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Abstract 
 

Constitutive Modeling of Weakly Cemented Sands 
 

By 
 

Chukwuebuka Nweke 
 

Doctor of Philosophy in Civil and Environmental Engineering 
 

University of California, Berkeley 
 

Professor Nicholas Sitar, Chair 
 
 

Weakly cemented sands are prominent in nature and can be found in many geologic deposits all 
over the world. The same is true for loose sand deposits, which conversely, create undesirable 
conditions for engineering design and execution. The primary difference between weakly 
cemented sand and loose sand is the presence of cementation, which enhances the mechanical 
properties and behavioral response of the former. As a result, the ability to replicate this 
cementation feature and use it to improve loose sand deposits has been (and is currently) an area 
of intense investigation and research. Traditional ground improvement methods employ the use 
of Portland cement via jet grouting, deep soil mixing, compaction grouting, and many others. 
These methods are considered “environmentally unfriendly” due to their use of “high-embodied” 
energy materials. A potential solution may lie in the realm of biocementation where sustainable 
ground improvement technologies use microbial metabolic activity to activate chemical reactions 
that inevitably induce precipitation of calcium carbonate, which accumulates at the grain 
contacts and binds the soil skeleton. These artificial cemented granular materials (biocement or 
Portland cement), as well as naturally cemented materials often serve as the foundation material 
or support foundation structures of varying overlying infrastructures. For this reason, there is a 
need for tools that are capable of assessing the improvements (or enhanced characteristics) of 
these types of sands, and predicting the performance under varying loading conditions. 
 
The focus of this dissertation is to gain a better understanding of the mechanics of cemented and 
uncemented sands, considering the vast similarities between both states, but highlighting the 
distinctions that may give insights into how the effects of cementation alter the mechanical 
properties of sands.  
 
Laboratory triaxial tests were used as a means to investigate the mechanical behavior. It was 
observed that light cementation preserved the characteristics of stress-strain response typical of 
uncemented sands, while it also significantly enhanced the strength and stiffness for even low 
levels of cement content. This was attributed to strengthening of the soil fabric that resulted from 
the formation of “cement bridges” at the interparticle contacts, which induced increased strength 
in shear and in compression. Furthermore, it was found that the stress-dilatancy theories used in 
modeling uncemented sands also apply to weakly cemented sands. Specifically, it was shown 
that the critical state conditions were relatively unaffected by cementation, leaving the dilatancy 
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to harbor most, if not all, of the cementation enhancement effects. Nor-Sand “bounding 
plasticity” model was employed as the foundation model due to its ability to represent dilation of 
the material at low confining pressures. As such, attention was placed on enhancing the dilation 
component of the model via the inclusion of a cementation parameter that is a function of the 
amount of cement. In addition, the cementation parameter is capable of evolving with 
accumulated deformation, allowing for the transition from the cemented to uncemented state. 
The new model, N-We-Ce (Nor-Sand for Weakly Cemented sands) maintains usage of the 
majority of parameters from the Nor-Sand base model, while adding 4 – 6 new parameters 
(depending on the type of test data) describing the contribution of cementation to the strength 
and stiffness of the sand. 
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Chapter 1: Introduction 
 
1.1: Overview 
 
Cementation is prevalent in granular materials deposited all over the world through geologic 
processes. In many cases, natural cementation is introduced in-situ as a consequence of the 
inherent weathering processes that generate soil from parent material (Boquet et al. 1973; Moore 
1987; Norton 1993). The type of weathering process, whether chemical or mechanical, often 
determine the type and amount of cementing agents that accumulate. These cementing agents can 
comprise of one of a variety of secondary minerals such as silicates, oxides, carbonates, etc. The 
presence of these natural cementing agents increases the resiliency and mechanical properties of 
the inhabited soils. Moreover, the amount of cementation is a direct indicator of the type of 
observed behavior that is expected. The larger the cement content, the more “rock like” the 
response of the soil. On the other hand, less cement (weak or light cementation) still maintains 
granular characteristics but exhibits subtle “rock like” responses. These attributes are highly 
desired in addressing engineering problem such as unfavorable soil conditions, as they provide a 
high level of improvement for relatively low level of new material input. Thus, the ground 
improvement industry has strived to emulate the effects of natural cementation via the use of 
various grouting techniques (Clough et al. 1981; Karol 2003). Unfortunately, many of these 
techniques are considered “environmentally unfriendly” due to their usage of high-embodied 
energy materials like Portland cement. Fortunately, recent innovations in the novel field of 
Biogeotechnology has led to the development of methods and techniques that closely emulate 
natural cementation precipitation mechanisms through the use of microbial metabolic activity 
(DeJong et al. 2006, 2013, 2017; Van Paassen et al. 2009; Montoya et al. 2013). Biocementation 
via Microbial Induced Calcite Precipitation (MICP) uses anaerobic bacteria in combination with 
a source of urea to catalyze chemical reactions that elevate the alkalinity, and in turn, precipitate 
calcium carbonate, which accumulates at the interparticle contacts and binds the grains. These 
MICP enhanced sands are considered weakly (lightly) cemented and there is a need for 
constitutive models that adequately predict their behavior under loading. A constitutive model 
would serve as a valuable tool that is capable of quantifying the improved mechanical properties, 
as well as better simulate performance for boundary value problems. 
 
1.2: Objectives 
 

• To better simulate (in a simplistic sense) the behavior of weakly (lightly) cemented sands 
under loading/deformation, and capture the evolution (degradation) of cementation 
effects. 

• Account for the transition between the cemented state to the uncemented state after 
degradation. 

• Incorporate a proper proxy to approximately capture the heterogeneity for in-situ sands 
(varying void ratio with cement). 

• To develop a simple elasto-plastic model that is capable of adequately predicting the peak 
conditions, as well as describe the strain softening (or strain hardening depending on 
stress level) behavior. 
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1.3: Dissertation Scope/Outline  
 
This PhD dissertation research is organized into four sections and five chapters. The appendix 
will contain information vital to the overarching story that required an independent section, but 
was not an ideal fit within the main timeline for conciseness. 
 
Section 1: Uncemented Sand Behavior 

• Chapter 2: The Mechanics of Uncemented Sands  
§ This chapter details all the factors that influence the behavior of cemented sands. 

These factors include the volumetric state, stress state, non-triaxial states, critical 
state, and the soil fabric and mineralogy. In addition, relationships that have been 
developed to describe the strength and shear stiffness are reviewed. More 
importantly, the correlation between volumetric and stress states are highlighted, 
as well as the importance of soil fabric and geology, and its significance within 
the theory of critical state, which serves as a fundamental reference in the 
description of soil behavior. 

 
Section 2: Cemented Sand Behavior 

• Chapter 3: The Mechanics of Cemented Sands 
§ Similar to Chapter 2, details on how the previously expressed factors are affected 

by the introduction of cementation. It was observed from a number of processed 
data for drained triaxial compression tests on MICP cemented and other weakly 
cemented sands (fully detailed in Appendix C) that dilation is significantly 
influenced by cementation. Moreover, dilation may pose as the ideal mechanism 
to directly incorporate the effects of the cement bonds into a model. In the same 
manner, it was also observed that the critical state condition (and parameters) 
were unaffected by cementation. 

• Appendix A: Biocementation 
§ This portion of the dissertation details the various developments in 

Biogeotechnology. Particularly, it reviews the chemistry, process, and application 
of various biocementation techniques such as MICP, MIDP (Microbial Induced 
Desaturation and Precipitation), and EICP (Enzyme Induced Calcite 
Precipitation). In essence, this appendix section serves as a part of the motivation 
that fuels this research investigation to better understand and predict the behavior 
of lightly (weakly) cemented sands. 

 
Section 3: Modeling Cemented Sands 

• Chapter 4: Proposed Model Components for Cementation 
§ This chapter presents the developed relationships for shear stiffness/modulus 

(small strain), the failure criteria, and cementation evolution that serve as the 
means of incorporating the effects of cementation into an existing model for 
sands, thereby developing a new cemented constitutive model. The small strain 
shear stiffness/modulus is based on previous work performed by Pestana and 
Salvati (2006), while the failure criteria is a new empirical relationship that shares 
many features with the one proposed by Bolton (1986). The cementation 
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evolution relationship is a damage-type model that is a function of the cement 
content (CC) by mass, the accumulated strains, and model parameters. 

• Chapter 5: Constitutive Modeling of Weakly (Lightly) Cemented Sands 
§ This chapter briefly reviews the concept of Elasto-plastic (incremental) stress-

strain theory. This is followed by a review of existing cemented soil models. 
Next, details on the formulation and nuances of the Nor-Sand model are 
presented, as well as the subsequent formulation of the Nor-Sand for Weakly 
(lightly) Cemented sands (NWeCe) model. The NWeCe model is comprised of 
Nor-Sand with the addition of the components developed in Chapter 4. The model 
is then calibrated and verified through simulation of various drained triaxial test 
data on MICP cemented and other cemented sands. 
 

Section 4: Concluding Remarks  
• Chapter 6: Conclusion and Future Research 

§ This chapter summarizes the general findings from each chapter, highlighting the 
triumphs and limitations of the NWeCe model, the necessary improvements 
required to upgrade the current form, as well as present some direction for the 
pursuit of future research endeavors. 
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Chapter 2: The Mechanics of Uncemented Sands 
 
2.1: Overview 
 
The emphasis in this study is on granular materials that may consist of sands, non-plastic silts, 
gravels, or weakly cemented non-cohesive soils. Unlike materials that derive their strength and 
deformation characteristics entirely from chemical bonding or heavy cementation, the behavior 
of granular materials is dependent on interparticle interactions resulting from forces acting on 
particles or particle groups. As a result, granular geo-materials usually exhibit volume change 
(dilation or contraction), as well as ductile (strain hardening) or brittle (strain softening) response 
under loading. This chapter focuses first on the mechanical properties of uncemented sands. In 
particular, the effects of the volumetric state, stress state, varying loading/shearing modes, 
critical state, soil fabric, and mineralogy on the behavior of uncemented sands are considered. 
Using the aforementioned information, a new failure criteria/strength index and correlation for 
the small strain shear stiffness of granular materials will be proposed. This is accomplished by 
investigating the stress-strain relationship of sands in triaxial tests. Triaxial tests are commonly 
used in geotechnical engineering to evaluate the stress-strain and strength of granular materials. 
The conventional triaxial test used in geomechanics comprises of a cylindrical specimen loaded 
axially, while maintaining uniform all around stress. As a result, the second and third principal 
stresses and strains are coaxial and therefore equal (Figure 2.1).  
 

 
 

Figure 2.1. Schematic of a triaxial test (from Fern 2016). 
 

There are two conventional loading cases that are used in triaxial testing: Triaxial compression 
(TXC) and triaxial extension (TXE). In addition, the tests can be performed in drained or 
undrained state in order to emulate the target in-situ loading conditions. Figure 2.2 depicts the 
difference between the two loading cases. In this dissertation, all triaxial testing information will 
be based on drained triaxial compression tests that were isotropically consolidated (CIDTXC). 
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Figure 2.2. Triaxial loading conditions. (a) Left: Triaxial compression (TXC) loading conditions 
where the 2nd (intermediate) and 3rd (minor) principal stresses are equal. (b) Right: Triaxial 
extension (TXE) loading conditions where the 1st (major) and 2nd (intermediate) principal 

stresses are equal (From Lade 2007). The configurations are identical for the principal stains. 
 

2.2: Volumetric State 
 
The pore space and grain particles combine to form the soil mass. Soil is referred to as dry when 
the pore space is filled entirely with air, whereas it is referred to as saturated when the pore space 
is filled with one or more liquids. Still, note that air is also a fluid but is compressible, whereas 
other fluids like water and oil are relatively incompressible. The amount of pore space is 
quantified using the void ratio, “e”, which is defined as the ratio between the volume of voids, 
Vv, and the volume of solids, Vs  in a given, total volume of soil, Vt . The volume of solids can 
also be described as the difference between the total volume, Vt, and the volume of voids, Vv. The 
void ratio relationship is depicted in Eq. 2.1. 

   

𝑒 =  
𝑉!
𝑉!
=  

𝑉!
𝑉! − 𝑉!

 

                                                             (2.1) 
 
The void ratio may be regarded as a fundamental variable, representing the relative distribution 
of particles and voids for any soil independent of saturation (Muir Wood 1990). From the void 
ratio, other volumetric variables may be derived. One such variable is the specific volume, “v”, 
which is defined as the addition of a unit volume of soil particles and the surrounding voids. Eq. 
2.2 depicts the specific volume relationship. 
 

𝑣 = 1+ 𝑒 =  1+
𝑉!
𝑉!
=  1+

𝑉!
𝑉! − 𝑉!

 

                                            (2.2) 
 
The porosity, “n”, is another volumetric variable that is used to quantify the amount of pore 
space in a soil mass. It is defined as the ratio of the volume of voids, Vv, and the total volume, Vt 
(which can be described as the sum of the volume of solids, Vs, and volume of voids, Vv). The 
relationship between the porosity, void ratio, and specific volume is presented in Eq. 2.3. 
 

𝑛 =  
𝑉!
𝑉!
=  

𝑉!
𝑉! + 𝑉!

=  
𝑒

1+ 𝑒 =
𝑣 − 1
𝑣  

                                                (2.3) 
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2.2.1: Density 
 
The density of a soil mass is depends on the average packing structure of the particles. It is 
inversely proportional to the specific volume, and in turn, the void ratio as shown in Eq. 2.4  
 

𝜌!"! =
𝐺!𝜌! 1+ 𝑤

1+ 𝑒  
                                                          (2.4) 

 
Here, Gs is the specific gravity of the solid particles and ρw is the density of water. The average 
value of Gs for most soils is approximately 2.65, but it can be slightly higher or lower depending 
on the soil mineralogy. “w” is the gravimetric water content of the soil, and is described as the 
ratio of the mass of water, Mw, to the mass of solids, Ms. In dry conditions, w = 0 which 
corresponds to the dry density of the soil mass, while in saturated conditions w > 0 
corresponding to the saturated density of the soil mass. The unit weight of the soil is then 
obtained by multiplying the density by gravitational acceleration. The density can also be 
expressed in terms of the relative density, DR (Burmister 1948). The relative density describes 
the density (or packing) of the soil particles with respect to the densest achievable state of a soil 
represented by minimum void ratio, emin, and the loosest achievable state of said soil represented 
by the maximum void ratio, emax, Eq. 2.5. The minimum and maximum void ratios are assumed 
to be material properties of the soil, and can be determined from standardized laboratory tests 
(Kolbuszewski 1948; ASTM D4253-16; ASTM D4254-16), or possibly from empirical 
relationships (Cubrinovski and Ishihara 2002; Rubin and Einav 2011). However, it is important 
to realize that is the values of emin and emax are heavily dependent on the method used to obtain 
them.  
 

𝐷! =
𝑒!"# − 𝑒

𝑒!"# − 𝑒!"#
 

                                                           (2.5) 
 
Despite its shortcomings with regards to uncertainties and limitations in the determination of emin 
and emax (Tavenas and La Rochelle 1972; Halder and Tang 1979; Salgado et al. 2000; 
Jamiolkowski et al. 2003), the relative density is commonly identified as a principal factor 
influencing the deformation and strength characteristics of sands (Cubrinovski and Ishihara 
2001), but alone cannot fully describe the mechanical behavior of said sands (Been and Jefferies 
1985). As a result, other relationships must be introduced. One such relationship is the gradation 
characteristics.  
 
2.2.2: Gradation Characteristics of Sand 
 
It is difficult to find an appropriate measure indicative of the overall grading characteristics of a 
given soil. Conventional parameters from gradation curves such as average grain size (D50), 
coefficient of uniformity (Cu), and fines content (FC) only describe one aspect of the overall 
gradation characteristics or a single grading feature. On the other hand, the void ratio range  (emax 
– emin) depicts the difference between the loosest and densest packing states achieved using a 
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standard laboratory testing procedure (ASTM D4253-16; ASTM D4254-16). Moreover, the 
grading properties of soils such as the fines content and grain size distribution significantly 
influence the packing structure (or soil fabric), and are reflected in the values of the extreme void 
ratios (emin and emax), and are thereby embodied within the void ratio range (emax – emin). As a 
result, Cubrinovski and Ishihara (2001) suggest the use of the void ratio range (emax – emin) as an 
alternative measure for identifying overall gradation features (grain-size characteristics) of sandy 
soils. There is an indirect relationship between the void ratio range and the average grain size 
characteristics of sandy soils proposed by Cubrinovski and Ishihara (1999) which shows that, in 
general, the void ratio range increases with decreasing average grain size.  
 

𝑒!"# − 𝑒!"# = 0.23+
0.06
𝐷!"

  

                                                   (2.6) 
 
In particular, emin and emax both decrease as the average grain size, D50 increases (Cubrinovski 
and Ishihara 1999). Furthermore, the increase in void ratio range is enhanced by the presence of 
fines because at identical D50, the soil with greater fines content tend to have a wider void ratio 
range (Table 2.1; Cubrinovski and Ishihara 1999).  
 
Table 2.1. Typical values of the void ratio range for silty sands, clean sands, and gravels. (from 
Cubrinovski and Ishihara 1999). 

Soil Type Fines Content (%) Gravel Content (%) emax - emin 
Silty soils 40 – 80 <5 >0.70 

Silty sands 20 – 30 <5 0.60 – 0.70 
Silty sands 10 – 20 <5 0.50 – 0.60 
Silty sands 5 – 10 <5 0.45 – 0.55 

Clean sands <5 <5 0.30 – 0.50 
Gravelly sands <10 15 – 35 0.30 – 0.40 

Gravels <5 50 – 85 0.20 – 0.30 
Fines: Diameter < 0.075 mm; Gravel Diameter ≥ 2.0 mm. 
 
This increase in void ratio is most likely due to the finer grains displacing large grains at the 
contact points thus increasing the possible maximum void ratio. Conversely, the increase or 
presence of fines will reduce the available pore space, thereby reducing the minimum void ratio. 
The combination of both effects leads to a wider range between the minimum and maximum 
void ratio. This effect can be seen in Figure 2.3. The void ratio range also increases with 
angularity of the grains. Therefore, for a given grain size the void ratio range is larger for sands 
with more angular grain shapes (Figure 2.4; Cubrinovski and Ishihara 1999). It is important to 
note the issues with determining the minimum and maximum void ratio; namely, their sensitivity 
to the testing methods adopted. The minimum void ratio, emin, exhibits less sensitivity, when 
vibrational methods are used in conjunction with confinement via gravity weight (ASTM D4253-
16). It is postulated that the vibration energy and confinement used in the method, produces 
values with minimal deviation from a mean. In contrast, the method used to determine the 
maximum void ratio, emax, uses gravity in the form of pluviation via a funnel or inverted 
graduated cylinder into a mold (ASTM D4254-16). 
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Figure 2.3. Relationship between void ratio range (emax - emin) and average grain size, D50 (from 

Cubrinovski and Ishihara 1999, 2001). 
 

 
Figure 2.4. Variation of the void ratio range with angularity of grains (from Cubirnovski and 

Ishihara 1999). 
 

This method similarly exhibits difficulties with reproducibility and, therefore, may produce 
values with significant deviations from the mean. As a result, emax is quite sensitive to the method 
of determination and values reported in literature may not be accurate. This sensitivity poses a 
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significant challenge in the development of constitutive models for sands, as will be addressed 
further in subsequent chapters. 
 
2.2.3: Volumetric Evolution of Sands 
 
Meidani et al. (2017) claim that the void ratio of a granular material can be divided into two 
categories: the active void volume, and the inactive void volume. Specifically, they define the 
active void volume as the fraction of the voids that is reactive to the kinematic processes of grain 
rearrangement, such as particle rotation and displacement, which can lead to its reduction or 
diminishment. In contrast, the inactive void volume is dictated by the densest packing structure 
of the material, and is not sensitive to kinematic process of grain rearrangement. Rather, the 
inactive void volume is affected by particle crushing (which increases the kinematic degrees of 
freedom of granular packing), and as a result, does not remain constant during loading. The total 
void ratio is a sum of the inactive and active void ratio (Meidani et al. 2017). Vesic and 
Barksdale (1963) and Lee and Seed (1967) show that the volume change exhibited in sands 
during shearing is dependent on the initial volumetric state. It is usual that dense sands tend to 
dilate (increase in volume) during shear and develop high strengths (angle of friction), while 
loose sands compress (decrease in volume) during shear and develop much lower strengths. 
Moreover, the non-linearity (curvature) of the strength envelope varies with the relative density 
of the sand, with dense sands exhibiting highly non-linear behavior, and loose sands showing 
approximately linear behavior (Figure 2.5; Vesic and Barksdale 1963; Lade and Bopp 2005). 
This phenomenon is not always evident as the strength envelope behavior is also stress 
dependent in addition to its dependency on the volumetric state (Feda 1994). 
 

 
Figure 2.5. Schematic showing the behavior of sands at loose, medium, and very dense states for 

varying normal stresses. 
 

2.3: Stress State 
 
The effects of the stress state, particularly the confining stress, on the mechanical behavior of 
granular materials have been well documented in literature. Moreover, the relationship between 
confining stress and the volumetric state are the primary controller of the mechanical response of 
sands under loading. The tendency of granular material to increase in volume (dilate) or decrease 
in volume (contract) is dependent on the initial volumetric state (initial density) and the stress 
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state or level of confinement (Hirschfeld and Poulos 1963). It has been established that dense 
sands tend to dilate and loose sands tend to contract (Vesic and Barksdale 1963; Lee and Seed 
1967). However, even loose soils will dilate at sufficiently low confining pressures 
 
2.3.1: Low Stress Levels 
 
Sture et al. (2004) documented significant dilation in drained triaxial test on specimens with low 
initial density, sheared at very low effective confining stresses (0.5 – 1.3 kPa). Their laboratory 
experiments, conducted on the NASA space shuttle, produced peak friction angles as high as 72o 
together with dilatancy angles in the range of 29o – 31o. This is to say that at low confinement 
loosely packed granular materials may exhibit dilative behavior. In general, the tendency to 
dilate increases with decreasing stress levels (confinement), in addition to the influence from 
increasing the dense volumetric state. In the same manner, dense samples may exhibit 
contractive behavior at high stresses (Holtz and Kovacs 1981; Desrosiers and Silva 2002). 
 
2.3.2: High Stress Levels 
 
At high pressures, the stress-strain, volume change behavior is primarily governed by particle 
degradation and grain rearrangement/reorientation (Hall and Gordon 1963; Lee and Seed 1967; 
Lo and Roy 1973; Lade and Bopp 2005). As confining pressures increases the volumetric strain 
at failure trends from negative to positive, showing the suppression of dilation (Lo and Roy 
1973, Graham et al. 2004). It is important to note that the confining pressure at which the dilation 
is fully suppressed varies for different sands based on mineralogical composition (shape, 
hardness, and size) and initial relative density (Figure 2.6; Lade and Bopp 2005; Cavarretta et al. 
2017). To enumerate, as the confining pressure (stress state) increases, the resistance to volume 
expansion (i.e. the reduction in tendency of particles overriding each other) increases up to the 
point where destruction of grains and subsequent contraction becomes the mechanism of volume 
change, as it is easier than grains overriding each other which results in dilation. Hardin (1985) 
observed similar trends, claiming that the crushing of particles contributes to the reduction in 
volume and decreases the rate of dilation in granular material. This degradation is controlled in 
part by the mineralogical composition or strength (hardness) of particles (Lo and Roy 1973). 
 
2.3.3: Crushing 
 
The crushing of the soil grains and the suppression of dilatancy play an important role in 
controlling the shear behavior at higher pressures, in addition to factors that govern the behavior 
at low pressures such as grain size distribution, size and shape of particles, state of packing, and 
the mineralogical composition (Lo and Roy 1973; Meidani et al. 2017). As a result, the effective 
friction angle of sandy soils decreases as confining pressure increases as seen in Figure 2.7 
below. The reduction in effective friction angle is more pronounced in strong-grained material 
than in weak grained materials, where at high enough pressures the rate of strength gain of the 
weak-grained materials exceeds that of the strong-grained materials. This observation is likely 
due to the excessive degradation of particles/grains in the weak-grained causing large reduction 
in void ratio (Lo and Roy 1973). At lower pressures, below pressures that lead to zero dilantancy 
rate, the dilatancy rate is primarily a function of void ratio and independent of particle strength; 
whereas at high pressures, mineralogy and particle crushing are the primary factors controlling 
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the mechanical behavior that is more contractive than dilative (Lo and Roy 1973). The pressure 
at which a zero dilatancy rate is achieved varies for different soils. The zero dilatancy point 
occurs twice and is distinguished by the trend of the friction angle.  
 

 
Figure 2.6. Relationship between the rate of axial dilatancy and confining pressure. This shows 
that the point at which dilation is fully suppressed varies with different soils (from Lo and Roy 

1973). 
 

 
Figure 2.7. Relationship of effective friction angle and confining pressure (from Lo and Roy 

1973). 
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Figure 2.8 shows that at lower pressures the first zero dilatancy occurs as the dilatancy rate 
passes from negative to positive, indicating that the friction angle is still decreasing with 
increasing confinement. During this time, particle crushing/degradation occurs but it is not 
primary driver of the failure mechanism yet, as the effect of the initial fabric still holds the most 
influence (Lade and Bopp 2005). However, at the second zero dilatancy condition, the friction 
angle is approximately constant as there is no volume change at failure due to pressures 
exceeding the breakdown threshold. This causes the effects of initial void ratio (and initial 
fabric) to disappear, though not completely according to Lade and Bopp (2005), giving way to 
the influence of particle crushing as the primary mechanism (and current fabric control) in 
addition to particle slippage (Lo and Roy 1973; Lade and Bopp 2005). The friction angle at this 
point may be lower or higher than the critical state friction angle as crushing creates fines and in 
turn changes the material composition, thereby changing material properties. This can be 
explained from the perspective of Bolton (1986), where the measured friction angle is assumed 
to be the sum of the angle of dilation and the critical state friction angle. If the dilation angle is 
negative due to high contractive behavior, as observed in sands under high confinement, the 
measured friction angle can be reduced below the critical state friction angle (Lade and Bopp 
2005). In other words, with increasing confinement the soil exhibits decreased dilation (Tai 
1970). Desrosiers and Silva (2002) state that this reduction in tendency to expand with increasing 
confinement occurs regardless of packing structure and is initiated through particle degradation 
and rearrangement. 
 

 
Figure 2.8. Relationship between the friction angle and the axial dilatancy rate. The numbers at  

each point represent different confining pressures (from Lo and Roy 1973). 
 
The crushing of grains/particles is particularly important for dense sands, and to a much lesser 
extent for loose sands (Figure 2.5). Hence, the stress-strain behavior of granular materials is 
significantly affected by the crushing of particles during loading and deformation. The crushing 
of particles, notably the amount of crushing, is dependent on the grain size distribution, particle 
shape, stress state, volumetric state, stress path, mineralogy (hardness), and presence of water 
(Hardin 1985; Lade et al. 1996; Cavarretta et al. 2017). This crushing of particles contributes to 
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the reduction in volume and decreases of the rate of dilation in sands, and reduces the observed 
friction angle (Hall and Gordon 1963; Hardin 1985). The potential for breakage of a soil particle 
increases with its size due to the associated increase in normal contact forces and higher 
probability of defects. Conversely, smaller grain sizes (i.e. silt sized particles) require high 
stresses in order to undergo breakage   (Tai 1970; Hardin 1985; Desrosiers and Silva 2002; 
Cavarretta et al. 2017). It is also important to note that the high-pressure response of sands in 
undrained conditions varies from that of the drained conditions. In particular, undrained triaxial 
test show no significant reduction in the strength or curvature in the failure envelope is observed 
(Tai 1970; Lade and Yamamuro 1996). In contrast, strength reduction and curvature of the 
failure envelope is present under drained conditions (Yamamuro and Lade 1996). This difference 
in behavior that depends on drainage conditions may be explained by reviewing the nature of the 
test performed under the aforementioned conditions. Desrosiers and Silva (2002) explain that 
under high pressures dense sands that undergo drained shearing will observe less crushing due to 
fact that the grains have the freedom to expand and override each other without causing major 
destruction of particles. On the other hand, in undrained shearing volumetric expansion is not 
allowed, therefore crushing of grains is likely due to the relative movement of grains with one 
another. Desrosiers and Silva (2002) also state that crushing is more apparent in loose soils due 
to their compressive nature.  
 
2.4: Non-Triaxial Stress States (Other Shearing Modes) 
 
In nature, the depositional history of many soils introduces anisotropic conditions with regards to 
the packing structure of the particles. As a result, the mechanical response of the soil will vary 
depending on the adopted loading direction. This anisotropic structure has strong influence on 
the deformation characteristics of a given soil, especially at low to medium stress levels. Though 
its influence diminishes when applied stresses are large enough to induce significant deformation 
(Yamada and Ishihara 1979; Ochiai and Lade 1983). Due to the variation of soil behavior with 
loading direction, the stress-strain response of a soil in triaxial compression, plane strain (direct 
or simple shear), or triaxial extension will not be equivalent. Therefore, all three principal 
stresses (major, minor, and intermediate) play a significant role in the mechanical response of 
granular materials (Ochiai and Lade 1983). Unfortunately, the conventional testing method used 
in geotechnical engineering, the triaxial test, maintains coaxiality between the minor (σ3) and 
intermediate (σ2) principal stresses in TXC, and the major (σ1) and intermediate (σ2) principal 
stresses in TXE (Figure 2.1 and 2.2). Under these circumstances, the effect of the intermediate 
principal stress is suppressed and the contributions of anisotropy in the granular material cannot 
be properly assessed or analyzed, potentially leading to an incorrect depiction of the stress-strain 
behavior. According to Lam and Tatsuoka (1988), the failure mode strongly influences the 
strength of sands in TXE. Li et al. (2017) found that the strength in TXE was higher than the 
strength in TXC. Whereas, Lade and Bopp (2005) show that the strength of sands is higher in 
TXE than TXC at low confinement, but the reverse is observed under high confinement with the 
strength higher in TXC than TXE. Nonetheless, a means of incorporating the intermediate 
principal stress and means of accounting for other shearing modes are necessary. The b-value, 
Eq. 2.7, is one such way to incorporate the magnitude of the intermediate principal stress, σ2.  
 

𝑏 =  
𝜎! − 𝜎!
𝜎! − 𝜎!

 

                                                                 (2.7) 
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Here, b = 0 represents TXC conditions, b = 1 represents TXE conditions, and 0.2 ≤ b ≤ 0.5 
represents plane strain (PS) conditions. Similarly, the lode angle, θ, is another means to account 
for the effect of σ2 in the mechanics of granular material. The relationship between the lode angle 
and the b-value is as follows: 
 

𝜃 =  
1
3 sin

!! 3 3𝐽!
2𝐽!!.!

= tan!!
3 𝜎! − 𝜎!

𝜎! − 𝜎! + 𝜎! − 𝜎!
= tan!!

3𝑏
2− 𝑏  

                 (2.8) 
 
Here, J2 = 0.5*tr(s2) is the second invariant of the deviatoric stress tensor where, s = σ’ –p’I is 
the deviatoric stress tensor (σ’ is the effective stress tensor, p’ = tr(σ’)/3 is the mean effective 
stress, and I is the unit tensor). J3 = det(s) is the third invariant of the deviatoric stress tensor. In 
addition, θ = 0o represents TXC conditions, θ = 60o represents TXE conditions, and 10.9o ≤ θ ≤ 
30o represents PS conditions. Kulhawy and Mayne (1990) analyzed data of varying laboratory 
tests on five sands from Ladd et al. (1977) and plotted the result, shown in Figure 2.9, in order to 
evaluate the influence of σ2 on the strength of granular material. The values for strength only 
coincide for TXC conditions, but the subsequent variations are quite significant, especially for 
loose sands and less so for dense sands. It is postulated that for isotropic materials the strength in 
TXC and TXE should be equal. At the same time, anisotropic granular materials should vary 
between both loading conditions, but the large variations depicted in Figure 2.9 highlight the 
uncertainties that exist due to the mineralogy, anisotropy, and overall geologic characteristics. 
 
2.4.1: Principal Stress Direction 
 
As already discussed, the b-value and lode angle account for the effect of the magnitude of σ2, 
but the direction of the principal stresses also has a significant influence on the mechanical 
response of granular materials. This factor is accounted for through the use of the direction 
angle, α, which is the angle the principal stresses make relative to the vertical or horizontal axis 
(Figure 2.10). α is the orientation of the principal stresses and it is often used as another means to 
characterize anisotropy of granular materials, including inherent and induced anisotropies (Li et 
al. 2017). In order to investigate the influence of the b-value and α on the behavior of granular 
materials, researchers have employed the Hollow Cylinder Apparatus (HCA) (Figure 2.10; 
Habib 1953; Vaid et al. 1990; Li et al. 2017). However, if the internal confining pressure and 
exterior confining pressures during the HCA tests are equal the influence of the intermediate 
principal stress (b-value) and the principal stress direction (α) cannot be independently evaluated 
due to their interdependency (b = sin2α). As a result, their evaluation from stress-strain curves is 
difficult due to a significant difference in the response with varying α values (Li et al. 2017). In 
addition, HCA induces significant stress non-uniformities in the test specimen if the differences 
between the outer and inner confining pressures are too large causing rotation of the principal 
stresses (Li et al. 2017). Nevertheless, Gens and Potts (1984) indicated that maintaining the 
confining pressure difference beneath a minimum threshold could reduce the effect of stress non-
uniformity. Hight et al. (1983) suggested a threshold ratio of outer confining pressure to inner 
confining pressure between 0.9 – 1.2. 
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Figure 2.9. Influence of the intermediate principal stress, σ2, on the strength of granular material 

(from Kulhawy and Mayne 1990). 
 
 

 
Figure 2.10. Schematic of the Hollow Cylinder Apparatus (HCA) with the associated forces and 

stresses (from Li et al. 2017). 
 
Li et al. (2017) show that as the b-value increases from triaxial compression (b = 0) to values that 
represent plane strain condition (0.3 ≤ b ≤ 0.5) the strength of the soils increases, while post 
plane strain conditions exhibit a decrease in strength (Figure 2.11). However, Li et al. (2017) 
also show that the magnitude of the strength increase and decrease is dependent on the principal 
stress direction, which in turn is significantly influenced by the particle shape (Figure 2.12a). In 
particular, as the principal stress direction rotates the magnitude of the strength (friction angle) 
variation decreases up to a principal stress direction angle α = 60o, after which it increases 
slightly (Figure 2.12a & 2.12b). A point often overlooked is that during plastic deformation, the 
non-coincidence between the direction of principal stress and the principal strain increment 
(Non-associative flow rule) is generally induced by the anisotropy of the granular material, as 
well as principal stress rotation (Li et al. 2017). In fact, Li et al. (2017) noted that the 
interdependency between the principal stress direction, α, and the intermediate principal stress, 
b-value, has a profound effect on the non-coaxial behavior (flow rule) of granular material. 
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Figure 2.11. Relationship between strength and the intermediate principal stress for varying 

principal stress directions (from Li et al. 2017). 
 

  
Figure 2.12. (a) Left: Relationship between the strength of granular material and the principal 
stress direction with varying mineralogy and soil types. (b) Right: Relationship between the 
strength of granular material and the principal stress direction for different magnitudes for σ2 

(from Li et al. 2017). 
 
They also claim, based on their investigation, that plane strain conditions (0.3 ≤ b ≤ 0.5) and a 
principal stress direction, α = 45o produces the least non-coaxial angle, that is, the highest 
coaxiality (or associative behavior). Similarly, Thornton and Zhang (2006) show that at critical 
state the direction of principal stress and principal strain increment coincide, indicating that 
plastic deformation at critical state follows an associative flow rule. Similar results were obtained 
by Li and Yu (2009).  
 
2.5: Critical State 
 
The critical state of geo-materials is a unique state, at which under continuous deformation the 
soil will experience no changes in volume or stresses. The concept was introduced by Roscoe et 
al. (1958) following their investigation on the shear behavior of soils assuming homogeneous 
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conditions in element tests. This led to the establishment of the three conditions that determine 
whether a soil is at critical state; (1) no dilation or change in volume can occur, also know as nil 
or zero dilatancy (2) the rate at which dilation or volume change occurs must be zero, also know 
as the nil or zero dilatancy change (3) the changes in stresses with regards to deformation must 
be equal to zero or the stresses must be constant. Eq. 2.9 expresses the aforementioned 
conditions mathematically: 
 

𝑑𝜀!
𝑑𝜀!

=
𝑑!𝜀!
𝑑𝜀!

! =
𝑑𝜂!

𝑑𝜀!
= 0 

                                                           (2.9) 
 
Here, εv is the volumetric strain, εd is the deviatoric strain, and η’ is the effective stress ratio that 
is the ratio of the deviatoric stress, q, to the mean effective stress, p’. The first component in Eq. 
2.9 is the dilation rate (dilatancy) and is defined as D = dεv/dεd. The second component is the rate 
of dilation rate represented by d2εv/dεd2 = dD/dεd. The third component corresponds to the stress 
conditions at critical state and that is generally represented by the critical state effective stress 
ratio, M, which is equal to η’ at the dη’/dεd = 0. Figure 2.13 (a-c) details the concept of critical 
state and the associated conditions from a stress-strain mechanics perspective, where the grey 
point represents the peak conditions, and the orange star corresponds to critical state conditions. 
Figure 2.13a depicts the stress-strain trends leading to critical state for typical dense and loose 
sands in drained triaxial test. Figure 2.13b shows the corresponding volumetric behavior of both 
soil states, while Figure 2.13c emphasizes the second component condition of Eq. 2.9. It can be 
seen from the each plot in Figure 2.13, that in order to truly be at critical state all three conditions 
must be satisfied. This poses some challenges from a modeling perspective, as each condition 
may be individually satisfied during the early to mid-stages of the stress strain behavior, as can 
be seen from in Figures 2.13b & 2.13c. The critical state theory is a concept based purely on 
granular mechanics and observations. This claim is supported by the fact that Roscoe et al. 
(1958) and Roscoe and Schofield (1963), derived the fundamentals of the critical state concept 
following the work of Taylor (1948) on the stress-dilatancy theory of granular material. 
 
2.5.1: Stress-Dilatancy Theory 
 
Taylor (1948) performed direct shear tests (Figure 2.14) on Ottawa Sand and found that dense 
sand specimens exhibited a peak condition in its response, while a loose specimen did not. 
Furthermore, he observed, as was discussed earlier in this chapter, that dense sands increase in 
volume during shearing whereas the loose sand decreased in volume under shearing. He 
attributed this behavior to the interlocking of grains and proposed a work balance relationship 
(Eq. 2.10a) based on the configurations of the direct shear test that became the foundation for the 
stress-dilatancy relationship. This work balance relationship equates external work (the sum of 
the products of measured displacements and associated forces assuming elastic deformation is 
negligible) to internal work (the internal friction forces and resistance). 
 

𝜏𝑑𝑥 −  𝜎!!𝑑𝑦 =  𝜇𝜎!!𝑑𝑥 
                                                                  (2.10a) 
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Figure 2.13. A schematic depicting the concept of critical state. (Top) Critical state from the 
stress-strain mechanics perspective. (Mid) Critical state from the corresponding volumetric 
change perspective. (Bottom) Viewing critical state while emphasizing the rate of change of 

volume change.  
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Figure 2.14. Schematic of a direct shear test (from Fern 2016). 

 
Here, τ is the applied shear stress, σn’ is the normal effective stress (applied confinement), µ is 
the friction coefficient of the soil, while dx and dy are the horizontal and vertical incremental 
displacements, respectively. Eq. 2.10a can be rearranged to produce an expression that depicts 
the strength (normalized) as a function of the frictional properties of the soil and the ratio of 
incremental displacements that represents the interlocking of grains (Eq. 2.10b). 
 

𝜏
𝜎!!

= 𝜇 +
𝑑𝑦
𝑑𝑥 

                                                                (2.10b) 
 
Taylor (1948) then expresses Eq. 2.10b in terms of conventional geotechnical correlations for the 
strength of granular materials (2.10c).  
 

tan𝜙 = tan𝜙! + tanΨ 
                                                           (2.10c) 

 
Here, tanϕ = τ/σn’ represents the measured peak frictional resistance, tanϕf = µ represents the 
unique ultimate friction angle (which is a property of the granular material), and tanΨ = dy/dx 
represents the contributions from grain interlocking. Following the investigations performed by 
Taylor (1948), it has been well established that the development of strength in granular material 
is dependent on the volumetric state, which is responsible for the exhibition of peak behavior 
(Vesic and Barksdale 1963; Lee and Seed 1967; Holtz and Kovacs 1981; Bolton 1986, Pestana 
and Whittle 1999; Cubrinovski and Ishihara 2001; Lade and Bopp 2005; Meidani et al. 2017). 
Roscoe and Schofield (1963) revisited the stress-dilatancy relationship but opted to base their 
investigation on the simple shear device (Figure 2.15) as it provided the advantage of 
maintaining homogeneous condition within the specimen (Bishop 1950; Roscoe et al. 1958). 
They proposed a similar work balance relationship (Eq. 2.11a), which was later expressed it in 
terms of the effective stress and strain variables (Eq. 2.11b) proposed by Schofield and Wroth 
(1968). 

𝜏
𝜎!!

= 𝜇!" +
𝛿𝜀!

!

𝛿𝛾! 

                                                                 (2.11a) 
 

𝜂 = 𝑀 + 𝐷 
                                                            (2.11b) 
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Figure 2.15. Schematic of a simple shear test (from Fern 2016). 

 
Due to homogeneity, the frictional coefficient µ in Eq. 2.11a now corresponds to the critical state 
friction coefficient µcs. The grain-interlocking ratio (ratio of displacements/strains) comprises of 
the volumetric strain, δεvp, and the shear strain, δγp. The superscript “p” identifies the plastic 
component of the corresponding strain (the elastic component is considering to be negligible). 
Eq. 2.11b depicts the stress-dilatancy relation in terms of critical state variables. All the proposed 
stress-dilatancy relationships are identical from the point that each expresses the strength of 
granular materials as the sum of the frictional component of the soil and the contributions from 
grain interlocking. In the case of Eq. 2.11a and 2.11b, D = δεvp/δγp, which is the contributions of 
grain interlocking, but in its preferred representation as dilation rate. M corresponds to the 
ultimate friction angle, which in its preferred terms is the critical state effective stress ratio. This 
concept is also found in the work of Rowe (1962), where the strength of sands is described as the 
combination of the sliding friction between the grain particles (ϕµ), the particle reorientation 
effect, and dilatancy effects. Ultimately, Rowe (1962) presents the development of strength in 
granular materials as comprising of energy spent on dilation (D), energy spent on remolding (R), 
and energy spent in friction (F). Figure 2.16 expresses this idea graphically. 
 
2.5.2: Critical State Effective Stress Ratio 
 
The critical state stress ratio represents a unique condition within granular geo-materials, where 
the proportion of the deviatoric stress to the mean effective stress is constant despite continuous 
deformation. This stage of deformation is categorized as the critical state, during which the soil 
experiences no changes in volume or stresses. As a result M = qcs/pcs’, which are the deviatoric 
and mean effective stresses at critical state. Typically, the stress ratio is represented by η’, which 
consists of the current ratio of the deviatoric (q) and the mean effective stress (p’). In fact, for 
any given granular material, the stress ratio is defined by Eq. 2.11b as the combination of the 
critical state stress ratio (M) and the dilatancy rate (D). The dilatancy rate, D, is ratio of the 
incremental volumetric strain, δεvp, and the shear strain, δγp, but the shear strain is 
interchangeable with the deviatoric strain (δεd

p) for modeling purposes. Once at critical state, the 
contributions from the dilation rate are nil (D = 0), therefore η’ = M. The value of M is unique 
for a given soil and is independent of preparation method (initial density) and shearing rate. It is 
important to note that unlike the critical state friction angel (ϕcs), M is not a material property due 
to its dependency on the mean effective stress (p’) and in turn, the effect the intermediate 
principal stress (σ2).  
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Figure 2.16. Plot of the contributions to strength in granular material overlaid by data from test 

on medium-fine sand. ϕcv is the constant volume (critical state) friction angle. ϕmax is the 
measured peak friction angle. ϕr is the measured friction angle without the effect of volume 

change, disregarding axial confinement. ϕf is the measured peak friction angle without the effect 
of dilation. ϕµ is the friction resistance between the individual gain surfaces and is dependent on 

the mineralogy (from Rowe 1962). 
 
However from Eq. 2.10(a-c) and 2.11(a-b), one can deduce a relationship between M, ϕcs, and µ. 
Due to its dependency on σ2, M is also a function of the b-value or the lode angle (θ), and, in 
essence, will vary with different modes of shearing (Jefferies and Shuttle 2002; Wanatowski and 
Chu 2007). These various modes are bounded by the TXC and TXE conditions, so the critical 
state effective stress ratio will fall within range MTXE ≤ Mθ/b ≤ MTXC. With this in mind, Eq. 2.12 
expresses the established relationship between M and ϕcs. 
 

𝑀 =  
6 sin𝜙!"
3± sin𝜙!"

 𝑀!"#  "-" →  (𝜎! = 𝜎!) < 𝜎!
𝑀!"#  "+" →  (𝜎! = 𝜎!) > 𝜎!

 

                                                                (2.12) 
 
It is important to extend the critical state effective stress ratio to other modes of shearing 
(generalized stress space) in order to adequately predict the behavior of granular materials for 
varying loading conditions commonly experienced in nature, as well as those that will be crucial 
in project designs. Since TXC tests are the most popular geotechnical engineering “test type” and 
the value of M is often evaluated from such test, then MTXC can be used as the basis from which 
extensions to other modes of shearing can be accomplished through the use of the b-value or lode 
angle (denoted as Mb or Mθ). The Lade-Duncan or the Matsuoka-Nakai criteria are suggested as 
the means to extend M to other modes of shearing. Eq. 2.13(a-c) and 2.14(a-b) express the 
associated equations for Lade-Duncan and Matsuoka-Nakai, respectively.  
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                                    (2.13c) 
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              (2.14a) 
 

𝜅 = 9− 𝑠𝑖𝑛2𝜙
1− 𝑠𝑖𝑛2𝜙

            𝑖𝑛 𝑇𝑋𝐶 

                                                          (2.14b) 
 
Here I1 is the first invariant of stress tensor, I3 is the third invariant of stress tensor, (κ1, η1, m, A, 
B) and κ are failure criteria parameters for Lade-Duncan and Matsuoka-Nakai, respectively 
(details on the parameters will be discussed in the upcoming failure criteria section of this 
chapter). In particular, Eq. 2.13c corresponds to an updated version of the Lade-Duncan criteria 
that incorporates stress dependency. Eq. 2.13a and 2.14a are both third order polynomial implicit 
equations, from which the stress ratio (σ1/σ3) must be solved numerically (iteratively) given an 
initial value in TXC. It must be remembered that the M predicted in generalized stress space, 
particularly plane strain, is under predicted by Mohr-Coulomb, over-predicted by Lade-Duncan, 
and less so by Matsuoka-Nakai (Jefferies and Shuttle 2002). Nonetheless, once (σ1/σ3) is 
determined, it can be used with Eq. 2.15 to determine the friction angle that will be used to 
determine Mb from Eq. 2.12. 

𝜙 =  sin!!
𝜎!
𝜎!

− 1
𝜎!
𝜎!

+ 1
 

                                                                   (2.15) 
 
2.5.3: Critical State Line 
 
The critical state conditions expressed in Eq. 2.9 as well as the depiction in Figure 2.13 suggests 
that an associated volumetric state that corresponds to the constant volume behavior is attained 
under this stage of deformation. This volumetric state can be called the critical state void ratio 
(ecs). This is the void ratio that a given granular material reaches after dilating or contracting 
under sufficient shearing. The evolution of this parameter with pressure establishes the critical 
state line. Initially, a log-linear relationship between the critical state void ratio (ecs) and the 
mean effective stress (p’) was proposed by Roscoe et al. (1958), but in the subsequent decades 
following their work it was concluded that ecs and p’ had a non-linear relationship (Lee and Seed 
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1967; Been et al. 1991; Ishihara 1993; Verdugo and Ishihara 1996; Schnaid et al. 2013). In 
addition, similar to M, the critical state line is also dependent on the mode of shearing 
(Wanatowski and Chu 2007). Moreover, the non-linearity of the critical state line can in part be 
attributed to particle breakage (Coop and Lee 1993; Kikumoto et al. 2010; Xiao et al. 2016b; Liu 
and Gao 2016). Figure 2.17 graphically explains the relationship between the volumetric state 
and stress state from initial conditions to critical state. 
 

 
Figure 2.17. Schematic of the non-linear relationship between the void ratio and pressure of sand 

in the semi-log space (from Mitchell and Soga 2005). 
 
Figure 2.17 shows the tendencies of dense sand to increase in volume (increase void ratio/dilate) 
and loose sands to decrease in volume (decrease void ratio/contract) under shearing. The critical 
state line represents the combination of void ratio and mean effective stress at critical state for a 
given granular material. These values are referred to in Figure 2.17 as ec and p’c (for consistency 
this refer to ecs and pcs’). The white points and corresponding terms (p’D, eD) and (p’L, eL) 
represent the initial mean effective stress and void ratio for dense and loose sands, respectively. 
In the same way, the black points and the corresponding terms (p’cD, ecD) and (p’cL, ecL) represent 
the critical state mean effective stress and void ratio for dense and loose sands, respectively, 
reached after shearing. The vertical paths from the initial point to the critical state line represents 
the approximate path in a drained triaxial test, while the horizontal path represents the 
approximate path in an undrained triaxial test. The term ψ represents the state parameter (the 
lower case psi is used and bolded in order to differentiate it from the dilatancy angle), which is a 
state index for sands that quantifies the distance between the current state and the critical state 
using the void ratio (ψ = e – ecs). The state parameter was introduced by Been and Jefferies 
(1985) and it categorizes the volumetric evolution of granular material under loading. If ψ > 0 
the soil will contract from its current volumetric state, ψ < 0 determines that the soil will dilate 
from its current volumetric state, and ψ = 0 establishes that the soil is at critical state. As such, 
the prediction of the critical state line is crucial in order to properly model and predict the 
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behavior of granular materials. Bolton (1986) relates dilation rate (D) to a relative dilatancy 
index, IR. The relationship for IR is expressed in Eq. 2.16 (Bolton’s criteria shall be discussed in 
detail in the failure criteria section of this chapter). 
 

𝐼! = 𝐷! ln
𝑄
𝑝! − 𝑅 

                                                                (2.16) 
 
Here Q is the crushing pressure of the granular material that depends on the mineralogy of the 
individual grains, while R is a fitting parameter. Boulanger (2003) and Mitchell and Soga (2005) 
introduced the zero dilatancy condition, D = 0, (Eq. 2.9) to the relative dilatancy index. 
Therefore, IR = 0 and DR = R/ln(Q/p’). After evoking the definition of DR and subsequent 
rearrangement of variables, a means to predict the critical state line for a give mean effective 
stress was proposed as follows:  
 

𝑒!" = 𝑒!"# −
𝑒!"# − 𝑒!"#

ln 𝑄
𝑝!

𝑅 

                                                                  (2.17) 
 
Eq. 2.17 allows for the determination of the critical state line through predictions of the critical 
state void ratio (ecs) for any given mean effective stress (p’) once the void ratio range (emax – emin) 
has been adequately determined. The non-linearity of the e-log p’ relationship is captured, and 
the effect of particle breakage is included through the crushing parameter (Q). 
 
2.6: Soil Fabric and Mineralogy 
 
In granular geo-materials such as sands, a specimen may consist of regions (or clusters) of dense 
and loose material, whose proportions determine the volumetric state (Feda 1994). Notably, the 
arrangement of these regions (or clusters) of dense and loose particles constitute the “fabric’ of 
the soil. Thus, the term soil fabric refers to the spatial arrangement of solid particles and the 
associated void space. In particular, it encompasses the orientation of individual grains and their 
positions relative to other surrounding grains (Oda 1972; Mulilis et al. 1997). Oda (1972) states 
that the shape of the grains, as well as the method of compaction and means of deposition, 
primarily determines the degree and nature of sand particle orientation. Although, Oda (1972) 
also found that the orientation of individual soil particles does not directly affect the mechanical 
properties of sands, but their orientation relative to surrounding soil grains has a significant 
influence. Another point to note is that soils deposited under the influence of gravity tend to 
develop an anisotropic fabric. This is depicted in the study by Kallstenius and Bergau (1961) 
where spherical glass balls deposited via free drop through the air developed non-ideal 
tetrahedral forms that varied in grain contacts between the vertical area to the horizontal area. 
The initial fabric of a soil has a significant influence on the stress-strain, deformation response, 
and strength of the soil (Oda 1972; Ochiai and Lade 1983). However, the effect is more 
prominent for soils with grains that are non-spherical, whereas spherical grains only experience 
the effect at the earlier stages of loading, leading to an ultimate fabric at failure that is 
independent of the initial soil fabric. This is due to the ease of rearrangement and reorientation, 
which is the preferred mechanism in spherically grained soils, unlike elongated or non-spherical 
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soil grains. Therefore, the initial fabric is very much dependent on the shape of the comprising 
grain particles (Oda 1972) and the mode of deposition. The effect of the initial anisotropic fabric 
was mainly observed within the pre-failure stress-strain behavior of the sand. Moreover, the 
initial anisotropic fabric barely affects the sand behavior at failure. Therefore, for modeling (and 
practical) purposes an isotropic relationship can be used for a failure criterion describing the 
strength of granular geo-materials (Ochiai and Lade 1983). 
 
2.7: Small Strain Shear Stiffness and Modulus Correlations 
 
The shear modulus/stiffness of granular geo-materials is an important parameter for deformation 
or seismic response analysis of the ground (Hardin and Drnevich 1972; Iwasaki et al. 1978; Seed 
et al. 1986; Yamashita et al. 2005; Wang and Mok 2008). Specifically, the small strain shear 
stiffness/modulus (Gmax) or the initial shear stiffness/modulus (Go), is a critical parameter that is 
applicable to both static and dynamic loading, as well as drained and undrained loading (Burland 
1989; Tatsuoka et al. 2001; Elhakim and Mayne 2006). The reason for the latter is the result of 
the lack of development of excess pore water pressure at very small strain levels (Elhakim and 
Mayne 2006). There is a variety of methods and laboratory tests established to determine the 
shear stiffness of soils, such as propagation of seismic waves though bender elements 
(piezoelectric transducers) triaxial apparatus (Yamashita et al. 2005), or by means of torsional 
cyclic tests, triaxial cyclic tests, or resonant column dynamic test (Drnevich et al. 1978; Alarcon-
Guzman et al. 1986; Isenhower et al. 1987; Toki et al. 1995). Similarly, there is also a number of 
field tests established to determine the shear stiffness of soils, such as Spectral Analysis of 
Surface Waves (SASW) (Stokoe et al. 1994; Joh and Stokoe 1997), Modal Analysis of Surface 
Waves (MMASW) (Karray 2010; Karray et al. 2011), Seismic Cone Penetration Test (SCPT) 
(Campanella et al 1986). In general, the investigation of the shear stiffness of soils, particularly 
the small strain shear stiffness, is usually accomplished by means of shear wave velocity 
measurements (Roesler 1979; Yu and Richart 1984; Stokoe et al. 1985, 1991, 1995; Lo Presti 
and O’Neil 1991; Pennington et al. 1997; Fioravante et al. 1998; Ismail et al. 2005; Wang and 
Mok 2008). The shear stiffness/modulus is determined through the shear wave velocity using the 
relationship expressed in Eq. 2.18: 
 

𝐺!"# = 𝜌𝑉!"! 
                                                                    (2.18) 

 
Here ρ is the total density of the material in units of kg/m3, and Vsw is the shear wave velocity 
measurement in units if m/s. The shear wave velocity (S-wave) induces shear deformation within 
the soil (Figure 2.18), and therefore can be considered as an effective stress parameter that is a 
direct measurement of the stiffness of the material (Hussien and Karray 2016). However, note 
that the stiffness/modulus determined using Eq. 2.18 differs with the propagating direction of the 
shear wave (Stokoe et al. 1995; Yamashita et al. 2005). Herein, the focus will be placed on shear 
stiffness/modulus derived from shear waves that propagate perpendicular to the depositional 
layering of the soil strata. The shear wave velocity, and in turn, the soil shear stiffness, depends 
on the interaction of the volumetric state (void ratio), stress state (confinement level), and fabric 
because of stress history and stress path (Hardin and Black 1968; Hardin 1978; Lo Presti 1995; 
Tatsuoka et al. 1997; Schnaid et al. 2013). 
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Figure 2.18. A schematic of the shear wave (S-wave) propagating through soil particles, an 

elemental description of the induced mechanism, and the corresponding stress-strain 
representation (from Hussien and Karray 2016). 

 
Li et al. (2017) and Yamashita et al. (2005) also state that the small strain stiffness and stress-
strain behavior of sand is dependent on the fabric anisotropy of said sand. It has long been 
established that the small strain shear stiffness/modulus (or initial shear stiffness/modulus) of 
granular materials increases as the mean effective stress increases, and as the void ratio decreases 
(Hardin and Richart 1963; Hardin 1978; Lo Presti et al. 1997; Wand and Ng 2005; Pestana and 
Salvati 2006; Benz 2007; Hussien and Karray 2016). However, it is necessary to point out that 
the decrease in void ratio may in part be dependent on the increase in confining stress (Saxena 
and Reddy 1989). Also, the introduction of fines creates slight exceptions to the “void ratio – 
shear stiffness” relationship (Salgado et al. 2000; Carraro et al. 2009).  
 
2.7.1: Effect of the Volumetric State 
 
The magnitude of the shear stiffness/modulus in granular material is inversely proportional to the 
volumetric state of said soil. Alarcon-Guzman et al. (1989) show that correlation between the 
maximum shear stiffness/modulus (Gmax) and relative density, DR, is a function of the magnitude 
of the void ratio range (emax - emin) of the soil. They also show that soils with similar mineralogy 
but different maximum and minimum void ratios will produce significantly different values (or 
trends) of shear stiffness/modulus with varying DR (Figure 2.19a), but not so with varying void 
ratio, e, (Fig 2.19b). Hardin and Richart (1963) proposed a linear dependency between the shear 
wave velocity and the void ratio that was independent of grain size, gradation, and relative 
density as shown in Eq. 2.19a. 
 

𝑉! = 𝑎 𝑏`− 𝑒 𝑝!
!
!  

                                                             (2.19a) 
 

Here “a” and “b` ” represent constants that vary with pressure ranges, e is the void ratio, p’(n/2) is 
the confinement power law that will be discussed in the next section. Eq. 2.19a can be used to 
derive a proportionality relationship between the void ratio and maximum shear 
stiffness/modulus (or initial shear stiffness/modulus). Eq. 2.19b expresses the proportionality. 
 

𝐺!/!"# ∝  
𝐴`− 𝑒 !

1+ 𝑒  

                                                             (2.19b) 
 



 27 

 
 

 
Figure 2.19. (a) Top: Variation of maximum shear modulus with relative density. (b) Bottom: 

Variation of maximum shear modulus with void ratio (from Alarcon-Guzman et al. 1989). 
 
Here “A` ” is the constant that varies with pressure ranges, and more importantly soil type. 
Again, e is the void ratio. This void ratio effect incorporated into Gmax through Eq. 2.19b has 
been employed many times since its inception. Unfortunately, the shear modulus correlations 
that adopt this form of void ratio relationships face limitations due to the dependence on the type 
of soil used for calibration, leading to inapplicability for other soils that do not fall within the 
data range (Saxena and Reddy 1989). Alternatives have been proposed to address the 
aforementioned issues, such as the use of inverse porosity by Pestana (1994) and Pestana and 
Whittle (1995) shown in Eq. 2.19c. Another is the exponential relationship used by Lo Presti 
(1989, 1997), Jamiolkowski et al. (1991) and Nishimura and Abdiel (2017) shown in Eq. 2.19d. 
 

𝐺!/!"# ∝  
1
𝑛 =

1+ 𝑒
𝑒  
                                                       (2.19c) 
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𝐺!/!"# ∝  𝑒!! 

                                                             (2.19d) 
 
The exponent, “x” in Eq. 2.19d has been shown fall within the range 0.8 ≤ x ≤ 1.5, which 
encompasses sand and clay respectively (Benz 2007). Nevertheless, it is preferred that Gmax 
approach zero as the void ratio increases to a limiting value in order to appropriately describe the 
shear modulus of soils with high initial void ratios (Saxena and Reddy 1989; Pestana and Salvati 
2006). Pestana and Salvati (2006) show Eq. 2.19d to be the optimal void ratio contributor for the 
maximum shear stiffness/modulus correlation for sands. 
 
2.7.2: Effect of Confinement (Stress State) 
 
Yun and Santamarina (2005), Pestana and Salvati (2006), and Wijewickreme and Vaid (2008) 
show that the shear stiffness of sands increases with increasing stress level (Figure 2.20). This is 
because of an increase in the amount of grain contacts as a result of the increase in confining 
pressures, thereby creating a stiffer (or more rigid) particle arrangement structure (Saxena and 
Reddy 1989, DeJong et al. 2010). In addition, the influence of confinement on the shear modulus 
of sands is more prominent than the influence of void ratio (Pestana and Salvati 2006). 
 

 
Figure 2.20. Effect of confinement on the shear stiffness/modulus – shear strain relationship. 

Based on data from Alarcon-Guzman et al. (1989) on Ottawa 20-30 sand at DR = 40%. Resonant 
column test were used from 0.0001 % - 0.01 % shear strain, after which Torsional shear tests 

were used. 
 
Hardin and Richart (1963) proposed a power law relationship between the maximum shear 
stiffness/modulus (or initial shear stiffness and modulus) and the effective confining stress. Their 
approach was similar to work performed by Janbu (1963) and Ohde (1951) on developing an 
empirical correlation for the Young’s modulus that accounted for stress dependency. The 
relationship proposed by Hardin and Richart (1963) is presented in Eq. 2.20. 
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𝐺!/!"# ∝ 𝑝! ! 
                                                            (2.20) 

 
Here the exponent “n” controls the influence of the confining pressure on the maximum shear 
stiffness. It may vary slightly with the level of initial confinement (lower for higher 
confinements, increasing as confinement decreases), but the grain shape and mineralogy are the 
primary influential factors (Hardin and Richart 1963; Hussien and Karray 2016). In particular, as 
the geo-materials vary from stiff rock (low void ratio/porosity), to granular soil (higher void 
ratio/porosities), and eventually clay (very high void ratios/porosities), the value of the exponent, 
n, varies from 0 to 1 (Janbu 1963). n = 0 for elastic materials, leading to no variation of the 
stiffness/modulus with changing confinement, while n = 1 for plastic materials, suggesting a 
linear relationship between the stiffness/modulus and confinement. Using the Hertz-Mindlin 
contact theory on smooth elastic spheres as grain particles, the power law exponent is predicted 
(suggested) to fall within the range of 0.16 ≤ n ≤ 0.33 (Pestana and Whittle 1995 suggested 0.33, 
while Santamarina et al. 2001 suggest 0.16). However, as the particles become less spherical and 
rougher the power law exponent increases in value (Santamarina et al. 2001). Janbu (1963) has 
shown that the value of the exponent in the power law for granular materials (sands and silts) 
falls within the range 0.25 ≤ n ≤ 0.7, suggesting a non-linear relationship between the 
stiffness/modulus and confinement, while Pestana and Salvati (2006) suggest a range of  “n” 
within 0.4 – 0.6. Similarly, Tatsuoka et al. (1978) found that the power law exponent was not 
constant, and that it depended on the magnitude of the shear strain (Saxena and Reddy 1989). In 
fact, the non-linearity is likely due to the magnitude of the shear strain, and it can best be 
described by the strain history (Hardin and Drnevich 1972; Hight et al. 1983; Pestana and Salvati 
2006). Furthermore, Alarcon-Guzman et al. (1989) found that at small shear strains, the shear 
modulus is approximately proportional to the square root of the mean effective stress (confining 
pressure), but their proportionality trends towards a linear relationship as the magnitude of shear 
strains increases (Hardin 1961; Hardin and Richart 1963; Yu an Richart 1984). Figure 2.21 
depicts this trend. 
 
2.7.3: Shear Stiffness Degradation 
 
The degradation of the shear stiffness is a result of softening, which occurs when the yield 
surface is outside of the failure surface (Trads and Lade 2014). This typically occurs as a result 
of strain localization and in turn, shear banding after experiencing peak conditions (Trads and 
Lade 2014). Strain localization is strongly influenced by the intermediate principal stress and 
rotation of the principal stress direction (Li et al. 2017). As a result, the degradation of the shear 
modulus in granular material is stress path and stress history dependent (Alarcon-Guzman et al. 
1989). Softening is more pronounced in specimens with higher density because the contributions 
to the stiffness from greater contact points are reduced due to sliding and rotating grains with 
increasing shear strain (Acar and El Tahir 1986). Similar softening at lower confining stresses 
where shear banding follows peak have also been observed (Trads and Lade 2014). The 
increased softening at low confinement are likely due to the lack of induced resistance and the 
increased contributions from gravitational forces on the particles, causing slight increases in 
dilation followed by significant collapse due to the inherently loose packing structure. For 
example, Sture et al. (2004) observed high values of stiffness in drained triaxial tests on medium 
to medium-dense sand specimens at low-pressure levels that were an order of magnitude higher 
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than predicted by conventional theory. For this reason, loose sand specimens that usually harden 
when sheared can soften if the confining stresses are low enough. Similarly, dense sand 
specimens at higher confinement do not experience softening when sheared, but undergo a 
hardening (ductile) response (Lo et al. 2003).  
 

 
Figure 2.21. Relationship between shear stiffness/modulus and mean effective confining stress 
highlighting the effect of shear strain magnitude. Data from Alarcon-Guzman et al. (1989) on 

Ottawa 20-30 sand at DR = 40%. 
 
2.7.4: Shear Stiffness/Modulus Correlation 
 
Since the initial studies of Hardin and Richart (1963), many researchers have developed similar 
formulations. Each one attempts to better capture the non-linearity induced by the magnitude of 
the shear strain and strain history, leading to the different power law exponent values, and void 
ratio relationship constants Table 2.2 (Benz 2007). Among these, the correlation by Pestana and 
Salvati (2006) provides a robust relationship capable of describing a variety of soil types, but 
maintaining simplicity with regards to parameters that have physical meanings. Eq. 2.21 
expresses the proposed correlation. 
 

𝐺!/!"#
𝑝!"#

= 𝐺!
1
𝑒!.!

𝑝!

𝑝!"#

!`

 

                                                              (2.21) 
 
Here, Gb is the shear stiffness coefficient (or shear modulus number), e is the void ratio, p’ is the 
mean effective confining stress, and “n` ” is the power law exponent. Eq. 2.21 predicts a 
“unitless” maximum shear stiffness/modulus as a result of the normalization by the atmospheric 
pressure. The shear stiffness coefficient depends on the soil fabric and mineralogy, such as 
grading characteristics and mineral composition (Lee et al. 2009). Specifically, Gb is well 
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correlated to angularity for fairly uniform sands, and is constant for a given type of sand (Pestana 
and Salvati 2006). Pestana and Salvati claim that sands with angular grains tend to have a higher 
value of Gb, while sands that are well graded have lower values of Gb. Pestana and Salvati (2006) 
also suggest that the power law exponent value be set to n = 0.5 as the default, as this provided 
the best fit for the data they analyzed. The value of the power law exponent may change if there 
is data that indicates a different value would be more appropriate as shown in Figure 2.22.  
 

 
Figure 2.22. Effective confining pressure on Gmax for varying power law exponent values, 

compared to data on Monterey No. 0 sand from Resonant Column Tests. Gb = 500 (from Pestana 
and Salvati 2006). 
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Table 2.2. List of Shear Stiffness correlations  
Correlations for the 

Maximum Shear 
Stiffness/Modulus 

Reference Material 
tested 

Pressure 
Range 

(σo/Patm) 

Void Ratio 

 

𝟔𝟖𝟓.𝟓
𝟐.𝟏𝟕 − 𝒆 𝟐

𝟏 + 𝒆
𝝈𝒐!

𝒑𝒂𝒕𝒎

𝟎.𝟓

,
𝝈𝒐!

𝒑𝒂𝒕𝒎
≥ 𝟎. 𝟗𝟓  

𝟕𝟓𝟔.𝟒
𝟐.𝟏𝟐 − 𝒆 𝟐

𝟏 + 𝒆
𝝈𝒐!

𝒑𝒂𝒕𝒎

𝟎.𝟓

,
𝝈𝒐!

𝒑𝒂𝒕𝒎
< 𝟎. 𝟗𝟓  

 

Hardin and 
Richart (1963) 

Ottawa Sand 
(rounded 
grains) 

0.07 – 4.6 0.37 – 0.79 

 

𝟑𝟐𝟎.𝟗
𝟐.𝟗𝟕 − 𝒆 𝟐

𝟏 + 𝒆
𝝈𝒐!

𝒑𝒂𝒕𝒎

𝟎.𝟓

  

 

Hardin and 
Richart (1963) 

Crushed quartz 
sand and silt 
(angular grains) 

0.13 – 3.7 0.63 – 1.4 

 

𝟔𝟖𝟓.𝟓
𝟐.𝟏𝟕 − 𝒆 𝟐

𝟏 + 𝒆
𝝈𝒐!

𝒑𝒂𝒕𝒎

𝟎.𝟓

 

 

Drnevich and 
Richart (1970) 

Ottawa Sand 0.14 – 4.1 0.45 – 0.67 

 

𝟐𝟏.𝟕𝒌𝟐
𝝈𝒐!

𝒑𝒂𝒕𝒎

𝟎.𝟓

 

 

Seed and Idriss 
(1970) 

Sands Previously 
collected data 

 

 

𝟑𝟐𝟎.𝟗
𝟐.𝟗𝟕 − 𝒆 𝟐

𝟏 + 𝒆
𝝈𝒐!

𝒑𝒂𝒕𝒎

𝟎.𝟓

𝑶𝑪𝑹𝒌  

 

Hardin and 
Drnevich (1972) 

Clean sands 
and cohesive 
soils 

0.24 – 6.8 
(sands) 

0.57 – 0.72 
(sands) 

 

𝟖𝟖𝟐.𝟔
𝟐.𝟏𝟕 − 𝒆 𝟐

𝟏 + 𝒆
𝝈𝒐!

𝒑𝒂𝒕𝒎

𝟎.𝟒

,𝜸 < 𝟏𝟎!𝟔  

𝟖𝟑𝟒.𝟕
𝟐.𝟏𝟕 − 𝒆 𝟐

𝟏 + 𝒆
𝝈𝒐!

𝒑𝒂𝒕𝒎

𝟎.𝟒𝟒

,𝜸 < 𝟏𝟎!𝟓  

𝟔𝟖𝟖.𝟕
𝟐.𝟏𝟕 − 𝒆 𝟐

𝟏 + 𝒆
𝝈𝐨!

𝒑𝒂𝒕𝒎

𝟎.𝟓

,𝜸 < 𝟏𝟎!𝟒 

 

Iwasaki and 
Tatsuoka (1977) 

Naturally and 
artificially 
graded sands, 
clean and with 
fines 

0.19 – 5.8 
(clean sands) 
0.19 – 5.8 
(all sands) 

0.55 – 0.81 
(clean sands) 
0.38 – 0.92 
(all sands) 

 

𝟔𝟐𝟓
𝟏

𝟎.𝟑 + 𝟎.𝟕𝒆𝟐
𝝈𝒐!

𝒑𝒂𝒕𝒎

𝟎.𝟓

𝑶𝑪𝑹𝒌 

 

Hardin (1978) Clean sand Previously 
collected data 

 

 

𝟓𝟐𝟑
𝟏

𝟎.𝟑 + 𝟎.𝟕𝒆𝟐
𝝈𝒐!

𝒑𝒂𝒕𝒎

𝟎.𝟒𝟖

 

 

Chung et al. 
(1984) 

Monterey No. 0 
sand 

0.1 – 3.0  0.67 – 0.68 

 

𝟒𝟐𝟖.𝟐
𝟏

𝟎.𝟑 + 𝟎.𝟕𝒆𝟐
𝝈𝒐!

𝒑𝒂𝒕𝒎

𝟎.𝟓𝟕𝟒

 

 

Saxena and Reddy 
(1989) 

Monterey No. 0 
sand 

0.48 – 5.8 0.62 – 0.78 

 

𝑪𝒆!𝟏.𝟑
𝝈𝒐!

𝒑𝒂𝒕𝒎

𝒏

𝒇(𝑷𝑰) 

𝑪
𝟏

𝟎.𝟑 + 𝟎.𝟕𝒆𝟐
𝝈𝒐!

𝒑𝒂𝒕𝒎

𝒏

 𝒇(𝑷𝑰) 

Jamiolkowski et 
al. (1991) 

Sands and 
clays 

Previously 
collected data 
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𝑪
𝒃 − 𝒆 𝟐

𝟏 + 𝒆
𝝈𝒐!

𝒑𝒂𝒕𝒎

𝒏

 

 

Fioravante et al. 
(1994) 

Quiou sand 1.0 – 5.9 0.83 – 1.1 

 

𝑪
𝟏
𝒏

𝝈𝒐!

𝒑𝒂𝒕𝒎

𝟎.𝟑𝟑

𝟏 +
𝑲𝒎𝒂𝒙

𝟐𝑮𝒎𝒂𝒙
𝜼:𝜼

𝟎.𝟏𝟕

 

 

Pestana and 
Whittle (1995) 

Sands (n is 
porosity) 

Previously 
collected data 

 

 
𝑪𝒆!𝒙

𝒑′
𝒑𝒂𝒕𝒎

𝒏

 

 

LoPresti et al. 
(1997) 

Toyoura, 
Quiou, and 
Catania Sand 
and Clays 

0.38 – 3.0 
(sands) 

0.69 – 1.18 
(sands) 

 
 𝑮𝒃

𝟏
𝒆𝟏.𝟑

𝒑′
𝒑𝒂𝒕𝒎

𝒏

 

 

Pestana and 
Salvati (2006) 

Sands and 
gravels 

Previously 
collected 
data 

 

 

𝟒𝟎𝟎𝒆𝒙𝒑 𝟎.𝟕𝑫𝑹
𝝈𝒐!

𝒑𝒂𝒕𝒎

𝟎.𝟓

 

 

Yang (2006) Clean sands, 
fines content 
< 5% 

  

 

𝟕𝟓𝒆𝒙𝒑 𝟎.𝟕𝑫𝑹
𝝈𝒐!

𝒑𝒂𝒕𝒎

𝟎.𝟓

 
Yang (2006) Silty sands, 

fines content 
between 15-
30% 

  

C, Gb are material constants (stiffness coefficient/modulus number). Patm is atmospheric pressure. 
 
2.8: Failure Criteria in Constitutive Models 
 
As already discussed, the strength of granular materials can be characterized by the angle of 
internal friction. For friction angles in drained conditions, there are two values of great 
importance: the peak friction angle and the critical state friction angle. The peak friction angle is 
a function of the initial volumetric state, the stress state, and soil fabric. It represents the strength 
of the soil at failure and constitutes as an upward bound. On the other hand, the critical state 
friction angle constitutes a lower bound and is considered to depend on the mineralogy of the 
sand grains, and is thus constant for a given sand (Rowe 1962; Negussey et al. 1988; Vaid and 
Sasitharan 1992). The strength of granular geo-material (such as sands) is best described using a 
failure envelope, which is used to assess “peak” conditions under loading. It is often portrayed 
from the perspective of the shear stress (or deviatoric stress) as a function of the normal stress (or 
mean effective stress). As such, the failure envelope of sands is considered to be non-linear 
(curved) as a function of the volumetric state (relative density), stress state (confining stress), and 
stress path (Feda 1994). Hirschfeld and Poulos (1963) attributed this behavior to volume change 
under shearing. In the same manner, Hall and Gordon (1964) and Bishop (1965) identified 
particle degradation (crushing of grains/particles) as one of the reasons for the inherent non-
linear behavior. Figure 2.23a-b shows the associated contributions in the development of strength 
as it pertains to the friction angle. 
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Figure 2.23. (a) Left Schematic illustrating the contributions of sliding friction, dilatancy, and 

crushing to the Mohr-Coulomb envelope for drained sands. (b) Schematic illustrating the 
contributions of sliding friction, dilatancy, particle crushing and rearrangement to the observed 

peak friction angle, similar to Figure 2.16 from Rowe (1962) (from Lee and Seed 1967). 
 
Another perspective used to view the failure envelope of sands is portrayed as the friction angle 
being a function of the mean effective stress (or confining stress). This perspective takes the peak 
and critical state friction angle into consideration. The difference between the peak and critical 
state friction angles is attributed to the dilation rate at peak conditions, and in turn the dilation 
angle, Ψ (Figure 2.24; Cornforth 1964; Bishop 1971; Bolton 1986; Vaid and Sasitharan 1992). 
Moreover, according to Cornforth (1964), Bishop (1971), Nova (1982), and Bolton (1986) there 
is a unique relationship between the peak friction angle (combined with the critical state friction 
angle) and the maximum dilation angle, but Vaid and Sasitharan (1992) claim that the 
relationship is independent of the triaxial stress path, confining stress at failure, relative density, 
and the mode of loading/shearing. The research performed during this dissertation is not in 
agreement, as the investigation by Vaid and Sasitharan (1992) was limited to only extension and 
compression shearing modes (α = 0o and α = 90o). Other shearing modes such as plane strain and 
others were not considered, therefore an indication on the effect of stress path on the “peak 
strength –maximum rate of dilatancy” relationship would be hard to determine. Consequently 
numerous failure criteria for constitutive models have been developed over the past couple of 
decades. They typically fall into one of two categories: 
 

• Type I – Criteria that predict a constant friction angle for a stress range of interest that 
can be expanded to determine the equivalent strength in generalized stress space (other 
modes of shearing). 

• Type II – Criteria that vary the friction angle as a function of confining stress. 
 
Type I failure criteria for sands represent the conventional approach, where the associated 
parameters are a function of the stress range of interest. However, as one leaves the range of 
applicable stresses apparent cohesion is used to determine the strength at low stresses, leading to 
unconservative results, or at high stresses, leading to over-design (potentially producing 
unacceptable costs). Type II failure criteria negate this issue by maintaining zero cohesion and 
describing the strength as a function the confining stress, allowing for adequate predictions of 
strength over the entire stress range  (encompassing low and high stress conditions). 
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Figure 2.24. Schematic illustrating the relationship between observed peak friction angle and the 

dilation angle for sands using the saw-tooth blade approach (from Bolton 1986). 
 
2.8.1: Type I Failure Criteria 
 
Mohr-Coulomb 
 
This is a traditional approach that combines Mohr’s graphical representation of the 
transformation law for stresses from the early 1900s (Mohr Circles) and Coulomb’s law of shear 
strength (Coulomb 1773).  The Mohr-Coulomb criterion determines the shear stress at failure 
(strength) of sands as a function of the major and minor principal stresses through the use of 
Mohr’s circles. It is a linear relationship between the shear stress and normal stress on the failure 
plane (Eq. 2.22a-c). The model can be formulated in total stress (usually used for clays) and 
effective stress (used for sands). Generally, many laboratory tests are performed at different 
confining stresses in order to produce multiple Mohr circles, preferably tips of Mohr circles. This 
allows the use of linear regression, leading to the parameters αMC, and aMC, which are 
transitioned to the friction angle ϕ, and the cohesion intercept, c’. It is important to realize that 
the Mohr-Coulomb method is a function of average stress, s and not mean stress, p. Therefore, 
the intermediate principle stress is not incorporated although it has important influence on the 
strength of frictional material. For this reason, the Mohr-Coulomb approach predicts the same 
friction angle in TXC, TXE, and plane strain mode of shearing, which is not realistic because the 
latter has been observed to be higher (Bishop 1961, Cornforth 1964). In addition, the Mohr-
Coulomb approach, which is a linear relationship, is only reliable in a limited stress range of 
interest due to the incompatibilities with the nonlinear “curved” behavior of sand, that is, the 
curvature of the failure envelope. This results in unconservative predictions if extrapolated to 
low stresses. 

 
𝐹 𝜎 = 𝜏!! − 𝜎!! tan𝜙 + 𝑐 

                                                            (2.22a) 
 

 𝑐 =
𝑎!"
𝑐𝑜𝑠𝜙 

                                                         (2.22b) 
 

tan𝛼!" = sin𝜙 
                                                           (2.22c) 
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Lade-Duncan (1975) 
 
This is an elasto-plastic stress-strain model based on plasticity theory, and developed to describe 
the behavior of cohesionless soil under general three dimensional stress conditions. In this case, 
the strength (failure) criteria was formulated under the assumption that the soil is isotropic, so the 
rotation of the principal stress axes does not affect yielding, and all principal stresses play 
identical roles. In addition, the model requires a pre-existing yield surface to distinguish between 
elastic and plastic deformation. Furthermore, the Lade-Duncan criterion is written in terms of the 
first (I1) and third (I3) invariants of stress, as well as a limiting constant κ1 determined by Eq. 
2.13b (Eq. 2.23a). The value of this constant, κ1 depends on the type of sand and the volumetric 
state (void ratio). In fact, it varies from a value of 27 at hydrostatic conditions, to an associated 
value at failure that can be determined from triaxial compression test. Unfortunately, the criteria 
does not account for the variation of the friction angle with confining stress and therefore does 
not capture the curvature of the failure surface in any plane containing the hydrostatic axis. Not 
to mention, the model predicts infinite strains for circumstances where the yield surface and the 
plastic potential surface are identical. Additionally, due to the assumption of isotropic hardening, 
for loading conditions that exhibit neutral changes in stresses (i.e. proportional loading) the 
model predicts only elastic strains when it is observed that plastic strains occur as well. 
However, the model incorporates the effect of the intermediate principal stress, σ2, and thus, it is 
capable of adequately describing the behavior of sand in different modes of shearing 
(compression, extension, and plane strain). The intermediate principal stress is integrated through 
the use of the b-value or lode angle. In general, the model gives excellent predictions for dense 
sands, but overestimates predictions for loose sands, especially for the plane strain modes of 
shearing. Notably, the predictions of friction angles are higher in extension versus compression, 
with an even higher prediction in plane strain.  

 
𝐹 𝜎 =  𝐼!! − 𝜅!𝐼! = 0             𝑓𝑜𝑟 27 ≤  𝜅1  ≤ 𝑙𝑖𝑚𝑖𝑡𝑖𝑛𝑔 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

                                                                    (2.23a) 
 
Matsuoka-Nakai (1974) 
 
This criterion is based on the concept that the deformation of soil is governed by the shear-
normal stress ratio (τ/σN) on the mobilized plane. To enumerate, the mobilized plane is the plane 
in which the soil particles slide. This behavior can be attributed to the true nature of soil as a 
material fundamentally controlled by the frictional law. There are three mobilized planes that 
exist among the three principal stress axes σ1, σ2, σ3. Matsuoka and Nakai formulated their model 
by compounding the three mobilized planes into an overarching plane they identify as the 
spatially mobilized plane (SMP). The SMP is the resultant stress plane where the soil particles 
are most mobilized on average, which coincides with the octahedral planes and in isotropic 
conditions, but varies with changes in stress. It constitutes an interesting stress space that 
provides a unique interpretation of the stress-strain characteristics to strength of soil under three 
different principal stresses. In detail, the SMP bases the shear-normal stress ratio in terms of the 
first (I1), second (I2), and third (I3) stress invariants, and assumes that the soil fails (achieves or 
exhibits its strength) when the aforementioned ratio reaches a limiting value, κ determined by 
Eq. 2.14b (Eq. 2.24a). In addition, the model assumes that the direction of principal stresses and 
principal strains are identical, making it ideal for isotropic sands, and essentially adopting critical 
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state conditions. Unfortunately, the model does not account for the variation of the friction angle 
with confining stress and therefore does not capture the curvature of the failure surface in any 
plane containing the hydrostatic axis. While this may be true, the SMP does give a unique 
interpretation of the results in compression and extension unlike the octahedral plane (due to the 
true nature of soil being governed by frictional law). Furthermore, the intermediate principal 
stress is incorporated through the b-value, which is related to the lode angle (angle between the 
major principal stress axis and the radial stress paths on octahedral plane). The criterion predicts 
identical friction angles in extension and compression (true at critical state but not peak), and 
higher values in plane strain. At the same time, Matsuoka and Nakai claim that observations of 
higher frictions in extension versus compression is due to arching in the corners of the specimen 
in true-triaxial tests. 

 
𝐹 𝜎 = 𝐼!𝐼! − 𝜅𝐼! = 0 

                                                                      (2.24) 
 
Zienkiewicz and Cormeau (1974) 
 
Zienkiewicz and Cormeau (1974) proposed a visco-plastic strength (failure) criterion that is 
compatible with the well-known Mohr-Coulomb criteria, but also incorporates the effect of the 
intermediate principal stress. Overall, the model is used to predict the strength of soil under 
different modes of shearing and is based on isotropic materials. In order to achieve the 
aforementioned characteristics, the criterion is formulated in terms of the second (J2) and third 
(J3) deviatoric stress invariants (Eq. 2.25a-b). The general form is based on the Drucker-Prager 
model but contains the parameters Mc (controls the friction angle in triaxial compression) and f 
(controls the shape of the π –plane), which falls within the range of 0 ≤ f ≤ 1. The π-plane is the 
octahedral plane, or plane of constant mean effective stress in principal stress space. For f = 1, 
the model predicts the same strength (friction angle) in compression and extension, for f = 0, the 
model simplifies to the Von Mises criteria, while for f < 1 (but greater than 0), the model 
predictions are similar to Lade (1975). In essence, the Zienkiewicz model incorporates 
characteristics from Drucker and Prager (1952) to improve upon the Mohr-Coulomb model. Mc 
can be determined from Eq. 2.12, while the lode angle can be determined using Eq. 2.8. 

 
𝐹 𝜎 = 3𝐽! −𝑀𝑝 = 0 

                                                                (2.25a) 
 

𝑀 =  
6𝑀!

6+ 𝑓 ∗𝑀! 𝑐𝑜𝑠 3𝜃
 

         (2.25b) 
 

 
Tresca and Von Mises (Extended versions) 
 
The Tresca and von Mises failure criteria were initially developed and used for metals, and were 
later adopted for the possible description of failure in soils. Unfortunately, both approaches are 
independent of the magnitude of the normal stress (strength does not vary with normal stress) 
and for this reason they predict the same strength in compression and extension. As a result, both 
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the Tresca and von Mises model were modified to remedy the stress-dependency drawbacks 
following Drucker and Prager (1952), leading to the extended versions (Eq. 2.26a-c).  Despite 
the adjustments in the Extended Tresca (Eq. 2.26a) and Extended Von Mises (Eq. 2.26b) to 
address the lack of dependence on the normal stress, other drawbacks persisted. Notably, the 
models do not realistically describe the behavior of sands in plane strain and extension modes of 
shearing. They predict a strength that is significantly higher in extension than compression even 
though, according to Bishop (1966), the difference in experimental results is much smaller. 
Moreover, the state of stresses (failure surface) in extension goes outside the traces between 
octahedral plane and the coordinate planes (Lade 1972), essentially positioned in the negative 
effective stress space and further suggesting incorrect predictions of friction angle in the 
extension mode of shearing.  All things considered, the Extended Tresca and Extended Von 
Mises models are not suitable for describing the behavior of soils. Eq. 2.26c is the Drucker and 
Prager (1952) adjustment used as a means of capturing the effect of confinement. Unfortunately, 
the improvements still produce unacceptable results. 
 

𝐹 𝜎 = 𝑚𝑎𝑥 𝜎! − 𝜎! , 𝜎! − 𝜎! , 𝜎! − 𝜎! − 2𝑐 = 0 
                 (2.26a) 

 
𝐹 𝜎 = 𝜎! − 𝜎! ! + 𝜎! − 𝜎! ! + 𝜎! − 𝜎! ! + 8𝑐! = 0                    (2.26b) 

 
𝑐 = 𝑎! + 𝑎!𝑝 

                                                      (2.26c) 
 
Synopsis 
 
Figure 2.25 presents the variation of the different Type I failure criteria in the π-plane, showing 
the evolution of the b-value and lode angle in the principal stress space. Figure 2.26 displays the 
variation of the predicted strength as a function of the b-value, while Figure 2.27 repeats the 
Figure 2.9 but in an augmented state incorporating Lade-Duncan and Matsuoka-Nakai 
predictions for loose and dense states. Figures 2.25 through Figure 2.27 provide a means to 
analyze the effect of each method/approach, in addition to comparisons amongst one another. It 
can be concluded, based on reference to Figure 2.9 and the work by Kulhawy and Manye (1990) 
that the Matsuoka-Nakai and Lade-Duncan criterions seem to provide the best approximate 
strength predictions with varying modes of shear. Still, the large uncertainty in TXE remains, but 
it is encompassed on both ends of the range by the aforementioned two methods. Comparatively, 
the Mohr-Coulomb approach is conservative, while Tresca and Von Mises (both extended) are 
unconservative and should not be used. Zienkiewicz and Cormeau (1974) criterion is an 
acceptable alternative to the Mohr-Coulomb approach for more “realistic” predictions. 
 

 



 39 

 
Figure 2.25. Schematic illustrating the effect of the various Type I failure criterions on the π-
plane, highlighting the variation of the b-value and lode angle in principal stress space. Plot 

based on fictitious data at pf’ = 3 atm and DR = 50%. 
 

b = 0 
θ = 0

o
 

b = 0.5 
θ = 30

o
 

b = 1.0 
θ = 60

o
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Figure 2.26. Variation of the predicted strength by the Type I failure criterions as a function of 
the b-value. f = 1 for Zienkiewicz and Cormeau (1974) method. Plot based on fictitious data at 

pf’ = 3 atm and DR = 50%. Vertical axis is in degrees. 
 

 
Figure 2.27. Bottom: Normalized friction angle as a function of the b-value, comparison of the 
Lade-Duncan and Matsuoka-Nakai methods with the data analysis performed by Kulhawy and 

Mayne (1990). The plane strain range is wider than depicted (0.2 ≤ b ≤ 0.5). 
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2.8.2: Type II Failure Criteria 
 
Duncan et al. (1980) and Maksimovic (1989) 
 
Duncan et al. (1980) proposed a strength (failure) criterion for cohesionless soils as a component 
of his hyperbolic model. It was initially proposed by Wong and Duncan (1974) but is often cited 
as Duncan et al. (1980). This criterion was formulated to circumvent the difficulties that arise 
when dealing with the curvature of the Mohr envelopes. Particularly, the increased curvature as 
the range of pressures widens, which makes it difficult to select a single strength (friction angle) 
value that is representative of the full stress range. As a result, the strength (friction angle) is 
prescribed as a function of confining pressure, assuming that the strength (failure) envelope 
passes through the origin of stresses. This lead to a formulation that is based in terms of two 
critical parameters: ϕo, which is the value of the friction angle at one atmospheric pressure. The 
other is Δϕ, which reduces the friction angle for a 10-fold (or one log cycle) increase in confining 
pressure. The relationship is expressed in Eq. 2.27a. The values of ϕo and Δϕ vary for different 
cohesionless material, and are dependent on the relative density (as the density changes, one 
would need a whole new set of parameter values for the same soil). Unfortunately, the Duncan 
criterion was developed primarily for compacted cohesionless soils and as a result does not 
implicitly include the volumetric state as a state variable. Even more, the use of the triaxial 
confining pressure results in a model that is dependent on the loading path. Thus, for a given 
triaxial confining pressure, there are multiple predictions of the friction angle depending on 
loading path. Additionally, Duncan’s approach was based on triaxial compression test (TXC) and 
therefore does not account for the strength in plane strain mode of shearing. 

 
𝜙 =  𝜙! − 𝛥𝜙𝑙𝑜𝑔!"

𝜎!!

𝑝!"#
 

                   (2.27a) 
 
Maksimovic (1989) developed another interesting failure criterion that follows the Duncan et al. 
(1980) approach. He proposed a hyperbolic relationship as the basis for the empirical 
development, but the overall approach highlights, in part, the concept of stress-dilatancy. Eq. 
2.27b-d expresses the relationship. 

𝜙! =  𝜙! +
Δ𝜙

1 + 𝜎!
𝑃!

 

        (2.27b) 
 

𝜙!
! =  𝜙! +

Δ𝜙

𝜙! +
Δ𝜙

1 + 𝜎!
𝑃!"

 

              (2.27c) 
 

𝑃! = 𝑃!"
𝑐𝑜𝑠! 𝜙!

! + Δ𝜙′2

1 − sin 𝜙!
! + Δ𝜙′2

 

        (2.27d) 
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Here, Eq. 2.27b is for direct shear tests (or plane strain), and ϕ’ = tan-1(τf/σn’). Eq. 2.27c is for 
triaxial compression test. ϕB = basic angle of friction (or the critical state friction angle), PN = the 
median angle normal stress (or the effective normal stress corresponding to the shear stress on 
the failure plan at failure), ϕs = tangent to the Mohr circle at failure (or peak friction angle) and 
can be determined using Eq. 2.15, PTX = median angle minor principal stress (or the minor 
principal stress, σ3, or the initial confining stress), Δϕ= the maximum angle difference (or the 
difference between the peak and critical state friction angle, i.e. the angle of dilation). 
 
Bolton (1986) 
 
Bolton’s approach to strength in sands follows the concept portrayed in Figure 2.24. The 
foundation of the approach is that the observed peak friction angle in sands, especially dense 
sands, is a combination of the critical state friction angle, and the dilation angle (Ψ) that arises as 
a result of overriding particles within the soil grain structure. In essence, with the notion that the 
critical state friction angle is a function of mineralogy and thus is constant for a given type of 
sand, then the peak strength of said sands is a direct result of dilation. Bolton (1986) proposes a 
relationship in the form of a state index called the relative dilatancy index (IR) that relates the 
dilation angle to the volumetric state (relative density) and stress state via the crushability index 
IC as given in Eq. 2.28a-b. 

 
𝐼! = 𝐷!𝐼! − 𝑅 

                 (2.28a) 
 

𝐼! =  ln
𝑄
𝑝′ 

          (2.28b) 
Again, Q is the crushability index, which is a function of the mineralogy of the sand (typically 
for silica sands Q = 10,000 kPa). It accounts for the effects of the grain strength, which dictates 
the reduction of the mean effective stress where dilatancy is suppressed. R is a fitting parameter 
(Bolton recommends R = 1 for most soils). According to Bolton (1986), the relative dilatancy 
index (IR) is proportional to the volume change required to attain critical state conditions, similar 
to the state parameter (ψ) by Been and Jefferies (1985). If IR > 0, the soil will tend to dilate; if IR 
< 0, the soil will tend to contract; if IR = 0, then the soils is said to be at critical state. Bolton’s 
empirical relationship incorporates the strength of sands in TXC and PS through the use of an 
increased multiplier. This is due to the claim that the differences between TXC and PS are solely 
due to dilatancy. Grains have more freedom to move laterally in TXC tests than in a PS test, 
leading to an enhanced strength due to dilatancy. Unfortunately, Bolton’s criterion is not 
optimized for very high levels of stresses due to crushing, which suppresses the effect of dilation 
leading to large negative values of IR. By the same token, due to limited laboratory data at low 
stresses, a limit of IR = 4 was recommended, which is equivalent to ϕmax – ϕcs = 12o in TXC (20o 
fro PS). Additionally, sands with rounded particles are also problematic due to abrupt crushing 
and degradation at very large stresses (this issue is enhanced in sands with uniform sizes). Under 
these circumstances, Bolton’s proposed criterion is preferred for ranges within 1 – 10 
atmospheric pressures, and is hinged on correctly determining the critical state friction angle. 
Not to mention, one would need data from three different regions of confining pressure (low, 
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medium, and high) to fully capture the behavior of sands at each relative density. Unlike 
Duncan’s model, Bolton’s model establishes a correlation between relative density and dilative 
strength, although there is no “1-to-1” correlation between the relative density and maximum 
friction angle. This is due to the dilatant portion of the strength being a function of mineralogy. 
Additionally, basing the variations of the friction angle on the mean effective stress (p’) instead 
of the pure triaxial confining pressure (σ3’) negates the issues of varying strengths with stress 
path for a given level of confinement. Eq. 2.28c-d depicts the full relationship proposed by 
Bolton (1986). 
 

𝜙! −  𝜙!" = 0.8Ψ =  3𝐼!         𝑓𝑜𝑟 𝑇𝑋
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         (2.28d) 
 
Lade (1977 – 2014) 
 
Lade updated the 1975 criterion to include stress dependency in the prediction of the friction 
angle. This was accomplished by adding a multiplier to the original relationship. This multiplier 
follows the power law concept that is used in most stress-dependent correlation. Lade invokes 
the power law in terms of a normalized principal stress ratio raised to the exponent “m” using the 
first (I1) invariant of stresses. In addition, the limiting constant is termed η1 and equates to value 
of the criterion at failure. Eq. 2.29a presents the updated criterion. 
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           (2.29a)  

 
Here, η1 and “m” are determined by plotting log((I1

3/I3) - 27) vs. log(patm/I1). From the generated 
figure, η1 is the intercept of the trend line with (patm/I1) = 1 and “m” is the slope of the line. 
Moreover, the use of I1 within the confinement power law is consistent with method in the 
literature, as the first invariant of stresses is equivalent with the mean effective stress (I1 = 3p’). 
Therefore, as (I1/patm) approaches zero the friction angle increases. Conversely, as  (I1/patm) 
approaches infinity the friction angle diminishes to zero, and hydrostatic conditions are achieved. 
In general, η1 controls and describes the opening angle (apex angle) of the failure surface (similar 
to the friction angle), while “m” controls the curvature of the failure surface in the meridian 
planes (Lade 1977). It is also important to point out that η1 and “m” are correlated through a 
logarithmic relationship through parameters “A” and “B”, as can be seen through Eq. 2.13c. 
Therefore, the updated criterion only requires one new parameter. Also, “A” and “B” depend on 
the type of frictional material (i.e., clay, sand, concrete), and are similar in behavior to the Δϕ 
and ϕ parameters from Duncan et al. (1980). Lade (2014) recommends A = 0.33 and B = 16.8. In 
addition, the exponent must be greater than or equal to zero (m ≥ 0) to ensure a curved or straight 
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failure surfaces. Fortunately, η1 and “m” are uniquely related for sands but both (and the overall 
empirical relationship) lacks predictive power (or influence) from the volumetric state. Another 
drawback of the updated criterion is that all the predictions are forced through the locus (patm/I1) 
= 10(-1/A) as the level of confinement increases, implying that the strengths of the soil for varying 
states are identical at a particular confining pressure, which is unrealistic. Equally important, 
Lade’s updated model incorporates a version of the Drucker-Prager model in order to account for 
tensile stresses and cohesion. This is achieved through σi_bar = σi + a*patm where “a” is a 
dimensionless parameter determined through a uniaxial tensile test or a correlation between 
uniaxial tensile strength and uniaxial compressive strength (Lade 1984). The value of a*patm 
reflects the effect of the tensile strength. 
 
Wu et al. (2017) 
 
Wu et al. (2017) developed a failure criterion that encompasses attributes of the classic failure 
criteria, which include Tresca, Drucker-Prager, Mohr-Coulomb, Lade-Duncan (1975 – 1984), 
and Matsuok-Nakai (1974). The proposed failure criteria by Wu et al. (2017) contains five 
independent parameters, of which three parameters, βw, ω, nw are used to describe the failure 
characteristics on the meridian plane, and two parameters, Aw, αw, are used to control deviatoric 
plane shapes. βw controls the effect of the tensile strength of the material, and is crucial for 
cemented soils and intact rock (a similar approach was adopted by Lade 1984). In detail, σi

* = σi 
+ βw, for i = 1, 2, 3. The parameters ω and nw control the aperture and curvature of the failure 
curves in the meridian plane respectively. “Aw” controls the deviatoric shapes, while αw controls 
the curvature of the corners in the deviatoric plane. When nw ≠ 1, Aw is a pressure dependent 
parameter that decreases with increasing hydrostatic stress, thus reducing the strength (friction 
angle), inducing the failure envelope in the meridian plane to curve downward, and 
simultaneously causes the gradual change of the deviatoric plane into a circle. Wu et al. (2017) 
states that for lode dependency, proper aspect ratio requirements must always be upheld, that is, 
there must be convexity in the shape of the shape of the π-plane at a lode angle, θσ = ±30o (i.e. 
the deviatoric function, g(θσ), that describes the lode dependence must be differentiable at θσ = 
±30o, which are compression and extension modes of shearing). It has been shown that, the 
Mohr-Coulomb criteria does not satisfy the aspect ratio requirements due to the piecewise linear 
shape in the π-plane. This is also the case for the hexagonal shape for the Tresca criteria and the 
concavities present in the Argyris criteria. However, the Lade-Duncan and Matsuoka Nakai do 
satisfy the aspect ratio requirements due to the elliptical nature of the shapes in the π-plane (Wu 
et al. 2017). Eq. 2.30 expresses the proposed relationship from Wu et al. (2017). 
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Synopsis 
 
Figure 2.28 portrays the predictive capabilities of the Duncan et al. (1980) criterion. Similarly, 
Figure 2.29 displays the predictive capabilities of the Bolton (1986) strength index compared 
with laboratory data on a variety of sands. Figure 2.30 illustrates the predictive capabilities of the 
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updated Lade criterion. In the same way, Figure 2.31 expresses the predictive capabilities of the 
Wu et al. (2017) criterion compared with laboratory test data on Monterey sand. Additionally, 
Figure 2.32 shows the criterion developed by Maksimovic (1989) compared to laboratory test 
data for sands. Duncan et al. (1980) does a good job of predicting the strength of sands over a 
wide range of stresses, but the lack of predictive power with regards to the volumetric state is a 
glaring drawback. Lade’s updated relationship and the Wu et al. (2017) criterion are more robust, 
providing adequate predictions aver a wide range of soil response, but the amount of parameters 
that lack physical meaning establishes a potential barrier with regards to simplicity of 
application. On the other hand, the strength index/criterion proposed by Bolton (1986) provides a 
graceful medium. Similarly, Maksimovic (1989) is the lone criterion that incorporates non-linear 
stress dependency, but it contains no influence from the volumetric state and suffers from the 
stress path dependency issues of Duncan et al (1980). In addition, it incorporates fundamental 
granular mechanics attributes through the stress-dilatancy theory and critical state concepts.  
  

 
Figure 2.28. Duncan et al. (1980) criterion prediction for sands showing the variation of friction 
angle with confining pressure for Oroville Dam material (from Wong and Duncan 1974; Duncan 

et al. 1980). 
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Figure 2.29. Bolton (1986) strength index/criterion prediction compared to laboratory test data 
for multitude of sands, at different relative densities, failing at various mean effective stresses 

(from Bolton 1986). 
 

 
Figure 2.30. Lade’s updated model predictions showing the variation on strength with increasing 

hydrostatic confinement (Lade 2014). 
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Figure 2.31. Wu et al. (2017) failure criterion predictions compared with Monterey sand in a 

meridian plane. 
 

 
Figure 2.32. The non-linear variation of the friction angle with stress level compared to 

laboratory test data on Pinzandaran sand and gravel from Marsal (1973) (from Maksimovic 
1989). 
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2.9: Concluding Remarks 
 
A detailed review of the mechanics of uncemented sands is presented highlighting the 
importance of the void ratio or relative density, and the confining pressure on the strength 
characteristics of sands. In particular, the relationship between the two states (volumetric and 
stress) on the stress-strain mechanics of sands manifests itself as the dilation mechanism from the 
stress-dilatancy theory, which is the prominent and most significant contributor to the overall 
behavior. Special attention was given to the proper understanding of the critical state concept as 
this provided a unique and ideal reference point from which the strength of sands could be 
accurately predicted. Multiple relationships used to estimate the shear stiffness/modulus and 
strength (failure criteria) of granular material were reviewed to provide a basis from which to 
formulate improvements that will be used in the development of a constitutive model presented 
in Chapter five.  
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Chapter 3: The Mechanics of Cemented Sands 
 
3.1: Overview 
 
Natural cementation is very common in granular soils and it is found in a variety of depositional 
environments. The most common natural cementing agents are silica, calcite, gypsum, varieties 
of iron oxides, halite, and clay minerals (see e.g. Clough et al. 1981; Mitchell and Soga 2005; 
Collins and Sitar 2009). The contribution of cementation to the strength of the granular soil is a 
function of the degree of cementation, i.e. the extent to which the cementing agents fill the 
interstitial space and the strength of the cementing agent, with silica typically the strongest. The 
fact that cementation enhances the strength of granular materials is well recognized and many 
ground improvement techniques rely on either ex-situ or in-situ addition of cementing agents. 
There is a variety of cement types used for artificial cementation of soils that include but are not 
limited to: Portland cement, lime, fly ash, precipitated calcite, gypsum, fired kaolin (Huang and 
Airey 1993, 1998; Toll and Malandraki 1993; Indraratna et al. 1995; Ismail et al. 2002; DeJong 
et al. 2006). Most recently, artificially enhanced biologically precipitated calcium carbonate 
cementation is being explored as a means of ground improvement with minimal environmental 
impact (see Appendix A).  In this context, it is desirable to develop an efficient constitutive 
model for use in numerical simulations of expected behavior of these materials under a variety of 
loading conditions.  
 
The challenge in characterizing and analyzing the properties of naturally occurring weakly 
cemented soils is their inherent variability and as a result experimental data is relatively 
sparse.  Clough et al. (1981) and Collins and Sitar (2008, 2009), for example, presented results 
for unconfined compression and triaxial extension and compression tests on weakly cemented 
quartz-feldspar sands, while Airey (1993) and Rumpelt and Sitar (1993) studied weakly 
cemented carbonate sands.  The most significant difference in behavior between these materials 
is that the carbonate sand particles/grains crush at much lower stress levels than quartz-feldspar 
sands. On the other hand, because of interest in ground improvement and because much, if not 
all, of the behavior exhibited by natural soils can be reproduced by manufacturing cemented soils 
with varying degrees of cementation, while maintaining a high degree of uniformity and 
reproducibility, there is a significant body of experimental data on artificially cemented sands.  
 
In this research, focus is on the behavior of cemented sands with primary emphasis on lightly or 
weakly-cemented sands. Despite the variety of cementing agents cemented soils display similar 
stress-strain behavior irrespective to the type of cement (Leroueil and Vaughan 1990). Clough et 
al. (1981) show that in addition to the contributions from cementation, cemented soils are also 
governed by the same factors that control the response of uncemented soils, such as the confining 
stress level, density, gradation, and structure (fabric). Similarly, Gens and Nova (1993) state that 
the geologic and stress-strain history, as well as the strain rate, temperature, and direction of 
principal stresses also influence the behavior of cemented soils. The presence of cementation 
manifests itself in increased peak strength and stiffness, and lower volumetric response 
compared to uncemented material, as illustrated in Figure 3.1a&b (Saxena and Lastrico 1978; 
Sitar 1979; Clough et al. 1981; Acar and El Tahir 1986; Lade and Overton 1989; Leroueil and 
Vaughan 1990; Abdulla and Kiousis 1997; Fernandez and Santamarina 2001; Schnaid et al. 
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2001; Yun and Santamarina 2005; Dejong et al. 2006, 2013; Lade and Trads 2014; Montoya and 
DeJong 2015; Feng et al. 2017).  
 
In this chapter, focus is on the effect of cementation (in particular weak/light cementation) on the 
mechanical behavior of cemented sands.  
 
 

 
Figure 3.1a. Stress-strain laboratory data (loading and volumetric curves) from Sitar (1979) on 

Lab mix (Monterey #20 & #30) sand, comparing the uncemented behavior to the cemented 
(treated to 4% Portland cement by mass) behavior at 103 kPa and DR = 74%. 
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Figure 3.1b. Stress-strain laboratory data (loading and volumetric curves) from Mortensen and 
DeJong (2011) on Ottawa 50-70 sand, comparing the uncemented (untreated) behavior to the 

cemented (treated to 0.6% calcite content by mass) behavior at 100 kPa and DR = 40%. 
 
3.2: Volumetric State 
 
The relative density (DR) and the void ratio (e) are the two means of describing the volumetric 
state of granular material. The effect of cementation on the volumetric behavior of cemented 
sands depends on the distribution of the cementing agents within the soil structure. If the 
cementation is limited to interparticle contacts, then the void ratio (or relative density) will not be 
significantly altered. However, if the cementation level is high enough to start filling the voids 
then the void ratio/relative density will be significantly different. Note, that this change in 
volumetric state is not a consequence of change in the soil skeletal structure, but rather the 
introduction of new material. The focus here is on weakly/lightly-cemented sands that are 
assumed to undergo minimal decrease in void space as result of the cementation. In addition, the 
initial void ratio also has an effect. At lower void ratios (higher densities), the introduction of 
cementation will result in higher reductions in the overall void ratio than at higher void ratios 
(lower densities), meaning higher strengths (Lade and Trads 2014). This may also be attributed 
to the more interparticle contact locations (number of particle contact points is inversely related 
to particle size, Nc ≈ (1/R3)), therefore, more cement bridges and a large effective contact area 
(Ismail et al. 2002; Khoubani et al. 2016; Ning et al. 2017). Conversely, Huang and Airey (1998) 
claim that there is a decrease in the influence of cementation on the mechanical properties of the 
granular materials as their initial density increases. 
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3.2.1: Determining the Void Ratio of Cemented Sands 
 
In order to properly assess the mechanics of cemented sands, the appropriate representation of 
the volumetric state is required. As a result, it is necessary to account for the presence of cement 
in artificially cemented sand by accounting for the mass of the cement in computing the void 
ratio as follows:  
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                 (3.1a) 
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          (3.1b) 
 
Here, ecem is the void ratio after the corresponding cement content (CC) has been introduced in 
fraction form (not percent). The initial void ratio before cementation is represented by einit, while 
Gs-sand and Gs-cement represent the specific gravity for the sand particles and the cementing agent, 
respectively. The change in void ratio due to cementation is represented by Δe given by Eq. 3.1b. 
Details on the derivation of Eq. 3.1a&b can be found in Appendix B. Figure 3.2 shows the 
computed change in void ratio assuming introduction of calcite biocement.  
 

 
Figure 3.2. Void ratio reduction with increasing cement content and varying volumetric state 

(DR). Based on assumed total volume of 1 cm3 and properties of Ottawa 50-70 sand (from Feng 
and Montoya 2015). Gs-sand = 2.65, and Gs-cement = 1.62.  
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Figures 3.4a-d shows the void ratio computed using Eq. 3.1b compared to laboratory test data for 
sand treated with biocementation. The reported void ratios were likely determined by quarry that 
produced the sand batch. However, it is also likely that the researchers validated the values 
through the use of laboratory testing methods. 
 

 
Figure 3.3. Void ratio reduction with increasing cement content and varying volumetric state 
(DR) comparing the predictions of Eq. 3.1b to laboratory data from Feng and Montoya (2015) 

and Lin et al. (2015) on Ottawa 50-70 sand treated with MICP biocementation using urea 
hydrolysis. (a) Shows data for relative densities DR = 40% – 45%. (b) Shows data for relative 
densities DR = 45% – 50%. (c) Shows data for relative densities DR = 45% – 55%. (d) Shows 

data for all relative densities. 
 

Figure 3.4a-d shows the computed void ratio compared with the same laboratory test data as 
Figure 3.3.  In the following plots, the after cement void ratio versus cement content is shown in 
a semilog space to highlight the variations from different initial volumetric states. 
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Figure 3.4. After cement void ratio with varying cement contents and varying volumetric state 
(DR) comparing the predictions of Eq. 3.1a to laboratory data from Feng and Montoya (2015) 

and Lin et al. (2015) on Ottawa 50-70 sand treated with MICP biocementation using urea 
hydrolysis. (a) Shows data for relative densities DR = 40% – 45%. (b) Shows data for relative 
densities DR = 45% – 50%. (c) Shows data for relative densities DR = 45% – 55%. (d) Shows 

data for all relative densities.  
 
Figure 3.5a-d compares computed values of void ratio to laboratory test data on two different 
soils, each treated with biocementation. Similarly, Figure 3.6a-b compares the computed void 
ratio to laboratory data for sands treated with Portland cement. These results show that the 
computed values of void ratio reasonably match the reported values that were likely determined 
by the quarry, and validated by the investigator using laboratory procedures. 
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Figure 3.5. (a-b) Void ratio reduction with increasing cement content and varying volumetric 
state (DR) comparing the predictions of Eq. 3.1b to laboratory data on Ottawa 20-30 sand and 

Ottawa 50-70 sand respectively. (c-d) After cement void ratio with varying cement contents and 
varying volumetric state (DR) comparing the predictions of Eq. 3.1a to laboratory data on Ottawa 

20-30 sand and Ottawa 50-70 sand respectively. Laboratory data from Lin et al. (2015) on 
Ottawa 20-30 and 50-70 sand treated with MICP biocementation using urea hydrolysis. 

Specimens prepared to a DR = 41% 
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Figure 3.6. (a) Void ratio reduction (b) After cement void ratio; with increasing cement content 

and varying volumetric state (DR) comparing the predictions of Eq. 3.1a&b to laboratory data on 
weakly cemented Lab Mix (Monterey #20 and #30 Sand) using Portland cement. Prepared to a 

DR = 74% (from Sitar 1979 Dissertation). 
 
3.2.2: Volumetric Response of Cemented Sands 
 
In triaxial tests, cemented sands display an initial slight reduction in volume followed by strong 
expansion (Saxena and Lastrico 1978; Clough et al. 1981, Leroueil and Vaughan 1990; Schnaid 
et al. 2001; Chen et al. 2017). This can also be observed in the laboratory test data of Asghari et 
al. (2003) on sandy gravel cemented with hydrated lime to simulate carbonate (calcite) cemented 
Tehran alluvium. In contrast, Airey (1993) states that cementation had an insignificant effect on 
the volumetric response of carbonate sands, which was likely due to the high compressibility of 
carbonate soils irrespective of cementation. Overall, the compressibility of granular material 
decreases with increasing cement content due to stiffness and strength provided by the cementing 
agent (Lade and Overton 1989, Bobet et al. 2011). Volume changes are elastic until cementation 
starts breaking down, contractive under isotropic stresses, and dilative at the onset of plastic 
deformation (Lade and Trads 2014). Figure 3.7 shows the results of a numerical experiment 
simulating a drained TXC on a cemented sand specimen test using DEM. Specifically, Figure 
3.7b is a plot of the volumetric change with accumulated strain under loading. Here, Zone I is the 
pre yield portion which displays volumetric contraction. Zone II is the yield to peak portion, 
which shows the transition from contraction to dilation. Zone III is the peak to steady state 
portion, which displays dilation development. Zone IV is the steady state (critical state) portion 
where dilation has ceased and the volumetric state is constant. In high void ratio (low density) 
sands cementation bonds start degrading earlier during loading, leading to larger contributions 
from friction (Cuccovillo and Coop 1999; Yun and Santamarina 2005). 
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Figure 3.7. Stress strain response from Ning et al. (2017) on a simulated drained triaxial 

compression test using DEM. The simulated sand specimen is cemented to 5% cement content 
level and tested under 100 kPa confinement. (a) Stress-strain curve. (b) Volumetric curve. (c) 

Bond Breakage/Cement degradation curve. (d) Shear wave velocity curve. 
 
3.3: Stress State 
 
The influence of cementation on soil strength and stiffness depends on the amount and type of 
cementation and on the confining stress (Fernandez and Santamarina 2001; Lo et al. 2003; Chen 
et al. 2017). In general, the stress-strain behavior of weakly cemented soils is similar to the 
behavior of strongly cemented soils at low confining pressures (Asghari et al. 2003; Lade and 
Trads 2014). Figure 3.8 summarizes the behavior of the stress state under the effect of 
cementation. 
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Figure 3.8. Schematic displaying the relationship between cementation and stress state (level of 

confinement). (1) Low confinement levels. (2) Medium confinement levels. (3) High 
confinement levels. Based on behavior of cemented carbonate sands (from Coop and Atkinson 

1993). 
 

At low confinements the cementation increases the peak strength past the critical state strength, 
leading to brittle behavior after failure (or strain softening, curve #1 in Figure 3.8). At medium 
confinement, the effect of the cementation enhancement is reduced but the stress-strain behavior 
still exhibits a yield point signifying non-linear behavior, and the transition from cement 
controlled to friction-stress controlled response. Under high confinement, the effect of 
cementation is suppressed and no peak or distinct yield is observed. As a result, the cemented 
soil acts as a ductile material, strain hardening until critical state. However, its stiffness will 
likely be higher than its uncemented counterpart. At the same time, it is possible for the stress 
strain curve to rise slightly above the critical state condition due to the creation of fines from the 
high confinement that essentially changes the fabric of the material. 
 
3.3.1: Low Confining Stress  
 
Under low confinement, the behavior of cemented soils is cementation controlled (Leroueil and 
Vaughan 1990; Kavvadas and Amorosi 2000; Lo et al. 2003; Yun and Santamarina 2005). Yun 
and Santamarina (2005) reiterate that the under low stress levels, the magnitude of the stiffness 
and strength in cemented soils increases with (and depends on) the cement content level (Clough 
et al. 19891; Acar and El Tahir 1986; Baig et al. 1997). The stiffness modulus and peak strength 
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increases with increasing cementation and increasing confinement (Saxena and Lastrico 1978; 
Lade and Overton 1989; DeJong et al. 2017). The cementation bonds break down (degrade) as 
the strain approaches peak, and post peak behavior strongly depends on the magnitude of 
confinement. At low levels of confinement, the material exhibits brittle behavior, and this is 
enhanced with increasing cementation level (Clough et al. 1981; Acar and El Tahir 1986; Lade 
and Overton 1989; Leroueil and Vaughan 1990; Gens and Nova 1993; Huang and Airey 1998; 
Cuccovillo and Coop 1999; Fernandez and Santamarina 2001; Schnaid et al. 2001; Vatsala et al. 
2001; Nova et al. 2003; Lade and Trads 2014; Montoya and DeJong 2015). However, it exhibits 
increasingly more ductile post peak behavior as confinement increases (Asghari et al. 2003). 
 
3.3.2: High Confining Stress State 
 
As shown by Saxena and Lastrico (1978) and Rumpelt (1990), cementation bonds are destroyed 
by increasing levels of confining stress. This degradation is a function of the initial confining 
stress at which the cementation is introduced (Yun and Santamarina 2005). Therefore, sands 
cemented at varying levels of confining stress will experience the initiation of cement breakdown 
at varying strain and stress levels. This may pose a challenge when replicating in-situ conditions 
on laboratory prepared cemented sands specimen. If the initial confining stress used during 
cementation does not match the in-situ conditions, the cement bonds may undergo breakdown 
prematurely (before reaching the expected in-situ stresses) or, in rare cases when the laboratory 
initial stresses are to high, may be delayed (Sitar 1979). Under sufficiently high initial 
confinement, the response of a cemented sand will resemble (converge to) that of the 
corresponding uncemented state, possibly a remolded state (Toll and Malandraki 1993; Lo et al. 
2003; Cuccovillo and Coop 1997, 1999; Vatsala et al. 2001; Lo et al. 2003; Yun and 
Santamarina 2005). This is not the case under low initial confining stress, where cementation 
effects are prominent (Clough et al. 1989; Lade and Overton 1989; Leroueil and Vaughan 1990; 
Gens and Nova 1993; Cuccovillo and Coop 1999; Fernandez and Santamarina 2001; Schnaid et 
al. 2001; Vatsala et al. 2001; Nova et al. 2003; Yun and Santamarina 2005; DeJong et al. 2006, 
2013; Montoya and DeJong 2015). It has been suggested, that this behavior at high stress levels 
is attributed to additional friction based contributions caused by excessive compression, which 
overshadows the increase in strength (or resistance) from cementation (Lade and Overton 1989; 
Coop and Atkinson 1993). As a result, it is observed that the stress-strain response is 
increasingly more ductile with less distinct peak as the initial confinement increases. Figure 3.9 
is a schematic that depicts the change in stress-strain response in cemented soils as the initial 
stress level increases.  
 
Overall, the strength of cemented granular material is cement controlled at low confinements and 
stress controlled at high confinements, with increasing amount of cement suppressing the effect 
of confinement and vice versa. This can also be seen in Figure 3.10, which shows the effect of 
cementation on the shear wave time series (corresponding to the stiffness of the material) from a 
sand specimen cemented with Portland cement. It can be seen from the figure that under the 2% 
cementation level, the soil response was linear up to a certain threshold. Whereas, under the 4% 
cementation level the soil response is linear throughout the test (with some build-up at the peak 
stress location). In contrast, the uncemented specimen, tested under lower confinement levels at a 
dense volumetric state, shows a non-linear behavior throughout the test.  
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Figure 3.9. Schematic displaying the relationship between cementation and stress state (level of 
confinement). (1) low confinement levels. (2) Low-Medium confinement levels. (3) Medium – 
High confinement levels. (4) High confinement levels. Based on behavior of silica sandstone 

(from Cuccovillo and Coop 1999). 
 

 

 
Figure 3.10. Shear wave velocity time series portraying the effects of cementation with 

confinement. Test specimen prepared with Nevada sand and Portland cement (Gs = 3.15). 
Cemented under a confining pressure of 18.7 kPa (except uncemented which was under a 

confining pressure of 1.4 kPa). Nevada sand is a uniform, fine, angular, sand with emin = 0.533, 
emax = 0.888, D50 = 0.14 – 0.17, and Cu = 1.67 (from Yun and Santamarina 2005). 
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3.4: Load Path Influence 
 
The effect of cementation on the mechanical behavior of sands is stress path dependent (Reddy 
and Saxena 1993). Therefore, the response of cemented sands also depends on the intermediate 
principal stress, an attribute inherited from the associated uncemented state (Rahimi et al. 2016). 
The effect of the b-value on cemented granular materials is most prominent on the strains at 
failure. The axial strain at failure decreases with increasing b-value, while the volumetric strain 
at failure increases with increasing b-values (Reddy and Saxena 1993). Montoya and DeJong 
(2015) observed similar behaviors in their investigation into the behavior of MICP sands. Clough 
et al. (1981) made identical stress-strain observations, but these were not under stress path 
dependent experiments. This indicates an increase in stiffness with increasing b-values for 
cemented sands. In addition, Reddy and Saxena (1993) and Montoya and DeJong (2015) found 
that the rate of dilation was not affected by the b-value. However, the peak shear strength of 
cemented sands does depend on the stress path, with Montoya and DeJong (2015) reporting 
reducing peak conditions with increasing b-values, while Reddy and Saxena (1993) report an 
increase in peak strengths up to a b-value of 0.75 followed by reduction with subsequent 
decreases (It was found that exceeding b = 0.75 led to significant stress uniformities which poses 
a challenge when analyzing the influence of b separate from α). It is likely that the behavior of 
cemented granular material under varying modes of shearing/loading will be dependent on the 
uncemented state, with exception to the level of strain/damage that can be accumulated before 
failure. This suggests that the influence of the intermediate principal stress and principal stress 
direction is only exhibits influence from the cementing agent at low strain levels. At higher strain 
levels, the cementation should have experience enough damage to ensure that predominantly 
granular (frictional) mechanics govern the behavior. Therefore, the effect of the b-value and α 
will be subjected to the response of the uncemented state. With regards to the evolution of 
strength with the b-value, the behavior may depend on the fabric and level of anisotropy, As a 
result, the findings report may only represent a select case/configuring, and is not representative 
for general cases. 
 
3.5: Critical State 
 
Leroueil and Vaughan (1990) show that the stress-strain behavior of cemented soils is dependent 
on their initial state position relative to the yield curve and the critical state line of the 
corresponding uncemented soil. Under high confining stresses, peak and ultimate shear strength 
should coincide with critical state, while at low confining stresses peak strength, yield, and shear 
failure coincide (Leroueil and Vaughan 1990). In addition, the occurrence of localized failure 
prevents the attainment of critical state conditions in terms of volume (Cuccovillo and Coop 
1999). However, even at very high stresses granular material still exhibit elements of 
cementation contribution that are distinguishable, though these are effects are small (Clough et 
al. 1981; Puppala et al. 1995; Lo et al. 2003; Rios et al. 2012). Complete bond breakage does not 
tend to occur in specimens that experience strain softening as can be seen in Figure 3.7c, where it 
is estimated that only 70% of the bonds degrade at very high strain levels. (Lo et al. 2003; Ning 
et al. 2017).  
 
Figure 3.11a-g shows an example of the behavior of a cemented soil in a drained TXC test. This 
particular suite of laboratory tests was performed by Feng and Montoya (2015) on Ottawa 50-70 
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sand treated with biocementation to different cement content levels. The relative density 
(volumetric state) for the specimens ranges from approximately DR = 44% - 49%, and the 
confinement level was 200 kPa. It can been from Figure 3.11a, 3.11e, and 3.11g, that as the 
cement content increases there is an associated increase in the stress required to induce 
deformation (cause yield or failure). Similarly, Figure 3.11e and 3.11f, displays an increase in 
dilation with increasing cementation. However, Figure 3.11e-g, also show that the test specimens 
never fully achieve the critical state condition. This is due to shear banding caused by strain 
localization. Roscoe (1970), Airey (1993), and Desrues et al. (1996) all state that strain 
localization in sands (the development of rupture planes) obscures the attainment of the critical 
state condition due to the violation of the homogeneity assumption. Within the shear band, the 
sand is at critical state but globally (entire specimen) this is not the case. 
 
3.5.1: Critical State Effective Stress Ratio 
 
The effect of cementation on the critical state effective stress ratio (M) is believed to only be 
significant after a majority of the existing cementation has been degraded. As a result, it is 
expected (and assumed) that “M” would not change until some time after post peak conditions 
(depending on the amount of accumulated damage). This suggests that the critical state effective 
stress ratio “M”, is constant between the cemented and uncemented states. This assumption is 
sufficient for low stress levels but not high stress levels. This nuance is due to the crushing of 
cement particles and grain particles, which lead to the production of fines and subsequent 
alteration of the grain size distribution and other gradation characteristics, thereby changing the 
material and its behavior. Figure 3.12a-g is similar to Figure 3.11a-g with regards to type of 
sand, the difference being that Lin et al. (2015) prepared the test specimens to a relative density 
of 41%, and sheared them under confining stresses that varied from 25 – 100 kPa. The figures 
display the validity of the previously mention assumption of a constant critical state effective 
stress ratio with increasing cement. Specifically Figure 3.12f shows the effects of strain 
localization obscuring the attainment of critical state (it never reaches nil dilatancy, D = 0), but 
Figure 3.12g shows the coalescence of the tests at high strain level regardless of cementation, 
proving that a constant “M” is suitable. The variations seen in Figure 3.12g can be attributed to 
the fact that at critical state clusters of sand grains reorient themselves and roll on top of each 
other, not individual grains (Toll 1990), leading to slight variations and not a distinct point. 
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Figure 3.11. Drained TXC test on Ottawa 50-70 sand treated with biocementation (data from 

Feng and Montoya 2015).  
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3.5.2: Critical State Line 
 
The critical state line represents the combination of void ratio and mean effective stress at critical 
state for a given granular material. The location of critical state line is dependent on the amount 
of particle breakage under loading, and hence a function of the gradation and mineralogy of the 
sand, as well as the grain shapes (Cuccovillo and Coop 1997, 1999). Additionally, similar to the 
critical state effective stress ratio, the critical state line is assumed to not be affected by the 
presence of cementation, except at high confinements with the advent of crushing and fines 
production (Leroueil and Vaughan 1990). Figure 3.11d and 3.12d, highlight the trends of the test 
specimen under triaxial loading. It can be seen that the cemented specimens still trend towards 
the same critical state line as the uncemented. One can observe the transition back to the 
uncemented state as the cemented void ratio curve attempts to merge with the corresponding 
uncemented void ratio curve. This further validates the notion that the critical state line is 
unaffected by cementation. Regardless, the realization of the critical state conditions (reaching 
the critical state line) for uncemented and cemented soils are obscured by the occurrence of 
deformation bands (shear bands) cause by strain localization during strain softening post-peak 
behavior (Schanz 1998; Fernandez and Santamarina 2001). This can be seen in Figure 3.11d-f 
and 3.12d-f, where the trends towards the critical state (represented by the yellow circle) are 
disrupted by the end of the test or shear (deformation) banding from strain localization. These 
deformations bands in cemented granular materials are influenced by the grain and cement 
properties (Soriano et al. 2017). In particular, the grain size tends to control the density (or 
thickness) of the deformation band (Griffiths et al. 2017). Moreover, It has also been shown that 
strain-hardening and strain-softening types of behavior are dependent on the combination of the 
volumetric state (specific volume, void ratio, or relative density), and stress state (p’, q’) relative 
to the critical state line (Cuccovillo and Coop 1999). The effect of cementation in sands is 
postulated to result in additional bonding among due to development of cement bridges at the 
particle contacts. Furthermore, the critical state void ratio is believed to be independent of the 
soil fabric (Been et al. 1991), therefore the critical state line should assumedly be unaffected by 
cementation. This can be seen in Figure 3.11(d) and 3.12(d) where the volumetric evolution of 
both the cemented and uncemented sand specimens trend toward identical critical state line 
locations. Although, it has been argued that natural soils never reach critical state (Burland 
1990), and it has observed that undisturbed samples subjected to different stress histories do 
reach different critical state lines. Furthermore, a unique critical state line for natural soils has 
never been rigorously validated experimentally.  
 
3.6: Soil Fabric and Mineralogy 
 
The soil fabric is expected to affect the behavior of cemented sands, namely its stiffness, 
strength, and dilatancy (Rahimi et al. 2016). At the same time, the soil fabric is affected by the 
presence of cementation. Identical granular material can exhibit different stress-strain response 
depending on degree of cementation, slight variations in mineralogy, and morphology (Soriano 
et al. 2017). Cementation in granular materials contributes to the enhanced strength and stiffness 
due to the formation of cement bridges at the interparticle contacts (Yun and Santamarina 2005; 
DeJong et al. 2006; Montoya 2012; Cheng et al. 2016). These bridges enhance the soil fabric by 
reducing compressibility (Vatsala et al. 2001) and establishing highly interlocked particles, 
which in turn increases the rate of dilation (Saxena and Lastrico 1978; Lade and Overton 1989; 
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Lo et al. 2003; DeJong et al. 2006, 2013; van Passens et al. 2010; Montoya and DeJong 2015). 
As a result, it has been observed that cemented soils exhibit enhanced stiffness before yielding 
(Schnaid et al. 2001; Consoli et al. 2007; Rios et al. 2012), as well as an enhanced peak response. 
This can be seen in Figure 3.11 and 3.12 on biocemented sands, as well as Figure 3.13 on 
Portland cemented sands. 
 
3.6.1: Gradation and Mineralogy with Cementation 
 
The grain size distribution of a given granular material is important with regards cementation 
structural characteristics, and the resulting enhanced soil fabric. Figure 3.14 shows that soils with 
smaller particles (via the D10 parameter) often experience more calcite precipitated by mass, 
leading to higher strengths (measured via unconfined compression, UCS). This is likely due to 
the increase in available surface area, and in turn locations available for the formation of cement 
bridges. This attribute is identical for grain shapes, where rounder grain sizes offer more contact 
point loactions than elongated or tubular grains (Ismail et al. 2002). Moreover, it can be safely 
states that the location of the cementing agent determines the type of contribution to the 
mechanical enhancements such as strength and stiffness (Lade and Trads 2014). For example, 
Sands treated with biocementation under partial saturation will tend to precipitate and 
accumulate cement at the inter-granular contacts due to menisci. Whereas, biocementation under 
fully saturated condition, cement precipitates around the grains, as well as at the contacts (Cheng 
et al. 2014). Molenaar and Venmas (1993) observe similar behavior in natural cemented 
sedimentary materials, where intertidal zones encourage the formation of meniscus (due to 
capillary forces) at the grain contacts where to the accumulation of cement tends to occur. In 
addition, they also state that under subtidal conditions (full saturation of pores), the cementation 
is distributed homogeneously throughout the sand, depositing at fringes around the sand grains, 
with no preferential occurrence at specific points. However, Cheng et al. (2016) found that 
weakly cemented sands with bonding at the interparticle contacts exhibit high durability and 
increased resistance to loading effects such as freeze-thaw cycles. 
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Figure 3.12. Drained TXC test on Ottawa 50-70 sand treated with biocementation (data from Lin 

et al. 2015). 
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Figure 3.13. Drained TXC test on Lab-Mix (Monterey #20 & #30) sand, weakly cemented with 
Portland cement to CC = 2% and 4%. Comparison between uncemented and cemented stress-

strain behavior at 103kPa and DR = 74% (data from Sitar 1979). 
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Figure 3.14. (a) Small grain fraction versus average cement content by mass. (b) Average cement 

content by mass versus. Data is on a variety of soils from Gomez et al. (2014). 
 
3.6.2: Degradation and Cementation 
 
Lightly (Weakly) cemented soils are susceptible to degradation (volume collapse) due to their 
fragile nature under mechanical load (Nova et al. 2003; Yang et al. 2008). Similar to a 
corresponding dense state, the degradation of cemented sand specimen often manifests as a shear 
band due to the increased susceptibility to strain localization. This is due to inhomogeneities 
within the specimen with regards to distribution of cementation and stress state, as well as other 
imperfections. The inhomogeneity of a cemented sand sample is captured in the failure mode 
where there are intact block remnants after shearing. This poses a difficulty when attempting to 
represent global behavior, specifically because the global axial strain differs from the average 
internal axial strain, which is significantly affected by the varying local strains throughout. On 
the positive side, this shows that inhomogeneous calcite cemented sands can exhibit enhanced 
stiffness and strength (Terzis et al. 2016). Similarly, Yun and Santamarina found that even light 
cementation could enhance the mechanical properties of granular material. DeJong et al. (2017) 
observed via X-Ray computed tomography on drained TXC tests, that increasing cementation 
reduces the thickness of the shear band formed under strain localization. In addition, they found 
that the disparity between global axial strain and average internal axial strain increases 
significantly with increasing cementation. The differences between the mineralogy and material 
properties of the cementing agent and the associated particles, is influential on the degradation 
characteristics (Huang and Airey 1998; Yun and Santamarina 2005). Martinez and DeJong 
(2009) found in their study of the load bearing mechanisms of MICP sands that the fracturing of 
the cemented matrix is found to occur in the calcite phase (Figure 3.15). This form of 
cementation degradation may contribute fines to the soil, changing the soil fabric (Lo et al. 2003; 
Rios et al. 2012). However, in the scenario were the cement bonds are stronger than the grains, 
the failure/fractures may occur in the particles before the cementing agent. 
 

 
Figure 3.15. Degradation alternatives for calcite cementation in MICP treated sands (from 

Martinez and DeJong 2009). 
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3.7: Cemented Shear Stiffness/Modulus Correlations. 
 
The small strain shear stiffness of granular material is increased by cementation (Saxena and 
Lastrico 1978; Consoli et al. 2012) due in part to an increase in contact area between particles 
from the formation of cement bridges (Fernandez and Santamarina 2001). In addition, there is an 
inverse relationship between cementation and confinement where increasing cement content 
leads to a reduction in the influence of confining stress of the shear stiffness, and vice versa 
(Pestana and Salvati 2006; Lade and Trads 2014). For uncemented granular materials, the effect 
of confinement is much more significant that the effect of density on the small strain nonlinearity 
of the shear stiffness, but the converse is true for cemented sands (Pestana and Salvati 2006). The 
relationship between the shear modulus and confining stress is log space has a slope of 0.5 for 
uncemented soils (Stokoe et al. 1985). That is to say that the shear stiffness-power law 
relationship discussed in chapter two is governed by the square root of the confining stress. This 
approach is maintained when assessing the behavior of cemented soils and developing a modulus 
correlation unless data suggests otherwise. Three cemented stiffness correlations will be review 
and discussed. 
 
Acar and El Tahir (1986) 
 
Acar and El Tahir (1986) approached their investigation attempting to understand the effect of 
cementation on the static and dynamic stress-strain behavior of sands. They performed torsional 
resonant column tests on Monterey sand specimens treated with Portland cement to determine 
the variation of the shear modulus with confining pressure, relative density, and the unconfined 
compressive strength. For the uncemeted specimens, the equation by Hardin (1978) was adopted 
to determine the small strain shear stiffness (Eq. 3.2a).  
 

𝐺!"# =
631

0.3+ 0.7𝑒 ! 𝑃!
!.!"𝜎!!.!" 

      (3.2a) 
 
Here Pa is the atmospheric pressure, σ0 is the initial confining pressure, and e is the void ratio. 
The equation was then augmented to incorporate cementation effects through the addition of 
cementation stiffness ratio component, R` (Eq. 4.2b). The stiffness ratio for cementation is a ratio 
between the stiffness coefficient for cemented specimen, Sc, and the stiffness coefficient for 
uncemented specimen, S (Eq. 3.2c). 
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      (3.2c) 
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The stiffness ratio for cementation can also be determined with knowledge of the cement content 
C (degree of cementation or cohesion intercept), and void ratio using an empirical relationship 
(Eq. 3.2d). 
 

𝑅` = 1+ 𝐶!.!" − 2.0𝐶!.!𝑒!.! 
      (3.2d) 

 
For weakly cemented specimens the stiffness ratio, R`, can also be estimated with knowledge of 
the unconfined compressive strength (UCS; qf). The empirical relationship between cement 
content and UCS is non-linear as shown below in (Eq. 3.2e). 
 

𝑅` = 0.61𝑞!!.!! 
     (3.2e) 

 
This is due to the fact that as the cement content increases, the void ratio should decrease, 
thereby increasing the contribution of cementation component to the UCS.  
 
Overall, Acar and El Tahir suggest that the increase in shear stiffness (dynamic) of artificially 
cemented specimens (particularly lightly/low-level cemented) is due to an increase of the 
stiffness coefficient, which is a result of a confinement effect provided by the cement particles at 
the sand grain interfaces. This is represented by the stiffness ratio, R, which is a function of the 
degree of cementation and (depending on the chosen empirical relationship) the void ratio, and 
acts as a multiplier to the overall prediction.  
 
Pestana and Salvati (2006) 
 
The approach of Pestana and Salvati (2006) focused on formulating a simple expression that 
predicts the non-linear small strain shear stiffness behavior of cemented and uncemented 
granular materials. In order to incorporate cementation into their proposed modulus correlation, 
Eq. 2.21 was augmented by introducing the cementation effect within the power law relationship 
as shown in Eq. 3.3.  
 

𝐺!"# 
𝑝!"#

=  
𝐺!
𝑒!.!

𝑝!

𝑝!"#
+ 𝑎!!𝐶𝐶!

!`

 

      (3.3) 
 
Here acc is a constant that represents the type of cementing agent and to a lesser extent, the 
implementation process, while CC represents the cement content in percent by weight. The 
addition was established using specimens created with Portland cement and a mixing process. In 
Eq 4.3, the inverse relationship between cementation and confinement is incorporated as an 
increase in cementation will override the contributions from confinement and vice versa. Overall, 
Pestana and Salvati suggest that the density has a larger effect on Gmax than the confining 
pressure, with increasing levels of cementation leading to a reduction of the influence of 
confinement.  
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Rahimi et al. (2016) 
 
In their development of a constitutive model for cemented and uncemented sands, which 
accounts for the effect of anisotropy and the intermediate principal stress, Rahimi et al. (2016) 
propose a shear modulus correlation that incorporates the effect of cementation within the power 
law relationship (Eq. 3.4). 
 

𝐺 =  𝐺!
2.973− 𝑒 !

1+ 𝑒
𝑝
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𝑝!
𝑝

!

 

      (3.4) 
 
Here Ga is a reference elastic moduli (shear stiffness coefficient) that is related to the 
atmospheric pressure, patm. In addition, p is the mean effective stress, po is the additional strength 
from the cementation, and e is the void ratio. The power law exponent n varies between 0.5 – 
0.55 depending of the type of sand. In general, Rahimi et al. (2016) maintain the inverse 
relationship between the contribution of confinement and cementation by evoking the 
cementation effect within the power law relationship, while introducing the square root 
proportionality of the confinement with the shear stiffness. 
 
3.8: Cemented Failure Criteria 
 
Along with the stiffness, it has been established in literature that introduction of cementation 
increases the shear strength of granular material (Saxena and Lastrico 1978; Sitar et al. 1980; 
Clough et al. 1981; Leroueil and Vaughan 1990; Rumpelt and Sitar 1993; Huang and Airey 
1998; Schnaid et al. 2001; Ismail et al. 2002; DeJong et al. 2006; Collins and Sitar 2009; Lade 
and Trads 2014; Montoya and DeJong 2015). Similar to the shear stiffness, the influence of weak 
cementation decreases with increasing confinement, with the strength controlled by cementation 
at low confinement, while at high confinement cementation has little effect and the stresses 
controls the behavior (Lade and Overton 1989; Yun and Santamarina 2005). Huang and Airey 
(1998) agree, claiming that the effects of cementation/bonding are only significant for stresses 
below an apparent pre-consolidation stress. Fauriel (2012) uses this approach in the development 
of multiphysical model for MICP sands. The threshold stress at which the cementation effects 
begin to diminish depends on the strength of the cementing agent with respect to the intrinsic 
strength of the grains (Ismail et al. 2002). Most failure criteria attempt to capture this 
enhancement by including an apparent cohesion term to account for tensile strength. For 
example, the Mohr-Coulomb failure criterion in Eq. 2.2a-c uses the term “c” to capture 
cohesive/tensile strengths in its predictions. However, this is only applicable within certain stress 
ranges, and does not fully capture the relationship between cementation and confinement. Others 
have accounted for the effect of cementation through the inclusion of a translation in stress space 
(in particular principal stress space). For instance, Lade (1984 & 2014), as well as Wu et al. 
2017, translate their stresses by adding a term, a*patm and β, respectively (Eq. 3.5a). These 
aforementioned parameters represent the tensile strength of the cemented granular material, and 
can be determined through a uniaxial tensile test or Brazilian test. If those tests are not available, 
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then an empirical relationship developed by Kim and Lade (1984) can be used to estimate the 
uniaxial tensile strength given the uniaxial compressive strength (Eq. 3.5b). 
 

𝜎! =  𝜎! +  𝛽   , 𝑤ℎ𝑒𝑟𝑒 𝛽 = 𝑎 ∗ 𝑝!"# =  𝜎! 
     (3.5a) 
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      (3.5b) 
 
Here σt and σc are the uniaxial tensile and compressive strengths, respectively. T and t are 
dimensionless parameters that vary depending on the strength of the cementation/bonding 
material, and patm is the atmospheric pressure. Once the stresses are enhanced, they are used to 
predict the failure conditions via Eq. 2.29a and Eq. 2.30. 
 
3.9: Concluding Remarks 
 
A detailed review of the mechanics of cemented sands is presented highlighting the significance 
of the factors that govern the uncemented state such as, the volumetric state and stress state, as 
well as their relationship with the effects of cementation. In particular, the reduction in void 
space due to the introduction of cementation in granular material must be accounted for 
regardless of level of cement content.  In addition, the relationship inverse relationship between 
confinement and cementation is important in properly predicting the behavior of cemented sands 
over the entire range of stresses. Furthermore, the effect of cementation is most prominent before 
degradation of bonds occurs, and this is apparent in the enhanced peak strength and stiffness. 
However, even at large strains there may be remnant effects of cementation that occur as a result 
of strain localization, shear banding, and creation of fines. Still, for lightly/weakly-cemented 
sands, the cementation does not affect the critical state conditions and parameters. Specifically, 
the void ratio and critical state effective stress ratio, as well as the critical state line are 
unaffected by cementation due to the destruction of the bond effects at large strains. In general, 
the enhancements from cementation on the strength and stiffness are due to the cement bridges 
creating a highly interlocked particles and grain clusters that amplify dilation, as well as reducing 
the compressibility of the soil skeletal structure, thereby enhancing the soil fabric. A variety of 
relationships used to predict the shear stiffness and failure conditions of cemented sands were 
reviewed, and the acquired information and insights from this chapter and chapter two, will be 
used to formulate improvements that will be used in the development of a constitutive model 
presented in chapter five.  
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Chapter 4: Cemented Sand Model Components 
 
4.1: Introduction 
 
In order to introduce a new constitutive model for cemented sands, it is necessary to establish 
empirical rules for the behavior of cemented sands. These are presented in this chapter as 
follows: 
 

• An existing small-strain shear stiffness relationship that is a function of the volumetric 
state (void ratio) and stress state (confinement) is adopted and augmented to incorporate 
attributes of light cementation and degradation. 

• An empirical relationship that represents the failure criteria of cemented sands is 
formulated to adhere to critical state soil mechanics, similar to the approach of Bolton 
(1986). 

 
Both model components describe the peak conditions and associated enhancements due to 
cementation, as well as the transition between the cemented and uncemented states for a given 
sand. 
 
4.2: Proposed Cemented Shear Stiffness Correlation 
 
As previously discussed, Pestana and Salvati (2006) developed a correlation for the shear 
stiffness of uncemented (Eq. 2.21) and cemented (Eq. 3.3) granular material. Their correlation, 
Eq. 2.21 and Eq. 3.3, adequately captures the shear stiffness behavior over a large range of 
stresses, and the void ratio relationship is capable of handling soils with high initial volumetric 
states, as well as predict the behavior for multiple types of sands. In order to better account for 
the variations in stress state and its effects, Eq. 3.3 was augmented to better incorporate the 
volumetric changes due to addition of cementation, the degradation of cementation with 
increasing confinement and the reversion to the uncemented state. Eq. 4.1. 
 

𝐺!"#
𝑝!"#

=
𝐺!
𝑒!.!

𝑝!

𝑝!"#
+ 𝑃!

!`

 

       (4.1) 
 
Here PT is the cementation parameter that accounts for the cement content by mass and is also a 
function of the induced shear strain (Eq. 4.2a). 
 

𝑃! =
𝑃!!

1+ 𝑎!𝛾!!
 

      (4.2a) 
 
In the above, Gb is the shear stiffness coefficient, p’ is the mean effective stress and Gmax is the 
maximum shear stiffness. ad and bd are dimensionless parameters that control the degradation of 
the cementation, while γ represent the accumulated shear strain (In triaxial conditions εd may be 
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substituted). PT0 is the initial cementation parameter value, which is directly related to the 
cement content. The PT-CC empirical relationship is given by Eq. 4.2b. 
 

𝑃!! = 𝑍 𝑒𝑥𝑝 𝑟𝐶𝐶 − 1 𝑝!"# 
      (4.2b) 

 
Here CC is the cement content by mass, and Z and r are dimensionless parameters that are 
potentially related to the strength of the cementation. Eq. 4.2a represent the degradation of 
cementation for accumulated strains.  
 
The proposed correlation has six parameters. They include Gb, n, Z, r, ad, and bd, all of which 
have some physical meaning, but are not well defined. As a result, recommendations are 
provided for default parameters, and variations in value may be adopted if there is data that 
suggests otherwise. As previously mentioned, Gb is well correlated to the angularity of the sand 
grains, and is constant for a given sand. This is the case for cemented sands as well, as the value 
of Gb remains associated with the uncemented state. Note, that as the cementation level increases 
and granular voids are completely filled, the value of Gb will change due to cementation. 
Similarly, the value of the power law exponent is recommended as n = 0.5 per Pestana and 
Salvati (2006) unless data suggest otherwise. There is a possible correlation between ad and bd, 
and as such it is suggested to keep both equivalent to each other, again unless data suggest 
otherwise. A value of ad = 0.76 and bd = 0.76 is recommended when modeling the stiffness. As 
cementation degrades locally, the cementation parameters ad and bd will have to be increased to 
match the degradation within the shear band. As such, suggested values to be used are ad = 1.2 
and bd = 1.2. Figure 4.1 shows the combined predictive response of Eq. 4.1, 4.2a, & 4.2b. 
 
The challenge is that the laboratory tests that track the shear stiffness provide a value that is an 
average throughout the specimen. However, for peak conditions this average value is not 
representative due to strain localization, which is the governing factor in degradation. Figure 
4.2a-c shows the effect of varying ad and bd , with one constant and both constant, on the 
evolution of the cementation parameter with shear strain. It is known that the effects on 
cementation are exponential with increasing cement content (Figure 4.3). However, for low 
levels of cementation the relationship between the PT and CC is semi-linear. Therefore, the 
recommended values for Z and r fall within the ranges of 1.5 ≤ Z ≤ 4 and 0.1 ≤ r ≤ 1. For 
biocementation, which is considered light/weak cementation in this dissertation, Z = 3 and r = 
0.15, but both may vary slightly depending on the relative strength between the cement and the 
sand grains for other types of cement. Figure 4.4 depicts the PT-CC relationship and Table 4.1 
presents details on the data used to develop the relationship. Note that the values of PT shown in 
the table below were determined by calibration to match the laboratory data.  
 
Using the proposed values as parameters, the new shear stiffness correlation (Eq. 4.1 & 4.2a-b), 
gives good predictions when compared to laboratory data on lightly cemented sand as can be 
seen in Figure 4.1. The cementation degradation scheme tends to over estimate the degradation 
of cementation effects at strains less than approximately 2.5%, but on average captures the 
behavior at higher strains. This predicted response is based on the default parameters, and can be 
adjusted by changing the degradation parameters (ad and bd), given available data.  
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Table 4.1. List of Data used for formulating the PT-CC relationship. 
Researcher  Sand Type Cement Type Cement 

Content 
(%) 

Pt/patm DR (%) Confinement 
Level (kPa) 

Feng and 
Montoya 
(2015) 

Ottawa 50-
70 

MICP 
Biocementation 

(Urea 
Hydrolysis) 

0.9 0.09 44.4 100 

1.2 0.1 44.1 200 

2.4 1.4 48.4 200 

5.1 4 48.4 400 

Lin et al. 
(2015) 

Ottawa 50-
70 MICP 

Biocementation 
(Urea 

Hydrolysis) 

1.6 2.5 41 25, 50, 100 

2.5 6.5 41 25 

Ottawa 20-
30 1 6.5 39 25, 50, 100 

Tagliaferri 
et al. (2011) 

Ottawa 50-
70 

MICP 
Biocementation 

(Urea 
Hydrolysis) 

1.22 1.35 74 100 

Sean 
O'Donnell 
(2016) 
Dissertation 

Ottawa 20-
30 MICP/MIDP 

Biocementation 
(Denitrification) 

2.6 12 20 & 
19 75 

Bolsa 
Chica 2.6 50 26 & 

33 75 

Sitar (1979) 
Dissertation 

Lab Mix - 
Monterey 
#20 & #30 

Portland 
Cement (Mixed 
and Compacted) 

2 3 74 35, 103, 207, 
310, 414 

4 11 74 35, 103, 207, 
310, 414 
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Figure 4.1. Predictions of Eq. 4.1 compared to laboratory data on MICP biocemented Ottawa 50-
70 sand. The effects of the degradation scheme from Eq. 4.2a are also shown in the predictions. 

Gb = 330, n = 0.5, PT0 = 30.6, ad = bd = 0.76.  
 
As already mentioned, PT is assumed to be representative of the entire specimen due to the 
means of data acquisition during tests in which bender elements record the shear wave velocity 
under shearing, but does not account for strain localization and shear banding. As a result, the 
converted shear wave velocity data into shear stiffness with strain is also subject to the same 
limitation. In addition, the initial gap in the data at very small strains may be a consequence of 
the initial seating of the load or other laboratory testing errors/issues such as slight compression 
of the specimen. 
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(a) 

 
(b) 

 

 
(c) 

Figure 4.2. Sensitivity analysis of the accumulated cementation degradation parameters. (a) 
Varying ad with bd constant. (b) Varying bd with ad constant. (c) Varying ad = bd. In addition, the 

denominator, γref = 1. 
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Figure 4.3. Relationship between Young’s moduli and calcite cement content, where Eur = 

0.25exp(0.1445[CaCO3%]) E50 – open box and Eur - closed box (Van Paassen 2009). 
 
 
 

 
Figure 4.4. Relationship between the cementation parameter and the cement content. The light 
blue line is Eq. 4.2b with Z = 1.5 and r = 0.5, and it represents the correlation that fits the data 

biased towards Portland cemented sands from Sitar (1979). The orange line is Eq. 4.2b with Z = 
3 and r = 0.15, and it represents the correlation that fits the data biased towards biocemented 
sands from Feng and Montoya (2015), Lin et al. (2015), and Tagliaferri et al. (2011). All data 

points except for Monterey Mix (which is treated with Portland cement) are biocemented. 
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4.3: Modified Failure Criterion for Sands  
 
In the formulation of a failure criterion, a similar approach to that of Bolton (1986) is adopted 
herein. Bolton (1986) followed in the footsteps of Rowe (1962) who, similar to Taylor (1948) 
and Roscoe et al. (1958), described the development of strength in sands as the consequence of 
dilatancy in excess of the critical state contribution. Rowe’s contribution was to highlight the 
influence of the principal stress directions. Bolton (1986) compared the expression by Rowe 
(1962) with laboratory data, and concluded that the proposed expression is overestimated by 
20% in plane strain conditions. As a result, he proposed the friction angle-dilatancy relationship 
expressed in Eq. 2.28c (ϕ = ϕcs + 0.8Ψ) or (ϕ - ϕcs = 0.8Ψ) following the sawtooth blade concept 
shown in Figure 2.24.  
 
Here, a new modified failure criterion is presented that adheres to Bolton (1986) approach but 
also incorporates a non-linear stress dependent behavior as follows:  
 

𝜙!"#$ − 𝜙!" = 𝛼!
𝜙!"
2 𝐷!𝑒𝑥𝑝

−0.24𝛽!
𝐷!

𝑝!!

𝑝!"#

!!

 

                                         (4.3) 
 
Here, ϕcs is the critical state friction angle, DR is the relative density, pf’ represents the mean 
effective stress at failure, m1 represents the non-linear stress dependency following a power law, 
while α1 and β1 introduce the effects of grain size, grain strength, and gradation. Eq. 4.3 
resembles Bolton’s strength index shown in Eq. 2.28c, but incorporates a non-linear stress 
dependency by means of the exponential term. Figure 4.5 shows the comparison between Eq. 4.3 
and Bolton (1986) criterion from Eq. 2.28c. Eq. 4.3 was calibrated using the laboratory test data 
on sands from Bolton (1986). The default parameters (α1 = 1, β1 = 1, m1 =0.55) are based on a 
suite of test data on sands that are sub-angular on average, slightly uniform, with a representative 
average grain size on the “finer” side of medium sized (D50 = 0.3 mm), since the suite of test data 
was dominated by Chattahoochee River sand and Berlin sand. Calibration with the same suite of 
data also led to the multiplier “-0.24”, which likely influences the crushability attribute of Eq. 
4.3. Table 4.2 shows the details of the suite of sand laboratory test data compiled by Bolton 
(1986) in addition to some recent investigations.  
 
Sensitivity analysis was performed on α1, β1, and m1 in order to investigate their effects on the 
prediction of Eq. 4.3. Figure 4.6 shows the effect of α1 on the predictive capabilities of Eq. 4.3. It 
can be seen that α1 controls the increase in peak strength due to dilation, and may be 
representative of the grain size and shape (angularity). The effects appear to be more prominent 
at low stresses. As such α1, in combination with the critical state friction angle, may also stand as 
proxy for the soil fabric. Figure 4.7 shows the effect of β1 on the predicted response. It is 
apparent that β1 influences the level of non-linear behavior, suggesting that it may be related to 
the grain size, grain shape, and gradation of the sand. The trend observed in Figure 4.7 also 
suggests that β1 may be related to the crushability index (Q) as both influence the stress-
dependent degradation in sands. Figure 4.8 illustrates the influence of m1, which controls the 
confinement power law behavior, where low values indicate an approximately linear stress 
dependency, and higher values indicate a non-linear stress dependency. 
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Figure 4.5. Comparison of the proposed failure criterion in TXC using default parameter values 

(α1 = 1, β1 = 1, m1 =0.55) criterion with the empirical relationship by Bolton (1986).  
 

Overall, α1, β1, and m1 are directly affected by the gradation characteristics, and hence, the 
mineralogy and fabric of the soil. Though these influences cannot be explicitly isolated or 
categorized, the implicit incorporation of these factors makes for a more robust and descriptive 
failure criteria.  
 
Figure 4.9 shows the comparison between the values obtained using Eq. 4.3 and the laboratory 
data used for its calibration. The predictions using default values of the parameters match very 
well with the experimental data. Figures 4.10, 4.11, 4.12, 4.13, and 4.14, display the laboratory 
data for sands that deviated from the default parameters. In the case of Figure 4.10, the 
laboratory test was performed on specimens (DR ≈ 100%) comprised of Ottawa sand, which is a 
uniform, rounded quartz sand from a quarry in Ottawa, Illinois. The grain shape of Ottawa sand 
combined with the uniformity in grain size leads to a soil that has a high probability to undergo 
abrupt degradation as asperities are compromised with increasing confinement. As a result, Eq. 
4.3 predictions are based on parameters that deviate from the default configuration (α1 = 0.8, β1 = 
0.65, m1 = 0.5). Similarly, Figure 4.11, which compares Eq. 4.3 with laboratory data for glacial 
outwash at DR ≈ 80% also shows that the best fit parameters differ from the default values (α1 = 
0.75, β1 = 0.8, m1 = 0.55). This is due to the angularity and well graded nature of the sand 
specimen. Figure 4.12 displays the proposed failure criterion comparison with Erksak sand, a 
quartz sand with slightly uniform and rounded grains that also required a deviation form the 
default parameter configuration (α1 = 1.04, β1 = 0.35, m1 = 0.65). 
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Figure 4.6. Effect of α1 on Eq. 4.3. 

 

 
Figure 4.7. Effect of β1 on Eq. 4.3. 
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Table 4.2. List of sand data and the associated parameters for Eq. 4.3 
Sand Type Grain 

Shape  
D50 

(mm) 
Cu α1 β1 m1 ϕcs 

(o) 
Reference 

Ottawa Sand~ Subrounded ≈ 0.7 1.2 0.8 0.65 0.5 30 Lee and Seed 
(1967) 

Ottawa 20-30 
Sand 

Subrounded 
- Rounded 0.71 1.0 - 

1.15 1.2 0.7 0.9 27 - 
28 Lin et al. (2015) 

Ottawa 50-70 
Sand Rounded 0.22 - 

0.33 
1.17 
- 1.9 

0.9 - 
1.7 

0.5 - 
0.7 

0.6 - 
0.9 

29 - 
31 

Alshibi et al. 
(2001) Feng and 
Montoya (2015); 
Lin et al. (2015) 

Glacial 
Outwash Sand~ Subangular 0.75 6 0.75 0.8 0.55 37 Hirschfeld and 

Poulos (1963) 

Berlin Sand~ Subangular 
- Angular 0.21 1.9 1 1 0.55 33 De Beer (1965) 

Sacramento 
River Sand~ 

Subangular 
- 

Subrounded 
≈ 0.2 1.5 1 1 0.55 33.3 Lee and Seed 

(1967) 

Chattahoochee 
River Sand~ Subangular 0.37 2.2 1 1 0.55 32.5 Vesic and 

Clough (1968) 
Karlsruhe 
Sand~  0.33 1.9 1 1 0.55 34 Hettler (1981) 

Erksak Sand Subrounded 0.34 1.8 1.04 0.35 0.65 32 
Vaid and 
Sasitharan 
(1991) 

Frac Sand Semiangular 0.63 - 
1  1.06 0.5 - 

0.6 
0.55 
- 0.6 

30 - 
31 

Graham et al. 
(2004) 

Cambria Sand Subagular - 
Rounded 1.415 2.4 1 1 0.55 32 - 

33 
Lade and Bopp 
(2005) 

Bolsa Chica 
Sand  0.6 2.17 0.7 1.15 0.553

2 32 Sean O'Donnell 
(2016) 

Puelchense 
Sand    1.2 1.25 0.55 29 

 

(~) Denotes sand data compiled by Bolton (1986) and used to calibrate Eq. 4.3 
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Figure 4.8. Effect of m1 on Eq. 4.3. 

 

 
Figure 4.9. Eq. 4.3 predictions compared in TXC compared to corresponding laboratory test data 

from Bolton (1986) that was used for calibration (α1 = 1, β1 = 1, m1 = 0.55). The percentages 
adjacent to the legend labels refer to relative density. 
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Figure 4.10. Eq. 4.3 predictions in TXC compared to laboratory data on Ottawa sand from Lee 

and Seed (1967) via Bolton (1986) (α1 = 0.8, β1 = 0.65, m1 = 0.5).  
 

 
Figure 4.11. Eq. 4.3 predictions in TXC compared to laboratory data on Glacial Outwash sand 

from Hirschfeld and Poulos (1963) via Bolton (1986) (α1 = 0.75, β1 = 0.8, m1 = 0.55). 
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Figure 4.12. Eq. 4.3 predictions compared in TXC compared to corresponding laboratory test 
data on Erksak sand from Vaid and Sasitharan (1991) (α1 = 1.04, β1 = 0.35, m1 = 0.65). The 

percentages adjacent to the legend labels refer to relative density. 
 

 
Figure 4.13. Eq. 4.3 predictions compared in TXC compared to laboratory test data on 

Puelchense sands (α1 = 1.2, β1 = 1.25, m1 = 0.5). The percentages adjacent to the legend labels 
refer to relative density. 
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Figure 4.13 is a comparison between, the modified failure criterion and laboratory test data on 
Puelchense sands, which is a poorly graded silty sand that can be found in the Puelchense 
formation at Buenos Aires, Argentina. The inclusion of finer particles such as silt in the sand 
specimen produces a distinct soil fabric and therefore causes the deviation from the default 
parameter configuration (α1 = 1.2, β1 = 1.25, m1 = 0.5). Likewise, Figure 4.14 compares Eq. 4.3 
with the test data on Bolsa Chica sand, a poorly graded, subangular to subrounded, medium sized 
(D50 = 0.6 mm) grain, natural beach sand acquired from Bolsa Chica State beach in Huntington 
Beach, CA. The sand has a high initial volumetric state composition compared to Ottawa 20-30 
sands, with emin = 0.67 and emax = 0.887 producing a looser soil fabric. These characteristics most 
likely play a role in the deviation from default parameter configuration for Eq. 4.3 (α1 = 0.7, β1 = 
1.15, m1 = 0.55), although, only a few data points were available. 
 
Although, Eq. 4.3 theoretically covers the whole range of stresses, caution must be used at the 
extremes due to limited amount of data available in literature. Figures 4.15, 4.16, and 4.17, 
compare the predicted peak friction angle values (Eq. 4.3) with laboratory data on sands at very 
low levels of confinement (Fig. 2.43) and high levels of confinement (Fig. 4.16 & 4.17). Alshibi 
et al. (2001) investigated the behavior of Ottawa sand (F27, similar to 50-70) sheared under very 
low confinements (0.05 – 1.3 kPa) by performing triaxial test on the NASA space station. Figure 
4.15 displays the result compared with the predictions of the proposed strength criterion. It can 
be seen that the peak friction angle sands continues to increase as confining pressure decreases. 
In fact, the proposed failure criterion’s prediction of the strength at low stresses matches the data 
quite well (α1 = 1.7, β1 = 0.7, m1 = 0.9). However, at even lower stresses (beyond the range of 
possible geotechnical consideration) the data shows a slight continuous increase but the trend is 
based on only two points. As such, more data is needed fully evaluate the contributing 
mechanisms. On the other hand, Lade and Bopp (2005) investigated the volumetric state (DR) 
effects on sands at high pressures, and performed triaxial tests on Cambria sand up to 100 MPa. 
Figure 4.16 portrays the comparisons (α1 = 1, β1 = 1, m1 = 0.55).  
 
Similarly, Figure 4.17 is a comparison between the predictions of Eq. 4.3 and the laboratory test 
data from Graham et al. (2004) on Frac sand (fractured sand) at high stress levels. Unlike the 
Cambria sand, the default parameters do not provide a good fit, likely as a consequence of the 
angularity and coarseness (0.63 mm ≤ D50 ≤ 1 mm) of the grains, in addition to the high stress 
level that most likely initiated significant crushing in Frac sand (α1 = 1.06, β1 = 0.6, m1 = 0.55). 
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Figure 4.14. Eq. 4.3 predictions compared in TXC compared to laboratory test data on Bolsa 
Chica sands from Sean O’Donnell (2016) (α1 = 0.7, β1 = 1.15, m1 = 0.55). The percentages 

adjacent to the legend labels refer to relative density. 
 

 
Figure 4.15. Eq. 4.3 predictions compared in TXC compared to laboratory test data on Ottawa 
sands at low stress levels from Alshibi et al. (2001) (α1 = 1.7, β1 = 0.7, m1 = 0.9). Left of the 

dotted line comprises of microgravity experiments, while the right are terrestrial experiments. 
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Figure 4.16. Eq. 4.3 predictions compared in TXC compared to laboratory test data on Cambria 

sands at high stress levels from Lade and Bopp (2005) (α1 = 1, β1 = 1, m1 = 0.55). The 
percentages adjacent to the legend labels refer to relative density. 

 

 
Figure 4.17. Eq. 4.3 predictions compared in TXC compared to laboratory test data on Frac 
sands at high stress levels from Graham et al. (2004) (α1 = 1.06, β1 = 0.6, m1 = 0.55). The 

percentages adjacent to the legend labels refer to relative density. 
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4.3.1: Proposed Failure Criterion for Cemented Sands 
 
One of the many paths used to understand the effects of cementation on the failure envelopes 
from a modeling perspective involves a translation in stress space. This approach is similar to 
those employed by Rumpelt (1990), Lade (2014) and Wu et al. (2017). Figure 4.18 summarizes 
the approach. 
 

 
Figure 4.18. Schematic depicting the approach for inclusion of cementation in the proposed 

failure criterion. 
 

It can be seen that the peak strength failure envelope for the uncemented sand is translated until 
it corresponds with the peak failure conditions for the cemented sand. This allows for predictions 
of the cemented strength based on the corresponding uncemented peak strength. In addition, it 
maintains the stress dependent properties. This concept can be modeled by incorporating the 
cementation component of strength into Eq. 4.3 via a power law multiplier of PT, as shown in 
Eq. 4.4, below:  
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      (4.4) 
 
This modified relationship accounts for the increased peak strength observed in laboratory data 
at low stresses, regardless of cement contents and densities. In addition, as the stress level 
increases the contributions to peaks strength from cementation does not remain constant and 
gradually diminishes. The subsequent figures show the predictions of Eq. 4.4 compared with 
laboratory data from a suite of laboratory data. The parameters α1, β1, and m1 are kept constant 
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between the cemented and uncemented states, with the effect of cementation completely 
encompassed within the PT parameter, which varies with cement content (Eq. 4.2b). Figures 4.19 
– 4.21 show the predictions and comparisons for biocemented and uncemented Ottawa 50-70 
sand specimens, which is a subrounded, fine sand with D50 = 0.22 mm reported by Feng and 
Montoya (2015) (D50 = 0.25 mm reported by Tagliaferri et al. 2011; D50 = 0.33 mm reported by 
Lin et al. 2015), emin = 0.55 and emax = 0.87, and Cu = 1.17 – 1.4. It can be seen that the values for 
α1, β1, and m1 are slightly different for each investigator. This is likely due to a number of factors 
that include the means of specimen preparation, the varying formation densities, subtle 
differences in sand batches that are attributed to slight variations in geologic composition and 
gradation characteristics, as can be seen by the reported values of D50 and Cu. Regardless, the 
variations in the failure criterion parameters fall within the range prescribed in Table 4.2.  
 

 
Figure 4.19. Predictions from Eq. 4.4 compared with data from Feng and Montoya (2015) on 

Ottawa 50-70 sand treated with MICP biocementation. (α1 = 0.9, β1 = 0.5, m1 = 0.6).   
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Figure 4.20. Predictions from Eq. 4.4 compared with data from Lin et al. (2015) on Ottawa 50-70 

sand treated with MICP biocementation. (α1 = 1.5, β1 = 0.6, m1 = 0.9).   
 

 
Figure 4.21. Predictions from Eq. 4.4 compared with data from Tagliaferri et al. (2011) on 
Ottawa 50-70 sand treated with MICP biocementation. (α1 = 1.65, β1 = 0.55, m1 = 0.75).  
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Figure 4.22 shows the comparisons for biocemented and uncemented Ottawa 20-30 sand 
specimens, which is coarser (D50 = 0.71 mm) than the Ottawa 50-70 sand, but has similar 
coefficient of uniformities (Cu = 1.0 – 1.15). The minimum void ratios (emin = 0.51) are slightly 
similar, but the maximum void ratios are not (emax = 0.74). However, the values for α1, β1, and m1 
are similar to those for the Ottawa 50-70 sand prepared by the same investigator (Lin et al. 
2015). This may indicate that the parameters are sensitive to the means of sample preparation 
(i.e., the soil fabric). Similarly, Figure 4.24 shows the comparisons for weakly cemented (using 
Portland cement) and uncemented lab mix sand comprising of Monterey #20 & #30 sand. Sitar 
(1979) prepared these specimens that resulted in a mixtures which had fine to medium sized 
grains (D50 = 0.58 mm), a coefficient of uniformity, Cu = 2.24, a minimum and maximum void 
ratio of emin = 0.58 and emax = 0.85, and a fairly high (dense) relative density of DR = 74%. 
 
Overall, the proposed failure criteria (strength index) for uncemented (Eq. 4.3) and cemented 
(Eq. 4.4) sands, give good predictions when compared to laboratory data on lightly/weakly-
cemented sands as seen from Figures 4.19 – 4.23. The ability to maintain constant base 
parameters (α1, β1, and m1) between the cemented and uncemented case provides a simple 
approach to predicting the enhancements from cementation through the use of PT. In the case of 
biocementation, the lack of robust data sets causes large uncertainties in parameter 
determination, and the inability to thoroughly investigate the associated physical representation 
of said parameters. However, the available laboratory data provides a general understanding of 
the governing mechanisms, allowing for a good formulation of model components. The initial, 
values of PT were determined through calibration using Eq. 4.4 after verifying the uncemented 
values. These determined values were subsequently used to develop the PT-CC relationship in 
Eq. 4.2b and Figure 4.4. In addition, a correct prediction of peak conditions is hinged on 
accurately determining the critical state friction angle, which is unique for a given sand as can be 
seen from Table 4.2. Moreover, the determination of the correct mean effective stress at failure 
(pf’) is also a significant factor in properly predicting the peak conditions using Eq. 4.3 or 4.4. 
This nuance is shown in Figure 4.18, where the uncemented and cemented failure stresses are 
different regardless of the shift induced by PT. Therefore, the mean effective stress at failure for 
the uncemented case does not correspond to the cemented case, and this enhancement must be 
accounted for separately (this will be detailed in Chapter 5). On the other hand, the parameters 
require further investigation to establish (and solidify) their means of determination due to their 
dependency on a number of factors that include the soil fabric (including the means of sample 
preparation), mineralogy, gradation characteristics, and possibly cementation. The need for this 
is apparent in data sets that are not fully described by the predictions of Eq. 4.3 & 4.4 as seen in 
Figures 4.24 & 4.25. The deviation from the verified uncemented behavior is observed for 
certain specimens in Figure 4.24. Likewise, a deviation from the verified cementation effect 
behavior is observed for certain specimens in Figure 4.25. In both cases, the resulting outliers 
may be a consequence of sample preparation variances, incorrect reported maximum and 
minimum void ratios, or laboratory testing errors due to nuances in testing methods and 
equipment. Again with regards to parameter determination, Table 4.2 should serve as a first 
source for recommendations on different types of sands. Irrespective of these limitations, the 
proposed failure criterion is considered an adequate tool for predicting the peak conditions of 
lightly/weakly-cemented sands, and will serve as an important component in the development of 
a corresponding constitutive model for the weakly (lightly) cemented granular materials. 
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Figure 4.22. Predictions from Eq. 4.4 compared with data from Lin et al. (2015) on Ottawa 20-30 

sand treated with MICP biocementation. (α1 = 1.2, β1 = 0.7, m1 = 0.9).  
 

 
Figure 4.23. Predictions from Eq. 4.4 compared with data from Sitar (1979) on Lab Mix – 

Monterey #20 & #30 sand treated with Portland cement. (α1 = 0.7, β1 = 0.8, m1 = 0.65).  
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Figure 4.24. Predictions from Eq. 4.3 compared with data from Feng and Montoya (2015) on 

uncemented Ottawa 50-70 sand. (α1 = 0.9, β1 = 0.5, m1 = 0.6). 
 

 
Figure 4.25. Predictions from Eq. 4.3 compared with data from Feng and Montoya (2015) on 

Ottawa 50-70 sand treated with MICP Biocementation. (α1 = 0.9, β1 = 0.5, m1 = 0.6). 
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4.4: Conclusions 
 
The proposed model components, Eq. 4.1 & 4.4, satisfy the needs of a stiffness relationship and 
failure criterion for lightly/weakly-cemented sands. In particular, Eq. 4.4 is a result of 
developments made through the incorporation of the non-linear relationship between the 
confining stress, the relative density, and dilation in granular geo-materials with regards to peak 
conditions and behavior. Similarly, Eq. 4.1 is a result of the important considerations made with 
regards to simplicity, proper description of the void ratio effect, and maintenance of the 
conventional power law for stress dependency with regards to the small stain shear stiffness 
predictions. Furthermore, both Eq. 4.1 and Eq. 4.4, account for the existence of the soil fabric 
through inherent proxies within their parameters. In detail, this is achieved in the proposed 
failure criteria (Eq. 4.4) through α1, β1, and ϕcs, while Gb contains the influence for the adopted 
maximum shear stiffness correlation (Eq. 4.1). In addition, the same parameters as well as the 
exponents m1 and n, also take into account the contributions of mineralogy. The soil fabric and 
mineralogy, in turn, lead to anisotropic attributes that enforce the necessity to encompass 
accurate predictions over multiple ranges of loading applications, such as shearing in 
compression, extension, and plane strain. Fortunately, Eq. 4.4 is capable of extending its 
predictions from the compression case into the other modes of shearing, thereby accommodating 
the influence of the intermediate principal stress. Unfortunately, the stiffness correlation requires 
additional investigation to fully account for varying stress paths. The effects of cementation is 
encompassed within the PT parameter, which can be determined through the establish 
relationship in Eq. 4.2b, while its evolution with load and deformation can be predicted using Eq. 
4.2a. The cementation parameter is directly related to the cement content, and therefore has a 
tangible physical representation. The parameters α1, β1, m1, n, and Gb also have physical 
meanings, but their relationships are not well established, requiring the need for 
recommendations unless there are available data sets that suggest otherwise.  
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Chapter 5: Constitutive Model for Weakly Cemented Sands 
 
5.1 Overview 
 
Herein the newly developed empirical relationships for the influence of cementation on the 
strength and shear stiffness characteristics of weakly cemented sands are incorporated into the 
Nor-Sand model in order to develop a constitutive model for lightly/weakly-cemented sands. 
Nor-Sand is a Cambridge-type model that was developed within the critical state soil mechanics 
framework (Jefferies 1993). It decouples the two critical state conditions, zero dilatancy and zero 
change in dilatancy, allowing for the prediction of realistic dilation rates.  
 
5.1.1: Incremental Elasto-plasticity 
 
As a first benchmark, the goal is to adequately capture the stress-strain behavior of 
lightly/weakly cemented sands. The stress-strain behavior of granular materials is non-linear and 
incremental, and currently, the “state of practice” is to employ an elastoplastic framework to 
adequately capture the associated mechanisms. This approach, and all others, follows the 
principles of effective stress by Terzaghi (1943), where any changes in effective stresses lead to 
corresponding changes in strains. The reverse is also true; therefore their relationship can be 
expressed incrementally, highlighting the dependency on the stiffness matrix C (Eq. 5.1). 
 

𝑑𝜎′ = 𝑪 𝑑𝜀 
         (5.1) 

 
5.1.1.1: Elasticity 
 
The constitutive model determines the stiffness matrix C, which is the factor responsible for 
relating increments of stresses to increment of strains, and either matrix below can represent its 
elastic form (Eq. 5.2a&b): 
 

𝑪𝒆 =  
𝐸

1+ 𝜇 1− 2𝜇

1− 𝜇 𝜇 𝜇
𝜇 1− 𝜇 𝜇
𝜇 𝜇 1− 𝜇

0

0

1− 2𝜇
2 0 0

0
1− 2𝜇
2 0

0 0
1− 2𝜇
2

 

    (5.2a) 
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𝑪𝒆 =  

𝐾 + 4
3𝐺

𝐾 − 2
3𝐺

𝐾 − 2
3𝐺

𝐾 − 2
3𝐺

𝐾 + 4
3𝐺

𝐾 − 2
3𝐺

𝐾 − 2
3𝐺

𝐾 − 2
3𝐺

𝐾 + 4
3𝐺

0

0
𝐺 0 0
0 𝐺 0
0 0 𝐺

 

    (5.2b) 
 
Here, E is the Young’s modulus, K is the bulk modulus, G is the shear modulus, µ is the Poisson 
ratio, and Ce represents the elastic form of the stiffness matrix. The superscript “e” denotes that 
the component is considered elastic, while “p” represents plastic components. Similarly, the total 
strain, dε can be decomposed into the summation of the elastic (recoverable) strains, dεe, and the 
plastic (irrecoverable) strains, dεp, (Eq. 5.3). 
 

𝑑𝜀 = 𝑑𝜀! + 𝑑𝜀! 
      (5.3) 

 
The elastic form of Eq. 5.1 is expressed by Hooke’s law, and is shown in Eq. 5.4. However, the 
elastic strain increment can be written as a function of the total strains and the plastic strains. 
Therefore, Eq. 5.4 can be re-expressed (Eq. 5.5) to include the components of the plastic strain in 
the elastic form of the stress-strain relationship. 
 

𝑑𝜎′ = 𝑪𝒆 𝑑𝜀! 
      (5.4) 

 
𝑑𝜎′ = 𝑪𝒆 𝑑𝜀 − 𝑑𝜀!  

       (5.5) 
 
The other components of the relationship, dσ’ and dεe are represented by the vectors below: 
 

𝑑𝜎! =

𝑑𝜎!!
𝑑𝜎!!
𝑑𝜎!!
𝑑𝜎!"
𝑑𝜎!"
𝑑𝜎!"

 

 (5.6a) 

𝑑𝜀! =

𝑑𝜀!!
𝑑𝜀!!
𝑑𝜀!!
2𝑑𝜀!"
2𝑑𝜀!"
2𝑑𝜀!"

 

(5.6b) 
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Eq. 5.6a&b are the stress and strain components that correspond to the stiffness matrix shown in 
Eq. 5.2a. On the other hand, Cambridge stress invariants (p’, q) correspond to the stiffness matrix 
expressed in Eq. 5.2b. For this reason, the incremental form of the mean effective stress and 
deviatoric stress, are related to the bulk modulus and shear modulus, respectively, following the 
same form as Eq. 5.1, as follows: 
 

𝑑𝑝! =  𝐾!  𝑑𝜀!! 
      (5.7a) 

 
𝑑𝑞 =  3𝐺!  𝑑𝜀!! 

      (5.7b) 
 
Here Ge is determined using Eq. 4.1, and Ke is determined as a function of Ge and µe (Eq. 5.8). 
Again, the superscript “e” denotes that the component is considered elastic.  
 

𝐾! =  
2 1− 𝜇!

3 1− 2𝜇! 𝐺! 

       (5.8) 
 
The incremental volumetric strain is a summation of the three principal strains, dεv = dε1 + dε2 + 
dε3, while the incremental deviatoric strain is of the form, dεd = (2/3)(dε1 – dε3).  
 
5.1.1.2: Plasticity 
 
The initiation of plastic behavior is assumed to occur at the yield point, and it is characterized as 
the development of irrecoverable strains. This assumption is a conventional component of most 
constitutive models. Though it has been suggested in literature that plastic (irrecoverable strains) 
and elastic (recoverable strains) behavior are simultaneously initiated at the onset of loading. 
Despite this, the components required to describe plastic behavior include the following: 
 

• A yield criterion to establish the initiation of irrecoverable deformation. It is often 
denoted as a function of stress f(σ’), but it may also be a function of the void ratio, a 
history parameter, or any other parameter, f(σ’, e, α,…). The elastic response is 
considered when f(σ’)< 0, while plastic (and elastic) response is represented by the case 
of f(σ’)= 0. Note that f(σ’) > 0 is an impossible state. 

• A flow rule and a potential function to determine the orientation and magnitude of the 
plastic strains at all yielding stress states, which controls the dilatancy of the material. 
The potential function helps to describe the direction of strain increments. The flow rule 
specifies the direction of plastic strain increments (Eq. 5.9).  
 

𝑑𝜀! = 𝑑𝜆 
𝜕𝑔
𝜕𝜎′ 

      (5.9) 
 
Here dλ is the scalar plastic multiplier or hardening term, which describes the magnitude 
of plastic strains, and g is the plastic potential function. The gradient of the potential 
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function (δg/δσ) describes the direction of the plastic strain increments, but also the 
magnitude to some extent. The model is considered associative (normality between stress 
and strain increments) if the yield function is identical to the potential function (f = g), 
and non-associative if it is not (f ≠ g). 

• Hardening laws to describe how the yield stress evolves with additional plastic work, i.e., 
strain hardening or strain softening. 

• As expressed in the previous section, a means to describe the elastic response. However, 
when the flow rule (Eq. 5.9) is introduced into the updated elastic incremental stress-
strain relationship (Eq. 5.5), the result is a representation of the stress-strain behavior 
based on an elastic stiffness that accounts for the evolution of plastic behavior with 
regards to magnitude and orientation; the hardening rule (Eq. 5.10) 
 

𝑑𝜎′ = 𝑪𝒆  𝑑𝜀 − 𝑑𝜆 
𝜕𝑔
𝜕𝜎′  

      (5.10) 
 
5.1.1.3: Elastoplasticity 
 
The yield criterion establishes a yield surface in stress space that defines the elastoplastic states. 
The surface must be convex, and during plastic yielding, the stress states must remain in contact 
with the yield surface in order satisfy the consistency condition (Eq. 5.11b; Prager 1956). In 
other words, at the onset of plastic behavior, the yield surface must grow to accommodate the 
new state of stresses and accumulated deformation (or strains). Therefore, at yield: 
 

𝑓 𝜎′, 𝜀! =  0 
      (5.11a) 

 
And: 

𝑑𝑓 𝜎′, 𝜀! =  
𝜕𝑓
𝜕𝜎′𝑑𝜎

! +  
𝜕𝑓
𝜕𝜀! 𝑑𝜀

! =  0 

      (5.11b) 
 
If the yield equation is a function of additional parameters, the consistency condition (Eq. 5.11b) 
will comprise of partial derivatives corresponding to each parameter. These additional 
parameters may control the change in size and orientation of the yield surface, or change in 
shape. Taking into consideration the consistency condition (Eq. 5.11b), the flow rule-augmented 
incremental stress-equation (Eq. 5.10) can be re-expressed in terms of gradients of the yield and 
plastic potential function, as well as the evolution of the yield surface with respect to the plastic 
strains (Eq. 5.12). 
 

𝑑𝜎! =  𝑪𝒆 1−

𝜕𝑓
𝜕𝜎′

!
𝑪𝒆 𝜕𝑔

𝜕𝜎′
𝜕𝑓
𝜕𝜎′

!
𝑪𝒆 𝜕𝑔

𝜕𝜎′ −
𝜕𝑓
𝜕𝜀!

! 𝜕𝑔
𝜕𝜎′

𝑑𝜀 

       (5.12) 
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Here, !"
!!!

! !"
!!!

 is the hardening component. The incremental form shown in Eq. 5.12 is used 
in most constitutive models as the required stress-strain relationship. It relates the incremental 
stress to the incremental strain through an elasto-plastic stiffness (Eq. 5.13a&b). 
 

𝑑𝜎′ = 𝑪 𝒆𝒑𝑑𝜀 
      (5.13a) 

 

𝑪𝒆𝒑 =  𝑪𝒆 1−

𝜕𝑓
𝜕𝜎′

!
𝑪𝒆 𝜕𝑔

𝜕𝜎′
𝜕𝑓
𝜕𝜎′

!
𝑪𝒆 𝜕𝑔

𝜕𝜎′ −
𝜕𝑓
𝜕𝜀!

! 𝜕𝑔
𝜕𝜎′

 

      (5.13b) 
 
Here Cep is the elasto-plastic stiffness matrix. 
 
5.2: Existing Constitutive Models for Cemented Sands 
 
Most models developed for cemented granular materials are augmentations of existing models 
for uncemented soils. The primary form of most implemented augmentations is the introduction 
of a cementation (or bond enhancement) dependence into the yield relationship. Fauriel (2012) 
gives a survey of available cemented soil models in geotechnical engineering, which is also 
detailed below with some additions for completeness. 
 
Hirai et al. (1989) developed a two yield surface model based on Modified Cam Clay (MCC). 
The effect of bonding was incorporated via a cohesion parameter within the MCC plastic 
potential. However, in their model the cohesion terms does not evolve with deformation. As 
such, the degradation of the bonds, and in turn, the observed strain softening in cemented sands 
is not properly described. 
 
Rumpelt (1990) developed a multi surface model based on two constitutive model approaches. 
One was an augmentation of a single yield surface model based on MCC (Modified Cam Clay), 
in which the cementation was incorporated through the inclusion of a shift in the mean effective 
stress axis. However, this approach does not account for cementation degradation. In addition, it 
also suffers from the setbacks inherent to the MCC model such as difficulty describing the 
behavior of overconsolidated soils or dense sands. The second augmentation was a multi-surface 
model based on the Cap model by Desai and Siriwardane (1986). Cementation is captured 
through a cohesion term and the parameters must be curve fitted for the cemented soil using 
optimization techniques and sensitivity analysis to find the best combination of parameters to 
describe the development of the cap and the material hardening. This approach allows for proper 
description of the strain softening that occurs as a result of cementation degradation. 
 
Gens and Nova (1993) developed a single yield surface model based on MCC that incorporated 
the effects of cementation as a shift in the mean effective stress axis. It also includes a “damage-
type” model relationship between the bond component, and the volumetric and deviatoric strains. 
This accounts for the degradation of cementation effects. However, there is no means to directly 
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evaluate the value of the bonding at any stage. Later, Nova et al. (2003) extended this model to 
include degradation as a consequence of mechanical and chemical forces: however, they are 
assumed to affect internal variables only and not material properties. 
 
Damage type model approaches include Desai and Toth (1996), who proposed a disturbed state 
concept. Chazzalon and Hicher (1998) presented an elastoplastic model that incorporated an 
elastic damage model to describe the mechanical response of bonded granular material. This 
approach allowed for the independent prescription of the frictional and cohesive aspects of the 
material. Liu and Carter (1999) Developed a model that relates the nonlinear proportionality of 
the reduction in pore space (void ratio) of cemented soil to the ratio of the current stress over the 
initial yield limit as measure of damage. However, the parameter that governs the nonlinear 
proportionality has values that fall within a significantly wide range for a given soil.  
 
Alternatively, multi-surface models have been proposed by a variety of researchers. Kavvadas 
and Amorosi (2000) developed a two surface model with kinematic hardening. One surface was 
an initial plastic yield surface. The other was an external bond strength envelope. Rouainia and 
Wood (2000) developed a bubble model with kinematic hardening based on MCC. This model 
has three surfaces that include a reference surface, a structure (bonding/cement) surface, and a 
bubble surface, which encompasses the elastic states but moves with the current stress. Each 
surface is identical in shape to the MCC yield surface, and the bond surface evolves with 
deformation, thereby accounting for cement degradation. 
 
Vatsala et al. (2001) introduced an elastoplastic model for cemented soils based on MCC with a 
multi phase approach within the framework of hardening plasticity. The model distinguishes the 
aspects of cemented soils as a composition of the contributions from uncemented soil skeleton, 
as well as the contributions from the cement bonds. The deformation of the structured soil is 
based on the state of stresses in the uncemented soil skeleton (as in the reconstituted state), and is 
prescribed using the MCC approach. On the other hand the cement bonds only offer additional 
resistance at any given strain level, and is described using an elastoplastic model. 
 
A kinematic hardening model was introduced by Baudet and Stallebraass (2004). It is a three 
surface kinematic hardening model called the Sensitivity Three Surface Kinematic Hardening 
model (S3-SKH) for bonded soils. One surface was a history surface, the other a yield surface, 
and the last a sensitivity surface, which accounted for bond degradation. 
 
A model based on homogenization technique was introduced by Hicher et al. (2008). It is based 
on the grain scale interactions of bonded soils. The model was formulated to accommodate 
cohesive frictional materials through a homogenization technique, which integrated the adhesive 
forces between grains to capture the influence of the cement bonds. After this, the equations 
were obtained for the equivalent continuous granular medium. 
 
Most recently, Fauriel (2012) presented a multiphysical model for biocemented soils. It is a two 
yield surface model based on the Cam Clay approach. One surface represents the states of the 
uncemented component. The other is identical in shape and represents the states of the cemented 
component. The cementation yield surface is an enhancement of the uncemented states due to the 
effects of bonding and densification, which is related to the increased strength and stiffness. The 
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enhancement is a function of the volumetric component, and therefore the pre-consolidation 
stress. The model includes a relationship for de-bonding, and therefore cement degradation. It 
assumes that the cementation only affects the internal variables and not material properties. 
However, friction angle is considered a material property only. 
 
5.3: Nor-Sand Model 
 
Nor-Sand is a simple elastoplastic, bounding surface model with a hardening law that is related 
to the critical state theory via the introduction of the state parameter index (Jefferies 1993). Nor-
Sand decouples the two conditions of critical state (D = δεv/δεd = 0; δD/δεd = 0) with the 
introduction of a new yield surface deemed the maximum yield surface. However, unlike the 
subloading surface model by Hashiguchi (1979) and Hashiguchi and Chen (1998), a 
modification of the consistency condition (Eq. 5.11b) is not required, as the new surface is 
estimated from dilatancy characteristics of the soil. Hashiguchi’s approach is typically employed 
in order to improve upon the prediction capabilities of the model during (and after) peak 
conditions. The yield equation and flow rule are derived in the same manner as the original Cam 
clay, which is based on Taylor (1948) stress-dilatancy relationship. The difference in Nor-Sand 
is the introduction of a dilatancy parameter N, to accommodate varying levels of dilation 
inherent to different sands. Nova (1982) suggested an augmented flow rule, which is similar to 
Eq. 2.11b and is expressed in Eq. 5.14. 
 

𝜂 = 𝑀 + 𝑁 − 1 𝐷 
       (5.14) 

 
To determine the associated yield functions, Eq. 5.14 is integrated in its differential form and the 
derivation approach must distinguish between two cases (N = 0, which corresponds to Original 
Cam-Clay, and N > 0). This leads to two yield functions, but only one is permitted for a given 
soil (Eq. 5.15a&b). 
 

𝑓 =  𝜂! −  
𝑀
𝑁 1+ 𝑁 − 1

𝑝!

𝑝!

!
!!!

     𝑓𝑜𝑟 𝑁 > 0 

       (5.15a) 
 

𝑓 =  𝜂! −  𝑀 1+ 𝑙𝑛
𝑝!

𝑝!
     𝑓𝑜𝑟 𝑁 = 0 

      (5.15b) 
 
This result is in part a consequence of the fact that the dilatancy parameter N alters the shape of 
the yield surface (Figure 5.1). Additionally, the constant determined for the differential equation 
is in terms of the image pressure pi, which is the pressure of the yield function at critical state, 
but it is also related to the pre-consolidation pressure pc, that is used in Cam-Clay. The image 
pressure is the mean effective stress at critical state (pcs = pi), or the pressure corresponding to 
the summit of the yield surface. pi is estimated using Eq. 5.15c.  
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Figure 5.1. (Left) Nor-Sand yield surface for varying values of the dilatancy parameter N (Fern 

2016). (Right) The yield surfaces for the yield and potential function (Fern 2016). 
 

𝑝! = 𝑝!
1

1− 𝑁 −
𝑁

1− 𝑁
𝑞
𝑝!𝑀

!!!
!

 

      (5.15c) 
 
The maximum image pressure pi,max, estimates the size of the maximum yield surface, and 
accounts for the second condition of the critical state theory (δD/δεd = 0). The maximum image 
pressure is estimated based on the dilatancy characteristics of the sand. In particular, it is a 
function of the minimum dilatancy rate Dmin (or the largest “negative” dilation rate, δεv/δεd), the 
critical state stress ratio M, and the dilatancy parameter N (Eq. 5.16a-c). 
 

𝑝!,!"# = 𝑝′ 1+ 𝐷!"#
𝑁
𝑀

!!!
!

    𝑓𝑜𝑟 𝑁 > 0 
       (5.16a) 

 

𝑝!,!"# = 𝑝!𝑒𝑥𝑝 −
𝐷!"#
𝑀     𝑓𝑜𝑟 𝑁 = 0 

       (5.16b) 
 

𝐷!"# =  𝜒
𝑀!

𝑀!"#
𝜓! 

      (5.16c) 
 
Here MTXC represents the critical state stress ratio for triaxial compression conditions, while Mθ 
represents the augmentation (or extension) to account for the behavior in generalized stress space 
via the lode angle. The parameter ψi is the state parameter at the image condition (state 
parameter value at pi), and is based on the distance between the current void ratio and the critical 
state void ratio established by the critical state line, which can be estimated using Eq. 2.17. The 
state parameter introduces density dependency into the model where dense volumetric states are 
captured when ψi < 0, and loose volumetric states are captured when ψi > 0. This characteristic 
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distinguishes it from many other Cambridge models. The model parameter χ is the dilatancy 
coefficient, and it can be determine using laboratory test. χ is also a proxy for the soil fabric. It is 
important to also note that the pi,max is also stress dependent. 
 
Evoking the consistency condition for Nor-Sand results in the incremental stress-strain equation 
of Eq. 5.17a. 
 

𝑑𝜎! =  𝑪𝒆 1−

𝜕𝑓
𝜕𝜎′

!
𝑪𝒆 𝜕𝑔

𝜕𝜎′
𝜕𝑓
𝜕𝜎′

!
𝑪𝒆 𝜕𝑔

𝜕𝜎′ −
𝜕𝑓
𝜕𝑝!

𝜕𝑝!
𝜕𝜀!

! 𝜕𝑔
𝜕𝜎′

𝑑𝜀 

      (5.17a) 
 

Where the partial derivatives are expressed in Eq. 5.17b - m 
 

𝜕𝑓
𝜕𝜎′ =  

𝜕𝑓
𝜕𝑝!

𝜕𝑝!

𝜕𝜎′ +  
𝜕𝑓
𝜕𝑞

𝜕𝑞
𝜕𝜎′+  

𝜕𝑓
𝜕𝑀

𝜕𝑀
𝜕𝜃

𝜕𝜃
𝜕𝜎 ′  

      (5.17b) 
 

𝜕𝑓
𝜕𝑝! =  −

𝑀
𝑁 1+

𝑁 − 1
1− 𝑁

𝑝!

𝑝!

!
!!!

    𝑓𝑜𝑟 𝑁 > 0 

       (5.17c) 
 

𝜕𝑓
𝜕𝑞 = 1 

      (5.17d) 
 

𝜕𝑓
𝜕𝑀  =  −

𝑝!

𝑁 1+ 𝑁 − 1
𝑝!

𝑝!

!
!!!

     𝑓𝑜𝑟 𝑁 > 0 

       (5.17e) 
 

𝜕𝑓
𝜕𝑝!

=   
𝑁 − 1
1− 𝑁𝑀

𝑝!

𝑝!

!
!!!

    𝑓𝑜𝑟 𝑁 > 0 

      (5.17f) 
 
Here, the partial derivative for δg/δσ is identical to δf/δσ. The partial derivatives for the stress 
invariants (p’, q, θ) are shown in Eq. 5.17g-i.  
 

𝜕𝑝!

𝜕𝜎′ =  1/3 1/3 1/3 0 0 0 ! 
       (5.17g) 
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𝜕𝑝!

𝜕𝜎′ =  
3
2𝑞

𝑠! 𝑠! 𝑠! 2𝑠! 2𝑠! 2𝑠! ! 

      (5.17h) 
 

𝜕𝜃
𝜕𝜎′ =  

3

2 cos 3𝜃 𝐽!
!
!

𝜕𝐽!
𝜕𝜎′−

3 𝐽!
2 𝐽!

𝜕𝐽!
𝜕𝜎′  

      (5.17i) 
 
The partial derivative δM/δθ can be based on the Matsuoka-Nakai 1974 approach, but this form 
is implicit and therefore expensive to solve due to the required iterative process. Jefferies and 
Shuttle (2011) proposed an explicit function for M that would approximate the Matsuoka-Nakai 
model (5.17j&k). 
 

𝑀! =   𝑀!"# −  
𝑀!"#
!

3+𝑀!"# cos
3𝜃
2 + 𝜋4

 

      (5.17j) 
 

𝜕𝑀
𝜕𝜃 =   −

3𝑀!"#
!

2  
sin 3𝜃

2 + 𝜋4

3+𝑀!"# cos
3𝜃
2 + 𝜋4

! 

      (5.17k) 
 
Unlike typical Cambridge models, the hardening rule for Nor-Sand is not derived from the 
normal consolidation line, but rather it is based on the work energy dissipated by the 
accumulated plastic deviatoric strain. Nor-Sand relates the strain hardening and strain softening 
rate to the distance between the current state (current image pressure) to the final state (the 
maximum image pressure), as can be seen in Figure 5.2. At the onset of loading and afterwards, 
the stress state is elastic until it reaches the yield surface. At the initiation of yielding, the surface 
grows (or shrinks) until the maximum yield surface is reached where both conditions of critical 
state are satisfied, and p’ = pi = pi,max. The hardening component is also a function of the 
hardening modulus H, which acts as an adjuster/controller for the amount (or rate) of energy 
dissipation that will occur (Eq. 5.17l&m). Note that H is a parameter that needs to be curve fitted 
on a sand-specific basis in order to determine its value, and it is independent of sand density 
(Jefferies 1993).  
 

𝜕𝑝!
𝜕𝜀!

! = 𝐻 𝑝!,!"# − 𝑝!  

       (5.17l) 
 

Although, Jefferies and Shuttle (2002) suggest a hardening component that is stress dependent, 
which can be extended for the general stress space (Eq. 5.17m). 
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𝜕𝑝!
𝜕𝜀!

! = 𝐻
𝑀!

𝑀!"#

𝑝!

𝑝!

!

𝑝!,!"# − 𝑝!  

      (5.17m) 
 

 
Figure 5.2. Schematic of the Nor-Sand Hardening mechanism. (Left) Strain hardening. (Right) 

Strain softening (Fern 2016). 
 
Nor-Sand assumes normality between stress and strain increments. However, non-associativity is 
induced by an augmentation of the dilatancy parameter, N, as suggested by Borja and Andrade 
(2006). Specifically, Borja and Andrade (2006) suggest the introduction of a different dilatancy 
parameter Nf for the yield function, while maintaining the current parameter (N = Np) for the 
potential function. Andrade (2006) discerned the difference, showing that Nf was greater than Np. 
It is important to note that evoking both function would result in the existence of two image 
pressures, pi,f, and pi,p, for the yield and potential respectively, as can be seen in Figure 2.5 
(right).  
 
Overall, Nor-Sand is very sensitive to density (Fern et al. 2015) due to the fact that the peak 
conditions are predicted as a consequence of dilatancy, which in turn is estimated as a function 
of the volumetric state via the state parameter index. This is unlike the use of the pre-
consolidation pressure as a history variable in Cam-Clay. In addition, like most Cambridge-type 
models, Nor-Sand assumes the sand is homogeneous and isotropic, and as a result is incapable of 
capturing strain localization. Irrespective of the previously mentioned nuances, Nor-Sand gives 
great estimates and predictions of the behavior for a variety of sands, accounting for strain 
hardening and softening, and therefore properly describing peak conditions. Figure 5.3a-d shows 
the predictions of Nor-Sand compared to triaxial compression tests by Feng and Montoya (2015) 
on Ottawa 50-70 sand. Similarly, Figure 5.4a-d shows the predictions of the Nor-Sand model 
compared with triaxial compression tests by Sitar (1979) on Monterey sand mix (#20 & #30). 
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Figure 5.3. Nor-Sand predictions compared to TXC test data by Feng and Montoya (2015) on 

Ottawa 50-70 sand at varying relative densities and confinement (100, 200, 400 kPa). 
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Figure 5.4. Nor-Sand model predictions compared with TXC test data by Sitar (1979) on 

laboratory mixture of Monterey #20 & #30 sand at DR = 74% and varying confining stresses (35, 
103, 310, 414 kPa). 
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5.4: Nor-Sand Model for Weakly Cemented Sands (NWeCe) 
 
The incorporation of the influence from cementation into a constitutive model requires first and 
foremost, a base model that adequately predicts the behavior of the uncemented state. With 
reference to Eq. 2.11a 𝜏

𝜎𝑛′
= 𝜇𝑐𝑠 +

𝛿𝜀𝑣
𝑝

𝛿𝛾𝑝
 and Figure 2.15, it can be assumed that the introduction 

of cementation into a specimen, especially weak/light cementation, will not necessarily alter the 
internal friction.  However, the shear stress required to induce a deformation is expected to be 
higher for the cemented case than the uncemented case. This suggests that the effect of 
cementation on the stress-dilatancy relationship shown in Eq. 2.11a&b (η = M + D), has to be 
accounted for in the dilation (grain interlocking) portion. The effect of cementation is expected 
to enhance the dilatancy term (D or δεv/δγ), while the critical state stress ratio (M or µcs or ϕcs) 
remains constant  effects of cementation in sands manifests primarily as enhancements in 
dilatancy characteristics. In the case of Nor-Sand, this requires that the parameter of interest that 
should be augmented to include cementation dependency is the image pressures pi and pi,max. 
This approach then requires that the consistency equation be augmented to include dependencies 
on the image pressure and cementation effect. Therefore, the parameter PT must also be included 
within the altered consistency condition (Eq. 5.18a&b). 
 

𝑑𝑓 =  
𝜕𝑓
𝜕𝜎′𝑑𝜎′+  
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       (5.18a) 
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      (5.18b) 
 
The altered consistency condition (Eq. 5.18a&b) combined with the flow rule (Eq. 5.9) can be 
used to derive a new incremental stress-strain equation that accounts for the effects from 
cementation, and the associated degradation with loading (Eq. 5.19a). 
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       (5.19a) 
 

Here, the first portion that multiples the change in strain is considered the elasto-plastic stiffness 
matrix Cep, while the second portion that multiplies the change in cementation effect is the 
cementation stiffness matrix Ccem. Therefore, Eq. 5.19a can be rewritten in a concise form as 
shown in Eq. 5.19b. 
 

𝑑𝜎! =  𝑪𝒆𝒑 𝑑𝜀 −  𝑪𝒄𝒆𝒎 𝑑𝑃! 
       (5.19b) 
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The cementation increment dPT is simply the difference in the value of PT (determined via Eq. 
4.2a-c) from the current state and previous state. The cementation stiffness matrix hinges on the 
evolution of the image pressure with regards to the cementation parameter. As such, a 
relationship between the image pressure pi, and the cementation parameter PT is required.  
 
The image pressure is the indicator of the stress at which yielding will occur. However, for 
weakly (lightly) cemented sands, the yield stress is often a close approximation, if not equal to, 
the peak stress. The similarities in the value between both the stresses are accurate when sheared 
at low stress levels where abrupt degradation initiates upon yielding. This notion of equality in 
value between yield and peak stress may not be sufficient when sheared under high stress levels 
where there are typically clear distinctions between the two conditions. Regardless, this 
assumption is adopted herein, ignoring stress dependency, and the enhanced image pressure pi(Pt), 
is expressed as a function of the cementation parameter. This is achieved by employing the 
cementation inclusion portion of the proposed cemented failure criterion (Eq. 4.4). The 
suggested relationship is shown in Eq. 5.20. 
 

𝑝!(!!) =  𝑝! 1+
𝑃!
𝑃!"#

!!

 

       (5.20) 
 
It can be seen that the expression is based on a power law relationship. The school of thought 
embraced to achieve the above result, compared the uncemented yield surface with a yield 
surface that was fixed at the initial confining pressure (or initial mean effective stress), and then 
shifted into the tensile range of the mean effective stress axis.  
 
This approach satisfies the necessary requirement for strength at zero confinement for cemented 
soils. The shift was induced to crudely represent the cohesive failure envelope of cemented sand. 
Unfortunately, this particular yield surface contradicts the established notion that the critical state 
is unaffected by light cementation. As a result, the associated enhanced image pressure was 
shifted back into correspondence with the appropriate critical state line (Figure 5.5). In Figure 
5.5, the location of grey dot projected unto the mean effective stress axis corresponds to the 
image pressure for the uncemented state. In the same manner, the yellow dot corresponds to the 
image pressure as a result of the shift (represented by the black arrow) of the yield surface by PT. 
Similarly, the red dot in Figure 5.5 corresponds to the cement enhanced image pressure, which 
was achieved through a back shift (represented by the green arrow) by the same PT. This image 
pressure is considered to be the accurate (equivalent) enhanced image pressure for the given 
cementation level (PT = 50 kPa), stress level (po’ = 100 kPa), dilatancy parameter (N = 0.3), and 
critical state stress ratio (M = 1.3). The partial derivative of pi with respect to PT can be 
determined as: 
 

𝜕𝑝!
𝜕𝑃!

=  𝑚! 𝑝!  𝑝!"#!!! 𝑝!"# + 𝑃! !!!! 

       (5.21) 
 
Here, the recommendation is m2 = 0.5, unless there is sufficient available data to suggest 
otherwise. The determination of pi,max is identical to Eq. 5.16a&b, the incorporation of 
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cementation is enforced through augmentation in the means of estimating Dmin. First, the 
determination of the dilation angle Ψ = ϕpk – ϕcs is achieved through the proposed cemented 
failure criterion (Eq. 4.4). Once the dilation angle is estimated using Eq. 4.4, the maximum axial 
dilation rate D1,max, can be determined based on the suggestion by Bolton (1986), which is shown 
in Eq. 2.28c&d. The axial dilatancy rate relationship is rewritten in Eq. 5.22a&b. 
 

Ψ = 1.25 𝜙!" − 𝜙!"  
      (5.22a) 

 

𝐷!,!"# =  
2 sinΨ
1− sinΨ 

       (5.22b) 
 
 

 
Figure 5.5. Yield surfaces using Nor-Sand corresponding to the uncemented, cemented with a 

shift in the mean effective axis, and cemented with appropriate enhancements. Grey dot 
corresponds to the location of the uncemented pi, yellow dot = shifted cemented pi, red dot = 
cementation enhanced pi. The black arrow represents the initial shift by PT, while the green 

arrow represents the exact reverse shift to correct for the CSL. 
 
An empirical relationship exists between the minimum dilatancy Dmin, and the maximum axial 
dilatancy D1,max that is shown in Eq. 5.23. 
 

𝐷!"# =  
−𝐷!,!"#

1+
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3

 

      (5.23) 
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Eq. 4.4 in conjunction with Eq. 5.16a&b, and 5.22 – 5.23, are used to estimate a cementation 
enhanced maximum image pressure. This accounts for cementation in the hardening component 
as pi,max is expected to be enhanced by the presence of cementation. Although this may be true, it 
poses a slight conflict with regards to the augmentation of the consistency condition. If the 
enhancement can be captured within pi,max, then it can be argued that consistency condition 
should remain unaltered due to the fact that the hardening component, which dictates the amount 
and rate of strain softening or strain hardening, accounts for the effect of cementation. At the 
same time, there are difficulties inherent to capturing strain softening in constitutive models that 
lead to an independent incorporation of cementation evolution via the establishment of a 
cementation stiffness matrix.  
 
From a modeling point of view, strain softening involves the shedding of load carrying capacity, 
which must be redistributed to the adjacent soil particles (or elements) to preserve equilibrium of 
forces (Rumpelt 1990). The difficulties in adequately capturing strain softening behavior in 
sands stems from the fact that this redistribution load may also cause failure in the in adjacent 
elements leading to further shedding, thereby initiating instability that may cause propagation of 
subtle errors. A possible solution would be to significantly reduce the load increment, but this 
becomes relatively computationally expensive. Another issue that arises during strain softening 
conditions is one of uniqueness in the solution of the stress-strain relationship. In essence, a 
strain softening material exhibits a unique stress for a given strain, but the reverse is not true 
(Rumpelt 1990). This challenge still exists in constitutive modeling regardless of the method of 
implementation (finite element, finite different, e.t.c), and the introduction of a cemented 
stiffness is an approach taken to partially circumvent this difficulty. 
 
5.5: Simulation of Triaxial Compression Tests on Lightly Cemented Sand with NWeCe 
 
A MATLAB code was written to demonstrate the predictive capabilities of the NWeCe model. 
As such, an associative approach was adopted in this code iteration to show results from a single 
element level, in comparison with existing laboratory data. Figures 5.6a-d show the model 
comparison with TXC test data by Feng and Montoya (2015) for loose to medium dense (DR = 
48.4%) material treated with MICP biocementation under various levels of confinement. The 
sand specimen with CC = 2.4% was sheared under 200 kPa confinement, whereas the other two 
(CC = 0% and CC = 4%) were sheared under 400 kPa confinement. In Figure 5.6a, the predicted 
peak conditions are relatively in line with laboratory data, but the model under predicts the 
cemented behavior. This is likely due to the PT-CC relationship being fairly conservative due to 
the limitation on available data. The strain softening behavior is captured quite well by the 
model. However, the under predicted peak condition leads to a slight shift in position. Moreover, 
in Figure 5.6a, the critical state condition (or preferably residual conditions) for the cemented 
sand does go slightly below the uncemented sand, and this is likely due to the PT degradation 
relationships failure to reach a plateau in the appropriate strain range. Figure 5.6b shows the 
volumetric behavior, and it can be seen that the dilation prediction is conservative relative to the 
laboratory test data, with the model again under predicting the dilatancy behavior. Figure 5.6c 
shows that the stress paths predicted are in line with experimental observations, but during 
softening there is a very insignificant deviation. Figure 5.6d shows the volumetric evolution with 
stresses (e-log p’) and most of the model predictions are in good agreement with the 
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experimental data. The exception is the uncemented specimen, which is believed to likely 
contain an error accumulated during the laboratory data processing or recording.  
 
Figure 5.7a-d shows the model comparison with TXC test data by Sitar (1979) for dense (DR = 
74%) material treated with low levels (CC = 2%, CC = 4%) of Portland cement under 414 kPa 
confinement. Figure 5.7a shows the stress-strain curves for the laboratory data and model 
predictions. The uncemented stress strain curve predicted by the NWeCe model is in line with 
experimental data, but the cemented curves are under predicted. Similar to the previous figure, 
this is likely a consequence of the cementation parameter relationship (Eq. 4.2c), which depends 
on the parameters “Z” and “r”. These suggest that the relationship between PT and CC is possibly 
over conservative, and more data is required to fully define their correlation. On the other hand, 
the predicted stiffness appears to be satisfactory, although the issue remains that the peak 
conditions are not being captured appropriately. Figure 5.7b depicts good agreement between the 
predicted and experimental volumetric behavior, but after 5% axial strain the model over predicts 
the dilation characteristics. This may be due to the associativity (flow rule) assumed in the 
MATLAB code. In Figure 5.7c, the predicted stress path matches the experimental stress path, 
but there is a very insignificant deviation towards the end of the softening phase as it approaches 
critical state. This is likely a consequence of the cementation degradation relationship, which 
was calibrated with few available shear stiffness triaxial test (via bender elements) on lightly 
cemented sands. Furthermore, the cementation degradation at the shear banded location is not 
representative of the global behavior, causing a slight disconnect in the formulation of a cement 
degradation relationship or scheme. This issue persists regardless of modeling approach or 
method. Still, it is important to note that as the confining pressure increases, a TXC specimen 
will exhibit an increasing width of the shear banded zone, approaching general shear conditions. 
Figure 5.7d shows good agreement between the predicted and experimental void ratio evolution 
with stress level. Though the under prediction of the peak conditions is also apparent in the e-log 
p’ space. 
 
5.6: Validation and Verification of NWeCe Parameters 
 
Table 5.1 details the parameters used by the model to simulate the TXC test performed by Feng 
and Montoya (2015) and Sitar (1979). In general, the model requires 22 parameters, of which 14 
govern the uncemented behavior, 5 govern the cemented behavior, and 3 are initial condition 
variables. The uncemented parameters are inherited from the base Nor-Sand model with the 
exception of the dilatancy coefficient χ, which was replaced with the proposed failure criteria 
parameters (Eq. 4.4) α1, β1, and m1. Most parameters can be determined experimentally, except 
the failure criterion parameters (α1, β1, m1), the cementation degradation parameters, Eq. 4.2a (ad, 
bd), the cementation enhancement parameters, Eq. 4.2b (Z, r), and the hardening modulus H. 
However, it is assumed that the previously mentioned parameters (except H) may have 
deterministic capabilities via experimental procedures i.e., gradation curves and strength test, but 
further investigation is required that is not available during this dissertation effort.  
 
The model predictions are in good agreement with the test on biocemented sands performed by 
Feng and Montoya (2015). This is not the case for the simulations of Portland cemented sands by 
Sitar (1979). This may be a consequence of model calibration, as the cementation features in the 
model are better calibrated to the data set produced by Feng and Montoya (2015), particularly the 



 114 

PT-CC relationship. Sensitivity analysis was performed for variations of α1, β1, m1, as well as ad, 
bd, Z, and r, in order to reveal the range on possible predictions, and display the influence of each 
parameter within the NWeCe model. Table 5.2 details the default parameters used during the 
sensitivity analysis. Figure 5.8 and Figure 5.9 present the sensitivity analysis for the cementation 
enhancement and degradation parameters, and proposed failure criterion parameters, 
respectively.  
 

Table 5.1. Model parameters for TXC test simulations using NWeCe  
  Feng and 

Montoya 
(2015): 

Ottawa 50-
70 Sand 

Sitar 
(1979): 

Monterey 
(#20 & #30) 
Sand Mix 

Uncemented 
Parameters 

Shear Stiffness Coefficient, Gb 400 250 
Shear Stiffness Power Law exponential, n 0.5 0.5 
Poisson Ratio, µ 0.25 0.25 
Critical State Effective Stress Ratio, M 1.25 1.25 
Dilatancy Parameter, N 0.37 0.3 
Minimum Void Ratio, emin 0.55 0.58 
Maximum Void Ratio, emax 0.87 0.85 
Crushing Pressure, Q  (kPa) 10000 10000 
Hardening Modulus, H 250 250 
Failure Criterion Parameter 1, α1 0.9 0.7 
Failure Criterion Parameter 2, β1 0.5 0.8 
Failure Criterion Parameter 3, m1 0.6 0.65 
Specific Gravity of Sand, Gs 2.65 2.65 
Atmospheric Pressure, patm   (kPa) 101.3 101.3 

Cemented 
Parameters 

Cementation Degradation Parameter 1, ad 1.2 1.2 
Cementation Degradation Parameter 2, bd 1.2 1.2 
Cementation Enhancement Parameter 1, Z 3 3 
Cementation Enhancement Parameter 2, r 0.15 0.15 
Specific Gravity of Cement, Gsc 1.62 3.2 

State Values 
Cement Content, CC (%) 0, 2.4, 5.1 0, 2, 4 
Initial Void Ratio, e0 0.715 0.65 
Initial Confining Stress, p0'  (kPa) 200, 400 414 
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Figure 5.6. NWeCe model predictions compared with TXC test data by Feng and Montoya 

(2015) on Ottawa 50-70 sand. 
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Figure 5.7. NWeCe model predictions compared with TXC test data by Sitar (1979) on 

laboratory mix of Monterey #20 & #30 sand. 
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Table 5.2. Default model parameters used for sensitivity analysis of the NWeCe model 

Uncemented 
Parameters 

Shear Stiffness Coefficient, Gb 400 
Shear Stiffness Power Law exponential, n 0.5 
Poisson Ratio, µ 0.25 
Critical State Effective Stress Ratio, M 1.3 
Dilatancy Parameter, N 0.3 
Minimum Void Ratio, emin 0.55 
Maximum Void Ratio, emax 0.87 
Crushing Pressure, Q  (kPa) 10000 
Hardening Modulus, H 250 
Failure Criterion Parameter 1, α1 1 
Failure Criterion Parameter 2, β1 1 
Failure Criterion Parameter 3, m1 0.55 
Specific Gravity of Sand, Gs 2.65 
Atmospheric Pressure, patm   (kPa) 101.3 

Cemented 
Parameters 

Cementation Degradation Parameter 1, ad 1.2 
Cementation Degradation Parameter 2, bd 1.2 
Cemetation Enhancement Parameter 1, Z 3 
Cemetation Enhancement Parameter 2, r 0.15 
Specific Gravity of Cement, Gsc 1.62 

State Values 
Cement Content, CC (%) 3 
Initial Void Ratio, e0 0.715 
Initial Confining Stress, p0'  (kPa) 100 

 
Figure 5.8a-c show the influence of the cementation degradation parameters. It can be seen that 
the stress-strain and volumetric response are insensitive to variations greater than approximately 
ad = bd = 1, but values below this threshold exhibit incorrect changes in the behavior as can be 
confirmed via the erroneous stress-path in Figure 5.8c. This flawed stress path is likely a 
manifestation of inaccurate cementation degradation effect during the aggregation of the stiffness 
matrix. Therefore, accurate representation of the cementation degradation is necessary to 
correctly predict the behavior of lightly cemented sands, and verification of an adequate 
expression of the degradation requires analysis from the stress path perspective. Figure 5.8d-f 
shows the influence of Z on the predictive capabilities of the model. It can be seen that Z 
significantly influences predicted peak conditions and dilative tendencies, which is the desired 
outcome since the model is formulated on the basis that cementation enhances dilative 
characteristics. Increasing values of Z increases the predicted peak conditions Figure 5.8g-i 
shows the influence of r, which controls the rate of increase in cementation enhancement with 
cement content. This parameter is quite sensitive to variations, suggesting that the possible 
ranges of values is limited approximately r < 1, with values exceeding this threshold leading to 
“stiffness locking” and instability in the model predictions. 
 
Figure 5.9a-c displays the influence of α1, which also governs peak behavior and dilative 
tendencies due to the fact that it acts as a multiplier within the proposed failure criteria (strength 
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index). As the value of α1 increases, so does the predicted peak response and rate of dilation. 
Moreover, α1 may also pose as a proxy for soil fabric in combination with the critical state 
friction angle. Figure 5.9d-f shows the influence of β1 on the NWeCe model predictions. It can 
be seen that as the value of β1 increases, the less dilative (more contractive) the response. This 
indicates that β1 may be related to the crushing threshold of the grains, with higher values 
corresponding to a lower crushing threshold and therefore increased contractions, and vice versa. 
This can also be concluded from the observed reduction in predicted peak strength and stiffness 
with increasing β1 in the stress-strain relationship (Figure 5.9d). Figure 5.9g-i shows the 
influence of the exponent m1. The predicted stress-strain curves indicate some relation to the 
stiffness, with increasing values leading to stiffer response. However, the volumetric response is 
relatively insensitive to variations in m1. 
 

 
Figure 5.8. Sensitivity analysis of NWeCe model simulations for variations in the cementation 
degradation parameters (ad, bd), Eq. 4.2a, and cementation enhancement parameters, PT (Z, r), 

Eq. 4.2b. 
 
5.6.1: Limitations of NWeCe  
 
NWeCe employs Nor-Sand as the foundation for its formulation. As a result, it also inherits the 
associated limitations. In this case, NWeCe exhibits sensitivity to density, albeit not on the same 



 119 

level as Nor-Sand due to the replacement of state index with the proposed failure criterion (Eq. 
4.4) during the prediction of the maximum yield surface. The failure criterion uses the relative 
density as a volumetric variable, slightly reducing its sensitivity. However, the issues pertaining 
to accurately determining the maximum void ratio still persists. Moreover, the model (both Nor-
Sand and NWeCe) were developed for triaxial conditions, and caution should be taken when 
extending its capabilities to non-triaxial stress space. In addition, as a result of adopting critical 
state theory, the model considers the sand to be homogeneous and isotropic, which is a simplistic 
approach to addressing complex observations in cemented sands. Furthermore, NWeCe also 
suffers from the need for the evaluation of multiple parameters that are yet fully defined, though 
most do exhibit some relation to experimental results that must be further investigated. 
Regardless, the NWeCe model is capable of predicting the behavior of lightly cemented sands 
using a single set of parameters for cemented and uncemented states, with the difference being 
the cementation effect paramater, making it a valuable research tool in the analysis of lightly 
(and potentially naturally) cemented material. 
 

 
Figure 5.9. Sensitivity analysis of NWeCe model simulations for variations in the proposed 

failure criterion (strength index; Eq. 4.4) parameters (α, β, m).   
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5.7: Conclusions 
 
A constitutive model for weakly (lightly) cemented sands, NWeCe based on modified Nor-Sand 
model is introduced. Nor-Sand is augmented and extended to incorporate the effects of 
cementation via an enhancement of the dilative characteristics by introducing a cemented shear 
stiffness modulus and cemented failure criterion. The resulting model can predict the behavior of 
cemented sands for any volumetric state and stress state. Due to the nature of weak (light) 
cementation, the model only captures the behavior up to a cement content of approximately 5 – 
6%, after which the predictions are unreliable. This is a result of the assumption that the void 
space reduction due to cementation is insignificant for weakly (lightly) cemented sands. This 
notion does not hold true for higher levels of cement content were the voids might be completely 
filled, diminishing the granular characteristics (behavior) of the sand. Nonetheless, the model 
requires 22 parameters to capture the increase in peak strength as a result of the cement bonds 
increasing the dilative tendencies of the material, and only one set of parameters is needed for a 
given soil, except cement content whose value differs between both states. It also, accounts for 
the increased strain softening behavior as a result of significant reduction in dilatancy due to 
cement degradation via deviatoric-based hardening, as well as the correlation between 
cementation and confinement. These attributes are achieved without inducing a shift in the mean 
effective stress axis/space, or fully augmenting the consistency condition (introduced a 
cementation dependency for the prediction of the maximum yield surface), which is the major 
difference from other cemented sand models. 
 
 
 
 
 
 
 



 121 

Chapter 6: Conclusions and Future Research 
 
The objective of this dissertation was to develop a constitutive model capable of predicting the 
behavior of sands that have been enhanced by the introduction of low levels of cementing agents. 
These sandy soils are considered weakly (lightly) cemented as the cementation does not fill the 
voids but locks the granular arrangements with the establishment of cement bonds at the 
interparticle contacts. Moreover, the observed behaviors of these types of materials are 
unconventional, with a given soil displaying both “rock-like” and “granular-like” responses 
under loading. The following sections highlights the key findings presented in this dissertation. 
 
6.1: Mechanics of Uncemented Sands 
 
In order to understand the underlying stress-strain response of cemented sands, the factors that 
govern the behavior of uncemented sands were thoroughly reviewed, particularly as they pertain 
to the strength and stiffness. Specifically, the influence of the volumetric state on the behavior of 
uncemented sands was shown to be well represented by the void ratio, with the relative density 
(which is a function of void ratio) providing a means to compare different types of sands. The 
stress state also plays a significant role in the behavior of uncemented sands, especially with 
regards to the onset and magnitude of grain (particle) crushing. There is an inverse relationship 
between the volumetric and stress state, with lower void ratios (higher densities; dense) 
exhibiting strong non-linear behavior under low to moderate stress levels, whereas high void 
ratios (lower densities; loose) exhibit similar non-linear response at very low stress levels. This 
non-linearity, which is deemed to be a consequence of dilation, diminishes as the stress levels 
increases and this is attributed to the crushing of grains.  
 
The stress-dilatancy theory effectively expresses the strength of sands in terms of dilatancy and 
friction, adhering to the influence of the volumetric and stress state. The corresponding critical 
state theory establishes a reference point that provides a means to adequately describe the 
evolution of dilatancy and its relation to the observed mechanical response of uncemented sands. 
Multiple relationships that attempt to describe the strength of sand by means of a failure criterion 
were reviewed, with all following a stress based approach, and some incorporating some 
dependency on the initial volumetric state. 
  
6.2: Mechanics of Cemented Sands  
 
Lightly (weakly) cemented sands can be produced artificially via biocementation techniques like 
Microbial Induced Calcite Precipitation (MICP), or through traditional methods involving 
Portland cement mixing. Lightly cemented sands are also prevalent in nature, and form as a 
result of weathering and depositional processes. The important features of lightly cemented sand 
behavior are the enhancements in the strength and stiffness, and the degradation or pronounced 
“softening” when the cementation bonds break down. The difference in mechanical response of 
cemented and uncemented sands is a consequence of the cementation influencing the stress-
strain response of cemented soils. In cemented sands, the dilative characteristics at low confining 
stresses are enhanced due to the bonds strengthening the interlocking mechanisms of the 
particles, negating compressibility, reducing contractive tendencies, and thereby increasing the 
observed strength and stiffness. Once the cementation bonds are degraded, the sands attain 
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critical state similar to the uncemented sand behavior seen from the end of the softening phase 
(degradation) in the stress-strain, stress ratio-dialtancy, and void ratio-confinement relationships. 
Though, it is important to note that critical state is never fully realized due to strain localization 
and the resulting concentration of deformation within a well-defined shear band. In addition, 
there is an inverse relationship between the stress state and cementation effect, with cementation 
governing the response at low stress levels but having a diminishing influence as the stress level 
increases. The gradation characteristics and grain shape of the uncemented sand particles also 
significantly influence the behavior of cemented sands, as the configurations of the particles in 
relation to the cement may affect the outcome of the observed behavior of said material. For 
example, smaller particles may produce more contact areas for the cementing agent to 
accumulate, leading to a markedly higher enhancement effect. While large particles for a similar 
level of cement content, will have less contact locations and therefore, less observed 
enhancements.  
 
6.3: Cemented Sand Model Components 
 
Two empirical relationships were devised to describe the strength and shear stiffness of 
cemented and uncemented sands, with attention placed on incorporating the capability of 
depicting both states with one set of parameters. This allows for an efficient representation of the 
evolution of cementation in sands under loading and deformation. The parameter PT captures 
holistically the effects of cementation, and is expressed as a function of the cement content (CC). 
In addition, a cementation degradation relationship is defined as an exponential decay function, 
where PT decreases proportionally with accumulated strain. The cementation effect is introduced 
into both empirical relationships via a power law dependency. This ensures adherence to the 
inverse correlation between the stress state (confinement) and the enhancements from 
cementation. Only one set of parameters is required by both relationships to describe the 
behavior of sands, while the effect of cementation is integrated via PT, whose definition requires 
4 parameters (2 govern the initial enhancement, and the other two govern the degradation) and 
one state variable (CC). It is shown that both models are capable of describing the cemented and 
uncemented strength and stiffness while capturing the degradation of the cementation effects. 
 
6.4: Constitutive Model for Lightly Cemented Sands 
 
Nor-Sand, a “bounding surface” type plasticity model, was chosen as the base model due to its 
emphasis on dilation as a means of describing its “bounding surface” which  can model the peak 
strength  of the material. The Nor-Sand model was extended to develop a new constitutive model 
for cemented sands dubbed NWeCe (Nor-Sand for Weakly-Lightly Cemented sands). The new 
model incorporates the components devised to describe the strength and stiffness of cemented 
and uncemented sands into Nor-Sand, updating its determination of the stiffness matrix and its 
definition of the failure envelope. Due to the assumption that the cementation effect is contained 
primarily within the dilatancy characteristics, the determination of the maximum image pressure 
was altered via the proposed cemented sand failure criterion. This approach changed the size of 
the maximum yield surface (bounding surface), and in turn the failure envelope, allowing for the 
increased peak strength provided by cementation and strain softening. The yield surface is 
assumed to be unaffected by the presence of light cementation, and as such, the image pressure 
remains unaltered between the uncemented and cemented states. However, in order to maintain 
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coherence between predicted stresses and strains, the image pressure had to incorporate some 
measure of the cementation effects. This was achieved by amending the image pressure 
component within the consistency condition, leading to the establishment of a cementation 
stiffness matrix. This aspect of the model provides another means to account for evolution of 
cementation without inducing a shift in stress space while maintaining balance with the enhanced 
hardening rule. 
 
The NWeCe model requires 7 additional parameters, of which 3 (α, β, m) replaced the χ 
parameter used by the original Nor-Sand model to predict the maximum image pressure, while 
the other 4 parameters (Z, r, ad, bd) govern the magnitude and degradation rate of the 
cementation effect. The approach adopted during calibration of the cementation parameters was 
conservative due to a limited availability of data on lightly cemented sands. Thus, the model may 
underpredict the peak strength of cemented sands for a given level of cement content. 
 
6.5: Limitations, Recommendations, and Future Research 
 
In its current form, the NWeCe model should serve as a valuable tool in the static and monotonic 
analysis of artificially and naturally weakly (lightly) cemented sands. The usage of the model in 
a robust fashion, as in practical field applications, is limited by the following: 
 

• Relative dearth of consistent experimental data covering the full range of loading 
conditions and stress paths on the same material;  

• Conservative representation of the cementation relationship due to limited data on lightly 
cemented sands; 

• Possible incompatibilities between the base stiffness matrix and cemented stiffness 
matrix within the incremental relationship that stems from disparities with the stiffness 
and failure criterion cementation value; 

• Established challenges of adequately capturing strain softening, and the hypothesized 
enhancements of the issue as a consequence of cementation effects; 

• The existence of combined failure mechanisms that comprise of tension induced failure 
(from cement bonds) in addition to shear induced failure (from inherent granular 
behavior), and their stress dependency, particularly at low to moderate stress levels; 

• The assumption of homogeneity by the Nor-Sand model due to its adoption of critical 
state theory, and the associated violation as a result of increased strain localization from 
the presence of cementation; 

• Lack of dynamic loading capabilities and description of associated deformations; 
 
Some of the aforementioned limitations may be addressed through the performance of more 
laboratory tests at varying stress levels, volumetric states, and cement contents in order to 
produce the necessary data on lightly cemented sands. This could be achieved through the 
employment of MICP, as it ensures an approximately reproducible cemented specimens. The 
availability of a larger data set will provide a means to further develop the current cementation 
effect relationships, particularly the PT-CC correlation. Also, the effect of cementation on the 
yield relationship requires further investigation to establish a well-defined connection, and refine 
the modeling approach. In addition, the observed strain localization behavior that manifest as 
shear banding must be address, albeit in a simplistic manner initially, in order to properly capture 
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strain softening as a consequence of cementation degradation and reduction in dilatancy. This 
can be accomplished through the formulation of a more rigorous hardening rule. Likewise, a 
dynamic component can be introduced in future iterations of the model, allowing for the 
description and prediction of the cyclic response of lightly cemented sands, and potentially 
incorporating the ability to capture liquefaction behavior. 
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Appendix A: Biocementation 
 
A.1: Overview 
 
Recent inter-disciplinary research between geotechnical engineers and life scientist have led to 
the establishment of integrated solutions that may serve as innovative methods to address 
common problems faced in current infrastructure designs and implementations. These integrated 
solutions fall into two categories: Bio-inspired solutions, and bio-mediated solutions. Both are 
housed under to emerging sub-discipline of biogeotechnics (DeJong et al. 2017), with latter 
being the primary focus of many investigations over the past decade, while the former is still in 
its infancy with regards to research. Bio-inspired solutions adapt evolutionary mechanisms from 
natural structures or beings, and incorporate their advantages in engineering applications and the 
implementation of solutions (Helms et al. 2009; DeJong et al. 2017; Frost et al 2017). On the 
other hand, bio-mediated solutions incorporate actual biological processes, mechanism, and 
beings in the engineering solutions and implementations (Mitchell and Santamarina 2005; 
DeJong et al. 2010, 2013). For this dissertation, focus will be placed on bio-mediated solutions. 
Developments in bio-mediated research had led to the advancements of biocementation methods 
and techniques, particularly for use in granular geo-materials. The applications of 
biocementation include but are not limited to: 
 

• Dust control and suppression of erosion via wind of water, i.e. scour (Bang et al. 2011; 
Jiang et al. 2014; Jiang and Soga 2016; Khan et al. 2016; Shanahan and Montoya 2016; 
Zhan et al. 2016; Amin et al. 2017; Zhan and Qian 2017). 

• Use as construction material, i.e. for economically disadvantages region via “Bio-brick” 
(Bang et al. 2001; Bernadi et al. 2014; Singla et al. 2016; Grabeic et al. 2017). 

• Low intensity soil improvement for foundation systems (Ivanov and Chu 2008; Martinez 
and DeJong 2009; van Passen 2009; Gomez et al. 2015; Carmona et al. 2016; Jawad and 
Zheng 2016). 

• Ground improvement for seismic hazard mitigation, i.e. liquefaction (Inagaki et al. 2011; 
Mortensen ad DeJong 2011; Montoya et al. 2013; O’Donnell 2016; Han et al. 2016). 

 
Other possible applications include bioremediation (Etemadi et al. 2003; Khachatoorian et al. 
2003; Cornu et al. 2017), healing of cracks/fractures in concrete or rocks (Gollapudi et al. 1995; 
Tiano et al. 1999; Dick et al. 2006; Yang et al. 2011; Montoya and DeJong 2013; Bucci et al. 
2016; Minto et al. 2016), and oil and extraction (Ferris and Stehmeier 1992; Latil et al. 2008). 
These biocementation techniques are a form of artificially induced cementation methods, and are 
considered sustainable in comparison to their traditional counterparts, which use heavy embodied 
energy materials such as Portland cement. However, it must be emphasized that even though bio-
based solutions present a potential environmentally conscious alternative, they are not inherently 
sustainable as situational nuances pertaining to material logistics and the associated cost-benefit 
analysis (transportation of materials, by-product management, e.t.c), may possibly deem the 
application of biocementation on a project to be on par with conventional options. One aspect of 
the bio-mediated solution that maintains superiority to the traditional methods is the means and 
ease of application. Biocementation methods and techniques do not require robust machinery 
(i.e. large rigs), high-energy forms of applications (i.e. vibrations), or extensive pre-work (i.e. 
excavations). Therefore, the aforementioned traits in combination with its long-range injection 
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equipment, allows for a low-disruptive execution that can be enacted under a variety of 
circumstances (underneath or near existing structures) that would be unfeasible for the traditional 
options (DeJong et al. 2013). Biocementation methods and techniques employ biogeochemical 
reactions in order to precipitate calcium carbonate (calcite, CaCO3) in granular geo-material 
(Whiffin 2004; DeJong et al. 2006). The calcium carbonate precipitation attaches to the grains, 
coating and binding them at the contact points, slightly filling pores, and increasing roughness 
(Figure A.1; DeJong et al. 2010). This enhances the mechanical properties of the granular 
material due to changes in soil fabric (Figure A.2), changing the behavior of the treated soil from 
granular to “rock-like” with increasing cement content.  
 

 
Figure A.1. Display of precipitated calcite configurations in granular geo-material at the grain 

scale. Top: Schematic from Montoya (2012) Dissertation. Bottom: Scanning Electron 
Microscope (SEM) image from DeJong et al. (2006). Dark gray color depicts the voids, the 

medium gray color depicts the grains, and the light gray color depicts the calcite cementation. 
 

With that in mind, one can deduce that there is a resemblance between the biocementation 
process (explicitly, artificial biocementation) and precipitation that occurs in natural formations. 
In particular, the biocementation process is analogous to the natural cementation of many sands 
such as those in beachrock or calcified stromatolites (Moore 1987; van Passen 2009; Figure A.3). 
The biological precipitation of calcium carbonate is a common process in soil, fresh water, and 
marine water (Boquet et al. 1973). In nature, calcite precipitates in-situ as a cementing agent 
through two different mechanisms. First, it precipitates as a result of supersaturated conditions in 
calcium-rich water. Second, calcite can form from chemical exchanges at the water-soil grain 
interface (Ismail et al. 1999). In essence, biocementation emulates the natural cementation 
process that occurs in sands, taking the form of the early stages of diagenesis (or lithification). 
This makes artificial biocementation an ideal method to use in investigating the mechanics of 
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naturally weakly cemented sands, where sensitivity to disturbance would destroy any (or all) 
trace of the initial soil fabric under normal exploration and extraction processes.  
 
 

 
Figure A.2. Schematic overview of bio-mediated process ([-] = chemical concentration, Ω = 

resistivity, Vp = compression wave velocity, Vs = shear wave velocity; from DeJong et al 2010). 
 

 
Figure A.3. Calcified Stromatolites on the eastern shore of Lake Clifton, Yalgorup National 

Park, Western Australia. Formed from intrusion of calcium and bicarbonate rich ground water 
combined with the metabolism of benthic microbial community of algae (Moore 1987; van 

Passen 2009 ). 
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Ground improvement method to mitigate unfavorable soil conditions (Karol 2003), and 
biocementation offers an innovative alternative. Artificial biocementation can be accomplished 
using three methods, each with varying techniques (Khodadadi et al. 2017). They are: 
 

• Microbially Induced Calcite Precipitation (MICP). 
• Enzyme Induced Calcite Precipitation (EICP). 
• Microbially Induced Desaturation and Precipitation (MIDP). 

 
The methods are used to induce an increase alkalinity (increase pH), but vary in their means of 
achieving this goal.  
 
MICP 
 
MICP is the prevailing method used to induce biocementation as it has been the primary option 
for the majority of research in the bio-mediated realm. The most common technique within 
MICP employs the use of bacterial metabolic activity in the form of urea hydrolysis to induce 
alkalinity enhancements (DeJong et al. 2006; Whiffin et al. 2007; DeJong et al. 2010; Gomez et 
al. 2014; Gomez et al. 2016), but there are other techniques that make use of bacterial processes 
such as denitrification (Karatas et al. 2008; van Passen et al. 2010b; Hamdan 2013; Ersan et al. 
(2015); O’Donnell 2016), iron reduction, sulfate reduction (Ivanov et al. 2012), and oxidation of 
organic matter under aerobic conditions. Aerobic oxidation of organic matter, iron reduction, and 
sulfate reduction are inefficient processes, as they require large quantities of input products 
(substrate solution) to yield sufficient precipitation (Ivanov and Chu 2008). Moreover, in the 
case of sulfate reduction, there is the associated highly toxic by-production of odorous hydrogen 
sulfide. For these reasons, aerobic oxidation, iron and sulfate reduction are less desirable MICP 
techniques that are not recommended for use or up-scaling. On the other hand, denitrification 
offers the most efficiency with regards to cementation precipitation yield and it produces not 
toxic by-product if complete chemical reactions occur. However, the rate of precipitation is time 
intensive, and potential incomplete reactions may emit greenhouse gases such a nitrous oxide 
(N2O) (Hamdan et al. 2017). Urea hydrolysis is an efficient process with regards to cementation 
precipitation yield but less so than denitrification. It compensates by exhibiting a high rate of 
precipitation, making it the preferred technique in MICP. Still, the generation of unwanted 
byproducts such as ammonium (NH4+) may pose a significant threat to groundwater. 
Nevertheless, urea hydrolysis (ureolysis) offers a feasible medium, though advancements in 
denitrification techniques may improve its applicability. Biocementation through MICP via urea 
hydrolysis will be the primary focus of this dissertation. Figure A.4 summarizes the MICP 
techniques showing the associated chemical reaction equations and oxidation, oxidation 
capabilities, and associated Gibbs Free Energy rating. This rating system represents the 
thermodynamic favorability of the reaction process, where negative values indicate an exergonic 
process (that is the reaction requires no initiation energy) and more highly negative values are 
more favorable. However, note that thermodynamic favorability does not determine reaction rate. 
 
EICP 
 
EICP also uses urea hydrolysis but without the bacterial metabolic activity. Specifically, EICP 
uses urease enzymes to initiate urea hydrolysis and induce alkalinity (Larsen et al. 2008; 
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Neupane et al. 2013, 2015a&b; Oliviera et al. 2016; Yasuhara et al. 2016). These urease enzymes 
can be found in a variety of organism such as algae, yeast, or the bacteria used in MICP; but they 
can also be extracted from agricultural sources such as soybeans, jack beans, watermelon seed, 
and pea seeds. The use of enzymes provide the ability for EICP to be used in finer grained 
granular geo-materials due to lack of constraints from bacterial dimensions. In addition, the lack 
of restrictions from bacterial characteristics (i.e. microbial cell transport) allow for significantly 
high precipitation rates. Unfortunately, increasingly high precipitation rates pose a challenge 
with regards to the crystalline structure of the calcium carbonate material, particularly the 
stability chemically and physically. A primary drawback of EICP is the acquisition of urease 
enzymes. Currently, agricultural sources establish competition or compliance with 
pharmaceutical companies leading to significant financial costs. 
 

 
Figure A.4. Summary of the MICP techniques (from DeJong et al. 2010). 

 
MIDP 
 
MIDP is primarily based on the use of denitrification as a “first-tier” bio-mediated solution for 
seismic hazard mitigation of liquefaction. Denitrification use bacteria to anaerobically oxidize 
organic matter to generate biomass, nitrogen gas (N2), and inorganic carbon (Rebata-Landa 
2007; Hamdan 2013; van Passen et al. 2010b; He et al. 2013; He and Chu 2014; O’Donnell 
2016; Hamdan et al. 2017). The generated nitrogen gas can be used as a means to desaturate the 
soil (nitrogen gas is relatively insoluble), while the inorganic carbon is used to precipitate 
cementation in the treated sand. In essence, MIDP is a biocementation method that combines the 
enhancements in mechanical properties of granular geo-material with the effects of the 
desaturation. This provides a unified method that offers both short and long term types of 
mitigation in desaturation and carbonate precipitation, respectively (O’Donnell 2016; Khodadadi 
et al. 2017). MIDP uses a substrate that includes nitrate, acetate, calcium, and general nutrients, 
to activate indigenous denitrifying bacteria, and initiate dissimilatory reduction of nitrate in order 
to produce nitrogen gas and subsequent precipitation of calcium carbonate (Rebata-Landa and 
Santamarina 2012; O’Donnell 2016; Pham et al. 2016, 2017a). Similar to MICP and ECIP, 
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uniformity of treatment in the associated soil is the primary challenge of MIDP. Fortunately, 
MIDP is its early stages and more research is being conducted that will lead to significant 
advances. 
 
A.2: Biocementation (MICP) Chemistry 
 
As previously mentioned, artificial biocementation is analogous to natural biological 
precipitation of calcium carbonate. Generally, precipitation occurs when cations and anions in 
aqueous solution combine to form insoluble ionic solids as a result of ionic concentrations 
exceeding certain thresholds inherent to the chemical properties. In the case of artificial 
biocementation methods, precipitation of calcium carbonate is a result of supersaturated 
conditions (DeJong et al. 2006) in alkaline environments, causing the carbonate (or bicarbonate) 
ions to combine with dissolved calcium ions, creating the cementing agent. Supersaturation is a 
phase where there is an imbalance of one or more ionic concentrations in solution, increasing the 
probability of occurrence for aggregation in order to re-establish equilibrium. The required 
alkalinity of the environment is of utmost importance as it ensures the presence of adequate 
bicarbonate ions. The MICP technique in particular, uses bacteria such as S.pasteurii to initiate 
urea hydrolysis, converting urea in the presence of water into ammonia and dissolved carbon 
dioxide. The ammonia and dissolved carbon dioxide diffuse through the bacterial cell wall, and 
in the presence of water undergo equilibrium reactions, producing ammonium and hydroxide 
ions (from the ammonia and water), as well as bicarbonate (from the carbon dioxide, turned 
carbonic acid, followed by deprotonation due to the presence of hydroxide ions that came from 
protonating ammonia in the urea).  
 
The establishment of the hydroxide ions and bicarbonate ions induce an increase in the alkalinity 
of the environment (pore fluid), and with the addition of a dissolved calcium source, 
supersaturation (Kohnhauser 2007) can be established through increasing concentrations of one 
or both, bicarbonate or calcium. Stocks-Fischer et al. (1999) suggests an optimal pH levels 
within the range of 8.3 – 9.0. Once this is achieved within the chemical reactions, the 
precipitation of calcium carbonate will be initiated, cementing the grains at the contact points 
where the microbes act as a nucleation site. The precipitation at the contact points is due to the 
fact that as nutrients are introduced to the treatment zone, they tend to accumulate at those 
locations, as they comprise the boundary of the pore throats through which fluid travels (Bouwer 
et al. 2000; Oliviera et al. 2003; Hall-Stoodley et al. 2004; Falk and Wuertz 2007; Montoya 
2012). Figure A.5 portrays a schematic summarizing the whole process. It should be noted that 
during the precipitation, calcium carbonate undergoes phase changes before reaching the final 
calcite form. These include the amorphous calcite phase, the vaterite phase, and the final calcite 
phase. These phases express the crystalline structure formation of the cementing agent, and the 
resulting product is dependent of the reaction rate for precipitation. The amorphous calcite holds 
the weakest structure (it is typically spherical in nature and metastable) and does not constitute a 
sufficient cementing agent. Vaterite improves upon the amorphous stage (intermediate transition 
between spherical and cubical crystal structure) but still suffers from the same setbacks of 
structure. In addition, it may not be chemically stable, and may be easily dissolved via minerals 
in found in common water sources. The final calcite form comprises of the optimal crystalline 
structure (cubical in nature), making for a sufficient cementing agent (Terzis et al. 2016). 
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A.3: Process and Implementation 
 
The process of implementing MICP generates constraints that vary depending on the 
magnitude/scale of treatment. In addition, one must consider a number of factors that include but 
are not limited to the pore-water chemistry, injection methods, bacterial presence/concentration 
(and transport if needed), bacterial stimulation, nutrient transport, nutrient/chemical 
concentrations within injection fluids, permeability, treatment time, and in general the treatment 
environment (Molenaar and Venmans 1993, Hall et al. 2004, Mozley and Davis 2005, Mortensen 
et al. 2011). 
 
A.3.1: Microbial Consideration 
 
For the MICP biocementation techniques, the microbes (bacteria) determine the effectiveness of 
the treatment. In the case of urea hydrolysis, aerobic bacteria are required in order to facilitate 
the necessary chemical reactions. Bacillus Pasteurii and Sporosacina Pasteurii are the two most  

 
Figure A.5. Schematic summarizing the complete MICP technique using urea hydrolysis process. 

(augumented from DeJong et al. 2010). 
 
popular options as they contain the highly active urease enzyme, do not aggregate ensuring high 
cell surface to volume ratio (for cementation purposes), resistant to high concentrations of 
ammonium, and are typically capable of being transported through the pore throats of finer sandy 
material (Whiffin 2004; DeJong et al. 2006). The compatibility between the size of the pore 
throats in the soil matrix and the size of the microorganism is another significant factor to 
consider in MICP biocementation. The size of the pore throats must be able to allow free passage 
during bacterial transport, before and after precipitation of calcium carbonate. This is because a 
reduction of pore space occurs after biocementation that is dependent on the level of treatment 
(as the level of treatment improves, the magnitude of volume change increases). Furthermore, the 
size of the pore throats is dependent on the sizes of the smaller fraction of particles in the soil. 
This is approximately 20% of the soil particles that correspond to 10% passing in a mechanical 
sieve analysis (Holtz and Kovacs 1981; Montoya 2012). In granular geo-materials with coarser 
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grains, this pore throat requirement is most often satisfied, but finer granular materials stand as 
the lower limit of specimens that are treatable via MICP techniques. Mitchell and Santamarina 
(2005) claim that bacteria are not expected to enter through pore throats smaller than 0.4 µm, 
whereas fungi and other protozoa require pore throats greater than 6 µm for transport and 
passage. Figure A.6a-b shows the relationship between pore sizes, grain sizes, and size of 
organisms.  
 

 
Figure A.6. (a) Top: Compatibility relationship for microbes in soils indicating growth of 

bacterial cell from volume increase due to calcite precipitation on cell surface (from Mitchell and 
Santamarina 2005). (b) Bottom: Microorganism-pore throat size relationship (from Mitchell and 

Santamarina 2005). 
 
A.3.2: Bio-augmentation and Bio-stimulation 
 
There are two distinct methods of implementing MICP biocementation techniques: Bio-
augmentation and Bio-stimulation. Bio-augmentation involves the ex-situ growth of exogenous 
bacteria, which is followed by injection into the soil and transportation to the target area. This 
method of implementation is the conventional option, and was the original means of inducing 
biocementation in research investigations (DeJong et al. 2006; van Passen et al. 2009; Montoya 
et al 2011; Bernardi et al. 2014; Feng and Montoya 2015; Montoya and DeJong 2015). 
Conversely, bio-stimulation requires the activation of the urease activity in indigenous bacteria 
in-situ (Fujita et al. 2000, 2008; Burbank et al. 2011, 2013; Gomez et al. 2014, 2016). The 
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implementation process under bio-augmentation involves the growth of the bacterial culture, 
introducing the culture into a transport medium containing nutrients and a fixation formula, and 
subsequent injection into the treatment zone. After waiting for the microbes to attached to the 
grains, a cementation fluid containing urea, calcium chloride (CaCl2), additional nutrients, and a 
pH stabilizer is injected into the treatment zone. At this point urea hydrolysis and the associated 
reactions that lead to precipitation should initiate. Multiple cycles (flushes) may be enacted to 
attain the desired level of cementation. In the case of bio-stimulation, a solution containing urea, 
yeast extract, sodium acetate, and ammonium chloride are injected into the treatment zone to 
enrich native existing microbes in order establish the desired metabolic capabilities via urease 
enzymes (Gomez et al. 2016). As a result, there is no need to grow bacterial culture and then 
transport to the required zones. Furthermore, unlike bio-augmentation, bio-stimulation is not 
restricted by pore throat size requirements due to the possible presence of native ureolytic 
bacteria. It was hypothesized that bio-stimulation would produce microbes that exhibit slower 
metabolic rates (slower rates of urea hydrolysis) than bio-augmented bacteria grown in the 
laboratory, but Burbank et al. (2011), Cheng et al. (2013), and Gomez et al. (2016) have shown 
that native ureolytic microorganisms are capable of achieving comparable metabolic activities 
and precipitation yields. Thus, stimulation is favored over augmentation due to the reduction in 
implementation steps, which will be beneficiary when costs are factored. 
 
A.3.3: Injection Schemes and Precipitation Rates 
 
As mentioned, for MICP biocementation techniques (and majority of other biocementation 
methods), the delivery of the treatment solution (augmenting solution, stimulating solution, 
cementation solution) into the subsurface is accomplished via injection points. There are two 
primary injection schemes and they vary by rate of flow, as well as chemical concentrations (Al 
Qabany et al. 2011; Martinez et al. 2013, 2014). They include: 
 

• Discrete Injections (stopped/pulse flow) 
• Continuous Injections (continuous flow) 

 
Discrete injections schemes involve the introduction of high flows via short duration pulses with 
longer intermediate retention times. On the contrary, continuous injection schemes maintain 
continuous flow (or re-circulation) of treatment solution. Continuous injections tend to develop 
preferential precipitation near the inlet source due to lower flux rates that may not be 
significantly higher than the hydrolysis rate. As a result, there are higher concentrations of 
reactions occurring near the source and lower concentrations farther away. This leads to potential 
clogging (or plugging) by precipitation at (or near) the injection source, and an uneven 
distribution of calcium carbonate throughout the treatment zone (Martinez et al. 2013). On the 
other hand, discrete injections are expected to provide a better distribution of cementation 
(exhibits a more uniform yield in calcium carbonate profiles) due to the approximately even 
distribution of nutrients and chemicals. This is most likely the result of the high flow rates that 
exceed the hydrolysis rate in combination with the extended intermediate retention periods where 
time is available for the treatment ingredients to reach the entire target zone (Al Qabany et al. 
2011; Martinez et al. 2013). Surprisingly, continuous injection schemes displays higher 
precipitation efficiency because more calcium carbonate precipitation occurs where more 
hydrolysis reactions take place (where more urea is consumed). However uniformity of calcium 
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carbonate precipitation throughout the treatment zone is more desirable than spastic distribution 
of high calcite concentrations. For this reason, discrete injection schemes are preferred over 
continuous injection schemes. Figure A.7 shows the comparisons between both injection 
schemes.  

 
Figure A.7. Effect of varying injection schemes (Continuous vs. Discrete) on the MICP 

improvements. (a) – (b) are shear wave velocity time histories. (c) – (d) are end-of-test calcium 
carbonate profiles. “BA” stands for biological amendment (injection source) (augmented from 

Martinez et al. 2013). 
 
Chemical concentrations of the treatment solution also determine cementation efficiency. In 
particular, the strength of the precipitated cementing agent (calcium carbonate) is dependent of 
the chemical concentrations of the treatment fluid (Al Qabany and Soga 2013). Al Qabany and 
Soga (2013) found that lower chemical concentrations (i.e. urea and calcium chloride) in MICP 
treatments solutions produced better distribution of calcite precipitation and consistent, 
sufficiently sized crystals. As the chemical concentrations were increased, the uniformity of both 
the distribution and the crystal size decreased. Similarly, they also found that lower 
concentration treatment solutions yielded higher sample strength. This indicates that the increase 
in strength is directly related to uniform distribution of the precipitated calcite cement. 
Furthermore, the notion that uniformity is more important that precipitation efficiency (large size 
crystals) is supported, as high concentrations, though having a larger variety (and range) of 
crystal sizes, yield treatment strengths that are not sufficient due to spastic distributions of 
calcium carbonate precipitation. Figure A.8 depicts the comparisons of the effect on strength 
from both levels of chemical concentration in MICP technique treatments. Another explanation 
for the reason behind the variation in strength could be due to the fact that low chemical 
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concentrations gradually decrease the permeability, allowing for better distribution of calcite 
crystals, which equates to better strength. Whereas, high chemical concentrations lead to rapid 
decrease in permeability, poor distribution and therefore lower strengths (Gomez et al. 2015). 
 

 
Figure A.8. Unconfined compressive strength (UCS) vs. calcium carbonate precipitation for 

varying relative densities (RD) showing the effects of different levels of chemical concentrations 
in the MICP treatment solution. (a) Top: High chemical concentrations, 0.5 M (molar). (b) 

Bottom: Low chemical concentrations, 0.1 M (augmented from Al Qabany and Soga 2013). 
 
A.3.4: Chemically Induced Calcite Precipitation 
 
For completeness, it is relevant to note that carbonate cementation can also be artificially 
precipitated using a primarily chemical induced method such as the Calcite In-situ Precipitation 
System (CIPS), a proprietary method developed by the Commonwealth Scientific and Industrial 
Research Organization, Australia (Kucharski et al. 1996; Ismail et al. 2002a). 
 
A.3.5: Field Scale Implementation 
 
Recent investigation into large scale and field scale implementation of the MICP biocementation 
technique were performed by van Passen (2009), van Passen (2011), Gomez et al. (2015), 
Gomez et al. (2016), and Gomez (2017). Large-scale implementations include the treatment of 1 
m3 and 100 m3 box of sand (Figure A.9a-b; van Passen 2009; van Passen et al. 2010), and the 
treatment of two 0.68 m3 tanks of sand comparing bio-augmentation and bio-stimulation (Gomez 
et al. 2016; Gomez 2017). Successful field scale implementations include the cementation of 
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loose gravel for borehole stability in the Netherlands (van Passen 2011), bioclogging to reduce 
leakage through water-retaining construction in the Netherlands and Austria (Van Meurs et al. 
2006; Blauw et al. 2009), and surficial treatments to reduce (or prevent) erosion at a mine site in 
Saskatchewan, Canada (Gomez et al. 2015). These examples suggest that biocementation 
methods using MICP techniques are effective in large and field scale applications. The remnant 
caveat is the cost-competitive nature of implementation and raw materials, which must be 
comparable to the traditional ground improvement/alteration methods (Khodadadi et al. 2017). 
Therefore further optimization of the biocementation process is required in order to expedite its 
widespread use in practice. 
 

 
Figure A.9. (a) Left: 1 m3 box of MICP biocemented sand. (b) Right: 100 m3 box of MICP 

biocemented sand (from van Passen 2009). 
 
A.4: Environmental Factors 
 
The hydrolysis of urea via urease enzymes in the microbes is the catalyst that initiates the 
biocementation process in MICP techniques. As such, it is important to consider factors that may 
affect the rate and magnitude of urea hydrolysis, or more importantly, compromise the intergrity 
of the urease enzymes. The urea hydrolysis rate in the reacting environment depends on factors 
such as chemical concentration of treatment solution (i.e. urea), pH, and temperature amongst 
others (Stocks-Fischer et al. 1999; Bang et al. 2001; Bachmeier et al. 2002; van Passens 2009). It 
has been found that urea hydrolysis rates experience initial rapid increases with increasing 
concentrations of urea, but this effect is diminished with further increase in urea concentration 
(van Passen 2009). This is most likely due to the amount of urea exceeding the amount of urease 
enzymes (Mortensen et al. 2011). Whiffin (2004) and van Passen (2009) report that an increase 
in temperature will result in an increase in urease activity up to temperatures of approximately 
70oC. Above 70oC, a decrease in urease activity is observed, which is likely due to deactivation 
of enzymes. Below 5oC, no activity was observed (van Passens 2009), though Cheng et al. 
(2016) reports strength increase in samples that underwent the MICP process at 4oC but this does 
not address urease activity.  
 
Due to the aerobic nature of ureolytic microbes, the growth of bacteria is inhibited by limited 
supply of oxygen (van Passen 2009) and as such, MICP biocementation techniques may not be 
effective for deep soil treatment. The pH of the treatment environment is also an important factor 
in urea hydrolysis. Whiffin (2004) and Cheng et al. (2016) found an optimum reaction rate at pH 
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= 7, while Stocks-Fischer et al. (1999) suggests that the optimal pH levels for urea hydrolysis fall 
within the range of 8.3 – 9.7. Mortensen et al. (2011) states that the MICP biocementation 
technique is effective in both fresh water and seawater, and can occur even if urease enzymes are 
released via lysis of bacterial cells. However, the presence of other ions such as magnesium 
inhibits the formation of calcite crystals (Loste et al. 2003). In addition, Cheng et al. (2016) 
found that the potential effect of rainfall during the MICP treatment process was detrimental to 
the cementation yield of the specimen. The rainwater effect is likely due to the washout of 
bacteria, reducing the amount of biomass (urease enzymes) that may perform the hydrolysis of 
urea. With regards to extreme temperature fluctuations, Cheng et al. (2016) found that MICP 
biocemented sands display high durability and resistance to freeze-thaw erosion. They state that 
this is a consequence of the cement bridges enhancing interparticle contact points. On the other 
hand, oil contaminated soils are not feasible for MICP biocementation due to the hydrophobic 
characteristics. Yet, some effective MICP biocementation can be achieved if mixing process are 
adopted in conjunction with a flocculant or coagulant (Cheng et al. 2016). 
 
At the same time, the ammonium by-product generated during the MICP biocementation process 
may have adverse effects on the environment and integrity of the cementation. First, ammonium 
is a potential groundwater contaminant and must be flushed out after the biocementation process 
is complete, which consumes more resources and extends implementation schedules. This poses 
a hindrance from a financial perspective, but there are other biological and geochemical 
processes that may neutralize the ammonium. In addition, the ammonium wastewater can be 
offered as a potential fertilizer source for agricultural purposes (DeJong et al. 2013). Secondly, if 
the ammonium is not completely removed from the treatment zone it may experience oxidation 
over time, creating an acidic environment that could dissolve the precipitated calcium carbonate 
cement (Khodadadi et al. 2017). For this reason, further research on the management of the 
ammonium by-product is needed. 
 
A.5: Concluding Remarks 
 
Bio-mediated solutions such as biocementaion have been proven to be a viable form of ground 
improvement. The availability of various methods such as MICP, EICP, and MIDP offer 
multiple paths to innovatively address current issues that plague undesirable foundation and 
construction material. In particular, MICP has been extensively researched and developed over 
the past decade, and as a result provides the capabilities of full field implementation on various 
types of projects in practice, while offering an effective alternative treatment that is comparable 
to traditional options without the environmental and logistical (application and execution are 
compatible with existing infrastructure) restrictions. The different MICP techniques, especially 
urea hydrolysis via bio-stimulation and discrete injection schemes, offer a cost-effective means 
(with regards to other MICP techniques) to induce biocementation into a treatment zone 
efficiently, and improve uniformity of precipitated cementing agents. Nevertheless, 
environmental factors must be accounted for as the complexity of natural soils increases 
uncertainty in any ground improvement method.  
 
This chapter presents detailed information on the history, chemistry, implementation, 
restrictions, and considerations regarding artificial biocementation.  This study was completed in 
order to gain further insights on the nature of cementation in granular geo-materials. As 
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mentioned, artificial biocementation is analogous to natural precipitation of cement in sands, and 
provides a means to analyze and assess the behavior of weakly cemented sands in a repeatable 
manner. The author shall use the insights gain from this chapter in the development of 
relationships that will be used in the formulation of a constitutive model for weakly (lightly) 
cemented sands. 
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Appendix B: After-Cement Void Ratio Derivation 
 
An accurate description of the volumetric state is necessary to properly determine the shear 
strength and stiffness of sands. In the case of lightly cemented sands, the voids spaces are not 
filled but there is still some reduction that occurs from the presence of cement “bridge” bonds. 
Moreover, this decrease in void ratio will vary depending on the cement content. In order to 
properly capture the observed change, soil phase diagrams and relationships were used to derive 
an equation that prescribes the correct after cement void ratio. 
 
The original (untreated) void ratio is the volume of voids divided by the volume of the solids. 
 

𝑒 =  
𝑉!
𝑉!

 

                          (1) 
 
Where the volume of voids is the difference between the total volume and the volume of solids, 
and the volume of solids is the summation of the volume that comprises the sands and the 
volume that comprises the cement. 
 

𝑉!  =  𝑉!  –  𝑉! 
                          (2) 

𝑉!  =  𝑉!"#$  +  𝑉!"#"$% 
                         (3)  
 
The original void ratio can also be expressed as follows: 
 

𝑒 =  
𝐺!𝜌!
𝜌!

 −  1 

        (4) 
 
Where Gs is the specific gravity of the sand, ρw is the density of water, and ρd is the dry density. 
Similarly, the total volume can be represented by the ratio between the mass of the sand and the 
dry density of the sand. 
 

𝑉! =  
𝑀!"#!

𝜌!
 

                          (5) 
 
While the summation of the volume of sand and the volume of cement that make up the volume 
of solids can be rewritten as follows: 
 

𝑉!  =  𝑉!"#$ +  𝑉!"#"$% =  
𝑀!"#$

𝐺!!!"#$
+
𝑀!"#"$%

𝐺!!!"#"$!
1
𝜌!

 

   (6) 
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Where Mcement is the mass of the cement, Gs-sand is the specific gravity of the sand, and Gs-cement is 
the specific gravity of the cement. Further simplification using the relationship between the 
cement content (CC) and the solid masses leads to the following expression: 
 

𝑉! =  𝑀!"#$
1

𝐺!!!"#$
+

𝐶𝐶
𝐺!!!"#"$%

1
𝜌!

 

           (7) 

𝐶𝐶 =  
𝑀!"#"$%

𝑀!"#$
 

              (8) 
 
Here CC is in decimal not percent. Substituting Eq. 7 & 5 into Eq. 1 and simplifying the 
expressions results in the following equation: 
 

1+  𝑒!"# =  
1

1
𝐺!!!"#$

+ 𝐶𝐶
𝐺!!!"#"$%

𝜌!
𝜌!

 

           (9) 
 
Rearranging Eq. 4 to isolate ρd and substituting the expression into Eq. 9 leads to the final 
expression for determining the after-treatment void ratio. 
 

𝑒!"#  =  
1+ 𝑒

1+ 𝐶𝐶 𝐺!!!"#$
𝐺!!!"#"$%

− 1 

           (10) 
 
Eq. 10 can then be rearranged to produce an expression that can be used to directly determine the 
change in void ratio based on the given cement content. 
 

Δ𝑒 =  
− 1+ 𝑒 𝐶𝐶 𝐺!!!"#$

𝐺!!!"#"$%

1+ 𝐶𝐶 𝐺!!!"#$
𝐺!!!"#"$%

  

       (11a) 
𝛥𝑒 =  𝑒!"# –  𝑒 

              (11b) 
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Appendix C: Processed Laboratory Data on Lightly Cemented 
Sands 

 
The figures presented in this section are derived from processed laboratory data based on drained 
triaxial compression (TXC) test performed on various sands that have been lightly cemented 
either through biocementation or Portland cement mixing. The data was retrieved via digitization 
of plots found in the corresponding literature. The digitization process involves the use of 
software capable of rendering images of plots to generate a reference axis according to the 
original scale, allowing for data points to be estimated via automated aor manual selection. 
Therefore, the data values used to generate the figures below are not exact values, but very close 
(nearly precise) approximations of actual set. The three primary investigator responsible for the 
production of this data set include:  
 

• Feng and Montoya (2015); Performed tests on Ottawa 50-70 sand that was biocemented 
using the MICP technique. Tests were performed on multiple specimens with crudely 
similar relative densities at 100, 200, and 400 kPa. The cement contents for eaxch 
specimen varied, but were categorized into light, moderate, and heavy levels of cement 
content by mass. 

• Lin et al. (2015); Performed test on Ottawa 50-70 sand and Ottawa 20-30 sand (coarser 
than the 50-70 counterpart) that had been biocemented using the MICP technique. Tests 
were performed on multiple specimens with DR = 41% and DR = 39% for Ottawa 50-70 
and Ottawa 20-30 respectively, at 25, 50, and 100 kPa. The cement content for the 
Ottawa 50-70 sand was approximately 1.5%, while the cement content for the Ottawa 20-
30 sand was approximately 1%. 

• Sitar (1979); Performed tests on a laboratory mixtures of Monterey #20 and #30 sand, 
and cemented it using Portland cement. The multiple specimens, all with DR = 74%, were 
tested at 35, 103, 207, 310, and 414 kPa. This procedure was carried out for two sets 
different cement contents, 2% and 4%. 

 
Table C.1 details the mineralogy of the different sands used above. The retrieved data included 
the stress-strain response (axial strain vs. deviatoric stress) and the volumetric response (axial 
strain vs. volumetric strain). In some cases, the stress path (mean effective stress vs. deviatoric 
stress) and the void ratio evolution with stress level (e-log p’) were provided. Even so, 
information from the stress-strain response (deviatoric stress) and the initial confining pressure 
can be used to produce a stress path so long as the TXC is performed under drained conditions. 
Likewise, the volumetric response combined with the initial void ratio can be used to produce the 
e-log p curve. In addition to the previously mentioned plots, the data was synthesized to produce 
the following plots: 
 

• The Dilatancy rate, D vs. the effective stress ratio, η. This provides a perspective from 
which the relationship between the strength, yield, and dilation can be analyzed with 
respect to the critical state and peak conditions. 

• The Dilatancy rate, D vs. the state parameter, ψ. This provides a means to isolate the 
effects of strain localization and its obstruction of attaining critical state. It also highlights 
the magnitude of dilation experience by a given sand. 
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• The Deviatoric strain, εd vs. effective stress ratio, η. This plot is identical to the original 
stress-strain curve, but the difference lies in its display of the relative distance between 
the mechanical response and the critical state during (and after) strain softening. It also 
suppresses the influence of confinement of the response, facilitating easier comparisons 
of mechanics. 

 
These plots were generated to isolate the effects of cementation, and assess its influence on the 
dilatancy characteristics, the critical state, the peak response, volumetric evolution, and stiffness. 
 

Table C.1. Sand characteristics. 
 Feng and 

Montoya 
(2015) 

Lin et al. (2015) Sitar (1979) 

 
Ottawa 50-70 Ottawa 50-70 Ottawa 20-30 Monterey Mix 

(#20 & #30) 

emin 0.55 0.55 0.51 0.58 
emax 0.87 0.87 0.74 0.85 
D50 (mm) 0.22 0.33 0.71 0.58 
D10 (mm)  0.26 0.58 0.303 
Cu 1.4 1.17 1.01 2.81 
Cc 0.9 1.02 1.43 1.31 
ϕcs (degrees) 30.5 30.5 27 30.5 
M 1.222 1.222 1.091 1.22 
void ratio, e 0.733 - 0.632 0.74 0.65 0.65 
DR 0.42 - 0.74 0.41 0.39 0.74 
Gs 2.65 2.65 2.65 2.65 

 
Figure C.1 – C.5 presents the comparison between uncemented and lightly cemented sands. It 
can be observed from Figures C.1 – C.5 (a, e, & g) that there is a definitive enhancement of the 
as a result of the presence of cement. In particular, Figure C.3g and C.4g, highlight the inverse 
relationship between cementation effect and confinement, as the peak stress ratio diminishes 
with increasing confinement for a given level of cement content. Comparatively, Figure C.3 
shows the further enhancements observed with increasing cement content (cementation effect) 
for a given level of confinement. It can also be seen that all specimens trend towards a similar 
critical state, irrespective of cement content or stress level (level of confinement). However, the 
lack of full attainment is obscured by strain localization, which is displayed in Figure C.1 – C.5 
(f). The dilatancy rate vs. state paremeter plot focuses on this mechanism, showing the abrupt 
(less abrupt) attempts to reach critical state, and how the development of strain localization 
diverts the path. This suggests that the critical state is unaffected by the presence of cementation, 
but rather the strain localization tendencies are enhanced, which manifests as more pronounced 
shear band. It is postulated that this effect diminishes with increasing stress level, as with all 
other cementation-influenced effects. The cementation enhanced strain localization effect can 
also be seen in the void ratio evolution (e-log p’) plots, Figure C.1 – C.5 (d). Here, an increase in 
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Figure C.1. Drained TXC test on Ottawa 50-70 sand treated with biocementation and sheared 

under 100kPa confinement (data from Feng and Montoya 2015).  
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Figure C.2. Drained TXC test on Ottawa 50-70 sand treated with biocementation and sheared 

under 400kPa confinement (data from Feng and Montoya 2015).  



 173 

 
Figure C.3. Drained TXC test on Ottawa 50-70 sand treated with biocementation and sheared 
under 25, 50, and 100 kPa confinement with CC = 1.5% and 2.5% (data from Lin et al. 2015).  
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Figure C.4. Drained TXC test on Ottawa 20-30 sand treated with biocementation and sheared 

under 25, 50, and 100 kPa confinement with CC = 1% (data from Lin et al. 2015).  
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Figure C.5. Drained TXC test on Monterey Mix #20 & #30 sand treated with Portland cement 

and sheared under 414kPa confinement (data from Feng and Montoya 2015).  
 

stresses does not lead to changes in volume until degradation begins, and subsequent apparent 
collapse occurs. Eventually, the path merges with that of the uncemented behavior, but critical 
state is never reached due to strain localization during strain softening. At the same time, the 
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enhancement of dilatancy is observed to correspond to instances of peak conditions (Figure C.1 – 
C.5 (b)). These observations reinforce the notion that the effect of cementation is contained 
primarily within the dilatancy characteristics. 
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