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Abstract of the Dissertation

Spin Torques in Magnetic and Superconducting

Tunnel Junctions

by

Silas Hoffman

Doctor of Philosophy in Physics

University of California, Los Angeles, 2012

Professor Yaroslav Tserkovnyak, Chair

The main text is presented in four parts. In chapter 2, we develop a phenomenolog-

ical theory of voltage induced torques in magnetic tunnel junctions. The reciprocal

of this effect and spin-transfer torque can pump charge into an attached circuit

when the magnet precesses. We calculate the resulting change in impedances

due to this pumping as a function of applied magnetic field and thickness of tun-

neling spacer. Because the impedances due to voltage and current pumping are

qualitatively distinct under variation of the magnetic field, we suggest that this

measurement could be used as experimental differentiation between these effects.

In chapter 3 we study magnetic Josephson junctions wherein spin polarized

Ohmic and supercurrent exert a torque on the magnetic layer. As a result, there

is a nonlinear dynamic interplay between the magnetic order parameter and the

phase of the superconducting parameter. This results in a modified stability

diagram for both the magnet and superconductor. In particular, we find a non-

monotonic dependence of the critical current on the applied magnetic field and

current. When the temperature is raised above the superconducting critical tem-

perature, the leads become metallic and the equations of motion coincide with

those of chapter 2.
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In contrast to the monodomain models studied in other chapters, chapter 4

examines the effects of micromagnetics on the thermal stability of a typical MRAM

bit. In addition to noting that a finite stiffness parasitically effects bit stability,

we find that domain-wall nucleation and propagation is the dominant mode of

thermal bit flipping.

Finally, in chapter 5 we derive a nonequilibrium expression for spin current be-

tween two magnetic leads biased by voltage, temperature or spin. The interaction

on the dot is left general and the equation for current can be written as a function

of the full retarded Green’s function on the dot. We apply this methodology to a

dot with large on-site Coulomb interaction.
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CHAPTER 1

Introduction

1.1 Preliminaries

According to the standard model of particle physics, there are three forces that

mediate the interaction between twelve elementary particles. Owing to the abun-

dance and experimental accessibility, we focus on a single particle, the electron.

The charge and spin of the electron facilitate the detection and manipulation by

both electric and magnetic potentials. This interplay between magnetism and

electricity and charge and spin induce equilibrium and nonequilibrium interac-

tions that engender a utilitarian and academic study of electrons and is the focus

of this manuscript.

In chapter 2 we detail our work on current and voltage induced torques in

magnetic tunnel junctions. Charge current can be magnetically polarized due to

the exchange interaction separating the majority and minority bands in a magnet

[Slo96, Ber96]. Likewise, passing current through a magnetic layer in the presence

of spin-orbit interaction induces a torque proportional to the current and strength

of the interaction [MZ08, COL09, HBT10]. These effects are can induce flipping

of a bistable ferromagnet and therefore have become increasingly important for

information storage in computing applications. A major inspiration for the work

in chapter 2 was the discovery that voltage, in the absence of current, can likewise

induce a torque on ferromagnets in magnetic tunnel junction. We propose two

distinct phenomenological models that individual examine these effects and cal-
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culate the corresponding reciprocal of these torques whereby magnetic dynamics

pumps electrons through our circuit, shifting the impedance. When supercon-

ducting rather than normal metal leads are used, such as in a Josephson junction,

the magnet can effectively pump and thereby manipulate phase in addition to

charge. The resulting nonlinear coupling between magnet and superconductor is

studied in chapter 3. We find that magnetic dynamics can induce a “foldover

region” where superconductor has multiple critical currents.

In many applications a single domain magnetic model is sufficient to capture

the essential physics of a magnet. However when the exchange energy is com-

parable to the dipole interaction, the effect of magnetic texture must be taken

into account. Although micromagnetics are sometimes the focus of study (e.g.

skyrmion lattices, domain-walls, etc.), they often become an added complication

in developing nanomagnets for memory storage applications. To this end, we

consider the effect of micromagnetics on the robustness of a bit against ther-

mal fluctuations in chapter 4. We find that the formation and propagation of a

domain-wall is energetically (and therefore thermally) advantageous as compared

with coherent monodomain switching.

As made apparent by the Born-Van Leeuwen theorem quantum mechanics is

essential for the existence of ferromagnetism. When the spin of the magnets is

large, the quantum fluctuations are obscured. In these cases, as in much of this

work, the magnet is treated as a macroscopic parameter. However in the mi-

croscopic regime, correlation and tunneling effects must be taken into account.

This is the primary topic considered in chapter 5. This study was initiated by

the experimental data indicating an anomalously large exchange interaction be-

tween two ferromagnets separated by an insulating layer [FTB02]. The exchange

interaction is known to be mediated by the equilibrium spin current and could

naturally be enhanced by an impurity, as modeled by a quantum dot, in the in-

sulating region [ZTV05, ZVV06]. To this end, we calculate the equilibrium spin
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current between two canted leads separated by an intermediate quantum dot. We

extend this treatment to the nonequilibrium regime and obtain an expression for

spin and charge current under voltage, temperature, or spin bias.

Although this document is not fundamentally pedagogical, we hope it can be

used as a reference and stimulant for future spintronics research. We will spend

the remainder of the introduction setting the stage for the aforementioned subjects

while motivating the necessity of their study. In Sec. 1.2 we introduce equilib-

rium and dynamic properties of ferromagnets. We discuss the basic properties of

Josephson junctions and the effect of ferromagnets in proximity to superconduc-

tors in Sec. 1.3. We conclude the introduction in Sec. 1.4 by reviewing Keldysh

formalism necessary to construct nonequilibrium tunneling currents.

1.2 Magnetoelectronics

1.2.1 Energetic considerations

In determining the equilibrium direction of a magnet, there are typically four

interactions that one must take into account: external magnetic field, magne-

tocrystalline anisotropy, exchange interaction between micromagnetic domains,

and dipole-dipole interactions. Each of these interactions compete to form a

configuration that minimize the free energy F of a magnet. The direction of

equilibrium magnetization is along the effective magnetic field, determined by the

functional derivative of the free energy with respect to the magnetization, M,

Heff(x) = −V−1∂F/∂M(x) with V the volume of the magnet. Magnetocyrstalline

anisotropy is induced by the spacial anisotropy of the crystalline structure cou-

pled to magnetic domains by the spin-orbit interaction. Because the ferromagnetic

crystalline structures are periodic on the scale of the lattice, which is often much

smaller than the size of a magnet, the magnetocyrstalline anisotropy is regarded

as a function of local magnetization. The exchange interaction describes the ten-
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dency for neighboring magnetic domains to align parallel in a ferromagnet and

antiparallel in an antiferromagnet. As this interaction increases, the energy cost

to align in a different direction from micromagnetic neighbors increases and the

magnetic configuration tends to a single domain. In contrast to the first two

short range energy contributions, the dipole-dipole interaction reflects the mag-

netic dipole of the individual domains interacting with the overall magnetization

over long distances. Summing the energy of these interactions determines the

magnetic contribution to the free energy (in CGS units)

F [M] = −
∫

d3xM(x) ·Ha −
Ku

2

∫
d3x(M(x) · n)2 +

Axc

M2
s

∫
d3x(∇M(x))2

− 1

8π

∫
d3x

∫
d3x′M(x) · 3(M(x′) · (x− x′))(x− x′)−M(x′)|x− x′|2

|x− x′|5
,

(1.1)

where Ha is an external magnetic field, Ku is the uniaxial crystalline anisotropy

constant along n̂, and Axc is the exchange constant or stiffness. The atomic ener-

gies responsible for the splitting of majority and minority bands of the electrons

is large compared to the above energies and therefore the magnitude of M(x) is

taken to be constant. We often use to the unit direction of the magnetic field

m = M/Ms where Ms is called the magnetic saturation.

The competition between long and short range order engenders equilibrium

configurations that depend on the size of the magnetic structure. Long range

order tends to align magnetic domains antiparallel with respect to each other

due to the magnetostatic field. Conversely, neighboring micromagnetic domains

minimize the exchange interaction when aligned parallel to eachother. The onset

of inhomogeneous magnetization typically occurs when the length of the structure

is larger than λ =
√
Axc/4πM2

s (i.e., when the exchange energy and magnetostatic

energy are comparable). The mediation region patching together two domains of

opposite magnetization is known as a domain-wall. There are several types of

domain-walls. In thin films the orientation tends to remain in-plane. When the
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major and minor axes of the cross section are comparable to λ, a vortex forms to

connect the two regions of opposite magnetization. If the cross section is elliptical

with one dimension larger than λ, a Néel wall can form in which the texture rotates

180◦ in the plane of the ellipse between the domains. The formation of domain-

walls may be energetically favorable. We discuss the equilibrium generation of a

Néel wall in an elliptical magnetic and the effect on thermal stability in chapter 4.

Owing to the complexity of multidomain structures and ensuing many body

problem of interaction via the magnetostatic field, equilibrium micromagnetic

configurations are difficult to determine analytically except in the simplest cases.

Many physical effects can be analyzed in the single domain limit wherein the

exchange stiffness is infinite, locking all magnetizations parallel to one another.

The magnetostatic energy takes a particularly simple form (NxM
2
x + NyM

2
y +

NzM
2
z )V where Nx +Ny +Nz = 4π, known as demagnetization factors, are shape

dependent anisotropies. For example, in the case of a thin film, these reflect the

tendency of magnetization to orient in the plane of the film and along the major

axis of non-circular samples. This monodomain limit will be used ubiquitously in

chapter 2 and chapter 3.

When a magnet is attached to an external circuit, voltage can induce anisotropy

[WFM07, MSN09]. In lieu of any ab initio calculation of this effect, the prevail-

ing understanding is that an electric field across the junction causes an excess of

electrons at the interface which populate the 3d orbital [MSN09]. This results in

a magnetic anisotropy if a spin-orbit interaction is present at the surface of the

magnet. In addition, there is likely some reshuffling and hybridization of orbitals

that enhances this effect. The strength of this voltage controlled anisotropy can

compete with and overpower the above free energy contributions, as to bring an

in-plane equilibrium magnetization out-of-plane. The free energy is proportional

to Qm2
z where Q is the charge residing on the interface of the magnet. This is our

first example of magnetoelectric torques, that is a torque exerted on the magnet
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as a result of the circuit. In chapter 2, we investigate the Onsager reciprocal of

this torque, charge pumping induced by dynamic magnetization, and calculate

the change in ac impedance of the circuit.

1.2.2 Magnetization Dynamics

Because the magnitude of the magnetization is held constant, the time evolu-

tion of the magnetic configuration away from equilibrium must be perpendicular

to the instantaneous direction. In the absence of dissipation, the second law of

thermodynamics requires that Ṁ ·Heff = 0, where Ġ ≡ dG/dt for any function

G. The magnet thus precesses around the effective field along constant energy

contours according to Ṁ ∼ M ×Heff. Damping must bring the system back to

the equilibrium configuration, parallel to Heff, and has two mathematically equiv-

alent expressions formuated by Landau and Lifshitz [PL80] and Gilbert [Gil04].

Using the damping proposed in the latter, the equation of motion of a magnetic

configuration is

Ṁ = −γM×Heff +
α

Ms

M× Ṁ , (1.2)

known as the Landau-Lifshitz-Gilbert (LLG) equation. Here γ is the electron

gyromagnetic ratio and α quantifies the strength of the damping. Because the

damping is perpendicular to the direction of motion and M, for α > 0 the magnet

is torqued towards Heff, decaying to the equilibrium position as expected.

Application of spin current to a magnet induces a torque when the polariza-

tion of the current and magnet are misaligned. The filtering of the spin current

through the magnet, transfers a net angular momentum and rotates the magnet.

This phenomena, known as spin-transfer torque, was predicted independently by

Slonczewski [Slo96] and Berger [Ber96]. In the approach by Slonczewksi [Slo05],

one static magnet, Ms, and one free magnet, Mf are oriented at angle θ with

respect to each other. By Fermi’s golden rule, one may calculate the spin current

6



transferred between the leads. The difference between the spin transferred from

one lead to the other determines the torque on the magnet to be proportional

to Mf ×Ms ×Mf . The dynamics of the magnet are now governed by the LLG

equation plus spin-transfer torque

Ṁ = −γM×Heff +
α

Ms

M× Ṁ +
µI

Ms

M×ms ×M , (1.3)

where µ depends on the magnetic and geometric properties of the leads and ms

is the direction of the polarized current.

This torque can induce magnetic precession and reversal. To illustrate this,

consider a single domain magnetic rod along the z axis with no crystalline anisotropy.

In the absence of an external applied field, the effective field becomes Heff =

4πMzz where Mz is the component of the magnet along the z axis. When no spin

current is incident on the magnet, there are two bimodal stable configurations

along the z axis. Flipping occurs when one of these fixed points in the differential

equation becomes unstable (i.e., when the spin-torque overcomes the geometric

anisotropy). One can show that the equation of motion of the magnet projected

along the z axis is

(1 + α2)Ṁz = z ·
(

4παγMz

Ms

M× z×M +
µI

Ms

M× z×M

)
. (1.4)

Because z ·M× z×M is positive, the equilibrium position is determined by the

magnitude and sign of the current. That is, when the magnet is oriented along the

z axis, m = z is no longer stable if for a negative applied current µ|I| > 4παγ. Any

infinitesimal fluctuation will thereby flip the orientation of the magnet. Similar

arguments can be made when the magnet is in the opposite orientation.

Because applying a current can induce magnetic dynamics, magnetic dynamics

can likewise induce current. For instance suppose in a system of two ferromag-

nets, one is subjected to a microwave field, inducing FMR precession. A net spin

and charge will be transferred through the circuit as a result of this precession
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[TBB05]. This contribution to current can be calculated microscopically, how-

ever, the form of the pumping can be immediately determined from reciprocity

considerations to be proportional to µṁ ·m ×ms as discussed in chapter 3. In

that chapter we further extend spin torque on the magnet due to ohmic currents

to superconducting currents. In addition to pumping current the system is analo-

gously able to pump phase. This coupling allows for manipulation of the magnet

by the superconducting order and vice versa.

1.3 Josephson Junctions

The microscopic description of superconductivity is well accounted for by the the-

ory put forth by Bardeen, Cooper, and Schrieffer (BCS theory) but is complicated

when the condensate function is spatially inhomogeneous. A simple macroscopic

alternative, valid at temperatures near but below the critical temperature, is the

Ginzburg-Landau theory [PL80]. The formulation of this theory is derived under

the same considerations of the general theory of phase transitions. One useful

application of Ginzburg-Landau is to the case of a Josephson junction, wherein

two superconductors are separated by a non-superconducting interlayer. The two

signature effects in such a junction, the dc and ac Josephson effect, were predicted

by their namesake Brian Josephson. The dc Josephson effect predicts that when

there is a difference in phase between the superconducting wave functions in two

superconductors, a supercurrent proportional to the sine of the difference in phases

will flow between them. The ac Josephson effect states that the time derivative

of the phase difference is proportional to the voltage difference between the junc-

tions. Underlying these physical effects is a wealth of properties as a result of the

highly nonlinear interplay between supercurrent, ohmic current, and displacement

current. Below we describe the basic framework of Josephson junctions that is

most relevant for the discussion in later chapters. An exhaustive description of
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effects can found in [Lik86].

1.3.1 Derivation of GL theory and josephson current

The Ginzburg-Landau free energy is a phenomonological, macroscopic treatment

of the superconductor derived from a general model of second order phase tran-

sitions. The philosophy is to write the free energy as a function of a classical

order parameter, ψ called the pseudowavefunction, which at some finite critical

temperature is minimized at a nonzero value. The gap of a superconductor, ∆,

characterizes the coherence of a Cooper pair and thus a nonzero value signifies a

phase transition to superconducting order. Although it is natural to identify ψ

with the gap, it is normalized to the density of superconducting electrons1, i.e.

Cooper pair density, and therefore proportional to the gap. The superconducting

contribution to the free energy near the critical temperature is

F [ψ] =

∫
dV a|ψ|2 +

b

2
|ψ|4 +

∣∣∣∣(∇− 2ie

~c
A

)
ψ

∣∣∣∣2 , (1.5)

where b, which must be greater than zero for finite ψ, and a ∼ (T − Tc), Tc the

critical temperature, are phenomenological coefficients and A the vector poten-

tial. e and m are the (dressed) electron charge and mass, respectively. When the

temperature is above the critical temperature, ψ = 0 minimizes the free energy.

Below this temperature, the gauge symmetry is broken and the pseudowavefunc-

tion acquires a nonzero value resulting in a finite gap. Varying with respect to

the vector potential gives the probability current and the associated boundary

condition

j = − ie~
2m

(ψ∗∇ψ − ψ∇ψ∗)− 2e2

mc
|ψ|2A ,

n ·
(
−~∇− 2e

c
A

)
ψ = 0 , (1.6)

1The wording of “superconducting electrons” is somewhat ambiguous as the nomenclature
is a relic from the superfluid description where the number of bosons in the ground state per
volume corresponds to the density of superfluid bosons.
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where n is the vector normal to the surface of the body.

A natural application of these expressions is to two slabs of the same metal,

below their critical temperature, separated by insulator . For a sufficiently thin

barrier, the probability that the condensate wave functions overlap is finite. This

facilitates the flow of supercurrent, Is even in the absence of bias, i.e. in equi-

librium. Because the leads are the same material at the same temperature, the

magnitude of the gap is the same and the pseudowavefunctions in the leads, ψL

and ψR, differ only by a phase. As the left and right leads would be identical if the

phases were equal, the current must be proportional to their difference in phases,

φ = φL − φR. Changing φ by an integral multiple of 2π is physically indistin-

guishable and therefore the current must be periodic in phase difference. Because

current and phase both change sign under time reversal, equilibrium supercurrent

must be an odd function of the phase difference. These conditions require the su-

percurrent to take the form IS = Ic sinφ+
∑∞

n=2 In sinnφ. Using Eq. 1.6, all but

the first term in the current is zero and we ultimately arrive at the dc Josephson

effect

IS = Ic sinφ , (1.7)

where the critical current, Ic ∼ |ψ|2, is the maximum supercurrent through this

junction.

When there is a difference in voltage between the two leads, V , the phase

acquires time dependence. To understand this, consider a gauge transformation

under which the scalar potential transforms V → V − (1/c)χ̇(t) and φ → φ +

(2e/~c)χ(t). The ac Josephson effect is a gauge invariant combination of these

two quantities that respects the dc Josephson effect in the absence of voltage (i.e.

φ̇ = 0 when V = 0)

φ̇ =
2e

~
V . (1.8)

Substituting this expression into Eq. 1.7, results in IS = Ic sin[(2e/~)V t]. Hence,

the supercurrent acquires an alternating current component with frequency (2e/~)V

10



when a voltage difference is applied between the leads.

1.3.2 Characteristics of the Resistively Shunted Junction

In general, the supercurrent is only part of the contribution to the overall cur-

rent. There are three essential additional currents: normal current, displacement

current, and fluctuating current. The normal current is the result of the quasi-

particle tunneling across the insulating interlayer and is written following ohms

law IN = σV where σ is the normal conductance of the junction. If a potential

difference applied to the leads is much greater than the gap, it is energetically

favorable for the Cooper pairs to break into quasiparticles and the ohmic current

dominates over the supercurrent. Displacement current in a Josephson junction,

ID = CV̇ , is the same above and below the critical temperature. The capacitance,

C, is determined by the geometry of the structure. The dimensionless parameter

β ≡ (2e/~)(IcC/σ
2), known as the Stewart-McCumber parameter, determines the

relative importance of the displacement current to the normal current. Junctions

with β � 1 are called high damping, whereas when β � 1 are referred to as low

damping. The final contribution to the current, IF , represents any noise present

in the system, e.g. thermal noise or shot noise. The total current through the

junction is thus given by the sum of the individual currents

I = IS + IN + ID + IF . (1.9)

Supplementing this with Eq. 1.8, the current-voltage relation of the Josephson

junction can be determined.

Because the exact description of a Josephson junction for an arbitrary set

of parameters is unknown, simplifying approximations are accordingly made. A

rather general description of the current through the circuit known as the Tunnel-

Junction-Microscopic (TJM) is determined from the microscopic Green’s function

of BCS theory. Although this model captures nearly all of the physical nuances of
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a Josephson junction, there is no exact analytic solution and numerical methods

are computational intensive. A major simplification may be made in a narrow

range of temperatures in which the current is taken to be energy independent.

This is the case in the Resistively Shunted Junction (RSJ) model which takes the

simplest expressions for the contributions to the current and is modeled by the

equation

I =
~
2e

(
Cφ̈+ σφ̇

)
+ Ic sinφ+ IF ,

(1.10)

along with the ac Josephson effect. As this is the primary model for our interest,

we detail some basic properties below in the absence of stochastic processes (IF =

0).

First consider the case when the dc current through the circuit is less than

critical current, |I| < Ic. Eq. 1.10 allows solutions for stationary φ given by

φ0 = sin−1 I

Ic
+ 2πn ,

φπ = π − sin−1 I

Ic
+ 2πn , (1.11)

where n is integer. Because all of the equations in the RSJ model are invariant

under 2π translations of φ, all φ0 solutions are equivalent and we choose n = 0

without loss of generality. This is likewise true for φπ. In the literature, a junction

with φ = φ0 is a 0-junction and φ = φπ is a π-junction. According to the ac

Josephson effect, if φ is constant there is no voltage across the junction, φ̇ = V = 0.

This state is thus referred to as the stationary state, superconducting state, or

simply the S state. The differential equation defined in Eq. 1.10 is equivalent to

a particle of mass (~C/2e) at position φ with damping (~σ/2e) in a potential

U(φ) corresponding to the energy stored in the junction.2 In this picture, the

2In the absence of applied current, Eq. 1.10 also maps identically onto the equation of motion
for a pendulum excited at an arbitrary angle away from equilibrium.
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nomenclature of low and high damping in the large and small limits, respectively,

of Stewart-McCumber parameter is now transparent. The potential can be found

by integrating the associated power of the circuit over time

U(φ) =

∫
(IS + I)V dt =

~
2e

∫
(IS + I)φ̇dt =

~
2e

∫
(IS + sinφ)dφ ,

= −Ec cosφ+
~
2e
Iφ+ const. , (1.12)

where Ec ≡ (~/2e)Ic. The superconducting phase is in a “washboard” potential in

which φ0 are minimums and φπ are maximums. Thus when |I| < Ic, 0-junctions

are stable and π-junctions unstable. As the current is slowly increased from 0, the

cosinosoidal potential tilts, such that the potential barrier between consecutive

minimum decreases until I = Ic. At this point, the derivative of the potential at

φ = π/2 is zero and neither φ0 nor φπ are stable. This is the onset of the resistive

(R) state of the superconductor where the phase difference is no longer stationary,

inducing a finite voltage and therefore an ohmic current.

When the dc current exceeds the critical current, |I| > Ic, the maximum su-

percurrent is not sufficient to transport charge across the circuit and must be

supplemented by ohmic current. The dynamics are, in general, difficult to charac-

terize and therefore we consider the low and high damping limits. When β → 0,

Eq. 1.10 reduces to

I =
~σ
2e
φ̇+ Ic sinφ , (1.13)

which admits an exact solution

φ(t) = 2 tan−1

(√
I − Ic
I + Ic

tan
ωJt

2

)
− π

2
. (1.14)

The characteristic frequency of oscillation, ωJ = (2e/σ~)
√
I2 − I2

c when |I| > Ic

and zero otherwise, determines the current-voltage relation as V̄ = (~/2e)ωJ where

the bar denotes the average voltage. Near the critical current, the voltage across

the junction is small and the current is primarily transported by the supercon-

ducting component. When I � Ic, the current-voltage relation is nearly linear
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Figure 1.1: Schematic graph of the current-voltage relation for in the RSJ model

(solid line) that approaches an ohmic current-voltage relation (dashed line) for

large voltage. Insets show oscillations of voltage and phase as a function of time

for various values of current indicated on the curve.
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reflecting the almost entirely dissipative nature of the current. In the high damp-

ing limit, the inertia of the phase is very low. Regardless of the initial conditions,

if a minimum of the potential exists (i.e. |I| < Ic) the phase will eventually relax

into an S state. When the current exceeds the critical current no minimums exist

and the superconductor is in the R state. We graph the current-voltage relation as

well as the time dependence of the phase and voltage for representative currents

in Fig. 1.1.

Conversely, in the limit of small damping β � 1, the inertia of the phase is very

large. For current finite but smaller than the critical current, the periodic potential

U(φ) is titled but there still exist local minimums. Suppose that the current is

sufficiently large so that the energy lost due to damping is compensated by the

change in potential energy, U(φ+ 2π)−U(φ) ∼ −2πI. If the initial energy of the

system is large enough to overcome the barrier separating consecutive minimums,

the phase will slide down the potential indefinitely. Otherwise, the phase will relax

into a minimum as in the high damping case. Thus, in the low damping limit, we

may realize both an S state and R state for currents less than the critical current.

This coexistence of two states at the same current results in a hysteretic current-

voltage relation. The phase portraits of the RSJ equation, Fig. 1.2, illustrate the

properties of the high and low damping RSJ models.

1.3.3 Proximity Effects at Superconducting Interfaces

When a superconductor is brought into contact with a normal (non-magnetic)

metallic material, the properties of both can change. This is known as the prox-

imity effect. For instance, leakage of Cooper pairs into the normal material can

induce superconducting correlations on the metallic side. This results in a decrease

in the density of states in the metal and, similarly, a decrease in the density of

Cooper pairs on the superconducting side which decreases the critical tempera-

ture. In the range of validity of the Ginzburg-Landau equations, the penetration
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Figure 1.2: Phase portrait of RSJ model in the low damping limit when Ic < I

(a), the low damping limit when Ic > I (b), the high damping limit when Ic < I

(c), and the high damping limit when Ic > (d). The red dots indicate stable fixed

points and red lines stable trajectories. Notice in particular the coexistence of a

stable fixed point (S state) and trajectory (R state) in the low damping limit.
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of the Cooper pairs into the metal exponentially decays over length scales propor-

tional to 1/
√
T whereas the superconducting exponential recovers its bulk value

over a characteristic length proportional to 1/
√
Tc − T . These are known as the

coherence length in both the superconducting and normal region.3 Far below the

critical temperature, the Ginzburg-Landau equations no longer provide an accu-

rate physical model and microscopic equations of motion, known as the Usadel

equations, must be appealed to. One finds that the proximity of the supercon-

ductor induces a “minigap” δ in the densities of states in the metal where δ is

proportional to the transmission coefficient at the superconducting-normal inter-

face.

Replacing a normal metal with a magnet at the interface with a conventional

s-wave superconductor, one may expect a diminished effect as compared with the

normal metal due to the Meissner effect on the superconducting side. Likewise, in

the magnetic region, the exchange field tends to align the electrons that make up

the Cooper pair which decreases their density. Broadly speaking, in homogeneous

magnetic structures the correlation length no longer scales inversely with tempera-

ture or critical temperature but rather with the exchange field, which can be very

large, and thus suppresses the proximity effects. Nonetheless, these structures

exhibit properties that are unseen in the traditional proximity effect. The super-

conducting correlations leaked into the ferromagnet have both a singlet, as before,

and a triplet component with zero spin projection along the axis of magnetiza-

tion. The triplet component is a direct consequence of the exchange interaction

in the magnet. As a result, superconducting order oscillates with wavelength

equal to the decay length. Oscillatory behavior is a widely observed characteristic

of magnetic-superconductor layers as the Berry phase accumulated by the elec-

trons making up the Cooper pair sums rather than cancels. To this end, we note

that the critical current in a superconductor|ferromagnet|superconductor (S|F|S)

3This is distinct from the so called Pippard length which reflects the coherence length of a
Cooper in a superconductor and is constant with respect to temperature.
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structure, i.e. a magnetic Josephson junction, oscillates with thickness of the fer-

romagnetic layer and can facilitate a π-junction. Conversely, the penetration of

the exchange field into the superconductor induces a finite total momentum in the

Cooper pairs which generates an inhomogeneous gap. This causes an oscillation

in the critical temperature as a function of ferromagnetic layer thickness.

A structure consisting of inhomogeneous magnetization allows a “triplet odd”

superconductivity which facilitates a long-range triplet component that can pen-

etrate deep into a ferromagnetic layer. Recall that the exchange interaction in-

duced a triplet component of superconductivity whose projection was zero along

the axis of magnetization. When two noncollinear magnets are separated by a su-

perconductor, each exchange interaction creates a triplet pairing, neither of which

individually has a projection along their axis of magnetization. However, the

superposition of these components contains all possible projections of the spin.

Thus there is a triplet component of the superconducting wavefunction which is

projected along either magnetization axis. Because these are energetically favored

by the exchange interaction, they will penetrate deeper into the magnet. The co-

herence length thus goes as
√

1/T , similar to the normal proximity effect, which

is typically much bigger than
√

1/Hxc where Hxc is the magnitude of the exchange

field. Experiments on magnetic multilayers have found signature current-voltage

relations persistent for large magnetic thicknesses [KGK06, KKP10]

The case of spin valve with superconducting leads, i.e. a S|F|I|F|S structure

where I is a thin insulating region, is considered in chapter 3. The critical cur-

rent of this magnetic Josephson junction changes as a function of the relative

orientation of the ferromagnets and is maximized, showing an enhancement of

the critical current compared with that in absence of exchange, when they are

antiparallel. To understand this, note that the pairing making up Cooper pairs

in the superconducting leads is between opposite spins. When the magnets are

parallel to each other, one of the spins is in the wrong direction and the Cooper
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pair near that region is energetically disfavored. Suppose the Pippard length and

the penetration depth in the ferromagnet are both larger than the thicknesses of

the superconducting and ferromagnetic layers. When the magnets are antiparal-

lel, the individual spins may localize to their energetically favorable ferromagnet.

This can locally increase the density of the Cooper pairs and may increase the

critical current. The critical current increases from the bare critical current loga-

rithmically in the exchange field [BVE01]. Experimental indications of this effect

have been found by varying thicknesses of spiral magnetically ordered substances

to control orientation [RWB10].

1.4 Keldysh Formulation of Nonequilibrium Green’s Func-

tions

Although the S-matrix formulation of scattering is useful in describing equilibrium

phenomenon, more complex machinery is necessary to analyze nonequilibrium

properties of quantum mechanical systems. In this section we highlight the major

results and reasoning that leads to them. A detailed account of this methodology,

often called Keldysh formalism, and its applications can be found in [HJ08]. The

relations derived in this section will be of special use to us when we consider

voltage, spin, and temperature biasing magnetic systems in chapter 5.

1.4.1 Equilibrium Green’s Function Expansion

Because we, in principal, know how to evaluate equilibrium Green’s functions,

our basic strategy will be to make nonequilibrium Green’s functions obey similar

rules to equilibrium Green’s functions and evaluate in a similar way. We recall

the salient points in calculating observables in equilibrium.

Consider a Hamiltonian H = H0 + V that can be broke up into a noninter-

19



acting quadratic part, H0, and an interacting piece, V . We work in the inter-

action picture of quantum mechanics where the wavefunctions evolve in time ac-

cording to the interacting piece of the Hamiltonian exp[iH0t] exp[−iHt]|ψ(0)〉 =

|ψ(t)〉 and the observables evolve according to the noninteracting part O(t) =

exp[iH0t]O(0) exp[−iH0t]. The basic quantity of interest is the time-ordered

Green’s function, which is the overlap of an observable A(t) at time t and an-

other observable B(t′) at time t′ with respect to the exact groundstate of our

Hamiltonian: Gt
BA = −i 〈T {A(t)B(t′)}〉. T {· · · } denotes the time-ordering of

· · · and Gt. However, we do not know the the exact groundstate. Conveniently,

the Gellman-Low theorem states that infinitely far in the past or future the

groundstate wave function is the noninterating groundstate. That is, defining

the S matrix S(t, t′) = T exp
[
−i
∫ t
t′
dt1V̂ (t1)

]
we can write our expression for

the Green’s function as 〈0|T {S(−∞,∞)A(t)B(t′)}|0〉. The prescription is to ex-

pand S(−∞,∞) in powers of the interaction and, because our ground state is

noninteracting, use Wick’s theorem to evaluate the Green’s function.

There are a few Green’s functions to note, but in equilibrium, when one is

known the all others can be extracted. We enumerate them below

Gt(t, t′)AB = −iθ(t− t′) 〈A(t)B(t′)〉 ∓ iθ(t′ − t) 〈B(t′)A(t)〉 ,

Gt̄(t, t′)AB = −iθ(t′ − t) 〈A(t)B(t′)〉 ∓ iθ(t− t′) 〈B(t′)A(t)〉 ,

Gr(t, t′)AB = −iθ(t− t′) 〈[A(t), B(t′)]∓〉 ,

Ga(t, t′)AB = iθ(t′ − t) 〈[A(t), B(t′)]∓〉 ,

G<
AB = −i 〈A(t)B(t′)〉 ,

G>
AB = ∓i 〈B(t′)A(t)〉 (1.15)

where θ(t) is the Heaviside theta function and [·, ·]∓ denote the commutator and

anticommutator, respectively, in which the latter is used only if both A(t) and

B(t′) are fermionic. From top to bottom, these are known as the time-ordered,

antitime-ordered, retarded, advanced, lesser, and greater Green’s functions.
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1.4.2 Nonequilibrium Green’s Functions

In equilibrium, the ground state wavefunctions at t = −∞,+∞ are guaranteed to

be the same. The idea is to go into the noninteracting infinite past, slowly turn

on interactions in the future, evaluate the Green’s functions when the system is

interacting, and continue to the infinite future to the same noninteracting ground

state. However, when subjected to a nonequilibrium interaction there is no guar-

antee that the ground states at the ends of time are the same. Consequently, the

system is slightly more complicated. Instead of going infinitely far into the future

where we do not know the noninteracting groundstate, we take path in imaginary

time from the infinite past, to the time when the interactions are turned on, and

back to the infinite past. This insures that initial and final ground states are

identical. However our philosophy remains essentially the same: write down the

Green’s functions, insert an operator so that we can evaluate the Green’s function

in a noninteracting ground state, expand that operator using Dyson’s equation,

and evaluate using Wick’s theorem.

We consider a Hamiltonian H = H0 + V + H ′(t) where H0 is noninteract-

ing, V contains the many-body interactions, and H ′(t) captures the nonequilib-

rium contributions. One may show that the time evolution of some operator

AH(t) = TC{exp[−i
∫
C

dτH ′h(τ)]Ah(t)} where TC is contour-ordering over con-

tour C that comes from infinitely far in the past, passes through t, and goes

back to the infinite past. Contour ordered operator products position the oper-

ator furtherest along the the contour to the left. Operators with the subscript

h denote time dependence with respect to h = H0 + V and those subscript H

denote time dependence with respect to the full Hamiltonian. We now define

the contour-ordered Green’s function GAB(t, t′) ≡ −i 〈TC{AH(t)BH(t)}〉 where

C is the contour depicted in Fig.1.3(a). One may show that this equivalent to

GAB(t, t′) = −i 〈TC{SCAH0(t)BH0(t
′)}〉 where SC is a time evolution operator,

similar to the S matrix, over the contour. The operators are time dependent ac-
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Figure 1.3: Contour of over which a contour-ordered Green’s function is defined

before (a) and after (b) deformation.

cording to the noninteracting Hamiltonian H0 while the many body and nonequi-

librium contributions reside in SC , completely analogous to the equilibrium case.

The subtlety comes from the position of time coordinates on the contour, and

must be kept track of. Because there are two branches of C corresponding to pos-

itive and negative direction, the contour-ordered Green’s function can be written

as a matrix in “Keldysh space”

G(t, t′) =

 Gt(t, t′) G>(t, t′)

G<(t, t′) Gt̄(t, t′)

 . (1.16)

The location in the matrix corresponds to t and t′ residing on the same branch

(diagonal entries) or on a combination of branches (off diagonal entries). After

expanding SC , we obtain the Dyson’s equation for the contour-ordered Green’s
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function

G(t, t′) = G0(t, t′)+

∫
C

dτG0(t, τ)U(τ)G(τ, t′)+

∫
C

dτ

∫
C

dτ ′G0(t, τ)Σ(τ, τ ′)G(τ ′, t′) ,

(1.17)

where the nonequilibrium contribution, contained in the potential U , is assumed

to be a single body potential. The many-body interaction is contained in the

self-energy Σ.

Formally, this is the solution. However for this to be of use, the imaginary time

must be analytically continued onto the real time axis. To continue, products of

the form D(t, t′) =
∫
C

dτA(t, τ)B(τ, t′) must be evaluated. The following proce-

dure is an archetype for this evaluation [LD76]. Suppose we want to evaluate the

lesser than Green’s function of contour ordered path integral, D<. We deform the

contour C into two parts, C1 and C2 [Fig. 1.3(b)] to obtain

D<(t, t′) =

∫
C1

dτA(t, τ)B<(τ, t′) +

∫
C2

dτA<(t, τ)B(τ, t′) . (1.18)

In the integration along the first path C1 we have identified B with B< by the

rules of contour-ordering because all of C1 is traversed before the position of t′.

Similarly in the second integral. Evaluating the first path integral∫
C1

dτA(t, τ)B<(τ, t′) =

∫ t

−∞
dtA(>t, τ)B<(τ, t′) +

∫ −∞
t

dtA(<t, τ)B<(τ, t′)

=

∫ ∞
−∞

dt1A
r(t, t1)B<(t1, t

′) , (1.19)

where we have again used the properties of contour ordering and the definition of

the retarded Green’s function. This method for analytic continuation is known

as Langreth theorem. In chapter 5 will make use of Eq. (1.19) but an exhaustive

table of such identities can be found in [HJ08].
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CHAPTER 2

Spin-torque ac Impedence Shift in Magnetic

Junctions

Subjecting a magnetic tunnel junction (MTJ) to a spin current and/or electric

voltage induces magnetic precession, which can reciprocally pump current through

the circuit. This results in an ac impedance, which is sensitive to the magnetic

field applied to the MTJ. Measuring this impedance can be used to characterize

the coupling between the magnetic free layer and the electric current as well as a

read-out of the magnetic configuration of the MTJ.

2.1 Background

The development of the next generation of computer memory and logic can be

made possible by current-driven effects through magnetic multilayers by utiliz-

ing the mechanisms of tunnel magnetoresistance [Jul75] and spin-transfer torque

[Slo96, Ber96]. These effects have been demonstrated to efficiently read and write

bits as furnished by magnetic domains [IHL07, CAD10]. Somewhat less uti-

lized are the recently discovered torques due to the voltage-induced anisotropy

[WFM07, MSN09]. The applied voltage induces a charge build up at the tunnel-

barrier interface with the transition-metal ferromagnet. The strong electric field

at the interface modifies electronic structure along with the local occupation of the

d-character bands in the transition metal. Due to spin-orbit coupling, this results

in the anisotropic interaction between the local excess charge and the magnetiza-
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tion. Conventional MTJ spin-torque devices can benefit from the voltage-induced

anisotropy by reducing the critical switching current for a fixed thermal stabil-

ity [WLH11]. Recently, it has been shown that this voltage-controlled magnetic

anisotropy (VCMA) can induce ferromagnetic resonance [NSM12, ZKR12] or re-

verse the magnetic direction [SNB11].

Here, we include the reciprocal backaction of magnetic dynamics on the cir-

cuit. Applying an ac voltage drives precession of the magnet that in turn pumps

current, contributing to the ac impedance. In order to illustrate two physically

distinct mechanisms of voltage-induced spin torques, we consider two special MTJ

structures: (a) a ferromagnet (F)|insulator (I) bilayer with interfacial spin-orbit

interaction and (b) an F|I|F heterostructure where one of the ferromagnetic layers

is pinned and the other free. See Fig. 2.1 for schematics. In Fig. 2.1(a), the fer-

romagnet is agitated by voltage-induced anisotropy [WFM07][MSN09], while in

Fig. 2.1(b) the free magnetic layer is driven by spin-transfer torque [Slo96][Ber96].

In practice, these two scenarios can be accessed by varying the thickness of the

spacer: for thicker spacers that are Ohmically opaque the VCMA must ultimately

dominate, while for thinner spacers the spin-transfer torque should become pro-

gressively more important. In the former case, within our model, the impedance

vanishes when the equilibrium magnetization is parallel or perpendicular to the

direction of induced anisotropy. In the latter case, we find that the impedance is

enhanced when the magnetic equilibrium is nearly perpendicular to the direction

of polarization of the spin current. If the magnitude of the VCMA and spin-

transfer torque are comparable, we can tune between these effects by applying

a magnetic field. The resultant impedance shift can be used to characterize the

magnitude and the nature of the coupling between ferromagnet and circuit, as

well as to probe magnetic configuration.
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Figure 2.1: Schematics of magnetic tunnel junction subjected to a magnetic field,

as part of an ac circuit that drives magnetic precession by VCMA (a) or Slon-

czewski torque (b), and the equivalent circuit diagrams (below) showing the ad-

ditional impedance due to pumping by magnetic dynamics.
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2.2 Voltage-Controlled Magnetic Anisotropy

The following analysis of voltage-controlled magnetic anisotropies [Fig. 2.1(a)] ap-

plies to a general class of MTJ’s that break mirror symmetry normal to the face of

the magnetic layer, inducing Rashba-type spin-orbit interaction [BR84]. Consider

an F|I bilayer subjected to a voltage V in the external circuit, wherein the free

energy of the transferred charge Q is F [Q] = −QV . We treat the ferromagnetic

layer to be monodomain with free-energy density

F [M]/V =
1

2
(NxM

2
x +NyM

2
y +NzM

2
z −KM2

z )−HMx , (2.1)

where V is the volume of the ferromagnetic layer and M = (Mx,My,Mz) is the

magnetization vector. To be specific, we take the xy cross section of the magnet

to be an ellipse elongated in the x direction. Nx +Ny +Nz = 4π are the demag-

netization factors (with Ny > Nx), H is the applied field along the semimajor (x)

axis, and K is the perpendicular anisotropy that can be induced by the insulating

layer in the absence of voltage. We consider a geometry wherein the perpendicu-

lar anisotropy overcomes the long-range dipole field such that Nx > Nz −K and,

when no magnetic field or voltage is applied, the equilibrium orientation of the

magnet is perpendicular to the interface (z axis). Under application of a magnetic

field along the semimajor axis of the ellipse, the equilibrium magnetization tilts

away from the z axis as M̄ = (H/Ñx, 0,
√
M2

s − (H/Ñx)2), where Ms = |M| is

the saturated magnetization, Ñx = Nx − Nz + K and Ñy = Ny − Nz + K. Note

that Ñx, Ñy > 0 are guaranteed by Ny > Nx > Nz−K. For simplicity, we restrict

|H| < MsÑx.

The tunneling layer is treated as a parallel plate capacitor of capacitance C,

storing energy F [q] = q2/2C where q is the charge on the surface of the insulator.

The structure of the device breaks mirror symmetry in the direction perpendicular

to the interface. We treat the lateral dimensions of the device macroscopically, as

compared with the microscopic spin-orbit interactions inducing VCMA, and thus
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require the coupling to be rotationally symmetric around the z axis. Subject to

these symmetries, the anisotropy controlled by voltage must be induced in the

direction of the broken mirror symmetry. To satisfy time reversal symmetry, the

free energy must be of even order in magnetization. Since there are no Ohmic

losses associated with tunneling through the junction, we suppose the dominant

interaction between the magnetization and the electric circuit to be nondissipative.

Dissipative corrections could be taken into account similarly to Ref. [HBT12].

Because this torque is induced by the electric field at the interface, we take the

energy to be proportional to electric flux in the insulating layer. The coupling,

up to quadratic order in magnetization, is F [M, q] = −νqm2
z/2 where ν is the

phenomenological coupling between the projection of the magnetic direction along

the z axis, mz = Mz/Ms, and the circuit. The full free energy is the sum of these

individual components F = F [M] + F [Q] + F [q] + F [M, q].

The equation of motion of the ferromagnet is described by the Landau-Lifshitz-

Gilbert (LLG) equation [PL80, Gil04]

ṁ = −γm×H + αm× ṁ , (2.2)

where γ is the gyromagnetic ratio and α is the dimensionless Gilbert damping.

The magnetic direction vector is m = M/Ms and H = −V−1∂F/∂M is the

effective field. To solve it, it is convenient to rotate by Λ to a set of magnetic

coordinates, m′ where the equilibrium is along m̄′ = (0, 0, 1). We find

m̄′ = Λ


m̄x

0

m̄z

 =


m̄z 0 −m̄x

0 1 0

m̄x 0 m̄z




m̄x

0

m̄z

 =


0

0

1

 , (2.3)

where m̄ = (m̄x, m̄y, m̄z) is the equilibrium magnetization direction in the unro-
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tated coordinates. The new magnetization coordinates are

m′ =


m′x

m′y

m′z

 =


m̄z 0 −m̄x

0 1 0

m̄x 0 m̄z




mx

my

mz

 =


mxm̄z −mzm̄x

my

mxm̄x +mzm̄z

 (2.4)

and similarly, as will be useful for later,

m =


mx

my

mz

 =


m̄z 0 m̄x

0 1 0

−m̄x 0 m̄z




m′x

m′y

m′z

 =


m′xm̄z +m′zm̄x

m′y

m̄zm
′
z −m′xm̄x

 . (2.5)

Multiplying the LLG equation by Λ gives

Λṁ = −γΛm× ΛH + αΛm× Λṁ = ṁ′ = −γm′ ×H′ + αm′ × ṁ′ . (2.6)

The rotated effective field is

H′ = − 1

VMs

Λ∂mF = Ms


m̄z 0 −m̄x

0 1 0

m̄x 0 m̄z



[
h+ (Ñy − Ñx)

]
mx

0

(Ñy + νq/M2
sV)mz



=


[
h+ (Ñy − Ñx)

]
m̄z − (Ñy + νq/M2

sV)m̄xmz

0[
h+ (Ñy − Ñx)

]
m̄x + (Ñy + νq/M2

sV)m̄zmz

 (2.7)

or, as a function of the new coordinate system,

H′ = Ms



hm̄z + (Ñy − Ñx)m̄z(m̄zm
′
x + m̄xm

′
z)

− (Ñy + νq/M2
sV)m̄x(m̄zm

′
z − m̄xm

′
x)

0

hm̄x + (Ñy − Ñx)m̄x(m̄zm
′
x + m̄xm

′
z)

+ (Ñy + νq/M2
sV)m̄z(m̄zm

′
z − m̄xm

′
x)


. (2.8)

Because we are only interested in perturbations about equilibrium, we write m′ =
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(m′x,m
′
y, 1) and retain terms linear in m′x, m

′
y, and q

H′ = Ms


−m′x

[
(Ñx − Ñy)m̄

2
z − Ñym̄

2
x

]
− (νq/M2

sV)m̄xm̄z

0

Ñy − hm̄zm
′
x + (νq/M2

sV)m̄2
z

 (2.9)

and take the cross product with m′

m′ ×H′ = Ms


Ñym

′
y[

(Ñy − Ñx)m̄
2
z + Ñy − Ñym̄

2
x

]
m′x − (νq/M2

sV)m̄xm̄z

0

 .

(2.10)

The equations of motion for the magnetic components perpendicular to m̄′ are

ṁ′x = −γÑyMsm
′
y − αṁ′y ,

ṁ′y = γÑxm̄
2
zMsm

′
x + αṁ′x + γ(νq/MsV)m̄xm̄z . (2.11)

Writing this in terms of a second order differential equation shows m′x oscillates

as a driven damped harmonic oscillator

(1 + α2)m̈′x + αγ(Ñy + m̄2
zÑx)Msṁ

′
x + γ2m̄2

zÑyÑxM
2
sm
′
x

= −γ(ν/MsV)m̄xm̄z(αq̇ + γÑyMsq) . (2.12)

Applying a small ac voltage, the response is linear and therefore q̇ = iωq. When

driving at the natural frequency ω0 = γMs

√
m̄2
zÑxÑy, the solution is of the form

m′x = m̄′x + A exp[i(ω0t+ π/2)] where

A =
γ(ν/MsV)m̄xm̄z(iαω0 + γÑyMs)

ω0

[
αγMs(Ñy + m̄2

zÑx)
] q̃ . (2.13)

Because the Gilbert damping is typically small in practice, the damped driving

term will be small unless the system is driven at frequencies orders of magnitude

greater than the resonance frequency. Suppressing higher-order terms in α, the

amplitude of the magnetic oscillations is

A =
νm̄xm̄zγÑz

αω0MsV
[
Ñy + m̄2

z(Ñz − Ñx)
] q̃ . (2.14)
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To obtain an expression of the current through the circuit Q̇, we note that

the difference in change in charge between the reservoir and the capacitor is the

leakage current due to tunneling through the insulator Q̇− q̇ = σV where σ is the

junction conductance (disregarding magnetoconductance). Neglecting impedance

in the external circuit, ∂QF = −∂qF , we find

Q̇ = CV̇ + σV + νCmzṁz . (2.15)

In addition to the resistor and capacitor in parallel, the precession of the magnet

pumps current, which is reciprocal to the VCMA. Substituting the equation of

motion of the magnet into the formula for current and using the relation for

leakage current we find

Q̇

[
1 + i

ν2C

αω0S

m̄2
xm̄

2
zγÑy

Ñy + m̄zÑx

]
= CV̇

+ σV

[
1 + i

ν2C

αω0S

m̄2
xm̄

2
zγÑy

Ñy + m̄zÑx

]
. (2.16)

where S = VMs/γ is the total spin angular momentum. Comparing this with the

circuit diagram in Fig. 2.1(a), the impedance due to VCMA is

ZVC =
ν2

αω2
0S

m̄2
xm̄

2
zÑy

Ñy + m̄2
zÑx

, (2.17)

Notice that on resonance ZVC is real, but away from resonance it is generally

complex valued. The impedance is second order in ν reflecting the VCMA driving

of the magnet and subsequent self-consistent pumping by magnetic precession.

ZVC is proportional to the product of the equilibrium value of magnetization

along the x and z axes, being maximized at an intermediate polar angle, and can

therefore be modulated by applied magnetic field. The effect is larger for smaller

Gilbert damping.
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2.3 Spin-Transfer Torque

Let us now consider an MTJ wherein the torque is induced by spin current polar-

ized along the direction of the pinned layer (x axis) [Slo96, Ber96], as sketched in

Fig. 2.1(b). (Note that one can obtain a similar effect also in an F|I bilayer due

to spin-orbit interaction [MZ08, COL09, HBT10].) The equation of motion of the

magnet coupled to an external circuit by Slonczewski torque is

ṁ = −γm×H + αm× ṁ + µ(Q̇− q̇)m× x×m , (2.18)

where µ = S(~/2e)P/(1 + m̄xP
2) [Slo05], as determined by microscopic consider-

ations, characterizes the strength of the torque induced by current on the magnet.

P is the tunneling spin polarization. The torque is proportional to the leakage

current, Q̇−q̇, through the capacitor. The equation of motion for charge satisfying

microscopic time-reversal symmetry consistent with Eq. (2.18) is [TMX08]

Q̇ = σ(V − µSṁ ·m× x) + CV̇ . (2.19)

In contrast to the above VCMA model, σ = σ0(1 + m̄xP
2), the tunnel magneto-

conductance, depends on the relative orientation of the pinned and free magnetic

layers. Similar manipulations to the LLG equation as in the previous section gives

ṁ′x = −γÑyMsm
′
y − αṁ′y + µm̄z(Q̇− q̇) ,

ṁ′y = γÑxm̄
2
zMsm

′
x + αṁ′x ,

Q̇− q̇ = σ

(
V − µMsV

γ
m̄zṁ

′
y

)
. (2.20)

Similar to the previous case, we apply an ac voltage at resonance which drives

magnetic dynamics and shifts the impedance due to the charge pumping from

magnetic precession. Again neglecting terms higher-order in α, the associated

impedance is

ZST = −µ
2S

α

m̄4
zÑx

Ñy + m̄2
zÑx

. (2.21)
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Figure 2.2: Relative change in impedance as a result of VCMA (black solid) or

Slonczewski torque (red dashed) as a function of MgO spacer thickness, evaluated

at m̄x = 0.73 and m̄x = 0, respectively. The kinks near d ≈ 2 nm correspond to

the crossover at σ ∼ ω0C.

Although at resonance ZST is real and negative, the second law of thermodynamics

bounds the Slonczewski torque parameter µ2 ≤ α/σS [HBT12], ensuring positivity

of 1/σ + ZST. Note that ZST vanishes when the equilibrium magnetization is

perpendicular to the z axis.

2.4 Numerical Results

We now make an estimate of the effect for practical memory devices. Specifically,

we consider a 150× 70 nm2 elliptical nanopillar of CoFeB/MgO, where the thick-

ness of the magnetic layer is 1.6 nm, giving Nx = 0.2 and Ny = 0.5. The other rele-
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vant parameters are taken from Ref. [ZKR12]: α = 3× 10−2, Ms = 950 emu/cm3,

ν = 2.8 µerg statV−1 cm−1, K = 12, P = 0.5, and σ0 = 1.6 mS at the MgO

thickness of d = 0.86 nm (with the exponential decay length as a function of d

of 0.15 nm [AZL11]). Our figure of merit is the relative change in impedance as

a result of VCMA or spin-transfer torque: Z ≡ |Z − Z0|/|Z0|, where Z is the

total impedance of the circuit in the presence of the magnetic dynamics and Z0

is the impedance of the static junction (taking dielectric constant of MgO to be

ε = 10). To evaluate ZVC and ZST, we first choose the magnetic field H such that

m̄x maximizes the dimensionless geometric factors in Eq. (2.17) and Eq. (2.21):

m̄x = 0.73 and m̄x = 0, respectively. Varying the tunnel barrier thickness d at a

fixed magnetic field, we plot the corresponding Z in Fig. 2.2. ZVC increases expo-

nentially reaching the maximum at ∼ 1% near d ≈ 2 nm. Past this thickness, the

junction ac behavior crosses over from the resistive to capacitive regime, in which

ZVC falls off inversely with d. Since spin-transfer torque is roughly proportional

to conductance for thin barriers, ZST ∝ σ decreases exponentially with increasing

spacer thickness, for d . 2 nm. For thicker barriers, ZST becomes proportional to

σ2, doubling the logarithmic slope in its d dependence. For the smallest feasible

spacer thickness of 0.5 nm, the relative change in impedance is ∼ 10−4.

Next, allowing the external magnetic field to vary, we plot ZVC and ZST as a

function of equilibrium value of magnetization in Fig. 2.3, fixing d = 2 nm and

d = 0.5 nm, respectively. (These choices for d are motivated by the respective

maxima in Z in Fig. 2.2.) In the case of Slonczewski torque, there is a small

asymmetry in the function Z(m̄x) around zero due to variation of σ and µ with

m̄x. Note that the functional dependences of ZVC and ZST on m̄x are qualitatively

distinct (with the former having double-lobe and the latter single-lobe profiles),

allowing for a clear experimental differentiation between VCMA and spin-transfer

torque regimes by measuring ac impedance as a function of magnetic field.
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Figure 2.3: Relative change in impedance as a result of VCMA (black solid) or

Slonczewski torque (red dashed) as a function of m̄x at the MgO spacer thicknesses

d = 2 nm and d = 0.5 nm, respectively. The voltage is assumed to be applied at

the frequency of ferromagnetic resonance, ω0, which depends on m̄x.
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2.5 Outlook

Measuring the ac impedance shift due to resonant magnetic dynamics could be an

efficient method for characterizing the magnitude of the coupling between voltage

and ferromagnet (ν) and current and ferromagnet (µ), as well as distinguishing

between the two scenarios. Furthermore, when the thickness of the spacer is

large, and thus the conductance is prohibitively small to utilize tunnel magne-

toresistance, one could envision that measuring the ac impedance may be used

as a nondestructive low-dissipation bit read-out. Owing to the promising en-

ergy efficiency of VCMA and the reciprocal effect, we expect an active search for

ferromagnet-insulator interfaces with higher values of ν, which could electrically

control and read the direction of the magnet without tunneling current.
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CHAPTER 3

Nonlinear Dynamics in a Magnetic Josephson

Junction

We theoretically consider a Josephson junction formed by a ferromagnetic spacer

with a strong spin-orbit interaction or a magnetic spin valve, i.e., a bilayer with one

static and one free layer. Electron spin transport facilitates a nonlinear dynam-

ical coupling between the magnetic moment and charge current, which consists

of normal and superfluid components. By phenomenologically adding reactive

and dissipative interactions (guided by structural and Onsager symmetries), we

construct magnetic torques and charge pumping, whose microscopic origins are

also discussed. A stability analysis of our coupled nonlinear systems generates

a rich phase diagram with fixed points, limit cycles, and quasiperiodic states.

Our findings reduce to the known phase diagrams for current-biased nonmagnetic

Josephson junctions, on the one hand, and spin-torque driven magnetic films, on

the other, in the absence of coupling between the magnetic and superconducting

order parameters.

3.1 Introduction

Hybrid structures with ferromagnet (F)|normal-metal (N) interfaces have garnered

much attention over the past few decades owing to their application in spintronic

devices. Injecting a spin current into such a system exerts a torque on the magnet

[Slo96, Ber96], which can induce precession and even reversal [TJB98, MRK99],
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allowing for manipulation of the magnetic order parameter in nanoscale structures

without an external magnetic field [RS08]. Because of the nonlinear nature of the

ensuing magnetic dynamics, such devices offer observation of effects traditionally

seen in nonlinear dynamical systems: phase locking, hysteresis, bifurcations, and

chaos are readily observed [BMS09].

In consideration of a superconductor (S)|F|S heterostructure, one may expect

the Josephson effect to be suppressed due to the rapid decay of a singlet pair

inside the ferromagnet. Recent experiments [KGK06, KKP10, RWB10], however,

observed superconducting transport through a strong ferromagnet between two

conventional (s-wave) superconductors. With the expectation that the triplet

component of the superconducting condensate can penetrate long distances into a

ferromagnet, the preservation of this signal suggests a spin singlet-to-triplet con-

version at the interfaces [BVE05]. The unexpected persistence of a supercurrent

through the magnet forecasts a new kind of spintronic device that manipulates the

Josephson junction by the ferromagnet and, conversely, ferromagnetic layer by the

superconducting condensate [BB08, KB09, WB02, LY11, PAB09, CC10, BAP11].

Previous analyses [Buz08, BB08, LY11, PAB09] have considered equilibrium

interactions between magnetic and superconducting order parameters, which nat-

urally induce a reactive coupling. In contrast, in our description, we introduce

nonequilibrium interactions consistent with the symmetries of the structure and

obeying Onsager reciprocity [PL80]. This treatment allows the addition of both

dissipative and reactive couplings between the magnet and superconductor that

may in practice be crucial in the understanding of ferromagnetic Josephson junc-

tions, analogous to the importance of Slonczewski [Slo96, TJB98, RS08] and spin-

pumping [TBB05] terms in the theory of spin-transfer torques. Such effects cannot

be fully captured by quasiequilibrium free-energy considerations. We expect the

dissipation to be governed by the quasiparticle excitations in the superconduc-

tors in concert with the microscopic processes in the ferromagnet (due to magnon
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Figure 3.1: Schematics of our magnetic Josephson junctions. The directions of

junction layering, applied current I, internal Rashba field E (a), and direction

of the static ferromagnetic layer ms (b) all lie along the z axis. φ is the phase

difference between the superconducting leads.

interaction with electrons, phonons, or other magnons) that are responsible for

their Gilbert damping (which, in turn, is known to persist down to very low

temperatures [BL74]).

In order to provide specific examples, we consider (a) an S|F|S heterostruc-

ture with a Rashba spin-orbit interaction (SOI) in a thin ferromagnetic interlayer

(neglecting the vector potential and associated phase shift caused by its magnetic

moment [CC10]) and (b) S|F|N|F|S heterostructure wherein the SOI is replaced

by a pinned ferromagnetic layer, ms. See Fig. 3.1. The corresponding spin-

dependent Hamiltonians mix the singlet and triplet superconducting components

[BVE05], allowing the superfluid to penetrate into the magnet and exert spin

torque and carry spin pumping (since a triplet Cooper pair is a spin-1 object)

that are analogous to those associated with normal quasiparticles (spin-1/2 ob-

jects). In particular, as a simple model to demonstrate proof of concept, we take

the device geometry to be rotationally symmetric along the axis associated with

the Rashba interaction, as sketched in Fig. 3.1(a), or along the direction of the

fixed magnetic layer, as sketched in Fig. 3.1(b). By analyzing the stability and

dynamics of our model, we outline a phase diagram of the coupled system as a
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function of applied magnetic field and current bias.

3.2 Model

The phenomenological equation of motion of an isolated ferromagnet sufficiently

well below the Curie temperature is given by the Landau-Lifshitz-Gilbert (LLG)

equation [PL80, Gil04]

ṁ = −γm×H + αm× ṁ , (3.1)

where γ is the gyromagnetic ratio and α is the dimensionless Gilbert damping.

We use a normalized form of this equation, in which the (unit) magnetic direc-

tion vector m = M/Ms, Ms = |M| (saturation magnetization), is dimensionless.

H = −V−1∂F/∂M is the effective magnetic field and F , M, and V are the free

energy, magnetization vector, and volume, respectively. In the spin-valve model,

Fig. 3.1(b), m will denote the free layer mf .

We consider the resistively-shunted junction (RSJ) model for the Josephson

junction, wherein the device is composed of conventional superconductors with

some Ohmic conductance σ in the junction [Lik86]. Additionally, we take the

capacitance to be zero, which precludes RC-type delays in the coupled dynamics.

The corresponding Josephson relations (for a static magnetization) are

Q̇ = Ic sinφ+ σV , φ̇ =
2e

~
V , (3.2)

where V is the voltage drop across the junction. φ is the phase difference between

the superconducting reservoirs and Q is the charge transported by the junction.

The supercurrent is proportional to the critical current, Ic = (2e/~)EJ , where

EJ parametrizes the Josephson energy −EJ cosφ. We note that Eq. (3.2) is dic-

tated by gauge symmetry and, in anticipation of the arguments to follow, is a

manifestation of Onsager reciprocity in the dynamics of Q and φ.
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Under time reversal, ṁ → ṁ and αm × ṁ → −αm × ṁ. The term pro-

portional to α in the LLG equation thus reflects irreversible processes. We char-

acterize such terms as dissipative. σ, likewise, parametrizes Ohmic dissipation

of normal fluid. All other terms thus considered so far are reactive. Couplings

between the free ferromagnet and superconductor at the level of the free energy,

induced by the static magnetic layer or SOI, are restricted by the symmetries of

our structure. Our device geometries, shown in Fig. 3.1, are assumed to be struc-

turally invariant under arbitrary rotations about the z axis as well as a parity

transformation followed by π rotation about the x (or y) axis. Because both the

exchange interaction between the magnetic layers of our spin-valve device and the

Josephson energy are individually preserved under the symmetries of the com-

bined system, the product of these interactions must also be permitted [LY11].

However, the interlayer F|N|F spin-valve exchange is usually very small (except

for the thinnest N spacers) [RS08], and will be disregarded in our study. One

may, furthermore, show that any (time-reversal symmetric) bilinear cross term

involving m, Q, and φ does not respect the symmetries of our device geometry

(keeping in mind that φ→ −φ under time reversal and m is a pseudovector under

improper rotations). In particular, an interaction of the type [Buz08] cos(φ+Γmz)

is forbidden in our geometry. Thus neglecting interactions of m, Q, and φ beyond

quadratic order, the free energy remains uncoupled:

F [m, Q, φ] = F [m] + F [Q] + F [φ] , (3.3)

where F [m] = VKM2
z /2 − VM ·Ha, F [Q] = −QV , and F [φ] = −EJ cosφ. The

sign of the anisotropy constant, K, defines an easy plane or easy axis and is

determined by the geometry of the device and crystalline anisotropies. Ha is an

applied external magnetic field.

The LLG equation of motion of the magnet is now complemented with inter-

actions that are quasistationary (i.e., first order in frequency), up to quadratic

order in the components of m, preserving the magnitude of m, and consistent
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with the structural symmetry of the device:

ṁ =− γm×H + αm× ṁ

+ (µQ̇+ λφ̇)m× z×m + (νQ̇+ κφ̇)m× z . (3.4)

Hereafter, we are focusing on the spin-valve case, Fig. 3.1(b), where the phe-

nomenological coupling coefficients µ, λ, ν, and κ may be taken to be angle-

independent constants if we identify z ≡ ms. [For the SOI device, Fig. 3.1(a),

structural symmetries dictate these coefficients to be odd functions in mz, similar

to voltage-controlled torques at CoFeB/MgO interfaces [MSN09], which are due to

magnetic anisotropy induced by broken inversion symmetry.] Constants µ and ν

characterize the strength of the coupling between the magnet and the total current

Q̇. Similarly, the strength of the coupling between the magnet and the dynamics

of the superfluid condensate φ̇ is characterized by λ and κ. To the reader familiar

with spin valves [RS08], Eq. (3.4) is reminiscent of the Landau-Lifshitz-Gilbert

equation with the so-called Slonczewski and field-like torques, respectively, added

on the second line of the right-hand side. In this case, sketched in Fig. 3.1(b),

current is spin polarized by passing through the fixed magnetic layer. The re-

sulting spin-polarized current impinging on a free ferromagnet induces torque due

to conservation of angular momentum. In the case of a single magnetic layer

with SOI, Fig. 3.1(a), a spin torque is generated via SOI inside this layer itself

[MZ08, HBT10]. Because the leads in our system are superconducting, we addi-

tionally generate a torque as a result of the dynamics of the superfluid condensate.

Loosely speaking, the torque induced by both currents, normal current and su-

percurrent, through the junction produce two channels for driving magnetization

dynamics (and thus two sets of terms, as compared to the usual normal-metal spin

torques). Appropriately, above the critical temperature of the superconductor, we

recover the normal-metal limit, in which torque is generated by the Ohmic current

(or, equivalently, voltage) alone [MSN09, MZ08, HBT10].

The reaction of the current and superconducting phase dynamics to the mag-
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net are not captured by the Josephson relations, Eq. (3.2), which would not be

consistent with Eq. (3.4). One must extend Eq. (3.2) to include the pumping terms

satisfying Onsager reciprocity, in order to obtain equations of motion for our cou-

pled system that obey microscopic time-reversal symmetry [PL80]. Because the

magnet flips under time reversal (upon invoking Onsager symmetry), one must ad-

ditionally use the symmetries of the structure to relate the time-reversed state to

the original. After straightforward manipulations, that are analogous to [HBT10]

for normal junctions, we construct the following equations in lieu of Eq. (3.2):

Q̇ =
2e

~
[EJ sinφ− S(λṁ ·m× z + κṁ · z)] +

~σ
2e
φ̇ ,

φ̇ =
2e

~
[V − S(µṁ ·m× z + νṁ · z)]− ρQ̇ , (3.5)

where S = VMs/γ is the total spin angular momentum of the ferromagnetic layer.

We disregard TMR, keeping σ constant with respect to magnetization. These

equations of motion now include both normal and superfluid pumping, which

are Onsager reciprocal to the driving effects introduced in the generalized LLG

equation, Eq. (3.4). Our theory includes two types of pumping as a result of the

non-Ohmic relationship between current and voltage. The term with coefficient

ρ causes current to drag phase across the device; ρ is a measure of the viscosity

between the current and superfluid condensate. Although this term is not needed

for consistency with Onsager reciprocity, we will see that it would generally have

to be included in order to satisfy the second law of thermodynamics. We could

also immediately notice that the coefficients ρ, ν, and µ should vanish in the limit

of large superconducting reservoirs, recovering the ordinary ac Josephson effect

(as expected based on the gauge invariance). Keeping these terms, on the other

hand, would capture finite-size (mesoscopic) properties of the superconducting

layers, which are of secondary interest to our ends.

We may write the equations of motion in a dimensionless form by measuring

time, magnetic field, charge, voltage, and conductance in units of S/EJ , EJ/γS,
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2eS/~, EJ~/2eS, and S(2e/~)2, respectively:

ṁ =−m×H + αm× ṁ + φ̇(λm× z×m + κm× z)

+ Q̇(µm× z×m + νm× z) ,

Q̇ = sinφ− λṁ ·m× z− κṁ · z + σφ̇ ,

φ̇ =V − µṁ ·m× z− νṁ · z− ρQ̇ . (3.6)

Additionally, allow us to absorb a factor of VM2
s /EJ into the anisotropy constant,

such that the free energy for the magnet reads F [m, Q, φ] = EJ(Km2
z/2−m·Ha−

QV − cosφ). Under time reversal, the terms with coefficients ν and λ reverse sign

in the LLG equation. Because ṁ does not change sign, these are dissipative.

Likewise, the terms with coefficients µ and κ do not reverse sign and are thus

nondissipative. σ is a dissipative coefficient, therefore ρ is as well.

Let us try to understand the microscopic origin of the dissipative terms in our

theory. Consider momentarily only the RSJ subsystem: when enough energy is

supplied (either thermally or by a bias), quasiparticles are able to overcome the

superconducting gap and transport through the junction. Normal scattering of

quasiparticles across the junction causes Ohmic resistance. Likewise, consider an

isolated precessing ferromagnet. This is microscopically described by a coherent

magnon state that can decay into phonons and incoherent magnons, processes

which macroscopically give Gilbert damping. In the case of a metallic ferromagnet,

the additional decay channel into the electron-hole continuum enhances further its

Gilbert damping. Upon coupling these subsystems, energy is shared by the entire

structure. Likewise, dissipation by microscopic mechanisms underlying Ohmic

conductance and Gilbert damping can give rise to a dissipative (viscous) energy

transfer between ferromagnetic and superconducting layers, as parametrized by

new dissipative coefficients ν and λ. Phenomenologically, therefore, we may expect

σ, α, and ρ to bound ν and λ, which is indeed verified below.

In the RSJ model, Eq. (3.2), if φ is static, we are in a superconducting (S)

44



state because only dissipationless current is passing through the junction. Like-

wise if φ is not constant, the circuit must have a finite voltage drop. This is

called a resistive (R) state. Notice that in our generalized model, Eqs. (3.6), a

choice of dynamics that leave φ static can still generate dissipative current due

to magnetic pumping. We will, nonetheless, keep refering to the static and dy-

namic states of φ as the superconducting (S) and resistive (R) states, respectively,

even though this terminology is, in general, abusive, in the presence of the new

spin-torque/pumping terms in Eqs. (3.6).

We distinguish between two regimes governed by the superconducting coher-

ence length ξ. When ξ is smaller than the thickness of superconducting layers, the

bulk properties of the superconductors will be largely detached from physics at

the interfaces. Thus for superconducting reservoirs, a change in phase difference

cannot be induced by transport through the junction. We expect the correspond-

ing coefficients µ, ν, and ρ to scale inversely with the volume of the smaller of

the superconducting layers then; these are representative of mesoscopic effects,

as has already been inferred above. Because charge is a conserved hydrodynamic

quantity, on the other hand, the electric current should be maintained in the bulk

far from the junction. In particular, λ, κ, and σ should not depend on the size

of superconducting reservoirs; these coefficients parametrize the properties of the

Josephson junction itself and are thus of central interest to us.

In what follows we consider a dc current biased junction, Q̇ = I, where the

applied magnetic field is along the axis of symmetry, Ha = Haẑ, and K is positive

(which is generically the case for films with magnetostatic energy dominating over

crystalline anisotropy).
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3.3 Decoupled Junction

In the special case where λ = κ = 0 in Eqs. (3.6), the current-biased magnetic

and superconducting dynamics decouple. We take this opportunity to recall the

properties of magnetic spin valves and the RSJ model of superconductors, to which

the decoupled equations map. Ignoring λ and κ,

ṁ = −m×H + αm× ṁ + I(µm× z×m + νm× z) ,

σφ̇ = I − sinφ . (3.7)

The equation of motion for the magnet is thus the LLG equation for a spin valve,

including Slonczewski (µ) and field-like (ν) torques, in the case that a fixed mag-

netic layer points along the z axis. The superconductor is described by the RSJ

model with zero capacitance.

There are three possible stable states of the current-biased magnet in the pres-

ence of a static field in the z direction: pinned parallel to the z axis, antiparallel

to the z axis, or precessing around the z axis, labeled p, a, and o, respectively.

A pinned state is stable when |(µ/α − ν)I/K + ha| ≥ 1, where ha ≡ Ha/K. If

|(µ/α − ν)I/K + ha| < 1, the magnet precesses at frequency ωM = µI/α. The

corresponding stability diagram with Hopf bifurcation lines is shown in Fig. 3.2.

In the dimensionless form of the RSJ description, when −1 ≤ I ≤ 1, the junction

is in the S state and the phase is fixed at φ = sin−1 I. When the current is raised

beyond the critical current, I > 1, the Josephson junction is in the R state and

φ oscillates with frequency ωJ =
√
I2 − 1/σ [Lik86]. For the RSJ model, a π

junction is trivially impossible: |φ| cannot access values between π/2 and π. The

inset of Fig. 3.2 displays the well-known phase diagram of the RSJ junction.
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Figure 3.2: Stability diagram as a function of the current and applied magnetic

field of the decoupled magnet. µ = −1.5, ν, λ, κ = 0, and K = 1. p and a label

the parallel and antiparallel states of the magnet, respectively. Inset: decoupled

Josephson junction. The S state (unshaded) and R state (shaded) are separated

by the line I = 1. Solid line is the value of φ for a 0 junction and dashed for the

unstable π junction.
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3.4 Coupled Junction

Neglecting mesoscopic effects, we set ρ, ν, µ to zero:

ṁ = −m×H + αm× ṁ + φ̇(λm× z×m + κm× z) ,

σφ̇ = I − sinφ+ λṁ ·m× z + κṁ · z . (3.8)

Thermodynamic self consistency of our theory requires for the dissipation power

P = (E2
J/S)(αṁ2−2λṁ ·m×zφ̇+σφ̇2) ≥ 0. This bounds our phenomenological

constant λ as λ2 ≤ ασ (while, clearly, α ≥ 0 and σ ≥ 0). To proceed with the

analysis, notice that, according to Eq. (3.8), the dynamics of mz and φ decouple

from the transverse dynamics (m = mx + imy), which can, in turn, be expressed

in terms of (mz, φ):

ṁz =(1−m2
z)
[
ᾱ(Ha −Kmz) + λ̄φ̇

]
,

φ̇ =
I − sinφ− λ̄(Ha −Kmz)(1−m2

z)

σ − (λκ̄+ κλ̄)(1−m2
z)

,

m =
√

1−m2
z exp

[
− i
α

(
λφ+

1

2
ln

1−mz

1 +mz

)
+ iϕ

]
, (3.9)

where λ̄ ≡ (λ − ακ)/(1 + α2), κ̄ ≡ (κ + αλ)/(1 + α2), ᾱ ≡ α/(1 + α2) and ϕ

determined by initial conditions. Consequently, the fixed points of the equations

of motion for mz and φ immediately determine the state of the full system.

When the current is below the critical current, I ≤ 1, one can show that there

are three stable fixed points: p0, a0, and o0 which correspond to a Josephson

0-junction (defining a junction with |φ| < π/2 to be in the “0 phase” and π/2 <

|φ| < π in the “π phase”) and magnetic direction parallel, antiparallel, and away

from the z axis, respectively. In all these states φ is fixed by the applied current

such that sinφ = I. As indicated by our stability diagram, Fig. 3.3, the state of our

device is determined by the applied magnetic field. When |ha| ≤ 1, mz = ha and

m is fixed by initial conditions. By applying a sufficiently large external magnetic

field, |ha| ≥ 1, o0 is annihilated under a saddle-node bifurcation [GH83], and the
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Figure 3.3: Stability diagram as a function of the current, I, and applied magnetic

field ha. λ = −0.1, µ, ν, κ = 0, K = 1, α = 1, and σ = 0.1. h labels the Hopf

bifurcation (solid lines), i labels the infinite-period bifurcation (long-dashed lines),

and d labels the saddle-node bifurcation (short-dashed lines).

sole stable state is p0 or a0 for positive or negative applied field, respectively,

pinning the magnet along the z axis.

If the current exceeds its critical value, I > 1, the superconducting phase and

z component of the magnet become dynamic. This disappearance of all the fixed

points is an infinite-period bifurcation [GH83]. Because no fixed points exist, the

Poincaré-Bendixson theorem implies any closed orbit on the cylinder, parame-

terized by mz and φ, is periodic and must go around the circumference of this

cylinder. Supposing the frequency of this periodic motion is ΩJ , mz may be writ-

ten as a constant plus terms periodic in ΩJ . Likewise, we may express φ = nΩJt

(with nonzero n ∈ Z) plus terms periodic in ΩJ . Therefore, the characteristic fre-

quency of the system is given by the time average of φ̇. According to the equation

for transverse component of the magnet, Eqs. (3.9), we find it undergoes rotations

at frequency n(λ/α)ΩJ that are superimposed with ΩJ oscillations. Therefore the

magnet in general undergoes quasiperiodic motion, a state we label q.

To determine the full expression for ΩJ when I > 1 would require solving
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the system of differential equations Eqs. (3.9). For simplicity, consider the limit

of small λ and κ, so that we can neglect quadratic terms in λ and κ. In this

case, the characteristic frequency of the Josephson junction is given by the usual

RSJ frequency ωJ =
√
I2 − 1/σ [Lik86]. In region q of our stability diagram,

Fig. 3.3, mz oscillates with frequency ωJ around the average value sign(I)(λ/α−
κ)ωJ+ha/K. Near the point |sign(I)(λ/α− κ)ωJ + ha/K| = 1, a Hopf bifurcation

[GH83] (labeled h) is induced wherein the quasiperiodic orbit disappears and the

magnet is parallel or antiparallel to the z axis, labeled pR and aR respectively,

and the phase is dynamic. We anticipate the higher-order coupling in λ and κ to

modify the frequency dependence on current. Furthermore, we expect that, near

the line defining the Hopf bifurcation, there exists a phase of bimodal stability

wherein the magnet can orient along the z axis or precess quasiperiodically, subject

to the initial conditions. This is a natural consequence of the reciprocity of current-

driven magnetic dynamics and pumping and persists even in the absence of any

superconductivity (i.e., EJ = 0). Details of these rich coupled nonlinear dynamics

are, however, beyond the scope of the present paper.

3.5 Mesoscopic Junction

Finally, we analyze the properties of the general junction wherein we do not

restrict any phenomenological parameters in Eqs. (3.6) to be zero, thus including

mesoscopic effects. After dc biasing, we obtain the equations of motion for m and

φ:

ṁ =−m×H + αm× ṁ + φ̇(λm× z×m + κm× z)

+ I(µm× z×m + νm× z) ,

σφ̇ =I − sinφ+ κṁz + λṁ ·m× z , (3.10)

where I = Q̇ is fixed. If the applied magnetic field is strictly along the axis of

rotational symmetry of our junction, H = Haẑ, the transverse equations of motion
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decouple from (mz, φ) and we obtain:

ṁz =(1−m2
z)
[
ᾱ(Ha −Kmz) + λ̄φ̇+ µ̄I

]
,

Σφ̇ =I − sinφ−
[
λ̄(Ha −Kmz)− I(µ̄κ+ ν̄λ)

]
(1−m2

z) , (3.11)

where µ̄ ≡ (µ−αν)/(1+α2), ν̄ ≡ (ν+αµ)/(1+α2) and λ̄ ≡ (λ−ακ)/(1+α2), κ̄ ≡
(κ+αλ)/(1+α2), ᾱ ≡ α/(1+α2), as before. Note that Σ ≡ σ−(λκ̄+κλ̄)(1−m2

z)

is guaranteed to be nonnegative by the thermodynamic bound λ2 ≤ ασ. We see

this by setting κ to be λ/α, which maximizes the quantity λκ̄ + κλ̄ at λ2/α ≤
σ. Furthermore, according to Sylvester’s criterion, the thermodynamic bound

requires the additional condition αρσ − ν2σ − λ2ρ ≥ 0 in the general mesoscopic

regime.

One can show that the general solution for transverse components is (up to an

arbitrary phase shift ϕ)

m =
√

1−m2
z exp

[
− i
α

(
µIt+ λφ+

1

2
ln

1−mz

1 +mz

)]
. (3.12)

The fixed points in the (mz, φ) plane are

(m̄z, φ̄) =


(±1, sin−1 I) , (±1, π − sin−1 I)(
(µ/α− ν)I/K + ha, sin

−1 I ′
)(

(µ/α− ν)I/K + ha, π − sin−1 I ′
) , (3.13)

where we have introduced

I ′ ≡ I
[
1 + (µ/α)λ

(
1− m̄2

z

)]
(3.14)

with m̄z = (µ/α−ν)I/K+ha that itself depends on the current bias I. At the first

four fixed points, the magnet is pinned parallel or antiparallel to the z axis and

can be either a 0 or π junction. Hence we label these fixed points p0, a0, pπ, and

aπ. The final two fixed points [which are possible when |(µ/α− ν)I/K + ha| < 1]

are labeled by o0 and oπ. These o0 and oπ points are stationary in the (mz, φ)
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plane but the transverse components of the magnet follow a circular orbit of radius√
1− m̄2

z at frequency ωM = µI/α.

The salient differences between these fixed points and those found studying the

fixed points of Eqs. (3.9) are in the properties of o0 and oπ. First, the transverse

component of the ferromagnet is dynamic when µ 6= 0. Second, the static value of

sinφ is a nonlinear function of the current. This results in a change in shape of the

boundary separating the S and R states of the superconductor: see, for example,

Fig. 3.4, where the phase diagram develops a “foldover region.” Consider the

current increase at fixed magnetic field along the dashed line in Fig. 3.4. The

system undergoes changes from (1) S to R, (2) R to S, and (3) S to R again.

Unlike in a conventional Josephson junction, our model has multiple values of

the current for which the junction changes between superconducting and resistive

states. Thus the junction has three ‘critical currents.’ Likewise at a particular

fixed value of current, we can induce a change from R to S then S to R by increasing

or decreasing the applied magnetic field. This has no analogy in the RSJ model.

We study the stability of the fixed points in Eq. (3.13) by linearizing Eq. (3.11)

around (m̄z, φ̄)

ṁz =(m̄2
z − 1)(ᾱKmz − λ̄φ̇)

+ 2mzm̄z(ᾱKm̄z − ᾱHa − µ̄I) ,

Σ̄φ̇ =− φ cos φ̄+ λ̄Kmz(1− m̄2
z)

− 2mzm̄z

[
λ̄(Km̄z −Ha) + λν̄I + κµ̄I

]
, (3.15)

where we have introduced Σ̄ as Σ evaluated at the fixed point m̄z. Recall that the

stability properties of a system of linear differential equations, ẋ = Âx, around

a fixed point, x̄, of a pair variables, x = {x1, x2}, are classified according to the

following criteria: (1) detÂ < 0, x̄ is a saddle point, (2) detÂ > 0 and trÂ < 0,

x̄ is stable, and (3) detÂ > 0 and trÂ > 0, x̄ is unstable [BMS09]. The matrix
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Figure 3.4: Separation of the S state (white) and R state (grey) of the supercon-

ductor by a nonlinear function defined by I ′ = 1. The parameters of this system

are µ = −1, λ = 0.6, ν, κ = 0, K = α = 1, and σ = 2. The 1, 2, 3 labels along the

dashed line show the three places where the Josephson junction switches between

superconducting and resistive states.

defining the linearization around the fixed points with m̄z = ±1 is 2[ᾱK ∓ (ᾱHa + µ̄I)] 0

−2/σ
[
λ̄K ± (λν̄I + κµ̄I − λ̄ha)

]
−σ−1 cos φ̄

 . (3.16)

Because only the diagonal terms of the matrix in Eq. (3.16), which are independent

of λ and κ, contribute to the trace and determinant, the stability analysis proceeds

as in the decoupled regime. Specifically, if the current and magnetic field are not

large enough to overcome the anisotropy, ᾱK > |ᾱHa + µ̄I|, then these points are

unstable π-junctions or saddle point 0-junctions. If the external sources are large

enough to overcome the anisotropy, ᾱK < |ᾱHa + µ̄I|, the π-junction is a saddle

point and the 0-junction is stable node. When m̄z = (µ/α − ν)I/K + ha, the

linearization matrix

Â =

 (m̄2
z − 1)ᾱK − λ̄Σ̄−1(m̄2

z − 1)Γ λ̄Σ̄−1(m̄2
z − 1) cos φ̄

Σ̄−1Γ −Σ̄−1 cos φ̄

 , (3.17)
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where we have defined Γ ≡
[
λ̄K(1− m̄2

z)− 2µλIm̄z/α
]

for brevity. One may

show that the determinant of the this matrix is equal to that of an uncoupled

junction and, because we have chosen K > 0, π-junctions are always saddle nodes

and therefore cannot be realized in this device geometry.

We point out, however, that for K < 0 a π-junction can be stable or unstable

subject to the trace of the above matrix. Because ᾱ > (1 − m̄2
z)λ̄

2/Σ̄ as a result

of the thermodynamic bound on λ, a stable π-junction is precluded in the ab-

sence of mesoscopic effects. However, in general, there is an additional term that

contributes to stability in Eq. (3.17): 2m̄z(m̄
2
z − 1)µλλ̄I/αΣ̄. We find that for

sufficiently large κ and conductance, and thereby sufficiently large λ, an applied

magnetic field and current can stabilize a π-junction in the mesoscopic regime.

Away from the fixed points, a rich variety of the coupled dynamics generally

emerges, as seen in Fig. 3.5, where we have plotted the stereographic projection of

the magnetic direction. A detailed analysis of this motion is deferred to a future

study.

3.6 Summary and Outlook

We have introduced a model of S|F|S and S|F|N|F|S heterostructures coupling

the dynamics of the magnets to that of the superconductor via a Rashba SOI

in single-layer junctions and via magnetic misalignment in spin-valve junctions.

We expect such structures to be highly adaptable to uses in spintronics due to

the versatility with which one can in principle influence both the magnet and

superconductor.

The S|F|S structures deposited on topological insulators (engendered by strong

SOI) were studied in [TYN09, BL11]. With an appropriate modification of the

Josephson effect in the presence of Majorana modes and, if necessary, revision of

the structural symmetries, such systems can also be amenable to our phenomenol-
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Figure 3.5: Stereographic projection of the magnetization at different currents.

Here, µ = 0.1, λ = 0.5, ν, κ = 0, K = 1, α = 1, and σ = 1.
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ogy.

Chaos in ferrites and magnetic thin films is often attributed to spatially nonuni-

form magnetizations [BMS09]. Perhaps a simpler route towards chaos in our model

is by applying a magnetic field perpendicular to the axis of cylindrical symmetry.

As a result, the dynamic equations become three dimensional and thus no longer

restricted by the Poincaré-Bendixson theorem to periodic orbits or fixed points.
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CHAPTER 4

Texture Effects on Magnetic Bit Stability

We numerically study the thermal stability properties of computer memory stor-

age realized by a magnetic ellipse. In the case of practical magnetic random-

access memory devices, the bit can form a spin texture during switching events.

To study the energy barrier for thermally-induced switching, we develop a varia-

tional procedure to force the bit to traverse a smooth path through configuration

space between the points of stability. We identify textured configurations real-

izing domain-wall propagation, which may have an energy barrier less than that

of the corresponding monodomain model. We contrast the emergence of such

micromagnetic effects in thermal versus field-induced switching.

4.1 Background

The mechanisms of tunnel magnetoresistance [Jul75] and spin-transfer torque

[Slo96, Ber96] offer a simple and localized method in which to read and write com-

puter memory by applying electric currents rather than magnetic fields [IHL07,

CAD10]. The corresponding devices have the potential to improve write energy

and speed and decrease bit area. Equally as important is the lifetime of the

bit; that is, the robustness of the bit against thermal fluctuations between the

“on” and “off” states. This is furnished by the energy barrier, Eb, separating

the points of bimodal stability and typically characterized by the dimensionless

thermal-stability parameter, ∆ = Eb/kBT , wherein kB is Boltzmann constant and

T ambient temperature.
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Experimentally, the thermal barrier can be extracted using either a stochastic

or deterministic approach. In stochastic methods, the thermal barrier is extrap-

olated from the thermal fluctuations of the magnet between the bistable points.

Because these fluctuations are of the order of the bit lifetime at room temperature,

switching is in practice assisted by a large temperature, a spin-transfer torque,

or a magnetic field [KKS04, LKS04, YTF04, HYO05]. However, at large tem-

peratures, the system parameters, such as magnetic saturation and anisotropies,

become difficult to extrapolate making this method unreliable. Likewise, although

the thermal stability can be extrapolated accurately at low voltages upon the ap-

plication of a spin-transfer torque, at high voltages the local temperature may be

too high to rely on the equilibrium parameters of our system due to the injection of

“hot” electrons and the associated Ohmic losses. For deterministic field-induced

switching, one applies an external magnetic field in the easy plane [UAK11]. By

determining the magnitude of the magnetic field at which the system is no longer

bimodally stable, the energy barrier can be ascertained. Following this proce-

dure for all directions in the easy plane, one obtains a Stoner-Wohlfarth astroid

curve [SW48, TG08]. In order to be viable, all these methods generally assume

a single-domain model of the magnet. In this model, there is only one planar

path through configuration space between one point of stability and the other.

However, when the characteristic length scale of the spin texture becomes compa-

rable to the major axis of the elliptical bit, a richer configuration space becomes

energetically accessible, opening the possibility for a textured path with a lower

energy barrier between the stable points [LDR04, LD06, RML06, SCA08]. As a

result, extraction of the thermal barrier can be ambiguous.

In our analysis, we consider a magnetic ellipse of typical dimensions and ma-

terial properties as those expected to be used as memory. For these values, we

find that the exchange energy is of the order of the demagnetization energy. By

applying slowly rotating local magnetic fields, which guide certain variationally
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Figure 4.1: Application of the local pinning fields (thick arrows) and schematic

of the resulting magnetic textures (thin arrows): (a) Center pinning, (b) left off–

center, (c) simultaneous left-off-center and right-off-center, and (d) simultaneous

center and left-off-center. We find that (b) produces the lowest energy barrier.

preselected points along the major axis (see Fig. 4.1), we force the bit into a

series of textured configurations through phase space that continuously evolve

one stable minimum into the other. We find a path between the bistable points,

resembling domain-wall propagation, whose energy barrier is smaller than that

of a single domain. We stress that the applied magnetic field is only a tool to

elicit a magnetic configuration of which the details are, therefore, irrelevant to

this study. For a concrete numerical demonstration, we start by modeling our

bit as a V = 150× 50× 2 nm3 thin-film ellipse with saturation magnetization of

Ms = 1100 emu/cm3 and exchange stiffness A = 2 µerg/cm. We choose to focus

on magnetic tunnel junctions whose shape anisotropy is larger than the crystalline

anisotropy (which is the case in many practical situations). Our axes are oriented

such that the xy plane is in the plane of the ellipse and the easy (major) axis is

along x. See Fig. 4.1. The energy of the bit is written as sum of the exchange
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and demagnetization contributions:

F = Exc + Edm , (4.1)

where Exc = A
∫
dV (∇m)2, m is the unit magnetization vector, and Edm is the

dipole-dipole interaction. Note that the locally applied magnetic field here is only

a theoretical tool to elicit a magnetic configuration, and in the following we are

not including the associated contribution to the total energy. (This is in contrast

to the experimentally relevant uniform applied fields included in Fig. 3 below and

the pertinent discussion.) In the single-domain limit, Exc = 0 and Edm = (Nxm
2
x+

Nym
2
y +Nzm

2
z)VM

2
s , where the demagnetization factors Nx +Ny +Nz = 2π. The

energy barrier is then simply given by Eb = (Ny − Nx)VM
2
s , corresponding to

the xy-plane magnetization rotation. We define the characteristic length of the

texture to be ` ∼
√
A/NyM2

s . Because for our structure ` ∼ 30 nm, less than

the major axis of our ellipse, micromagnetic (i.e., spin-texture) effects can be

important.1

4.2 Results and Discussion

To find a continuous path through configuration space from one stable point to

the other, we apply a single or a pair of localized (8× 8 nm2) pinning fields that

force the magnet into a particular configuration, as sketched in Fig. 4.1. Initially

oriented along the easy axis, we slowly rotate the pinning field in the xy plane,

allowing the (twisted) texture to equilibrate, and calculate the internal energy. In

order to variationally find an optimal path, we studied four different methods of

applying the pinning field, which are depicted in Fig. 4.1. Calculating the internal

energy as a function of angle of the pinning fields, we are able to plot the energy

of the system as the bit flips. The principal results of our work can be found

1In order to simulate micromagnetic effects we use Michael Scheinfein’s LLG Micromagnetic
Simulator.
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Figure 4.2: Energy as a function of angle for different pinning prescriptions: (a),

(b), (c), (d) of Fig. 4.1, monodomain (e), and left off-center pinning while initializ-

ing the bit at θ = 180◦ (f). Insets (i)-(iii) show mx at several critical points along

the curves, with red corresponding to positive and blue negative magnetizations.
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in Fig. 4.2: under application of a single off-center pinning, the energy barrier,

∆ ≈ 90, is less than that of a monodomain, ∆ ≈ 110. Since the thermal energy

barrier is lowered by micromagnetic effects, the bit will follow a textured path

in phase space when thermally flipping. Underlying the seemingly small change

of . 20% between energy barriers is thus a fundamental change in the mode of

thermal switching. The Arrhenius thermal transition rate ∝ e−∆ is, furthermore,

greatly reduced. Upon examining the texture dynamics, one finds that the left

off-center pinning field nucleates a domain wall, while rotating the pinning field

pushes the domain wall to the right along the x axis. This is most apparent

at about 145◦, where, as illustrated in inset (i) of Fig. 4.2, the two domains each

occupy approximately half the area of the magnet. At this point, the total internal

energy is at a maximum, held in place only by the pinning field. After moving

the domain wall past this point, there is a precipitous drop in internal energy as

result of the domain-wall propagating to the right side of the magnet. This rapid

drop in energy reflects a hysteretic process, wherein initially orienting the magnet

at 0◦ or 180◦ with respect to the x axis, the energy will respectively follow the (b)

or (f) curve of Fig. 4.2. We conclude that it is the domain-wall nucleation and

propagation process that thermally flips the bit in our example.

To investigate the micromagnetic effects in the field-induced extraction of the

thermal barrier, we apply a uniform magnetic field antiparallel to the direction

of initialization of the bit. Our magnetic bit flips at between 600 and 650 Oe,

which is close to the value predicted by the single-domain anisotropy: 680 Oe.

Closely examining the texture, we indeed see the magnet flips like a monodomain.

Analogous to the case of thin rectangular magnetic strips, wherein the coerciv-

ity field increases as the lateral width decreases, we suggest that the energetic

bottleneck for domain-wall switching under application of an external field is at

the tip of the bit where the domain wall nucleates. In contrast, the Arrhenius

barrier for thermal domain-wall switching corresponds to the domain wall at the
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Figure 4.3: Schematic illustration of the “bottleneck” magnetic configurations for

switching under the application of magnetic field, (a) and (c), and during thermal

fluctuations, (b) and (d).
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center of the magnet. We can thus distinguish three principal scenarios subject

to the characteristics of the bit: First, the bit flips like a monodomain under

both thermal fluctuations and application of a coercivity field (as in the case of

infinite stiffness), illustrated schematically in Figs. 4.3(c) and (d), respectively.

Second, the bit flips thermally via domain-wall propagation [Fig. 4.3(b)] but like

a monodomain under application of a coercive field [Fig. 4.3(d)] (as in our example

above). Third, the bit flips through domain-wall propagation both thermally and

under application of a coercive field [Figs. 4.3(a),(b)]. We find this third case in

our simulations on more elongated ellipses, e.g., with dimensions 400×80×2 nm3

(and the same material parameters). In this extreme example, we variationally

guide, using a different pinning prescription from the previous case,2 a domain

wall along the major axis and find, expectedly, the most significant discrepancy

in barrier height with the monodomain switching (top left Fig. 4.4). Conversely

when considering a smaller aspect ratio of 80×40 nm2, nucleating a domain wall is

not energetically favorable and the value of the energy barrier of the left off-center

pinning and monodomain converge (top right Fig. 4.4), essentially realizing the

aforementioned first scenario (lower panels in Fig. 4.3). We further propose that

if the minor axis of the ellipse is much greater than `, two-dimensional textures

such as vortex injection may compete with domain wall nucleation for the most

energetically favorable path [LDR04, LD06, RML06, SCA08].

Since the exchange energy scales linearly with bit thickness while long-ranged

dipolar interactions quadratically, upon increasing (decreasing) the thickness the

texture effects should be enhanced (reduced), and, therefore, the disparity in the

thermal barrier between different modes of switching sketched in Fig. 1 should

increase (decrease). Particularly, we increase (decrease) the thickness to 3 nm

2Because of the quasi-one-dimensional nature of the most elongated ellipse in our calculation
(400×80×2 nm3), rotating a pinning field at a single point nucleates a domain wall but cannot
propagate it to the other side to complete the switching process. We therefore must choose a
different pinning prescription as follows: first a local field is applied as per our original method,
nucleating a domain wall, which is then further moved by shifting the position of the pinning
field along the major axis of the ellipse.
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Figure 4.4: Energy profiles of four bit geometries: 400 × 80 × 2 nm3 (top left),

80× 40× 2 nm3 (top right), 150× 50× 3 nm3 (bottom left), and 150× 50× 1 nm3

(bottom right). The dashed curve shows single-domain, solid curve switching by

domain wall nucleation, and dotted curve micromagnetic switching under appli-

cation of a center pinning field.
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Figure 4.5: Energy profile of 150 × 50 × 2 nm3 bit with (left) edge roughness of

amplitude 10 nm and wavelength 20 nm and (right) further enhanced roughness,

where the dashed curve shows single-domain and the solid curve micromagnetic

switching obtained under application of a local pinning field to the left off-center.

The corresponding equilibrium bit textures are shown below.

(1 nm), keeping other parameters unmodified, and find that the monodomain

thermal barrier is > 20% (< 1%) larger than the micromagnetic barrier as graphed

in the bottom left (bottom right) of Fig. 4.

We may expect random impurities and edge roughness to accentuate texture

of the device and therefore affect the relative size of the thermal barrier in micro-

magnetic versus monodomain models. As an example, we model roughness as a

crude edge modulation with wavelength 20 nm and amplitude 10 nm, as depicted

in the left half of Fig. 4.5. While this is perhaps larger than the characteristic

edge roughness of a typical device, we take this as a somewhat exaggerated case.

Such edge modulation may be used to represent a generic structural or material

disorder that introduces a random defect and could therefore promote domain wall

nucleation. Including surface anisotropies could further distinguish the magneti-
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zation textures between the smooth and rough bit models by emphasizing such

defects, but are not considered in this analysis. We find that the thermal energy

associated with both modes (thermal and field-induced) of switching is diminished

by disorder, while the relative difference between the single-domain and textured

behavior, . 20%, is essentially unaffected for the 150×50×2 nm3 bit. Further dis-

torting the edge (right half of Fig. 4.5), the thermal barriers become nearly equal.

By way of roughening the edge, the aspect ratio of the elliptical bit has decreased,

decreasing the xy demagnetization factors and thus favoring monodomain switch-

ing. A systematic analysis of geometric and material imperfections falls outside

the scope of this work.

4.3 Outlook

As a result of our variational optimization of the path taken through the config-

uration space, there may be a trajectory of states with even a lower associated

thermal barrier. In other words, the domain-wall type of propagation discussed

here produces the upper bound for the thermal barrier. Finding at least one

micromagnetic path, however, whose thermal barrier is smaller than that of the

monodomain, suggests a qualitatively different scenario of thermal flipping and a

lower thermal barrier, compared to the monodomain. We find such effects (along

with their two-dimensional texture generalizations), with regard to both thermal

stability and astroid diagrams, ubiquitous in practical devices.
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CHAPTER 5

Nonequilibrium Spin Current Through a

Quantum Dot

We develop an expression for spin current between two angled magnetic leads tun-

neling through a quantum dot with arbitrary interaction in and out of equilibrium.

Specifically, we consider biasing by voltage, temperature, or spin pumping. We

explicitly separate the equilibrium and nonequilibrium contributions to the cur-

rent, both of which can be written in terms of the full retarded Green’s function

of the dot.

5.1 Introduction

Equilibrium spin current between two magnets characterizes their exchange in-

teraction. When separated by an insulator, this interlayer exchange coupling

(IEC), and likewise spin current, was found to be bigger than and opposite in sign

[FTB02] from theoretical predictions [Slo89]. Impurities may assist enhancing the

magnitude and explain the thickness dependence of the IEC [ZTV05, ZVV06].

We model this as two magnetic metal leads separated by a quantum dot with ar-

bitrary on-site interaction and calculate the equilibrium and nonequilibrium spin

current from which we can extract the IEC.

We extend the known expression of the Landauer-like formula for charge cur-

rent through a quantum dot due to voltage difference between two normal metallic

leads [MW92] by calculating the spin current between two canted ferromagnetic
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Figure 5.1: The model we consider in which two magnetic leads oriented at an

angle θ with respect to each other are held at separate temperatures (TL and

TR), chemical potentials (µL and µR) and spin biases. When in contact with a

quantum dot tunneling (with probability |VL|2 and |VR|2) facilitates an equilibrium

and nonequilibrium spin current, J i.

conducting leads sandwiching a quantum dot. See Fig. 5.1. In addition to biasing

by voltage, we consider spin biasing this system [BTB02, TMX08] and, due recent

observation of the spin Seebeck effect [UTH08] we further extend our expression

for spin current to accommodate temperature bias. We find that the expression

for spin current can be written in terms of geometric coefficients and the fully

interacting retarded Green’s functions of the dot.

5.2 General Spin Current Expression

Consider a Hamiltonian of the form H = HL + HD + HT which describes non-

interacting leads (HL) coupled to a quantum dot (HD) by tunneling (HT ). We
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define these quantities as follows

HL =
∑
kσγ

εkσγc
†
kσγckσγ ,

HD = ({d†i}{dj}) ,

HT =
∑
kσσ′γ

Vkσσ′γd
†
σckσ′γ + V †kσσ′γc

†
kσ′γdσ . (5.1)

The summation in the lead part of the Hamiltonian is over momentum (k), spin

quantized along the z axis (σ =↑, ↓), and left (γ = L) and right (γ = R) leads. εkσγ

is the energy of an electron with momentum k and spin σ created (annihilated) by

c†kσγ (ckσγ) in lead γ. Vk↑γ (Vk↓γ) is the matrix element for a spin (down) up electron

tunneling from lead γ to the dot. The dot Hamiltonian is a general Hermitian

function of dot creation and annihilation operators d†i and dj, respectively, that

furnish a complete basis for the dot Fock space. The indices i and j of these

operators may contain any quantum numbers but we consider the simplest case

where a single spin-1/2 on site energy level: d†i → d†σ and dj → dσ′ with σ, σ′ =↑↓.
Because we are interested in two leads canted with respected to one another, we

rotate lead γ by θγ in the plane defined by the axis of quantization and direction

of current

cσγ → c̃kσγ = Rγ
σσ′ckσ′γ ,

c†kσγ → c̃†kσγ = (Rγ
σσ′ckσ′γ)

† = c†kσ′γ(R
†)γσ′σ ,

(5.2)

where

Rγ
σσ′ =

 cos(θγ/2) − sin(θγ/2)

sin(θγ/2) cos(θγ/2)

 (5.3)

and θL = θ and θR = 0. Both the lead and dot Hamiltonians are invariant under

this rotation, whereas the tunneling term of the Hamiltonian becomes

HT =
∑
kσσ′γ

V ∗kσγc
†
kσ′γ(R

T )σ′σdσ + Vkσγd
†
σRσσ′ckσ′γ . (5.4)
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We absorb this transformation into the tunneling probability which takes the

matrix form

V ∗kσγ → V ∗kσγ(R
T )σ′σ =

 V ∗k↑γ cos(θγ/2) V ∗k↑γ sin(θγ/2)

−V ∗k↓γ sin(θγ/2) V ∗k↓γ cos(θγ/2)

 ≡ V †kσ′σγ ,

Vkσγ → VkσγRσσ′ =

 Vk↑γ cos(θγ/2) −Vk↓γ sin(θγ/2)

Vk↑γ sin(θγ/2) Vk↓γ cos(θγ/2)

 ≡ Vσσ′γ ,

(5.5)

so that the tunneling Hamiltonian reads

HT =
∑
kσσ′γ

Vkσσ′γd
†
σckσ′γ + V †kσσ′γc

†
kσγdσ′ . (5.6)

Closely following the approach of [MW92], we begin calculating the spin current

by taking the time derivative of d†µdν

d

dt
(d†µdν) = (i/~)[H, d†µdν ] = (i/~)[HT , d

†
µdν ] = (i/~)[HT , d

†
µ]dν + d†µ[HT , dν ]

= (i/~)
∑
kαγ

V †kαµγc
†
kαγdν − Vkναγd†µckαγ . (5.7)

Owing to the continuity equation [CCN71], we equate the expectation value of

Eq. (5.6) to the current

Jγµν =
i

~
∑
kα

V †kαµγ〈c†kαγdν〉 − Vkναγ〈d†µckαγ〉

=
1

~

∫
dω

2π

∑
kα

V †kαµγG
<
ν,kαγ(ω)− VkναγG<

kαγ,µ(ω) , (5.8)

where we have defined G<
ν,kαγ(t) = i〈c†kαγdν〉(t) and G<

kαγ,µ(t) = i〈d†νckαγ〉(t) which

are the lesser than Green’s functions in the Keldysh formalism. Taking advantage

of the noninteracting electrons in the leads, we use their equations of motion and

Langreth’s theorem to separate the lead and dot Green’s functions

G<
kαγ,µ =

∑
λ

V †kαλγ

(
gtkαγG

<
λµ − g<kαγGt̄

λµ

)
,

G<
ν,kαγ = −

∑
λ

Vkλαγ

(
gt̄kαγG

<
νλ − g<kαγGt

νλ

)
, (5.9)
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where we have introduced the (anti-)time-ordered Green’s functions on lead γ

(gt̄kαγ) g
t
kαγ of momentum k and spin α and on the dot (Gt̄

µν) G
t
µν from spin µ to

spin ν. Plugging this back into our equation for current we obtain

Jγµν = −1

~
∑
kα

∫
dω

2π

[
V †kαµγVkλαγ

(
gt̄kαγG

<
νλ − g<kαγGt

νλ

)
+VkναγV

†
kαλγ

(
gtkαγG

<
λµ − g<kαγGt̄

λµ

)]
. (5.10)

Using identities between Green’s functions [Mah93] we rewrite the expression for

the current, eliminating the time-ordered Green’s functions in favor of retarded

and advanced Green’s functions

Jγµν = −1

~
∑
kα

∫
dω

2π

[
−V †kαµγVkλαγ

(
gakαγG

<
νλ + g<kαγG

r
νλ

)
+VkναγV

†
kαλγ

(
grkαγG

<
λµ + g<kαγG

a
λµ

)]
, (5.11)

where Gr
ij = −iΘ(t− t′)〈{di(t), d†j(t′)}〉 and Ga

ij = (Gr)∗ji. After some tedious but

straightforward manipulations one may show that

∑
µναλ

[
−V †kαµγVkλαγ

(
gaαG

<
νλ + g<αγG

r
νλ

)]∗
σ∗µν

=
∑
µναλ

[
VkναγV

†
kαλγ

(
grαγG

<
λµ + g<αγG

a
λµ

)]
σµν (5.12)

and therefore that the spin current is real. Note that gkσγ, the free electron Green’s

function uncoupled to the dot, is

g<kσγ = 2πiδ(ω − εkσ)fσγ(ω) ,

grkσγ =
1

ω − εkσ + iη
= −πiδ(ω − εkσ) + P 1

ω − εkσ
. (5.13)

where η → 0+ and P denotes the Cauchy principal value. We define

W r
µνγ = − i

2

 Γ↑γ cos2(θγ/2) + Γ↓γ sin2(θγ/2) −(Γ↑γ − Γ↓γ) sin(θγ)/2

−(Γ↑γ − Γ↓γ) sin(θγ)/2 Γ↓γ cos2(θγ/2) + Γ↑γ sin2(θγ/2)

 ,

(5.14)
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where Γσγ = 2π
∑

k |Vkσγ|
2 δ(ω−εkσγ) = 2π

∫
|Vkσγ|2 ρσγδ(ω−εkσγ) = 2π |Vσγ|2 ρσγ

so that
∑

kα VkλαγV
†
kαµγIm[grαγ] = −∑kα VkλαγV

†
kαµγIm[gaαγ] = W r

λµγ. Likewise

defining W<
λµγ =

∑
kα VkλαγV

†
kαµγg

<
αγ which has components

W<
↑↑γ = i

[
f↑γ(ω)Γ↑γ cos2(θγ/2) + f↓γ(ω)Γ↓γ sin2(θγ/2)

]
,

W<
↑↓γ = −(i/2)(f↑γ(ω)Γ↑γ − f↓γ(ω)Γ↓γ) sin(θγ) ,

W<
↓↑γ = −(i/2)(f↑γ(ω)Γ↑γ − f↓γ(ω)Γ↓γ) sin(θγ) ,

W<
↓↓γ = i[f↓γ(ω)Γ↓γ cos2(θγ/2) + f↑γ(ω)Γ↑γ sin2(θγ/2)] , (5.15)

reduces to W<
νλγ = −2fγW

r
νλγ in the absence of spin biasing. fσγ is the Fermi-

Dirac distribution function in lead γ with spin σ. We take Γσγ to be independent

of energy inside the electron band in the leads and zero otherwise. The principal

part can be evuated as

∑
kα

∫
dωVkλαγV

†
kαµγG

<
νλP

1

ω − εkσ
=
∑
kα

P
∫

dωdω′VkλαγV
†
kαµγG

<
νλ(ω)

δ(ω′ − εkσ)

ω − ω′

=
∑
kα

P
∫

dωdω′VkλαγV
†
kαµγG

<
νλ(ω

′)
δ(ω′ − εkσ)

ω′ − ω = W r
λµγ

∫
dωP

∫
dω′

−iπ
G<
νλ(ω

′)

ω′ − ω .

(5.16)

The spin current may be written in the compact form

J iγ = SiµνJ
γ
µν =

~
2
σiµνJ

γ
µν

=
∑
µνλ

∫
dω

2π
Re

[
−W r

λµγσ
i
µνG

<
νλ +W<

λµγσ
i
µνG

r
νλ + iW r

λµγσ
i
µνP

∫
dω′

π

G<
νλ

ω′ − ω

]
= Re

{∫
dωTr

[
W<

γ σ
iGr −Wr

γσ
i

(
G< − i

π
P
∫

dω′
G<(ω′)

ω′ − ω

)]}
, (5.17)

where G ≡ Gµν and W ≡ Wµν . This general expression for charge and spin

current under voltage, temperature, or spin bias is the principal result of our

work. A similar expression was derived by [ZZY09] but there was no discussion

of temperature biasing. Moreover, their result does not facilitate spin biasing of

the system.
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A serious barrier in the calculation of the current out of equilibrium is deter-

mining the on-site lesser than Green’s function. One may use Dyson’s equation

and Keldysh formalism to show G< = GrΣ<Ga out of equilibrium. However,

because Σ< is a functional of G<, it is in general difficult to obtain an analytic

expression for G<. Consequently, extending, Ng’s ansatz [Ng96], we take

Σ< = −(W<
L + W<

R)(Wr
L + Wr

R)−1[(Gr)−1 − (Ga)−1]/2 . (5.18)

The advantage of this ansatz is that we recover the exact expression for G< when

either no bias is applied or there is no interaction on the dot. Although this does

not simplify the general form of the current, consider only voltage and temperature

biasing from which it follows W< = −2fγW
r in which the lesser than Green’s

function simplifies to

G< = Gr(fLWr
L + fRWr

R)(Wr
L + Wr

R)−1[(Gr)−1 − (Ga)−1]Ga (5.19)

and the spin current takes the form

J iγ =

∫
dωRe

[
Tr
[
Wa

γσ
iGr(fLWr

L + fRWr
R)(Wr

L + Wr
R)−1[(Gr)−1 − (Ga)−1]Ga

−fγWr
γσ

i(Gr −Ga)− fγWr
γσ

i(Gr + Ga) + Wr
γσ

i i

π
P
∫

dω′
G<(ω′)

ω′ − ω )

]]
.

(5.20)

Using [Gr−Ga] = Gr[(Ga)−1− (Gr)−1]Ga and inserting the identity 1 = (WL +

WR)(WL + WR)−1

J iγ = −
∫
dω(fγ̄ − fγ)Re

[
Tr
[
Wr

γσ
iGrWr

γ̄(W
r
L + Wr

R)−1[(Gr)−1 − (Ga)−1]Ga
]]

+ fγRe

[
Tr

[
Wr

γσ
i (Gr + Ga)−Wr

γσ
i i

π
P
∫

dω′
G<(ω′)

ω′ − ω

]]
. (5.21)

where lead γ̄ is the opposite to lead γ. We can directly extract the equilibrium

and nonequilibrium spin current and evaluate the differential spin conductance

and the spin Seebeck coefficient.

74



5.3 Anderson Green’s Function

A natural candidate for the dot interaction is the Anderson Hamiltonian with

strong on-site interaction below the Kondo temperature. Only a many-body for-

malism, such as Keldysh used to calculate the spin current, can capture Kondo

physics. We proceed to calculate the Anderson Green’s function of a single quan-

tum dot coupled to a reservoir with infinite on-site interaction. Recall that the

Anderson Hamiltonian for single level is HD =
∑

σ εσd
†
σdσ+Un↓n↑, where U mod-

ulates the strength of Coulomb interaction on the dot. We proceed by using the

equation of motion (EoM) technique to obtain an expression for the Green’s func-

tion after using a decoupling scheme [MWL93] that, although neglecting divergent

correlations, captures some features of the Kondo effect.

The retarded Green’s function on the dot is by definition

Dr
ij = −iΘ(t− t′)〈{di(t), d†j(t′)}〉 . (5.22)

where Θ(t) is the Heaviside step function and 〈· · ·〉 is the thermal average of · · · .
Using the fact that

[di, H] = εidi + Viσcσ + Udinī , (5.23)

where we have introduced ni = d†idi and ī = −i, we follow the equation of motion

method of determining the Green’s function by taking the time derivative

i∂tD
r
ij(t− t′) = δ(t− t′)δij − iΘ(t− t′)〈{[di, H](t), d†j(t

′)}〉

= δ(t− t′)δij − iΘ(t− t′)〈{[εidi + Viσcσ + Udinī](t), d
†
j(t
′)}〉

= δ(t− t′)δij + εiD
r
ij(t− t′) +

∑
kσ

ViσG
r
σj(t− t′) + UΓi , (5.24)

where Gr
σj(t − t′) = −iΘ(t − t′)

〈
{cσ(t), d†j(t

′)}
〉

and Γi = 〈〈dinī, d†j〉〉. We have

implicitly included the indices, and subsequent summation, of the leads and mo-

mentum in the spin index of the lead creation (annihilation) operators. We adopt

the notation that 〈〈A,B〉〉 = −iΘ(t− t′) 〈{A(t), B(t′)}〉. We further differentiate
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the unknown functions, as is practice in the EoM technique. Further differentiat-

ing Gr
σj

i∂tG
r
σj = εσG

r
σj +

∑
σ′

V †σσ′D
r
σ′j , (5.25)

or after Fourier transforming

(ω + iη − εσ)Gr
σj =

∑
σ′

V †σσ′D
r
σ′j , (5.26)

where we have used the commutation relation [cσ, H] = εσcσ + V †σσ′dσ′ and added

an infinitesimal η as is necessary procedure to ensure convergence for a retarded

Green’s function. Finally solving the Green’s function

Gr
σj =

∑
σ′ V

†
σσ′Dr

σ′j

ω + iη − εkσ
. (5.27)

The equation of motion for Γi is

〈〈dinī, d†j〉〉 = δ(t− t′){dinī, d†j}+ 〈〈[dinī, H], d†j〉〉 . (5.28)

Further taking these (anti-)commutation relations gives

{dinī, d†j} =δijnī − δījd†īdi ,

[dinī, H] =(εi + U)dinī +
∑
σ

did
†
ī
Vīσcσ − diV †σīc†σdī + Viσcσnī , (5.29)

In order to time differentiate these new operators we will again need to commute

them with the Hamiltonian

[did
†
ī
cσ, H] =(εi − εī + εσ)did

†
ī
cσ +

∑
µ

did
†
ī
dµV

†
σµ + Viµcµd

†
ī
cσ − diV †µīc†µcσ ,

[dic
†
σdī, H] =(εi + εī − εσ + U)dic

†
σdī +

∑
µ

−didīVµσd†µ + diVīµcµc
†
σ + Viµcµdīc

†
σ ,

[cσnī, H] =εσcσnī +
∑
µ

nīV
†
σµdµ + d†

ī
Vīµcµcσ − V †µīc†µdīcσ . (5.30)

Because of the step function implicit in the definition of the retarded Green’s
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function, we must evaluate the anticommutator of these operators with d†j

{did†īcσ, d
†
j} =δijd

†
ī
cσ ,

{dic†σdī, d†j} =δījdic
†
σ + δijc

†
σdī ,

{cσnī, d†j} =δījcσd
†
ī
. (5.31)

Because a factor of U enters the equation of motion for the second term in

Eq. (5.30), it will not contribute to the equation of motion for the full dot Green’s

function when the on-site interaction is large. Thus the time differentiation of the

remaining operators’ respective retarded Green’s functions is

(ω + iη − εσ − εi + εī)Γ
(1)
iσ =− δij〈d†īcσ〉 − V

†
σī

Γi

+
∑
µ

Viµ〈〈d†īcµcσ, d
†
j〉〉+ V †

µī
〈〈dic†µcσ, d†j〉〉 ,

(ω + iη − εσ)Γ
(2)

īσ
=− δīj〈d†īcσ〉

+ V †σiΓi +
∑
µ

Vīµ〈〈d†īcµcσ, d
†
j〉〉+ V †

µī
〈〈dīc†µcσ, d†j〉〉 ,

(5.32)

where we have made use of (di)
2 = 0 and defined Γ

(1)
iσ = 〈〈d†

ī
dicσ, d

†
j〉〉 and Γ

(2)

īσ
=

〈〈nīcσ, d†j〉〉. We make the following decoupling [Lac81]

〈〈c†µcσdi, d†j〉〉 ≈〈c†µcσ〉〈〈di, d†j〉〉 − 〈c†µdi〉〈〈cσ, d†j〉〉 ,

〈〈d†
ī
cµcσ, d

†
j〉〉 ≈〈d†īcµ〉〈〈cσ, d

†
j〉〉 − 〈d†īcσ〉〈〈cµ, d

†
j〉〉 . (5.33)

Recall that

〈〈cσ, d†j〉〉 =
∑
µ

V †σµ
〈〈dµ, d†j〉〉
ω + iη − εσ

, (5.34)

and therefore

∑
σ

〈〈cσ, d†j〉〉
ω + iη − εσ − εi + εī

=
∑
σµ

V †σµ〈〈dµ, d†j〉〉
(ω + iη − εσ − εi + εī)(ω + iη − εσ)

(5.35)
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Using the relation∫
dε

(
1

ω + iη − ε+ a

)(
1

ω′ ± iη − ε

)
=

∫
dε

ω − ω′ + iη + a(
1

ω′ ± iη − ε −
1

ω + iη − ε+ a

)
= − iπ(1∓ 1)

ω − ω′ + iη + a
(5.36)

we may show that the sum in Eq. (5.35) vanishes and thus the relations in

Eq. (5.33) reduce to

〈〈c†µcσdi, d†j〉〉 ≈〈c†µcσ〉〈〈di, d†j〉〉 ,

〈〈d†
ī
cµcσ, d

†
j〉〉 ≈ − 〈d†īcσ〉〈〈cµ, d

†
j〉〉 . (5.37)

Although these terms are singular, in previous analyses [MWL93, SWW06] these

expectation values were assumed to be 〈c†µcν〉 = δµνf(εµ) and 〈d†µcν〉 = 0 and

Kondo physics was still apparent. Upon making this approximation1

(ω − εσ − εi + εī)〈〈did†īcσ, d
†
j〉〉 = V †

σī
〈〈dinī, d†j〉〉 − V †σīfσ〈〈di, d

†
j〉〉 ,

(ω − εσ)〈〈cσnī, d†j〉〉 = V †σi〈〈dinī, d†j〉〉+ V †
σī
fσ〈〈dī, d†j〉〉 . (5.38)

Plugging this back into the equation of motion for Γi

ωΓi = δij〈nī〉 − δīj〈d†īdi〉+ (εi + U)Γi +
∑
σ

VīσV
†
σī

(Γi − fσDr
ij)

ω − εσ − εi + εī

+
∑
σ

Viσ(V †σiΓi + fσV
†
σī
Dr
īj)

ω − εσ
. (5.39)

Owning to the strength of the on-site interaction

UΓi = δīj〈d†īdi〉 − δij〈nī〉+
∑
σ

fσVīσV
†
σī

ω − εσ − εi + εī
Dr
ij −

∑
σ

fσViσV
†
σī

ω − εσ
Dr
īj , (5.40)

which, in turn, is used to solve the expression for the original Green’s function

(ω − εi)Dr
ij = δij + δīj〈d†īdi〉 − δij〈nī〉+

∑
σ

(Σ0
iσ + Σ1

iσ)Dr
σj (5.41)

1However, an approximation similar to [Lac81], although more complicated, gives more ac-
curate results.
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where we have defined the noninteracting (tunneling) self energy Σ0 and the An-

derson dot self energy Σ1 as

Σ0
ij =

∑
kσ ViσV

†
σj

ω + iη − εkσ
,

Σ1
ii =

∑
kσ

fσ(εkσ)VīσV
†
σī

ω + iη − εkσ − εi + εī
,

Σ1
īi = −

∑
kσ

fσ(εkσ)ViσV
†
σī

ω + iη − εkσ
. (5.42)

Equivalently, we may write this as

(d−1
0 − Σ0 − Σ1)Dr = ñ , (5.43)

where d0ij = δij(ω−εi)−1 is the free Green’s function on the dot and ñii = 1−〈nī〉
and ñīi = 〈d†

ī
di〉 which agrees with [SWW06]. ñ must determined self-consistently

from the occupation number on the dot as defined by

〈ni〉 = Im

∫
dω

2π
D<
ii (ω) ,

〈d†
īi
〉 = −iIm

∫
dω

2π
D<
ii (ω) , (5.44)

by definition of lesser Green’s functions.

Because we may trivially identify Σ0 = W r, we need only evaluate Σ1 which

has the form∑
kσγ

fσγ(εkσ)VīσγV
†
σīγ

ω + iη − εkσ − A
=
∑
kσγ

fσγ(εkσ)VīσγV
†
σīγ

[
−iπδ(ω − εkσ − A) +

1

π
P 1

ω − εkσ − A

]
.

(5.45)

Defining the functions Gσγ(ω) = (1/iπ)P
∫

dω′fσγ(ω
′)/(ω − ω′),

Σ1
ii = (i/2)

∑
γ

[fiγ(ω − εi + εī) + Giγ(ω − εi + εī)] Γiγ cos2(θγ/2)

+
[
fīγ(ω − εī + εi) + Gīγ(ω − εī + εi)

]
Γīγ sin2(θγ/2) ,

Σ1
↑↓ = Σ<

↓↑ = −(i/4)
∑
γ

{[f↑γ(ω) + G↑γ(ω)] Γ↑γ − [f↓γ(ω) + G↓γ(ω)] Γ↓γ)} sin θγ .

(5.46)
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In the zero temperature limit we can evaluate this analytically

Gσγ(ω) = P
∫ µσγ

−D

dω′

iπ

1

ω − ω′ = − 1

πi
ln

∣∣∣∣ω − µσγω +D

∣∣∣∣ . (5.47)

5.4 Outlook

We envision further broadening the application of this methodology to insulat-

ing rather than metallic ferromagnetic leads in which only magnons can tunnel

through the interlayer. Because the lead is insulating we expect no hybridization

between the conduction electrons and a single electron quantum dot. The lack of

a Kondo cloud should be indicative in a simplification of the many-body Green’s

function of the dot.
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