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EFFECTS OF THE SINGLE PION EXCHANGE IN THE 
REACTION· p + p __,. n + p + TI+ 

Joseph T. Lach 

Lawrence Radiation Laboratory 
University of California 

Berkeley, California 

March 1 1 , 1 9 6 3 

ABSTRACT 

The distribution of neutrons in energy and angle from the reac

tion p + p-+ n + p + TI+ at an incident proton momentum of 2.5 BeV/c is 

studied. The coordinates of the three final- state particles are me as

ured by an array of plastic scintillation counters, the energy of the re

coil neutron being determined through its flight time. The range of 

measured neutron angles is limited to 4 to 60 deg, and the range of re

coil momentum is from approximately 150 to 330 MeV/c. Data is re

corded on magnetic tape in a format directly acceptable to an IBM 7090 

computer where sorting and kinematical fitting is done. 

A Monte Carlo computation is made in which the effects of the 

complex resolution functions of the apparatus and the fitting code are in

vestigated and used to compute the ave rall efficiency and resolution of 

the apparatus. Because of geometrical limitations of the angular region 

in which the final state pion and proton could be detected, and our ina-

bility to distinguish between them in 18o/o of the events, the analysis is 

limited to a region of 

-0.5 <cos (e':') < +0.5. 

}:( e ' the pion-proton scattering angle, bounded by 

Comparisons 'are made with predictions of the 

one -pion exchange modeL A Chew-Low extrapolation is performed and 

deviations from a linear extrapolation are found. The peripheral model 

predictions of Selleri agree well with the observed position and reasona

bly well with the observed shape of the 3/2, 3/2 resonance if an inte

gration is made over Yn:Omentum transfer. The cross section, as a 

function of momentum transfer, deviates from the predicted behavior. 
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I. INTRODUCTION 

With his postulate of the meson in 1935, Yukawa 1 laid the frame

work for later attempts to understand the strong interactions in terms of 

the exchange of finite-mass particles; with the subsequent discovery of 

the pi meson and the development of quantum field theory, it was hoped 

that a satisfactory quantitative formulation of the theory of strong inter

actions could be achieved. Although the meson field theory of nuclear 

forces has met with some limited successes, such as in the use of the 

static model by Chew and Low2 in describing the low energy behavior of 

the pion-nucleoninteraction, quantitative calculations have proven very 

difficult to make, and their agreement with experimental results has 

been capricious. These difficulties appear to indicate that nuclear 

forces cannot be accounted for by a single pion exchange; the rqle of 

multiple pion exchanges and even more complicated processes seems to 

be significant. Although these complications appear formidable, it was 

felt that there may be conditions under which the simple picture of a 

single pion exchange is valid; that in these cases, calculations made 

with this model would give results which would agree with experiments. 

With this conjecture in mind, we undertook the experiment described in 

this and two related papers, 4, 5. 

Chew and Low, 3 using the single -pion exchange model, were the 

first to make explicit the connection between production reactions of the 

form 

and the elastic scattering reaction 

Here, and in the subsequent sections, the notation of Chew and Low
3 

will be slightly modified so that the Latin·letter M will always refer to 

a nucleon and the Greek letter f-L will refer to a meson. Appendix-A is 
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a summary of the notation and useful kinematica,.l: relations. In our no

tation M
1 

is the mass of the projectile particle, M
2 

is the masf? of the 

target particle which is at rest in the laboratory. In this model, the 

target particle may be considered as virtually composed of a particle of 

mass M
3

, whose role is considered that of a spectator to the reaction, 

and a lighter particle of mass f.L· In the reaction, ~nough energy is 

transferred to the target to liberate its constituents. Chew and L.ow 

conjecture that from a knowledge of the above productionprocess, one 

can deduce the behavior of the elastic scattering reaction. 

The experiment to be described was one of three done, all using 

the same apparatus, to investigate such reactions. This paper will 

concern itself with the reaction 

where the elastic process 

+ 
p+p-+-n+p+rr 

+ + 
TT +p-+rr +p 

is well known experimentally. The reactions 

1T +p--.n+rr 

and 

+· + TT 

were also investigated;
4

• 
5 

here, the associated elastic process of pior1: 

pion scattering is inaccessible to direct experimental measurement. 

We hope in each of these three inelastic processes to find the domip.ance 

of the same single pion exchange. Thus, if we could successfully infer 

the known pion-proton cross section from a knowledge of the as so~iated 

inelastic process this inference would lend stature to the inference of 

the totally unknown pion-pion cross section from its associated inelastic 

process. 

.It' . 

0 
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For Chew and Low, 3 the essential assumptions are the exis

tence of poles in the scatte Fing amplitude and the dominance of these 

poles in determining the interaction in their neighborhood, For our 

productionprocess, where fJ. represents the pion mass, the position 

of the single pion pole due to the diagram shown in Fig. 1, can be ex

pressed as a function.of ~2 , the square of the difference of the four

momentum of the target (M
1

) and the spectator particle (M
3

). The 

production process in Fig. 1 will then manifest itself as a pole at 
2 2 

t::,. = -f.J. and should dominate the behavior of the amplitude in this 

neighborhood. One notices, however, that this pole is not in the physi

cal region, and hence we are unable to make measurements in its im

mediate neighborhood, but must be content to make our measurements· 

in the physically accessible region and extrapolate their value to the 

pole. Chew and Low 3 give the form of this extrapolation in terms of 

the more convenient variable P 2 defined as 

which in terms of ~:::,. 2 is 

In the reaction under study, P 2 is approximately equal to ~:::,. 2 ; it re

fleets the singularity in t::,. 
2 as a pole at a value, P 

0 
2 , given by 

p 2 
' 0 

Because P
0 

2 differs from the charged pion mass squared, f.J-
2

, by 

less than 1. 3o/o, we conform with general usage and approximate it by 

f.J-
2 . From these relations one sees that P 2 is an invariant, given in 

the nonrelativistic approximation by just the square of the neutron re

coil momentum in the laboratory system. The value of P 2 at the 
'2 pole, -f.J. , corre spends to a neutron energy of about -10 MeV. 



Fig. 1. 

4 

MU-30224 

Diagram of the single pion exchange in the reaction 

Ml + M2 .- Ml + M3 + f.L ' 

where for the specific reaction under study, M
1 

and M
2 

re
fer to a proton, M 3 to a neutron, and f.L to the positive pion. 
Chew and Low assume that only this diagram contributes to 
the reaction at low momentum transfer. 3 

... 
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The extrapolation function, F, that we are required to con

struct is given by 3 

(I -1) 

where 

2 In our case, f is the charged pion-nucleon coupling constant equal to 

0. 16, and w2 is an invariant equal to the total energy of the two non

spectator particles measured in their own center -of -mass system. 

W2 . . b 1s g1ven y 

where wiL = total laboratory energy of the incident particle, M 1 
(in this case a proton), 

and 

q IL = laboratory momentum of the incident particle, 

w 
3

L = total laboratory energy of the spectator particle, M
3 

(in 

this case a neutron), 

q
3

L = laboratory momentum of the spectator particle, 

e
3

L =laboratory polar angle of the spectator particle, 

a2
(J 2 2 

---=---=-=cross section to be measured per P and per W . 
8P2 8W2 

Appendix A and Fig~ 2 present a systematic description of useful three

body kinematical relations and the notation used in this paper. 

If one measures F(P2 , w 2 ) at a fixed w2 as a function of· P 2 

then Chew and Low claim: 

\ 
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Fig. 2. Kinematics diagram in the laboratory system for the 
general reaction 

-where qiL =momentum of incident particle of mass Mr, 
Cir 'L = momentum of final-state particle of mass Mr, q3L = 
momentum of spectator particle of mass M 3 , qf.LL = momen
tum of exchanged meson of mass fl., and q~L =momentum of 
fictitious particle of mass M~. Since M~ is equal to the 
total energy of the two nonspectator particles measured in 
their mutual center -of -mass system, this allows us to treat 
this. three -body final-state problem in terms of a two -body 
final-state problem in which one of the particles of mass M 
decays into two others of mass M1 and fl.· The quantities 8 
refer to the polar angles of the above momentum vectors. 
The subscript L will always refer to the laboratory system. 

~ 
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where a( W) is the total cross section for the scattering of {in our 

case) free positive pions by free protons at a total center-of..,mass 

energy given by W. Chew ctnd Low also claim that an;analogous ex

trapolation will work for the differential cross section. The measure-. ·2 . 
ment of the dol,lble <;listribution, 8

2 
(]' 

2
, and the construction of th~ 

f . F(P2 2) h' h . 8P 8W . 1 . d unchon . , W , w 1c we use to test th1s extrapo ahon proce ure, 

constitute the primary aims of ou.r experiment. 

S~lleri26 assumes that Eq. (I-2) holds not only in ~he limit of 

P 2 - -f.i.2, but for all P 2. Then the cross section, a(W), can be in
a2(J' 

serted into Eq. (I-1) to give an expression for 
2 2 

which can be 
8P (JW 

directly compared with the measure·d distribution of the three final-

state particles. Selleri 1s expression was published as an integtal: 

d(J' 

dT3L 

where 

and we have 

J W R( W) a( W) [a( T 
3
.i) + b( T 3L' W) + c( T 3L' W)] dW, 

w 

b(T 
3
L' W) = 

c(T 3L' W) = 

b,2 
2 

/::;.2 
1 

(I -3) 
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cp = ( W - M) [(E 1; + M) (E ,' + M)] l/2 cos 8. 
p 2 p .~ 1 

+(W+M)[(E-fi 
P2 

The quantities E ,.. E I ' and e. are the energies of the initial pro-
p ' p 2 1 . 

tons and the angle 
1 

between their directions, all measured in the 

center-of-mass system of the final-state pion and proton; l:l.i is the 

square of the four -momentum transfer from projectile to nonspectator 

proton, and .6.~ is the square of the four -momentum transfer from the 

target proton to spectator neutron and is identical to .6. 
2 a(> def:j.ned 

earlier in this section. Selleri has assumed equal masses, M, for 

proton and neutron. The coupling constant, f 2 , as stated in this 

formula, is taken as 0. 08. All other notation has been defined earlier 

or is described in Appendix A, We may rewrite Eq. (I-3) to put it in a 

more convenient form for comparison with our data: 

= '(T-4,) 

where the relation between P 2 and T 
3

L has been noted. 

Note that the term b(P 2, W) arises because the expression 

must be properly symmetrized to account for the identity of the initial 

particles. The term c(P2 , W) is merely an interference term arising 

from a{P2 ) and b(P 2 , W). In the approximation of b(P
2

, W) and 

c{P2 , W) becoming very small -and they will be small compared to 

a(P 2 ) in the range of P 2 we will be concerned with- the above re

duces to the expression of Chew and Low (Eq, I-1 but without the limit). 

This will be referred to as the peripheral model during the rest of the 

paper, 

;_.; 
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II. DESIGN CONSIDERATIONS 

The most impressive feature of the positive pion-proton elastic 

cross section when viewed as a function of incident-pion laboratory 

energy is the large resonance at about 195 MeV. The parameters of 

this experiment were chosen so that the extrapolated cross sections 

would be in the region of this resonance. Let us now consider what re

quirements the position of the pion-proton resonance and the Chew-Low 

extrapolation scheme imposed on the experiment. 

First, a measur~ment of the neutron energy distribution at 

small 6,.
2 must be made. Hence the neutron energy distribution in our 

reaction must be measured for as low a range of neutron energies as 

possible. Blocks of plastic scintillator 15 em thick were chosen as a 

suitable detector; the energy of the neutron being determined by its 

flight time. Of course, the larger the distance over which the timing 

measurement is made, the more accurate the neutron-energy measure

ment becomes; however, considerati~ns as to the overall size of the 

apparatus limited this distance to about 5 ft. The most energetic neu

tron whose energy could be determined in this manner was about 50 

MeV, this limit being set by the accuracy with which timing measure

ments can be made at this energy. The lower limit to the detectable 

neutron spectrum is set by the properties of the scintillation material 

itself. Plastic scintillation material is basically polystyrene, (CH), 

which although not directly sensitive to neutrons, is sensitive to the re

coil protons re sultihg from the neutrons which scatter as a result of the 

hydrogen in the pla,stic. This, combined with inelastic processes in

volving the carbon, gives rise to scintillation light which is then re

corded by the photomultiplier. With low energy neutrons, the amount of 

light released in these processes becomes very small and the resulting 

phototube pulses reflect this by a large time "jitter" of their output 

pulses, making accurate timing measurements very difficult. This im

poses a lower limit to the energy measurement of about 5 MeV. From 

the neutron-proton and neutron-carbon cross sections, it was estimated 

that the counting efficiency of the scintillator would average about 25o/o 

in this 5- to 50 -MeV energy interval. The efficiency at a given neutron 



-10-

energy 1s very difficult to compute and ·a direct calibration of the detec

tion efficiency as a function of neutron energy was made later, 

Second, to compute w 2 we must also measure the neutron 

angle, Since the kinematics of the reaction require that the neutrons al

ways go forward in the laboratory system, . we contain alma st all of. 

them if our neutron counters subtend a forward half -angle of 60 de g. 

Since we have fixed our neutron energy range, and since we also r~quire 

our w2 range to bracket the resonance, we have determined our inci

dent momentum to be arou:nd 2,5 BeV/c. Figure 3 describes some of 

these pertine~t kinematics, 

Third, the detection system must be able to discrimiDate among 

other inelastic processes which also occur at this momentum, For ex

ample: 

p + p- p + p +'ITO 

- p + n + 'TT ++'!To 

-p+p+'TT +'TT+ 

-higher pion multiplicity processes. 

820" 
Although the double distribution, can be completely deter-

aP2aW2' 
mined from a measurement of only the neutron energy and angle distri-

bution, in order to discriminate against reactions of the above types we 

decided to measure the coordinates of the two nonspectator particles at 

the same time. Thus seven quantities were measured; the neutron 

energy, and the polar and azimuthal coordinates of all three final- state 

particles, Conservations of energy and momentum state: 

qlL = ql'Lcos(:~l'L)+q3lrcos(83L)+q~Lco.s81-1L' 

0 = q 1,Lsin(8 1,L)c.os(8 1,L)+q3Lsin(8 3L)cos(8 3 L)+q Lsin(B L)cos(B L)' 
: ; . ., ' 1-1 f-1. .. 1-1 

0 

and 

W IL + M3 - W 11 L + W 3L + W fJ.L (II-1) 
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C\1 

0... 

0 .I- L...--...L...---L--......1..---L.----1--'-----1 

0 10 20 30 40 50 60 70 
Spectator neutron angle in degrees 

MU-30226 

Fig. 3. Accessible region of w2 in the reaction p + p -+ n + p + 1T + 
for an incident proton momentum of 2.5 BeV/c. 
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where e is used to refer to the polar angles, <j>· refers to the azimuthal 

angles of the final- state particles measured in the laboratory system,. 

W is used to represent the total energy of the particle, and M
2 

refers 

to the rest mass of the target particle~ Appendix A is a more complete 

description of the kinematical notation. The three final-state particles 

can be specified by nine parameters; two angular coordinates and the 

magnitude of the momentum vector of each particle. Since there are 

four equations of constraint, a measurement of only five ot these mne 

quantities should determine the entire kinematics. Hence, these. 

measurements will overdetermine the system by two parameters. By 

demanding that all of our events be consistent with these four equations 

and the resolution of our geometrical and tlming measurements, one im

poses powerful criteria for rejecting spurious events. 

Although many multiple -pion production events could be discrimi

nated against by the above considerations, the finite resolving power of 

the system engendered fear that processes involving ar:J. additional unde

tected neutral pion might provide a serious background. These neutral· 

pions could only be detected through the electron-positron pairs pro

duced in the plastic scintillator by the gamma rays resulting from their 

decay. Since plastic scintillator is essentially a (CH) polymer, 
6 

it has 

a relatively long gamma conversion length and hence a low efficiency for 

detecting gamma radiation. If at least one of the gamma rays resulting 

from the neutral pion decay could be observed with a high probability, 

the event could be rejected because it would have more than three ob

served final-state particles. Without a serious attenuation of the fast 

charged particles, a thin covering of lead could be applied to all the 

counters to grea~ly increase this y-ray conversion efficiency and allevi

ate this problem. Such a covering was applied and will be described in 

more detail in the next section. 

Finally, it was realized that in order to achieve the angular re so

lution necessary to identify the final state particles, a large number of 

counters.would be necessary. The final apparatus consisted of 102 

counters, excluding those used to define the incident beam. Recording 

the data from each of these counters by conventional means such as 

• 
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scalars was obviously out of the question. Other conventional means 

such a photographing the outputs of these counters displayed on the face 

of an oscilloscope seemed unfeasible since the detailed scanning and 

sorting of the many false events on the film wou~d prove extremely 

tedious and prohibitively time consuming. Also, with such a system, 

because of the problems of rapid film transport, only a few possibly 

good events could be recorded during each Bevatron beam pulse. Con

sequently, it was decided to record all events in a specially designed 

high-speed magnetic -core storage unit which would then at periodic 

intervals transfer its contents to magnetic tape. The analysis and 

sorting of events would be from this tape by means of a high-speed 

digital computer. 
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III. DESCRIPTION OF APPARATUS 

A. Detector Geometry 

Eighty-four plastic scintillation counters composed the neutron 

detector, The plastic scintillator,in these count~rs co:q.sisted of ap

proximately 97o/o polystyrene (CH), 3% terphenyl, and 0. 03% tetraphenyl 

butadiene. These counters took the form of trapazoidal prisms set to 

fit on a section of the surface of a 160 -qn rc;:tdius sphere at whose 

center was a liquid hydrogen target (Fig. 4 ). The liquid hydrogen con

tainer was a hemispheric Mylar flask 10 em in radius, the flat side 

facing the incident beam. The outer vacuum jacket had a Mylar windo.w 

facing the beam and a 1/16-in.-thick aluminum dome on the other side. 

Looking outward from the target at the counter array, one yvould see 

the elements grouped in a series of seven concentric. rings, each ring 

subtending a polar angular interva1 of 8 deg. In turn, each ring was 

divided azimuthally into twelve portions, each portion subtending 30 deg. 

The entire counter array took the form of an azimuthally symmetric 

dish covering a region of 4 to 60 deg in polar angle. Light from each 

of the 15 -em-thick scintillator blocks was channeled by aluminum re

flectors into a RCA 6810A photomultiplier for the smaller blocks of the 

inner three rings or a RCA 7046 photomultiplier for the larger blocks 

of the outer four rings. Figure 5 is a photograph of the neutron detec

tor c;:trray. The total weight of the plastic scintillator was about 1-1/2 

tons. 

Although the kinematics of the reaction f~Hced the final-state 

nucleons to go forward in the laboratory system, there was no such re

striction for the pions. In order to catch most of the pions a set of thin 

( 1. 0 em) scintillation counters covered the region from 60 to 14 7 deg in 

polar angle (Fig. 4). These eighteen counters were overlapped in such 

a way as to give a resolution of 30 deg in azimuthal angle and divided 

this polar angular region into four zones ranging in width from 16 dE!g 

for the forward zone to 3 7 deg for the backward zone. 



... 
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Hydrogen 
target 

Dish 

(cl 

MU-28804 

Fig. 4. Geometric arrangement of counters. The side view is 
shown in (a). Front views of the pion counters and the neu
tron counters are shown separately in (b) and (c). (View as 
seen looking along the incident beam.) 
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ZN-3412 

Fig. 5. Photograph of neutron detector array. 
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B. Neutral Pion Discrimination 

In order to detect gamma rays from the decay of neutral pions, 

the entire counter array was covered with 0. 6 em of lead sheeting. 

Assuming that the gamma rays are produced isotr\)pically in the labora

tory system, one can calcu~ate the efficiency for detecting those result

ing from neutral pion decay. For this calculation, the counter array 

was divided into three regions, this differentiation being based on. the 

amount of y -ray conversion material contained in each region. From 

a knowledge of the radiation lengths in these materials6 and the relation 

between the radiation length ( 1 ) and the y -ray conversion length 7 
r 

1 c 
= 9 

7 
1 

r 

one can compute the y -ray detection efficiency in each of these regions, 

These are shown in Table I. Summing over all regions, we find the 

probability of detecting a single gamma ray to be 76%. Hence the 

probability for detecting at least one of the two y rays resulting from 

the pion decay is 94%. Since, in the laboratory system, the interaction 

will favor forward y -ray production where the detection efficiency is 

greatest, this pion discrimination probability should be considered a 

lower limit. 

C. Incident Beam 

Since the same magnet system was to be used to investigate pion

production processes not only with incident protons, but also with inci

dent positive and negative pions, we had to weigh considerations per

taining to inddent particles for all three processes before we could 

de sign the beam. 

The beams were produced by accelerating protons to approxi

mately 6.2 BeVin the Bevatron and then allowing them to impinge on a 

beryllium target l/2 in. high and presenting an effective length of 2 in, to 

the incident proton beam. To make the optics for positive and negative 

particles nearly the same, this target was placed in an almost 



Table I. Probability of 'I -ray conversion in various regions of detector 

Extent of region in 
polar angle e 

(de g) 

4 to 60 

60 to 147 

0 to 4 
147 to 180 

Solid angle subtended 
by region 

( sr) 

3. 1 

8.4 

1.1 

Converter material 
in region 

o·~,6 em lead 
15. 0 em scintillator 

O·. 6 em lead 
2~ 0 em scintillator 

none 

Conversion probability 
for one 'I ray 

87 % 

81 % 

0 

I ,_. 
00 
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magnetic -field-free region of the Bevatron in the west tangent tank area 

(.Fig. 6). To facilitate positioning the taTget, it was placed on a probe 

located 20 in. from the Quadrant II magnet yoke. 'J:'he target radial po

sition was 600 3/8 inches during normal.operations. To further reduce 

the effects of the Bevatron fringing field, the portion of the beam which 

pas sed near the magnet yoke was shield.ed by channeling it through an 

8-in.-bore iron pipe. This pipe had a 1. 0-in. wall thickness; we esti

mated that it reduced the magnetic field inside by a factor of about 10 

from the outside field. 

The secondary beam fr,om the berylliumtarget was brought out 

of the vacuum tank through a 0. 020 -in. -thick stainless steel :winc;iow and 

was collected by an 8-in.-bore quadrupole magnet (Ql in Fig. 6). This 

magnet was 12 ft from the internal target and intercepted particles 

which were produced at a mean angle of 32 deg to the Bevatron internal 

proton beam. Sinc.e particles with a wide range of momenta are pro

duced at this angle, a bending magnet (Ml) w~s then used to provide a 

continuous set of dispersed images of the target at the first focus (Fl). 

Another quadrupole magnet (Q2) provided additional focussing while a 

plastic scintillation counter (Sl) situated at Fl electronically selected 

only those particles which were near the geometrical axis of the sys

tern. 

Between the first focus (Fl) and the second focus ( F2) were two 

8 in. -bore quadrupole magnets ( Q3 and Q4) which provided the nece s

sary focussing properties and a bending magnet (M2). The current in 

this bending magnet was set to channel particles of the desired momen

tum down the geometrical center of the system. The bending angle was 

chosen to recombine the continuous set of images at Fl into a single 

image at F2. A counter (S2) at F2 was used to further define the beam 

geometrically and to select particles of a given velocity range. Finally, 

a single quadrupole magnet ( Q5). using the image formed at Fl as i.ts 

object, focussed the beam in the region of the liquid hydrogen target. A 

final scintillation counter (S3) directly forward of- the liquid hydrogen 

. target further defined the beam. A list of the dimensions and optical 

properties of the magnets is given in Table II. 
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Fig. 6. Diagram of counter placement and magnet arrangement. 



Magnet 

Ql 

Ml 

Q2 

Q3 

M2 

Q4 

Q5 

' 
Table II. Description and optical properties of beam components. 

Description 

Two element quadrupole 8-
in. bore, 32 -in. -long pole 
faces 

Analyzer magnet 12.,..in,. 
wide by 60-in. long pole 
faces, 4.15-in. gap 

Two element quadrupole 8-
in. bore, 16-in.-longpole 
faces 

Same as Q2 

Analyzer magnet, 11 H 11 

type 18 -in. wide by 3 6 -in.
long pole faces, 8 in. gap 

Three element quadrupole 
8 -in. bo're, end sections 
16 -in, long, center sections 
32 -in,'long 

Three element quadrupole 
8 -in. bore, 32 -in. -long 
pole faces 

Optical Properties 

Front element had negative focal length in horizontal plane 
Rear element had positive focal length in horizontal plane 

Bent beam by 17 deg 

Front element had positive focal length in horizontal plane 
Rear element had negative focal length in horizontal plane 

Front element had negative focal length in horizontal plane 
Rear element had positive focal length in horizontal plane 

Bent beam by 1 7 deg 

Center element had negative focal length in horizontal plane 
End elements had positive focal length in horizontal plane 

Center element had negative focal length in horizontal plane 
End elements had positive focal length in horizontal plane 

I 
N 
I-' 
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Prior to the runs, we checked the focal and bending properties 

of all the magnets by using a thin current carrying wire to simulate a 

given. momentum particle orbit. 23 Near the beginning of the experi

ment, the position of the internal beryllium target and the current in 

Ml, as well as in the quadrupole magnets, were systematically varied 

to maximize the intensity of the transmitted beam. At these optimum 

settings, the intensity was measured as a function of the current in the 

momentum selecting magnet M2. This measurement gave 4.5% for 

the half width at half maximum of the momentum acceptance of the sys

tem. To minimize losses resulting from multiple scattering of the 

beam in the ;;tir, the entire beam path, except for small regions near 

the counters, was channeled through polyethylene bags filled with 

helium. 

To indicate that a particle had possibly interacted with material 

in the hydrogen target, a plastic scintillation counter (S4) was placed in 

the 4 -deg beam exit hole of the neutron detector array. This counter 

was in anticoincidence with the three beam counters. A comparison of 

this rate Sl S2 S3 S4 with the coincidence rate of only the first three 

counters Sl S2 S3 gave an indication of the number of interactions in 

the target area as well as a reflection of the final image size and the 

prevalence of particles with improper orbits resulting from aberations 

in the magnets and scattering from the pole tips or gas molecules. 

With the flask of the target emptied of liquid hydrogen, the currents in 

Q5 were adjusted to minimize the ratio, Sl S2 S3 S4 to Sl S2 S3. The 

constancy of this ratio was checked during each run and provided a good 

indication of magnet current drift and the behavior of the beam coun

ters. For incident protons of 2. 5 BeV /c momentum, this ratio was 

about 1%. 

, With a circulating internal Bevatron beam of 1 X 10 11 protons 
4' 

per pulse, about 2 X 10 protons of 2. 5 BeV /c momentum wer~ chan-

neled down the magnet system. The duration of this pulse was 0. 2 to 

0. 4 seconds. As a check of the amount of internal Bevatron proton 

beam striking the berylium target, a coincidence between two plastic 

scintillation counters, set to view the target at an angle of 90 deg to the 

incident beam, was used as a monitor (Fig. 6). 

... 



• 

-23-

The major contaminant of the proton beam was due to Tr mesons 

produced in the beryllium target. A clear separation between pions and 

protons at _2. 5 BeV/c could not be made by a time-of-flight measure

ment alone. .However such m~asurements were made at momenta of 

0. 75, 1. 25, 1. 50, 1. 75, and 2. 00 Be V /c. An extrapolation of these 

measurements to 2. 5 BeV/c indicated that pions comprised less than 

3% of the beam (Fig. 7). 

Scintillation counters Sl and S3 were plastic whereas S2 was a 

Cyclohexene Cerenkov counter. It was used to discriminate between 

pions and protons for the lower momentum pion beams intended for 

studying the pion induced reactions at 1. 75 and 1. 25 BeV /c. However 

at a momentum of 2. 5 BeV /c, this Cerenkov counter was also sensitive 

to protons and served no other purpose than to define the beam geomet

rically. 

D. Electronics 
0 

The electronic circuitry can be divided into three sections: the 

primary trigger circuit, the neutron timing circuit, and the storage and 

magnetic -tape read-out circuit. Only a brief general de scription of 

these will be given here since detailed accounts have already been pub

lished elsewhere. S-l 3 A detailed description of the many adjustment 

procedures and tests of the timing of the electronics and the integration 

of all the component sections during the actual run is given by 

Auerbach. 5 0 

The trigger circuit indicated that an interaction, which had pro

duced a slow secondary particle, had taken place in the hydrogen target 

by requiring a properly timed coincidence with the beam counters 

Sl S2 S3, and an anticoincidence with S4. A signal was generated by 

this combination which opened a gate whose boundaries were sufficienJ:ly 

broad to include all neutrons whose flight times would correspond to the 

neutron energies of interest. If, while this gate was open, a signal was 

found on any of the neutron counters, a trigger signal was formed which 
a 

actuated our neutron timing circuit (the Chronotron). 
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Fig. 7. Measured ratios of positive pions to protons in incident 
beam as a function of beam 1nomentum, This beam was extracted 
at an angle of 32 deg. from the Bevatron circulating beam. 
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The Chronotron was a circuit which compared the time differ-
' 

ence between two input pulses, and, depending on the magnitude of this 

difference, responded with an output pulse in one of seven channels. 11 

In this case, the two pulses compared were a pulse derived from the 

beam counter coincidence, t
0

, and a later pulse from one of the neu

tron counters. Figure 8 is a simplified diagram of the overall trigger 

system. Four separate Chronotrons were actually incorporated into 

the electronics, one for the neutron detectors of each qu?-drant showp. 

in Fig. 4; they are referred to in the diagrams as a, 13, y, and 5. 

Although the trigger system could have been made more selec

tive, we decided rather than try to add other criteria to it (thus perhaps 

further compounding the systematic corrections) to record all the 

events which gave triggers and sort them later on a high speed digital 

computer. All events which satisfied the trigger requirements were re

corded; this included the counter numbers of all fast and slow particles 

as well as the timing measurements of the slow particles. These num

bers were recorded in a magnetic-core storage unit of·l600 bit capaci-
13 . 

ty. After ten of these events were stored, the entire contents of the. 

core memory was transferred to magnetic tape. In non;nal operation, 

the Bevatron beam pulse was long enough to allow core to be read out 4 

to 6 times per pulse. The magnetic tape format was directly acceptable 

by an IBM 709 or 7090 computer; hence, each event could be electroni

cally examined to ascertain that it contained the proper number of fast 

and slow particles, and, after satisfying this criterion, the event could 

then be checked for energy and momentum balance. 

The efficiency for counting neutrons of a given energy for each 

of the Chronotron 1 s channels is shown in Fig. 9. Table III is a list of 

the mean neutron energies and widths of the seven time bins as derived 

from the curves of Fig. 9. Much effort was expended in determining 

these efficiency curves and in assuring ourselves that all of the neutron 

counters had the same efficiency throughout the run. Appendix B is a 

more detailed discus sian of this matter. 

The setting and adjustment of the neutron time -bin positions and 

widths was do~e using fast ( 13 :::. 1) charged particles and then making 
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MU-28805 

Fig. 8. Simplified diagram of overall trigger system. From 
point A, the signal goes to the Chr·onotron, where it provides 
the zero reference time To corresponding to the flight time 
of a pion, with ~ = 1, between target and dish. From B, the 
signal goes to gate -generator units which provide pulses that 
gate on the pion CD units. From C, the neutron CD units 
are gated on. From D, the signal goes to the Chronotron to 
give the neutron timing Tn compared with the reference 
signal To. 
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Fig. 9. Neutron counting efficiency 11 as a function of incident 
neutron kinetic energy En. 



(j) 

c 0.10 
0 
""
+-
::5 
Q) 

c 

+-
c 
::5 
0 
u 
,._ 
0 

'+-

u 
'+
'+-
w 

-28-

(c) /l'\l 
I ~~---~ ---I I --1: 

40 

E n (MeV) 
60 50 

I\ 
( ~~! ___ ! ____ ! ____ I--~==~-I 

I I I I ' 40 I I I 0 

• L ' 20 3 ( M e VI 

(d) 

10 En 

MU -28808 

Fig. 9 . (Cont.) 



-29-

(\ 
I ~~ 

----'[--1:---. 

(e) 
0.1 

40 25 30 
20 E (MeV) 

n 

35 10 en 
c: 
0 .... 
:::J 
(1) 

c: 

Ol 
c: -c: 
:::J 
0 
(.) 

.... 
0 -
>. 0 

5 (.) 

c: 
(1) 

(.) --w 

MU-28809 

Fig. 9. (Cont.) 



-30-

' 2 
Table III. Values of mean energy and mean (p/f.l) 

Tirne bin 

71 

72 

73 

74 

75 

76 

77 

for seven time-of-flight intervals. 

Mean energy T2L 
and rms width 

(MeV) 

54 ± 14 

38 ± 12 

29 ± 10 

23 ± 8 

18 ± 7 

13 ± 5 

10 ± 5 

Mean (p/f-1)
2 

and rms width 

5.2 ± 1.3 

3. 6 ± 1.1 

2. 8 ± 1.0 

2. 2 ± 0. 8 

1. 7 ± 0. 7 

1. 3 ± d. 5 

1. 0 ± o. 5 

•· 
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the change in cable lengths to correspond to the slower neutrons. This 
\ 

was accomplished by inserting a delay equal to the difference in flight 

time between a particle with . f3 z 1 and a time bin 1 neutron in the neu

tron lines. The flight difference was the 160 em distance between the 

hydrogen target and neutron detectors. Using this procedure the vari

ous gates as well as the positions and widths of the tiine bins could be 

set. Figure 7 of reference 5 depicts some timing curves done using 

this procedure. 

The relative timing of the individual counters was done by means 

of a pulsed nsec light source
12 

which could be inserted into the front 

of each scintillator. Using this sourc,e the relative delay of each coun

ter could be determined to ± 0.2 nsec. 

Since the absolute widths of the Chronotron channels could only 

be set to within ± 0.2 nsec, this contributed to a statistical uncertainty 

of the integrated efficiencies (discussed in Sec. V-C). This effect was 

most serious for time bin 1 where it amounted to 7. 1 o/o of its nominal 

width but was inconsequential compared to the counting statistics in the 

slower bins, being only a 2. 9% effect in time bin 7. In any comparison 

of data from different time bins this effect has been included by com

bining it with the counting statistics as a source of uncertainty. 
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IV. RAW DATA 

In this section a presentation of the raw data without corrections 

for geometrical or instrumental biases is made. Since some of these 

corrections are large and quite complicated, a presentation of the 

pristine data is useful if for no other purpose than as an introductory 

orientation. 

Measurements were made with two target conditions - .. flask full 

and flask empty -and two delay conditions -normal and abnormal. To 

achieve the abnormal delay conditions, sufficient delay was added to the 

neutron channels so that any slow particles detected would have had to 

traverse the flight path with f3 > 1 to be correlated with the fast parti

cles. This condition gave a measurement of the purely accidental neu

tron background. The target flask was also emptied of hydrogen and 

runs were made to estimate the contribution to the apparent cross sec

tion from background reactions occurring in the target walls. In terms 

of the four possible target and delay conditions -full-normal, empty

normal, full-abnormal, and empty-abnormal -the net cross sections 

are given by 

where the individual cross sections are defined in the usual way as 

(]" = 
N c 

The constants involved are: 

N = number of events, 
c 

6 3 density of liquid hydrogen = 0. 0708 gj em p = ' 
L = length of the hydrogen target in the beam direction 

Ao 
16 23 -1 = Avogadro's constant = 6. 0249 X 10 (g-mole) , 

and 

N. = number of incident beam particles. 
1 

= 10 em, '• 
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Table IV gives the number of protons incident on the target for 

these four target and delay conditions, Also givenas·a·n indication'ofthe · 

magnitude of the selection done by the electronics and the computer fit

ting program are the trigger rate (defined in Sec, III-D), the number of 

these triggers which consisted of only two fast particles and one slow 

particle, and finally the number of these triggers which satisfied the 

kinematics of our reaction, In this table a summation has been made of 

events from all of the seven neutron time bins and the seven theta zones. 

Table V is a breakdown of the events which were accepted by the 

computer fitting program according to the time bin and theta zone of the 

neutron, Background subtractions were made on the individual bins in 

a manner similar to that applied to the total data. The first number 

listed for each bin is the number of events with the target-delay condi

tions full-normal; the second, empty-normal; the third, full-abnormal; 

the fourth, empty-abnormal. Following these is the raw cross section 

in 

tics 

this 

flb for 

only. 

data. 

the bin, the errors presented being due to counting statis

No efficiencies or geometrical corrections are included in 



Table IV. Raw data summary: Events summed over all neutron time bins and theta zones. 

Number of incident 
protons 

Triggers (see Sec. 
III -D) 

Events with only 
two fast particles 
and one slow par-
.ticle 

Events with only 
two fast particles 

X 106 

X 10 3 

a (mb) 

X 103 

0' (mb) 

and one slow parti- a (mb) 
cle which fit the 
kinematics of 
reaction: 

+ p+p.....,. n+p+TT 

.. 

Full-normal 

69.45 

535.6 

7. 71 

72.0 

1. 04 

16,337 

0.235 

Net 
Empty -normal Full-abnormal Empty-abnormal cross 

section 

29.87 23. 76 11. 29 

122. 1 7. 0 1.6 

4. 09 o. 35 o. 15 3.42 

- 11. 6 1.6 o. 2 

0.39 0.07 0. 02 0.60 

1' 132 166 13 

0. 038 0.007 0.001 0.191 

, . 

I 
w 

*'" 
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Table v. Raw data: Neutron distribution 
in time bin and theta zone. 

:--.::.:,_ 

el e2 e3 e4 e5 e6 e7 .. 
304 422 525 533 807 1120 652 
41 50 61 52 53 56 53 

t 5 1 9 8 3 3 3 l 
·0 0 0 0 0 0 . 0 

2. 7 ± 0 •. 3 4.3±0.4 5.1±0.4 5.5±0.4 9.6±0.513.9± o. 5 7.4±0.4 

283 346 460 611 900 1032 446 
37 22 40 52 37 46 26 

t2 7 2 6 5 5 5 1 
0 ·0 0 3 ·o 0 . 0 

2.5 ± 0. 3 4.1±0.3 5.0±0.4 7.0±0.5 11.3 ± o. 5 12.9± 0.5 5.4± 0.4 

183 224 380 499 613 565 261 
19 16 23 23 27 38 15 

t3 1 3 2 2 3 1 3 
·o 0 1 0 0 0 0 

1.9± 0.2 2.5 ± 0. 3 4.6 ± o. 3 6.2 ± 0. 4 7.7± 0.4 6.7±0.4 3.1 ± 0. 3 

15 7 232 377 476 450 358 167 
11 17 13 .20 18 23 23 

t4 4 1 5 5 1 5 3 
0 0 0 0 1 ' 1 1 

1.7±0.2 2.7±0.3 4. 7 ± 0. 3 5.9±0.4 5.8±0.3 4.2 ± o. 3 1.6 ± o. 3 

108 149 261 293 245 177 94 
9 12 13 13 19 13 10 

t5 4 3 3 4 2 0 0 
1 0 0 1 0 0 0 

1.1±0.2 1.6 ± o. 2 3.1±0.2 3.6 ± o. 2 2.8 ± o. 3 2. i ± o. 2 1.0± 0. 2 

109 186 254 223 197 114 60 
12 8 16 14 19 8 9 

t6 4 3 5 7 2 3 1 
1 0 0 1 0 1 1 

1.1±0.2 2.3± 0.2 2.9± o. 3 2.5±0.3 2.1±0.3 1.3 ± o. 2 0.6 ± 0. 2 

62 79 101 96 84 41 21 
7 4 12 9 4 6 3 

t7 3 2 3 8 1 2 4 
0 ·o 0 0 0 0 ' 0 

0.5 ± 0. 2 o. 9 ± 0. 2 0.9±0.2 0.7±0.2 1.0±0.2 0.3±0.2 0.0± 0. 0 
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V. SYSTEMATIC CORRECTIONS 

A. Sources and Description 

A number of corrections must be made to the data presented in 

the previous section before any comparisons of data with the theoreti

cal models can be made. What follows is a description of the major in

strumental biases whose explicit evaluation will be undertaken in sue.;.;· 

ceeding sections. 

1. Neutron Detection Efficiency 

Neutron detection efficiency has been determined in a subsidiary 

experiment published elsewhere. 14 . However, a brief description of the 

method used is given in Appendix B, and the neutron counting efficiency 

as i function of neutron energy for each of the seven time bins is shown 

in Fig. 9. It is these curves which have been incorporated into the sub

sequent analysis and which have been used to compute the mean neutron 

energy and the rms width of each of the bins shown in Table III. 

2. Kinematical Fitting Program 

The fitting program selected from the events which had two fast 

particles ( f3 :::.. 1) and one slow particle (defined as a count in one of the 

seven Chronotron time bins) those events which fitted the kinematics of 

the reaction 

+ 
p+p-~>n+p+TT 

at an incident proton momentum of 2. 5 BeV /c within the resolution 

limits of the detection apparatus. Because of the geometrical shape of 

the scintillation counters and the size of the neutron time bins, events 

occurring in them will not have their measured parameters normally 

distributed about a mean, hence the applicability of the usual goodness

of-fit criteria such as the x,2 test should not be expected. With this 1n 

mind a search program was designed which would attempt to make a 

rigorous fit of each event to the kinematics of the single -pion production 
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reaction within the resolution limits set by the detection apparatus. If 

such a fit was made, the event was accepted as representative of this 

reaction; if not, the event was rejected as background. A more de

tailed account of tP.ese considerations and of the operation of the search 
4 

program than will be given here is presented by Johnson. 

Seven final- state quantities were measured; the polar and azimu

thal angles of all three final- state particles, and, by means of its flight 

time, the neutron's momentum. Since the initial beam momentum is 

known, the only remaining unknown quantities in the set of four equa

tions representing energy and momentum balance (Eqs. II-1) are the two 

momenta, ql'L and qfJ.L' of the nonspectator particles. These varia

bles can be eliminated from these four equations leaving two equations 

which can then be solved for the pion angular coordinates efJ.L and <j>fJ.L" 

These can be expressed as functions whose arguments are measured 

quantities only: 

and 

In an attempt to bring F 
1 

and F 
2 

simultaneously within the resolution 

limits of efJ.L and <j>fJ.L' the fitting code varies the values of the argu

ments of F 
1 

and F 
2 

within the ranges imposed by the scintillator 

geometry and the time bin sizes. If this can be done the event is accep

ted as a valid example of the single pion production reaction under study. 

If after a predetermined number of searches a fit cannot be made, the 

event is rejected as arising from a background reaction. 

The search procedure for the fitting code is begun by computing 

F 
1 

and F 
2 

using the central values for their arguments. If this did not 

give values of efJ.L and <j>fJ.L within the geometrical limits of the counter, 

then the gradients of F 
1 

and F 
2 

with respect to their arguments were 

computed and a change was made in the arguments of F 
1 

and F 
2

, con

sistent with the resolution of the apparatus, in a direction, given by the 
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gradients, which would lead to values of F 
1 

and F 
2 

within the resolu

tion of the system. As soon as values of lC-1 and F 
2 

were found which 

satisfied the resolution requirements, the searched values for the 

angles and momenta of all particles involved were recorded and the 

event accepted. From these values, which give a complete set of con

sistent kinematics for all particles involved in the reaction, one com

putes a set of center-of-mass scattering angles for the nonspectator 

particles making use of the transformations given in Appendix A. 

A complication arises because one has no a priori knowledge 
' 

which of the two fast particles is the proton and which is the pion. Thus, 

the search program must attempt to make a kinematical fit with first 

one as~umption and then the other. In about 18o/o of the total accepted 

events, a fit can be made with either assumption. For the nonspectator 

particles associated with these ambiguous events there will be no unique 
~< ):( 

set of barycentric scattering angles 8 and <!> • Fortunately this com-

plication arises for only a relatively small number of events and, for 

this sample, the complication is limited to a discrete and well defined 
:>'< * range of the variables (3' and <1> , and most can be excluded from the 

analysis. Physically, these events correspond to cases where the pion 

and the proton are moving forward in the laboratory and have nearly the 

same polar angle. 

The two most important questions concerning the search code 

which must be answered before a meaningful analysis can be made are, 

(a) what is the code's efficiency in accepting events resulting from our 

reaction of interest, and (b) what is its effectiveness in rejecting events 

arising from background reactions. 

3. Geometrical Corrections 

The most serious geometrical correct!ons arise from the nucle

on 1 s strong preferential emission in the forward laboratory direction. 

Hence, the number of nucleons which escape through the polar 4-deg 

hole in the detectors cannot be neglected. Spectator neutrons lost 

through this aperture represent only a loss in counting rate and a small 

limitation on the range of the variable w2 since the cross sections 

which are being measured are normalized to the number of neutrons per 

,,. 
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P 2 and per w2 interval. The loss of the nonspectator proton as so

ciated with each event is a serious consideration since this loss will 

occur in approximately 25% of all events and is a function of both P 2 

and w2 as well as being a function of the angular distributions in e>:< 
':c 

and <j> Since the kinematics of this three-body final-state reaction do 

not force the pion to be emitted as preferentially forward as the proton, 

its corresponding correction is not nearly as large, However, the 

pions can be emitted in the backward direction thereby introducing an 

additional bias since the scintillation detectors extend only to 147 deg 

in polar angle. Since the most serious of these corrections involve .the 

nonspectator proton emitted i):l the forward direction, any attempt at a 

correction should inch,1de the effects of the size of the liquid hydrogen 

target and size of the incident proton beam, 

4. Overlap and Range Corrections 

Both overlap and range corrections are relatively minor, The 

first arises because of the finite size of the counters and the possibility 

of any two of the three final-state particles falling into the same counter. 

Although in principle it might h~ve been possible to distinguish the 

pions and protons from the slow neutrons if they arrived in the same 

counter, the identific;::ttion of the small neutron pulse so soon after the 

large charged-particle pulse could not be done without special effort and 

was not attempted, If both fast particles fell into the same counter the 

event would be rejected because it would appear to have only one non

spectator particle, 

Because of the 0.6 em of lead covering the scintillators, a mlm

mum range requirement was imposed on the charged particles that 

were counted. This mean~ that the detected protons must have had at 

least 400 MeV/c and the pions at least 110 MeV/c of momentum, 

5. Scattering Corrections 

Corrections to the data to account for the scattering of any of the 

three final-state particles must also be made. 

The most serious of these scattering corrections arises because 

of events lost as a result of one of the two fast particles interacting with 

v 
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the thick neutron counters to produce secondary particles that trigger 

adjacent counters, These events would be rejected because of an ap

parent excess of fast particles. 

The second of these scattering corrections arises because of the 

large and strongly energy dependent cross section for the scattering of 

low energy neutrons on hydrogen, Thus, neutrons produced in the liquid 

hydrogen target may also be scattered in the target and might then possi

bly be detected by the neutron counters, Thy number of such events ac

cepted will be a strong function of the neutron energy and the sensitivity 

of the search program to such changes of neutron energy and angle, 

Two other scattering processes occur, A neutron may scatter 

in a neutron counter, triggering it, and then still have sufficient energy 

to also trigger an adjacent counter, Finally a fast particle may interact 

with the liquid hydrogen of the target and be lost. Both of these proc

esses are much smaller than the first two and will be neglected, 

B. The Monte Carlo Comparison- DRYLAB 

To investigate and evaluate the effects of the complex counter 

geometry, the neutron timing resolution, the incident beam and target 

size, as well as the biases of the search code, we attempted to simu

late the entire apparatus by using Monte Carlo techniques coupled with 

a high speed digital computer, With this one code - suitably christened 

DRY LAB- it was hoped that for each of the 49 data l;>ins defined by the 

7 neutron theta zones and the 7 neutron time channels a reliable esti

mate could be made of the size of these bins in the variables P 2 and 

w2 as well as an estimate of their efficiency for counting events within 

these limits, Furthermore, a detailed investigation could be made of 

the effects of the 4 deg beam exit hole and the ambiguity introduced by 

the indistinguishability of the nonspectator particles in some of the 

events. 

The code generated events having kinematics representative of 

our reaction of interest weighted by the measured or estimated initial 

distributions. The trajectories of the particles were followed through 

the detection apparatus where on the basis of random number generators 
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and the measured detection efficiency a decision was made as to 

whether the event would be counted. If it was decided that the event 

would have been detected, its counter and time bin configuration were 

noted and the event transferred to a subroutine containing the search 

code. An attempt was then made to fit this counter configuration to the 

production reaction under study just as was done with the events gen

erated by the Bevatron. From this, a direct estimate could be made of 

the search-program efficiency. For all the events at this stage the ini

tial kinematical values as well as the values found by the search code 

were recorded on magnetic tape to be later sorted and evaluated. 

Since, to a very great extent, the analysis of this experiment de

pends on this code, it is worthwhile to describe in detail its operation 

and in what ways it contributed to the understanding of how the compli

cated instrumental resolutions shaped the data. Let us then, step by 

step noting explicitly the assumptions made, trace the operation of this 

code. 

( 1) Since the primary analysis was to be done in terms of the 

variables P 2 and w2 , DRY LAB began by selecting values of these 

variables with an equal probability between their extreme limits as seen 

by the apparatus: 

and 

2/ 2 0.38 < p f-L < 10.59 

59 0 54 < vl lf-L 2 < 121. 2 5 0 

(2) From the value of P 2 , the kinetic energy of the neutron, 

T 
3
L' was computed, and, the efficiency for counting in each of the seven 

time bins at this value of T 
3

L was determined from the measured effi

ciency curves shown in Fig. 9. On the basis of a random number 

generated with equal probability between 0 and 1 and the total neutron

detection efficiency, a choice was made as to whether the neutron was 

detected; the choice as to which of the seven time bins it entered was 

decided on the basis of their relative efficiencies. If the neutron was 

not counted the code returned to Step 1. 
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(3) .. A value of the incident beam momentum was now chosen. 

The choice was base9. on a Gaussian distribution having a half widtl). at 

half maximum of ± 4.5o/o centered about an incident momentum of 2. 5 

BeV/c. The kinematics of the reaction depended only weakly on this 

distribution and a considerably larger momentum bite could have been 

tolerated. 
2 

(4) Having fixed the incident moment:um, qlL' as well asP 

and W
2

, we now determined the neutron angle, e
3

L' from the relation 

(see Appendix A). For an arbitrary choice of the variables qiL' P
2

, 

and w2 , there need not be any corresponding physical value for cos(e3L)~" 
Indeed for these values the magnitude of cos( e

3
L) is greater than 1, 

signifying that a choice inconsistent with energy and momentum _palance 

has been made. If this is the case the code abandons the event and re

turns to Step 1. 

(5) A point in the liquid hydrogen ta.rget was now chosen in 

which the interaction was assumed to have taken place. The spatial dis

tribution of the incident beam was assumed Gaussian with a half width at 

half maximum of 1 in. The choice of interaction point was made consis

tent with the target geometry described in Sec. III=A. 

(6) The neutron azimuthal angle, <j>
3
L' was now selected on 

the assumption of a:. uniform distribution between 0 and 360 deg. 

( 7) The neutron trajectory from the interaction point in the 

hydrogen target was now calculated and the counter in the detection ar

ray which it triggered determined. If the neutron was found to miss the 

detectors -that is, if it didn 1t have a polar angle in the region 4 to 60 

deg measured from the center of the hydrogen target -the event was 

abandoned and the code returned to Step 1. 

(8) The remaining kinematical angular variables for the non-

spectator particles was now chosen. Since, for these particles, the 

distributions of interest involve their angles measured in their center 
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of mass frame, e>:< and <j>>:<, the selection was made in this frame on 

the basis of a uniform distribution in <j>,:< and cos ( e*). In this frame 

the directions of the two particles are colinear and opposite, the deter-. 

mination of these angles for one of the particles fixes those of the other. 

(9) The nonspectators momentum vectors were now trans-

formed from their own center of mass frame to the laboratory frame 

again using the transformations described in Appendix A. The trajec

tories of the particles were followed to determine which of the counters 

in the detection array were triggered. If either particle missed the 

array -had a polar angle outside of the region from 4 to 14 7 deg meas

ured from the center of hydrogen target- the event was abandoned and 

the code reverted to Step 1. 

( 1 0) A requirement was now placed on the laboratory momen

tum of the nonspectator particles. The event was abandoned if the pion 

had less than 110 MeV/c or the proton less than 400 MeV/c of momen

tum. This ensured that both particles could penetrate the 0. 6 em of 

lead covering the scintillation counters. \ 

( 11) A final requirement was that no two of the three final- state 

particles land in the same counter. If they did, the event was discarded 

and the code returned to Step 1. 

If the event fulfilled this and all of the previous requirements, 

we assumed it to be a valid statistical representation of the kinematics 

of the production process under investigation and, hopefully that it was 

representative of the events recorded by the detection apparatus. 

( 12) The time bin of the neutron and the counter configuration 
' of all the particles was now transferred to the search code. This was 

exactly the same starting point the search code would have had for a 

real event generated at the Bevatron and exactly the same attempt 

would be made to fit this Monte Carlo generated event to our three -body 

final-state reaction. A fitting attempt was made with both assumptions 

as to which of the nonspectator particles was the pion and which the 

proton. 

( 13) If the search code succeeded in fitting the event to either 

or both of the above hypotheses, then from the fitted values of the 
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momentum vectors of the particles, the angles of the nonspectators in 
:::< :::c 

their own center of mass frame, 8 and ·<I> , were computed. 

( 14) On magnetic tape we recorded the initial coordinates of 
2 2 ::c :::::: 

each event consisting of P , W , <j>
3
L' cos ( fJ ), <j> , qlL' the target 

interaction point, as well as the time bin and Chronotron channel which 

the event triggered, along with the search program results consisting 
. 2 

of whether the search was successful or not, the fitted values of P , 

w2
, cos ( e':\ <J>*, and qlL" 

Each section of DRYLAB was coded as one or more subrou

tines, all being connected by a main calling program. This greatly 

facillitated debugging and allowed each subroutine to be tested inde

pendently of the others and independently of the main code to ensure 

that the subroutines were indeed generating events weighted by the de

sired distributions. For economy of machine operation, most of the 

subroutines were coded in FAP, 
21 

but the main calling program and 

some of the subroutines were coded in FORTRAN. 
22 

An IBM 7090 was 

used for the computation. The magnetic tape output was written in 

binary records, each record consisting of 30 events. The output was 

completely buffered so that tape writing was done simultaneously with 

computation. About 160, 000 events per hour were selected at Step l 

corresponding to 10, 000 events per hour which would have given legiti

mate counts in the detection apparatus. 

As is all such Monte Carlo calculations, the entire structure 

rests on the random number generator. All random number generators 

used in conjunction with modern high speed computers operate by 

means of a recursion relation of the form 

R = F (R ) 
n+l n 

where ~n+l is the (n + 1 )th random number generated and F is some 

function of the previous random number, R • Of course such a formu
n 

la, by its very nature, cannot give true random numbers --this is, 

successive values of R which are uncorrelated. 
n 

However, by an ap-

propriate choice of the function, F, these correlations may be reduced 
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to a point where the numbers produced closely approximate a random 

distribution. A generator of the power residue type
24 

whicrh employed 

the recursion relationship 

35 
Rn+l = C Rn (module 2 ) 

where C is an appropriately chosen constant, was ultimately inc or

porated into DRY LAB. In the actual computation, five independent 

generators of this type were used, all with different values of the con

stant, C, and the initial values of R 
1

• To minimize correlations yet 

further, none of these five generators was ever called consecutively. 

As a final check, DRYLAB was partially rerun with a standard library 
25 

routine random number generator. Within the Monte Carlo statistics, 

the two results were in excellent agreement. 

The first facet of the experiment to be investigated with the aid 

of DRY LAB was that of overall detection efficiency and the rejection of 

background events. In order to rigorously include all possible events 

which could have occurred from our reaction, the search code should 

be allowed to roam the entire limits of the time bins --even though 

the detection efficiency near the ends of the long high energy tails is 

quite small. Also one would have to let the .search continue through not 

only the polar and azimuthal angular limits of the scintillation detectors 

as seen from the center of the hydrogen target, but through the limits 

as seen from any extreme point in the finite sized target. One would 

also be required to allow the code to take as many steps as necessary, 

each time computing a new set of gradients, in order to either find a 

solution or reach a stalemate. Two reasons indicate caution in adopt

ing the above philosophy. The first is whether the increase in calcula

tional time which would come about primarily through extending the 

number of allowable searches is justified given the expense of computer 

operation. The second much more serious reason is whether such a 

search procedure (gl.ven the limited resolution of the detection appara

tus) would allow an appreciable number of events to be accepted which 

arise from background reactions. Since we have a great many triggers 

which have the requisite number of fast and slow particles, it was 
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feared that such a liberal search procedure would allow a considerable 

fraction of these events to be accepted even though they did not origi

nate from the reaction under study. 

The first of these two questions can be answered rather easily. 

It was found that the cro~s sections measured at the Bevatron did not 

change appreciably if the number of searches was increased above. 10. 

Explicitly, if the number of searches was increased from 10 to 20, the 

overall cross section changed by less than lo/o. Thus 10 was adopted as 

the number of searches to be made; when these were exhausted the 

event was rejected as due to background. 

Since DRYLAB allows us to estimate the efficiency with which 

events having the kinematics of our reaction are accepted, we also have 

a method for dealing with the s~cond question concerning background. 
0 

If the size of the regions in which the search code is allowed to hunt are 

varied, then DRYLAB will indicate how the corresponding efficiency 

will change. If we then allow the search code to attempt to fit real 

events generated by the Bevatron with the same sized search regions, 

the Bevatron cross sections. should, be directly proportional to the 

DRYLAB efficiencies if the Bevatron events have the same kinematical 

form as those generated in DRYLAB. Of course, we assume that the 

distributions built into DRY LAB are reasonable-- though not neces

sar~ly exact --approximations to those of the actual production reac

tion. 

One of the 12 magnetic tapes containing about 8. 5% of the total 

data recorded at the Bevatron was analyzed with various limits imposed 

on the search code. DRYLAB was run at the corresponding condition 

for sufficient time to determine a statistically reliable efficiency. The 

efficiency as determined from DRY LAB was taken as the ratio of the 

number of events which were accepted by the search code to those which 

would have been recorded by the detection apparatus. In the step by 

step description of DRYLAB this corresponds to the ratio of the number 

of events fitted by the code at Step 13 to those which would have trig

gered the apparatus at Step 11. Figure 10 shows the results. Reading 

from right to left the points correspond to the search code conditions de

scribed below. 

... 
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Fjg, 10. DRY LAB efficiency as a function of search code limits. 
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Point 1. Here the search code was allo~ed to go to the ex

treme limits of the time bins as shown in Fig. 8 •. The scintillation 

counter sizes were defined by the extreme angles, both polar and azi

muthal, intercepted by the counter from any point in the target. 

Point 2. The time bin sizes were reduced to between the points 

where the detection efficiency fell to 1/2 its maximum value as given 

in Fig. 8. A point target was assumed for the determination of the 

maximum polar angle subtended l;>y the scintillators. The azimuthal 

angular limits. were as in Point 1. 

Point 3. A point target was assumed for both the polar and 

azimuthal limits of the counter dimensions. The time bin sizes were 

as in Point 2. 

Point 4. The central angles intercepted by the counter were 

unchanged from Point 3, but the angle subtended in both the polar and 

azimuthal directions was reduced by 25%. The time bin sizes were the 

same as in Point 2. 

Point 5. The same as Point 4 except that the subtended angles 

were reduced by 50%. 

Point 6. The same as Point 4 except that the subtended angles 

were reduced by 75 %. 
Except for the top point the plot shows remarkable linearity, and 

on this basis a decision was made to continue the analysis using the 

angular sizes of the counters defined by a point target· and time bin 
0 

v.ztdths corresponding to where the efficiencies fell to l/2 their maxi

mum value. These were the conditions of Point 3 and all of the subse

quent analysis was done with these search program limits as was the 

data presented in Tables IV and V. 

To accumulate better statistics DRYLAB was now run with the 

above search program limits until about 105 events were generated 

which would have triggered the apparatus. This ensured that the statis

tical errors in the Monte Carlo calculation were small compared to 

those in the Bevatron data. All of these events were combined to form 

one high density magnetic tape ( 800 bits/in.) This tape, containing al

most 3 million numbers of 36 bits each, could be read and sorted in 5 

to 10 minutes on the Lawrence Radiation Laboratoryus IBM 7090 
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computer. Table VI is a tabulation of. some of DRY LAB 1s ri:!sults from 

which we can make a number of pertinent conclusions • 

( 1) The search code has a reasonably high efficiency, 92 o/o, 

for fitting events originating from our reaction. Futhermore, when it 

asserts that it h~s distinguished the nonspectator pion from the non

spectator proton, it has made the correct assignment for 99o/o of the 

events. We also see that for 17. 6% of the total events it has success

fully fitted, the resolution of the apparatus was not sufficient for it to 

identify the nonspectator particles. This agrees extremely well with 

the corresponding ratio of 17.4% derived from real events detected at 

the Bevatron. Again our faith that DRYLAB is a reasonable represen

tation of the experiment is bolstered. 

(2) The number of events lost because particles did not have 

sufficient momentum to penetrate the 0. 6 em of lead covering the 

counters is a small correction to the total data. 

( 3) The number of events lost because two or more particles 

entered the same counter is also only a small correction. 

Next, with the aid of the 105 DRYLAB events, a study was 

made of how the search code and the form of the detection apparatus 

shaped the kinematical regions of the reaction which were accessible to 

us. For this study the on-line cathode -ray-tube plotter (CRT) of the 

Lawrence Radiation Laboratory's IBM 7090 computer proved extremely 

useful. Figure 11 is a plot of the P 2 , w2 distribution of the 10
5 

DRYLAB events which were fitted by the search code. Figure lla is 

the distribution in terms of the initial values of these variables; 

Fig. llb is the distribution in the same variables computed from the 

search program fit to these events. Since the initial distribution in 

these variables assumed in Step 1 of DRYLAB was one of uniformity 

within the region bordered by the square, Fig. 11a shows how the ap

paratus selected the events which triggered the detector and Fig. 11 b 

indicates how the search code distorted the distribution given by 

Fig. 11a in attempting to make a fit. The search code tends to cluster 

the original smooth distribution because of the limited resolution of the 

detection apparatus; this tendency indicates that any detailed sorting of 
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Table VI. DRYLAB event summary. 

Number Fraction 

1. Events tried at 1, 704, 952 
Step 1 of DRY LAB 

2. Events counted by 103,920 6. 10% of events 'tried 
detection apparatus 

3a. Events accepted by 95, 359 91. 76% of events counted 
search code 

3b. Pion and proton cor- 77, 732 81. 51% of events accepted 
rectly distinguished 

o. 89% 
' 

3c. _Pion and proton in- 847 of events accepted 
correctly distin-
guished 

3d. Pion and proton not 16, 780 17. 60% of events accepted 
distinguished 

4a. Events lost because 2,553 2. 46% of events accepted 
of insufficient pion 
momentum 

4b. Events lost because 0 
of insufficient pro-
ton mc>mentum 

5a. Events lost because 351 o. 34% of events accepted 
proton and neutron 
in sarrie counter 

5b. Events lost because 789 0. 76% of events accepted 
pion and neutron in 
same counter 

5c. Events lost because 1' 755 1. 69% of events accepted 
pion and proton in 
same counter 
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Fig. 11. IBM 7090 CRT plot of 1 o5 DRY LAB events: in (a) is 
shown the initial distribution in p2 and wz; in (b) is shown 
the search program values of the same variables. 
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the Bevatron events by means of the searched values of these variables 

should be attempted only with caution. 

Another more instructive way to plot the DRYLAB events is in 

terms of scattering angles me~sured in the center -of -mass frame of 
~:( ~:c 

the two nonspectator particles, 8 and cp (see Appendix A). Figure 12 

is such a. CRT plot of the proton scattering angles. Here the events in 

which the search code has distinguished the pion from the proton have 

been plotted separately from those where the distinction could not be 

made. In this latter situatio? the angles corresponding to both choices 

have been plotted. Again a plot has been made in terms of the initial 
'= 

values and the search program fitted values of these variables. Since 
)~ 

in DRY LAB a uniform distribution of events in the variables cos(8{) 

and <~>7 has been assumed, Fig. 12 represents, first, the selection 

process done by the apparatus on the uniform distributions, and, second 

the distortive effects of the search code on those selected. A number 

of observations were made. 

( 1) The ambiguous events in which the pion and the proton can-
>'< 

not be distinguished lie almost entirely in the backward region of e ~ 0 

This is true no matter which assumption is made as to the particles 1 

identity. From other such plots made as a function of time bin and 

theta zone of the recoil neutron, it was seen that the size of the region 

is not a strong function of the neutron's kinematics. 

(2) The effects of the 4 deg beam exit hole are mostly confined 

* to the forward regions of e
1

. However, as seen from other of these 

diagrams (not included in the text), the area subtended by this hole is a 

strong function of the neutron's kinematics. Losses resulting from 

high energy neutrons moving far forward in the laboratory system are 

small, amounting to less than 5o/o for neutrons in time bin 1 and theta 

zone 1. For slower neutrons emitted at larger laboratory polar angles 

this correction becomes much more serious; over 50o/o are lost for neu

trons in time bin 7 and theta zone 7. 

(3) The limited resolution of the detectors is once more evident 

in the lumping of events by the search code in Figs. l2c and 12d. This 

clustering of events appears much more serious in the variables <!>~ 

.. 
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Fig. 12. DRYLAB initial distribution for: 
(a) pion and proton distinguishable, 
(b) pion and proton not distinguishable; 

DRY LAB final distribution for: 
(c) pion and proton distinguishable, 
(d) pion and proton not distinguishable, 

both solutions plotted. 
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* 0 than in (J 
1 

, indicating that events might be sorted according to their 

searched values of this variable. 

In view of the above observations it was decided to limit the 

analysis to events in which the proton and the. pion could be distinguished 
: * 

. anP, yvhose searched values of cos ( (J~) were within the interval -0. 5 to 

+0. 5. This meant that the regions of the variables e1< and <1>7, where 

the corrections for the counter geometry and for the search-code in

dentification ambiguity were most serious, would not be included in the 

analysis. Although these restrictions reduced the number of events 

available for analysis by almost a factor of two, the reduction of the 

magnitude of the complex systematic corrections with the resulting in

creased confidence in the final analysis was felt worthwhile. 

Tables· IV and V, which list the events and give raw sections, in-

* elude data from the entire range of e
1 

and from both those events in 

which the nonspectator particles could be distingui~hed and tho~e in 

which they could not. All of the subsequent data a£d discussion, unless 

specifically noted, will apply only to the sampling of events within the 

region 

* -0.5 < cos(8
1

) < +0.5 

and.in which the nonspectator particles can be distinguished. Note that 

although only Bevatron data in which the pion can be distinguished from 

the final-state proton will be included in the analysis, the comparison 

will be from a similar sampling of DRYLAB, and the cross sections so 
I 

determined should be representative of the reaction as a whole. 

C. Efficiency and Resolution of Detectors 

1. Integrated Efficiencies 

Since we are attempting to measure cross sections per unit P 2 

and per unit w 2 interval, we must determine the sized bite in P 2• w2 

space each of ou~ 49 data bins subtends. We must evaluate the integral 
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J 2 2 2 2 
E. . = E .. ( P , W ) dP d W , 

lJ lJ 

2 2 
where Eij(P , W ) denotes the detection efficiency for an event having 

a given p2 and w2. and whose associated neutron has given a count in 

the i th time bin and the l th theta zone. The quantity E.. is the 
lJ . 

integrated efficiency for the data bin, the integration being carried out 

over all nonzero regions of E .. (P2 , w2 ). This integration is not a 

simple one to perform since :ii/P
2

, w2 ) depends on quantities such as 

the detector geometry for both the neutrons and fast particles, incident 

beam size and momentum spectrum, the search-code e,fficiency, finite 

target size, as well as the neutron detection efficiency. If all of these 

effects were to be accounted for in the standard manner, tedious inte

grations would have to be :r:>erformed over all of them as a function of 
2 2 E .. (P , W ). 

lJ 
DRYLAB gives us a much simpler and more effective way of 

determining the 49 integrated efficiencies. The efficiency can also be 

written as 

2 2 
E .. (P , W ) = 

lJ 

i 2 2 
N .. (P , W ) 

lJ 
2 2 N .. (P , W ) 

lJ 

where l\Ti}P
2

, w2 ) is the number of events incident on our apparatus 

per unit p2 and w2 interval, and N.
1
.(P2 , w 2 ) is the number of these 

lJ 
events accepted as coming from the reaction under study, again per 

unit P 2 and w2 . We may also write our integral definition of E .. as a 
lJ 

summation: 

E .. 
lJ 

i 2 2 

L 
N .. (P , W ) = __ l~J ________ _ 

2 2 N .. (P , W ) 
lJ 

Since our definition of E .. ( P 2 , w2 ) should be independent of the incident 
2 2 lJ 

distribution, N .. (P , W ), we take it as a constant, N
0

, which then 
lJ 
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can be brought outside of the summation sign leaving 

The summation is now just the total number of events counted by the 

apparatus in the ij th data bin which we now write as C .. ; then, we 
lJ 

have 

E .. 
lJ 

C .. = lJ 
N" 

0 

Now, E .. can be easily evaluated from DRY LAB since N
0 

is the total 
lJ 

number of events tried divided by the P 2 and w2 range from which the 

events were selected. We have 

We evaluate C.. by noting the number of events which were accepted 
lJ 

by the search code for each data bin. Since the analysis of the Beva-

* tron data will be restricted to only the region of cos( e 
1

) between -0.5 

and +0.5 and to events in which the nonspectator particles can be dis-
5 

tinguished, similar restrictions were put on those sorted from the 10 

DRY LAB events. We evaluated E .. in this way for each of the 49 data 
lJ 

bins. The factors by which the raw cross sections must be multiplied 

t · th t' · P 2 d w2 1/E · · o g1ve e cross sec 1ons per un1t an , .. , are g1ven 1n 
lJ 

Table VII. 
\ 

This determination of E .. includes the effects of the detector lJ . 
geometry on both the neutrons and the fast particles, the search code, 

the finite sized target, and the effects arising from all the other distri

butions built into DRYLAB. 

2. Resolutions 

Once more advantage was taken of DRY LAB to provide mean 

values and widths for each of the 49 data bins in the variables P 2 and 
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Table VII. Inverse integrated efficiency: 1/E .. in 
, f.L 2 /PZ f.L2 /W2. lJ 

8 Zone 

Time 
bin 1 2 3 4 5 6 7 

1 2.74 I. 35 0. 91 0.72 0.60 o. 54 0.48 

2 5.52 3.07 2.05 1. 67 1. 38 1. 18 1.11 

3 10.25 4.93 3.33 2.56 1. 91 2. 02 2. 04 

4 24. 16 7. 98 4.76 4.41 3.65 3.62 5.97 

5 21.48 10. 10 6.68 5.42 4.30 6. 11 6.94 

6 23. 13 9.88 8.96 7. 2 7 6.32 7.64 9. 14 

7 5o. 12 25.53 21.48 16. 71 18.54 20. 82 38.66 
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w2 • The magnetic tape containingthe 10
5 

DRY LAB events was sorted 

and for each of the 49 data bins the mean values of P 2 and w2 were 

computed from the initial P 2 and w2 values of events in the bin using 

and 

-z p 

1 for each clata bin. Then, P ~. and W .~ are the mean values of P 2 and 

w2 
for the Jij th bin, p~ a:J w~ ar~ the initial values of P

2 
and 

w2 for an event with cos( e~·) between -0. 5 and +0. 5 and with distin

guishable nonspectator particles, and N is the total number of such 

events in that data bin. The rms widths Of the bins in terms of these 
-z -z 

variables D.P .. and t:..W .. were computed using 
lJ lJ 

and 

for each data bin. By using the initial values of P 2 and w2 
rather than 

those found by the search code, any systematic tendency of the code to 

shift these values could be taken into account. Tables VIII and IX sum

marize the results. 

Tables VIII shows that the mean values of P 2 and their widths 

now become dependent on the theta zone of the neutron as well as the 

time bin. This arises because the other resolutions of the apparatus, 

especially the number of fast particles lost through the 4 deg beam exit 
2 hole, have a P dependence as well as a dependence on the neutron 



Time 
Bin 

1 

2 

3 

4 

5 

6 

7 

1 

5. 35 

± 1. 35 

3.69 

( 
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Table VIII. Mean values of P 2 jp.2 and 

rms widths from DRYLAB. 

e Zone 

2 3 4 5 

5.38 5.41 5.37 5. 32 

6 

5.32 

± 1. 41 ± 1. 44 ± 1. 46 ± 1. 44 ± 1. 40 

. 3. 71 

±1.10 ± 1.10 

3. 74 

± 1.11 

3. 72 

± 1. 13 

3. 76 

± 1. 14 

3.68 

± 1. 08 

2 .• 90 

± 1. 09 

2. 10 

± 0. 59 

1. 58 

± o. 57 

1. 43 

± 0. 58 

1. 06 

±b. 38 

2. 89 2.90 

± 1. 07 ± 1. 06 

2. 18 

2.94 

± 1. 15 

2.29 2. 19 

± 0. 80 ±0.78 ±0.83 

1. 84 1. 82 1. 78 

± o. 73 ± 0. 70 ± o. 65 

1. 42 1. 45 l. 49 

± 0. 58 ± 0. 64 ± o. 65 

1. 15 1. 19 1. 16 

± o. 45 ± o. 53 ± 0. 44 

2. 93 

± 1. 10 

2. 32 

± 0. 85 

1. 87 c 

± o. 71 

1. 57 

± 0. 69 

1. 23 

± o. 52 

I 
L 

2. 96 

± 1. 14 

2. 32 

± 0. 84 

1. 85 

± 0. 72 

1. 60 

± 0. 70 

1. 36 

± 0. 43 

7 

5. 39 

± 1.40 

3. 80 

± 1. 10 

3. 15 

± l. 18 

2.. 61 

± 0. 92 

2. 14 

± 0. 75 

1. 82 

± 0. 75 

1. 58 

± 0. 42 



Time 
Bin 1 

1 ,. ro6_. 5 

± 5.5 
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Table IX. Mean values of w2 /fJ-2 and 
rms widths from DRY LAB. 

e Zone 

2 3 4 5 

104.2 100.4 94.7 87. 8 

± 5.4 ± 5. 1 ± 4.7 ± 4.0 

6 7 

79 .• 8 70. 8 

± 3.4 ± 3. 1 

2 98.5 96.6 93 .• 5 88 .• 9 83.3 76.5 69 .• 2 

± 5. 9 ± 5. 6 ± 5. 2 ± 4. 8 ± 4. 1 ± 3. 4 ± 2. 8 

3 9 3. 4 91. 6 8 8. 8 8 5. 0 8 0. 0 7 4. 2 6 8 .• 1 

4 

± 6. 7 ± 6. 4 ± 5. 8 ± 5. 6 ± 4. 5 ± 3. 8 ± 3. 1 

87.9 

± 4.7 

86. 7 84. 1 81.5 77.2 72 .. 1 67. 2 

± 5.8 ± 5.3 ± 5.1 ± 4.5 ± 3.6 ± 2.8 

5 82.6 83.7 81.2 78.1 74.6 70.0 65.8 

6 

± 5. 5 ± 6. 2 ± 5~ 7 ± 4. 8 ± 4. 5 ± 3. 7 ± 2. 7 

± 

80.9 

5. 7 ± 

79. 7 

5. 6 ± 

77.8 

5.5 ± 

75.5 72.4 

5.1 ± 4.6 

68.4 

± 3. 6 

64.5 

± 2. 6 

7 76.7 76.6 75.2 72.6 69.9 67.1 63.7 

± 5 .. 0 ± ·5.3 ± 5.6 ± 4.4 ± 4.4 ± 3.0 ± 2.1 
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angle. Again, these tables reflect the effects of all the distributions in

corporated into DRY LAB. The quantities listed in Tables VII to IX 

were also computed by integrating in the usual way over the initial <;lis

tributions making some simplifying assumptions as to the geometry. 

These results agreed very well with those of DRY LAB for data bins 

where the effects of the 4 deg hole and the target and bean: size should 

not exert large effects. In the other regions, the deviations were in the 

expected directions. 

3. Scattering Corrections Applied 

Only corrections due to events lost by the scattering of neutrons 

in the hydrogen target and due to the scattering of fast charged pa:rti

cles in the thick scintillation detectors (dis:cussed at the end of Sec. V-A) 

remain to be applied. Both of these could have been incorporated into 

DRYLAB but since adequate means of dealing with them already had 

been developed, the additional complexity which would have been re

quired of DRYLAB was not thought necessary. As both of these are 

discussed in detail by Johnson, 4 only a cursory discussion of the prin

ciples involved and the assumptions made along with the magnitude of 

the effects are given. 

The larger of these corrections involves events which would 

have been lost because one of the final-state charged particles interac

ted with a nucleus in the scintillation detector resulting in one or more 

particles which triggered an adjacent counter. The effects of the 0. 6 

ern of lead covering the detector or of the other constituents of the de

tector are negligible compared to the effects of the carbon nuclei con

tained in the scintillation material. Monte Carlo calculations were done 

with a number of reasonable assumptions as to the form of the interac

tion, and the particle trajectories were followed through the scintillator. 

A tally was kept of those which would have triggered adjacent counters. 

The fraction which would have given such spurious events was found 

only weakly dependent on the hypotheses made and a representative 

average scattering probability, s(rn), was made for each zone, rn. 

The magnitude of s(rn) varied from 13.8% for the first theta zone to 
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11. 3% for the seventh. Eq.ch event was then weighted according to the 

expre s si.on 

1 1 
1'- s(j) 1 - s(k) 

where j and k are the theta zones which the two fast particles en

tered. This correction is included in the subsequent data. 

A Monte Carlo computation was also performed to determine 

the effects of neutron scattering within the hydrogen target. The tra

jectories of representative events were followed through the target and 

their probability for scattering was calculated from the known neutron

proton cross sections. When a scattering occurred, the neutron-

with its energy now properly reduced because of the scattering --was 
' . ( 

followed as it entered the detector array. The known probability for 

detection was invoked as it entered the scintillator and, if counted, the 

event was transferred to the search code where an attempt was made to 

fit it to the kinematics of our reaction. From a study of such events, an 

estimate of how scattering in the liquid hydrogen target effected the 

final distributions could be made and the data appropriately corrected. 

Such a correction amounted. to at most a 1 Oo/o effect for any data bin and 

has been included in the subsequent analysis. 
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VI. RESULTS, DISCUSSION, AND CONCLUSION 

A. Primary Data 

Table X and Fig. 13 show the double distribution, 

for each of the seven time bins. These data included the subtractions 

from the four target-delay conditions and all the corrections mentioned 

in the preceding section. Table X and Fig. 13 represent only the datq 

between the limits of the center -of -mass scattering variable, cos( B~<), 
defined in Appendix A, of -0. 5 and +0. 5. 

B. Analysis of the data in w2 

With the experimental data plotted in Fig. 13 is also plotted the 

peripheral model predictions of Selleri. 26 The curve was drawn by 

using formula I-4 and by inserting for the total cross sections the cross 

sections appropriate to our center-of-mass angular interval, 

a(W) = h·-]0.5 

-0.5 

where 
dcr( W) 

dr.l 
is the differential scattering cross section for positive 

pions on protons at a pion center -of -mass angle of and a total 

center-of-mass energy given by W. A literature survey, the findings 

of which are presented in Appendix C, was made to codify existing data 

on pion-proton angular distributions. In all subsequent comparisons 

with this peripheral model formula, the above restricted cross section 

will be used. 

To aid in comparing the distributions in the variable w2 ff-1 2 

with the physical pion-proton cross sections, whose salient features 

are most familiar when discussed in terms of the incident-pion labora

tory kinetic energy, Fig. 14 is a graph showing the relation of the two 

variables. 
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Table X. Measured cross sections, and errors in f.Lb. 

e Zone 

Time 1 2 3 4 5 6 7 
Bin (f.Lb) (f.Lb) ( f.Lb) ( flb ) ( flb) ( f.Lb ) ' (f.Lb) 

1 4~ .22 3.. 12 3.. 04 3.. 08 3..53 4 .• 79 2.39 

± o. 78 ± 0.48 ± o. 41 ± 0. 35 ± 0.35 ± o. 36 ± 0. 26 

2 6.96 6.21 5 .. 63 6.94 9.42 1 o .• 35 3 .. 93 

± 1. 38 ± 0. 88 ± 0. 73 ± 0. 76 ± 0. 81 ± o. 80 ± o. 42 

3 9'. 18 8.44 9.22 11 .. 72 11. 65 9.35 4 .• 43 

± 2.03 ± 1. 19 ± o. 97 ± 1. 09 ± 1. 01 ± 0.91 ± 0.56 

,~ 

4 22.49 14.54 19.25 18. 86 17. 62 9.42 8.87 

± 6. 14 ± 2 .• 28 ± 1~63 ± 1. 65 ± 1. 34 ± 1. 28 ± 1.62 
I 

5 23.33 14. 32 16.64 16. 19 11. 19 110 09 4.62 

± 5.48 ± 2.66 ± 1. 90 ± 1. 74 ± 1. 40 ± 1.;62 ± 1. 51 

6 21.42 18.47 22.48 17.11 12.27 10. 14 5 .• 01 

± 6. 03 ± 2. 92 ± 2~ 95 ± 2. 50 ± l. 94 ± l. 79 ± 2. 04 

7 22.90 18.61 20.79 11.61 16.70 7.33 -.1.58 

± 12.18 ± 5.95 ± 5.71 ± 4.71 ± 4.20 ± 3.96 ± 7.50 
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Fig. 14. Kinematical relation between T TT, pion laboratory 
kinetic energy, and w2ff-12, total center-of-mass energy 
squared for pion-proton collisions. 



-70-

The most striking feature of the data presented in Fig. 13 is the 

enhancement of the cross section in the region of the 3/2-3/2 pion

nucleon resonance occurring at a value of w2 /1-12 = 78.3. The second 

apparent rise of the cross section at the high w2 ends of bins 1 and 2, 

while of dubious statistical significance, also represents data from neu

tron counters immediately bordering the incident proton beam and which 

had the largest background subtractions. 

To investigate the overall structure of the data in the variable 

w2 , an integration of the cross section was made over the variable P 2 . 

In order that a comparison could be made with a similar kinematical 

region of the peripheral model and phase space, the integration was re

stricted to neutron energy limits of 10 to 55 MeV and polar angular 

limits of 4 to 60 deg --roughly the region seen by the detectors --and 

the same limits used for all three cases. Figure 15 shows the results 

of the integration. The upper curve is derived from the peripheral 

model and the lower curve represents invariant phase space normalized 

to a total cross section of 10mb for the full kinematical neutron limits 

of the reaction. The excellent agree-ment of the peripheral model for 

the cross section near the peak of the resonance must be considered 

fortuitous since the cross sections for individual time bins show much 

larger deviations but in directions which cancel when summed. Still, 

except for a somewhat larger width, the peripheral model agrees well 

with the position and general shape of the resonance in the variable w2 . 

Phase space gives an estrmate of the cross sectiontoolowby at least an 

order of magnitude. 

It is of interest to compare this data with the recent work of 

Chadwick et al. 2 7 in which the high-energy inelastic -proton spectra re

sulting from proton-proton collisions was studied. Their data at an in

cident proton energy of 1. 35 and 2. 1 BeV (equivalent to an incident 

momentum of 2. 09 and 2. 89 BeV/c) bracket our results at 2. 5 BeV/c 

incident proton momentum. Quantitative comparisons are difficult 

since Chadwick et al. detected only the final- state proton, which could 

have resulted from either of the reactions 
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Fig. 15. Differential cross section a" /a w: for neutron energies 

between 10 and 55 MeV and polar angle~ between 4 and 60 deg. 
The upper curve is the predicted cross section of the peripheral 
model, the lower is phase space. 
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p + P - P' + P + rro 

+ -p+.n+rr, 

and, in their peripheral model comparison, they have assumed an iso

tropic decay of the 3/2-3/2 isobar. However a number of qualitative 

comparisons can be made in the region of the resonance by examining 

graphs of their proton distributions plotted on page 1828 of their text. 

They find good agreement with the peripheral model at low momentum. 

transfers whereas our data tend to give cross sections which are high. 

If the isobar decays isotropic ally as Chadwick assumes in his compari

son, then the calculated peripheral model curves shown with our data 

should be multiplied by a factor of about 1. 6 in the region of the reso

nance since we have assumed a differential cross section proportional 

to approximately 1 + 3 cos 2( e*) in this region. This would place our 

data at low mome.ntum transfer in reasonably good agre~ment with the 

peripheral model, although with this extra factor of 1. 6, our agreement 

would be even worse at higher momentum transfer points. The data of 

Chadwick et al. also exhibit cross sections which fall short of the 

peripheral model at high momentum transfers, although our deviations 

appear greater. 

C. Analysis of the data in P 2 

For each of the seven time bins the measured distribution was· 

fitted by a polynomial series in the variable w2 •. A plot could then be 

made at a given value of w2 , as a function of P 2 , using data from each 

of the time bins. Figure 16 shows plots of the P 2 distribution for three 
2 2/ 2 values of W . Values of W 1-1. were chosen equal to 70. 0, 78. 3, and 

85. 0, corresponding to physical pion-proton center-of-mass energies 

at pion laboratory kinetic energies of 110, 195, and 265 MeV. On the 

sa_m~ figures are the peripheral model predictions, At w2 
/1-1.

2 equal to 

85. 0, only time. bins 3-7 contribute because of the kinematical limita

tions of the detection apparatus (see Fig~ 3 ). 
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Fig. 16a. Measured partial cross section as a function of p2ff.12 
for w2 ff-12 = 70. 
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Fig. 16b. Measured partial cross section as a function of p2/1-12 

for w2fl-12 = 78.3. 
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Fig. 16c. Measured partial cross section as a function of p2 /1-12 
for w2fl-l-2 = 85. 
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Agreement with the peripheral model is poor. Even if one were 

to assume an angular distribution in the variable cos(l/:c) different from 

the peripheral model predictions, this would only result in a constant 

multl.plicative factor for each graph of Fig. 16. The assumption of iso

tropy would increase the drawn peripheral model curve by a factor of 

about 1.6 for Fig. 16b an:d a somewhat smaller factor for the other two. 

There would still be a marked discrepancy in the P 2 dependence of 

these cross sections from that of the peripheral model predictions. 

An attempt was made to apply the Chew-Low extrapolation 

scheme to the calculation of the known pion-proton cross section from 

the measured distributions in P 2 and w2 • For each of the 49 data bins 

the Chew-Low extrapolation function, F [defined in Eq. (I-1)] wa:s com

puted. Once more DRYLAB was employed to compute a properly 

weighted coefficient of the cross section term occurring in F. Table XI 

is a list of the values of F with the corresponding rms errors for each 

bin. The data for each time bin was fitted by a polynomial expansion in 

w2 Using data from each of the bins a plot could then be made as a 

function of P 2 , for a particular w2 • Again three values were chosen, 

w2 /iJ. 2 
equal to 70.0, 78.3, and 85.0, corresponding to physical pion

proton center -of -mass energies at incident pion laboratory kinetic 

energies of 110, 195, and 265 MeV. Figure 17 is a plot of the results. 

At a,value of P 2 /iJ.2 ::::: -1, the position of the pole due to the single pion 

exchange, our extrapolated value of F should be equal to the negative 

of the pion-:proton cross section at a total center-of-mass energy given 

by W, [Eq. (I-2)]. Note that since our data is only from the region 
::!<: 

-0.5 < cos(EJ ) < +0. 5, our extrapolated cross section should also cor-

respond to a similar region given by 

where 

0" ( W) = 2n Jo.s ~~ d[cos (a*) I 
-0.5 

da drl is the differential cross section for the elastic scattering of 

positive pions on protons at a total center-of-mass energy given by W. 

From the tabulation ?f Appendix C, a( W) was calculated for each of 

the three plots and its position is shown at P 2 /iJ. 2 = -1. 



Time 
Bin 
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Table XI. Chew-Low extrapolation function, F, with 
rms errors in mb. 

1 2 
(fJ.b) ( fJ.b) 

73.5 57.4 

± 13. 6 ± 8. 8 

77.1 72.0 

± 15.2 ± 10.2 

78.8 75 ..• 2 

± 17.4 ±10" •.. 6 

139.0 98.2 

3 
(fJ.b) 

60.9 

± 8.2 

71.0 

± 9. 2 

88.5 

± 9.3 

138.9 

e Zone 

4 
(fJ.b) 

68 .• 6 

± 7.8 

97.6 

± 10. 7 

128.2 

± 11.9 

159. 1 

5 
(fJ.b) 

9 2 .• l 

± 9.2 

158.2 

± 13. 6 

14~.2 

± 13. 0 

± 37.9 ±15.4 ± 11.8 ± 13.9 ± 13.5 

115.3 83.5 103.4 109.8 93.5 

± 27.1 ±15.5 ± 11.8 ± 11.8 ± 11.7 

99.3 89.2 121.4 103.5 91.2 

± 28.0 ±14.1 ± 15.7 ± 15.1 ± 14.4 

89.8 79.9 98. 7 60.5 109. l 

± 47.8 ±25.5 ± 27.1 ± 24.6 ± 27.5 

6 
(fJ.b) 

161.4 

± 12. 1 

215.4 

± 16~ 6 

154. 1 

± 14.9 

119.9 

7 
( fJ.b) 

12 7. 2 

± 13.9 

128. 7 

± 13. 8 

. 116 .. 9 

± 14~ 8 

188.6 

± 16. 2 ± 34. 4 

117 0 4 85.6 

± 17.2 ± 28.0 

99.8 86.7 

± 17.6 ± 35.3 

66. 0 - 25. 7 

± 35.6 ±12!.6 
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Fig. 17a. Chew-Low extrapolation plot for w 2 /~J-2 = 70.0. 
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Fig. 1 7b. Chew-Low extrapolation plot for w2 fot/ = 78.3. 
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Fig. 17c. Chew-Low extrapolation plot for w2 /f-l- 2 = 85.0. 
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For each of the three plots, the extrapolation procedure seems 

to fail in the sense that no straight line can be drawn through all the 

data which will give the correct value for the pion-proton cross section. 

The data near the resonance (Fig. 1 7b) comes closest to fitting a 

reasonable linear extrapolation if momentum transfers less than 4f.L
2 

only are used; data above and below the resonance show discrepencies 

even at these momentum transfers. 

Two other experiments have been done at somewhat different in

cident energies to study the Chew-Low extrapolation procedure for the 

. 0 . b s . h 1 28 . "d same react1on. ne was an exper1ment y m1t et a • at an 1nc1 ent 

proton energy of 2. 85 BeV and the other by Fickinger et al. 29 at 2. 0 

BeV. Both experiments used a liquid hydrogen bubble chamber. In the 

analysis of their low momentum transfer data, they had considered an 

event to contribute to the cross section at a particular range of momen

tum transfer if the event could have corresponded to either a small 

momentum transfer to the target proton (hence a low energy neutron in 

the laboratory system) or to a small momentum transfer to the projec

tile (hence a high energy neutron in the laboratory system). This is 

valid since the target and projectile are identical particles; however, if 

the cross section is so measured, then in the application of the Chew

Low extrapolation formula, 
3 

it must be divided by two. This was not 

done in these two papers
30 

and hence the extrapolation plots published 

in them are in error. Figure 18 shows the corrected plots, near the 

peak of the resonance, from these two experiments with the data from 

this work. Our data have been multiplied by a factor of three since our 

center-of-mass range is limited from cos(EJ>:<) equal to 0. 5 to -0. 5. 

The factor of three assumes a distribution of cos( 8>:<) of the form 

1 + 2. 5 cos( 8>:<) as reported by Fickinger et al. 31 for this reaction at 

2. 0 BeV. However, the data of Smith et al. 28 at 2. 85 BeV indicate 

isotropy. Agreement seems reasonably good whichever of these 

assumptions is made. 
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Fig. 18. Comparison of the Chew -Low extrapolation plot from 
this experiment and the corrected plots from other experi
ments ne.ar the 3/2-3/2 resonance. The data shown from 
this expe-riment is that from Fig. 1 7b multiplied by a factor 
of three. 
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VII •. CONCLUSIONS 

Our data in the region of P
2 /f-12 

between 1. 1 and 5. 4 show 

strong deviations from a linear fit using the Chew -Low extrapolation 

formula to obtain the known pion-proton cross sections. When com

pared with other experiments, our extrapolation plot near the peak of 

the 3/2, 3/2 resoAance appears in good agreement with them. 

The peripheral model predictions of Sel{eri26 agree well with 

the observed position and reasonably well with the observed shape of 

the 3/2, 3/2 resonance if an integration is made over P
2 

However, 

the dependence of the cross section on P 2 is not in agreement in the 

region of the resonance, the predictions being too small at high P
2 

and 
2 

too large at low P . 
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APPENDICES 

A. Summary of Three -Body Kinematics 

1. Nomenclature 

In de scribing the reaction 

we will use the Roman letter M to represent a particle with a nucleon 

mass and the Greek letter f.L to refer to a particle having a me son 

mass; M
1 

is the mass of the incident projectile particle, M
2 

is the 

mass of the target particle, M
3 

is the mass of the spectator particle, 

~nd f.L represents the created meson. In this paper we are concer'ned 

with the particular reaction 

+ p+p-n+p+'TT 

at an incident proton momentum of 2. 5 BeV/c; however, a description 

will be given for the more general case where the target and projectile 

particles are dissimilar. 

Figure 2 is a schematic drawing of such a reaction where the 

following notation will be used: 

q = four -momentum, 

_.. 
q = three -momentum, 

w = total energy , 

T = kinetic energy, 

e = polar angle measured 
relative· to the dire·c-
tiori of the incident 
particle of mass Ml' 
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<I> = azimuthal angle meas_ured 
relative to the plane defined - -by qlLX q3L • 

Normally, when one of these variables is used it will be specified with 

two subscripts, the first identifying the particle, the second the refer--ence frame. For example, qlL ~ignifies the three -momentum vector 

of the incident particle of mass M
1 

in the laboratory frame. The 

second subscript is superfluous for a four momentum and will not be 

used; hence, the magnitude of a three momentum, for example qlL, 

cannot be confused with the corresponding four momentum, q
1

. Since 

the subscript 1 can refer to either the initial or the final-state parti

cle of mass M
1

, a prime (')will be used to designate the final-state 

particle in cases where confusion may arise~ 

It will be useful later to consider this reaction as composed of 

a two-particle final state in which one of the two particles immediately 

decays into two other particles. In Fig. 2 it has been pictured in this 

way. The interaction is seen as producing a particle of mass M
3 

and 

a particle of mass M~ ; M~ immedia.,tely decays into the observed 

particles M
1

, and· Mf.l. Since M~ can be treated as a variable this ap

proach places no restrictions on our reaction. 

We will choose the metric such that the four -dimensional scalar 

product 

q.q 

is in conformity with the notation of Chew and Low.3 With this metric 

the variable D.
2 , defined as the invariant square of the difference of 

four momenta for the target ( M
2

) and the spectator (M
3

) will be 

A2 = (q2 - q.3)2 2'M T (M M )2 
f...j, - ·. 2 . 3L - 2 - 3 • 
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meson contained in the target particle, If we consider our reaction 

from the barycentric frame of the two nonspectator particles (M
1 

and 

M ) , in analogy with an elastic scattering process, we can define a 

p~ar scattering angle of particle M
1

, 8~, by 

where the subscript b connotes quantities in th,e center-of-mass sys

tem of the two final-state nonspectator particles. The direction of the 

projectile particle before and after scattering from the virtual me son 

defines a scattering plane whose normal is given by 

A second plane can be defined by the directions of the target and specta

tor particles. This plane contains the direction of the virtual meson; 

its normal can be written as 

Again, in analogy with an elastic scattering process, we can define an 

azimuthal angle cj>~ ranging from 0 to 360 deg by 

n 
s 

in conjunction with the cross product of the same vectors to determine 

the quadrant of cj>>:< • 

The parameter e~< has relevance in that a differential cross 

section may be measured at a fixed value of w2 
and e~ as a func-

tion of P 2 This differential cross section may be extrapolated simi-

larly to the total cross section in order to obtain the differential cross 

section for the scattering of real particles of mass M
1 

on real parti

cles of mass f.! at the fixed value of w2 and 8~<· Thus, the entire 

process of extrapolation to obtain the total cross section for the process 
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can also be applied to the differential cross section. 3 

The significance of <P~< was pointed out by Treiman and Yang 18 

and. can be illustrated with the help of Fig. 1. Since the only connection 

between the two previously defined planes {1 and {1 is through the 
s p 

dashed line repre!)enting the exchanged meson, and since this meson is . 

assumed spinless, no correlation can exist between these planes; hence, 

the measured distribution can have no <P~< dependence. 

4. Explicit Calculation of Scattering Angles 

a. Invariant method. The scattering angel <P~< can be easily calcu.,... 

lated by a method described by Chew and Low •. 3 One considers the in

variant 

first evaluated in the laboratory frame, where 

and then evaluated in the center-of-mass frame of the two nonspectator 

particles 

~:( 

ql ql' = -wlb wl'b + qlb ql'L cos(Bl). 

This scalar product must be the same in both systems and since the 

laboratory quantities can be measured and the center-of-mass quanti-
>'< 

ties calculated from them, we can write an expression for cos (8{) in 

terms of measurable or calculatable quantities: 

qlL ql'L cos (Bl b) + wl'b wlb - wl'L wlL 

ql'b ql b 



• 
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b. Direct transformation. The procedure used in this experiment to 

calculate cos (Eli') and <Pr was to explicitly transform the laboratory 

momentum vectors into the center -of -mass system of the two non spec

tator particles and then to compute the center -of -mass scattering angles 

from their definitions as given in Sec. 2 of this appendix. Referring to 

Fig. 2, we can express our laboratory momentum vectors in a 

carte sian coordinate system orieriled such that 

= z 

A 

= y 

and as usual: 

XXY=Z 

The composite particle of mass ~ (= W) would then have a momen-
--+- _,. -+ 

tum vector qL::L which would lie in the same plane as qlL and q 3L. 

The transformation of a momentum vector in the laboratory frame into 

the center-of-mass frame of the two nonspectator particles to directly 

give the desired scattering angles can now be done in three steps. 

First the laboratory momentum vector is transformed to a coordinate 

system rotated by an angle BL::L' In this new frame a Lorentz trans

formation along the Z direction alone can transform our vector into 

the barycentric system of the nonspectator. Finally, a second rotation 

is performed to express the momentum vector relative to the direction 

of the projectile as seen in this frame. Thus, the entire transformation 

on a laboratory four vector can be written as 

qx qx 

qy 
= R( a. ) L( -y ) R( 8 L) 

qy 

qz qz 

iw 
b 

IW 
L 

where R( B) is the rotation matrix which generates a rotation about the 

Y . b 1 l) Th · · · b l 9 axis y an ang e o. e matrix IS given y 
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I 

cos(~) 0 sin( B) 0 

b 1 0 0 
R(B) = 

- sin(B) 0 cos( B) 0 

0 0 0 1 

The Lorentz transformation matrix L(y) along the Z axis is given b/
0 

Since we are transforming from a frame where the M ~ particle is 

moving to a frame where it is at rest, f3 must enter the Lorentz 

matrix (as we have written it) with a negative sign. M ~ is identical 

with the square root of the previously defined variable w2 and w~L 

can be calculated from energy conservation: 

The angle B~L, because of momentum conservation, satisfies the re

lations 

and 
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These equations can be solved for cos(eL:L) to give 

qlL - q3L cos(e3L) 

-JwiL- Mi 
The second rotation angle a signifies that specific rotation 

which is necessary to bring the projectile momentum vector in the 

center-of-mass frame of the two nonspectators pa'rallel to the Z axis 

in that frame. More explicitly we have 

cos(a) 

where 

Since all three successive transformations are in the plane defined by 

.... 
n 

p 

the direction of the plane 1 s normal will remain unchanged: 

n 
p 

This transformed momentum vector when expressed spherical coordi-

nates will be in terms of the desired and variables. By re-
>'< 

£erring to the definitions of the azimuthal angle <j>' of the previous 

section, we see that the only transformation needed to determine <j>>:< 

after the parameters %L, y, and a have been determined, is on 

the nonspectator momenta since ii is unchanged in the transforma-
p 

tion. We can now write the scattering angles from the cartesian 
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representation by the usual formulas 

and 

where the additional subscripts, x, y, and z refer to the cartesian 

components. 

Fin!=tlly, it is worth noting that for our particular reaction at 

. 2. 5 BeV/c,. e~L will be a positive angle less than 90 deg. The second 

rotation angle a. will be negative 'and also less than 90 deg in magni~ 

tude. 



.•. 
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B. Calibration of Neutron Detectors 

Because low energy neutrons can be detected in plastic scintilla

tion material only indirectly through their interaction products, we can 

only detect either the charged particles that result from inelastic colli

sions with carbon nuclei or that result from elastic collisions involving 

the carbon or hydrogen nuclei which compose the scintillator. Both of 

these processes produce charged particles that have a spectrum of ener

gies and that, for a fixed energy· incident neutron, result in a continuous 

range of pulse heights from the photomultiplier, To limit ourselves to 

pulse heights which are significantly larger than most noise pulses, we 

biased the neutron counters so that they would be sensitive only to parti

cles which would deposit in them an amount of light greater than that de

posited by protons of approximately 4 MeV. Since at this energy most 

of the neutron interactions are elastic NP scatterings from the hydro

gen in the scintillator, the lowest energy detectable neutron would also 

be 4 MeV. 

Each of the 84 neutron counters was coupled to a tunnel diode 

discriminator, 15 The level of the discriminator-- in conjunction with 
I 

the voltage on the phototube-- determined the bias for the counter. To 

bias for protons of approximately 4 MeV, we demanded that each counter 

be able to detect approx 20% of the L 28 MeV '{ rays from a Na 
22 

source. This source was used to calibrate all the neutron counters and 

to ensure that no significant changes in sensitivity occurred during the 

Bevatron data run or during the later calibration run on the Lawrence 

Radiation Laboratory 1 s 184 inch cyclotron. 

Uncertainties in neutron timing that tended to increase the widths 

of the time bin's came from two sources. The most significant was be

cause the phototubes were required to operate with a very limited num

ber of photons, which reflected itself in a time jitter of the resultant 

pulse, which in turn resulted in an uncertainty in the neutron time -of

flight determination, Secondly, since both the liquid hydrogen target 

and the neutron counters had a finite thickness, interactions in different 

parts of the target and detector gave rise to a difference of flight time 

for a given energy neutron, 
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To calibrate the apparatus and evaluate these uncertainties, 

timing measurements were made with neutrons of known energies. 

Since a detailed description has been published, 14 only a brief sketch 

and the results will be given here. The Lawrence Radiation Labora

tory's 186 inch cyclotron was used to accelerate deutrons to approxi

mately 450 MeV. They impinged on an internal target, producing a 

neutron beam of approximately one -half of their energy in the forward 

direction. A bending magnet cleared the resulting neutron beam of any 

charged particles and this beam was then allowed to strike a liquid 

hydrogen target. A counter range telescope was set to count the recoil 

protons from the elastic neutron-proton scatterings at a given angle and 

range of the protons. This defined a neutron beam of fixed energy and 

angle since only simple two-body kinematics in involved. Note that the 

energy spread of the initial neutron beam is irrelevant. The Chrono

tron and scintillation counter under calibration were set up to intercept 

this scattered neutron beam; hence, a direct calibration was possible 

since a trigger in the proton range telescope indicated that a neutron of 

known energy had struck the scintillation counter. The efficiency of 

each time bin for a particular neutron energy was defined as the total 

number of counts in the time bin divided by the total number of protons 

counted by the range telescope. By varying the angle of the proton 

telescope arm as well as the absorber thickness, one could measure the 

efficiency of each time bin as a function of neutron energy. Figure 9 

shows the measured neutron detection efficiency for each of the seven 

time bins as a function of neutron energy. The mean energy and rms 

width as well as the mean P 2 /f.l-2 and corresponding rms width for the 

seven time bins are given in Table III. 

C. A Survey of Positive Pion-Proton Elastic Scattering 

Angular Distributions 

A compilation was made of data concerning angular distributions 

of elastically scattered positive pions on protons up to an incident pion 

kinetic energies of 525 MeV. The differential cross section at a parti

cular energy was assumed to have the form 

... 



da 
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2 ··- 2 ,,, = }1. [A+ B cos(e''') + C cos (e''')], 

where 
~!< e is the pion center of mass scattering angle and 

)\ = p 
em 

P being the center-of-mass momentum of either particle. 
em 

For values of P < 140 MeV /c (corresponding to laboratory 
em 

pion energies lesS'·than 80 MeV), the coefficients, A, B, and C, can 

be well represented in terms of three phase shifts, a
3

, a.
31

, and a. 33 , 
. b 32 giVen y 

and 

In this energy range, the momentum dependence of the phase shifts is 

fairly well known and is given by: 33 

and 

3 
a. 33 = ( 0. 234 ± 0. 019) Pcm, 

= ( -0. 11 0 ± 0. 0 04) p ' em 

3 
a.

31 
= (-;;0. 044 ± .. 0. 005) Pcm, 

where P is measured in units of f.LC and the phase shifts are given 
em 

in radians. 
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For :P em> 140 MeV/ c, a least squares fit of the coefficients 

A, B, and _C, to the angular distributions at each momentum was used. 

They are plotted in Fig. 19. The momentum dependence of each coef

ficient was approximated by a smooth curve and incorporated into an 

IBM 7090 co.mputer code called PIPRO. For P < 140 MeV /c, the 
em 

phase shifts were coded into PIPRO and used to determine the coeffi-

cients. In Fig. 19 is plotted the PIPRO approximation to these coeffi

cients. 
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Fig. 19a. Angular distribution coefficient A as a function of 
center-of-mass momentum, 
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Fig. 19b. Angular distribution coefficient B as a function of 
center-of-mass momentum, 
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Fig. 19c. Angular distribution coefficient C as a function of 
center -of-mass momentum. 
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