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Abstract. To find crystals of sly representations of the form A™ Sym” C? it suffices to
solve the combinatorial problem of decomposing the Young lattice into symmetric, satu-
rated chains. We review the literature on this latter problem, and present a strategy to solve
it. For n < 4, the strategy recovers recently discovered solutions. We obtain (i) count-
ing formulas for plethystic coeflicients, (ii) new recursive formulas for plethysms of Schur
functions, and (iii) formulas for the number of constituents of A” Sym” C2.

Keywords. Plethysm, crystals, symmetric chain decompositions, Young lattice, Gaussian
coefficients

Mathematics Subject Classifications. 05E10, 17B10, 05A30

1. Introduction

Consider the Lie algebra sl = sl,(C) with the natural action on C2. Two classic facts are (i) the
finite dimensional irreducible representations of sl are given by the symmetric powers Sym” C?
for r € Z-y, and (ii) if V' is a representation of sl, then so is the alternating power A" V' for
alln € Z;O-

Problem A. Decompose A" Sym” C? into irreducible representations of sls.

This is one of the easiest cases of the problem of plethysm, and notoriously difficult to
tackle [Sta00, COS*24]. Using classical notation, the problem asks to find the multiplici-
ties a¥,, i fitting in

A" Sy €* = D (Sym* €) . (1.1)
k
As it is often in algebraic combinatorics, we ask for a solution that is explicit and positive,

expressing a’fn (] @S the cardinality of a set given by quasipolynomial equations and inequalities
—this solves Problem A in the sense of [Sta00, Pak24].

*The author was funded by the University of Bristol Research Training Support Grant.
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(a) The crystal of A% Sym* C2. (b) A decomposition of L(2, 3).

Figure 1.1: Computing the crystal of A* Sym? C? shows A% Sym?* C? = Sym? C? & Sym® C?,
solving Problem A. The crystal can be computed by solving Problem B for L(2, 3).

A solution to the deceptively similar problem of decomposing Sym“ C? @ Sym” C? into
irreducible representations of sl goes back to Clebsch and Gordan in the x1x century [Gor87].
The tensor product problem is nowadays best understood through crystal theory, and Kashiwara’s
tensor product rule [Kas90].

For our purposes, an sly crystal is a directed graph attached to a representation of sl and
whose vertices are weighted by elements of %Z, see Figure 1.1a. We follow [BS17] for the main
concepts in crystals, but delay the details to §3.2. If there is an arc x — v, then the weight of y
satisfies wt(y) = wt(x)—1. Decomposing a representation into irreducibles translates to decom-
posing its crystal into connected components. For sl,, each finite dimensional irreducible repre-
sentation Sym” C? has a crystal which is a path graph in k + 1 vertices and weight-symmetric.
For instance, the crystal in Figure 1.1a decomposes as the crystal of Sym* C? & Sym® C2.

Vertices of a crystal form a basis of the corresponding representation. A canonical basis
of A" Sym” C? is in bijection with the set L(n,m) of partitions whose Young diagram fits into
an n X m rectangle, where » + 1 = m + n. One such bijection is given in (3.1). Endow L(n,m)
with the partial order given by the Young’s lattice (Figure 1.1b); that is, with the covering rela-
tion A < p if the Young diagram of ) is obtained from that of ;. by removing one box.

With these ingredients, a natural way of tackling Problem A is to solve the following:

Problem B. Decompose the poset L(n, m) into rank-symmetric, saturated chains.

In Figure 1.1, we illustrate how to go from a solution to Problem B to a solution of Problem A.
We reiterate that, for these purposes, we require an explicit solution to Problem B, in which the
set of ‘highest weight elements’ of the decomposition (see §3.2) is fully described as a set given
by some quasipolynomial equations and inequalities [OSSZ24].

We begin by reviewing the literature for Problem B. Our main contribution is to develop
a crystal theoretic framework to tackle Problem B. For 0 < n < 4, the framework produces
explicit expressions for the crystal operators which are reminiscent of Kashiwara’s tensor prod-
uct rule. In the language of posets, these are explicit matchings that produce symmetric chain
decompositions of L(n,m). We fully describe the highest weight elements, solving Problem
A for n < 4. We remark Problem A was already solved for n < 4 (see [COS'24] for a short
survey), and a solution for n > 5 was announced after the first version of this manuscript by
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Pak, Panova, and Swanson [PPS25].

Our constructions for Problem B have properties in common with several works in the liter-
ature (see the end of §2.1) —this suggests that we may be near to a canonical solution that will
solve the cases for higher n, as stated in Conjecture 4.18.

We retrieve counting formulas for the coefficients a’fn[r] involved in (1.1). After Proposi-
tions A.1 and A.2, these recover similar formulas found in [OSSZ24] through a bijection.

Taking characters on both sides of (1.1) we get

1 1 _r _r _r r 1 1
S(n) © 8(7‘)<q 27q2) = S(l")(q 27q1 2;(]2 2y 7q2) - Zalf"[r] ' S(k)(q 27q2)7
k
where s, are Schur functions and o is the plethysm of symmetric functions. We obtain new
1 1
recursive formulas for the plethysm of Schur functions s o S(T)(q_i, q2) for n = 3 and 4.
This plethysm is the (centred) g-binomial [’"H} , which we prefer for a cleaner notation; see §3.2

n
for a definition. With this notation, the displayed equation immediately above becomes

r+1
k

where [k + 1] is a g-integer. For example, Figure 1.1 is lifting [ J ] = [3] + [7]. Our formulas
express ["*'] in terms of [ ] and g-binomials of the form [ *,]. To state them, we define an
operator on g-characters.

Definition 1.1 (Plus operator). Given f =) _.d; - [t] welet fi; =>".d; - [i + j].

Theorem 1.2. The character of A*> Sym"” C? satisfies the recursion

G

where the sum ranges over all k > 0 such that 4k < r — 1 — 20, yu4.

Theorem 1.3. The character of A* Sym” C? satisfies the following recursion:

r+1| |r r— 6k —1— 30, cven r— 6k —4 — 30, paa
SRR R0 91 il £ ol

k>0 k>0 +6

These formulas are non-trivial even as counting formulas for ¢ = 1, and we do not know any
other way of deriving them besides with the crystals we define below. These are in particular
different than the ones found in [OSSZ24, Tét20].

The number of constituents of A" Sym” C? is #{\ € L(n,m) : A\ F |mn/2]}. We obtain
in Corollary 6.1 that this number is |[(r + 1)/2] for n = 2 and [(r + 1)?/8] for n = 3. It is
roughly |(r + 1)3/36] for n = 4. These results appear already in [AF78, p. 69]; we give two
new and simpler proofs: one is fully combinatorial, the other algebraic.

The paper is organized as follows: a literature review is given in §2.1, after which we in-
troduce some basic definitions in §3. We present our framework in §4 and obtain the explicit
constructions for n < 4 in §5, including proofs of Theorems 1.2 and 1.3. We conclude in §6 by
giving two proofs of the aforementioned Corollary 6.1 and some final remarks. In Appendix A
we relate our constructions to those of [OSSZ24].
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2. A literature review

2.1. Symmetric chain decompositions of the Young lattice.

Stanley [Sta80] conjectures that a solution to Problem B exists, observing that it is true forn < 2.
Unbeknownst to him at the time, solutions for all n < 4 had been found by Rief3 [Rie78] two years
earlier. This marks a precedent in the area that soon becomes a tradition. Solutions for n =3
by Lindstrom [Lin80] and n = 4 by West [Wes80] appeared shortly after, only acknowledg-
ing [Rie78] after the reviewing process. The constructions of Rie3 do not coincide with those
that came later; this too will be tradition.

Greene [Gre90] attributes to folklore that a greedy algorithm suffices to solve the problem,
but shows that the approach is only successful for n < 4. Greene’s paper is significant, as it is
the first attempt to solve the problem with a single construction, in which n is nothing more than
a parameter. Again, the constructions are new and distinct.

Wen [Wen04] finds new computer-generated solutions to the problem for n = 3 and 4 based
on a modified greedy algorithm. Dhand [Dhal4b] creates a framework in the language of tropical
geometry that produces solutions for 0 < n < 4.

David, Spink, and Tiba [DST17] develop a geometric framework fitting the solutions
of [Lin80, Wen04, Wes80]. Embed L(n,m) into R™ by treating partitions as vectors. Then,
dilate the embedding by 1/m. For all m, the resulting set lies inside a fixed simplex A of R",
which is then divided into regions, each carrying a direction. A simultaneous solution for
all {L(n,m):m > 0} is obtained from these regions, up to compatibility assumptions. Xin
and Zhong [XZ21] study the applicability of a greedy algorithm to the problem, rediscovering
the work of Greene.

In 2024 we see an explosion in interest for the problem. Most importantly, Wen [Wen24]
manages to find computer-generated solutions to the n = 5 case: the first real progress after
the conjecture was posed. However, their solution does not solve Problem A. Coggins, Donley,
Gondal, and Krishna [CDGK?24] reframe Lindstrom’s construction in a diagrammatic way.

Orellana, Saliola, Schilling, and Zabrocki [OSSZ24] solve the problem for n =3 and 4. They
attribute the abundance of different solutions to Problem B being too unrestricted, and impose
further desirable properties to the decompositions. They deduce counting formulas for alf"[r]
and recursive formulas for [T’Zl] for n = 3 and 4.

A solution for n =6 was announced by Wen after the first version of this manuscript [Wen26].

Our work maintains the tradition of rediscovery in the area. The bulk of the research was
done independently of the authors above, and before some the mentioned works were released.
Our framework has characteristics in common with several of the papers in the literature:

1. The strategy is independent of n, as in [Dhal4b, Gre90, XZ21].
2. The framework is geometric in the sense of [DST17].

3. The constructions obtained are explicit in the sense of [OSSZ24] and satisfy all of the
additional desirable properties —some of which we do not impose a priori—, which allow
us to show that the constructions are equivalent (Propositions A.1 and A.2). This is the
first instance that we know of two essentially different methods arriving to equivalent
constructions.
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The constructions presented here have only been shown to solve Problem B for n < 4. The
graphs have been implemented in SageMath [Sag22] and the decomposition of the character
formulas into g-integers have been computed for » < 100. This highlights that the algorithms
are computationally efficient.

2.2. Gaussian coefficients and the Young lattice

A survey of Problems A and B would not be complete without a mention of some related prob-
lems. The remaining two parts of the survey are less exhaustive. We follow [Sta86, Ch. 3] for
the background on posets.

A sequence (ag, ay,...,a;) of integers is said to be unimodal if there is an element ay,
such thatay < ay < -+ < ay = --- = ag, and symmetric if a; = ay_; for all .. A polyno-
mial f = Zfz:o agr® is unimodal (resp. symmetric) if the sequence of its coeffi-
cients (ao,ay,...,a) is unimodal (resp. symmetric). A poset P is ranked if it has a func-
tion rk : P — Z- such that if x > y then rk(y) = rk(z) — 1. A ranked poset is rank-unimodal
(resp. rank-symmetric) if its rank-generating function ) ©__,, ¢"**) is unimodal (resp. symmetric).
A ranked poset is Sperner if the largest incomparable subset is the size of the widest rank-level.

Fact 2.1 ([Sta80]). A rank-symmetric poset admitting a decomposition into rank-symmetric sat-
urated chains is rank-unimodal and Sperner.

The rank-generating function of L(n,m) is the polynomial in ¢ obtained from the centred ¢-
binomial as ¢""/? [”Zm] . We refer to its coeflicients as the Gaussian coefficients. That Gaussian
coefficients form a unimodal sequence follows immediately from the bijection (3.1) between a
basis of A" Sym” C? and L(n, m) —a homogeneous polynomial in (, y) specialised to (1, q) is
symmetric and unimodal if and only if it is the character of a representation of sl, [Sta85]—, but
the result predates representation theory. In the context of invariant theory and with different
notation, the Gaussian coefficients were conjectured to form a unimodal sequence by Cayley
in 1856, and proved for the first time by Sylvester in [Syl78]. Gaussian coefficients are now
known to be ‘strictly’ unimodal, see [PP13].

The Sperner property of L(n,m) was established in the aforementioned [Sta80] using pow-
erful tools from algebraic geometry. Stanley’s proof was then simplified by Proctor [Pro82].

Another weakening of Problem B is to consider the reduced Young lattice E(n, m), which
is constructed from the Young lattice by adding more covering relations: all partitions of a
given rank are covered by all partitions of the next rank. A decomposition of E(n, m) into rank-
symmetric saturated chains was found by O’Hara [O’H90, Zei89a], indirectly showing rank-
unimodality of L(n,m). In [Zei89b] and [Mac89], the method was used to give an elementary
algebraic proof of the rank-unimodality of L(n, m) which uses only Newton’s binomial theorem.
O’Hara’s method is recursive: the reduced Young lattice is partitioned into smaller posets, which
are defined using a non-rank-symmetric chain decomposition. These posets belong to a family
in which each one is a Cartesian product of smaller posets of the same family. One can construct
a symmetric chain decomposition of a Cartesian product from symmetric chain decompositions
of the factors. Solving a base case ends the proof.

We remark that the first non-rank-symmetric chains of O’Hara can be modified to decompose
our original L(n,m) [Dhal3], but the structure theorem no longer holds. This decomposition
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can still be used to establish the stronger strict unimodality of Gaussian coefficients purely com-
binatorially [Dhal4a], but it does not solve Problem B.

2.3. Plethysm and sl isomorphisms

The finite dimensional irreducible representations of sly are parametrised by partitions A of
length < N and constructed with Schur functors as SAC™. When A= (n) then SV =Sym" V/,
and when A\ = (1") then SU™)V = A" V. The most general problem of plethysm asks for the
decomposition of S*SYCY into irreducible representations S*CY of sly.

To make the problem more approachable, some parameters are specialised. For instan-
ce, Sym? S* CN and A? S* CV were decomposed by Carré and Leclerc [CL95]. We refer the
reader [COS™24] for a brief survey of other known results. In this document, we take N = 2
and ;o = (1™) to obtain Problem A. We solve it for n < 4. We remark that solutions for n < 4
can be found in the literature [Thr42, Fou54]. The solution for n > 5 appeared after the first
version of this manuscript [PPS25].

There is a second way of simplifying the problem, by reducing the number of cases one needs
to consider. The bijection we give in (3.1) from a basis of A™ Sym” C? to L(n, m) lifts to an iso-
morphism of sl, representations between A" Sym” C? and Sym” Sym™ C2. This isomorphism
is sometimes attributed to Murnaghan [Mur51], but it is known as the Wronskian isomorphism
in invariant theory [ACO7]. Since the word ‘isomorphism’ already refers to a modern interpre-
tation of the result, the origins are hard to trace —Schmidt [Sch39] already considers the result
to be classical in 1939. The Wronskian isomorphism can be further lifted to an isomorphism of
representations of SLy(F) over any characteristic [MW22]. The constructions we will present
for A Sym” C? can therefore be adapted to study Sym”™ Sym™ C2.

Similarly, it is apparent from our combinatorial approach that m and n play symmetric roles.
An isomorphism between Sym” Sym™ C? and Sym™ Sym" C? was discovered independently
by Hermite [Her56] and later Cayley [Cay54] (with some special cases published simultane-
ously by Sylvester [Syl54]). It is now know as Hermite reciprocity or the Cayley—Sylvester for-
mula, and was also lifted to an isomorphism of representations of SLy(F) over any characteristic
in [MW22]. See [PW21, MW25, GMSW25] for more reductions of this type, that allow one to
understand more complicated sl, plethysms in terms of A™ Sym” C2.

3. Definitions

Throughout the paper, we always assume r» + 1 = m + n.

3.1. Plethystic tableaux

We assume familiarity with the basic combinatorial objects of representation theory, and refer the
reader to [Sta99, §7.10] for background on tableaux, and [Sta99, §7.A2] as a general reference
for plethysm.

Let {z,y} be a basis of C%. A canonical basis of Sym" C? is given by

{:L,r7 xr—ly, xr—2y2’ . yr}
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In particular, note that Sym” C? is (r + 1)-dimensional. Given a basis {vy, ..., v, } of a vector
space V/, a canonical basis of A" V' is given by

{Vap N oo AN Vay AUy 2 T a1 > ag > -+ > a, =0},

Combinatorially, a basis of Sym” C? is labeled by the set SSYT5(r) of semistandard Young
tableaux of shape (r) in two letters. We identify tableaux in SSYTy(r) with bold inte-
gers 0, 1,.. ., r by sending the tableau [1]---[1]2]---[2] with a twos to the number a. For instance,
for r=9,

3 stands for [t[i[1[1[1]1][2]2]2] which stands for z%y°.

A canonical basis of A" Sym” C? is then labeled by the set SSYTy(17[r]) of plethystic sl,
tableau of outer shape (1™) and inner shape (7), which are semistandard Young tableaux of
shape (1) with entries in SSYTy (7). By the above identification, SSYT(1"[r]) is identified
with the set SSYT}o ,1(1") of tableaux whose entries we write in bold. To save space, we usually
write [an |-~ [a1] for a column tableau. Summing up in an example: for n=2 and r=5,

which stands for x*y A 22y .

[1[3]" stands for which stands for

Recall 7 + 1 =m+mnand L(n,m) = {\ : A\ <n, {(\) < m}. The map

U SSYTo(1"[r]) — L(n,m)

[an]-Jaa] + (no .. o=l pa—ae—ly (3.1
is a bijection. It is better understood via an example: let n =23 and r =6, then
1111{1]1|1
g (M| ooy EER
13| =| [1[1[1]2]2]2] | — [1[1[2]2] — ST
5 1[2]2]2
. i =

We work with tableaux in SSYT5(1"[r]) as our central object, which the reader may identify
with either basis elements of A” Sym” C? or with partitions of L(n,m).

Note 3.1. The set SSYT,(1"[r]) is naturally in bijection with SSYTo,1(1"), by sending a tableau
with bold entries to the same tableau with non-bold entries. We note that SSYT|y,;(1") has
asl,, crystal structure, corresponding to the representation A"C" ! [BS17, §3]. We thus choose
to work with plethystic sl, tableau since they are already familiar to crystal theorists. Finding
the sl, crystal for A" Sym” C? as a refinement of the s, crystal for A"C"*! is morally the
approach of [OSSZ24].

3.2. Crystals and characters

For background on crystals as combinatorial objects, we refer to [BS17]. In this paper a crystal
is a seminormal s(, crystal. The next definition is simplified accordingly.
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Definition 3.2. A crystal is a set B together with two maps F': B — BU {0} and wt : B — Z
such that:

(CO) F restricted to F~*(B) is injective,
(C1) p(b) = e(b) +2wt(b) forall b € B, and

(C2) wt(F.b) = wt(b) — 1 whenever F.b # 0,

where o(b) = max{k : F*.b# 0} and e(b) = max{k : E*.b+#0},and E: B — BU{0} is
the inverse of F' where the inverse is defined, and otherwise 0.

We identify a crystal with the directed graph with vertex set B and an arc + — y when-
ever F..x = y. Although not immediately clear, the weight wt can be recovered from the
graph [BS17, Lemma 2.14]. By (CO) the graph is a disjoint union of paths, by (C1) the graph is
weight-symmetric.

Let a be the simple root of sy, so that Z is its weight lattice. A crystal of a representation V
is a crystal on the set of weights of V/ (Wlth multiplicity) such that wt(k5) = k/2.

A vertex b of a crystal is a highest weight element if E.b = 0. There is exactly one highest
weight element b for each connected component of a crystal of V', and the connected component
of b is the crystal of Sym?"**) C2. Therefore, given the set HW of highest weight elements of
the crystal of V', we can write

Ve @ sym®™® ¢ (3.2)
beHW

Characters of sl, representations are homogeneous polynomials in two variables x, y. Since
the trace of an sl, matrix is 0, we may specialise these two variables to ¢~'/2 and ¢'/? with-
out loosing any information. The character of the representation is retrieved from its crystal
via ), g ¢"*® [BS17, §2.6 and Ch. 13]. The character of Sym” C? is the Schur polynomial

1 1 qrgl—qf%l r r r -
S(T)(q 27q2) [T—l—l] —T 7 =¢ 2—|—q 2_|-q 2_|_..._|_q2’
qz —q 2

and the character of A" Sym” C? is the plethysm of Schur polynomials
) |:?”—|—1:| [r+1r] - [r—n+2]
s q2 = —= .
n [n]ln —1]---[1]

We will prefer the notation in terms of g-integers and g-binomials hereafter.

_1
S(1m) © s(,,)(q 2

Note 3.3. Our definition of g-integers (and hence g-binomials) is non-standard. There are two
objects typically called by this name: combinatorialists define the g-analogue of the integer r+1
to be

1— r+1
l—gq
With our notation, this is ¢"/2[r + 1]. Algebraists define the quantum integer r + 1 to be
=1
q q_l — q—r + q—r+2 R qr—2 + qr'
q9—4q

With our notation, this is [r +1}| 2. The g-integers we define arise most naturally in this paper.
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3.3. Posets

Many of the concepts that we use can be understood purely in the language of posets. We
follow [Sta86, Ch. 3] for the terminology.

Let P be a ranked poset P and let vk : P — Z be its rank function. A chain is a poset
in which the order is total. A saturated chain of a ranked poset is a subposet that is a chain
and that ‘does not skip any rank’: if it has an element of rank £ and an element of rank £ + NV,
then it has an element of each rank k 4 i for 0 < ¢« < N. A symmetric chain decomposition of a
ranked poset is a decomposition of the poset into rank-symmetric, saturated chains. We describe
symmetric chain decompositions in terms of a function matching each rank and the next one.

The bijection W of (3.1) sends a tableau with entry-sum £ to a partition of size k — w
The weight function on SSYT5(1"[r]) will be a linear function on the entry-sum of the tableaux;
the size of a partition is its rank on L(n,m). Hence the weight function of our crystals will
be the rank function on L(n,m) up to some shift. The character of a crystal of A" Sym" C?

is "] = [""™™] and the rank-generating function of L(n, m) is ¢"™/2["*™].

4. Crystals of A" Sym" C?

Set B,.(n) = SSYTy(1"[r]), and note that B,,(n) C B,1(n) € ---. Let B(n) = U,-, B.(n).
Define weight functions on each B,.(n) by

1
wh [l o) = o (nr ~ap ok a1)>. 4.1)

We outline a program to find a map F' : B(n) — B(n) for each n, such that restricting to
each B,.(n) produces a crystal. Note that /' will depend on 7.

Conceptually, we look for two operators F*°P and F*°* from B(n) to itself, each of which
satisfies axioms (C0O) and (C2) above when restricted to 53,.(n), but not (C1). Assuming some
compatibility properties (Problems 1, 2, and 3 below), the two operators can be glued together
into an operator F' satisfying (C1) when restricted to each B,.(n). See Figure 4.1.

o O .

(a) F*P in B,( (b) FP°t in B,( (¢) Fin B,(n).

Figure 4.1: F'is a function by parts solving Problem B.

The operator F*°P will be defined inductively using the operator ' on B(n — 2). The base
cases of this induction are F.& = 0 on B(0) and F.[a] = on B(1).
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4.1. Top operator

Lett = [an[---[a:]' € B,(n). By removing the first and last entry, we get a tableau ¢ in B(n — 2).
Assuming by induction that we have a crystal structure on Bi(n — 2) for all k£, we can con-
sider I .t+. Adding back the removed entries, we obtain a new tableau in B,(n), which we
define to be F'*P . ¢. More precisely,

QAn Qn
an—1 bn_2+4+ (an +1) bn_2 an—1 — (an +1)
FtOP = where = F
. R .
az bi 4+ (an +1) b1 az — (an 4+ 1)
aiy ai

If by + (a, + 1) = a; then the resulting tableau is not strictly increasing and we let F'*°P . ¢ = 0.

Example 4.1. For n = 2, we have t+ = @ forall t € B(2) and F.@ = 0. By convention, we
set F°P ¢ = (.

Example 4.2. Let n = 4 and ¢t = [1[4]5]8])". We begin by removing the first and last entry and
renormalising the tableau by a,, + 1 = 2 as in the displayed equation, to get t+ = [2[3]". It will
turn out that F'.[2[3]" = [2]4]' (Examples 4.7 and 4.13). Hence, renormalising and adding back
the removed entries, we obtain F'*°P. ¢ = [1]4]e[s]’.

Lemma 4.3. The operator F'*°? satisfies axioms (C0) and (C2).

Proof. The operator is injective on F~!(B(n)) by induction. The image differs from the original
tableaux exactly by one entry, also by induction. [

We define £ : B(n) — B(n) U {0} as the inverse of F'*P where the inverse is defined,
and otherwise 0; let e"P(¢) = max{k : (E'™P)*.¢ #£ 0} = ().

4.2. Bottom operator

Embedding B(n) into R™ via[an]---[a1]' — (ay,, ..., a;)" allows us to talk about directions. We
look for a decomposition of B(n) into paths ‘parallel’ to the vector (1,...,1)". Each path is of
the form P(to, vy,) = {tx}x>0, where

1 k /1
ty = to + floor | —vy, + —|
n n\ i

for some initial tableau t, and some offset vector vy, € S,,.(0,1,...,n — 1)". The floor is taken
entry-wise. We think of P (%, vy, ) as a discretisation of the line ¢y + ((1,...,1)"). We look for
a set of pairs (%o, vy, ) that we call a seed.

Example 4.4. Let n=2 and consider the initial tableau ¢, = [0]3]" with offset vector v;, = (0, 1)’.
Then, the path initiated at ¢ is

1 1 2
P(t(bvto) = {7 7 7 7 7 }
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Problem 1. Find a seed S such that { P(to,vy,) : (to,vi,) €S} is a set partition of B(n).
Example 4.5. For n = 2, the seed

s1={(2] () wos)

is a solution to Problem 1. Indeed, note that a tableau is in P([0]ac]’, (0, 1)) if and only if it is
of the form

i i
a0+i Or a0+i+1

for some i. Equivalently, a tableau [6]a]’ is in one of the paths if either
(i) a—b=0(2),o0r

(ii)) a —b=1(2).
These sets are disjoint and partition 5(2). We will use this seed in our running example.

Assuming a solution to Problem 1, we can define F*° via F*°t . ¢, = ¢, for each element t;,
of a path P(ty, vy, ). Hence F°! is defined on B(n).

Lemma 4.6. The operator F*° restricted to B, (n) satisfies axioms (CO) and (C2).

Proof. The operator is injective-where-defined, since every tableau belongs to exactly one path.
The tableaux in a path change exactly by one entry each step, since the offset is in the or-
bitS,.(0,1,...,n—1)". O]

Example 4.7. For n = 2, we have

Fbot_ b+1la) ifa=0(2),
el \Rlary) ifa #b(2).

We define a map ¢2° : B,.(n) — Z-o which maps #;, to K — k — 1, where ¢ is the first
element of P(ty, vy,) lying in B, 1(n).
Let ¢ be a tableau and a; be its largest entry. The next lemma shows that ¢P°!(t) is approxi-

- b
mately n(r — ay), after noting that 0 < ' (t) < n.

Lemma 4.8. Let t = [an]---[a1] € B(n) be a tableau. Then, p2°*(t) = n(r — ar) + ¢ (t).
Proof. Fix a tableau t = [an]---[a1]’ € B(n). Apply F°* successively to obtain a sequence

t, (FPYt, (FP)2t, o, (BP9t (Bt
In each step, exactly one entry changes between a tableau (F°°')*. ¢ and the next (FP°V)F+1 ¢, Af-
ter n steps, we have (F*)".t = t + (1,1,...,1), and therefore there is a unique

step 0 < k& < n such that
(FPoYRHL = (FPY)* ¢+ 4+ (0,...,0,1)".
Note that k = 2% (t). We have @2 ((FP°*)*.¢) = n(r — a1), and thus

P (1) = n(r —a1) + @7 (t). 0
Example 4.9. Let n = 2 and ¢t = [6[a]’. We have ©2°%(t) = 2(r — a) + ©2°%(t). By inspec-

r

tion of the formula from Example 4.1, we get F*°'.t € B,,1(2) only if a # b (2). That
is, P (t) = d4=p(2). Therefore, QP (t) = 2(r — a) + Sa=p(2)-

r
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4.3. Gluing up

Recall the axiom (C1), which we rewrite as a functional equation

(C1) ¢ — (e +2wt) =0.

It is not in general satisfied by F°°* nor F'*°P. Define a map A : B(n) — Z by

A=l — (e +2wt, ). (4.2)

T

The next lemma shows that A does not depend on 7.

Lemma 4.10. Let t = [an]-Ja1]'. We have A(t) = @2 (t) — @a,—a,—1(t*) + na,.

Proof. Gathering our formula for wt,. (4.1), together with the formula for ©°°* from Lemma 4.8,
and axiom (C1) for crystals on B,, _,,_1(n — 2), we can compute A(t) to be

A(t) = P (t) — (e"P(t) + 2 wt,.(t))
=n(r —ay) + g (t)
— Pay—an—1 () +nlar + a,) — 2(a, + -+ ay)
—nr+2(a, + -+ ay)
= QPUt) — Pay—an—1(tY) + na. -

Example 4.11. Let n = 2 and ¢ = [6[a]’. By Example 4.7 we have ¢+ = & and so ¢, (t') = 0
for all 7. Using the expression for ¢2°!(¢) from Example 4.9, we obtain A(t) = 2b + d,=p(2).-

a

As in Figure 4.1, we consider

B*P(n) = {t€ B(n) : A(t) <0} and B"(n)={tc B(n) : A(t) >0}
Definition 4.12. Fix n € Z. Define an operator B(n) — B(n) by

F*P t ift € B*P(n),
F.t=
FPot ¢ if t € BP%(n).
Example 4.13. For n = 2 we have B*°P(2) = @. Therefore F' = F* : B(2) — B(2). A
formula for F*°* was given in Example 4.7.

Note 4.14. The previous definition is reminiscent of Kashiwara’s tensor product rule [BS17,
§2.3], but we can make this more precise. Let B; = (B1, Fi, wty) and By = (Bs, F5, wty) be
two sl; crystals. Let ¢; and ¢; be defined in the usual manner, for ¢ = 1, 2.

Our objective is to construct a crystal structure on B; x B, with weight function
wt(a,b) = wty(a) + wta(b). As a first attempt, define an operator (F; ® 1).(a,b) = (Fi.a,b).
This operator satisfies axioms (C0) and (C2), but not necessarily (C1). Similarly, we could at-
tempt to define 1 ® F3 similarly, but we arrive at the same conclusion.
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Kashiwara’s solution in [Kas90, Prop. 6] is to combine F; ® 1 and 1 ® F5 via

F (a b) o (Fl &® 1).(0,, b) if QOQ(b) > 81(@),
’ (1®F2)(CL, b) lfgﬁg(b) < 81((1).
Working with sl, crystals, this is the Clebsch—Gordan rule, but Kashiwara’s rule generalises it
to any crystal. Now note that applying axiom (C1) for F} and F5 gives
w2(b) > e1(a) <= ea(b) +2wta(b) > ¢1(a) — 2wty (a)
< £5(b) +2wt(a,b) > ¢1(a) — A(a,b) <0,

where A := ¢ — (€2 + 2 wt). We have recovered the same expression found in Definition 4.12.

Define £ : B(n) — B(n) U {0} be the inverse of F' if it exists, and 0 otherwise;
define ¢(b) = max{k : E*.b # 0} as before. For each r, the operator F' restricts
to an operator F, : B,.(n) — B,.(n) U {0} by letting F,..t = 0 if F.t & B.(n).
Define ¢, (b) = max{k : (F,)*.b # 0}. An tableau is lowest weight if F,.t = 0. We need
a lemma relating lowest weight tableaux and the bottom B"°(n).

Lemma 4.15. If I, .t = 0 then A(t) > 0.

Proof. Lett = [an]---]aa] € B(n) and suppose F*P.t = F,.(t}) = 0. We thus deduce
Vay—a,—1(t") = 0 and get
Alt) = @s?t (t) — ‘:Oa1—an—1(t¢) +nap, = @Z?t (t) + na, > 0. [

For highest weight tableaux, we can similarly show that £'. ¢ = 0 implies A(¢) < 1, but we
need something stronger for Theorem 4.17 below.

Problem 2. Find a seed such that if E .t = 0 then A(t) < 0.
Finally, we need to control what happens around the points for which A(t) = 0.
Problem 3. Find a seed such that if A(t) <0< A(F.t) then A(F.t)=0<A(F*.t) forall k >2.

Example 4.16. The seed S(2) from Example 4.5 is a solution to Problems 2 and 3. Indeed,
let t = [b[a]’ € B(2) be a tableau and suppose Ey,. .t = 0. Then t is initial by Example 4.13,
and the formula for A(t) from Example 4.11 gives A(¢) = 0 + 0 = 0. On the other hand, the
condition to Problem 3 is void, as there is no tableau such that A(¢) < 0.

Theorem 4.17. If a seed is a solution to Problems 1, 2, and 3 then the restriction F,. of F' to
each B,.(n) defines a crystal.

Proof. We check that axioms (CO0), (C1), and (C2) of Definition 3.2 are satisfied by F,.. Ax-
iom (C2) is clear by construction, since it holds for both F'*°P and F’*°t. Axiom (C0) follows from
the seed being a solution to Problem 3: assume there exist tableaux t € B'P(n), t' € B(n)
and t” € B(n) such that

F..t=F% ¢=¢"=F®" ¢ = F .t
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Then A(t') > 0, which implies A(¢”) > 0 by Problem 3. But A(¢) < 0 and hence by Problem 3
again, A(t"”) = 0, which gives a contradiction. We thus have a disjoint union of paths.

It remains to check (C1). Note that it suffices to check the axiom for one tableau on each
path. Let ¢ be such that £ .t = 0, and consider the sequence {F* .t} obtained by repeated
applications of F,. By Problem 2, either A(t) = 0 ort € B°P(n). Since FNT!'.¢t = 0 im-
plies A(F'™.t) > 0 by Lemma 4.15, the path eventually enters B°°%(n), say at the kth step for
the first time. The tableau F*. ¢ satisfies

e(F*.1) = e"P(F*.¢), and ¢, (F*.t) = @2 (F".¢1).
By Problem 3 we deduce A(F*.t) = 0, which for F*.t is precisely axiom (C1). [
We end with a natural conjecture, which we show for n < 4 in the following section.

Conjecture 4.18. For all n > 0, there exists a seed S(n) which is a solution to Problems 1,
2, and 3, and therefore Definition 4.12 —which depends on S(n)— defines a crystal operator
on SSYTy(1"[r]) for all r > n.

5. Explicit constructions for small n

5.1. Crystals of A* Sym" C?
The running Example 4.1 — 4.16 and Theorem 4.17 amount to a proof of the next proposition.

Proposition 5.1. The operator F' from Examples 4.7 and 4.13 defines a crystal operator when
restricted to each B, (2).

In Figure 5.1 we illustrate the corresponding crystals as embedded in the plane, writing [ab]’
for [a]b]’ to avoid cluttering. Note that the paths follow the (1, 1)’ direction (South). Figure 1.1b
is the image of Figure 5.1a under the bijection ¥ of (3.1).

With a solution of Problem B in hand, we now translate it to a solution of Problem A. By (3.2)
we simply need to compute the set of highest weight tableaux.

The highest weight tableaux are by definition those for which £ .t = 0, which by construc-
tion are simply HW(2) = {[o[a]’ : >=%1. Using (3.2) and comparing it with (1.1),

a odéi
alay = #{t e HW(2) N B,(2) : a+2b =k}
- #{’ € HW(2) : a+3§:'fv} — O oad - Oper - K
To finish, we obtain a recursive formula for the character of A? Sym” C2. Note that
B._1(2) C B,(2), and that the crystal of 5.(2) is obtained by extending each connected compo-

nent of that of 3,_;(2), and then adding one extra component if r is odd. We have shown that
the character of A% Sym” C? satisfies the recursion

r+1 T
QR

Although not difficult, the n =2 case perfectly illustrates the nature of our constructions.
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[

02)/
[o1] [03] [12]

[02] (o4]f 18]
[o1] [03] [12] [o5) [1a] 23]

[02] (o4]f 18] 734 5] 4]
[03] [12] [05] [1a] 23] [16] [25] [34]

[o4) FE1 [15] 24] 26] 35]'
) 23] 23] En 3] @)

) 35/ 5]
[3a] (a5} 53}

(a) Crystal on By(2). (b) Crystal on Bs(2). (c) Crystal on Bg(2).

Figure 5.1: Crystal structures on B,.(2) as embedded in R?.

5.2. Crystals of A% Sym” C?

Set {[c[t[a]’ : ¢ =0, bodd, a —b # 2 (3)} to be the set of initial tableaux. We say an initial
tableau is

1. of the first kind, ifa — b = 1 (3),

2. of the second kind, if a — b = 0 (3).
For an initial tableau of the first kind, we let v, = (0, 1, 2)’; otherwise v; = (0,2,1)".
Lemma 5.2. The seed S(3) = {(t,v;) : t is initial} is a solution to Problem 1.

Proof. Every tableau of a chain initiated at a tableau ¢ = [0]bo[ao]" of the first kind is of the form

bot+i| Or bo +1 or |bot+i+1
ao + @ ao+i+1 ao+i+1

for some i > 0. Equivalently, a tableau [c[6]a]’ is in a chain P(ty, vy, ) initiated at a tableau of the
first kind if and only if it verifies

(i) b—c=1(2)anda—b=1(3),o0r
(ii) b—c=1(2)anda—b=2(3), or
(iii) b—c=0(2)anda — b =1 (3).
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Similarly, a tableau [c[b]a]’ is in a chain P(t,, vy, ) initiated at a tableau of the second kind if and
only if it is of the form

bo+i| Or |bo+i+1| Or |bo+i+1
ap + 1 ap + % ap+i+1

for some ¢ > 0 and some ay, by such that ay — by = 0 (3), if and only if it verifies
(iv) b—c=1(2)anda—b=0(3),0r
(V) b—c=0(2)anda—b=2(3),o0r
(vi) b—c=0(2)anda —b=0 (3).
The sets defined by (i)—(vi) are disjoint and partition B(3). H

The analysis of the previous proof and the formula from §4.2 can be explicitly condensed to

. [c+1]ola] ifb=c(2), anda — b # 2 (3),
FbOt.— [clo+ila] ifb#c(2), anda—bZ 1 (3), (5.2)
[c[ela+1]"  otherwise.

By inspection, we compute
o [e[oa]’ = (2 — Gpze(z) — ((@ — b) mod 3)) mod 3,

where x mod r is the unique number 0 < y < r such that x = y (r). On the other hand,

for t = [c[o]a]’ € B,(3), we have t+ = € B(1). Therefore,
Yae1(t)=(a—c—1)=(b—c—-1)—1=a—-b—1.
We can use Lemma 4.10 to obtain
A(t) = ((2 — Bze(z) — ((@— b) mod 3)) mod 3) —(a—b—1)+3c (5.3)

Now F' can be obtained as in Definition 4.12. See Figure 5.2, and note that e.g. the path started
at[o]1]4]’ starts in the (0, 1, 0)’ direction until [0[3]4])’ and then follows the (1, 1, 1)’ direction. The
direction changes because A([0]3]4]") = 0.

Lemma 5.3. The seed S(3) is a solution to Problem 2.

Proof. Suppose FEyo .t = 0. Then t is an initial tableau; the expression (5.3) gives
Alt) <b—a+1<0. l

Lemma 5.4. The seed S(3) is a solution to Problem 3.
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Proof. Suppose A(t) < 0 < A(F.t). If A(t) + 1 = A(F.t) then A(F.t) = 0. Suppose
that A(t) + 1 < A(F. t).

Let t = [c[b]a]’. Since A(t) < 0, we have F.t = [c[b+1]a]'. With the inequality A(F.t) —
A(t) > 1and (5.3) we deduce b # ¢ (2) anda—b =1 (3). Butthen A(t) =0—(a—b—1)+3c
is a multiple of 3 and

AFt)y=2—(a—b—1)+1+3c=A(t) +3

too. We conclude A(t) = —3 and A(F.t) = 0.
For the second part of the statement, we use that A(t) = @2°'(¢) — (a — b — 1) + 3c. Given

a

A(Fk.t) > 0we get F*+1 t = FPot | F* ¢, Now compute the difference A(F*1.t) — A(F*.t).

If F¥*1 ¢ = [c+1]b]a) then the difference is 2; if F**'.¢ = [c[6 + 1]a]’ then the difference is 0;

and if F**1 ¢ = [c[s[a+ 1]’ then the difference is 1. So the value of A increases weakly always,

and increases strictly unless F**!.¢ = [c[6+1[a]. It remains to show that A(F 2, t) > 0.
Suppose FP°! acts on F'. ¢ by increasing the b-entry. Hence

t=[e[ole), F.t=[loxila), F2t=[c[s52[a]

By (5.2) we get (b+1) # ¢(2) anda—(b+1) # 1 (3). Hence A(F.t) =0 =0—(a—b—2)+3c.
But A(t) =2 — (a — b — 3) + 3¢ < 0; these two expressions are in contradiction. O

The previous three lemmas and Theorem 4.17 amount to a proof of the next result.

Proposition 5.5. The operator F' obtained from (5.2) and (5.3) as in Definition 4.12 defines a
crystal operator when restricted to each 3,.(3).

Figure 5.2: A crystal structure on Bg(3) = SSYT,(13[6]) as embedded in R3.
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We can compute the highest weight elements,

HW3)={teB3) : E.t=0}
= {[c[e]al’ : A(t) <0, E*P.¢t=0}
= {[c[e[a]’ : A(t) <0, b=c+1}
= {[clelal’ : 255 b=c+1}.

Corollary 5.6. The plethystic coefficient a’fg ] satisfies

alfs[r] = # {/ € SSYT2(13[T]) : Ziiii?«}: =c+1, 3a+2ab<—&;c:k,

Before concluding the section for n = 3 with the proof of Theorem 1.2, we introduce an
alternative way of illustrating the crystals that give useful geometric intuition. To do so, we
slice B(3) into slices of the form B,.(3) \ B,_1(3). Each of these slices is embedded naturally
in R? via [[6[~]' — (c,b)’. We take the convention that a path in a slice always travels South.
When a path ‘jumps’ from one slice to another, we do not draw anything: if the slices are lined
up then the jump is clear. Compare Figures 5.2 and 5.3. For instance, the path starting at [o[1]2]’

jumps to [o[1]3]’, travels South till [1]2]3]’, jumps to [1[2[4]’, etc.

012 013] 014] 015/ o016/
/ / / /
024 025 026
123]  [03a] [124) 035] [125] 036/ [126]
134] [025] 1357 [046] [136
234] 145] [235) 056] [146] [236]
245] 156] [226]
345] 256/ [346]
356]
(456

Figure 5.3: A crystal structure on Bg(3) = SSYT,(1%[6]) as embedded in R? slice by slice.

Proof of Theorem 1.2. The crystal of 3,.(3) is obtained from that of B,_;(3) by extending each
path by 3 nodes, and then adding some other components that are governed by F'*°P (which is
given by the operator I on B(1)). (For instance, the crystal on Bg(3) in Figures 5.2 and 5.3
is obtained from the crystal on B;(3) by extending the paths that terminate in [1[3]5]', [1[4]5]'
and [3]4]5]" and then adding the chains initiated at [o[1]6])" and [1]2]s]".)

Consider a tableau ¢t = [c[b[r]’ in the rth slice and such that A(t) = 0. By reducing (5.3)
modulo 3, we deduce that ¢ is in either the set (i) or (vi) from the proof of Lemma 5.2.
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If ¢ is in (i), then A(t) = 0 — (r — b — 1) 4+ 3c and hence b = r — 1 — 3c. By definition
of (i) we have (r — 1 — 3¢) — ¢ = 1 (2) and we deduce r is even. Conversely, for all r even, each
tableau of the form

t = [k[r —1—3k[r]' for some k > 0 such that 4k < r — 1

satisfies A(t) = 0. There is exactly one tableau in each chain for which A(—) vanishes.
Given t = [k[r —1—3k[r]' we compute £(t) = e(t') =b—c—1=7r —2 — 4k and o,(t) = 0.
Thus the chain ¢ belongs to has » — 1 — 4k nodes: it contributes to the character with a sum-
mand [r — 1 — 4k].

If ¢ is in (vi), then A(t) = 2 — (r — b — 1) + 3c and hence b = r — 3¢ — 3. Going back
to ¢t € (vi), we deduce r odd. Note that €(¢) = r — 4c — 4 and ,.(t) = 2. Conversely, for all r
odd, each tableau of the form

t = [k[r —3 —3k[r]' for some k > 0 such that 4k < r — 5

satisfies A(f) = 0. Each of these is in a chain which contributes to the character with a sum-
mand [r — 3 — 4k] o = [r — 1 — 4k].

Once again, since every chain contains exactly one tableau such that A(—) vanishes, we
obtain the desired formula. ]

We remark how this can be seen from Figures 5.2 and 5.3. The chains initiated at [0]1]6]’
and [1]2[e]’ are in the (0, 1,0)’ direction, and together contribute to the character of A* Sym® C?
with [5] + [1]. Truncating the figure to its four first slices, we see that the chain initiated at[o[1]5]’
has one tableau [0[2]5]’ for which A(—) vanishes and contributes to the character of A3 Sym5 C?
with [4].

5.3. Crystals of A* Sym” C?
Let a tableau ¢t = [d[c[b]a]’ be initial if d = 0, and a and ¢ are odd. Moreover, we say it is

e initial of the first kind if b is even, and

« initial of the second kind if b is odd.

We let v, = (0,1,2,3) and v, = (0,3,2,1)" be the offsets of the first and second kind, respec-
tively.

Lemma 5.7. The seed S(4) = {(t,v;) : tis initial} is a solution to Problems 1.

Proof. Every vector of a path P(t,, vy, ) initiated at an initial tableau [0]co [bo a0 ] Of the first kind
is of the form

co + 1 co+1 co + 1 co+i+1
bo +i] T bo + 1 o o izi] O [boriy1
ap + 1% ap+1i+1 ap+i+1 ap +i+1

for some i > 0. Therefore, a tableau [d]c[b]a] is in a chain P(t¢, vy,) initiated at a tableau of the
first kind if and only if it satisfies
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() c—d=1(2),b—c=1(2)anda—b=1(2), or
(i) c—d=1(2),b—c=1(2)anda—b=0(2),0r
(i) c—d=1(2),b—c=0(2)anda—b=1(2),0r
(iv) c—d=0(2),b—c=1(2)anda—b=1(2).

Similarly, a vector [d[c[b]a]’ is in a chain P(ty, vy, ) initiated at a tableau of the second kind if and
only if it is of the form

co + 1 co+i+1 co+i+1 co+i+1
bo +1] OF bo + 1 o o riv1] O [eoriy1
ap + 1% ap + 1 ap + 1 ap+1i+1

for some ¢ > 0 and some ay, by, ¢, all odd; if and only if it satisfies

V) c—=d=1(2),b—c=0(2)anda—b=0(2), or
(vi) c—d=0(2),b—c=1(2)anda—b=0(2),0r
(vii) ¢ — 0(2),b—c=0(2)anda—b=1(2),0r
(viii) c—=d=0(2),b—c=0(2)anda—b=0 (2).
The sets defined by (i)—(viii) are disjoint and partition 5(4). H

Explicitly, we get a formula

7l [a+1]cfela)’ ifa=c=d(2),
oot [l _ [detifela] ifb=c#d(2),
’ [a[c[otile) ifa=b#c(2

( (5.4)
@lefslati) ifab=d(2).

By inspection, we compute

oo [dlelo]al’ = (Suzp(2) + 20pze(2) — Oezza(z) — 1 — Sreiyv) mod 4,

where d:¢(i)_v) checks whether the tableau ¢ = [d]c[e]a]’ is in the parts (i)—(iv) from the previous
proof. Note that these are the tableaux in which there are at least two changes of parity when
read in order. On the other hand, we have ¥ =[c—a—1[6—a—1]' € B(2) and therefore

gOa,dfl(ti) = 2(0, — b — 1) —+ 5bEc(2).
We can now use the formula of Lemma 4.10 to obtain
A(t) = @' (t) — 2(a — b — 1) — Gp=c(z) + 4d. (5.5)

The operator /' can be computed as in Definition 4.12.
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Lemma 5.8. The seed S(4) is a solution to Problem 2.

Proof. Suppose Eyo .t = 0. Then ¢ is an initial tableau. If ¢ is of the first kind, then ¢ € (i)
and A(t) = 0—2(a—b—1)—0—0 < 0. If t is of the second kind, then ¢t € (v); we
get A(t) = 2—2(a—b—1)—1—0and also that a and b are of the same parity, hence A(t) < 0. O

Lemma 5.9. The seed S(4) is a solution to Problem 3.

Proof. Suppose A(t) < 0 < A(F.t). If A(t) + 1 = A(F.t) then A(F.t) = 0. Suppose
that A(t) + 1 < A(F. t).
Let t = [d[c[b[a]’. With the inequality A(F.t) — A(t) > 1 and (5.5) we deduce

aZb=c(2) and F.t=[d[c[b+1]a].

Regardless of whether ¢ = d (2) or not, we can compute A(F.t) — A(t) = 2but A(t) =1 (4),
which is a contradiction to A(t) < 0 < A(F.1).

For the second part of the statement, we note that A(FP°*.¢) — A(t) is 1 if F"°! acts by
increasing the a-entry, 3 if it acts by increasing the d-entry, and 0 otherwise. So the value
of A(F*.t) increases weakly for & > 1, and increases strictly unless the operator F acts by
increasing the b- or the c-entry of F*~1.¢. It remains to show that A(F2.¢) > 0.

If F%.t is obtained from F.t by increasing either the a- or d-entry we are done; we sup-
pose the contrary and look for a contradiction. Note that if F.¢ = [d[c[6+1]a] then b # ¢ (2)
and hence F2.t cannot possibly be obtained from increasing the b-entry by looking at (5.4).
Similarly, F'2. ¢ cannot be [d[c + 2[6[a]’. We deduce that F'?.t = [d[c+ 1[b+ 1]a]’.

If F.t = [d]c[b+1]a]’ then we conclude b # ¢ # d (2). That is, ¢ is in parts (i) or (iv).
A computation yields A(F.t) — A(t) = 1. Since A(F.t) = 0, we must have A(t) = 3 (4).
But (5.5) gives A(t) = dazb (2) (4), which is the contradiction we are after.

If F.t = [d[c+1]b[a] then we conclude @ = b = ¢ (2). That is, ¢ is in parts (v) or (viii). A
computation yields A(F.t) — A(t) = 2 + 04 (2)- We compute A(t) mod 4 to be 3 in part (v)
and 0 in part (viii), giving contradictions in the same manner as before. [

The previous three lemmas and Theorem 4.17 amount to a proof of the next result.

Proposition 5.10. The operator F' obtained from (5.4) and (5.5) as in Definition 4.12 defines a
crystal operator when restricted to each B,.(4).

We can compute the highest weight elements,

HW(4) = {t € B(4) : E.t=0}
={teB4) : At) <0, E*".t=0}

~X
= {@eay - ) <o, 245
. azb+2d+1, c=d+1,
= ﬂﬂﬂ D aZbioare bre (2)}’
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Corollary 5.11. The plethystic coefficient a’f4 0] satisfies
afuyy = #{EIDI) € HW(9) = 0 20 o izh

We can visualize the crystals in a similar manner as before, by embedding B(4) into R, then
breaking it into tetrahedrons B,.(4) \ B,_1(4), and slicing the tetrahedrons into triangles. Hence
each slice is the set of tableaux of the form [do[c[#]a0]’ for some fixed ag and d,. We take the
convention that a path within a slice always travels South. We do this in Figure 5.4, where a path
ends in a circle if it jumps to the next slice to the right, and a path ending on a square jumps to the
next slice down. Since the slices are aligned, the jumps should be clear. For instance, the path
started at [0][1]2[3]" jumps down to [0][1]2[4]’, travels South till [o[2[3]4]’, jumps right to [1[2[3]4]’,
jumps down to [1]2[3]5]’, etc.

The figure contains geometric intuition that helps when showing Theorem 1.3 on the char-
acter of A* Sym” C2.

Proof of Theorem 1.3. Some components of B,.(4) are obtained by extending those of B, _1(4).

(In Figure 5.4, the crystal for B,_1(4) is obtained by truncating the picture to the first r — 1

rows; each path ending on a square gets extended by 4 new nodes in the next row of slices.) The

remaining components are governed by F*°P, which is given by the crystal operator on 3(2).
For the rest of the proof we suppose 7 is odd and show

{7::1} _ [ﬂ+4+z{r—62k—1] +Z[T_62k_7}+6'

k>0 k>0

The proof for even 7 is similar.

Let t = [d[c[6[r]' be a tableau in the rth row of slices and suppose A(t) = 0. Since 7 is odd,
t is seen to be in sets (i) or (viii) from Lemma 5.7 by explicit computation.

If ¢ is in (i) then ¢,.(t) = ©P°*(t) = 0 and the formula from (5.5) gives 4d = ¢, _q_1(t') =
2(r — b — 1). Reordering terms, b —d — 1 = r — 3d — 2. This means that  — u* maps the
chain ending in ¢ to a chain of B,_3;_2(2). Since r + 1 is odd and ¢ € (i), then d = 2k is even
and we can write 3, _¢;_2(2). Therefore all tableaux ¢ such that A(¢) = 0 and ¢ € (i) introduce
a summand [~ 2] to the character.

Now suppose t € (viii). Since r is odd then d is odd and ¢, (t) = 3 by explicit compu-
tation. Using (5.5) we obtain 3 + 4d = 2(r — b — 1) + 1. But we can also com-
pute £(t) = e(t*) = 2(b — ¢) — 1. Since b = ¢ (2), we have £(t) > 3, and thus we know E3.t
exists. We prefer thinking of the chain containing ¢ as passing by E3.t = [a[e—1]b —2]r]’ and
getting extended by 6 nodes. Reordering the expression obtained using (5.5) for ¢, we ob-
tain (b —2) —d —1=1r—3d — 5. Write d = 2k + 1; the chain passing passing by E3.t is
obtained from B,_g,—s(2) and then extended by 6. Hence all tableaux ¢ such that A(t) = 0
and ¢ € (viii) introduce a summand [(“6’“27 S)H} L6 f0 the character.

Since every chain contains exactly one tableau such that A(¢) = 0, and we have accounted
for all such tableaux in 5, (4), we are done. O

We remark how this character formula can be read from Figure 5.4. For instance, some
tableaux ¢ such that A(¢) = 0 and ¢t € (i) are [o[1]e[7]’, [0[3]6]7]', [0]5]6[7]. Compare the
slice [o[b]c[7]" of the figure with the crystal on Bs(2) from Figure 5.1b.




COMBINATORIAL THEORY 6 (2) (2026), #5
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[0156]  [0246)'

[0137)

(o147  [0237)
(0157  [0247)

(o167 [0257 [0347)
(0267  [0357)

(0367 (0457
[0467)

[0567)'

[o128]’
[0138]'
(0128  [0238)
(0158]'  [0248
(o168’ [0258] [0348)
(o178 [0268) (0358
(0278 [0368]' [0458)
(0378]'  [0468)
(0478]'  [0568)
[0578]'
[0678]'

Figure 5.4: A crystal structure on Bg(4). Each path is directed south, a path ending on a circle
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jumps to the right, and a path ending on a square jumps down.
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6. Final remarks

The number of constituents of A” Sym”C? is the number of tableaux in SSYTo(1"[r]) of weight 0
if n 4 r is odd, or weight —1 if n 4 r is even. Through the bijection ¥ of (3.1) this number is
equal to #{\ € L(n,m) : A+ |nm/2]}, where r + 1 = n + m. Indeed this is the number
of partitions in the centre rank of L(n,m), and in a symmetric chain decomposition of L(n,m)
each chain visits the centre rank exactly once.

Corollary 6.1. The cardinality of {\ € L(n,m) : A\t |nm/2|}is
1. |(r+1)/2] forn=2, and
2. [(r+1)?/8] forn=3.

First proof of Corollary 6.1. We proceed by double counting. We count the number of com-
ponents in our crystals by counting the partitions in the centre rank of L(n,m). But we can
similarly count the number of highest weight tableaux HW (n) intersecting B,.(n), since again
there is one such tableau per chain in a symmetric chain decomposition of L(n, m). Given the
expression of HW(2) from the previous section, the statement for n = 2 is now clear. The
set HW(3) N B,.(3) is, up to the shift

l4c+2[c+1[c]/ —> l4c+1[c+1[c]/’

the set of integer points in aright triangle of a plane of R® with base r+1 and height (r+1) /4. [

The set HW(4) N B,.(4) is the integer points of a tetrahedron of volume (r + 1)3/18 to
which roughly half the points were removed by imposing two coordinates to be of different par-
ity. Thus the number of constituents is roughly |(r + 1)3/36 for n = 4. The precise number
is [(2r3 — 3r? + 6r + 27)/72] [AF78, p. 69].

We have yet a third way of computing the number of constituents of A" Sym” C2, using
the character formulas obtained for n = 2 and n = 3 (this latter is Theorem 1.2). Remark
that [k]|,—1 = k and [*]],—1 = (¥).

n

Second proof of Corollary 6.1. If f is a character of a representation 1/ (hence f is a Laurent
polynomial on ¢'/2), then the specialisation f|,—, is the dimension of V, and (f; — f)|,=1 is j
times the number of constituents of f. The number of constituents of A™ Sym” C? is therefore

1 r+1 r+1

n no|., n
For n = 2 we obtain the formula [’;2} = [“2“1} ot 7 even - [1] from (5.1) and hence the number
of constituents of A Sym” C? is

1 (r+2 s C(rH1\) _r+l-dreen [T+l
2 2 2 a 2 o2

q=1
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For n = 3 Theorem 1.2, Pascal’s identity, and the arithmetic series formula give

(0595 ()4 5o

4k<r—20r even 4k<r—20r even

_T(T—l—l) 1 T_Q(Sreven T_25reven
6 _3[ 1 W'(T”_Q[ 1 D

Distinguishing by cases (r even or odd) and straightforward algebraic manipulations simplify
this expression to | (r + 1)?/8], as desired. O

For n = 4 the computations are cumbersome, and so we prefer to omit them.

We were not able to prove or disprove the applicability of our crystal framework for n =5
and beyond. The number of choices needed to find seeds grows quickly with n. Standardising
these choices might be the only thing keeping us away from a solution to Problems A and B.

A. Recovering related constructions

Transporting our operators F’ through the bijection ¥ of (3.1), we find symmetric chain decom-
positions of L(n,r+1—n) = L(n, m) for n < 4. In the next two propositions, we show that the
crystals given in the previous section are a new description of the symmetric chain decomposi-
tions of L(n, m) given in [0SSZ24]. We remark once again that this is unexpected, since (i) both
approaches do not coincide, and (ii) the ‘desirable properties’ imposed in [OSSZ24] are not all
a priori required in our constructions. Moreover, we remind the reader that our decompositions
for n=23 and 4 are examples of one unique construction, which is not the case in [OSSZ24]. All
these facts might be pointing to some uniqueness result, which we leave for future exploration.

Proposition A.1. Forallt € B(3), we have V(F.t) = f.U(t), where f is defined in [OSSZ24,
Thm. 24].

Proof. We begin by comparing the sets of highest weight tableaux. Our description gives
HW(3) = {EBla) : 42 b=ct1}.
Apply the bijection ¥ : B,.(3) — L(3,7 + 1 — 3) to obtain
{(372"17) « 5%, y=0}.

These are the minimal elements described in [OSSZ24, Thm. 24(2)]. (Caveat lector: our bijec-
tion changes highest weight for lowest weight.) Next [OSSZ24] proceeds by induction, consid-
ering the poset isomorphism given by

L(3,h —4) — L(3,h)
A= A+ (3,1%).
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We claim that our crystal structure is also compatible with this recursion. Translating this map
through U1, it becomes [c[b[a]’ + [c+ 16 + 1]a + 4]/, which we write as t — ¢ + (1,1,4)’.

It is apparent from inspection of (5.2) that F*°'(t 4 (1,1,4)") = F"'(¢) + (1,1,4). Fur-
thermore, we have the following formulas

o+ (1,1,4)) = (1) — 12
e'P(t + (1,1,4)") = &"P(¢)
wt,(t+ (1,1,4)") = wt,.(¢t) — 12.
Consequently, A(t) = A(t + (1,1,4)’). Altogether,
F(t+(1,1,4)) = F(t) + (1,1,4),

as desired. To finish, [OSSZ24, Prop. 27] now describes a symmetric chain decomposition
of the complement L'(3, h) of the image of the above isomorphism. That is, the poset whose
underlying set fits in

L(3,h) = L'3,h) LU{A+(3,1°) : A€ L(3,h—4)}.

To do this, formulas are given for the crystal operator, which they denote by f. The map is
defined as a map by parts on 8 parts, denoted (1)—(8). The first two parts correspond to tableaux
on B'°P(3), and the remaining 6 parts correspond to the sets (i)—(vi) of B°!(3) defined in the
proof of Lemma 5.2. For instance, the set (3) is given by the partitions A = (372¥1%) with z = 0
and y even. Noting that 0 < z < 3 in L/(3, h), and translating to our setting through !, we
get the set of tableaux ¢ = [c[b[a]’ given by

b—c=1(2) and a—-b=1(3).

This is the set (i) of Lemma 5.2. They let f.(372¥1%) = (372¥1°*1) for partitions A = (3°2Y17)
in (3), and we let F.t =t + (0,0, 1) for ¢ in (i). Through U~! these are the same operator,

fW(t) =W(F.t) fortin(i).

The full correspondence between the sets (3)—(8) of [OSSZ24, Prop. 27] and the sets (i)—(vi) of
Lemma 5.2 is as follows

(8) & (), @) G, (6) oG 6)cw, (7)o, 8.
It remains to check f.U(t) = W(F.t) in the five latter cases, which we leave to the reader. [

Proposition A.2. Forallt € B(4), we have V(F.t) = f.U(t), where f is defined in [OSSZ24,
Thm. 31].

Proof. We begin by comparing the sets of highest weight tableaux. Our description gives

. 21) 2d 1, :d+1)
HW(4) = ﬂﬂﬂ D agbr2ita, be (2)}'
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Apply the bijection ¥ : 5,.(4) — L(4,7 + 1 — 4) to obtain

{(msrney o 52 50 )
These are the minimal elements described in [OSSZ24, Thm. 31(2)]. Next [OSSZ24] proceeds
by double induction, considering the poset isomorphisms given by
L(4,h —3) — L(4,h) L'(4,h—2) = L'(4,h)
A= A+ (4,1%) A= A+ (22),

where L'(4,h) is the complement of the image of the first isomorphism; let L”(4, h) be the
complement of the image of the second one. That is,

L(4,h) = L'(4,h) U{\+ (4,1*) : A€ L(4,h—3)} and

L'(4,h) = L"(4,R) U{\+ (2%) : A€ L(4,h —2)}.

We claim that our crystal structure is also compatible with these recursions. Translating the
maps through U1, they become

tt+(1,1,1,3) and trst+(0,0,2,2).

It is apparent from inspection of our expression of (5.4) that F*°'(t + (1,1, 1,3)’) = F°'(t) +
(1,1,1,3)" and similarly for (0,0, 2,2)". Furthermore, we have the following formulas

90E0t<t + (17 17 17 3)/) = QOEOt(t) —12
e“P(t +(1,1,1,3)) = &"P(t)
wt,.(t + (1,1,1,3)") = wt,.(t) — 12.

In a similar way, one can analyse the map ¢ — t + (0,0,2,2)" and obtain analogous for-
mulas, where the coefficient 12 now becomes 8. Consequently, A(t) = A(t + (1,1,1,3)")
and A(t) = A(t + (0,0,2,2)"). Altogether,

F(t+(1,1,1,3)) = F(t) + (1,1,1,3) and F(t+(0,0,2,2)") = F(¢) + (0,0,2,2)’.

To finish, [OSSZ24, Prop. 33] now describes a symmetric chain decomposition of L”(4, h). To
do this, formulas are given for the crystal operator f. The map is defined as a map by parts
on 10 parts, denoted (1)-(10). The first two parts correspond to tableaux on B*°P(4), and the
remaining 8 parts correspond to the sets (i)—(viii) of B”°!(4) defined in the proof of Lemma 5.7.
(Note that any partition (4*3*2¥1%) in L"(4,h) satisfies 0 < < 2and 0 < y < 2.) The
full correspondence between the sets (3)—(10) of [OSSZ24, Prop. 33] and the sets (i)—(viii) of
Lemma 5.7 is as follows

(3) ¢ (), (4) (i), (5) < (iiD), (6) <> (iv),
(7) < (viil), (8) <> (v), (9) <> (vi), (10) <> (vii).
It remains to check that for each of these sets (1)—(10) we have W(F.t) = f.W(¢). For instance,
the set (4) is given by the partitions A = (4*3?2Y1%) with x = 1, y = 0, and z even. They

let f.(4w372v1%) = (4w372¥T117~1) for partitions in (4), and we let F.t = ¢ + (0,1,0,0)’ for ¢
in (ii). Through ¥ these are the same operator. We leave the remaining cases to the reader. [
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