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Periodic structures are used widely in electromagnetic devices, including filters,
waveguiding structures, and antennas. Their electromagnetic properties may be analyzed
computationally by solving an integral equation, in which an unknown equivalent current
distribution in a single unit cell is convolved with a periodic Green’s function that
accounts for the system’s boundary conditions. Fast computation of the periodic Green’s
function is therefore essential to achieve high accuracy solutions of complicated periodic
structures, including analysis of modal wave propagation and scattering from external

sources.
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This dissertation first presents alternative spectral representations of the periodic
Green’s function of the Helmholtz equation for cases of linear periodic systems in 2D and
3D free space and near planarly layered media. Although there exist multiple
representations of the periodic Green’s function, most are not efficient in the important
case where the fields are observed near the array axis. We present spectral-spatial
representations for rapid calculation of the periodic Green’s functions for linear periodic
arrays of current sources residing in free space as well as near a planarly layered medium.
They are based on the integral expansion of the periodic Green’s functions in terms of the
spectral parameters transverse to the array axis. These schemes are important for the
rapid computation of the interaction among unit cells of a periodic array, and, by
extension, the complex dispersion relations of guided waves. Extensions of this approach
to planar periodic structures are discussed.

With these computation tools established, we study the traveling wave properties
of linear resonant arrays placed near surfaces, and examine the coupling mechanisms that
lead to radiation into guided waves supported by the surface. This behavior is especially
important to understand the properties of periodic structures printed on dielectric
substrates, such as periodic microstrip lines and leaky wave antennas. We proceed to
analyze “twisted” linear periodic arrays, consisting of particles that are sequentially and
discretely rotated about the array axis by a constant angle. Such periodic structures
support two transverse wave modes with distinct polarization and radiation behavior,
which couple to circularly polarized sources with opposite handedness. These structures

offer a new dimension of polarization control to linear waveguiding structures.
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Chapter 1 Introduction

1.1 Motivation

The objective of computational electromagnetics is to solve Maxwell’s equations
with programmable computers in order to study the interaction of electromagnetic waves
with complex structures and media. This field of study originated in the 1960s with the
advent of digital computers, and was motivated largely by the military defense industry
for the purposes developing of radar, antenna, and, later, stealth technology. Since then,
however, the applications of computation work have grown enormously, and include
wireless communications, high-speed circuits, optical and photonic devices, and even
medical diagnosis and treatment. As the applications for electromagnetic systems have
grown, so too has the need for advanced numerical techniques that are capable of fast,
high accuracy analysis of complex systems. Computational analysis is particularly
challenging for the field of Electromagnetics, which is governed by vector differential
equations and boundary conditions. As a result, computer memory requirements and long
run times are a limiting factor in the simulation of large-scale structures. Acceleration
schemes allowing for more efficient analysis are therefore a subject of continued interest
in multiple engineering disciplines.

Periodic electromagnetic structures play an important role in many microwave
and optical devices, including gratings, antennas, filters, and waveguiding structures.
Simulation tools for periodic systems have become even more important with the recent

interest in artificial metamaterial structures, including electromagnetic band gap materials.



Linear periodic arrays, in particular, are useful for their ability to support guided wave
modes, which allows for efficient transmission of electromagnetic signals, and also
radiating leaky-wave modes, which may be exploited to construct antennas in the
microwave regime or far-field couplers in optics. Because of their wide ranging
applications, there is a strong interest in efficient simulation tools for periodic
electromagnetic systems, as well as explorations of their fundamental radiation and

propagation behavior.

1.2 Review of Computation Methods in Electromagnetics

This section reviews the most commonly used “full-wave” numerical approaches
used in computational electromagnetics. By full-wave solvers, we mean they solve
Maxwell’s equations without any simplifying approximations. This is to be distinguished,
for example, from computations based on quasi-static approximations, where the
wavelength \ is large compared to a structure’s length scale, and ray and diffraction
approaches, which are used in the short wavelength limit. Full wave solvers are required
for accurate solutions a structure's length scale is on the same order as the wavelength,
such as Mie scattering or antenna radiation. In this situation, all terms in Maxwell’s
equations, as well as the boundary conditions, must be included without simplification for
accurate solutions.

There are three widely used full-wave computation methods in electromagnetics:
the finite difference time domain method (FDTD) and the finite element method (FEM),

both of which are differential methods, and the method of moments (MoM), an integral



equation formulation. All three methods had their basic mathematical foundations
established before the advent of digital computers, and all three have been in continued
use and development since the 1960s. The fact that three completely different approaches
have coexisted for so long indicates that they are well suited to different classes of
problems. A brief review of these methods is important to understanding the role of
Green’s function methods in computational electromagnetics.
A. Differential Methods

FDTD and FEM both involve closing the system of interest in a finite

computational domain and finding the fields on a set of discrete grid points, called the

mesh. The length scale of each mesh element is generally taken to be at most A / 10 to
properly account for the field variations, and is often chosen as A /20 or smaller for

high-accuracy solutions. FDTD is a finite difference solver that solves Maxwell’s
equations directly in differential form by approximating spatial derivatives with finite
differences on a uniform rectangular grid. The fields are then evolved in discrete time
steps, with boundary conditions enforced at each material interface. It is the only widely
used method for time domain problems (and, by extension, nonlinear systems). More
than any other method, its limitations are well understood. The constraint of a uniform
mesh makes evaluation inefficient for large systems with small geometrical features. The
discretization introduces artificial dispersion, and the rectangular mesh cannot model
curved surfaces well. Finally, the grid size and time steps must satisfy a certain ratio to

ensure stability, making it inefficient for low-frequency systems. However, of the three



methods, it is by far the simplest to implement and parallelize, and remains a powerful
method widely used in commercial solvers.

FEM is typically used for frequency domain problems, in which all field
quantities are assumed to a have sinusoidal time dependence. FEM meshes the
computational domain into (typically) triangular or tetrahedral elements for 2D and 3D
systems, respectively, and is well suited to modeling of irregular structures. Unlike
FDTD, the elements need not be equal in size, and may be tailored to the structure’s
expected field variations for greater computational efficiency. FEM works by expanding
the unknown field quantities into basis functions within each element. Maxwell’s
equations are then solved as an equivalent variational, boundary value problem: the set of
coefficients for the expansion functions that minimizes an appropriate functional gives
the best approximation for the true fields. These coefficients are solved by inverting a
sparse, banded matrix equation, either directly or iteratively.

Both FDTD and FEM are limited by the fact that the entire computational domain
is meshed, making them inefficient for systems with large computational domains
compared to the wavelength (i.e. electrically large separation between scatterers or
surface problems). Furthermore, “open” problems, in which the system is exposed to
free-space, require special handling. In such systems, careful consideration must be made
to formulate mixed boundary conditions at the domain edges that simulate radiation into
free space. Indeed, these boundary conditions require increasing the computational

domain beyond the structure of interest, and with it the computational cost of evaluation.



B. Integral Equation Methods
The Method of Moments is an integral equation formulation based on surface and
volume equivalence principles. In particular, the surface equivalence principle states that
scattering from a homogenous object may be modeled as the radiation from an equivalent
current distribution on the object’s surface. For dielectric objects these surface currents
are entirely fictitious, and may include both electric and magnetic currents, while for a

perfect electrical conductor (PEC) these currents are the actual, physical induced currents.

As a simple example, consider an excitation field E, (r) incident on a PEC scatterer.

The boundary condition requires the tangential electric field to be zero at the object

surface S. The induced surface currents J (r) must then act to cancel out the tangential

S

component of E_ (r) on S. That is,

—AxE (r):ﬁxf G(r,r))-J (r))dS, re S (1.1)

where G(r,r’) is the dyadic Green’s function that gives the electric field resulting from

the currents J (r’), and 7 is the unit vector normal to the surface. The objective of an

integral equation solver is to find these surface currents. This formulation is known as the
electric field integral equation (EFIE); an alternative representation can be derived based
on the magnetic field (MFIE), but it is limited to closed surfaces and is not as widely used.

The Method of Moments works by expanding the unknown currents into a set of

vector basis functions J (r) with expansion coefficients I . One can then take the dot



product of J (r) with each side of Eq. (1.1) and, using orthogonality of the basis

functions, set up a matrix equation for the expansion coefficients 7 :

V=171
‘/m = _f Einc(r> ) Jm (r>dS (1.2)

Z,, = [ds3,@)- [ds'Gx.x)-I ()
The current expansion coefficients are found by inverting this system of equations, either

directly or by iterative methods. It should be noted that MoM is not typically set up as in

this simple example. In practice, the equation for the matrix elements Z — is

reformulated into a "mixed potential" form, using Green’s theorem and integration by
parts, to avoid problematic singularities. Also, it is generally not possible to find a set of
basis functions to cover the entire surface. Practically, the surfaces are meshed so the
currents may be expanded into subdomain basis functions within each mesh element. For
dielectric scatterers one must include magnetic currents as well. The basic approach,
however, remains essentially the same. Once the equivalent surface currents are known,
they may be convolved with the Green’s function to solve for the fields anywhere in
space.

Efficient implementation of MoM 1is complicated, and presents some technical
challenges. The impedance matrix Z is often poorly conditioned, which slows down the
computations greatly. Complicated preconditioners may have to be devised for large
scale systems. Nonetheless, good implementations show fast convergence, and are

capable of very high accuracy. A big advantage of this approach is that, for homogenous



media, only the object surfaces need be meshed, reducing the number of unknowns
greatly for electrically large or geometrically complex systems. Furthermore, the
boundary conditions are implicitly and exactly accounted for through the Green’s
function, so the radiation conditions characterizing open problems require no special
modifications. As such, this method avoids phase errors, which are characteristic of
differential equation methods. Importantly, problems with large "white spaces", such as
the interaction between antennas separated far apart, are easily simulated. In addition,
various complex backgrounds, such as layered media and waveguides, can be included in
the Green’s function, allowing the surface boundaries to be excluded from the problem
discretization. For this reason this approach is widely used for antenna and scattering
problems, where the surface currents on conductors and the far-field radiation are of
interest.

It is within the context of MoM formulations that efficient Green’s function
representations are important. As the kernel of the integral equation, they figure largely
into the cost of filling the impedance matrix for certain types of boundary conditions. The
systems of interest for which a Green’s function may be formulated include waveguides
and resonators with Cartesian and cylindrical symmetry, planarly layered media, and
periodic systems. A Green's function that accounts for the boundary conditions in these
cases greatly reduces the number of unknown current elements. For electromagnetic
structures near surfaces, for example, the reflections may be accounted for through the
Green’s function, so the surface layers need not be meshed as it is included explicitly in

the integral equation formulation. In the case of periodic systems, a periodic Green’s



function reduces the evaluation of currents to only a single unit cell. Furthermore, the
interaction of a periodic system with a nonperiodic object, modeled as an equivalent
surface current source, may be found using an “array-scanning” technique, in which the
Green’s function is convolved with a plane wave expansion of the localized source field
[1]. The computational cost of this technique method is often dominated by the periodic
Green’s function evaluation, so fast evaluations are highly desirable.

Finally, Green’s functions methods allow a level of physical insight into physical
systems that FEM and FDTD cannot match. As will be shown, a Green’s function may
often be separated into contributions from the current source and scattering from different
resonant modes supported by the system. In this way the contribution of different wave
types may be considered independently, and their contribution to the total fields better
understood. Green's functions may furthermore be used to find asymptotic
approximations that facilitate physical understanding of field behavior in important

limiting cases.

1.3 Dissertation organization

This dissertation has two main objectives. The first is to develop efficient
representations of the periodic Green’s function for linear arrays in free space and near
surfaces. The second is to use these methods to analyze the underlying physics of certain
classes of resonant arrays. Chapter 2 presents a review of the basic properties of linear
periodic structures in frequency domain electromagnetics. Although familiar to some
readers, it establishes terminology and the basic methods of analysis that are used

throughout the dissertation.



Chapter 3 presents a method for rapidly computing the periodic Green’s function
for a linear array of short dipole current sources in free-space. It is based on a spectral
expansion of the Green’s function into the direction transverse to the periodicity direction,
and is formulated as a spectral integral. This integral is regularized for fast computation.
This alternative representation is efficient for the important case where the fields are
observed on or near the array axis, where traditional spatial and spectral representations
of the Green’s function break down. This case is necessary to analyze the interaction of a
unit cell with all the other array elements, and is essential for scattering and propagation
analysis. Extensions of this approach to doubly periodic arrays, which have periodicity in
two directions, is discussed. The Green’s function representations are used to investigate
electromagnetic properties of a linear array of small metallic particles at optical
frequencies.

Chapter 4 extends the work of chapter 3 to the case of a linear array of current
sources near a planarly layered medium. This is case is encountered in the analysis of
resonant arrays on dielectric substrates, such as periodic microstrip lines, antenna arrays
printed on circuit boards, or arrays on a substrate for optical waveguidance and radiation.
The Green’s function for the reflected fields is represented as a spectral integral, as
before, plus a series which accounts for the discrete spectrum of eigenmodes supported
by the surface medium. This method is well suited to finding the reflected fields near the
array and surface. This chapter further analyzes the propagation and radiation
mechanisms of a resonant periodic array near a dielectric slab. It is shown that this

structure typically supports two general types of traveling wave modes: one that is



10

confined to the array, and the other that radiates into the guided waves supported by the
slab medium. The latter is mediated primarily by free-space interactions among resonant
elements, while the former is mediated by the surface. This behavior allows greater
understanding of the way in which periodic arrays leak energy into substrates.

Chapter 5 presents a new type of linear periodic array, one in which each element
is sequentially rotated about the array axis relative to the previous element. Such
“twisted” arrays are shown to support two distinct transverse wave modes that are
efficiently excited by circularly polarized sources of opposite handedness. One is
generally a confined mode, while the other will radiate for small to moderate twist rates.
A Green’s function is derived that accounts for the unique periodicity conditions for a
twisted array of point current sources, and it is used to find the mode propagation
constants of twisted nanoparticle arrays. Twisted arrays of half-wave dipoles are also
simulated to show possible applications as leaky-wave antennas. This class of structure
offers a dimension of polarization control for waveguiding and radiating periodic
structures.

Chapter 6 summarizes the findings of the dissertation.



Chapter 2 Review: Green's Functions and Periodic Structures

in Electromagnetics

2.1 Frequency Domain Electromagnetics

The fundamental assumption of frequency domain electromagnetics is that all

W

fields and currents have the time dependence e “', where w is the angular frequency of
the source. This assumption is valid for all linear systems: if a structure is excited by a
source with harmonic time dependence, all scattered fields and induced currents vary
with the same frequency. Field vectors and currents are then represented as complex
phasors that include the amplitude and phase of the real physical quantities, with the e "
factor suppressed. This convention is used throughout the dissertation. Maxwell’s

equations are then reduced to a set of partial differential equations with respect to spatial

coordinates only:

V-E=p/e
V-B=0 2.1)
V X E = iwuH

VxH=—iweE +J
Note that the permittivity may be frequency dependent and complex valued. It is

emphasized that the current density J and charge density p represent impressed current

and charge sources.

With this formulation, a wave equation for the electric field may be expressed as

V’E + w’euE = —iwud +Vp / € (2.2)

11



12

Using the continuity equation V - J —iwp = 0, along with the definitions for the wave

impedance 7 = /i /¢ and free-space wavenumber k, = wy/ep , the this may be

rewritten as

\YAY

2
0

I+

V2E + KE = —ik,n J 2.3)

This is recognized as the Helmholtz equation. With an appropriate set of boundary
conditions, its solution yields the complete fields in and around a structure resulting from

a current source excitation.

2.2 Green’s Functions in Electromagnetics

The scalar Green’s function G(r,r’) that is used in MoM implementations is

typically defined as the solution to
VG + kG = —6(r —1') (2.4)
To simplify the notation, we set r’ = 0 throughout the dissertation, without loss of
generality. For most integral equation formulations of MoM, only G(r) and its gradient
are required to solve for the unknown current distribution. In cases where the Green’s
function depends on the wave polarization, as occurs for a current source near a surface, a
full dyadic Green’s function may be necessary to find the electric field resulting from all
possible current orientations. The scattered electric field from a short dipole with dipole

moment p may be found as E(r) = G(r)-p, where

G(r) = - (I + VV)G(r) 2.5)

4re



13

is the dyadic Green’s function. The dyadic Green’s function is also used to find the
scattering from electrically small particles, which may be modeled as point dipole
sources in response to an incident field. It is noted that the dyadic Green's function is
defined here as the response to the dipole moment of a small current source, rather than
the current density. This convention is used throughout the dissertation.

The solution to Eq. (2.4) for an isolated point source in free space may be found

in closed form for two dimensional (2D) and three dimensional (3D) geometries:

. ikr
7 e’
G§D(p>=ZHg“<kop), G () = — (2.6)

where H [()1) denotes the zeroth order Hankel function of the first kind. (Throughout the

dissertation, the superscripts 2D and 3D denote two and three dimensional geometries,
respectively.) The solutions are chosen to satisfy the outgoing “radiation” boundary
conditions for open problems, which require an outward propagating wave far from the
source. Although the free-space Green's function is useful for many problems, alternate
Green’s may be developed for more complicated environments, such as inside

waveguides or near surfaces.

2.3 Periodic Boundary Conditions

In many areas of physics, the analysis of large, but finite periodic systems may be
simplified by studying a single unit cell and applying periodic boundary conditions. This
approach, which is equivalent to studying an infinite periodic system, often yields
excellent approximations to the true solution. Furthermore, exact treatments of finite

systems are frequently too computationally costly to be practical. For the analysis of
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wave propagation in periodic structures, periodic boundary conditions also permit finding
the dispersion relations of traveling wave modes, as will be shown in the next section.

In electromagnetics, the periodicity condition for a linear (1D) array requires that
the currents and field quantities in each unit cell differ only by a constant phase shift. For
an array oriented along the z axis with spacing L, the periodic Green’s function must

satisfy
G(r + nLz) = ™" G(r) (2.7)

where 7 is an integer that counts the unit cells, and % is a parameter that introduces a

sequential phase shift to each unit cell. This phase shift may be introduced, for example,

by a plane wave with incident angle 6 with respect to the z axis, in which case
k, =k, cos(0).

A linear periodic structure with period L also has a periodic spectrum, with
angular period 27 / L, with respect to the longitudinal spectral parameter & . This may

be demonstrated using the Poisson summation formula, which relates a spatial series of

some function f(z) to a spectral series of its Fourier transform f(k_):

n=—oo m=—0o0

f: f(nL) :% f: f[%] (2.8)

An important consequence of this spectral periodicity is that for each propagation

wavenumber ( that solves the source-free field equations, there exist an infinite number
of solutions 3 = 8 + 2mm / L. These solutions are called diffraction modes, or Floquet

modes. Equation (2.8) indicates that the fields resulting from a periodic system may be
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thought of either as the spatial sum of contributions from each unit cell, or, alternatively,

a spectral sum of contributions from each Floquet mode.

2.4 Traveling Waves on Periodic Structures

Traveling wave modes are a leading subject of interest in the study of periodic
structures. They represent eigenmode solutions for periodic systems, which solve the
field equations in the absence of external sources. Their field distributions therefore
satisfy both the homogenous wave equation and periodicity conditions. In the microwave
regime, arrays of metallic half-wavelength (resonant) dipoles support traveling waves
that are bound to the array and propagate without radiation loss. Such arrays (tapered and
truncated) are used as Yagi-Uda antennas radiating endfire beams along the periodicity
axis [2]. In the optical regime similar phenomena are supported by arrays of plasmonic
nanoparticles that are resonant even on a deeply subwavelength scale, thus enabling
subwavelength particle array waveguides. Properly tuning the particle properties,
distribution, and ambient environment allows controlling an array’s waveguiding and
radiation properties [3-8]. Computing the dispersion relations is essential to
understanding a wave mode's propagation and radiation behavior, and also to finding its

modal field distribution and currents.

Consider a linear array of particles that are sufficiently small compared to the

wavelength A\ that they may be treated as point dipole sources through their polarizability

tensor @ . The periodicity requires that the dipole moment p of the n™ particle,

A~ . ik L o, .
centered at r = nlz, satisfies p e™" =p_ ., - In addition, traveling wave modes
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supported by the array must satisfy the electromagnetic equations with no external

sources. This occurs only for certain discrete values of k , denoted by (3, which
represent the mode propagation wavenumbers. These values of 3 are found by setting up

and solving a self-consistent equation for the zeroth dipole moment p , which is given by
p, = a- E(0) (2.9)

where E(r) is the electric field resulting from all the other particles in the array. It may
be found using the periodic Green's function, with the field contribution of p itself
subtracted :

E(0) = (G(O,L ko k) — G (0, k:o)) D, (2.10)

s Vg
Here the nonperiodic Green's function G (0,%,) represents the "self-term" that must be

excluded, since the particle at the origin cannot interact with itself. (For clarity the
Green's functions are written here as functions of all dependencies.) Combining Egs.

(2.9) and (2.10) yields the following self-consistent dispersion equation:

det (G(0, L,k k..)— G, (0.k,) —a” | = 0 @.11)
Solving this implicit equation for k_; yields the modes dispersion relations, which give
the dependence of the (generally complex) modal wavenumbers 3 on the free-space
wavenumber £ .

This special case of small scatterers, which applies to nanoparticles in optics [3]

or short dipoles loaded with circuit elements in the microwave regime [9], permits
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finding simple expressions for guided and radiated fields. For this reason it is considered
throughout the dissertation to show general properties of different classes of resonant
linear arrays. To find the dispersion for the more general case of large scatterers, one

must set up an integral equation, as in Eq. (1.2) , and set the vector V to be zero. The
propagation wavenumbers [ of traveling wave modes are precisely those values of £
for which the impedance matrix Z has zero determinant. In this case and in Eq. (2.11),

the dispersion equation may be solved iteratively e.g. using variations of Newton's

method.

The solution to the dispersion equation for linear structures in three dimensional
space has three independent solutions, corresponding to one longitudinal and two
transverse dimensions with respect to the periodicity axis. In each case, a wave mode’s

2+ik p

i3 .
phase behaves as e 7 , where kp = k:g — 3% is the wavenumber component

transverse to the array. Forward propagating modes have values of 3 with a positive real
part. A corresponding positive imaginary part indicates dissipative or radiative losses in
this direction, while for lossless modes [ is purely real.

Traveling wave modes may be separated into two general classes. Those for
which the mode wavenumber 3 and its higher diffraction orders satisfy ‘Re{ﬁm}‘ >k,
for all m do not radiate out of the array, and are called slow waves, or guided waves.
Their fields are confined to the array, and decay exponentially away from the array axis.

For most types of resonant arrays, 3 is very close to k, except when excited very close

to the resonance. We will refer to these systems as to "dense" arrays because the spacing
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is small compared to the wavelength, so that the spectral spacing of diffraction modes

27 / L is large, and no (3 are found within the "light lines" between —k, and k . The

second class of traveling wave modes satisfy ‘Re{ﬁm}‘ < k, for some m radiate into free

space, and are called fast waves, or leaky waves. They are supported by "sparse" arrays

with a relatively large spacing. The angle of radiation 6  satisfies the phase-matching

condition Re{3 } =k cos(f ). This radiation may be exploited to build antennas in

the microwave regime, or diffraction gratings in optics. Considering the problem in
reverse, this property allows far-field signals, such as an incident plane wave, to be
coupled to the slow wave components in a periodic array.

As will be shown in chapter 3, the periodic Green's function has an infinite

number of square-root branch cuts in the complex k  plane, resulting from the

dependence on the transverse wavenumber component k= , /k‘j — ﬁi for each Floquet

pm

mode. It can be shown that for small periodicities, for which no Floquet modes are

radiating (i.e. | Re{g

m

} [> k,), physical solutions correspond to values of 3 on the top
Riemann sheet which is defined so that k‘pm has a positive imaginary part for all m . This

condition enforces exponential decay away from the array, as required for slow waves.

For larger periodicities, however, one or more of the Floquet modes become propagating,

with —k <Re{3 } <k, and the physical solutions are leaky waves that may
correspond to 3 on an alternate Riemann sheet, with Im{kpm} < 0 for a small number of

Floquet modes m . The fields for these leaky wave modes show exponential increase
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transverse to the array. In order for them to be physical, they are observable only for
observation angles (relative to the periodicity axis) at which the longitudinal decay rate
along the array equals or exceeds the exponential increase out of the array [10].

Finding the dispersion relations for periodic systems requires a Green's function

representation that can efficiently handle both complex values of k£ and observation

points close to and directly on the array axis. It must also be able to handle alternate
Riemann sheets in order to find solutions that may reside there. Chapters 3 and 4 present
Green's function representations that address these issues for the case of linear periodic

arrays in free space and near surfaces.



Chapter 3 Green's Functions for a Linear Periodic Array in

Free Space

3.1 Introduction

This chapter presents an alternative representation of the periodic Green’s
function (PGF) for an array of dipole current sources in two and three dimensional free
space. It is well known that representations of PGFs based on direct spatial summations
of single source (nonperiodic) Green's functions are extremely slowly convergent, and
diverge when the periodicity is defined with a complex phase shift between elements
[11]. The convergence can be improved by using spectral summations in terms of Floquet
series. However Floquet series representations suffer from slow convergence in the
important case where the observation point resides near the periodicity axis.

Several approaches have been proposed to accelerate the computation of PGFs.
Some are based on spectral and spatial formulations with Poisson’s, Kummer’s, and
Shank’s transformations [11-15], which accelerate the original spatial and spectral series
representations but do not lead to exponentially rapid convergence, and may be slow in
various situations [11-12, 16]. Veysoglu’s transformation [11-12, 16-17] and perfectly
matched layer (PML) approaches [18-19] do show exponential convergence, but cannot
handle complex phase shifts between unit cells, and may suffer from low-frequency
breakdown. The Ewald approach, based on Ewald and Poisson’s transformations, has
been the best overall option for computing the PGF near the periodicity axis. It is fully
convergent for complex values of the phase shift parameter, and leads to exponentially

convergent series representations. However, it requires double summations, can suffer

20
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high-frequency breakdown, and involves choosing a proper splitting parameter, which
may be not straightforward to implement [11-12, 16, 20-29].

In this chapter we introduce a novel method for computing scalar and dyadic
PGFs for 2D and 3D problems comprising a 1D periodicity with phase shifted conditions.
The method is based on an alternative Green’s function spectral expansion transverse to
the periodicity axis, with the longitudinal (along the axis) spectral 1D PGF available in
closed form. These representations lead to exponential computational convergence for
any location near the array axis and for electrically small and large periodicities.
Moreover, the introduced series have a clear physical interpretation, being expressed in
terms of a small number of direct field contributions, a small number of Floquet modes,
and a rapidly convergent integral representing the combined contribution of the
remaining sources. Extensions to arrays with periodicity in two dimensions are discussed,
which are highly efficient when coupled with Method of Moments solvers for large-scale

systems.
3.2 Spectral representations of Green’s functions

Consider a 1D periodic array of identical electric dipole sources in free space. The
dipoles are arranged along the z axis with spacing L and directed along a general unit

vector p (Fig. 3-1). These are linear sources for 2D configurations and point sources for
3D problems. The scalar PGF G*” is a function of the two spatial variables z and z,

while G*” depends only on z and p = (z° + y2)1/ ®. The symmetry of the problem

allows formulations involving separation of variables in the longitudinal ( z ) and
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transverse ( p or x ) directions. The scalar (and thus dyadic) PGFs exhibit the phase

shifted periodicity property with respect to the periodicity L as given in Eq. (2.7).

P L
unit cell

Fig. 3-1 Structure configuration representing a linear periodic array of
arbitrarily directed dipole sources.

The periodic Green’s function may be represented as an infinite spatial sum of

free-space Green’s functions, given in Eq. (2.6), taken over all unit cells.

G ()= MG (r 4 nla) (3.1)

n=—0o0

For lossless ambient media (i.e. real k) the series in Eq. (3.1) converge extremely

slowly, and for complex values of £  they do not converge at all. Therefore, more

efficient representations for constructing the PGFs are to be developed.
A. Longitudinal Spectral Expansion
Using separation of variables, the periodic Green’s function may be represented
as a series in which each term is a product of two functions: a function of z that satisfies
the periodicity condition, and an unknown function of p or z to be determined:

00 o0

GQD (I‘) _ E f2D (x)ei(k:UJrZﬂ'm/L)z, G3D (I‘) _ Z f;jD (p)ei(k‘:oJrZﬂ'm/L)z (32)

m
n=—0o0 n=—oo
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These expressions may be inserted into the Helmholtz equation in Eq. (2.4). Using the

orthogonality of the exponential term, one may formulate and solve a differential
equation for the unknown functions f2”(z) and f*”(p), considering only outward

propagating phase behavior. These functions can be shown to be solutions of the
Helmbholtz equation with the dimensionality reduced by one. The longitudinal expansions

become the well-known Floquet series representation:

G0 = 3 Lot
| (3.3)
ik 2z
GaD(r) = Z Z Fom ZHél)(kpmp)?

m=—00

{z,p}m Zm

where k =k  + 27rm/ L and k =(k* -k )1/ * are referred to as the longitudinal

and transverse Floquet mode wavenumbers, respectively. In the complex k_  plane, the

square root resulting from k{x ojm in each term results in an infinite number of branch

cuts. The choice of the sign of the square root for each k{m.;

i depends on the application.

In most cases the square root is chosen so that Im{k .1:./)}771,} > 0 for all m, resulting in

exponential decay transverse to the array. In this case the PGF is said to be defined on the

top Riemann sheet. In other cases, such as the analysis of complex dispersion relations of

leaky-wave antennas, one may choose Im{k{ } <0 for a finite number of Floquet

z,ptm
modes m . This is necessary because some leaky-wave modes have propagation constants

[ that lie on a lower Riemann sheet with respect to one or more branch cuts.
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The sum (3.3) converges exponentially fast when | z |, p are large compared to
the wavelength A\, with the number of terms required to achieve a high accuracy being

greater than L/ (27 |{z,p}|). On the other hand, as | p |,| z | = 0, the summations in

(3.3) converge extremely slowly. However, it is this latter case, where the fields are
observed along the axis of the sources, that is often of interest. Alternative spectral
expansions must be considered.
B. Transverse Spectral Expansion

This section considers a spectral expansion of the Green’s function transverse to
the array axis. In this direction the only boundary condition is the radiation condition,
requiring the phase to propagate outward. This spectrum is therefore continuous, and the
expansion takes the form of a spectral integral. The argument of the integral is a product

of one function of z,p that is known to satisfy the radiation condition, and an unknown

function of z:

G* (1) = = f g.(2)e “dk, GP(r) = = f 9. H (kp)dk, (34

Plugging these expressions into Eq. (2.4) results a 1D equation for g (z;k,).

2

d
9.+ kg, = —8(2) (3-5)

The solution is the 1D periodic Green’s function for the Helmholtz equation. It may be
found as a geometric spatial series of exponential functions, taken over all unit cells.

ik gnl ik |z—nl ik |2| —ik |2|
e e et 1 e’ :

e
gz(z’kz) = Z —22k7 - —2% k,z 1— ei(ksfksnsign(z))L o 1 e*i(kz+k:05ign(z))L (36)

n=—oo
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The two terms of g (z,k ,k ) in the brackets of Eq. (3.6) represent the contributions of
the sources on each side of the origin. By eliminating one of these terms, the Green’s
function for a semi-infinite periodic system may easily be formulated. Finally, the

symmetry of the spectral integrals with respect to £, kp allow them to be reformulated as

semi-infinite integrals.

G*(r fdk: cos(k z)g (2,k (K )),
(3.7)

G (r fdkp Tk p)g. (2K, (K)).

Here, J (kp) is the zeroth-order Bessel function, and k = (k* — k‘fp)l/ * is the
longitudinal wavenumber.
The result of the transverse representation in (3.7) is identical to that in (3.3) if all

square roots in (3.3) are defined on the upper Riemann sheet, i.e. if Im{k{m_ﬂ}m} >0.To

define the PGFs on the lower Riemann sheet associated with a wavenumber k{m.p} . » the

expression in (3.7) is modified as

2 cos(k  x)e"

G*(r) = G*(r) = —— 2,
L —22]{} (38)
G*(r) = G*"(r) —24—J (k)€™

Here, G*”*”(r) in the left and right-hand sides are PGFs defined on the lower and upper

Riemann sheet of k{m T respectively. This expression can be obtained by taking the

difference between G*”*”(r) on the lower and upper Riemann sheets. It is noted that in
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practical situations, only a small number of lower Riemann sheets (typically 1) is

required to be considered. The rest of the analysis in this chapter assumes that the PGFs

are defined on the upper Riemann sheets of k{w  forall m.

}

The integrands in the representation (3.7) show exponential decay in the n =0
unit cell, owing the behavior of g (z;k.), even for the case | z |= p = 0, provided that
z = 0. For this reason the longitudinal representation is the better choice for finding the

fields at or near the axis of the sources. Numerical integration, however, is complicated

by a number of factors. As z — 0, the exponential decay of the integrand is weak, and

the integral converges slowly. Also, the 1D PGF g (2;k,) has an infinite number of poles

1/2
in the complex kz_,, plane at £ = (kj —(k,, + 27rm/ L)Q)/ , which correspond to the

{z,p}m

Floquet mode wavenumbers £, =Fk  + 27rm/ L. For lossless configurations and purely

real k_ , most of these poles are on the imaginary axis in the % , k:ﬁ plane. However, some

may lie directly on the real axis, which is the integration contour, and introduce
significant variations to the integrand. The rest of this chapter is therefore devoted to the

regularization of the integrand and fast computation of the resulting integral.

3.3 Regularized Transverse Representation
The convergence of the integrals (3.7) can be improved by explicitly extracting
the contribution of a certain number of sources in and around the unit cell of interest and

evaluating them directly using the spatial PGFs in Eq. (2.6). The remaining infinite
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sources may be evaluated using the transverse representation (3.7). To formulate this, the

longitudinal spectral PGF g (z,k_) in (3.6) can be rewritten as

N, eikzunLeik:|an|] eikzL(NdJrl)[eik:OL(NdJrl)eik:z koL (N +1) =ik 2

. _ 3.9
oy} _221{;2 1 61(kz —k )L 1 e’L(kZ+k:n)L

Here, the first term in the right-hand side is a summation of free-space

longitudinal spectral 1D PGF, taken over 2V, + 1 sources residing at locations z = nL

around the origin. The second term in the right-hand of (3.9), which comprises the

contribution from the remaining infinite number of sources, decays exponentially fast for

large kw . The resulting improvement of the integral’s convergence indicates that within

the unit cell of interest, most of the field variations result from a small number of nearby
sources whose contribution may be readily evaluated in closed form. The fields resulting
from the remaining infinite sources are slowly varying, and so the integral that accounts
for them is relatively easy to evaluate numerically. It is stressed that with this
modification the convergence is good for any observation coordinate z within the n = 0
(zeroth) unit cell, including z = 0. This latter case is important when evaluating the
fields at the origin, with the n = 0 source term excluded, as is necessary when finding

the interaction of a single current source with the rest of the array, as in Eq. (2.11).
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Imi{k, }

® Relk, )

SDP

Fig. 3-2 The complex kw plane with poles and SDP

Next, to avoid the oscillatory behavior of the integrands in (3.7) , the integration

path can be deformed from the original path along the real axis to the to the steepest

descent path (SDP) [10, 30] (see Fig. 3-2) in the kp and k_planes. In general, the SDP
path should pass through a saddle point whose position in the complex kw plane

depends on N L, and the observation coordinates. Here, to obtain a robust scheme for

*LWNHY s the fastest

any r close to the array, it is assumed that N L >|r |, so that the e
varying term in the integrand. The saddle point is then given by kw = 0. If poles are

crossed while deforming the original integration path to the SDP, their corresponding

residue contributions must be taken into account. To this end, the scalar PGFs can be

written as
N . N ik Z
Do d 2 Lcos(k z)e
Gy = 3o e H R+ LZ—_M + G (r),
n,:de m=1 om (3 ) 1 0)

P

N
3D . zk nL e n ! 2 ]- zk W2 3D
G (r) - _Z;V + L Z 4Z J() pm GéDP( )

m=1
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where R =|r —nlz|. Here, the first sums represent contributions due to N, 41

sources located in and around the origin. The second sums represent the residue

contributions of N poles crossed while the deforming the original integration path to the

SDP. Comparing with the Floquet mode representation, these pole contributions are
identified as combinations of the Floquet modes with symmetric behavior with respect to

the direction transverse to the array axis (z and p directions).

The functions G, ,(r) and G.),

(r) in (3.10) are SDP integrals given by

oy L[ e e ) Y cos(ba)
sop(0) = f oo T ikt )L iy »
Téppl L—e ™ ™ 1—e™ ™ 2ik, -
1 —ik (L(N,+1) k.2 it LN, +1) ik )| R BNt 7 (k ) (3.11)
G3D (I‘) _ (& € + e e o\%, ke di
SDP - 27 i(k,—k, )L i(k, +k, o)L ik ,OF -
sppl 1—e 1l—e™ ik,

The deformation of the contour to the SDP may be expressed mathematically by a

change of wvariables. Let the dimensionless variable s be defined through

k, = k,(1+is”), with k= ksVs* —2i . The SDP is then the real axis in the complex

z

s plane, with saddle point at s = 0. The integrals (3.11) are then expressed as

7 2 ds
Gop(®) = | P (s)e™ ———=,
. ;{ V' —2i (3.12)
Gin(x) = [ P (s)e " sds,
0

where o = kL(N, + 1) and
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1 —ik, o L(N;+1) —kyz(s”—i) ik, L(N,+1) kyz(s”—i)

e e’ e e .
fP(s) == . —+ _ — |cos(k x s\s” — 2i),
T —ik oL —k,L(s*—i) ik, L~k L(s*—i) 0
1—e e 1—e™e (3.13)
ik 5 2_ - -7 3 92 . .
1 efik:nL(Ndel)efknz(s —1) eikzoL(Ndel)esz(s —1i) :
/7 (s) = 9 ik oL _—kyL(5*—i) ih,oL_—kyL(s*~0) Jo (kops*'s2 - 22)’
Tl ] —g ™07 07V 1 — el g Rl (s

The factor of ¢ in each integral ensures a rapid decay of the integrand, and

this decay is more significant for large N,. Typically, a small N, is adequate to render
sufficient convergence, and for most practical problems only a small number of poles N )
need to be taken into account. An important difference between the integrands in (3.13) is

that the integrand of G>” has a branch cut v/s* — 27, which appears due to the variable

SDP

transformation from kxp to s, whereas the integrand of G;gp

does not. As explained in
Sec. 5.2, the presence of the branch cut may lead to a low-frequency breakdown for the

2D case and requires modifications in handing the low-frequency regime (L < \). The

absence of the branch cut in the integrand of G*”

<pp 18 due to presence of the kﬂ factor in

the integrand for this case.

In some cases, however, a pair of poles in the s plane, found at
s =+.Ji(l—Fk_ /k,), may reside near the saddle point at the origin. The variations

introduced from these singularities can significantly slow the integral’s convergence,

despite the Gaussian decay factor. Such situations are encountered when the poles are

within the contributing zone of the integrand, i.e. when | s |< Q / o with §2 being a

parameter of order O(1). This occurs when the phase shift factor k_ is close to the free-
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space wavenumber k . This situation is called the “blind angle” regime, as it occurs

when a plane wave is incident on the structure with an angle # that is very close to

7w /2. This case is important, as traveling wave modes on various types of resonant

arrays have propagation wavenumbers close to &, .

To smooth these variations, one notes that near a simple pole s , the functions

f?7*P(s) are well approximated by res{f*”*"(s)} /(s —s, ). This latter term may be

m

explicitly extracted from the integrands in (3.12) and integrated in a closed form. Recall

that the symmetry of g (z,k ) with respect to kz_,, and s leads to the existence of pairs of
poles +s that are symmetric about the origin in the complex s plane. Assuming that

there are a total (typically small) number of Np pole pairs that reside near the saddle

point s = 0. One can then rewrite the SDP integrals as

T3 —as’ ds Nl’
G;gp(r) = ffw(s)e —_— ZQSW rgs{fQD(s)}Ile ,
0 \Y 82 — 21 n=1 o 314
0 Np ( . )
Gip(r) = ffSD (s)e™ sds + > 2s) f:c;s{fSD(s)}Ian .
0 n=1 m

where

~ v, 25, res{f*"(s)}
f2D.3D (5’) — f2D.3D (5’) _ Z 5*257,, - (3 15)

m=1 s — S

m

are non-resonant functions that have no singularities near the integration path. The

integrals ]an and / ,iD in (3.14) are given by
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j‘ oo 71'67%:2" el"fC(—Z'Sm \/; Sign(_ism) )
0 \/S — 2Z 257” \/572” - 2Z Sign(_ism)

7(1% 1 1
+ f f . ds, (3.16)
S = Vst =2 st —2i
) 00 —as? 1 i
P = ¢ sds = —e “"Ei(—as”),
m '_[52 o an 2 ( m)

where erfc is the complementary error function, and Ei is the exponential integral

function [31]. The integrals for ]an can be rapidly evaluated numerically using various

adaptive integration methods. The integrand of the first integral for / an has a pole and a

branch-cut singularity, whereas the second has only the branch-cut singularity, which
allows for a simpler numerical evaluation. It is important to mention that the integrals and
special functions in (3.16) do not depend on the observation location and need to be
evaluated only once for a given problem. Therefore, they do not contribute significantly

to the overall computational cost when implemented in a Method of Moments solver.

3.4 Numerical Implementation

The first integration terms in the right-hand side of (3.14) can be evaluated using
various quadrature rules, e.g. those developed in Appendix A and B. The resulting SDP

integrals are given by

N,

G?DSD fZDSD 2D3D (”’3”'3 )2 2030+Z 25 res{fZDSD( )}I;ZHD,BD(3.17)

SDP
=1 n=1

<
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2D,3D
q

2D.3D
q

where s are quadrature nodes for 2D and 3D problems given in the appendix, w

are corresponding quadrature weights, and N . is the number of quadrature nodes (and

weights). For the 2D case, the quadrature rules are defined differently for high-frequency
(a>1,1e. L~ X or L> )\) and low-frequency (a < 1, i.e. A < L) regimes. For

the high frequency regime (« > 1), a simple equally-spaced node quadrature rule is very

efficient (Appendix A). For the low-frequency regime, the square root \'s* — 2i varies
much faster than the exponential term exp(—as®), and requires a special treatment. As
shown in Appendix B, the square-root term can be expanded over a series of cosine
functions and this series can be truncated to result in a quadrature rule with a small
number of quadrature nodes for any «. For the 3D case, an efficient quadrature rule is
obtained in Appendix C based on the integrand expansion over Bessel function series.
This rule applies to any periodicity (electrically small and large) without modification
because the 3D integrand in (3.14) does not have a branch-cut singularity.

With this regularization of the integrals, the transverse spectral representations are
highly efficient for computing the 2D and 3D PGFs for any observation location near the

structure (whether for x = p =0, or for r =0, or for z,p of several \) and for any
practical periodicities L (whether electrically small with L < A, intermediate with
L ~ )\, and electrically large L > X\). The combined number of quadrature nodes N,
pole contributions N , extracted pole terms Np, and direct components N is typically

small to achieve any accuracy up to double precision.
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GQD,BD

Having established a procedure for calculating the scalar PGFs , One may

apply the dyadic operator in Eq. (2.5) to find the full dyadic PGFs G*”*”. The dyadic
operator, involving derivatives with respect to spatial coordinates, is brought inside the
integrals in Eq. (3.7).

o0

G?(r) = % [ dk, (BT + V) cos(k,2)g (2 k (k).
™

R (3.18)
. 7 .
G(x) = 52 [k (KT + TV, (k). (o, (k).

0 0 ’

The same process of regularization that is applied to the integrals for scalar
Green’s function case may be applied to each dyadic component, and the same
quadrature rules for integration may be applied with no special modification. The
implementation of the dyadic PGFs allows one to find all the electric-field components
resulting from an infinite array of identical dipole sources oriented in any direction. To
find the magnetic-field components a similar approach may be used, involving a different

dyadic operator but this discussion is omitted for brevity.

3.5 Numerical Results

This section presents numerical analysis that shows how the formulations in Secs.
5 and 6 can be used to calculate scalar and dyadic 2D and 3D PGFs. It also studies the
convergence rates of the obtained representations and shows that these representations
are very efficient for a wide range of structure parameters. The numerical analysis starts
with calculating 2D and 3D fields near a 1D array for different structure parameters and

proceeds with the study of the error behavior.



35

Figure 3-3(a) shows the magnitudes of the scalar 3D PGF G*”and the dyadic

components, G*” and G'7, plotted very close to the z axis along the horizontal line

0 < 2z < 0.5L (half of the unit cell is sufficient due to symmetry). The calculations are
done using Eq. (3.10) with L=2)\, y =0, |z |=10"°L, and k., = (0.85 4 .0010)k, .
The contribution from the source at the zeroth unit cell (i.e. G:”*”, G2”*") is subtracted
to avoid divergence at the unit cell center. Close to the z axis the off-diagonal
components of G*” vanish, while G*” and G’7 are nearly equal. Physically, this
indicates that as p — 0 the electric fields from a periodic array of dipoles oriented
transverse to the z axis are also transverse to the z axis. If the dipoles point along the

array axis, so do the electric fields. Figure 3-3(b) shows | G*” | plotted along the same

line, but for z = 0 and z = 0.1L . The corresponding dyadic components are not shown;

for most 2D problems the fields may be separated into TE and TM components, each

of which may be solved using the scalar PGF G*”, so the dyadic operator G*” is of

limited interest.
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Fig. 3-3 (a) Magnitudes of the scalar PGF G°” and the dyadic components G*” and
G’ at|z=10"L, y=0 and (b) the magnitude of the scalar PGF G*” for two

vy
values of = .
To further demonstrate the rapid convergence of the transverse representation
over a wide range of values of the period L, Figs. 3-4(a) and 3-4(b) show the relative

error between the results of the longitudinal and transverse representations obtained via

Egs. (3.3) and (3.7) as a function of the number of quadrature nodes N . used in the SDP

integrations. The error of the transverse representation is defined as

Lj2 2D,3D 2D,3D 2 1/2
2D.3D j; | chact (r) - Gnumoric (r> | dZ
Error™"" = T N (3.19)
[erre - de

exact

3D

where G27*” are obtained via (3.8) with a very large number of terms to achieve double-

G2P3D

numeric

precision accuracy and are computed using the rapid transverse formulation with
the SDP integrals evaluated with quadrature rules detailed in the Appendix. Note that in

the denominator of (3.19) the zeroth direct term GSD *P(r) is extracted from the reference
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(numerically “exact”) PGF GfXZ jD (r) to avoid division by a large number for r — 0.
Without extracting this zeroth term, the resulting error would artificially become
significantly lower for small r . Calculations were done using |z|=p=10"L ,

k, = (0.854.001i)k,, N, =5 for three values of periodicity ranging from extremely

small (L =10°)\) to moderate (L = 0.6)), and to very large (L = 10\). Very small
periods correspond to dense arrays, such as meshes. Moderate periods (on the order of a
wavelength) are characteristic of filters as well as phased array, leaky-wave, and

traveling/surface wave antennas. Large periods can also model certain antenna arrays.

The truncation parameter €, defined in the Appendix, was chosen in the range from 2.4

to 6.2. It is evident that the results converge very rapidly with an increase of the number
of integration nodes for any value of the period that would be of practical interest. The
components of the dyadic PGFs show similar convergence behavior and, therefore, are

not shown.

Nq (# of integration nodes) Nq (# of integration nodes)

Fig. 3-4 Error of the PGFs (a) G*” and (b) G*” as a function of the number of
integration nodes for three values of the spacing L .
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Figures 3-4(a) and 3-4(b) study the convergence of the transverse representation

for a range of observation distances x and p from the array for which the Floquet mode
representations may still be impractical. The structure parameters are chosen as

L=0.6A, k= (0.85+.001i)k , and €2, fixed for each curve, ranges from 3.8 to 5.5.

The error increases away from the array, which is associated with an increased rate of the

integrands’ variation for larger  and p. Clearly the largest errors are obtained for the

smallest N, and N (N, =3, N =6). The error can be reduced by only a slight
increase of N, and/or N It is also important to mention that very low errors with small

N, and N, are obtained even for relatively larger displacement from the array

(p,z ~ 5X). This is an important property, as it can allow using the same formulation

without switching it with other formulations (e.g. with the Floquet summation) for a wide

range of structure parameters.

Fig. 3-5 Error of PGFs (a) G*” and (b) G*” as a function of distance from the array
for different choices of convergence parameters.
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3.6 Dispersion of Traveling Waves on Nanoparticle Arrays

This section uses the dyadic Green's function to compute the dispersion relations
of traveling waves on linear arrays of nanoparticles. Such particles are known to support
plasmonic resonances at wavelengths that may be large compared to the particle size.
When arranged periodically, these particles can support traveling waves that are mediated

by resonant interaction.

As an example, consider an infinite array of gold nanoshells of permittivity €

assumed to follow the Drude model with parameters given by [32], with a silicon dioxide

core of permittivity £, = 2.37¢,, embedded in a silicon dioxide medium. The shell’s

inner and outer radii are 7, and 7, are 16nm and 23nm , respectively, and the array

spacing is L = 80nm . This structure supports independent longitudinal and transverse
modes whose dispersion may be found by solving Eq. (2.11). Because the polarizability
tensor a is diagonal for these shells, the matrix equation separates out into one scalar
equation for the longitudinal (z polarized) mode and two scalar equations for the two
degenerate transverse modes. Their dispersion is shown in Fig. 3-6 for frequencies close
to the shell static resonance at 495nm . Also shown is the light-line, which marks the
boundary between the slow (bound) and fast (radiating) modes. The transverse modes

remain slow, while the longitudinal mode may radiate below the resonant frequency.
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Fig. 3-6 Dispersion of the longitudinal and transverse wave modes
supported by an infinite array of gold plasmonic nanoshells

3.7 Extensions to Green's Functions for Doubly Periodic Systems

The fast computation of the Green's function for a doubly periodic system,

characterized by periodic boundary conditions along two dimensions, is also of strong

interest. Consider a planar grid of sources oriented on the xy plane with spacing L and
LU in the = and y directions, and corresponding linear phase shift factors k£ & and kuo

(Fig 3-7). For simplicity, the unit cell of interest is centered at the origin. The Green's
function G*” for this grid configuration may be solved using a Floquet series expansion:
grid

= P

G’ = - 3.20
grid 2 —2ik_ L L (3:20)

znm T Yy

Z|

n,m=—00
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where k =k +2mn /L , k

ym

=k,+2mm /L ., k

Znm

= (K k2 —#2,)" . This

representation, similar to (3.3), is efficient for observation points far from the array axis,

but breaks down close to the xy plane.

L 212

S AN S
S/ . A /y=
/ VWA
IR

Fig. 3-7 A doubly periodic array of sources oriented on the Zy plane.

The presented approach for finding the PGF for a linear periodic system is not
readily extended to the case of a doubly periodic system. For 2D configurations, there is
no transverse axis with radiation boundary conditions, so no efficient spectral integral
may be formulated. For 3D systems, an integral formulation can be derived, but it is

necessarily a doubly integral over two spectral parameters, only one of which can be
transverse to the periodicity axes. For this case, the scalar periodic Green's function G;’TZ
for this grid array may be found by taking an infinite double summation of the single
source Green's function GSD over all elements. Using the integral identity (4.6), it takes

the form
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ik z ik (y—mL ) ik ‘1:771,1], ‘
2 y e u

GM_) _ Z ~ eikIUnLIeikyUmLy > o dk dk € €
grid 87T2 n,mz—:oc ‘]:30 ‘]:OC ’ ! k;L (3'21)

1 00 o0 ik 2z
- _ﬁfoc j:oo dkzdkue ¢ k;t/gy(y’ ky)gﬂf(m’ kf)

‘ 9\1/2 . . .
where k = (kg -k - k;) . The integration can be accelerated using the method of

steepest descent, but there are an infinite number of poles on the real ky axis whose

residue contributions would have to be added. Thus, one recovers the Floquet series in

the y direction, requiring a large number of series terms for high accuracy when the
observation point is near the zy plane. The advantages of such an approach over the

Ewald method for planar periodic structures are not clear, and so it is not pursued.
However, another approach may be formulated, based on the observation that
most of the field variations in the unit cell of interest result from a small number of
neighboring unit cells, whose contribution is easily found in closed form. The fields
resulting from the rest of the array are slowly varying. Although their field contributions

near the zy plane are not easily evaluated using the Floquet series (3.20), they may
easily be found at points +2 and +z,, sufficiently far above and below the array. The

fields at any point near the array can then be found by interpolating the fields from these
four points. Because the cost of interpolation is small compared to the evaluation of
series terms, this simple method can achieve high accuracy with a relatively small

number of series term evaluations.
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To illustrate this method, divide the Green's function GjD into near and far field

rid

components. The near field includes the (2N, +1)(2N, +1) sources nearest the origin

that are found within the rectangle defined by ‘ZE‘ <N,L,

y| < N, L, while the far

field term accounts for the rest of the sources.

kR,

) [
( ) . - edgprI +ik, gL, €
near

= 4R
N P (3.22)

ei(kmarJrk y+k_ 12))

yn anm

NgE

G, (r)= e
ﬁ"'( ) _2Zk L L near

n,m=—00 mm-x Yy

where R’ = (z+ pL,)* +(y +qL )" +2°. Because G, (r) is a slowly varying function
in the unit cell at the origin, it may be evaluated at the coordinates (z,y,%z),

(z,y,%2,) and interpolated to the observation coordinate (z,y,z). The scalar Green's

D

function GjD " are all either

., and the components of the dyadic Green's function Gi
symmetric or antisymmetric with respect to z, so only two independent evaluations of

G, (r) are necessary. The interpolation of G, (r) to the observation coordinate may be

done using any available fast method, and G (r)is readily evaluated directly from Eq.
(3.22).

As an example, consider a planar array of sources with L =\ /5, L =25L,

k,=101Re{k}, k, = 0.5Re{k} , and observation point z =y = 045L , 2=0.

(With the observation point directly in between the interpolation points, the interpolation

is expected to be the least accurate.) The near field terms are chosen using the
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parameters N, =6, N oy = 4, and the interpolation points satisfy z, /2, = 1.1. The

Floquet series used to evaluate G, (z,y,2,) and G, (z,y,z,) is truncated at upper and

r

lower limits +n =+M , +m = :I:My, which are chosen to satisfy the ratio

max

M_/ My = int(JLy /L, ), where int denotes the integer part. The interpolation points

are chosen to be within a quarter wavelength of the zy plane. For higher accuracy
solutions, they are moved closer to the zy plane and more Floquet series terms are

computed. The accuracy of this method is assessed by comparing to a known reference
solution. In this case, such a reference is found by adding a small amount of loss to the

ambient space and directly summing very large number of spatial terms, found via Eq.

(2.6). The loss is included as an imaginary part of the wavenumber £ , such that

0°
Im{k } = —.01Re{k,} . Figure 3-8 shows the relative error of this formulation
compared to this reference as a function of the number of summation terms used in the

evaluation  of G, (z,9,2) and G, (z,y,2,) combined, equal  to
22N, +1)(2N, +1) + 2(2M_ +1)(2M +1) . The interpolation is done using

barycentric Lagrange interpolation, and its contribution to the total computation cost is

negligible. The error is shown for the zz and zz components of the dyadic Green's

function G‘zfz ,» and good convergence is easily achieved with around 10,000 summation

terms.
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Relative Error

Number of Summation Terms X 104

Fig. 3-8 Relative error versus number of summation terms used
in the computation of the doubly periodic Green's function.

In the formulation presented, the Green's function was evaluated at a single
observation point in the unit cell centered at the origin. Although simple to implement,
this, approach does not typically outperform existing fast methods, such as the Ewald
approach. However, practical integral equation solvers require computing the Green's
function at many observation points in order to fill the impedance matrix Z in Eq. (1.2),

and in these cases the interpolation method is much more efficient. For an arbitrary
system with N unknown current elements in a unit cell, N* /2 independent Green's

function evaluations are typically required, contributing largely to the total computation
time. The above interpolation method can be expanded to bypass this large computation

cost. By choosing a grid of multiple interpolation points spanning the unit cell (rather

than just four, as presented above), one can use interpolation to evaluate Gifz , anywhere

in the unit cell. Thus, the series representing the near and far fields need be computed just
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once for each interpolation point. The Green's function may then be found rapidly at any
point in the unit cell as many times as needed by simply interpolating from these discrete
points. This method is particularly advantageous for large-scale systems with very high
N . In such cases the cost of evaluating the Green's function is negligible compared to
the cost of solving the system of equations in Eq. (1.2), and so any available method can
be used. For this reason simple Floquet summations are adequate, even for systems with
periodicity along all three coordinate axes [33]. Another important feature is that this
method is kernel independent; that is, it can be applied to periodic systems not only in
free-space but also near surfaces or in waveguides. It could, in fact, be extended to

analyze any type of N body problem with periodicity.

3.8 Conclusion

This chapter introduces rapid and accurate numerical implementations for scalar
and dyadic PGFs for 2D and 3D configurations with 1D (linear) periodicities are
introduced. The implementations are based on the expansion of the PGFs in terms of the
continuous spectrum integrals over the transverse spectral parameters. To achieve a high
convergence, the introduced integral representations are cast in a hybrid form in terms of
(1) a small number of contributions due to sources located in and around the origin of a
periodic unit cell of interest, (ii) a small number of the integrand pole residue
contributions corresponding to symmetric combinations of Floquet modes generated by
the array, and (iii) the remaining integrals evaluated along the SDP. The integrands of the
SDP integrals are regularized by extracting the singular pole behavior near the saddle

point of the integrand and integrating it in closed form. The resulting regularized
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integrands exhibit a slowly varying dependence of the integration variable, which allows
implementing highly efficient quadrature rules for the SDP integral evaluation. The
integrals for the 2D case are further regularized by truncating the square-root behavior at
low frequencies. Numerical simulations were executed to demonstrate strengths of the
introduced approach. It was shown that the relative accuracy of 0.1% can be achieved
with only about total number of 8§ summation components. Double-precision accuracy
can be achieved for a total number of about 25 summation components. Finally,
extensions of this approach to systems with periodicity in two dimensions were
discussed. An interpolation based approach was formulated that can be highly efficient
when used in large-scale method of moments implementations, and can be extended to

any large scale structure with periodicity.

3.9 Appendix: Quadrature Rules for Evaluating Integrals

For evaluating the SDP integrals in (3.14) one needs to construct a quadrature rule

for integrals of the following form

ijD (S)efas’ Zq: fQD 2D ;
0 Vst 20 | (3.23)

N

1 73D —as’ _ N 73D/ 3D *“(ssp)z 3D
ff (ske sds—Zf (s )e w’
0 q=1
where s, are the quadrature nodes, w, are the corresponding quadrature weights, N . is

the number of the quadrature nodes, and f*”*”(s) is an even function of 5. Note that

since the square-root Vs* —2i is a complex valued function, the quadrature rule

definition results in complex-valued weights.
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Due to the exponential decay of the integrand, the upper integration limit of the

integrals (3.23) can be truncated to a value s__, at which the integrand has a sufficiently

low magnitude. This value can be chosen as s = (2 / al/ ? , where € is a parameter of

O(1) chosen as Q = Jlog(l/ e) with ¢ being a prescribed error of the integration

truncation. For a given function, the accuracy of the developed quadrature rules depends

on the parameter ) . This parameter, through s ., determines the integral truncation
error € and the number of quadrature nodes N . which in turn determines how many
expansion functions in a representation of f2”*”(s) are integrated exactly. Large values
of s require larger NV , 1o achieve a certain prescribed error, while small values of s _
result in a large integral truncation error. For a given N, there is an optimal € (i.e.
optimal s_ ) that leads to the minimal achievable error. Likewise, for a given € there is
a minimal N , that will lead to a minimal error. In practice one may choose N , and ) to

be slightly greater than necessary to ensure sufficient convergence for any set of structure

parameters.

A. 2D Case: High Frequency Regime (o> 1,1e. L~ X or L>> \)
For a > 1, the square root in (3.23) varies more slowly than the rest of the

integrand. It is therefore assumed to be a slowly varying function that can be expanded
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over a small number P of expansion functions in the truncated interval s € [0,s

max ] :

Taking into account the symmetry of the integrand, it can be expanded as

fj/% Za cos[ ] (3.24)

Based on this expansion, a quadrature rule with equally spaced nodes

2s  (¢+1/2)

jD :M; q:l,...,Nq,
(N, 1)

2D

(N —1) 1 (3.25)

1 _2mmq+1/2 \/( D)Q—Qi
q

integrates P = 2Nq expansion (cosine) functions exactly. This simple quadrature rule,

which leads to very high accuracy and convergence, is used in Eq. (3.14) to evaluate the
SDP integral for the 2D case for the high-frequency regime.

B. Low Frequency Regime (o < 1,1.e. L < \)
In the low-frequency regime the square-root term v/s° — 27 in (3.23) varies much
faster than the exponential term exp(—as”) for s near the origin. To expand this square-
root function in the truncated integration range (s € [0,s__|), a large number of cosine

functions is required

p?T

(3.26)

b cos
\/s —21 ng

Therefore, quadrature rules that assume slowly varying integrands, as in the high-

max

frequency case, would lead to a low-frequency breakdown where no accurate solution
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can be obtained. However, it is noted that the function f2”(s)e " still varies slowly and
can be expanded over a small number P of cosine functions
_ , P-1 ps
fPs)e ™ = Za Cos (3.27)
p=0 ' 2Smax

Therefore, the result of the integration in (3.23) will not change if the expansion of

\s® — 2i is truncated to the same number of P terms

_ P-1
h(s)= ) b, cos

p=0

pTS

(3.28)

max

where 7(s) is the truncated representation of v's* — 2i . The integrand with the truncated

function A(s) can be expanded over 2P cosine functions

_ , 2Pl
f&R(s)e ™ =3 ¢ cos pm] (3.29)
p=0 2Smax

For such an integrand the following quadrature rule can be used

2s (q+1/2
52D:M; ¢g=1..N
q (N —1) q
q
N —1 _
ij:—( g ) h(st)

25 (q+ 1/2)

(3.30)

to integrate exactly P expansion (cosine) functions. This quadrature rule is used for the
low-frequency case (a < 1,L < \). It should be noted that the quadrature rule is
efficient not only for a <1 but also for o > 1. However, for a > 1 the simple

quadrature in (3.25) leads to a smaller number of quadrature nodes and, therefore, is used

to obtain the results in the paper in this case.
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C. 3D Case
The integrand for the 3D case in (3.23) is assumed to be a slowly varying function

that can be expanded over a small number P of expansion functions in the truncated

interval s €[0,s__]. Taking into account the weighting function s, the semi-infinite

integration range, and the behavior of the integrand in Eq. (3.13), f*” (s)e"”2 can be

expanded over an orthogonal set of Bessel functions

S
Xp
S

max

~. 9 Lid
fSD (5)6705 — Z(IPJO

p=1

(3.31)

where X, is the p” zero of the Bessel function J,,. The basis functions J (Xps / srw)

are orthogonal over the range s € [0,s__ ] with respect to the weighting function s [31].
Following the conventional approach for deriving a quadrature rule for functions with a

known expansion, the nodes s’ and weights w’” are found by solving the following

system of equations

D

Simax
J

0

3
XPS(I

S

max

w'” (3.32)

q

max

N

X, :
L ]sds = ZJU

q=1

where, the integral in the left hand side is given in closed form by

fo e Jo(x, / s )sds = s Ji(x,) / X, - Equations (3.31) represent a system of non-

linear equations that can be solved for N, nodes st and weights w;’D (total 2N,

unknowns) using various modifications of Newton’s method. Such solutions result in a

Gaussian quadrature rule that integrates exactly P = 2Nq expansion (Bessel) functions
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J, (Xps / srw) . The quadrature rule obtained is used to evaluate the SDP integrals for the

3D case in (3.14).
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Chapter 4 Green’s Functions for a Linear Periodic Array Near

a Planarly Layered Surface Medium

4.1 Introduction

This chapter extends the work of the previous chapter to the case of linear
periodic arrays near planarly layered surfaces. This class of structures has important
applications in microwave engineering and optics, such as antennas, waveguiding
structures, frequency selective surfaces, gratings, and metamaterials [34-37]. Such
structures are often fabricated on circuit boards by printing metallic patches and strips on
a thin dielectric substrate. Simulating this class of structures using the method of
moments requires a Green’s function that that accounts for both the structure periodicity
and the interactions with the surface. Fast methods to compute such a periodic Green’s
function (PGF) are essential for efficient integral equation solvers for periodic structures
[38],[1]. Efficient computation of the Green’s function may allow fast analysis of both
scattering behavior and the complex dispersion properties of periodic arrays near
surfaces.

A complete layered media PGF for a linear array can be represented as the sum of

a free-space PGF, G, which solves for a linear periodic structure in free-space, and a
reflected fields PGF, G, which accounts for the surface interaction. Fast evaluation of
G, was considered in chapter 3, and the purpose of this chapter is to present a method to

efficiently evaluate G, . The problem of fast solvers for the reflected fields PGF G, has

53
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not been well studied. It may be represented as a direct spatial summation of single
source (non-periodic) layered media Green’s functions, which may be found via
Sommerfeld integrations [30]. This infinite sum, however, converges very slowly, and
diverges when a complex phase shift is applied between adjacent unit cells. The reflected
fields may also be represented as an infinite sum of Floquet modes, but this series
converges very slowly for the important case of observation points close to the array and
the surface. This case is particularly important for periodic systems printed on surfaces,

for which all source and observation points used to find the unknown equivalent currents

are near the surface. To date, fast methods to accelerate the computation of G, include a

series representation based on perfectly matched layers [39], and an array-scanning

technique that finds G, from the doubly periodic layered medium Green’s function [40].

The former method cannot evaluate the Green’s function directly on the array axis, or
with a complex phase shift between unit cells. Furthermore, it has not demonstrated high
accuracy. The latter is very computationally costly, involving an integral over the Green’s

function for a free-space planar array, and detailed results have not yet been presented.

This chapter presents a fast method for computing the reflected fields PGF G,

for observation points close to a 1D array of electric dipole sources placed near a surface.
The PGF for 2D and 3D configurations are formulated in terms of single and double
spectral integrals, respectively, that are regularized to make it rapidly convergent, and a
discrete spectrum of guided wave modes supported by the planarly layered medium. This

representation can seamlessly handle source and observation points directly on the
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surface, periodicities defined with complex phase shifts, and is fully applicable surfaces

composed of lossy and gain media.
The representation of the reflected fields PGF G;D , solving for an array of point

sources near a surface, is considerably more involved than the 2D case, which consists of

an array of line sources. One reason is that in the 3D case, the surface breaks the
cylindrical symmetry found in the free-space array. The spectral expansion of Gi’f must
therefore involve a double spectral integral in Cartesian coordinates, as opposed the
single spectral integral found in chapter 3. The 2D Green’s function GQRD , In contrast,

remains separable into the longitudinal and transverse coordinates, and requires only a
single spectral integral, which is very similar to that formulated in Eq. (3.7) from the
previous chapter. The second reason is that in the 3D case, a full dyadic Green’s function
must be formulated to account for all distinct polarization directions. For the 2D case,
the fields may be decomposed into TE and TM components, whose contribution to the

total field may be found using the scalar Green’s function alone. For these reasons, the

bulk of this chapter is devoted to the evaluation of GZD , while only one section near the

end discusses the formulation and results for G;D .

4.2 Structure Configuration
Consider a linear, infinitely periodic array of electric dipole sources with spacing L
oriented along the z axis, on or near a planarly layered medium. These are point sources

for 3D configurations, as shown in Fig. 4-1, and line sources for 2D configurations. In
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choosing the coordinate axes for this chapter, we follow a convention that the surface be
parallel to the xy plane. Note that the periodicity axis is thus taken as the z axis, as
opposed to the z axis, as in chapter 3. The electric dipole sources have dipole moments

ik, nd . . .
P, =P, , where £ is a (generally complex) phase shift parameter and n is an

integer counting the sources. The moment p is the dipole moment of the source in the

zeroth unit cell of the array, placed at the origin. The top surface of the medium is
parallel to the xy plane, a distance h below the array. The surface has known transverse
electric (TE) and magnetic (TM) reflection coefficients R"” and R™ , respectively. The

reflection coefficients may be expressed as functions of £, and the spectral parameter £ _,

whose ratio uniquely defines the angle of incidence for a plane wave.

-

hI/ / /f /fx‘

Fig. 4-1 A linear array of point dipole sources near a layered media background.
The fields resulting from the array are found in the unit cell centered at the origin.

The electric fields resulting from this system for 2D and 3D of sources with

current moment p, may be expressed as

E(r) = (G27* () + G*(x + h2)) - p, (4.1)
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where G, and G, are the dyadic Green’s functions accounting for the free-space and
reflected electric fields. The goal of this chapter is to present efficient representations of

Gf%D and GZD for observation points close to the array and surface.

4.3 Spectral integral Representations of G’ (r)

A spectral representation of a free-space scalar Green’s function G;D may be
used to find the layered medium PGF G}”(r). The procedure is to expand G,” into
plane waves and find the dyadic PGF G?D via a dyadic operator, given in Eq. (2.5). With

G” expressed via a plane wave expansion, the components of G;” may be found as the

reflection of each plane wave from the layered medium. Section 4.3A briefly describes
this procedure for the Floquet series representation of PGF, which is efficient for
observation points far from the array axis and surface. Section 4.3B describes a new
formulation that is efficient close to or on top of the surface.

A. Floquet Series Representation

Consider the Floquet series representation of the free-space PGF, which

represents G>”

. as an infinite sum of cylindrical waves:

where k =k + 27rm/ L and k =(k —Fk )1/ * are the diffraction mode

xm

wavenumber components parallel to and transverse to the array axis, respectively. Each
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cylindrical diffraction mode may be expanded into plane waves using an integral
expansion of the Hankel function. The PGF then becomes
oo 1k z 1k M

)= e e f dk; = : (4.3)

m=—0oQ ym

where k = (k) — k2 — kj)l/ * . This representation is well suited to finding the reflected

fields Green’s function. By applying the dyadic operator and inserting the TM reflection

coefficient, the zz component of GZD may be found as

00 ik, T ik,z ka” Y

6 “” (&
dk ( —R™(k ))——— + DS*P 4.4
> g f (k)— 0 (44)

m=—00 ym

82

2

GSD _

Rzz

2
kS +

Here, DS represents the discrete spectrum of guided wave poles supported by the
layered medium. It results from the fact that the complete expansion with respect to the
k_spectral parameter includes not only the continuous (plane wave) spectrum but also
the discrete (guided mode) spectrum [30]. The evaluation of the discrete spectrum is
discussed in Sec. 4-5.

This Floquet series is efficient for observation points far from the array and
surface, e.g. for the far-field radiation from the array. However, it is very slowly
convergent for observation points close to the array and surface.

B. Alternative Spectral Representation

The scalar PGF G;D may also be represented as an infinite spatial sum of single-

source Green’s functions over all unit cells of the periodic system .
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00 zkn‘rfnxL‘

G;D(r) — Z eikan e— (45)

. 47r‘r — nxL‘

Using the Weyl identity, the Green’s function for a single source may be expanded into
plane waves as

zkz ZkU 7kH

ok, dk, “——— y (4.6)

47TT’ 87

with k = (k) — &’ —k;)l/ . Using this expression in (4.5) yields an alternative
representation of the scalar, free-space PGF.

GSD( ) = ﬁ h dkzeiklzjii dkyeikf’ygx(x,kx,kw) 4.7)

where g (z,k ,k ) is the scalar PGF in 1D free-space.

. ik_|z| —ik_|z]
Z e e "

gx (fl:, kl" kTO) Qk 1— 6 i(k,—Fk,  sign(z))L B 1— e*i(kﬁrkwsign(z))ll (48)

The integral representation (4.7) may be extended to dyadics and used to find the fields

reflected from a surface. For example, the zz component of GSRD may be found from

GSRD by following the procedure outlined in [30]:

0?
+_
07

GSD —

Rzz

[ dk (=R )™ [ dky cos(ky)g, (w.k, k) + DS (4.9)

2m’e
where symmetry has been used to reduce the integration over ky to a semi-infinite

integral. As in the Floquet series representation, DS*” must be included to account for
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the discrete spectrum of guided wave modes supported by the layered medium.
Throughout the paper, equations and derivations are given for the zz dyadic component
to demonstrate this alternative representation. However, this method is readily extended
to all of the dyadic components. Their integral representations are given in Appendix A.

The integrands in (4.9) are highly oscillatory, making the integrals difficult to

evaluate numerically. The strong variations result primarily from g (2,k .k ) , which

contains both rapidly varying exponential terms and poles that may reside close to the
integration contour. The reflection coefficient also contains variations that complicate
numerical integration. Section 4.4 is therefore devoted to the regularization and fast
evaluation of these integrals, while section 4.5 discusses the evaluation of the discrete

spectrum.

4.4 Rapid evaluation of Spectral Integral

The techniques for accelerating the double integral (4.9) are very similar to those

used to accelerate the integrals (3.7) for the free-space linear PGF. First, a small number

2N, + 1 sources near the unit cell may be explicitly extracted from the 1D PGF in Eq.

(4.8), as in Eq. (3.9). The contribution from those sources may be computed separately
using any fast method [10, 30, 41]. One may then deform the integration contours to the
steepest descent path (SDP) and extract the resonant contributions of poles in the
integrand. These latter techniques were also used for the free-space PGF in chapter 3, but
in their implementation is more involved for the double integration considered here. The

details are therefore presented in the next sections.
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A. Steepest Descent Path Integration
The double spectral integrals used to evaluate the components of G, may further
be made rapidly convergent by deforming both integration contours to the steepest

descent path (SDP) in the complex £ and ky planes, away from the real axes. This may

be accomplished through the following change of variables:

k. =ks =2, k = kys \JsS 287 —2i
‘ S v A ‘ (4.10)
ko= k=K - =k (1 +i(s? +5))

The double integration is then taken along the real axes of the complex s, and s

planes, and the saddle point of this integration is located at s = 5, = 0. With this

—jk, L(N,+1)

transformation, the term e has exponential decay with respect to both integration

variables, and the spectral integral I°”" for the zz component of G, is expressed as

2 ) _ o 2 _y cos(k
= e [ L
02" ) m'e J sj 1/s +25

I —ik, L(N,+1) ik, (1+i(s? +5 ))JE ik, L(N,+1) _—iko(1+i( (s +s )
) ikyL(N,+1) —koL(N;+1)(s; +s,) (& e e e
Y

9,(s.s

i(k0(1+71(sf +s ))*km)L

4.11)

iy (1(52 52y )L

l1—e¢ 1—6(

The exp(—k L(N, +1)(s* + 35)) term clearly shows that the integrand has
Gaussian decay increasing with V. As the periodicity L decreases, this decay becomes

weaker, requiring larger values of N, for the same convergence.
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In the process of deforming the integration contours, one or more poles of

g,(s,,s,) may be crossed. It can be shown that this occurs only when £  has a nonzero
imaginary part. In this case, the residues of the integrand at these poles must be
accounted for. It is easily shown that these poles are found at s* +s* = —i(k’, / k, —1),
where k; =+k  + 27rm/ L. (The £ sign distinguishes the poles resulting from the two
terms of g (sz,sy) in Eq.(4.11).) They exist in the combined space spanning two

complex planes, and so the residue must be formulated as an integral in accordance with

the residue theorem for higher dimension complex functions. It is shown in Appendix B

that the residue of the m™ pole is

+iktz w
z 7 fRTM (w/k‘g -k sinoz)exp(i,odk‘o2 — k2 cos(a — qb))
mEL Y ’ ’

(4.12)

82
02*

I SDP —
F U

2
kS +

where tan(¢) = / y and p = (2* + y2)1/ * . It may be further shown that only the poles at

k' can contribute if Im{k } <0, while the poles at k_ can contribute only if
Im{k_ } > 0. For most cases of interest, only one or two poles contribute to the integral.

However, for very large k L (e.g. greater than 15) the spectral spacing between the poles

becomes small enough that more may have to be considered.
In general, the guided wave poles of the reflection coefficients are not crossed in

the deformation to the SDP contours if the observation point is close to the array. If this
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does occur (e.g. for observers removed from the array), however, the contribution of that
pole to the discrete spectrum (see Sec. 4-5) must be excluded. The leaky wave poles of
the reflection coefficients, in contrast, generally are crossed. These poles, which
otherwise would not contribute to the discrete spectrum, must now be included, although
in most cases their contributions are negligibly small.

The integral formulation of Eq. (4.11) assumes that the observation coordinates z

and y are small compared to L(N, +1), in which case the saddle point of the SDP
integrations lic near s, =0 and s, =0, as formulated in Eq. (4.10). As such, the

presented integral representation is efficient for observation points relatively close to the

array and surface (the separation should be smaller than L(N, +1)). For larger values of

z and y, the exponential and sinusoidal terms of the integrand become stronger and must

be included in the SDP to regularize the integral. This leads to the saddle point moving

off the origin, and, as a result, a larger number of residue contributions that must be

included. Furthermore, in this case the integration over s cannot be reduced to a semi-

infinite integral based on symmetry, as the reflection coefficient is not an even or odd
function, so a fully infinite range must be included. These properties can be accounted for
to result in a new spectral representation that is efficient also far from the array.
However, for such large distances the Floquet mode representations of Sec. 4.3.A are

already very efficient.
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B. Extraction of Resonant Contributions of Poles
The poles of both the reflection coefficient and the 1D spectral PGF still
contribute significant variations to the integrand in Eq. (4.11) if they are located near the
saddle point of the SDP integration. These variations can significantly slow down

numerical integration. This is especially true in the “blind angle” regime, where the

phase shift parameter £ approaches the free-space wavenumber k and the poles of
g.(s., sy) get very close to the saddle point. This case is particularly important to finding

the complex dispersion relations of resonant arrays on surfaces, for which the

propagation constant for traveling waves may be close to k. A further regularization of
the integral is therefore required.
The resonant behavior resulting from the poles of gm(sz,sy) may be explicitly

extracted from the integrand, making it slowly varying, and then integrated in closed

form. To simplify the notation, the integrand of I° may be written as

RTA[(/CZ(SZ))JZZ(SZ,Sy)exp(—/{ioL(Nd —|—1)(sf —1—55)). It is easily seen that the fzz(sz,sy)

term is singular when s = +s = £(—i(k / k, — 27rm/ kL —1)— sj)l/ * . Near a pole

n

singularity, f (s ,s,) may be well approximated by res, _  {f (s,,s, )} / (s, = $,.)» 1.e.

ym
the residue of the function divided by its singular component. To extract the resonant
contribution of :I:sym for a given value of the integer m , one may subtract this term from

the integral to regularize it and then separately integrate the subtracted terms in closed

form:
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res {£.(5.,5,)}

IszP - f dSZRTM de S 8 283/m — 32 —4 e_k“LUV ) +
Y ym
™ R LN 1) (847, D erfc( Z\/k L(N +1) sgn(Re{— ZSJ,,,}) Y
fdsR ( res{f(s s, )fe "
sy, —isgn(Re{—is  })
4.13)

where erfc denotes the complementary error function, and we have used the fact that

fzz(sz,sy) is even in s to simplify the expression. The first term in Eq. (4.13) is the
double integral that does not have variations resulting from the singularities at +s, - The
second term is the integral of the resonant parts of f (s, sy) , and is represented as a 1D

integral over s_ that displays a Gaussian convergence. For most cases, the contribution of

only one pair of poles must be extracted, though this procedure is easily extended to cases

where multiple poles of g (s, sy) are close to the saddle point.

It can also occur that the guided wave poles of R™ are sufficiently close to the
origin in the s_ plane to slow down the evaluation of /°”", including both the double and

single integrals in Eq. (4.13). This is generally the case for the TM reflected fields or for
any “near-cutoff” guided mode. The resonant contribution of these poles may also be

extracted to regularize the integrands. A complete analysis of the general case, in which

poles of both R™ and gz(sz,sy) are close to the saddle point of the integral, is

somewhat involved technically; a detailed treatment is given in Appendix C. As the
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electrical thickness of the multilayered medium increases, more poles of R™ must be

extracted to maintain a good convergence rate.

4.5 Discrete Spectrum
The discrete spectrum of guided modes must be included in the spectral expansion

of the layered medium PGF. The propagation wavenumber £_ of the n™ TM guided

wave mode represents a pole in the TM reflection coefficient R™ (k,) . Such poles may
be found numerically using a pole or root-finding algorithm for complex valued
functions. The discrete spectrum of the n™ mode is found as the residue of the integral in

Eq. (4.9) evaluated in the & plane at k_ . The complete discrete spectrum DS>” of the

zz component of G, is then found by summing this residue over all poles &_ :

82
k+—
0 azz

1 . ik z o
— QMJEQ{RTM(/CZ)}JM fo dk, cos(k y)g, (z,k, k)

DS’ = —
= 21 5,

(4.14)
where k= (k! — k% — kj)l/ *. The integral in Eq. (4.14) may be expressed in terms of

the scalar PGF G;D (ky,z,y,k ,,L) for a linear array placed on the z axis in 2D free
space. The expression for the discrete spectrum then simplifies to

82 Z /] ik, z
R4 |50 e (R G2 (i — Ik L) @19)

3D
DSZZ = — >
0z e,
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where the computation of G-” is discussed in chapter 3 [42]. Note that G.” is not

evaluated at the free-space wavenumber £

, » but rather the guided wavenumber

component k = (k; — k’ ), indicating that it accounts for radiation into that guided

wave mode.

Although the expression (4.15) is accurate for the representation of Eq. (4.9), two
important modifications are required for the accelerated integral representation of Eq.
(4.11). First, in deforming the integration contours to the SDPs, the leaky wave poles are
generally crossed and they must also be included in Eq.(4.15). On the other hand, if a

guided wave mode is crossed, its contribution to the discrete spectrum must be excluded.

Second, when a small number 2N, +1 of sources near the unit cell of interest are
excluded from the spectral integration, as described in Sec. 3.4.A, the same must be done
for the discrete spectrum. That is, the computation of G;D must be redefined so as not to

include those source contributions.

4.6 Riemann Sheets

As with the free-space PGF, the reflected fields PGF G, has an infinite number

of branch cuts in the complex £ plane. These branch cuts result from its dependence on

the transverse ~Floquet mode wavenumbers k = (k —k’ )1/ * . where

rm

k =k, -|—27rm/ L in the Floquet series representation of Eq. (4.4) The discrete

rm

spectrum also contains square-root branch cuts of the form (kﬁn —k )1/ * for the n"

2
Tm
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guided wave mode, resulting from the 2D free-space periodic Green's function in Eq.

(4.15). The sign of the square root is typically chosen so that Im{kym} >0 for all m,n,

corresponding to diffraction modes that are proper, and decay exponentially away from

the array. In this case the Green’s function is said to be evaluated on the top Riemann

sheet in the complex %k  plane. To define a Green's function on an alternate Riemann
sheet, one may choose Im{k } <0 for a small number of Floquet modes. This choice
may also be made with the discrete spectrum DS through the computation of
G:"(Jk — K ,x,y.k , L), which may also be represented as a Floquet series (Eq. (3.3)).

These branch cuts also exist in the spectral integral formulation of G, (Eq.(4.9))
(or any representation of G, .) Mathematically, they result from the discontinuity of the
integral in the £ plane when the integration contour crosses a pole of the 1D PGF (see
Appendix B). Up to this point, this integral representation of G, has been presented for
the top Riemann sheet. To define G, on the lower Riemann sheet with respect to the
m™ Floquet mode, one must evaluate G » on the top Riemann sheet, then subtract the

th

residue contribution of the m™ Floquet mode pole. That is, I°”" must be redefined as

I — I — res {177} (4.16)

S 2z
k’z _k’.zrm

where res {I°""} is given in Eq.(4.12).
. :ki 2z

T Tm
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4.7 Numerical Implementation

This section discusses the numerical evaluation of the double SDP integrals of Eq.

(4.11). The evaluation of the discrete spectrum via the 2D PGF, and of the contributions

of the 2N , +1 sources near the wunit cell both have well-known numerical

implementations and are not discussed here. The SDP integral may be evaluated using a

quadrature rule with equally spaced nodes for both integration variables. One may choose

zmax? © 2z max ]

a discrete set of nodes s, and s, (with ¢ and p integers) in the ranges [—s

and [0,s |, where s and s are the truncation values for each integration. These
y max Zmax Yy max

finite ranges represent the contribution zones of the integrals, beyond which the integral

has negligible value. The computation of the integral is then reduced to a discrete double

summation, where each term is simply the integrand evaluated at nodes CE then

multiplied by corresponding weights w_, w . The integration of Eq. (4.11) then

becomes
N N 9 2 .
, / 0 =k . S, =0 . cos(k (s, .8 )y)
I50P — w w k2—|— 0 RTM(k (3 )) 2q e Jk, (s,,)z y\"2q Typ g (S s )
2z zq yp | 0 8 2 2 Z N2 9 . 9 9 L Ja\"2q7 Typ
@p z)me 5, — 21 s, + 287(1 — 21

(4.17)

where Nq and Np are number of nodes used in each integration. The error associated
with this numerical integration depends on the number of nodes N . and N ) used and the

truncation values S and s . Assuming that the exponential decay

Zmax ymax

exp(—kOL(N G —i—sj)) dominates at the edge of the contributing zone, the
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truncation values may be taken as s =5 == / (Re{k,}- L(N, +1)) where

Zmax

Q = 0(1) is a dimensionless parameter, e.g. {2 = 6 is generally sufficient for a single
precision accuracy. The number of integration nodes Nq and Np is then chosen to
achieve the desired accuracy. In our implementation we choose N =N, / 2, as the

integral over s, is semi-infinite and requires half as many quadrature terms.

It should be noted that in addition to the double SDP integral, a small number of

single integrals must be evaluated to find the residue contributions res, . {1 iD "1 and

for the terms subtracted from I°”" to make it slowly varying (if required). These terms

do not typically contribute significantly to the total computational cost, and may be

evaluated using any integration method.

4.8 Numerical Results
This section presents results showing the accuracy and convergence of the
proposed method for finding GZD . The case considered is an array of dipole sources

placed directly on top of a dielectric slab in free space. Verification of this method to
high accuracy presents some complications, however, as it requires a suitable reference
solution found using either a Floquet series (Eq. (4.4)) or a spatial summation of single
source Green's functions. Our method agrees well with the Floquet series representation
only for very thin slabs, as the integrals required for the Floquet summation are

problematic to evaluate. Even for thin slabs, single precision accuracy is hard to achieve.



71

For this reason we choose as a reference solution a spatial summation of single source

Green's functions, assuming a small amount of loss in the ambient medium. This loss is
realized by making k, complex, with Im{k } = —0.01Re{k} . Each term in the
summation is evaluated to 10~ "*accuracy. The introduced loss permits truncating the sum

to 3000 terms, ensuring a truncation error of 107" .

Figure 4-2 shows the error of 7, as a function of the number N . of quadrature

nodes used to evaluate the SDP integral. (The total number of summation terms in Eq.

(4.17) is then N qN , = N; / 2.) Five sources in and near the unit cell are excluded from

the integral and computed using the single source Green’s function (i.e. N, = 2) via the

spectral method presented in [30]. The slab has relative permittivity €, = 12.5 + .1z, the

array has spacing L = 0.2\, and the dipoles are sequentially phase shifted with

wavenumber £ = 1.01Re{k }. The error is shown for three different values of the slab

thickness ¢ : 0.1),,0.55),, and 1.05),, where A, = Re{)\/\/;d} is the wavelength in the

slab medium, for the observation point x = 0.45L, y = z = 0.01L .
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Fig. 4-2 Error of the field component G, =~ versus Nq for array

on top of a dielectric slab for 3 values of the slab thickness ¢ .

It is evident that the convergence is fast for all slab thicknesses. The error is

small even for very small values of Nq. For the slab thicknesses 0.1\, ,0.55),, and

1.05),, the TM reflection coefficient has 1, 2, and 3 guided wave poles that must be
included in the discrete spectrum, respectively, and 3, 4, and 4 poles whose resonant
contribution must be subtracted to regularize the integrand for high accuracy solutions.

Although these results are shown only for G, , the convergence rates of the other
components of G, are very similar.

Figure 4-3 shows the G, , G, , and G,  field components over half the unit

Ryy

cell for a lossless version of the system considered above, with phase shift parameter

k, = (1.01+ .19k, and slab thickness ¢ = 0.55)\,. Here the observation points are

taken directly on both the surface and the array axis, and the source contribution at the
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origin is excluded to avoid the field divergence. Unlike G, , the G, and GRW

components include both TE and TM fields.
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Fig. 4-3 Field components observed on the array axis and slab surface for a lossless
system, plotted over half the unit cell with the source contribution at the origin removed.

Finally, Fig. 4-4 shows the convergence of the integral for a dense array with
L = .01\, in order to demonstrate low-frequency performance. The error of the PGF is

shown at the observation point z = 0.45L, y = z = 0.1L for three different values of
N, . A larger number of sources near the unit cell must be excluded from the integration

and evaluated separately for the integral to achieve the same convergence as shown in
Fig. 4-2. Therefore, the performance of the presented method deteriorates for very small

periodicities. However, the performance is good for periodicities from several

wavelength down to values as small as )\/ 1000, thus spanning the range used in most

practical applications.
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Fig. 4-4 Error of the field component G, = versus Nq for a dense array with

L = .01\ on top of a dielectric slab for 3 values of the parameter N, .

4.9 Evaluation of G3"(r)

This section considers the 2D version of the problem, in which a periodic array of
line sources resides near a surface. Because the fields have no dependence in the y
dimension, only the scalar PGF accounting for TE and TM reflections need be considered.
Furthermore, there is only one dimension transverse to the periodicity axis, so the
spectral representation involves only a single integral, similar to the free-space case

discussed in chapter 3.

The Floquet series representation of the free-space Green’s function G;D is given

]. - Z k. x ik |z
G =1 3o et (4.18)

m=—0o0
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with k, =k +27m /L and k= [k —k’ . This may easily extended to the case

of an array of line sources near a surface. Finding the reflected fields scalar Green’s
function G;D (r) requires simply inserting the reflection coefficient into each series term,

evaluated at the corresponding Floquet mode wavenumber component:

o0

1 U ik v ik | TETM
GZZT)E » r)=— e"m® g"em R k . 419
B2 5o ) .19

As with the 3D case, however, this series converges very slowly when the observation

point is close to the array and surface.

An alternative is to use the spectral representation of G;D (r) developed in chapter

3. G2 .. (r) is found by inserting the reflection coefficient into the spectral integral in

RTE TIM

(3.7) (recall the coordinate system has been changed) to find

]- T ik z
G (1) = o f dk R"™™ (k )e"*g, (z,k, )+ DS, ., (4.20)

where k = /k; —k’ and DS}, represents the discrete sum of guided wave modes

supported by the surface medium. The integral in Eq. (4.20) is simply a plane wave
expansion of the fields, with R™"™ (k) inserted to find the (TE,TM) reflection of each

plane wave component. It may be regularized and evaluated using the exact same
procedure outlined in chapter 3, sections 3.3 and 3.4, and detailed derivations are not
provided here. The only modification that may be required is accounting for simple poles
in the reflection coefficient that may reside near the saddle point of the integration. These

poles correspond to guided and leaky wave modes in the surface medium, and their
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contribution may be extracted and integrated in closed form using the same procedure

used for the poles of g (z,k (k_)). The discrete spectrum DS;D is simply found by

” TE,TM

taking the residue of the integrand in Eq. (4.20) for each guided wave pole k"™, and

summing them:

Z‘kTE‘TMZ

DS;?E_TM = ZZ res {R™™(k)}e™ g,(z, R (4.21)

F y z rn
Jy, =k TETM

Because g (z,k_) is known in closed form, its evaluation is trivial.

Demonstrating the accuracy of this code is straightforward compared to the 3D

case, as the Floquet representation (4.19) can easily be computed to high accuracy for

z > 0, even for lossless systems and complex k . Figure 4-5 shows the convergence of
G?P and G*?, for the same configuration considered in Fig. 4-2, except the ambient
R R

medium is chosen to be lossless (i.e., real k )and k = (1.01—0.1i)k, .
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Fig. 4-5 Error of the field component szm, versus IV . for an array on top of a

dielectric slab for 2 values of the slab thickness ¢. The structure has the same parameters
considered in Fig. 4-2, except k isreal and k = (1.01—0.10)k,
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4.10 Traveling Waves on Resonant Arrays Near surfaces
With the periodic Green's function one can find the traveling wave modes of
periodic arrays near surfaces. In this section we consider a 3D configuration consisting of
an array of gold plasmonic nanoparticles with polarizability o that are small enough
compared to the wavelength that they behave as point dipole sources. The nanoparticles
are embedded in an infinite dielectric medium, and situated near a slab of denser
dielectric material (see Fig. 4-6). For a given problem geometry, one can solve the

dispersion equation (2.11), modified to account for the surface interaction.
det (Gj;D (0) + G*" (2h2)— G, (0) — a*l) ~0 (4.22)

As discussed in section 2.4, those values of & that solve Eq. (4.22) represent the

propagation wavenumbers of traveling wave modes supported by the periodic structure.
If the polarizability tensor a is diagonal (i.e. the particle principle axes are aligned with

the coordinate axes defined in Fig. 4-1) the modes can be divided into separate TE and
TM types. The Green's function G;D (2hz) used in this equation, which accounts for the
surface interaction, has four matrix elements that are zero, corresponding to the off-
diagonal elements associated with the y direction. If a is diagonal, this indicates that
the polarization states in the y direction (i.e. parallel to the surface but transverse to the

array) are not coupled to polarization along the z and z directions. Wave modes

polarized in this way therefore satisfy the scalar dispersion relation
3D 3D - 3D _ . . . .
G,,0)+G, (2hz)— G, (0)—1/a =0. The surface interaction for this mode is

dominated by the TE reflection coefficient. In contrast, the polarization states along the
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x and z directions are coupled to each other through the surface interaction, which is
dominated by the TM reflection coefficient. There are therefore two coupled dispersion
equations for the TM traveling wave modes, and each solution has nonzero polarization

components in the z and z directions.

Fig. 4-6 A periodic array of nanoparticles oriented near a surface

Consider a nanoparticle chain near a slab that is sufficiently thin compared to the
wavelength A, in the slab that it supports only one TM and one TE guided mode. For
simplicity, the remainder of this section considers the y polarized traveling waves,
though the general features also apply to the other wave types. Figure 4-7 shows, in the
complex k& plane, the solutions of the dispersion equation for the y polarized traveling
wave modes, along with the branch cuts. The square root branch cuts have branch points

at the free-space wavenumber +k  and the TE mode wavenumber j:kxTE . Recall that the

latter branch points result from the evaluation of the discrete spectrum of G . Fig. 4-7

shows them with a small amount of loss added to the slab and ambient dielectric media to
enhance visibility. (For the lossless case, each branch cut moves from the branch point to

the origin along the real axis, then follows the imaginary axis.)
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Fig. 4-7 Branch cuts of G;fu and solutions of dispersion equation in complex k  plane

There exist two independent solutions to the dispersion equation for this y
polarized case. Both solutions are found close to branch points, as is typically the case for

resonant arrays. The first, found close to k , is mediated by free-space interactions
among the array elements, and has wavenumber (3, . For a periodic array in free space,
this solution and the branch cuts stemming from +£; would complete the picture. The

surface interaction, however, introduces another solution, 3, ,

found close to the branch
point at ka , that represents a wave mediated by the slab's TE mode. For dense, lossless

arrays, it is found directly on the real axis, indicating a slow wave mode with no radiative

losses. The other solution, corresponding to free-space interaction, cannot be purely real.
Because its real part is less than /{:JTE , it radiates into the TE guided wave mode. In this

sense it is a leaky wave. Indeed, the solution itself is not found on the top Riemann sheet;
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it is on the lower Riemann sheet with respect to the branch cut stemming from ka . Note

that if this were not this case, this solution would essentially be blocked from the real axis
by the branch cut, and would not be excitable or observable (see Fig. 4-7). This feature is
typical of leaky-wave modes, except that in this case it results from radiation into the slab
medium, not into free space.

The remainder of this section will demonstrate the radiation and propagation

properties of this system by analyzing a finite nanoparticle array excited by an external

source. Consider an array of N gold nanoshells of permittivity € , assumed to follow

the Drude model [32], with a silicon dioxide core of permittivity ¢, = 2.37¢ . The shell’s

inner and outer radii are 7; and 7, and it is assumed that 7,7, <A, where A is the

vacuum wavelength. Individual nanoshells support plasmonic resonances whose resonant

wavelengths are determined by e = and the ratio 7, / 7, . Each shell is located a distance h

above a silicon slab of permittivity €, , = 12.5¢ and thickness ¢, (Fig. 4-6). The entire

structure is embedded in a silicon dioxide medium. The first shell of the array is assigned
a fixed polarization to simulate a localized source excitation. The periodic Green's
function cannot be used to analyze this finite structure, so it is instead solved as an N

body problem. The dyadic Green’s function for a single source in a layered medium

G, (r) is used to find the interaction among the shells, and to set up a self-consistent

matrix equation for each nanoshell’s polarization. G, (r) is found by evaluating the
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Sommerfeld spectral integrals, which are accelerated using steepest descent path
integration [30].
Consider an  array  with N =200 shells ~ with  parameters

r, = 23nm, 1, = 16nm, L = 80nm, h =100nm , t, =148nm , and free-space

wavelength A = 520nm (Fig. 4-6). For the chosen parameters the shells have a resonance
at A = 495nm, and the slab supports a single TE mode with wavenumber k'* = 1.39k; .

After solving for the polarization of each nanoshell in response to the localized dipole
excitation, we find the wavenumber content of the traveling wave modes propagating
along the array by identifying the strong resonant peaks in the Fourier spectrum of shell

polarization states. With the excitation pointing in the y direction, the polarization of all
the shells is also directed along the y direction. Fig. 4-8 shows the spectrum
corresponding to the discrete Fourier transform of y polarization states. The contribution

of the 15 shells closest to the source is excluded so that the direct contribution of the
source to the spectrum is minimized, thus highlighting the modal field contribution. The
spectrum clearly shows two peaks, as expected. One is found near the free-space

wavenumber, and the other near the TE guided mode wavenumber, as predicted.



82

<
o

o
=)
:

Normalized Spectrum
<
£

<
[®)
:

92 -5 -] -0.5

Fig. 4-8 Fourier Spectrum of TE polarization states for a plasmonic nanoparticle array excited
by a localized source. Resonant peaks correspond to free-space and TE surface interactions.

The TM polarized case, which can be excited by a z directed dipole source,
shows similar behavior. Figure 4-9 shows the dispersion relations for both TE and TM
waves on this nanoparticle chain. They are found by tracking the spectral peaks in Fig. 4-
8 for a range of free-space wavenumbers near (but below) the particle resonant
frequency. The wavenumber of the TM guided mode supported by the slab has a lower
propagation constant compared to the TE mode, so the corresponding wave supported by

the array is closer to the light line.
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The traveling wave modes that are mediated by free-space interaction radiate into

the slab occurs an angle ¢ with the array axis that satisfies the phase matching condition

cos(¢ ) =Re{B, / kI"}. For the parameters considered, this occurs at ¢ . = 0.75 for

the TE case. Figure 4-10 shows the electric field strength on an arc far from the array, a

distance h above the array, resulting from a TE polarized wave. At this distance, the

fields close to the surface are dominated by the guided wave component. The field

pattern clearly shows a peak at an angle ¢ = 0.77, close to the predicted radiation angle.
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normalized field

Fig. 4-10 Electric field strength versus observation angle, showing the radiation
pattern of a nanoparticle chain into the TE guided mode of the dielectric slab.

For many practical applications, the radiation into the slab medium represents a
type of power loss and, in finite slabs, interference resulting from reflections of the
guided wave beam off the slab edges. However, the observed phenomena also suggest
possible applications in devices that make use of coupling between guided waves and
periodic structures, such as surface wave launchers and leaky-wave antennas [35, 43]. It
presents the possibility of extending known methods of controlling radiation into free-

space (i.e. antennas) to controlling radiation patterns into the guided waves supported by

surfaces.

4.11 Conclusions

An alternative dyadic PGF representation has been presented to find the electric
fields resulting from an array of electric dipole sources on or near a planarly layered

medium. It is based on a plane-wave expansion of the scalar periodic Green’s function,
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formulated as a spectral integral, and a series that accounts for the discrete spectrum of
guided wave modes. Formulations for both 2D and 3D configurations are presented. This
representation is accurate for observation points close to and directly on the array axis
and surface, including surfaces composed of gain and lossy media. It is furthermore
accurate for complex phase shifts between sources and may be defined on alternate
Riemann sheets with respect one or more Floquet modes. These properties make the
spectral integral representation particularly well-suited to finding the complex dispersion
relations of traveling wave modes supported by linear periodic arrays, as well as
scattering by both near and far-field external sources. It has the potential to greatly
accelerate the computational analysis and design of surface traveling wave structures and
printed leaky-wave antennas.

This Green's function method may furthermore be used to study the ways in
which traveling waves radiate into the guided wave modes of planarly stratified surfaces.
The presented analysis shows that periodic structures support distinct wave modes: one
that is mediated by free-space interactions, and is generally a leaky-wave with respect to
the surface, and one or more that are mediated by the guided wave modes supported by

the surface.
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4.12 Appendix

A. Dyadic Components of G’

This section extends Eq. (4.9) to all the dyadic components of G, . Each of these

integral expressions may be regularized and evaluated numerically as described in

sections 4.4-4.7.
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B. Residues of Double Spectral Integral

The simplest way to evaluate the residue of the integrals in Eq. (4.9) at the poles

of g (z,k ,k ) is to change the integration variables into a polar form through the

following transformation:
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k = k:ﬁ sin ay, ky = kﬂ cosa, k = 1//{:5 — ki (4.24)

The integral for the zz component then becomes

82
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(4.25)

2

where tan(¢) = /y and p = (2* +y2)1/ * . The important simplification here is that
g (z,k ,k ) does not depend on o, and has poles only in the k, plane. One may

simply evaluate the residue of the integrand in the kﬂ plane and then integrate this residue

over the angular variable « to recover the result given in Eq.(4.12).
One problem that must be considered is how to determine if a pole is crossed by

the double SDP integral (i.e., when a pole’s residue contribution should be included). In

our formulation the integration in the ky plane is done first, but the integration path

depends on k_ through the coordinate transform in Eq. (4.10). This means that a pole

may be crossed in the k:y plane for some values of £_, but not others. This transition, for

a given pole, represents a discontinuity of the integrand in the k_plane (i.e. the integrand

th

of the second spectral integration). The m™ Floquet mode pole therefore has a

corresponding pair of branch cuts in the £ plane whose path is defined by

Im{kg — kjm — k‘f} = 0. Note that these branch cuts also appear in the Floquet series

representation of Eq.(4.4). The branch cuts have branch points at k. = +(k” — &’ )1/ ‘A4

xm

pole’s residue contribution must be included if the SDP crosses this pair of branch cuts
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in the k_ plane. 1t may be shown that only the poles at k' can contribute if

Im{k_ } > 0, while only the poles at k& contribute if Im{k_} <0.

It is interesting to note that the residue contribution may also be derived by

finding the residue of the ky integral (with £ treated as a constant) and integrating it in

the complex k plane. The integration path must start at the branch point

b, =—(kl—k )1/ * and go to the other branch point k& = (K’ —kjm)l/ *, where it

zZm rm

crosses to the lower Riemann sheet and returns to k = —(k:g — K )1/ *. In the

coordinate transform to the angular spectrum (4.24), the integrand does not explicitly
contain these branch cuts, so the residue evaluation is more straightforward; the result,

however, is the same.

C. Extracting Residue Contribution of Poles
Suppose that in order to regularize the double integral in (4.11), the resonant part

of multiple poles of both g (s ,s ) (found at +s ) and R™(k (s,)) (denoted by s )

must be extracted from the integrand, then integrated separately. One may begin this

process with Eq. (4.13), in which only the singularities at :I:sym are subtracted. Both

terms in Eq. (4.13) contain integrals over s_ that must be regularized with respect to the

reflection coefficient. Following the same procedure, and extending it to the case of
multiple poles of both terms, one obtains Eq. (4.26) below. The first two lines represent

the nonresonant double integral. The third line is a single integral, in which the resonant
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terms of g (s, sy) have been integrated. The fourth and fifth lines represent a regularized

single integral over s_, and the last term is simply a sum of the integrated resonant

components from the previous term.
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Chapter S Twisted Periodic Arrays

5.1 Introduction

This chapter presents a new type of periodic structure, a linear array of particles
that are sequentially rotated about the array axis by a constant angle (Fig. 5-1(b,c)). These
"twisted" arrays support both guided and leaky-wave modes, and offer a new dimension
of polarization control to periodic structures. Such polarization control is an important
aspect of manipulating and controlling electromagnetic waves. Chiral media, including
optically active liquid crystals [44-46], and artificial surfaces and media [47-50] allow
polarization control but are not intended to support waveguidance or radiation. Helical
antennas rely on polarization rotation properties to support waveguidance and radiation
[51]. Another class of structures resulting in optical activity and waveguidance is chiral
waveguides [52] and chiral fibers [53-55]. Such configurations lead to optical activity
properties similar to those of liquid crystals but with benefits of a guiding structure.

Twisted arrays have similarities with cholesteric liquid crystal media, chiral
optical fiber gratings, and helical antennas. They are unique, however, in that their cross-
sectional size can be small, they can support modes with a large wavenumber, and
support both waveguidance and radiation. Unlike bulk media, these structures may
exhibit leaky-wave radiation transverse to the axis of propagation. Because their
symmetry is discrete, twisted arrays retain the properties of general periodic structures,
including the existence of diffraction modes that may couple to form stopbands. In
contrast, structures with continuous helical symmetry, such as chiral fiber gratings and

helical antennas, do not exhibit diffraction modes [51].

91
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This chapter presents a thorough analysis of the electromagnetic properties of
twisted arrays. A theoretical analysis with both a dyadic Green's function and closed form
analytical expressions for modal fields is given for a twisted array of small elements
modeled as point dipole elements. Propagation and radiation properties of finite twisted
arrays are then analyzed, including “tilted” arrays (Fig. 5-1(c)) in which the longitudinal
modes are coupled to the twist. The analysis of finite twisted arrays is given both for
small elements modeled via their polarizabilities and for half-wave dipole rods modeled

as thin wires via an electric field integral equation solver.

5.2 Dispersion Equations of Twisted Arrays

Consider an array of asymmetric elements with spacing L oriented along the z

axis, as in Fig. 5-1. (We revert to the convention of chapter 2, where the periodicity axis

is the z axis.) The n" element is rotated about the z axis by an angle ¢,n such that

positive values of the rotation increment ¢, indicate a right handed twist. In the case

where the elements are small compared to the wavelength, each particle behaves as a

point dipole source with dipole moment p = a - E in response to an external field E,

where a is the particle polarizability tensor. For plasmonic nanoparticles in the near-
infrared or visible optical regime, each particle has distinct plasmonic resonances
corresponding to different principal axes of a, while in the microwave regime, similar
resonant properties can be supported by subwavelength rods loaded by a resonant lumped
circuit. This section presents a dyadic Green's function for this system, and a resulting

dispersion equation.



93

Fig. 5-1 : (a) A parallel array of asymmetric elements. (b) A twisted array with each

particle sequentially rotated an angle qbo around the array axis. (c) A “tilted” twisted array,

in which the major axis of each particle is tilted at an angle 90 with the array axis.

For a twisted array, the self-consistency equations and dispersion relations can be
obtained by generalizing the derivations in chapter 2, section 4, to include the sequential

rotation boundary conditions. In a twisted array the induced polarization of each particle

must be symmetric under translation by L, a phase shift of ¢"*, and a rotation by ?,

about the z axis. That is, the dipole moment p_ of the n'™ particle must satisfy

A

R (¢)p,e™" =p,, (5.1)
where f{Z is the matrix for rotations about the z axis. The symmetry properties in Eq.

(5.1) are satisfied by particle dipole moments of the form

cos(ng,) —sin(ng,) 0
p, = ||sin(ng,) |p,, +| cos(ng,) P, +10]p,, Pl (5.2)
0 0 1
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where the n = 0 particle has dipole moment p, =p X+ pyoy +p,z. The first two

terms in Eq. (5.2) describe transverse dipole vectors that rotate at the same rate as the
array elements. In cases where the polarizability along one axis is significantly greater
than that along the others, as may occur near a resonance, one of these two terms will
dominate. The third term represents the longitudinal wave component, and the extent to
which it couples to the transverse components depends on the particle orientation, as will
be discussed in subsequent sections.

The fields resulting from a twisted array can be found, similar to Eq. (3.1), as an

infinite sum of dipole source contributions but with the dipole moments rotated according

to Eq.(5.2):

. p,, cos(ng,) — P, sin(ng,)
E(r) = Z eik:”"LGO(r —nlak)|p,, sin(nd,) + p,, cos(ng,) (5.3)

n=—o0 pzo
Based on this equation, a new Green’s function for twisted arrays may be
developed by incorporating the sequential rotation of ¢, into the linear phase shift

applied to each array element. This is accomplished by expressing the sine and cosine

functions in Eq. (5.3) in their exponential forms, and then absorbing them into the linear

phase shift factor """ of the appropriate matrix elements. The resulting equation may

be expressed in terms of the components of the dyadic periodic Green’s function
G(r,d,k,,k ) evaluated with distinct phase shift factors. The expression for the electric

» vy

field in Eq. (5.3) then becomes
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G +G_ — i(G;/ — G;’u) Gj,u +G, + (G —-G) 2G
1) .- o - ) C o -
E(r):5 G'+G —iG -G ) G +G +iG -G ) 2G |p, (54)

+
vy vy vy vy yx yz

GL+G, -G —-G,) GI+G, +iG,-G) 2G,

» Vg

where G* = G(r, L, k k,+o, / L) . The matrix in Eq. (5.4) is interpreted as the dyadic

Green’s function G r,L,¢,,k,,k, ) for atwisted array of dipole sources with spacing

twisted (

L, rotation angle ¢,

and linear phase shift £ L.
With the Green’s function established, the traveling wave modes may be
identified, as in section 2, by finding the fields resulting from the array at the origin and

matching them to the dipole moment p  of the particle centered there. The mode

wavenumbers 3 are found by solving the resulting self-consistent equation, which is

similar to Eq. (2.11) but with a new Green’s function:

07L7¢

twisted ( 0’

det(G ko k) — G, (0,k,) — a’l) — 0. (5.5)

7770

Similar to the array of parallel elements considered in section 2.4, each
independent solution of Eq. (5.5) has an infinite number of diffraction orders spaced by
27r/ L in the complex k_, plane. This is true despite the fact that the spacing L is not the
spatial period of a twisted array in a Cartesian reference frame. In a helical coordinate

system, however, the spacing L is the structure’s period, which leads to the existence of

diffraction orders. Note that Eq. (5.5) involves the components of three periodic Green’s

functions (G ,G™) with three different linear phase shift factors (k,.k, £, / L). From

the Floquet mode representation of the periodic Green’s function (3.3) it is clear that the

resulting determinant has branch points in the complex £  plane at +k + 27rm/ L,
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+k, — QSO/L + 27rm/L ,and +k, + QSO/L + 27rm/L , with m an integer. The presence of

six branch cuts per Floquet mode is unique to twisted arrays, and must be considered

when finding solutions to Eq. (5.5) (See Appendix).

5.3 Wave Properties of Transverse Twisted Arrays

We discuss the properties of different traveling wave modes by considering first

the special case of particles arranged such that two principal axes of a are transverse to

the array axis with corresponding principal values a = o, as shown in Fig. 5-1(b),

where o and o are the polarizability constants of a particle along the principal axes

transverse to the array. In this case the longitudinal traveling waves are independent of
the transverse waves, and are not affected by the sequential rotation. To simplify the
analysis the longitudinal waves will be ignored, and the z component of all fields set to
Zero.

A. Dispersion Equations and Modal Fields

To find the dispersion relations of transverse twisted arrays we first note that both

the periodic Green’s function G(0, L,k ,k ) and the single source Green’s function

G,(0,k) are diagonal matrices with G =G =G and G =G, = G respectively.

T y Ozz Oy.
The dispersion equation (5.5) then reduces to

(G"+G)—2G, —2/a, (Gt —-a)

—i(G* —G") (G" +G)—2G, —2/a =0 (5-6)

vy
This equation may be solved numerically (e.g. using Muller’s method) for a given

case of interest. Simulations reveal that it has two independent solutions: 5, found near
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k, + &, / L, and 8°, found close to &k, — ¢, / L, which represent the wavenumbers of the

two transverse modes. This is in direct contrast with non-twisted resonant arrays, for

which solutions are typically found close to ;. With the modal wavenumbers found, the
dipole moment p, characterizing each modal polarization vector may then be found up

to a constant factor by solving (G 0,L,¢,,k,,0)— G, (0,k)—a')-p,=0. The

twisted(
resulting (linearly dependent) system of equations yields the ratio of the transverse

components of p, for a given mode:

e
AR (G —¢) (5.7)

where each Green’s function component is evaluated at k = (8 for the mode in

question. The dipole moments of all other array elements may then be found by Eq. (5.2).
The modal transverse polarization wave may be expressed in an alternative form
by rewriting Eq. (5.2) as

1

i

pn = —pm[) + Z.pyo
2

ei(;’i—@O/L)nL (5.8)

—1

2

1 ]ei(,’3+oo/L)rzL + px() - Zpyo

where k_, has been replaced with 3. The expressions in Eqs (5.2) and (5.8) highlight

different interpretations of the traveling wave. The first shows (3 as the propagation

wavenumber with respect to the fixed axes of the elements themselves, i.e. with respect
to the twisted coordinate system. The second expression shows the fields as they
propagate in an untwisted, laboratory reference frame. In the latter expression, the modal

polarization wave is represented as a sum of right-hand circularly polarized (RCP) and
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left-hand circularly polarized (LCP) components. These components have distinct

propagation wavenumbers § + ¢, / L that are relevant to the observable excitation and

radiation behavior of the supported modes.

The radiation and propagation properties of the two independent 3 and (3~
modes become more apparent when studying the corresponding modal electric field.
Recalling the periodic Green’s function is diagonal for observation points on the array’s

axis (with identical zz and yy components G(zz,L,k,,3)), the electric field on the
array’s axis can be given by the following expression

1

—1

1
E(z) = G" (2)(p,, +ip,,)| | +G (@), )| (5.9)

This equation shows that the axial electric field preserves the general polarization
properties of the polarization vector as described by Eq. (5.8) and it comprises two
components with distinct propagation wavenumbers . For observation points off the

array’s axis, the electric field can be given in terms of a Floquet expansion series, found

in terms of p by evaluating Eq. (5.4) and using the Floquet series representation of the
periodic Green’s function (see Eq. (3.3))

ki 402 —i0’

pa: + Zp . .Zy ~ i\ f+(2mm+¢, )/ L)z
E=to Tl i 00 +i0n)| SO HOG p)e! /)
82 o 282 m=—0o0
PO (5.10)
b —ip ky + 02 +i0°
20 . . A2 -~ _ i B+(2mm—¢,)/ L)z
0Bl o2 o) S HP Gk p)e /)

82 ‘ + ZaQ m=—00
2T 2y
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Here, the electric fields have been separated into two distinct wave components

with  longitudinal ~and  transverse =~ wavenumbers (3 + (2mm £ ¢,) / L and

1/2

2
k* :lk;g —(ﬁ+(27rm:|:¢0)/L)1 , respectively ( m is an integer). Each wave

pm

component has a distinct phase velocity along the array and a distinct decay rate out of
the array.
B. Propagation and Radiation Behavior
The expression for the electric field distribution (5.10) helps to elucidate the
physical behavior of the traveling wave modes. Consider the case of dense arrays, for

which L is small enough that no higher diffraction orders radiate. The fields

corresponding to the S mode consist of two wave components with propagation
wavenumbers §° =+ b, / L > k. In terms of the representation in Eq. (5.8) for the modal
polarization, these wave components correspond to the LCP and RCP parts of the mode.
The corresponding transverse wavenumbers k;n are imaginary, and from Eq. (5.10) the

electric fields decay exponentially away from the array. This mode represents a slow

wave that propagates without radiation loss. For dense arrays with no dissipation losses,
(37 is therefore a purely real number. Being a slow wave, this mode cannot be coupled to
a far-field excitation, but it can be excited by a source with a strong evanescent spectrum.

The 8~ mode, in contrast, is comprised of a component with wavenumber

B~ + 9, / L >k, , corresponding to an evanescent field, and a component for which

|8 — 9, / L|<k, in the case of small to moderate twist rates (i.e. reasonably small
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?, / k,L), corresponding to a propagating field. The former and latter components are

RCP and LCP components in the representation (5.8) for the modal polarization. In such

cases this mode is a fast leaky-wave mode whose LCP component radiates out of the

array. The radiated wave direction makes an angle ¢  with the array axis that satisfies
the phase matching condition £ cos(f )= Re{s } —¢, / L . This mode can be

efficiently excited by a source field that is matched to either its RCP or LCP wave
component. That is, an RCP evanescent wave can be matched to its slow, RCP wave
component, or an LCP propagating wave can be matched to its fast, LCP component. The

polarization of the radiated wave may be found from Eq. (5.10) at observation points far

from the array at an observation angle 6 . with the array axis. At this distance the

d
propagating fields are assumed to dominate, so the twisted Green’s function may be well
approximated by neglecting G* in Eq. (5.10) and including only the zeroth diffraction

order of G~ (i.e.,, the m =0 term in Eq.(5.10)), which is responsible for far-field

radiation in this case. The radiated field observed in the x — 2z plane is given by

iky (sin@_,p+cosf, ,z)

with the primed coordinates defined through %' =%kcos(d ,)—zsin(d ) ,

E(r) ~ (&' + cos0_ ) (5.11)

2’ =xsin(@ ,)+zcos(0 ,), 2’ =zcosd ,+zsinf . The vector field components
are given with respect to the radiation direction. This wave is elliptically polarized with

ellipticity e = sec(f ). A twisted array may therefore act as an antenna whose radiation

Ta

angle and polarization are determined by the twist rate @, / L . We note that for
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sufficiently large twist rates the propagation wavenumber may satisfy

Re{B" } — &, / L < —Fk,. In this case the 3~ mode is a slow wave and the array does not

radiate at all.

=== ossless ]
lossy

ky L
o
Y

=

Fig. 5-2 Dispersion relations of an infinite, twisted array with spacing L = 72nm and
rotation increment ¢ = 30°. The array elements are gold prolate spheroids with major axes

of length 33nm and minor axes of length 16.5nm.

To better characterize the modes we show the dispersion relations, found by

tracking the mode wavenumbers over a range of values of the excitation wavenumber

k, = w/ ¢ for which waveguidance is supported. Fig. 5-2 shows the dispersion relations

of the 8% and 3~ modes, found by solving Eq. (5.6) for an array of gold prolate
spheroids with permittivity ¢ (w), assumed to follow the Drude model with parameters

given by [32]. The array is embedded in an infinite silicon dioxide medium. The
dispersion of the two independent modes is shown for both realistic lossy particles and

for lossless particles, for which case the Drude damping constant is set to zero. The array
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has spacing L = 72nm, and twist angle ¢, = 30°. Each spheroid has a major axis of

length 33nm and minor axis of length 16.5nm, chosen to achieve both strong anisotropy
and reasonably low loss. The long and short axes of each spheroid have plasmonic

resonances at free-space wavelengths of 501nm and 298nm, respectively, and the range

of k, is chosen close to but less than the resonance of the major axis at k L = 1.4. The

length of each spheroid is small enough compared to the wavelength to justify the dipole

approximation for this structure [56].
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Fig. 5-3 Dispersion relations of the G~ mode of an infinite twisted array

identical to that considered in Fig. 5-2, but with rotation increment ¢, = 80°.

The dispersion relations of certain eigenmodes may exhibit stopbands of various
types. These stopbands result from the coupling between modes that propagate in

opposite directions. Mathematically, it occurs when two independent solutions of Eq.

(5.6) approach the same point in the complex k& plane. In Fig. 5-2 the behavior of the

3" mode results from interaction with the first diffraction order of the mode at —(3*,
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found at —3" + 27r/ L . In the lossless case, for which 3" is purely real, this interaction

results in a clear stop-band at 3L = 7, where the wavenumbers of the two modes are

equal. For the lossy case, in which 3* has a nonzero imaginary part, this condition

cannot be satisfied, though the strong coupling is clearly visible in the dispersion curves:
as the two mode wavenumbers approach each other, each dispersion curve approaches
the stopband point and then bends back away from it, indicating a change in group
velocity and strong coupling (i.e. hybridization) with the counter-propagating diffraction

mode. This type of stopband is unique to twisted structures with discrete periodicity. The
[~ mode, in contrast, does not couple to the diffraction order at —(3~ + 27r/ L except in
the case of (often impractically) large spacings, for which waveguidance is not well
supported. However, for large rotation rates it may couple directly to the mode with

wavenumber —(~, resulting in a stopband. Figure 5-3 shows the dispersion relations of

the array considered before, but with ¢ = 80°. For this large twist rate 3~ is a purely

real number in the lossless case, so a stopband forms at 3~ = 0 where the two modes

merge. It is noted that the dispersion relations in Figs. 5-2 and 5-3 are given for the

wavenumber (3 with respect to the rotate coordinate system as discussed after Eq. (5.8).

In the laboratory coordinate system the wavenumbers would appear shifted by ¢, / L.

One result from here is that no open (i.e. broadside) stopbands are present with respect to
the laboratory coordinate system. As is shown in Fig. 5-5, this property allows smoothly
scanning the beams radiated by the twisted arrays through the broadside direction, thus

eliminating the open stopband issue of typical leaky wave antennas. [57]
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C. Finite Arrays

In this section we study propagation and radiation properties of twisted arrays
composed of both nanoparticles at optical frequencies matching those considered for the
infinite array analysis and (near) half-wave dipoles in the microwave regime. (The case
of half-wave dipoles can be considered as a modification of a Yagi-Uda array with
twisted rods). These results verify the properties of twisted arrays predicted by
considering infinite arrays, characterize their source excited fields, and demonstrate that
similar phenomena occur in different frequency ranges and for different arrays.

The nanoparticle array is excited by a waveguide excitation that consists of a
periodic array of nanospheres connected to the twisted array at one end to form a
continuous array, with a localized source placed at its opposite end. The nanosphere array
has the same spacing as the twisted array, and each sphere has the same resonant
wavelength as each ellipsoid’s major axis. (An alternative source, such as a dielectric
waveguide, could also be used to excite this array.) The periodic Green’s function cannot
be used to analyze this finite structure, so we use the dyadic Green’s function for a single
dipole source (found from Eqns. (2.6) and (2.5)) to model the array as collection of
mutually interacting elements. A self-consistent matrix equation for each array element’s
polarization in response to the excitation field may then be set up and solved.

For the case of the microwave half-wave dipole array, the parameters are identical
to the nanoparticle array (relative to the wavelength) to achieve the same general
behavior, except that each microwave element is a perfect conducting rod of length .38\
and radius .005\, and is assumed to behave as a thin wire. The microwave array is

excited by a pair of (near) half-wave dipole antenna sources at 300MHz, positioned at
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right angles and phase shifted next to the left side of the array to create a circularly
polarized excitation. The array response is modeled using an electric field integral
equation solver in the thin wire approximation, using 11 basis functions per wire
segment. [38].

Consider an array of 150 gold ellipsoids with the same array parameters as in the
infinite case analyzed in the previous section. The source consists of 25 gold nanospheres
and a dipole source with free-space wavelength A = 550nm . This waveguide source

creates an incident field with a propagation wavenumber slightly greater than the free-

space wavenumber £ . Inspection of Egs. (5.8) and (5.9) reveals that an RCP waveguide

source is therefore well matched to the 3~ mode, whose RCP plane wave component has
wavenumber 3~ + @, / d close to k,, while an LCP source is better matched to the 3"

mode.

Fig. 5-4 Fourier spectrum of the transverse polarization component of a finite twisted array of
gold prolate spheroids excited by a waveguide source with (a) LCP and (b) RCP polarization
and wavelength 550nm . The same spectra for an array of half-wave dipoles in the microwave
regime, excited by (c) LCP and (d) RCP antenna sources. The spectral peaks are spaced

2¢, / (k,L) apart. The array parameters are the same as in Fig. 5-2.
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Taking the Fourier transform of a fixed, transverse polarization component of
each spheroid element allows one to see the wavenumber content of the propagating

fields. Fig 5-4 shows this spectrum for RCP and LCP source excitations, in which the

dipole moment of the localized source is (1, —z',()) and (1, i,O), respectively. The

response to a LCP source is two spectral peaks located near &k, and k +2¢, / L, as

predicted for the 3" mode for infinite arrays. The same structure excited by a RCP

source has a spectrum with peaks found near k, and k, —2¢, / L, consistent with the 3~

mode. (The small peak observed near k, + 24, / L results from imperfect matching of the

source to this mode.) In the microwave case, the spectrum is found by taking the Fourier
transform of the transverse current moment at each rod’s center. It is evident that the RCP
excitation excites both modes in this case, most likely owing to the contribution of the

near-field spectrum of the localized antenna source.
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Fig. 5-5 (a) Radiation pattern resulting from the 3~ mode of the finite twisted array of gold
prolate spheroids considered in Fig. 5-4 with three distinct rotation increments. For

¢, = 37", the beam is radiated directly at broadside and is linearly polarized. For

¢, = 30° and ¢, = 45°, the beams are directed in the forward and backward directions

relative to the source, and are left and right handed elliptically polarized, respectively. (b)
Radiation pattern from a twisted array of half-wave dipoles at 300MHz with the same
rotation increments and spacing relative to the wavelength.

To verify the radiation properties we show in Fig. 5-5 the radiation pattern (i.e.

the scattered far-field intensity as a function of the observation angle § made with the

array axis) for three values of the twist angle ¢ . For ¢, = 37°, the beam is radiated

directly at broadside and is linearly polarized. For ¢, = 30" and ¢, = 45°, the beams are

directed in the forward and backward directions relative to the source, and are left and

right handed elliptically polarized, respectively, with ellipticity approximately given by

sec(f ). The peak directions are consistent with the predicted radiation angle for the 3~

mode, given by 6 = cos™ (Re{ﬁf}/ k, — &, / (kOL)) . An important property is that the

radiated beam does not exhibit an open stop-band behavior typical of many leaky wave
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antennas, e.g. it does not change its width and shape as the radiation angle approaches

90°. An open stopband behavior is also absent when frequency scanning the beam angle,
which may be useful for applications in leaky wave structures.

The twisted arrays can also radiate end-fire beams, similar to Yagi-Uda antennas.
Specifically, the 3" mode does not radiate at broadside, but still radiates into an endfire
beam at # = 0°. This radiation is similar to that from conventional Yagi-Uda antennas
but it is of the LCP type (for the positive twist angle), similar to helical antennas. Figure

5-6 shows the endfire radiation from twisted nanoparticle and microwave arrays excited

by LCP sources, confirming this behavior.
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Fig. 5-6 Radiation pattern at endfire for the twisted (a) nanoparticle array (at
A = 540 nm) and (b) microwave array considered in Fig. 5-5, with LCP excitation.

5.4 Tilted Twisted Arrays

Consider now the more general case of nanoparticles oriented such that the
principal axes of the polarizability tensor a are not all parallel to or perpendicular to the

array axis. In such cases, as shown in Fig. 5-1(c) (where the major axis of each ellipsoid
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is “tilted” towards the array axis) the longitudinal mode is coupled to the transverse
modes, so there now exist three independent modes that are coupled to the twist. Their
wavenumbers may be found by solving Eq. (5.5), noting that the polarizability tensor a
must be appropriately rotated and is therefore no longer diagonal. The modal polarization

wave now becomes

. |1 0
p, +Zp idn pT _quo . —i¢n iBn
p =L —w 5 0| _jle?" 42w 5 e lgle™™" +p,|0][e" (5.12)
0 0 1

From Eq. (5.12) it is clear that the 3~ and 3" modes discussed in section 5.3

now have longitudinal components. However, their general radiation and polarization

properties are otherwise largely unchanged. The third mode, mediated by the longitudinal
component of the polarization, has a wavenumber 3" > k, that is close to k_ , similar to a

non-twisted resonant array. It is not, however, a slow wave; the propagation constant of

its transverse LCP component generally satisfies

3" — ¢, / L‘ <k, , and is therefore a

leaky-wave mode that radiates at an angle satisfying & cos(0 ) = Re{8"} — ¢, / L. An

expression for the radiation from this component alone may be found from Eq. (5.4) by

including only the longitudinal component of p, and by neglecting all terms in the

twisted Green’s function except the zeroth diffraction orders of G_, GW, and G_ .

Unlike the radiation from the 5~ mode, the radiation from the 3° mode is linearly

polarized.
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To demonstrate the radiation properties of these twisted arrays, Fig. 5-7(a) shows
the radiated electric field intensity for a finite array of gold prolate spheroids identical to

that first considered in section 5.3C but with each spheroid “tilted” so that its major axis
makes an angle of 6 = 85° with respect to the array axis. Figure 5-7(b) shows similar
results for the case of a tilted twisted array of half-wave dipoles in the microwave regime.

The 8~ mode radiates at the same angle as in the purely transverse case shown in Fig, 5-

5, but there is an additional radiated beam that results from the 3’ mode. It is observed at
an angle 6 = cos™' (Re{ﬂo}/lﬂo — qﬁo/(kol})) = 53.2°. The angular separation between

these two beams may be varied by changing the twist rate ¢, / L . This new radiation

behavior results from the coupling of the formerly independent longitudinal mode to the

transverse modes and their distinct propagation behavior.
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Fig. 5-7 Radiation pattern resulting from the (3~ and ﬁo modes of finite “tilted” twisted

arrays of (a) gold prolate spheroids and (b) half-wave microwave dipoles excited by an RCP
sources. In each case, the radiated beam on the left is linearly polarized, while that on the
right is left handed elliptically polarized. The array parameters are as given in Fig. 5-4, but

with tilt angle # = 85° instead of 90° .
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5.5 Extensions to Twisted Surface Structures

This section considers a twisted surface structure, consisting of many twisted
linear arrays arranged parallel to each other to form a grid pattern. Consider a grid of

particles oriented on the zy plane for which the (n,m) element, centered at

r =nLXx+ mLyy, is rotated about the z axis by an angle ng,. (L, and Ly denote the

particle spacing in the x and y directions.) This planar structure extends the general
features of twisted linear arrays to surface arrays, potentially enabling polarization
control of surface waves supported by planarly layered media.

These "twisted surfaces" do not have the discrete rotation and translation
symmetries as twisted arrays. A Green's function therefore cannot be formulated in the
same manner of Eq. (5.4), and Floquet modes along the twist () direction will appear
with spectral spacing determined not by the dense spacing L, but rather by the "long"
period, encompassing enough particles along the twist direction such that the unit cell
repeats itself in a cartesian reference frame. The additional Floquet modes introduced,
however, are expected to contribute little to the overall field behavior in comparison to
the 8% and 5~ modes identified for linear arrays in previous sections.

We simulate a twisted surface with parameters very similar to the linear arrays
considered in figures 5-2 and 5-4: an array of 75 x 75 gold prolate spheroids, with major

and minor axes of length 43nm and 21.5nm, embedded in a silicon dioxide medium.

The twist increment in the z direction is ¢ =30 , and the spacing is

L =L =120nm . The structure is excited by a dipole source, placed at

z y
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r =-Lx+ 37.5Ly§r in order to generate traveling waves in the x direction, operating

at free-space wavelength A = 550nm. Figure 5-8 shows the spectrum of traveling waves
generated by LCP and RCP dipole sources, found by taking the 2D Fourier transform of

the z polarization component of each particle. The structure clearly supports wave modes

similar to the 8 and 8~ modes discussed above. In both cases the source excites a
cylindrical wave, and there are two dominant spectral peaks separated by 2¢, / (k,L,).

This behavior suggests that the general features of twisted arrays can be extended to

twisted surfaces, which could enable polarization control of surface waves.
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Fig. 5-8 Spectrum of traveling waves on a twisted array excited by a short
dipole source with (a) LCP and (b) RCP polarization.

5.6 Conclusions
This chapter studies twisted resonant arrays characterized by a sequential rotation
of each array element around the periodicity axis. Using the point dipole approximation,
we derived a dyadic Green’s function for these resonant array structures and used it to

find the waveguiding modes and their dispersion. For densely spaced elements, we
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identified two independent transverse modes with distinct polarization properties: one is a
slow wave, while the other radiates for small to moderate twist rates. The angle and
polarization of the resulting radiated beam are given in terms of the modal wavenumber.
The dispersion relations of the transverse modes may exhibit stopbands, resulting from
coupling to counter propagation modes, including higher diffraction orders. The open
radiation stopbands typical of leaky wave antennas, however, are absent. By simulating a
finite array we showed that these two modes are efficiently excited by circularly
polarized sources of opposite handedness, and that the propagation and radiation
properties agree with those predicted for an infinite array. Results were generalized to
“tilted” twisted arrays, which have additional radiation mechanisms, and to twisted
surfaces.

Twisted arrays could find applications as waveguides and radiators with tunable
phase velocity, and as polarization-sensitive filters and couplers. Although the focus of
this chapter is on resonant waveguiding structures, the general behavior found should
characterize a general class of linear structures having both discrete and helical

periodicities.

5.7 Appendix
As discussed in chapter 3, the periodic Green's function G(r, L,k ,k ) has an
infinite number of branch cuts in the complex £ plane that must be accounted for when
solving Eq.(5.5). The Floquet modes have longitudinal wavenumbers

zZm Zm

k, =k, + 27rm/ L and transverse wavenumbers k = (k2 — & )1/ * | having branch



114

cuts with branch points at +k + 27 m/ L . Recall that these branch cuts are necessarily

found in all representations of the periodic Green’s function. A set of dispersion relations
can in general be defined on different Riemann sheets. However, only solutions on
specific Riemann sheets that correspond to physically excitable modes should be
considered.

For twisted arrays in which the particles have principal axes transverse to the

array axis, Eq. (5.6) involves two Green’s functions, G* = G (0, L, k,£o, / L) , whose

T

linear phase shift factors differ by a translation of 2¢, / L. The resulting determinant has

20 zbm

branch points in the & plane at k@ = +k, —|—27rm/ L—¢, /L and

k, =k + 27rm/ L+ ¢, / L, as shown in Fig. 5-9. For dense arrays with large twist

zbm

rates (approximately 2¢, / L >k, ), all solutions of Eq. (5.6) are found on the top

Riemann sheet, on which Im{(k} — 62)1/ “} < 0. Fig. 5-9(a) shows, in the complex k,

plane, the solutions =3 and branch cuts for the array considered in Fig. 5-3 (with twist
rate ¢, = 80°) at a free-space wavelength of 550nm. This array is characterized by a
large rotation rate, and all of the traveling wave modes are slow waves that do not radiate.
Note that in all the solutions are found close to the branch points. As the twist rate ¢, / L
decreases, however, the two branch points on each side of the origin approach each other.

At around ¢, / L~k , the 7 and —(3~ modes become leaky-wave modes. For smaller

0°?

twist rates (roughly ¢, / L <k / 2) 7 and —3  move to the bottom Riemann sheets



115

defined for the m = 0 branch cuts of G* and G~ respectively, while 3 and —(3"
remain on the top Riemann sheet. This is the case in Fig. 5-9(b), which shows the branch

cuts for the same infinite array analyzed in Fig. 5-2 but with twist angle ¢, = 30°

0.01 I H T T \
. (a) R 8 s
= | | x| . %
TR O - e Yk el -5 ammn bk
= | Y | A |
E x| b x . :
- . - |
001, -1 0 1 2
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Fig. 5-9 Branch cuts and solutions of Eq. (5.6) in the complex k  plane for the infinite
arrays considered in Fig. 5-2 and Fig. 5-3, corresponding to rotation increments (a) ¢, = 30°
and (b) ¢, = 80" respectively. (To enhance visibility, the branch cuts are plotted for a value

of k, with very small imaginary part.)

For the case of tilted twisted arrays, there are three independent solutions in the
complex k  plane. In addition to the branch cuts described above for the transverse
twisted array, there are now branch cuts with branch points at +k  + 27 m/ L, resulting

from the presence of the periodic Green’s function component G_ in Eq. (5.5). The

details of which Riemann sheets each solution is found on are somewhat involved, and
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may depend on both the twist rate ¢, / L and the tilt angle 6, . This discussion is therefore

omitted.
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Chapter 6 Conclusion

This dissertation presents Green's function formulations for the study of the
propagation and radiation properties of periodic electromagnetic structures. Chapter 3
introduced a new spectral representation for the free-space periodic Green's function for
linear arrays. For observation points near the array axis, it offers significant advantages in
computation speed over existing acceleration schemes, and also lends itself to asymptotic
expressions for the fields near the array axis. Chapter 4 extends this transverse spectral
approach to the case of linear arrays near surfaces. The resulting representation is the
only one known to achieve high accuracy on or near the surface interface and periodicity
axis. Like the free-space Green's function, it is expressed in terms of distinct field types
characterizing the system, including guided waves supported by the surface and Floquet
modes. In addition to fast evaluation, this representation allows a physical understanding
of the ways in which different field types couple to each other. Both of these Green's
function representations can accelerate the computational simulation of periodic systems
using the Method of Moments. Chapter 5 introduced a new class of periodic system,
characterized by discrete helical periodicity, and derived a Green's function for the case
of small scatterers. This structure displays many interesting properties, and supports two
transverse modes that are easily excited by circularly polarized sources with different
handedness. One is a slow, bound wave, while the other can radiate into elliptically
polarized beams at broadside and circularly polarized beams at endfire.

The applications of this work are numerous. The free-space periodic Green's

function representation, on its own, can accelerate the analysis of any linear periodic

117
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system in electromagnetics, including gratings, waveguiding structures, and antennas. It
is furthermore an important component to solving for the complete Green's function in
other environments, such as near surfaces or in waveguides. The Green's function for a
periodic array on a surface is a particularly important case, as many periodic structures
are manufactured on dielectric substrates, such as printed circuit boards and silicon
wafers. Because such systems are compact and inexpensive, they are frequently
encountered in many applications of periodic structures, and are frequently found in
microwave and light-wave circuits. The physical understanding facilitated by this
representation could be helpful in design consideration for all of these classes of
structures. Finally, twisted arrays could offer polarization selectivity to any of the
periodic devices mentioned above. This could be useful in designing new types of filters
and couplers for the transmission of electromagnetic signals. It also has applications to
leaky-wave antennas, for which full tunability of the radiated beam at broadside remains
a fundamental problem. The basic functionalities of twisted arrays could be realized by
adding a discrete periodicity to any type of helical structure, such as helical antennas and

chiral optical fibers.
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