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ABSTRACT 

. ~~ 

•'· 

• 

• 
We investigate conditions imposed on the S matrix by the requirement 

that interactions between elementary particles be of short range. We will 

consider, in particular, two distinct properties of elementary-particle 

interactions, which we call cluster properties: (1) that interactions'. 

between particles proc·eed independently of the presence of other particles · · · 

far away in space and time; (2) that multiparticle scattering proc~sses 11 
• ' I ~ 

occur predominantly by means of a freely-propagating particle connecting,· 

in a ca~sal way~ successive scattering processes which involve fewer particles. 

We formulate these properties as limiting equations .involving plane-wave. 

···s-matrix elements. These equations imply a structure in the S matrix which 

: · · we 'call the cluster structure.; 
I 

We demonstrate the independence of the 

cluster properties from the usually-postulated properties or. the S matrix, 

Lorentz invariance and un.itarity. We show that the S operators obtained 

. 

··.~· 

· · · · ;: . from the Feynman perturbati.on theory_ and from the LSZ formalism satisfy both. 

_. :~ • ! • : •• cluster proper,ties. We c~a~ that !&. ~ealiBtic theol')" of ~lement~-

i 

.. (. 
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. ... _ .. . " r ·. 
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t.,.;' 
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' I~· < ~: • 
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· · particle interactions must satisfy· these properties. · · . , .. 
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I. IUTRODUCTION 

This study is concerned with a class of properties which any 
. ""' . . 
realistic theory or elementary particle interactions must satisfy. The 

· properties which. concern us are those which derive trom the short-range, 

or approximately local, nature of elementary particle interactionso We 

.. 
. j 

• 

·• . 

.choose to discuss these properties and their consequences in terms or the , .. 

. · .. 

S matrix. 

1 ·Let us review briefly the S-matrix program proposed by Heisenberg. 

In the early 1940's, he attempted to isolate trom the quantum field theory 

of that time, beset as it was with divergence difficulties, those concepts 
. ~ 

' which are generally valid, and which would occur. in any future tpeory 11 

. . 

(possibly not beset by divergence difticu,l.ties)~ He studied in particular 

the observable quantities in scattering processes: ·the asymptotic behavior 
. . . 

in·coordinate space of the wave functions of the participating particles. 

·To discuss these quantities he introduced a matrix 5 9 whose plane-wave 

· momentum-space matrix elements give the transition probability amplitudes 
... ! ~ 1 ·. . , I 

.. ; . ~ . . 

...... ·.: . .~ .. " ... " .tor scattering and production processes for two or _more particles. That is 8 
. ·~ :• ' I ~ ' 

·.1. : :, ; ··> ..... the plane-wave s-matrix elements determine the transition probability \ .. , 

.-... 
•• l •• · ... \. amplitude between ·an initial state . of non-interacting particles and ·a 

·, , ... 

· ... 

·\. final state of non-interacting particles.. The observable quantities \n . 
.., ,' . , I·: . . \ ' 

., . ·· : , ;::'· ··\·: coordinate space are obtained by Fourier transformation. A detailed · \ '· .·.:~ 

• ~./i :: .. :_.':,' ·:· ··. : · \:· . .' d~scription ot the interac~on was not attempted by. Heisenberg, and he ~~s . : ..... · .. 

. . ·.· :, .:.: .•. ·! 'l:~hus able to bypass the div~ence difficulties. In his formul&tion . · \ : . 

? · :, <: .· · .. ::··." '·, lH~isenberg proposed iri pUtic"'ar that S be .a unitary operator,· and that·=::\ : .:::.; 

(; ..... :~~ .. ·. · <··\it gQ~ute .vith:.~rentz::tl:an.sr~:~tions.·,: lie a.lso: indicat~~~.a .... !' ;; .·.. •.: •\·:\. 
' ' . .''· . : · .. ··.\'.'. . ·.·· .. ·. •\ . :, . ; I ·.\ . j • ••• :. < ~ ... ,, 

t· • . ,\. • ;.~·~~ ..... ~f.. 'c,.. ., :.:. " _.: .=~:·:·:·~\ : 

,· ';'' . . ' ""_. \ : . ' >c:. .· .. \ 

\ . : 



. 
-:.---,--- ~ ·. 

·._.-:~·~~s ..-;; 
·. 

. ,. 

\ 

.. .. ,. 

, I 

·.. , r·\ 
.. ' . . . . \ . 
: "'. ~. . ' 

·: • ' •• ~ • : ... ! ' ~ S matrix which implicitly:suggests "connectedness structure" 

' \ 
\ 
\· 

·'· 

··< .:.'-_ ·:~~t the ideas to be developed in tlte present study. ~\ ~J 
-· '- :. ·· : · .. · ~·_.- , . .' ': !~1. We may interpret the sp, ri t or Heisenberg's program to be the followi~g( 

l' '. . . -~, 
· ·:·:;.:\. / , . ·~ : _\ ·• · . tIn any reasonable theoey or elementary-particle interactions we must. be ~ble • -~\ 

.. ·:,to define an S matrix. Ultimatel~, of cours~, the theory must reproduce . : ..... ,\ ( ' . . -i-

. ~ ~; ' 

-!·;. 
'\ ~ ,, 

. . 

- ·,: \ ,. 

,. ' 

' 

~ I , 1 ·, .· 

. ·.·all experimental results in detail\ However, even if ve do not know the ·.;·;' 

· correct • detailed theoey • we can nlertheless say that a~y candidate .,, . ·. ~~:··, · 
\ .... '· ·, . 

for the S matrix must satisfy such general conditions as unitarity and 

rlor~ntz invariance, or be excluded from consideration. It i.s. thus ·a l . . \ . 
m~aningful task to i~quire what further conditions on the S matrix woUld 

., 
.. · ' 

. , , .. .·-' , . . / · ~ · 1~ t the choice of theori'es. It is this task to which we address our~, ~ ,:· .. · ... F:' . ·. 

~-'{j :.:: :. ;:' .>}; :> selves •. The further conditions on the \S matrix ~hich we propose are, -a~' · ·· :.;:>. · . 
• ·.:· ~ ... : ( ' • • ' .• .. ~ '_,-_1. ,· 
·.·\.. : .. J.' 

-~ ~ • ~: • <, : 

;: ~ . I . • r ' 'f • ,4. ', ' • . ·>~ < ~ ;~ . :~·. ' . ·~: 
' . 1 : ·. 1 

ve have said before • those which derive from the short-range of the inter- · ·· 
' .. 

actions • ~. ' 

; . 

. \ ~ . _: l ' 
4•., ': . -· . . :·. 

' ' . ' . 
· .. ; 

. -~ : : 
·-~~ ~ _-. .: . 
'·' ,,·,_,: I 

-~ :; 'i. 

·. -:. .. ' ' - ~-

: \ : ... 

·, 

,. ·.· '•·' 

By "sh~rt-range" f'orce, we have iri mind a definite notion·, 

although ve do not formulate 1 it rigorously. In a naive and-intuitive 

·sense, we tnean that two particles interact only whe':l they are "close" to 

each other • but we do not specif':r in detail what is meant by 1
' close o" 

Rather, our notion is that for very early times and for very ~ate times~ 

. . 

; 
{". ·,· 

··: ;'• J :-.'. 

.• ;·· •• t _.,~ •.• ·< . 
when the particles participating in a scattering process tend to be more ··. -, r · 1 ,,, 

;..:;;;; ' 

' -~ .. 1.· ·./: ··.-. :~· ~.: ·;: . . . . . 

" ... • ~-Y· -~-~-~ -~- ·-~ · .. , 
~'::' ..: : '-~~ '· .:~·!:;.·,\-'_ ·::_: ,' 

and more s~parated* they tend to behave as fre~ particles because the 

·· '· interaction ceases to be effective • In'other words 1 we mean.that "short-
··~· ' . 

' .· '·· 
·:~ ' ... 
' 
,·6' 
: , .. · 

·'/."···· 

.. 
,~:- ·-

. ~ . : . ·.:.: 

.. ,r'·. \ • ,. 
range" forces are of such a nature that asymptotically amultiparticle 

• f,' 

. I"' .• 

. ' ·' ~ .· system can b~ described by tree-particle states. Of course~· _this 
·. ·· . 

. :::::. assumption about the 
. , .. * ,·. 

· · · . ..-: .. , . free-particle ·.states 
. . . . .,,_ -. . 

·,~--·. ·.'· -~::.-~--.:-i· ... ;< . 
. t ": .... : .• ~.o·: " : .. .- .' I '': • 1 , ·~ , 

' . 

.. · 

forces iS necessary it S-matrix ··elements taken between : .. : . ·, . 
.. ·". . ···:'-· ,.-- ·.-~ ~· · .. ::·:· -~··:.,·~~ 

are to be the observable quantities .in :·a.:.theory which. : . . · ·· : ' 
l • :·. ,' ••• '. ':.: . . : " . • . ;:)::" . : 1"·. /'': •. ~: .. ~ • :: .• ~ • ;"j. :·.··:~:.:·:_: .. :~. 

.·_,·· .. '... ".:\.:: .. . ···, ·. 

. .. . . 
.. . ' 



.. 1' • 

· .. 
•· 
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avoids the specific details or the interaction. It is this notion of 
i 

"short range" which is referred to hereafter. To avoid misunderstanding, 

it should be pointed out that we are not restricting the interactions to 
. -

be derivable from potentials which vanish outside a finite region or which 

have an exponential decrease. The notion ~r short· range used here is much . · 

·more general. For simplicity, however~ Coulomb-type forces are excluded 

from· consideration.2 

We turn now to the terminology to be employed, In a multiparticle 

system any given particle will interact, we assume, only with particles in 

its neighborhood, only with particles which are clustered.about it. Or, 

' 

in a negative sense, a particle will not interact·:with particles which: are.·. - . ' 

not clustered about it, Hence we call the properties to be discussed here 

cluster properties. Of course, the word cluster has been .used extensively ... 
: :· .. 

in·both classical .and quantum statistical mechanics, but :.here wet~do:.nc;>t 

.. . ·: want to assume any knowledge of results from· those areas; we use the word. . . ... . . ~ . 
•• '.\" ; .• \ "..:-·:· •.• ,i 

:.··;-::' :_ · ·, · '· : ',! in 

·y ... : .-: .\:;>.:.··: ·: be 

an elementar,Y sen~e. 
I 

stated below 0 will be shown to have· tJte consequence that the S matrix 

The cluster properties on which we will focus, to 

. ~ . 

.. '.' . 

·.·' 

.... 

... 

; 
,· .. 

,, .. \ . : '. ~ . 
'' 

·' •. 
. . :! . ; ~·· . 

, : ~· j, · :] ' < ·<. , ~··. '. , • r • 

which we accordingly call·the cluster 
. :': 

· . .: ·.··.) 
:'! .. · . ::: ,. :i:·:; .. . '.:> ·. '.· ·must have a certain structure, 

. · .. :. :,-:·: ) ::::. ... : . ' .· . . . . . . 
.:.:·-:· ·. :;.:• ·· ;· · · · .. : decomposition of the S matrix. 

.: .' ·. ' ... : f ·~: .... 

:;1•. :: ·"':' 

,/ .... ' . . . . ~··. 
,';,.·.:. . . : . (·· ~ . . . •/ " . 

· ,.-~ .~::-: :::.\:·:··. • · .... · We will fUrther use the word cluster to designate anY norma.lizabl~: .. ~.~· ·:. 
·,· 

'' '"' 
· · ' .· · · · · single- or multi-particle asymptotic state. Here we have in mind the ·· ·;·,·~ 

,. F •'· t '• • : ';;. •:: :,· •• ·.:· ••• ' .. \ ; ":' ... • . 
. : .. .-.~~·>-:··.·:·:.·.~!'..;.~.:. . ' .. ,.,1 

': ·~·/, :; •. . .. . negative c.onnotation of the word. A normalizab~e momentum~space wave · · .... , .. 

· ?; ·;-;--;:-.:.,<· .. ·: ·,.!· runctio~ .. defines for a system or fre~ly-moving particles a· region in· .'.-'. ~: •. , .. 
. , <.::i:: ,· :.· ·.:{~·. (\.. '•:.: . . .. . .. ;• . 
. :. Q;~<)'·.-'.>:. ;:·.·:,.'·.coordinate space and in time, outside or vhich, the probabi:l,ity for finding·.. · . .r: 

~.-,···:~·~::-.-.··~,·J ... ·~.-~'. "t •. ~' • , , ~· ~~····. ;r;~·:<.t· . 
. .:' :.~ .. \:_;:·:.c.::.. any· particle. in a given finite· irolwn.e· is vanishingly small.· Orie. may. even··. ·.: .... :-:· 

..... 1 . . , .. ··_, ~·'.~(~~~~ •• : •• • .. • • ~-· . < ·. :.:: . ; .. ':· 

. ··- :·. ·· · ,< :: .. ·.·,,.,designate som~ four-vector. (!, T).such .that far eno~h away ·rrom the./;' ... : ... ··:·•·::: .:··. ~ 
·.: ,:~ ,,,. · ... ·.:· ~··-~ .. ::~·; ~ ;::;,> ·•,.;\~.). ·.: ;' .. , .. ·... . '· · ... ;:· : ,.,-:;::·.;. 'i:· ' .. ·.·.· .. ,: 

~_,_.~.·{·····- ~,: ~~,, ·j· ·~··· ..... \ .· . .. ' .. .. ... . . 
. .... .. t 

'"i : c •. • ~ 

' ; 

' '. 
t :"· · .. . ... . ' . 
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point · ! , or much earlier or much later than T , or b~th, such a 

.. 

. -; . \ . :~ : ·. 
. . . ~ .. 

• . .. -· • . J'' . 
. · ;' . 

.,.• 0 • • t. 
: .,'· -' -- ( 

probability is arbitrarily small. Of course, the probability in the 

neighborhood of (R , T) need not be large either. "". In this very vague 
.... _· .. · 

... ~.. ;_: and negative sense, the particles are "clustered" about the point & 
"'' 

at 
'•· : ... -. ~ "' . 

' : 

,_ about the time T • We wish to use the word cluster for a single- or 
-. ",_'; ... 

· multi-particle system to emphasize this feature of all normalizable wave-.•-
-· . 

. . funct~ons, i.e., all bona fi_de wave. tunc~ ions. 

~- '. · .... We nov state those cluster properties whfch \fe will study in detail. ·. · ·.: 
. . ~ .. . ~ . . . 

,· ' 

. •, ·'· 
' . ~ : 

.. :_. 

·,., 

; . 
I 

. ~ ' 

.• : .. They are: / 

·;. ·,,;: 

(1) Two clusters. initially described by free-particle wave functions 
./ 

characterized by space-time parameters CB1 ~ T1 } and (fe• T2 ) ,_in th~1 . 
sense described-above, tend~ to interact with each other in the limit 

that either tends to infinity, or IT1 ·- T2 1_ tends to infinity,· 

:' or .both. 

(2) For two ·clusters initially described by free-particle wave functions _,_.:i, 

characterized by space-time parameters (B,1 , T1 ) ,and· (~.e' T2} , such that .. -

' I . 
· the l~tter is within the forward light cone of the _f~rmer, the predominant ... c·: 

interaction b~tween 'the clusters is by means oi: a single particle propagating·_.·.·· '> 
·freely from the "earlier" cluster to the "later'' cluster in the limit that ·: · ,· 

the' time-like separation of the ·clusters, IT1 - T212 

. • ' tends to infinity. 

IR . R 12 
vl - _.2 ' 

What o~her. propert-ies, suggested by (1) and (2), it would be useful. 

' 
-to study will be discussed.later. We now begin an int~itive physical dis-

\ eussion of the first and second cluster properties. · \ 

. ': 

' 
. . \ 

What .. we.have in mind tor the first· cluster property~s the idea 
. . 

that when two p~icles scatter off each other, that event.is not affected 
' 

i. ·.· ·\ ~ 

: \ <#' 

.\ ·, 

\ 

\ 

.. ·· ., .. 



. ' 

.• i. 

.. 
'1-' 

· .. 
' 
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by the. pres.ence of other particles very far away at the time of the 

interaction. The first cluster property is thus obvious in the case 

of classical particles interacting by means of a. potential which decreases 

rapidly with 4ista.nce. It.is also obvious in the quantum-mechanical case 

with short-range interactions, Two particles effectively do not intera.c~ 

as long as the amount of overlap of their wave functions in any finite 

region is vanishingly small. or course, this• fact insures the possibility 
\!i 

of describing the asymptotic states as free-particle1',:sta.tes. But, 

furthermore, if· during the entire duration of a. collision process in-
f~K~· 

volvfng two or more particles, the amount of overla.p'pf the wave functions 
·~ 
.~~ 

of one group of particles with those of the rest of the particles is . t . • 
. ,, ·, 

. !' 
always vanishingly small, then the two groups of particles, or clusters' 

evotve separately and do not influence each other. 

Let us consider two particular clusters. We contemplate the 

. "rigid" displacement of one cluster with respect to the other·, either 

in a. space-like or else in a. time-like direction. Let us characterize 
I 

the two-clusters by four-vectors (~1' ~1 ) and (~., T2) , in the sense 

described above. For simplicity we first set T
1 

a :T2·•• There may be a 

. , However • as ~~-l - ! 2 1 significant overlap between the two·clusters • 

tends to infinity, the amount of overlap in any finite region tends td\ 

; zero, so that the clusters-tend to develop independently of each other\:.,. 

• 

i \ in this limit This is the\spatia.l version of t~e first cluster propert~\ 
. N id• · th h R R d T ..t T The "earlier" \\\'· ... · . \. ow we cons er e case w er . ....,1 • ~ an 1 ,. 2• '' ;. 

'.\eluate:~ bave aignitic~t "later" cluster, but as '\ • 

i.IT1 - T21 tends to 'infinity_··.: the; amount of overlap· in any finite region ·· ·\. · · 

tends io zero, so that tbe "earlier" cluster tends tci develop independently,:,· \, , r :\ ..... · ... \ 
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or the ".later" cluster, and vice versa. 

the .· fuirst cluster property. 3 

. ' 
This is the temporal version of 

., . 
\ 

Both the spatial and the temporal versions have the consequence 

that the transition:probability amplitude for two separated clusters tends 

to the product of the transition probability amplitudes tor each cluster 

as the separation between them tends to infinity. Let i 1 ; i~. designat~ 

the·initia.l non-interacting states. of. clusters 1 and 2,· respectively, 

and:· t 1 , f 2 designate the final non-interacting states. The initial 

state or the· system as a whole is the tensor product 'ili2 • the final 

Let the transition probability amplitude between an inital 
' 

·,. : 

... 
.'·t· 

< ~ .... ·~. ': .. ~ 
. ; ··. 

· ... · 

'··· 

. ' 
.·._.;,. 

:' .· .. ~.\ state i and a final state t , that is, the s-matrix element be~ween \\t: 
; ';· '· .. : '· · \\ these tvo states~ be desig 

1 

ated by S( f~i ). •. · Finally, iet l. be some '·\\ " , : , .·. ~ 
. , .. . . ·:_:parameter characteristic of . he separation, either spacelike or timelike,' \ . 

!.: · ,. · ·;between the tvo clusters. Th the first cluster property can be · · . . \.. :. ; · ... 

~; ·· . ··~.~~represented . : \ ~ · 
... ·,: ·\ . . . ·' ~~. 

""· ~. ~ ' '< \1 ··_ . . --~ 
· ·\. 1 lim S(f1f 2;i1i 2 ) s .S(f1;t1 )s('f2;i2 ) • (I-1) :\ . ·, 

1 • ···,,;. ; . or c::.e the interactions~ thin a .cluster.~ influence the . :\ 

development of another cluster with\ later characteristic time. What : :· ·· · ··'~ 
\ ·.·. 

I ' ' ~ • 

' 
I ' ' . 

is meant by the temporal version ot the first cluster property is that 

thk probability for . "earlie;" and ."la~1~r" events to be related vanishes 

, .. ·. ' · as\ th~ appropriate time difference tends to intini tyo A crude no.tion of 
I . 

. ··.-· 
i ,· c 

. ~"-{' . : 
:! . ~ 

. : .t ~ _. 

-~; ;:·:>:.; :;·; .. .:-:f '; causality may be introduced here: the probability for "later" events to / :···".·i·/:·:· 
. '·· 

• o(. ·I·, I .... 

. '·~ ,,. :;• )·:-.: 
·'.·'\. 

; 'influence "earlier" ones must vanish t'a~ter; as the tbie separ~tion tends . . r : ••. 
\ .. ~ . . . 

. to·' i'nfinity~ than ·.the probability tot i•earlier'' events to· influence "later" ·· · · i· . ' 
' . 
·~ i' • -.,. I' ; 

. '·, ·ones •. It is an interesting problem, tlien;, tc) find the dominant processes . .. 
.... •f 

·~~ ·' 
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·H 

l ..' •1j, 

which contribute to causally-connected events and to find the rate at 

which the probability for them vanfshes as a function of the time 

separation, because this intormatiJn will give some macroscopic causality· 
\ 
\ 

properties of t·he S matrix. This information is contained in the second 

c~uster property. 

In considering the second cluster p~operty, we are thinking of, 

for example, a three-particle process in which, first, two particles scatter 

off each other and then one of these scatters off thq third particle. The 
. . 1 

probability for this process is, of course; less tha~ that in which two 

'particles scatter, with.the third particle passing by without· interaction. 

Suppose, for example, that there are two extremely massive particles 

fixed in space a distance ~ apart. Quantum mechanically, of course, 

tbis·.Situation can pers·ist only for a finite time.. Suppose furthermore 

that a wave packet for a lighter particle is directed toward one of the 

stationary particles. There is a certain probability that a scattered 

wave will be produced. The amplitude of the scattered wave will fall 

off as the linverse of the distance 'from the scattering center, in order 

·that probability be conserved, so that the probability for an inter­

action involving the second fixed particle is proportional to ~-2 o 

Thus the probability for an interaction involving all three particles 

is -2 
~ times smaller than the probability for Just two of the particles 

interacting, as ~ tends to infinity. But for large enough ~ , the 

second fixed particle's wave function will spread out over an arbitrarily 

large volume by the time that the scattered particle arrives to be 

scatteted a second .time. Ot course th~ wa:ve packet for the. fixed 

' particle can be prepared so that it is concentrated at roughly the 

I I . 
I 

: 
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However, the scat~ered particle's a~rivai timeior the scattered wave. 
. I ~ 

w~ve packet will also have spread, so that the situation can no longer 

be as simply described as with classical particles. Nevertheless, we · 

still expect a decrease in the amplitude as a function or the separation 
. . 

A • There is, in fact a faster decrease than is called tor by the naive 

. · geometrical considerations or the classical case. 

. ; ' 

. Quantum mechanically, we could discuss this e.xample in terms o'r · 
. 4 j, 

concentrated, for example, Gaussian, wave packets. ~:Suppose there are 
t~ 
~ 
I ~ 

defined six single-particle wave packets, three for th~ initial state 

and three for the final state of the three-particle system. Let 

packets. ~1 • 02 ' and 03 . all be characterize~ by a four-'Vecto.r 

(~1 ,t1 ) and packets ~4 ,05 , and 06 by (~2 ,t2 ) , with t 2 > t 1 
2 2 and (t2 ':"' t 1 ) - (~ - ~) > o. First,'packets 1 and 2 interact in 

the neighborhood of ~l at about the time t
1 

, while packet 4 passes 

. by. Packet 4, however, can interact with a particle scattered from the 

· first interaction which arri.ves in the neighborhood of ~ at about 
I 

the time t 2 • The result of this second scattering is the appearance 

Of the packetS 5 aDd 6 t the 'other final s.tate packet ·being pac~et 3D 
I 

. resulting directly from the first interaction. The 5-matrix element 

is of·the form 
6 . 

=· .D fd3
;e105· <'£5>06 * <~6>03* <:e3> 01 <;gl )~2<~2 >04 <i4 >. S(f;i) 

i=l 
. ·"· 

. (I-2)_. -

-
where the action or the s operator· is represented by the integral kernel, 

This expression depends on the characteristic four-
. : 

',-. 

. ' 

: \ ~ 

tf. . .. , 
. ;. 

- .~ . 

·, .... . . . ·:..· . 
. ·' ·''. ..... ~ 

. . '~ 

;.. ,_: 
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vectors Lx
1
,t

1
), (~2 ,t2 ) only in the phases of the ~ave functions, 

as would be made explicit by specifying the wave packets in more detail• 
. 

Explicitly, the dependence would appear as a factor 

but since energy and momentum are conserved, i.e. • p1 + p2 + Pq a p3 + p5 . + .P6• · ·. 

on~ the difference x2 - x1 appears, e.g., 

As l·x2 - x1 j' · becomes larger and larger, the final state of the first 

; . 
pair of·wave packets (the· first cluster) tends.more ·and more to a 

I . . • 

non-interacting_ state, independent of any ,.later" interaction with the 

third pac~et. Thus it is meaningful to describe the interaction or 
,. 

i . particle~ 1 and 2 by a two~particle S-matrix element·. Similarly, 

:. 

'· 

because the so-called intermedi~te particle does tend to a free particle .. , 
state as lx2 - x11 tends to infinity, the initial state for the second 

I 
scattering is a free particle state and it is meaningful .to des~ribe the 

second scattering as well·by a two-particle S-matrix element. It should 

be emphasized that it 'is the short range of the interaction which permits 

the intermediate:state to propagate freeiy~ ·On these· grounds we expect 
. . 

. ~ . . 
the S-matrix element, Eq. (I-2) 0 tC; tend.to factor in the form·' .. 

. .. 

'•, 

:; ~· . '.. \ , . . ) ~ :.. ., . :· ..• ~ · .. 
~-·,~. ;~- '·~·,•,, I 

,1 I • '·!' ' ' ~ 

. -; ... ; . . . -~ . 

t .· 

. ,· 
\. , . 

,, 

.. .. 

•9; • 

'\' 

. I 

. "' . ~. l .. . . "). 

' ~ ' I 

' . 
. ' 

.. -- •• 1 
'·, I ' 0 I 

·I 
I 

~ i • . 

... 

. .-.. .. 
•, 

.... . ·.-

. •' . ' 

; . 

1,. 

.· ... 

- . 

\ . 
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S(t;i )· .+ 

·~ 

'·· " 
.. \: 

.. (I-3a) 

In Eq. (I~3a)~ :the s22C£5~6 ;£4~) represents the action ot the S operator 

on tvo particles. · We have introduced intermediate states 111 (k) and . . v ~ 

swmned over all of them. '·They have -a fictitious existence, of course, lj 
• I 

because' they are. never "measured. tt By the usual assumption that such a : 

set is a complete set of one-particle states, mathematically·expressed 

by_.·_ 
~ 

· t:;lllv(!J.)lllv*.<~). = cS 3<l1 -·~) v. 

... 

:we obtain an equally transpa~ent exp~ession, without unobserved qu~tities: . . . . 
'· 

. ·t •.• ,~·J 

.. '-, ... 
_ .. .., ... 

... ·: .· :'". ·. S(:f'•i) 
. ' ' ' . . . ·i · .. 

~ -' . 
,. '·. .. ., . 

. ~ . . ~ ' 

:<o• • I - ' ' . , .. ·· ... 
•• o I: 

\ ... 

as·" lx - x I ,./. 
2 l' •. 

.. 

, . 
. . ' 

· .. 

(I-3b) 

·The quantity in th~ square brackets is, in a sense, _the non-interacting 

intermediate-p~icie·vave 'packet,.· ~ince, bt. tour~momentum .conservation, 
. . .· . , . . . . . 

,·, ; 

l 
[ 

I 
. 't 

'· 

. .. : ; 

-· .-: 

' .. 

. . ·• t : 

': -~ .. 
~ ·- t 
. . I 

. • !, 

..,_ 

t 



;.; . 
·,I 

~ .-~ 

•. ·-.. 

.. ~: .-t 

• ·• 1 . ' 

': 

·; 
'I, 

. 
k = p5· + p6 -. p4, the dependence of-\. S(f;i) 

Cfmplicitly)only in a phas·e.factor, e~ £-ik•(x
2

- x
1

)J. This is the 

phase which would occur if the intermediate state were translated back i . . . 
to the point ~l , so that it would be·spread out b.Y the time it interacts 

.. -:·-1 
I 
i 
I 

' ' 

_ vith wave packet 4. Thus'the rate at which S(f;i) vanishes is determined . ~ . 
,!,., •.• · ,. '·,' 

I' 

.• e. 

~ . 
.. - by the rate of spreading of a single-particle vave packet. It is a well-

.. known result in quantum.mechanicathat normalizabl:~:~ree single-particle 

time-dependent coordinate-space wave 

for large It 1 •. 5 In the same way, 

functions tend £o zero ~s 1~1-3/2 
. ;,:~!J 

S(f;i) tends to zero as fast as 
., 

tends to infinity. (The mathematical . . 
details·involved are reviewed in Appendix·A.) !.I 

\ 
I. 

.. 
'•' 

Let us discuss the quantum-mechanical case in more generality. 
\ 

Again consider tvo clusters, characterized by four-vectors (~1 ,!1 ) and 

. (~~,T2 ) respectively, such that the latter is within the forward light· 

cone of the former, or anyway that a significant neighborhood of the 

~ latter is within the forward light eone of a significant neighborhood of 
, .. ' I 

'··.... _ .. , 

the former. We wish to allow for the possibility tha1; one or m~re particles ·. · ':,. 

. , . ' ·~ .. 
produced in the interactions of the first cluster can take part in -the 

interactions of' the second cluster. Again we may see that the S-matrix 
< _' . . ~· .. 

element involving, say n particles, propagating freely from the region 
''' 

.. :. ,• . · .. ,• 
I . I 

of the first_to the second interaction, depends on the s~parati~n iR2 - Ri 

intermediate particles and decreases . . . /- · only through the phases of' the n 
. . 

. ' 
~ • ~ ,· ... , • , I • 

.. ,· <. ·_:,·. 
1 

: · .. ·.:_to zero as fast as -l-R
2 

- R
1

1-]n/2 

-'V . . . . ·. t • , . 

tends to infinityo . as 

; --l,~ '>::: __ It is as if a wave packet representing each intermediate particle is ,. .. -: .· . . . ~·· . 

}, >:.: : <<:·: ·.) ·: ; '. translated· backwards in time so that by the time it arrives at . the sec~nd 
; ;-~·:: ~-~- l·'. • . . ~ . • . ·. • I" 

.·.. ' .. 
(, .<:.;. : . .'' p..:: .. :: _:·.-: : cluster, . it i~ : .. ~'~read out. . We choose tC, cal~- . ~hese process~~-·: in which;, n 

'' I •. ~ • 

.• ··.-· 
• ,. • I ·,. 

... ·. 

. ~ . - ' .. J'; ·. ;•. :·. :., . ·-·. 

.. ··. 
•·"' :'c.-;·' 

.'.-

·' •; ., . ,· 

' ... 
._·,-

.. 

'.-
. ··.: ·'. -·~ ' -

::.' 

.·.·. 
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particles leave the first cluster and interact with the ~econd, 

n-particle transfers, It is seen from these arguments that the one-

particle transfer processes dominate the transfer processeso In fact$ 

the corrections to the asymptotic limit for one-particle transfers are 

larger than th~ two-particle transfer contributions for large enough 

time-like·separations. This dominance of the one-particle transfers 

is or· course true also in the classical case. That macroscopic · 

causality is involved can be seen as follows: Suppose a particle 

produced in the. interactions of cluster two proceeds to the region of' 
! 

clust~r one. By the time it reaches this region its wave-packet 

amplitude is smaller by a· factor of >..-3/ 2 • The amplitude for each '· 'I . 
I 

particle in the first cluster will also be reduced by at least a factor : 

>..-3/ 2 at that time because there has been roUghly a period of time A 

since the characteristic time of the cluster. Thus the amplitude for~ 

anti-casual transfer• one from the "laterfl cluster to the "earlier" one . ' 
·is of order >..-3/2 

• for large • compared with the amplitude for a 
·I 

causal transfer, one from an "earlier"'cluster to a."later" one. 

In view of the discussion of the previous paragraphs 8 it is 

·.possible to represent symbolically and. somewhat imprecisely.the consequences 
· . 

:. 'r , of· the second cluster property on the structure of the S matrix 8 Just 
~ . '< ... · .... 

as Eq. (I-1) represents the consequences or the first. Agai~ let i 1 t 

designate the ~nitial non-interacting states.of clusters one and two, .. - ·. i 
. .. .. ...:~ . 2 

.. . . 

..... 

,. ' :~ .. , 
respectively, and let 

~- ., ... 
: •.•. •· · :<·. S(fii p) be the function of · p 

• ~'t ~ ... ·', ·• . -. "'; • . '/ ' 0 "' • 

o' ,. ., • ··• • ! -, 

. . ':~ ' . . . ,, ,. ... .. 
,. 'c· ,.. '~· 

• : ,. t ; , •• 
.. ;-

designate· the: final states.' Let 
..• 

given 'bi. ·. · .. 
J- ~--

. . 
·: ~ ! •. 

. / < \ 
~ . • J' ' 

• . . . 
/ 

.· 

I 
. l 

f. 
f 

~ 
. j. 

• ~ 

! 

I 
I. 

I 
I 

. . ·:v 
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••• 
• 

)( 

where S~ C.f1", • • • 1 ;em" ;~1 ' , • • • 1 .l?n' ) represents the action of the S matrix 

in describing the development of an n-particle initial state in an m-particle 
·, 

final state. Analogously ve define S(f il:;i) by 

• • • ••• 

)( 

We suppose the characteristic four-vectors x
1 , x2 are such that 

x2 - x1 is forward timelike 1 and A : +[(x2 - x1 )•(x2 - x1 )]112 ,· Then, 

from vhat has been said above, ve expect that 

lim ,. __ 
I. 

3/2 imA{ ( ) ( ) ( . ) · A e S t 1 t 2;i112 - S_ f 1 ;i1 S f2 ;~2 
I ,• 

(I-4a) 

We furthermore expect, that the macroscopic causality condition for this 

configuration of particles be expressed by the limit 

. We have' neglected some trivial spreading effects in writing dovn 
·\ 

Eqs. (I-4a) an(l (I-'~b). These will be studied in more ~~:tail in 
r 
\ 
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/ 
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,_ .. 

Sect~on ·IV. They do no~. affect our conclusion about t~~'!. importance of 

the one-particle transfer term. 
. t .. ·. 

' ·. 

' ' oo • 

' 1 • r. 

From the· results of the discussions about the first and second 

cluster properties, it is clear that "higher order cluster properties" 

could be formulated. For example, in the case of three clusters with. 

characteristic four-vectors such that both . · ~2 - x1 and 

.x3 - x2 are forvard time-like, a possible event is one in which a 

particle produced by the interactions in the first cluster interacts 
~ 
tti_ 

in the· second cluster, and a particle produced from the second cluster 

interacts in the third. Then one could argue, as above, that the 

' amplitudes for these processes are the largest of anyjin which there ar~ 

inte·r.actions among all three clusters, and that these'. amplitudes are 
1\ 

of' 

) ( ') ]1/2 x~ • x2 - x1 and large · 

We will.not discuss these higher order 

~ , . I 

; . ·. 

·' 

. ' . 

\ . 
·cluster properties, however, becaus~ they are seen to follov~rom the ,, 

·\ 
,' . .:. .. .. ' . ' 

~~ , < I 
first .and second properties, and add nothing new. 

j .• 

I If-' : ·i. · .. ,. ' I 
The cluster properties which we have discussed above vill be ·,"I • 

',..... :1 

• '~ j. • : ~. • ~ ' ..,. ~ 

, . ''" 
· given a more precise, mathematical statement in the f~llowing sections. 

1 · ··. :. · · We have sought to emphasize the fundamental physical concepts ·from which . ' \. 
'\ · our conclusions will be dravn. Of course, these conc+usions, as 

.. '. ·. \ ·' \ 

·~ 
\ 
\ .. : ·: · ·: · : I , requirements on the structure of the S matrix, have already been in-

.· : ·,- 1 (>·•.~ .'. ):~corporate~ into .many theori\s •. Hence, we shall indicate some theories 

\ ' 

·• 

'• 

. ()' 

.. . . . ,. 
• . • . " . . ··V;: 

· ' · ·. ·: · • \' which fulfill these 
. ~ ~ •• ~ : -~.~ • ; 1, 

0 •• 1~·· .. -··t·:·~·;"'"\:. • 
·. ~~ , : .. ·· ,' .· ;~ou.r main ·objectives 

. . . ', ~' .. ~ . . 

' . ·.,' I·· .. ~· .... \principles and t.o. state precisely Vhat 

''\'·, ·'. 
'·. . ~ :-

examples of some which do not. '\' . ' •_ . 

the underlying physical · 
' ' ~ . 

their consequ~nce~ a~~. for the · . ·. \\ . . •.' • , r· t 

• 1 . • , • ~ : . • · r. · . ~ 

: ; ' ' :, . : . ·:·structure . of tlie s matrix~ '\: 
'l· ... 

.: .... i 
j,. 
'· 

' .. \ 
' .-; ,. ; . . \\ . .. . · \: 

% 
\\ 

·.'\\ . I 
'\ 

~-

..... 
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For the sake of completeness, we sketch brief'ly;the treatment 

which these requirements on the S matrix have received in the past. • 
The cluster properties of vacuum expectation values of time-

ordered products of field operators, or t-f'unctions, were investig.ated 

6 7 . 8 9 
by Watanabe, Symanzik, Kristensen, and Freese (for possible 

application in the quantum theory of fields), With the introduction of 

asymptotic free-field operators in. the Lehmann-Symanzik-Zimmermann 
.t 

formalism, the T-f'unctions could be related directly.to plane-wave s-
. . 10 ,, . 

matrix elements.. Zinunerma.nn proved that the T-f'unctions have a ce~tain 

singularity structure, and 0 as wi.ll be shown later, this structure implies 

' 
that the S matrix given by the T-furtctions fulfills the requirements Of!\ 

our first and second cluster properties. 11 

Cluster properties have also been studied in the so-called 

axiomatic quantum field theory. The fundamental objects ·in the theory'. 

In this approac~ the astmptotic. condition is not assumed, but .\ 
. \ 

Thi has been accomplished by assuming a spatial ,~ 
. \ 

··cluster property for Wightman ctions in work by Haag 1 Coester, Araki 1 \ 

I 
;, derived from the axioms. 
I 

\· 

' . 12-15 -~. 
Hepp, and Ruelle. The existence of an asymptotic condition allows \ 

\ for an S matrix and it has been shown by Hepp that such an S matrix 

ultimately obtained from the axiom~would satisfy the requirements of 

.\ 16 the spatial version of the first cluster property, 
\ . 

In the so-called S-matrix th~'ory • which is based on certain 
I 

an'a.lyticity ·properties of the S-matrix elements together with Lorentz · 

i_nl

1 

ari~ce and uni~arity, Stapp and ot~ers adopt the cluster decomposition 
. 17 ' 

otr the S matrix' as a postulate. . Olive has derived from a set. of' s-matrix 
I 

'1' \ 
\ 

\ ., 

.. ·. 
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\ 

" postulates, including this "connectedness structure," ·;a, singularity 

structure in multiparticle matrix elements similar to the requirements • · 

of the second cluster property. 18 

We conclude this section with a survey of the contents of our 

study. In Section II we develop a mathematical framework suitable for 

.,· a more precise statement o 
•\ 

the cluster properties. 
\ 

Particular attention 
i 
·. will be paid to plane-wave S matrix elements, treate<\ as teMJ)ered dis• 

,· 

In Section III, t e :first cluster propeitty is stated in 
' 

: tributions. 
I 

' ·these terms. The possibilities tor a diagrammatic representation are 

discussed. The relationship between the first cluster property and 

. unitarity and Lorentz invariance i~ 'investigated •. Then, as exampl~s,_ ve:l 

discuss the ),l'e;ynman perturbation th\ory, Zimmermann's work on .. :the ... 

T-fUnctions,·and an. S matrix given b\,_a Hermitian phase matrix •. A 
' . I 

counter-example is given which violates the first cluster property. 

\. 
\ 

\ 

I . ·. . 
Much the same treatment is given the second cluster property in Section-IV. 

Se\etf~n V is· reserved tor s~me conclu~t~g re~arks." :) · 

I· \ -
.,· . . . '\ • ·r 

• j• • .. , 
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II. MATHEMATICAL FORMULATION 

In this section we present\the maihematical 

study is based. \ 

framework on whibh 

I 

A complete, realistic theory of elementary-particle interactions 

wduld ~nclude many different types ot'particles, classified according to 
. I 

mass, spin, statistics, and internal quantum numbers.. The cluster 

properties must hold, we claim, 

rich the variety of particles. 

in any realistic the~, no matter 
~~~ 

They do not depend o'~·~re internal 

how 

structure of the partic.les. ThiB being the case, th~ inclusion in the 
~ 

discussion of an arbitrary ,number of different types ,iof particles would 
. . 

complicate tpe discussion without leading to any .fur(her insight .into th~ 
~~' . .' 

cluster properties. Hence, for simplicity, we shal~'l.imit our discussion 
' ,f!: 

to the case of theories with only one kind of particle, namely, a neutral, 
. ~ ~ . 

scalar boson with a finite mass, m. The problem of txtending the results 
I. 
( 

to theorie~ with many types.of particles is essentially a problem of 

developing1 a suitable notation, and· we shall not discuss this problem 

here. 

A. General Properties of the S Hatrix 

We r~view briefly the general properties of S • The details 

" 19 have been discussed extensively elsevhere. The S operator, being 

defined by matrix elements between normalizable multiparticle non~interacting 

states, thus has an action on the Hilbert space if appropriate to the 

description of any number of identical non-interacting particles, in . 

particular, S maps 1-f . onto 1 tself. The n-particle subspace · '?+ ~ ~'. 

··of .'M,· is. thus spanned by vectors or ·the form 
t . . ~· ~ ... 

I 
.. J • 

· .... 

··I 

I 

I 
I 



. \ 

. .., . 

'. 

·• 

.. 

••• • • • • •• • 

vhere the functions w(pl ••• p ) are square-integrable symmetric 
·- .... n . 

. t 
"momentum-space wave functions," and the a (_f1 ) are plane-vave boson 

creation operators. The familiar algebra involving the at(~) and their 

hermitian adJoints, the annihilation operators a(~), is defined as 
I '. 

follovs 

[a(p) ,a(p')] ·• 
..., "' • • [a(p),at(pt)] • 6 {p • p') 

"' "' 3 .... ·"" 
as 0 

(II-1) 

We assume the existence ot·a unique vacuum state, lvac) , with the 

·properties 

' •. 
'· a(p)jvac) cs 0 • (II-2) ~ .. (vac lvac) = 1 • 

"' .. . .... , ~ . 
\ .. : .· . 

We require S to be a unitary operator in-accordance with the 

· customary probability interpretation in quantum mechanics. 
., 

•• f, · Th~ Lorentz invariance of the description of a scattering· process · 
' . 

,,· .:· ··., · · by an S-ma.trix element .imposes the requirement that the S · operator ·:~ 
~ . . . . 

0
oo 

0 0

' ' 0 
0 

· ·· ..... · ·.commute with . the unitary operator U(M,z) representing ~ inhomogeneous 

proper Lorentz transformation. Here M is a tour-by-tour matrix 

.·· : representing a homogeneous Lorentz transformation and z is a four-
. '• 

: .. :. ·' .· . .' '.:_:·. · vector representing a translation. 
e ., •, • <. • 

On a position variable x in four·· 
'• .. . .. ·. 

;, .. ·· .. :.-._. 
,~ • . j • ,· : . ; 

space such a transformation gives . x• = Mx + z , and on a tour-momentum 
... 

··.·;:,> .... ~····.· .. variable, p, p' = Mp .·The a~tion or ··u(M,z) 
~ ,; ~· ~ I, ! ' •, I . • . • : . ~ 

on·· the one-particle_ 

·· ... 

.. :· . 

subspace, which thus provides an irreducible represent~tion.tor the 
•t ' 

_Loren~~· group, is 
.. . : .•. 

) ' 
"I 
,I' 

I 

·., . 

I •• 

. , .. 
' ... 

, . 
·-~ .• ; f. ~ «' > j • • 

'I • ··.1 ,·•' '' t. 

.. ' .. . : 

I 
.. ! 

• 
.· . 

I 
I• 

' ; 

.. ' 

·. l' . .. 
' ' 

f. 

I 
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. t 1 
U(M,z)a (p)U• (M,z) • 1/2 iz•p' t · · [w(p')/w(p)] e a (p~) (II-J) 

"' 

where p' = · {.f ,wC . .f)) , The metric here is 

such that if· z is the four•vector (z,t), then ·,zop' a w(p' )t - z•p'. 
~ ~ "'"' 

The Lorentz group .. .al.so acts irreducibly on the no-particle subspace but 

the corresponding representation is the' trivial one:' 

· U(M,z) lvac) • jvac) · • (II-4) 

t . . 4 
That the S ·operator commute with the· unitary opera~ors U(M 1 z) implies 

that· S act like a constant of modulus unity on the vacuum state vector, 

and on the one-particle subspace. Without loss of generality, this 

constant can· be chosen to equal one. In summaryt S · maps 1./- ·onto 

itself and satisfies the;tollowing requirements: · 

. .. ·: . (II-5a) 
'· 

~ • . '• , -· ' I . 

. . 
; ~~- .. "·. 

. ·.:.. 
SU(M,~) = U(M,z)~ . ' (II-5b) 

• . .' 

... ~ . . . 
s lvac).' a lvac) • (II-5c) 

~~ . . ·, :... . ... ,'' 
# ' • ,.,, I ' 

:. I 

.< r .. :. 
' . :•. . ~ ·. 
····-~ '<. ':. :, (~I-5d) 
' . 

. t' • • • • .' • "~· .• l 

.. . . ~ ~ .. ," .: . :. ~ '~· . 
',; ... , .. . '• 

. :B. Plane-WaveS-Matrix Elements as·Tempered Distributions 
·, : ·\ .. : 

. ~ ;: ·. 

. ! i·'.:; .• ,· ··. .. ~ > ~ 
.:, !~' .· ·. ·;-,:.. ;'_, . ' 
·, ., • . ' '.' . 'the s-matrix elements between initial states . ' 
,;_·~~··.;.:: ·.:·~·:_': .. :/ .· .. ' / 

. ·\~,-~·. ·· .. ,·· .. :.:_~:_·.·.; . ·: :.· .· l.ljli·)·. = Jd3nl•·· • • • d3p,. ~i(p!. •; • Pn' )at (pl' l 
.. , : · .. ·:·.. • .., . ""ni . "" , .. , . "' 1 . ~ ... 

/ 
The quanti ties of physi'cal·· interest in scattering theory are 

/ •• J 

/ ' 

••• 
' . 

/, ,' 
. .. :· 

<· Clll ;. '. '•::; 

.J 

' .. 
.... _) 

1 °1 • o; .. ... 
\ . ~- . ~ ' 



• • ~ ' l 

. '.) and tinal states 
.. 

. t .. 
-o" }a (p J ••• 

t . 
• 

; . •,.., 
"''lt .... 1 

a (f~ )fvac) 
. t 

. ; .. • .. 
' 

t',' ·.,-

•' 

. ' 

• 
. ~ \ . 

·· · which are therefore ot the torm 
.·' 

.... ... 

. :'.(. 

1 .. 

'· 

I • 

,.· 
'• . 

••• 

., ' . t 

3 3 3 * I d p" d p ' ••• "d p' ~ (p ".·: ••• p" ) 
;..nt u .· ::..n t ll ,, ::;,nt 

/ i .\ 

s (p " .•••. -p" •p .• • ••• p' )IJI (p ' ••• p' .). 
n n 1 • . ··~ '0. • .... ni i a ~ t 1· . > " t . " i 

"/ 
/ 

• 

The kernels s~tDi are the appropriate ·plane-wave' s-matrix elements, 

which are defined by 

... 

• 

I . ( II-6), 

Thus the quant~ties of physical interest are bilinear functionals, on the 

, ··space of square-integrable "momentum-space wave functions," defined by 

the plane-wave S-matrix elements. The mathematical statement or the 

cluster properties can thus be. mad·e as statements about the S ·• as· 
mn -

objects which define functionals on the space of square-integrable 

.··functions. Weaker statements could be made by restric~ing the space 
.. 

·of fUnctions on which the S · define a functional. Ho~ever 0 the 
.. . . . . mn . i 

subspace niust be dense in the lar.ger space· to insure ·that 'the physical . 

quan~ities, the s-matrix elements, _can be 

defined on "the subspace. 

.. 

represented by.th~ f~ction~s 
. . \·· 

l 

'\ 
~· 
~­
\ 

'· 

. ' 
I ;>•, 

·' 

,' ~ 

. 
.... ' 

... 
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'I 

For our purposes we choose a particuiar subsp~ce dense in the ... 
\ ; l . · . • space or square-integrable fUnctions,· namely the space or testing functions 
. 20 

with respect to which tempered 41stributions are defined. These 

\ · tunctiona may be characterized as infinitely differentiable and rapidly 

decreasing. We make this~ choice because· tempered. di'atributioils have 
' ' .. 

f. •·• 
I . •' ' ~. \ . • ' ' \ 

:\-_received much attention ~n elementary particle. :~eories in recent t.imes; \ · .. 
~ . . ' 

., 

·' .. 
. ~ : ' ' •. l1 . 

~ . ' 

',' 

. •· 

' ' 
. ~ -1 

u 

·• >_ for example, in· axiomatic q ntwn field theory. , Ot course other ·· \: 
. :;._ . ~~ 

. · ; choices could be made, but, t r definiteness, we restrict the mathematical \ 

·; statement or the cluster prope ies to be statements about the smn 

as 'tempered distributions • 
.'.•. 

. \\ . 
. \1 

•I 

\·. . 

~ • . ·~ f • • . 

·~ . , T:e ~~pr~priate space o~ \eating functio~s is defined as .t.ollow~ ~ 

Let J (p.3 ) be the set or all com~~ex-valued. _functions ~('D · • • • p ) 
1 

I'· 
' • ' I 

l I · ~ : 

~- . . \ 

• •• • • f . . . ~ 
. . . . .. 

' · , -~ r 
< 'i : ' •' _: • ~: ,I I ' -, 

: l • : I'. ' ~- • 

l .: 

• ;·) :. •• 0 • 

. ~: . . . . 
·.I,,. 

.. 
. Jr. .. 

. ~" 

.... . . . ' 

.t.l . · "'D 

o~- the n three-momentwn variables\ -fl; • • • t Fn such that · . 

. j; .(a) ~ is lntinitely differentiabie. , ·t_, ' ;. : .. · 
. • I . -

'\, . 2 2 ~ 1/2 
'(b) If P • lil + ~2 : • •• + .!!n \ . , then 

1
11m pk;' a .. @ e_ \ 0 
P... al · a3n 

aplx .••• 3Pnz 

-··· .. ; . 
,I • ~ ' . l 

. ' 

I • 

· 3n 
ror any' k,m·_and any choice or the.indi~es a1 such that. 

1
:

1
ai am • 

Furthermore, let ..$(P3n)* be the subset \,of all functions in .:f.CP3n) . · 

which satisfy the additi·bnal;. conditions that ~ • ; J 

. (c) gJ(~ ••• .1? ) l . n 
is a symmetric function or·the momentum variabl~s 

P ••• 
l' . 

"' 
~' 
·~· 
"' 

(d) ·The tunction ~ 
i, •.• ·,, . ;, 

,; .. 

- . . 
is normalized to:unity in the sense that 

.. 
. . ! . . ·~·· '.'~ =~ .·.:-~--.--.~~;·~·· 

4 u dJp I ~(p · ; • • • P ) 12-· -=.: 1 - :· .. ~-:.~: ·. -~ .· · 
n 1 ""n - · · · ·· '· (~ • . "" N . ~ /: ; • • ~- ·. '! : 

~ ... • I 

:/· 

. \~: . 
./·:..;.; 

'· 

'· 

,. ' 

\ '. 
-~: ~ . 

-.' 
·• 

' . 
... 

. ~. ~ . ,.. -~" ~' 
:~.; "l 

I 

.. •' 

,1·,_ 

.... ·.. ~ .·. I ' ' ~ \ 

~ ~. . . ·. ' .. 
' ' . ~ .. · .... ; 

·,·,· 
. :. ·: 

.~· . ,· ... _:: 



,t: 

',' .. 

' I ~ ' 

-. 

. '.' 

! 

\ 
I 

.. _1_ 
;, 
-~ 

\ 
,. \o._ {P3n>* With_each function ~ in ~ let us associate an operator 

I 
\ 

. I l t ,-l/2! -3 3 '. t t . (II-7) l {~} - (nl · _d R.l ..... d R~~(£1 ·.~·~)a (£1 ) ••_• a (~) 

and a vector At h'H I vac) • · We may designate At { ~} as the creation 

operator for the ~ cluster, keeping in mind the discussion or 

S:ection I. This designation is meaningful, of course, not only tor the 

testing functions ~ • but tor all normalizable mome~tum-space wave 
. I' 

functions. This vector • At HH I vac) ·, is n unit vedtor in r/. • 
- - n 

. . t . . 
Furthermore, vectors or the form cA {~}lvac) , wh;re c is any 

constant .and 13 ·is any funct-ion in i<P3n>* , are 'dense in ,Y.n • 

Thus, all physical S-matrix elements, say between an m-particle final lj\ 
.. 

state and an n-particle initial state, ·can be represented arbitrarily 
" ·t 

closely by matrix elements of the form <vaciA{¢ }SA {13 llvac), m n 

where 13 ,13 belong to·. 0 (P3m) • • ~-(P3n) * 1 respe6tlvely~~·(We define m n -~ , 

A{l3} to be the.~ermitian adJOint. of. At~13l.) 

The general propert-ies of the . S ' operator 0 Eqs ~ ( II-5) • are 8 in 

I . 
. terms of the tempered distributions smn ' ' . 

. a 

<ko-1J.d3~ : ·• •. d~'D- s <P " ••••• 'D ";'D · ••••• 'D >·. ·: ; · 
. ·- ,.1 ~k mk .. 1 ~m Nl . .(.k . . · · .. 

• .. • < ,,, 

6 .mn 

. :,. . ·, ' . 
JC S nk (~1' • .. • • • • Rn' ;Ri ! 1 • • • • ~k ) 

63(-fm" .- .f~ ) · . --.~ · · 
. . . m 

~ 

., 
,.. 

·1, •• :' 

' '1. 

., 

.·. 

.·, 

. .. •' 

• 

. ii 
. i .. 
·. l 

,, 

I 
1· 

, . 

f. 

r 
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where · 
·' ~: . ".; 

denotes the sum over all permutations of the indices 
(· ,. . ~ 

1, • • •, m; 

m n 

II lw~i "> 11/2 II [Cd(p'')l~/28 (p" ••• p"·p' •••,p') 
""J - mn .... 1 ' , ' "'m '"'l ' ·""n 

,:, 

·m 

IT (w(~i") ]1/2. 
"' . i=1 

r 
• •• t ~ "u~ t t • oe· fJ ' ) 

. ....,JJ! "'l • ..,n 
(II-8b) 

·:·where M · detining a homogeneous Lorentz trans- ·1 i 

formation, 

·. . . 
S (p " '• • p '' •p ' · • • • p ' ) = exp 

mn .... 1 ' ' ..,m ' ... l .' .' ..,n ·-· 

• 1, 

~-8 (p ~ ••• p·"·p ' ••• p ') 
. · mn ..., 1 ' ' ""m '-.. l ' · ,.~ n ' 

(1I-8c) 

z defining a space-time translation; 

·-,'· 
1 . s = s . = 0 . ' 

.I! ... _ 
' :· ·' 

soo. ci. 1· • 
·On · nO t 

~ . : 
':··:· . ~ . 

-·.! ·• •• 

:.· .... 
( .. · for .n > 1 

•'' 
I"' 

.. ' 
; _,,. .. (II-8e) 

~ ' : ~ , :_:. :' ·)• ; 

: ., ·. · ·, .': ... : -· ·; Of course, by th~ir definition, the Smn (p
1
", • • •, pm18 ;p

1 
v ,- · 01 o, :Pn v) .are· 

·• • • •;. ::~ •• ··",;: . "" •• ""' 11\J • 'V . 

· ... ·.· · · -:· ..-~ -~: ... : · ·. · symmetric in ._the_ pz:imed variables and in the· ~ouble-primed variables __ , 
· .. ; .. 

; '· ·. :,· separately. .. ·; ... 
i .·:··· 

~ .... ' · .. 
. ' 

• .. ' ' , .. 

'··' .· 

;-, 

.··.! .. •. t . 
I, ~·..-:. 

·'. 
' .. ·· .·· .. 

r:. 

... •' 
···; 

.• :' 

.. 

. r 

,, 
"' .. 

' . -~ 
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: .... ·.\ .. i f ? 
We consider :further the "cluster" creation operators. · It is 

• Ol • .. 
: ,_. 

'• .• · '·,, / .t. 

'. ... 
:"' 

(~ ~- < • : ; " ·; •• 

•, j 

. . ~.. ~ . 
1'- ~ ' • : 

·; f 

'. . ·. ' 

. \. 

.. 
evident that two such operators acting on the vacuum also·define a· 

· _physicalJ_y acceptable state. Supp~se ~ · is an m-particle testing . a . 

0. ' •• 

. . . 
· .. 

... \ 

function and ~b is an n-~~icle testing function. Then we have 

.. 
. t t .• .. ll*l/2 . . -1 (, 3 
A {"'a}A {~bllva~) ·• (mlnlr [(m + n)l] !Jd ~J. 

~ • • • ;·"' • . .... ~1' • • 

••• 

• • • ••• at (;em+n) fva~) 
· · (II-9) 

where t 
p 

is the sum ·over the .permutations (l·._·· • • m + n J of the 
a • • • a 

m + n' 
. 1 · m'+ n 

momentum vari~bles. ·Except for normalization, 

••• 

To give meaning to. the notion ot "far s.wayi' in space and time, 
··.·· ... 

we must· study the effects ot space-time translations on_the free• 
. . .. ' 

. "'". 
particle states • · including the· subspac~ . spanned by the.~ ~ 

I . . .. \. 
functions. · 

\1, 
·• ' \ 

. . ' 
·. Using.'Eq. (II-3) • we obtain ·.:·.·. \ 

~ .. 

· .U(.I ,z )A f {~}u-1 (I 
1
z) 

~· (p • u p ) 
"'1 ·"'n 

= exp (iz• 

. \, 
\ . . ,\ 

n 

\ n )¢(n ·• • • n ) L .oi :.o1_ -on , . 
i=l \_. 

\ . 
\ :\' 

• 
(II-lOb) 

If one identifies the 0 · with a momentum-space ':'ave function, the physical 

' ""'· .... 

. · .. 
. '' •' "• 

.interpretation o~ these equations is obvious. The discussion in Section.! .. ,,:·' 

. ~· 
.is repeated hez:~ .. for ·emphasis. Associated with the tree-pa~ticle state 

.·' . . 
:, . . . . 

· _described by ~ : is a region in coordinate space and in ~ime such tha~0 
. \ 
· · ''· far enough. •away from ~his region,, the probabiiity tor_. finding ·aey pa.ziicle 

\- ' ... • • \, I . ~. ~. 1 ~' I • ' ', \\,' 

; \ 

I 
\. \ 

\ 
\. 

\. 
\ 

_,; 
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in a given finite v~lume is arbitrarily small. This. ~egion may be loosely .. 

·' ., .. 

.. , .. . . . . 

' . . . . 
-' .· 

,. . \ .. 
. · . 

, •' r_ •' 

. 
identified as some neighborhood of a four-vector R , which is therefore 

- a functional of 111 The space-time translation of amount z on the 
'• 

. state At HH I vac ) shifts this characteristic coordinate-space four-vector 

byamount z. 

Suppose that the functions ¢a• ¢b have characteristic four-. 

vectors Ra' ~_respectively. The state A+{gja}At{~b}jvac) is thus·a 
. t· ·.· 

state with two clusters, ¢a and ¢b , ~·separated, "-~}n time·; and in 

coordinate spac~, 'by the four-vector Ra - ~- • No~ti.~~ A~{~b} be 
. ~~tl;:l' ~ . \·· 

translated by . amount - z • The new state is ~Ji: · 
i ; 
~~~·. 

. At{¢~}-~t(¢b'}jvac) m At{gja}U(I,z)At(¢b}jv~~~>~ 
. t .. · 

r;~-~: 

\ 
\ . . 

"tj'•o<' 

The two· clusters· are now "separated'' in time and in c~ordinate space by 
'.. • • . ~~H·n \• 

• 

. I • 

. ~ : 

. . \. ·. 
.. '_ '\·_the· four-vector Ra - Rb ~\z • _ The expectation is t1r~' as z _ t_ends t\. 

___ :.:-.::: : · \ infinity -~n either a spacel ke or a timelike directi}p, reg~rdless of \ .. 

· ; the fixed ~ector Ra - 1), , no overlap betveen the \\,-·~--. · · ·· 
- . . •, . '• 

...... t 

. :·functions {6 and ¢ • Riemann-Lebesque_.le_mma, ·it can be· 
· '1 a b 

. "·'· ,· 

. --
•. f' ' ' •• 

i'!, 
. . ~ 

shown that, indeed, 
' I, • 

· ·, lim IIAt{¢a}U(I,z)AtH\llvac)ll = ·11At{¢a>l_vac)ll •11 At{gjb}jvac)IJ 
.. · ... ·lzl-tooo . · · 

: ; : ; '.: vhere 111~>11 s (~i~l12 , and ' lzl a\ lzl 2 
+ z0

2J112 
for fixed ¢a 

¢bo Thus we can give a well-defined\~eaning to the notion of two 
-" \ 

J .... 

·'. ·.' 

and 

. , clusters- being ''far away" from each o~her in space and time: the . 

.· .' .. ·•• '•' .. ,c.+t·r.• can b.• gi":'n ~ arbitrari:iy lfge relO.tiv.e space-tu...; dis­

.-· · ~ ? _· · ~- _:. ;·~ ·_ ·· :· · pl~emeilt such 'that· the .ove~lap: betwee~\ them is arbitrarily small.-. ·. 
• \ • • • ·.' -: •• c • ,: f / : ••• :\ · .. ·. "· ·,_ . ,· • :: 

• . • • . v,.· .\ :. • " • • ·• " I ,· ' ~. . .._. -, .. ~. . . . . , :. . . . . : :. , . . . . 
•· • .! t; "·'. ·/ ' \ . • •• : _--.• .• ·:_'._,' _.-,· ·_ • -

:~·_,H ·,' j::- . :_. 'l . :-: _; ... _ ·, -~-i'-t.r---h:_::_: .·: ---- . .-.. \ -. - .s : .. - _._. ... -. 
' • ' ~'· ~ . I : ·• ' 1 • • • . . ~ • :' • :, :. I . . l . I • 

~ • ~ • I • . ' 
' 

. ·' -· 

-~\. . -

. '\··: ' .. ~ ,. \. . . 
_: .. ·. -\; - . : 
. :'· ~. 
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Functiona1 Formulation \ 
\ 

We can readily ant~cipate that· the consequences of the clustel' \\ 
\ 
\ properties 

.. \ 

. \. 
on the structure\ of the S matrix will be given by an infinite \. 

. ·:·hierarchy of limiting equati ns involving the tempered distributions· 

\s~ • . Now, as is well known, convenient way of expressing a 

. · ;hierarchy of relations 
. l . 

etric turictions o.f any number of 

· variables is by means of a generating functional. Some details of such 
! 

a f~ctional formulation are given\in Appendix B. With the view in mind 

of thus expressing the consequence~\of the cluster properties 

functionally,.we introduce the scattering runctional, a functional 

oj two. Indepenclent:o 

· IF{at(p);a(p·)} -
I . "' ..., . 

\i 
I 

\ 
I 

' 

I (II-12) . . 
• . · wi,th the abbreviations 

.· '" ' 

• J • .: • .. ~ - 4 ~-- .. · t .. a•a (II.l3a) 

t u •a (II-13b) 

• 

As mentioned in Appendix B, the tempered distl'ibutions Smn can be 

·recovered by ·the appr9priate functional differen~iation of · ·. 
. . . 

t t ' 
exp (a•a )F{a {p);a(p)}. 

. t . 
Furthermore, it is shown there that t{a ;u} .·~is 

.the generating functional for the expansion coefficients of ·S if. S 

is exp~ded in ~ slim of normal-or~ered products of annihilation and· .. ·.:··· : 
• ' • j • . ~ ' ' • l . ' '~4 ' \ ' '· 

f' . f: . . : . '1 
'; 

., . 
... ·.:-·-

I , 

.· 

:• .. ; 
.i " t ~ 

\ 

.. 
' 

.. 

\ ' 

' 'I .' 

. .. · 
.;,. 

': .' 

;.• 

.. · 
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creation o~erators. That is, &r 

• 
•t 

F{a ·;a} 

oct 

L (mln~)-lfd3EJ.n •···d.3tn•d3El' ••• d3J?.n'at(fl_") ••• at(tn") 

,· •' 
'· . . ' ,. 

... 

•. ·+ 

! ·, ~' 

,·. 

m,n=O 

.. 

(II-14a) 

then ·J. 

s = 
oct 

L -(~lnl)~1Jd3~1" ••• 3 . t t 
d £n'a (!J_")" ••• a(~") • • • 

m,n=O 

••• a(p '}F (p" ••• p "•p t ••• p ') 
;;.n mn ~ ' ' ~ '~ ' ' ;..n .. • 

. Clearly, the F are tempered distributions, because of their relation­
ron 

. ~ ship to the S~ .- Let u~ introduce .the linear mapping · ~ whi~h maps 
t t ' 

·the function a(~) into a(~) and a(£} into a(~}-, as followsa 

. ·.11· (1) a 1 ·.·· · 0 .·· .. 

=. e1')((P1) + c/rf(P2) • 

· (II-15a) 
.... 

(II-15b) 
( .. • 

•.' · ... ' ' .• •···.·•·· <' .11 r [ fi m tc.~~ [ IT . m(EJ) . ~ [ fi .. ~t {_<!,l][fr a(z~l] 
\ r=l 'J s=l J ' . r::rl . . sal . .. · (II-15c) 

• 
·•, 

, '•','. 
' . 

are ~y . two complex. humber a·, ·and P 
1 

and. P
2 

are 
t"· . ,• ..... · . • . 

·; . . · - · · where c qnd c 
. ' '. ::.:: ·' . . . ' 1 2 

. . .. •' . f ·_. . . 
tunctionals o~ .. : a. _and~ a· .•. Equations·. (II-14) . ~ :. ~ . : .. . • · ;:- . . : · any t~o power-series 

'• ' .,. . . . ·: 

> ... ·~ ' ;, . 
~ /.,: . : . ~! .. .. .. 
..... ! ' 

' . ... 
·. . ~ 

. ' ' ,•' . •. ',. 

give~ 

., 

··: .· 
t' ·••• ' •.. 

' .. 

\'" 

,• 

/ . . ~." •,', : 

// ., ·.. .. ·.·. 
· .... 

. s D ~(ti~t ;ml L : ... ,,··. 

. . "·. 
' .. . / ' .. 

. .. , . 
." .. 

"· 
'OII-16) 
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which is an identity ~ollowing from the de~initions o~j~. and 
. • J . 

. t v . 

· . F{a (p·) ;a(p)} .• Iil Sections III and IV, we will use ·the scattering .... .... . 
·. ~unctional F{a t ;a} to compactly sunuil.arize the hierarchy of relations 

.·.· ., 
among the plane-wave ~-matrix elements. 

• . • • ... • ' ~ ·,' t • : 

· The properties of ~ S expressed by the Eqs • ( II-5) have the 

.- .. 

' ·. . ··.·'.: 

.. 

.. -~· . ; . 
. ·. ~ollowing expression in terms o~ the ·scattering functional. The unitarity 

~~ . • • t! • 

: _..• 

co.ndition, according to ;Eq •. (.B-22), is 
' 

n=O 

6~{a t (p) ;a~)} 
6a(p ) ••• 6~p ) 

"';1. ""n . . .. I 
.· • I .~ 

· Lorentz invariance is given by . ,'/ 
~ 
; ' 

'. 

I 
. ' 

: .... ' 

~{-[w(p) ]1/2« t (p) ;[w(p) ]l/2a(p)} a F( [w(p') ]l/2a t (p'); [w(p•) ]l/2a(p')} . ' 'I,,.' 

. ""' -~ . ""' . ,/ ~ . . ~ '"""' ~. "" 
'· (II·l7b) 

. . 
:· "!·:, •. ' . . •' ' 

where M defining a proper homogeneous Lorentz 

trans~orma~ion; and 

(II-17c) '. 

where .z defines a space-time translation. Equations (II-5c) and (II-5d) 

. .· . imply thai: · 
. . ~ . . 

•.(. '.j •• / 

•' • '-'.· ' . .-·. 

.... 
.• 

~ .} . 
;. 

.·;, 
I '· •, 

= 1 ; . F O~· ·. ~ . F nO a 0. tor n ,·o , (II-17d) 

I . . .. _ .. 
F · e .. F ·;· • 0 · for n > o 
ln ·. n1 • (II-17e) 

~--.· 

·, 

.. 
r 

:I' 
• .., I 

I 
I 

i 
' . . t 

·. t 
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'. 

~' ·I '' 

. ' -- .... 

,-•: I 

Thus the scattering functional must have the form: 

CIO CIO 

F{a ~~);a(!)}· a 1 ~ L I (mlnl)•l J d3~1" ··: 

m.s2 ne2 

t 
x a (p ") ' 1 

"" 
••• 

l 
• • • · d'3n':·ttd3n ' · · -t>m ~1 • 

a(p ') 
... n 

\. 
' . ~ 

X F (p " ••• p "·p t . 1'• · •, m! 1 • mn... ~ .. ,..., 

\·, 
····~')\· 

... 

. ' 

(~ . . 

\ ,. 
I 
\ 

' \ 
' \. 

'. ,. ' \. 

\. 

., 
~ ' . ·- ... 

• .l' 

,' .· ·\:· . 
. . . ~: :· . 

(' 
f ... ; 
I . ... 

- '\;. 
I, 

__ ;,. .. ' .. 

. ' 

',; -l 

.. ··. 

'· 

\ ·. 

. ... , 

':-

•\'\ . . .. 
',,,< 

. I 

.· 

J • 

\ 

~.-. 

·' •' . · .. 
. :.,':t 

---·· ': 

' . ;~ ! 
,·. '~ 

.. 

~ : . . . 

,:, 

... •. '• 

' . . ·~- ~ . . 

:•' 

• • • • d3.p • 
n 

,. 
\'. 

\ 

(II-18) 
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III. THE FIRST CLUSTER PROPERTY 

With the aid of the formalism of the last Section, we can make a 

more precise statement of the cluster properties. The rirst cluster 

property requires a certain expansion of the s matrix 'in terms of 

'~connected" parts vhich we .cal_l.the cluster decomposition of the S matrix. 

·This section'is concerned with the· mathematical statement of the first 

clus_ter property and how it gives the cluster decomposition a well-

defined meaning~ 
l 
f.i· 
:~· ·. 

A. -The First Cluster Property in Terms of Plane-WaveS-Matrix Elements 
\ . ! . 

TO" discuss t.he implications of the short rang~ of. interacj;ions,! 1. 
. • , f t , ' , ~ I 

. we. introduce the "initial" state 

(·III-1) 

where the functions .~11 , (~i2 ) .describe n1 , (n2)-particle (cluster) 

stateso We have ·said in Section II 'that, for large lzl , the overlap 
I . . 

integral ·of ~il vith ~12 can be made arbitrarily small.. Likevise 0 

·because of the short range of the. interactions among the particles, the 

amplitude for an· interaction betveen ~he particles of cluster one with· 

the particles. of cluster two can be um.de arbitrarily stilal:lo .::This is 
. ' 

. the_t'irst cluster property. Let us therefore introduce a "final" state 
• '~·· I > ' .' t • , 

0
• 

•, •' 
: < ·:~ • 

• :. / r~ • • •• : • / • ... 
' ·\-. .'. ~ . 

... ,,. 

'n 
(III-2) 

'•,' 

f . 

• " 

' r 

\'• .. 'l 

.-

.·I 

~ 
l 

·i 

I 
I. 
r 
I 

t 
~. 

t· 
I 

1

'.· 

~ 
~ 
l, 
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where the functions ~fl' (~f2) . 
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: ~~ 

states. The overlap integral of ~fl and ¢r2 can also be made 

arbitrarily small for large enough lzl; 
In light of the discussion in the introduction, ve formulate 

~be firs~ cluster propertt as ·follows: 

t . t . 
. = (vacjA{~fl}S~ {~11Jivac) x <vacjA{~f2}sA {~i~}jvae)· • 

( -~ . . ' ~. (III-3) 

. '• 

. / . 

' .. · 

:,_ · .. · .. 

'',,:;· .. 
;_' .. ~·· •. 

.· .. 

. · ... 

·,, 

' .-:. . 
o• /• I '•,, ' • • 

-. , , r '•·.;; . ~:. : 

Equation ( III-3)~ is thus· the prec~se statement of vhaif vas indicated 
1 • cl 

by Eq. {I-1) •. ·The sense of convergence -in Eq. (ni-3) is roughly this, \' 

supposing that·' ~ is ·either space-like or time-like: Given functions 

~ii, . ~12 ,, ~fl, and ~f2·. and an t > 0 , there exists a. four-vec;tor 

Z depending on £ and on the particular ~. functions, ·such th~t 

.. 

for lz•zl > IZ•ZI ·'the absolute value of the difference between the,· 

. left and right-hand sides of Eq. · ( III-3). is less than t • 

. :Let us clarify the question about the normalizatioo.of the state 

vectors occuring in Eq. (III-3)'. ·For the s-Jliatrix .element. to give the 

transition proba~ili ty amplitude,. botb the initial and the· final states 

must be· normalized to unity~ Thus~ for Eq. (~II-3) to correctly. 
.. ' . 

:~.::,:.-) ·. >· ~~·;. · · represe~t transit:loJl probability amplit~des.- the lett-hand side must· 
/:,.:.· '"·.: ~.:: ~~:1 .·>. '·... . . . . '. . . . ''t ';. .• • '. . .• 

. :;"'· :~·o.' ,,·,.. ,· .:. be multiplied by , . , . ·. i: ! ·. ·, .··. 
. ·~. ''\ .; ....... ~ .. " ... . . ' . 

• :.~<; ·.I , ll(z) =, (uAt!-~1JU(I,z)AtU1'2llnc)ll·•ll At(~i~U(I~Zl~~(~i2llv~>,1\)-l/2 

. ' 

. ··' . :Y · • . . • . ·. . • ~ . . .· '. :,.:-·.. . :_;.. . ( III-4) . 

; y\ .:·<·~:;· ; · ' . a~d. the right•hand side bt ."· .·· · .. > ··: T ' .. : ,L .·. ;.· .. . . . : . · · 
.·~~·· .• ,. ·.- -·.,_{: .. -~ ~. l',•.l~; :· '·.· '~··.'' 'i~• '· .' ·' ' ·, ·•' '• ·~, '.:'' j. I·~' / 'I ''.:' : ~~- "• .-, ·, ,. ~ .. . .... . . . ,. ( .. , . .. )" ': ':.··'' 

',/. .. . . . 
. . .. ~ .. 

/ 
/ 

• 

i . 

\ . 

••• ' ,1 . 

. ... 

· ... '· 

'.-.... 

... · :; :"•, . 
. :: -~ 
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( 

0 

t t t ,· ~ t ) -l/2 
N a JI.A {~fl}jvac)ll ?' IIA {~r2llvac)ll x IIA {~11 }jvac)llx fiA {~12 }jvac)JI • . 

(III-5~. 

Since lim N(z) a N , however, by.Eq. (II-ll) the correction terms 
lzl~ 0 

tend to zero and the 11mitofor the transition probability amplitude is 

expressed correctly by Eq. (III-3). 

Equation (tft-3) implies a limiting equation tor the tempered 

distributions S • Writing the equation out in det,,.il, we have 
~ ~ 

.0 •. 

* * x ~·r··l(pl" • • • p" )~ (q " • • • a" )lit (p ' 
·- .... ~ f2 ... l ... -m2 i: ... l 

' 

••• a' ) 
"''"ll2 

x 6 ( P " • • • • pm" ' ql" ' • • • • 0 " ; P1' • • • • • p' • q1' ' • • • • 0 ' ) 
· ~+m2~nl+n2 --- 1 • "" l "' ...,-m2"' ..,nl - . "''"ll2 

••• d3 • d.* ( " • • • p" ) d. ( p ' • • • p t .. ) 
~1"t1 .P1 ..,m1 "i1 .... 1 ..,n1 

x 6 (p "' • • • • pm" ;pl' • • • •' p' ) 
m1 nl ..,1 "' 1 "" . . ..... n1 

• 

• • • . a' ) 
.... -n2 

(III-6_t 

• 

. \ 
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Equation (III-6) implies the following limiting equatiqq for the tempered 

distributions 

lim 
lzl~ 

= 

exp Jiz• ( f l i=l 

m2 · ) ] -I qj" . 

j=l . 

0 0 0 11 II 0 0 0 ~II •p I 
t Bnl·~l , '. ' tr.·, ' ' . 2 ....... 

••• p' 1"1 •· .•••• q' ) ' Mli~. • ' • "'n2 

• • • ,~II •q I I. t 1 t 
. 2 "' 

. .. , ~ ) . 
2 

(III-7)~ 

Equation (III-7) is not immediately'obvious, because the testing 

functions on the left-hand side of Eq, •(III-6) are not arbitrary ~esting; 

functions in the space appropriate to S · , but products of 
ml+m2,nl+n2 

testing functions of lower dimensionality. It is true• of course, that 

these product functi~ns "span" the larger space; i.e., functions in 

.the larger space. can be arbitra~ily well represented by finite sums of 
. 22 

product f~ctions. In the following, we make these abbreviations 

dTl+2 - d3p II • • • d3pll d3p I ••• d3pl d3q II 

..... 1 ~ ... 1 "':nl ..,1 

n2 m2 
!J. I q· I -~ L . II - qj l 

i=l j=l 

and we suppress the momentum dependence of the testing functions and the 

distributions S 
mn 

The problem then is.to show that 

(III-8) 



• ·I· 

* . wher.e ¢f and ~i are arbitr~ry te~ting functions 
I . . . 

~! 
ig t,_he 

~·J -. 
:v -~ ; . 

. \ 

\ 

spaces \ 

. ·.. 3(~ +m2) 3(nl:t:~2) .. \:'J (P ) and .J<P \ ) . respectively •. First we represent these. 
\ '\ . \. 

'' 
~- . .· 

; ' .. 
-.:. 

\ functions exactly by means ot infinite sums of' product functions 

• 

Then the le:f't-hand side of' Eq. (III-8), bef'ore the limit is taken, is · 
" - . I . 

\~,;lfov::g i::in1:: •: \ - e1z'J 
· ·: ·~ fv. .1+2 f'l,ll .r2,~ ~~2n1+n2\ il,v 12,v • 

I 

\ 
S is bounded (in fact, unit~ry), and z appears in a ppase II ~ 

I 

Because. 

rlctor, l . this sum converges uniformly in z • Hence the limit I lzl ~ w I 

i . .. 
and the summation over· ll,V 'can be interchanged.· The limit of each 

.' ~ . . . ' . ; . ~ . - : . . . . 

, : ·, . · · . term in ,;the summand is 

: ! ·i .. ~; : : :,-; '.·. ·. > ;·~ . ~- . . 
given by Eq. (III-6). 

..•.. , ; .. .I . 
; " :' '' I ~ ' .'- ' I ' J •· 

. ' / ~ . ' ' ; . . ,-:· ~~: ~ ' ... , 
I• ·:···. ·•• ,·' 

. . . ( . . ·._. . :. ~-
.. ,:. ii • ·.: • •' u' 

'-_; :: .· 
- .·· ,; __ . . , .. ,. 

!, 

·;·.' 

.. ' 

I. 
, I 

lim (d T .. QJ * S : . . . ~ . lz • A ·, 
lzl-+aoj< 1+2 t ml+m2,nl+n2 ie \ 

I .. ·.· . 

Thus 
<'"' 

. I, . • "' ~. 
~ .: ~. . . . 

o. ''S, 1 

• 

. I 
But the right~hand side of the above equation is just the right~hand side 

.. of Eq. {III-8). Therefore Eq. (III-6) implies .Eq •. ,{I.II-7). 

This limiting equation is the statement of the first cluster 

property in terms of the tempered distributions Smn ~o Conversely, a~y 

." =·theory which ha~. plane-wave S-matrix elements satisf'yi~g: Eq.o jiii.;.7) :··< . 
' ,If < ,• ":.• 

; .... ,. would n~cessariiy satisfy the , :tirst cluster property/'·.: · 
. I ,. . ........ ,. 

. . . f,. :J .. • ,J •. 
,.'• 

·.,,. 
·.,, 
i 

. .· . "•. •" ···. '~ . .. ,• ' -~ •. 
~· : t-, . . . 

. . 

·. 

\ 

• 

. ' 

I 

' l . ! 
I 
' 

.·:. i 
: . ..- I 
. • I 

' 
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. . ' . l.. 

- .. lt, 

) 
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i 
I 
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~· Representation by the Functional Formulation 

Equation (III-7) represents a denumerable infinity of equations, 

one for each set of number~\. n1 , n2, m1 ~ m2 • The totality of these 

equations can· be· summarized \y means of an equation involving the 

\scattering functional, introd~~ed i~ Section II. Specifically, this is 

accomplished by multiplying Eq.\(III-7), for a given set n
1

, n
2

, m
1

, m
2

. 

\ 

' 

• 

t . t t t 
by a (p ") • •• a (p" )a(p ') ••• a{~' )a (g ") • •• B (a" )B(~ ') ••• B(q' ), "'! t ~ "'1 n1 ""1 . ""''l2 1 "'n2 
where a ,a,B ,a are any four ind~pendent fUnctions~ and integrating over 

all the variables. Further, one di\ides by n1 tn2J~tm2 1 and sums 
\ 

· n1 , n2 , m1 ,-m
2 

over all non-negative integers. The result is· 

t t •iz•p ' 
\ (.a +B e }•a iz•p t · 

liim ( vac I e S e ( a+Be · ·.. ) ~a I vac ) 
lit~ . 

I 

• (III-9) 

Equation (III-7), for any choice of n1 , n2 , ~· m2 can be recovered from 

Eq. (III-9) by the appropriate functional differentiation. 
, I . 

Equation 

. (1!1.9) implies for the scattering functional the limit: 

(III-10) 

In obtaining the last equation, it is necessary to use the result 

a consequence of the Riemann-Lebesque lemma. Any scattering .functional 

satisf;ing Eq. ·(III:.lo) ne~essarily gives plane-wave s-matri~ elements 

which satisfy Eq. (III-7). 

, .. 
I. 

! • '! 
,· 
I• 

t 
L 

' '· 

t·: 
L , . .__ 
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c. The Cluster Decomposition of the S Matrix 

• 
·The form of Eq. (III-lO).immediately sugges~a different 

representation of the scattering functional, namely 

.... ·.: F{a ;a} m· ~exp A{a ;a} - t ( t ) • (III·ll) 
' . ,·' 

~ • _:>! t_.,. ' ~· 

"•. i ,, . :·. · · Of course, Eq. (III~ll) can be used to define a functional A without 

any .referen~e to the cluster properties. In light of Eq. (III-10), . '.· 
j; 

however, such a definition is particularly advantageouso In terms of 

the functional ·A, the first cluster property.is the following: 

.. 
. I . 

t -iz•p . ·i~·p B (p)e . ;a(p) t B(p)e F . : lim A{at(p) + 
. lzl-+at . "'· 

_/ 
ij 
. ~ 
' 

' ' t . .: t . / = A{a (p);a(p)} + ~{6 (p);B(~)}_. · 
. "' "' "'· "' / 

/·:·=·· • (I~I-,.12) 

: ~ : / 
.j . 

. , I .; \ 

.·.··· 
~ . :: . . . / 

According to Eq •. (II-18), A has the fQrm . " . 
. ·t·· . •, '· '·~ ,/{ ... 

·~. ' 

'· ·. 

• ~ ~ • ,I ~... • • 

. , . . . ~ 
t . 

A{«:;«}' = • • 0 ••• 

•• 0. ••• «(p ')A (n '' ••• n "•n' ••• n ') "'n mn . .(;1 e ' ~m '-t;l 11 • -t;n 
(III-13) 

The A are tempered distributions because. of the relation to the F · mn . mn 

through Eq. (III-11) •· and hence to· the S • Like the S . • the mn . . . . mn 

A (p' ••• n "·n' ••• n ')are svmmetric in the primed and double-. mn .... 1 • • ~m '~1 • • ~n .,-

primed·· variables separately • ... ·r:. , . 

The generating functional· for the smn . is . : . :. ; •· '· .. ~ : .. 
t . . . 

· a• (i . · (' t ) -~ ~xp ~{a ;«} 
(III-14) 
'(Cont 'd) 

•', 
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••• • •• 

t ••• a (p ")a(p ') · ... m ..... 1 
••• a(n ')A (n" ••• n "•n 1 

-t;n mn -fil ' ' ~m '.f;l ' '"• -<'n')] • 
(III-14) 

'Where no'W 'We define ~l {£";.£') to be 63(e" - ~·) and Alm' Aml • ~ . 
tor m ~ 2. {We retain, however, the definition of. A , Eq. {III-:-13), 

which does !!2l include A11 • ) Hence 

' s {p" •••• p "·p ' ••• p ') 
mn ~ ' ..,m '..,1 • . • -..n 

L 
part'' 

.L 
part' 

• A (n " mn ..c1 • 
••• n"•n' ••• n') • .f;m '.f;1 • • ~n 

I 

'\ .... 
(III-15) 

where L represents the sum of partitions of the indices'- of ·the 
part" \ 

double-primed variables into distince classes i
1

, i
2 

•••; J1 , J2 •••; ••• 

and L l represents the sum.·of partitions of the 
1
indices of the single-

part' · · · · ' 
primed variables into distinct classes k

1
, k

2
:' • • •; 1.

1
,· 1

2 
• o •; • • • • The 

positive.integers mi. mj, ooe sum to m and the positive integers 

the S mn 

' ,, 
'· i, . l 

~' 

\~ 
·.· 

••• sum to n • Some simple examples of the relationship between 
\ . 

and the. Amn are g,~ven below for illustration. 
\ 

s . {p" ;p t ) • 
11-~..., 

. ' 
'i 
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• 

• 
' (III-l6b) 

I 63<P1·" - pi' )cS3<P2" - p" • >63<P3" - pk' > 

(1 2 3) :" .... . ... ..... " .... ..... 
i J k \ . 

. \ 

\ 

+ 
I .. I I 

cycl. cycl. 
ijk lmn 

• (III-l6c) · 

l These expansions of the plane-wave S-matrix elements are ~ust those given 
I ~ · 23 

by Heisenberg. 

The statement of the first cluster property in terms or the 

A , is, according to Eq. (III-12), mn 

lim 
1
eiz•flA (p

1
", ••• p "•p ' 

l~l~+a~ mn""' '"'m '..,1 ' 
I I 

. fl a I 
i 

0 • (III•l7) 

p " j t 

where E' denotes a summation over any subset of the primed variables 

and E" denotes a summation over any subset of the double-primed variables, 

such that fl contains at least one variable, but not all of them. This 

equation implie.s that A ( 1> " • • • p "• p ' • • • p ' ) cannot contain mn :.cl • ' .... m '"'1 ! • .... n 

· any 6-tunctions, or derivatives or 6-tunctions, which imply conservation 

. 
' 

\ 



'.;.· 

· ... ., 

•I .,, •· 

.' .~ ·• ~· I ~-. • . • l' 

•, 
. :t•. 

:. ' 

'(.'•: .. 

I '', 

,., 

, I 

of a subset of four-momenta. 

-~9-. 
\ 

If there were such 
a 

6-tundtions, the A 
l·j mn \ 

I 
' would"obviously vanish identically. Of. course, the A 

. \ . mn 
must contain 

smn must, i overall four-mo.mentwn conserving ·6..;~\inction, jUst as the 

ac,cording ·to Eq. (II-8c). · Thus the expansion of the Smn into the 

A mn is an expansion with respect to four-momentum conserving 

It should be noticed that the ex~ansion of the s mn 

6-functions. 

into the 

Amn is a cluster expansion of the .type mentioned in Appendix B, . 

Eqs. (B-25) through (B-27), in two different sets of~ariableso Thus, 
1 

·we call the Amn cluster amplitudes and the expansion .of the S matrix 

defined by Eqs. (It-16), (III-11),· and (III-13), namelyi. 

* ; I 

.. 

\ 
\;: . 
~I 
\\ 

\i 
.: ~~\! 

·I .·<:~ 
l·. -I 

·' . "·l . . I 
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·I 
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l 
' i 

. ·.j 
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. ..I 
~:·1 

I 
' i 

. I 
'·' .. l 

.··I 
· ... l 
. '. i 

.. :· S = TI(exp [ f. . (mini )-
1 J ~2>1" ••• 3 t . . t' 

d p 'a f.,. ") ••• c. {J,m") "' n )J"l · 

./_·; 
m1n~2 . ' .. 

X a(~l· r ... a(~n. )Amn (~1 ....... ~m" 1~1· .... ~ ··.l?n. >] ) . • (III-18) 

',. 

. l .·. ·, ".·. 

~ . .; . 

··, !• . 

the cluster decomposition of the S matrix •. 

We pave shown. that the cluster decomposition is a consequenc.e of 

the first cluster property. It is mean~ngful insofar as the plane-wave 

S-matrix elements satisfy Eq. {III-7), which in tur~ is true if the 

: .. ·. interactions described by .. ;: . '·.',,' ~' .. · . . . : 
. \ ' . 

the S matr'ix have a short range, Conversely, 

.:· .:-' - . of course, the assumption that Eq •. {III-18) is the correct expansion of 
. ·.; •. '·· 

.. ~: :~:;. ., \e.;.} the s matrix with respect. to four-momentun\ 'conserving c5-functions implies 
·'# ,: •.• , • .. • -;·:'. • ,• -

· ~/(:;· >, i:: :, ; , · ,Eq, (III -7) , which allows the interpretation that the. int era.otions are ot 

. · '. · '·: ,.\·:.~ . : ·short range. ·· We prefer the first point ot new, that the cluster 
--~~~~'~" -~~-,~):·{~,(,: .· . ·- '·, ·. . : . . . ~· 
··.~·, : .... ·:.,. ., : ...... /.decomposition of the S matrix derives from simple physical considerations. 
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(The second point of view has been taken by wQ'rkers in the .. .. 
analytic S-matrix theory._ They include the cluster decomposition as 

a postulate.)17- 18 

D. A Diagrammatic Representation of the Cluster Decomposition 

We comment briefly on the possibility of a diagrammatic represen-

tation of the cluster decompositio~ of the S matrix. We.wish to represent 

graphically Eq. (III-15) 1 relating the 

we asspciate with each cluster amplitude 

s mn to the {Amn • To this end 
tv .. .,., 

a di~fram like the one 
~~-

. shown in Fig. 1. There are n lines ~hich enter from below, which are 

labelled with the initial momentum variables 1 ·:and m lines leaving 
.II_ 

The .··. · from above, which are labelled with the final momentum variables. 

circles represent the interactions which the A mn describe. Since 

All is the three-momentum 6~tunction and thus describes .no interactions• 

it can be represented by a straight line. 

We represent the ·smn by a sum of diagrams, each term in the sum 

given by orte or more diagrams of the type in Fig. 1 1 each corresponding 

to a cluster ~plitude Am'n'~ with 1 ~ mt- ~ m, 1 ~ n' ~ n .. 

For example, s54 has contributions from'four terms, diagrammati­

cally given in Fig. 2 1 (a) through (d) • · Fi~. 2(a) repre~ents -A54 , (b) 

represents the terms of the form -A32A22 · which differ only in permutati~ns 

of the momentum variabies, (c) represents term~ ~f.' the .form A~ 3A11 ,· and 

'::: __ · ~ ; : .: ... ·. (d), terms· o~ t~e form AJ~lAu • .. r~. s~oUld~ be no~ed _t,h~t .. numerical:· 

· ., ·:· ·. . :coefficients ·~re. suppres~ed in these figures~ For a large· spac·e~t:ime :,. · 
. ~ . . . 

.. -~ t ' 

·.,·. 

. ' . ' :~. 
L .: , ... ~ ·, ' ~ ·, ·' .. 

·, ·. 
' ·" . 

·;;· 

. . ~ ' 

. ' . 
• j • 

·J __ 

·:· 

\' '# 

'· 

.• ' 
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translation of one initial and one final-state particle, only diagrams (c) 

and (d) will contribute to the S-matrix element. Similarly, if two particle~ 

· in the initial state and two particles in 'the final state are given a 

large space-time'·translation (together), only diagrams (b) and (d) will 

: ..,_ .~ t ... ':. • • 

• o ~ '.' • 0 X 

·;· 
· .. ;, . '•" 

' ·. i ' .• : . ~ ' . ~ 

contribute to the S-matrix element. The diagram (a) does not contribute 

· .. ' ;. t·o either matrix element ~d hence must represent the amplitude for all 
. ·' ·~·' .. 

·, .,. 
''' 

·~ .' ' . 
~ . . . . 

. ....... . 
·. 

' ' 

.·.·I •. '·. 

.. ~ . ' .. 

four initial particles interacting among themselves ·.to produce the 
~-

desired final state. The diagrams (b) through (d) r'-present amplitudes 
.( 

in which some of the particles do ~ interact with some other particles • 

These remarks are, of course, quite general. lrhe cluster 

amplitude represents the amplitude for n initial particle.s a:ll 11. 

·interacting among themselves and producing_:. m final particles; The 

contributions to the S•matrix element arising from the case when some 

of the particles do not interact with others come from products of two 

or more cluster amplitudes. These considerations are, in fact, one of 
' ' 

l' 
I, 

the justifications that Olive uses in introducing the cluster decomposi-

.. ···. 

1 • : ' ' 18 
. ··!.tiori as a!; postulate • in the analytic s-xuatrix theory. They would l~ad . 

:, · .. · . ' 

~ . ' 
to the follo~ng expansion of the Smn: 

o ,·;I ,',1'' ; o 

.. ··.:. 

· · .. /'··:".:.'/· · .. Smn('D
1
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· .. · r··· ~ • :un ' ... 1 • ' . .;.n . mn ~· '. ~ ~~ 0 .~ · 

'. oJ ••• ..... •.· .. 

l 
.... ~.. t '· ... ....... 
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.• •,..! 'A 

., }; .' 

:· 1 .:· 
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. ·· : ;· . 

f. 

· I ·I 
part" part ' ,. 

xA (" "· 
m n. Pi· ;Pi ' 
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, 
.. . . , ·'·nth the same notation as above and an arbitrary numeric,.a. coefficient 

···-~·· ~'!1 . 
•'·. 

. ';.. ' · ... ';-
... , . . ' 

·.·· . 
. . . · 

(. --.. i,.., . ·.· 

.... _ 
• 1 •• •. t<'• .. : ~ 

.':: . ' 

... -
';./.' 

• _·.: ,i'i •• .. 

' •.. 

···,-· 

.·-· . 
i .-. 

.. , . ... . 

·.~· ." .' .. 

~ .I ': 

: ... 
• ·,! ;. 

· . . ,;:.'_ ... · .. 
·. ,. . -~ .. ~ 
'·. '··: 

. : c(mimj ~ • • • ;~n:t • • •; • ~ •). Thus these considerations by. themselves do 

'· 

not lead to the cluster decomposition of' the S matrix, whereas the first 

cluster property; with its result, Eq. (III-7),gives unambiguously the 

.expansion, Eq. (III-15). 

In a perturbation theory with a diagrammatic representation, for 

example,the Feynman perturbation theory, each A is defined by an .· mn 

infinite set of connected graphs, each graph having ~ outgoing lines 
~ ' ' 

and n incoming.lines and an arbitrari,ly complicated"Jstructure. In the 

Feynman perturbation t~eoey, there is a~sociated with each. connected 

.graph an overall four-momentum conserving 6-f'unction, and no other four-
.- . II. 

' ·momentum 6~f'unctions. Thus the identification of the A ·with the sum.· 1' 
mn 

•• ·f 
.; 

. ~ ' . 

of connected graphs is unambiguous. It may be, however, that in terms 

· .. :.: of' amplitudes so defined by ·~ single four-momentum 6-f'unction, the 
. '• _f.. 

. ' 

': . 

· · plane-wave S-matrix elem~nts are ,!!2l given by Eq.. ( III-15). It· turns 

out that the Feynman pertUrbation.theory gives pl~ne-wave S-matrix 

elements and: cluster ampli tu~es which satisfy Eq·. ( III-~5) 1 but it· is a 

trivial matter to write down a'"perturbation theory" which does not, as 

will be seen in part H below •. 

We can summarize this· discussion by stating that a diagrammatic 
. . 

· representation:or the· cluster decomposition of' the S matrix is possible 

·and that the cluster amplitude.is given inperturbation theories by the 

,• .• :• I 

.. · • 

', .. 

... ' . .-
·-. ~. L' 0 

' : 

i ; •.. '.. ' . 

.•' .... ~ . 

.;: 

sum of connected graphs with the appropriate ~umberof' ~z:1coming and out- \~ 

going lines. .. 
·., 

·, . 

.. ,. 

·.· 
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/'· \ 

E. Lorentz Invarianee and the First ClusteriiF\roperty 
i:!• • 
;~: 

First, we wish to point out that ve have not depended on the 

invariance of the S-matrix with respeet to proper homogeneous Lorentz 

transformations in our discussion or the eluster properties. The in• 

variance under the hpmogeneous group is, in fact, irrelevant to the 

formulation of cluster properties, and our results vould be equally 

valid in a non-relativistic theory~ However• if we do deal with a 

relativistic theory we must 
j 

naturally convince ourseJVes _that the 

assume are consistent wil~ relativistic _, cluster properties.which ve 

invariance. 
~. 
t·· 
, . . ' 

It should be noted that ve do depend on the translationaL 
l 
I . 

invariance of the S matrix. This propertr is equivalent to the re-

quirement that the plane-vave S-matrix elements contain ~-functions 

whic_h imply conservatio-n of overall four-moment tim. This alone, of 
.' •. • • I, • 

course, does not imply the cluster decomposition, -or, equivalently, 
\ 

· _ the first clu~ter property. · · 
I ·.· :~ 

\. 

To make eXplicit the relativistic invar.iance of the cluster 

-·_ decomposition 0 we introduce the invariant cluster amplitude Gmn s \ 

' 

\ 
~ 
\ 

' \, 

• 

I ; 

' •·.'. 

'_.- \ -
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In Eq. (Itt-19), the overall 'tour-momentum-conserving 6-function is 

exhibiteq., as are certain "relativistic:" factors. On the right-hand side, 
. . 

·· the are given by (AI(~ .1 ") and the p t , .. i 4 Thus the 

·. 

Gmn are de~ined·on the same 3(m+n)-4 dimensional manifold that the Amn 

(and Smn) are. Let us ·denote this manifold by 1Y}mn ;.·. the Lorentz 

· transfo~ations _map ?"lmn ~nto iti:l.elt • 

, In light of the covariance properties of the S , mn 

relation to the A , and the detini tion above, the f G mn \'. mn satisfy 

,_ their_ 

~: 

• 

Gmn(Mpl" ,· • • • t Mpm'·' ;Mpl' t • • • t :Mpn'.) = a· (p " • • • p ;, •p ' • • • p. ') mnl' 'm'l' •n '· 

\" 

(III-20) . · 

where ·M is a tour-by-tour matrix r~presenting the action of a proper 
'\ 

homogeneous Lorentz transformation on a four-vector. ·Thus the -G mn 

are Lorentz scalars, 

In terms of the distributions · G , the limit, Eq. (III.;l7), 
~ I 

is· expressed as · ·· 

I ' 

,, 
ci_, 

l 

lim 1z •lla c·· · " 
e · mn P1 • lz··-1....., 

••• p"·p' 
• m • 1 • 

• • • p t ) 
• n = o· .. ~· I 

\. 
(III-21) 

, .. 
',\ 

. \· 

where, in ll·= I:'pi 1· .. t"pj"• I:' denotes a sununation over any subset 
. . 

ot the primed variables, and t" deriotes a summation over any subf:!et· 

.of the double-primed variables, such that l1. conta.in'at least one. 

variable, but. not all of them• The condition.:expressed by Eqe·· (III-21) 

is obviously Lo~entz invariant, 
-, ~~ 

~~ . -~ . \ 
_ \ . ·.. . .For completeness, ~ express the .cl~s~er de~;~position_ ot the~\\ 

\ S matrixf in t_erms of the GJ: · · ·.. ... · ·· ·· •··· \, 

. ·.··· 

'· .. :•. ~ ,.. \ 
'". . i .: • ; ' . ·,. . ; ., ' . ; ', 

.,,, •. - . ,: '· l\ 

~( 
•• ;-

. . ~-

\ ·. 

\ 
\; . 

. ... 

•. 

. ~, 
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\S e: 1l ( exp l f (ml n I )-l. J d~Jii • •" d \, ~J?l. • 
, i· • m,n~ \ . 

· < . ~~1 16 < + 
1 
<Pi" ;ml ~:-'1!1" ll112

'( <e1 "•I~ 

! . ·~~]. [ 6 (+) (p / ;m)(2w(£/ n*a<~~. ) )} 
\ 

••• 

". 

'· 

P·in ·- ~ p ')G (p tt ·:· ••• p i•·p ,· ••• L·J. mn 1' • m'l' • 
Jt:l ~ 

I •', (III-22) 

. vhere . o(+)(p;m) t: 6(p•p-m2 ) if p. is forward time-like but vanishes 

otherwise. In Eq. (III-22) ~ the o(•) functions and. four-moment~- ., 

· conserving o-runction restrict the integration to the mainfold 1fl, ' .. 
mn' 

F. Unitarity and the First Cluster Prouerty. 

"• 

\ . 
. \. ; 

. ... 

That unitarity and the first cluster property are distinct . . . . . . 

. ' 

properties of the S matrix should be clear, because unitarity is concerned 

vi th the normalization of state vectors • rwhich has nothing at all to do · · 

vith the interactions, However, the first cluster property is a 

'lo I 

... property. of the interactions described by. a unitary S matrix so that > 
. ·' . 

. ' · · .·these properties must be compatible, This compatibility is expressed .. 

. ' , . ·.by the fact that the unitarity ·relations, Eq, (II-8a) 11 vhen given 
;. l 

. ' 
· ..... :' 

, I 

·s.olely' ~n terms of• the cluster amplit~des~ ~o~tain only "connected". :;: 
·-.. ·· 

·.·J . ' . ~- . -
. :.:· .. f..- r:· :~:. . . : • ,. .1· 

. . . . . . 
. . ; .. 

t'- ,·· :: 

' ... t· 

·· ..... 
: . ·' . ; ., 

. . ' ~- ; ·. ~- ~ 
·. ··, '· ···. .. r: 

'· : 1 
; ,: ·• 
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terms. That is, in a given unitarity relation expressed in terms of the 

A , there are no non-vanishing terms vhich contain a factor of a 
mn 

6-tunction corresponding to the conservation of a subset of initial and 

final four-momenta. In particular, the three-momentum 6-functions on 

the right-hand side of Eq. (II-8a) do not appear. 

• 

We give some examples of this last remark: 

. • 1 J•i 3 3 A ("'"p"·p'p')+A ("''p'·p"p")+- d-odn 
22 !'1 ' .... 2 ' .... 1 '-2 22 ~1 ' ... 2 '-..1 '""2 21 f .(,1 ~2 

l 

* . 
X A22(.f1: 

11 
•.f2 

11 
'F1•-f2)A22(.f1

1 1~2 t ~~1•.f2) a O 

. + 1 \ 
.· 4 L 

(
1 2 3) 

· a 8 y 

·' 

(III-23a)· 

.. 0 • 

{II~.-23b) 

• 
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If'' 
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These relations hold when the total four-momentum in e~cp is below the 

threshold for particle production. 

The increase in complexity beyond-the three-particle case is 

I 
considerable. The unitarity relations may be expressed diagrammatically 

. . 18 
with more ease. , Olive gives examples of such diagrams. Integration . 

.......... : ·> . ,., over an "intermediate" momentum variable is. represented by a straight 
'•-'·. 1 

v,_. , ~ , • . •, 

·.\·:~.'·. ·· ,,_ 'line between ·the two circles (representing cluster amplitudes) sharing 
" I • •• fo 

. i 

,•·· 

... 

' ~ . ' 

' ... ~ 
' .· 

.. 

/ 

that variable. The complex conjugation of the clustyr amplitude can be 
) 

represented by a circle with, for example, a minus sign, with the cluster 
. . . 

. amplitude itself being given by a circle.with a plus sign. External 

momenta are given by straight lines going to and from the circles, as 
i• 

I 

before • (For compl~teness, ·there should be asso~iated with the diagramma-

tical representation of the unitarity relations a prescription for '· 

determining the numerical coefficients.)· 

We no~ indicate how the·unitarity relations-can be expressed 
. . 

entirely in "connected" terms by using the func.tional formulation of 

Appendix Bi .The totality of unitarity relations involving both 

"connected" and "disconnected" pa~ts is summarized by.Eq. (II-16a): 

t . • • t• . t . • • ~ : t• . . ' . ~ . . . 
F{a (~ha(~) }F· {a (.f) ;a (l?)} + F{a (~);a<,~)} ,F {a (~)_:;a : (~)}\ a l , 

. . · . ·. . · · t : · '_j (I!I-24) ... 
using the functional product bracket introduced in Appendix B• 

. \ ... . 
Now, it. 

. · can be shown· that for any ·two connected f'llnctionals ·A :_· e1d· · B . , 
. . 
·real· variables 
., ... 8 and t: . 

. ' :· j 

''*· .. · .· ,. I 

.. :, ·.~ ~ . 

and 

1 sA tB} . · ',_ sA+tB[ ·""" ( { sA t~ ) .· ·. -·1: ] ~- ,e ,a e .e~ e ,e - . .• . ., .... :')\_ .. : 
.. :.(· .. , -. 

' ''• •• ·• ,.-' • I. 
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where { }c indicates the connected part of the functi~nal product 

bracket, which has a well-defined meaning. This is,Just the generating • -

function for the expansion of the functional product bracket {Am,Bn} 

into connected runctionals. Hence, for F • exp A , the left-hand .. -

·side of_ Eq. (III-24) is identically: 

equation or its· connected parts: \ . 

.... 
·.· t. . . • • . . t• 
~{a (~);a(~)} + A {a (~);a (~)} \ .. 

,\ -. 
~n ~ . t*. · J . '\ 

, A {a (~);a · (~)} • • 0 • 
c ' . . . . 

+ 

(III-25) 
·.. :.•. 

.. • 

.. ' ... 

.. ! 

... 

-~ '. ·. 

This functional express_ion sWIII!larizes the totality ·or "connected" unitarity . . ' ~ 

'. 
' ; / 

··relations. * * For example~ the terms A + A + {A,A } contain c . 

on the left-hand sides. of the Eqs. (III-23) • 

i . 

'·. 
the 

. ·' ··\·. I 
. i , expressions 

\ . ' \ 
' ' .. 

·' 

· .\' · Conversely, if one ~requires that the expansion of the_ ~catterin~\ 
~ ~ 

· \ functional into connected puns be determined by the condition that the \ 

'pinitarity relations be in terms of connected · \1_\ 

\runctionals: alone1 iris F •· exp A. In this sense; one · .. '····:~\ · · 
could say that the cluster _decom~~si tion follows. from _the connectedness · , . · \~ 

,_.,-. -·-~f the unitarity relations.·, or course, both follow from the physical· . :\-. 

::, · ..•.. :~?ndiUon expresse~ 1>7 Eq. (III-7)~o that the last. reme;:k does not . · -~, 
' .> ;pl)' a logic~ d~~endence of: the fi\t cluster property on unitarity. . \ 

' ·, ':' \ 

.. •.· · ... 

' ' ·. '., 

\ '·, 

. 
. 1 
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We vill later give examples ot operators which satisfy Lorentz in-

variance and unitarity but not the first cluster property, which further 

illustrates the obvious independence of these properties. -

G. Feynman Perturbation Theory 

We now give three ·examples of S operators which satisfy the 
·, 

requirements· of the first. cluster property, i.e., they admit the cluster 

decomposition. The first \ill be Feynman perturbation theory, by which \ 

we mean the power series e~sion of operators of ~he form:. 

S ~ T(exp(iJ ~l(x))} , 'i (III~28) 
l where T indicates the familiar time-ordered product: 

!T[£<xl} ... [(xn,>) -[1 ~ n lo\(tal·ta2) ••• e(tan-l·tan) 

a ••• a 
1 . n 

.x J ~X ' } • • • J_( X } 

Ql , I ('ln 
' \ 

• (III-29) 
.,· 

And the operators Jl(x) satisfy casu~ commutation relations in.order 

Jhat' the T product have a Lorentz-invariant meaning: · 
l 

if x - x' is spacelike · · (III-30) 

We·vish:.to show that whenever Eq. (III-28) defines an S matrix, this 

S matrix has the cluster decomposition. 

If dl(x) is constructed by taking products of free-field operators 

at the point x , then the expansion of Eq. (III-28) can be represented 

by a well-known diagrammatical method, the method of the Feynman-Dyson 

graphs. These graphs represent the expansion, as given by Wick 8 s theorem, 

of the time-ordered operator, Eqi· (tii-28); into swi1S'1 of normal-ordered 

. i, 

•:t 

- ·:---· 
.. 

• 

\, I 

~~-
\ 

\. 
\. 

\ 

,· 
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products. In terms of these graphs, the cluster decom~osition of the • r? 

S matrix is obvious: each cluster, amplitude Amn is determined by 

'· ·summing the contributions· from all connected graphs with n incoming 

and m outgoing lines, because a connected graph has a ~-function 

~xpressing conservation of overall tour-momentum and none expressing 

conservation of a subset of tour-momenta.· It must be shown, however, 

~hat the combinatorial aspects of the cluster decomposition are satisfied, 
• 
I 

i.e., that Eq. (III-15) is satistiedo 
'' ' 

' ' ; 

We solve this problem not by considering the Feynman-Dyson . 

graphs·, but by showing that the scattering functional given by Eq. (III-28). 

is the exponential of a connected functional. In this way, those details 
. ' : l 

ot the structure of the graphs other than their c~n~ectedness can be ' 

. 'ignored; We do assume that there is associated with each.connected 

graph an overall four-momentum 6~tunction, so that it will· be sufficient 
~ ' I 

to show that the S operator of Eq. (III-28) ·satisfies the spatial 

version of the first cluster property. 

In 1perturbation theory .. £ (x) is assumed to be a sum of produc~s 

of field operators; (or their derivatives), taken at the point x o 

(The products.are normal-ordered in order to avoid a certain type of 
···, ', • J •! ... • a _., • 

divergence.). Because of this form of J...(x) ,,. we can infer ~hat the 

functional / 

L{o t ;o} !; e-o'o t(v~l~0t ;~J AJ.(x)e0
'

6 t fvac) 
. . /.. . 

, I 

. ,. 

,/ 

be a connected functional in 'the sense that .al+ the kernels Lmn(~"• 

· .· . ~ • • : • : •). defini~g :~'the 
.: ! . ;·.!.: ·.·.·<"' 

._.J 

functional contain only one fo~-momentum 

·:· 

; . ··. 

•••• • 

.. 

. ' 

'. 
. \ 
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4~, 
., "'• ,..,\. 

conserving 6-function. In particular, the kernels de~ihing 
·:· .. 

. t t . t 
L(a t ;a:t) - e -a·a· .. (vaclea •a.,c~(t)ea•a j vac) · 

with 

,· 

(Iii-31) 

(III-32) 

contain one and only one three momentum conserving 6-function. In the 

· following discussion we thus assume, without further specifying the 
/ 

· nature of J.Cx) • that t.he rU'n~tional L{a t ;a} is a co~ected functional. 

'~ 
.We also assume, for simplicity, tha~ including the d\tails of are-

' 
normalization 'program will not affect our result. 

We define 

••• 

(I.II-33) 

so that 

. t . 
F{_a ;a} = 

CIO 

'[ in(nl)-l J dtl_ 

ln=O . 

. . 

I ~ t · ••• dt T L(a •a•t n ' •. 1 
. . . . 

• (III-34) 

\, 

Now·using th~ multiplication rule, Eq. (B-21), ve note that 
' .. 

+ · :,. c t . > · L c + > +'· >:1_ . II{ a ·;a:t1 t 2 ) = L(a. ;a:t1 )L a. ;a:t2 . + L a ;a:t.1 ,L(a ;~:t2 J . 
. \ . 

Since a fUnctional product bracket of·connected functiona~s is also 

connected, this· is an expansion into connected functionals: 

.. . ... 
,·, 

' • < '• 

·, . 
\ 

V· 
\· 
·'\· 
·.\ 

\ 

I. 

• 

> • 

., 



' ' 
•; 

.. . . ' ~ ' . 
··; 

. :-~ ' ' 
···\,,. 1 •• , ' •• 

• tC ~ <" 

., ' .: . : ~ ' .. ' " ·. , ~ 
• tl',; .: .. · . · .. 

' :·. ;'', . •. ' ~. . ' . 
. ~-~ .. .'-";. 

-52-

Proceeding in this vay• we obtain the 

t . . t 
L(a _;a:t1 • • •· .tn) a L (a •a•t • • • t )­c ' • 1 n 

+ 

where the L are connected tunctionals in the c 

••• 

••• t ). n . 

t) + t (Bt·B·t · .•• ·• t) 
n c ' • 1 n .. 

(III-35) 

(III-36) 

That is, the kernels defining Lc contain one and only one three-moment~ 

.1::. : . ·"'' . · conserving 6-tunction. The sum over partitions .L · has b~~n 
. . part; •.< 

1." . ' 
defined before; the order of the variables in each L ·on the right-hand c 

· /;··: .. :.:~. ·; ~. ,.· .. side must be the same as that on the· left-hand side~-.~_Then it i~\.~ivially 
.. .. . - .. ···.· 

. l . 

,. · .. ' 

. , ' 
l ,. 

·true that 

; ". \ .T{L( t. t . t ) } 
• \. · . a_. ;a: 11 • ~ • n 

\ . :' 
• • • t )} . 

n. 
I• .,. 

. \ 

.. "' 

~ ... 

The scattering functio_ al. given by' Eq •. (!I~·3_4) .is therefore 

·.( ........ 

'.• 
'~. . 

~t T { L (at • a : t :·/: • ~- • . t ) } . 
. n C· . ' 1: .... n .. ~ 

:.-... < _,-,,, 

... ~- ~ . 
' 'i. 

·, ,,· . -~ '.' ' . 

1 

\"· . 
. ~ .. 

. ~ ,· 

·.· . 
i 
\ 

i 

'' 

• 

' -

. ,, 
' 

. . -.:~ 

\ : 
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' I 

using the result, Eq. (B-27). Thus the scattering £unctional satisfies 

the spatial version of the first cluster property, In the diagrammatic 

t !epresentation, A{a ;a} is given by the sum of all graphs which have 

one 9verall three-momentum conserving ~-function and no others. But , 

these graphs can be.unambiguously identified with the connected graphs,\ 
L .\ 

1
. each of which having one fobr-momentum 6-function and no others. Thus 
i . 

the operator defined by Eqs •. (III-28) through (III-30~ satisfies the 

· 'first cluster property. 
\ 

It should be mentioned t~at the Feynman-Dysoq graphs represent 

amplitudes )j (p ", · • • ··, p ";p ', · • • • p ') defined on: a 4(m+n) - 4 
mn ·1 .m ···1 ·n 

dimensional manifold, which reduce(~o what we have called th~ invariant !: 

· cluster amplitude . G · (p " • • • p '1•p ' • • • p ') when the four-·mnl' 'm,l' n 

momenta are on the mass.shell, i,e,,\p/4 = w(E1"), ~/ 4 • w(~J'). 
\. 

The G given by the Feynman perturbation theory thus have a well-
1 mn . 

detined continuation of£.the manifold·1n • One example. of.this 
\ 'I .mn 

continuation is"ci:!ossing·symmetry: \ 

'i. 

. . 

\: 
\ 
\ 

\ 
\ ' ~ 
\ 

\ 
\' 
\ 

L (p " • • • p "·p ' 
.£J mn 1 ·' · • m ' 1 ' 

•••,p') fl.. (" ••.• p"-p'·p' . n 11 ....Um+l n-1 ·Pl ' · • · m' n • 1 • • • 

... ' 
,, 

0: ( " • • • p" ~ = ~m-l,n+l P1 • • m-1' Pm.·",p' ••• p') 
- 1 '. • n 

0 (III-39) 

thisrelationship is,.in general, meaningless for the invariant cluster 

amplitudes we have defin~d unless there is given a prescription for 

continuing the 1 .G ,is from the manifold 'ffl. to the manifolds 
mn"' .mn 

4Y1 and ~ When it iS ~efi.ned, crossing· symmetl')" is 
. ~ ','mtt-1, n•l. . .· ! :\ "ln-l,n+ 1 • , 

.•,' 

' 
' ,. 
\ 

i 
l 
I• 
[ 

~. 

f 

t 
1 
r 
t:' 

t 
~· 

r

:. 
:·. 
,. 
' ,,. , 
t .. 
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related to the first cluster property in that it is thp connected 

amplitudes which possess the symmetry. 

H. The t-Functions 

The second example we give of a theory which satisfies the first 

cluster property is the so-called LSZ formalism. 10 It is shown in 

Appendix C that the scattering functional is given by 

-t F{a (p) ;a(·.p)} • I (nl )-~J d4
x1 • • • ••• • •• K ~cx1 , ···, 'x > x n - ncO n 

(III-40) 

where 

• (III-41) 

From Zimmermann's work it will be shown that there is a connected 

iunctional A 1 which satisfies Eq. (III-11), such that 11 
F • exp A. 

I . 
We first express the scattering functional in terms of the Fourier 

transforms of the '1'-functions: 

By suitable manipulations, employin~ the 6(+) fun~ti~n defined'as in 

Eq. (III-22) 1 Eq. (III-41) becomea 

• 



'· 

'· 
f. t I ~ 

• v 

' ; ." ' ~ ~ 

. \ . -''-~;~ i .. 
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<P(x) a (2n )ra3/~J d4pe-ip•x[ 6(+.) (p;m)(2lA\(~))1/2a(;e) ~{ 
.. 

+ 6(+)(-p;m)(2w(~))1/2at(•;e)] • (III-43) 

Then from the last two equations comes the result 

F{CI t ('p) ;a(p)} - - \ 1!4. 4 
a ~ (nl)• d p1 ••• d pn 

n=O 
. ,_ I . . 

. . · {Itt-4~) 

Zimmermann showed that ·the momentum-space t-functions could be 

expanded in the following way. 

t(pl' •••, pn) a "cS((pl + 
I 

••• 

••• 

.. 

(III-45) 

where the sum over partitions has been defined before and where 

the 
part. 

~ functions do not have any more four-momentum 6-tunctions. 
- . . . . . . ~ 

\ 
'. 

\ 
\ 

\ 
' 
\ 

This 

• 

I 

I 
! 

t 

·I 
I 
i 

I 

I 

I 
I 

I 

I 
.I 
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is just the cluster expansion mentioned in Appendix B, The corresponding 

' property tor the space-time T•functions is 

•••• 
.. 

Equation (III-44) shows that F may be interpr~ted as the 

generating functional for · / 
~ 

{ ( j~l [2•1(-p/ + m
2

))) T(p1 , ... , pn} • 

defined on the "function" 

• 

Then, from Eqs, (B-25) and (III-45), ln F is in the same way the 

defined on the same.tunction, 

\ 
I 
I 

I 
I 

(III-46) 

• 

. \ 
\ . 

\ 

\ 
\, 
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\,_ 

1 .. 
l • . f 

'·· 
\· 

\: 

(III-47) 

' . -~ ... 
,'- :·. 

. .. 
; . 

6 .. (p " + •• •··· p " - p ' 4 l m l 
••• 

. . 
- p f )?I ( p tt t t t p U ·· p' 1 , .•., 1 ' 0 ·. -p· t:) . ; \ . . . •: 

n i 1 • ' m • · - 1' ', · .: ' n . , . ~ ··'. · ' ::. 

(III-48) 

Since the 1{ . do;•not ·have any further tour-momentum-conservi~g .6-functions 11 
'. :- ·:. • .. · 

it. is obvious .that the A' given by Eq. (III-48) .satisfi
1

es Eq •. : (I~l:..,l2) ~ 

·' 

··,·. ··.,' . . . ( 

~ . ' 
The invariant eluster ampli t~de is thus. given by :; :, < < ' :. . 

. ·,·:\, ·.' ,-~-.... -.'~_~.:· :':. ;;:fc_·-~~--~<· .· ... ~---~-(~- .·. 

'•,.' . 
·, . ' · . .;. . ~· .. 

: ,~~~--- ., • ·- •. 3 

·., _ .•. . :.-
·., ·r . , , I 

i'; '1 •f 

~ I' - ... : • 1 

•. ·. ;·· _, ' ·- ~ .. ~: .-·· 

., .... 
: '· 

'· ,t ,·. ,·';:' . , .. --.· 
. ' _.;·- .. 

. . ·~ 

.. ·<·.· .. 

.-• '_.; 
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" ' •••• p - p • 
m • 1 ···, - p ') n . • (III-49) 

It should be emphasized again here that G is defined only on the 
rnn 

manifold ?n . , so that on the right-hand side of the above equation, . mn , 

Pi\ = w~') .and P/4 = W(~"). '(The function rl' is singular at . 

these points, but the singularities do not occur in the Gmn because 

of the factors -pi"2 + m2 and. -pJ• 2 + m2,) 

I. The Connected Phase Matrix 

As a final example of an operator satisfying the requirements of 

the first a~uster property ve give 

S a · exp {in) 

with the ~hase .operator n defined by 

• Cl) 

m,n=2 

• (III-50) 

• 0. G. 0 

n 

Jl . [2w{£.1') ]-1/~ ~~n.J n L i=l 

[~w{p.•))•l./2 
;..1. 

••• 

~ p t) h (-p " .•••. 
~ J m+n l. • ~ 
J=l ·" . . 

J=l 

-p" p•···· p')· • 
m ' 1 '· · • n 

(III-51) 
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)/~' 

having no further four-momentui!~onserving 
!'. ~ 

6-functions. Lehmann, Symanzik and Zimmermann introduced this 

representation to discuss causality properties of the S matrix in 
24 . . ,..,. 

field theo~es. They specified that the hn have no four-dimensional 

o-functions in order that "all observable quantities like cross-sections 

and their generalization for many-particle processes would be finite." 

We shall show that this prescription gives exp(in) the correct cluster 

decomposition structUre. 

There is no simple relationship between the cluster amplitudes 
'V 

and·the h 
n • We bypass this difficulty by using the functional 

formalism·: as ·in the previous examples, we show that the scatter~ng ll 

functional F is the exponential of a connected functional. To this 

end we define. 

t t . t 
t -a•a I ~ •a n a•al En{a ;al = e (vac e . n e , vac) 

'. .· 
. -(III-52) 

Thus· 

t '\"' · n · -1 t · 
F{a ;a}- ~ i (nl) En{a ;a} .. 

n=O. 

It is shown in.Appendix D that theE are related to their connected .. n . 

parts E c by . the formal power series· · -n . .. . 

• 

I 
n=O 

c t where the functionals E {a ;a} satisfy 
n 

(III-53) 

• 

I •; .' 
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Hence I . 

. .- '•' .. '· 
' . 

(III-55) 
~ ~ '; ; 

' .. : ' . . ~ . .. 
!•,' ! .;>" 

! ... • • • • ~ • 

. ' 

' ' 

... 
'· 
. ' ·, . ~ ' . . 

·and because of Eq.·(III-54)~ the scattering functional satisfies . ~ 

Eq• (III-10). 

In this example, the first cluster property is introduced rather 

artificial.ly. · In. the examples of the Feynman perturbation theory and ·. · 

t·he 1·-t;..f'uncti~nsthis property follows f~om.more fundamen~al assumptions·. 

In the former the dynamical principles from which it is derived assure 

the cluster de~omposition. • In ~he latter, the cluster decomposition 

follows from loc&lity and the.asymptotic conditioh. 

I. 

' 

J. A Counter-Example 

.We now -~i ve an. example o·r a unitary and Lorentz-invarlant 

·. operator whi·ch ·does -not satisfy the first· cluster pro~erty. Let 

./. i ·_ .• ,-

.. \ . ' 

where · ' .:\ .. ·. · ' .. · · . 
\. . ' 

H =J· d3 oo,i3, "d3n 'd3n '(2w(p ")2w(~ ")2w(~ 1 )2w;.l? ; ) ).;/2 
. il -t;2 .-61 . -6'2 ... l ..t;2 .-61 2. . . ·, 

- - :,·: . ~ ~- ... 

' . . ·, .... ( .. 
·: ... ", t 

. . -.~\.· .. 
. \\ 

. . ~ ;\t, 

. ' \' • I 

\',, 

tl 
'I 

. . 

t t . . ' . . 
a (~i")~ (p2")jvac)(vacja(~1 •)a(~2 •) '.' {III-57) .. 

. ·, .. . ... ,, 

. and· h*(p
1
",p

2
,.;p

1
•,p

2
') a h(p1 •,p;~;p1",p2")~~ If ·,{::.is a Lorentz-

. ~ . ' 

invariant function of'the four-momentwil variables, then s•·· is unitary 
;, . ·. I .. 

' · · ··. and Lorentz invariant. 

I 
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I 
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· .. ·: ~-

\ \ 
\ 

., . ·, 
,, <' 

.;.••, 

. .. 
. • ~··· · .. 

· .. * 

. . . 
•. - • •1 •. : 

...- /• 
••( ' . 

'. 
\' 

, . 

'' 



•. 

\·· 

',· 
' 

-61-

S' has the action of the identity on all the n~particle 
... 
. ~ 

subspaces for n ; 2 and a non-trivial action on the \we-particle 
' 

subspace, Thus S' describes the interactions of two particles'with 

each other, and only if there are no other particles present, The mere 

presence of other particles., no matter how far away, drastically affects 

the two~particle interaction: it turns it off. This is clearly a 

violation of the first cluster property. The latter requires that h 

vanish identically and thus that b.e the identitr operatO:t"e 

This violation is also seen in the functional ·formulation. 
'>:';.' ,. 
~ 

is The scattering functional given by S' 

-a•a t t· 1 ~ e D{a ;a} 

where, in 

X 6 (p " + p " - p ' - .p I )d(p ",p ";p ',p ') 
t 4 ,.1 . '2 ...... 1 .... 2 "1 .. 2 .. 1 .. 2 • 

the function d is determined by h .and contains no 6-functions, 

1 . F'{ t .+' 6t -iz•p. 
~m . a e , a = 1) 

lzl-

. 
I 

which manifestly differs from the correct ·expression, Eq, (III-10),. 

to S .~I. . · 

' 

To conform to tha~ equatio~, we mu\ ha~e. F' = 1, which corresponds 

·, 
The example given here is. a representative of·a class of operators, 

I . . . . 
\ 

exponentials of a finite sum of dyads\ in which the unitarity and Lorentz• 

• 

,. 

.. ~·~· 
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inva.riance are.easily expressed, vhich violate the ru,t cluster 

property. Imposing the first cluster property on each operator 

reduces it to the identity. 

This concludes our discussion or this property and th~ cluster 

decomposition or the s matrix. 

• 
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IV. THE SECOND CLUSTER PROPERTY /.1 
1i: :: 
.:;. . 
;•; 

We have shown in the previous section that there is a vell-

defined meaning for the "connected parts" of the plane-vave S-ma.trix 

elements •. Accepting this consequence of the first cluster property,'ve 

proceed to discuss more precisely the second vith the aid of the cluster 

amplitudes, the A • Because the second cluster property depends . mn 

decisively on the effects of vave-packet spreading, as ve have 

' indicated in the introduction, ve first investigate rhe effect of this 

phenomenon on S•matrix elements in vhich a single .initial Qr' final-state 
. '\ ., 

particle .is given an ·arbitrarily large time-like displacement. (It is 

. obvious that such matrix elements are of the sam~ ordFr in the di.splace~ . 
. li 

for the one-par~icle transfer ment parameter as the matrix' elements 

processes.) we· then obtain the t·ransition probability amplitude for a 

one-particle.transfer proce~s, from vhich ve can obtain a limiting 

equation for the cluster amplitudes. The totality of these ·equations 

represent the consequences of the second cluster property for the 
I~ 

structure· of the S matrix. 

A. Wave-Packet Spreading 
·: 

In this section, ve vill deal vith time-like'translations 

only, determined by a four-vector /z , vhich ve par~etl!ize-:·by_rthe'·. 
/ 

real number T and the three-vector v, vith· v•v <·1: "" ,.... .... . 

/ 

.z• ( . 2)·~1/2 ( ),··_ 
1 • V ; :•· T V ,1 : .'"* .,., ""' . . . . . 

Thus ·z•z • T
2 > 0 2 2 and p · = m • 

. 0 

.... 

• 

From vhat has been said alreadl in 

Section I and'II;·it is clear that S-matrix elements of the form 

• 

'\ 
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-· ·give the transition probability amplitude between a ~in~ state, represented 

·by the momentum-spac~ wave ~unction ~~ and the initial st·ate represented 

by ~i·l~i2 • Whatever ~1~' is, there ·is de~ined, at least crudely, a 
. . 

· ·. region in the coordinate ·space o~ the· particles and in the time, far· 

away ~rom which the time-dependent coordinate-space wave ~unction 

·is·· vanishingly small. The corresponding region for the ~unction ¢1_2 
/ .. 

is displaced with respect:to that for ~i2 by the amount Ct/m)p
0

• 

Again, for su~~icie~tly large· t , either positive or negative, the 
.. 

amount of overlap of ¢12/ vi th ~ il can be made. arbi tr~r~~ sm~l. 

Of course, the ~irst cluster property requires that 

lim 
t++CD -

a 0 

'. 

To determine the l~ading terms o~ the matrix element in inverse 

·powers o~ 
1
ltl , it is helpfUl to exhibit the t. dependence: 

<vac jA{~f}S A: {~il}U(I ,( t/m)p
0
.)A: {~12} lvac) = ~3-erC-e> exp (i~ t/m)_p

0 
•p] 

wJ}ere 

3 . * 
••• d p '¢ (p " 

~ f Q 
••• p ") 

.• lVJl· 

·X s (p " •• • p '*·p ' · ••• p , p)¢ (p , ••• P , )~ . (p) .• 
m n+ l 1 • ' m ' l • ' n ' . il l .... n i2 .... ' ........ / "" .... .... ""' ..... 

We may assume f(~) to be a square-integrable, continuous function o~ · 
. ' 

p • ·tn this ~orm, the matrix element has the appearance ~~ a time-"' . . 

dependent coordinate-space wave function. The asymptotic ·behavior of. 

·· such wave :functions is· well known. The asymptotic .behavior gives the 
\ 
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' 

· vave-packet spreading effect, the t-
3/

2 
. dependence ~-~~ l~ge 1' • 

This result is obtained by evaluating the integral in the a~yrnptotic 

·.·limit by the method of stationary phase~ The necessary results derived 

•. ·rrom this method are· reviewed in Appendix' A. Applying these resUlts to 

the s-matrix element above, we obtain. 

= 
\, 

·­. . ~· 

• • • p ,0 p !) ' • • ... n ~o.\ * x ~. (p .,. • • • p ")~. (p ' • • • p ')S . . (p "' • • • p "•p ' __ ·_· ·r ...,1 ..,m 1...,1 . ...,n m,n+l .... l ~ ... m ~1' 

. (IV-1)\ \ 
I .. 
'-

Following the argument .f Section III, Part A, we see that 
\ ' • I 

~q. (IV-1) implies the following.limiting equation, in the sense of 

'tempered distribdtions, among the olane-wave S-matrix elements 

lim-' IT 1312 exp. [.~( t /m)p • (p - p \ (p .,· • • ··, ·.p ,; ·p· ' .. 
o o \m,n+l ..... l. ' ...,m '..,1 ' 'T++i» 

•••• p ',p) ... n ..., 

.- I 

= · (2w~) 3/2 [w(~)i_m] exp (:!:,3ni/4)~ 3 CpJ,·,p0 )",,:.,,'<.: 1
. ~--'·' 

••• p "·p ' ••• p t p' ) 
' .... m '""1 ' '""n \',..o 

' ' \ . 

.• 

(IV-2) 

and a similar_.equation for translations 'of a single particle in the final 
I - ..... 

•• '1 ••• 

state.· Clearly· the same limits 'must hold for_ the cluster amplitudes'~ · ·-

Thus 
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·~- .· 
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'' 

~~ 
It 13/2 exp [ i ( t/m)po • (P., - \o) ]A,. n+l (,el"' 

\ . . .. • • • • ~n' .~) 

exp (:!:, 3tri/4 )Am n~~ (~1" •· • • •, . : n "'n • • •• 
~m '"-1 • • 

• (IV-3a) 

~-

•••• 

. ' 

= (211'm)3/2[w(fo)/m] .exp (+ 3tri/4)Am+l,n(£1"• •••, Xk",~;~l~' •••, l?n') 

P· '') 
~ 

• (IV-3b) . ' 

These equations should be compared with Eq •. (III-17). Here ve see 

iz·~ . .lzl Just how fast the A e vanish with 
mn 

for large ·· ·1 z I , for · 

these particular choices of ~ and z • In general, if more than one 

momentum variable occurs in ~ , then ve would expect additional 
1 

-3/2 A i(t/m)p0 ·~ factors of T to determine the rate at which . e 
.mn 

' ' 
I 

• 

vanishes for large t • Thus an s-matrix element describing an inter­

action involving two initial-state particles which are displaced by the ... 

four-vector ( t/m )p is of order T -
3/ 2 compared vi th t.he ·same matrix 

·' .. 

. . 0 

element, but in which only one initial-state .particle is so displaced,. 

(assuming there .are four or more ini tial-~tate particles). The latter · 

matriX ~lement is, .in turn, of order . t-3/ 2 compared. with the ·s~e. 
matrix element, but in vhfch no particles' are displaced. 

· . One 1'inte~ed~ate-state'' partfcle 1 i~ the se.~se used in the. 

Introduction, similarly displaced will give a.· factor.·ot ' t-3/ 2. and two 
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or more such particles displaced will give a ·:factor or{\·3 , as was 
t ·~ 
J: ~t 

mentioned be:fore. Thus, with the second clu.ster property and these 

initial and :final-state single-particle wave-packet spreading e:f:fects, 

we are determining all the terms o:f A ei(t/m)po•A o:f order - 3/2 
~ t . • 

no matter what subsets o:f initial and :final momentum variables we include 

· in l:t. • 

B. 'Requirements of the Second CluGter Property 

on the Cluster Amplitudes 

We proceed.'as indicated in Section I, with the notation of 

Section III, Part A. For the initial state 

and the :final state 
'. 

• 

I; 
'I 

(IV-4a) 

(Iv;.4b) . 

we conside~ the leading terms in inverse powers o:f ~. :for large ~. o:f 

(~:rlsl~1) , having.:first subtracted out as suggested by the :first cluster 

property, 

<~flls I ~11>< ~r21sl ~i2> 

For definiteness, we take ~ to be positive. 

• 

.Let us now calculate the contribution of the one-particle transfer 

processes. (We offer Figure 3 as a "visual aid" for the :following -discussion.;) 
., . 

We de~ine a state-vector, assuming n1·~ 2: 
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A t (~(N)Hvac) 
. il 

••• 

Then w:e a.l~o define the state vector 

'., 
i. 

; .. 

• 

II) =.- L 'J~t(.~i~)}U(I 1 (T/m)p0)At(~12 llvac) 
ll=2 

(IV-5) 
. , . 

• (IV-6) 

lj 

. '.·! 
. In constructing the vector II) ·we have taken into account all of the 

interactions of the par~icles in the fir'st system among·. 'themselv~s .• 

. We have ~ taken into account any of the· interactions of the particles· 
).. 

of the second system among themselves or of interactfons between the 

systems. Now we wish to take into account the interactions of the 
I . . 

particles of.the second system with themselves~ with one particle· 

. from the first sys~em. To do this, we let S act only on these 

· · particles in the vector I I) . That is 1 . S has the action of the 

identity o~ all but one of the particles in the· first"sy~tem, because 

the. interactions of those particles among. themselves are already taken 

·care of in · I I) • 

Let us designate by . jii) the new vector obtained in this way 
/ 

. ·.from 

.. 
I 

·' 

" .• : L ,.,·,.. ·.; ~ ..... Expl~citly, taking tnto account a factor .for the possible 

.- ••• ! •'. 

·~ . :. 

/ 

. .' choices. of the. parti~le from .the· first system, we obtain 
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The contributions to 
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• 

(IV-7) 

arising from one-particle transfer l, 
'I·, . 

' 
because of the way in which we. 1 

processes are to be fo\ind in ·. < "':f I 1:r > , 
· have constructed the vector III) • · With our particular choice of 

- : ~- . 

~ ,· . . . 

··:I: ... ,.-, and ·~~f)·, the s~cond. clust.er. property may be expressed ·as follows: Tl)e 
·:.; 't':· ·, 

·.· 
·.·· .... ..... •: . 

.... · 
·' . ·.,· 

: .·.;. ~ 

.. ·-

.·, 

' 
\ ·. •-l-~ • 

: ;~ .:· -. 
: .. 

., _'.,~ ~ -. 

1·,- .·- .. 

·; 

. !· i .. 
..... ·•. -.. 

·' 

·leading terms of (lllflsi~J~i) - (¢~1 1sl~il) ( ~.r2 1sl¢12') in inverse powers 

of T as 't ·tends to infinity are obtained from (lllfiii). 

ThJ·identification of· the leadi~g terms (in.inverse powers of 

· t) in ·(lllfl II_>. _is straightforward. We use. the asyxdptotic limit already 

familiar. to us :ln .the discussio~ of the wave-packet spreading effects. 
. . ...... - . . . ._ ; .· : -: 

·;·The result is 
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••• d:~ '2~i~l{yl' • • • P' )~ (q ' .• • • a' ) 
_,,;n ~ ,.. n1 i2 "" l . ""-n2 

)( s (p " •• • p" p. •p ' •••• p' } 
. m1+l,n1 ...,1 • . • "'~',..o'...,l 1 ...,n1 

• 
. . 
\ 

Equation (IV-8} thus represents· the leading terms in (1Prlsi1Pi) due 

.to one-particle transfer processes. It should be noted that they are 

causal, by construction. We have not .included anti-causal contributions, 

I 
namely those in which the later interactions influence the earlier ones, 

because,·by the argUment in the Introduction, they.vanish faster than 
-3/2 ' . \ 

T •. , 
.. 

We must emphasize that there are other terms in (~Prlsi~Pi) 

of order -3/2 T , namely, those due to wave-packet spreading effects, 

·. Thus there are contributions to the overall.S-matrix element of.order 
. .~ 

. -I 
· t-3/ 2 arising from the following situations: \ 

. . ·"1. 
inter~·\ 

\-

. ' (1) A parti~le in the first, or "earlier," cluster does not 
\ \ 

• 

: ·1 _act with other particle.s .in that cluster, but instead interacts with . \ 

\·.particles in the second, 
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' I 

(2) 
I 

Likewise, a particle in the second cluster do~s not interact 

with particles in that cluster, but with particles in;!the first .. 

cluster. 

(3) A particle trom the first cluster is observed with respect to 

the "translated" final states although it did not interact with the 

particles in the second cluster. 

(4) Similarly, a particle trom the second cluster is ob~erved with 

respect to the "untranslated" final states although it did not interact 

with the particles in the ~rst cluster. 

The. important thing 'to notice about these tour types ot contribu- \ 
'· 
'\' 

. tions is that they are "disco nected," that is. they do not invol.ve any,:, \,. 

\nteraction betwe~n the first d second clusters, Thus the contributions \ 
\. 

'listed above can· be ignored if we consider only the connected -Dart of · 
\ 

(111:r1SI111i) ,· i.e,, those contributions which involve interactions 

between particles which are origin~lly in differen~ clusters. The 

. '.\\. 
x. 
~ t 

. \ . . 

mathematical statement of the second'. cluster property, then, is the 
i . I . I 

following: In the limit that T goes to infinity, the connected part 
\ 

o, ( ~i.J S I~ i '> is dOminated by . the connected part of <~ t I II) ; the 

causal one-particle transfer contribution 
I 

lim 
T-+i-OO 

T
312 [(ljl !jslljl.) " :; ·- (IP ··In:) · · 1 

f . ~ connected . f . connected • 0 (IV-9_t 

This limit implies the following limiting equation, in the sense of 

tempered distributions, among the cluster amplitudes 
j . 

.,. 

\ 

. ~ . 
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lim ... t
3/ 2 exp 

t-++CD 
q tl 

j 

= (2nm) 3/ 2[w(p )/m] exp ( .. 3tri/4)A . +l(q,"• 
~ . ~·~ -

A ·( " • • • f." pI • p ' .• • • p J ' ) 

m +l n ;el ' ' m ' o' 1 • · ' n · 1'1 1-- . -1 

',· 

• • • 'D t • n ,. 
• "'11 --1 ' 

• •• • ~) 
l 

• • •. ~" •a. • • '.e, • . 2 ""' 

' 

2 

... ' ~ ·~) 
2 

(IV-10) 

where m1 ~ 1,-.m2 ~ 2, n1 ~-2, n2. ~ 1. This limit involving tempered 

• 

. ' 
distribut.ions follows from Eq. (IV-9), because of arguments similp.r · · ll~ 

to those used in Section III, .Part B. This limit, we claim, must hold 

in any ;reasonable theory giving a unitary, Lorentz-invariant·' S matrix 

with the' cluster decomposition.". It obviously requ~res a 'structure i~-

the· s-matrix elements not ·gi~en by these other properties. 

The simplest example of Eq. (IV-10) is for the case of 
I 

three particles in the initial state and three in the· final state. If 

two of the out·goi~g particles and one of the incoming particles ·are 

given 'the same forward time~1ike tr~nslation, we obtain the result 

. ' 

. l 

= (2~)_3/2 [w(Eo) /m] exp .. ( ... · 3ni/4 fA22<.~h".•.S2'' ;,g.l' '~o )A22 (~l" •Bo ;J;?~' '~2') 
': 

(IV-11) 

Th,is simple case also:iilustrates the causal .. nature·of Eq. (IV-10). 

· Suppose one outgoing and two inco~ng particles are given· ~he same .. 

.. 

. . 

. \ 

•. 

.! 

... 
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forward time-like translation. It is clear physically that the connected 
l 

. . . i . -3/2 
part of the relevant S-matrix element must vanish faster than T , as 

was discussed in the Introduction. Correspondingly 1 ·~q. (IV-10) gives 

.lim 
t++co 

t
3/ 2 exp [i(t/m)p •(p + q1 ' + q ' ... q1")] 

0 0 2 

• (IV-12) 

· But A13 and A31 vanish ident~cally, because of the impossibility of 
li 

conserving overall four-momentum, so that 

as required. 

C. Functional F'ormulation 

We wish to summa~ize the totality of Eq~ (IV-3) and (IV-10) as 

a condition on the scattering functi.onal F • · Of course, we must first 
.,. 

obtain the condition on the functional · A •. By straightforward expansion 

of 

using the two E7quations cited ·above and the assumption that they give all 

the te~s .of order 't•3/ 2 
1 on arrives·at 

• 

. ·'. 
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6A{B ;B} X cSA{~ ;a} t t J = -0 • (IV-14) 
6B(<l} 6a (9J 

I .. 
One recognizes the first three terms from Eq. (III-12). The next four 

terms represent, completely,. the effects of the w~ve-packet spreading of 

a single final or initial particle, given by Eq •. (IV-3). The last term .. 
summarizes the totality of connected, causal, one-particle transfer· 

processes •. 

With the-~elati~nship F = exp A, and again by a "straightforWard 

procedure, one 'obtains 

• 
-; 

•· I 

! 
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I 

·. t 
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+ at exp [~1(T/m)p0 ~p] ;a + B exp [i{"T/m~p0 •p]} 
~ : ~; 

t ' t 
- F{a ;a}F{B · ;B} 

= 0 (IV-15) . 

I 
.I 

As with the previous equation, it is easy tp pick out the first cluster : 

property, the wave-packet spreading effects 1 and the causal one-particle ' 

transfer contribution. These equations are completely equivalent and 

faithfully represent the totality of Eqs•.(III-7), (IV-3) and (IV-10). 

Causality. can be viewed in the functional formalism in the 
I 

following way. It should be noticed that these functional equations 
' 

are invariant under the simultaneous interchange. of. both the ·;functions· 
,, . ~ 

t a (p) 

6(p) 

'\ 
' 

with and the functions. ·a ( ~) with· 

exp [i(T/m)p •p) • ·except for the last term, ~be causal one­
. .o 

I 

particle transfer term. Thus a sort of symmetry in the scattering 

functional is broken. by the requirement that the S matrix have macroscopic 

caus8J.ity. Performing the interchange of the funct.ions is seen to · : \ 
" . \ 

effecti,;ely ch~nge the .sigQ of T , s~ that what Eq •. (IV-15) s~riz~s :\, 
\· 

• 

... \. is again the influencing of later events by earlier events but not vice \ 
1 \ ,, 

:, versa·. This. "formulation of he principle Of causality in differential 

·:fp~" should be compared with hat of Bogoliubo~ and Shirkov. 25 
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II 

D, The Plane-Wave S-~atrix Elements 
i 

' i 
The limiting equation for the plane-wave S-matrix elements 

corresponding to Eq. (IV-10) is obtained in a straightforward way 

by functionally differentiating Eq. (IV-15): m1 times with respect 

t t to a ( ~, ~ times with respect to .. 8 ~), n1 times with respect 

to a(p) ~ and n
2 

times with respect to 8(p) • 
"" 

' Here we assume 

. . n2 . 

lim ~/2 e~ [:i(T/m)p • (p + \ q1 • 
t++ CIO . 0 0 L 

iisl 

••• p" q" 
• "'~ '...,1 • 

• • • ~" •p t • • • p' q t •••• ~· ) 
• • 1 • • n ' 1 • ""2"' . "'1."' • "'2 

s (q " • • •, a" ;q ·~· • • • 1 a' )S (p ", • • •, pm" ;p1 ' • • • • • P' ) 
- m2n2 ·"'1 ' . "'""1112 ""1 . ..,"112. ml nl "'l . ..... 1 "' -nl 

. I 

• . • ·s" . , • ' l • ' ? .... 
••• [q '] 

....i 

• s"'l.,n1 +1 (£J_" • • • • '\1'!!1' •.!!1' • ... • • ~1) 

S · (q " • • • 1 qtl ,pJ";q
1

• 1 • ••, a' ) 
m2+1~n2 "'l ' ~2 "' "' ..:n2 

..... 
I 

[p "] 
~ 

• ••• ~- ;p, '. • • • pi ) 
- l. ..,.... • ........ nl. 

- p ")S {q" •••, a" ·,q,', ••• [q~.'] ••• 1 a' ) 
"' J m2 '~2-l !1. ' ..\Jil2 -. -. ~2 

[p '] ••• , p" ;p '• ••• p' ) 

• 

. '. 
\ 

\ 

"' j. · "" ml Q 
1 ~1 

•••, q_' t}S)S +l .. (p_,",•••,p" ,k;~,',•••,P';\ 
,o;:.n2 m1 ,n1 "W. · ::.m1 "" "" "'-n:J 

0 (IV-16) 

------------· ----- ·-- ... . -



._77-

1 
The bracketing of a momentum variable in certain of the fmn above is to 

., 
indicate that the variable is not present in the argument of that s t mn 

but is someplace ;else in the same term~ The first two terms in Eq. (IV-16) 

of course represent the first. cluster property. The 1·a.st ~- term includes 

the cau~al one-particle transfer contributions. To intrepret the wave-

packet spreading effects, we refer to the list-enumerated in Part B of 

this section, between Eqs. (IV-8) and (IV-9). The third and fourth terms 

in the above· equation· rep_resent contributions of types ~ 2) and ( 4) , 

respectively. The fifth term represents the situation in which a particle 

initially in the second cluster does not interact at all, but is observed 

vi th respect 
1
to final states appropriate to the particles emerging from: 

1 
I 

the interactions Qf.the first cluster. Identical terms are contained 

in both the third .·and fourth terms, in .their disconnected parts, so that . · 

the fifth term.· assures. that' this contribution is count.ed _correctly • The 

. wave-packet spreading phenomena of types ( 1) and ( 3·) are contained in 

the disconnected parts of the last term. 

-1' 
E. The Possibility of a Diagrammatic Representation 

At this point, it may be hoped, and, indeed, Eq. (~V~lO) suggests, 

that there is an imm~diate. extension of the diagrammatic technique 

introduced in Section III, Part D. It might be thotightthat, after all 

contributions 'from physically realizable one-particle intermediate states 
' ' 

are subtracted from a cluster amplitude, the remainder tends to zero 

faster than · t '!312 . under any forward time-like translation of a non-trivial 

subset of initial and final particles. Thus, if one would define a 

"reduced" amplitude R by mn ·, 

i 
\ 

\ 

• 
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one would hope that 
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{IV-17) 

• ! I 

l 
·I . . . I 

. • . _;.,, ::.. I 

·~ ·I 
I • -~ 

.. . i .. r 
' , . . I 

!. • t 

i 
' 
( 

t 
I 
I 

·l 

!' 

.l 
,1. 

· lim · t 3/ 2 exp [i(t/m)p •C:t'p ., 
t-++co . . 0 i _i 

·t"p tt) ]R {p " · • • • p it. p· , ·, • , p , }' = o 
J J mn U • ~"" m ~U • _ • .... ~ • 

.I 

. 1 

I (tV-18)", 

where .t' and t" denote sums over subsets of the initial and final 

:particles, respectively. However, such is obviously not the case·because 
I 

the decomposition; Eq. {IV-17), is not causally consistent. Anti-causal 

terms, as w~ll as causal., occur in the sum on the right..:hand·. side 1 so,. 

is·to be maintained, th~ R 
.I ... mn. . ~ 

that if the causal nature or·the· A 
- ··: :mn 

must. cancel the· antw-causal terms. Since the anti-causal te~s, which 

I 

I 
\ 

.. I 
l 

' [ -"· I 
. -~ ::: . ~ 
,: ; . l 

. . . . ~ 
.. I 
. f 
: I 

. ·_,I 
. ~ . l 

' . ' ~·· . • I • 

···'were not present in· Eq. ( IV-10) 1 . can also vanish as slowly as · t -~/2 , · 
. .. ......,_ . . . ' ' ' .:..~. ' I I 

l ... '• ~· 

·, · ·' · Eq. (IV-18). is false, Thus diagrains based on the d·ecomposition, Eq, (lV-17-) 1 • 
I ., 

t ' · .. l 

. · .. ·.:·. 

".•' 

-;.<' ·. · are not ~f much significance. 
. ' . ': . : · ... ; · ..... · \ . 

_.. I. 

•\' t 
. ;·· ,· • ·. I Of course, it may be possible to introduce a. fac~or inside the\\ I . . . . . ; :: ( ';- '~- :. . ;, . ' . . \. . ·. :: l 
·, , ... ·. \integrand on .the right-:-hanci .. side ot Eq. {IV-17) which wo~d t_end to . ·_. \ 

. , :/, .':,-:'\eliminate·.the -un~~t~d terms' in the ap~ropriat~ limit.·,· For .example, t.he. '\ ;,, ·I 
.... ·I . . . ' ·' • . . 1 . . \ l 
... :· ::··.~ausal nature of the_,. •

1 
£!i~+ (w.+ i£)-: .. ,~s .. ~ell·~o~: ·, :'\~. ·. l 

,, I 
~ ! 
"~· ! 

·' \, 
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A 
\ 

lim exp (iwt) lim (w + it)-l 1:1 -2wH(w) 
t-t+CD t-+0+ ., ( 

~' ' 'j\' ~ 

(w + it)-l 
~· 

(iwt) 
!• 

(IV-19) lim exp lim .. 0 
t-+ CD t-+0+ 

Hovever, to use this causal function, it is necessary to continue the 

A orr the manifold on vhich they are physically defined •. Without . mn 

furti1er assumptions. beyond\ unitarity and Lorentz invariance, it is ~ot 

known hov this can be done• 

tor this and in those 

are, of course, ,theories vhich allov 

the second cluster property has an 

• 

\ 
"\~ 

·: obvious diagrainmatic · represent tion. We are thinking, tor example, of 

·the Feynman perturbation theory, vhich vill be discussed in more detail 

\~ 

F. Loren~z Invariance . 

' 'l :later. 

\ 
That the second cluster. property is consistent vith the Lorentz 

• I \ • . 

invariance requirement on the S mat~ix is clearly seen by expressing it 
I \ 
ln terms of the·invariant. clust~r amplitudes, the Gmn ~ From.Eqs. (III-19) 

and (IV-10) one obtains on the manifold 1n + 
i • 1 . • · ml +m2·,nl n2 

·,~ ,3/2 Oxp [i{;/m)po• ( [ ql' . f2 q/ )] 

, JG . , . . (p "' "• 1:: q " ::~ o" •p ' • • • p' q ' • • • • o' ) . t ml +m2,nl!n2 ),. • ~. + • . : • ~2 t l • . •· ~1· 1 • "'n2 

6(+)(t qJ" t qi';m)Gm n +l(ql"• o .. , ~";ql'' •••, ~' t q,,''- t qi''} 
J i . 2. 2 . '• .2 J i ' 

·X. G (t q II- E q' p II 
~+l,n1 j .j i i' 1' •••• P" ·p ' m ' 1 ' 1 . 

• • •, p 1·. ·1· ··~··.· a . 0 
n . . 1 .· 

' . 

(IV-20) 

\. 

\ 
' \ 
\ 
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\ 
\ 
\\ 
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\l 
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I 
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I 
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The 6(+)_function assures that the distributions G :; and 
m2 ,~~+1 

G +l. n need be 
~ 'l 

defined only on the manifolds 'h7 · and "( m2,n2+1 

?n +l n , respectively. 
.. , ~- .• 1 . 

second term, we have 

lim - , 312 exp 
t++• 

Making explicit the asymptotic limit in the 

... ' 
(' 

a" •p • • • • p' q • ·• •·• a, ) 
1112 ' l ' ' . ni 1 ' ' -n2 

;c G ( " m n +l ql ' 2' 2 . 
• • • a" •q ' 

' ~ ' 1 t 2 

q " J 
q t 

i 

I 
I 

X G (p p " • • • p" •p t 
~~~,n1 o' l ' ' m1 • 1 ' ···, p' ) .• 

nl 
(IV-21 )" 

These expressions are manifestly Lorentz invariant~ 

G. Unitarity · 
. I .. 

Agai~, as with the first cluster property, it should be obvious 

that unitarity and the second cluster property are distinct properties 

of the S matrix. We will illustrate this remark late~ with an example 

of a unitary operator which does not have the second cluster property. 

It should be noticed however, for example in the functional 

formalism, that the one-particle transfer term in Eq. (IV-14) bears a 

certain r·esemblance to the contributions to the 1initarity relations 

. with one-particle intermediate states, .i.e. there is a similarity between 

• 
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and.· 

• 

It might be thought, on the basis of this similarity, that the one-

particle transfer contributions in the A are implied by the one-mn . 

particle intermediate state contributions to the unitarity relations, and 

can be derived from them. This is false, as ve show for a specific case. 

Consider the cluster amplitude A
33 

• The unitarity relation 
I 

for A33 is given by Eq. (III-23b); the relevant. c:me-particle term is 11 

on the_second line of that equation. 'The requirements of the second· 

·cluster property for A
33 

are shown by Eq. (IV-12). We proceed as 
... ... 

follows: Define a nev amplitude Amn such that A22 = A22 , 
... .. 

·A23 = A~3' A32 = .A32' 

• 

(IV-22) 

Substituting these definitions into Eq. (III·23b), one finds that the 

unitari~y relation in terms of the A no longer has a one-particle 
J!!n 

term. Thus, if one infers the existence of the one-particle transfer·· 

term i~ A
33 

from the one-particle term in the unitarity relation, 

then one must infer that A
33 

has· no such term. ~hen the_ one-particle 

. ' • i 
I 
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transfers must come from the terms ~d3~ i22A22 

./': 
,:~~ 

, wh(~h have both ..... 
! 

-causal and anti-causal contributions, violating Eq, (·iV-12). Therefore, 

as we claimed, the suggestirg of the previous paragraph is 'false, 

We see from tnis ex~ple the more general fact, that unitarity 
. . 

and the second cluster property are distinct because the former contains 

nothing of causality while the latter. is definitely causal in nature. 

or course, unitarity along with some other condition which implies 

causality, for example certain analyticity properties of the G • mn 

may be sufficient to insure the requirements of the second cluster 

property. 

~. Feynman Perturbation Theory 

We ·now. give two examples of operators which satisfy the require-

ments·of the second cluster property. The ·first will be the Feynman .. 
perturbation theory, discussed previously in Section III, Pa~ G. 

There it was argued that the sum of all connected graphs obtained by 

. the \-lick decomposition of Eq. (III-28.) with m outgoing and n 

incoming lines, labelled by four-momenta p1", ••• , p·" 
m 

respectively, represents a 'Lorentz-invariant distributi~n 

and ... ' 

0 .. (p 11 
••• p "•p' •• ~ p '),·defined on a 4(m+n)- 4 dimensional 

...<1mn l ' ' m ' 1 ' ' n . . 

manifold,, .. which, when put on the. mass ··shell', becomes a possible 

candidate for the invariant cluster amplitude G • mn· 

G (p " • • • . p "•p ' • • •' p ') mn l ' • m ' 1 • .n 

a .1:; mn (pl". • • • .• pm" ;pl', ••• ' Pn. ·)I . 
p" aw(p.");p' aw(p ') 

\ 
\ 

... i4 ...,l. j4 ... j 

\ 
\ 

• 

,. 

p ' n 

• 
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We now show that the G so defined satisfy Eq. (IV-2,) 1 and hence 
. mn ;~;;:'l 

the second cluster property. We'rely on the graphical1approach for this . ( 
. l . 

demonstration. 

We consider the set of all connected graphs contributing to the 

plane-wave S-matrix element for n incoming and m outgoing particles 

with momenta p ' ••• p • 
.... 1 • • .... n and energies w(~l·> ••••• w(~n·>. and 

momenta p " ••• p " 
.... 1 • • -m 

and energies w(~1"), •••, w{~m") 1 respectively • 

Aside from kinematical factors and an overall four-momentum conserving 

o-function, the sum of the contributions from the connected graphs is 

the amplitude G (p II • • • p "•p ' '... P. ' ) • 
mn -1 ' • ·m ' ·1 ' ' ·n 

From this set of graphs,· 

a subset of the following type can be selected ~ithout ambiguity: those 
i! 

graphs for which r outgoing and s incoming lfnes are disjoint from 

the remaining m-r outgoing and n-s incoming lines except for a · 

single internal line. Calling the sum of contributions from this subset 

G (l) 
mn:rs , such a selection uniquely defines a decomposition of G ,_ mn for 

a given r and s: 

c (p " .1.' p "·p ' 
-mn l ' ' m ' l ' 

i ••• ') G(l) ( " 
Pn = mn:rs P1 ' 

+ G(2) {p" ••• p "·p ' ••• p ') 
mn:rs l ' ' m ' 1 • • n • 

\ 
\ 

• • • p ". p ' • .• • . p ' ) ' 
• m ' 1 • '·. n 

(IV-24). 

For convenience,· in the subset of graphs giving G(l) 
mn:rs' let the 

four-momentum of the internal line be directed toward the part of the graph-

· -\ containing the r outgoing\ and s incoming lines. This assumption is ' 
' i \' 

no restriction.because of th crossing symmetry of the Feynman amplitudes,\ 

l 

I, 
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i~:.For allY given .subgraph of n-s lines going to m-r+l lines, in_ this -- \, 
. \'. 

:subs_et, there· will, be a sum of aphs .which corres_pond to all possible 

subgraphs connecting s+l lines'to 
' 

\ 
\ 
I 

. \ 

r lines. Summing over the subgraphs 
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,! 
n 

of· n-s lines going to m-r+l lines gives back the ··e
1
ontribution from 

• . ~· ft . . 
. ' ,;:.~ !'t' • ' • 

the entire subset. Then, from the· Feynman rules ::;it'\-

G(l) (p" -·~· p "·p·' .••• p_ ') B 
mn:rs 1 • · • m ' 1 • • n N nm;rs 

+ i£ J -1 

x L ( ~~ • • • , p" . P' 
. ,(] r. s+ 1 p al• - • a • a • 

r - 1. 
• • • p' • - as. I: 

i 
p"­
ai 

)( ~ ( p" -~ • • p" . 
Alm-r+l,n-s a ' · ' a ' - t . ' ' Ps ;ps • ••• 

' 

., 

Ps } 
\:. . 

" ., ... 
t' . ;, 

\' r+l m j j s+l n 

l 

:: -where = w( j') • and N nm;rs is a numerical factor to 
'"I· -,. 

:. be determined belo-w. 
I 

. - \ 

';, ' One contribution to. N is i.(2tr)-4 associated -with the 
., ' nm:ts 

· .... :F~ynman denominator, but on~ fact-~r of (2tr )•3/ 2 is needed for the 

·~onventional external-line normali\ation of ·both h . +l and -
\ 

- r,s 

i(-2)..)-1. .. The need for another £actor 
. I 

I 

• · }; · +l. ·. , ·so there re~ains 
.· _ m-r ,n-s . 

' comes from the·: tact that the sum over permutations ot all outgoing I . . 
momentum variables among themselves and all·incoming momentum variables-

! 
among themselves includes too much. Any two terms.in the sum which are 

'. the same except tor a permutation of the r -momentum variables among 

:..· .. · 
themselves, the momentum yariables -among themselves, etc. 1 are in _-s 

.I 
, • . . , . I •, ' 

fact identicai. - .. (For simpl~ci ty 1 -we asFU!'Be that . r -.,. m ~ -_· r- - a.nd 

,_ 
. I - . . . 

s p;fn - ·a.) The same graphs are summed; in each, although perhaps_ · · 
' 

'I\ 'o 

.-i. 
. I 

- • f. h-.: -._ . 
-.·\ 

. -
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in some differ.ent order. Hence, a factor of [rlsl (m-rl~(n-s} 1 1•1 
! . 

must be introduced to keep the counting correct. Therefore 

N,.-l = -2tri rlsl(m.;. r)l(n- s)l 
nm:rs 

(If b~th r = m - r and s = n - s , there should be an additional 

· · factor of two in this expression.) 

It is clear from Eq. (IV-25) that the properties,of the 

Feynman denominator will determine whether or not the Gmn satisfy 
'· Eq. (IV-21). It is shown in Appendix A that 
,, 

lim lim 
t++• £-+0+ 

= -2d(2m)-1(21Tm) 3/ 2 exp (-31Ti/4)64(p - P
0

) • (IV-27) 

Because G(2) 
mn:rs has at least two internal lines joining the subgraphs of 

interest, there are at least two corresponding Feynman denominat~rs~. 

Thus, for a particular set of r outgoing and s incoming lines: 

• •• p "·p ' 
• m • l • .. ~' p •) 

n = 0 • 

Let us consider a similar expression for G(l) .... . mn: .... s 

(IV-28) 

For some of 

the terms in the sum over the outgoing and incoming momentum variables 

in G~~rs , the.momentum variables in the Feynman denominator will 

. correspond to the·momentum variables in the argument of the exponential 

representing the time-like translation.. These terms will vanish as 

t-
312• l;n other terms,. there will be the "wrong" variables in the 
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I 
\ 
l 

J'::. 

l~ 
~ { . " . 

deno~nator, and they will vanish faster:.· than .;.3/2 
t -~: !Thus· ·. · 

I • • 

X G(l) (p" ••• p "·p' ••• p ') 
mn: rs l • • m ' 1 ' ' n 

P " p ·p' m ' o' s+l' ... ' 

( 

s . r ) 
)( 6 . p + \ p ' ·-· \ ' p " 4 0 ~ J . ~ i 

Jal i=l 

• • • p "•p ' 
' r ' l ' 

•••• • 

Since· p04 ·= w(£o), all the momenta on the right-hand side are on the 

mass .shell. Therefore, with consideration of Eqa, ( IV-24), ( IV-26) and 

·.(IV-28), Eq. (~V-29) shows that the Gmn giv~n by_Feynman pertu~bation 

. theory satisfy the second cluster property •. 

The.fact that.Feynman perturbation theory is·thus consistent 

.· -~ ·. · . with the crude notion of caunality embodied in the second ·cluster 

... •• t. 

.. ··. 

·. ·. ·-:property is in no way surprising, of course. Causality, in the sense 

. ·· · · we have been ~sing it; is determined by the time~ordering operatio~ e 

·- . so that the crude notion or· "later" events occuring after, and being 

. . influenced by, "earlier". events is assured. Because Eq• (IV-21) . 

· (refer a to the limit that· t goes to inf_ini ty, it· says nothing about · 

: the much stronger- property, :uiicroscopi~ causality, which, i~ the 

Feynman perturbation theory is -imposed by both the locality ~onditi.on~.; . . . . - . . . . 
· . . . ~ 

! :, '.., ·~ ~ r ~ 
.. ~ 

_; ... 
'·\. JJ., 

': ..... :1 

., . 
.· ~ -. 

•.' 

• 
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As vas explained 
,, 
; 1ihe functions t(pi' •••• '-
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I The t-Functions 

in S ction III, Part G, Zimmermann shoved that 

\ 
\ 

pn), '.the Fourier transforms 'of.:the ~-functions 
! 

:· in coordinate space, have a unique expansion into certain functions 

''T)(p1 , • • •, pn) vhich ar~· free of \acuum singul~rities, i.e., cS-functions' 

conaerving a subset of :four-moment~. Because of this property, the 
' \ . 

invariant cluster amplitudes in the\ LSZ :formalism aJie:_ 

\ " 

G (p" ••• :p "·p ' ••• p ') 
.mn 1 • ' m ' .l • • n i . 
l 

,\ 

\ 

',• 

We nov shov from Zimmermann's ~ork that the G mn so defined satisfy 

Eq •. ( IV-21) , and hence the second cluster p~operty. · ' ' 

Using the basic assumptions'of the LSZ formalism, Zimmermann 

,,, ,, 

found a function a'(p
1

, .•• •, pn) which has neither vacuum nor one-·J 

particle singularities. The latter are mass-shell <cS-fUnctions, 6(p2 - m2), 

' 2 2 -l ' . 
and principal part denominators, P(p - m ) , correspond1ng to one-

particle intermediate states. This function is 

[
M J II 2 2 -v • 

a(pl' •••, pn) = (~ - m) n(pl' •••, 

~=l 
' 

(IV-30) 

defined on the 4(n ... l)-dimensional manifold spanned by the four-momentum 
n 

variables constrained by the condition i~lpi = o. Here the .· q~ are 

the set of all partial sums of the momentum ~ariables. The one-particle 

i 
i' 

.I· 

" . i 

t• 
I 

I 
l 
II·: .; 
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i 
i ,. 
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I 
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si.ngularitie~ can then be exhibited as follows: 
j 

. 2 2 
lim.(~ - m 

&-+0+ 
+ .~.)-1 • .:..c-rv-3i>" 

' 
( :.~ 

, When one of the ·q 
\.1 

~ is put on the mass shell, ~ is of course 

. [ ( 2 2 )"'( . ) ] J lim q - m ~ p1 • •••, Pn has a 
q\.12+m2 \.1 • ~· 

not defined, but the residue 

·well-defined meaning. Zimmermann showed that 
' .. ' 

•.· 

. 2 2-
x [{p - m )n(p

1 
, 

· r+l • (IV-32) 

r 
if p = E p is a.particular subset of four-momenta. \1=1 i 

~ . . 

1
· One can then combine, Eqs. (III-~9) ~ (IV-30) and (IV-31) to 

obtain 

. · ... :':~. 
•••, ~ p ')lim lUm 

. n t-++'"' £-+()+ 

x T3/2[(f pJ' •. f pi" )2 
. l ' ~ j =1 i=J. 

2 
- m + J

-1 

i£ . 

, .. (IV-33} 

. r 

x exp 
[i(</m)po• {Po + t~ PJ • -1pi")}Piy=w~~~);pj4="~J·) 

••• • . t 
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Applying the limit, Eq. (IV-27), and ·using Eq._ (IV-32):~ :Which is 

l:i • 
; 

·t ~. 

allowable since p
0 

is on the mass shell, one arrives at Eq. (IV-21). 
. . 

Hence the S matrix given by the T~functions satisfies the requirements 

of the second cluster property • 

· ·. It should be emphasized that Zimmermann's results are riot 

consequences of perturbation theory, but follow from the assumptions 

of the LSZ formalism: locality, Lorentz invariance, asymptotic 

conditions, etc. Zimmermann was also able to give a·diagrammatic 

representation of this theory to show explicitly the singularities 

due to the one-particle intermediate states; that is, he showed that 

the functions n could be expanded uniquely with respect to such. 

singulari~ies.'· That such a diagrammatic representation is possible 

here is due to ~he fact that the theory gives the functions involved 

a well-defined meaning off the mass shell. 

' 
J. A Counter-Example 

We ?ow inquire what conditions the second cluster property 

imposes on the Hermitian phase matrix of LSZ II. The invariant cluster 

amplitudes are given by infinite sums of integrals 'invol.~ing products 

of the distributions hn • For example 

G (p II II. ' I) = ih (0:.p II -p· II p ' p I) 22 l ,p2 ,pl ,p2 4 i ' 2 ' l ' 2 
I 

+ • • • • 

.. • ((IV-34b) 
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This structure·for the Gmn is reminiscent of the redaction of the 

' unitarity relations attempted in Part G. There we attempted to remove 

from the unitarity relation the term with· a one-particle intermediate 

state.· It is clear that representing the G mn in terms of the "" h 
n 

is equivalent to defining new amplitudes from the Gmn , so_ that 

·.successively the terms with one-particle, two-particle, etc. 

\ 

intermediate states are removed from the unitarity relations for such 

amplitudes. It is also·. clear that this . reduction is (not cau~al, in 

the sense of th~ second cluster property. That is t,o say, th~ causal 
I . 

one-particle transfer. contributions are not isolated by this reduction. 
. . . ,.., 

Thus, for example,· in Eq. ~IV~34b) they reside partly in_ h6 1 pa~ly :
1 

' . ( + ).-v ~ . '. l.n o: . h4n4 ,. and so on. The second cluster property requires that, e.g.: 

lim 
T+ GO 

\ 

·p"+p' 2 1 • 0 .. · (IV-35) 

These are clearly the·hn, beyo~d the conditions given 
I 
in LSZ II. Because of the difficulty of -relating the cluster amplitudes 

to the h , we prefer to express · hese conditions functionally in terms 
n , . · · ·.· ,, 

, .. of the functionais : E c introduced I, Section III: . . . ,~ n 
•. ? .. •: •• •• :., 
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-a.•e~ I a •a· n a•a I' · ·. · c t } E {a ;a = connected part n ., of e . < vac e n e :vac > \ • 
. . ~~ ~ . ·: \ . . 

1\.~ . 

\. 
". -~- ' 

B t exp [•i( t/m)p •ph a +. B exp [i{ t/m)p •'p]}' · 
0 . . 0 

c t 
'} 3 . o~n {a ;a} 

- d q exp [i(~/m)p "q]S(a) · 
- o , .o oa{~) .' .. 

. \ .... 

-
n-1 ( 6E c { 8 t. 8} -.L (: )Jd3~ exp [H.(t/m)po •ql\:· s 6B(q} 
s=l . \ ~ 

\ 
\ . 
\ (IV-35) immediately suggests 
\. 
I 

c t '}'•} . cSE · {a ;a · 
n-s 

t oa.(q) .· .. ~ 

= 0 

an operator which is 

(IV-36) 

\ . 

(IV-37) 

j
. . . Equation 

it~'Ml' Lorentz invariant and which satisfies the cluster decomposition, . I _,, .. 
·but does :r1ot satisfy the requirements ~f the . second cluster property .• 
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S" . ; exp (in22 ) • 
I. 

'1 Jd3 "d3 "dJ \d3 t t( "). t( ") ( ')( ') 
n22 = 4 .!!1 £2 .€1 22 a !1· a 22 o. .E1 .f2 

,, 

~h(p" p" p' p') '\ ' ·4 - 1 ' - 2 ~ 1 • 2 ' ' (IV-39) 

all the prop~iee listed in Appendix D. In fact, 

the operatC?r· 
. I 

( i 'I t \mn) 
· m=O n==O · 

S" = exp 

\ 

• 
I ., 
i 

for any finite M and ll greater than zero, violates the second cluster 

property._ Such· operators do_not. gi,ve ·correctly the causal properties of 

the one-particle transfer processes. The existence of such operators 

proves conclusively the independence of. the second cluster property 
I . 

. from unitarity, Lorentz invariance and the first ciuster property~ 
I 
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V. CONCLUSION 
\ 

\. 
We wanted to formulate very general conditions~on the S matrix; 

cdnditions which arise from the short-range nature of interactions and, 

therefore, conditions which must be satisfied in any realistic theory. 

This. we did in Eqs. (III-7) and (IV-16), which are limiting equations, 

in the sense appropriate to tempered distributions, involving plane-wave 

S-matrix elements. We .point to ~hese· equations and the structure they 

imply for the S matrix as the results of ·our· study. , 
~ 

/~~-
Of course, no completely consistent, non-tri:·~ial example of an 

'S matrix in closed form has yet been given. Neverthe+ess, it seemed 
. t~ . . 

reasonable to see if these conditions were satis~ied In present-day i 
~· : 

theories of elementary~particle interactions. We che~ked, in· particular, 
f 
~ 

the Feynman perturbation theory and the LSZ formalism' and found that 

they satisfy these conditions.' '. 

This is certainly not very surprising, of course. Without 

going deeply into the matt_er. we could say that the cluster properties 
I 

depend on the "locality," i.e. , microcausali ty, .of the field operators 

in both theories. It would·then be interesting to see how these 

properties could be formulated in nonlocal field theories. 

We should note that it is important, for macroscouic causality, 

that-the operators of interest to us in both of these theories be 
. . . 

time-ordered in the conventional sense. · If the time-ordering in these 

operators were-different, the causality properties would be wrong. (This 

_is see~, for instance, in the counter-example given.:.in Section IV •. in 

which there is no time-ordering at all.) 

\• 
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As to what further cluster properties should p~ formulated, 

' perhaps these two theories could be investigated for indications. ·rt 

is hardly necessary to point out that we have made extremely weak 

assumptions.; Certainly, stronger assumptions could be made about the 

short•range nature of the interactions. (As an example, we could 

. specify how fast an s-matrix element vanishes when a subset of particles 

are giyen a large space-like translation.) 

In closing, we should like to express our conviction that it is 
i 

a meaningful task to find further cluster properties(which any realistic 
. ~~ 

~,,, .. 

theory ot elementary-particle interactions must sati'sty. 
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I. APPENDICES I 

A. Some Asymptotic Limits 
' .. 

In this appendix, we wish to state some well-known asymptotic 
/ 

limits and to discuss their applicability to the present study. 

· We will be concerned first with.integrals.of the form. 

== w{ p·)_ • 
..., .J. I 

I 
{ 

(A-1) 

where f(p) is. a continuous, square-integrable function of p, and where 

one or more components of the four-vector z tends to infinity. In 
. 

general, ~(z) tends to zero in such limits. I. q 

For example, when the four-vector z is space-like or on the 

light cone, the Riemann-Lebesque lemma applies and we have 

., 
' lim r( z) = 0 
lzl-kO 

• z .• z ~ 0 (A-2)' 

\', 

Of course, 1 .it is meaningful to inquire how fast J="( z) \ goes to zero as 

I zl tends to.infinity. For instance, if f(p) - belongs to the class 

of testing functions ~(P3·) · .. defined in Section II, Part ··B, then, for 

z space-lik~, ·~(z) 
\ 

tends to zero·faster than any power of lzl • 
.. 

In general, however, we do not take up th~s question for the case of 

' space-like 
,, 

z • ·.: . ., 

We do need to know the asymptotic behavior of :F(z) when z 

.tends to infinity in a. time-like direction. In this case,.the integral 

can ·_be. evaluated in tpe asymptotic limit by· the method of stationary 

. ' 26 
phase. . For convenienc_e, we parametrize 

\· 
z in th~ foilowing way: 

.· . . ~ ' . \.· 
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z = (t/m)po ; !o • Jn,!/(1 - ~'!2)1/2 po4; a w(&>o) / • (A.;.3) 
I 

where 't > 0 , lvl < 1, so that z • z e't2 > 0 • Equation (A-1) is, ... 
in these terms, 

• 

(A-4) 

The intuitive argument is that when t tends to infinity, the main 

contribution to the integral comes from the neighborhood of the point at 

which the phase of the integrand is stationary. In our case, this point 

is determined by v.~w(~) •! an~ is therefore ~ =_p
0 

• Contributions 
;, 

from other values of the variable tend to vanish .because of the rapid I! 

oscillation of the phase. Generalizing the well-known result in one 

dimension26 to our three-dimensional case, we obtain 

lim 
t-++co 

{A-5) 

· '~his equation may be expressed symbolically as 

lim 
'(+ CIO 

'-c 3/ 2 exp [-~(t/m)p0.•(p - p
0

)] • {2nm) 3/2fw(&>0 )/m]e-3ni/~63 (1>- ~) a 

{A~6) 

The last equation is a reminder that 

must be treated as a distribution in the variable 2 • Thus, if f(~) 

belongs to the spa~e ~(P3 ) of one-particle testing functions,- the 
. \ 

function ~(ij and the various limits indicated above are well-defined • 
. : 

.. . I·· 
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r 

/~ .; . I 
However, ~r the function t'(p} is a plane-wa~e s-matrix·' element, for _·!· 

.. t 
example S (n n.'Y • •• n "·n ' ••• n ·,) it is not clear that 

m+l,n "-'1\.i ' • "'m '"'1 • ' "'n • • .. .. 

the product or the two distributions, with the same variable,. has any 
r 

meaning. We will be· able to use these limits because, in our applications 1 • · 

· · S · never stands alone 9 but always in an integral of the t'orm m+l,n 

.· 

••• p '} 
Nil 

which-we assume to be a continuous, square-integrable function ot' p • 
"' 

In the discussion of examples ot''the second cluster property, it 
. I 

is necessary. to have the ~imiting form ot the1 fol1.oving dis~ribution i1,1:~i 
the tour-vector variable p :. 

lim 
e+O+ 

[ 2 2 1-1 p - m + i£ . · 

, .. 

• 

The Feynman denominator may be partially fractionated as follows: 

[p2 l. .2 . ]-1 
- m + J.£ = 

... ·~ 

[2w(p)]-1{[p4 .. cll(p) ~· ie]-~- [p4 .~ w(p.) .. · it]-l} . 
. . (A-7) 

'· 

.Using the well-known limits 

lim· 
"(4;+Cl0 

lim 
t+tCIO 

-iwt . e lim 
t+O+ 

lim 
t+O+ 

0 

(A-8) 

and the.three-dimensional stationary phase result,.Eq, (A-6), we obtain 

the (symbolic) limits: 

•, 
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.· .. : 
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. ·' '-'"' - -

... 
.... f; 

. ·. 

'· ' 

' 

'. ' . ~ 

lim 
'[+-tCIJ' 

t
3/ 2 exp [+i(T/m)p e(p + p ) 

- 0 - 0 
lim 

&-+0+ 

• 

2 [p . 

/r;, 

m2 + i,i]~l 
rr 

vle repeat for emphasis that Eqs. ((A-6) and (A .. 9) are to.be 

(A-9) 

understood in the.sense or distributions With respect_ to.continuous. 

square-integrable testing functions. 
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B. ·~ctional 'Formulation 

The first and second cluster properties will be expressed ~s 

relationships between the distributions S (p " • • • p "· p • • • • p i ) mn ~ • ' ~ 'U • • -.n. · 
for·all positive integers m and n • There will obviously be an 

infinite number·of such relations. As is well known, the most 

·economical way of swninarizing the totality of relations among symmetric.·· · 

functions of any number ot v~iables .is by means or a generating 

functional. 27 Thus we define, for two arbitrar,y functions ot three­

momentum, a{~· and at(R) , a functional· 

• • • t( "}:. a p· .;..m. 
I 

••• a(p ')S (p" ••• p "·p t · 
"'n mn ~ • • :\)11 ·~ • 

..•• & • ) • (n-la) · • . 

00 

'[ Jmn{at ;a} 

~,n==O · 

.. 
. t: 

(B-Ib) 

We have had to introduce a functional of two functions here because the 

.· 

. .<' Smn are· symmetric in the primed and double-primed variables separately •. 

, . . . If the tunct ions a ( t> and · at ( Ji) · belo~g to the space .J, ( P3) of 

f' • ~ • • 

; ·::'.- ~ --.: . ~ ' ,' ..... 
testing functions, then the functionals have a well-defined meaning.· 

. . . . . ' . 

However, this is not necessary, since we_are interested only 'in how 

re.:J,atiflons among the Sinn may be formal.ly and .c,oncisely expressed. 

. , . . . The distributions . s · ~ay. be recovered from the. functional 
. ~ . . . mn , . 

; ....... ){at ;a} by. r~ctional differe~tiationl Tb.e hlles tor this 'operation ·. 
' ' . . '. ~ . . - . 

. '· should be not~d briefly here:by some ex~ples:. 
. .· ,'. 
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' Denoting a•B = J. d3~~(p)B(p) . '·tor arbitrary functions· a(~) , 
..... .._ IV 

· one has therefore 

oa•B 
oa(2) 

. Using Eqs • 

s .(p", 
mn"'l , 

=· B(p') -
(B-2a), we 

.,, 

6 eaT (a•B) B(p') (a•B) • exp 6a p') -. "' 
.. 

~ 

thus obtain 

(B-2a) 

(B-2b). 

Equation (B-3) is also obvious if we rewrite the definition for .the 

generating functional in the following form 

• (B-4) 

where the "dot" notation has been introduced above: 

. 0 (B-5) 

, ' 

'•t. 

The functional formalism is convenient for relating the coefficients ·.r' • . 

· .. ·· 
.. ; .. 

of .the order~d. expansion of an operator· ·in annihilation and creation . \ 

··.· .. : 

. -~ . _· 
·operators to. the' plane-wav~ matrix ~lements of that operator,. Let Q be 

<'::. ,· -~· . . • ·'.. :· . ·•·. 

· .• ~.· ' :.>any operator on the space w.-(.Thert Q' is ~iquely specified, by the co .. 
• •• :· .. ' • :;_: ·, : ..... c .... : • . • • . • • • . • )• • -'~.. ,. • ~i .' . ·;-~ . 

,'. 

<c. · .... efficients· 

·• 
..... -.... ' 
•• J ' ~ ;_ ., ·-

~ ,.-
. .·. ' ~ .. ·.· ' ,. 

.·· .· 
·.... .··' ..·. . : . ·:. ·~ 

.. ··. ~ . 
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¥1 

d3~· •a t (·; ") . • • • 
;;,n ... 1 ••• 

... 

x a.cfl.' > . . . ••• (B-6) 

· ·• . The· generating. functional tor the plane-vave matrix elements or Q , 

defined by · 

• I. . . 

0 (n." ... 'D "·p ' ••• p '•) - /vacja(n. ") · ••• a(p lt)Qat(tL. '.) ""m'l ~1 • •--m • ~ • • ;.n \ ~ ?.m ';..fl. 

. 1 (B-7) 

·is" 

t 
. t t · I a •a a•a I Q{a.,. ;a} ~ (vac e Q.e . vac) 

I ~ 

Substituting the expansion, Eq, (B-6) ,· ilito the definition, Eq. (B-8), 
• • • f.'1o 

. we obtain, by repeated use ·of the commutation relationss · 

. t . 
. Q{a ;a} 

t a•a . 
= e· 

t. 

. /.· ' 

' /' 

/ 

We have· used here, for example, such results as 

eat.·a~t(p.)e-at~a = at(p) + at(p). e~a~ate.(p)ea·~~:~ 
N lllttt# • #V . • #\# 

.. ... 

{B-9) 

" 

.. -.. 

• 

Thus .. the generating i'unctiona.J. tor. the:.coefficients.·: ~ is 

:: e-a~a t Q{a t ;a);:~·~ Th~ coefficients. are ,obtain~d ·by :functional differentiatio~t 
' ' ' 4t c . I . ' ' ~ • ' ) 

·~· ' . . 
. ' (.' 

. '' . · ..... 
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Q•(n·" ••• p·"•p' ••• p')• 
mn ..01 ' • ~m '~1. • • ~n 

••• 
j,k•O 

.•. 

••• oat (p ti) 6a{pl•) .. ~ 6a(p ') • 
~m ~ . ~n 

\ 

••• d3q •at~q ") ••• at(q ") 
~k ~l ~J 

••• t qk') i\ t .. 
~ ja=a =0 • 

(B-11) 

It is not particularly illuminating to carry out the differentiation 

on the right-hand side of Eq. (B-11). It is sufficient to notice that 

one"term will· be· ~· and·all·the other·terms·will be products of one(; 
1. 

' or,more three-momentum o-functions-, each involving one primed and one 

double-primed variable, with one plane-wave matrix element ~'j with ... 

k < m and j < n •. It is much more economical to state that given the· 

generating functional Q{at;a} of the plane-wave matrix elements, 

, the generating functional of the ordered-expansion coefficients 
• t t 

is fi-a a Q{a ~a} o Further, ·one sees from Eqo (B-6) 0 that 

given the generating functional of the expansion coefficients 8 the 

operator itself is trivially recovered-by making the substitutions: 
't· . t 

a (p) + a (p) 11 a(p) + a(p) 11 preserving the _order given. 
""' "'·"' •f'V 

The last remark may be formalized· in the following way. We 

define. a linear mapping·~ which carries out this substitution. Let 

P{at;a) be any_formal power-series functional of the functions a(p) 
~ 

and at(p). The linear mapping~ of .the set of.all·such formal power-
"' 

series functionals !nto the set of all.formal po'{er:;sez:oies operating 
.. 

on t_he Hilbert space is then defined by ~ .. 
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i(t(1) .. 1 • (B-12a) 

• (B-l2b) 

[ IT a(l!). 
s=1 J • (B-l2c) 

where c1 and c2 are any ·two complex nwnbers, and P1 ·and P
2

· are 
. 

any two power-series functionals. Thus it~ is seen ·fr<?m Eqs' ·(a.:.6}•anci -(~9) 

t~at Cor any operator Q whose action is on_~. 

t . . t t ·t 
m -a•a t > 6tl ( -a•a < I a ·a a·a· I ) Q =t.t(e · Q{a ;a} = ,~ e _vac e Qe vac) • (13..13) 

The mapping '1 defines a normal-ordered product unambiguously. 

If any operator Q is put into Eq. (B-13), it will come out in a 

normal•ordered expansion, with correct account taken of the commutation · 

relations. 

The generating functional for the ordered-expansion coefficients 
I. 

may also be gi ven.~in terms of the vacuum expectation values of_ repeated 

commutators o~ the operator with annih~l~tion and creation operatorse 

For this purpose, we define for any ~wo operators A and B: 

(A, B]_0 
.. B· • [A, B]1 

a. (A, B] • (B-1~) 

[A 1 B] = [A, [A B] . 3 
n ' n-1 

(B-l4b) 

Then 

00 

e ~-A 11;1 L (nl )-l[A, B] 
n • (B-15) 

neQ 

• 
.• 

-. 
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.~ 

Likewise, ... \ 

• (B<-16) 

Using these identities, one arrives at 1 after some simple rearrangements: 

1 .. 
' ·\ 

= 11 (· f i (mlnll-1:(vacl!-a•a\(at•a,Q]n]mlm~), \ 
. m=O n=O · · · · 1 \ . . r i 

which is the desired relationship. Also 

... 
~·(!!1."• ···, ~";!J,'• • I e . ·• p ') 

;.]1 

. (B-17} 

'. •, 

·\ !! 

.. 

. •t 
• . ( v~c I [-a (!).' ) ,· ••• 

'• 
' 

[-at(~~),[a(!J.'~], ~··· [a(~"),Q] •••.1\ ... l.lvac) • . 

(B-18)·· 

or course the combinatorial statements ~~ressed above are elementary and 

· there is no real need for the functfonal formalism beyond. the economy 
1'' • j 

. . \ in notation it offers • 
t 

In the above paragraphs, we wished to emphasize 

. . ~ 
'. 

.\•. the relationship between the ordered-expansion coefficients of an 
·, . 

· ;\: operator and· its plane-wave matrix elements. 

\ 
' \ 

\ 

\ 
. , \ · . . . The ge~~ratin~ fun~~onal for th~ ·expansion c.oefficients 

· ; ,'Jthe product of .tvo operator~\ M~ Q , i;e,, . . . , . , 

.. ·. ;· '. . t t t ' .. . . .· ' 
, 1: ·c pn) v { t } _ -a • a ( I a . • Q a • a I ) , . ·. :. , . . . \: "' a ; a ·= e · vac e . e . vac . · 

. ' . . I 

: . ~· . . . ~ ~ 

. ·, .. ·. 

of· 

(~19) 

·::, • · · ·. · .. ·. · · . ~an be obtained. in· terms 
• •• ,i ••. • .... 

\. 
. \. 

o':: t~~ ~~\s~ndl~: 
functionals for : P and· . , . 

' .. ,; '\ ·. 
; ; -.... .->.:· 

. ' 

1 -; 

· .. 
· ·. Q.' , i._e.·, 

.... : ,: 

;:. ' 
. . ~ . . . 

,'!·. •' ... ,, 
;'' 

''• .. , t: 

.. 
·.; 

'·. ··\·. , .. ; : 

.' . . .~· ::- . .. . ',•. ~ . ; . 
~·· .. ·. ' . : . -~· 

.. , '· ..... · .. 
-'t., .• 'r •. ::. ·' 

·•. ·.· .·. "• 

. .. . 
\ .. 

. t • 

.. . 

\, ·. 

\\ 
\1' . . .. · 

. ~:· 

. ; ~ .· .. 
: ·~ .. ~ . 

. \~ 

"~ . .:. ~ . 

.\,r: 
' .. _: .,~! 

. i. . ~~ 

't ·_; 

;.', 
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t . t t 
- e -«· « < vac I e Cl • Bpe «• a I vac) • 

t t t, 
-«•« I « •a «'a I - e (vac e Qe vac) • 

A simple rearrangement of Eq. (B-19) 1 using Eq. (B-16)'yielda 

. t t '. t t ,. t t 
t I a •a_ -« •a a•a a •a -a•a «•a I (PQ)'{a ;a} a (vac e .l:'e e e e Qe vac) • 

Inserting on the right-hand side of this equation the plane-wave 

expansion of the identity operator. 1 namely, 
GO 

I = L. (nl·)-lj ~~1 • • • ..... 
n=O .. 

we'arrive at 

t (PQ) '{« ;a} • 

6n t 
" _Q' {a ;a} 

6at~l) ••• 6at~n) 
• 

For a unitary operator u, u ut = utu = I , Eq. (B-21) yields . · 

(B-20a) 

(B-20b) 

• •• 

(B-21) 

~ (nl)-11· d:~l .. , d3 6~~ {at j«} · ( . 6~' {a* ;at*} ) * . cr 1 
~a· ~. _!n. 6a~l) ... 6a~n) 6at*<~l) .... .sat*<2n) 

(B-22) 

where 

., 

• 

\ 

-. 



. ' 

. . ' ~ 

'' ' .... . .. 

· . It will·: p~ove useful to define the funct'ional ·product bracket , 
. ~ \ 

for two functionals P'{at;a} and Q'{at;a} * • 
~; 

00 

L lf 3 3 on·P'{at •a} 
{P' DQ'} : (nl )- _d Rl o • • d. Pn - • ·- ·- ~a(p j .. • 6a(n ) ... 1 ~ton n=l oat C,el> • • • 6a t (.iJn) 

(B-23) 

Thus Eq, (B-21) may be rewritten as 
' 

. ) t . t . t fi ·t t l""\ 
(PQ' {a ;a}= P' {a ;a}Q' {a ;a} + t:' {a. ;a} ,Q' {a ;aJ .. (B-21') 

In co.nnection vi th the product b:racke~, we define a connected 
. t' 

functional, A functional P'{a ;a} is connected if 

1. 

lim P'{at + Bteip•x; a+ Be~ip•x} • p•{at;a} + P'{Bt;B~ 
lx•xl-+<- • (B-24) 

This means, of course, that the kernel functions defining·the functional 

contain an overall :tour-momentum conserving' o-function and nou6-r\.mctions 

conserving a .. subset of four-momenta, · This idea of connectedness is used 
I 

in the functional expression of the first cluster property. 

If · P' and Q' are both connected functionals (of a(l) and 
. t 

a (p)), then the product bracket ·. {P' ,Q'} 
1 
is clearly also a connected 

...... 
functional since each term in Eq. (B-23) is. Graphicallyp one can picture 

the kernels defining P' . and Q' · . as vertices ; each functional 
/ . 

. differentiation is a line joining these vertices •. If P9 
' 

R' are all connected functionals, the . {~' ,Qi ,R'} is not. Using the 

differe~tiation rules, we find tha.t {P'Q',R'}- P'{Q',R')- Q'{P',R~} 

is a connected functional, which we denote by {P'Q',R'} • _(Generally - . . .. . . e 
" 

we will denot~ the connected part of a functional by the subscript c.) 

I 
·j 

l' 
r 
I 
1-. 
i 
,. 
!; 
11 n 

H I: 
1 j 
i . 
j 
I 

~ . 

; 
I· 
1-
f ~ 

.. 
I 

~ 
f' 

,. I o 

I: 
~-

i" 
f) .. 

r ; 
f' " 
(• t· 
i:' 

: ~ 

:• 

I· 

F· 
!': 
l ~. 
I t -~ 

! l 



In this functional, to use graphical language, the verte,x representing 

P' 
. . ~ 

is Joined with the vertex representing R' by at \east one line, 

as is the vertex representing Q'. 

In general, if the functional& Ai, B', ~·· P', Q'D •o• are 

all· connected tunctionals, the functional product bracket 

{A'B' •••, P'Q' •••} can be expanded as a sum or products of connected 

-tunctionals. Examples of this decomposition are given in Section III, 

Part F, and in Appendix D. 

A well-known example or the use of t~e functional formalism 

described here will be used extensively in. Section III, so we mention it 
•. 

here .for reference. This is the so-called cluster expansion, first . 
. 28 

introduced in classical statistical mechanics by Ursell. . Suppose we 

are given two sets of functions T (x ioo X ) 
n l' • n 

. . 

and n (x • • • x ·) 
· n 1' • n • 

symmetric in the n variables, where· n runs over all the positive 
. . . 

integers,· which are related in the r~flowin~ way: . 

IS • IS • 

or in general·: 

(~25) 

'·"' 

,, 

• 



~!¥.W 
:-.:~~ 
~t1~· 

''. 

. .. -

. ' 

where the sum 
part. 

'· <1 is taken over all possible partitions of' the indices . 
"; ··. 

1, •••, n into distinct classes i , i 1 •••; 1 2 . . ' ' 

the generation tunctionalS (vith -TO a l) 

00 

T{a} .. I (nl)-1 J dxl •••• dXna(xl) • • • «(x )t (x , • ••• n n 1 
nao 

and 

• 
E{a} =[ (nl)-lf dx • • • . . l dx «(x ) •" n l · «(x )n. (x

1
, n n . •••• 

n=l 

29 we obtain from the totality of Eqs. (B-25), the result: 

T{a} a exp [E{a}) • 

••• • Defining 

X ) 
n (B-26a) 

X ) n • (B-26b) 

\, 
'I 

,(B-27) ~ 

Our pr~ceeding discus.Sion was. limited to the· case in which the 

Hilbert space . was the one ilppropri'ate to the description of non-interacting 
\ 

neutral scalar bosons. These ideas can be easily generalized for a Hilbert 

space~· ror an arbitrary number of different kinds of elementa~. 

particles satisfying Bose or Fermi statistics and with arbitrarily 

complicated internal degrees of' freedom.· The r~e is to associate with 
. . t 

each.boson plane-wave creation operator. ai (~),where the index i .,, . 
denotes the helicity state,and the mass and spin of .the particle as well. 

\ 
I I. t 

· I as internal quantum numbers a function · .Gi {!>) and for each annihilation, 
·,. 
\:1 
'( 

• 

I 
t. 
l 

! 
• 

'. 
~. 
t· 

: l 

~ . 

I 
I. , 

r 
r: 
f 
f 
i 
\ 

I 
i 
r 

,. 
,. t 

' ,· 
~ I 

\ . t' 
f 

' 
\ 

·',operator a1~) ~· function · i ( pj. With each fe.rmion creation and \ 

\ I . 
annihilation operator b. t (p) .· and. b

1
• (n) , we associate objects 

. 1 .... ~ 

a1t(p) ,·and a1{p} respectively, which anticolJ!Mute with all. fermion. 
' "" ,., ' . . . . "'\~·:' 

. I -· 
annihilation and creation operators and with all other other 

\ . 

;""' 
aJ <JV. aJ<!V • out commute vith \o" 

,· \ 
\ 

operators and c-numbers. 

\
\ . ~· 

. ' . .• . ~ . f: 

. . ;~·. ~·. . . •.. . . r 
A i. 

\f 
~\· 
w 
IL 

. '"' 

Then 
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.. 
~ 

ve generalize the "dot" notation in the folloving vay: ,:; 
' ~-
-~ . 

. I 

• \ 

• (B-5') 

Similarly we generalize the ~ operation as follows: the linear mapping 

'n.' of the set of all fonnal paver-series functionafs of the ai (~) , . 
t t . . 

· ai (~), Bj(~), 6J (f_) onto\the set of all formal power series of 

ann!hilation and creation ope ators acting on 'If-' is·.defined by: 

It 1 
' 

?'\l {•b + 0 2p2) a 
0 17j' b-l + c2 '7r {p 2) ' · (B-l2b') 

i( ' .. ([IT { <;er">li IT < <~. ~~1 [~ aj_t <.et' 11 [ fi ai~~~' >] ) .· 
r=l 1 . . J sal J t:sl J u~l. 

I . 

I 

(B-12c') 
. \ 

'· 

Application of the commutation and anticommutation relations then gives . 

the· result, that, for any operator Q , 

t t t . 
Q. a ?'(' {e-a;::a<vaclea •aQea •alvac)J •• 

(B-13') 

or equivalently, 

• 

I 

I I 

-· 
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.. 111· 

1

Q a~· ( I (mlnll-
1 (vacl!-at ·m.~[mt ·a,Q]

0
lmlvac >) .. · . 

• m,naO . : 

(B-17') 

In Eqs. (B-13') and (B-17') the order of the products is significant 

due to the presence ot. the termions. Again we emphasize the·motivation 

tor this development: the totality ot relationships among plane-wave 

matrix elements or an operator in ?f.t can be concise~y ·summarized in 

terms ot the generating functional 

t . I at•a at~al 
Q{a ;a} .a ·<vac e Qe vac) • 

The.operator itself can be recovered from the generating functional 

through Eq. (B-13'). 

. 

• 

I 
' . .. 

\ 
.., 
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c. LSZ Formalism 

We review briefly in this Appendix the main features of a_theory • 

of interactions first rormulated by Lehmann, Symanzik, and Zimmermann • 
. 10 

. and popularly known as the LSZ rormalism. In particul~, we wish to 
. 

consider the relationship between the S matrix and the T-functions, 

defined b)' 

••• . .. (C-1) 

The conventional time-ordering symbol is defin~d b)' Eq. (III-29). 

The operator ~(x) is a scalar i"ield which satisfies the condition 

or m.icr~causality and the "asymptotic condition,'~ i.e.,. 

• (C-2) 

[~(~) .~(y)] a 0 · when '(x - y)2 < 0 ' .. (C-3)_ 

= (tj¢~~ 1111) ' 
(c-4) 

out 

where t and· "' 
a are any two normalizable state vectors and the ~ 

. 
notation will be defined beiow.- Equation (C•4), the asymptotic condition, 

introduces the in- and out-fields, which satisfy 

. 2 
(a aP +·m )~i· (x) = o 

P . n I (C-5) 
out 

[~in (x). ¢in {y) 1. a i6(x - y)_ • (C-6) 
out out 

Thus ~in (x) , ~ (x) are free-rield operators and can be expanded "'out 

in terms of plane-wave annihilation and creation operators in the usual ·wa)': 

\ 

. -
-. 
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~in <~> r:: (2w)-3/2J d3R[2w(R) r·l/2 <ain (~eip•x + ~i~: (l?Je-ip•xl .. 

out -out out 

t where the operators a1 (p), a1 (p) satisfy the usual_commutation 
n .- n-

. . t . 
relations, Eq. (II-1); as ·do a t(p) 1 a t(p). Furthermore, we 

ou "' ou . "' . . . 
. introduce a complete, orthonormal set of solutions of the Klein-Gordon 

.'equation, f (x) . . «. . 

a 

K f (x) • 0 x a • 
* . ar 

6 
{x) .• 

ax-· -fa. (x) 
·0 

The operators ~a(x) are defined by 

(C-8) 

• · (C-11) 

Bec~use th~ in- and out-fields· s~tisfy the Klein-Gordon equation, ~ai_ 
. n 
' 

Furthermore, because ot translational a and ~ t are time•independent. ou . 

invariance, . ~a ( xci) IYae) is· time-independent, so that '· 

• (C-12) 

The S matrix ·in this formalism is the unitary oper~tor vhieh maps out­

states into in-states 

• {C-13) 

From the asymptotic conditi9n; Eq~ (C-4), follo!s the so•called 
.. 

reduet.ion formulae~ 
. '· 

• 
.I 

i 

i . 
: 

:; 

' 
i 

t 
I 
! 
; 

: 

I. 
. i 

\ 
k 
i' 
i 
l 
I· 
1· . 

.. 
I 
•: 
I: 
I 
i· 

I. 
;· .. 



. . 

' 

,.,, •' ' ..... 
; ·' .. / 

'o ""• I .. t 
. 't. • .. ·-t'·· ' .,, ... ,. 

' ., 
' .·· . ,·.· ... 

~ ._. -~ 

~\ . ' . ~ ' 

• • • ~(xn)}•_ ain(kll· • i(2tr)""312(2w(!)J'""1f~ .. 
)( Ja4ze·ik.·zKzST{~(x1) •••. ~(xn)~(z)} 

[ST{(6(x
1

) ••• 

'' 

{6(x )},a
1 

(k)l 
n n"' · 

I 

• • • r6(x )(6(z)} 
n 

• 

.. 
. 
I . 

(C~l4a) 

{C-l4b) 

From t}lese reduction formulae ve will obtain a.n expression tor the 

sc:at~er:i.ng_:;twictional. For .convenience, let us def~ne .. 
• 

. (:-) (x) 
(J) 

_ . (21r )-~/2 Jd3£[ 2w(;e) 1-l/2mt (~·)eip•x 
. . . . . 

• 

II 
• (C-15~) . 

• (C-l5b) 

{C-15c) 

I . . 
Then, ve introduce a linear. mapping~. co~pletely analogous· to that 

. ··. 

·defined.· in Appendix B, Eqs. (B-12) • vh~ch maps m(f) .~ into. _ain (£) · 
. f . . t . . . . . 
and a <.!t) lnto . a1n ~ pj. Thus, to7 example t . we ~a~~ ·.; · 

. . 
• (C-16) 

w~ emphasize that this-mapping unambiguously def~nes ~ normai-ordering. 
; . ' ... ' . . . . . ; ~ .: . \· . . 

. , · : . Using the:~reduc:tion formula, Eq. (C-14b) t' ve have.· · .· ~- · . 
'; \. ... ~ ~ . . . ' . . • ', _·- .·_ ·~ . i . . . ' ' ~ •· .· '.\;: ·-~- ~ '. • ;. 

.· . [ot•a,. ST(~(x1 ): '':. ~~~~)lj e, ifd4x•i~> (x)Kx8T(~(x1 ) :,.:~ ~(xn)~(x)l 
,·,:_,_. ,· . ·.·I . !> '/' ' ·:~:

1

)· ~·~;'·>; " ... : (C•l7) 
~- ; ., . . ... _ . t• . \( . 

. ·'• .. ' 
. :,, .. . . ... \• ' . ·'\ .... 

. . 

. . \ 

.. . .. • 

~ . : 

... 
. · •, 

I . 

- .... 

• 

_.i 
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-~~r' 

employing the dot notation introduced in Eq. (B-5). In 
1
,the following . 

. J' ,_; 

. we take at~) /,and a(R) to be in operators, although. for the tinal 

.. , result we coUld have used out operators: Just as well•:· By iteration, .· 
.··;.- ... 

_ \, . it (ollcnts that 

... 

. ' ' I . 

-\. . ·+ ~ 
· [a •a,B] __ ,._~\- .... , . n 

'"' .' 

. •. 

'. -~ 
'•)' 

••• 

• • • ~(x )l . n . 
••• . (C-18) 

\ 

where . [ 1 
n 

is the repeated commutator introduced in Appendix Bt Likewise, 

... : ,_i '': 

. ,· 

.• 

using_ Eq~ (C-14a), we obtai'n 

J
\ .... 

••• ~(xn)}] ·a 1 d~x"'~)(l¢) 
. \ .· ; 

'·_,:._._ 

' \ 
·: . : ; .. \ 

JC IScST{~(x )-'-4 • t ~(x )~(x)} 
1 . . n -~ 

\ -
I 

• 

. ·' -: .' 

· .... -

.. ~.:-
' ·.- 1' ' 

.. 
·' .- .. · 

-·. . .~ 

' . ; . • . . : . -~; t· .... : ~ ·, . 
·•: . - :·, . .-

. ~1····::. ;. ~ ' \ . -' 

' '.I 
\ 

Combining Eqs. (C-18) and (C-19), we fi~ally obtain:· 

.: 

i 
'I 
'1. ,, 
·' 

.. 
. (C-19) 

; '._.·, . 
·> I , 

.r ., .. 
·- .. -. 

' 
' .. , ~ ~ l{. - ~ 

'_;. 

\ 

'i 
.. ·.· 

. i 

:_·.·i.m. +nJd4x ._: 4 4 . 4 l+)' (I ) rnC+)(. -)~<->c· )' .··' rn(-)( ') 
,· • .. . . . 1. • • • d xm d Y' l. • ' • d Y' n ~ : .. ~l • • • .,.. xm . .,.. .. Y' 1 • • • c. ·.,.. Y' n 

. . . 'f :,. .. \' ., . ' . 
.... Ill 

. .. .. ,,, . ·i .. , ,. ·. . •, 

x K • • • K K. • • • K ST{~(x ) • e. ~(x )~{y ) • il 4. ~{y )} .• 
. x1 x , , . . l . ··. · m 1 . .. n . . m "1 · ~n ·- .. · ·· · ·· · · ' · 

)'· i -:_' _). .·' .. ---~. .. ~~ ':-_ .< ... ~_:_:· . :;' .-: ~-
• ' : t '· ' - _:_· _ _): ·:-\ .· ·. . • ~ :' . . 

This is precisely the form r_equired to'_o~tain the scattering ·functional 

(C-20) 

t t''., 
~ . 

·acco~ding to Eq! '(a;..17): · · 

•,I·, .. :~ . ' : 
'I 0' ·, 

.. ·: 

-_ .. _. 

•.._-._ -.. . -.·. 
. •' f ~: '} '. . ' ' 

I ,' • .,.· 

. ,·,-
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·• 
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I 

' 
. t. . t . t : 

-u•u ( I u •a u•a 1 > · 1 t.· e . . vac e Se . vac a : 

:.· ·~ 
; 

,,, ... 

x (vacl[-a•a ,[u •a,S] ) lvac) = 1 + . t t · I 
. nm 

1 n ·.4· · 4 
(nl)- 1 d x · ••• d ~ 

1 ... . n 
1 • 

,. 

.,. 

'. 

n=2 

• • • cp(x )K n x
1 

••• • • • • xn). • 

' 
Thus, with the fUnctional forMulation ~e ·obtain in a,~irect way the .. ' 

ott-quoted result: 

.· . . ' . . '. 

s a _:.I ... + L ~·nl )wliri Jd4~1 -: ••• ,_.d4xn 6fl(.q,(x1{ • • • 
n=2 

••• 
' 

X ) 
n 

.. 

. 'f~1 

II .. 
(C-22):' 

Since SSS-l. = S , o/l ( q>{x1 ) • • • . ~xn)) may be taken as ~he normal-ordered 

'product of either the in-fields or the' out-fields •. 

We now inquire whether the operator given by Eq. (C-22) satisfies 

the requi:r~Jments fo~ an . S opera~or given in Section II. That tbis . 
operator is unitary follows· from an ide.ntity satisfied by the 1 -functions. 30 

. .' · Furthermore,. the right-hand. side of Eq~ (C-22) is manifes~l.y Lorentz 

invariant. Finally, because of the asymptotic condition and translational 

'.:'" invariance,. this S. operator has the action ~f the identity on· the vacuum . 

~··and one-particle subspaces. Thus the oper~tor given by'Eqo· (C~22) is a 
' ' 

· suitable candidate ·ror' the s operator,~n ,the.se respe~ts.·::' In fact, .it.·. 
... ,-. • • • • \. '. t' ' • • • 

· . ,: :· .. · is shown .in Sections l;II and ·I'(. that this· 6perator :·8J.a6 satisfies the 
("\. ~ 't ·.·. ,· ' .. ' :. -:· ·.• ':-: ' ... _··. >.·· . . :f~ .. :i· <··_ .... -~~ .. :_.i:~·--· /'_,: ·.: · .. · 

·, ··.: first and. second cluster properties~ <.' ' ' · ' .: · · - . ,: ·, ; .' · ···<.- · · · · 
. / '.: ;' ,. ' '> : '). >/' : >:t/: .~ . ·. 
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D. A Theorem on Connected·Functionals 

· Before proceeding to the theorem on connected ffutctionals which 

is necessar,y in Section III, Part I, ve brief~y review the properties 
. . . 2q 

of the hermitian·phase matrix of LSZ I]. If the S matrix is 

specified by distributions lb (p1, •••, p ) 1 symmetric in the n n n· 

four-vector variables, in the following way 

s · • exp(in) • (D-1) 

CIO CIO 

n = L L (mini )-l Jd!1" 

·m=O n=O · · 

• •• 3 t . 
d .l>n' a (.;1") ••• 

·" 

.. 
... " ' ~·· • -pm • P1 • ' p ') n 

(D-2) 

then the geheral properties of the S matrix have the following represents~ 

-tion in the hn: 

(1) 
,.._ 

•••• p ) = h'n* (-pl' (D•3a) Unitarity: hn(pl' ••• -p ) • n ' n 

(2) Lorentz invariance: hn(pl' •••, ·pn) ~hn(Mp~, ... ' Mp ). 
. n 

(D'!'!3b) 

(3) Invariance of the vacuum: 11 = h (p) = 0 0 1 • (D-3c) 

(4) Invariance of one-particle states: b2(pl~p2) a 0 0 (D-3d) 

In addition to these S-matrix properties, which ve have discussed· in 

Section II, Lehmann, Symanzik and Zimmermann add: TPC invariance, 

vhich requires that :the ~n be r~al; the finiteness of scattering 

and reaction cross-sections and their generalization in multiparticle 

.. 

• 

I 
I 
I 

; 

: 

I 

I' 

!' 
·I 

j 
I· 

' ,. 
l 

r 
~ 
I 

!. 

f, 

! 
I 

I 
r 
I 
~ 
! 

. f 

! 
' 
I' 
-~ 

l 
J· 

k '• k 
t~ 
I . 

r 



-process~s, w~ich requires t~at the hn contain no 
(' .-

6-fun~tions; and that the·. h must be continuous 
n 

'~ 
';...~ I ., . 

fo~..;g.imensional 
l; 

functions of their 

·· · : invariant variables. 

·. 

... 

Using the theorem of this appendix, it is. ·shown in· ·section III 

. ""' . . 
that the presc.ription that the: hn contain no four-dimensional · 

o-tunctions gives the cluster decomposition. .The theorem is thiss 

If E c{at ;al iS the connected part of; the functional· n . . . . 

t . t t 
t -a•a I a •a n a•a I E {a ; a} a e · < vac e Tl e vac) · n. . • (D-4) 

then .the relationship between the two sets of functionals is given by 

the to~lowi~g equation bet~een formal power.series 

L .. Cit )n(nl )-~n {at; h} ·• 

n=O 
(

• CD ) n -1 c · t ·· 
exp ··~ (it) (nl) En ~a ~~u} ·• ~ 
. n l. . I , .. 

. \ 

(D-5) 

I 
I 
i 

. · .. 
I . . \ 

.The proOf is as follows: We define generating functions tor 
., . . \ 

· . · . these funct ionals • ... ~\ : . 

... 
E(t) e . L (it·)~(nl )-1E~(~ t ;~~ . 

·n=O · · 

.~ ' . ' . 
I,; • 

\t ... 
· \ . (D-6) 
. \ 

... -

• 
·'·· 

.\ 

.... 
L (i~)n(nl )~~n~{a t ;~} • . (D-7) · 

"·.· ; n=l 
. . 

\ 
' and introduce a. new set 9t tunctionals.by means of the generating. 

·.-~ .. ·: 

". •4 
, • • .f' 

!· • i • 

• 
\' (D-8) \ 
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·EXPlicitly, ve have 
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., nl · \ . /_, 
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I s =A 
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L 
S cO 

n 

t m s =n 
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n 

Dn{~t;a}., ni ~ 
s1•o 
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n 
. t 8 

IT ( )•l[( )*r 1 m 8 I . ~~ . D {CI ;e~} 
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.·mal .. 

n 
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\. 

•• 

., 

\· 
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(D-9) 

\ 

t m s =n m 

'~ . . 
It. is advantageous to use here the functional product ·bracket · .· 

\ 
\ 

introduced in Appendix B • 

t I t E {CI ;a} = E {" ;a}E n . r 

· Nov • as a consequence of the 
l .... 
:roll~ving rebults holds, ·ror 

: ,l. -

with the definition, Eq. (D-4) .. ve havt\ 

t + {E {a ;a} ,. r . 
t . 

E {a ;u}} • 
n-r 

. (D~ll) 

~es of functional differentiation 1 the 
.. . . ' 
., ' I ~· 

the._ eonn~~~ed tunctionals a1 , Xt · 
t ' •• • •• :--··. '. " • 
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·1~ 
,. ~· 

}. : .i, 
'~ ·.' 

•, 

"'"' ~f 

'xl ,. Jc. • 

. ~Jere the subscr~pt "c" denotes the 'connected part or the tunctionai.. 
I . . 

App1y~ng this result to the expansion of Eq. (D-10); ve obtain 
.. 

n'oal 

{D Dl} + .. \ l n) D {D .i ,Dl} 
n1 c L r r n-r c . 

. r=l · . 
·. 

Before ve can apply this result to· the proot·, ve need the 
.. 

·\ following lemma 

.. . .. . ' .. 

"':··. '· 
t. :' 

' ' . . 
·=· 

This follovs simply by differentiating.~otb sides ot the defining 
' t l, ' - ~, .. . •. •. . . 

. , 

rela~ion, Eq." (D-8), with respect tO: .t: ·. . . ~ ! ·~~-, . *! • . . 
. . :· t ,·· .. 

I, 

.. 
' ' 

\ 
I 
I . \ 

dD(t) 
dt 

c D(t} dEc(t} 
. dt 

.. ' (D-15} 
: 

and equating coefficients of like pavers of t • 

We vish to sbov that E = D . for alll n •. ·We proceed n n 

inductively. 
. . .. . . C' . : ·.. . 

Since·. E1 is connected, E1 = E1 a. n1 ·~·.·:·.Nov as~um~ 
• .. ,. '. • . I ."'' ·, ~ .'; _' . 

m ~ n • · .Tb~nft~om Eq~ ;CJ:>,-11) t,·:.. · ' ; . : ..... ·.-. 
. . '~ . . . t.. ....... . . .. 

E = D for 
.. m. m 
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En+l. a E E + {E ,E1} 
n 1 ;n.i_ 

. ! 

Using Eq. (D~l3), Qne obtains 
i •• 

E a D E c + {Dn,Elc}~ n+l n 1 

But .. 

{D .E 0
} a{E E } • Ec 

n-r' 1. e n-r• 1 c n-r+l~ • 

so that 

n . 

E0 +1 • L (:) DrE:-T+l • 
r=O 

1 
e I 

• 

(D-16) 

II 

Hence, En a D
0 

tor all positive.integers, and Eq. (D-~) fOllows trom 

the definition, Eq. (D-8) i. 
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Fig. 2 

Fig. 3 
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FIGURE CAPTIONS 

Diagram c~rresponding to the cluster amplitude A 
mn • 

The four diagrams contributing to the matrix element that 

describes fo~ incident and five outgoing particles. 

Pictorial representation ot the second cl~ster property. 

It is·~ to be understood.as a Feynman diagram• or any 
. \ 

other diagram ve di_scuss. It .is included mFrely to 
f: 

serve as a visual aid to the discussion in1Section IVi 

Part B. 
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(a) (b) 

(c) (d) 
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