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ABSTRACT
~ The interacting-striﬁg pictur; ig extended to the Neveu-
Schwarz and Ramdnd models. The picture is maniféstly dual, even_for
the Ramond model, and amplitudes with an arbitrary number of external

fermions can be constructed. In all channels the only singularities

‘are ‘poles corfesponding to the expected particles. There exist both

qa and zero-quark mesons; which differ in the parity of the states

with odd Neveu-Schwarz g-parity. Calculationé of ff scattering

amplitudes are performed. The results are B-functions multiplied by

simple kinematical factors,'énd it is easily verified that the

amplitudes possess all the necessary properties.

This work was supported by the U. S. Atomic Energy Commission.
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1. INTRODUCTION
In a previous publication {1}, hereafter referred to as I, we
have extended the string formalism of Goddard, Goldstone, Rebbi and .
Thorn [2] to allow for scattering by the joining and separation of
étring;. Our aim.here is to extend the picture to the Neveu-Schwarz

and Ramond models. We shall show that the duality properties of the

. latter model are just as evident as those of the brﬁital or Neveu-

Schwarz modéls. bAmplitudes for scattering of n fermions present no
difficulty, and their only singularities, in all channels, are
factorizable poles corresponding to the particles of the model. As we
work within the physical Hilbert space, all amplitudes are manifestly
ghost-free., We have summarized the results in a previous communication

[3].

ﬁet us begin by reminding the reader why n-fermion -amplitudes
presentgd difficulties in the previous approach. The Neveu-Schwarz
and Ramond éodels botﬁ work with anti-commuting operators bnp, but -
n éssumes half-igtegral values in the Neveu-Schwarz model and integral
values_in.the_Ramoﬁd model. As -long as the mein channel remains
mesonic or fermiénic,:one need opefaié with pnéztype;of b-operator onﬁg
and ail maﬁipﬁlations can-be carriéd throuéh. It is therefore easy to
tréat'prdcesses-with no fermions or with only one fermion line. Other
prbcesses mesent difficulty,vsipcé the relationship between the two
t&pes of b's is not evident. . Thgrni[hl was abié'to pfove at consid-
erable effort that amplitudes with éne fermion line factorized as

expected in the meson channels. Olive and Scherk [5i have used the

projected propagator to show that one could sum the -amplitude for £F

scattering over physical staiés; and that the result was Lorentz



-
invariant. They did not calculate the amplitude explicitly or amalyze
the singularities in the t-channel. |

The string formelism operates with amplitudes b(p), where ¢
is the co-ordinate of a point on the string, instead of with the
Fourier components bn . Meson and fermion strings are characterized
by the same dynamical variables; the difference betﬁeen.them is
chéracterized by the boundary conditions at the end of the string, as
ﬁas originally pointed out by Gervais and Sakita [6]. Processes of
. ff annihilation are essentially no more complicated than those of
absorption of mesons by other mesons or by fermions.

While n-fermion amplitudes in our model are dual, they are
not self-dual. The singularities in evefy channel are factorizable
poles with positive residﬁe, but the spectra of particles in all meson
channels are not identical. For ff scattering, the s and t
channels will be different.‘ The meson channeis are most easily
" characterized by adding quark lines to duality diagrams. Fermions
have a single quark line, mesons either two or nome. In modelg with
‘in§ernal symmetry, the quark lines carry quantum numbers in the usual

way. We then.find that the parity of zero-quark mesons with odd Néveu-

Schwarz g;parity is opposite to that of the corresponding .qE mesons.

The parity of the mesons with odd Neveu-Schwarz g-parity'is defined
in& to within an overall sign; this is true even in & model with zero-
mass fermions. We arbitrarily define the qgq "vaguﬁm”'to be pseudo-
scalar. The zero-quark vacuum will then be scalar.

"Schwarz [7! and Thorn !8] have pointed out that fermionic
"physical-particie creation operators can be constructed only if.ﬁhe

2

fermion 'vacuum” has m" = 0. In fact, the model possesses chiral

e

symmetry, and all excited fermion states are parity doubled. We
emphaéize, hoﬁevér, %hat the parity doubling is not of the trivial type
which produces ghosts. Tﬁe meson states with even NS g-parity are
not necessarily Iarify‘dbubled.

A model of a free string with spin variables has already been
constructed by Iwasaki and Kikkawa [9]. Their model appears to be thét_
of an anti-ferromagnetic string éonsisting of an infinite number, of
"partons" with spin 3 (10]. Our method will be to extend the Iwasaki-
Kikkawa hodel to interacting strings.

The Neveu-Schwarz string model without longitudinal degrees of
freedom 1$ covariant aﬁW'if d, the number of dimensions, is eqﬁal to 10.
If we wish to construct a model in fewef dimensions we must start with
a ten-dimensional model and then restrict the initial states. Byj ‘
doing so we take into account the longitudinal degrees of freedom
which are necessary for Lorentz invariance if d < 10. The crossed-
loop amplitudes of a model with d < 10 possess unphysical Pomeron
singularities, and we shall not attempt to treat such amplitudes here;

In sec. 2 we shall introduce the dynamical variables and shall

show how the boundary conditions-are different for mesons and fermions.
-Wé éhall also examine the zero-mode operators for fermionic strings.

"In ouwr non-coveriant treatment the zero-mode operators will be Pauli

g-matrices as opposed to the Dirac y-matrices of Ramond, and the

eigenstates of o® will be the helicity states of the fermion.

The functional'integrai for the scattering amplitude will be
set up in’sec. 3. 1In the purely orbital model the functional integrand
was similar to that for free strings, but the integral was taken over
all possible motions of strings which joined and separated at given

times. In our present model such a procedure would not give a Lorentz-

-
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invariant result, and we must add a factor G(p) at each point where
stringé Join-or separate. The factor is linear in the b-Variablé§,
and iﬁ is analogous to a similar\factorvin the vertex of the Neveu-
Schwarz model as treated by conventional methods. In sec. ﬁ we shéll

show that the functional integral may be evaluated in terms of Neumsnn

functions.
4

- We discuss the duality structure of the ‘model in sec. 5>ahd,

in the final two sections, we perform specific calculations. The pion-
Pion scattering amplitude will be calculated in a general Lorentz
frame, and we shall see hoﬁ our non-covariant methods lead to the

known Lorentz-invariant result, provided d = 10. We shall also give

‘the calculation of the _ff_-scattering amplitude in order to show that

~the present scheme can deal with amplitudes which have hitherto eluded

treatment in the older formalisms.

2. SPIN VARIABLES AND FERMIONIC ZERO MODES

The independent variables o, T, 1, C‘ of our system, as

v

well.as the displacement variables xi(o,T) of the string, are defined

the same way as in I. In addition there are two anti;commuting

variables Sli(o,f), 82?(0;1) ~defined at each point'on the string.

The S's may be expended in a Fourier series:

ikn+k?
e /

. . :
i i, N2 T ‘
S; (o,7) = e " (2a) 2 b v ‘ (2.1a)
. B A
sei(o, 5 = teMon™ ) b, o IKMHKL (2.1b)
1". M " ‘ .
bki = e-i¢(2a)§ (2n) 1 )' dn {Sli(o,T)e-lkq
. '.AA O . : -
H . ' kr .
+ Sei(o,T)eikq e K,

(2.2)

-6~

The phase factors e1¢ will be specified later (eqs. (2.4)). The
variables bk satisfy anti-commutation relations:
b, ) = 8

kl

oy |
(o 15 %k, k'

For mesons the mode number k takes half-integral values, whereas for

fermions it takes integral values.

The sign in (Q.ib) and (2.2) depends on thé.type of string;
In diagréms such‘as fig. 1, strings with the arrows at both ends going
forwards correspond to fermions, those with the arrows at both ends
going backwards to anti-fermions, ﬁhereas strings with the arrows
going in prosite directions correspond to mesons. Inrsec. 5 we shall
identify those mesons with the top arfow directed forward as qE
mescns,_tﬁose with the top arrow directed backwards as zero-quark
mesons. We use the plus sign in (2.1b) for arti-fermions and q_?-:
qesons,,the minus Sigﬁ for férmions and zero-qﬁark mesons. Fquations

(2.1) then lead to the following boundary conditions at the ends of

the .string:
7 . asl 582
Forward arrow: Sl>= - 5, 5o So (2.3a)
y 3s, 852 -
Backward arrow: 5, = SEVV ==-5 - (?.Bb)

€
The difference between the boundary conditions for mesons and fermions
has been pointed out'by Gervais and Sekite 6],

, _
Let us now fix the phase factors in (2.1). We remind ‘the

reader that, according to the convenﬁions of I, M runs from 0 to
-1 as we go from the bottom to the top of ‘an incoming string or from

the top to the bottom of an outgoing string. Also, « -1is defined to

be negative for outgoing strings. We shall take .
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(2a)? = i(2la]) (outgoing strings). " (2.ka)

For outgolng mesons the phase factor in (2.4) just cancels.the phase

facfor due to our definition of 1 . For outgoing fermions, however,

(2.4a) gives an extra uncancelled phase factor - i. We therefore add
v

an'extra phase factor -i -for incoming anti-fermions or outgoing

fermions. In other‘words; we set.

i¢'r

e€" = 1  mesons, incoming fermions, outgoing snti-fermions.

ip

e = -1 outgoing fermions, incoming anti-fermionms. ~ (2.)

\

The phase factors (2.4 ) and (2.4b) combine to give a factor -i for
incdming anti-fermions and i for outgoing anti-fermions; such a .-
phase factor 1s of course permissible.

_The variables S have conformal weighﬁ % , i.e., under a

4

\-% |
'8, - (2.5)

S = A <g§jr}

As in I, we shall be particularly interested in the transformation of

conformal transformation they behave as follows:

L
~ ap A
59 = \3%/ 51

o onto a half-plane. We then observe from (2.3) and (2.5) that the
relative sign between §i(z)» and - §é(z) at the boundary changes each
time the variable 2z passes through a value z, corresponding to

T= t o ona fermion or anti-fermion line.

Férmion-strings possess a zero mode. ;q h;s origihal
formilation of the model,’ﬁgmond‘tookvthe b,"'s to be Diréc matrices,
which satisfied the required anti-commutation relations.' We“shall
define generalized Pauli matrices ot (1 €154 - 2),>wh1ch satisfy

- the relatioéns _

- conventional theory is known [7], we can’obtain the relation between

-8-

oio‘). + oo = 28 ' " ' - {2.6)

Such matrices must have a minimum dimension of E(d'E)/Q. We then set

a . ‘ " ' (2.7)
'We may group the Gi’s into pairs and construct a set of %(d -'2)

12

. commuting o metrices ~id g, -1030h etc.. The eigenstates of the

oz's will be the basic states of the fermion sector, the . fermion :

vacuum being 2(d'2)/2-fold degenerate.

In order to obtain a physical interpretation ofbour basic

states, we invéstigate how they transform under Lorentz transformations.

We find from ref. [9] that the Lorentz operators M- and Mi+, in

so far as they affect the modes in question, are

_ M - lf; (9ot - oted) Mt - 0. (2.8)
~ . 2P :

The operators (2.8) are just the operators which transform the helicity

' states of zero-mass fermions under the transformations in question;

- We may therefore identify our basic states with the helicity states of

the fermions. The phase factors in the heiicdty states are defined
according to the convention of Cohen-Tannoudji, Morel and Navelet [11].
Since the relation between the physical-particle creation

operators of our’p:esent theory and the covarlant operators of_the‘

our ¢'s and Ramond's 7f§l In this way we again find that the
eigenstates of the matrices o® are the helicity states of the

fermions.

In order to treat all modes uniformly, we should like ﬁo

consider the zéro;méde'operators as creation or annihilation operators.
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We therefore regard positive-helicity fermion states as "empty" and
negative~helicity states as "full"; we could egually well have made
the opposite choice. The operators (2)-%(130l i iboe), )
(2)'%('903 - iboh)--' will then be annihilation operators, while their
conjugate complexes will be creation operators. For éhti-férmions we

regard the negative-helicity states as empty, so thaR the operators

1 -
(2)-2(bo'l - ibo?),"' are the annihilation operators.

"3, FUNCTIONAL INTEGRAL AND LORENTZ INVARIANCE
We make the ansatz that the transition amplitude is given by

‘the following functional integral:

A = fdz2 e dZy H(Zl"”ZN) . (3.1a)
. B . .
N T i ‘ i
Ho= V(zy,o2y) || v, ax” (e, ) as, (0, 7) as, (o, 7)
r=1 n,i
b1
. i - 4 o
<Y (5, o b ) exp[> o, f an_ p.(n) x*(o, 7))
r,i - [¢) :
* j a0 av L (9,7) - Tizf’i - Tl Fe } | |0y (py +80)T(2y5 -0 2p)
. - : : a o
' (3.1v)
s \5/2 (e 177 Xt 2
™ . P 1t ) i , 4‘ .
*(Z1; ’ZN) —,I‘} 55/} l | (51- ZB) i {l(Z -Z_) ;2(Z£Zsy
Da+8p Cx<l§ r<s r<s
i M:?,»' ’(( , :r r( {
X ; (za'zr)g ‘(zr-zr+l)exp ;%5 ; j dwr ! @”; N(g’Tl; p"Tl)’
T[ T, N
a,r r 4T r O 0 ’ ]
«(3.1c)

-10-
. 1) 1t 1f &t s 5
oo - 5 HE) H(E) (BB

L3\ b
‘}Se'(a—f_ﬂsz)% -

(5.12)
6yle) - 'sli<o><§, o aCE | (5.1¢)

Apart from the last two,féctors, the expression on the right of
(3.1v) is precisely the analogue of the corresponding expression for
the orbital model given in I. The anti-commuting Neveu-Schwarz

variables appear in a slightly‘different form from the commuting

" variables. A treatment of functional integration over anti-commuting

variables has been given by Candlin. {12], who showed that the wave-
function V corresponding to the bra (a E) of a particular mode k

*
is

u(b,) = a+B by . (3.22)

The wave-functibn of the ket will involve the creation operator b‘k

:1n the same way. In addition, both bra and ket require a normdlization

factor

M

1- 5b, b . : | “(3.2b)

For the zero mode we use the annihilation and creation operators

defined in the previous section.

*

We have made & slight change in the formalism of ref. '12}, quoted
in ref. (3!, where the wave-function of a ket was a function of the
annihilation operator. In our reformulation the wéve-function of arn

.empty state is unity. We now require a minus sign instead of a plus
sign in (3.2v).
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The factor G(pa + Bp) in (3.1b) has no analogue in the
orbital model, and is inserted for Lorentz invariance. The variable
boz refers to a point at which two strings join or separate; as G 1is
singular at this point, we have changed p by & small quantity Op
which 1s allowed to tend to zero at the end of the_ calculation. We
shail now show that the action integral acquires a contribufion‘at the
‘poi.nt P =p, under a Ioréptz trans’férmatioﬁ, and that the last two .
facfors of (3.1b) provide a term which cancels this contribution.

We pointed out in T ‘tha.t we could obtain a superficial proof
of Lorentz invariance (igndri‘ng questions of factor ordering) by .
subjecting the variables of the functioné.l integral to a Lorentz
transformation. For the Lorentz transformation involving 4the generator
'Mi-, it is necessary aléo to n:;.ke a conformal transformation to

restore the condition xT =T, The initial and final states then

change according to the transformations given by G.G.R.T. and, since
the S matrix is not altered by the transformations, we have proved

. Lorentz invariance.

With our present model we have to. supplement the conformal
transformation by a super-gauge transformation (6], (9] to 'restOre the
‘condition .s‘_‘ = o.l After the Lorentz transformation 1 - .i 'e, M-,
st will_‘_b_e given by‘ the equa.t.ion:

& - est.

We therefore make the super-gauge tfansformation

(TR 1 if9 3\ u

s, s, - €8 (5-1 -1 'a_o) X, (3.3a)
(TR u ~ i{a 0 H

s, sa - €8, (Sf +1 ﬁ) X", (3.3b)

-12-

M

Mo, JH i.u i
L +2c-:S2 S s

(3.3¢)
where the superseript p runs from 1 to d. Under the transformation,
the Iagrangian changes by a total derivative, apart from terms

invoivihg factors

AW o uwfd L |
_Sl<$-1&->x QI‘ A82<&'+v:.|.&->x“’,

face terms

which vanish according to the I.K. gauge condition. The st

are

5 fdcd'rof

;. € . ‘_ J i axd * j i a};j ,,,,,,,
= 7 fdpsl 8 gqf+[dp 5, 3.2‘5_0__ .
(3.4)

In deriving (3.4) we have again used the gauge condition to eliminate

terms involving S~ . _

The contri‘ﬁutions to (3.4) from T= to ‘provide terms in
the Lorentz geherators, while those frqn the ends of the string wvanish
owing to t_he boundary conditions, but contributions from the points

where strings join or sepa.raté do not vanish. The singular nature of

. the boundary is most easily handled by making the iocal co-ordinate

transformét ion:
2 . 2
- = - - = - - b
(p Py (z - z,) (8 +1n e ) .
By (2.5), the variable 'sl becomes
=4 | 3 1
§° = (2(z -z))" s
=1 =i
and, fram (2.3), ve may set §," = 5,7. On -integrating (3.4) over

the 1line 7 =% and passing to the limit ® = O, we find:
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€ T . j=i axd . dx
offaoar ) < & fox ——r 5B {0 T v (1) B
4 ; (8 - 8,07 +8
} | axd(e )
» ~ = J =1 a .
X €5 (ga-),lsl:(ga) Y . (3.5)

‘Now let us recalculate (3.5) with an extra factor G(pa) .

We make use of the formulas, velid when z % z':

5,4) 5 = -3 G -2t e v -8t o) + ol - 2,
s S ‘ - (3.6a)
2@ 206D |yt w0 . )

Equations (3.6) may easily Bé_dérived by expanding S and x- in
terms of annihilat;on;and creation operators and using the commntatibn
or anti-commutation relatinnsl. They hold when Sl, Sg and x are
operators or factors within Feynman fnnctional integrals. Inserting

(3.6) in (3.5), we find:

Ca - . _ R o o axJ(g ) 'axi(g )
oo 7Z\E : - 2 ligd Q
i .84 [do Q»To.u Gl(iq +88) = g 35 (¢) 5% ST
Ay - o
oxd ()N |
1=1 al ), _2_ J
-1, “"Q ST/ 5T 0 ()8 )8, (54820
R ax ()

AL IR e L OO R AT
' (3.7)

We may now transform back to the variable p ; as the right-hand side

has conformal weight 5/2 while the left-hand side has conformal

>

~14-

weight 3/2, we must add an extra factor 0p/dz (= - 25t) to the

right-hand side. Therefore: > i .
]l - o okt (p + Sp) )
[do a Gl(pa +8p) = € -G, (p + 8p) g—_— ~

S lmfsl, (o, + 80)L(p, + 80) ) .
C Do
We notice that the term (3. 8) is almost cancelled by the

change .of G 1tself. In fact, under the Lorentz transformation in

question:

G () = 6,(p) - %S G, (e) g—’fr + €6, (p) g—ﬁ—i - bn € Sli(o),f(o) -
| (3:9)

provided,that the point p 1is at the end of the string. &he lasﬁ two
terms of (3.9) are equal and opposite to the right-hand side nfi(3.8).

' Before proceeding further, we should’like to remark that the
cancellation encountered here is similar to the cancellation which
occurs when a gauge operator is’ commuted through a vertex in the »
conventional formulation of the Neveu-Schwarz model. The right-hand
side'of1(3.8) has a relatively simple form because the two factors on
the left-hand side involve identica; fermion operators. All contribu-
tionsicqme fiom the commntaters or anti-commutntors between the
opérgtors, from which we derived (3,6). These contributions are
themselves cancelled by the change 1n G.

The second term in (3.9) is not cancelled by (3.8). 1t is

simply equal to .(85/80)_5/2,.and occurs because G has conformal

weight 3/2. The first factor in I, given by (3.1c), has been inserted
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to cancel this contribution. However, we saw(in I that -the conformal
- transformation from o to z is:not unique, but that the z's may
_be subjected to an arbitrary projective transformation without changing
the shape of fig. 1. The factor (Bp/oz)j/ will change under a
projective transformation, and the remaining factors of (3.1c) have
been added to restore mojective invariance. In the first product,
za and .zB .range over all points where strings Join or separate.
The product/1‘1;' is over all Z's where at least one of Zr and -

Zs is on an external meson lines, while in 1\1; one‘of ‘Zr and

ZS is‘on an incoming fermion line and the other on an incoming anti-_
fermion line. (Throughout this paper, the term incoming fermion line
: will be taken. to include outgoing anti-fermion line and vice versa.)
The coefficients mr2 in the exponent of the last factor are equal
to the squares of the masses of the relevant ground states (- % for
. mesons, ’O forgtermions). As was pointed out in I, the coefficients
must have these values'if the functional integral is to be finite,
since the exponent of (6. 2) gives rise to a similar term with the
opposite sign, and the Neumann function is infinite. It is fortunate
that we were. able to obtain a projectively invariance function with
the correct values for m21

-Our proof of Lorentz invariance ignores'questions of factor
ordering. We should construct a proof along’the lines»of-that:given
in I. We have not done s0 but, 1in secs. 6 and 7, we shall perform::.
explicit,calculations of scattering amplitudes'and'shall find that they
‘are indeed covariant for d = 10. B
To define the right-hand side of (3.1b) unambiguously it is °

necessary to specify the order of the anti;commuting'factoraf We order

16-

all factors V¥ and G from left to right as we go around fig. 1 ina

- counter-clockwise direction; starting from the bottom right-hand

corner. This rule iulfills the requirement that the wave-function for

a bra be the conjugate complex of that for the corresponding ket. The

1

z's in the factors of T (eq. (3.1d)) and in the factors
-2PP_ o »
(Zr,- z.) are ordered in the same way.

AN

L. EVALUATION IN TERMS OF NEUMANN FUNCTIONS
In this section we shall evaluate the functional integral over .
the anti-commuting variables in terms of Neumann functions, so as to

complement the integration over the commuting variables which has been

performed in I. Gervais and Sakita [6] bave extended their calculation~

of functional integrals to anti-commuting variables. We shall sum-

'marize some of their work and shall extend it'to cover the requirements

of the present problem.

- The runctional integral (3.1) involves factors b, from the

>wave-functions, as well as factors S(p ) which occur in the variable

.G, We multiply all such factors by "c-numbers” which anti-commute with .

every. variable s(o) and with one another. Next we bring the

variables into the exponent by using the equation

B = e -1 . ’ (4.1)
where B '1s any quantity whose.square is zero; in particular, where

it is the product of two anti-commuting c-numbers. The terms in the

exponent of the functional integral which involve anti-commuting

»factors are thus:

’
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1 i TN 1 ¥ LT \ ’
E_Jrjdc dt -S1 (5—T+ 15'3)_51 - S2 (g?-l.&>selj

~
e i i 1 i i

~ a
(k.2)

e

The function f is ﬁ known anti-commuting c-number. The third térm
6f (4.2) arises from the normalization factors (3.2b) of the wave-
functions, and it is to be summed over all incoming and outgoing
strings. ' |

We define Neumann functions for the anti-commuting fields by

the equations:

A<§; +1 §5> Kylo, ') 7= 2n 8 o -p') (k.38)
(g?-'i ?ﬁ) Kp(os 07) = 2x aZb'_as?(p_-, o), - (b.3®)

where the subscripts correspond to the subscripts on S. At the ends

of the sﬁring, K must satisfy boundary conditions correspohding to

(2.3_): _ _ v __
P at backward arrow: Kib(byo’) = Kéb(p,p'), (b.ba)
S p at forward arrow: Klb(p;p;)'= -bi(p;p'), (“~“b)
P p' at backward arrow: Kai(p,p') = KBE(D,D')I o {bike)
p' at forward arrow: Kal(o,o') =‘7Ka2(o,o')- (hohd)

The second term of (4.2) can be eliminated in the usual way by

making the chanée'bf viriables:

. {4.3) in the 1last term of (4.2). 1In evaluating both of these terms
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5,700~ 5,00+ [ av K (e 270) . (k3)
The expression (4.2) then becomes
1 S T\t (s ¥ 11
27( dodrt -Sl<§1:+,1 ﬁ>sl -32 (F--lﬁ)se J/

- \
AT 1 .
* 52 v (Tt (7))

1 [ ‘ i, 1
- L—j a0 ar ao' av' £,1(p) K (p,0") £ (o)

o | 3
A . “r) ' -
- ) (ine.) - (outg. )} =) vl (1.) | do do’ a7
Z_ /. /. N2/ Ert j _
- k=-00 r r

-

iko . 1y + -iko ot i '
x Lo Ky loms pt) e Ky (oymysTe ) £ 7 (0")

%
+ ( /__~ k,r(Tl)[do do’ 47!

k<0

0 - t + -ika . . v i ] ’.
K. (075 0') te K loms 00) e (00) .
(4.6)
The fourth term of (4.6) is the surface termat 7 =* ® from the

substitution (4.5), while the fifth term results from the subétitution

v

we have used (2.1) and (2.2), and the % sign corresponds to the ¢

sign in the latter equation.
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In order to carry through.the usual menipulations it is
necessary to show that the last two terms in (4.6) cancel. Let us
begin with the non-zero modes. The terms involving annihilation
operators bk for incoming states and creation operators b-k for
outéoing states ;o cancel. The others do not, but they are negligible
in the 1limit T > t oo owing to the exponential decrease of the
Fourier component of K with 7. We saw in I that only annihilation -
operators écting on kets or,creation‘operaﬁors acting on bras need be
kept under éuch circumsténces. Thé unwanted terms thus disappear for
the non-zero modes. ‘

The zero modes require special treatment and, in fact, we shall
ha&e to impose further boundary conditions on the K's. Let us
rrovisionally attach superscripté i,Jj, dorresponding to the (d - 2)

‘dimensions, to the K's. The formulas (4.5) and (4.6) are modified
appropriately. We set Kij =0 uniess i and Jj  are two dimensions
which have been paired in our treatment of the zero mode, and we

examine one such_pair of dimensions x and y. It will in fact be

more convenient to use thé helicity éombinations:

++'

R L e e e @)Yy L )

The summation over the zero-mode b's in (4.5) is revritten in the

form
X ) Yo it -t ’ - .
v, K+ b kY = b KT+ byK (4.8a)
where

+ iboy)‘ . | . (4.80)

=20~

The annihilation operators, as defined at the end of sec. 2, are
included in the sum E: ', ‘the creation operators in the sum E: .
. 10 k<O
As with the non-zero modes, the unwanted terms in (4.6) fail automat-
ically to cancel for creation operators acting on incoming states or

for annihilation operators acting on outgoing‘states. We enforce the

vanishing of such terms by setting the new boundary conditions:
+5 : .
K(p,p') = 0 T =T (%.9)

where the sign is + for én incoming fermion string and . - for-an
incoming anti-fermion string.

The equations (4.3) and the boqndﬁry conditions (4.4) and (4.9)
are just sufficlent to determine the K's. As\in I, we make a
conformal transformation of fig. 1 onto the half-plane. The K's,
like the S's, have conformal weight = so that, under s transforma-

2
tion from p to B »

1
=2

o ) B
‘ K, (ps0") = (%g) g%—) K (es0") (4.10)

the conjugate complex being used when the subscript has the value 2.
Equation (4.10), together with the boundary conditions (4.4), imply

that the z-plane K's satisfy the boundary condition

(4.11a) -

I
-4
N
.
]
~—
it

+ ﬁéb(z;z') , z real

>(h;1lb) -

=
—
N
-
[
~—
[l

* R;e(z,zj) - z' real

where the sign.is + when Z1'< z <o or 7 < z' <o (in the

notation of I), but changes each time z (4.11a) or z' (4.11b)

passes a value Zr corresponding to an external fefmion or anti-

- fermion line. The following functions K now satisfy all our conditions:

N\
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R(z,27) = Eh2) =

(4.12a)

I?Hh(zyz'): }_{-'-(2.':2") = o, (h.lEb)

the product T\r beihg over all Zr corresponding to incoming fermion

3t
lines and 1\1 over all Zr corresponding to.incoming anti-fermion
§

lines. One can cbtain the other KX's from the equations

Ry (z2) = K, (z,2'), (b.12¢)

The boundary conditions (4.11) and (4.9) determine the factors in the

= N o= o*
Kae(z,z ) = Kal(z,z ).

" square roots of (H.l2¢) uniquely; (4.11) alone would not be sufficient.

The p-plane functioﬁs Kab(p,p') can now be found from Eq.
(4.10). If the variablg z approaches Z, the conversion factor
(Bp/az)-% contains a factor (z -'Zr)% :which cancels the factor
(z - Zr)% in (4.12a) 4f it is in the denominator, and leads to a zero
result if it is in the numerator. We notice in particular that- either
K*':ar.K'+.willbvanish if 1‘or;r'abproaches tw.- Furthermore,.if>f or
7' both approach fas.on incbming fermion lines or bo#h approach fm on
incoming anti-férmion.iines, K+-' and K ¥ vboth‘yanish.

The first two terms .of (4.6) are independent of the external
states and may be absorbed in the volume element, so that all depend-

ence on the states is in the last term.  We now use (4.1) to take this

term out of the exponent, and we can state a simple,prescfiption for

_ performing the functional integral over the ahti-cdﬁmutiné variables,

-p0-

The right-hand side of (3.1b) contains factors of Sl(p) and Sa(p),
both from the wave-functions corresponding to full fermion states and
from the factors G . DPairs of such factors are contracted in all
possible ways, with appropriate sign changes. For each contraction
we add a factor % Kﬁb(p’p')’ Pairs with p and p' interchanged
are not counted separately. ' |

. Termskinvolving xi(p) in the exponent of (5.16) are_identica
to those in ﬁhe'corresponding expression of I. In addition, (3.1b)
involves factors of Bxi(p)/aT which occur in the definition of G.
(The derivatives Bxi(p)/ao vanish because of the boundary cpnditions

To evaluate the functional integral we write
I (p)/dr = et { exp [e Bxi(p)/arl -1} (lel «1)

and.ﬁse the methods of Hsue, Sakita and Virasoro and of Gervais and
Sakita [13]. We can easily calculate the effect of the extra factors
on .the general S-matfix element, but for simplicity we shall only quote
the rrescription to be used vhen the external particles have no ‘
orbital excitations. The factors Bxi(p)/BT are contracted in pairs,
with some left uncontracted._ This is done.in all possible ways. For

éach contracted pair we add a factor

62
(a - 2) 57577 ¥e,0")

(4.13%a)
while for each uncontracted factor we add a factor
A :
J 1
st /) B Nl (k.13b)
r

where pr is a point at T =t c© on the rth string.
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We are left with the question of the vo;ume element. As in I;
the easlest way of answefing this question is to ﬁake the case where
some of the strings are infinitely short, and then to proceed to the
general case using Lorentz invariance. If all or all but two of the
external particles are mesons, we can repeat the procedure used in I.
For external fermions we must modify‘the procedure somewhat, since the
reasoning is only applicable if the character (mesonic or fermionic)
of the string with finite length does not change at the iﬁteraction
poiht. The calculations are given in appendix A. In all cases we
confirm that after the functional integration has been performed, the
volume‘element is identical to that used in I. The Veneziano integrand
now has an additional factor [ , defined by (3.1c), and, in fact,
the calculation of the volume element is.the real justification of the
formula for I, _

As with the purely orbital model, the duality properties of
the amplitude are manifest. If we apalytically continue the momentum
variables ;n such é way that one of the «'s changes sign, the
corresponding string will pass from the left to the right of fig. 1 or
vice veréa. The amplitude will remain analytic thrgugh,the transition.
With the present model we do have tq be careful about phase factors;
in appendix B we shall indicate how such factors appear and how they
cancel one another out.

The functional integral (5.2) determines the finite-time
_ transition amplitudes as well as the S matrix. As in I, we now have
a complete finite-time quantum-mechanical system. -Tﬁe S matrix 1is
Lorentz-invariant,:factorizéble and dual, and the problem of ghosts

~ does not appear.

2k

5. DUALITY STRUCTURE

Our model‘pbssesses two types of mesons, depending on whether
the arrow at the top goes forwards or backwards. We shall distinguish
between them by applying dotted quark lines as in fig. 1. A quark -
line is applied to an arrow going forwards at the top of a string or
to an arrow going.backﬁards at the bottom. . The distinction between
qa mesons and zero-quark mesons is made_eveﬁ in a fheory without
internal degreeé of freedom but, if we do have internal symmetry, the
quark lines carry quantum numbers in the usual way. T

It is not difficult to see that the coupling of a qE meson
to a system of fermions of given helicity is equal in magnitude to the
coupling of the corresponding zero-quark meson. If fig. 1 is tu;ned
upside down, the intermediate meson changes from a qa meson to a
zero-quark meson or vice versa. By conformally mapping the new diagram:
onto the lower half-plane, with the points Zr corresponding to the

same external lines as befare, we conclude that the new Neumann

‘functions are obtained from the old by simply changing i to -i.

The anti-commuting factors in (3.2b) will have té be re-ordered. Both
these changes can affect only the sign of ghe amplituﬂé and not its
magnitude. ' ' .

Since Neveu-Schwarz g-parity is subject to odd-even conserve-
tion, the parity of the odd-g-parity states is undetermined by an
overall sign. This is so even in our ﬁresent model with massless
ground-state ferm;ong; the numbe},of b-excitations plus the number of
pérticlés cannoﬁ chapge from even to odd in an interaction. By
examining the.simplgst meson-fermion vertex, we shall now show that

the parity of a zero-quark meson with odd g-parity is opposite to the

1 ’:']

fu,
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. parity of the corresponding qgq meson.

In figs. 2, all three particles are unexcited (excépﬁ pbssibly
in the zéro mode). Since the functional integral (B.Eb) has ;ne factor
G(p), the amplitude will be non-zero-snly if one of the anti-fermions
is in the "full" helicity state. - The ﬁwo_non-zéro helicity‘amplitudes
are therefore (+ | 5) and {- |7| +>;.they will be ‘equal in
magnitude but will havé oﬁposite siéns it the parity,of thé meson 1is
negative. When going \from fig. 2(a) f.o fig. 2(b), the change 1 — -1 _
in the'Neﬁmann.function cannot reverse the sign of 6ne of the émplituis
without also reversing the sign of the other.* The "amplitude »

(+ [ -), in which theiincomin; anti-fermion has & zero-mode
excitétion, will,undergq an additional sign change due to the re-
ordering of its wave-function.with the factor G(e), while the
amplitude (- |T| +) is not affected by factor re-ordering. The
relatiye sign‘ of the two amplitudes is.ﬁherefore différent in fig.
2‘(a‘) from what it is in fig. 2(b). In other words, the paritieés of the
mesons in the two diagrams are opposite,
7 It 1s not difficult to calculaté the veftex functions
explicitly and to éonfirm the result Just stated.

\ In append;i C we sh;ll-prdvide_a'further check on our result
~ by examining the>tran51tion:amplitude from a general excited méson to '

a system of n ground-state fermions. We shall»éompare the parities

of qa and zero-quark mesons,and\shall find that they are the same
*

The phase factor of the amplitﬁde is the product of the phase factné

of the wave-functions and of the Neumann functions K. The am-
plitudes are ettherboth real or both imginé,ry, .and the wave- .

functions for the full f state are both imaginary. It follows

that the Neumann functions are both real or both imaginary.

" perturbatively..
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or différent according to whether the g-parity of the meson is e&en or
odd. |

We arbitra.rily define the parity of the qq vacium to be,‘
negative, since we shoﬁld.like to identify this particle withvthé pion.
Independently of any experimental evidence)we could base our definition
of tﬁe parity on the evéntual'hopé of obtaining a theqry where the mass
of the fermion vacuum is not zero. It is known thit the Ramond model
then reqﬁires a pseudoscalar pion.

The_zero-Quhrk meson vacuum is.scalar.. Within thé framework-
of our rresent model, such & meson is necessary for duality. The
fermions should be regarded as quarks rather than baryons, and duality
diagrams with zero-quark ihtermédiate states are unavoidable. In a

realistic model the baryons would be three-quark fermions, and duality

 diagrams with zero-quark intermediate states need not occur. The

scalar meson vacuum and its excited states might well be absent. At
mresent 1t is not known how to construct a model of baryons. The,

three-stfing model suggested by Gross and Kaku appears to possess all .

" the correct physical properties, but the detelled development of the

model seems to require technigues for handling interacting strings non-

In a system with fgrmions it is not possible to identify Neveu-

Schwarz g-parity with physical. g-parity, since we require complete

eﬁchange deggneracy, i.e., each isotopic spin state must be exchange
deggperatef Complete exchange dégénerapy is an immédiate consequence
of thé requirement that the u-channel ih>lfF scattering should have
no resonances éﬁ all {in the Born aphroximation). By identifying the

two g-parities, Neveu and Schwarz required the isotopic spin to

N
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alternate between O and 1 on thei;‘ exchange-degenerate trajec~
tories. The lightest aq mesons in our model (with SU(Z) symmetx;y)
would be ‘.‘KT](mz = - % ), pw(me = O), p’w'(m2 = % ). We can
equally well incorporate SU(3) ‘in the model since the moti_vation of
Neveu and Schwarz for not doing so, namely éheir desire to identify
the two g-parities, is now lost. Conseryation of i\IS ' g-pa.ri'f;y will:
presumab}y be violated 'in a more realistié model.

The spectrum of meséns in our model ag“reés in a rough
qualitative way with that observed. One obfa.ihs a better specfrum'
by assuming that the interaction raises the square of the masses by
‘abqut.(l BeV)E;_the ce and p'w' would be separated by repul;ion of
energy levels. However, it is obviqusiy premature to attempt any .sort
of .a guantitative comperison between predicted and o'bsefved mass

spectra.

6. PION-PION SCATTERING

As an illustration of our methods we‘shall first f';Lnd the

amplitude for pion-pion scattering. We shall work in a general Lorentz

frame. and shall show that the }mown, Lorentz- invaria.nt result does

followf from. our non-covariant approe.ch if & = 10. For the reader who
is not interested in the recalculation of known results, we remark
t;hat sec, T will be in"dep‘endént of the present section. -

The momenta of the four pions will be denoted by P 14’
the- _p-coordinates_ of their strings at T =1 ® by Pys s Py and

the widths of the'strings by « R W where ‘2:0} = 0. We shall

l)
denote the p-coordinates of- the points' where the strings Join and
separate by Py OB'. The Veneziano integrand will be given by the

function
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. I(p)r(é) —K(p K/]r a “;L Pi. .
A ugf—a §I—=1 e Ny, OI,‘)J
S | E . T

i P
P, N(DB; pr)Ji+ (@ -2) 3’%51;“("0:’93) .

r=

x
e

. (6.1)

'i' is the 'or;iinary Venez-ian‘o integrand which we wouid obtain from
(3.1b) by ignoring the a.nti-comuting'variaﬁles va.nd the function T ,
defined by (3.2c), The last two factors of (6.1) result fraﬁ treating
f.he' two factors G(pa) and G(pB) acéording to the preécriptflon

given at the end of sec. ‘4; since our mesons are unexcited there are

no further anti-commuting factors from the wave mnétions~; The factor

L
Sl(pa) and Se(‘.’a) in the G's give the factor - 5 K(pa - pe),
while the factors axi(ﬂoa)/af and: Bxi(pB )/3T 1lead to the last factor
ot (6.1).. ‘

" Let us make the conformal transformation

po= oy »txv:(zA - 1) '+.ag tn(z - 2) + orj'_tn z, . (6.2)

so that the points bl,---- oy ‘map onto- 1, .Z, O and oo

respectively. "The points Py and pa will map onto =z o and ZB"
3 .
Then ‘
. - 2P P, -2P,P
Ip) = @-2) t% 2z 23
= (1-z)%t gt - (6.38)
whefe o ' - 2 .
s = (Pl + P2_) , t = (P2 + I_’}) ) (6.3b)

re
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‘ 3/2 3/2 ’
n -1 -1
1 :v r) <g"‘-> (za -'ZB) (l = Z)

<=2 - 25)(-2,)0 - 22,

(6.§¢)
3/ N\ |
3. Y2 .
X(e, - pB), = . §§> (z,, - ZB)'l , (6.34)
Mg o)) = 2t lzy - 2], (6.3¢)
N(pg, p.) = 2 in lz6 -zl (6.3¢£)

1
In (6.3d) we have added ‘the two factors of (dp/3z)"2 to convert the

function K(za, We note that the square-root

ZB) to K(e,, oﬁ)-

factors of (4.12) are absent, as there are no external fermions.

"From (6.3), we may write
: -1
) dp N
-1

)

1

(6.1)

dp - : Lo
and it follows from (6.1), (6.3c), (6.3d) and (6.4) that the

factors of j@ /Bz ) and (ap /Bz ) cancel. Such a cancellation

always occurs and, in fact, the explicit factors of (az/az)5/2 in T

- were introduced to cancel similar hidden factors in- G which would

violate Lorentz invariance. We may now write

271 - 2)(z- 202,
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-2 -2 T (o )R (e 2 ey 202, (1 2 (2o 2 (o
r
x »éPli(za -l)-l + Péi(za- Z)-l Pziza-l}.
}p (2 -1) s Pi(z -z) 3156'-_'1}
+ % (a - 2)(za - iB)-E (6.5)

We remind the reader that the superscripts i .run from 1 to 4 -2

only; our calculations are pot manifestly covariant.

The expression (6.5) 1s most easily evaluated in a frame where
two of the strings are infinitely short. If Q, and 703 are small,

we may write:

z, ® 7, ZB ® 0,
so that | » -

I = ->2(1-Z)'S g7l Pai P; ) (6.6)
We may replacé‘¥he prQ@uct Iéi PBi by P (= -P P ), since, in
our present frame, P2+ = P;; = 0. On multiplying (6.6) by the volume

element 42 Z-l(l - Z)"l and integrating, we obtain the usual result;
in fgct, our calculation resembles the usual caiculatibn fairly
closely; "As our aim is to shqw'that we obtain a Loren£z-1nvariant
amplitﬁde when working in a general frame, we have to perform a
slightly longer 5a1¢ulation.

The points Za -and ZB are given by the eduation
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32 = 9
i.e.,
Q .
> 5. . _.
z-l+Z—Z+Z—._-O. Lol (6'7)

It is convenient to introduce the perameters
a = -ai/ah' c = 'os/au s
so that z, and zB are given by the equation

22 + z(a(l - 2) +¢2 -1} - c2 = 0,

from which we find:

zaz6=-cZ . 2y * 25 = (1 -a)3-2)+ (1~¢c)z .

i

, ' : o 2
2y - 25 - (cZ + 2m2(1 - z) + AL - 2)°), (6.8a)
& .
= (p(2)}°,
2 ) ) 2
where A = (1 -a) " B=1l+c -a+ac c={1+c¢).
(6.8b)
To evaluste the kinematical quantities Pri Psi, we first note that:
. -+ 1 -
Pr -2 Pr P} =2
so that
-1
- 1 + 2 1
PT o= (Y (2° -1
Also
plpl_p-p*_p*P" - PP ,
r s r s r s
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i,e.,
’ 04 a
i, i 2 s 2 1 T 2 1
eptrl = (4 P) S1eg P -§)+<Z(P: -3
(6.9)
Hence
2 . 2 L
2?11 Eéi = -s8-1+ (Pi - 5)(1 +c -ala 1. (Pé - %)a(l+ c- a)]}‘
(6.9p)
pptpl o i1 @ e re-a)t o (B - Lyee-a)et
2 3 = Lty 3 ¢, B - ¢-ae
] (6.9)
opipt s,+t+1-(r>12--l-)czafl-(1='12.1)a\"l
1 73 . ° 1 2 3 pe
(6.94)

If (6.8) and (6.9) are inserted into (6.5), we find that terms

2
involving Pi do cancel, as is necessary for Lorentz inveriance.

The expression is still mot manifestly Lorentz invariant, as the &'s
depend on the Lorentz frame. We obtain the result:
. 1 -
az(1 -z)t 2t 1

)

A(s,t)
70

I3
[ az(1 - z)"St g7t i(t-l)CZ + tB(1-2) +.sBZ
0

+ (s-1)A(1-2) + 2C2 + 2A(l-2)}
4 (d-2)Q - 2)78c(1 - 8 + C)D-l(ng pl(z) .

{6.10)
The integral can be evaluated with the aid of the formulas:

,‘4
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-
s faz 278t - 2)5 L 2(2)

(s +>t) [—dZ(l - 2)z7 (1 - z)s-t
/ o

£(z)
’ J!dz 21 -2y e (a),
t Jaz 271 - 2)% 2(2) = (s+t)] azz 278 - 2% 2(2)
’ ) -t .-S 1
+ Jazz "(x-2)" £ (2),
(6.11)

which may easily be derived by ‘integration by parts. We thus find

rl . ,
j az(1 - z)'t‘lvz's'l (t-1)cZ + tB(1-2) + sBZ + (s-1)A(1-2) D’l(z)
0

= (s + t +1)B(-s, -é) -2 az(a -.z)'s 7™

-1 -1 B o - 2, -2
x((1-2)" 27"+ [(C-B)z + (B-A)(1-2){ D™(2)) .
(6.12)
The integral in (6.12) cancels against the remaining terms of (6.10),
provided d - 2 = 8. We are left with the result '

Als, ©) = (s+t+1)B(es, -t), (6.13)

‘which agrees with the usual Neveu-Schﬁarz pion-pion amplitude. We

emphasize that we ABta;h a Lorentz&invariaﬁt_result only if 4 = 10.
As long as we are neglecting.cr03sed loops Qe can always restrict
ourselves to four dimensions, but we must do so éfter comfleting the
calculation. If we were to restrict ouréelvesrto four dimensions from

the beginning, we would lose the longitudinal mode which is necessary
for Lorentz invariance if d # 10.

-3h.

7. FERMION ANTI-FERMION SCATTERING
For our calculation of the fF scattering amplitude; we shall
take a Lorentz frame where two of t%f étrings have infinitesimal length.
The momenta Pp, P, P, and % for the four particles, numbered

in clockwise order from the bottom left of fig. 1, will be as follows:

Pl: : P R - 0 - Py T -0 T
P (f 2y P 2)% P siﬁ [} P p, cos P
2° [¢] 1 1 0 1
2 2.3 '
P, -(pg + 1) p, sin § P, -p, cos §
- - 0.
Ph po 0} PO

» (7.1)
The second and third strings will have infinitesimal length if -
Péz x -PEO, P5z x -PBO. We therefore take the (complex) angle #

to be given by the formula:

» pd N o b 4
cos ¢ = ['(PO + Pl )2 + po 6]Pl ) sin ¢ = 'i{po I (po +Pl )5 ]pl s
‘ - (7.2)

where b 1is small. If o_ 1is the length of the Ith string, it ..
follows from (7.1) and (7.2) that: o

i B 2. (7.3)

-~ = —F = y = =0, .

* 3 ol

' . .- -
In terms of s ( =(Pl + Pé)g) and ¢ =(Pé + P3) ), the momenta P

and pl will be given by the'equation

* ) -
We\restrict ourselves to four dimensions as we have explained in the

introduction. In our present Lorentz frame the dimension number

dpes not enter the calculation.
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- Loy _
Py = 2(-1‘.) B p = (s(s + t)/t)2 .
(7.4)
As we shall be working with the Neumann functions (4.12), it
will be convenient to use thé positive and negative helicity combina-

tions of Pr' Let us define

S yEp X + y :
P o= (@)(p 21 B7),
' ) + 2.0, 2 '
which must be distinguished from P~ = (2) (P % P"). Then

P£+) = -Pi') ='i(-t)é/(2V5) Ib(f) = -1(-t)%/\f§

) s sses s oartzvE A - ees + )07 (2VR)
R K - {7 - ao¥eve).
(1.5)

With zero-mass particles a Lorentz transformation is effected
by multiplying eéch helicity state by a numerical factor. Since our
momenta are complex the factors for transforming to the center-of-mass

system will not be pure phase factors. Tl'_xey are as follo_ws:'

Particles 1 and h4: e+inl/21 -<-s——i—t> o, _ (7.6e)
. ) .L k . . .
Particles 2 and 3: e*-"lm}/2 ?—; [s(s +t) ]C s (7.6b)

where*“ the - sign in the exponent is for particles 1 and 2, the plus
; .
sign for particles 3 and 4.

Now let us write down formulas for the Neumann functions K

for the process in question. We take the configuration represented by
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fig. 1, so that particles 1,and 4 are incoming and outgoing anti-
fermions, pé.rtiéleé 2 and 3.J'.I.ncoming and outgoing fermions. As usual
ve shall put 2, =1, 7, = z, Zy =0, 7, =00, sothat the
conformal transfornntion from o to z will be:

°
]

dl n(z - 1) + 0_‘2 Lg(z ‘- Z) +a5 in z’._

I

alta(z <1) +6 ta(z -2) - 8 taz), (@ =a)

e

from (7.3).  The points z, and zg where the strings join and

separate will be' given by the equation

= = %

i.e., '/‘"
16 5
s-1tz-z-z - °-

To second order in &, the solutions are:

2, = z+8(1-2)1 -8 - z)z7t) (7.8)

2

g

81+ -z . L (7.8b)
According to (4.12), the z-plane Neumann function l?" will be:.

A

- — ‘1 - z¥z' - 1)2"
R 2) = K 0 - o { G )

(7.9)
To convert to the . p-plane functions >K, we: must multiply by
i L : :
(30/32)72(3p0'/3z2')" 7, We shall not calculate the derviatives

1 I S
(Bpo‘bza)-2 and ° (aps/ézs) 2 as they cancel against similar factors
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, ~ ~ X § 2
in T, eq. (3.1c). We therefore define : » K(p 93), K(pB, py) and K(e, DB): vhere terms of order &
B apa'z . . ) are neglected. At least one of the functions ' or XK * is always
K(Da; p) = K(pal ), : o ’ - . :
24 zero for the arguments of interest, and we only write down the function
: N % : which fails to wvanish.
B %(0,,0) a°> (0p o) o |
- K(pysp) = . K(pg, P S ‘ +- . -+ S
: BT 25/ P : _ K (oys 0p) = K (o p5) = 1o 87227,
x Boa 3. N . o . : N Y
. = . ' . X = -(a8) (1 -2
K('pa, DB) &; gz‘s K(pa, DB) . o (02: 93)_ ( ) ( ) ’
- (7.10)
. - 1 1
, , R K (pyy py) = (1 -2)%,
As an illustration of the calculation, let us determine X (pa, pl)
(p is a point at T = o0 on the rth string). We have to substitute ~_ ! A1 i
T . = T Ky o) = -1(a8)2 221 - 2)72,
2' =2, z=1+¢ In (7.9), and multiply by (Bpl/azl) 2, As the - .
’ . . L
right-hand side of (7.9) contains a factor (z - 1)° in the denom- N O] L
2
‘ . K (op 0,) = @28 7°(1-12)5%
inator, we cannot set 2z =1 immediately. However, fqr 2=1+¢ :
eq. (7.7) gives: et L ;1.
_ X Koy p5) = 07287(1-1%5),
: d _ «a S o . R
- - E — z -1 ° o : : ‘~t- - oS : K
. , : K (o p,) = K (o, oh) =0,
so that the factors of € cancel. We thus find
: . o »
At . T -(1; ' % . L K (OB) 91) = K (_'QB) Dl) 0 .
K (py o) = -1(o8)  (z/(1 -2)} + o(87). (7.11) ] ‘ :
. o . . ‘ e . . e . % _i ‘.}g B
5 _When calculating the function K (oy, ),  ed. (7.9) glves a factor K (DB’ py) = @ 87(1 - 2)
i L L . . _
(z < 1)2 4in the numerator, and the derivative (3p/dz)"2 gives a : \ = L - .
- | - | | K*(og, 0,) = a28
< further such factor, so that the Neumann function is zero. - ‘ 3 . o .
. . ] - 11 b
. A~ . - . -1
The Neumenn functions for other relevant values of the arguments B K (OB, ﬂh) = 1(a8)™2 22 (1 + 8(27 - %)]
can be calculated in the same way, and we guote the results. Terms of
- . L Ne+ -1
. ' K = 8 1 -28).
order & compared to the main term are ignored except in the functions (QE' pﬁ) ( )

(7-12)‘
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‘Following Goldberger, Grisaru, MacDowell and Wong [lh], we now
define the following helicity amplitudes, the entries in the brackets
being (34|T|21):

¢1 (++|T|++) _ ¢2 (em D |+4+)

(4=|7]-+)

. ¢3 (+-IT|+->. ' ¢h

¢5 = (++‘TJ+-) .

We remind the reader that we are using a different phase convention
from ref. [lh], so that the signs of ¢ and ¢h are reversed. The
amplitude ¢ will be zero in our model, as the number of. b-excitations

changes from odd to even. The other four amplitudes are given by a

Veneziano integral:

a zta - 27t 12) r(z) F(z), . (7.8)

hle ) = b
0

where the subscript A corresponds to the subscripts. in (7.13). The
function T is the ordinary Veneziano integrahd, obtained by perform-
ing the functional integral (3 ._lb)_withc:ut the factars " G and the
.antiscommuting fectors in the weve function. The coptributions ef
these factors, evaluated according -to the rrescription at the end of
sec. 4, has been denoted by F,. ' is given Sy (3.1c), and h, is
the product of the Lorentz transformation factors (7.6).

The functions I and I' may be written down immediately:

2P P, -2PP
¥ - @-2) Y2z %3 a-ntzt,  (1.09)

(7.15)» |
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|
I
T
S
fo

(za - zB)-l(l - z)’2 z'2(1 - za)(_za - Z)za

x (1 - 2)(Z - 25)(-2)1 - 2)2 | -

/2 -'5/2 :. . ' o s
(ap> 1-2z) - : ' o
_ m) 0 . (1a6)

after neglecting terms of order 55 The Lorentz-transformation factars

will be as follows.

(7.17)

We shall begin the determination of the functions F with
5,_which is the simplest because all the helicity states are empty.

The relevant factors in (3.2b) are then:
f. 1 J
ax (o) x“(p,.)
c(pB)c(pa)_ - s, (p)sj(p) T . (7.18)

Contraction of 8§ (pB _ wit_h_ s (pa) leads to a factor -
-l : )
2
- % <: j) from (7,12), while contraction of other

helicity combinations gives zero. The factors Bx( )(p )/bT and

x( )(pa)/aT give the follgwing factor, accqrding to (4.13b): ' T
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3 L I
3 ' (+)

52—5 >: = )N(DB, e.) ) P Noy, o)

r=1 r=

: -1 -1 J -1
N % (ZB - l) + 8 \2 (th -
.3 _‘- _ ‘ -- (za . Z).1 l.. )
' ' ‘ f (7.19)

We have used (7.5), together with the formula

2 N z') = 20 -2)7

The terms zB-l )t
both of order 57, and they will dominate over the other terms. We

and (za -7 in the curly brackets of (7.19) are

should also contract the two quantities Bx<')(p8)/81 and
ax(+)(pa)/81 to give a term (4.1%a), but such a term will contain no

factors of & 1in the denominator and may be neglected. The expression

@ -
> (s—>

In the emplitude ¢l’ the helicity states of the particles 1

(7.19) is equal to

(7.20)

FB(Z) = - - 85> (1 - z)

(7.21&)

and 4 are "full”. We shall therefore have additional factors of

nIQ

-

1 1 ' *
(2a)? Sl+(pl) and - (2x)? Sl-(ph)’ from (2.2) and (3.2a), so that the

expression to be contracted will be:
- +
2a 8,7 (py) Gleg) Glp,) 8,7 (py) -
The aﬁti-commuting factors will lead to the Neumann functions:
-+ e L et B :
K (e P) K70y £)) - K (o £) K (pgs py)

+ K+f(ooﬁ o)) K'+(DB, Pl

1 - » apa ap % ( )-%
= = l1-2 .
2 5za zB

As before, the commuting factors will lead to (7.20), -so that

3/2 30, (3/2 - 3/2
5;; (1-2) .

(7.21b)

- dp
1 3 o
Fl(Z) = =3 .5 L ra

The calculatlon of Fh(z) is similar, the expression to be
contracted now being

1
3
2ia®

5)7(p,) Gleg) 5,"(05) Clay) -

The factor 1 1is associated with the "full"” anti-nucleon state in the

bra. Contraction of the anti-commuting factors leads to the result:

*

The terms involving S

1 and S2

in’ (2.2) give identical

contributions, so we consider only Sl and add a factor 2.
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T/

-K (DO!" PB) K+_(03: pll-) + K- (pa’ 3)1{ (Dﬁ; p)_,_)

=
) [ ad
Q
[/
(M

- K+'(oog'oh)K-+(pB, 93) .

In this case the terms of lowest order in & within the curly bracket

capcel, and we have to include first-order corrections.. The commuting -

factors again give the expression'(7.20), so that
' 3 p 3/2 /2
F(z) = 2824 (1-2)z - (7.21¢)
4 2 5“ - T.21c

Finally, for FQ(Z), we have to contract the factors
-2 1 a 85 ,7(p)) G(oB) 8, (py) Gle,) -

The anti-commuting factors give the Neumann functions:

'+(00, oB) K(p,, p)) + K+f(oa, 0,) K+°(DB, o)

- 'K+-(DCX’ 9;4) K+-(DB: 92)

Only the second term within the curly. bracket is non-zero, and the

expression is equal to

op_ Op 1 S
1 -1 Q 5 =3
$oet {2 _§§Q‘> 22 (1-2)7F.
a 8 .
The commuting factors which occur are now bx )/BT' and

ox(')(oa)/ar, so that the right-hand side of (7.19) is replaced by:

~hlya

-1 -1 .

dp dp -
¢! B 1L 11 -1

a‘;)(é‘; 25 =38y - 1) -5 6(Es 8z - 2)

op A
<;\ j) <L§J3 '1(1 2y tlsz - 802 - - 2)) . -

3/2 sl oy
<:f;£ij> 280 - 2)” -3/2 sz - t(1 - 2)) .

Fe(z) = % . :)
- (7.214)

It is now a straightforward matter to substitute (7.15), (7.16)

Hence

(7.17) and (7.21) in (7.14). 'The helicity amplitudes are given by the

formulas:
b, = sB(-s-% -t) B =He-t)s+t+1)B(-s-F -t-3)
B, = (s+t)B(-s, &) By =t Bl-s, -t- 3.

" | | (7.22)

We have omitted an irrelevant overall factor of

AS] ] o

In an SU(2) model, the states with I =1 and I =0 of

% and % , respectively. In

the zero-quark channel there will be no isotopic-spin factor, but the

the qg channel vill have factors of

sign of .¢0. will be reversed. The reversal of sign corresponds to

the change of parity 6f7the meséﬂs with odd Neveu-Schwarz g-parity.
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It is easily verified that the amplitudes (7.22) have poles
corresponding only to the expected states on the lea&ing trajectory,

that all residues on the leading trajectory are positive, and that

‘crossing 1is mainteined.

We have chosen to display many of the details of our work,
since our approach diffefs conéiderably from the usual approach. We
hope that, by dping-so, we have not given the reader a false/impression
of the length of the calculation. Once one is familiar with the
method the manipulstions are simple, stréightforward and not too
lengthy.

APPENDIX A:

«

. For_sihplicity we shall examine ff ~scattering, though the

Volume Element with External Fermions

method mey be extended to n-point amplitudes with hardly any change.

We -choose the configuration of fig. 3, where each of the strings of

finite length remain fermionic throughbut. ‘We have to show that the

volume element reduces to d('rB - Ta); are the

’ 'wherg Ta and TB
T-values of the points where the strings separate and join.
The conformal transformation connecting p and. z - will be:

o. = in(z.-1) +7 &n(z ; Z) - (y + 8)n 2z (A.l)

where the Zr's have been chosen to be i,_ Zz, 0, oo, and- & is a

The points Z, and . zB ‘are given by the equation

= + -

do 1 b4 y + &
dz z -1 .z -2 z

- 0. (a.2)

Solving this equation we find, to sufficient accuracy, that:

z = b 2 = 72/5 )

o B (a.5)

“h6-
and, inserting these values in (A.1), we obtain the formula

T - T =

5 o =34 7Z.

(A.4)

We note that, if TB - Ta o zB and Z are all small

and that their orders of magnitude are given by:

is finite, =z

lzla S>> z'B > 7. o : _ - (A.5)

Now let us evaluate the volume element, together with the
factors I G. in (3.1b). The last factor of (3.1c) is unity and, in
fhe limit of small Z, the penultimate factor cancels a similar factor

in the volume element 77: . We are left with the expression

| 3/2 3/2 (2 2)24 (25 - )
G(o+50)G(o+6p( az .
3z 5— +6p (z -z )Z2
a B
(A.6)
According to the prescription at the end of sec. 4, the factors
Bxi/BT will give the following factors in the integrand:
i 3 - .
x (p + 60)} ;) - P Wz , Z_)
5_ 5-— p +6p . T a_z- q r‘
.. >‘ pl 1 (A7)
r z_ -2
o a r
. The formula for {axi(DB + 8p)}/d1 1is identicel. Substituting (A.7)

in (A.6) and>using (Aﬁj) and (A.4), we obtain the expression

N\ ol

- b g
. /= 290 - .
ki.kJsli(pa + {'\p)Sl(p{3 + ?,p’\g—s-j (?.E) i:- d(”rS - Ta) ’

el
M +F
pa+6p Pyt £

(A.8)
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where k 1s the momentum carried by the intermediate meson in fig. 2.
The first factors of (A.8), including the derivatives, are just the
meson-fermion vertices at Py and pB, and the remaining factor is

proportional to d(TB - Ta) as required. We have thus verified the

;

form of the volume element.

APPENDIX B: Phase Factors in Crossing

Here we shall outline how phase factors may appear in crossing.
It will turn out that such factors always cancel one another.

Suppose that the rth string passes from the top left to the
top right of fig. 1. It follows from our rules of factor ordering
that its wave function has to be commited through the factor G(pa),
qa béing the point of joining or separation‘of the string. We thereby
obtein a factor of -1 for each b-excitation. Tﬁis factor is
cancelled by two factors of +i, ope'from (2.4a) and the other from
‘the factor (Bp/az)f% g7, ¥hich occurs in the Neumann function K.
The latter féctor is of t;e form r ein/e for a string at the top left
of the diagram, but of the form rei(nm)/2 for a string at the top
right. ‘ |

If the éﬁring in question is & fermioﬁ string there aré two

.further pﬁése factors independent of the numﬁer of exc1tations. The
Neu?agn function arising from the factor Sl(pa) within G(pa)
éo;tains a féctor (Zr - za)-%. As the quantity Z_ - z, changes from
positive to negative, we acquire a factér -i. On the other hand, the
gomentum P}, whicﬁ was positive time-l%ke, now becomes.negative-time~
like, and one can easily show by ahalytic continuation that helicity

states must then be defined with an extre phase factor -1 for a ket

48

or i for a bra. Agéin, tﬁérefore,_the phaserfactors cancel.

HIf a meson‘line:is m&&ed'across the bottom of the diagram, the
factor-ordering problem is slightly more complicated, the effect being
to give a sign change whatever the number of b-excitations in the
string. The phase.factor'in (Bp/Bz)-% now cancels the phase factor

in (2.4a), but there is a change of sign from re-ordering of the z's

. -2P P
in T (eq. (3.1c)) and in the factors (er- Zs) T 8 Once more

the’sign changes cancel. If a fermion line is moved from left to right

across the bottom of the diagram, the phase factors from the factor
1 .

(Zr - Z.a)-2 and from the definition of the helicity states are both

equal to +i. The amplitude thus changes sign, as it should wh’évn a

fermion line is moved across the bottom of the diagram.

- APPENDIX C:

Further Example of Relative Parities of qE and Zero-Quark Mesons

We are interested in the relative sign between the coupling of
a qa meson to an n-fermion system and the coupling of the correspond-
ing zerd-quark meson to the same fermion gystem. Actually we are not

interested in this relative sign itself, but in the comparison of the

‘relative sign.with a similar relative sigh for the processes where the

hélicities of all fermions are reversed. The parities of the mesons
will be the same 6r different acccrding to whether the relative signs
are the same or'different. .

As usual we examine a pracess such as fig. 1, where all the
external particles are.fermions in their ground state (except for

possible zero-mode excitations).

v
-
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For the left-hand side of the diagram, let

N, = number of positive-helicity fermions N
N2 = number of negative-helicity fermions
N3 = number of negative-heiicity’anti-fermions

=
=
I

= number of positive-helicity anti-fermioms.
Then
N+ Ny o= Ny N : A (c.1)

'

and, if N 1is the total number of perticles

N = N +'N2+N

i 5 + Nb .

By turning fig. 1 upside down, we change the intermediate qa

meson into & zero-quark meson or vice versa. As in the simpler examplé

studied, the Neumann function for the new diagram is obtained from

 that for the old by thée trensformation i «= -i. We therefore require

to find the number of factors of i in the product of Neumann

functions in our amplitude. This will be equal to

1 2’

vhere v, is zero or oné according to whether the amplitude is real

. or imaginary, and v2 “is equal to the number of factors of & in the

wave-functions. - The number vl will be the same for the original.

-- amplitude and the helicity reversed;amplitude, so that we may ignore

\

it, while we haﬁe seen in SéCu 2 that

v =, Nh B

The change 1 - -i in the Neumann function therefore gives rise to a

"factor-
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N
; Lo ‘
(-1) T _ (c.2)
In addition there may be a sign change due to the re-ordering

of énti-commuting factors. There are Né + Nh such factors from the

fermion wave-functions of the "full" helicity states, and E-1

.factors G. The order of all the factors must be reversed, so that we

have to multiply the samplitude by -

%(N+Né+Nu-2) - » _

(-1) - < © N +N,+N, even (€.3a)
3 (N+N2+N ! ) : o '

(-1) : - N+N, +N odd . - (€.3p)

Combining (C.2) and (C.3), we £ind a factor of

%(N+Né -N,-2) A -
(-1) ) N + N, + N even — (C.ka)

% (N#NET-N 41 ,
 (-1) - N+N, +N odd. ~ (c.u)

i

- The factor for the helicity reversed amplitude will be obtained

by replacing N, by N and N, . by N, in (C.4). Multiplying the

two factors, using (C.l), and remembering ﬁhat N 1is eveh, we conclude

. that the two sign changes are the same if Né + N, 1is even but

~different if N, + N, 1s odd. The number of b-excitations in the

intermediate meson is even or odd according as Nef.Nh is ddd or .

: N, +N . - . .
even, so that the g-parity is (-1) 2 h. The relative parity of the
q& and zero~-quark mesons is thus the same as the g-parity, which is.

the result we wished to prove.
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FIGURE CAPTIONS
String diagram for ff sc;.ttering.

String diagram for the meson-fermion vertex.

String configuration with known volume element.

.
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any of their contractors, subcontractors, or their employees, makes
any warranty, express or implied, or assumes any legal liability or
responsibility for the accuracy, completeness or usefulness of any
information, apparatus, product or process disclosed, or represents
that its use would not infringe privately owned rights.
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