δ′, a′) ∈Mor∆op
S,Γ

(s, s′),

2 −Mor((δ, a), (δ′, a′)) ∶=
⎧⎪⎪⎨⎪⎪⎩

pt δ = δ′
∅ δ ≠ δ′
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Then there are natural commutative diagram of functors

∆op
S,Γ

F
≃

""

∆op
S

==

P // ∆op
S//Γ

(2.10)

Where F ∶ ∆op
S,Γ →∆op

S//Γ
by F(s) ∶= [s], F(δ, a) ∶= [δ],F(2−morphisms) ∶= id is an equivalence

of (2,1) categories. It can be viewed as a canonical way to glue up the ”fibers” of P.
∆op
+,S,Γ is defined analogously, replacing ∆op by ∆op

+ in the above definition. We have
∆op
+,S,Γ ≃ (∆op

S,Γ)+. Let ∆S,Γ ∶= (∆op
S,Γ)op,∆+,S,Γ ∶= (∆op

+,S,Γ)op

Notation 2.11. Let F ∶ ∆op
S,Γ(resp. ∆op

+,S,Γ,∆S,Γ,∆+,S,Γ) → T be a functor. We shall
denote F = (F (s), F (ε), F (η)), where ε is a general 1-morphism in ∆op

S,Γ, and η is a general
2-morphism in ∆op

S,Γ. Actually, all the 2-morphism F (η) we are going to use is of the form

F h,g
f as in (1.10). If no confusion arise, we shall suppress the 2-morphisms and denote
F = (F (s), F (ε)).

Let U be a topological space, Γ a discrete group acting freely on U . Γ1,Γ2 two subgroup
of Γ. U1, U2 two open subset of U stable under the action of Γ1,Γ2 respectively. For U ′ ⊂
U,Ux ∶= x(U),Γ′ < Γ,Γ′x ∶= xΓ′x−1 < Γ.
Pick a set of representative R for the double coset Γ//(Γ×Γ)//(Γ1 ×Γ2), for each (x, y) ∈ R,
we have a commutative diagram in Top:

(Ux
1 ∩U

y
2 )/(Γx1 ∩ Γy2)

��

// U1/Γ1

��

U2/Γ2
// U/Γ

Let U1 = U2 = U , we have

Lemma 2.12.

∐(x,y)∈RU/(Γx1 ∩ Γy2)

��

// U/Γ1

��

U/Γ2
// U/Γ

is a fiber diagram.

Proof : U/Γ1×U/ΓU/Γ2 ≃ (U×U/ΓU)/(Γ1×Γ2) = (∐γ∈ΓUγ)/(Γ1×Γ2). Where Uγ ∶= {(x, γx) ∶
x ∈ U} ⊂ U × U . If β = γ2αγ−1

1 , for α,β ∈ Γ, γi ∈ Γi, then the action of (α,β) identifies Uα
and Uβ. And (γ1, γ2) ∈ Γ1 × Γ2 stablize Uγ if and only if γγ1 = γ2γ, all such elements can
be identified with γΓ1γ−1 ∩ Γ2. Hence (∐γ∈ΓUγ)/(Γ1 × Γ2) ≃ ∐γ∈Γ1/Γ/Γ2

U/(γΓ1γ−1 ∩ Γ2) ≃
∐(x,y)∈RU/(Γx1 ∩ Γy2). ◻
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Example 2.13. The following example is a prototype of the diagram we will define in next
chapter. It explains the kind of combinatorics in ∆op

S,Γ. Let X be a smooth manifold, Γ a
discrete group acting on X properly discontinuously. Let Xreg ⊂X be the open locus where
the action of Γ is free. Let Γx ∶= the stablizer of Γ at x. Then by the above Lemma, we have
the fiber diagram:

∐(a,b)∈RX
reg/(Γax ∩ Γby)

��

// Xreg/Γx

��

Xreg/Γy // Xreg/Γ

(2.14)

Γ has induced action on Xn. For x = (x1, x2, . . . , xn) ∈Xn, Γx ∶= the stablizer at x. Then we
have Γx = ⋂ni=1 Γxi , and Γax = Γax.

Let ∣X ∣ be the underlining set of X, There is a natural functor Xreg
+ ∶ ∆op

+,∣X ∣,Γ
→Prestk

that canonically organize the above fiber diagram with higher descent data. And it is given
by
Xreg

+ (x) ∶=Xreg/Γx,X
reg
+ (ε = (δ, a)) ∶=action by a,Aca ∶Xreg/Γx →Xreg/Γε(x), For the unique

2-morphism η between ε = (δ, a), ε′ = (δ, a′) ∈ Mor(x1,x2), we have a′(δ(x1)) = δ(a′(x1)) =
x2 = δ(a(x1)) = a(δ(x1)), hence aa′−1 ∈ Γx2 . It induces a natural isomoprhism between
id and Acaa′−1 : Xreg

+ (x2) → Xreg
+ (x2). Composing with the 1-morphism Aca′ ∶ Xreg

+ (x1) →
Xreg

+ (x2) gives the desired natural isomorphism Xreg
+ (η) ∶ Xreg

+ (δ, a) → Xreg
+ (δ, a′). In view

of Notation 2.11, we defined a functor Xreg
+ = (Xreg/Γx,Aca,Acη) ∶ ∆op

+,∣X ∣,Γ
→ Prestk, then

Xreg
+ is a colimit diagram.

We can strength this functor to give a presentation of X/Γ. For x ∈ ∣X ∣, let Xr
x ∶= {y ∈

X ∶ Γy ⊂ Γx}. Then we have Aca ∶ Xr
x/Γx → Xr

ε(x)
/Γε(x). Define Xr

+ = (Xr
x,Aca) ∶ ∆op

+,∣X ∣,Γ
→

Prestk, then we have similarly:

Xr
+ is a colimit diagram. (2.15)

Note that ∣X ∣ could be replace by any Γ invariant subset S, such that ⋃s∈SXr
s = X. In

reasonable situation, we should expect to find such S being discrete in X, and S//Γ is finite.
Remark: In fact, in this example, one could just take the whole X instead of Xr

x in the
above definition, and one would still get a colimit diagram. However, this is no longer the
case for the actual situation we shall consider in next chapter.
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Chapter 3

Twisted conjugation of loop group

In this chapter, we shall study GE for E = C∗/qZ using the uniformization BunG(E) =
LholG/qLholG. We shall work in the context of complex analytic stacks, see Appendix A for
the facts we will use.

3.1 Automorphism groups

In this section, we calculate automorphism groups of semisimple bundles. The result is given
in Corollary 3.10. The result was also obtained in [3, Theorem 5.6]. The approaches on com-
puting connected components are a bit different.

Let q ∈ C∗ with ∣q∣ < 1,E = C∗/qZ be an elliptic curve, 0 ∈ E be the identity. Let G a
connected reductive algebraic group, with Lie algebra g, T maximal torus with Lie algebra
t.X∗(T ) = Hom(C∗, T ),Λ = {x(q)∣x ∈ X∗(T )} ⊂ T , Let GE be the connected component of
the stack of semistable G−bundles on E. Let LholG be the holomorphic loop group of G,
LholG acts on itself by twisted conjugation Adq

k(z)
g(z) ∶= k(qz)g(z)k(z)−1, unless otherwise

mentioned, we will use this twisted conjugation of LholG instead of the usual conjugation
through out Chapter 3.

For any g(z) ∈ LholG, we can define a G bundle Pg(z) = C ×qZ G on E, where the action
of qZ is given by q(z, x) = (qz, g(z)x). Then Aut(Pg(z)) can be identified as the subgroup
{k(z)∣k(qz) = g(z)k(z)g(z)−1} = CLholG(g(z)) of LholG. I,e we can pullback the automor-
phism of Pg(z) to a automorphism of trivial bundle on C∗ compatible with qZ action, and it
is given by the above formula. In another word, LholG/LholG = BunG(E)(C) as a groupoid.

For s ∈ T , Let Gs ∶= CLholG(s). It has a twisted conjugation on itself. Indeed, for
f(z), g(z) ∈ Gs, f(qz)g(z)f(z)−1 ∈ Gs by direct calculation. For the moment, Gs is just
a set. In the rest of this chapter, we will calculate Gs explicitly and gives it a geometric
structure. We shall do G = GLN first. Let TN ⊂ GLN be the invertible diagonal matrices.

Lemma 3.1. Let f ∶ C∗ → C be a holomorphic function. Assume that f(qz) = af(z) for
some a ∈ C. If a ∈ qZ, then f(z) = czn, for some c ∈ C and n = logq(a); Otherwise, f(z) ≡ 0.
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Proof : Use the Laurant expansion of f and compare the coefficients. ◻

Proposition 3.2. Let s = diag(λ1, λ2, . . . , λN) ∈ TN , under the embedding GLN → glN ,
GLN,s consists of those invertible matrices in glN,s ∶= ⊕(i,j)CznijEij, for those (i, j) such
that λi/λj ∈ qZ, where nij = logq(λi/λj), Eij is the elementary matrix of (i, j) entry.

Proof : Let g(z) ∈ GLN,s, embed GLN into glN and write g(z) in terms of coordinate
function gij(z), then g(qz) = s ⋅ g(z) ⋅ s−1 is equivalent to gij(qz) = (λi/λj)gij(z) for all (i, j).
gij(z) is holomorphic on C∗. By last Lemma, gij(z) = cznij if λi/λj = qnij and gij(z) = 0
otherwise. In particular, gii(z) ∈ C is some constant. ◻

Corollary 3.3. GLN,s is Zariski closed in some finite dimensional stratum of LpolyGLN .
With the reduced subscheme structure, GLN,s is an reductive algebraic group, the twisted
conjugation on itself is an algebraic action, and the evaluation map

ev1 ∶ GLN,s → GLN

g(z) ↦ g(1)
is injective homomorphism of algebraic groups. Furthermore, the Lie algebra of GLN,s is
naturally identified with glN,s ⊂ LpolyglN .

Now, for general reductive algebraic group with maximal torus (G,T ), pick an embedding
i ∶ (G,T ) → (GLN , TN). Then LG ⊂ LGLN and Gs ⊂ GLN,s. We have Gs = LholG ∩GLN,s =
LpolyG ∩GLN,s. So Gs is Zariski closed both in GLN,s and LpolyG.

Proposition 3.4. Gs is Zariski closed in some finite dimensional stratum of LpolyG. With
reduced subscheme structure, Gs is an reductive algebraic group with maximal torus T , the
twisted conjugation on itself is an algebraic action. And the evaluation map ev1 ∶ Gs → G is
an injective homomorphism of algebraic groups, and p ∶ Gs → Aut(Ps) is an isomorphism of
algebraic groups.

View Gs as a algebraic subgroup of GLN,s. The Lie algebra gs= Lpolyg ∩ glN,s. More
explicitly, it is given by:

Proposition 3.5. Let s ∈ T , then gs = t⊕⊕α gαznα, for those root α such that α(s) ∈ qZ,
where nα = logq(α(s)).

Proof : glN,s is a finite dimensional subalgebra of LpolyglN satisfying {X(z) ∈ LglN ∣X(qz) =
Ad(s)X(z)}. So gs= Lpolyg∩glN,s= {X(z) ∈ Lg∣X(qz) = Ad(s)X(z)}. Write X(z) = h(z)+
∑
α∈Φ

fα(z), with respect to the root decomposition of t, i.e h(z) ∶ C∗ → t, fα(z) ∶ C∗ → gα. Now

the condition X(qz) = Ad(s)X(z) is equivalent to h(qz) = h(z), and fα(qz) = α(s)fα(z).
Let fα(z) =

K

∑
n=−K

anznXα, where Xα is the root vector of α. the above condition become

K

∑
n=−K

anqnzn =
K

∑
n=−K

anα(s)zn compare coefficients, get the only nonvanishing fα are those
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with α(s) = qnα for some nα ∈ Z and in this case fα = znαXα. h(z) corresponds to the case
α(s) = 1 so h(z) is constant function. ◻

Corollary 3.6. G0
s is generated by T, exp(CXαznα), for those α and nα as above.

Example 3.7. G = SL2, T diagonal matrices, with roots {α,−α} take s = (
√
q 0

0
√
q−1) ∈ T ,

hence α(s) = √
q/(√q−1) = q, so nα = 1, similarly n−α = −1,

we haveXα = (0 1
0 0

) ,X−α = (0 0
1 0

), then by the proposition, G0
s is generated by T, exp(0 bz

0 0
) ,

exp( 0 0
cz−1 0

) which equal to the subgroup ( a bz
cz−1 d

) of LG. In fact, in this case we have

G0
s = Gs = CLG(s). ◻

Let M,N be C∞/complex manifolds, let O(M,N) be the set of C∞/holomorphic maps
between M,N .

Lemma 3.8. Assume M is connected, T ⊂ G ⊂ O(M,G) be the constant maps, then
NO(M,G)(T ) = O(M,T ) ⋅NG(T ) as subgroups of O(M,G).

Proof : Let f(x) ∈ NO(M,G)(T ), then f(x)Tf(x)−1 = T for any x ∈ M , hence f(x) ∈
O(M,NG(T )). We get NO(M,G)(T ) ⊂ O(M,NG(T )). Since M is connected, O(M,NG(T )) =
O(M,T ) ⋅NG(T ). Now O(M,T ) ⊂ NO(M,G)(T ), and NG(T ) ⊂ NO(M,G)(T ). Hence O(M,T ) ⋅
NG(T ) ⊂ NO(M,G)(T ). ◻

Pick a lifting of W to NG(T ) ⊂ G as a subset, For w ∈ W̃ , there is unique way to write
w = uµ, for u ∈ W,µ ∈ X∗(T ). So we have a lifting of W̃ to LholG. Denote ẇ the lifting of
w ∈ W̃ .

Lemma 3.9. (LholT ⋅NG(T )) ∩Gs = T ⋅CW̃ (s) as subgroups of LholG.

Proof : The right hand side does not depend on the lifting and equals (X∗(T )⋅NG(T ))∩Gs

which naturally sits inside the left hand side. Need to show that (LholT ⋅ NG(T )) ∩ Gs ⊂
X∗(T ) ⋅NG(T ). Now suppose fw ∈ (LholT ⋅NG(T )) ∩Gs, for f ∈ LholT,w ∈ NG(T ). we have
s = f ⋅ (w(s)). However, w(s), s ∈ T , this implies f ∈X∗(T ) by Lemma 3.1. ◻

Let Ws ∶= CW̃ (s), by Lemma 3.8, 3.9, we have NGs(T ) = NLholG(T ) ∩ Gs = (LholT ⋅
NG(T )) ∩Gs = T ⋅Ws and the weyl group W (Gs, T ) ∶= NGs(T )/T ≃ Ws. now T ⊂ Gs is a
maximal torus, hence we have

Corollary 3.10. Gs = G0
s ⋅ NGs(T ) =< G0

s, ẇ ∶ w ∈ Ws >=< T, exp(CXαznα), ẇ ∶ α(s) =
qnα , nα ∈ Z,w ∈Ws > ◻



CHAPTER 3. TWISTED CONJUGATION OF LOOP GROUP 16

Example 3.11. G = PGL2, T diagonal matrices, with roots {α,−α} take s = (
√
q 0

0 1
) We

have G0
s = T , Gs =< T,w >≃ T ⋊Z/2, where w = ( 0 z

z−1 0
). ◻

Remark: Same method can be use to calculate automorphism group of all semisimple
bundles. We will not use them in this thesis.

The following proposition can be check directly.

Proposition 3.12. The left multiplication by s−1 ∶ Gs → Gs is a Gs-equivariant isomorphism
of algebraic varieties, where the first action is q-twisted conjugation, and second action is
usual conjugation. Hence we have an isomorphism of stacks s−1 ∶ Gs/Gs → Gs/adGs. ◻

G0
s is stable under the twisted conjugation of Gs. Hence G0

s/Gs has the usual properties
of adjoint quotient (on its identity component.). Hence we get the following corollaries.

Corollary 3.13. C[G0
s]Gs = C[T ]Ws ◻

So there is a map χs ∶ G0
s → T //Ws. Let U ⊂ T be an Ws invariant open subset, let

V ∶= χ−1
s (U//Ws)

Definition 3.14. Let S be a topological space, A ⊂ S a subset, A is abundant (in S) if the
only open subset of S containing A is S.

Examples of abundant subsets we will use is given in Corollary 3.15. It’s follows that
A ⊂ S is abundant if and only if for any s ∈ S, {s} ∩A is nonempty.

For a groupoid C , let ∣C ∣ be the set of isomorphism classes in C . For an analytic stack
X , ∣X ∣ ∶= ∣X (C)∣ has a natural topology comming from (representable) smooth morphisms,
i.e, the image of a (representable) smooth map from complex analytic space are open.

Corollary 3.15. The image of U in ∣V /Gs∣ is abundant. ◻

Let T s−reg be the locus where the action of Ws is free.

Corollary 3.16. Assume further that U ⊂ T s−reg, then V /Gs
≃←Ð U/NGs(T ) ≃Ð→ (U ×BT )/Ws

◻

In particular, let T q−reg be the locus where the action of W̃ is free. Let G0,q−reg
s ∶=

χ−1
s (T q−reg//Ws). We have,

Corollary 3.17. G0,q−reg
s /Gs

≃←Ð T q−reg/NGs(T ) ≃Ð→ (T q−reg ×BT )/Ws ◻
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3.2 Etale charts

In this section, we will define some étale charts of GE. The main results in this section are
Proposition 3.23 and its strengthen version Theorem 3.27. Facts about semistable bundles
on elliptic curves are collected in Appendix B.

There are three mutually commuting action of qZ,Gs,G on C∗ ×G0
s ×G:

q ⋅ (z, h, g) ∶= (qz, h, h(z)g), q ∈ qZ

k ⋅ (z, h, g) ∶= (z,Adqk(h), k(z)g), k ∈ Gs

g′ ⋅ (z, h, g) ∶= (z, h, gg′−1), g′ ∈ G

Let Ps ∶= (C∗ ×G0
s ×G)/qZ. Ps maps naturally to E ×G0

s which is a G0
s equivariant (with

respect to the twisted conjugation on G0
s) principal G-bundle .

1-morphisms. There is a map ps ∶ G0
s/Gs → BunG(E) by: given a S point of G0

s/Gs

P //

��

G0
s

S

Where P is an Gs-bundles on S, and P → G0
s is a Gs equivariant map. We have

Y ∶= (E × P ) ×E×G0
s
Ps

//

��

Ps

��

E × P //

��

E ×G0
s

E × S
Y has an induced transitive Gs action, such that Y → E × P is Gs equivariant, And the
induced map Y /Gs → E × P /Gs = E × S is a principal G bundle. So we get an S point of
BunG(E).

2-morphisms. The lifting ẇ = ẇ(z) of w ∈ W̃ induces Adqẇ ∶ G0
s → G0

w(s)
. There is

commutative diagram:

C ×G0
s ×G

ϕw

≃
//

��

C ×G0
w(s)

×G

��

C ×G0
s

Id×Adqẇ
≃

// C ×G0
w(s)
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Where ϕẇ(z, h, g) ∶= (z,Adqẇ(h), ẇ(z)g). The diagram is qZ-equivariant and hence induces:

Ps
ϕẇ
≃

//

��

Pw(s)

��

E ×G0
s

Id×Adqẇ
≃
// E ×G0

w(s)

And induces an isomorphism between the diagrams below, intertwining the Gs action and
Gw(s) action, factorial in S:

(E × P ) ×E×G0
s
Ps

//

��

Ps

��

E × P //

��

E ×G0
s

E × S

ϕẇÐ→ (E × Pẇ) ×E×G0
w(s)

Pw(s)
//

��

Pw(s)

��

E × Pẇ //

��

E ×G0
w(s)

E × S
Hence ϕẇ ∶ ps⇒ pw(s) ○Adqẇ ∶ G0

s/Gs → GE an isomorphism between the morphisms of stacks.

Proposition 3.18. Let GE ∶= BunG(E)0,ss, the image of ps lies in GE.

Proof : Since G0
s/Gs is connected, the image lies in BunG(E)0. T ⊂ G0

s maps to the
degree 0 semisimple semistable bundles. By Lemma 3.15, Any other point in G0

s has closure
containing points in T . So by Proposition B.2. G0

s maps to GE ⊂ BunG(E)0 . ◻

Let GE,0 be the stack classifying {(P, β)}, where P is a semistable G bundle of degree
0, β is an trivialization of P at 0 ∈ E. GE,0 is representable by Proposition B.6. There is a
natural map p′s ∶ G0

s → GE,0 defined by Ps with the natural trivialization by identifing the
fiber over 0 ∈ E with the fiber over 1 ∈ C∗. p′s is Gs equivariant, where the Gs acts on GE,0

via ev1 ∶ Gs → G and G acts via change of trivialization. So p′s induces p′s ∶ G0
s/Gs → GE,0/Gs.

Hence p′s is representable. We have the following commutative diagram of stacks:

G0
s/Gs

p′s //

ps
**

GE,0/Gs
// GE,0/G

≃

��

GE

By Proposition 3.4, ev1 ∶ Gs → G is injective, so the top arrows are representable and hence:

Proposition 3.19. ps is representable. ◻

Let G = T be a torus, T 0
s = T , ps ∶ T /T → TE does not depend on s, denoted by pT . Λ

acts freely via twisted conjugation on the fibers of pT , so we have a map Ab ∶ (T /T )/Λ =
T /Λ ×BT → TE. By following proposition, we can be view pT as the uniformization in the
abelian case.
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Proposition 3.20. Ab is an isomorphism.

Proof : It suffices to prove the map Ab′ induced by Ab, Ab′ ∶ T /Λ → TE,0 is an isomor-
phism. Two T bundles with trivialization are the same if and only if the underline bundles
are isomorphic. Any element s ∈ T is twisted conjugation in LT to 1 if and only if it is
in Λ, So we have Ab′ is injective, but T /Λ is proper, any injective map to another proper
irreducible variety of the same dimension must be surjective. ◻

Given any G bundle P on a space X, V a representation of G. Let VP ∶= P ×G V be the
associated vector bundle. Then VP has a natural Aut(P) action (the action preserve fibers).
In particular, Aut(P) acts on H i(X,VP). Let V ∗ be the dual representation. Then we
have an canonical isomorphism (VP)∨ ≃ (V ∗)P which commute with Aut(P) action on both
sides. H−1(TPBunG(C)) = H0(C,gP) = Lie(Aut(P)). And H0(TPBunG(C)) = H1(C,gP).
We have H−1(TPBunG(C)) = H0(C,gP), H0(TPBunG(C)) = H1(C,gP) and the action of
Aut(P) is identified as the above action for V = g.

Let H be an algebraic group, with Lie algebra h, P a H bundle on E. We have
H0(E,hP)

aÐ→ H0(E, (hP)∨)∗
≃Ð→ H1(E,hP), Where the second isomorphism is Serre dual-

ity and all arrows are Aut(P) module map. When H is a torus, hP is trivial, and hence a
is an isomorphism. Let b ∶H0(E,hP) →H1(E,hP) be the composition of the above two maps.

Let ϕ ∶ H → K be a homomorphism of algebraic group, we have a morphism between
smooth stacks ()K ∶ HE → KE by assigning a H bundle P its associated K bundle PK =
P ×H K, we want to calculate the differential of this map.

On the other hand, we have a natural H module map dϕ ∶ h → k, this gives ϕ∗ ∶ hP →
kP ≃ kPK vector bundle map, hence give H1(ϕ∗) ∶H1(E,hP) →H1(E, kPK).

Lemma 3.21. The following diagram commutes.

H0(E,hP)
b
��

H0(ϕ∗)
// H0(E, kPK)

b
��

H1(E,hP)
H1(ϕ∗)

//

≃

��

H1(E, kPK)
≃

��

H0(TPHE)
H0(d()K ,P)

// H0(TPKKE)

Moreover, it interwine the Aut(P) action on the left and Aut(PK) action on the right.
And b is isomorphism if H is a torus and P is an H-bundle of degree 0 . ◻

Let Let T ets ∶= {t ∈ T ∶ Gt ⊂ Gs}, then T ets is an Ws invariant open subset of T , G0,et
s ∶=

χ−1
s (T ets //Ws).
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Proposition 3.22. ps ∶ G0
s/Gs → GE is etale at t, for t ∈ T ets .

Proof : For t ∈ T ets ,Gt ⊂ Gs, then Gt = (CLG(t) ∩ Gs) = CGs(t). So ps induce Aut(t) =
CGs(t) → Aut(Pt) which give isomorphism. So H−1(dps,t) ∶ H−1(TtGs/Gs) → H−1(TPtGE) is
an isomorphism. To calculate H0(dps,t), we use the following diagram:

T /T
pT

��

// G0
s/Gs

ps

��

TE // GE

The induced map on H0 of tangent groupoid is:

t

≃

��

// H0(Tt(G0
s/Gs))
H0(dps,t)
��

H0(E, tPt) // H0(E,gPt)
Where the last line is identified via Lemma 3.21. The left arrow is isomorphism due to

Proposition 3.20.
The top arrow is injective. The bottom row is inclusion of t intoH0(E,gPt) = Span{t, znαXα}.

So the image of H0(dps,t) contain the Cartan subalgebra t of H0(E,gPt). But the tangent
map is Aut equivalent, so we get the image of H0(dps,t) contains Aut0(Pt)t = H0(E,gPt),
hence H0(dps,t) is surjective. The two H0 of tangent groupoid have the same dimension(both
of them have dimension = dimension of Gt), so it is isomorphism. ◻

Proposition 3.23. ps ∶ G0,et
s /Gs → GE is etale. And p ∶ ∐s∈T G

0,et
s /Gs → GE is surjective.

Proof : The first assertion follows from the above propsition and T ets is abundant in
∣G0,et

s /Gs∣ and the fact that etale locus is open. For the second assertion, the image of p
contains all semisimple bundles, by Proposition B.2 the set of semisimple bundles is abundant
in ∣GE ∣, and p has open image since it is etale, so we conclude that p is surjective. ◻

Let X be a algebraic variety, Aut(K) acts on BunK(X) via twisting the action of K
on a K bundle P by group automorphism. The action induced by Inn(G) is canonical
ismorphic to identity morphism on BunG(X). Hence Out(G) acts on BunG(X). Let H <K,
BunH(X) → BunK(X) is NK(H) equivariant, and NK(H) action on BunK(X) is canonical
isomorphic to identity since NK(H) < K acts via inner automorphism. Take X = E,K =
G,H = T , then W = NG(T ) acts on TE. Let T regE be the locus where this action is free (on the
set of points). So we have T regE /W → GE, which factor through T regE /W → Greg

E ⊂ GE, where
Greg
E is the open substack of GE consisting of regular semisimple bundles with connected

automorphism group. And T regE /W → Greg
E is an isomorphism.

Using the identification T regE /W ≃ (T q−reg/Λ ×BT )/W ≃ (T q−reg ×BT )/W̃ , we have the
commutative diagram:
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(T q−reg ×BT )/Ws

��

≃ // G0,q−reg
s /Gs

ps

��

(T q−reg ×BT )/W̃ ≃ // Greg
E

(3.24)

Definition 3.25. Let f ∶ X → Y be a morphism between analytic stacks, we say f is a
local isomorphism if for any C-point x of X , there is an open substack U of X , x ∈ U ,
such that f ∣U ∶ U → Y is an open embedding.

Local isomorphism is a property stable under base change, but it does not satisfy de-
scent. If f ∶ X → Y is local isomorphism, then the induced map f ∶ ∣X ∣ → ∣Y ∣ is local
homeomorphism, and f∗ ∶ Aut(x) → Aut(f(x)) is an isomorphism. The following Lemma
will be used in 3.3.

Lemma 3.26. Let f ∶ X → Z , g ∶ Y → Z be local isomorphisms of analytic stacks, then
the natural map h ∶ ∣X ×Z Y ∣ → ∣X ∣ ×∣Z ∣ ∣Y ∣ is a homeomorphism.

Proof : need to show that h is bijective and local homeomorphism.

∣X ×Z Y ∣
h

'' &&

''

∣X ∣ ×∣Z ∣ ∣Y ∣

��

// ∣X ∣
f

��

∣Y ∣ g
// ∣Z ∣

All real arrows are local homeomorphisms, so h is also a local hemeomorphism. Surjec-
tivity is clear, and the fiber of h over (x, y) is identified with
f∗(Aut(x))//Isom(f(x), g(y))//g∗(Aut(y)) is a point if either f∗(Aut(x)) = Aut(f(x)) or
g∗(Aut(y)) = Aut(g(y)), which is satisfied in our situation. ◻

The following stronger version of Proposition 3.23 will also be used in 3.3.

Theorem 3.27. ps ∶ G0,et
s /Gs → GE is a local isomorphism. And p ∶ ∐s∈T G

0,et
s /Gs → GE is

surjective.

Proof : Let r ∶ T q−reg/Ws → T q−reg/W̃ . For t ∈ T ets , we have Wt ⊂Ws, hence Wt = CW̃ (t) =
CWs(t), so there is an Ws invariant open neighborhood U of t, such that r∣(U∩T q−reg)/Ws maps
isomorphically onto image. Take V = χ−1

s (U//Ws), we have ps∣V is etale and generically
open, so it is open embedding by Lemma A.2. ◻

For s = (s1, s2, . . . , sk) ∈ T k, let Gs ∶= ⋂ki=1Gsi . Ws ∶= NGs(T )/T , define χs, T ets ,G
et
s analo-

gously, We have all the above statement for Gs still holds for Gs, and Ws = ⋂ki=1Wsi , T
et
s =

⋂ki=1 T
et
si

. T q−reg ⊂ T ets for all s by the connectedness of G.
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3.3 Gluing

In this section, we will glue the charts defined in section 3.2, i.e we will calculate the fiber
products of the charts. The combinatorics of higher descent data is naturally organized in a
similar diagram as in Example 2.13. The main result of this chapter is Theorem 3.28, which
is analogous to (2.15).

For s ∈ T , w = uλ ∈ W̃ =W ⋉X∗(T ). Since Gẇ(s) = CLG(ẇ(s)) = AdẇCLG(s), so we have
a isomorphism of algebraic groups: Adẇ ∶ Gs → Gw(s) where Adẇ is the usual conjugation of
ẇ in LG.

Adqẇ(Gs) = u̇λ(qz)Gsλ(z)−1u̇−1 = u̇λ(z)λ(q)Gsλ(z)−1u̇−1 = Adẇ(Gs) = Gw(s) since λ(q) ∈
T ⊂ Gs. Since Adqẇ stablize T , we have Adqẇ ∶ G0

s → G0
w(s)

isomorphism of algebraic varieties.

The pair of isomorphism of algebraic varieties and algebraic group (Adqẇ,Adẇ) ∶ (G0
s,Gs) →

(G0
w(s)

,Gw(s)) interwine the twisted conjugation action on both sides. Hence we have an in-

duced isomorphism of quotient stacks, still denoted by Adqẇ ∶ G0
s/Gs → G0

w(s)
/Gw(s). It’s also

easy to see that the above map takes etale locus to etale locus, so we have Adqẇ ∶ G
0,et
s /Gs →

G0,et
w(s)

/Gw(s). Similarly, we can replace s by any element s ∈ T k.

With the notation in 2.9,2.11, let Get ∶= (Gs
0,et/Gs,Ad

q
ε) ∶ ∆op

∣T ∣,W̃
→ Prestk. Where

Adq
ε=(σ,w)

∶= Adqẇ ∶ Gs1

0,et/Gs1 → Gs2

0,et/Gs2 . The augment 1-morphisms ps ∶ Gs
0,et/Gs → GE

and augment 2-morphisms ϕẇ extend Get to a functor Get
+ ∶ ∆op

+,∣T ∣,W̃
→Prestk.

Theorem 3.28. Get
+ is a colimit diagram.

Proof : Let S be a section of F ∶ ∆op

+,∣T ∣,W̃
→ ∆op

+,∣T ∣//W̃
, K+ ∶= Get

+ ○ S. To show Get
+ is a

colimit diagram, since S is an equivalence, it suffices to show K+ is so. Then by (2.4), it
suffices to show K+,∣T ∣//W̃ ∶ ∆op

+ →Prestk is a colimit diagram. By Lemma 2.8, it suffices

to show K+,∣T ∣//W̃ (D) is fiber diagram, and K+,∣T ∣//W̃ (τ 0
0 ) is etale surjection. The latter one

follows from Propsition 3.23. By Proposition 2.6, what remains to show is the following:

Proposition 3.29. For every triple (b, c, d) ∈ T k//W̃ × T k//W̃ × T k−1//W̃ , such that δj(b) =
δi+1(c) = d, Let Rb,c ∶= {a ∈ T k+1//W̃ ∶ δi(a) = b, δj(a) = c.}, the following (2-)commutative
diagram is a fiber diagram:

∐a∈Rb,c
Get

+ (a)

��

//Get
+ (b)

��

Get
+ (c) //G(d)

(3.30)

For a ∈ T l//W̃ , a# ∶= S(a), and for s ∈ T l, [s] ∶= F(s). Then δj(b) = δi+1(c) = d implies
that, there exist u, v ∈ W̃ such that δj(ub#) = δi+1(vc#) = d#, then there is unique a1 ∈ T k+1

such that, δi(a1) = b#, δj(a1) = c#. Since Ws = CW̃ (s) we have a bijection of sets

Wd#//(Wd# ×Wd#)//(Wb# ×Wc#) ∼Ð→ Rb,c
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by (w,w′) ↦ (w,w′) ⋅ a# where the action of the first factor is by acting on those coordinate
coming from b#, the second factor is by acting on those coordinate coming from c#.

Proof of Proposition 3.29: We will only prove it for k = 1, other cases are similar. In this
case, Rb,c = W̃ //(W̃ × W̃ )//(Wb′ ×Wc′) the diagram (3.30) become:

∐(w,w′)∈W̃ //(W̃×W̃ )//(W
b#

×W
c#

)G
0,et

[(w,w′)a1]#
/G[(w,w′)a1]#

��

// G0,et

b#
/Gb#

��

G0,et

c#
/Gc#

// GE

This give a map

A ∶ ∐
(w,w′)∈W̃ //(W̃×W̃ )//(W

b#
×W

c#
)

G0,et

[(w,w′)a1]#
/G[(w,w′)a1]#

→ G0,et

b#
/Gb# ×GE G

0,et

c#
/Gc#

By Lemma A.2, to show A is an isomorphism, it is equivalent to show that A is etale,
generically open and surjetive on the set of C-points. A is etale since all maps in the
diagram are etale. Take the generic q-reg locus in the above diagram:

∐(w,w′)∈W̃ //(W̃×W̃ )//(W
b#

×W
c#

)G
0,q−reg

[(w,w′)a1]#
/G[(w,w′)a1]#

��

// G0,q−reg

b#
/Gb#

��

G0,q−reg

c#
/Gc#

// Greg
E

By (3.24), this is same the the diagram

∐(w,w′)∈W̃ //(W̃×W̃ )//(W
b#

×W
c#

) T
q−reg ×BT /W[(w,w′)a1]#

��

// T q−reg ×BT /Wb#

��

T q−reg ×BT /Wc#
// T q−reg ×BT /W̃

We have W(w,w′)a1
=W (b#)w ∩W (c#)w′ , So by Lemma 2.12 the above diagram is a fiber

diagram. So A is generically open.
It remains to show that A is surjective on C points. By Lemma 3.26 and Theorem 3.27,
h ∶ ∣G0,et

b#
/Gb# ×GE G

0,et

c#
/Gc# ∣ ∼Ð→ ∣G0,et

b#
/Gb# ∣ ×∣GE ∣ ∣G0,et

c#
/Gc# ∣ is a homeomorphism. Let A′ ∶=

h ○ A, A is etale and therefore A′ has open image. Two elements in s, t ∈ T defines the
same bundle in GE if and only if ∃w ∈ W̃ , such that w(s) = t. Hence the semisimple
locus ∣T et

b#
∣//Wb# ×∣GE ∣ ∣T etc# ∣//Wc# ⊂ ∣G0,et

b#
/Gb# ∣ ×∣GE ∣ ∣G0,et

c#
/Gc# ∣ is in the image of A′, where

∣T et
b#

∣//Wb# ⊂ ∣G0,et

b#
/Gc# ∣ denote the image of ∣T et

b#
∣ → ∣G0,et

b#
/Gb# ∣. To show the surjectivity of

A′ and hence of A, we are left to show:

Proposition 3.31. The set ∣T etb′ ∣//Wb′ ×∣GE ∣ ∣T etc′ ∣//Wc′ ⊂ ∣G0,et
b′ /Gb′ ∣ ×∣GE ∣ ∣G0,et

c′ /Gc′ ∣ ∶= S is
abundant.
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Proof : Take (g, h) ∈ S, i,e. g ∈ G0,et
b′ , h ∈ G

0,et
c′ ,such that Pg ≃ Ph then we have s ∈ {g}, t ∈

{h} semisimple elements. Then Ps,Pt is the semisimplification of Pg, Ph respectively, by

Proposition B.2(2b) Ps ≃ Pt and hence (s, t) ∈ S. And by product topology, (s, t) ∈ {(g, h)}.
Hence we have prove Proposition 3.29. And therefore finish the prove of Theorem 3.28. ◻

As an immediate corollary of Propsition 3.29, we gives a explicit description of fiber
product of two local charts.

Corollary 3.32. For s, t ∈ T , Let B ∶= {(w,w′) ∈ W̃ //(W̃ × W̃ )//(Ws ×Wt)}

∐(w,w′)∈B(Gw−1(s) ∩Gw′−1(t))0,et/(Gw−1(s) ∩Gw′−1(t))

Adqw~~ Adq
w′   

G0,et
s /Gs

ps

!!

◻ G0,et
t /Gt

pt

}}

GE

is a fiber diagram. ◻

Remark 3.33. In fact, the etale covers and glueing hold in more general context. Take
S ⊂ ∣T ∣ any W̃ -invariant subset. And for given Vs ⊂ T ets open Ws-invariant subset for each
s ∈ S, such that w(Vs) = Vw(s) and ∐s∈S Vs = T . Let Vs ∶= ∩Vsi , Us ∶=Gs Vs. We have the
functor

U ∶= (Us/Gs,Ad
q
ε) ∶ ∆op

S,W̃
→ Prestk.

Let U+ be the augmented functor with U+(−1) = GE. Then by the same reasoning:

U+ is a colimit diagram.

Besides the one given in Theorem 3.28, there are another two useful choices of such
functor as follows:
(1) Let s ∈ T , s is called a vertex if Gs is maximal among Gt, t ∈ T as subset of LG. Let
Ξ ∶= {s ∈ T, s is a vertex}. Then Ξ/Z(G) is discrete in T /Z(G), And Ξ/(Z(G)×W̃ ) is finite.
Then

Get ∶= (G0,et
s /Gs,Ad

q
ε) ∶ ∆op

Ξ,W̃
→ Prestk

satisfies the above property. In this way, GE is essentially covered by finitely many charts.
(2) Take S = ∣T ∣, Us =Ds a small Ws-invariant ball near s, such that the augmentation maps
GsDs/Gs → GE are open embedding. We have the functor

D ∶= (GsDs/Gs,Ad
q
ε) ∶ ∆op

∣T ∣,W̃
→ Prestk

This functor has the advantage that its local topology is easy to study. A combination of the
functor in (1) and (2) in Lie algebra version will be used in Chapter 5 and 6. See (5.12),(6.1).
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Chapter 4

Character sheaves on Lie algebras

The theory of character sheaves on a reductive algebraic group G was introduced in a se-
ries of papers by Lusztig [17, 18, 19, 20, 21]. In characteristic p, it play important roles
in the representation theory of the finite group G(Fp). In particular, Lusztig show that
under Grothendieck sheaf-function correspondence, the (irreducible) character sheaves gives
an orthonormal basis for the space of class functions on G(Fp). In characteristic 0, [24, 12]
show that (irreducible) character sheaves agree with (irreducible) adjoint-equivariant per-
verse sheaves with singular support in nilpotent cone. Parallel theory of character sheaves
on reductive Lie algebras was also developed in [22, 25].

In this chapter, we shall focus on the microlocal description of nilpotent singular support,
to study the category of character sheaves of a reductive Lie algebra and various restriction
functors between them. The viewpoint in [13] is also helpful for us. Results in this chapter
serve as local geometry for Chapter 5 and 6.

4.1 A rescaling lemma

We start with some preliminaries on (constructible) sheaves. The reference we use is [15].
Let k be a commutative ring with finite global dimension, X an analytic stack, and kX be the
constant sheaf on X. Let Sh(X) = Sh(X,kX) be the ∞-category of sheaves of kX-modules.
For any F ∈ Sh(X), we can associate to it the singular support SS(F ) of F , where SS(F )
is a conical closed coisotropic subset of H0(T ∗X). Many properties of the sheaves can be
seen from the microlocal measurement. For example, F is constructible if and only if SS(F )
is Lagrangian subvariety and Fx is perfect for all x ∈ X. And a constructible sheaf F is
perverse if and only if the microlocal stalk Fξ vanish outside degree 0, for ξ in the smooth
locus of SS(F ).

Let L ⊂H0(T ∗X) a closed conical isotropic subset. Let ShL(X) ∶= {F ∈ Sh(X) ∶ SS(F ) ⊂
L}, D♭

L
(X) ∶= {F ∈ ShL(X) ∶ Fx is perfect, for any x ∈ X.} the ∞-category of constructible

sheaves, and PervL(X) ∶= {F ∈ D♭
L
(X) ∶ F is perverse.} the abelian category of perverse

sheaves. Our results in the remaining of the thesis will be stated for ShL(X), but they work
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equally well for D♭
L
(X) and PervL(X).

Let f ∶ U → X a smooth map, ShL(U) ∶= Shdf∗(L)(U). By the theory of descent, the
functor ShL ∶Xsm →∞-Cat, where U ↦ ShL(U), is a sheaf of categories. In particular, if f
is surjective, the natural map ShL(X) → lim∆ ShL(U ●

X) is an equivalence.
Let A be a Lie group acting on a smooth manifold X, L ⊂ T ∗X be a closed A-invariant

conical isotropic subset. Let π ∶ X → X/A and µ ∶ T ∗X → g∗ the moment map, then
π∗(T ∗(X/A)) = µ−1(0) = ∐x∈X T

∗
AxX, and

Proposition 4.1. L is contained in µ−1(0).

Proof : Suffices to check on the smooth locus of L, where it follows from definition of
isotropic submanifold. ◻

Proposition 4.2. Let U ⊂ X open subset, F ∈ ShL(U), then F ∣Ax∩U is locally constant for
all x ∈ U .

Proof : SS(F ) ⊂ L ⊂ π∣∗U(T ∗(X/A)), hence by [15, Prop. 6.6.2], in a neighborhood of
x ∈ U , F = π∣∗U(F ′), for some F ′ ∈ Sh(X/A). ◻

Lemma 4.3. Let X be a smooth manifold with R+ action, L be a closed biconical isotropic
subset of T ∗X. Let j ∶ U → X open embedding, such that U ∩ R+x is contractible, for any
x ∈X, then the restriction functor:

j∗ ∶ ShL(X) → ShL(U)

is an equivalence of categories.

Proof : By Proposition 4.2, any F ∈ ShL(X) is conic, i.e. satisfies F ∣R+x is locally
constant for all x ∈ X. Hence for F1, F2 ∈ ShL(X) by [15, Prop. 3.7.4(iii), Cor. 3.7.3],

HomShL(X)(F1, F2)
≃Ð→ HomShL(U)(j∗F1, j∗F2) is an isomorphism, hence j∗ is fully faithful.

Let F ′ ∈ ShL(U), the by Proposition 4.2, for any x ∈ U , F ′∣R+x∩U is locally constant. We
have natural maps

U ×R+

j̃
��

a′

$$

U
i′oo

j
��

X ×R+

p
//

a //
Xioo

Where j̃ = j × Id, a is the action map, p is the projection, i(resp. i′) is inclusion to
X(resp. U) × {1}. a′ ∶= a ○ j̃ ∶ U × R+ → X, then a′ is R+-equivariant, has contractible
fibers and F ′ ⊠ kR+ is constructible along the fibers of a′. F ∶= a′∗(F ′ ⊠ kR+) ∈ Sh(X), then F
is conic by [15, Prop. 3.7.4(ii)] . There is a chain of isomorphisms

F ′ ≃ i′∗(F ′ ⊠ kR+) ≃ i′∗a′∗(F ) ≃ i′∗j̃∗a∗(F ) ≃ i′∗j̃∗p∗(F ) ≃ j∗(F ) (4.4)
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where the second isomorphism is by [15, Prop. 2.7.8] , the fourth isomorphism is by [15,
Prop. 3.7.2] . a′ is smooth and surjective, and SS(a′∗F ) = SS(F ′⊠kR+) ⊂ L×T ∗

R+R+ = a′∗(L)
since L is biconical. Hence SS(F ) ⊂ L by descent [15, Prop. 5.4.5] . Combining with (4.4),
j∗ is essentially surjective. ◻

4.2 Base restriction

Let K be a connected complex reductive group with Lie(K) = k, T maximal torus of K,
t ∶= Lie(T ). Let ck be the center of k.

A completely invariant open subset U of k is by definition a K-invariant open subset such
that U ∩ t is abundant in ∣U/K ∣. There is one to one correspondence between:

{completely invariant subsets of k} ←→ {W (K,T ) invariant subsets of t}

U � // U ∩ t

KV V�oo

Where KV ∶= the minimal complete invaraint open subset containing V (such thing exists),
the correspondence preserve the property of being star-shape at C ∈ ck.

Let N = Nk ⊂ H0(T ∗(k/K)) be the nilpotent cone, i.e Nk,X ∶= {Y ∈ k∗ ∶ [X,Y ] =
0, Y is nilpotent.}, where Y is nilpotent in k∗ if it is nilpotent under the identifcation k∗ ≃ k
given by some/any non-degenerate invariant bilinear form on k. We will use nilpotent cones
lying in different cotangent bundles in the thesis. When the context is understood, we shall
drop the indices and write all nilpotent cones as N .

Corollary 4.5. Let U be a open invariant subset of k, such that there is some C ∈ ck with U
being star-shaped centered at C. Then the restriction functor:

j∗ ∶ ShN (k/K) → ShN (U/K)

is an equivalence of categories.

Proof : This follows from Lemma 4.3 since N is biconical with respect to the R+ action
on k centered at C and also the fact that this R+ action commute with conjugation by K.
Note also that the set of all such C is contractible. ◻

Remark : ShN (k/K) is by definition the category of character sheaves on k. Fourier trans-

form gives an equivalence Fr ∶ ShN (k/K) ≃Ð→ Sh(N/K). The latter category is studied in
the generalized Springer theory initiated in [23]. For characteristic 0 coefficient, Sh(N/K)
is explicitly calculated in [27, 28]. For characteristic p coefficient, the abelian category
Perv(N/K) is the subject of recent developed modular generalized Springer theory [1].
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Let L be a Levi subgroup of K containing T and l ∶= Lie(L). Let κ be a non-degenerate
invariant bilinear form of k, then κ∣l×l is also a non-degenerate invariant bilinear form on l.

For any X ∈ k, TX(k/K) = k
[X,−]ÐÐÐ→ k, in degree −1,0. Under k∗ ≃ k by κ, T ∗

X(k/K) = k
[X,−]ÐÐÐ→ k

(in degree 0,1) = TX(k/K)[−1]. Let f ∶ l/L → k/K, Y ∈ l, then dfY ∶ TX(l/L) → TX(k/K)
and df∗Y ∶ TX(k/K)[−1] → TX(l/L)[−1]. A direct computation shows that H0(df∗Y )∣l = Idl.
Let lr = lrk ∶= {Z ∈ l ∶ CK(Z) = CL(Z)}.

Proposition 4.6. f ∣lr/L ∶ lr/L → k/K is etale and df ∣∗
lr/L

respects nilpotent singular support.

I.e, for Y ∈ lr, ξ ∈H0(TY (k/K)), we have H0(df∗Y )(ξ) ∈ Nl if and only if ξ ∈ Nk.

Proof : Let Y ∈ lr, suffices to prove dfY is a quasi-isomorphism. I.e H−1(dfY ) and H0(dfY )
are isomorphisms. H−1(dfY ) is isomorphism because Y ∈ lr and by definition, H−1(TY (l/L)) =
{Z ∈ l ∶ [Y,Z] = 0} = {Z ∈ k ∶ [Y,Z] = 0} = H−1(TY (k/K)). H0(dfY ) being isomorphism is
equivalent to H0(df∗Y ) being isomorphism. Again by Y ∈ lr we have H0(T ∗

Y (k/K)) ⊂ l. Then
the fact that H0(df∗Y )∣l = Id proves the proposition. ◻

Definition 4.7. A base open subset U of l is invariant open subset of lr satisfing the assump-
tion in Corollary 4.5. For such U , define the base restriction RU ∶ ShN (k/K) → ShN (l/L) by
the following commutative diagram:

ShN (k/K)
RU
��

f ∣∗U

''

ShN (l/L) j∗

≃
// ShN (U/L)

(4.8)

For V an WL-invariant convex open subset of t ∩ lr with V ∩ cl ≠ ∅, LV is a base open
subset of l, and put RV ∶= RLV Let U ⊂ U ′ both base open subset star-shape centered at
C, the natural map RU ′ ⇒ RU is an isomorphism. For x ∈ crl ∶= cl ∩ lr, put Rx ∶= limx∈U RU ,
where U range over all base open subset star-shape centered at x. Then for any such U , the
natural map RU ⇒ Rx is an isomorphism.

Let k ⊂ g Levi subalgebra. Let V1 an WK-invariant convex open subset of t ∩ krg with
V1 ∩ ck ≠ ∅ , V2 an WL-invariant convex open subset of t ∩ lrk with V2 ∩ cl ≠ ∅. Then we have
RV1 ∶ ShN (g/G) → ShN (k/K) and RV2 ∶ ShN (k/K) → ShN (l/L).

The set V ∶= V1 ∩ V2 is WL-invraint convex open subset of t ∩ lrg, assume further that
V ∩ cl ≠ ∅. Then we have RV ∶ ShN (g/G) → ShN (l/L). There is a natural isomorphism

RV2 ○RV1 ⇒ RV (4.9)
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Given by the following diagram:

ShN (g/G)

�� ((

ShN (k/K)
≃
//

�� ((

ShN (KV1/K)
↺

((

ShN (l/L)
≃
// ShN (LV2/L) ≃

// ShN (LV /L)

Let P be a parabolic subgroup of K containing L, p ∶= Lie(P ). We have

l/L i // p/P
q

oo
p
// k/K

Let Resp ∶= i!p∗ be the hyperbolic restriction functor. By similar argument as in Propo-
sition 4.6 the map i∣lr

k
/L ∶ lr/L → p/P is also etale, Let pr ⊂ p such that pr/P = i(lrk/L). Then

we have the commutative diagram, with the top arrows are etale morphisms.

lrk/L

��

i
≃
// pr/P

��

p
// k/K

l/L i // p/P

p
<<

Hence we have
Resp∣lr

k
/L ≃ f∗∣lr

k
/L (4.10)

qi = Idl/L, The contraction principle gives: i! ≃ q!i!i!
≃Ð→ q!, See [15, Proposition 3.7.5]

hence Resp
≃Ð→ q!p∗.

The parabolic restriction q!p∗ commute with the the Fourier transform [25, Lemma 4.2].
And also q!p∗ ∶ Sh(Nk/K) → Sh(Nl/L). So we have parabolic restriction preserve nilpotent
singular support, we get:

Resp ∶ ShN (k/K) → ShN (l/L)
Take any based open subset U of l, by (4.10) and Corollary 4.5, there is commutative

diagram:
ShN (k/K)

Resp
��

f ∣∗U

''

ShN (l/L) ≃ // ShN (U/L)

(4.11)

Compare with (4.8), we have a naturally commutative diagram:

ShN (k/K)
id
//

Resp
��

ShN (k/K)
RU
��

ShN (l/L)
id
// ShN (l/L)

(4.12)
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4.3 Real structure

There is a natural identification of parabolic subalgebras with certain base open subsets. We
show that under this identification, hyperbolic restriction and based restriction are isomor-
phic compactible with higher transitivity.

The identification X∗(T ) ⊗C → t, by (λ, c) ↦ dλ(c) gives tR ∶= X∗(T ) ⊗R ↪ t. Then all
the weights take real value on tR. Let crl = crl⊂k ∶= cl ∩ lrk , and crl,R = crl⊂k,R ∶= cl ∩ lrk ∩ tR. We have
tR = ∐l⊃t c

r
l,R = ∐l⊃t∐C⊂cr

l,R a componentC. This defines a stratification on tR by simplices. This

stratification is actually the stratification of tR by facets. For α ∈ Φ(K,T ) a root, let kα be
the corresponding root space.

Proposition 4.13. The assignment p ∶ tR → {Subalgebras of k},

x↦ px ∶= t⊕⊕α∈Φ(K,T ),α(x)≥0kα

satisfying:
(1) p is constant on each facet C. Let pC ∶= px, for some x ∈ C.
(2) If C ≠ C ′, then pC ≠ pC′.
(3) If C ⊂ C̄ ′, then pC ⊃ pC′.
(4) pC is a parabolic subalgebra of k with Levi factor l = ck(C).
(5) The induced map {Facets of tR} → {Parabolic subalgebra of k containing t} is a bijiec-
tion.

Corollary 4.14. p induces a bijiection of sets between:
{Components of crl,R} ↔ Pk,l ∶= {Parabolic subalgebras of k with Levi l}

This bijection of sets can be thought as homotopy equivalence between K(π,0) spaces:

crl,R
≃Ð→ Pk,l.

We shall also provide another identification with Pk,l: Let p ∈ Pk,l,Cp be the corresponding
component in crl,R. Let Vp,R ⊂ tR be the union of all facets in tR whose closure intersect Cp.
In formula,

Vp,R = ⋂
α∈Φ(K,T ),α(Cp)>0

Hα = ⋂
α∈Φ(up)

Hα (4.15)

Where Hα ∶= {X ∈ tR ∶ α(X) > 0}, and Φ(up) ∶= {α ∶ kα ⊂ up ∶= the nilpotent radical of p}.
The set Vp,R is WL-invariant open convex subset of tR. The union of VP,R’s in tR are dis-
joint, and crl,R → ∐p∈Pk,l

Vp,R is a homotopy equivalence. In summary, we have the following
commutative diagram of K(π,0)-spaces, with horizontal maps being homotopy equivalences:

{p}

��

Cp
oo //

��

Vp,R

��

Pk,l crl,R
oo //∐Vp,R

(4.16)
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Example 4.17. When l = t, we have crt,R = trR = tregR and Cp = Vp,R is a chamber in tR. This
gives the correspondence between Borel subalgebras and chambers in tR. ◻

Let Vp ∶= Vp,R × itR is WL-invariant open convex subset of t. By (4.12), we have

ShN (k/K)
id
//

Resp
��

ShN (k/K)
RVp
��

ShN (l/L)
id
// ShN (l/L)

(4.18)

This identification is compactible with (higher) transitivity, in the following sense: Let l ⊂
k ⊂ g reductive Lie algebras, and p be a parabolic subalgebra of k with Levi factor l, and r
be a parabolic subalgebra of g with Levi factor k. Then Vp,R ∩ Vr,R = Vq,R, for q = p⊕ ur is a
parabolic subalgebra of g with Levi factor l. Then q ∩ k = p, and we have

q/Q
p̃1

!!

p/P

ĩ2
<<

p1

""

◻ r/R
p2

!!

l/L

i1
==

k/K

i2
==

g/G

The natural map ĩ!2 ○ p̃∗1
≃Ð→ p∗1 ○ i!2 is an isomorphism. This gives

αp,r ∶ Resp ○Resr
≃Ð→ Resq (4.19)

On the other hand, (4.9) gives a natural isomorphism βp,r ∶ RVp ○RVr

≃Ð→ RVq .
And the 2-diagrams naturally commutes (there is a natural way to fill the solid):

ShN (g/G)

Resq

��

//

Resr

##

ShN (g/G)

RVq

��

RVr

##

ShN (k/K)αp,r
ks //

Resp{{

ShN (k/K)

RVp{{

βp,r

ks

ShN (l/L) // ShN (l/L)

(4.20)

There is similar compactibility with higher transitivities. We shall omit the details.
The following proposition is easy to verify.

Proposition 4.21. Let C ∈ ck, then −C∗ ∶ ShN (k/K) → ShN (k/K) is canonically isomorphic
to identity functor. ◻
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4.4 Dependence on parabolic subgroups

Results in this section will not be used later in the thesis.
Taking a step back to the theory of finite groups. Let f ∶ A ↪ B be an inclusion of

finite groups. Then we have the following commutative diagram of induction/restriction on
representations/characters (with horizontal arrows going in the same direction):

C[A] −modfd
f∗
//

ch
��

C[B] −modfd
f∗
oo

ch
��

C[A/A]
f∗

// C[B/B]
f∗

oo

Where the vertical lines are taking characters of a representation.
Now let G be a reductive Lie group, L ⊂ G a Levi. An useful technique is to reduce

the study of G to that of L which is a smaller group. However, it turns out that direct
induction/restriction between G and L as in finite group case does not behave well. To
correct it, the idea is to use an intermediate parabolic subgroup P . And define the parabolic
induction/restriction in various context using the diagram

L P
p
//

q
oo G

It’s natural to ask how what is the dependence of resulting restriction/induction on the
choice of parabolic subgroups. Indeed, this has been proved to be independent in many
context. In the case of character sheaves on Lie algebra,

l/L i //

f

&&

p/P
q

oo
p
// g/G

f is not étale, and the direct restriction functor f∗ does not preserve nilpotent singular
support whereas its restriction to lr/L does. Define resp ∶= q!p∗.

At the level of abelian categories, the following argument is essentially contained in [13,
Theorem 4.1]. using (4.11), we have:

PervN (g/G)
resp

��

f∗∣lr/L

(( ((

PervN (l/L) � � j∗r //

j∗
33

PervN (lr/L) // PervN (U/L)

where j∗r is a faithful embedding since j∗ is an equivalence. So on the level of objects, for each
F ∈ Perv(g/G), resp(F ) can be characterized up to isomorphism by the commutativity of the
diagram (also up to natural isomorphism), and hence it’s isomorphism class is independent
of p. Similar argument also works for character sheaves on Lie groups.
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On the level of derived category, faithful embedding does not make sense. Nevertheless,
we could overcome this by taking into account of the higher homotopy: for x ∈ crl⊂k a point,
we have defined Rx ∶ ShN (g/G) → ShN (l/L).

And for every path γ ∶ [0,1] → crl⊂k, γ(0) = x, γ(1) = y, we have a natural isomorphism of
functors Rγ ∶ Rx ⇒ Ry. Similarly for higher cells in crl⊂g. Let crl⊂g be the underline homotopy
type of crl⊂g. We have defined a functor:

R ∶ crl⊂g → Fun(ShN (g/G), ShN (l/L))
For a topological space X, Let CX:=the cone of X. SX:=the suspension of X. Let p ⊃ l

a parabolic subalgebra of g. Then (4.11) gives

Rp ∶ Ccrl⊂g → Fun(ShN (g/G), ShN (l/L))

such that Rp(0 ∈ Ccrl⊂g) = Resp. For q ⊃ l another parabolic subgroup, then we can define
Rp,q ∶= Rp ∪R Rq ∶ Scrl⊂g → Fun(ShN (g/G), ShN (l/L)), such that Rp,q(0p) = Resp,Rp,q(0q) =
Resq. If l ≠ g, then Scrl⊂g is connected but not contractible, we have Resp ≃ Resq, but not
canonically. And such isomorphism can be made canonical, e.g, by choosing a point in
crl⊂g. Note that crl⊂g is K(π,1)-space. The situation for Lie group at derived level is more
complicated due to the topology appearing in Lie group, and we shall study this in the
future.

Remark: The independence of parabolic subalgebra at derived level was proved in [25,
Theorem 7.3], and the same choice in higher homotopy is implicit in the proof.
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Chapter 5

Complex gauge theory on S1

The gauge theory on S1 provides the simplest nontrivial example of gauge theories. In this
chapter, we study the stack G/G ≃ LocG(S1) using the gauge uniformization
Ω1(S1,g)/C∞(S1,G). We use complex structure groups which in turns gives nilpotent codi-
rections in T ∗LocG(S1).

The charts in Ω1(S1,g)/C∞(S1,G) mapping to G/G are a kind of exponential map. The
exponential map plays important role in Lie theory, for example in Harish-Chandra’s theory
of harmonic analysis on (non-compact) semisimple Lie groups. We develop similar method
of exponential maps for character sheaves. And one of our main theorem, Theorem 5.25,
describing of the category character sheaves on G/G as glued from character sheaves on
various Lie algebras, gives a new viewpoint on character sheaves on Lie groups.

5.1 Gauge uniformization on circle

We will establish the results in Chapter 3 in the present situation.
Let G be a connected reductive algebraic group over C. ConnG(S1):= the moduli space

of C∞ G-bundles on S1 with connection. Any G-bundle on S1 is trivial, hence ConnG(S1) =
Conn(S1 ×G)/Aut(S1 ×G) the space of connection on trivial bundle modulo automorphism
group of trivial bundle. We have Aut(S1 ×G) ≃ C∞(S1,G). Fixing the trivial connection on
S1 ×G gives Conn(S1 ×G) ≃ Ω1(S1,g). The action of C∞(S1,G) on Ω1(S1,g) is identified
with the Gauge transformation, i.e,

ConnG(S1) = Ω1(S1,g)/C∞(S1,G)
where the gauge action Ggg(A) ∶= gAg−1 − dg ⋅ g−1 for g ∈ C∞(S1,G),A ∈ Ω1(S1,g). The
tangent complex at A ∈ Ω1(S1,g) is:

TAConnG(S1) = Ω●−1
∇=d+A(S1,g) = [C∞(S1,g) d+AÐÐ→ Ω1(S1,g)]

Fix an orientation on S1, the cup product/Poincare duality paring:

Ω●−1
∇ (S1,g) ×Ω●

∇∗(S1,g∗) → C
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(α,β) → ∫
S1
α ∧ β

gives identification T ∗
AConnG(S1) ≃ Ω●

∇∗
(S1,g∗), in particular, H0(T ∗

AConnG(S1)) ≃ {h ∈
C∞(S1,g∗) ∶ ∫S1 ∇(f) ∧ h = 0,∀f ∈ C∞(S1,g)}. Let NA ⊂ H0(T ∗

AConnG(S1)) be the conical
subset consist those h such that h(x) ∈ N ⊂ g∗ for all x ∈ S1. We have g∗(NA) = Ng⋅A, hence
N = NS1 ∶= ⋃A∈ConnS1

NA ⊂H0(T ∗ConnG(S1)) is well defined.

Remark : Any connection on S1 × G is automatically flat. Hence we have equivalences
between differentiable stacks: G/G ≃Ð→ LocG(S1) ≃←Ð ConnG(S1), c.f Remark 5.7 to make sense
of the stacks over arbitrary points. And NS1 is identified with N ⊂ T ∗(G/G). ◻

Take κ be an invariant non-degenerate symmetric bilinear form on g. It induces g
≃Ð→ g∗.

We have for f, h ∈ C∞(S1,g):

∫
S1
∇(f) ∧ h = −∫

S1
f ∧∇(h)

For h∗ ∶= κ(h,−) ∈ C∞(S1,g),

∫
S1
f ∧∇∗(h∗) = −∫

S1
∇(f) ∧ h∗ = −∫

S1
∇(f) ∧ h = ∫

S1
f ∧∇(h)

Hence, we have a identification

T ∗
∇ConnG(S1) ≃ T∇ConnG(S1)[−1] (5.1)

Remark : This is (the de-Rham resolution of) the 1-shifted sympletic structure on LocG(S1)
in [26].

Automorphism groups. Let A ∈ Ω1(S1, t),GA ∶= CC∞(S1,G)(A), Then gA ∶= Lie(GA) =
{X(θ) ∈ C∞(S1,g) ∶ dX + [A,X] = 0}, Let X = H(θ) + ∑α∈Φ fα(θ)Xα, where H ∶ S1 → t, fα ∶
S1 → C. Then the equation dX + [A,X] = 0 is equivalent to dH(θ) = 0, dfα = fαα(A). The
first equation has solution constant functions and second equation has either trivial solution
or 1 dimensional solution, denoted by CfαA. Hence

G0
A =< T, expCfαA ∶ α ∈ Φ > (5.2)

T is a maximal torus of G0
A, hence

GA = G0
A ⋅NGA(T ) = G0

A ⋅ (NLG(T ) ∩GA) = G0
A ⋅ ((LT ⋅NG(T )) ∩GA) (5.3)

where the last equality is by Lemma 3.8.
SinceH1(X,C∞

X ) = 0, the boundary map in the exponential long exact sequence C∞(S1,C∗) →
H1(X,Z) is surjective. Let f ∈ C∞(S1,C∗) be a lift of 1 ∈H1(X,Z).
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Now for concreteness, we shall let S be the unit circle in C∗, and θ be the angle coordinate
on S. Take f = eiθ. And define ΓS ∶= fZ ⊂ C∞(S,C∗). Note that S is naturally a Lie group,
and ΓS =HomLie(S,C∗).

There is commutative diagram, the normalization −2πi is to make it compactible with
Gauge transformation:

ΓS
≃ //

��

H1(S,Z)

×(−2πi)

��

C∞(S,C∗)
−d log(−)

��

Ω1(S,C) // H1
dR(S,C)

Let ΩS ∶= ΓS⊗C,ΛS ∶=X∗(T )⊗ΓS, tS ∶=X∗(T )⊗ΓS⊗C = ΛS⊗C =X∗(T )⊗ΩS = ΓS⊗ t. We

have, ΩS
−d log(−)ÐÐÐÐ→ Ω1(S,C), which is injective onto the space of translation invariant 1-forms,

i.e, those of the form adθ, for a ∈ C. We have tS ↪ Ω1(S, t) ↪ Ω1(S,g). On the other hand,
ΛS ↪ X∗(T ) ⊗ C∞(S,C∗) = C∞(S, T ) ↪ C∞(S,G). C∞(S,G) acts on Ω1(S,g) via Gauge
transformation, and under this action, ΛS stablize tS and the action is identified with the
canonical action. Similarly, the action of NG(T ) ⊂ C∞(S,G) stablize Ω1(S, t) ⊂ Ω1(S,g). T
acts trivially, W = NG(T )/T acts on Ω0,1(S, t) which can be identified with the canonical
action of W on tS. Let WS ∶= ΛS ⋊W ⊂ Aff(tS). Fix a lifting W → NG(T ) gives a lifting
WS → C∞(S,G) as a subset. Let ΦS be the set {nf + α′ ∶ n ∈ Z, α′ ∈ Φ} ⊂ Map(tS,ΩS).
Φaff ∶= {n+α′ ∶ n ∈ Z, α′ ∈ Φ} ⊂Map(t,C) be the set of affine roots. For any α = nf +α′ ∈ ΦS,
define Uα ∶= exp(einθCXα) ⊂ C∞(S,G) the corresponding 1-parameter subgroup. Let ΦS,A ∶=
{α ∈ ΦS ∶ α(A) = 0}. There is a natural map ΦS/Φaff → Φ, α ↦ α ∶= α − α(0). By (5.2)

G0
A =< T,Uα ∶ α(A) = 0 >

The kernal of d log(−) is C∗, so we have NGA(T ) =< LT,NG(T ) > ∩GA =< T,CWS(A) >, hence
by (5.3)

GA ∶=< G0
A,CWS(A) > (5.4)

From the explicit expression of G0
A, the following proposition is easy to verify:

Proposition 5.5. Let X(θ) ∈ gA, the following are equivalent:
(i) X(θ) is nilpotent in gA.
(ii) X(θ0) is nilpotent in g, for some θ0 ∈ S.
(iii) X(θ0) is nilpotent in g, for all θ0 ∈ S.
◻

Let WA ∶= NGA(T )/T,W 0
A ∶= NG0

A
(T )/T , then W 0

A ⊂ WA = CWS(A). On the other hand,

W 0
A is generated by α(A)α∨wα ∈WS, for those α ∈ ΦS,A. They are affine (complex) reflection

on tS with respect to the hyperplane α(X) = α(A) ∈ ΓS.
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Let Q∨ ⊂X∗(T ) be the coroot lattice, Q∨
S ∶= Q∨⊗ΓS ⊂ ΛS, then Q∨

S ⋊W is group generated
by reflections whose reflections are of the form nα∨wα, for some n ∈ ΓS. Now by the general
property of reflection groups, see e.g. [7, V.3.3 Prop.1], CQ∨

S⋊W
(A) is generated by reflections

fixing A, (this was stated for A real, but can be extend to complex case in present situation.).
Hence we have W 0

A = CQ∨
S⋊W

(A). In particular, when G is simply-connected, W 0
A = WA, i.e,

GA is connected. This gives:

G simply-connected, s ∈ G semisimple, then CG(s) is connected.

To summarize the notation, we have the following identifications given by f = eiθ:

(1) ΓS Z einθ ↔ n
(2) ΩS,R R (1) ⊗R
(3) ΩS C (1) ⊗C
(4) ΛS X∗(T ) (1) ⊗X∗(T )
(5) Q∨

S Q∨ Inside (4)
(6) tS,R tR (2) ⊗X∗(T )
(7) tS t (3) ⊗X∗(T )
(8) WS W ex

aff ∶=X∗(T ) ⋊W (4) ⋊W
(9) W ○

S Waff ∶= Q∨ ⋊W (5) ⋊W
(10) WS ↷ tS W ex

aff ↷ t Under (7),(8)

(11) ΦS Φaff Under (3),(7)

Etale charts. Let g△A ∶= gA ⋅ d log(f) = gAidθ. The map −A ∶ g△A → gA, X ↦ (X−A)

idθ

intertwine the GA action, this shows that g△A is stable under action of GA, and induces
g△A/GA ≃ gA/GA. Where the first action is Gauge transformation and the second action is
conjugation.

For A = (A1,A2, . . . ,An) ∈ tnS , we’ll say Ai ∈ A. Define GA ∶= ⋂A∈AGA,gA ∶= Lie(GA) ⊂
C∞(S,g),g△A ∶= gAidθ ⊂ Ω1(S,g). c△A ∶= (g△A)GA , cA ∶= (gA)GA = c(gA,GA). c△A is an affine
space in tS which contains Ai’s, while cA is a linear subspace of t. Any element C in c△A
induces −C ∶ g△A/GA

≃Ð→ gA/GA which identifies c△A and cA. Let N ⊂ T ∗(g△A/GA) corresponds
to N ⊂ T ∗(gA/GA) under this isomorphism. It does not depend on the choice of C.

Hence the results in Chapter 4 can be applied to the situation of Gauge action of GA

on g△A. In particular, Proposition 4.21 implies that the functors −A∗
i ∶ ShN (gA/GA) →

ShN (g△A/GA) are canonically isomorphic. Denote this (contractible space of) functor(s) by
−A∗ ∶ ShN (gA/GA) → ShN (g△A/GA).

For ε = (δ,w) ∶ A′ → A in ∆op
+,tS,WS

, Let Ggε ∶= Ggẇ ∶ Ω1(S,g) → Ω1(S,g). For pt ∈ t0S ∈
∆op
+,tS,WS

, set g△pt ∶= Ω1(S,g),G△
pt ∶= C∞(S,G). We have Ggε(g△A′) ⊂ g△A, and Adẇ(GA′) ⊂ GA.

This gives Ggε ∶ g△A′/GA′ → g△A/GA. See Remark 5.7 below to make sense of the map at

S-points for A = pt. let g△,r
A′,ε

∶= {X ∈ g△
A′ ∶ GGgε(X) = Ggε(GX)}. Using (5.1) and Prop. 5.5,

the following proposition is proved in a similar way as in Proposition 4.6.
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Proposition 5.6. Ggε ∶ g△,rA′,ε
→ g△A is etale, and nilpotent cones correspond under (dGgε)∗.◻

Remark 5.7. Let S be a set or a C∞/complex manifold, we shall make sense of the above
morphisms at S-point. It suffices to define the morphism before sheafification. Let the stack
(over C∞/complex manifolds) g△pt/Gpt ∶= LocG(S1) =Map(S1,BG), this stack is (the sheafi-
fication of) the functor S ↦ {(P, β) ∶ P a G-bundle on S, β ∶ P → P an automorphism}. And
for A ∈ ∆op

tS,WS
, g△A/GA is the sheafification of the prestack (g△A/GA)pre ∶= {S ↦ g△A(S)/GA(S)}.

Now given X ∶ S → Ω1(S,g) a set valued point, we get (G × S,βX ∶ G × S → G × S), where
βX ∣s∈S is the automorphism of the trivial bundle G by solving the equation dg(θ) = X(s)g
on S. hence (G × S,βX) defines a set-valued point S of LocG(S1). And for h an set valued
S-point of C∞(S,G), multiplication by h gives an isomorphism of sets γh ∶ (G × S,βX) →
(G × S,βh(X)). Hence we have the map g△A/GA

GgẇÐÐ→ Ω1(S,g)/C∞(S,G) → LocG(S1) on set
valued points. Now if X,h are C∞/holomorphic points of g△A,GA, then βGgẇ(X), γAdẇ(h) are
C∞/holomorphic. Hence we have the morphism of prestacks (g△A/GA)pre → g△pt/Gpt which

gives the desired morphism of stacks Ggẇ ∶ g△A/GA → g△pt/Gpt (on C∞/holomorphic points).
It is not hard to directly define the C∞ points for Ω1(S,g) and C∞(S,G), we omit the

details.

5.2 The functors

For the convenience later, we will denote a solid triangle in ∆op
+,tS,WS

by A′′
2 ε2

//

ε

⇑η $$

A′
1 ε1

//A .

ε1 = (δ1,w1), ε2 = (δ2,w2), ε = (δ,w). Where δ1 ∶ A1 → A′
1,A1 = w−1

1 (A) , δ2 ∶ A′
2 → A′′

2 ,A
′
2 =

w−1
2 (A′

1), and δ ∶ A2 →A′′
2 ,A2 = w−1(A). Then by definition, for the two arrow to exist, we

have δ = δ2 ○ δw
−1
2

1 , and A2 = w−1(A) = w−1
2 (A1) = w−1

2 (w−1
1 (A)). By (1.10), we have

g△
A′′

2
/GA′′

2 Ggẇ2

//

Ggẇ

⇑Ggη ))

g△
A′

1
/GA′

1 Ggẇ1

// g△A/GA (5.8)

This induces pull back on sheaves:

Sh(g△A/GA)
Gg∗ẇ1

//

Gg∗ẇ

⇓ ++

Sh(g△
A′

1
/GA′

1
)
Gg∗ẇ2

// Sh(g△
A′′

2
/GA′′

2
)

For ε = (δ,w) ∶ A′ →A in ∆op
+,tS,WS

, by Proposition 5.6:

ShN (g△A/GA)
Gg∗ẇ1

//

Gg∗ẇ

⇓ ,,

ShN (g△,r
A′

1,ε1
/GA′

1
)
Gg∗ẇ2

// ShN (g△,r
A′′

2 ,ε
/GA′′

2
) (5.9)
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In particular, we have

ShN (g△A/GA)
Gg∗ẇ1

//

Gg∗ẇ

⇓ ++

ShN (g△A1
/GA1) Gg∗ẇ2

// ShN (g△A2
/GA2) (5.10)

There are analogous diagrams for ∆op
tS,WS

, when we replace g△A by gA and Ggẇ by Adẇ.

5.11. The functor D△,∗.
Now for simplicity assume that G is simply-connected. tS,R ∶= X∗(T ) ⊗ ΓS ⊗ R. By the

previous discussion, GA is determined by the hyperplane structure on tS,R. Let C△

A,R ∶= ⋃A∈F̄ F
for F facet. Then C△

A,R is WA-invariant open convex in tS,R, and C△

A ∶= VA,R × itR,S is WA-

invariant open convex subset of tS. Let D△

A ∶=GA C△

A ⊂ g△A . Let Ξ ⊂ tS,R be the set of vertices.
Restricting (5.8) to D△

A/GA gives a functor:

D△
+ = (D△

A/GA,Ggε,Ggη) ∶ ∆○,op
+,Ξ,WS

→ Prestk (5.12)

where D△
pt/Gpt ∶= LocG(S1), and ∆○,op

+,Ξ,WS
⊂ ∆op

+,Ξ,WS
is the full subcategory such that C△

A ≠ ∅,

this condition can be describled completely in terms of root data. We have ⋃A∈ΞC△

A = tS,
and Ggẇ is etale on D△

A/GA. Hence in view of Remark 3.33, the functor D△
+ is a colimit

diagram. It induces a limit diagram on pull back of sheaves with nilpotent singular support:

D△,∗
+ = (ShN (D△

A/GA),Gg∗ε ,Gg∗η) ∶ ∆○
+,Ξ,WS

→∞-Cat (5.13)

5.14. The functors g△,∗
♭
,g∗

♭
. Let A ∈ ∆op

tS,R
, α ∈ ΦS, define α(A) ≥ / = 0 if α(Ai) ≥ / = 0,∀Ai ∈

A, and α(A) ≩ 0 if α(A) ≥ 0 but not α(A) = 0. For α ∈ ΦS, let Hα ∶= {A ∈ tS,R ∶ α(A) > 0}
and for α′ ∈ Φ, let Hα′ ∶= {X ∈ tR ∶ α′(X) > 0}.

Let δ ∶ A′ → A in ∆op,○
Ξ , define Φ+

δ ∶= {α ∈ ΦS,A ∶ α(A′) ≩ 0},Φ−
δ ∶= −Φ+

δ . We have
ΦS,A = Φ+

δ ∐ΦS,A′∐Φ−
δ . Let Vδ,R ∶= ⋂α∈Φ+

δ
Hα ⊂ tR and Vδ ∶= (Vδ,R × itR) ⊂ t. As in (4.8), put

Rδ ∶= RVδ ∶ ShN (gA/GA) → ShN (gA′/GA′). For w ∈WS, let Aw ∶= w(A), and δw ∶ A′w →Aw

in ∆op,○
Ξ induced by δ. Then Adẇ(Vδ) = Vδw , this induces

ShN (gA/GA)
Ad∗ẇ //

Rδ
��

ShN (gAw/GAw)
Rδw

��

ShN (gA′/GA′)
Ad∗ẇ //

⇒

ShN (gA′w/GA′w)

(5.15)

For A′′ δ2Ð→A′ δ1Ð→A in ∆op,○
Ξ , let δ ∶= δ1 ○ δ2. Then Φ+

δ1
∪Φ+

δ2
= Φ+

δ , hence Vδ2 ∩Vδ1 = Vδ. By
(4.9), we have

Rδ2 ○Rδ1 ⇒ Rδ (5.16)

Now for ε = (δ,w) ∶ A′
1 →A in ∆op,○

Ξ,WS
, where δ ∶ A′

1 →A1 in ∆op,○
Ξ for A1 = w−1(A), define

Rε by:
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ShN (gA/GA)
Ad∗ẇ
≃
//

Rε

((

ShN (gA1/GA1)
Rδ
��

ShN (gA′
1
/GA′

1
)

For A′′
2 ε2

//

ε

⇑η $$

A′
1 ε1

//A in ∆op,○
Ξ,WS

, ε1 = (δ1,w1), ε2 = (δ2,w2), ε = (δ,w). Where δ1 ∶ A1 →
A′

1,A1 = w−1
1 (A) , δ2 ∶ A′

2 → A′′
2 ,A

′
2 = w−1

2 (A′
1), and δ ∶ A2 → A′′

2 ,A2 = w−1(A). We define
Rη ∶ Rε2 ○Rε1 ⇒ Rε by the diagram:

ShN (gA/GA)

Rε

//

Ad∗ẇ1 //

Rε1

((

(5.10)

Ad∗ẇ

))

ShN (gA1/GA1)
Rδ1
��

Ad∗ẇ2 //

(5.15)

ShN (gA2/GA2)
R
(δ1

w2
−1
)

��

Rδ

(5.16)

xx

ShN (gA′
1
/GA′

1
)
Ad∗ẇ2 //

Rε2

))

ShN (gA′
2
/GA′

2
)

Rδ2
��

ShN (gA′′
2
/GA′′

2
)

(5.17)

Hence we have defined a functor

g∗
♭
∶= (ShN (gA/GA),Rε,Rη) ∶ ∆○

Ξ,WS
→∞-Cat

.
The subscript ♭ is to denote the fact that we are using based restriction for 1-morphisms.

Analogously, V △

δ,R ∶= ⋂α∈Φ+
δ
Hα ⊂ tS,R. V △

δ ∶= V △

δ,R × itS,R ⊂ tS. We have R△

δ ∶ ShN (gA/GA) →
ShN (gA′/GA′), R△

ε ∶= R△

δ ○Gg∗ẇ ∶ ShN (gA/GA) → ShN (gA′
1
/GA′

1
). And R△

η ∶ R△
ε2 ○R△

ε1 ⇒ R△
ε .

We have the functor

g△,∗
♭

∶= (ShN (g△A/GA),R△
ε ,R

△
η ) ∶ ∆○

Ξ,WS
→∞-Cat

−A identifies V △

δ,R with Vδ,R, and induces a natural isomorphism of functors:

g∗
♭
⇒ g△,∗

♭
(5.18)

Since C△

A′ ↪ V △

δ is inclusion of WA-invariant convex open subset of tS. There is natural
isomorphism of functors:

g△,∗
♭
⇒D△,∗ ∶= D△,∗

+ ∣∆○
Ξ,WS

(5.19)

given by

ShN (g△A/GA) ≃ //

Rε
��

ShN (D△

A/GA)
Gg∗ε
��

ShN (g△
A′/GA′) ≃ // ShN (D△

A′/GA′)
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5.20. The functors g△,∗,g∗.

For δ ∶ A′ →A in ∆op
Ξ , let FA ∶=the (real) open convex hall of {Ai ∶ Ai ∈ A}. Let

ÐÐ→
AA′△:=

⋃x∈FA,y∈FA′

Ð→xy ⊂ c△,r
A′ ∩ tS,R , where Ð→xy ∶= the ray from x to y.

ÐÐ→
AA′ ∶= −A(

ÐÐ→
AA′△) ⊂ cr

A′ ∩ tR =∶
cr
A′,R.

Pδ ∶=< T,Uα ∶ α ∈ Φ+
δ >. Let pδ ∶= LiePδ ⊂ Lg. p△δ ∶= pδidθ ⊂ g△A.

Lemma 5.21. Pδ is a parabolic subgroup of GA with Levi factor GA′. ◻

We have
gA′/GA′

iÐ→ pδ/Pδ
pÐ→ gA/GA

Let Resδ ∶= Respδ = i!p∗, Since Adẇ(pδ) = pδw , there is analogous diagram of (5.15):

ShN (gA/GA)
Ad∗ẇ //

Resδ
��

ShN (gAw/GAw)
Resδw

��

ShN (gA′/GA′)
Ad∗ẇ //

⇒

ShN (gA′w/GA′w)

(5.22)

For A′′ δ2Ð→A′ δ1Ð→A in ∆op,○
Ξ , (4.19) gives

Resδ2 ○Resδ1 ⇒ Resδ1○δ2 (5.23)

For ε = (δ,w) ∶ A′
1 →A in ∆op,○

Ξ,WS
, Resε ∶= Resδ ○Ad∗ẇ.

For A′′
2 ε2

//

ε

⇑η $$

A′
1 ε1

//A in ∆○
Ξ,WS

in ∆op,○
Ξ,WS

. Similar to (5.17), the diagrams (5.22),(5.23)

and (5.10) gives Resη ∶ Resε2○Resε1 ⇒ Resε. We have a functor g∗ ∶= (ShN (gA/GA),Resε,Resη).
The diagram (4.16) becomes:

{pδ}

��

ÐÐ→
AA′oo //

��

Vδ,R

��

PgA,gA′ cr
A′,R

oo //∐Vδ,R

(4.20) gives commutative triangles:

ShN (gA/GA)

Resε

��

//

Resε1

''

ShN (gA/GA)

Rε

��

Rε1

''

ShN (gA′/GA′)Resηks //

Resε2ww

ShN (gA′/GA′)

Rε2ww

Rηks

ShN (gA′′/GA′′) // ShN (gA′′/GA′′)
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i.e a natural isomorphism of functors
g∗⇒ g∗

♭
(5.24)

We left to the readers the definition of the functor g△,∗, and the natural isomorphism of
functors g△,∗⇒ g△,∗

♭
and g∗⇒ g△,∗.

5.3 Main theorem: circle case

So far, we have constructed a diagram of isomorphisms of functors from ∆○
Ξ,WS

to ∞-Cat:

g∗
(5.24)

//

��

g∗
♭

(5.18)
��

g△,∗ // g△,∗
♭ (5.19)

//D△,∗

with the square being commutative. After taking the limit, we have obtained the following
main theorem on sheaves in the circle case:

Theorem 5.25. For G simply-connected, the natural isomorphisms defined above gives com-
mutative diagram of equivalences between ∞-categories:

limg∗ //

��

limg∗
♭

��

limg△,∗ // limg△,∗
♭

// limD△,∗ ShN (G/G)
(5.13)
oo

◻

Remark: (1) It is not hard to define similar diagrams for any reductive group, we shall
omit the details.
(2) Use of exponential map on nilpotent cone has appeared in e.g. [25, p. 6.6] to understand
cuspidal sheaves. The use of analytic exponential maps enable us to consider all character
sheaves at once.

5.26. The functors (?)♠,∗♣,♢.
Let ♢ = (C♢, F♢ ∶ C♢ → ∆○

Ξ,WS1
) ∈ Cat/∆○

Ξ,W
S1

. For each functor (?)♠,∗♣ , where ? =D or

g, ♠ = △ or ∅, ♣ = ♭ or ∅ whenever defined above, precomposing with ♢ gives: (?)♠,∗♣,♢ ∶=
(?)♠,∗♣ ○ F♢ ∶ C♢ → ∞-Cat. There is a canonical map lim(?)♠,∗♣ → lim(?)♠,∗♣,♢. We’ll consider
the question when we could reduce the diagram ∆○

Ξ,WS1
to C♢, i.e when the above maps is

an isomorphism. It’s clear that if one of the five maps is an isomorphism, so the others.
Now assume G is simply-connected, we have a natural choice of ♢ as follows: let C be a

chamber in tS,R, Let SC = {A1,A2, . . . ,Ar} be the set of vertices of C. Let PC be the category
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of non-empty subset of SC with morphism inclusions. Fixing a total order on SC gives a
functor ♢C ∶ PC → ∆○

Ξ,WS
, Let (?)♠,∗

♣,C ∶= (?)♠,∗♣,♢C . Note that (?)♠,∗
♣,C is actually independent of

the choice of the total order. The map limD△,∗ → limD△,∗
C is induced from the embedding of

non-degenerate Cech complex to the degenerate Cech complex, hence it is an isomorphism.
So we have the following:

Proposition 5.27. The natural maps lim(?)♠,∗♣ → lim(?)♠,∗
♣,C are isomorphisms. ◻

Remark : PC is a finite diagram with only 1-morphisms while ∆○
Ξ,WS1

is an infinity dia-

gram involving 2-morphisms. This is vaguely similar to the phenomenon that at Langlands
dual side, the Tanakian formalism for adjoint group can be essentially reduced adjoint rep-
resentation plus certain additional data.

Example 5.28. For G = SL2, T=diagonal matrices.

H ∶= (
idθ
2 0
0 − idθ2

), then tS1 = C ⋅ H,ΛS1 = {(e
inθ 0
0 e−inθ

) ∶ n ∈ Z}. For s ∈ C, Gs ∶= GsH =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

{
⎛
⎝

a beinθ

ce−inθ d

⎞
⎠
∶ a, b, c, d ∈ C, ad − bc = 1} s = n ∈ Z

{
⎛
⎝
a 0

0 a−1

⎞
⎠
∶ a ∈ C∗} = T s ∉ Z

Ξ = {nH ∶ n ∈ Z}. And for n = (n1, n2, . . . , nk) ∈ Zk,

Vn ∶= VnH =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

((n − 1, n + 1) × iR)H n1 = n2 = ⋅ ⋅ ⋅ = nl = n
((n,n + 1) × iR)H {n1, n2, . . . , nl} = {n,n + 1}
∅ ∃ni, nj, ∣ni − nj ∣ > 1

The nontrivial proper parabolic Pσ are those σ ∶ n = (n1, n2, . . . , nl) → n′ = (n′1, n′2, . . . , n′k),
such that {n1, n2, . . . , nl} = n, {n′1, n′2, . . . , n′k} = {n − 1, n} or {n,n + 1}. In the first case,

Pσ = (a beinθ

0 a−1 ), and in the second case, Pσ = ( a 0
ce−inθ a−1). Let C = (0,1), Theorem 5.25

and Proposition 5.27 gives
ShN (G/G) = lim ShN (t/T )

ShN (g0/G0)

Resp0→{0,1}

::

ShN (g1/G1)

Resp1→{0,1}

dd

If k is field, char(k) = 0, and for perverse sheaves, the above diagram can be explicitly
calculated as:
PervN (G/G) = lim Vect

Vect⊕ k[Z/2]-mod

0⊕F

99

Vect⊕ k[Z/2]-mod

0⊕F

ee

= Vect⊕Vect⊕ k[(Z/2 ∗Z/2)]-mod = Vect⊕Vect⊕ k[Waff ]-mod
Where F ∶ k[Z/2]-mod → Vect is the forgetful (restriction) functor. The two Vect are
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generated by two cuspidal sheaves, and k[Waff ]-mod corresponds to sheaves coming from
Springer correspondence, see [5].
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Chapter 6

Holomorphic gauge theory on elliptic
curves

We prove analogous results in last chapter for GE using the gauge uniformazation
Ω0,1(E,G)/C∞(E,G) in 6.1. We get a similar presentation of ShN (GE) as glued from
character sheaves on Lie algebras. In addition we also study the situation over M1,1 the
moduli space of elliptic curves in 6.2.

6.1 Main theorem: ellitpic case

Let z be the coordinate on C. Let ω1, ω2 be two complex numbers not contained in a real line.
E = C/(ω1Z⊕ ω2Z) is an elliptic curve. Let S1,S2 be two unit circles with angle coordinate

θ1, θ2. We have an isomorphism of Lie groups S1 × S2
≃Ð→ E, by (θ1, θ2) ↦ ω1θ1+ω2θ2

2π . Most of
Chapter 5 has direct analog with minor changes, we shall not repeat the proof but only state
the facts.

This is an natural isomorphism of groupoids Bun0
G(E)(C) = Ω0,1(E,g)/C∞(E,G). ΓE ∶=

HomLie(E,C∗), Ω̄E ∶= ΓE⊗R,ΛE ∶=X∗(T )⊗ΓE, tE ∶=X∗(T )⊗ΓE⊗R = ΛE⊗R =X∗(T )⊗Ω̄E =
ΓE⊗tR. We have, Ω̄S1

∂̄ log(−)ÐÐÐÐ→ Ω0,1(E,C), which is injective onto the space of antiholomorphic
1-forms, i.e, those of the form adz̄, for a ∈ C. We have tE ↪ Ω0,1(E, t) ↪ Ω0,1(E,g). dz̄ gives an
identification t ≃ tE. On the other hand, ΛE ↪X∗(T )⊗C∞(E,C∗) = C∞(E, T ) ↪ C∞(E,G).
C∞(E,G) acts on Ω0,1(E,g) via Gauge transformation, and under this action, ΛE stablize
tE and the action is identified with the canonical action. Similarly, the action of NG(T ) ⊂
C∞(E,G) stablize Ω0,1(E, t) ⊂ Ω0,1(E,g). T acts trivially, W = NG(T )/T acts on Ω0,1(E, t)
which can be identified with the canonical action of W on tE. Let WE ∶= ΛE ⋊W ⊂ Aff(tE).
Fix a lifting W → NG(T ) gives a lifting WE → C∞(E,G) as a subset.

Let ΦE be the set {f + α′ ∶ f ∈ ΓE, α′ ∈ Φ} ⊂Map(tE, Ω̄E). For any α = f + α′ ∈ ΦE, define
Uα ∶= exp(CfXα) ⊂ C∞(E,G) the corresponding 1-parameter subgroup. Let ΦE,B ∶= {α ∈
ΦE ∶ α̂(B) = 0}.
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For B ∈ tE, let GB ∶= CC∞(E,G)(B) and gB ∶= Lie(GB) ⊂ C∞(E,g). Then gB = {X(z) ∈
C∞(E,g) ∶ ∂̄X + [B,X] = 0}, Let X = H(z) + ∑α∈Φ fα(z)Xα, where H ∶ E→ t, fα ∶ E→ C.
Then the equation ∂̄X + [B,X] = 0 is equivalent to ∂̄H(z) = 0, ∂̄fα = fαα(B). The first
equation has only constant solution. The second equation has solution f(z) = eaz̄+h(z), for
some holomorphic function h(z) on C, with adz̄ = α(B) ∈ Ω̄E and satisfying the periodic
conditions f(z + ω1) = f(z), f(z + ω2) = f(z). We get h(z) = cz + d, for some constants c, d.
And solution exist only when α(B) = ∂̄ log f ′ for some f ′ ∈ ΓE. In this case, the solution is
f ′ up to a constant. In conclusion, we have:

G0
B =< T,Uα ∶ α ∈ ΦE,B >

To calculate to full centralizer, it suffices to show that (C∞(E, T )⋅NG(T ))∩GB ⊂ ΛE ⋅NG(T ).
Now suppose Fw ∈ (C∞(E, T ) ⋅ NG(T )) ∩ GB, we have w(B) ∈ tE and B = F (w(B)) =
w(B) − ∂̄ log(F ), hence ∂̄ log(F ) ∈ tE. By previous argument, F ∈ ΛE ⋅ T . We get:

GB =< G0
B,CWE(B) >

g△B ∶= gBdz̄. The map −B ∶ g△B → gB, X ↦ (X−B)

dz̄ intertwine the GB action, and induces
g△B/GB ≃ gB/GB. Where the first action is Gauge transformation and the second action is
conjugation.

Define GB,g
△

B,gB as before. We also have the (contractible space of) functor(s) −B∗ ∶
ShN (gB/GB) → ShN (g△B/GB)

The identification E ≃ S1×S2 gives ΓE = ΓS1×ΓS2 , t = tE = tS1,R×tS2,R = tR×tR, ΛE = ΛS1×ΛS2

acts on tE by product action, and W acts diagonally. We have commutative diagrams:

WE

�� ��

WS1

  

WS2

~~

W

ΦE

�� ��

ΦS1

��

ΦS2

��

Φ

C∞(E,G)
}} !!

C∞(S1,G)
""

C∞(S2,G)
||

G

For B = (A1,A2) under the identification, we have inside the above diagrams:

WE,B

}} !!

◻WS1,A1

""

WS2,A2

||

W

ΦE,B

~~   

◻ΦS1,A1

!!

ΦS2,A2

}}

Φ

GB

~~   

◻GA1

  

GA2

~~

G

where all arrows are injections.
Now assume G is simply-connected, Let ΞE ∶= ΞS1×ΞS2 . For B ∈ tE, let C△

B,E ∶= C
△

A1
×C△

A2
⊂

tE, C△

B,E is WE,B-invariant open in tE. D△

B,E ∶=GB CB,E. We have the functors

D△

E,+ = ((D△

B,E/GB),Gg) ∶ ∆op,○
+,ΞE,WE

→ Prestk (6.1)
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D̃
△

E,+ = ((D△

B,E/GB),Gg) ∶ ∆op,○
+,tE,WE

→ Prestk (6.2)

are colimit diagrams.
For δ = (δ1, δ2) ∶ B′ = (A′

1,A
′
2) → B = (A1,A2), Let V △

δ,E ∶= V
△

δ1,R ×V
△

δ2,R, Vδ,E ∶= Vδ1,R ×Vδ2,R,
define

g∗E,♭ ∶= (ShN (gB/GB),RVδ,E ○Ad∗ẇ) ∶ ∆ΞE,WE →∞-Cat

and g△,∗E,♭ similarly, we have

Theorem 6.3. For G simply-connected, there is natural isomorphisms of equivalences be-
tween ∞-categories:

limg∗E,♭

��

limg△,∗E,♭
// limD△,∗

E ShN (GE)oo

◻

6.2 Parallel transport over M1,1

Let X be a smooth manifold, L ⊂ T ∗X be a conical subset, then the functor ShL ∶ Xsm →
∞-Cat by U → ShL∣U (U) is a sheaf of categories. Where Xsm is the site of manifolds with
submersion to X.

Let W = {(ω1, ω2) ∈ C2 ∶ ω1ω̄2 −ω2ω̄1 ≠ 0}. For ω = (ω1, ω2) ∈ W, let Eω ∶= C/(Zω1 ⊕Zω2).
The group C∗ ×GL(2,Z) acts on W via (λ, γ) ⋅ ω ∶= λγω. Then W/(C∗ ×GL(2,Z)) →M1,1

is an isomorphism of complex analytic stacks. Let Bun0,ss
G,1 be the universal family of degree

0 semistable bundles over M1,1. We have π ∶ Bun0,ss
G,1 → M1,1, where π−1(E) = GE. Let

Bun0,ss
G,W ∶= Bun0,ss

G,1 ×M1,1W.
For λ ∈ C∗, we have λ ∶ Eω → Eλω. This induces pullback of connections on the trivial

bundles λ∗ ∶ Conn(Eλω × G) → Conn(Eω × G). Under the identification Conn(Eω × G) ≃
Ω0,1(E,g) ≃ C∞(S1 × S2)dz̄, (λ∗)−1 ∶ C∞(S1 × S2)dz̄ → C∞(S1 × S2)dz̄ is identified with
f(θ1, θ2)dz̄ ↦ λf(θ1, θ2)dz̄. For γ ∈ GL(2,Z), we have γ ∶ Eω → Eγω. Similarly, (γ∗)−1 is
identified with f(θ)dz̄ ↦ f(γθ)dz̄.

Under the identification tEω ≃ tS1 × tS2 , for B = (A1,A2) ∈ tS1 × tS2 , let Bw ∈ tEω the
corresponding element. the groups GBw (identified as subgroup of C∞(S1 × S2,G)) and
hence gB do not depend on ω, denote them by GB and gB. We also regard g△B = gBdz̄
as some abstract space does not depend on ω, and for given ω, we have an embedding
g△B → Ω0,1(Eω,g), and by definition g△Bw is the image.

The functor 6.2 varies over W , and gives a colimit diagram over W:

D̃
△

W,+ ∶= (D△

B,W/GB,Gg) ∶ ∆op,○
+,tS1×tS2 ,(ΛS1×ΛS2)⋊W

→ Prestk (6.4)
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where D̃
△

W,+(pt) ∶= Bun0,ss
G,W , D△

B,W ∶= ⋃ω∈WD△

B,Eω × {ω} ⊂ ⋃w∈W g△Bw = g△B ×W =∶ g△B,W . The

geometric structure on D△

B,W is induced as being open subset of g△B,W . The GB action on

D△

B,W is induced from the Gauge action of GBw on g△Bw .
Let Nc ∶= N × T ∗

cgcg ⊂ T ∗g × T ∗cg = T ∗(g × cg). Let s ∶ g × cg → g × cg defined by s(X,C) ∶=
(X +C,C). We have:

Lemma 6.5. s∗(Nc) = Nc.◻

Choose a C∞ map CW ∶ W → c△B,W ∶= ⋃w∈W c△Bw ⊂ g△B,W . For example, we could choose

CW(ω) = B(ω) ∶= Bω, for some B ∈ B. then −CW ∶ g△B,W/GB → gB,W/GB ∶= (gB ×W)/GB by

(X,ω) ↦ (X−CW(ω)
dz̄ , ω) is an isomorphism. Where the later action of GB is by conjugation

on the factor gB. Let NW ∶= N × T ∗
W
W ⊂ T ∗(gB,W/GB), then by Lemma 6.5, −C∗

W
(NW) ⊂

T ∗(g△B,W/GB) does not depend on the choice of CW . We denote this set still by NW . We have

Gg∗ preserve NW on D△

B,W/GB. Then by (6.4), NW ⊂ T ∗(D△

B,W/GB) descent to a subset in

T ∗Bun0,ss
G,W , which we shall still denote by NW . It is clear that NW ’s are isotropic. We have

the limit diagram D̃
△.∗

W,+ ∶= (ShNW(D△

B,W/GB),Gg∗).

Proposition 6.6. The isotropic subset NW of T ∗Bun0,ss
G,W is C∗ ×GL(2,Z) invariant, hence

it descent to some N1 ⊂ T ∗Bun0,ss
G,1 .

Proof : For λ ∈ C∗, under the identification tEw ≃ tdz̄, for any ω ∈ W. λ(Bω) = Bλω ∈
tdz̄, λ∗(D△

B,Eλω) =D
△

B,Eω ⊂ g△B , and there is a commutative diagrams:

D△

B,W
λ∗ //

��

D△

B,W

��

g△B,W
λ∗ //

−B

��

g△B,W

−B

��

gB,W
λ∗ // gB,W

D△

B,W
λ∗ //

��

D△

B,W

��

Bun0,ss
G,W

λ∗ //

��

Bun0,ss
G,W

��

W λ−1
//W

The bottom row on the left preserve NW , hence the top rows preserve NW , and hence the
middle row on the right.

For γ ∈ GL(2,Z), We have γ∗ ∶ g△B,W → g△γB,W . Let g△,rBω
∶= g△,rBω ,εpt

⊂ g△Bω for εpt ∶ Bω → pt a

final morphism, and g△,rB,W ∶= ⋃w∈W g△,rBω
⊂ g△B,W . We have also γ∗ ∶ g△,rB,W → g△,rγB,W . There are

similar diagrams:
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g△,rB,W

γ∗
//

��

g△,rγB,W

��

g△B,W
γ∗
//

−B

��

g△γB,W

−γB

��

gB,W
γ∗
// gγB,W

g△,rB,W

γ∗
//

��

g△,rγB,W

��

Bun0,ss
G,W

γ∗
//

��

Bun0,ss
G,W

��

W γ−1

//W
The bottom arrow on the left again preserves NW . ◻

We have the sheaf of categories ShN1 on Bun0,ss
G,1 . Let ShN1(Bun0,ss

G ) ∶= π∗(ShN1) a sheaf of

categories on M1,1. For any f ∶ U →M1,1 a smooth map, by definition, ShN1(Bun0,ss
G )(U) =

Shdf̃∗(N1)
(Bun0,ss

G,1 ×M1,1 U), where f̃ ∶ Bun0,ss
G,1 ×M1,1 U → Bun0,ss

G,1 is the base change of f .

Theorem 6.7. ShN1(Bun0,ss
G ) is a locally constant sheaf of categories on M1,1. And for

i ∶ {E} → M1,1 a point, the natural map i∗ ∶ ShN1(Bun0,ss
G )E → Sh(GE) factor through

i∗ ∶ ShN1(Bun0,ss
G )E → ShN (GE) which is an equivalence of categories.

Proof : Suffices to prove the statements after base change to W . Now assume U is a
contractible open subset of W and ω ∈ U . The notations introduced below are self-evident.
Let iω ∶ GEω → Bun0,ss

G,U the closed embedding. There is a natural transformation of functors

ıω ∶ D̃
△

Eω ,+ ⇒ D̃
△

U ,+ induced by the inclusion iω,B ∶ D△

B,Eω → D△

B,U . We have colim (ıω) ≃ iω.
The following diagram is commutative:

D△

B,Eω/GB
jω

//

iω
��

g△Bω/GB
−CU(ω)

≃
//

iω
��

gB/GB

iω

��

D△

B,U/GB
jU // g△B,U/GB

−CU
≃
// gB,U/GB

It induces a commutative diagram on sheaves:

ShN (D△

B,Eω/GB) ShN (g△Bw/GB)j∗ω
≃
oo ShN (gBω/GB)

≃
oo

ShNU (D△

B,U/GB)

i∗ω

OO

ShNU (g△B,U/GB)

i∗ω

OO

j∗
U

≃
oo ShNU (gB,U/GB)

i∗ω≃

OO

≃
oo

Where j∗ω being equivalence by Corollary 4.5, and similarly for j∗
U

. And i∗ω on the right is
equivalence since U is contracitble and NU = N × T ∗

U
U ⊂ T ∗(gB/GB) × T ∗U . We conclude

that all the vertical i∗ω’s preverse nilpotent singular support and are equivalences. Hence the

natural transformation ıω induces an isomorphism ı∗ω ∶ D̃
△,∗

U ,+ ⇒ D̃
△,∗

Eω ,+. Taking limit, we get
the desired results. ◻
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Remark : In fact, i is non-characteristic w.r.t N1 and i∗(N1) = N . This in particular
implies that i∗ ≃ i! up to a shift, and both preserve nilpotent singular support.
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Appendix A

Analytic stacks

Let ComSp be the site of complex spaces, where the coverings are etale surjective maps. A
morphism between two complex spaces is etale if it is a local biholomorphism. A prestack is
by definition a functor X ∶ ComSp→Grpd, and a stack is a prestack which is a sheaf. An
morphism f ∶ X → Y between stacks is representable if for any morphism from a complex
space g ∶ Y → Y , Y ×Y X is representable by complex space.

A morphism between two complex spaces is smooth if it is locally isomorphic to U ×Dn →
U , where D is the unit disk in C. A representable morphism between two stacks is called
smooth if it is so after base change from any complex space. Let P be a property of morphism
that is stable in smooth topology on ComSp, we say a represetable morphism has property
P if it has property P after base change by smooth morphism from any complex space. Such
properties include being surjective, etale, smooth, closed embedding, open embedding, open
dense embedding, isomorphism. It’s not hard to see that the two definition of being smooth
of a representable morphism agrees.

An analytic stack is by definition a stack X such that:
(1) X →X ×X is representable, and
(2) There is smooth morphism surjective π ∶X →X , where X is a complex space.

A analytic stack is smooth if in the above definition, X is a complex manifold. To study
smooth analytic stack X ,Y and smooth morphism between them, it suffices to study functor
X ,Y after restriction to Cplx the site of complex manifolds.

Definition A.1. f ∶ X → Y is generically open if there is U ⊂ X open dense embedding,
such that f ∣U ∶ U → Y is open embedding.

Lemma A.2. An etale and generically open morphism of analytic stacks is open embedding.

Let x ∈ Ob(X (C)), we say f is etale at x if for any base change Y → Y , f ′ ∶ X ∶=
X ×Y Y → Y is etale at any point x′ ∈ X over x. By definition, etaleness only depends on
isomorphism class of x, so we can also speak about f being etale at x ∈ ∣X ∣. We have the
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locus in ∣X ∣ where f is etale is open.

It’s easy to see that f is etale if and only if it is etale at every ∣X ∣.

TxX the tangent groupoid at x is defined to be the fiber category of σ ∶ X (C[ε]) →
X (C) over x. I.e. Ob(TxX ) ∶= {(v, φ) ∶ v ∈ X (C[ε]), φ ∶ σ(v) ∼Ð→ x}, and morphism are
those induces identity on x. There is an action of Aut(x) on TxX via (v, φ) ↦ (v, g ○φ) We
have natural map of groupoid dfx ∶ TxX → Tf(x)Y by postcomposition with f . The map
interwine the action of Aut(x) and Aut(f(x)). By base change, We have

Proposition A.3. Assume X ,Y smooth analytic stacks, then f is etale at x if and only if
dfx is an equivalence. ◻

Tangent groupoid and tangent complex. For smooth analytic stack X , the tangent
groupoid TxX has a natural structure of category in vector spaces such that the commuta-
tivity constraint is trivial. Such datum is equivalent to complex of vector spaces in degree
-1,0. The assignment is by associate such a category C to H−1 →H0 where the differential is
trivial and H0(C ):=isomorphism classes of objects in C , and H−1(C ) := the automorphisms
of identity object. Note that both of them have vector space structures. Under this assign-
ment, Aut(x) acts linearly on H i(TxX ), and dfx induces an linear map between H i ’s and
it is an isomorphism if and only if the original functor between groupoids is an equivalence.
We have H−1(TxX ) = Lie(Aut(x)), and the action of Aut(x) is conjugation.

Example A.4. Let X = X/G be the quotient stack, TX is represented by the complex
g⊗C OX → TX, for x ∈ X, let x̄ be the image of x in X , then Tx̄X is quasi-isomorphic to
the complex g → TxX, where the arrow is H ↦ d

dt ∣t=0 exp(tH)x. We have Aut(x̄) = CG(x)
the stablizer at x acts on Tx̄X = {g δÐ→ TxX}, by conjugation on g, and for g ∈ Aut(x̄), v =
γ′(0) ∈ TxX, for γ(t) a curve through x. g ⋅v ∶= d

dt ∣t=0gγ(t). Then δ is an Aut(x̄) module map.
Indeed, δ(adg(H)) = d

dt ∣t=0 exp(tadg(H))x = d
dt ∣t=0g exp(tH)g−1x = d

dt ∣t=0g exp(tH)x = g ⋅δ(H),
where g−1x = x because g ∈ CG(x). ◻
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Appendix B

Semisimple and semistable bundles

In this chapter, we collected some basic facts about G-bundles on elliptic curve, summarized
in Proposition B.2.

Following [4, 9, 10], we make the following

Definition B.1. Let P be a G bundle on a compact Riemann surface C.
P is of degree 0 if it lies in the neutral component BunG(C)0 of BunG(C)
P is semisimple if P has reduction to a maximal torus T .
Let C = E be an elliptic curve.
P is semistable if the associated adjoint bundle gP is semistable.

It’s easy to see that semisimple semistable G bundles of degree 0 are exactly those in
the image of the map BunT (C)0 → BunG(C)0. Let BunG(E)0,ss be the stack of degree 0
semistable G bundles on E. It is an open substack of BunG(E)0. We have the following
characterization of degree 0 semistable bundle on E.

Proposition B.2. Let P be a G bundle of degree 0 on E, then:
(1) P is semisimple semistable if and only if P is a closed point in ∣BunG(E)0,ss∣.
(2a) P is semistable if and only if the closure of P in ∣BunG(E)0∣ contains a semisimple
semistable bundle. (2b) Moveover, in this case, such semisimple semistable bundle is unique,
we shall call it the semisimplification of P.

The propostion is known in the case when G is semisimple and simply connected [3, 10].
For the general case, we need the following lemmas.

Lemma B.3. Let H ′ → H finite cover of algebraic groups, with kernel K central in H ′. C
a compact Riemann surface. P an H ′ bundle C. Then
(1) H1(C,K) acts on ∣BunH′(C)0∣, with quotient ∣BunH(C)0∣. In particular, π ∶ ∣BunH′(C)0∣ →
∣BunH(C)0∣ is open finite surjective.
(2) Assume H (hence H’) is reductive, then P is semisimple if and only if PH is semisimple.
(3) Assume C = E, H is reductive, then P is semistable if and only if PH is semistable.
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Proof : (3) follows directly from definition.
(1) There is a short exact sequence 1 → K → H ′ → H → 1, where K (resp.H ′,H ) is
the sheaf of sections of the constant group scheme K (resp.H ′,H) over C. Notices that
H0(C,H ′) →H0(C,H ) is surjective. We have

1 // H1(C,K) // ∣BunH′(C)∣ //

��

∣BunH(C)∣ //

��

H2(C,K)
≃

��

1 // π1(BunH′(C)) // π1(BunH(C)) // K // 1

This gives 1→H1(C,K) → ∣BunH′(C)0∣ → ∣BunH(C)0∣ → 1.
(2) Let T ′ be a maximal torus of H ′, then K ⊂ T ′ and T ∶= T ′/K is a maximal torus in

H. We have the commutative diagram of short exact sequences of groups.

1 // K

��

// T ′

��

// T

��

// 1

1 // K // H ′ // H // 1

Take the corresponding sheaves and long exact sequences on cohomology, (2) is obtained by
diagram chasing. ◻

Lemma B.4. Let H ′ →H be a finite central cover of reductive algebraic groups with kernel
K. If Proposition B.2 holds for H ′, then it holds H.

Proof : Suppose Proposition B.2 holds for H ′. Let P ∈ ∣BunH(E)0∣. For (1), assume
P is semisimple semistable. Then by Lemma B.3, π−1(P) is a finite union of semisimple
semistable H ′ bundles, hence is closed in ∣BunH′(E)0∣. Hence {P} = π((π−1(P))c)c is closed
(π is open, c stands for complement). Conversely if P is a closed point in ∣BunH(E)0,ss∣
. π−1(P) is a closed set in ∣BunH′(E)0,ss∣ hence it contains closure of any of its point,
hence contains a semisimple semistable H ′ bundle. Again by Lemma B.3, P is semisimple
semistable. To prove (2a), assume P is semistable, then there is a semistable H ′ bundle P ′,
such that π(P ′) = P, there is a semisimple semistable H ′ bundle R′ ∈ {P ′}, then we have

R ∶= π(R′) is semisimple semistable and R ∈ {P}. Conversely, suppose {P} contains some
semisimple semistable bundle. Let π−1(P) = {P ′1,P ′2, . . . ,P ′n}, if any of P ′i has a semisimple
semistable H ′ bundle in its closure, then we conclude P ′i is semistable, hence so is P. Sup-
pose none of P ′i contains a semisimple semistable bundle in its closure, we want to reach

a contridiction. Indeed, we’ll have (π((⋃ni=1 {Pi})c))c is closed, containing P and does not
contain any semisimple semistable H bundle, which contridicts to the assumption. For (2b),

let P be semistable, take P ′ ∈ π−1(P), then π(H1(E,K) ⋅ {P ′}) is closed containing P and

only contains one closed point which the image of the closed point in {P ′} under π. ◻

Proof of Proposition B.2: Proposition holds for all semisimple simply-connected groups,
Lemma B.4 implies it holds for all semisimple groups. It’s easy to see if proposition holds
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for H, then it holds for T × H for T a torus. Then for any connected reductive group
G, G = (Z(G)0 × [G,G])/F for a finite central F . So by Lemma B.4 again, we conclude
proposition holds for G. ◻

Corollary B.5. Let K ⊂ G two reductive algebraic groups. Under the natural induction map
BunK(E) → BunG(E), the image of BunK(E)0,ss lies in BunG(E)0,ss.

Let GE,0 be the moduli stack of degree 0 semistable G-bundles with trivialization at
0 ∈ E. We have:

Proposition B.6. GE,0 is representable.

Proof : Suffices to prove that for any degree 0 semistable G-bundles P, the natural map
Aut(P) → Aut(P0) is injective, where P0 is the fiber of P over 0 ∈ E. By Corollary B.5,
we can reduce to the case when G = GLn. Then the above injectivity follows from Atiyah’s
classification. ◻
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