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Even if there is only one possible unified theory, it is just a set of rules and equa-
tions. What is it that breathes fire into the equations and makes a universe for
them to describe? The usual approach of science of constructing a mathemat-
ical model cannot answer the questions of why there should be a universe for
the model to describe. Why does the universe go to all the bother of existing?

STEPHEN W. HAWKING

If T have seen further than others, it is by standing upon the shoulders of giants.

IsaAac NEWTON
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ABSTRACT OF THE DISSERTATION

Chemically reacting plumes, gas hydrate dissociation and

dendrite solidification
by

Devin Thomas Conroy
Doctor of Philosophy in Engineering Sciences (Mechanical Engineering)
University of California, San Diego, 2008
Professor Stefan Llewellyn Smith, Chair

Chemical transport by natural convection is a common occurrence in en-
vironmental and industrial settings, and in many cases a reaction occurs between
the source fluid and the fluid entrained by the ambient. This process is particu-
larly important in the case of ventilated spaces, especially when the chemical is
hazardous to the occupants. We explore analytically, numerically and experimen-
tally the physics involved when a chemically reacting plume enters a ventilated
space in order to determine the species distribution in time. We compare our
results to traditional ventilation strategies that rely on well-mixed spaces and dis-
cuss the main differences. Furthermore, there are many case in which the chemical
reaction is endothermic or exothermic, such as in dilution reactions, pool fires and
others. In this case the buoyancy force depends on the heat of reaction as well as
the ambient density distribution and we develop a model to take into account this
extra source/sink applying methods based on traditional plume models.

This thesis also presents a separate investigation on gas hydrate decom-

position in porous media due to an increase in ocean water temperature. The

Xviil



problem is essentially broken up into two parts, depending on the system condi-
tions in relation to the phase diagram. In the first case the hydrate dissolves at
warmer temperatures at a rate that scales with species diffusion. In the second
case the hydrate dissociates into water and gas, which requires a special treatment
for the two-phase flow through the sediment. Here we determine methane gas flow
rates into the ocean from the sea bed as a function of thermal forcing and sediment
properties.

Finally, we present a related project on dendrite solidification in super-
cooled binary liquids (e.g. hydrate and alloys). Slender body theory is applied to
a steady state dendrite and solved analytically using the Wiener-Hopf technique.
We examine the interface shape as a function of temperature, concentration, and

kinetic under-cooling and compare this to the classic similarity solution.
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Thesis outline and scope

During my graduate career at the University of California — San Diego I
have been fortunate to work on various research projects in parallel whereas most
dissertations focus on a set of closely related topics. Fortunately all of my projects
can be tied together by the fact that they are related to melting/solidification
processes in the environment. For example, during the dissociation of gas hydrates
under the seafloor, gas will flow into the ocean forming a bubble plume. The
collection of bubbles are commonly modeled using turbulent plume theory with
a closure relationship that takes into account the collective bubble motion on the
plume dynamics. In addition, since the bubbles are dissolving in response to phase
disequilibrium, the plume can be considered to be reactive.

Furthermore, the rejection of salt during the solidification of seawater may
lead to the formation of salt plumes. The release of dense saline water from these
mushy structure may be the dominate mode of convection in the polar regions. For
these reasons, this document is separated into two main areas: turbulent plumes
and melting/solidification problems and is roughly divided into the following 3

parts:

e Chapters 2-4: Chemically reacting plumes

e Chapters 5-7: Gas hydrate dissociation



e Chapter 8: Dendrite solidification

Chapter 3 examines the effects of chemical reactions on the dynamics of a
turbulent plume and their relationship to contaminant removal in occupied spaces.
Through a combination of analytical, numerical and experimental techniques, we
examine the evolution of species concentrations in a ventilated room with nonlin-
ear reaction rates and compare them to traditional, well-mixed, HVAC systems.
Since traditional systems distribute the chemistry uniformly, whereas natural con-
vection stratifies the chemistry, we show that a plume may lead to a more efficient
ventilation strategy if the initial fluid in the room is contaminated.

Chapter 4 explores the relationship between buoyancy fluxes and internal
heat gains/losses from exothermic and endothermic reactions. These reactions can
have important effects on the plume dynamics since the entrainment rate, which
scales with the vertical velocity, will be a function of the heat release or absorption.
For chemically and density stratified environments, this will have an important
effect on the vertical density distribution because the entrainment rate will not
necessarily decrease with distance from this source. In traditional models this will
not be the case, since the reaction will contribute to the buoyancy of the plume.
As a result, the maximum rise height of the plume for exothermic reactions may
actually decrease with reaction rate if this occurs in a region of high ambient
density.

Chapter 6 investigates melting and dissolution rates of methane gas hy-
drates in porous media in response to changes in system conditions from phase
equilibria. A model is developed based on conservation equations for heat, mass,
momentum and species and solved analytically in an infinite domain. We compare
two formulations of the problem, corresponding to pure hydrate layers with large
hydrate saturations and hydrate layers with variable hydrate saturations. In gen-
eral, a mushy layer will melt/dissolve more quickly because the system is limited
by thermal diffusion rather than mass diffusion as in the pure case.

Chapter 7 extends the model developed in Chapter 6 to hydrate disso-



ciation in which gas and water are released from the phase boundary. The new
problem involves a multiphase flow through the sediment, which we solve numer-
ically and analytically for a few limiting cases, such as large latent heat release
or weak gravitational forces. We examine the effects of system properties such as
temperature and capillary forces on the gas flux through the sediment and total
concentration of methane released from the seafloor. Generally, for small Stefan
numbers (large temperature scale) and shallow deposits the total amount of gas
entering the ocean can be significant, possibly kilograms per year.

In Chapter 8 we solve the steady dendrite problem in which a solid needle-
like structure grows into a super-cooled binary fluid using slender body theory.
We consider the full interfacial conditions, including curvature, binary, and kinetic
under-cooling effects and solve the first-order outer problem using the Wiener-Hopf
technique. In the case of a pure liquid we investigate the effect of kinetic under-
cooling on the interface displacement and compare these results with the similarity
solution. The method is appropriate for slender dendrites and is found to be
equivalent to the similarity solution in the small Péclet number limit. In addition,
the growth rate can be determined uniquely, provided the thickness of the dendrite
is known at some position, rather than the radius of curvature. Furthermore we
investigate the effect of component concentrations on the interface position and

growth velocity.



Chemically reacting plumes



Introduction to plumes with

chemically reacting species

Many processes in the natural world rely on the transport of heat and
material by convection, in which buoyancy forces generated by some mechanism
(e.g. solar radiation) drive the motion of a parcel of fluid. The fluid therefore moves
in order to minimize its potential energy. In many cases the convection usually has
a self similar profile and we can use turbulent plume theory to model the structure
of the flow. The simplest approach, starting with the seminal work of Morton et al.
(1956), is to consider a set of conservation equations with a constitutive relation-
ship for the turbulent entrainment (expressing the rate at which ambient fluid is
incorporated into the plume). This relationship is known as the ‘entrainment rate’
and is proportional to the center line velocity and thus scales with the turbulent
production. Plume theory has been compared successfully with the experiments
of Ricou and Spalding (1961) and Turner (1973), and extended to various geo-
physical and industrial settings such as volcanic eruptions (Woods 1995), bubble
plumes (Mcdougal 1978, and Asaeda and Imberger 1993), ventilation (Baines and
Turner 1969) and many more. An excellent introduction to plume theory and its
applications can be found in Linden (2000).

An interesting application for plume models is to include a chemically-



reacting species that is initially buoyant and reacts with the entrained ambient
fluid. In the simplest case the conversion of chemical to thermal energy is small
(small heat of reaction) and the chemistry is passively driven (Conroy et al. 2005).
In more complicated cases the heat of reaction is sufficiently large and contributes
substantially to the plume dynamics, manifesting itself as a buoyancy source. We

discuss some applications for these types of models in the following sections.

2.1 Environmental plumes

Plumes are the most common form of large-Reynolds-number convection
in the ocean and the atmosphere (Linden 2000). The environment can generally
be treated as unbounded (no solid boundaries such as walls), which is naturally
stratified in density by either heat or solute. In all cases the entrainment of dense
fluid causes the plume to rise to a maximum height. At this height the momentum
of the plume changes direction from upward to downward, and provided the mo-
mentum of the plume is negative the plume will descend in the form of a fountain
before it ultimately spreads out horizontally (Bloomfield and Kerr 2000). A com-
mon manifestation is the visually stunning umbrella cloud formed from a volcanic

eruption.

2.1.1 Examples
Black smokers

On the ocean floor of the mid-ocean ridges, plumes of hot sulfide-bearing
sea water issue into the water column from hydrothermal vents. The water is
heated to temperatures near 350°C from beneath the Earth’s crust in magma
chambers, in which sulfur-bearing materials are dissolved into the high pressure
fluid. As the buoyant fluid seeps out of the Earth’s crust, a turbulent plume forms
and entrains cool, ambient sea water. As the fluid cools a precipitation reaction

occurs forming small black particles of metal sulfides causing the plume to resemble



Figure 2.1: Black smoker image from http//:www.rst.gsfc.nasa.gov

black smoke (hence the name “black smoker”) as seen in Figure 2.1.

Mid-ocean ridges are deep underwater and essentially devoid of sunlight.
However new organisms have been found to thrive on the sulfide-rich seawater using
chemosynthesis as a pathway for energy sequestration. These regions support
a unique ecosystem critically dependent on the concentrations of the chemicals
issuing from the plumes, which is of great interest to researchers in biology and

oceanography (Tunnicliffe 1992).

Volcanic eruptions

Similarly to the examples above concerning black smokers, a plume is
formed from a volcanic eruption as seen in Figure 2.2 with a spectacular display of
ejected ash and molten magma. Initially the material is ejected at high velocities.
The extremely large temperatures and thus buoyancy allows the plume to rise as
high as 45 km into the stratosphere. The hot fluid is composed of a mixture denser

than air and behaves with jet-like characteristics, but as the jet entrains ambient



Figure 2.2: Volcanic eruption image from http//:www.rst.gsfc.nasa.gov

air, the thermal energy of the ash and magma is transferred to the gas and the
average density decreases. As the volume increases with height and the density
decreases, the jet behaves as a plume and therefore the maximum rise height of
the volcanic eruption increases (Huppert 2000).

Generally, the ejected volcanic material has multiphase fluid-like proper-
ties with many different chemicals such as carbon dioxide (CO;), sulfur dioxide
(SO3), carbon monoxide (CO), hydrogen chloride (HCI) and many more. In addi-
tion sulfate aerosols from volcanic eruptions can accelerate ozone depleting chem-
ical reactions in the stratosphere as they encounter man made CFC’s (Brasseur

and Granier 1992).

Chemical fires

Chemically reacting plumes are a common occurrence resulting from the
flow that develops above a pool of ignited fuel (i.e. pool fires). Provided the fire
is unbounded and the vaporization rate is above a minimum value, a single plume
forms with two distinct stages. In the first stage a reacting plume rises above the
fuel source in the form of a fire, in which hot, buoyant fuel mixes with entrained

ambient air. The highly exothermic reaction increases the buoyancy of the plume



until the initial plume species is completely consumed. At this height the plume
behaves as a non-Boussinesq plume without reaction and with a virtual origin

correction (Tieszen 2001).

Bubble plumes

Gas that has migrated out of the sediment and entered the water column
will rise to the surface due to buoyancy forces in the form of distributed bub-
ble plumes. Motivated by oil well blowouts and reservoir de-stratification many
authors have performed laboratory investigations as well as developing mathemat-
ical models. Experimental studies by McDougall (1978) have shown that bubble
plumes form a double plume configuration, where bubbles stay confined to an inner
core and entrained ambient fluid forms an annular plume moving upwards at some
slower velocity than the bubbles. Since most ambient environments are stratified,
the fluid that forms the outer plume eventually loses momentum and consequently
detrains and falls to some neutrally buoyant level. Further, Asaeda and Imberger
(1993) found that in addition to the double plume configuration, the detrained fluid
forms an annular down-draught that eventually turns into a horizontal intrusion
flow.

In deep ocean water, where the hydrate stability zone extends far enough
above the sea floor, gas hydrates may nucleate on the bubble surfaces as they rise,
forming a crystalline rind. The formation process rejects salt and releases latent
heat which acts in concert to modify the water density. In addition, the buoyant
core, which is a combination of solid hydrate and gas, will in general have a larger
average density. After the coated bubbles leave the hydrate stability zone the
hydrate will begin to decompose into water and free gas. Of course the buoyancy
forces acting on the plume will be different at various stages and vertical locations
of the plume. Zheng et. al. (2002) included hydrate formation in a bubble plume
model, using a Lagrangian formulation and in the presence of a cross flow. They

modeled the hydrate formation as a kinetic and thermodynamic process with the
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assumption that the rind remains spherical and grows with time due to the diffusion

of gas across its porous shell.

2.2 Ventilation and plumes in confined spaces

Plumes issuing into a confined space such as a room in an office building
are a common occurrence in conjunction with building ventilation where the source
of buoyancy comes from sources of heat. These heat sources can originate from
people, electronic equipment, air conditioning, smoke, etc. Flows of this type were
first studied by Baines and Turner (1969) who considered the flow that develops in
an initially homogeneous room a turbulent plume. As it rises the plume entrains
ambient fluid, until it eventually reaches the ceiling, spreads horizontally and then
descends into the space. As the plume continually entrains ambient fluid the old
plume fluid gets re-entrained and the density structure evolves with time as seen
in Figure 2.3. This mechanism is known as the “filling box” process and in the
case of a single vent, the room fluid will be replaced by plume fluid within a few
replacement time scales (the time it takes to fill the room at the source flow rate).

The filling box model of Baines and Turner (1969) only applies provided
the aspect ratio of the room is sufficiently large. In this case the mixing that
occurs when the plume spreads along the ceiling is confined to a small region and
the velocity of the room fluid is only in the vertical direction. Furthermore, this
assumption implies that the vertical velocity of the plume is much larger than the
downward velocity of the room fluid. This fact was exploited by Germeles (1975)
in his numerical algorithm, which essentially decouples the plume dynamics from
the room dynamic during each step of the time integration. The plume then sees
a quiescent ambient that is determined by tracking a sufficiently large number of
fluid layers. This technique can still be used when a reaction is occurring in the
room, provided the rate of change of ambient fluid is small compared to the vertical

propagation of a parcel of fluid in the plume.
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Figure 2.3: A ventilated filling box with a dyed freshwater plume entering a salty,
ambient fluid from the bottom and a vent located at the floor. The interface
separating the clear and dyed fluid is the first front and it moves downwards at a

velocity that is dependent on the plume flow rate and horizontal room area.

2.2.1 Natural Ventilation

Natural ventilation, which models heat sources, such as people or elec-
tronic equipment as ideal plumes has recently experienced a considerable amount
of research since it is more efficient than traditional HVAC systems in certain ge-
ographical regions. Essentially, natural ventilation takes advantage of the density
stratification generated from heat sources to transport fluid into and out of the
occupied space. Since the space is not well mixed, this strategy has the advan-
tage of conditioning only the occupied zone, which is at the ground level. The
generated heat and contaminants flow to the top of the room where they are ex-
tracted and fresh, cool air flows in from the floor. A review of natural ventilation
has been compiled by Linden et al.(1990) although there is still substantial ongo-
ing research, especially regarding the engineering aspects associated with building

design strategies and optimization.
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2.2.2 Example
Indoor air quality

Since many people spend a large fraction of their time within enclosed
spaces, it is important to control the indoor air quality, especially when there is a
continuous release of a hazardous chemical. A hazardous chemical may be carbon
monoxide from car exhaust, cigarette smoke flowing in from an open window, or
radon contained within the bedrock that enters in from the building foundation.
These chemicals may be considered passive, since they advect with the fluid or
diffuse, but do not contribute to the momentum of the bulk fluid motion. From
the standpoint of indoor air quality it is clearly necessary to understand how these
chemicals are transported so as to maintain the occupied zone at tolerable levels.

In addition, there exists the possibility of an accidental release of a haz-
ardous chemical that reacts with the surrounding air, producing a chemical species
that is either hazardous or acts to dilute the hazardous reactant. These may include
pyrophoric chemicals, such as phosphorus, which react with the water in humid air
and become very toxic. These chemicals may be transported in pipelines through
buildings for manufacturing processes and may leak, forming a dense fluid that
enters the space and falls downward with turbulent plume-like characteristics. In
this case it is important to understand the chemical reaction mechanism and how

the species are transported through the ventilated room.



Chemically reacting plumes in a

ventilated filling box

3.1 Abstract

The dynamics of a second order chemical reaction in an enclosed space
driven by the mixing produced by a turbulent buoyant plume are studied theo-
retically, numerically and experimentally. An isolated turbulent buoyant plume
source is located in an enclosure with a single external opening. Both the source
and the opening are located at the bottom of the enclosure. The enclosure is filled
with a fluid of a given density with a fixed initial concentration of a chemical. The
source supplies a constant volume flux of fluid of different density containing a dif-
ferent chemical of known and constant concentration.These two chemicals undergo
a second order non-reversible reaction, leading to the creation of a third product
chemical. For simplicity, we restrict attention to the situation where the reaction
process does not affect the density of the fluids involved. Because of the natural
constraint of volume conservation, fluid from the enclosure is continually vented.
We study the evolution of the various chemical species as they are advected by
the developing ventilated filling box process within the room that is driven by the

plume dynamics. In particular, we study both the mean and vertical distributions

13
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of the chemical species as a function of time within the room. We compare the re-
sults of analogue laboratory experiments with theoretical predictions derived from
reduced numerical models, and find excellent agreement. Important parameters for
the behavior of the system are associated with the source volume flux and specific
momentum flux relative to the source specific buoyancy flux, the ratio of the initial
concentrations of the reacting chemical input in the plume and the reacting chem-
ical in the enclosed space, the reaction rate of the chemicals and the aspect ratio
of the room. Although the behavior of the system depends on all these parameters
in a non-trivial way, in general the concentration within the room of the chemical
input at the isolated source passes through three distinct phases. Initially, as the
source fluid flows into the room, the mean concentration of the input chemical
increases due to the inflow, with some loss due to the reaction with the chemical
initially within the room. After a finite time, the layer of fluid contaminated by
the inflow reaches the opening to the exterior at the base of the room. During an
ensuing intermediate phase, the rate of increase in the concentration of the input
chemical then drops non-trivially, due to the extra sink for the input chemical of
the outflow through the opening. During this intermediate stage, the concentra-
tion of the input chemical continues to rise, but at a rate that is reduced due to
the reaction with the fluid in the room. Ultimately, all the fluid (and hence the
chemical) that was originally within the room is lost, both through reaction and
outflow through the opening, and the room approaches its final steady state, being

filled completely with source fluid.

3.2 Introduction

In many industrial settings, pipelines transport pressurized chemicals in
the liquid state that would undergo a chemical reaction if exposed to air. If a
leak were to occur, the chemical would enter the ambient environment, and under

ambient pressure, vaporize and cool, forming a gas, with in general a different
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density from the ambient air. Provided the source remains relatively isolated, and
the leaking fluid has some initial momentum, which is a plausible scenario, the
resulting plume, driven by buoyancy, would inevitably entrain ambient air. This
entrainment would have two principal effects. Firstly, it would increase the volume
of air that is at least partially contaminated by the released chemical. Secondly,
it would allow the released chemical to react with the entrained air. This air, con-
taminated with both the original chemical and the reaction product, would thus
start to fill the space. From a hazard analysis viewpoint, it is clearly important
to understand the spatial and temporal evolution of this contamination. For ex-
ample, such an understanding would allow the identification of the time available
to evacuate a building before concentrations of either the released chemical or the
product became hazardous. Naturally, similar concerns also arise when the release
of the hazardous reacting chemical is intentional, and many of the scientific and
theoretical modeling issues are the same.

Furthermore, situations with analogous physical properties occur in geo-
physics. For example, in oceanography, a few decades ago deep sea hydrothermal
vents, (known as “black smokers” because they discharge a black precipitate com-
posed of sulfur bearing material) were discovered at mid-ocean ridges. Hot seawater
and sulphites, formed in hot magma chambers below the surface, seep out of the
ground as a low density fluid. Although there are significant thermal differences
between the vented fluid and the surrounding ambient sea water, there is no vapor-
ization because of the high pressure. The vented buoyant fluid forms a turbulent
plume that when mixed with the cold ambient seawater creates a precipitate that
can be seen as black smoke. Since these regions are far underwater and essentially
devoid of sunlight, new organisms have been found to thrive on the chemically
rich seawater using chemosynthesis as an energy source. These regions support
a unique ecosystem critically dependent on the concentrations of the chemicals
issuing from the plumes, which is of great interest to researchers in biology and

oceanography (Tunnicliffe 1992). Due to the local topography, and also to the



16

ambient stratification of the ocean (see Cardoso & Woods 1993), the plume fluid
propagates only a finite distance away from the source, and so there are marked
points of similarity with the industrial situation.

The fundamental fluid dynamical aspect of this class of problems is the
presence within a finite, though large, restricted area, or “room”, (with limited
“ventilation” to the exterior) of an isolated source of fluid of both different density
and chemical composition from the fluid initially within the room. In the absence
of chemical reaction between the source and ambient fluid, such flows have been
widely studied, building upon the original seminal contribution of Baines & Turner
(1969; henceforth BT69). They considered the flow that develops when an isolated
source of buoyancy alone (a so-called “point source plume”) issues into an enclosed
region. As the plume rises it entrains ambient fluid (in a way that is well modeled
by the classic approach of Morton, Taylor & Turner 1956; henceforth MTT56),
until ultimately the plume fluid reaches the ceiling of the room, where, provided
the aspect ratio of the room is sufficiently small, it spreads out, and forms a “first
front” of fluid that has been cycled through the plume. As the plume continues to
entrain, the first front moves downward through the room, and the region above
the first front fills with fluid that has, at some stage, been entrained into the plume.
This filling box mechanism continues for all times if the source has zero volume
flux, as the first front only approaches the source height asymptotically.

The evolution of the density distribution within the room can be ac-
curately studied numerically using the numerical algorithm initially proposed by
Germeles (1975). Essentially, this algorithm makes a quasi-steady approximation,
assuming that the transit time of a fluid parcel within the plume from floor to
ceiling is very much faster than the transit time for a fluid parcel within the room
from the ceiling to the floor. This assumption is satisfied provided the source is
isolated and always occupies a negligibly small fraction of the cross-sectional area
of the room at all heights, and so the aspect ratio of the room is sufficiently small.

In such a circumstance, the evolution of the plume can be considered to occur in a
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quiescent ambient. At any time instant, once the properties (and in particular the
volume flux) of the plume are determined at all heights, the evolution of the ambi-
ent density distribution in the room can be determined by tracking the motion of a
sufficiently large number of layers of ambient fluid. The propagation of each of the
interfaces between the layers is determined by requiring that the upflow volume
flux in the plume at that height is balanced by a slower downflow of ambient fluid,
with the effect that entrainment into the plume causes neighboring interfaces to
move closer together. This method, discussed in more detail below, leads to an
accurate representation of the evolution of the ambient density distribution within
the room.

A particularly important aspect of the point source model that deserves
attention is the requirement that the source has finite buoyancy flux yet zero vol-
ume flux. This corresponds formally to the requirement that there is no lower
bound on the fluid density within the system. Therefore, the density of the layer
above the first front continues to decrease without limit, with an asymptotic verti-
cal structure in the density profile, consistent with the assumption that the buoy-
ancy flux in the plume varies linearly with distance from the source (see Worster
& Huppert 1983).

Caulfield & Woods (2002; henceforth CW02) generalized this flow to
consider the behavior when the source has a nonzero source volume flux. This
source volume flux changes the behavior of the system qualitatively in several ways.
Firstly, since the source has a constant finite volume flux (and for consistency also a
finite source momentum flux), there is a minimum fluid density within the system,
corresponding to the density of the fluid issuing from the source. In the limit of
long time, the fluid in the room approaches this density asymptotically. Secondly,
since there is a finite volume flux into the system, there must be at least one
opening to the exterior, or vent, to allow for conservation of volume. Furthermore,
the first front arrives at the location of the opening in finite time, and for the

particularly straightforward case where the source and the opening are both at the
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floor of the room, this implies that the entire room becomes filled in a finite time
with fluid that has been cycled through the plume, and contaminated fluid starts
to issue from the opening. Since the fluid in the vicinity of the source becomes
less dense than the initial ambient fluid, if the source volume flux is constant, the
source buoyancy flux decreases. Therefore, as discussed in CWO02 in detail, the
source starts to behave less and less like a buoyant plume, and more and more like
a forced jet. Indeed, asymptotically, as the fluid throughout the room approaches
the density of the source fluid, the source ceases to be buoyant, and the flow within
the room is driven by a source of momentum alone, enabling the development of
an asymptotic analytical model for the evolution of the density within the room
which is a slight improvement on that discussed by Worster & Huppert (1983) and
BT69.

None of these studies however considered the possibility of chemical re-
action between the source fluid and ambient fluid within the room, and so in this
Chapter we generalize the previous work to consider the behavior of a system
where the source fluid and the fluid initially within the room chemically react. For
there to be a possibility of chemical reaction, it is clearly necessary for there to be
a finite volume flux of source fluid into the enclosed space, and so there must be
at least one vent to conserve fluid volume. As a first attempt to consider this class
of problems, we will restrict ourself to flows with vents at a single height, thus
avoiding the possibility of the development of different steady states, as can oc-
cur when there are two vents at different heights (see Woods, Caulfield & Phillips
2003). Generalizing CW02, we therefore restrict our attention to the simplest case,
where the source and a single external opening are at the same location, the floor
of the room. Of course, the same model can apply to flows with multiple openings
at the same height, provided uni-directional flow occurs through each opening.
Furthermore, to gain an understanding of the extent to which the filling box flow
itself affects the evolution of the chemically reacting species, we assume that the

reaction has no effect on the flow dynamics, i.e. as the different species react they
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have no effect on the fluid density, and so play a passive role on the flow dynamics.
This problem still exhibits a rich range of flow behaviors, and has the particular
attractions that it is a simple generalization of previous studies and that the results
of theoretical predictions can be tested experimentally.

The Chapter is therefore organized as follows. In § 3.3, we briefly review
the standard plume model due to MTT56, and discuss the generalizations required
to model flow within an enclosed space (as discussed in BT69) with a finite volume
flux and a single vent (CW02). We add to this model the evolution of passively
advected reactive species, one initially in the plume source and the other initially
in the enclosed space. We also generate simplified well-mixed models which ig-
nore the plume dynamics, and the associated vertical distribution induced by the
plume within the room. Once we have developed these models and identified the
critical governing parameters and the important time scales for the flow, in § 3.4,
we present the results of time-dependent numerical solutions of this model for var-
ious relevant choices of the parameters. We discuss in some detail the inherent
assumptions of the model, which place some restrictions on the possible choices of
the various flow parameters. In §3.4, the solution is generated using the method
originally proposed by Germeles (1975) appropriately modified to track the dynam-
ically passive concentrations of the various chemical species both within the plume
and in the interior of the room. In § 3.5, we discuss the experimental method which
we have used to consider the flow under consideration, in particular the chemicals
which we have identified to have the appropriate properties. We then compare the
results of the experiments with the various theories and numerical models which
we have developed to investigate their usefulness, identifying points of agreement
and discussing reasons for observed discrepancies. Finally, in § 3.6, we draw some

conclusions.
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3.3 Model description

A Schematic representation of the flow geometry is shown in figure 3.3.
Here a turbulent plume source is located at z = 0 in a room of depth H with a single
external opening also at z = 0. The plume has fixed source radius b, source veloc-
ity w,s and source density ps, so that the source density concentration C'p(O, t)y=1
as defined in (3.26). The source fluid also has fixed concentration Py of species
one alone. The room is initially filled with fluid of density pry > ps corresponding
to room density concentration Cg(z,0) = 0 as defined in (3.26) and concentration
Ry of species two alone. As the plume rises and entrains fluid, the plume fluid has
concentrations Pj(z,t), Py(z,t), Py(z,t) and Cp(z,t) of the reacting species one
and two, the product species three, and the fluid density respectively. Similarly, as
the filling box process modifies the stratification in the room, the room fluid has
concentrations Ri(z,t), Ra(z,t), Rs3(z,t) and C’R(z,t) of the reacting species one
and two, the product species three, and the fluid density respectively. Eventually,
due to the continual venting (with flux @) of room fluid through the external
opening, Ry — Py, Cp — 1, Ry, Ry — 0, as the room becomes completely filled
with source fluid. When we consider well-mixed models, we ignore any distinction
between plume fluid and room fluid, and consider well-mixed concentrations W7y,
Wy and W3 of the three chemical species and concentration Cyy of the fluid density.

There are three components to the required model: a model for the iso-
lated plume source; a model for the induced flow within the room; and a model

for the chemical reactions between the different species. We consider each in turn.

3.3.1 Plume dynamics

We consider an isolated source of fluid of finite extent, supplying fluid of
different density and velocity compared to the surrounding environment. We make
the Boussinesq assumption, and so suppose that the density differences involved

are sufficiently small so that they only affect the buoyancy force. Although the
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Figure 3.1: Schematic representation of the flow geometry discussed in the text.

dynamics of the ensuing plume are highly turbulent and irregular at sufficiently
high Reynolds number, MTT56 demonstrated that the dynamics of the evolving
plume can be understood well through consideration of the behavior of three inte-
grated conserved quantities: the volume flux 7@, the specific momentum flux M

and the specific buoyancy flux 7B, defined as

tJth/Q oo
/ / rwp dt dr = mwpb?, (3.1)
7,/2 Jo
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/ / rw dt dr = mwsb?, (3.2)
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t
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In the equations above wp(r, z,t) and pp(r, z,t) are the vertical velocity and den-
sity profiles in the plume, pg is the ambient density, pro is a reference density, the
initial (constant) density in the room, and ¢ is the reduced gravity of the plume

relative to the local ambient fluid. Bars denote averages over the plume. The
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various fluxes are in general time-dependent, but we take a rolling time average
to smooth out turbulent fluctuations over time scales substantially shorter than a
characteristic time scale T;. For simplicity we assume that the flow in the plume
has a top hat profile, i.e. the vertical velocity and density take one value inside
the plume and another value outside: at all heights and times the plume is defined
with a characteristic radius b(z,t). (This makes it clear that consideration of the
three fluxes ), M and B is equivalent to consideration of the three characteristic
properties of the plume: its radius b, its velocity wp and the plume reduced gravity
gp.) As discussed in MTT56, it is straightforward to derive governing equations
for the fluxes within a plume under the assumption that the characteristic entrain-
ment velocity u. can be related to the vertical velocity wp at every height within
the plume by an universal constant of proportionality, the so-called entrainment

constant «, to yield

oQ 1/2
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where N? is the buoyancy frequency.

3.3.2 Room dynamics

The equations discussed above are closed provided source conditions (),
M and By for volume flux, momentum flux and initial buoyancy flux (or equiva-
lently source radius, velocity and density) are given, and there is some mechanism
to determine the ambient density distribution outside the plume. In the circum-
stance we are considering, namely that of an isolated single plume rising from the
bottom (z = 0) of an enclosed space with one vent at the same level as the source,
the ambient density is coupled to, and determined by, the plume dynamics in a
straightforward manner, as discussed in more detail in CW02. We assume that

the plume is sufficiently isolated (i.e. b < A. at all heights in the room, where A,
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is the cross-sectional area of the room) for the entrainment into the plume to be
essentially horizontal. Therefore, the fluxes evolve as the plume rises in the room
in a manner that is well approximated by the equations (3.6).

However, when the plume reaches the ceiling, the upper boundary forces
the fluid at the top of the plume to spread out horizontally like a gravity current. As
discussed in BT69 and considered in more detail in Hunt, Cooper & Linden (2001)
provided the aspect ratio and the source momentum flux are sufficiently small,
a filling box flow then develops, and the fluid from the gravity current descends
in well organized horizontal layers into the room surrounding the plume when it
encounters the side walls. Therefore, the ambient density distribution evolves in a
time and depth-dependent manner due to the continual arrival of plume fluid at
the ceiling.

This evolving ambient density also affects the plume behavior through
entrainment. Indeed, as fluid is entrained into the plume there must be a return
flow in the room to conserve mass. BT69 demonstrated that for a confined room
if the plume occupies a negligible cross-sectional area (and so 7b? < A, as already
assumed) of the room then the return flow is uniform and given by the volume
conservation relation

wrA. ~ —7Q, (3.7)

where wg is the vertical velocity of the ambient fluid in the room. Assuming that
the flow is sufficiently high Reynolds number so that the effects of diffusion can
be ignored compared to advection in the equation for conservation of mass for the
fluid within the room, (3.7) can be used to obtain

pr _ 7Q Opr
ot A, 9z’

(3.8)

where we have used the fact that there is no net flow through the room due to the
vent and the source both being at the floor of the room. This equation closes the
system given an initial density distribution of pr = pre within the room, leading

to what is referred to as a “filling box process”.
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It is important to appreciate that there is an essential quasi-steady ap-
proximation at the heart of the filling box process. Although the ambient density
distribution in the room is evolving, it is assumed that it varies sufficiently slowly
compared to the rising plume so that the plume can be assumed to be passing
through a time-independent ambient density in the room. Equivalently to the
assumption that the plume is isolated, the filling box process requires that the
upward velocity wp in the plume is always very much greater than the downward

velocity in the environment, and so

M Q)
Q7 A

Characteristic scaling for these quantities can be found by considering for simplicity

(3.9)

the well-known “point source” similarity solution, where the source is a source of
buoyancy alone with @), = 0 = M. For this situation, the governing equations for
flow in an unstratified environment admit a similarity solution

1/3 2/3
o (5 - ()

For this similarity solution, the plume velocity drops monotonically with distance
from the source, while the volume flux naturally increases monotonically due to
entrainment. Therefore, the most stringent restriction for (3.9) is at the ceiling,
when z = H, in which case the validity condition becomes a condition on an aspect

ratio parameter 6 such that

2
6— (%) :]1;2 > 1. (3.11)
Therefore, we expect the quasi-steady approximation to be valid provided the as-
pect ratio of the room is sufficiently small, and hence the parameter 6 is sufficiently
large.

The source conditions (as noted on figure 3.3) that we choose to use are

constant source radius by, source velocity w,, and source density ps, corresponding

to constant source volume flux Q, = b?w,, source specific momentum flux M, =
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b*w?, and initial source buoyancy flux By = g(pro — ps)Q@s/pro- As discussed in
more detail in CWO02, due to the finite source volume flux and the location of the
vent, the density of the ambient fluid at the source decreases below pgrg in finite
time, as fluid that has been cycled through the plume reaches the external opening.
Therefore, since pr(0) < pro, if the source has a flux of constant density fluid, the
source buoyancy flux satisfies B; = g(pr(0) — ps)Qs/pro < By, and over time the

source will behave less and less as the source of a buoyant plume, and more and

more as the source of a forced momentum jet.

3.3.3 Chemistry dynamics

We now generalize the filling box process to allow for the time-dependent
chemical reaction of different species. For simplicity, we do not allow the chemically
reacting species to affect the flow dynamically. In particular, we assume that any
heat of reaction is sufficiently small so that it does not affect the fluid density. This
is a valid assumption for the experimental fluids and reactions which we consider
in this Chapter. We consider the situation where two distinct species can react
to form a third product species through a second order reaction. Therefore, in
general, we are interested in the spatial and temporal evolution of these three
species both within the plume rising from the isolated source, and in the ambient
fluid within the room. We denote the concentration of the three species within
the plume as Pj(z,t) and Py(z,t) for the reactants, and Ps(z,t) for the product,
while in the room we denote the equivalent quantities by R;(z,t), Ra(z,t) and
R3(z,t). The isolated plume source fluid is assumed to contain only species one
with concentration Py, while the room initially contains only species two, with

concentration Ryy. Therefore, the boundary and initial conditions are

P2(07t) = P3(07t> = R1<Z70) = R?)(ZuO) - Oa Pl(ovt) = PIO; R2(270) = RQO-
(3.12)
As ambient fluid is entrained into the plume in a height and time-dependent

manner, the concentration P of species two within the plume fluid will increase
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from zero initially. Similarly, when the filling box process starts at the ceiling of
the room, the concentration R; of species one at the ceiling will increase from zero.
Once these dynamic effects have taken place, we then assume that a second or-
der non-reversible reaction takes place between the reacting species both in plume
fluid rising from the isolated source and in the room. A second-order non-reversible

reaction is a reaction of the form
P+ P, — P, R+ Ry — Rs, (3.13)

in which the mutual presence of species one and two is necessary for the reaction
and the reaction rate is proportional to the product of the concentrations of the

two reacting species (for further details, see e.g. Levine 2002). Then

DP1 DPQ DP3

-t = KPP — = KPP 14
Dt Dt 1472, Dt 142, (3 )
DRl DR2 DR3

= = T Ry Ry; B R\Ry (3.15)

Here, the second order rate constant K (7', u) is determined experimentally for a
particular reaction and may in general be a function of temperature, 7" and, in the
case of solutions, of ionic strength, u. D/Dt is the conventional convective deriva-
tive, since the reaction is a Lagrangian process that advects passively with fluid
parcels. The potential dependencies on temperature and ionic strength are very
important, because if the fluid density within the room is due to temperature or
compositional differences (e.g. through varying concentrations of sodium chloride)
then we expect the reaction rate to vary with this density. In the room, consistently
with the assumptions at the heart of the filling box process, we assume that all mo-
tions are homogeneous, and that diffusive processes are insignificant compared to
advection. Therefore, there is no vertical mixing, and no vertical reaction between
the various species in the room, and so the evolutions of the various concentrations
Ry, Ry and R3 are determined purely by (3.15).

However, we are also interested in understanding how the various species

vary with height within the plume. We consider as an example the flux of species
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one in the plume through a particular level within the room, which must satisfy

2
%[RQ} = 2R,aM'/? — %KPlPQ. (3.16)

The first term on the right hand side of (3.16) quantifies the entrainment by the
plume of species one from the room fluid (with concentration R;) while the second
term quantifies the loss of species one due to reaction, using the definition of the
plume velocity, wp = M/Q. Using the product rule on the left hand side of (3.16)
and rearranging, we can then derive an equation for the spatial variation of species
one in the rising plume:

8P1 o 20[M1/2
0z Q

Analagous equations can naturally be derived for the other species within the

(R — P,) — K%Png. (3.17)

plume, yielding

oP, 2aM?'/?
G = g (P I 619
oP;  2aM'/?
azg _ 5 (R — Ps) + K%P@. (3.19)

As in the dynamic filling box process, inherent in this model is a quasi-steady
approximation, in that we assume that the room concentration of the various
species does not vary appreciably during the vertical propagation of a particular
fluid parcel in the plume. Comparing the typical transit time of a fluid parcel, using
the velocity estimates at the ceiling derived from the similarity solution (3.10) to
the inverse of the reaction rate (scaled with the maximum concentrations of species
one and two) yields the condition

5\ [/9aBy\"?
< )( 0) > KHY3\/Roo Po. (3.20)

6 10

3.3.4 Well-mixed models

The isolated source within the room inevitably leads to vertical varia-
tions in both density and species concentration within the room. However, par-

ticularly when the source volume flux is small compared to the volume flux of the
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plume when it arrives at the ceiling, (and hence significant entrainment occurs
during the plume evolution towards the ceiling) the developing layers can be well-
approximated by well-mixed layers (see CWO02 for a fuller discussion). Assuming
that the room is completely well-mixed leads to simple models for the evolution of
the densities and species within the room. The time evolution of the well-mixed

density pys within the room must satisfy the equation

d

%(Achw) = mpsQs — TpwQs; pw(0) = pro, (3.21)

since the source continually supplies fluid of density p, with the same volume flux as
the well-mixed fluid which leaves through the external opening. Therefore, under
this assumption, the well-mixed fluid within the room is predicted to converge

exponentially to the density of the source fluid:

PRO — PW —Qs ]
" =1-ex t. 3.22
PRO — Ps P { AH ( )

Similar reduced models can be derived for well-mixed concentrations W7,
W, and Wy for each of the three species. For species one (input at the source) we

obtain

d
7 (AHWY) = — KA HWAW, + 7Qs(Po — W1);s Wa(0) =0 (3.23)

since there is initially none of this species in the room, there is a constant flux
(with concentration Pjy by definition) from the source, and there are losses due to
reaction with species two and outflow of the well-mixed concentration through the

source. Similar equations for Wy and Wj are

d
E(ACHWQ) = —KACHW1W2 - WQSWQ; WQ(O) = RQQ, (324)
d
%(ACHW;g) = KACHW1W2 — WQSW;g; Wg(O) = O, (325)

showing that W, decreases from its original value of Ry, due both to reaction
and outflow, while W3 increases due to reaction provided the other two species

are present, but decreases due to outflow. Although these equations do not have
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a simple solution, it is clear that as t — oo, Wy — 0 and hence W3 — 0 and
Wi — P, i.e. the input concentration of species one eventually fills the interior,
analogously to the way the room density approaches that of the source fluid. We
will be interested in identifying circumstances when these well-mixed models are
adequate descriptions of the flow evolution, and also the parameter ranges in which
the complexities inherent in the more general filling box description are observable

and significant.

3.3.5 Nondimensionalization

We now introduce nondimensional variables (see CW02 for a detailed
discussion). The natural length scale to use is the height H of the room. Motivated
by the form of the well-mixed density, we scale the density difference from the initial
ambient density by the density difference between initial ambient and source fluid,
ie.

s F A P — PRo
=2, Cet)= - FHO 3.26
H ( ) Ps — PRO ( )

Therefore, for the plume fluid at the source the fluid density concentration C p(0,t) =

1, while initially for the ambient fluid in the room, the fluid density concentration

~

Cy(2z,0) = 0. It is natural to scale the volume flux with its source value @y, and

the buoyancy flux with its initial value By, i.e.

Q1) = QQ

Blet) = 5% B(0,£) = 1 — Cr(0,4). (3.29)

L Q0,) =1, (3.27)

As observed above, requiring the source density to be constant as in this model,
with a nonzero source volume flux, implies that the source buoyancy flux can
drop from its initial value as the first front reaches the floor of the room, (and so
C’R(O,t) > () which must happen in finite time if the source has nonzero source
volume flux and the external opening is at the same height as the source.

From comparison with the point source similarity solution (3.10) dis-

cussed above, the source volume flux (), can be used to define a so-called “effective
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origin” (see Caulfield & Woods 1995, Hunt & Kaye 2001) z.:

6a /9aB,\?
QS:?( 100) 2 (3.29)

i.e. z, is the notional location below z = 0 of a point source with buoyancy flux
By which would have volume @, at z = 0 given by the similarity solution (3.10).
Clearly, this point source would also have a particular momentum flux M, at 2 =0
given by the similarity solution, where

9aB 2/3
M,, = ( 01‘O°> 2413 (3.30)

We use this characteristic scale M, to nondimensionalize the momentum flux, and

SO

M
M= —;
]\4-857

M(0,t) = M,. (3.31)
If M, > 1 the source has an excess of momentum flux above the point source
similarity solution, and so it is commonly referred to as a forced plume. This is
equivalent to the source either having too small a source radius, or too large a
source velocity. Conversely, if M, < 1, the source has a deficit of momentum flux,
and it is referred to either as a distributed (Caulfield & Woods 1995) or lazy plume
(Hunt & Kaye 2001) as this deficit is equivalent either to a large source radius,
or a small source velocity. Finally, if M, = 1, the plume is said to be in pure
plume balance, (see Caulfield & Woods 1995) and the plume follows the similarity
solution (3.10) for all time (with z replaced by the offset z + z.).

Since the source volume flux is essential to the flow dynamics, the natural

time scale of the fluid flow is the fluid replacement time or turnover time scale t,,

defined as
AH

T Q.

i.e. the time required by the source to replace completely the fluid within the

t,

(3.32)

room in the absence of entrainment, and so we define ¢ = ¢/t,. This is also the

characteristic time scale of the well-mixed model, as is clear from (3.22), which
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can be written in terms of a well-mixed fluid density concentration Cw as
Coy=1—e". (3.33)

However, it is important to appreciate that all the chemical species within the room
may not converge to their steady states on the replacement time scale, particularly
in situations where the reaction rate is relatively fast, and so reaction plays a
dominant effect in determining the time scale for the chemical species, rather than
the (finite volume flux) filling box flow dynamics. We discuss this in more detail
below, particularly in section 3.4.

For the chemical concentrations, as already noted, the natural scaling is
the geometrical mean of the two initial concentrations, and so we nondimension-
alize as follows

~ AR NOD o (R17 RQ, R3)

Ri(2,t), Ra(2,1), R3(2,t)] = , 3.34
[ 1(2 ) 2(2 ) 3(Z )] \/m ( )

NIAN DA DA D (Ph P27 P3)
Py(2,1), Py(3,0), By(3,1)] = o2 23) 3.35
[ 1(’2 ) 2(2 ) 3(2 )] \/m ( )

with initial and boundary conditions
o Ry

Rl(Z,O) = Rg(Z,O) = 0, RQ(Z, O) = P_ = Q, (336)

10

. . R . - - 1

with Rl = Rl/\/PloRQQ — \/PlO/RQO = 1/¢ and ﬁig — 0 as tA — 00. We also use
v RogP1p and t, to define a nondimensional reaction rate A as
B K/ RogPoAH
N TQs ’

where it is important to remember that, since A can be a function of tempera-

A (3.38)

ture and ionic strength, it may depend on the local values of the fluid density,
or equivalently fluid density concentration. Using this scaling, the quasi-steady

approximation for the reaction (3.20) takes the form (using (3.11) and (3.29))

> 1, (3.39)

35/3 )\
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which is clearly related to the quasi-steady approximation condition (3.11) for the
validity of the filling box process.

Using these natural scalings, the plume equations may be rewritten as

g? = 3%1\%1/2, (3.40)
%—Ag - %% (3.41)
gjj = —Q%, (3.42)
with the boundary conditions as already noted
Q(0,t) = 1; M(0,t) = M,; B(0,t) =1 — Cr(0,1). (3.43)

If the ambient concentration is constant and zero, and M, = 1 so that the plume
is in pure plume balance, the similarity solution (3.10) takes the form

s s\ 5/3 L s\ 4/3
Q:(z+ze> ; M:(z—i—ze) ' (3.44)

Ze Ze

The equation for the evolution of the ambient density in the room (3.8) becomes

oCr  ~0Cpr . .

Similarly, the equations for the evolution of the chemical species in the

room (3.15) and in the isolated source (3.17)-(3.19) become respectively

Dy (3.46)
DD% = —AR Ry, (3.47)
% ]%tf” = AR\ Ry, (3.48)
and
on 3526%(1%1 SR)- 25, (3.49)
%JZ? — 3526%(1%2 —P)— Ajggﬁlﬁg, (3.50)

AZ
_ 2 M R+ 76%1%132, (3.51)
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with initial and boundary conditions

Pi(0,1) = —; Py(0,1) = P5(0,1) = 0; (3.52)
Ry(2,0) = ¢; Ri(2,0) = Rs(2,0) =0. (3.53)
It is apparent by using (3.44) at Z = 1 that the quasi-steady assumption for the
chemically reacting species (3.39) corresponds to requiring that the second terms

on the right hand side of (3.51) be appropriately small. Finally, the well-mixed

equations (3.23)—(3.25) for the various chemical species become

aw, 1 . o A
L s W = AW WA(0) =0, (3.54)
i ¢
AW . - .
d; = —Wy — AWAW,;  TWAR(0) = ¢, (3.55)
AW . - .
dtf"’ = Wy + A\W Wo;  W3(0) = 0. (3.56)

Two particular limiting solutions of these equations are useful for under-
standing the time scales of the evolution of the reacting species within the flow,
particularly in the circumstances which we consider experimentally. Firstly, if
AV, < 1, which is certainly always true when A\¢ < 1, then, under the further

simplifying assumption that the reaction rate is independent of the local density,

Wie ~ %(1 — €_£)7 (3.57)
W = ¢ exp {— <£+% [f—1+e£])} (3.58)

This corresponds to a situation where the concentration of species two is always
very low, and the reaction is pseudo first order, with the concentration of species
two limiting the reaction of the input species one. The other limiting case is
M < 1 (definitely the case initially, but true for all time if A\/¢ < 1) then,
where once again if we assume that \ is independent of the local density,

. 1 —exp [— <t+)\¢ [1—6_1>:|

Wiy =~ " (3.59)

—\ [El (Aqse—f) _E ()\gb)] exp [—t + Aqse—f} ,
Wap ~ de?, (3.60)




34

where Ej(v) is the exponential integral, (see Abramowitz & Stegun 1965) defined,
for positive v as

e—u

Ei(v) = /OO Tdu. (3.61)

This solution has the correct asymptotic behaviour of W, increasing towards 1/¢
as t — oo. For this limit to always apply, since ¢ > 1, the concentration of species
one is always very much less than species two, and the reaction is again pseudo
first order, now limited by the (low) concentration in the incoming plume fluid.
For both of these limits, the concentrations of the reacting chemical
species are predicted to approach their asymptotic values on the fluid replacement
time scale t,, at least to leading order. The reaction, because of the (assumed)
wide disparity in the concentrations of the two species is a higher order effect. This
is because the evolution of the chemical species is dominated by the volume flux
into and out of the room (just as is the well-mixed fluid density concentration Cw

)

defined in (3.33)) rather than by the chemical reactions, which is “slow” in some
sense, because the limiting assumptions are only satisfied if the reaction rate \ is
relatively small. As can be seen from (3.56), it is not immediately clear whether
the replacement time scale is the natural time scale for reactions with larger A,
consistent of course with the quasi-steady assumption through satisfying (3.39).
To investigate this issue and others, we wish to compare the various well-mixed
models both with the predictions of the full models and with the results of lab-

oratory experiments, where, as discussed below, for technical reasons we find it

convenient to use extreme values of ¢ (both large and small).

3.4 Numerical modelling

3.4.1 Numerical method

We solved the plume evolution equations (3.42), the ambient concentra-
tion equation (3.45), the room chemical equations (3.46), and the plume chemical

equations (3.51), subject to the boundary and initial conditions (3.43) and (3.53)
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using the numerical integration scheme of Germeles (1975). With this method the
ambient density and chemical concentrations are discretized into a finite number
of layers, separated by sharp interfaces. As already noted, quasi-steady assump-
tions (3.11) and (3.39) allow us, at every timestep, to solve the spatial evolution
equations for the plume dynamical and chemical properties using a fourth order
Runge-Kutta scheme from the given source conditions Z, M, and ¢ to the top of
the room with “frozen” ambient profiles of density and chemical species concen-
tration. Any density dependence of the reaction rate A can be straightforwardly
included as the density in the plume at each height is known. We then update
the ambient profiles, installing a new layer at the top of the room consisting of
the arriving plume fluid, changing the layer depths consistently with the entrain-
ment into the plume, (or equivalently the velocity of the various interfaces given by
(3.45)). We also evolve the various chemical species within each layer using (3.48),
as solving for each of the species in each layer is equivalent to solving the reaction
equation following fluid parcels, with the reaction rate determined if necessary by
the local density of the fluid layer. We continue to evolve our calculation until the
flow reaches its ultimate steady state, with the room completely filled with fluid
of source density Cp — 1, and chemical species R —1 /®. Typically this occurs

over time scales of the order of a few fluid replacement times.

3.4.2 Parameter ranges

The complete system (3.42), (3.45)-(3.51), with boundary and initial con-
ditions (3.43) and (3.53) is thus described by five parameters: %, and M, which
essentially determine the source conditions for the plume; ¢ which determines the
source conditions for the chemical species; A(C’) which determines the reaction
rate, and which may be a function of the local fluid density concentration; and
6 which determines the room aspect ratio. Central to the quasi-steady assump-

tions necessary for this model is that @ is sufficiently large, and 2223 s sufficiently

small so that (3.11) and (3.39) are satisfied but there is clearly still a very large
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parameter space that can be described by this model. We shall follow two guiding
principles in our choice of parameters to discuss, without presenting an overwhelm-
ing number of studies. As our primary focus is the behaviour of the chemically
reacting species, our discussion will focus on the dependence of the system on the
two chemically related parameters \ and ¢. The choices of the other parameters
will be restricted to specific values characteristic of physically realistic situations,
as we discuss in more detail below.

Although the condition on the aspect ratio parameter 6 is implicit in
previous studies of non-reacting filling box flows, it does not play an explicit role
provided an appropriate nondimensional formulation is used. Here, however, due
to the presence of the competing time dependent processes of the filling box process
and the reaction between the two species, the particular value of # is essential to
the formulation, as it inevitably appears in the equation for the evolution of P in
(3.51). For rooms which are roughly cubic, (and so A. ~ H?)  ~ 20-30, (which is
naturally consistent with the quasi-steady approximation) since typical values of
the entrainment constant are of the order of @ ~ 0.1, and so in this section we fix
6 = 20.

There are also sensible restrictions which can be placed on the value of
the effective origin Z.. For at least four reasons it is natural to consider flows where
Z. is significantly less than one. Firstly, such flows, where the plume undergoes
substantial entrainment before it reaches the top of the enclosed space, are com-
monplace in environmental and industrial applications. Secondly, such flows are
more likely to enable a quasi-steady filling box process to develop. Thirdly, as
is well known, such flows are more straightforward to model experimentally (as
discussed in more detail below) and therefore are more likely to allow the direct
experimental verification of our theoretical model. Finally, for such flows the well-
mixed models are likely to be approximations of at least some utility, and so the
comparison between the detailed and more reduced models are likely to be more

meaningful. Therefore, in this section we consider z, = 0.1.
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There are then two natural choices for the source momentum flux Ms.
Firstly, choosing M,=1 implies that initially the plume is in pure plume balance,
and therefore follows the similarity solution defined in (3.44). This is useful for
illustrative purposes, has been commonly done previously, and is what we choose
to do in this section. A particular attraction of this choice is that an analytical
expression can be derived for the nondimensional arrival time ¢, of the first front
at the source location Z = 0, which, as we see below, is an important separating
time in the flow evolution. Indeed, as discussed in more detail in CW02, for the

similarity solution (3.44) it is clear that

. vaz tas s 173
taz/i— e _ 3 1—{ Zﬂ : (3.62)
1 Wy 0 Q 2 14+ 2,

which can be significantly less than one (and hence dimensionally significantly less

than the replacement time scale of the room) when 2, < 1.

It is important to stress that after this time, since the source buoyancy
flux drops from its initial value, the plume ceases to be in pure plume balance,
and becomes forced, with the source momentum flux playing an increasingly more
important role as the flow tends towards its steady state with the room completely
filled by source fluid, and the source behaving like a pure momentum jet (see CW02
for a more detailed discussion). Furthermore, a possible area for lack of agreement
between the various well-mixed models and the detailed plume filling box model
is due to the difference of behaviour of the two systems before this time. All
the well-mixed models assume from the initial instant that fluid at least slightly
affected by the plume (either through having a density less than the initial room
density or through having a nonzero concentration of species one) leaves through
the vent. However, in reality, fluid that has been cycled through the plume only
leaves once the first front reaches the floor, and hence the opening to the exterior.
In circumstances where the effective origin 2, < 1, this time is significantly shorter
than the characteristic replacement time for the room to approach its final steady

state, and so we expect that the influence of this initial mismatch might be small.
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The other natural choice for a source condition for the momentum flux
is motivated by conventional experimental techniques. For a source of a given
area A,, if it is assumed that the source velocity is constant across this area, then
dimensionally M, = Q?%/A,, or equivalently, using the scalings of this Chapter

52
M, = j—:%. (3.63)
We use this scaling in §3.5 when we compare our model to our experiments.

For these particular choices of the parameters governing the plume dy-
namics, the vertically averaged fluid density concentration éR remains very close
to the fluid density concentration OW predicted by the well-mixed model defined in
(3.33). In particular, the fluid density evolves on the time scale of the fluid replace-
ment time scale defined in (3.32). Since we wish to focus on the evolution of the
chemical species, we do not show the time evolution of the density concentrations
in this Chapter. The time dependence of the vertically averaged concentration is
discussed in some detail in CW02. Indeed, these fixed, and reasonable, choices of
three of the parameters allow us to devote our attention to the effect of variations
in the chemically related parameters.

Since it is still necessary for our quasi-steady approximation (3.39), A is

restricted such that

0
A < =75 ~ 1000, (3.64)
Ze

for the chosen values of the other parameters. This is not very restrictive, and
so to understand the effect of marked variations in A, we consider the two choices
A = 0.1 and 10, both of which still satisfy (3.64). This allows us to investigate
what the appropriate time scales for the chemical species are when the reaction
rate A is sufficiently large to be significant compared to the finite volume flux
filling box process, which occurs on the fluid replacement time scale. Furthermore,
as we discuss in §3.5, this range is appropriate for the experimental system we
considered.

On the other hand, ¢ is not constrained by an essential assumption.
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However, since we derived above particular explicit reduced models for A¢p < 1
and A\/¢ < 1, (i.e. (3.58) and (3.60)), we consider the two choices ¢ = 0.1 and

¢ = 10. These choices also are of the order that are feasible in the laboratory.

3.4.3 Vertically averaged results

Since we are interested in the quality of the predictions of the reduced
models in comparison to the full numerical model, for each of the four possible
combinations of A and ¢, we first consider various vertically averaged chemical
quantities in the room. In Figures 3.2 and 3.3, we plot the evolution against time
of }_%z for i = 1,2,3 where the overbar denotes vertical averaging in the room, for
flows with ¢ = 0.1 and ¢ = 10 respectively. We also plot the predictions of the
various well-mixed models: W; for i = 1,2 as defined by the well-mixed model
(3.56); W, for i = 1,2 for the analytical model when AW, < 1 as defined in
(3.58); and Wy, for i = 1,2 for the analytical model when AWV, < 1 as defined in
(3.60). We expect Wi, to be most applicable when A = 0.1, ¢ = 0.1, (i.e. figures
3.2a and 3.2¢) and Wy, to be most applicable when A = 0.1, ¢ = 10 (i.e. figures
3.3a and 3.3c). Because of the wide disparity, for these values of ¢, between the
initial values of A}% = ¢ and the final values of A}ﬁ = 1/¢, we plot A}% (using a
thick solid line) for each of the four flows on the panel with the smallest vertical
extent: i.e. with i’gwhen ¢ = 0.1 in figure 3.2, and with hwhen ¢ = 10 in figure
3.3. This is because the magnitude of the concentration of the reaction product
will naturally be determined by the lesser magnitude of the concentrations of the
reactants.

In general, it is clear from the figure that the concentration of species
one (initially input from the source) within the room approaches its steady state
value (of 1/¢) on the time scale of a few fluid replacement time scales. The only
exception to this observation appears to be shown in figure 3.3b. This is due to
the effect of a large reaction rate (i.e. A > 1) and a significantly larger initial

concentration of species two in the room, thus leading to initial suppression in the
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Figure 3.2: Variation with time of vertically averaged concentrations f%l (plotted
with a solid line), W; as defined by (3.56) (dashed line), Wi, as defined by (3.58)
(dotted line), and Wy, as defined by (3.60) (dot-dashed line), for flows with M, = 1,
2 = 0.1, 0 = 20, ¢ = 0.1 and (a) A = 0.1; (b) A = 10. Variation with time of
vertically averaged concentrations ]?22 (plotted with a solid line), ]:%3 (thick solid
line), Wy as defined by (3.56) (dashed line), Wa, as defined by (3.58) (dotted line),
and Wy, as defined by (3.60) (dot-dashed line), for flows with M, = 1, 2, = 0.1,
6 =20, »=0.1and (c) A =0.1; (d) A = 10.
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Figure 3.3: Variation with time of vertically averaged concentrations f%l (plotted
with a solid line), ég (thick solid line), W as defined by (3.56) (dashed line), Wi,
as defined by (3.58) (dotted line), and Wy, as defined by (3.60) (dot-dashed line),
for flows with M, = 1, 2, = 0.1, § = 20, ¢ = 10 and (a) A = 0.1; (b) A = 10.
Variation with time of vertically averaged concentrations ég (plotted with a solid
line), Wy as defined by (3.56) (dashed line), Wa, as defined by (3.58) (dotted line),
and Wy, as defined by (3.60) (dot-dashed line), for flows with M, = 1, 2, = 0.1,

6 =20, » =10 and (c) A =0.1; (d) A = 10.
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rate of increase of species one within the room, until all species two is lost. Since
there is a large initial concentration of species two, this takes a relatively long time.

Analogously, species two appears to drop to zero on the same time scale
except in the case where there is a small initial concentration (i.e. ¢ < 1) and the
reaction rate is high, as shown in figure 3.2d. This is unsurprising, as the large
reaction rate rapidly depletes the small initial room concentration of species two
in this case. The effect of high reaction rate is also apparent in the evolution of
the product species three, whose peak value is substantially higher in the cases of
large A (figures 3.2d and 3.3c) than when A < 1.

It is also apparent that the well-mixed models capture much of the charac-
ter of the evolution of the concentrations within the room when they are expected
to be relevant, (i.e. figures 3.2a and 3.3a) for the range of parameter choices
presented. On the other hand, Wi, is a very poor approximation when A = 10,
¢ = 10 (i.e. the dotted line in figure 3.3b). This is unsurprising, since this choice
of parameters violates strongly the assumption for this reduced well mixed model,
namely that A¢ < 1. However, there is a clear systematic error, with at a given
time the well-mixed models over-estimating ég and underestimating }:21. This can
be straightforwardly understood from consideration of the behaviour of the system
at early times. The well-mixed models assume that some species one (input by the
source in fact) is vented from the opening at the floor of the room from the very
first instant. Therefore, the well-mixed models assume that the vented fluid has
concentration of species two less than its original concentration. However, until
the first front has reached the floor of the room, none of species one is actually
vented, and all the fluid which is vented has the initial room concentration of
species two. Although, for the choice of the parameters presented here the arrival
time, as defined in (3.62) is £, = 0.1197 < 1, nevertheless the initial period leads to
the well-mixed models overpredicting the amount of species one and underpredict-
ing the amount of species two vented from the room. This leads to the observed

underprediction of species one within the room, and overprediction of species two
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within the room. For the particular parameter choices shown, there is typically
little difference between the numerical and analytical well-mixed models defined
by (3.56)-(3.60).

The evidence points to the fluid replacement time scale is also an ap-
propriate time scale for the chemical concentrations within the room, a fact that
can also be deduced from the reduced models, except when A\ > 1. However, an
important aspect of the flow, (particularly for application to hazard analysis) is
the dependence of the (product) species three on the two chemical parameters: i.e.
nondimensional initial room concentration ¢ and the reaction rate A. As can be
observed qualitatively in figures 3.2 and 3.3, increasing A leads to a larger peak
value of 1523 , while increasing ¢ leads to the later occurrence of this peak. To
understand this behaviour quantitatively, and also to identify the relevance of the
well-mixed model concentration W; defined by (3.56), in figure 3.4 we plot the
peak values of ég and Wg, and the (nondimensional) time fp of occurrence of this
peak against ¢ for the two values A = 0.1 and A = 10 used in figures 3.2 and 3.3.

Certain characteristics are apparent. As already noted, larger values of
A correspond to larger values of peak values of the product concentration, unsur-
prisingly, since larger values of A\ imply more vigorous reaction before the filling
box process leads to loss of the finite quantity of species two (initially in the room)
through the external vent. There is also a clear non-monotonic variation of the
peak value with ¢ for a given value of A\, with a maximum occurring around ¢ ~ 1.
For small values of ¢, the concentration of the product species three is limited by
the initial concentration ¢ of species two in the room. In particular if ¢ is very
small, it is rapidly depleted by any reaction and the peak concentration of species
three occurs at a very small value. On the other hand, for large values of ¢, the
concentration of species three is limited by the source concentration 1/¢ of species
one entering the room through the source, and in particular when A is large, the
peak concentration of species three exhibits a 1/¢ dependence at large ¢.

Turning attention to the usefulness of the well-mixed model, for both
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Figure 3.4: Variation with ¢ of the peak value of the vertically averaged concentra-
tion ég of the chemical product (plotted with a solid line), and the well-mixed con-
centration Wj as defined by (3.56) (dashed line), for flows with M, = 1, 2, = 0.1,
0 = 20, and (a) A = 0.1; (b) A = 10. Variation with ¢ of the time %, for the
occurrence of the peak value of the vertically averaged concentration ég of the
chemical product (plotted with a solid line), and the time for the occurrence of the
peak value of the well-mixed concentration Ws as defined by (3.56) (dashed line),
for flows with M, =1, 2, = 0.1, = 20, and (c) A = 0.1; (d) A = 10.
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shown values of A, Wg over-estimates the actual peak value of the product chemi-
cal species concentration, although the well-mixed model does appear to be a good
approximation, particularly when A = 10 (figure 3.4). This over-estimation is prin-
cipally due to the fact, as noted above, that the well-mixed model over-estimates
the concentration of species two, i.e. the species initially within the room. Since
more of species two is assumed to remain within the room by the well-mixed model,
more reaction is assumed to take place than actually occurs within the full model.
This effect is not so significant for larger values of A, as for flows with higher re-
action rates, differences in the evolution of species two between the well-mixed
model and the full model are not so important, and the evolution is more strongly
determined by the reaction rate.

The time t, for the occurrence of the peak value of the product species
three concentration also exhibits qualitatively different behaviour for small and
large values of ¢. For smaller values of A (figure 3.4c), this time is essentially
constant, and of the order of the fluid replacement time except when ¢ is very
small. When ¢ is very small of course, species two is rapidly depleted, and so
the reaction ends very early. However, for larger values of ¢ the chemical species
concentrations within the flow evolve on the filling box replacement time scale, and
so the time to peak concentration varies only weakly with ¢. The well-mixed model
systematically over-estimates Ltp, due as usual to the fact that it systematically over-
estimates the amount of species two remaining in the room, and thus the potential
for further reaction to take place between the incoming source fluid (containing
only species one) and the finite quantity of species two.

For larger values of A, (as shown in figure 3.4d) ¢, behaves in a quali-
tatively different manner, both in not being so strongly determined by the fluid
replacement time scale (which has been used in the nondimensional scheme, and
thus corresponds to fp = 1) and also in showing a strong dependence on ¢. For
smaller values of ¢, increasing A actually reduces t,. As is apparent in figure 3.2,

when ¢ is small, and so the reaction is limited by the concentration of species two
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initially in the room, high reaction rates rapidly deplete this species, and so the
product species three reaches its maximum concentration very quickly, in a man-
ner that does not depend strongly on the filling box process. Conversely, when
¢ is large, the reaction is limited by the low incoming source concentration 1/¢
of species one. For flows with higher reaction rates, peak concentrations of the
product species three can occur even after significant loss of species two through
the external opening, (due to the filling box process) since the cumulative input
of species one associated with the large initial concentration of species two in the
room can lead to more efficient reaction than in flows with smaller values of .
Nevertheless, the peak concentration of the reaction species still occurs within a
relatively small number of fluid replacement times, as inevitably species two will
all be lost from the room through the external opening, as source fluid completely

fills the room.

3.4.4 Vertical profile results

We are not only interested in vertically averaged outputs form our mod-
els, but also in the time-dependent behaviour of vertical profiles of the various flow
quantities of interest. In figures 3.5 and 3.6, we plot vertical profiles for each of the
four quantities of interest (C’R and R; fori = 1,2, 3) at evenly spaced time intervals
fj =j/5; 7 =1,2,3..., i.e. at intervals of 20% of the fluid replacement time ¢,
defined by (3.32) for the same parameter choices considered in figures 3.2 and 3.3
respectively. Similarly to the fluid density concentration profile Cr as considered
previously in CW02, each of the profiles shows a clear vertical concentration gra-
dient, strongest near the floor of the room. In each case, the gradient approaches
zero over time. Unsurprisingly, it is clear that, when A = 10 and ¢ = 0.1, so that
the reaction is both fast, and the initial concentration of Ry is small, the room is
rapidly depleted of species two, as shown in figure 3.5g. Also, it is clear in the last
column (figures 3.5d, 3.5h, 3.6d and 3.6h) that Rs increases from zero in the room

as reactions take place, and then drops towards zero as species two is completely
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Figure 3.5: Concentration profiles as a function of height at times fj =j/5; j =
1,2,3... for: Cp, (panels a, e); Ry, (panels b, f); Ry, (panels ¢, g); Rs, (panels d,
h). In all cases M,=1,% =0.1,60 =20, and ¢ = 0.1 while: A\ = 0.1 in panels a-d;
A = 10 in panels e-h.

depleted.

Interestingly, species one (the species input from the source) and species
two (the species initially in the room) are qualitatively different in their verti-
cal structure. Species one is similar to the density concentration, in that it has
smallest value near the floor of the room, increasing towards the ceiling. This is
unsurprising, as both enter the room through the plume. As the flow evolves, and
the plume rises through and re-entrains fluid that has already been cycled through

the plume, the concentration of both fluid density and species one in the plume
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Figure 3.6: Concentration profiles as a function of height at times fj =7j/5 7=
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h). In all cases M, = 1, 2. =0.1, 6 = 20, and ¢ = 10 while: A = 0.1 in panels a-d;
A = 10 in panels e-h.
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as it reaches the ceiling (and spreads out as a new layer) must increase, thus lead-
ing to a positive vertical gradient. Conversely, the concentration of species two is
greater near the floor of the room, since species two is originally in the room alone.
Therefore, the layers within the room which have had a longer residence time, and
have been less affected by the plume, will tend to have higher concentrations of
species two. These layers naturally are closer to the floor.

Finally, the product species three exhibits aspects of both of these be-
haviours. At early times, when both species one and species two are present in
nontrivial quantities, vertical profiles of species three behave like those of species
one, with higher concentrations at higher points in the room. This is due to the
fact that fluid cycled through the plume is accessing sufficient quantities of species
two to lead, through reaction, to creation of the product species three. Therefore,
more recently created layers, near the ceiling of the room, will have higher concen-
trations of species three. However, eventually species two becomes depleted, and so
less and less creation of the product species three occurs. The older layers (which
were generated when reaction was more prevalent) have higher concentrations of
species three. Therefore, at later times, profiles of species three are similar to those
of species two, with greater concentrations closer to the floor of the room. Having
developed these models, we now investigate whether their predictions agree with

the results of analogue laboratory experiments.

3.5 Experiments

3.5.1 Experimental method

We conducted the experiments in a plexiglass tank (43cm x 28 cm X
28.8 cm) open to the exterior at the upper surface with two evenly spaced holes
drilled in the tank bottom. The first hole contained a plume source, located far
enough away from the walls so that A, > b* at all heights within the plume. The

source consisted of a small tube connected to an expansion chamber with a pin
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sized hole on the upstream side, following a design originally due to Dr Paul Cooper
(see Hunt & Linden (2001) for a more detailed description of the design). On the
downstream side of the chamber is plastic gauze leading to a 5 mm diameter orifice,
through which the final discharge occurs. The flow is essentially turbulent on exit.
A tank mounted at the ceiling of the laboratory supplied the source. The level of
the supply tank was maintained by a pump and overflow system connected to a
larger tank located on the floor, and hence the hydrostatic pressure head between
the supply tank and experimental tank was constant. During the experiment the
pump was only turned on intermittently so as to not increase the fluid temperature,
as the reaction rate of the chemical species which we used is strongly sensitive to
temperature. The second hole in the experimental tank was connected to a vertical
tube opening to the exterior air. The level of the top of this tube was modified
until a hydrostatic balance was reached with the fluid inside the experimental
tank, such that throughout the entire course of the experiment, the depth of fluid
in the experimental tank remained constant, with extremely small fluctuations.
Therefore, we were confident that the flows into and out of the experimental tank
were constant and equal to Q)5 (which we were able to modify).

Density variations between the plume fluid and the room were caused
in the conventional way by varying the concentration of sodium chloride in the
room fluid initially. In all cases, the source fluid had no salt content, and so was
buoyant relative to the initial room fluid, whose density could be varied experi-
mentally. The two chemical species used in the experiments were malachite green,
a triphenylmethane dye, and sodium hydroxide, a strong base. In the presence
of a strong base the malachite green, which is green in solution, bonds with the
hydroxide anion to form a colorless molecule. There are three reasons why these
two species are appropriate for an experimental verification of our model. Firstly,
the reaction rate is sufficiently slow for the quasi-steady assumption to be valid
for the range of concentrations that we consider. Secondly, although there is some

energy release during the reaction, it can be shown to be sufficiently small to have a
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negligible effect on the fluid density and reaction rate. Finally, it is straightforward
to measure quantitatively changes in color of the solution experimentally, and thus
to measure the changing concentration of one of the chemical species with time.

We lit the experimental apparatus uniformly from one side, and videoed
the experimental tank through the other side using a digital monochrome ccd
camera. The light intensity of this image then acts as a proxy for the colored dye
still remaining in the tank, and hence the concentration of one of the chemically
reacting species, when the time sequence of images are analyzed with appropriate
image analysis software. We used the package Diglmage, (see for example Dalziel
1993) and so we were able to measure how both vertical profiles and the mean
concentration of one of the species varied with time. In most experiments, we
used malachite green as species one, and so the source contained only malachite
green, while the room initially had a nonzero concentration of sodium hydroxide
(as species two). In this case, we tracked how the light intensity changed as the
room approached being filled with green fluid alone. However, we also considered
the reversed situation, where the source had a nontrivial concentration of sodium
hydroxide, and the room was initially filled with some concentration of malachite
green. In this case we were able to track how the color decreased in the room as
both reaction and outflow through the opening led to the loss of malachite green.

Essential to this experimental technique is of course the calibration of
light intensity with concentration of the malachite green chemical species. We
determined this by placing a known concentration, determined on a mass basis,
in the tank, and then recording the measured light intensity. This process was
repeated about 20 different times between the maximum concentration used in the
experiment and the smallest concentration distinguishable by the camera.

For the comparison of our experimental results with our theoretical mod-
els, it was also necessary to determine the (dimensional) rate constant K, which
needs to be considered carefully. Although sodium chloride, which as noted above

was used to increase the density of the ambient fluid, does not have a significant



52

side reaction with the reacting chemical species, its presence does increase the ionic
strength of the solution, and thus decreases the rate constant of the reaction. Since
the concentration of salt in the tank changes with time we needed to determine
experimentally how the rate constant varied with salt concentration. Also, K is
unsurprisingly a strong function of temperature. Therefore, through each exper-
iment we carefully monitored the fluid temperature, and minimized temperature
fluctuations. The peak variation in temperature was always less than 0.5°C.

To determine the functional form of K, we placed a known concentration
of malachite green Gy and sodium hydroxide Hj in the tank with a known quantity
of salt and digitally analyzed the change in the light intensity with time associated
with the color change of the fluid from green to clear. To simplify our analysis,
the concentration of sodium hydroxide was two to three orders of magnitude larger
than the concentration of malachite green in these calibration experiments, and so
the reaction was pseudo first order. Therefore, the time dependent concentration

G(t) of malachite green is given by the expression

log (%z)) ~ — K Hyt. (3.65)

For a range of saline solutions between zero and seven per cent, by plotting
log(G/Gy) against time, and determining the best fit to the slope of the resulting
line, we calculated the dependence of the rate constant on salinity. This salin-
ity, and hence density dependent, rate constant could then be straightforwardly
included within our code, to generate model predictions as discussed above.

We conducted seven experiments, with a range of parameters. We present
the results of three characteristic experiments in this Chapter, with parameters
given in table 1. For agreement with our calibration curves for the rate constant,
the initial concentration of malachite green was always substantially less than the
concentration for sodium hydroxide, and so it is at least plausible that one or other
of the limiting well-mixed models (defined in (3.58) and (3.60)) will describe the
experimental data well. As already noted, in all but one experiment, malachite

green corresponded to species one, input by the source, and so we are able to
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Table 3.1: Nondimensional constants and initial fluid density in the tank for each
experiment performed. The values for A\ are multiplied by the rate constant K,

which varies between 0.3 and 1.2 depending on the salinity.

Experiment 2 M, o) 6 A pr(kg/m?)
A 0.054 0.176 10 321 1.06K 1.001
B 0.054 0.176 15.1 321 1.38K 1.05
C 0.0564 0.176 .0644 32.1 142K 1.02

monitor the concentration of the dye that comes into and eventually thoroughly
contaminates the tank. In the other experiment, (experiment C) we initially placed
the dye in the tank (i.e. as species two) and we monitored its concentration until

it eventually got completely vented out and consumed by the reaction.

3.5.2 Experimental results and discussion

We have plotted the results from both the experiment and numerical
method in figures 3.7-3.9. We have used a = 0.1, a common value used in experi-
ments. Small variations of this parameter have a negligible effect on our results. We
have also assumed that the velocity was constant at the source so that given some
source flow rate the source momentum flux could be determined by M, = Q?/A,.
In figures 3.7 and 3.8 we first plot the vertically averaged concentration of species
one in the room, i.e. él, as a function of time, and then two height-dependent
concentration profiles at different times. In figure 3.9, we plot the same quantities
for species two. In all cases, we compare the experimental measurements with
numerical solutions using the full model discussed in Section 3.4.

In all cases 2z, < 1, giving us a large fluid entrainment and a subsequent
fast downward ambient layer velocity. Because of this, the time it takes for the
first front to reach the vent in the figures shown is f, = 0.075 < 1. It should
be noted that in all cases the initial concentration of sodium hydroxide is about

two hundred times larger than that of the dye, leading to extreme values for ¢,
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for consistency with our calibration. Therefore in a region of fluid containing this
large imbalance in chemical concentration, the rate of change of the base will be
much slower than dye, and the reaction is pseudo first order. Indeed, since it can
be established for the experiments shown in figures 3.7 and 3.8 that A\/¢ < 1, we
also compare the average room concentration of species one with Wiy from the
well-mixed solution (3.60), while for the experiment shown in figure 3.9, \¢ < 1,
and so we compare with Wga as defined in (3.58). In addition we have plotted
the numerical solution to the well-mixed models from equations (3.54-3.55). In all
cases the rate constant in the well-mixed models is a function for fluid density for
consistency with the experimental results.

The error bars shown in the averaged concentration profiles are due to
the uncertainty in the laboratory equipment used, such as the scale, beakers and
flow meter, all of which were taken from the manufacturer’s listed data. The error
comes into effect in the experimental results mainly through the color intensity-
concentration calibration data and in the numerical method via the nondimensional
constants and the correction to the rate constant for density variations. It should be
noted that the error bars shown in the average concentration profiles also apply to
the height dependent profiles even though they are not indicated in those figures.
In all of the figures shown there is good agreement between the numerical and
experimental data; the curves lie within the range of experimental uncertainty. The
fluctuation in the concentration for the experiment, seen by the jagged appearance,
is a consequence of the optical method used and the mean profile contains all the
important physical information.

As noted above, the most obvious point of difference between the well-
mixed models and both the experimental and full numerical data is during the
initial stage of flow evolution, before the time ¢, when the first front arrives at the
opening and contaminated fluid starts to be vented through the opening. Although
this time is early in the overall flow evolution, the early behaviour has a lasting

effect, and so it is clearly necessary to model the plume dynamics. The plume



95

0.025

0.02-

0.015-

0.01

0.005 -

09

0.8

0.7

0.6

0.4

Figure 3.7: Vertically averaged (top) and height dependent (bottom) plots of
species one for experiment A (solid jagged line) and the plume model (dotted
line on upper plot and solid line on bottom plot), as defined in §3.4. The two
profiles on the bottom plot represent ¢ = 0.59 and ¢ = 1.24. The vertical lines on
the upper plot are error bars for the numerical solution (dotted line) and exper-
iment (solid line). We also plot the predicted concentration for species one from
the well-mixed model (3.54)—(3.55) (dashed line) and the reduced model (3.60)

(dot-dashed line) in the upper panel. The parameters are given in table 1.
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Figure 3.8: Vertically averaged (top) and height dependent (bottom) plots of
species one for experiment B (solid jagged line) and the plume model (dotted
line on upper plot and solid line on bottom plot), as defined in §3.4. The two
profiles on the bottom plot represent ¢ = 0.50 and ¢ = 0.68. The vertical lines on
the upper plot are error bars for the numerical solution (dotted line) and exper-
iment (solid line). We also plot the predicted concentration for species one from
the well-mixed model (3.54)—(3.55) (dashed line) and the reduced model (3.60)

(dot-dashed line) in the upper panel. The parameters are given in table 1.
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Figure 3.9: Vertically averaged (top) and height dependent (bottom) plots of
species two for experiment C' (solid jagged line) and the plume model (dotted
line on upper plot and solid line on bottom plot) as defined in §3.4. The two
profiles on the bottom plot represent ¢ = 0.50 and ¢ = 0.11. The vertical lines on
the upper plot are error bars for the numerical solution (dotted line) and exper-
iment (solid line). We also plot the predicted concentration for species two from
the well-mixed model (3.54)—(3.55) (dashed line) and the reduced model (3.58)

(dot-dashed line) in the upper panel. The parameters are given in table 1.
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model sets up a concentration gradient of ]%2, (the concentration of the chemical
species initially in the room) which decreases with height, where the oldest and
most concentrated layer is at the bottom Z = 0. As a result a larger quantity
of species two leaves the room sooner than if the space were well mixed, while
conversely a smaller quantity of species one leaves the room, thus leading to a
higher concentration of él at any particular instant compared to the well-mixed
model. This result can be seen clearly in figures 3.7-3.9. (As an aside, it is
necessary to allow the rate constant to increase as the density, and hence the
concentration of salt, within the room decreases. This of course can be embedded
straightforwardly in the numerical model, as noted above.) Overall there is good
agreement between the numerical and experimental results for the plume, and
in particular, it is important to stress that, particularly for species one, the full
plume model predicts the experimental results more accurately than the well-
mixed models in a quantifiable way. In all cases, there is also a measurable vertical
profile in concentration, whose amplitude decreases with time (consistently with
the results of CW02 for density).

There are three distinct regions in figures 3.7 and 3.8 with different slopes
that need further discussion. Before the arrival of the first front, (at £, = 0.075)
the concentration in the room of species one (i.e. the species entering through
the plume) increases rapidly, as the only sink of this species is due to reaction
with species two initially within the room. However, subsequently to the arrival of
the first front at z = 0, fluid containing species one starts to be vented from the
opening. Therefore there is another sink of species one, and so the rate of increase
of R, drops somewhat. This drop in the rate of increase is also related to the fact
that the reaction rate increases due to a drop in the ionic strength of the fluid
within the room, as salty water is replaced by the fresh water from the source.
Eventually however, all the (finite quantity of) species two fluid initially in the
room must be lost, due to both reaction and outflow through the vent. Therefore,

the fluid within the room will approach the composition of the source fluid.
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The situation is different for the evolution of species two however, as
shown in figure 3.9. From the first instant of the experiment, since species two is
initially present at all heights in the room, species two fluid is both vented from
the room, and lost through reaction. Therefore, there is no markedly different
behaviour for species two before the arrival of the first front. At later times, as
all of species two is lost to reaction and venting, the rate of decrease drops, in a
largely exponential fashion. This clearly demonstrates the approach of the system

to its final steady state, with the room being completely filled with source fluid.

3.6 Conclusions

In this Chapter we have considered the theoretical, numerical and experi-
mental aspects of a chemical reaction in an enclosed ventilated space where the flow
is driven by a turbulent buoyant plume. We restricted our study to flows in which
there is no diffusion between adjacent ambient layers and negligible density change
from reaction. We have determined that the dynamics of this model flow can be
described by five nondimensional parameters: 0; z; ]\2/8; A; and ¢ (as defined in
(3.11), (3.29), (3.31), (3.36), and (3.38) respectively). These parameters describe
the room aspect ratio, the source volume flux, the source (specific) momentum
flux, the chemical reaction rate, and the relative concentrations of the species ini-
tially in the source fluid and the room fluid. As a result of a quasi-steady state
approximation essential to the model, we are restricted to a class of problems such

that A < /22"

. To generalize the previous work of CW02, we restricted ourselves
to consideration of flows where the plume entrained significant amounts of fluid as
it rose from the floor to the ceiling, and so we required Z, < 1. Unsurprisingly,
as observed by CW02, well-mixed models described the evolution of the vertically
averaged concentration in the room well. Nevertheless, there were measurable and

observable discrepancies, principally associated with the behaviour of the system

before the arrival of the first front of fluid which has been cycled through the
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plume.

As is apparent from the well-mixed models, the natural time scale for the
fluid flow to approach its final steady state is the fluid replacement time scale ¢,
defined by (3.32). This illustrates the critical importance in general of the source
volume flux @5 in determining the transient behaviour of the chemical species.
Typically, on this time scale, species two (the species initially in the room) is
depleted through both reaction and outflow through the vent, while species one
(input through the source) completely fills the room.

However, it is important to stress that this generic picture does not apply
when the reaction rate is relatively large, i.e. A > 1. In this case, if ¢ (as defined in
(3.36)) is small, and hence the initial concentration of species two is relatively low
in the room compared to the input concentration 1/¢ of species one in the source,
species two is rapidly depleted if X is large, on a time scale short in comparison
to the fluid replacement time. Conversely, if ¢ is very large, and so the initial
concentration of species two within the room is significantly larger than the source
concentration of species one, the rate of increase of species one in the room is
relatively slow. This is because what little species one is entering the room is being
significantly depleted by rapid reaction. This leads to high transient concentrations
of the product species three, and a delayed approach to the final steady state,
showing that rapid reactions can dominate the fluid-dynamical filling box process
for either the species entering through the source, or the species initially in the
room.

Within the room, we found that the largest concentrations of the reaction
product were associated with larger values of the nondimensional reaction rate .
This occurs because more reaction is able to occur before species two is depleted
too much due to the inevitable outflow through the vent due to the input of fluid
at the source. Naturally, the maximum concentration of the product species is
limited by the smaller of the peak concentrations of the reacting species, as the

creation of product relies inherently on the presence of both reacting species.
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All chemical species were observed to exhibit non-trivial vertical profiles
at finite times. Species one had a vertical structure similar to the density distri-
bution, with higher concentrations near the ceiling of the room, associated with
newer fluid layers which have been more recently cycled through the plume. On
the other hand, the concentration of species two decreased with height within the
room, as newer fluid layers higher in the room contained more and more fluid from
the source, and less and less of the species two-rich fluid initially in the room. Both
types of profile are observed for the product species three, which at early times
has profiles similar in character to species one, (the species initially in the plume)
while at later times, as its concentration drops towards zero, it exhibits vertical
profiles reminiscent of those of species two (the species initially in the room). In
all cases, the magnitude of the gradient was largest in the vicinity of the source,
and decreased towards zero with time as the flow approached its steady state.

These observations have significant implications for assessment of the
time-dependent behaviour of chemically reacting species within an enclosed, ven-
tilated space. It is clear that modelling the plume dynamics using the MTT56
model improves the quality of the prediction of the evolution of the various chem-
ical species. In particular, the early time dynamics are critical for understanding
the evolution of the various species. The filling box process both leads to the devel-
opment of vertical variation in concentration, but also, perhaps more importantly,
a time-lag before the input species is vented from the opening which inevitably
leads to a mismatch between the actual flow dynamics and the behaviour pre-
dicted by well-mixed models. Even when this time-lag is relatively short in terms
of the time scale of the overall flow evolution towards steady state, it still leads
to an observable effect on the concentration distribution within the room of the
various chemical species for a significant period of time.

Now that the importance of the filling box process has been demonstrated
for the evolution of chemically reacting species in an enclosed ventilated space,

there are at least three straightforward, yet relevant generalizations which should
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be considered. Firstly, the particular location of the vent to the exterior considered
in this Chapter is very specific. It is of undoubted interest to generalize both the
location and number of the vents considered. In particular, if there are two vents
at different heights within the room, there is the possibility of both “blocked”
ventilation, where the room ultimately fills with source fluid analogously to the
situation described here, and also “natural” ventilation where a two-layer density
distribution develops (see Woods et al. 2003 for a detailed discussion, generalizing
to nonzero source volume fluxes the seminal study of Linden, Lane-Serff & Smeed
1990). The evolution of the chemical species in such a layered flow would obviously
be of interest.

Secondly, the particular distribution of the chemically reacting species
considered in this Chapter, though plausible, is clearly quite special. Another
highly relevant situation would be where two plumes, each of which contain a
different chemical species, issue into an enclosed ventilated space. Reaction would
then ensue through the mutual entrainment of fluid which has been cycled through
each plume, leading to a reactive mixture of the two different species. In the
absence of chemical reaction, Cooper & Linden (1996) demonstrated that such
flows lead to a complex, layered final steady state, yet the transient dynamics
associated with finite source volume fluxes is an open, important question.

Finally, and perhaps most significantly, the initial simplifying assumption
that the chemical reaction has no dynamic role is certainly not valid in many cir-
cumstances. If the reaction is exothermic, and hence a significant amount of heat
is released, the plume buoyancy flux will be increased, while conversely if the reac-
tion is non-trivially endothermic, the plume buoyancy flux will be decreased. Such
dynamic effects will modify the filling box process in a complex manner, which is
undoubtedly worthy of study. For example, an endothermic reaction may actually
lead to the plume fluid being dense compared to its surroundings, thus leading to
deceleration of the plume fluid, and potentially collapse back towards the neutral

buoyancy height for the plume fluid (see Woods & Caulfield 1992 and Caulfield &
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Woods 1995 for discussion of the behaviour of such reversing buoyancy plumes).
Such collapse modifies qualitatively the evolution of the ambient fluid distribution,
as it is necessary to model another entrainment process associated with this fluid
collapse (see, for example Cardoso & Woods 1993). Furthermore, exothermic or
endothermic reactions within the room fluid itself may lead to convective overturn-
ings in the room, hence driving mixing in another non-trivial and different manner.
To gain a full understanding of the evolution of chemically reacting plumes in an
enclosed environment it is necessary to consider such issues, and we will report the
results of our investigations in the next chapter.

This Chapter has been published in Journal of Fluid Mechanics, 2005,
Conroy, D. T., S. G. Llewellyn Smith and C. P. Caulfield (Cambridge University
Press).



Chemically reacting plumes with
an exothermic and endothermic

reaction

4.1 Abstract

We develop a model for a turbulent plume in an unbounded ambient that
takes into account a general exothermic or endothermic chemical reaction. These
reactions have important effects on the plume dynamics since the entrainment
rate, which scales with the vertical velocity, will be a function of the heat release
or absorption. Specifically, we examine a second order non-reversible reaction,
where one species is present in the plume from a pure source and the other is in
the environment. For uniform ambient density and species fields the reaction has
an important effect on the deviation from pure plume behaviour as defined by the
source parameter I'. In the case of an exothermic reaction the density difference
between the plume and the reference density increases and the plume is ‘lazy’,
whereas for an endothermic reaction this difference decreases and the plume is
more jet-like. Furthermore, for chemical and density stratified environments, the

reaction will have an important effect on the buoyancy flux because the entrainment
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rate will not necessarily decrease with distance from the source, as in traditional
models, since the reaction will contribute to the velocity of the plume. As a result,
the maximum rise height of the plume for exothermic reactions, may actually
decrease with reaction rate if this occurs in a region of high ambient density. In
addition, we investigate the Boussinesq assumption, which is valid for relatively

small heats of reaction and compare it with the non-Boussinesq model.

4.2 Introduction

Convection induced by chemical reactions is an important process in many
industrial and environmental settings. For example, a plume will develop above a
pool fire if the vaporization rate is large enough (Tieszen, 2001). A plume forms
with two distinct stages. In the first stage a reacting plume rises above the fuel
source in which hot buoyant fuel mixes with entrained ambient air. The highly
exothermic reaction increases the buoyancy of the plume until the initial plume
species is completely consumed. In the second stage, from this height up, the plume
behaves as a non-Boussinesq plume without reaction and with a virtual origin
correction. Furthermore, many industrial chemicals such as pyrophoric materials
undergo a reaction with air or water vapour at normal ambient condition. An
accidental release of such a buoyant chemical in a an occupied space is potentially
very hazardous. In the aqueous phase, there are many acid-base reactions such as
the neutralization reaction between sodium hydroxide and hydrochloric acid which
can be exothermic (Patnaik, 1999).

A similar process occurs in relation to evaporative cooling which has been
used for years in cooling towers to cool circulated water (Fisenko et al., 2004) and
in air conditioning systems in hot dry climates. The fundamental fluid-dynamical
aspect of this problem is the presence of a distribution of water droplets with
variable size and concentration within a turbulent plume. As the plume entrains

ambient fluid, the water droplets will evaporate (provided the air is sufficiently
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dry) in order to maintain the equilibrium vapour concentration. Latent heat will
be absorbed, thus increasing the density of the gaseous phase. This will couple to
the plume dynamics through the buoyancy force.

The plume theory developed by Morton et al. (1956, henceforth MTT56)
relies on an entrainment assumption that scales the rate at which turbulent eddies
are engulfed into the plume with the center line velocity. This assumption leads to
a simple set of equations describing the flux of volume, momentum and buoyancy.
The Boussinesq approximation is often used, but is not always appropriate. A
rational derivation of the non-Boussinesq plume equations was given by Rooney
& Linden (1996). In all plume models the buoyancy flux is a function of ambient
stratification and the plume will keep rising in an unstratified or weakly-stratified
ambient, although in a stratified ambient the plume will reach a maximum height
(Caulfield & Woods, 1998).

Chemistry was added to the original plume model of MTT56 by Conroy
et al. (2005, henceforth CLSC) for a passive chemical reaction that decouples
from the plume dynamics. The species concentrations in the plume are treated in
the same fashion as the dynamic fluxes, starting from the conservation of species.
CLSC considered the ventilated filling box problem and compared experiment to
theory, finding good agreement. However, in cases where the reaction is strongly
exothermic or endothermic, this model is inadequate since the buoyancy flux must
be modified to account for the heat absorption or release due to reaction.

Plumes with volumetric heating supplied by a line source of heat were
investigated experimentally and theoretically by Bhat & Narashima (1996). This
model was extended by Hunt & Kaye (2005) to analyze the plume-like or jet-like
nature of plumes with an internal buoyancy flux gain represented as a constant
source of heat. However, these studies were not concerned with exothermic or
endothermic reactions between the source fluid and the ambient.

In this Chapter we generalize previous work on turbulent plumes to in-

clude a general reaction mechanism with a non-negligible heat of reaction. The
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buoyancy flux is a function of the addition or removal of heat by the chemical
reaction. Hence it can be a non-uniform function of height and is coupled to the
entrainment rate. Since many reactions have a large chemical heat release we
consider both non-Boussinesq plumes and Boussinesq plumes. We limit ourselves
to pure plume source conditions, following MTT56, Rooney & Linden (1996),
Caulfield & Woods (1998) and others, although a forced plume can be investigated
in a similar fashion.

The Chapter is organized as follows. In §4.3, we formulate the energy
equation in terms of density, taking into account the heat of reaction. The reaction
mechanism is expressed in general terms but we limit ourselves subsequently to a
second order non-reversible reaction for comparison with CLSC and also to perfect
gases. In §4.4 we develop the plume model following MTT56 for a Boussinesq
plume, which is valid for sufficiently small heats of reaction. We examine the devi-
ation from pure plume behaviour with uniform ambient density and species stratifi-
cation and investigate the maximum rise height in ambient chemical stratifications
with power law behaviour. In §4.5 we extend the analysis to non-Boussinesq

plumes. Finally we conclude in §4.6.

4.3 Model description

4.3.1 Governing equations

We consider a body of fluid rising in an infinite medium due to the action
of buoyancy forces with a sufficiently large velocity so that diffusion of momentum,
energy and species is negligible. An exothermic and/or endothermic chemical reac-
tion is allowed to occur within the body thus increasing or decreasing the relative
buoyancy force of the fluid. In general an unsteady, reacting high-Reynolds num-

ber three-dimensional flow with negligible diffusion is governed by the equations
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Figure 4.1: Pure plume entering an infinite ambient with concentration Ry of

species 2 from a source with concentration Pjg of species 1.

(Williams, 1985)

% +pVev = 0, (4.1a)
p%;’ = Vp—py, (4.1b)
p% = —pV.v, (4.1c)
p]?)? = Wi (4.1d)

Here p is the density, v is the bulk fluid velocity, p is the pressure, g is the acceler-
ation of gravity downwards, e is the internal energy, Y; = p;/p is the mass fraction
of species ¢ and w; is the reaction rate which will be specified in section (4.3.2).
We define the enthalpy h = e+ p/p to be an average enthalpy of the mixture with
h = Zf\il h;Y; and h; = h{ + fT:,; C,; dT', where h{ is the standard enthalpy at the
standard temperature, Ty, and C,,; is the specific heat of species ¢.

We seek an alternative form to equation (4.1c) that describes the change
in density of a material particle due to reaction effects. In general the change
in internal energy of a fluid particle is governed by the first and second laws of
thermodynamics as follows:

N

de =Tds —pd(1/p) + > _(1:i/W:)dY;, (4.2)

i=1
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where s is the entropy, u; is the chemical potential and W; is the molecular weight

of species 7. Substituting this relationship and (4.1a) into (4.1c) yields
e WLl (4.3)

which expresses the rate of production of entropy by the irreversible chemical
reaction.
On substituting this equation into the mathematical identity

Dp dp Dp dp Ds dp DY;
Dp _ (o) Dp  (0p) Ds il 44
Dt <3p>s,yi b\ py; Dt >3 OYi ) spysinq) Dt o

i=1

one can show by thermodynamic arguments (cf. e.g. Clarke and McChesney 1964)

ﬁ(@h) _p(@pl)
Cp 9Y; PTY; (i) oY 1Y)

where ay is the frozen speed of sound defined by a3 = (Op/9p)sy;, B = p(p~"/OT),.y,

N
Dp 1 Dp
Dt @Dt 2

DY;

(4.5)

is the frozen volumetric thermal expansion coefficient and C, = (0h/0T),y, is the
frozen specific heat at constant pressure.

For a perfect gas with equation of state p = pRT Zf\il Y;/W; = pRTY,
evaluating the derivatives gives

N
Dp 1Dp @ 1 % 1 Dp

- _E:hii_‘i = = , 4.6
o a?Dt—i_Cp 2 w 2, + po (4.6)

This equation represents the change in density due to pressure, chemical energy
released or absorbed by reactions and changes in mixture concentrations. The
latter two changes are regrouped into o. In general the first term can be neglected
for fluid velocities that are small compared to the speed of sound, and we do so
here, since we will not be dealing with extremely large values of o.

For steady flow with no swirl, i.e. v .= (u,0,w) in cylindrical coordi-

nates (7,6, z), the equations underlying plume dynamics can be written in almost-
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0, (4.72)
9(pa — p), (4.7b)
00, (4.7¢)
s (4.7d)

for mass, vertical momentum, energy and species respectively, using (4.6). We

have assumed the plume to be thin so that 0,p < 0.p in which case the pressure

may be shown to be hydrostatic: dp/dz = —p,g, where p,(z) is the ambient fluid
density (Rooney & Linden, 1996). The additional term in (4.7c) is due to fluid

expansion or compression via reaction, while the additional term in (4.7d) is due

to reaction.

For Boussinesq plumes, the equations simplify to

ror e 0z
ror i 0z
ap ap
10 0
~ g, ruYi) + o-(wYy)

0, (4.8a)
%@a — ), (4.8b)
P00, (4.8¢)
%, (4.8d)

where pg is a reference density. Here the mass fractions are given by Y; = p;/po.

The flow is incompressible, but density can change due to the reactions. If 0 < 1,

the right-hand side of (4.8c) vanishes and we recover the equations of CLSC.

4.3.2 Chemical reaction mechanism

A general chemical reaction mechanism can be represented as (Williams,

1985)

/
v
gk
k | | Cj )

n
w; =W, Z(V:/k — Vi) K
k=1

i (4.9)

J=1
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where ¢; = Y;p/W; is the molar concentration of species j, K}, is the rate constant
(in general a function of temperature) of the k™ reaction, 1/;’ i 15 the stoichiometric
coefficient of reactants and V;/k is the stoichiometric coefficient of products. Con-
servation of mass at the molecular level implies that ), w; = 0, which can also be
written as a constraint on the Wi, v/, and vj ;.

In this Chapter we will only consider second-order reactions of the form
c1 + co — c3, although other forms are possible. Therefore

KW;p?

w C1Co W1W2

YiYs, (4.10)

where the sign is negative for w; and ws, and positive for ws. Note that Wy 4+ Wy =
Wis.
In the case of the perfect gas we have the following expression

2

1
o= ﬁ(—h1W1 — h2W2 + thg) + =

V1Y, = Qp°Y,Ys 4.11
Cp G W1W2 1X2 P Y1Yo, ( )

which defines 2. The term in brackets is just the heat of reaction AH, which is
positive for an endothermic reaction. The Y term is present for the second-order
reaction considered here, but in general is multiplied by a numerical factor which
can be zero.

In the Boussinesq case, p in (4.10) is to be replaced by pg, and all quan-
tities in (4.11) are to be evaluated using the reference value py for p. While © is
in general a function of temperature (through K and h;) and of pressure (since by
the perfect gas law 7" is a function of p, p and Y;), we ignore these considerations
here and take 2 and K to be constant. The pressure dependence, which enters
via the hydrostatic relation, is very weak unless the plume extends a scale height.
The temperature dependence is negligible unless the reaction is very exothermic

or endothermic.
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4.4 Boussinesq plume

4.4.1 Plume equations

We consider an isolated source of buoyancy released into an infinite envi-
ronment. Following MTT56 we define the plume volume flux 7(), momentum flux

w M, buoyancy flux 7B and species flux nP; as follows:

TQ(z) = 27r/ rw dr = Twb?, (4.12a)
0

TM(z) = 27T/ rw? dr = Tw?b?, (4.12Db)
0

mB(z) = 27r/ rwgpa — L gr = 7Tguu_1b2 =rgwb?,  (4.12c)
0 Po Po

TP(z) = 27T/ Yirw dr = wY;wb?. (4.12d)
0

We take top hat profiles for quantities in the plume so that the integrals extend
to b, the plume width, and quantities with over bars are functions of z only. Also
¢’ is the reduced gravity of the plume relative to the local ambient fluid.

The plume equations for volume and momentum flux are as in MTT56:

40 M BQ
= _9aMY? %
dz 2a ’ dz M

Note that v* = Q?/M and w = M/Q. The buoyancy flux is found by differentiating

(4.13)

(4.12c) with respect to height and using (4.8a) and (4.8¢c), yielding

dB [~ d > x -
g—gg — /O rw dpza dr — /0v PooT dr -+ /0 TU(p - )Oa)r dr — \/0\ (pa - p)(TU)r dr.

(4.14)
The last two terms integrate to zero and we find
dB Q?
45— N20 Z el 4.15
dz @973 (4.15)

where N? = —(g/po)dp,/dz. This buoyancy flux changes because of the exother-
mic or endothermic reaction and changes in average molecular weights. Integrating

(4.8d) across the plume gives

dp; w; Q?
L= 2aR,MV? 4 22X
dz “ * po M’

(4.16)
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where R; is the mass fraction of species i in the ambient.

To compute the right-hand sides of these equations for our case, we ex-

press concentrations in terms of fluxes through the plumes using P, = QY;. Then,

replacing Y; by Y; so as to work with plume variables as in the derivation of the
equation for dM/dz above

&Q_Q _:tKVVipOP1P2 . @

= =1 4.17
Lo M W1W2 M M ( )
and similarly
Q? Q* PP PPy
go~7 = 90p1Ya = gpi0— = = K, (4.18)
where
6AH7’ Q 7 2 D
= — T4 Z| =4(H, P), 4.19
K= gpots {Wng + Iz V3(H, + Q/P) (4.19)

and P = Zle W3 P;/W;. Now the terms within the brackets are non-dimensional.

At the plume source we will only consider a pure plume as in Morton
et al. (1956) and Caulfield & Woods (1998) so that Q(zs) = M(zs) = 0 and
B(zs) = By. In addition we will only consider a single species at the source so that

Pi(z5) = Pio, Pa(zs) =0 and Ps(z) = 0.

4.4.2 No ambient stratification

For weakly stratified environments with N? ~ 0 the buoyancy flux is
controlled by the chemistry, while the species concentrations when the ambient
concentrations are uniform are governed by the entrainment and reaction rates.

The governing equations are

a0 X dM  BQ

< — 9aMY/? Dl 4.20
1z e dz M’ (4.20a)
dB P1P2 dPZ 1 P1P2

oo g2 = 2aR;M'? + 4, 4.20b
Ep SV = Ry (4.20b)

When the reaction rate is small, i.e. kK =~ 0, and B = B,, we recover the
well-known similarity solution of MTT56

1/3 2/3
-t ()" o ()"0
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Figure 4.2: Numerical solutions to equations (4.20a)—(4.20b), showing I, profiles
for H, = —10 (left), 0 (center), 10 (right) and 3 = .1 (dashed line), 1 (dotted
line), 10 (solid line). The circles represent the profiles of I', corresponding to the
exact solution (4.27) in the large reaction rate limit with 3 = 10. Here v = 100,

Pm:l,Rc:l,W1:W2:1,and1/}3:w3.

for which the volume flux increases monotonically and the velocity decreases mono-
tonically due to entrainment.

For forced plumes one may define the nondimensional parameter (see

Hunt & Kaye, 2005)
 5Q°B
- 8a M/

which is a function of height. This parameter has been used to indicate whether

L (4.22)

the plume is forced (I', < 1) and is hence jet-like, pure (I', = 1) or lazy (I', > 1).
For our model, where the plume is pure at the source, we can use this parameter to
determine quantitatively the deviation from pure plume behaviour with chemical
reactions.

In Figure 4.2 we plot profiles of ', for different values of H, and

in order to discuss three distinct behaviours of the plume. In the first case the
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reaction is exothermic (ﬁT < 0) so the plume density decreases in opposition to
the increase in density by entrainment. As fluid is entrained, the reaction plays
a more important role and the plume becomes lazy with a deficit of momentum,
but if k or P, is too small the effects of reaction never dominate and the solution
continues to behave as a pure plume described by equations (4.21). In any case, at
large distances from the source species P; will be completely consumed and we can
use the similarity solutions with a virtual origin correction (Caulfield & Woods,

1995).

In the second case there is no heat generated or absorbed (]:Ir = 0) but
for this reaction the production of species 3 acts to increase the average density of
the plume. Since the chemical components have different densities, the buoyancy
flux will be a function of the average mixture concentration (Y'), which is coupled
to the entrainment and reaction rates. Therefore, the plume will be dominated by
momentum with jet-like characteristics (I', < 1), while there is sufficient quantities
of species 1 but will behave as a pure plume at larger distances from the source,
where the reaction is weak. Finally, in the endothermic case we expect similar
characteristics, although with an approximately constant k. Since the heat of
reaction is relatively large, the density difference, pg — p > 0, will decrease and
the plume will have jet like characteristics. Ultimately the reaction will absorb a
sufficient amount of thermal energy and the density deference py — p < 0 will led
to a negatively buoyant plume that will behave as a fountain (Bloomfield & Kerr,
2000).

We can quantify the critical conditions for the plume to be bounded
or unbounded as a function of the chemically related parameters P, H, and V3.
This is shown in Figure 4.3. For relatively small source concentrations and heats of
reaction the chemistry will be unable to decrease the density below the ambient and
the plume will be unbounded. For a large source concentration and heat of reaction,

the plume will eventually become neutrally buoyant and spread out horizontally.

We have quantified the transition zone between lazy and forced plumes in Figure
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Figure 4.3: (Left) Variation in the heat of reaction separating bounded and un-
bounded solutions as a function of the source concentration Py for ¢3 = .1 (dotted
line) and 10 (solid line). (Right) Boundary separating a lazy and forced plume as
a function of H, and 3 for Pjg = 1. Here v = 100, R. = 1, W; = W5 = 1 and
Vs = .

4.3. Because of the term Q/P in 4.19, the heat of reaction and reaction rate must

be sufficiently large for an effectively exothermic reaction to exist.

4.4.3 Large reaction rate and large heat of reaction

When the reaction is very fast, i.e. K > 1, the ambient chemical species
in the plume (2) is consumed on a time scale much shorter than the residence
time in the plume. As a result the concentration of species 2 in the plume is very
small and the vertical gradient in the flux P, is approximately zero (dP,/dz ~ 0).
Then the constancy of P, shows that ¢» P, P,M ! ~ —2aRy M2 and this may be

substituted into the equations for B and P; to give

dQ dM  BQ

— = 2aM*/? — = 4.2

K PR Vi (4.23)

dB dP U1

45 _ o M2 Y oaR N2 4.24
where y = —Rcwglfi = gR.poSAH,/C,W,5 and we have assumed that Y <«

BAH,/C, for convenience. The quantity x is positive for endothermic reactions
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and negative for exothermic reactions. Once the source chemical is completely con-
sumed so that P; = 0, the reaction stops and we have the usual plume equations
of MTT56 from that height up. There is a boundary layer in which the buoyancy
flux tends to a constant, that we ignore.

The buoyancy and volume flux equations can be combined and integrated

to obtain

B = By — xQ. (4.25)

The three equations (4.23) and (4.25) can be combined to form a single equation

in terms of volume and momentum fluxes and integrated to obtain

1/5
won(B) @0, 120

where € = 3B,/2x.
Now (4.26) can be integrated to give

5Ix\ /Q g2" 5
2 — Rs) = ————dg = - /50)3/5 F.(1/5.3/5:8/5:
Q(wa) Fmm)= ) Gdromie=3ld 7@ R/53/5 /’i/;;

in terms of hypergeometric functions and where the choice of signs is — for x > 0

and + for xy < 0. In both cases, we find for small z — z

5/3 1/3
Q- (%O‘) (i’;—z) (2 — 2.)7/3, (4.98)

In the endothermic case with y > 0, the plume becomes a fountain, provided P

is not too small, and terminates at () = ¢ with

sy \'° _ 5 551(8/5)I'(4/5)
2av (m) (Zmaz — 2s) = 3¢ / W (4.29)

In the exothermic case, the plume continues to rise and behaves for large z as

51X\ ° 5,5 D(8/5)T(2/5)
a (m) (z—25) = gQ / T(3/5)T(7/5)° (4.30)

The mass flux has a (z — z,)*? dependence. Of course this is a transitory phase

until P; = 0 at which the usual MTT56 solution applies again. This scenario is
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similar to plumes with decreasing source strengths (Scase et al., 2006), in which
there is a narrowing of the plume at some height.

The parameter I' starts at 1 and tends to —oo as 2 — 2,4, in the en-
dothermic case. It starts at 1 and grows slowly in the exothermic case, before
ultimately returning to 1 when the reaction ends. We have plotted the I'y profiles
against the numerical solution in Figure 4.2 for ¢)3 = 10. The reduced model yields
a good approximation until species 1 has reduced to a sufficiently small value, so
that dP»/dz =~ 0 is no longer valid. At this point the reaction no longer dominates
the buoyancy flux and the plume transitions to the usual plume model of MTT56

with similarity solutions (4.21).

4.4.4 Stratified ambient

In order to examine the importance of non-uniform stratification and how
the properties of the plume depend on the coupling between species and density
entrainment, we extend the results of Caulfield & Woods (1998) to the case with
reaction. We define static ambient profiles of power-law form (3 > 0)

)ﬂ

Pa = po(2/2s)7, N? = N52 (z/zs)ﬁ_l, Ry = R.(z/z)7, (4.31)

where z, is the height of the source, N? is the stratification of the ambient and R,
is the concentration of species 2 at the source. In order to focus on the effects of
chemistry in a simple yet informative way we will not examine the effects of others
species in the ambient, so we take R; = 0.

For a plume in a constant-stratification ambient, MTT56 found that the

maximum rise height of the plume is determined from

H = (2a)"2BY* N34, (4.32)
as a function of initial buoyancy flux and buoyancy frequency. We use this to scale
vertical height and the other quantities of interest.

»=%H, B=BB), Q=0Q(2)*BY*H? (4.33)

~

M = M(20)*PBY*HY®, P, = R.P,(20) By H3. (4.34)
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With this same scaling in mind we scale the reaction rate and enthalpy of reaction
as follows

R.(2a)*3H"/

>\i = wz Bl/3
0

. w=kB;'R?(20)?H"® = X\s(H, + Q/F).  (4.35)

In addition we scale the density, ambient species concentration and buoyancy fre-

quency with pg, R. and N? respectively and the ambient stratification becomes
pa = (v2)?, N? = (v2)"', Ry=(v2). (4.36)

In non-dimensional form the plume equations with hats dropped are

i—g = M2 (4.37a)
dM B
% = WQ, . (4.37Db)
< = ~N2Q — % (4.37c)
(z]:“ = RMYV?4 )\ P]l\f, (4.37d)
and the boundary conditions are
Q=M=P,=0, B=1, P = Rc(za)421;g/3ff5/3 —¢ at z= % (4.38)

We have solved the governing equations (4.37a—4.37d) numerically and
plotted our results in Figure 4.4 and 4.5. Since we are mainly interested in the
effect of chemistry on the maximum rise height, we only vary the chemically related
parameters and set the ambient density stratification to be linear, i.e. = 1. In
addition we fix the chemical concentration ratio ¢ = 1 in order to reduce our
parameter space and concentrate on the effect of A, @ and ~.

In Figure 4.4 we have plotted the profiles for a positive, zero and negative
heat of reaction w to be consistent with the rest of the Chapter. We have chosen
to display a large rate constant, A3 = 10 to elucidate the effects of reaction and a
power coefficient v = —.1, which one would likely encounter in industrial settings.

The species fluxes in the plume are a function of entrainment and reaction rate,
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Figure 4.4: Numerical solution to (4.37a)—(4.37d) showing @), P, (solid); M, P
(dashed); B, Ps (dotted) for H, = —2 (left), 0 (center) and 2 (right). Here v = 100,
gb:l,Wl:Wg:l,)\g:lO,;\3:/\3,7:—.1and5:1.
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which of course is dependent on the heat of reaction and average mixture density.
Nonetheless P, has a maximum value at the source which decreases with height by
reaction and P, has a minimum value at the source that increases by entrainment
and decreases by reaction. Similarly P increases with reaction from an initially
zero boundary condition and has the same characteristics as species one since
dP;/dz o< dPs/dz. Naturally, the reaction will have the largest contribution to the
plume dynamics near the source but far above this point the source species will be
sufficiently small and the plume will be governed by the model of MTT56.

The buoyancy flux is controlled by two processes: entrainment of dense
ambient fluid and exothermic or endothermic chemical reactions. In the case of a
constant ambient density gradient the former always acts to decrease the buoyancy
flux and ultimately force the plume to become neutrally buoyant and spread out
horizontally. For environments with a decreasing stratification in height the plume
will be unbounded but we will not discuss this case further (Caulfield & Woods,
1998). The latter will cause B to increase near the source for exothermic reactions
but decrease faster for endothermic reactions. The momentum flux, generally grows
with distance from the source but ultimately becomes zero, which corresponds to
the maximum rise height when the plume density is larger than the ambient.
For an exothermic or endothermic reaction this point will occur at a larger or
smaller value respectively, compared to a plume with no reaction. Finally, the
volume flux will always increase with distance from the source although it will be
coupled to the reaction dynamics through the entrainment rate. Since we have
made the Boussinesq assumption, the plume radius cannot expand or contract
with an exothermic or endothermic reaction respectively, which is appropriate for
relatively weak heats of reaction.

We have plotted the maximum rise height H,u: = Zmaz/2.57 scaled with
the exact solution (see MTT56) when no reaction is present in Figure 4.5. In this
case the density field is linear (N? = 1) and the species concentration Ry is allowed

to vary as a power law with exponent . Therefore for v < 0 the concentration
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decreases with height and for v > 0 the concentration increases with height. In
general, when v < 1 the ambient species will only exist at levels very close to
the source and as a result the plume can only entrain a very small amount of this
chemical which leads to small amount of reaction and the maximum rise height
will be approximately the same at MTT56. When v > 1 the ambient species
concentrations is very large above z = 1. Since this chemical concentration is very
large here, species 1 gets consumed rapidly in this region regardless of reaction
rate and the solutions converge onto a single value. In addition the maximum rise
height increases with an exothermic reaction and decreases with an endothermic
reaction as we expect.

There is an interesting behaviour near v = 1 for the exothermic case
since H,,q. is larger for smaller reaction rate constants. This occurs because the
entrainment rate is larger in a region of denser ambient fluid when the reaction
is fast due to the reaction induced fluid acceleration in this region. In addition,
there is an interesting result for v > 1 and f]r = 0 since H,,,, ~ 1 and therefore
independent of the chemical reaction. In this case @ o< Q/F, a function of height
and F o< Q(vz)", which increases non-linearly with . Therefore @ ~ 0 for v > 1

and the reaction has a negligible effect on the plume dynamics.

4.5 Non-Boussinesq plume

4.5.1 Plume equations

When the plume density is much larger than a reference density, corre-
sponding to the ambient, the Boussinesq assumption breaks down. In this case we

need to reformulate the problem without this assumption. We follow Rooney &
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Figure 4.5: Numerical solutions showing the maximum rise height of the plume
(Hpaz) for H, = —10 (left), 0 (center), 10 (right) and A3 = .1 (dashed line), 1
(dotted line), 10 (solid line). Here v = 100, ¢ = 1, Wy = Wy = 1, Ay = A3 and

B=1.

Linden (1996) and define fluxes with top hat profiles as

for mass, momentum, volume

[ee]
27T/ rw dr = Twb?,
0

27T/ rwp dr = 7pwb?,
0

27r/ prw? dr = wpwb?,
0

27r/ pYirw dr = 7pYywbh?
0

(4.39a)
(4.39D)
(4.39c¢)

(4.39d)

and species respectively. Following the procedure

for a Boussinesq plume the appropriate equations can be derived by integrating
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equations (4.7a—4.7d) across the plume, yielding

, 1/2
ddQ ~ 2 (@) M2, (4.40a)
Z Po
dM/ pa Q/ Q/V/
= g(B-= 4.40b
dz g (po V’> M ( )
dv’ M'1/2 Q/V/
= 2 - 44
& = Gl T (4.40c)
P N i Q'
L = 20R (%) M’”M%QM,. (4.40d)

With these definitions the density is p = po@’/V’, the velocity is w = M'/@Q)’ and
the plume radius is b = Q'V’/M’. In this analysis we have used the entrainment

/2 which is consistent with the experimental results

assumption u, = aw(p/pa.)
of Ricou & Spalding (1961) and has been used by Rooney & Linden (1996) and
Woods (1997). To compute the right hand sides of equations (4.40c) and (4.40d)
we express the concentrations in terms of fluxes using P/ = pY;V'/po. Then

Qv

lel Pll P2I Q/

wQV' _ pKWPPQ | PIPQ (4.4
0o M’ WiW, M VI MV '

In addition we can define a buoyancy flux as in equation (4.12c¢); this gives

B =gV (% - %) , (4.43)

and the momentum flux equation becomes

dM' BQ'

EPE VI (4.44)
The governing equation for B is then
dB pa P[Py Q)
- _N2 /L ra- 172w 44
dz Vi r v (4.45)
where
ﬁAHT Q/ 7 2 D
K= gpots {W?,C’ + ke Vs(H, + Q/P), (4.46)
P
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and P’ = 327 | W3P!/W;. Finally, the boundary conditions at the source are

Q' =M =0, B=DBy, V'=DBopo/gps, Py=P3=0, P =P, at z=z,.
(4.47)
Note that these equations are formally identical to the Boussinesq equations for a
uniform ambient density and negligible reaction rate but generally differ, owing to
the factor (p,/po)"/? and Q'/V’ appearing in the equations. One important differ-
ence is the extra term in the volume flux equation (4.40c) that allows the plume
to expand or contract with an exothermic or endothermic reaction respectively.
We do not pursue the stratified non-Boussinesq case: it is relevant only
to situations like volcanic plumes with very hot gases rising high into the stratified
atmosphere. In engineering applications with non-Boussinesq plumes, stratifica-
tion does not play an important role. Of course this case can be investigated as a

straightforward combination of §4.4.4 and of §4.5.1.

4.5.2 No ambient stratification

Following §4.4.2, the equations take on a simpler form when the vertical
density and species gradients go to zero. When «’ ~ 0 the reaction has a negligible
effect on the plume dynamics and we may combine the above equations with B =

B, to obtain

6a [ 9aB 1/3 9aB 2/3
r_ 0% o 5/3 M/ _ o 4/3. 4.4
@=73 < 10 ) = ( 10 ) : (4.48)

These solutions are the analog of the Boussinesq similarity solutions and may be
shown to be equivalent equivalent when p = py. We should note that p, = po
when the ambient density is uniform. From these solutions we can define a non-

dimensional source parameter as (Carlotti & Hunt, 2005)

5BQ/2

which may be defined at any height to indicate whether the plume is dominated

by buoyancy or momentum.
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Figure 4.6: Numerical solution to the Boussinesq and non-Boussinesq equations

for no ambient stratification showing I', (dashed line) and I’y (solid line) corre-
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In Figure 4.6 we plot profiles of I and I',,;, as a function of the reaction rate
for a strongly exothermic and endothermic reaction. The two models are identical
in form except for the factor @'/V’, multiplying the reaction rate in equations
(4.41, 4.42, 4.45). This term is always less than one (otherwise we have a fountain)
and dP]/dz effectively reduced in comparison to the Boussinesq model. Therefore,
for regions close to the source (where species 1 is relatively large) the Boussinesq
model releases more thermal energy for an exothermic reaction (I, > I',;) and
absorbs more thermal energy for an endothermic reaction (I'y < I',;). For large z
there is a higher concentration of species 1 in the plume for the non-Boussinesq
model, which allows the density to sustain a smaller value (I', < T';).

We have plotted the plume radius as a function of height in Figure 4.7
for the Boussinesq and non-Boussinesq formulations. Near the source, the density
of the plume is small relative to the ambient and since the mass flux of both
formulations are the same, the volume flux for the non-Boussinesq plume is larger
(Woods, 1997). The effect of an exothermic reaction is then to make the expansion
larger, since the density difference will have a greater sustained value above the
source. At sufficiently large distance above the source, such that species 1 is
sufficiently consumed, the plume density will approach the ambient density and
the volume flux will behave as a Boussinesq plume. In the case of an endothermic
reaction the absorption of thermal energy will cause the density of the plume
to decrease relative to the ambient. For sufficiently large heats of reaction the
plume density will be larger than the ambient density and since the mass flux
for both formulations is the same, the volume flux will be smaller for the non-
Boussinesq formulation. Since the volume flux for the non-Boussinesq formulation
experiences a change in volume with reaction, the plume radius will narrow for

large endothermic reactions as opposed to the Boussinesq model.
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Figure 4.7: Numerical solution to the Boussinesq (dashed line ) and non-Boussinesq
(solid line) equations for no ambient stratification, showing the plume radius b
corresponding to H, = —10 (left), 0 (center) and 10 (right). Here ¥3 = 10,
v =100, Pgp =1, Ro =1, W; = W, = 1, and 1[}3 = 3. The dashed and dot-
dashed lines are the non-Boussinesq and Boussinesq infinite reaction rate solutions

respectively.

4.5.3 Large reaction rate and no ambient stratification

As for the Boussinesq plume, we can determine an asymptotic solution
for a non-Boussinesq plume rising in an ambient with zero stratification and a
large reaction rate K. In this case the rapid consumption of of species 2 leads
to Yo PIPJQ /M'V' ~ —2aR.ps/* M2 /pt/* and the volume and buoyancy flux
integrate to

B =B, — Q. (4.50)

Since the equations are the same as for the Boussinesq case, we recover the same

results as (4.26)—(4.30) with @ replaced with @'; thus

g0 ()7 (o = Bpsgee m s Q. sy
120 273 ST |
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4.6 Conclusion

We have developed a model for a plume rising into an unbounded ambient
with a reaction between the source plume chemical species and the ambient with a
non-negligible heat of reaction, in the case of a second-order non-reversible chemical
reaction. This model extends the work of CLSC to account for a source term on
the buoyancy flux, which is a function of the heat released or absorbed. We first
investigate the limiting case of a Boussinesq plume, where density effects are only
important on the buoyancy terms. The difference with respect to the original
plume equations of MTT56 is an extra term in the buoyancy flux equation which
depends strongly on the species flux equations. In the case of an unstratified
ambient and with certain approximations, we can obtain an exact solution for an
infinite reaction rate, which indicates that the volume (Q o 2°/2) and momentum
flux equations have different power laws than the similarity solution of MTT56
(Q o z°/3). Furthermore, we showed that the reaction will cause the plume to
behave ‘lazy’ for an exothermic reaction and ‘forced’ for an endothermic reaction.
In the former case the plume ultimately asymptotes to a pure plume when the
sources species is consumed but in the later case a fountain may form provided the
reaction rate and heat of absorption is sufficiently large.

For a density and chemically stratified ambient we examined the effects
of reaction rate and heat of reaction on the maximum rise height of the plume in
comparison to the linear density model of MTT56. Interestingly, the maximum
rise height may decrease for large reaction rates and an exothermic reaction since
the reaction will be strongest near the source, where the source species and density
are the largest. Moreover, for strongly decreasing ambient chemical stratifications
the maximum rise height will be the same as for a non-reacting plume, since only
a small amount of species 2 can be entrained.

Finally we have extended our model to a non-Boussinesq plume using an

entrainment rate that depends on the ratio of plume to reference density. In this
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case the two formulations are comparable only when the plume density is similar to
the ambient density, which is always true at large heights above the source. Either
way an exothermic reaction will cause the reaction rate to decrease, since it depends
on the density and an endothermic reaction will cause the reaction rate to increase.
This will have an important effect of the source parameter I' and plume property
profiles since the reaction rate in non-uniformly modified. Furthermore, the plume
radius can have very different profiles, owing to the effects of compressibility on the
non-Boussinesq formulation. In the case of an exothermic or endothermic reaction
the plume will expand or contract respectively, more than the Boussinesq model.
This Chapter, in part, has been submitted to Journal of Fluid Mechanics,
2008, Conroy, D. T. and S. G. Llewellyn Smith (Cambridge University Press).
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Introduction to gas hydrates

5.1 Background

Below the sea floor methane gas is known to exist in extremely large
quantities, accumulating in the sediment of the deep and cold oceanic and per-
mafrost regions. Due to the large pressure and cool temperatures the gas reacts
with the surrounding water to form a crystalline substance known as a clathrate.
The fate of these reserves is very important to climate on earth because methane
is a much more efficient greenhouse gas then carbon dioxide (Kvenvolden 1993).

Gas hydrates are crystalline compounds made up of water molecule cages
held together by hydrogen bonding. A guest gas contained within the center cavity
stabilizes the structure under low temperatures and high pressures. A picture
illustrating this molecular structure is shown in figure 5.1 with about 21 water
molecules forming the cage and one methane molecule in the center. Depending
on the size of the guest gas, hydrates are known to form type 1, 2 or H. For
example methane and hydrogen form type 1 and isobutane and propane (these are
larger molecules) form type 2 (Sloan 1990, Sloan 2003). In addition the bulk gas
concentration is related to the hydrate number, n, = N, /N,, which is the molar
ratio of water to gas. For methane and isobutane n; =~ 5.75 and 17 respectively.

Naturally formed gas hydrates contain mostly methane and a few hy-

92



93

METHANE
ICE CRYSTAL MOLECULE

Figure 5.1: Clathrate hydrate structure for methane. There are approximately
21 molecules of water to every molecule of methane. For a large number of
molecules bound together there are about 5.75 molecules of water to gas since
a water molecule is associated with multiple cages (Kenneth D. Jordan personal

communication).

drocarbons such as ethane, propane and iso-butane. These crystals are generally
found in the ocean attached to the sediment that makes up the sea floor, where
the temperatures are cold and pressures high. Their location is additionally con-
strained to regions of sufficiently high gas concentration such as the mid ocean
ridges, where there is a large source of organic matter. The current research and

interest in this substance generally falls within the following seven categories:

1. Energy source
Conservative estimates of methane gas supplies in oceanic sediments are
placed at around 10'® kg of carbon, making this the largest supply of hy-
drocarbons on earth (Kvenvolden 1993, Buffett 2000). Because of this large
potential supply of energy many countries have shown interest in mining these
reserves as a supplement or alternative to petroleum based fuels. One strat-
egy for recovery is to convert a hydrate-bearing region into a well, where gas
is removed from its crystal structure by depressurization or thermal stimula-
tion (Holder 1984). Other techniques are possible, such as inhibitor or steam

injection and research on this topic is still in the beginning stages.
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2. Chemosynthetic colonies
Ice worms have been found on exposed mounds using the methane rich de-
posits as food and shelter in the deep unlit places of the ocean (Sassen
1999). These organisms are non-photosynthetic life forms that use a pro-
cess known as chemosynthesis to convert methane into energy. Due to their
relatively new discovery and unique life history, an active area of research

centers around them.

3. Gas storage
Because of the high concentration of gas stored in hydrates, about 170 m? of
gas per 1 m® of methane hydrate at STP conditions, the hydrate form has
become a recent topic of interest for the transport of gases such as methane
and hydrogen. A project is currently being undertaken by the Department of
Energy on the storage of natural gas (http://www.doe.gov) The hope is that
the clathrate structure can hold large concentration of gas at much lower

pressures than their liquid counterpart.

4. Carbon sequestration
The potential onset of global warming due to industrial carbon dioxide emis-
sions, has resulted in an interest in carbon dioxide sequestration in the form
of hydrates at the bottom of the ocean. This idea is being actively pursued
by many agencies such as the Department of Energy. The idea is to pump
the gas into the sediment, where it forms a hydrate that binds to the porous
skeleton (Brewer 2000). Indeed this process will be necessary to replace
mined methane hydrates in order to prevent sediment weakening that could

lead to slope instability.

5. Inhibition in gas pipelines
Hydrate inhibition in pipelines historically was the first major research en-
deavor on this substance. Essentially, if any moisture is present in the sys-

tem and the proper conditions are met (i.e. cool temperatures and high
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pressure), hydrates will grow on the walls and ultimately block the pipeline
(Sloane 1990). This problem inspired the establishment of the hydrate phase
diagram, figure 5.2, and the pursuit of chemicals, such as salt and methanol,

that depress the melting point and inhibit formation.

. Desalination

Due to the fact that gas hydrates reject salt as they grow and can form at high
pressures and relatively moderate temperature, there has been some interest
in using them to desalinate sea water. This idea is actively being pursued
by many commercial and government agencies such as Oak Ridge National
Laboratories (http://sps.esd.ornl.gov/desalinationpage.html). The objective
here is similar to the effect of freezing sea water by bringing the temperature
below its freezing point, but using pressure which may be more efficient.
One possible technique is to utilize the ocean water column to achieve the
high pressure needed to increase the three-phase temperature above the local
water temperature and bubble carbon dioxide gas through a long tube that
spans the whole depth. The hydrate will form a rind around the bubbles
and subsequently rise to the surface, where it melts to form freshwater. Over
time the rejected salt will occupy the lower section of the pipe and expelled

fresher water at the top, similar to a natural convection regime.

. Global warming

Since there are large quantities of methane contained at the bottom of the
ocean world wide and the fact that C'H, is 23 times more effective as a
greenhouse gas than C'O, on a per mole basis, it would be catastrophic if
even a small fraction of this gas were to reach the atmosphere (Kvenvolden
1993, Buffett 2000). In fact one proposed end to the last ice age has been
attributed to a large sudden release of these stored methane deposits. A
positive feedback loop occurs when an increase in sea floor water temper-

ature destabilizes the hydrate, releasing gas into the atmosphere (Dickens
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1999). As a result the atmospheric temperature rises, melting the polar ice
caps and increasing the ocean water level. Eventually the large hydrostatic
pressure could re-stabilize the remaining hydrate reserves, thus reaching an

equilibrium.

5.2 In-situ setting

Most of the world’s supplies of methane hydrates are located on the conti-
nental margins, where they are attached to the sea floor sediment. These areas are
rich with thermogenic based methane deposits and organic matter, which partially
turns into methane gas after bacterial methanogenesis. In addition the sea bed is
sufficiently deep (=~ O(1km) below the ocean surface), where gas hydrates are in
equilibrium with the surrounding sea water, as a result of the large hydrostatic
pressure and relatively cool temperatures.

A representative stability diagram is shown in figure 5.3 for the deep ocean
regions. The bold curve represents the three-phase boundary (water, hydrate,
gas) which increases with the hydrostatic pressure. The dotted lines represent
actual temperature profiles which are shown to increase with depth caused by the
geothermal gradient and towards the ocean surface due to solar radiation. Because
of the equilibrium constraint the hydrate can only exist if the temperature is less
than its equilibrium value or to the left of the bold curve in the diagram. In
addition, the equilibrium curve will depend on the dissolved methane and salt
concentration and therefore the true profile will be site-dependent.

The hydrate-bearing region may be determined by core sample or bottom
simulating reflector (a method for determining the base of the hydrate stability
zone through an anomalous seismic reflection) and is generally found to be a band
of some thickness and depth below the seafloor (Kvenvolden et al., 1993). The top
of this layer cannot exist above the seafloor since the sediment acts as a barrier

to keep the hydrate in place. The bottom of the hydrate layer is bound by the
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Figure 5.2: Gas hydrate equilibrium phase diagram for methane and water. The
different labeled regions show the phases that exist for a given sample with tem-
perature and bulk composition. The diagonal line separating the mixed hydrate-
water region (H-Ly) and the liquid region is called the liquidus curve. Here, it
is approximately linear and governs the interface temperature for dissolution or
melting models. The line separating the mixed hydrate-water region (H-L,,) and
the vapor-liquid water region (V-Ly) is the three phase-curve and governs the
maximum temperature the hydrate can reach in dissociation models. From Sloane

(2003).
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Figure 5.3: Diagram for in situ hydrate deposits. The bold curve represents the
three-phase line as a function of pressure and the dotted line represents the tem-
perature as a function of depth in the ocean. The seafloor is idealized as the coldest
point in the system, with the temperature increasing towards the ocean surface
due to solar radiation and increasing towards the Earths center because of the

geothermal gradient.

three-phase curve and exists as a result of a flux of heat from the Earth’s core.
The distribution of gas hydrates within the oceanic sediments varies by
location, although in general there will always be a mixture of sediment, seawater
and hydrate. The sediment varies from course grains to silt, corresponding to a
hydrate distribution of disseminated grains and pore fillings to nodules and veins
respectively (Dillon 2003). The bottom of the BSR (bottom simulating reflector)
varies by location. For example, at Blake Ridge in the Gulf of Mexico, the location

of the BSR varies from around 0.2-0.8 km corresponding to a water column depth
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Table 5.1: Properties of the fluid hydrate and sediment used in the plots. Taken
from Rempel (1997).

Constant Value Constant Value
o 1000 kg/m? Ky A9 W/(m - K)
PH 930 kg/m? K, 569 W/(m - K)
Ps 2240 kg/m? K, L9 W/(m- K)
Cpy 4200 J/(kg - K) D, 1079 m?/s
Cpu 2080 J/(kg - K) Dy 1079 m?/s
Cpp 900 J/(kg - K) L 430 x 10% J/kg
n 0.5

of approximately 1-4 km (Dillon 2003).

5.2.1 Cold vents

There are offshore regions such as Vancouver island where cold vents seep
high concentrations of methane through the sediment. As a result large concentra-
tions of methane hydrate are found near the seafloor and may span horizontal dis-
tances reaching in the range of kilometers. At the Vancouver island site, sediment
core samples taken by Lu et al.(2005) and Riedel et al.(2006) were between 2-8 me-
ters below the seafloor. This sediment consisted of finely laminated glaciomarine
clays and silts with massive hydrates containing saturations up to S, = .78. In
some cases this level of saturation spanned several meters but ultimately decreased

rapidly with depth.

5.2.2 Gas hydrate physical properties

Physical properties associated with methane gas hydrates such as ther-
mal, chemical and phase equilibrium have been investigated by many authors (see
Rempel 1997, Sloane 1990, Handa 1990, etc.). We have included only a small
fraction of that data in tables (5.1) and (5.2).
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Table 5.2: Solubility of methane in water as a function of temperature. Taken

from Rempel (1997) and Handa (1990).

Pressure 65 bar
salinity 0
r 1.05 x 10*K
T, 282.05K
Co(T,y) | 1.85x 1073
T, 275.25 K
Cy(T,) |1.201x 1073
Ch, 13

5.3 Previous work

Gas hydrate dissociation essentially relies on deviations in system prop-
erties from equilibrium, which may arise through temperature, pressure and con-
centration. In response, the hydrate changes phase, since it is now theoretically
unstable, in order to bring system back into equilibrium. These types of processes
are known as moving boundary problems and have been widely studied with ref-
erence to ice formation, the casting of alloys, liquid spray combustion and many
more. A good introduction to these topic can be found in the classic texts of Crank
(1984) and Carslaw and Jaeger (1946) in which the process can be described by
heat conduction with an appropriate condition for the moving interface that de-
pends on the latent heat of formation. More complicated models arise for binary
or supercooled systems due to interfacial instability, where the phase boundary
becomes unstable, forming an array of dendritic structures. These are most com-
monly seen naturally in snow flakes and sea ice and an excellent introduction can
be found in Davis (2001) and Worster (2000). A similar process occurs in con-
nection with gas hydrate formation and dissociation, which are described further

below.



101

5.3.1 Dissolution and Formation

When in-situ conditions are within the hydrate stability zone, hydrate
will decompose if the dissolved methane concentration in the water is less than
the equilibrium concentration at the water temperature. This condition is usually
constrained by the liquidus relationship which expresses the melting temperature
as a function of species concentration and pressure. Alternatively if the gas concen-
tration is larger than its equilibrium value the hydrate will grow either internally
by increasing the hydrate saturation and/or externally by thickening the hydrate
zone.

In the literature most studies have concentrated on the latter, with the
purpose of predicting the methane hydrate distribution in the sediment. Rem-
pel and Buffett (1997) considered a two-phase (hydrate and water) system in a
porous medium of constant porosity, with a cooled lower boundary and a constant
dissolved methane concentration upper boundary. The location of the hydrate-
water interface was determined as a function of time by solving the conservation
equations for thermal energy, mass, and gas concentration. Xu and Ruppel (1999)
considered a similar problem, but solved the system of equations with a steady-
state assumption and flux of energy, mass and methane at the lower boundary and
constant temperature, pressure and methane concentration on the upper bound-
ary. The important results obtained from this analysis were an estimate for the
upper and lower bound of the hydrate and methane hydrate stability zones. Liu
and Flemings (2007) extended these models to include the multiphase flow of gas
through the sediment that is generated from below the hydrate stability zone.
They assumed that a mixed phase of hydrate, gas and water was always in equilib-
rium and solved the multiphase flow equations with the assumption of negligible
latent heat release. They found that for large gas fluxes the hydrate concentration

is larger near the surface, which is what is observed in regions with cold seeps.
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5.3.2 Dissociation

When the temperature of the water increases so that the concentration of
the liquid is now less than the equilibrium value at that temperature, the hydrate
will dissolve in a way that can be modeled by the approaches used above. However,
if the temperature of the water rises above the three-phase region, the hydrate will
dissociate into a gas and a liquid rather than dissolved gas and liquid as in the
dissolution case. Past studies of hydrate dissociation have primarily looked at one-
dimensional Stefan problems in a porous domain with a similar formulation to the
melting of ice. The complication then is to model accurately the motion of the gas
and its effect on the heat and mass transfer. Kamath and Holder (1987) performed
experiments for the dissociation of propane and methane hydrates by circulating
relatively warm water above the upper surface. They assumed a nucleate boiling
phenomenon (sometimes used in conjunction with boiling heat transfer) for the
heat transfer and used Rohsenhow’s correlation to obtain estimates for the rate of
gas release that showed relatively good accuracy with experimental data. Selim
and Sloan (1989) considered a simple analytic model for the rate of dissociation
in a semi-infinite plane in response to an increase in upper boundary temperature.
They ignored the motion of the water and the effect of fluid saturation on the
relative permeability and determined gas release rates as a function of boundary
temperature.

Tsypkin (2001) considered a multiphase flow and looked at the stratum
and interface temperature as a function of permeability in response to different
upper boundary pressures in a depressurizing well. He linearized the governing
porous medium equations and solved for the temperature, pressure and water
saturation by a similarity solution. The main results showed that under certain
conditions, mainly a large drop in stratum pressure or increase in permeability, the
dissociation can lead to the formation of ice, creating a boundary for gas extraction.
Most recently Ahmadi et al.(2004) obtained a numerical solution for the rate of

gas production from dissociating hydrate in a depressurized well. They solved the
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thermal energy and pressure equation coupled to the Clausius-Clapeyron equation
and Stefan condition at the moving interface. These equations were solved on both
sides of the interface without consideration of a water phase, using an explicit finite
difference method. The position of the moving interface was obtained from the
Stefan condition and numerically was fixed until the position moved the equivalent

of one grid space.

5.4 Modeling the decomposition of gas hydrates in porous

media

We know from the previous section that gas hydrates are naturally found
in the sediment beneath the sea-floor and in permafrost regions. A simple diagram
of this situation is shown in Figure 5.4, where the region z < s is filled with a
gas hydrate with some spatially dependent hydrate saturation and water fills the
pore space in the region z > s. There is an interface, labeled z = s(t), separating
these two regions that moves in time due to deviations in phase equilibrium. With
reference to the phase diagram shown in Figure 5.2 the hydrate bearing region
corresponds to the region labeled H-L, where hydrate is in equilibrium with the
dissolved gas in the water. From the lever rule we can determine the hydrate
saturation as a function of the temperature and total concentration provided we
know the liquidus relationship. The liquidus is the curve separating H-L,, from
the water region and is analogous to the solubility curve. In the liquid region
(z > s(t)) the temperature may lie above the three-phase point in which case
dissociation occurs when the concentration is below the liquidus value at the given
temperature. Furthermore this region may lie above (as far as temperature) the
three-phase point, shown as the V-L,, region of the phase diagram, in which case
the hydrate will decompose into water and gas.

In the porous medium we have in general a mixed phase of hydrate, gas,

water and solid matrix of some time and spatially dependent fraction. Provided
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Figure 5.4: Setup for the hydrate dissolving case with hydrate in the lower half
plane and water in the upper. s(t) is the position of the moving interface with

velocity ds/dt in the downward direction and has an initial position of s = 0.

the length scales at the size of the interstices are small in comparison to the size
of the domain, we can treat the system in an average sense. Since gas hydrates
generally occur in clays, silts and fine sands this restriction is not a problem. In this
case we seek a volume averaging approach, which is taken over some representative

volume R that is sufficiently large to contain many pore spaces (Bear 1991).

5.4.1 Mass conservation

We consider mass conservation within a volume V' in the following form

0

5 | PV =~ /(pwqw + pgqq) -1 dS (5.1)
R S

with p the average density defined as
p = nSypuw + nSypy + nShpn + (1 — n)ps, (5.2)

n is the porosity, S, is the water saturation and the subscripts w, g, h and s
represent water, gas, hydrate and solid respectively. Here we take the solid matrix
and hydrate to be rigid and stationary although the hydrate can grow, resulting
in an increase in Sy,. Applying the divergence theorem we may express the above

equation as

0
/ (a—/t) + V- (pwlw + pgqg)> dV =0. (5.3)
R
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Since this equation is true for an arbitrary control volume R, this integrand must
be zero everywhere,

9
a—f + V- (pute + pgdy) = 0. (5.4)

Assuming that the densities of the hydrate, solid and water are constant as well

as the porosity (n) we can express this as

S,

. 2 (P _ 95 (1_ 20 _p5,%s
V - (pww + pgdy) = npn 5 (ph )—l—npw g ( . nS, 5t (5.5)

where we have used the fact that S, + S, + 5, = 1. Therefore if the hydrate
fraction or the gas fraction increase, the fluids will be squeezed out due to volume
expansion associated with a change in phase.

In the porous media literature it is common to define a component mass

conservation equation as follows (Bear 1991):

0

a(nswpw + nprSh) + R (prw) = —Tgw, (56)
0
a(nsgpg +npgoSn) + V- (qpg) = Tguw: (5.7)

which when summed is equal to the total mass conservation equation (5.4). The
second term on the left hand of this equation accounts for the water or gas trapped
within the solid with fraction p,o = nppp M,/ (My+n,M,,) and p,o = prMy/(Mg+
nyM,), were ny, is the hydrate number (~ 5.7 for methane), M, is the molecular
weight of water and M, is the molecular weight of gas. The term on the right hand

side accounts for gas dissolution and may be defined as (see Esposito (1999))
Tow = kgAg(Ceq — Cu), (5.8)

which expresses the rate of dissolution or formation of gas as a function of the
surface area A,, kinetic coefficient k, and deviation in dissolved species concentra-
tion, C,, from the equilibrium value C¢,. In this equation we have used a kinetic

relationship where the coefficient £, must be determined experimentally.
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5.4.2 Temperature equation

For the conservation of heat in the system we assume that the temper-
ature of each component (i.e. hydrate, water, etc.) is at the same temperature.
Using similar arguments as for the mass conservation we can write the energy

equation as

OpH
T V- (puHudu + pyHya) = V - (KVT), (5.9)

where H is the total enthalpy and K is the average conductivity

pH = nSy,puHy, +nSyp,Hy + nSppnHp + (1 — n)psH, (5.10)

K =nS,K, +nS;K, +nSpKy + (1 —n)K,. (5.11)

In the above definition of conductivity we assumed that the direction of conduc-
tivity is parallel to the laminar layers. This assumption is appropriate because
the hydrate most likely formed initially in order to align itself with the prevail-
ing temperature gradient. Since dH/dT = Cp by definition of specific heat, we
can expand the derivatives with constant specific heats (a good approximation for

small changes in temperature and pressure) as

—
PCrgp + (0uCpaw + pChay) - VT = (5.12)
oS dnp,S
V- (RVT) Lt (e~ ) (P T ) 613

where L = H; — H, is the latent heat of dissociation and we have assumed the
densities of the water, hydrate and solid to be constant. Therefore if the hydrate
dissociates, latent heat will be absorbed, and if the gas dissolves the heat of dis-
solution will be absorbed as well. Generally the amount of gas dissolution will be
small in comparison to advection or conduction and we can ignore this term. The

average specific heat is defined as

pCy = nSupuCy + nSypsCY + nSpprCyr + (1 — n)p,Cs (5.14)
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Similarly to dissolution we can close the above equation by specifying the solidifi-
cation or melting term as (see Worster 2000)

oS
= = ATy = T) (5.15)

which expresses the rate of decomposition or formation of gas as a function of
the surface area Ay, kinetic coefficient k;, and deviation in temperature from the
equilibrium value T,, from the phase diagram. The common assumption with
reference to mushy layers is to assume that kj, Ay, is large so that the phase change
occurs over a smaller time scale than other processes in the system. This result
implies that the hydrate is always in equilibrium with the water, T' = T., and we

will make this assumption.

5.4.3 Species equation

In a similar way we can express the total gas concentration for an averaged
region as

ac
a—t” +V  (puCutte + pCyy) = puV - (DVCl) (5.16)

where C'is the total concentration which is composed of the gas concentration C,
(generally equal to unity), the dissolved gas concentration C,,. In addition, D is
the mass diffusivity of dissolved gas in water and we have assumed that species

can only diffuse in the water. Here we have

pC = 1Sy puCuw + 1Syp,Cy + nShpnCh, (5.17)

D =nS,D,. (5.18)

In this expression we have assumed that the hydrate concentration is constant (i.e.
Cj, =~ .13 for methane) and the gas concentration is constant (C;, = 1). Expanding
this equation and rearranging we obtain

18258 4 g VO = V- (DVC) +ryu(C = Cy) (5.19)

n oo (& (Co—Cn+22(C, - cw)) S (520)
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an expression for the change in dissolved gas concentration in the water. The
second expression on the right hand side represents the increase in concentration
due to dissolution and the last term represents the change in concentration due to
hydrate dissociation or formation.

We can use a similar equation for the salt concentration expressed as

oCs ISh pn
Tw VO =V . (DSOS Ioh Ph 921
nSy ot +q,-VC; =V - (D°VC;)+n By prw (5.21)

Here the only production term comes from the change in hydrate saturation, which
acts to increase the salt concentration when this term is positive. In general this

equation can be neglected when hydrate formation or decomposition is slow.

5.4.4 Interface conditions

At the interface one can use ‘pill box’ arguments to obtain jump con-
ditions across the liquid/liquid-hydrate interface. Applying Leibniz’s rule to the
equations in conservation form, we obtain in the limit as the control volume goes
to zero

(u] = nVa[Su) + 0V, 220 (5,)

w

[ngQ] = nVn[pgSg] + nngVn[Sh]
(nonL + npgo(Hy — H)Va[S)] = (KT 1)

ot
]
[\

ot
[\]
w

ot
[\]
ot

(m%—qwm%Wy4m)m&huwam

w

—~ —~ —~ —~ —~
AR AR ¢
[\ [\

D A~
~— ~— ~— ~— ~—

T=T.="Tn+T(C—Cp)

where [| denote jumps in the bracketed quantity, V;, is the interfacial velocity and
' is the slope of the liquidus curve in Figure 5.2. The first two equations describe
the velocity of the gas and water at the interface due to hydrate decomposition
or formation. Equation (5.24) is known as the Stefan condition and expresses
the velocity of the moving boundary as a function of the thermal diffusion and
latent heat. In (5.25) we have assumed that the dissolution term drops out, which

is consistent for an equilibrium constraint. The last equation is the equilibrium
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condition and it expresses the interfacial temperature in terms of concentration

(i.e. liquidus curve on the phase diagram).

5.4.5 Multiphase flow equations

The above equations are closed with an appropriate expression for the
velocity, which is commonly assumed to follow Darcy’s law:

IL,, IT
GQuv = __<va+pwg)a 4y = _M_g (Vpg+pgg> (527)

w g
where p is the viscosity and I1,,(.S,,) is the saturation dependent water permeability.
The permeability and capillary pressure (P. = P, — P,,) relationships are in general
non-linear functions of water saturation that are determined experimentally. Here

we use the model of Genuchten (1996) expressed as

My = [y, Ty, = S22 (1- (1- sel/m)mf, (5.28)
M, =M, T, = (1-8)"%(1-s7m)"", (5.29)
Po= B fe o= (S =), (5.30)

where II is the absolute permeability used for a single phase flow, S, = (S, —
Swo)/(1 — Sy0) is the equivalent saturation, scaled by the zero water phase flow
saturation S, and the coefficients m and « are determined experimentally for the
different combinations of the two fluids and sediment properties.

We can combine (5.6), (5.7) and (5.27) to obtain the saturation equation

dsS,, Tow  NPwo dSh
—2 4 V.q,=—+ - 22 5.31
o TV P Pw At (5:31)
M, p
w:—w —MVPC M, w L — ) 5.32
q M, + M, (Qt g + Mgpwg (Pw )) ( )

where ¢; = ¢4+¢, is the total flow rate and the mobility functions are M,, = IL,,/ 1,
and M, = II,/u,. In the special case of constant densities we can combine the
conservation of water and gas equations to obtain

1 1 ds,, Pwo  Pgo
T (L)t (e ey
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which expresses the divergence in ¢; in terms of gas dissolution and hydrate disso-

clation.

5.4.6 Discussion of boundary conditions

In general there are many ways in which a boundary condition could be
applied in order to cause the hydrate to dissociate but we will only concentrate on

a few that are applicable to natural settings.

Temperature increase

If the overlying water column were to increase in temperature for some
reason such as a response to global warming or an anomalous pulse in temperature
the hydrate would dissolve, melt or dissociate in order to maintain equilibrium
with the methane and salt concentration fields. In addition, it is possible for there
to be sea floor lifting that will displace the hydrate region into a level of warmer
ocean water. In either case the dissociation will occur provided the temperature
of the water is larger than the equilibrium value for the concentration and will be
rate-limited by thermal (in the case of melting or dissociation) or mass diffusion

(in the case of dissolving).

Pressure decrease

Gas hydrates are unstable to decreases in pressure, which are possible if
the sea level decreases or if there is sea bed lifting. In response the equilibrium
temperature of the hydrate will decrease, causing the hydrate fraction to dissociate,
therefore absorbing latent heat, and decreasing the dissolved methane concentra-
tion until a new balance is reached. At the same time there will be a flux of heat

from the upper fluid that will act to dissociate the hydrate from the outside.
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Concentration decrease

In the case where the dissolved methane concentration in the water de-
creases below its equilibrium value, possibly due to the methane source turning
off, the hydrate will melt or dissolve. In most cases dissolution will occur at a rate
that is dependent on mass diffusion but for very large concentration differences
the rate of phase change will be dependent on the rate of heat transfer and the

hydrate will essentially melt.



Gas hydrate dissolution and

melting in porous media

6.1 Abstract

In this chapter we formulate a model that is appropriate for hydrate dis-
sociation in a porous media without an applied fluid flow. Two simplified models
were developed and solved analytically in an unbounded domain, using a simi-
larity solution in order to determine the appropriate melting or dissolution rates
in natural settings. The first model uses a pure hydrate saturation, which is an
idealized setting with reference to sediments containing cold seeps. The second
model relaxes this assumption and allows for arbitrary hydrate saturation and a

mixed medium with constant thermal properties.

6.2 Introduction

As discussed in the previous Chapter 5, gas hydrates are contained within
the ocean sediment in extremely large quantities, worldwide. Since these deposits
are sensitive to thermal as well as pressure fluctuations created by global warm-
ing or some other mechanism, it is important to understand the stability of the

hydrates within the sedimentary layers. In this chapter we explore a model appro-

112
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priate for temperatures below the three-phase point, such that a gas phase cannot
exist. This region of the phase diagram is known as the hydrate stability zone in
which conditions are similar to the melting of a solid in contact with a binary fluid.
These types of problems have been studied extensively by a number of investiga-
tors using the Stefan condition, which is essentially an interfacial jump condition
for the enthalpy transport. A excellent review of these methods can be found in
Davis (2001), Worster (2000) and Crank (1984). Generally in multi-component
models the decomposition of the solid occurs in response to deviations in phase
equilibrium, which manifests itself from changes in temperature, pressure and con-
centration. A familiar example is the dissolution of ice cubes in saltwater, where
the temperature of the solution is allowed to drop below 0°C'. Since the salt causes
the melting point to be depressed, the ice dissolves and absorbs latent heat, thus
dropping the temperature. Indeed this fact is the reasoning for pouring salt onto
icy roads in the winter.

With reference to gas hydrates, similar processes have been examined in
regards to solidification in the sediment. Rempel & Buffett (1997) considered a
two-phase (hydrate and water) system in a porous medium of constant porosity,
with a cooled lower boundary and an an upper boundary with a constant dis-
solved methane concentration. The location of the hydrate-water interface was
determined as a function of time by solving the conservation equations for thermal
energy, mass, and gas concentration. Xu & Ruppel (1999) considered a similar
problem, but solved the system of equations with a steady-state assumption and
flux of energy, mass, and methane at the lower boundary and constant tempera-
ture, pressure, and methane concentration on the upper boundary. The important
results obtained from this analysis were an estimate for the height of the hydrate
stability zone and methane hydrate stability zone upper and lower boundaries.

In this Chapter we examine the melting and dissolution process of gas hy-
drates in homogeneous porous media, in a similar fashion to the classical methods

discussed in the preceding paragraphs. The sections are broken up as follows: In
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liquidus

c, C

Figure 6.1: Phase diagram for a binary mixture of methane and water. The shaded
area indicates a region of mixed hydrate and water and the diagonal line is the

liquidus curve.

Section 3 we present the general model, in Section 4 we simplify these equations for
pure hydrate saturation in one-dimension, then we relax the saturation to values

less than unity in Section 5 and finally in Section 6 we conclude.

6.3 Model description

In this chapter we restrict ourselves to temperatures and concentrations
that lie below the 3-phase point so that there is no gas phase. Therefore the
temperature and liquid concentration in the system must be less than 7T, and C,,
respectively as shown in Figure 6.1. We will apply a constant temperature and
concentration in the far field, which acts to destabilize the hydrate and dissolve
it. This boundary condition can be imagined to be equivalent to a decrease in
pressure, since the equilibrium temperature will decrease, thus setting up a similar
temperature and concentration scale. One can argue that the hydrate will dissolve
internally but this will act on a much faster time scale and we can just take this
region at the new equilibrium state.

Here we are interested in the configuration illustrated in Figure 6.2, in
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Figure 6.2: Setup for the hydrate dissolving or melting case with hydrate in the
lower half plane and water in the upper. s(t) is the position of the moving interface

with velocity ds/dt and has an initial position of s = 0.

which a rigid homogeneous matrix exists in an unbounded domain. Initially the
region z < 0 is filled with a gas hydrate of some spatially dependent hydrate
saturation and water fills the pore space in the region z > 0. This interface, labeled
z = s(t), moves with time, due to deviations in phase equilibrium and therefore
the velocity must scale with the magnitude of this difference (i.e. temperature and
concentration).

Without the gas phase we can simplify the equations presented in Chapter

5 and we present them here for convenience.

Upper layer

Without gas or hydrate, there is no possibility of a phase change and we

have the following equations in the upper layer

0quw
— 0 w p— s 5 6. ]_
5, — Gw = ¢, (6.1)

or T T

- =, — 2

ot "o T g (62)
o0, , 0C,, 0*C,

R (6:3)
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where ¢? is the water velocity at the interface, z = s(t), and we have taken the
properties to be constant,

nK, + (1 —-n)K,
(1 =n)ppCp +npuCp’

npuCy
(1=n)psCp + npuCp’

Oy = g:

(6.4)

where the notation has been defined in Chapter 5. We should note that a conse-
quence of one-dimensional flow is that the temperature within the porous media

is constant in space, although a function of time by mass conservation.

Lower layer

In the lower layer there is only one mobile component (i.e. water) but
the hydrate, which shows up as an effective porous media, is allowed to dissolve or

melt into the water. The proper equations in the case are

%i;“ o (1 —7) %, (6.5)

pr@a—f + pr}‘iqwg—Z % (K(Z—Z) + nphL%, (6.6)
nswaactw + qwaacw % (Daac;w> +n(Cl Oh)r%, (6.7)
= (G tmg). 63)

where 7 = p;/pw, and we have used the single phase flow version of Darc’y Law.
These equations are much more complicated than for the upper layer, owing to the
change in mixture fraction. The dissolving or melting of the hydrate acts as a heat
sink and a source of dissolved methane gas. In addition we will force the reactive
porous media to be in equilibrium such that the temperature and concentration

are tied to the equilibrium condition,
T=Tn+TI(Cu—Cpn), (6.9)

where I is the slope of the ideal liquidus line.
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Interface conditions

At the interface between the two regions we have the jump conditions

@’ :q;+ns,;$(1—r), (6.10)

_ds oT oT
nphLShE_Kg__KE+’ (611)

ds _.oC oC
TE(OIU—O}L)— D'u)(]-_Sh)%’__ Dwa +, (612)

where the (4) and (—) symbols denote the upper and lower layers respectively and
the interface velocity is V,, = ds/dt.

In this chapter we will consider two situations; one in which the bottom
layer is completely filed with hydrate (S;, = 1) and the other in which we will relax

this assumption.

6.4 Simple dissolution model

As noted in the introductory chapter, cold vents off Vancouver island
proved to contain large concentrations of methane hydrate (S, ~ .79), due to a
flux of highly concentrated dissolved methane gas from below the hydrate stability
zone. If the flow at this location were to suddenly turn off for whatever reason the
hydrate layer may dissolve if the methane concentration of the overlying layer is
less than the equilibrium value at the local ocean temperature.

In this section we will look at an idealized scenario, in which the upper
and lower layers are infinitely long and the hydrate saturation is pure (S, = 1)
below z < s(t). From the interfacial mass condition the velocity of the liquid at

the interface is given as

ds
i =nll -1, (6.13)

since there is no flow through the solid lower layer. From mass conservation this

must also be the velocity throughout the vertical extent. Then from Darcy’s equa-
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tion the pressure gradient is determined from

= Pwd— dop = Pud n(1 T)fg- (6.14)

Finally we have the following governing equations

%§:%§§> 2 < s(1), (6.15)
£ ) (6.16)
A 0] (6.17)
S} (6.15)

where we have included the salt concentration equation to be explored later the
averaged thermal diffusivity ia a constant expressed as

nKy,+ (1 —n)K,

. 6.19
(1 =n)psCp + nprCE (619

Qp =

These equations are closed provided we know the interface temperature, concen-
tration and position. In general this requires three equations, which are satisfied

by the following jump conditions

oT oT ds
K—| - K—| = L— .2
0z |, 0z, R g (6.20)
oC ds

Dwg . —7”5(61[-[—6([)7 (621)

,0C*® ds .
D 5. | = —TECI, (6.22)

u b

T, =T,+0(C;-C,), T AT Toe = To (6.23)

T AC T CO(Te)—C(Th)
where u and b denote the upper and lower layer respectively, T; = T'(s,t) the

interface temperature and C; = C,,(s,t) the interface methane concentration and

C3 = C*(s,t) is the interface salt concentration.
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6.4.1 Solution

We seek a similarity solution to the governing equations with variable
n = z/2v/Dt and interface position s = 2\v/Dt. Here \ is an eigenvalue to be
determined as part of the solution and we have taken the interface position to
scales with the rate of methane diffusion. For this solution to exist we consider

the boundary and initial conditions:

T(—o00,t) = T(2,0) = T, T"(oco,t) =T"(2,0) =T", (6.24)
Cou(00,t) = Cy(2,0) = Cs,  C%(00,t) = C*(2,0) = C.. (6.25)

Using the non-dimensional scales C, = ¢ AC + Cy, and T = AT + T
we have the following set of ODE’s

0, +2n0 LY =0 n <A, (6.26)

Opy + 200 Le(n —EYA) =0 > A (6.27)
G +26,(n—7X\) =0 n> A (6.28)
Gy +26; (N —N) =0 1>\ (6.29)

where v = n(1 —r), L® = D/ay, (L* = D/ay,,) is the Lewis number and we have
assumed that the diffusivity of methane gas and salt are equal. The interface

conditions are

b u b
0, — o0, =25tLe’\, 1=\, (6.30)
an = QT(%h — Cg]))\, n = )\, (631)
Cx
9[:%[—1+Cgoo, 7’]:)\, (633)

where 0 = K*/K® St = nLp,/AT(pCp)?, is the Stefan number, €, = (Co —
C(T%))/AC and 6}, = (Cy — Cx)/AC. We have the following boundary condi-

tions:
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0°(—o0) = —1, 0°(\) =0“(\) =07, 60"(c0) =0, (6.34)
C(0) =0, C\) =%, EC(0)=%5, €\ =% (6.35)

Integrating equations (6.26)—(6.28), applying the boundary conditions

and the definition of the error function (erf) we have

0" +1  erfe(—nvLeh)

_ Y 6.36
Or+1  erfc(—AVLeh) K (6.56)
gu erfe (\/ Let(n — f’yA))
— = , >, (6.37)
01 erfe (\/ Let(\ — va))
¢  erfc(n—A)
€ erfc (A — ) > A (6.38)
¢° -5,  erfc(n—nA) .Y (6.39)

Cr— €5 erfe(A—N)
Then from the interface flux conditions we can express the interface temperatures

and concentration as

_ F(=MLet)StVLeh — 1

& |+ oYL _FCWIen (6.40)
O VLer F(VLe!(A—£yN))
2r6, F (A —~\)

Cr = 6.41

"7 FA =N =1’ (6.41)

€ 1+2rF(A—y\)%B (6.42)

€5 1—2rF(A—9X\)
where F(v) = /7 Aerfe(v) exp(v?)/2 and B = Cy/(C5, — Cy). The eigenvalue
A may be determined by combining the above expressions with the equilibrium
condition

F(=AVLeM)StvV LehA =1 2nrAG,F(X — 7))

VI F(MWLeR) 142 AF(\ — 4\
L+ 0 L PV o) =)

— 14 % (6.43)

We can further simplify this expression, since the hydrate and water densities

are approximately equal (i.e. 7 > 1). Furthermore the diffusivity of heat is
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approximately 2 orders of magnitude larger than that of mass and we can make a

small Lewis number limit (Le*, Le® < 1).

IStVLePA —1  20AG,F())

VLef  —142nAF(\
1—1-0—@ n ()

This is an eigenvalue equation for the eigenvalue A and is represented as a function

of Sy, €, and €.

— 14 G- (6.44)

We solved equation (6.44) numerically and plotted the solution as a func-
tion of the three parameters %, %, and St in Figure 6.3. %), is the ratio of the
typical difference in gas concentration between the hydrate and liquid to the scale
of concentration variations in the liquid. Since mass diffusion is our slowest scale,
this is the governing parameter in the system rather than the Stefan number, St,
as seen in Figure 6.3. In our case C}, > C, so this parameter is controlled by
AC, which by equilibrium is equivalent to the temperature difference AT. Thus as
the far field temperature is increased, % is decreased and the melting rate is sub-
sequently increased as we expect. In addition the parameter %, has an important
effect on the dissolution rate because it controls the far field gas concentration. As
C4 is decreased, mass diffuses away from the boundary, causing the liquidus tem-
perature to decrease. This has the effect of dissolving the hydrate and therefore
as G is decreased further the dissolving rate of hydrate increases in tandem.

In the previous analysis we have ignored the effect of salinity on the sys-
tem, which will alter the equilibrium condition at the boundary. This assumption
is valid provided the salt concentration is approximately uniform. We expect this
to occur if the dissolution process is slow, since the salinity field will be able to
diffuse at a faster rate than the moving boundary. Therefore, in the limit A ~ 0

equation (6.42) is approximately

G, 2F)

and the interfacial salt concentration is approximately equal to the far field con-

dition.
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Figure 6.3: Eigenvalue \ as a function of %), from the solution to equation (6.44)
for St = 10 (dotted line) and 100 (solid line) and %, = .5 (left) and —.5 (right).
Here Le" = .004, Le! = .0063 and n = .5.

6.5 Simple mushy layer model

As we can see from Table 5.1 in Chapter 5 the thermal conductivities of
the hydrate and liquid are very similar as well as their densities therefore we will
take Kj = K, and p, = p, (thus 7 = 1). In this case there is no fluid velocity and

the governing equations become

aT K 0T  np,L 0¢

o oo T perpar < <50 (6.46)
aa_f = % (D%—f) ;2 <s(t), (6.47)

%_f = aw%, z > s(t), (6.48)

% = Dw%> 2> s(t), (6.49)

T =T, +T(Cyp— Cyn), (6.50)
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with the following interfacial conditions

Gy = Qs (6.51)
_ds oT oT
nphLSh E = K% B - KE +, (652)
ds oC oC
S, — ) = Dy(1 -5 — D, .
GC—C =D -S| -D.5E| (6.5

Since the Lewis number is small for this system, as discussed previously,
we will examine the solutions for a small Lewis number L., < 1. This implies that
we can ignore mass diffusion in comparison to thermal diffusion to leading order,
which is commonly done in connection to solidification (Rempel & Buffett 1997
and Worster 2000). As a consequence of this assumption we have S, = 0 at the

interface and the conditions here reduce to
S,=0, [T.]=0. (6.54)

Furthermore, equation (6.47) requires the total concentration C' = C|(z)
to be constant in time with some initial hydrate distribution. Solving this equation
for S,, differentiating with respect to time and combining with internal equilibrium

we obtain the following expression

_ C(x)/n—C,
Sy, = C—C. (6.55)
8s, or I C
ot 0t (C — Cy)? (E - Ch) ’ (6.56)

which expresses the change in hydrate saturation in terms of temperature. There-
fore if the temperature of the bottom layer increases the hydrate will dissolve in
order to increase the methane concentration in the water to its new equilibrium
value.

We can combine equations (6.46) and (6.56) to obtain a modified version

of the heat equations as

oT npnL C/Ch—n K 0°T oT
o |, _ b | = 2 -0 (6.57)
ot (pCp)PTChn (1 — C,(T)/Ch) (pCp)b 0z ot
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which is nonlinear due to the hydrate fraction dependence of the specific heat, pC'p,

and the temperature dependence of the internal dissolved hydrate concentration,

Cu.

6.5.1 Solution

The modified form of the temperature equation (6.57) for the reactive
porous media is difficult to solve in closed form but we can make some appropriate
simplifications for our system. For methane hydrate there is a relatively high gas
concentration so Cj, > C,, and we can neglect the term C,,/C}, in this equation.
In addition we will assume that the total concentration of gas is constant in space
(C = Cp) and that the average specific heat is constant. Therefore,

St B
Q_1+?h<1 ‘ﬁh)’ (6.58)

where § = Cy/2nAC and we note the fact that Cy = S,nC), + n(1 — S,)C,. Now

we have the simplified set of equations

or  o0°T
E = OCW, z < S(t), (659)
or O*T
E = Ckuw, z > S(t), (660)
Cr=Cx, z>s(t), (6.61)
Ty =T,+T(Cx —Cp), z=s(t), (6.62)
or or
r1 Ml Rl .

where the concentration in the upper layer is equal to its initial condition and
the equation in the bottom layer has a modified term for the thermal diffusivity
& = ap/$). We solve the above equation, using a similarity variable defined as n =
2/2v/a,t and interface speed s = 2A™/a,t with the same non-dimensionalization

of the temperature and concentration of the previous section.
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Figure 6.4: Eigenvalue A (solid line) and \™y/a, /D (dotted line) as a function
of € from the solution to equation (6.67) and (6.44) for St = 2,10,100. Here
ay/ap = .62, €y = 100 and n = .5.

0"+1  erfe(—ny/w)

= m .64

Or+1  erfe(=A"yw) <A (6.64)
g  erfe(n) .

(6.66)

Here w = ay/& = ayQ/ay and 0; = €, — 1. From the continuity of heat flux

condition at the interface, the eigenvalue equation is

1 _
b _ VWb L ym (6.67)

Fxm)  F(=Amyw)’

The formulations for the two methods presented in this chapter are in-

herently different because we have relaxed the pure hydrate saturation assumption
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in the last case. The assumptions however, going into these two methods are
essentially the same (i.e. Le < 1 and v < 1) and it is interesting to compare
the two methods. We have plotted the solutions to the two methods in Figure
6.4, corresponding to equations (6.44) and (6.67) as a function of the parameter
%~. As we expect the two solutions show that the decomposition rate is larger
when the concentration at infinity is less than the equilibrium value and as the
temperature difference in the system increases. Clearly the mushy layer model
yields larger eigenvalues A, since the hydrate saturation is less than unity and the
decomposition rate scales with the thermal diffusion rather than mass diffusion.
It is interesting to note from this figure that for large values of %, the
hydrate is dissolving because the eigenvalue scales with mass diffusion (indicated
by a A = O(1)). On the other hand when the temperature or concentration scale
is relatively large A increases and the appropriate scale for the advancing front is

with thermal diffusion (i.e. the hydrate is melting).

Relationship to in situ deposits

Gas hydrates initially form in the ocean because there is a source of
methane and the temperature, pressure and concentration conditions are optimal
for growth. If the source is ever turned off or the surrounding water temperature
increases the hydrate will dissolve or melt until the appropriate equilibrium con-
ditions are met. This result may not be all that important with respect to global
warming because the methane is in aqueous form and the time scale for the ocean
to turn over is very large. This model gives us a physical understanding of the
dissolution mechanism and an idea of the dissolution rates. For example, with a
value of A in the range .01-10 the interface may have displaced a distance of a few

meters, depending on the temperature and concentration conditions.
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6.6 Conclusion

In this chapter we investigated the dissolution and melting of gas hy-
drates in response to deviations in phase equilibrium in the case that temperature
is below the three phase point. Two simplified models were developed and solved
analytically to determine the velocity of the interface as a function of the temper-
ature and concentration difference in the system. In the first model, we assumed
a pure hydrate lower layer, which is a simplified analogue to sedimentary regions
with cold vents. In this case we found that the hydrate dissolves if the temperature
is increased above its equilibrium value at the local methane concentration and if
the far field concentration is dropped below the equilibrium value at the far field
temperature. In the second model we relaxed the pure hydrate assumption and
formulated the problem with an arbitrary hydrate saturation in the lower layer.
Since the Lewis numbers are small for natural systems we neglected mass diffusion
and obtained a modified heat equation with an effective diffusivity that decrease
with phase change via latent heat release. The interface velocity in this case was
shown to depend on the same environmental conditions such as temperature and

concentration but were faster, owing to the internal dissolution.



Gas hydrate dissociation in

porous media

7.1 Abstract

The dissociation of gas hydrates in the ocean sediment by warming ocean
water temperatures may contribute to global warming by the release of stored
methane into the atmosphere. Gas hydrates are a solid compound composed of
water and gas that will decompose by the transfer of thermal energy supplied by
the environment. Since naturally occurring deposits exist in conjunction with the
sedimentary layer that make up the sea-floor, the dissociation process will generate
a two-phase flow that will be transported through the sediment and into the ocean
water column. We develop a mathematical model based on a set of conservation
laws for temperature, mass and momentum that are then solved numerically and
also analytically for some reduced cases. We compare solutions for gas flow rate,
gas saturation profiles as well as the evolution of the upper and lower gas flow rates
and moving boundary velocity as a function of the degree of thermal forcing and
sediment properties. Finally we discuss possible gas fluxes into the ocean, which

may have practical applications to in situ deposits.

128
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7.2 Introduction

Gas hydrates are crystalline ice-like compounds made up of water molecule
cages held together by hydrogen bonding. A guest gas contained within the center
cavity stabilizes the structure under low temperatures and high pressures. They
can be found below the seafloor attached to the sediment that makes up the conti-
nental margins or bound to the subsurface of the permafrost regions. Generally the
geographical locations of in situ deposits are constrained by the source of methane,
which may form by bacterial methanogenesis of buried organic matter. The for-
mation mechanism can be described by Rempel & Buffett (1997) by the extraction
of dissolved gas at a hydrate boundary in order to maintain thermodynamic and
compositional equilibrium. There are offshore regions such as Vancouver island,
where cold vents seep high concentrations of methane through the sediment. As
a result large concentrations of methane hydrate are found near the seafloor and
may span horizontal distances reaching in the range of kilometers. At the Van-
couver island site, sediment core samples taken by Lu et al. (2005) and Riedel
et al. (2006) were between 2-8 meters below the seafloor. This sediment consisted
of finely laminated glaciomarine clays and silts with massive hydrates containing
saturations up to S, = .78. In some cases this level of saturation spanned several
meters but ultimately decreased rapidly with depth.

It is widely believed that large quantities of methane gas are trapped
within oceanic sediments and could potentially surpass known fossil fuel reserves
to make them the largest hydrocarbon sources on earth (Buffett, 2000). Since
hydrates will decompose in response to an increase in water temperature above
the three-phase point, there is concern over the fate of these methane deposits,
since methane is a strong greenhouse gas, as a result of continued global warming
(Kvenvolden, 1993; MacDonald, 1990). In addition there has been global interest
in the recovery of these hydrocarbons as a potentially new energy source using

various extraction schemes such as depressurization or hot water injection. It is
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for these reasons that we are interested in the dissociation rates and gas fluxes
through the sediment in response to an increase in boundary temperatures.

Previous mathematical models have centered around one-dimensional
Stefan type melting problems attributed to Stefan (1891) and discussed exten-
sively in Crank (1984). In these types of models the transport of thermal energy
to the solid-liquid phase boundary causes decomposition and subsequent movement
of this interface at a non-linear rate. Naturally the change in density between the
two phases induces fluid motion by mass conservation, which in the case of a porous
medium can be described by Darcy’s law. Using this basic mechanism Selim &
Sloan (1989) considered a simple analytic model for the rate of dissociation in a
semi-infinite plane in response to an increase in upper boundary temperature. They
ignored the motion of the water and the effect of fluid saturation on the relative
permeability and determined gas release rates as a function of boundary tempera-
ture. Tsypkin (2001) considered a multiphase flow and looked at the stratum and
interface temperatures as a function of permeability in response to different upper
boundary pressures in a depressurizing well. He linearized the governing porous
medium equations and solved for the temperature, pressure and water saturation
by a similarity solution. The main results were that under certain conditions,
mainly a large drop in stratum pressure or increase in permeability, the dissocia-
tion can lead to the formation of ice, creating a boundary for gas extraction. Most
recently Ahmadi et al. (2004) obtained a numerical solution for the rate of gas
production from dissociating hydrates in a depressurized well. They solved the
thermal energy and pressure equation coupled to the Clausius—Clapeyron equa-
tion and Stefan condition at the moving interface. These equations were solved on
both sides of the interface without consideration of a water phase, using an explicit
finite difference method. The position of the moving interface was obtained from
the Stefan condition, using a low-order numerical scheme.

Experimentally, gas hydrate dissociation schemes have been performed

in the laboratory under high pressures in which the hydrates were formed from
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dissolved methane gas rather than from fine snow (Stern et al., 2003). Kamath
& Holder (1987) performed experiments with a mixture of propane and methane
hydrates by circulating relatively warm water above the upper surface. They
assumed a nucleate boiling phenomenon for the heat transfer using Rohsenhow’s
correlation to obtain estimates for the rate of gas release that they attempted to
fit with experimental data. Yousif et al. (1990) used a depressurization scheme
at isothermal conditions and tracked the position of the moving boundary and
gas volume exiting the porous medium. They compared there results with an
analytical solution based on Darcy’s law with a formulation in terms of pressure
with a negligible change in gas saturation.

All of these studies have ignored the inherent non-linearity in a multiphase
porous media flow as a result of the coupling between the two immiscible fluids.
As a result the models developed in these studies will have significant inaccuracies
unless the properties of the system fall within a narrow parameter space. In this
Chapter we model the problem by employing a set of one-dimensional conservation
laws that describe the transport of thermal energy, mass and momentum through
a homogeneous porous media, including the effect of strong non-linearities due to
the saturation-dependent capillary pressure and permeability functions. The non-
linear coupled partial differential equations are solved numerically and also exactly
for some reduced cases to determine the gas flux out of the sediment as a function
of thermal forcing and sediment properties. In order to understand the most basic
mechanism in hydrate dissociation we will take the hydrate saturation to be very
large, such that there cannot be any internal phase changes often encountered with
mushy layers (Worster, 2000). This idealized model is appropriate in sediments
with cold seeps, where the hydrate concentration are extremely high.

In section 7.3 we develop the appropriate model for the dissociation prob-
lem and in section 7.4 we non-dimensionalize these equations and describe the ap-
propriate scaling. In section 7.5 we present solutions to some reduced models. In

section 7.6 we show some result from the numerical solution and compare them
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Figure 7.1: Diagram showing a porous medium of finite size, containing a hydrate
layer (initial thickness ¢},) below z = s(t) and a liquid layer (initial thickness ¢,,)
above z = s(t). The dissociation front moves downwards with velocity V' = ds/dt
and the hydrate is replaced with water and gas with boundary velocities ¢, and
g for the water and gas respectively. The gas is transported through the sediment

and finally enters the water column, where the gas rises as bubbles.

against the reduced models. Finally in section 7.7 we conclude.

7.3 Model Formulation

In this analysis we focus only on the sediment, which we consider to be a
homogeneous, rigid matrix as shown in Figure 8.1. The sediment is separated into
two regions: a hydrate layer below the solid-fluid phase boundary z = s(¢) and a
liquid layer above z = s(t). We are interested in modeling the dissociation and flux
rate of gas through the sediment in response to a sudden application of a constant
temperature boundary condition at z = ¢,,. The application of this thermal field
will destabilize the crystalline solid, which will release water and gas that will
be transported as a two-phase flow. Since hydrate dissociation requires the fluid
adjacent to the three-phase boundary (hydrate-water-gas) to be warmer than the
dissociation temperature and the rate will depend on the degree of this difference,

the flow field is intimately coupled to the rate of thermal energy transport.
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Figure 7.2: Typical phase diagram for a binary mixture of methane gas and water in
which gas hydrates (solid ice-like structure) form. The thick dashed line represents
the path for the problem presented in this Chapter.

Since we are dealing with a binary system, we are naturally concerned
with the phase diagram. Our path corresponds to the thick dashed line in Figure
7.2, where the conditions in the hydrate never enter the mixed phase region because
we assume pure hydrate saturation. Generally, one would need to consider the
transport of species such as dissolved methane and salt but we make a small Lewis
number assumption. Therefore the the salt concentration is zero and dissolved
methane concentration is constant (C' = C(Tpo)) at the interface.

In the sections that follow we will develop the model corresponding to the
three parts of the problem: thermal energy transport, two-phase flow in a porous

medium and moving boundary problem.

7.3.1 Thermal Energy Transport

A constant temperature is applied at the upper boundary, z = ¢,,, which
will diffuse downwards, towards the hydrate layer. Once the temperature adjacent

to the hydrate-fluid boundary is larger than the dissociation temperature there will
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be a flux of gas and water through the porous media from the decomposing hydrate
surface. The presence of the gas in the sediment will change the average thermal
properties of the system and a positive flux of mass can transport cool fluid away
from the phase boundary, thus reducing the dissociation rate. The transport of

thermal energy in this way can be described by the following advection-diffusion

equations
Ce W + V;W = B (Ke R ) R S(t) <z < Ew, (7].)
o1y, 0T,
E = OéheW, gh <z < S(t), (72)

where T, is the temperature in the upper layer, T}, is the temperature in the
lower layer and we assume that there is no flow of water in the hydrate bearing
region. The variables C,, V., K. and a4, are defined in terms of fluid and sediment

properties as

Ce = 1Sy,puwCuy +nSyp,Cy + (1 — n)p,sCs, (7.3)

Ve = nSypuwCuwVi +nSgpsCyVy, (7.4)

K. =nS, K, +nS;K,+ (1 —n)Kj, (7.5)

. NS K +nSy Ky + (1 —n)K, K, (7.6)

- nSupnCh + NSwpuwCuw + (1 —n)psCy Cy,
where n is the porosity, C' is the specific heat, p is the density, K is the thermal

conductivity, V is the velocity, S is the saturation and the subscripts w, h, g and
s correspond to water, hydrate, gas and solid matrix respectively. In this Chapter
we will set S, = 1, corresponding to a hydrate saturated pore space, which is the
maximum amount of gas storage possible.

In addition we apply the following boundary and initial conditions
Tw(0, 20) = Two, Tw(t, lw) = T, (7.7)
Tr(0, z1) = Tpo, Ty (t,—£n) = Tpo, (7.8)
where Tpo is the initial dissociation temperature and the initial temperature in

the liquid layer has some vertical profile that will be taken in this Chapter to be

either Tpg or Tp,.



135

7.3.2 Two—phase flow in a porous medium

Once the hydrate decomposes, there will be a flux of both water and
gas out of the interface that will move up or down depending on the properties
of the system. The gas will then migrate through the sediment as a multiphase
flow until it reaches the upper boundary and exits the sediment. These types
of flows have commonly been studied in hydrology and petroleum engineering
using multiphase flow extensions to the well-known single-phase porous medium
equations (Bear, 1991; Aziz & Settari, 1979; Peaceman, 1977). The equations for

mass and momentum conservation are

OnSyPw  OQwpPuw
P + Gu P

. ey, (7.9)
an;gpg N 8qaqug _0, (7.10)
SV _% (88% +pw9) | (7.11)
qg:nsng—% (%+pgg>, (7.12)

where n is the porosity, £,(S5,) and k,4(S,,) are the water and gas permeability’s and
1 is the viscosity. By definition the water saturation is the ratio of water volume
to volume of void space so naturally the following condition holds S,, + 54 = 1.
In addition we can relate the difference in phase pressure to the capillary pressure
P.(S,) = P, — P,, which depends on the surface tension in the sediment.

The permeability and capillary pressure relationships are in general non-
linear functions of water saturation that are determined experimentally. Here we

use the model attributed to Genuchten (1996) expressed as

o = K b b = SV (1= (1 S;/m)mf, (7.13)
kg = Kkygy g = (1= So)V2 (1= SHm™)™™ (7.14)
P. = %fc, fo=(S7Ym — 1)1"”, (7.15)

where K is the absolute permeability used for a single phase flow, S, = (S, —
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Swo)/(1 — Sy0) is the equivalent saturation, scaled by the zero water phase flow
saturation S, and the coefficients m and « are determined experimentally for the
different combinations of the two fluids and sediment properties. Finally, the gas

density can be determined from the ideal gas law

P,

where R is the gas constant and we assume the water density to be constant.

Pressure and saturation equation

Combining equations (7.9)-(7.12) to eliminate the time derivative of sat-
uration, assuming that the density of water is constant and that the density of gas

is a function of pressure only, which is valid for small temperature changes, we get

n(1 —Sw)%% _ 2 {KW <8Pg aic +pwg)} +

opr, ot "0z | e \ 0z 0
0 | pgK, (OF,
az{ iy (az Td)]

(7.17)

which is known as the pressure equation (Bear, 1991; Aziz & Settari, 1979). Sim-
ilarly equations (7.9)-(7.12) can be combined to eliminate pressure in favor of the

water saturation to obtain

0Sw | Oqu
Pw | THw 7.18
o T O (7.18)
M oP p
—_w M, >+ M,ppg (22 —1)]. 7.19
G M, + 1, Ge + My~ + gpg(pw )] (7.19)

Here M,, = K/, is the water mobility, M, = K/p, is the mobility for the gas
phase and ¢; = q,, + g, is the total flow rate.

In the special case that the gas density is constant, which will only be true
to leading order when /,, and the fluid velocity are small, the pressure equation
(7.17) takes on the much simpler form

9ar
02y

in which case the total flow rate is constant in space.

— 0, (7.20)
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Upper Boundary Condition

At the upper boundary, where the gas discharges into the ocean water
column, the conditions on saturation, flow rate and pressure are unknown and must
be determined as part of the solution. For large reservoirs the flow of fluid leaving
the sediment will be quickly dissipated and we can assume that a boundary layer
exists such that outside this region the velocity is zero and the pressure is equal
to the hydrostatic pressure P,. Since a multiphase flow will still exist outside the
porous medium, we can assume that the form of equations (7.9)-(7.12) still applies
and write the Darcy’s law-assuming that the thickness of the boundary layer is

very small, following Wu et al. (1996) as

Kk,

v = Quu = — [ (_X(Pw - PO) + ng) ) (721>
Kk,

Qg = Qgu = — [ 4 (_X(Pg_po)+pgg>7 (722)
g

where y = 1/Az, is some arbitrarily large number and P, is the pressure just
outside the porous medium. This formulation essentially is the simplest approach

without solving the outer problem.

7.3.3 Moving Boundary Problem

As the hydrate dissociates there will, in general, be a change in density
that by mass conservation will induce a fluid velocity adjacent to the phase bound-
ary z = s(t). By transforming the mass conservation equations (7.9) and (7.10)

into integral form and applying them across the interface we obtain the jump

conditions
dS pwo nhphfuw
w fry —_— Sw —_ w ), w fry s wo = —_—, 723
G =g (Sw = Bu), B oo’ T M, + M, (7.23)
ds Pgo pnM,
Qg ndt( g 69)7 /69 pg? pg Mg+nth7 ( )

for the water and gas velocities. Since the hydrate is some mixture of gas and water

we define the equivalent partial densities, p,, and pg,, as a function of hydrate
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number, ny, hydrate density, p, and molecular weight, M. Adding equations
(7.23) and (7.24) the total velocity for incompressible flow is

qtzag, %:1—1(%+%">, (7.25)

At the hydrate-liquid interface we assume that when the water temper-

ature rises above the dissociation temperature, the solid decomposes at a rate

dependent on the difference in heat flux flowing into and out of this interface.

This conservation law, known as the Stefan condition, is

8Th 8Tw ds
Ky,— —K,— = L—, T,=1T,="1Tp. 7.26
h G 92 npPn d h D ( )

In general the hydrate dissociation temperature is some function of pres-

sure, which can be defined by the well known Clausius—-Clapeyron equation

B
InP=A—-— 7.27
nP = A, (7.27)

for hydrate-specific constants A and B (Sloan, 1990).

7.4 Non-dimensionalization

The system of equations presented so far may be non-dimensionalized in

the following way

) Zw . Zh .~ 5
= = =, 7.28
: Ly, “h 148 ’ Ch ( )
. T-1T, 5
T == —D07 pg = ﬁpglﬂ P = Pl)wggw + P07 (729)
Ty — Tpo

where pg, is the gas density at z = 0, P, is the pressure at the seafloor z = /,, and
Tpo is the initial dissociation temperature evaluated at the hydrostatic pressure.
Naturally the velocity in the system scales with the dissociation rate, which from
the Stefan condition has the form gy = AT Kay/(prL ly). With this boundary
speed we scale the fluid velocities as follows

q N t qst
=
ngst gw

§= . (7.30)
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Finally the average thermal conductivity and specific heat are scaled with there

initial values as

. C. Ce
_ _ 31
Ce 1pwCo + (L= 1)psCs Cang’ (7.31)
P K. _ K (7.32)

T Ky + (1 - n)K,  Kay
The resultant form of the governing equations with these non-dimensional vari-

ables will be discussed in the subsequent sections. We now drop hats on all non-

dimensional quantities.

7.4.1 Thermal Energy

With these new variables the governing equations for thermal energy take

on the following form

oT,, aT, 1 0 0T,
C o TVeam, T B om ( eazw)’ (7.33)
8Th 1 82Th
—— = — .34
ot Peh 6zh2 ’ (7 3 )
ds aTh 8Tw
— =d; — —r K, =2, 7.35
dt ! aZh " aZw ( )
Ve = qu (cw — pcg) + apey, (7.36)
Ce = Sy (cw — pcg) + peg + 5, Ko =b1 Sy + b, (7.37)
where the Péclet numbers for the two regions are expressed as
P, =St Py = rﬁMSt—l St = L (7.38)
’ Qe ’ AT Cavg’

in which oy = Kavg/Cavg, Te = Cw/n is the ratio of the initial water to hydrate
layer depth, di = r?Kp,/Kuwg, ¢ = or; 'ds/dt, St is the Stefan number and the

other parameters have the form:

T Pw Ow NPgb Cg (1 B n)pscs
o R P St DY 7.39
¢ Cavg ‘o C’avg ‘ Cvavg ( )
K, —nkK K, 1—-n)K
b= e iy, MRyt (1-n) ° (7.40)

’
Kavg Kavg
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The thermal constants c,,, ¢, and cs represent the specific heat ratios of the three
material components — water, gas and porous medium — respectively to the initial
average value of the system. In addition the constants b; and by represent the
thermal conductivity ratios of the difference between the water and gas to the initial
average value of the system and the ratio between a gas to water saturated porous
medium. In the special case that the difference between the thermal properties
of the gas and water are sufficiently small and the gas density is constant, the
variables Ve, C’e, and K, will be decoupled from the saturation equation.

Finally the boundary and initial conditions in non-dimensional form are

Ty = To(0,20) = Tuo,  Twlt,1) =1, (7.41)
Tw(S/Tg> = Th(s) == TD, (742)
Th = Th((), Zh) = O, Th(t, —1) =0. (743)

7.4.2 Mass Flux

In the non-dimensional variables the pressure and saturation equations

become

=805 =220 i (5 - 05041

ot T p% 0z 0z
0 oP

+Bgrp% {krgp (5 + Tpp)] )

(7.44)
0Sy  O0qw

o oz,

(7.45)
dfe

Guw = wat + thg(Tpp - 1) + thcaj )

(7.46)

where ¢; = dp,/dP, is a compressibility factor, B, = K p,g/(ityqsen) is the ratio of
gravitational to viscous forces, B. = Kp,ga™'/(nqslwity) is the ratio of capillary

to viscous forces, J. = B./B, = a~1/({,), is the ratio of capillary to gravitational
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Figure 7.3: Water mobility functions f,, and h,,, capillary pressure f., df,/dS.,
and diffusivity h,(df./dS,) as a function of saturation for m = .9 (solid line) and
m = .7 (dotted line)

forces, 7, = pg/pw is a density ratio, fu, = Kpw/(Krw + 7ukng), Ty = tw/ g is the
viscosity ratio and h,, = f,,K;4. We have plotted the last two mobility functions as
well as the capillary pressure, d f,,/dS,,, and the saturation diffusivity, h,(df./dS,)
against the water saturation for different vales of the fitting parameter m in Figure
7.3. From here on we will assume a constant gas density (p = 1), which is valid
for small pressure changes. This is possible if the flow rates are sufficiently small
and the vertical rise height, £,, — s(t), of the gas is small.

At the lower boundary we have the following condition

1 ds

Qu(t, s/re) = T—ZE(SW — Bu), (7.47)
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which can be combined with (7.46) to obtain an equation that is solely a function

of saturation in the following form

1ds o ds af,

——(Sw — Bu) = fo—— + hwB —1) + hyB. <.
re dt( ﬁ ) f Ty dt + 9<TP )+ azw
(7.48)
We have assumed a constant gas density and o/n =1 — (pwo + p40/7p)/ Puw-
At the upper boundary we have the following equations
B,
Quw = T_krw(XPw — 1), 4y = ngrg(XPg — Tp), (749)
o

which can be combined with the definition of capillary pressure and total velocity

to obtain the flow rate as a function of saturation in the following form
Guw = qut + thfw(rp - 1) - thwXchc- (750)

Dissociation temperature

The dissociation temperature, which we have assumed to be solely a
function of pressure, is expressed using the Clausius—Clapeyron equation in non-

dimensional form as

B/AT Tpo
Tp = — i .51
P74 In [pwglwPy + P,] AT (7.51)

where the water pressure is used since it is the wetting fluid. The pressure distri-
bution can be obtained from Darcy’s law, which can be recast in the form

B, (0P P
w — __krw — 1 ) =—-B kr —4 s
q Y (8zw + ) dg glfirg (azw + rﬂ)

(7.52)

where the variables are assumed to be order one quantities. Supposing that we have
scaled the equations appropriately, the pressure distribution will be dominated by
hydrostatic forces in the case that B, > 1. Integrating the above equation in this

limit we obtain the hydrostatic pressure distribution, P, = 1 — z,,, which may be
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combined with the Clausius—Clapeyron equation to obtain an expression for the

dissociation temperature with height in the following form.

- B/AT T
o= A—Inlpygly, (1 —2,)+ P, AT (7.53)

Since we will not look at large changes in the liquid layer height, ¢,, — s(t), and
the gravitational number will be large in most geological settings we will take the

dissociation temperature to be constant with 1" = T'p.

7.4.3 Fixed Boundary Problem

In this Chapter we fix the position of the moving boundary by using the
Landau transformation (Crank, 1984; Furzeland, 1980) defined as

2(zy — 1) 2(zp, + 1)
w=1— - :1_—, 7.54
’ s/re—1 h s+1 (7.54)
which fixes the moving boundary at x = —1. The required derivatives, using the
chain rule, are now written as
0 dz,, 0 -2 0
= - , (7.55)
0zy dzwdxy,  (s/rg—1)0xy
0? dz,\* & 4 0?
= (=2 - , (7.56)
02,2 dzy ) 022 (s/ry—1)20x2
0 0 dxz, 0O 0 ds 1—ux, 0
< ‘ i ’ (7.57)

ot ot + dt Oz, T ot + a(s/w — 1)ry Oxy
in the liquid layer and similarly for the equations in the hydrate layer. By making
this transformation we have essentially displaced the dynamics of the moving inter-
face into the governing equations. The downside of this method is the addition of
the extra term in the governing equations, which comes from the time derivative.
The benefit is that we don’t need to deal with a moving boundary and numerically

one that will lie between two grid points.
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These equations then take on the following form

or,  (_(-=) ds 2. oT,
ot ci(s/re—1)dt  Cu(s/rg—1)) Oz
4 0 T,
K.— .
Ce(s/re — 1)?2P,,, Oy, ( e(’?a:w) ’ (7.58)
T, | ds(1—m) 0T, 4 Ty, (7.59)
ot dt s+1 Ozvh N (8 + 1)2 Peh 6$h27 ’
ds . QTZKG (‘)Tw 2d1 8Th
dt — (s/r¢—1)0x, (s+1)0z’ (7.60)
0SS, ds 1-—=z, 0S, 2 0qw
Zw 22 — = .61
ot * dt ry(s/re— 1) Oxy  (8/1¢— 1) Oxy 0 (7.61)
2B.  0f.
Quw = fu@t + "By (1,p — 1) — hy, / (7.62)

(s/rg — 1) 0z,
and hold in the fixed domain (—1,1).

7.5 Reduced models

7.5.1 Large Stefan number problem

With the scaling given in Section 7.4 the Stefan number gives a measure
of the degree of separation between the time scales for the evolution of the tem-
perature and saturation. When this number is large the rate of phase change will
be small, resulting in a small advective transport of thermal energy. In this case

the temperature in the large St limit will be dominated by diffusion in the form

9 aT,\
T (Ke%) = 0. (7.63)

In the case that the difference in thermal conductivity between the gas an liquid
is small or the thermal conductivity of the sediment dominates, we can express

K, =b1 5.+ by = by and the above solution takes on the quasi-linear form

1
I—r,"s

For hydrate layers that are initially at the dissociation temperature, and

thus will remain so for all time, the speed of the moving boundary, obtained from
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the Stefan condition, is determined from the expression

ds 7pbo

This can be integrated to determine the interface position as a function of time:

s(t) =1y —re/ 1+ bot. (7.66)

This relationship shows that the position of the hydrate phase boundary has a
square root dependence on time, which is characteristic of a diffusion-dominated

mode of heat transport.

Large Viscous Forces

For relatively small permeabilities, B, ~ 0 and B, ~ 0, or large flow rates
(¢t > By, B.) advective forces will dominate and the terms involving gravitational
and capillary forces in equation (7.46) can be neglected. The equations in this case
can be solved using the method of characteristics, where the advective term in the

fixed domain reduce to

%4_ ds  1-w, 2 dfwy | 0Ss
ot dtre(s/re—1)  (s/re—1) dSWQt Or,

07
(7.67)

which has the general form dS,/dt + u(xy,t,S,)dS,/dz, = 0. Moving at the
characteristic velocity, dx,,/dt = u the saturation is constant and we can solve

the ode for the position of the characteristics as

o dfw dfw -1/2
Ty (S, 1) = 1 _QUdSw + {§+20dsw — 1] (1 + 2bot) ,

(7.68)

where & = z,,(0).
Since the sediment is initially water saturated, a shock-separating a mix-
ture of water and gas from water saturated sediment, must form immediately at

the moving boundary z,,(0) = —1 and propagate downstream. The speed of the
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shock can be determined by re-writing equation (7.67) in integral form and taking
the limit in which dz — 0, yielding the following expression

ds _ 1—my _ fwat
dX, [dt e e~ 2T (7.69)
dt EN ’ '

in terms of the conditions on either side of the shock. Since the shock speed is
equal to the water velocity at z,, = X, dX,/dt = u and we can determine the

water saturation behind the shock from

dfw _ (1_fw)
ds, 1-25,

. (7.70)

This solution is similar to the well known Buckley—Leverett (Bear, 1991) solution.
Here though we have a moving boundary, albeit transformed onto a fixed domain,

that generates a flow through the sediment.

7.5.2 Large Capillary Forces

For porous media with low void fractions, such as clay, capillary forces
dominate gravitational forces at small length scales. Since in this case the sediment
makes up the bulk of the mass, the thermal properties of the medium will be
dominated by the solid structure and we can assume that they are constant. In
addition if we assume that the specific heat of the gas and liquid are sufficiently

similar (¢; ~ ¢2) the governing equations reduce to

or ds 0T 0T

o + TE% = @T@ (7.71)
0Sw dsdS, 0 S,
ot + CSE 0z 07y (as 8211;) ) (7.72)
ds oT
T —d2%7 (7.73)
d ds,,
" S(wa — Buw) = fuls — as (7.74)

e dt dz,’
where the thermal properties Cp = ¢,0/csrp and ar = by/cP.,, are evaluated at

the initial concentration and the saturation functions are given as

o odfa g

T reds, 0T Tvas, )
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The last two conditions equations (7.73) and (7.74) are applied at the moving
boundary to determine the interface speed and saturation.

We can simplify the above equations by extending the upper boundary
to infinity and applying a uniform initial temperature 7'(z,,0) = 1 and saturation
Sw(zw,0) = S; within the porous media. In this case we introduce a similarity
variable of the form n = z/2y/art and an assumed interface speed of s = 2\ry\/art,
where A must be determined as part of the solution. With this new variable the

system of equations reduce to the following ODEs:

2T dT
— =2 —2 .
4~y (2CT A1 — 21), (7.76)
d (asdS,\ dS,
a7, 2\
W —_— _E7 (7.78)
w d w
oA (Sw — B — f—") = o, B (7.79)
n dn

Since the temperature equation is decoupled from the saturation equation we can

solve for the temperature field exactly in the form

erfc(n — CpAry)
erfe(A — CrAry)’
\— by exp (—(CrAry — \)?)

ary/m  erfe(A — CrAry)

T=1 (7.80)

(7.81)

If the saturation within the sediment only varies by a small amount then
we can perform a regular perturbation in the small parameter, ¢ = S; — Sy,
where the boundary conditions have the perturbed values S,,(n = 00) = Syp + €
and S,(n = A) = Syp. In this case the series, up to second order, has the form
Sw = Suwp+€S1(n) + €2S2(n) and the non-linear saturation functions have the form
s = ap+eay + €2y and Oy = Cy+eC +€2Cy. At first order we have the equation

ST =28 ar (AreCy — ) /g, whose solution in terms of error functions as

S“:L_akaﬁ—aﬂwhﬁ%)
erfc (()\ — Corz/\)\/%)

(7.82)
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The condition at the moving boundary at first order will have the form.

JeSuo)

nA <wa - 611) - n

G (oc_T> erfe (A= Core) | f22)

which must be solved numerically for the interface saturation S,;.

(7.83)

7.6 Numerical Results

We have solved the set of coupled equations defined in Section 7.4.3 nu-
merically for a fixed domain, using a finite difference discretization with two dif-
ferent methods for the temperature and saturation equations. The temperature
equation was solved implicitly using the method of Furzeland (1980) by making
guess at the future value of the interface position and correcting this guess it-
eratively using the Stefan condition. The saturation equation was solved using
methods presented in Aziz & Settari (1979) or Peaceman (1977) by first guessing
the saturation values at the upper and lower boundaries and then correcting them
at each time step using equations (7.48) and (7.50).

The two properties, temperature and saturation, are coupled and must
be solved simultaneously. For relatively large Stefan numbers we can separate
timescales such that the evolution of the temperature profiles is much faster than
the saturation profiles. In this limit the dissociation rate is relatively slow since the
ratio of available thermal energy to latent heat is small and the temperature field
controlled by diffusion is able to evolve with a quasi-stationary boundary. In our
scaling we have defined a timescale with the Stefan number so we are in a long-time

limit for the temperature equation, expressed by the large effective diffusivity.
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Figure 7.4: Plot of the exact solution (dotted line) to the reduced model presented
in section (7.5), using the method of characteristics and numerical solution (solid
line). Here St = 1000, m = .9, r, = .1 and the solutions are plotted at ¢t =
.01,.05,.5.

7.6.1 Comparison with reduced models

We have developed two reduced models, corresponding to a decoupling
of the saturation equation from the temperature equation for sediment dominated
thermal properties, and simplification of the saturation equation for two different
limits. In the first case we assumed a large St limit, which allows the temperature
field to be quasi-steady with respect to the saturation and neglected capillary and
gravitational forces in comparison to viscous forces. We plotted a representative
solution to this reduced model against the numerical solution in Figure 7.4 for dif-
ferent points in time, showing excellent agreement. The capillary and gravitational
forces can be very large for St > 1; none the less this solution gives a good check
on the numerical solution.

In the second case we extended the upper boundary to infinity and ob-
tained a similarity solution for the temperature and linearized saturation equation.
We plotted a representative solution to the reduced model in Figure 7.5 against

the numerical solution. Since we have decoupled the temperature equation from
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Figure 7.5: Temperature and saturation profiles in the sediment for the reduced
model (dotted line) of section (7.5) and the numerical solution (solid line). Here

St =10, m = .9 and B, = 10000.

the saturation equation and there are no further simplifications, the two solutions
for temperature are in excellent agreement as we expected. On the other hand,
the saturation equation has been linearized about the interface saturation, which
is only valid for very small values of €. For this reason the error associated with re-
duced model will be smallest near the moving boundary as we can see from Figure

7.5.

7.6.2 Diagnostics

In this section we plot the profiles for temperature, saturation, flow rate
and pressure as well as the evolution of the boundary velocities for variations in the
four parameter values St, B., B, and r,. The other parameter values, affecting
the thermal energy equation, have been fixed to the physically realistic values
displayed in Table 7.1. Since we will be looking at relatively large Stefan numbers
the dissociation rate will not be very sensitive to changes in the thermal properties

of the sediment and we can focus on the parameters appearing in the saturation
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Table 7.1: Non-dimensional groups and constants used in the Chapter correspond-

ing to berea sandstone, methane gas, water and methane hydrate.

Parameter Value Parameter Value

dy 1 Cs 37

Cuw .79 Cq .04

by .022 by .98

Ty 200 Ty 1

A 49.32 B 9459

X > 10° L 429.66.J /g
Pwo 805.3Kg/m? Pgo 124.7Kg/m?

equation.

In general the Stefan number will take on a value of approximately
St = 50/AT for methane hydrates, with temperature differences no larger than a
few degrees, depending on the water depth amongst other things. The capillary
and gravitational forces can vary substantially, for different sediment properties.
For example berea sandstone (K = 1 x 107¥m?) will have parameter values of ap-
proximately B, = 5 x 103(,,/AT and B. = 5 x 10*/AT. In addition the parameter
r,, which relates the density of gas to the density of water, will vary greatly with

pressure according to the ideal gas law.

Effect of the Stefan number

The Stefan number St represents the amount of available thermal energy
to the energy required to cause a change in phase from solid to liquid. As one can
imagine then, the dissociation rate ds/dt is strongly dependent on this number and
for constant latent heat represents the amount of thermal forcing in the system. We
can write this number as St = qgug/lwqst, relating the thermal diffusion velocity
to the boundary velocity. Since time is scaled with this parameter and the fluid
velocity with ¢4, it gives an indication of the time scale separation between the

saturation and thermal energy equations. For relatively large St, we are looking at
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Figure 7.6: Profiles for temperature 7T,,, water pressure P, gas saturation S, and

gas flow rate g, for St = 10 and ¢t = .03 (solid line); St = 10 and t = .3 (dashed

line); St = 100 and ¢t = .03 (dotted line); St = 100 and ¢t = .3 (dashed-dotted
line). Here B, = 1000, B, = 10000, r, = .1 and m = .9.

the long time behavior of the temperature equation and the temperature profiles

as predicted in Section 7.5 and shown in Figure 7.6 are linear and quasi-steady. At

early times the temperature will be evolving in time with a diffusion-dominated

mode of heat transport but the transport of released gas will not have traveled

very far from the moving boundary, leaving the saturation equation relatively

unchanged.

In Figure 7.6 we have plotted the profiles for temperature, pressure, gas

saturation and gas flow rate for two different values of St and instants in time.
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Figure 7.7: Lower boundary gas velocity g4, upper boundary gas velocity g,, and
moving boundary velocity ds/dt as a function of time for St = 10 (solid line) and

100 (dash-dot line) .Here B, = 1000, B, = 10000, r, = .1 and m = .9.

In general a small Stefan number will result in a larger boundary velocity due
to an increase in the degree of thermal forcing, but since we have scaled time
with this parameter the non-dimensional equations experience a decrease in the
effective thermal diffusivity. As a result the non-dimensional dissociation rate
increases with St and with it the gas flow rate through the sediment. At large
times the saturation equation becomes quasi-steady, with small adjustments due
to the moving boundary and the flow rate will be almost constant. In addition the
pressure distribution in the sediment, as indicated in the upper right hand plot
of Figure 7.6 is approximately linear and hydrostatic, due to the relatively large
gravitational forces compared to viscous forces, expressed by B, > 1.

In Figure 7.7 we have plotted the upper and lower boundary flow rates
and moving boundary velocity as a function of time for different values of the Stefan
number. When this number is large the temperature diffuses more rapidly, thus
increasing the dissociation rate and decreasing the time to quasi-steady state, in
which equation (7.64) is valid. As a result the lower boundary flow rate increases,

since it is proportional to ds/d¢, and with it the gas breakout time and upper
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boundary flow rate. At latter times the dissociation rate is still faster for large
values St, due to a faster thermal diffusion towards the moving boundary, which

forces the gas flow rate out of the sediment to be larger.

Effect of capillary forces

The capillary number defines a ratio between capillary to viscous forces
and tends to dominate when the surface tension is high (low permeability sedi-
ments), when the length scale, (,, is small (B. > B,) or for relatively small fluid
velocities (B. > 1). Capillary forces will act in a similar way to thermal diffusion
in that the water will be transported into regions of relatively high gas saturations.
Consequently the gas will be forced to diffuse away from the moving boundary, at
some velocity that is predicted to increase with the non-dimensional group B..

In Figure 7.8 we have plotted the upper and lower gas flow rates as well
as the dissociation rate as a function of time and capillary number. The interface
velocity ds/dt has the same characteristics as that of the previous section due to
the relatively large Stefan number and weak coupling of the saturation equation
to the temperature equation. Since a larger capillary number tends to diffuse the
gas more rapidly into high water saturations the gas reaches the upper boundary
sooner than for a smaller value of B,.. In addition the gas flux out of the sediment
approaches quasi-steady state on a slower time scale for larger B, due to the nature
of a diffusive dominated flow. In addition, we have plotted the gas saturation and
flow rate profiles as a function of B, and time in Figure 7.8. When the capillary
forces are small, gas builds up behind the propagating front and for sufficiently
small values will be discontinuous with similarities to the large viscous force model
of Section 7.5. When the capillary forces are increased, the diffusive term becomes

larger, smoothing out this jump and increasing the speed of the gas front.
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Figure 7.8: Lower boundary gas velocity qg, upper boundary gas velocity g, and

moving boundary velocity ds/dt as a function of time and profiles for gas saturation
S, and gas flow rate g, for B, = 1000 and ¢ = .03 (dashed line); B, = 10000 and
t = .03 (dotted line); B. = 1000 and ¢t = .3 (solid line); B. = 10000 and ¢t = .3
(dash-dot line). Here B, = 1000, St = 100, r, = .1 and m = .9.
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Effect of gravitational forces

Gravitational forces within a porous media arise as a result of the density
difference between the two fluids and tends to force the lighter fluid out of the
sediment. The strength of this force can be encompassed in the term B,(r, — 1),
which tends to zero as the density difference decreases or the flow rate becomes
large. When the gravitational forces dominate the gas saturation evolves as a result
of a shock propagation through the sediment in a similar way to the discussion
in Section 7.5. Since the saturation velocity is a decreasing function of water
saturation, the gas saturation builds up behind the shock front resulting in the
relatively constant values as seen in Figure 7.9. On the other hand, when capillary
forces are relatively large, this front becomes smother due to diffusion and we get
more curved profiles. At quasi-steady state the gas flow rate has a small vertical
gradient that in the absence of capillary forces must coincide with nearly constant
saturation values, except near the upper boundary, where the saturation gradient
is very large. In addition, smaller values of B, will result in a larger pressure at
the moving boundary due to a relatively larger flow rate through the sediment,
but will still look nearly hydrostatic due to B, > 1.

We have also plotted the upper and lower boundary velocities in Figure
7.9 as a function of time for different values of B,. Since stronger gravitational
forces will increase the saturation velocity the gas front will reach the upper bound-
ary more quickly and approach a quasi steady state on a smaller time scale. At
larger times the gas flow rate is nearly constant, only changing as the boundary
recedes, and consequently the upper boundary flow rate will be dominated by the

decreasing dissociation rate.

Effect of r,

The parameter r, represents the difference in density between the gas and
water and gives a measure of the total velocity in the sediment due to a change

in density from hydrate to fluid phases. Since the critical temperature of methane
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Figure 7.9: Lower boundary gas velocity qg, upper boundary gas velocity gg,

and moving boundary velocity ds/dt¢ as a function of time and profiles for water

pressure P, gas saturation S, and gas velocity ¢, for B, = 1000 and ¢t = .03
(dashed line); B, = 10000 and ¢ = .03 (dotted line); B, = 1000 and ¢ = .3 (solid
line); B, = 10000 and ¢ = .3 (dash-dot line). Here B. = 10000, St = 100, r, = .1

and m = .9.
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is relatively low (less than the freezing point of water) the hydrocarbon will not
become a liquid at high pressures, which is the opposite of carbon dioxide, and
consequently its density can become comparatively large for deep deposits. When
this parameter is small the volume occupied by the gas is larger, which drives
the gas saturation up and forces — by mass conservation — the fluid velocities to
increase as seen in Figure 7.10. This increase in velocity allows for a faster gas
front speed through the sediment and requires a larger pressure gradient, which
must come from an increase in moving boundary pressure.

In addition, we have plotted the evolution of the boundary flow rates in
Figure 7.10, for two different values of r,. This plot shows larger gas flow rates
at the upper and lower boundaries, due to a larger ¢;, that result in faster gas

breakout times when r, is small.

Volume fluxes

One of the main interests in the development of this model is to investigate
the amount of gas released from the seafloor by dissociating gas hydrates. We can
gain a better understanding of this by plotting the volume of gas released within

a specified time interval defined as

10/t
Viyas = / Qgu dt. (7.84)
0

The integral extends to 10/St because time scales with the Stefan number and
therefore is a better choice physically. We plot contours of the Stefan number
against the other three groups, B., B, and r,, discussed in this Chapter in Figure
7.11 and 7.12. Since St is proportional to the inverse of the temperature difference
AT and in which the fluid velocity scales, the total volume of gas released into
the ocean will be strongly related to this number. In fact, as we can see from the
figures this is the most important group for our system. The capillary and gravi-
tational forces will also increase the total volume released since they will increase

the gas velocity through the sediment. Although, this effect is only expected to be
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Figure 7.10: Lower boundary gas velocity qg, upper boundary gas velocity ggy

and moving boundary velocity ds/dt as a function of time and profiles for water

pressure P, gas saturation S, and gas velocity g, for r, = .005 and ¢ = .003

(dashed line); r, = .01 and ¢t = .003 (dotted line); r, = .005 and t = .03 (solid

line); r, = .01 and ¢t = .03 (dashed-dotted line). Here B, = 200, B. = 1000,

St =100 and m = .9.
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Figure 7.11: Contour plot of equation (7.84) as a function of St and B, (left) or
B, (right). Here B, = 100 (left only), B, = 100 (right only), ¢, = 2, m = 0.9,
re = ly/2, Pey, = .79/St, Pe, = 1/St, by = 0.05, by = 0.97, ¢, = 0.4, ¢, = .02,
cs =06,d =1,r,=300,3,=.8,€e=0.5v=0.5and r, =0.1.

important at early times. At steady state the total mass flow rate will be constant
in space and equal to the lower boundary gas velocity, which scales with the Stefan
number. Furthermore, the density ratio, 7,, is a measure of the gas density which
decreases with deeper deposits. Since the total mass of methane in the hydrate is
constant, a decrease in this ratio will cause the total volume of gas in the sediment
to increase. Therefore the volume of gas released will increase with a decrease in

the gas density.

7.6.3 Geophysical relevance

In the previous section we discussed some general characteristics of the
dissociation problem for different parameter values corresponding to the degree
of thermal forcing and sediment properties. In general the structure of in situ
deposits may vary substantially, depending on their geographic location but here
we will discuss some results for the idealized case in which this study applies. To
reduce the parameter space we will set ¢, = 1m, r, = .1 and use sediment prop-

erties corresponding to berea sandstone, which allows us to focus on the effect of
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Figure 7.12: Contour plot of equation (7.84) as a function of St and r,. Here
B, = 100, B, = 100, £, = 2, m = 0.9, r, = {,,/2, Pe, = .79/St, Pe,, = 1/5t,
by = 0.05, by = 0.97, ¢y = 0.4, ¢, = .02, ¢, = 0.6, dy = 1, r, = 300, B, = .8,
e=05and y=0.5

the driving temperature difference AT. In this case g ~ 5 x 1078AT, which sets
the time to ¢t ~ 2 x 107 #/AT and the filtration rate to ¢y =5 x 1078AT¢,. From
the figures in the previous section it would take approximately .3/AT yrs for the
gas front to reach the upper boundary and will have a quasi-steady flow rate of
4 Ay ATm? /yr, where A, is the surface area. For large temperature differences
this result indicates that there may be a significant flux of gas entering the ocean
water column from dissociating gas hydrates. In reality there may be layers of im-
permeable rock at some distance above the hydrate layer, which may significantly
reduce the gas flow rate as well as a cyclic upper boundary temperature that may
promote formation during the cool seasons, further reducing the effective gas flux

over geological time scales.
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7.7 Conclusion

In this Chapter we have explored gas hydrate dissociation in homoge-
neous porous media and the gas velocity through the sediment as a function of
time for different parameter values. The governing equations corresponding to
saturation, temperature and hydrate boundary evolution were solved numerically
using a front-fixing scheme and exactly for a few reduced cases. The reduced
models were shown to have excellent agreement with the numerical solution in the
case of viscous dominated flow, using the method of characteristics, and relatively
good agreement for the capillary dominated flow, using a similarity solution to
a linearized form of the saturation equation. We plotted the temperature, water
pressure, gas saturation and gas flow rate profiles as well as the evolution of the
upper, lower and moving boundary velocities as a function of the parameter space
St, B, By and r,. The Stefan number, which is a measure of the thermal forcing
in the system, is the dominant factor effecting the dissociation rates of the hydrate
and gas velocity throughout the sediment. For small values of St the hydrate will
decompose quickly, as a result of a larger degree of thermal forcing, forcing more
mass through the sediment and into the ocean. The capillary number relates the
importance of capillary forces to viscous forces in the sediment and has the effect
of diffusing the gas released at the moving boundary to the upper surface. There-
fore larger values of this parameter lead to greater gas fluxes through the sediment
and a decrease in gas saturation at the moving boundary due to diffusion. The
gravitational number expresses the importance of gravitational forces relative to
viscous forces and tends to increase the gas velocity for large values. In addition
the density ratio r, determines the volume occupied by the gas at the hydrate
interface and increases for deep deposits. For small values of this parameter the
gas occupies a larger pore volume, which results in larger gas saturations and flow
rates through the sediment. Finally, for deposits that are relatively close to the

sea-floor, the volume flux of gas can be substantial for large temperature differences
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and surface areas, possibly on the order of grams per year.



Dendrite solidification

8.1 Abstract

In this Chapter we solve the steady dendrite problem, growing into a su-
per cooled binary fluid using slender body theory. We consider the full interfacial
conditions, including curvature, binary and kinetic-under cooling effects and solve
the leading order outer problem using the Wiener-Hopf technique. In the case of
a pure liquid we investigate the effect of kinetic under cooling on the interface dis-
placement and compare the results with the similarity solution of Ivantsov (1947).
The method is appropriate for slender dendrites and is found to be equivalent to
the similarity solution in the small Peclet number limit. The growth rate can be
determined uniquely, provided the thickness of the dendrite is known at some po-
sition, rather than the radius of curvature. Furthermore we investigate the multi

component case and determine the interface position and the growth velocity.

8.2 Introduction

Dendritic solidification has been a topic of considerable interest for many
years since it is a phenomenon that is commonly found in many natural and in-
dustrial settings (Langer 1980). Provided a fluid is super-cooled (the temperature

is below the equilibrium value) and the flux of heat is sufficiently greater than the
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surface energy, perturbations of the interface will grow into needle-like structures
similar to the diagram in Figure 8.1 (Davis 2001). Since the solid is constantly try-
ing to maintain its relatively warmer equilibrium temperature, the phase boundary
grows, releasing latent heat. Therefore the dendrite will increase its thickness and
length with time. A single dendrite growing into an under-cooled melt was shown
by Ivantsov (1947) to have a parabolic shape in the case of zero surface energy
and attachment kinetics. The temperature field and surface shape are given by a
similarity solution which yields a family of solutions as a function of growth ve-
locity and radius of curvature at the tip. The similarity solution has been further
studied by Horvay and Cahn (1961) and Canright and Davis (1989) in connection
with different solidifying shapes.

The similarity solutions are not unique since the radius of curvature must
be known (e.g. from experimental data) in order to obtain the growth velocity. This
problem can be resolved by introducing curvature effects, since a length scale will
be introduced into the problem. Unfortunately, the highly non-linear structure
of the boundary conditions makes analytical solutions difficult to obtain in closed
form and many investigators have sought to bypass this by solving the problem
asymptotically for small surface energy (Xu 1991). In addition, alot of numerical
work has been performed on the full problem using various techniques such as level
set methods and phase field methods, which yield good agreement with theory and
are capable of handling side branching (Kobayashi 1993 and Gibou et. al. 2003).

Furthermore, the formation of dendritic structures is common in binary
fluids, such as saltwater systems and metal alloys, which are of interest in environ-
mental settings and may be industrially undesirable (e.g. by weakening materials).
In this case mass diffusion may play an important role since the interfacial tem-
perature will be a function of species concentration via the phase diagram. Simple
one-dimensional models have been investigated thoroughly by many authors such
as Worster (2000) and Davis (2001) and extended to dendrite growth and mushy

layers (reactive porous media composed of a dendritic array). Dendritic arrays have
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been further analyzed by Spencer and Huppert (1995) who were able to determine
the growth rate as a function of dendrite spacing.

In many dendrite solidification problems the structure of the solid may
be regarded as relatively thin. Because of the small length scale compared to the
extent of the ambient fluid we may attempt to solve the problem asymptotically
using slender body theory. This technique has so far not been applied to a dendrite
in a way that includes the full set of equations, although it has been used for etching
problems (see Kuiken 1984). As a consequence of this technique, the first-order
problem with respect to the outer field involves a solid of zero thickness and has a
form which is amenable to the Wiener-Hopf technique (Noble 1958). This method
is commonly used for the solution of half-plane diffraction problems but has been
extended to the propagation of diffusion flames (Wichman and Williams 1983) and
chemical etching (Kuiken 1984).

The main disadvantage of the techniques is that we cannot accurately
deal with the tip of the dendrite, where the curvature is large and one must resort
to a numerical treatment. On the other hand the effects of kinetic under-cooling
can be included without much complication. In this Chapter we only consider
the two dimensional case although it is possible to extend the method to a three
dimensional axisymetric dendrite. Generally, given the appropriate conditions, the
dendrite interface will be unstable, leading to the formation of side branches but
we will not discuss those here (i.e. we will assume that surface energy dominates
and the surface is smooth).

This Chapter is organized up as follows. In section 8.3 we present the
model for a dendrite growing into a super-cooled binary melt with a constant ve-
locity. We consider the full interfacial temperature condition, including curvature
and kinetic under cooling effects and appropriately non-dimensionalize the equa-
tions. In section 8.4, we use slender body theory to replace the unknown boundary
position with a line along the length of the dendrite. Furthermore we set up the

Wiener-Hopf technique to be solved later. In section 8.5 we investigate the pure
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Figure 8.1: Steady state dendrite growing into an under-cooled melt.

liquid case without curvature effects and compare the results with the similarity
solution found by Invantsov (1947). In addition, we examine the impact kinetic
under cooling has on the interface position. In section 8.6 we solve the problem
for a binary fluid and look at the effects of species related parameters such as

concentration and diffusion rate. Finally, in section 8.7 we conclude.

8.3 Model description

We look for steady solutions to the dendrite problem shown in Figure 8.1
in the coordinate system moving at the speed V' (provided solutions exist). The

usual equations describing this problem from Davis (2001) are

oT

Va—x =k, VT, liquid, (8.1)
VZ—Z =k, V°T, solid, (8.2)
vz—i = DV?C, liquid, (8.3)

for temperature T and species concentration, C' (note: we have used the Galilean

transform % = Va%)' These equations represent diffusion with advection, that is

an artifact of the moving reference frame. On the boundary €2, we can use ’pill
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box’ arguments to express the interfacial jump conditions as

Ky

K
LV, = ——n-VT|, — n-VT|, 8.4

P psCps | peCpe L (8.4)
(C— C)V, = —Dn - VC, (8.5)

where k is the thermal diffusivity, L is the latent heat, C'p is the specific heat, D
is the species diffusivity, p is the density, C; is the solid concentration, €2 is the
location of the interface, V,, is the normal velocity of the interface and from now on
we will assume that the properties are the same for the liquid and solid. The first
equation is the Stefan condition and expresses the velocity of the interface in terms
of the net rate of heat flux away from the interface. The second equation is the
equivalent of the Stefan condition for mass diffusion. Furthermore the interfacial

temperature condition is expressed as (Davis 2001)

T="T, {1+%V~n]+m(0—0m)—%, (8.6)

where F is the surface energy per unit area, m, is the liquidus slope, p is the kinetic
coefficient and V -n is the curvature. This equation is essentially the liquidus curve
shown in figure (8.2), modified for kinetic under-cooling and the Gibs-Thompson
effect.

We can write the position of the interface for z > 0 in parametric form
z = £h(x,t) and then determine the unit normal to the surface from n = V(z —
h)/|IV(z — h)| = (=hg,1)/4/1+ h2 at the upper surface, where we are pointing
out of the solid. The curvature is determined from the divergence of the normal

vector V- n = hy, /(1 + h2)3/2. We can express the speed of the front normal to
itself as V,, = hy/\/1+ h2 = Vh,/\/1+ h2 for the steady class of problems.

8.3.1 Non-dimensionalization

With reference to the phase diagram in Figure 8.2, the far field tempera-
ture and concentration are set to T, and Cy, respectively. The temperature of the

dendrite phase boundary will be larger than T, since the fluid is super-cooled and
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Figure 8.2: Typical phase diagram for a binary mixture of methane gas and water

in which gas hydrates (solid ice-like structure) form.

will lie on the liquidus line in the case of zero surface energy and infinite kinetic
coefficient. Therefore we non-dimensionalize temperature by T'= T, + AT with
AT =T, — Ty, concentration by C' = C, + € AC with AC' = C,,, — C(T), length
scales by x/V and the interface position by h = dy(x), where 0 is a scale for the
thickness of the dendrite and the liquidus slope m = AT /AC.

0y =0y +0.., liquid/solid, (8.7)
06, = Cpp + 6., liquid, (8.8)

where 0 = k/D is the Lewis number. At the interface z = ay(x), we have in the

region z > 0

Say, = [—ay.b,+06.], (8.9)
(¢ — €)aoy, = —ay, €+, (8.10)
aymz — aym

0—1+%,=%+T - ,
i i (1+ a?y3)3? ”\/1+a2y§

(8.11)
and a similar set for z < 0. Here I' = E,T,,,V/LATk, i = V/uAT, S = L/C,AT,

a = 0V /k and the brackets are meant to imply solid minus liquid. In addition, as



170

will become clearer latter, we differentiate the Stefan condition along the surface
as follows

where t is the tangent vector and t - V = (0., ay.0,)/+/1 + a®y2.

8.4 Solutions

8.4.1 Long Thin Dendrites

We will assume slender body theory with a < 1 and expand in the
unknown powers of a: § = 0 + ab;..., y =y + ay; + .... We will set a.S = O(1), a
large Stefan number limit, but we specify the the size of i or I' latter on. In many

cases, such as gas hydrates, s > %, so we will take this limit in (8.10).

8.4.2 Inner Problem

We re-scale the vertical direction with z = aZ in order to magnify the

region surrounding the dendrite. The equations become
a*0, = a*0,y + 057, liquid/solid, (8.13)

Sa*y, = [—a*y.0, +0.];, Z=y(x), (8.14)

aya::v — ayﬂ)

a2 " Trag

0—1=¢—-%,+T
(8.15)

To leading order we have in the solid
0z2=0 (8.16)

which integrates to a constant that must be equal to zero due to the symmetry
condition 67(0) = 0. Therefore we can ignore the change in vertical temperature
gradient in the solid as well as by x-diffusion. We should note that in our case the
solid always has a constant concentration C;. The problem is now in a form that
is solvable by the Wiener-Hopf technique (see Noble 1958), which is the subject of

the next section.
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Figure 8.3: Steady-state dendrite growing into an under-cooled melt: outer prob-

lem.

8.4.3 Outer Problem:Wiener-Hopf

For the outer problem we have the following equations

0, =0, +0.., z>0,2<0,
0Cy = Gy + G-, z>0,2<0,
Say, = =0.]5,  z=0,

Saoyy, = =€,  2=0,

0—1:—%1%"‘(5‘}‘0597;&_60132’ ZZO’

co 0o
_ =
o

—~ —~ —~ —~ —
U ¢
[\ =
(=) o

~— ~— ~— ~— ~—

oo
DO
—_

where v = €5/S, a = i/S, B =T'/S, u denotes upper (positive gradient), b denotes

bottom (negative gradient) and the dendrite is now a line along the positive x-axis

shown in Figure 8.3. Equations (8.19) and (8.20) can be combined to obtain a flux

condition

070.(z,0) = €.(x,0).

(8.22)

We split the upper (denoted ) and lower half (denoted b) of the domain shown in

Figure 8.3 as follows



00, 0°0, 9°0,
R
o0, _ 0, 0
ox ox? 022
Ua%u _ 0%*€, N 0%*€,
ox 02 022
U@‘fb _ 0*%, N 0*%,
Ox Ox? 072

—o<r<oo z>0

—w<r<oo z<0

with the far field conditions of boundedness

(0, 0,60, 6,) — 0 as z — 0o or x — —00,

—o<r<oo z>0

—o<r<oo 2<0
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(8.23)
(8.24)
(8.25)

(8.26)

(8.27)

and the intrfacial temperature on the upper and lower side of the dendrite are

00, 629
891, 00,

Oy =1+ % +ag’— G5,

By taking the Fourier transform in x defined by

é(k,z):/ (z, 2)e™dx,

—00

1 [~ .
O(z,2) = — / O(k, 2)e *dk,

2T

—00

we have the following transformed problem

9%0, - ‘
9.2 Ou.k(k —1i) =0,
2 ~ A~
% — ku(k ) = O, Gb(k, —OO) = 0,
825&
022
32‘51,
022

D>

u(k> OO) = O,

—Cuk(k—0i) =0, .k o00) =0,

—Gk(k —0i) =0,  %(k,—o0) =0,

(8.28)

(8.29)

(8.30)

(8.31)

(8.32)
(8.33)
(8.34)

(8.35)
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with the following equations along the strip, z =0

85: — a;%, - = §r, (8.36)
553 = _a;%’ 0+ = 65, (8.37)
8;%_ = 82’, G =%, (8.38)
a;ij = _a;?’ € =%, (8.39)
O =6, - ’%:im) - 855 (o +ikp3) — ﬁ% o (8.40)
0 =4 — i(élim) - 8;5 (a +ikf) + 6% » (8.41)

Here the superscripts (+) and (—) denote functions that are analytic in the upper
and lower planes respectively and we have represented 1 by e~ where we take
e = 0" at some latter point in the analysis. The second condition is a physical
result that comes from symmetry. The general solution to the above differential

equations is

9 .

éu = C’le_z \ k(k—i) éb = Cgez \ k(k—i) (842)
Cgu _ Cge_z k(k—oi) Cgb _ 0462\/k(k—0i)‘ (843)

)

where we have used the boundary conditions at infinity. We cut the k-plane for 0
along the imaginary axis from ¢ to ioco and from 0~ to —ioco so that Re(y/k(k — 1)) >
0 outside of the cuts. For ¥ we cut along the imaginary axis from io to ico and
from 0~ to —ioo.

The Wiener-Hopf procedure is then to split the conditions at z = 0 in

terms of plus (+) and minus (—) functions in order to determine the constants
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Cy — Cy. We can combine equations (8.40)—(8.42) to get the following

a0+ a0, o
S+ S VR =) (2, —%m) =
VR | = O o k) 16y | 4+ R 82 (8a9)
! ktie 0z ! 2 x:O’ '
aoF 90, =t B
W—FE— k‘(k‘—z)(%ﬂb —%ﬂm>—
ok — i) |—— +%(a+zkﬂ + 07 |+ /K —zﬁ (8.45)
k+ie 0z =0

which may be subtracted to get

aaéj (1 - oA 7)) = k(k_i)<w_é;_g§j), (8.46)

k 4+ i€

In addition, by eliminating the constants in equations (8.43), we obtain the follow-

ing
O Ot ~ (e
o+ St = —/k(k = o) (%u +<gu), (8.47)
8(‘9,2; acg;* _ N (2t o—
S+ S = k(= i) (% + ) (8.48)

which may be subtracted and combined with equation (8.22) to obtain

oy 06F
k(k —1i) 0z

—6F = +60. (8.49)

an expression for the interfacial species concentration. Combining equations (8.46)

and (8.49) we have

a0; i(1-%n) B (06, 08,
8Za (k)__—k—i-lﬁ +9 +c€ + a—% 0, (850)
where
! oy/a r
K(k)=1- +'k—:K+kK*k, 8.51
0)=1- st s ik = K WK (W, (851)

The functions Kt and K~ are analytic in the upper and lower half planes respec-

tively, and may be obtained by inspection or from the general procedure of Noble
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(1988). Equation (8.50) can now be re-written, for small surface energy (i.e. =0

and I'/fi = 0) as

0% (1—%,)i B
ag, [k + [K(—ie)(kJrie)L -
+%6; —i(1—%,) i(1—%,)

K= K00+ i0) +K‘(—z’e)(k:+z’e)} =D

(8.52)

Both sides are functions analytic in the upper (+) and lower half planes (4). As
k — oo along the positive real axis we assume that the second term goes to zero,
which can be verified after we obtain the solution, and therefore from the Louville’s

theorem Pr = 0.

8.5 Pure liquid

For a pure liquid the melting temperature has a constant equilibrium

value (%,, = 0) and the solid must also be pure (¢, = 0).

8.5.1 Isothermal solid

In this case equation (8.51) reduces to K (k)a = —1/\/k(k —i) = KtTK~

where K+ = a™'Vk and K~ = —1/v/k —i. Now equation (8.52) may be written
as
A R ey
Pu | | | ez ), (8.53)
0z |Vk n k+ e n
iE—i iv/—ie—i . ,
et e v o
(8.54)

Now we can combine these equations with equations (8.40) and (8.41) to obtain
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a0 VIt evkiv=i

0z k + ie ’ (8:55)
R L G\ e (8.56)

+
Lo (k+1ie)Vk —1i

which are the temperature and vertical temperature gradient along the phase
boundary z = 0. With the aid of the inverse transform equation (8.55) can be

expressed as

e~k df, (8.57)

90,  V1+e /°° iVkv—i
27 oo

0z k 4+ ie

For e = 0 we can solve this integral by using a key hole contour with a loop around

the brunch cut along the positive real axis to obtain

00 1 X eV -1
w_ dy = .
0z 21 )y v s (8.58)
where we have made use of the transformation k = —iv

Combining equations (8.42) and (8.56) and using the inverse transform

the temperature in the upper half plane can be expressed as

i/ —iv1 + € /OO ef\/k(kfi)zfikz
2m —00 (k?‘i‘lE)\/k?-Z

for the entire liquid domain. With ¢ = 0 this equation can be solved following

0, = dk, (8.59)

Wichman and Williams (1982) by introducing the polar coordinates x = —rcos(¢),
z =rsin(@) (0 < ¢ < 7), where r = V22 + 22 and ¢ = tan~'(—z/z). The solution

is

0, = erfc ( T 3 x) , (8.60)

and has the expected error function solution from self similarity (Horvay and Cahn

1961).
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Results
From the Stefan condition, equation (8.19) we can integrate equation
(8.58) to obtain

2
y_Saﬁ

where ¢, is determined form the near nose region but for the leading order dis-

VT + e, (8.61)

placement we can apply the condition y(0) = 0 and therefore ¢; = 0. This solution
is essentially unavoidable since there is no length scale in the system and could
be determined from similarity. If we recast this equation in dimensional form we
can obtain a family of solutions for the growth rate as a function of the dendrite
thickness

16k x
=G (8.62)
Provided we know the ratio x/h? from experiments or a numerical solution we can
find the velocity V' as a function of the thermal diffusivity of the liquid and the
Stefan number. Therefore from this expression we can see that the growth velocity
increases if heat can be diffused more rapidly or if the temperature gradient is
increased. Furthermore we can obtain an expression for the normal velocity in
dimensional form as
AWKV
= S/mr

The solution should be compared against the result of Ivantsov (1947), which yields

Va

(8.63)

a solution in terms of the experimentally determined radius of curvature of the tip.

Comparison with the similarity solution

We can compare our result with the similarity solution of Ivantsov (1947),

in which the interface position is given by (see Horvay and Cahn 1961)

Z\C/L?\/P +z, (8.64)

’y:
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where P = V R/2k is the Peclet number, R is the radius of curvature at the tip

and P is determined form
St = VrPel erfe(P). (8.65)
For large x we can combine equations 8.61 and 8.64 to obtain an expression for P,
VP =571 (8.66)

which is equal to equation 8.65 in the limit of a small Peclet number. Since P
decreases with the radius of curvature, our solution is approximately equivalent
to the similarity solution for slender dendrites, which is in accordance with our

assumption.

8.5.2 Kinetic under-cooling included

Here we solve for the vertical flux along the dendrite surface with the
effect of kinetic under-cooling included (o # 0). In order to do this we first
need to obtain the analytic functions K and K~ by using the general splitting
technique discussed in Noble (1988)

Splitting

In general the functions analytic in the upper and lower half plane in

equation (8.51) are

B B 1 id+o00 In K(é—)
ic+00
KT (k) = exp {2%”/ h;[(f(lf)df] , (8.68)

where 0 < ¢ < Im(k) < d < i and we can imagine a rectangle in the complex plane
where the two functions are analytic. We can solve equation (8.68) by closing the
contour in the lower half plane with a loop around the cut that extends from 0

to 100. We do not include the simple pole at & = k, where it is within the strip
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of analycity since it lies outside our contour. With the substitution ¢ = —iu and

k = —iy we have

1 oo -1 -1
K+ =— [ |log [1+i———e ] —log 1 —i— o
27i ), Vau(u + 1) ufu+1) )| v—"
(8.69)

With the well known trigonometric identity arctan(z) = [log(1 — iz) — log(1 +iz)]i/2

this integral is

Oé_l

u(u+ 1)

du
_fy’

1 o0
InK* = —/ arctan (8.70)
T™Jo

where u represents a purely real variable. By integrating this integral by parts and

substituting in the variable y = y/u(u + 1) we get

a—1/oolog< 1/2 — ’y—l—M/Q)

Y2+ a2

1
InK* + Elog(—'y) = dy = f. (8.71)

T
For small a the second term integrates to zero and we are left with the separations

found by inspection in section (8.5.1).

Determination of the vertical gradient

From equation (8.52) and the inverse Fourier transform we have

-1 K (k) ”
—IRT . 2
0. / K )/{7 eXp dk, (8 7 )

along the interface, where we are using the minus function for reasons that will be

apparent latter. If we close the contour in the lower half plane, where K~ (k) is

analytic we loop around the branch cut from 0 to —ioo and express the integral as

—a™? % K (y)exp(—yz) dy
TK=(0) Jo Yy +1) +

0, = , (8.73)

2
~
v(y+1)

where v is purely a real variable. From equation (8.71) and K = K~ KT we have

the following

e 1 ey (8.74)

z

1 /00 iay/AG+ 1) - 1]

TJo a2P2(y+1) +A12
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Figure 8.4: Interface position y from equation (8.76) and (8.74) as a function of x
for « = .05,.1,.5,1 and with Sa = 1.

in which case we take the real part of the integral and f, is f evaluated at v = 0.
Note: fp is a real number as a function of a and f will in general be complex.
We can gain some understanding of the nature of this integral by examining the
behavior far from the origin. In this case it can be shown that —yz >> fy — f
and now we can obtain an asymptotic solution using Watson’s Lemma (See Bender
and Orszag). By expanding the product multiplying the exponential we have the
solution as r — oo

-1 a? 3(a* — a?)

NN, SR W,

From this result we can see that as x increases or « decreases the isothermal

6, =

+ .. (8.75)

solution is obtained.
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We have plotted the interface position
Say = —/GZ dx + C}, (8.76)

in Figure 8.4 as a function of a, where y(0) = 0 for the first order displacement.
When the effect of kinetic under-cooling is large the temperature along the interface
is depressed, resulting in a slower growth speed. As a result the phase boundary
will melt back. It is interesting to not that the parabolic profile is no longer
obtained near the nose although for large distance this solution is the same as the
isothermal case.

From equation (8.75) we know that the temperature gradient for large x is
asymptotically equivalent to the isothermal case since the surface slope decreases in
this region. With reference to the Stefan condition, the normal velocity must also
be approximately equivalent here. Therefore we can express the growth velocity

as

16k 1
- S2m xh2’

(8.77)

which is independent of the kinetic under-cooling parameter a. With this rela-
tionship the velocity has a family of solutions for the surface slope, which could be

obtained experimentally.

8.5.3 Vanishing z-diffusion

Since heat is dissipating from the solid into a large body of fluid that lies
above and below the z-axis, we expect vertical diffusion to dominate diffusion in
the horizontal direction, except near the nose. Neglecting this term the equations

reduce to

0,=6.., >0, z<0, (8.78)
Say, = —60,, z2=0, (8.79)
0=1—af,, =z=0. (8.80)
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The boundary conditions in this case are
6(0,2) =0, (8.81)
(z,00) =0, (8.82)

where the first condition arises from the solution in the region x < 0. The set of

equations can be solved by Laplace-transforms defined as

(s, 2) = /0 0, ) (&) d, (8.83)
1

c+ioco .
0a,2) = 5 / e (8.84)
The transformed equations are
0,, = s0, (8.85)
4(s,00) =0, (8.86)
. 1 .
0(s,0) = T af, (8.87)
with the solution
oo 8.88
- s (1 o a\/g)a ( . )
0 1 c+i00 ef\/gz swd

Differentiating equation (8.89) with respect to z, we have the following

reduced equation along the interface

1 c+i00 esz c+ioo esx‘

a
6.(0,2) = —— S P S 8.90
(0,2) 270 500 om /C_ioo 1—ay/s ° (8.90)

c—100

where we have used a partial fraction expansion and the linearity property of the
inverse Laplace transform. The first integral can be evaluated by deforming the
contour around the left half plane with a loop around the branch point at s = 0 and
the negative real axis. For the second integral we can use the same contour, where

the pole at s = 1/a? an be neglected since it lies outside the contour. Therefore

1 a? [ N
0.00,z) = — — T ————dr =
(0.) VX * ™ /0 1 + a?r "

1 1 2 vV 2z
S T —— 7L 5 Y S 8.91
\/TX + 8\/7TZL’e 2 ( a ) ’ ( )




183

where D_j is the parabolic cylinder function defined as (see Abromowitz and Ste-

D_s(p) = ep2/4\/§ {\/ge-m _ perfe (%)} . (8.92)

We have the solution as  — oo

gun)

-1 N a? 3at .
VT 2ymad? Amabz T
We can determine the temperature profiles by manipulating equation

(8.89) as follows

0, =

(8.93)

1 ctico sx—+/52
f+ab, = — ¢
271

ds. (8.94)

c—100 S
The contour integral can be completed by deforming the contour onto the left half
plane with a loop around the branch cut along the negative real line and a pole at

the origin. The resultant first order ode is

0 + ab, = erfc (ﬁ) . (8.95)

This can be solved using an integrating factor (e*/“/a) to obtain

0 = erfe (ﬁ) + ev/oi=z/a [erf (2\2/5 - \/g) +erf (\/g)] — ab,(0,x).
(8.96)

In Figure 8.5 we have plotted the vertical temperature gradient ¢, from
the Wiener-Hopf formulation equation (8.74), the asymptotic solution for large =
equation (8.75) and the solution for vanishing x-diffusion equation (8.91). As we
expect none of the solutions are equivalent near x = 0 since we expect horizontal

diffusion to be important in this area.

8.6 Binary substance

Here we retain all the terms related to species such as %,,, o, v, and etc.

and solve for the flux, temperature and concentration using the same techniques
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Figure 8.5: 6, as a function of x for @ = .1 (left) and o = 1 (right) for equation
8.74 (solid line), equation 8.91 (dotted line) and equation 8.75 (dashed line).

as the previous section on a pure liquid. To be consistent we take I'/fi < 1 so that
curvature effects can be ignored although this will not be the case near the tip,

where the slope y, > 1.

8.6.1 Wiener-Hopf

For the zero kinetic under-cooling case (a = 0) the shape will be con-
trolled by the rate of diffusion of heat relative to solute. The (+) and minus (—)
functions are K+ = a~'vk and K~ = 0v/Vk —ioc — 1/\/k — i respectively. On
using equation (8.52) and the inverse transform with € = 0, we have the following
integral

00 efzk:p

c_dk,
—o VE

where k is still an imaginary number and % = (1 —%,,)/(1 — 0'/2y). The solution

00 :_@ﬂi
2w

o (8.97)

is of the same form as the pure case:

. _ 22
0z  Jrr

(8.98)
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Furthermore, the species flux is given by
o€, 2%Bovy
0z  Jmr '

From this equation the normal velocity and interface position as a function of x

(8.99)

are given from equation (8.19) to be

2%

Say, = , 8.100
W = = (8.100)
2172
Say = 4B ——. 8.101
ay N ( )
From this we can express the growth rate as
165(1 — 6,,)?
V =V, B = al ) @ (8.102)

(S — €,0'/2)2 2’
where Vi, is the velocity for the isothermal case and z is dimensional. The im-
portant result here is that although the profile is parabolic it will have a thickness
that is dependent on the chemical properties. For a fixed temperature scale and
variable far field concentration, the largest velocity will occur when Co, = C,,,
the maximum concentration. Alternatively no growth is possible if Co, = C(T),
the liquidus concentration since there would be no flux of mass to the interface.
Furthermore, the growth velocity increases when the Stefan number decreases for
the usual reasons and when %, decreases; hydrate concentration is small relative
to the concentration scale.

In the limit of a large Lewis number (i.e. the species diffusion is infinite),
the concentration field will be approximately constant and the velocity reduces to
the isothermal case, provided %,, = 0. On the other hand in the limit of a small

Lewis number the velocity is approximately

16D(1 — 6,)? «

V= 62 h?’

(8.103)

in which the velocity scales with mass diffusion and the parameter concentration
%,. This result is equivalent to the planar growth of a binary fluid discussed by
Worster (2000) in that %, replaces S when species diffusion is small. Generally

this is the case for many fluids (salt, gas hydrate, etc.) since o = 100.
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8.6.2 Vanishing z-diffusion

This problem is similar to the pure case but another equation is required
to account for the transport of solute concentration. We have the following equa-

tions
0,=0,.,, 06,=%.., (8.104)
and on the interface we have

O=1—%,+C—ab,, (8.105)
ovl, = ., Say, = —0,, (8.106)

with the far field conditions 6(z,00) = € (z,00) = 0 and the far left conditions
0(0,2) = €(0,z) = 0. Invoking the Laplace transform and applying the boundary
conditions we have

| fetico  gso—y/

0 = B— —d 8.107
2mi c—100 8(1 - \/E&) > ( )

1 c+ico eST—Vs02 (g
€ = Bo?y— - 8.108
7 om0 e s 5a) (8:108)

1/24). The temperature

after using the inverse Laplace transform and & = o/(1 —o
equation has the same form as for the pure liquid case and will have the same
solution for the temperature as equation (8.91) and (8.96) with the modified form
of the kinetic under-cooling term &. It is interesting to note that the effect of

kinetic under-cooling is now scaled with the Lewis number and the parameter ~.

The temperature gradient at the phase boundary therefore is

A2 00
Qz(()’x) - _ % _'_@Oé_ —rx \/F dr =

e —-dr =
\Tx T Jo 1+ ar

7 1 2 V2
—m+%’8mema D_2< - ) (8.109)

In many cases such as the growth of snowflakes, gas hydrates and sea ice

the kinetic coefficient ¢ < 1 and does not become important unless for very large



187

Figure 8.6: Interface position y from equation (8.76) and (8.109) as a function of
x for # = .025,.05,.075,.1 corresponding to thicker profiles respectively and with
Sa=1and & =0.

growth rates. In addition, for binary solidification the kinetic coefficient is scaled
with the Lewis number, which is very small in the applications mentioned above
and therefore has the effect of reducing the effect of under-cooling even further. In
figure (8.6) we have plotted the interface position as a function of the concentration
of the far field temperature difference & o %,,. As mentioned previously, as the
concentration C, decreases below the equilibrium value, corresponding to the
local temperature the growth decreases and we obtain the slimmer profiles shown

in figure (8.6).
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8.7 Conclusion

In this Chapter we have investigated the steady dendrite problem for a
binary liquid using slender body theory in order to determine the interface position
to leading order. The essence of this method is to expand the temperature and
interface position about an appropriate length scale for the thickness and solve
the outer problem. Under this assumption the equations are amenable to the
Wiener-Hopf technique, which is a complex variables method that is useful for split
boundary problems. In the case of a pure liquid we were able to verify the interface
profile found by the similarity solution of Ivantsov (1947) for an isothermal solid.
Furthermore we extended the model to include the effect of kinetic under cooling
and found that the profile is no longer parabolic but has a reduced thickness near
the nose region. In addition we investigated the binary liquid problem and found
that the interface retains its parabolic structure although it may have a thinner
shape depending on the far-field concentration relative to its liquidus value and

diffusion relative to heat.



Summary and Conclusions

9.1 Chemically reacting plumes

Plumes are the most common form of large Reynolds number convection
in the atmosphere and are frequently encountered within occupied spaces (Lin-
den, 2000). Previous studies have not considered the effect of chemical reactions
in the classical plume models of Morton et al. (1956), although there are impor-
tant applications as discussed in the introduction of this thesis. In our studies
we analytically, numerically and experimentally investigated the plume dynamics
associated with a second order non-reversible reaction between the source and en-
trained ambient fluid. The projects can essentially be broken up into two distinct
studies: passive reactions in filling boxes and exothermic/endothermic reactions in

unbounded ambients.

9.1.1 Plumes in ventilated spaces with passive reactions

In this case we examine the evolution of species concentration within
a ventilated room as a fundamental study for contaminate removal in occupied
spaces. We assume that the reaction is passive, such that the plume dynamics do
not couple with the chemistry since the heat of reaction is negligible. Clearly the

evolution of the chemical species depends on the reaction rate, the initial concen-
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trations, the shape of the room and the plume dynamics. However in general, we
can break the species evolution into three distinct phases. Initially, as the source
fluid flows into the room, the mean concentration of the input chemical increases
due to the inflow, with some loss due to the reaction with the initial room species.
After a finite time, the layer of fluid contaminated by the inflow reaches the open-
ing to the exterior at the base of the room. During an ensuing intermediate phase,
the rate of increase in the concentration of the input chemical then drops, due to
the extra sink for the input chemical of the outflow through the opening. During
this intermediate stage, the concentration of the input chemical continues to rise,
but at a reduced rate due to the reaction with the fluid in the room. Ultimately,
all the fluid (and hence the chemical) that was originally in the room is lost, both
through reaction and outflow through the opening. Finally, the room approaches
steady state in a few filling box time scales, in which the space in completely filled
with source fluid.

In relation to contaminate transport, if a hazardous chemical enters a
room from a plume source this species will rise to the ceiling before descending
into the occupied zone. Therefore, people must be evacuated before the first ar-
rival time of circulated plume fluid as predicted by Caulfield and Woods (2002).
Although for large reaction rates or a small initial plume species relative to am-
bient species this time will be extended significantly. Alternatively, if the room
is initially contaminated, then a plume will be more efficient at extracting this
chemical since the concentration of the contaminant will always be larger near
the vent. In addition, for large reaction rates and relatively small ambient species
concentrations, this contaminant will be extracted at faster time scales. Further-
more, if the product species is hazardous, a window of time will exist in which
the contaminant is at a sufficiently high concentration (assuming the chemical is
hazardous at high concentrations) but will decrease for weak reaction rates and

relatively small source concentrations.
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9.1.2 Plumes in infinite spaces with exothermic/endothermic reactions

In this study we developed a model for a turbulent plume in an unbounded
ambient, taking into account a general exothermic or endothermic chemical reac-
tion. In many cases, such as pyrophoric materials in air and the dilution of sulfuric
acid in water, the chemical reactions can be highly exothermic; therefore we used
the non-Boussinesq formulation. The problem was essentially separated into two
groups: unstratified and stratified ambients. In this first case we were able to
obtain an exact solution for large heats of reaction, in which the volume flux
scales with 22/5 rather than the 2%/® scaling associated with no reaction. Further-
more, we quantified the deviation from pure plume behavior as a function of the
release/absorption of heat and the reaction rate. In the case of an exothermic
reaction, the plume was shown to behave more plume like, since the buoyancy
force increases relative to momentum. On the other hand an endothermic reaction
yields the opposite behavior although for large amounts of heat absorption the
plume will become a fountain and spread horizontally into the environment.

In the second case, we examined the effect of reaction rate, heat of reaction
and ambient species stratification on the maximum rise height of the plume moving
through a linear density field. The most important finding, was that the maximum
rise height of the plume may decrease with reaction rate for an exothermic reaction.
This is due to a larger entrainment rate near the source, where the density and

reaction rate are strongest.
9.1.3 Future directions

Evaporative cooling

With the growing demand in energy required in the near future, especially
in the developing world, it is becoming increasingly important to offset this growth
with more energy efficient and sustainable technologies. Since many industrialized

countries spend a significant amount of their energy budget on ventilation systems,



192

which are relatively inefficient compared with hybrid natural ventilation systems
in certain geographical regions, this is an area in which many improvements may
be possible. One possible technology is evaporative cooling, in which dry air is
mixed with water droplets and forced into an occupied space where the water
changes phase from liquid to vapor. Latent heat is absorbed, thus cooling the
surrounding air. This technology is very popular in hot dry climates such as
the U.S. Southwest and the Middle East, since the cooling efficiency can be very
large and operational costs relatively low in comparison with air conditioners.
Evaporative cooling has been used for years in cooling towers to cool circulated
water (Fisenko et al. 2004). A major drawback is the increased humidity of the
cooled air which may accelerate the corrosion of electronic or other equipment and
create an uncomfortable environment in comparison with dry air. Therefore, a
complete understanding of the cooling rate and transport of moisture in ventilated
spaces is necessary, especially if this scheme is to be integrated into a natural
ventilation framework.

The fundamental fluid dynamical aspect of this problem is the distri-
bution of water droplets with variable size and concentration within a turbulent
plume. As the plume naturally entrains ambient fluid, the water droplets evapo-
rate provided the air is sufficiently dry in order to maintain the equilibrium vapor
concentration. In doing so latent heat is absorbed, thus increasing the density of
the fluid and coupling to the plume dynamics through the buoyancy force. Clearly
this process will increase the humidity as well as cool the air and an understand-
ing of the most efficient control strategies are critical, in order to employ it most

effectively in an air conditioning design.

Batch reactors

Often materials with a specific structure or composition are manufactured
using continuous batch reactors, where fluid is injected into a well mixed space and

a product chemical is extracted from the bulk fluid. Under normal circumstances
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the reaction is passive and the reactants see a homogeneous environment, where the
properties of the system can be described by simple equations that depend on the
inlet flow rates and reaction mechanisms (see Aris 1969). When the reaction has
an exothermic step, the homogeneity may break down with convection dominating
the external mixing for large temperature differences (Campbell et al. 2007). This
process has the potential to behave like a turbulent plume, especially for large ves-
sels with fluid injected from the bottom. Clearly, the mixing process, especially for
unmixed reactors, needs to be well understood so that the manufacturing process

is as efficient as possible.

9.2 Gas hydrates

Methane gas hydrates are contained within the ocean seafloor in ex-
tremely large quantities. Unlike ice, which generally requires cold temperatures
to exist, hydrates, in addition, need to be near a source of methane. Because of
this they are always in a transitory state at sufficiently large times scales, forming
and decomposing in response to the transport of heat, salt and dissolved methane
gas. In this study we have sought to examine how gas hydrates melt, dissolve and
dissociate in a fundamental sense, using equations that are as simple as possible.
In general we considered a homogeneous, rigid matrix that is separated into two
sections: a layer of hydrate mixture in the lower layer and a layer of water and
sediment on top. By conserving heat, species, mass and momentum we were able
to quantify the movement of this interface as a function of appropriate physical
conditions. Due to the complex phase diagram associated with methane hydrates,
the problem can be broken up into two parts: melting/dissolving and dissociation.

In the first case the local fluid temperature is less than the three phase
boundary and the hydrate release s dissolved gas upon decomposition. For pure
hydrate layers (S, = 1), the velocity of the retreating interface scales with the

rate of species diffusion and therefore will depend on the concentration difference
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in the system. Essentially, if the water temperature increases or the dissolved
methane concentration decreases the decomposition rate will be faster. Moreover,
we examined the effect of an arbitrary hydrate saturation in the lower layer. This
had faster interface velocities, since the amount of heat required to be remove at
this boundary is comparatively smaller.

In the second case, the local fluid temperature is above the three phase
boundary, causing the hydrate to dissociate into water and gas. Compared to the
previous model, dissociation is more complicated because there is a multi-phase
flow through the upper porous layer. Nonetheless we can still use Darcy’s Law
for the flow field with appropriate empirical relationships for the permeability and
capillary pressure. This scenario is possible if the overlying water column tempera-
ture increases (by global warming, seafloor lifting, etc.) or if the pressure decreases
(by a decrease in sea level, seafloor lifting, etc.). We developed a simple model
assuming pure hydrate saturation, constant densities, and a homogeneous porous
matrix, in order to understand physically the mechanisms involved in the problem.
These assumptions, though limiting, are most likely obtainable for sediments with
cold vents, such as those found near Vancouver Island. Here the hydrate layer can
be found meters below the seafloor and the saturations can be larger than eighty
percent. Generally, for gas hydrate dissociation, the controlling parameter is the
Stefan number as this relates the amount of sensible heat to latent heat in the
system. Therefore, if this number decreases (e.g. the water temperature increases
relative to the three phase temperature) the hydrate dissociation increases, causing

the flux of gas into the water column to increase as well.

9.2.1 Mass flux rates

In Chapter 7 we described a simple theoretical method for gas hydrate
dissociation but we did not explore the influence of specific deposits. Here we relate
the results to two test cases associated with regions of high hydrate saturations

(such as off Vancouver island). We assume the methane deposits are within a few
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Figure 9.1: Total mass (in kilograms) of methane gas leaving the seafloor per unit
area in one year as a function of the temperature scale AT and liquid layer depth
¢, = 1 meter (left) and 4 meters (right). The results are based on the model
developed in Chapter 7. We have used properties for sandstone (solid line) and
clay (dotted line), assuming that the thickness of the hydrate layer is double the
liquid layer.

meters below the seafloor and the porous medium is homogeneous, with appro-
priate thermal and dynamic properties corresponding to sandstone and clay. In
Figure 9.1 we show the total mass of methane gas, m,, (per unit area) leaving the
sea floor in one year as a function of the temperature difference AT (boundary
minus equilibrium temperature) and hydrate deposit depth ¢,,. As we expect, m,
increases with the temperature difference and for shallower deposits. Generally,
we expect the gas flow rate to be largest for sandstone, in the large Stefan number
case, where diffusion dominates because the average thermal diffusivity is larger
than clay.

Typically the temperature difference will be no larger than a few degrees
and we can see from Figure 9.1 that the total mass entering the ocean water column

is relatively large.
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9.2.2 Experimental work

When we first starting working on this project we were interested in
performing some experiments to help us understand what was going on and to
compare with our model. We started setting up the experiments with come col-
leagues in the chemistry department at UCI using isobutane as the hydrate former.
The main advantage of this hydrocarbon in comparison to methane is its very low
formation pressure (near 1 atm and ~ 1.7°C'). Eventually we abandoned the ex-
periments for several reasons, mainly concerning the ability to accurately control
the temperature.

Furthermore, although the experiments may be appropriate for the model
presented in Chapter 7, they cannot be compared to in situ deposits. The main
problem is that in general the length scales in the ocean are much larger than in
the laboratory and we cannot get dynamic similarity (gravitational forces dominate
for deep deposits but capillary forces dominate for shallow hydrate layers). There-
fore, the experiments would be of little interest to geologists or other investigators

interested in the dissociation of hydrates.

9.2.3 Future directions
Variable hydrate saturations

In most cases the hydrate saturation is not pure and the model presented
in Chapter 7 will not apply. The main issue is due to the hydrate bearing region
decomposing internally and thus absorbing latent heat, rejecting methane gas (ei-
ther dissolved or is gas form) and diluting the solute concentration. In Chapter
5 we developed the basic model for this situation, which will serve as a starting
point for an appropriate study. The main source of uncertainty, involves an appro-
priate condition for the hydrate mixture/water interface, which in the small Lewis
number limit implies S}, = 0. Therefore in this limit no gas flux can occur. It may

be possible to overcome this by considering the inner problem but so far this has
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not been done.

9.3 Dendrite solidification

Dendrites are a common occurrence generally appearing with multiple
structures such as snowflakes, sea ice, metal castings and etc. and are important
for many reasons including ocean convection, material strength and many more.
In Chapter 8 we examined a simple case involving a single dendrite growing into a
super-cooled binary fluid. We used slender body theory, which is appropriate for
small Peclet numbers as determined from similarity theory. The dendrite surface
position was found to be parabolic but when kinetic effects were included the
interface position took on a new form with a thinner profile. In addition, the effect
of a binary fluid is to reduce the growth rate since mass diffusion is slower than

heat and therefore dominates the interfacial velocity.
9.3.1 Future directions

Near Nose Region

The analysis presented in Chapter 8 will not apply near the tip of the
dendrite since the scaling associated with slender body theory breaks down in
regions with large curvature. In this case we need to deal with the full non-linear

interfacial conditions, which we can do by rescaling the length with (x, z) = a(&, n)

CL(9§ = 655 + QTm, n < y(é), (91)
Ve = lyele — Only,  n=wy(§), (9.2)
b4l Ve 5 U (9.3)

O g

For small a the temperature field in the liquid and solid to leading order may be

approximated as Laplace’s equation

Oce + Oy = 0 n < y(§). (9.4)
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Due to the complicated nature of the interfacial conditions, a closed form solution
may not be possible although the equations can be solved numerically using bound-
ary element methods. This solution essentially corresponds to the inner solution
and will need to be matched to the outer solution obtained in Chapter 8 in order
to find the growth rate. Of course for zero surface energy and infinite kinetics
the solution is given by the similarity solution. Thus following Horvay and Cahn

(1961) the interface position is
h=2VPyz, S '=+7P, (9.5)

where P is the Peclet number. It would be interesting to solve the equations for

the surface energy and kinetic effects included, which we will complete in due time.
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