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ABSTRACT OF THE DISSERTATION

The Segal-Bargmann Transform on Classical Matrix Lie Groups

by

Alice Zhuo-Yu Chan
Doctor of Philosophy in Mathematics

University of California San Diego, 2019

Professor Todd Kemp, Chair

We study the complex-time Segal-Bargmann transform Bf;v on a compact type Lie
group K, where Ky is one of the following classical matrix Lie groups: the special orthogonal
group SO(N,R), the special unitary group SU(/N), or the compact symplectic group Sp(N).
Our work complements and extends the results of Driver, Hall, and Kemp on the Segal-Bargman
transform for the unitary group U(/N). We provide an effective method of computing the action
of the Segal-Bargmann transform on trace polynomials, which comprise a subspace of smooth

functions on Ky extending the polynomial functional calculus. Using these results, we show

vil



that as NV — oo, the finite-dimensional transform Bf;V has a meaningful limit ¢, ; which can be

identified as an operator on the space of complex Laurent polynomials.
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Chapter 1

Introduction

1.1 Historical development and background

The classical Segal-Bargmann transform B,, introduced in the 1960s by Segal [23-25]

and Bargmann [1, 2] as a useful tool in quantum field theory, is a unitary isomorphism from

quantum mechanical configuration space, L*(R", p;) onto phase space, HL?(C%, ;). That is,

for t > 0, let p; denote the heat kernel with variance ¢ on R¢:
pu() = (2mt) "% exp(—|z[*/2t).

This has an entire analytic continuation to C%, given by

(po)e(z) = (2mt) Pexp (- Z2).

2t

If f € L. _(R?) is of sufficiently slow growth, we can define

loc

(Buf)(2) = / (p)e(z — 9) () dy,

R4

(1.1)



and map f — B, f is called the classical Segal-Bargmann transform. If we let 1, denote the heat

kernel on C¢, now with variance %:
pe(2) = (mt) ™" exp(—|z]*/t), (1.2)
then the map
By : L*(R%, py) — HL*(C?, 1)

is a unitary isomorphism, where HL?*(C%, 11;), also called the Segal-Bargmann space, is the
space of square-integrable holomorphic functions on C?. The development of the classical Segal-
Bargmann transform is described in [16, 17].

In [14], Hall showed that the Segal-Bargmann transform can be extended to compact Lie
groups, and in [6], the transform was further extended by Driver to Lie groups of compact type,
a class that includes compact Lie groups and R?. For this extension, given an Ad-invariant inner

product on the Lie algebra ¢ of K, let Ax denote the corresponding Laplace operator and let

225 denote the time-t heat operator on K. For f € L?(K, p;), the transform is then defined by

Bif = (22K f)e, (1.3)

where (-)c denotes analytic continuation from K to Kc. As in the Euclidean setting, B; is
an isometric isomorphism from L?(K, p;) onto the holomorphic function space HL?(Kc, i),
where 4i; 1s the (time-rescaled) heat kernel on K.

Motivated by the study of quantized Yang-Mills theory on a space-time cylinder, Driver
and Hall in [8] gave a two-parameter extension of the Segal-Bargmann transform B, ; on com-

pact type Lie groups for positive numbers 2s > ¢ > 0. The transform

By L*(K, ps) — HL*(Kc, tsy) (1.4)



is given by the same formula (1.3) as B;. However, the functions in the domain are measured
at time s and . is an appropriately chosen heat kernel such that (1.4) remains an isometric
isomorphism. For the case K = RY, the heat kernel density 1 is a Gaussian measure with dif-
ferent variances along the real and imaginary axes. When s = ¢, B, ; is equivalent to the original
transform B;; the cases s — oo and s — % were also studied in [15]. The transform B, ; was
further extended by Driver, Hall, and Kemp in [10] to the complex-time Segal-Bargmann trans-
form B, . for s > 0 and 7 € D(s, s) (the disk of radius s, centered at s in the complex plane).
Similarly to the (s,t) case, this transform is an isometric isomorphism between L*(K, p,) and
HL?(Kc, j1s.,), where ju, , is a heat kernel measure on K¢ corresponding to an Ad( K )-invariant
real inner product on £¢, the complexification of £ = Lie(K'). In [10, Theorem 3.2], it is shown
that all such Ad(K)-invariant real inner products form a family parametrized by (s, 7). Thus
this generalization of the Segal-Bargmann transform is natural in the sense that it corresponds to
the largest possible class of heat kernel measures on K.

An infinite dimensional version of the Segal-Bargmann transform on Euclidean space
was originally studied by Segal [25]. In [13], Gross and Malliavin showed that Hall’s extension
of the transform to compact Lie groups can be recovered from an infinite dimensional version of
the Segal-Bargmann transform through stochastic analysis. Building upon this work, Hall and
Sengupta developed an infinite dimensional limit of the transform for the path group with values
in a compact Lie group [18].

Another approach to constructing an infinite dimensional limit of the Segal-Bargmann
transform was studied by Biane in [4]. He considered the large- NV limit of a version of the clas-

sical Segal-Bargmann transform S acting on functions from u(N) = Lie(U(N)) to My(C),



where u(V) is equipped with the inner product (X,Y), ) = NTr(XY™) and My(C) is
equipped with the inner product (X, Y)MN(C) = % Tr(XY™). The N-dependent scaling is nec-
essary since otherwise, the target Hilbert space becomes trivial in the limit, as shown by Gordina
in [11,12]. The transform S is given by a polynomial functional calculus (see [4, Section 1.1])
and for f € C[u], the transformed functions S} fy have a large-N limit f; € C[u]. The map
Ft . f + f;is then a unitary transformation on the limiting L? closure of polynomials with
respect to the limit heat kernel measure (see [4, Theorem 3]).

In addition, Biane constructed the free Hall transform ¢* as a type of large-N limit
of the Segal-Bargmann transform on U(NN) (see [4, Proposition 13]). Rather than taking the
limit directly, he did so by developing free probabilistic analogues of the Malliavin calculus
techniques used by Gross and Malliavin in [13]. Driver, Hall, and Kemp in [9] and Cébron in [5]
showed simultaneously and independently that the free Hall transform %" is, in fact, the direct,
large- N limit of the Segal-Bargmann transform on U(/V). The techniques used in [9] and [5]
are different: in [9], PDE methods were used to derive the polynomial generating function of the
limiting transform, whereas in [5], tools from free probability were used to construct the large-/NV
limit. Nevertheless, both papers identify certain abstract spaces of “trace polynomials” (cf. [9,
Definition 1.7] and [5, Section 1]) and give similar intertwining formulas for the Laplace operator
Ay on these spaces (cf. [9, Theorem 1.18] and [5, Lemma 4.1]) which are used in computing
the large-N limit of the transform. Moreover, [9] shows that the large-N limit of the two-
parameter version (1.4) of the Segal-Bargmann transform on U(/N) is given by a corresponding
two-parameter extension ¥, ; of the free Hall transform [9, Theorem 1.11], where Gt = Gt

This two-parameter version of the free Segal-Bargmann transform was also investigated by Ho



in [19]; in particular, he gave an integral kernel for the large- N limit of the Segal-Bargmann
transform over U(V).

In this dissertation, we study the large-N limit of the complex-time Segal-Bargmann
transform on the special orthogonal group SO(N, R), the special unitary group SU(V), and the
compact symplectic group Sp(/V). The groups SO(N,R), U(N), and Sp(/N) can be viewed in
a unified manner as unitary groups over the three associative real division algebras R C, and H.
This motivates our study of the Segal-Bargmann transform on these particular classical matrix
Lie groups and, as seen in Theorem 1.6, the connection between these groups is reflected in the
close similarity of their respective large-/V limits. We employ techniques similar to those used
in [6] for the U(/N) case, deriving intertwining formulas for the Laplace operators Aso(NR)»
Agu(ny, and Agyny for the space of trace polynomials (Theorem 1.4). We then consider the
(s,7) version of the complex-time Segal-Bargmann transform developed in [10] and use our
intertwining formulas to explicitly compute the transform on the space of trace polynomials
(Theorem 1.5). Taking N — oo and using scaled, /N-dependent inner products on the Lie
algebras as in Notation 2.4, our main result (Theorem 1.6) is that the limiting transform in the
SO(N,R), SU(N), and Sp(IV) cases is the same operator ¥; ., which we call the free Segal-
Bargmann transform. When 7 is real-valued, the operator ¥ . is equal to the operator ¥,
studied in [9] for the U(NV) case.

The remainder of the dissertation is as follows. In the next section, we explicitly state
the main results of this dissertation. Then, in Chapter 2, we briefly describe known results
concerning heat kernels on compact type Lie groups necessary to carry out our analysis, as well

as set the notation and definitions used in the subsequent chapters of the dissertation. The Segal-



Bargmann transform on SO(V, R) is described in Chapter 3, where we explicitly compute an
intertwining formula for the Laplace operator Ago(y,r). Using these results, we then consider
the large-N limit of the Segal-Bargmann transform on SO(V,R) in Chapter 4, showing that
limiting transform is the free Segal-Bargmann transform ¢ .. In Chapters 5 and 6, we carry
out a similar analysis in the Sp(N) and SU(N) cases, deriving intertwining formulas for the
transform and taking the large-/V limit to show that we also arrive at the free Segal-Bargmann

transform ¥; . for these Lie groups.

1.2 Main definitions and theorems

We now outline the main results of this dissertation, deferring a fuller discussion of the
requisite background and definitions to Section 2.

Let K denote a Lie group of compact type with Lie algebra £. Then K possesses a left-
invariant metric whose associated Laplacian A is bi-invariant (cf. (2.1)). For each s > 0, there

is an associated heat kernel pX € C*(K, (0, 00)) satisfying

(355 £) (2) = /K Fak)p (k) dk = /K FU)pS (kY forall f € L2(K).  (L5)

Let K¢ denote the complexification of K and Cy = {r =t +iu : t > 0,u € R} denote
the right half-plane. As shown in [10, Theorem 1.2], the heat kernel (pX),~, possesses a unique

entire analytic continuation

pE:CL x Kc— C

such that p (s,z) = ps(z) forall s > 0 and z € K C K¢. Thus we can proceed as in the



classical case and define the Segal-Bargmann transform for compact type Lie groups using a

group convolution formula similar to (1.1) (see [6] for details).

Definition 1.1 (Complex-time Segal-Bargmann transform). Let s > 0 and 7 = t + 6 € D(s, s),

and let p& and p¥ be as above. For 2 € K¢ and f € L*(K, pX), define

(BE.f)(2) ;:/ pE (1, 2k 1) f(k)dk  for z € Kc. (1.6)
K

The complex-time Segal-Bargmann transform BfT is an isometric isomorphism between

certain L? and holomorphic L? spaces on K and K¢:

Theorem 1.2 (Driver, Hall, and Kemp, [10, Theorem 1.6]). Let K be a connected, compact-type
Lie group, and set s > 0 and T € D(s, s). Let ,uf$ denote the (time-rescaled) heat kernel on K¢

defined by (2.4). Then BfT f is holomorphic on K¢ for each f € L*(K, pi). Moreover,
BE : L*(K, pl*) = HL*(Kc, pke) (1.7)
is a unitary isomorphism.

If we set K = R%and s = 7 > 0, we recover the main result for the classical Segal-
Bargmann transform from Section 1.1.

Every compact Lie group K has a faithful representation. Hence, viewing K as a matrix
group, we can extend B fT to matrix-valued functions. Let My (R) denote the algebra of N x N
real matrices with unit /, and let My (C) denote the algebra of N x N complex matrices. Let
GLy(C) denote the group of all invertible matrices in My (C). Define a scaled Hilbert-Schmidt
norm on My (C) by

1 *
1Aty () 1= 5 Tr(AA"), A € M(C), (1.8)



where Tr denotes the usual trace.

Definition 1.3 (Boosted Segal-Bargmann transform). Let X C GLy(C) be a compact matrix
Lie group with complexification K¢. Let F' be an My (C) valued function on K or K¢, and let
| F||my (c) denote the scalar-valued function A — || F/(A)||my(c)- Fix s > 0and 7 € (s, 5),

and let

L*(K, psMy(C)) = {F : K = My(C); [|Fllny(o) € L*(K, )}, and

L2 (K, 16 My(©)) = {F : Ke = My (C); [[Flliy(e) € LA(Ke. 1'5)).

The norms defined by
1P e ptntnicn = | 1P IRuyie o (4)dA (1.9)
P ey = . 1P By (4 a4 (1.10)
’ c

make these spaces into Hilbert spaces. Let HL*(Kc,uls;My(C)) € L*(K¢, uls; My(C))
denote the subspace of matrix-valued holomorphic functions.

The boosted Segal-Bargmann transform
B, : L*(K, py'; My(C)) = HL*(Kc, s My (C))
is the unitary isomorphism determined by applying BQL componentwise; i.e.,
BE (f-A)=BEf-A forfe L*(K, pl)and A € My(C).

In this dissertation, we consider the case when K = Ky is one of SO(N,R), SU(N),

Ky
S, T

or Sp(N). We provide an effective method of computing B.*Y on the space of polynomials,



and show that in this setting, the transform has a meaningful limit as N — oco. However, the
boosted Segal-Bargmann transform typically does not preserve the space of polynomials on K.
For example, consider the polynomial Py(A) = A? on SO(N, R). Let Tr denote the usual trace

and set tr = % Tr. From Example 4.11, we see that

1 1 2 N 2
(BSOWB py)(4) = Sy g (L4 eV )AT = e (“1 4 e¥)Aw A, (L1D)

This example highlights that in general, BfT maps the space of polynomial functions on K
into the larger space of trace polynomials, first introduced in [9, Definition 1.7], which we now
briefly describe (see Section 3.2 for the full details).

Let Clu,u™'; v] denote the algebra of polynomials in the commuting variables u, u™?,
and v = {vy1,v4,...}. Foreach P € Clu,u";v], there is an associated trace polynomial
PJS,I " on SO(N, R). For now, it is enough to think of P](\,1 ) (A) as a certain “polynomial” function
of A and tr(A). If P € Clu,u';v] is a function of the variable u alone, then P](\,1 ) is simply
the corresponding polynomial on SO(N,R). For example, the trace polynomial on SO(N,R)

associated with P(u;v) = u’ is P](\,1 ) (A) = A°. On the other hand, (1.11) is the trace polynomial

on SO(N, R) associated with

1 1 2t N 2
flusv) = (1 =e™) + oe ! (L eV )u? = e (=1 + eV Juvy € Clu,u '],

In addition, for P € Clu,u';v], there are analogous trace polynomials PJS,Q ) and PJ(\? ) on
SU(N), and Sp(IV), resp. (see Definition 3.5 for precise definitions).
To simplify the statement of our results, we introduce the following notation: for NV € N,

let

KV =SO(N,R), K@ =suw), K& =uw), K =spW), (1.12)



and set K](\?}C = (K}f))c and Ag\f) = AKI<V5> for 8 = 1,2,2,4. In addition, we write pi"") =

(8)

M for the heat kernels on K ](\f) and K ](Vﬁfc, respectively.

K N@B) _ K
77' — ,LLS,T

ps ¥ and pis

Our first theorem is an intertwining result showing that A%)P](Vﬁ )

can be computed by
applying a certain pseudodifferential operator on C[u,u™';v] to P and then considering the

corresponding trace polynomial.

Theorem 1.4 (Intertwining formulas for Ago(n gy, Asu(ny, and Agyny). For € {1,2,4} and

(8)

N € N, there are pseudodifferential operators Dy’ acting on Clu,u™';v] (see Definition 3.7)

such that, for each P € Clu,u™;v],
AYPY — DY p)y. (1.13)
Moreover, for all T € C and P € Clu,u™%;v],
3OV PP = (5PN Py (1.14)

For each such j, Dgf) takes the form

1 1
DY = Lo+ L0 + 20, (1.15)

where L, £§5 ) are first order pseudodifferential operators and Eéﬁ ) is a second order differential

operator, all independent of N.

The exponential e3PN is well defined on Clu, u™t; v] (see Corollary 3.11). The proof
of Theorem 1.4 for SO(N,R) and Sp(/V) can be found on p. 32 and p. 70, resp. We do not
provide a full proof of the SU(V) version of the theorem, as it is very similar to the SO(N,R)

and Sp(/V) cases; the proof is discussed on p. 85.

10



DB

= p(8) .
Our next result shows that we can use e2-~" to explicitly compute the Segal-Bargmann

transform on trace polynomials.

Theorem 1.5. Ler P € Clu,u5v], N € N, s > 0O and 7 € D(s,s). For § € {1,2,4}, the

Segal-Bargmann transform on the trace polynomial P](\,’8 ) can be computed as

8
K

BLY P = e3PV Ply. (1.16)

The proof of Theorem 1.5 for SO(NN,R) and Sp(/N) can be found on p. 36 and p. 72,
resp. The proof of this theorem for the SU (V) case is similar, and is discussed on p. 85.
(8
Our main result concerns the limit of Bf%V on polynomials as N — oo. While the range

of the boosted Segal-Bargmann transform is the space of trace polynomials, as N — oo the

image concentrates back onto the smaller subspace of Laurent polynomials.

Theorem 1.6. Let s > 0, 7 € D(s,s), and f € Clu,u™'|. Then there exist unique gs ., hs, €

Clu, u™] such that

BXY 2 _of(- 1.17
IBs fv — [gs,r]NHLQ(K;&’H%WMN(C)) =0(32) (1.17)
CONE 1

B i = ol 0 = © (77 (1.18)

for B € {1,2,4}.

Definition 1.7. The map ¥, , : Clu,u"'] — Clu,u"'] given by f +— g, is called the free
Segal-Bargmann transform, and the map 7%, : Clu,u™'] — Clu,u™'] given by f — h, is
called the free inverse Segal-Bargmann transform. Explicit formulas for ¥; ; and .Z; ; are given

in (4.22) and (4.23), respectively.

11



The proof of Theorem 1.6 for SO(N, R) can be found on p. 54. The proof of the theorem
for the SU(NN') and Sp(/N) cases is entirely analogous to the SO(V, R) case, so we do not provide

the full details; the proofs for SU(N') and Sp(/V) are discussed on pp. 85 and 76.

Remark 1.8. Many of the results in this dissertation on the Segal-Bargmann transform for
SO(N,R), SU(N), and Sp(NV) correspond to work done by Driver, Hall, and Kemp on the
Segal-Bargmann transform on U(/N). The U(/V) analogue of our intertwining formulas, Theo-
rem 1.4, is contained in [9, Theorem 1.18], where it is shown that Ay has the intertwining
formula

! 1 / 1 /
DY) = Lo+ L) + 505"

for certain pseudodifferential operators L, Eng), and Eg/) on C[u, u™'; v], the trace polynomial
space (cf. Remark 3.13), where the operator L’?) is identically zero (as it is for £(12) in the
SU(N) case).

The same operator L, appears in the intertwining formulas for SO(N, R), U(N), SU(N),
and Sp(V). As N — oo, it is the operator L, that drives the large- N behavior of the transform;
this is the key to our main result on the free Segal-Bargmann transform, Theorem 1.6, which
states that the large- N limit of the Segal-Bargmann transform on SO(N, R), SU(V), and Sp(N)
is the same operator % .. Moreover, we emphasize that the rate of convergence in all cases
is O(1/N?), as it is in the analogous result for the U(N) case, [9, Theorem 1.11]. This is
somewhat surprising, since there is a nontrivial term of order 1/N in the intertwining formulas
for SO(V, R) and Sp(N) that does not appear in the U(N) and SU(/V) cases. That we still obtain

O(1/N?) convergence for SO(N,R) and Sp(N) is due to the fact that in the scalar version of

12



their intertwining formulas (cf. Theorems 3.20 and 5.5), the term of order 1/N is a first order
differential operator. As a result, the 1/N terms are “washed away” in the covariance estimates
(cf. the proof of Theorem 4.10 in the SO(/N, R) case for a more precise explanation; the Sp(/NV)

case is similar).

This chapter contains material that has been accepted for publication in the Journal of

Functional Analysis, 2020, Chan, Alice Z. The dissertation author was the sole author of this

paper.
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Chapter 2

Background

In this section, we expand on the background required to prove our main results. In
particular, we provide a brief overview of the heat kernel results used in constructing the Segal-
Bargmann transform, and conclude by setting some notation that will be used for the remainder

of the paper.

2.1 Heat kernels on Lie groups
Definition 2.1. Let K be a Lie group with Lie algebra £. An inner product (-, -), on € is Ad-
invariant if, for all X1, X, € tandall k € K,
(Ady, X1, Ady, X)), = (X1, Xo), -
A group whose Lie algebra possesses an Ad-invariant inner product is called compact type.

The Lie groups SO(N,R), SU(N), and Sp(V) studied in this paper are compact type

(and are, in fact, compact).

14



Compact type Lie groups have the following property.

Proposition 2.2 ([22, Lemma 7.5]). If K is a compact type Lie group with a fixed Ad-invariant
inner product, the K is isometrically isomorphic to a direct product group, i.e. K = K, x R?

for some compact Lie group K, and some nonnegative integer d.

Let K be a compact type Lie group with Lie algebra ¢, and fix an Ad-invariant inner
product on £. Choose a right Haar measure A on K; we will write dx for A(dz) and L*(K) for
L*(K, \). If B¢ is an orthonormal basis for €, we define the Laplace operator Ax on K by

I @1

Xepe

where for any X € ¢, X is the left-invariant vector field given by

d .oax
o (ke™) -, (2.2)

(XF)(k) =
for any smooth real or complex-valued function f on K. The operator is independent of or-
thonormal basis chosen. For a detailed overview of left-invariant Laplacian operators, see [22];
see also [6, 7, 10] for further background on heat kernels on compact type Lie groups.

The operator A is left-invariant for any Lie group K. When K is compact type, Ag
is also bi-invariant (cf. [10, Lemma 3.5]). In addition, it is well known that Ax on K is
elliptic and essentially self-adjoint on L?(K') with respect to any right invariant Haar measure

(see [10, Section 3.2]). As a result, there exists an associated heat kernel pX € C*°(K, (0, c0))

satisfying (1.5).

Definition 2.3. Let s > 0 and 7 = ¢t + 10 € D(s,s). We define a second order left-invariant

15



differential operator AXE on K¢ by

d
t\ ~, to ~ ~
A§$:Z[<s—§) X§+§Yj2—9Xij , (2.3)

j=1
where {X;}9_, is any orthonormal basis of ¢, and Y; = JX; where .J is the operation of multi-

plication of i on £¢c = Lie(K¢).

The operator ALE|coo (k) is essentially self-adjoint on L?(K¢) with respect to any right
Haar measure (see [10, Section 3.2]). There exists a corresponding heat kernel density u§$ €

C*>(Kc, (0,00)) such that

(G%Aﬁf? f) () = / pEe(w) f(zw) dz  forall f € L*(Kc). (2.4)
K¢

2.2 Notation and definitions

The classical Segal-Bargmann transform is an isometric isomorphism from L?(R?) onto
HL*(C?). In order to extend the Segal-Bargmann transform to Lie groups, we note that every
connected Lie group has a complexification defined by a certain representation-theoretic univer-
sal property, mimicking the relationship between R? and C? (see [10, Section 2.1]). For the
present purposes, it is enough to know the concrete complexifications of SO(NV, R), SU(N), and
Sp(IV), which we describe below.

Let SO(N,R) denote the special orthogonal group, defined by SO(N,R) = {A €
My (R) : AAT = I, det(A) = 1}. Its complexification, SO(N, R)¢, is given by SO(V,C) =
{A e Mpy(C) : AAT = I, det(A) = 1}. The Lie group SO(N, R) has Lie algebra so(N,R) =

{X € My(R) : XT = —X}, while SO(N, C) has Lie algebra so(N,C) = {X € My(C) :
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XT=-X}

The unitary group, U(N), is defined by U(N) = {4 € My(C) : AA* = Iy}. The Lie
algebra of U(N) is u(N) = {X € My(C) : X* = —X}. The special unitary group SU(N)
is the subgroup of U(N) consisting of matrices with determinant 1. The complexification of
SU(N) is the special linear group SL(N,C) = {A € GLy(C) : det(A) = 1}. The Lie algebra
of SU(N) is su(N) = {X € My(C) : X* = —X,Tr(X) = 0}, and the Lie algebra of
SL(N,C)issl(N,C) = {X € My(C) : Tr(X) = 0}.

There are two standard realizations of the compact symplectic group Sp(JV), first as a
group of N x N matrices over the quaternions, and second as a group of 2/NV x 2N matrices over
C. It is more convenient for us to work with the latter realization, which we introduce here; we
address the former realization in Section 5.6. Our choice of realization means that we will often
have to add a normalization factor of 3 when working with Sp(N) € My (C).

Set

0 1
Q= € M,(C).

-1 0
For N € N, we define 2 = Qy := diag(Qo, Qo,...,Q) € Moy (C). We define the complex
—— ——

N times
symplectic group by Sp(N,C) = {A € Myy(C) : ATQA = Q}. The Lie algebra of Sp(V, C)
is sp(N,C) = {X € Myn(C) : QXTQ = X}. The compact symplectic group Sp(NN) consists

of the elements of Sp(/N, C) which are also unitary, i.e.
Sp(N) = Sp(N,C) NU2N) = {A € Myy(C) : ATQA = Q, A"A = Ly} 2.5)
The Lie algebra of Sp(N) is sp(N) = {X € Myn(C) : QXTQ = X, X* = —X}. The

complexification of Sp(/V) is Sp(N, C).
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The groups SO(NV,R), SU(N), and Sp(/N) can be thought of as (special) unitary groups
over R, C, and H, resp. For notational convenience, throughout the paper we associate the
parameters 5 = 1,2,2' 4 with SO(N,R), SU(N), U(N), and Sp(N), resp., where /3 refers to
the dimension of R, C, and H as associative algebras over R.

In order for the large- N limit of the Segal-Bargmann transform to converge in a meaning-

ful way, we require the following normalizations of the trace and Hilbert-Schmidt inner products.

Notation 2.4. For A € My (C), define

1

tr(A) = N Tr(A), (2.6)
tr(A) = % Tr(A), (2.7)

where Tt denotes the usual trace. We use tr when applying the Segal-Bargmann transform on
SO(N,R) and SU(N), and tr when applying the Segal-Bargmann transform on Sp(NN).

We also define inner products on so(/N,R), su(V), and sp(N) by

N N?
(XY ) sy = 5 THXY?) = - tr(XY"), XY € 50(N,R), (2.8)
(X, V) = NTe(XY") = N2t2(XY*), X,V € su(N), (2.9)
(X.Y) ) = N Te(XY*) = 2N*r(XY*), XY € sp(N). (2.10)

This chapter contains material that has been accepted for publication in the Journal of

Functional Analysis, 2020, Chan, Alice Z. The dissertation author was the sole author of this

paper.
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Chapter 3

The Segal-Bargmann transform on

SO(N, R)

In this section and the next, we prove Theorem 1.4, Theorem 1.5, and Theorem 1.6 for
the Segal-Bargmann transform on SO(V, R). We begin with a set of “magic formulas” which are
the key ingredient to proving the SO(V, R) version of the intertwining formula for Ago(n ) of
Theorem 1.4. These formulas, which give simple expressions for certain quadratic matrix sums,
are the analogues of the “magic formulas” of [9, Proposition 3.1] for U(N). They allow us to
compute the Segal-Bargmann transform for trace polynomials on SO(NV, R) (1.5 for SO(N, R)).

©)

We then prove a second intertwining formula for the operator .AE,CT)(N’ which is used in proving

the limit theorems of Section 4.
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3.1 Magic formulas and derivative formulas

Lemma 3.1 (Elementary matrix identities). Let E; ; € My (C) denote the N x N matrix with a
1 in the (i, j)th entry and zeros elsewhere. For 1 < 1,5, k,{ < N and A = (A; ;) € My(C), we

have

EijEre = 0;1Eis (3.1
E;AE,; = A, ,E, (3.2)
E;;AE;; = A; E;, (3.3)
TH(AE,,) = A, (3.4)

Proof. For1 < a,b, < N,

Mz

EZJEkE z]ahEkf

h=1
Note that [E; j]o.n[Ek elnp equals 1 precisely when @ =i, b = ¢, and j = k,and h = j = k, and
equals 0 otherwise, so [E; jEj ¢]ap = 0;104.:0¢, Wwhich proves (3.1).

We now make the following observations: for any N x N matrix A, ALE; ; is the matrix
which is all zeros except for the jth column, which is equal to the ith column of A. Hence the
only (possibly) nonzero diagonal entry is the (j, j)th entry, which is A;;. This proves (3.4).
Similarly, F; ;A is the matrix which is all zeros except for the i row, which is the jth row of A.

Putting these observations together yields (3.2) and (3.3). L]
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Proposition 3.2 (Magic formulas for SO(N, R)). Forany A, B € My(C),

N -1 1
§ X?=— In=—Iy+ =1
N N N

XeBm(N,R)

1
Y XAX = AT tr(A) Ly

Xeﬁso(N,]R)

Y tr(XA)X = %(AT — A)

XEBsu(N,]R)

1 T
> tr(XA)tr(XB) = 3 (t(ATB) — tr(AB))

XEﬁsn(N,R)

(3.5)

(3.6)

(3.7

(3.8)

Proof. As shown in Theorem 3.3 of [9], the quantity X AX is independent of the
Xeﬂsn(N,]R)

choice of orthonormal basis. Hence to see (3.6), we may set 35,y r) to be the orthonormal basis

1
650 N,R) — {_(Ez, - E,l)} :
WETAVN YT ey

By Lemma 3.1,

> (Eij— Ej)A(Ey; — Ejs) = Y [EijAE; j — EijAE;; — Ej;AE; j + Ej;AE; ]

1<J 1<J
= Y (Ei;AE;; — EijAE;;)
oy
= Ay = ) AjiE
i#]j i#j

N N
= Z AjiEi;+ Z A B — Z A E;; —
1 =1

ij i=

=AT — TI‘(A)]N,

and dividing by N proves (3.6). Equation (3.5) then follows from (3.6) by setting A = I.
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Similarly, we compute

> Te(A(Ei; — Eji)(Eij — Ej;) = > [Te(AE; ;) B — Tr(AE; ) Ej,
1<J 1<J

— TI'(AE]"Z‘)ELJ‘ + TI'(AE]‘J)EJ'J']

i#]
=Y AuE; = A
i7#] i#]
N N
= Z Aj7iEi7j + Z Ai,iEi,i - Z Ai,iEi,i — Z Ai,jEi,j
i#] i=1 i=1 i#]
=AT— A,

which is equivalent to (3.7). Equation (3.8) now follows from (3.7) by multiplying by B and

taking tr. 0

Remark 3.3. Our proof of the magic formulas for SO(V, R) is primarily computational, relying
on the elementary matrix identities of Lemma 3.1. These results can also be obtained more
abstractly. Let EE@, for 5 € {1,2,2',4}, denote so(N,R), su(N), u(N), and sp(N), resp.,
and let 5355) be an orthonormal basis for {z%”. In [21, Lemma 1.2.1], Lévy provides an explicit

decomposition of the Casimir element CM)’ defined as the tensor
N

Cip= ) X&X

XEﬁF%g)
Let
N N
T=> E,®E, ad P=Y FE,®FEq. (3.9)
a,b=1 a,b=1
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ForK € {R,C,H}, set I(K) = {1, 1,j,k}NK and define two elements Re* and Co* of K@y K
by

Re® = Z y®&~ ' and Cof = Z YR 7. (3.10)

v€I(K) v€EI(K)
Then for § € {1,2'4} (where 2’ corresponds to the value 2), the Casimir element Ce“’) is given
N
by
1

K K
Cyp :B—N(—T@)Re +P ® Co"), (3.11)

and for 8 = 2, Couvy = Cuvy — %i] N @ ily. This decomposition can be used to compute

any expression of the form g - B(X, X), where B is an R-bilinear map. In particular, the
En

magic formulas for SO(N,R), SU(N), and Sp(N) (cf. Propositions 3.2, 6.2, and 5.10) can be

obtained in this way.

Proposition 3.4 (Derivative formulas for SO(N,R)). Let X € B;o(n r). The following identities

hold on SO(N,R) and SO(N,C):

XA" =3 AXA™, m=>0 (3.12)
j=1
_ 0
XA™ == " AXA™, m<0 (3.13)
j=m+1
Xtr(A™) =m-tr(XA™), meZ (3.14)
1 m—1 A m—1 A .
AsovmA™ =2z |57 3 (m =A™ =} (m = j) tr(A) A"
Jj=1 j=1
m(N — 1)
—— AT m =0 (3.15)
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-1 -1

" 1 N N
AsowmA™ =2nez |5 Do (=mA PATH = 7 (—m ) (4 A"
N-1
+MA7", m < 0 (3.16)
N
X tr(A™) - X AP = 2P qgp=m _ gptm z 3.17
> r(A™)- = 2! - ), m,peL (3.17)

X€EPBso(N,R)

We emphasize that these derivative formulas hold true only in the case on SO(V, R) and

SO(N,C), in which case A~! = AT.

Proof. The proof of (3.12), (3.13), and (3.14) for the U(V) case are contained in [9]; the proof

of these equations for the SO(N, R) case is identical. Next, by (3.12), we have, for m > 0,

XZA™ =205y Y AIXARXA ) AIXZAT, (3.18)
J,k#0 j=1
jtk+l=m

Summing over all X € SBso(n,r) and using the magic formulas (3.5) and (3.6), we have

AsonmA™ =21z Y > ARXAXA'+ Y zm:AjXQAm‘j

Xeﬁsn(N,R) k;j750 Xeﬁsu(N,JR) Jj=1
k+j+l=m
Lk aivt at i\ AR+ mN —1) .,
=200 {NA (AT)TA* — () A+ | = TS
k,j#0
k+j+l=m
1= = m(N — 1)
= E N\ Am—2j E . i\ Am—j B m
_Q]Ing [N ]:l(m—j)A J . (m—j)tI'(AJ)A J _TA ,

which proves (3.15).

Similarly, if m < 0, we use (3.13) to get

0
X2A™ =2pe s Y AIXAXAT ) AIXPA™
k,0<0,5<0 j=m+1
J+k4+l=m
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Summing over all X € Bso(n,r) and using the magic formulas (3.5) and (3.6), we have

0
AsownmA™ =201z Y Y ARXAXATH YT Y AXPA™

XEB50(N,R) k,£<0,5<0 Xeﬁsa(N,]R) j=m+1
j+k+t=m
L ks aive 4t i\ Akl m(N—1) .
= 2o Z [NA (ANTA" — tr(A) AR+ = A
k,0<0,5<0
Jjt+k+t=m
1 -1 -1
_ - _ s m—2j5 o s j m—j
= 21,52 [N‘Z( m— j)A" ™ .Z( m — j)tr(A7)A™
Jj=m+1 Jj=m+1
m(N — 1)
AT T pm
+ N ,

which proves (3.16).
For (3.17), we first assume m, p > 0. Using equation (3.7) and the fact that AT = A~}
for A € SO(N,R),

Z )?tr(Am) . )?Ap = Z [tr (i AjXAmj> <i AkXApk>

X €Bso(N,R) X €Bso(N,R) Jj=1

= iA’“ > <zm: tr(XAm)> X APk

k=1 X€Bso(nr) \J=1

:imAk > te(XA™MX | AH
k=1

XGB&O(N,R)

_ %(Ap*m — Artm).
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For m < 0 and p > 0, we have

Y Xtr(am) - XAr= Y- [tr (— 20: AjXAm‘j> (Ep:AkXAP—k)
)

XEﬂso(N,R) Xeﬁsu(N,]R) Jj=m+1

S SN B REES

k=1  X€Bynm \j=m+l

p
==Y (—m)A* | > te(XA™X | ArF
k=1 X €E€Bso(N,R)

— %(Apfm _ A;Der)'

For m > 0 and p < 0, we have

> Xtr(Am) XAr= ) [tr (Em: AjXAm‘J) (— EO: A’“XA”"“)

X€Bso(N k) X€EBso(N,R) Jj=1 k=p+1

— i ANy (im()ﬂﬂ) X Ark

k=p+1 XGﬂso(N,R) Jj=1

0
== > mA | Y t(XAMX | AF

k=p+1 Xeﬁso(N,]R)

_ %(Ap*m — AP,

Finally, for m,p < 0, we have

Yo Xtr(Am) XA = Y [—tr( 20: AjXAm‘j) <— 20: AkXAp—k>

X €Bso(N,R) X €Bso(N,R) J=m+1 k=p+1

- 20: AN ( 20: tr(XAm)> XAk

k:p+1 Xeﬂsn(N,]R) J:m+1

0

= > (=mA [ Y wm(XAm)X | At

k=p+1 XeBso(N,]R)

_ D) gpm gprm
= AT A,

This proves (3.17).
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3.2 Intertwining formulas for Ago vy g

In this section, we describe the trace polynomial functional calculus that will be nec-
essary for the proof of Theorem 1.4, which contains the intertwining formulas for Ago(v ).
Agu(ny, and Agpn). The space of trace polynomials was first introduced in [9, Definition 1.7],
where it was used to prove analogous intertwining results for Ay(yy. Using this framework, we
then prove Theorem 1.4 for the SO(V, R) case.

The computations in this section are related to, but not quite the same as, those used to

establish the intertwining formulas for AU( ~) 1n [9, Sections 3-4].

Definition 3.5. Let C[u, u '] denote the algebra of Laurent polynomials in a single variable u:

Clu,u '] = {Z apu® : ay € C,a;, = 0 for all but finitely many k:} , (3.19)
keZ

with the usual polynomial multiplication. Let C[u] and C[u '] denote the subalgebras consisting
of polynomials in u and u ™!, respectively.

Let C[v]| denote the algebra of polynomials in countably many commuting variables
v = {v41,v49,...}, and let C[u, u™'; v] denote the algebra of polynomials in the commuting
variables {u, u™" vi1, vig, ...}

We now define the trace polynomial functional calculus: for P € Clu,u™';v], we have

PU(A) = [PO]N(A) = P(t; V) e aog x4ty izor A € SO(N,R) or SO(N, C),
PP(A) = [P (A) i= P(t;V)|ue sy —ix(aty4p0, A € SU(N) or SL(N, C),

P (A) = [PY]n(A) i= P(w; V)] e s —sraryazor A € SP(N) or Sp(N, C).
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Functions of the form P](Vﬁ ), where P € Clu, u™t; v, are called trace polynomials. We will often

suppress the superscripts for P](Vﬁ ) and write Py when it is clear from context which version of

the trace polynomial functional calculus is being used.

As an illustrative example, the trace polynomial PJ(V1 ) = Py on SO(N, R) associated with

P(u;v) = v ju? — 302 is
Pr(A) = tr(A) tr(A*)P A% — 3t2( A7) L.

We now introduce the pseudodifferential operators on Clu,u™';v| that appear in our

intertwining formulas.
Definition 3.6. Let R* denote the positive and negative projection operators
RY:Clu,u % v] = Clu;v] and R : Clu,u b v] = Clu™;v]

defined by

R* ( Z uqu(v)> = Zuqu(v), R ( Z uqu(v)> = —Z uFqr(v).

In addition, for any £ € Z, let M, denote the multiplication operator defined by

M P(u;v) = uPP(u;v).
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Definition 3.7. Define the following operators on Clu, u™!; v]:

N=N+N =Y Mol ul(rr - R,

(%k ou
|k|>1

[e'e} -1

_ 0 G, -
yl :yf__yl :ZUkUR—F%MufkR—F— Z Uk’LLR %MufkR ,

k=1 k=—00

00 k—1 —2 -1
=V -V =) <Zjvjvk_j> 8% -y ( > Jvoe

k=2 \j=1 k=—oco \j=k+1

Zi =2 -2/ =) (Z(k _j)vk—2j> a%k - i ( > (k= j)vi—s

j=k+1

k=2 \j=1 k=—o00

> 9
Zy=Z25 —Zy =Y u MR =M, RY - Z u’k“R’
k=1

ou

k=—o00

0? 0?
_ e k41 k+1
K=K - K Z hu v Ou Z hu AU’

k|>1

_ , 0? , 0?
Ky =K5 —K; = Z ]kkajm— Z kamjm,

7]:[k[=1 l7]:[k[=1

) ) , 0
T=2) Kug i © D IR, gt D gy bugs by

|k|>1 l7],1k|>1

We set

Lo=—-N =2 —2)s,

=N +22 +22,, £V =2K, + K>,

P =0, £ =-25-K;+J,

4 1 1 4 1 1
55):—54), £§)21£§)~

For € {1,2,4}, we define

1
DY = Lo+ —LP 1 Lo,

N N2
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Notation 3.8. For m € Z and A € My(C), let W,,,(A) = A™, V,,(A) = tr(A™), and V(A) =
{Vin(A)}mi>1. The functions W,,, V,,,, and V implicitly depend on N, but we suppress the

index, which should not cause confusion.

Theorem 3.9 (Partial product rule). Let o, 3 € C. For P € Clu,u™";v] and Q € C|v], the

operator oLy + ﬁﬁgl) satisfies
(aEO + 559)) (PQ) = ((aco + 54”) P) Q+P ((aﬁo v 555”) Q) . (333)
Proof. From Definition 3.7, recall that
Lo=—Nog+N) =2V — 2V, LY =Ny +N; +22; +22,.

Observe that Ny, ), Z; are first order differential operators on C[v], and so satisfy the product
rule on C[u,u~';v]. On the other hand, N7, ), and Z, annihilate C[v] and satisfy, for P €

Clu,u™';v] and Q € C[v],
Ni(PQ) = (MP)Q, Ni(PQ)=WNP)Q, Z2Z:(PQ)=(2P)Q.
Putting this together shows (3.33). [

Definition 3.10. The trace degree of a monomial in Clu, u™'; v] is defined to be

deg (ukovlflvli—ll .. .Uilmvﬁ;;”> = |]{70| + Z |]|k‘] (3.34)

1<|jl<m

We define the trace degree of any element in Clu, u™'; v] to be the highest trace degree of any

of its monomial terms. For m > 0, we define the subspace C,,[u,u™!; v] C Clu,u™!;v] to be

Cplu,u " v] = {P € Clu,u;v] : deg P < m}, (3.35)
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1

consisting of polynomials of trace degree < m. Note that C,,[u,u"; v] is finite-dimensional

and Clu, u™ "5 v] = U,z Cnlu, w5 v].

Corollary 3.11. Let m, N € N and o, € C. The operators oLy + B,C(l), Dﬁ), Dg\?), and

D%) preserve the finite dimensional subspace C,,[u,u™;v] C Clu,u';v]. It follows that

™ (1> @) @ _ .
eotBLL eaPN 9PN and e*PN’ are well-defined operators on each C,,[u, u™"; v] (via power

series, cf. Remark 3.14) and hence are well-defined on all of Clu,u™";v].

Proof. Recall that oL+ 559), DE\P, Dﬁ), and Dgé) are linear combinations of the operators 7,
N, V1, Vo, 21, 2o, K1, and K, described in Definition 3.7. Each of these operators, in turn, are
linear combinations of compositions of multiplication, differentiation, and projection operators.
The multiplication and differentiation operators raise and lower trace degree, respectively, while
projection operators R and R~ leaves C,,[u, u'; v] invariant. Keeping track of multiplication
and differentiation operators in 7, N, Vi, Vo, Z1, Zo, K1, and K5 shows that these operators

preserve trace degree. Hence oLy + 559, D](\}), D](\?), and D%) preserve the finite dimensional

subspace C,[u, u~';v] € Clu, u~;v], and the result for e*£o+5L1" | caP’| oD and oW
follows. L]
Corollary 3.12. Forany P € Clu,u™*;v|, Q € C|[v], and o, B, 7 € C,

eg(acowﬁﬁ”)(p@ _ o5laLo+sc) p e%(aﬁo%ﬁﬁl))@ (3.36)

Proof. Suppose L is a linear operator on Clu, u™'; v| which leaves C[v] and C,,[u,u™; v] in-
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variant and satisfies the partial product rule (3.33). Applying (3.33) repeatedly, we get

I
o

=[ -

™

=

~

ol

)

I
RS
8
= =

R}

o
~_
R
[]e
| =

o

ol

QO
~

By Definition 3.7, it is clear that 7 (aﬁo + B£§1)> leaves C[v] and C,,[u, u™!; v] invariant, so

setting £ = 7 (ozﬁo + ﬂﬁ(ll)) concludes the proof. [
We can now prove our main intertwining result for Ago(n g).

Proof of Theorem 1.4 for SO(N,R). It suffices to show that Ago(yr)Pn = [DnP]n holds for
P(u;v) = u™q(v), where m € Z\ {0} and ¢ € C[v]. Then Py = W,, - q(V), and by the
product rule,
Asovr) Py = Z XA(W,, - q(V))
X€Bso(N,R)

=y )?(()?Wm).q(v)+wm-)?(J(V))

XE/BEO(N,R)

— 3 (W) (V) + 2X W, - Xg(V) + W, - X2(V)

XEBso(N,R{)

= (ASO(N,R)Wm) ~q(V) +2 Z XWm ) XQ(V) + W, - (ASO(NR)‘J(V))

XE/BEU(N,IR)

(3.37)

For the first term in (3.37), we consider the cases m > 0 and m < 0 separately. For
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m > 0, we apply (3.15) to get

m(N —1
(Bsova W) -a(v) = " =D gev)
1 m—1 m—1
+ 2z | 5 ) (m = k) Wonop — > (m = k)ViWai | g(V)
k=1 k=1
N—-1[ 0 _. 2 | [~ _& 9
_ v P “ +lp+ _ +p
¥ [uauR }N+N (Z R 5-M R )
k=1 N
-2 [(Z UkUR+a_Mu—kR+> P
k=1 N
N—-1[ 0 2
=% [u%RJFP} N + N[ZJP]N —2[V; Plw. (3.38)
A similar computation, using (3.16), shows that for m < 0,
N—-1[ 0 ___ 2 __ _
(BsowaWo) (V) = "5+ [ugiRP| = (25 Ply+23; Pl

We observe that V;", Z, annihilates C[u~!] while ), , Z, annihilates C[u], so for all m € Z,

N -1 2
(AsovryWn) -q(V) = —T[Nlp]N + N[Z2P]N — 2V P]n. (3.39)
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Next, by the chain rule and (3.17), the middle term in (3.37) is

> XWXV = 5 XWX (5l (V)X

Xeﬁsn(N,R) Xeﬁsn(N,]R) |k|21

=> | > xw. Xy (%q) (V)

\k\Zl Xeﬁso(N,R)

-y ]”:[_];(Wm_k — Wonir) (a%kq) (V)

|k|>1

1 o . o . 0

= 2 (e ] e [, ) () 0
(3.40)
_ L —k4+1 k1 0
2 Z k<u b )8u80k
|k|>1 N

1

— K1 Pl (3.41)

where we have used the fact that mW,,,; = W, [a%um}  in line (3.40).

Finally, for the last term in (3.37), we have, for each X € S,y r),

PER
= 9 (V) XVi+ Y > (V)- XV, - XV, (3.42)
n 8’qu g c%j@vkq ! b .

In summing the first term in (3.42) over X € [;,(n,r), We break up the sum for positive
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and negative k. Using (3.15) and (3.16), we have

2 i <8%q) (V)- XV = - % ika (a%q) (V)

Xeﬁsa(N,]R) k=1

9 oo k-1 a
2SS k- OV —q) V)
N2 2 Fon
oo k-1 a
-2 E—0OV,Vi_o | — A\Y4 3.43
kz_;e_l( )Zké(aka)< ) (3.43)

and

2 Z ( ) V) R =t i WV (iq) (V)
X €PBso(n,r) k=—00 N = Ovy,
—2

2 0
k=—o00 ¢= k+1
0
S Skt ouv, (a—q) V)
k=—o0 £=k+1
(3.44)

Summing the second term in (3.42) over X € (35, r) and using (3.17) yields

22 (3%3vk ) (V) XV, XVi = % > ik (Vi = Vi) (%{;}kq) (V)

X€Bso(N,R) 17],]k[>1 |7]:1k[>1
(3.45)
Adding (3.43), (3.44), and (3.45) together and multiplying by W,,,, we get
N -1 2 1
Wi - (Asowrq(V)) = [( N o+ NZI -2V, + m’@) P} . (3.46)

Combining (3.39), (3.41), and (3.46) proves (1.13) for SO(N,R) (6 = 1). Equation

(1.14) now follows from Corollary (3.11). L]
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Remark 3.13. A similar intertwining formula is proven in [9] for the U(N) case, where for any

P e Clu,u™t;v],

1
Ay Py = Kzo — (K5 + IC;)) P} , (3.47)
N
and, subsequently, for 7 € C,
520 Py = [e3Comnz @R+ pl (3.48)

Remark 3.14. In this paper, we are primarily concerned with computing the Segal-Bargmann
transform on trace polynomials. In this setting, if D is a left-invariant differential operator on K&,
where K is a compact type matrix Lie group, then we can compute the action of e” on a trace

polynomial f via the power series

(P )(w) = (Z %D”f) (@) (3.49)

n=0

In particular, if D = FAf, we can define ez f as a function on K using the power series
definition. In [10], it is shown that 22K f has a unique analytic continuation to K. Moreover,

this analytic continuation is equal to BSI’(T f.

Proof of Theorem 1.5 for SO(N,R). By the intertwining formula (1.14), we have
ezlsov ) Py = [6§D§V1>P]N.

Corollary 3.11 shows that [egpgvl )P] ~ is a trace polynomial on SO(N, R), so its analytic contin-
uation to SO(N, C) is given by the same trace polynomial function. Hence [65D5v1>P] N, viewed

as a holomorphic function on SO(N, C), is the analytic continuation of e>2s0.®) Py, and so is

equal to BES(N’R) Py. 0
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3.3 Intertwining formulas for AES(N ©)

We now prove an intertwining formula for SO(V, C) that is analogous to the intertwining
formula for SO(N, R) in Theorem 1.4. To do so, we use the word polynomial space introduced
in [9, Notation 3.21], which was used to prove a similar intertwining formula for GLy(C) =

U(N)c.

Notation 3.15. For m € N, define &, to be the set of words € : {1,...,m} — {1, £x}. We
denote the length of a word ¢ € &, by |¢| = m and set & = U,,>¢8,,. We define the word

polynomial space W to be

W =C [{Ua}eeé”} )

the space of polynomials in the commuting variables {v. }.c¢, . For j, k € Z not both zero, we

define the words

|7] times |k| times
7\ 7\

e k) = (1,..., 1, k%, ..., +%) € Ejaps (3.50)

where the first |j] slots contain +1 if 7 > 0 and —1 if j < 0, and the last |k| slots contain +s if

k> 0and —xif k < 0. We set v(,0) = 1.

Notation 3.16. For ¢ = (ey,...,e,) € &, and A € SO(N,C), we define A° = A ... A5m,

where AT := A* and A~ := (A*)"L. If P € #, we define a function Py : SO(N,C) — C by

where
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and

Vo(A) = tr(A%) = tr(A% - .- A7),
Notation 3.17. We define the inclusion maps ¢, :* : C[v] < #/, with ¢ linear and +* conjugate
linear, by

L(Vk) = Vo), L (V) = Ve(o,p)- (3.51)

The maps ¢ and +* intertwine with the evaluation map in the following way: for @) € C|v],

(L(@)In(A) = @n(A),  [H(Q)In(A) = Qn(A)". (3.52)

Definition 3.18. The trace degree of a monomial H;"Zl vfj € W is defined to be

deg (Hﬁj) = > 1Kjllel,
=1

i=1

and the trace degree of an arbitrary element of % is the highest trace degree of any of its mono-
mial terms.

For each m € N, we let #,;,, denote the finite dimensional subspace of #
W ={P €W : deg(P) <m} C Cl{v} )<l
sothat # = U,_, W

Theorem 3.19. Fix s € Rand 7 = t +i0 € C. There are collections {Q37 : ¢ € &},

{R>™ : e € &}, and {S;’g : €,0 € &} in W such that:

1. foreache € &, Q27 and R>7 are certain finite sums of monomials of trace degree || such

that

1
ASONOV, = [Qe )y + R, (353)
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2. fore,d € &, S5 is a certain finite sum of monomials of trace degree |e| + |5| such that

dso(N,R)

3 Ks - g) (ReV2)(KeVi) + STV (VaV5) — 0(RVo) (TaV5) | = 5155w
/=1
(3.54)

For the proof below, we use the following conventions: let Sq(n ) = {X. g};li?“v ® denote
an orthonormal basis for so(/N,R), with 3, = Beo(nvr) and S = i35 v r). If X € My(C) and

A € SO(N,C),
(AX)" = AX, (AX)™ = -XA", (AX)"=X"A", (AX)7:=-A"X". (3.55)

In addition, we will be liberal in our use of + to denote a sign that may vary for different terms
and on different sides of an equation, since we will not require a precise formula for our word

polynomials beyond what is described in the theorem statement.

Proof. Fixaworde = (e1,...,&,) € &. Then for each X € 51 and A € SO(N, C),

= (A7 (AX)T - AT, (3.56)
j=1
SO
Z (A%t (AX2)% ... A5m) (3.57)
+2 ) (AT (AX)T - (AX)T AT (3.58)
1<j<k<m

Applying magic formula (3.5) to sum each term in (3.57) over ., we have

Z tr(A% - (AX?)5 ... A% :iN]\;ltr(Aa...Aej...Asm) :iEVE(A).

N
Xep+

(3.59)
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Summing over 1 < 7 < m now gives

N-1
N § r(AT - (AXP)T AT = s () VA (A), (3.60)
Xep+ j=1

where n.(¢) € Z and |n+(g)| < |g|. For (3.58), we can express each term in the sum as
tr( AT - (AX) - (AX)%F s A7) = (A% X A%k X A%IK), (3.61)

0 .1 2 : 0 .1 .2 _ :
SO € 1> € 4> and €7 ;. are substrings of € such that £, £ ,£5, = €. Summing (3.61) over X € .

by magic formula (3.6), we have

D tr(AT - (AX)T - (AX)T AT = & %tr(Af?,k(AE},k)—lAE?,k)

Xep+

— tr( A%k A%k tr( A% (3.62)

1
=25 Ve (A) £ Vo 2 (AVar (4),  (B.63)

where €7, is the word of length |¢| such that Vfik<‘4) — tr( A% (A%#) "L A%+). Thus summing

(3.58) over X € (. gives

€1 €k Em _1
S (AT (AX)T - (AX)T A ) =% Y. £V (4)

XeBt 1<j<k<m 1<j<k<m
+ Z :f:Vo e Vl (A)
1<j<k<m *
(3.64)
We define word polynomials corresponding to (3.64) by
o= XN (3.65)
1<j<k<m
5= Fvo e v (3.66)
1<jakem 7
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Nowif X € f andY =iX € §_, then

:itr(Afl---(AY)fj---Afm) :iiitr(Agl---(AX)EJ'---AE’"),

j=1

and

(XYV.)( —zZﬂ:tr (A% (AX?)F ... Am)

+ 2z Z itr(Aﬂ...(AX)8j.”(AX)ak_”Aem)‘

1<j<k<m

A similar argument to the above shows that summing (3.68) over X € 3, gives

> Zitr AT (AXP)E A = %n(g)vg(/l)
Xepy j=1

where 7(¢) € Z and |n(¢)| < |¢|. In addition, summing (3.69) over X € /3, we have

€1 € ... €k ... AEm —i
SY T Etr(AT - (AX)T - (AX)E A ) =% Yo V(4

XeBy 1<j<k<m 1<j<k<m

(3.67)

(3.68)

(3.69)

(3.70)

+ oy Ve (AVa (A).

1<j<k<m

We define corresponding word polynomials

=1 +v.3
Qe.2 €5k

1<j<k<m

Qe =1 +v0 2 va .

]kaj k j k
1<j<k<m

Putting this together, we define

t

DO |

Q7 = (S N %) (s (2)ve +2Q24) +

(n—(e)v- +2Q;) — 0 (in(e) + 2Q<3) .

75

(3.71)

(3.72)

(3.73)

(3.74)

R = (S - %) (—ns(e)v- +2Q%0) + % (=n-(e)o- +2Qc0) — 0 (=in(e) + 2Qe2).
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By construction, ()27 and R2" are of the required form and satisfy (3.53).
For part (2), fix 6 € & with n = |0|. For each X € [,
(XV) (AN XV (A) =) ) tr(A7 - (AX)S - AT ) tr(A% - (AX)% - A%, (3.76)
j=1 k=1
Using the invariance of the trace under cyclic permutations, we can write the terms in the above

sum as

+ tr(X A%9)) tr( X AR,

where £(j) and 0(k) are particular cyclic permutations of € and 6. Summing over X € /. and

applying magic formula (3.8), along with the fact that X € so(N, C) is skew-symmetric,

n

> (XVa)(A)(X = Ni Xm: Z )TLAYR)) — tr(AFD) A2))
XeB+ j=1 k=1
2

n

> £ (Vegram (A) = Vo (A)) (3.77)
k=1

%IH

7j=1
where ()7 is the word satisfying V.(jr(4) = V. (A)~'. (For example, if we have ¢(j) =

(—*,—1,%,1,1), thene(j)T = (—1,—1, —x*, 1, x).) We define the associated word polynomials

Ses = Z Z £(Ve)ra) = Ve(i)ak))- (3.78)

=1 k=1
Next, if X € g, and Y =iX € 3_, then

n

(XVA)YV3)(A) =i ) > £ tr(X AT tr(X AW, (3.79)

7=1 k=1
Using magic formula (3.8) to sum over X € (3, gives
dso(n,R) n

S (RV)A)TV) (A) = + Z Vst (A) = Vegpso(A)). (3.80)

(=1



Hence we define the associated word polynomial

Ses = ZZ Z (Ve o) — Ve(i)ok)) (3.81)

j=1 k=1

(where the signs in (3.81) do not necessarily correspond to those in (3.78)). Finally, we define

S, T t t -
S5 = <3 - 5) S5+ 555,5 — 0S5, (3.82)
where we have constructed S75 so that it is a sum of monomials of trace degree || + [d] and

satisfies (3.54). ]

Theorem 3.20 (Intertwining formula for A2V, Fix s € Rand 7 = t +i0 € C, and let

{Q7 :ee &} {R : e € &Y, and {S25 : €,0 € &} be as in Theorem 3.19. Define first and
second order differential operators

1

ES,T _ - s,m Y .
=325 (3.83)
€EE
~ 1 0
LT =~ ST — .84
=52 BT (3.84)
€EE
~ 1 0?
Ly == o (3.85)
2 S 0v.0vs
Then forall N € Nand P € W/,
L gsowvep, — [(Eg’f L LZ;T) P] (3.86)
87T - 1 . .
2 N N2 N

Proof. For each X € My(C), we apply the chain rule to get

- g[8

eeé

S (E) v @0+ (o) v wv
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Aoy =Y (50 (v) - s,

+ 3 ) 0 3 [ () i

(=1

+ o (YoV2) (YaVs) — 0(X,Ve) (YVs) |-

N |+

The result now follows from Theorem 3.19. O]

The following result will be useful for the proof of Theorem 1.6. It appears in [9] for the

GL(N, C) case, with the proof virtually unchanged for SO(N, C).

Lemma 3.21 ([9, Lemma 3.28]). There exists a sesquilinear form (with the second argument

conjugate linear)

B:Clu,u ' v] x Clu,u™v] = #

such that, for all P,Q € Clu,u™"';v], we have deg(B(P,Q)) = deg(P) + deg(Q) and

B(P,Q)|x(A) = tr[Py(A)Qn(A)*]  forall A € SO(N,C).

This chapter contains material that has been accepted for publication in the Journal of

Functional Analysis, 2020, Chan, Alice Z. The dissertation author was the sole author of this

paper.
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Chapter 4

Limit theorems for the Segal-Bargmann

transform on SO(/NV, R)

We now use the results from the previous section to identify the limit of the Segal-
Bargmann transform on SO(/N,R) as N — oo. In Section 4.1, we prove a few preliminary

SO(N,R) SO(N,C)

results regarding the way in which the heat kernel measures p; and (s - concentrate

their mass as N — oco. Then, in Section 4.2, we prove the SO(N, R) version of Theorem 1.6,

the main limit theorem for BES(N’R).

4.1 Concentration of measures

The following lemma is an essential component of our main limit theorems. It is a known

result (see [20, Corollary 6.2.32]); we include a direct proof here for convenience.
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Lemma 4.1. Let X, Y € M(N,C) and suppose || - || is a submultiplicative matrix norm. Then
X — X < v eI
Proof. Forn > 0, note that
(X +Y)" = X" < ([IX]T+ YD = 11X,

where the inequality follows by expanding (X + Y')", which includes an X", then applying the

submultiplicativity of the matrix norm, and then recombining terms. Hence

||6X+Y

(e.] 1 .
gzn— (X +Y)" = X"

_ XNV X

It remains to show that ellXI+IVI — elIXI < ||y ||elXlIelYll which is equivalent to showing that
e¥ —1 < yeY for y > 0. Rearranging, this inequality is equivalent to 1 — y < e¥, which holds,

in fact, for all y € R: by Bernoulli’s inequality,

e ¥ = lim (1—g)n21—y. [

n—oo

Corollary 4.2. Let V be a finite-dimensional normed vector space over C and suppose that that

Lo, Ly, and Lo are operators on V. Then there exist constants C,Cy, C3 < oo depending on
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Lo, L1, Lo, || - || such that for N sufficiently large,

||€Lo+%L1+ﬁLz _ 6L°||End(V) < N 4.1)
bt iatdets bt gy < T2 @2
C

bt — e gy < 32 )

where || - ||gna(v) is the operator norm on End(V') induced by || - ||v. Hence if ¢ € V* is a linear

functional, then for N sufficiently large,

141 C
|¢(6L0+NL0+N2L2U) — p(efv)| < Nl||90| v[[v]lv, (4.4)
1.1 1 C:
|¢(6L0+NL1+N2L2U) _ SO(QLO+NL10)| < FZQ”@' ve|lv| v 4.5)
N C
|¢(6LO+NL1U) _ QO(@LOU)| < W3||SO| v U||V (46)

where || - ||y~ is the dual norm on V'*.

Proof. Weset X = LgandY = %Ll + ﬁLg asin Lemma 4.1, so

1

1L, ||End(v)€||Lo||End<v>eH YLt le|lg 0
N

L0+%L1+#L2

e — " ||gnaqv) <

1 1
elLollena(v) o w I L1 lEnaovy F w2 L2 lEnacvy

1
< Lyl
< NH 1| Ena(vy

L L
Choose N, € N such that ¢l P lenac) + iz E2lenacy) < 2 and set Oy = 2|| L1 ||gnaqye/lollema,
Then (4.1) holds for all N > N,. Equation (4.4) then follows. The proofs of (4.2), (4.3), and

subsequently (4.5) and (4.6), are similar. L]

We now introduce notation and establish a few preliminary results which we will use for

proving Theorem 1.6 for SO(NN, R) in the next section.
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Definition 4.3. Define a family of holomorphic functions {vy}rcz on C by setting vy(7) = 1

and for k # 0,
k-1,
L] (=7) j—1 k|
p— T —_— . 4-
V(1) =€ 2 ;:0 i K| it 4.7)

For 7 € C, define the frace evaluation map ., : Clu,u™';v] — Clu,u"'] by
(77 P)(u) = P(; V) |oy= (r) k0 (4.8)
For a concrete example, if P(u;v) = v3v®,u® + 9vi0° ,, then
(7. P)(u) = v3(T)v_7(7)?u’ + 91 (T)v_g(7)°.
The following result is a key tool in proving our main limit theorems.
Theorem 4.4 (Biane, [3]). Foreach s > 0and k € 7Z,
lim tr(U*) pUVN(U) dU = vy (s).
N=oo Ju(n)

For P € Clu,u % v], let P(u;1) = P(u;V)y,—1 x20. Using the intertwining formula
k s #

(3.48) for the U(V) case and Theorem 4.4, we have

vk(s) = lim tr(Uk)pE(N)(U) dU = lim (egAU(N) tr[(~)k])(IN) 4.9
= lim (e3 B0~z (PRTHKD)g (1), (4.10)

Since Ly, K, and K are linear operators which preserve the finite-dimensional vector space
Cplu, u™"; v], we consider (e2 0 yz (KT +K 2))1,.)(1) to be the evaluation of the linear functional
©(Q) := Q(1) on the finite-dimensional space C,,[v]. Hence Corollary 4.2 applies, so taking
the limit as N — oo, we have

ve(s) = (e2%0u)(1). (4.11)
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This yields the following version of Theorem 4.4 for the SO(N, R) case, which is due to

Lévy [21].
Lemma 4.5 (Lévy, [21]). For s > 0and k € Z,

lim tr(A*) pPOVR (A) dA = 1 (s). (4.12)
N—=00 J3O(N,R)

Proof. We have

lim tr(A*) pSOVR (A) dA = lim (e22sowvm tr[()¥])(Iy)
N—=o Jso(NR) N—oo

= lim (5 G AT R (1) = (6500, (1)
—00

=V (S) y
where we have again applied Corollary 4.2 as in (4.11). [

Lemma 4.6. For () € C[v] and 7 € C, we have
(e2%°Q) (1) = 7. Q. (4.13)
Proof. By Theorem 3.9, e2“° is a homomorphism of C[v]. Hence it suffices to show that
(e™0vy) (1) = 7 (vg) = v (7) (4.14)

for each k € Z. To see that it holds for all 7 € C, we expand the left-hand side as a power
series in 7. Fix a norm || - ||y, on the finite-dimensional vector space W, := Cy[u, u™'; v]. Let
|+ llEnd(w,) denote the operator norm on End(W},) induced by || - |w,, and let || - [[w+ denote

the corresponding dual norm on Wj. Let ¢ be the linear functional acting on W, defined by

49



> (5 5) @ra)

n=

=§i%(gﬂmwwm>

o0

L (I7\"
SZE(?) lollwy

n=0

£0|’7Ellnd(Wk) [[vrllw,

and the right-hand side converges by the ratio test. Thus the function 7 — (e2%%v;) (1) is
analytic on the complex plane. By (4.11), this function agrees with the entire function 7 —

v, (7) for 7 € R, and so it also agrees for all 7 € C. O

Lemma4.7. Let s > 0and T =t +i0 € D(s, s). For any Q € Clv|,

S,T

(57Q) (1) = 7@, (4.15)

(57 (@) (1) =7 Q. (4.16)

Proof. First, observe that if f : SO(N,C) — My(C) is holomorphic, then JXf =iXf forall

X € so(N,R). Thus

t\ = t ~ ~
AES(N’C)HSO(N,R) = Z |:(8 — —> X2 _ §)(2 —i6X? f= (s — T)AS()(NR)JC-

Xeﬁsn(N,]R)

In particular, since () is a trace polynomial,

SO C
pBATTNO

Qn = e%(s—T)ASO(N,R) Qn. 4.17)

Applying intertwining formulas (3.86) and (1.14) to the left side and using (3.52) gives

~S,T 1
[eﬁo +LE

)

TEEQ) = [PV QL. (4.18)
N

Hence for () € C[v],

<€E§vf+%£ivf+ﬁzg’n(@)> (1) = <€%(S—T)(llo-i-%ﬁgl)-i-ﬁﬁél))Q) (1). (4.19)



If deg Q = m, then we can view the left and right sides as the evaluation of a linear functional
©(P) = P(1) on the finite-dimensional spaces #,, and C,,[v], respectively. Thus we may apply

Corollary 4.2 to take the limit as N — oo, which yields

(57u@) (1) = (e2072Q) (1), (4.20)
By Lemma 4.6, the expression on the right is 7,_.(). Equation (4.16) is proved similarly, using
the fact that if f : SO(N,C) — My(C) is antiholomorphic, then JX f = —iX f forall X €

s0(N,R). O
Theorem 4.8. Let s > 0, 7 € D(s, s), and k € Z. Then

lim tr(AF) pSONO(A)dA = vy, (s — 7). (4.21)

N=co Jso(N,0)
Proof. We use (2.4) and intertwining formula (3.86) to get

/ o EADRERO) A = (T () (1) = (o5 ) 1),
Viewing the last expression as a linear functional acting on ¢(vy,) € #%, we apply Corollary 4.2

to take the limit as N — oo. Combining this with Lemma 4.7, we have

lim tr(A") ,u?? NO(A)dA = ( 0 L(Uk)) (1) =ms_;o =1 (s—7). O
N=oo Jso(N,C)

4.2 The free Segal-Bargmann transform for SO(/N, R)

In this section, we prove our main result on the large-/V limit of the Segal-Bargmann
transform for SO(V,R). The free Segal-Bargmann transform % ; and the free inverse Segal-
Bargmann transform .77; ; appearing in Theorem 1.6 have explicit formulas, which we first de-

scribe.
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Definition 4.9. Let £, be the pseudodifferential operator on Clu, v ~!; v| from Definition 3.7.
We define the free Segal-Bargmann transform to be the map % : Clu,u '] = Clu, u '] given
by

Y, =Te ,0e2to (4.22)

and we define the free inverse Segal-Bargmann transform to be the map %, : Clu,u™!] —
Clu, u™'] given by

o, =g 0e 250, (4.23)
Before proving Theorem 1.6, we require the following result.

Theorem 4.10. Let s > 0 and 7 = t 4+ if € D(s, s). For any P € Clu,u™;v|,

1
1Py = [P, = O (5 ) o and @24
1
1Py = [Pl gy = O (37 ) (4.25)

This result shows that with respect to the heat kernel measure, the space of trace polyno-

mials concentrates onto the space of polynomials as N — oo.

Proof. We first show (4.25). It suffices to prove the result for polynomials of the form P(u;v) =
ukFQ(v) for k € Z and Q € Clv]; (4.25) then holds on all of Clu,u"';v] by the triangle

inequality. For such a polynomial,

P(u;v) — me_- P(u;v) = u*[Q(V) — me_,Q] = u* R, _,
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where we let R;_, = Q — m,_.Q. Hence for A € SO(N, C),

HPN(A) - [WS—TP]N(A)HIQ\/IN((C) =tr (Ak[Rs—T]N(A) [RS—T]N(A)*A*k)
= tr(AA™)[Ro_r]n (A)[Rs—r]w (A)*

= {Ue(k’k)L(Rs,T)L*(Rsz)]N<A). (426)

Along with intertwining formula (3.86), this allows us to compute

SO(N,C
1S9O

| Py — [Ws—TP]NHiQ(Hggw,Q) =e? (”PN - [Ws—TP]NH%/LN(C)) (In) (4.27)

— (BRI (g iRy ) (Ry ) (1) (428)

By the triangle inequality, the last line is bounded by

(PN (et (Ber)" (Ry) ) (1) = (57 A (g pu( Ry )" (R,—0)) ) (1)] - 429)

+

(5T (e Re—r )" (Re—))) (1)]. (430)

If m = deg V. x)t(Rs—7 )" (Rs—7), We can interpret (4.29) as the evaluation of the linear func-

tional p(R) = R(1) on #;,, so by Corollary 4.2,

,T

(P i (R (i) (1) = (6575 (R ) () (1)

1
=0 (ﬁ) ) 4.31)
To bound (4.30), recall from Theorem 3.20 that L™ + %ETT is a first-order differential operator
EyT L BT

57 . . .
on#,,,s0e 1 is an algebra homomorphism, i.e.

65877—"'%2?7— (’Ua(ch) L(RS_T)L* (RS_T))
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Forany T € ¥/,

n (eES”T)(1)‘ (4.33)

By Corollary 4.2, the first term on the right side of (4.33) is O(1/N), while the second term is a

constant not depending on N. Moreover, by Lemma 4.7,
(€5 L(Re_r))(1) = (57 1*(Ry_))(1) = 0. (4.34)

Applying (4.33) to each term in the product in (4.32) and using (4.34), we have that (4.30) is

O(1/N?). Combining this with (4.31) shows (4.25).

SO(N,C)
sAL0

Finally, observe that $ Agovr) = . Setting 7 = 0 in (4.27) and restricting to

SO(N, R) shows (4.24). O
We can now prove Theorem 1.6 for SO(N, R).

Proof of Theorem 1.6 for SO(N,R). Let f € Clu,u™']. Using Theorem 1.5 to rewrite the term

BSO(N fn and applying the triangle inequality, we have

HBSO(NR §V1>

- [gs,Tf]NHLz(ﬂfg(N,C)) = || [6%1) f]N - [7"-5—7 © 6§£Of]N||L2(“§9r(N7C))

(1)

< eF fly = (35 a0 (435)

+ 12 fln = [mor 0 €25 Il 2 000
(4.36)

By Theorem 4.10, (4.36) is O(1/N), so it remains to show that

) T 1
657 fly 5 vl o, = O (7 ) @30
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To this end, let m = deg f and RN = e3PN f — e3L0 f € Cpn[u, u™!; v]. Recalling (1.10) and

the sesquilinear form 5 of Lemma 3.21, we have

(1) T 14N
116575 fl = 155 Al g, somvo, = IR I  soemer, = 25 (B Ialiy (o) ()
_ <e~fv‘TB( RO R(N))) (1). (4.38)
Fix norms || - [|s,, and || - [|c,. juu—1:v] ON #am and Cy,[u, u™'; v], respectively. By Corollary 4.2

applied to the linear functional p(P) = P(1) on #4,,, there exists a constant C' = C'(m, s, 7)

(not dependent on V) such that
. o C
[(PV BR™, ™)) (1) = (57 BRM, R™)) (1)] < IBRY, Ry, (439)
Next, using the linear functional 1)(P) = (e2%°P)) (1) on #4,,, we have

(57 BRN, RY) (1) < [l IBRY), Bl (4.40)

2m

Putting (4.37), (4.39), and (4.40) together yields

(1)

. . C
657 Pl — 5 Al o, < (W6l + 7 ) IR ), )

Since B : Cpu,u™t;v] x Cp[u,u™t; v] — #4,, is a sesquilinear form with finite domain and
range, there exists a constant C’ = C’(m) (not dependent on N) such that

1B(P, Q)1 < C'l|Pllcuuu vl Qllenuu-y  forall PQ € Cnlu, u™5v]. (4.42)
1)

A final application of Corollary 4.2 shows that there exists a constant C” depending on Ly, E ,

1
-

Cu[uu-1;v]» @and f, but again, not on IV, such that

7 1) T
HR(N)H(Cm[u u=liv] = ”e Pr N f— ezﬁOfHCm[uv“_IW] < W (4.43)
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Hence

N N N) |2 (e
Combining (4.41) and (4.44) proves (4.37).
To prove (1.18), we observe that (BEQ(N’R))_lfMSO(N,R) — ¢~ 28500k frr. By a similar
triangle inequality argument using (4.24), it suffices to show
H[eigpg\})f]N - [eigﬁof]NHZ sov,r), = O L . (4.45)
£2(p3°MH) N?

Replacing 7 with —7 in the definition of R™Y) and (s, 7) with (s,0) from (4.38) onwards, the
same argument as above proves (4.45).

For uniqueness, we first define seminorms on Clu, u™'; v] by

IPISX = [Pl o s, 1PN = 1Pl g ooy (4.46)

IPIS) = 1Pl agsoen,  IPIS N = 1Pl oy, cnmcor (4.47)
In addition, for § = 1, 2, define the seminorms

IPI = lim [P (4.48)

1P| = lim [P (4.49)

lim
N—oo
In [9, Lemma 4.7], it was shown that for § = 2, the seminorms (4.48) and (4.49) are norms

when restricted to C[u, u™']. Since
1Pl = 1P| (4.50)

it follows that the seminorm (4.48) is also a norm on Clu,u™!] for 3 = 1. An argument com-

pletely analogous to the one used in [9, Lemma 4.7] to prove that || P||% is a norm on Clu, u ]
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shows that ||P|| is a norm on C[u, u~"]. Hence, if g ;, g . € Clu,u™"] both satisfy

B2 s — g s ower, = O (52 ) = B2 s = o o over
the triangle inequality implies that
1
900 = shllsgzomven = O (3 ) @51)
Taking N — oo shows that ||gs , — gST||ST = 0. Since || - H is a norm on Clu, u™'], it follows

/

that g, = g.,. A similar argument shows that J7 . f is the unique polynomial satisfying

(1.18). ]

Example 4.11. Set P(u;v) = u? € Clu, u™']. Then we can show that

B3OWR py(A) = %(1 —e¢ )y + %eT(l +eN)A% - geT(—l FeM)AtrA, (4.52)
via the same method used in [9, Example 3.5]. By the intertwining formula BE(?(N R)PN =
ezASON® Py = [e%DE\PP] ~» this corresponds to the trace polynomial

(3PN PY(u;v) = %(1 —e )+ %e‘T(l +eF)u? — ge”(—l + e ¥ uv (4.53)
=e " (u? — Tuvy) + O <%) : (4.54)

) . rp®
By Theorem 4.10, we compute ¥, , P by evaluating the traces in 2P~ P at the moments v,_,

and taking the large- N limit of the resulting polynomial. Since vy (s —7) = e~(*"7)/2  this yields
G, Plu) = e (u? —Te” /2. (4.55)

In [9, Example 3.5], it was shown that for the unitary case (with 7 = ¢ > 0),

(3P P)(u:v) = e cosh(t/N)u? — Ne~* sinh(t/N)uvy (4.56)
=e " (u? — Tuvy) + O (;2> : (4.57)
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which also results in the same expression for ¥; , P.

This chapter contains material that has been accepted for publication in the Journal of

Functional Analysis, 2020, Chan, Alice Z. The dissertation author was the sole author of this

paper.
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Chapter 5

The Segal-Bargmann transform on Sp(V)

In this section, we prove the Sp(/V) version of Theorems 1.4, 1.5, and 1.6. which com-
prise our main results. We begin with a slight digression and show that Sp(/N) can also be
realized as a subset of NV x N quaternion matrices. This allows us to easily identify a particular
orthonormal basis of sp(N) C Moy (C) which we use to compute a set of magic formulas used

. . .. A lASp(N,C)
in the proofs of our intertwining formulas for ez=se(™) and e27s7

. These magic formulas
share key similarities with the magic formulas for SO(N, R). Consequently, many of the results
for the Sp(/N) case can proven using techniques similar to those used in the SO(N,R) case,
and so we do not always provide the full details. We conclude by showing that when Sp(/N) is

realized as a subset of My (H), a version of the magic formulas and intertwining formulas for

Asgp(nvy also hold.
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5.1 Two realizations of the compact symplectic group

The quaternion algebra H is the four-dimensional associative algebra over R spanned by

1,1, j, and k satisfying the relations

and
ij =k, Jji= -k,
jk =1, kj = —i,
ki =j, ik = —j.
We denote the quaternion conjugate of ¢ € H by ¢*. That is, if ¢ = al + bi + ¢j + dk,

then ¢* = al — bi — ¢j — dk. If A € My (H), we define the adjoint of A to be the matrix A*

defined by (A*); ; = (A;;)*. Foreach N > 1, we define Sp(IV) as
Sp(N) = {A € My(H) : A*A=Iy}. (5.1)
Its Lie algebra is
sp(N)={X e My(H) : X*=—-X}, (5.2)
which we endow with the real inner product
(X, Y)MN) =2NReTr(X*Y) forall X,Y € sp(N). (5.3)

Let

1 1
C'N = {—(Ea,b + Eb,a)} U {—Ea,a} )
V4N 1<a<b<N V2N 1<a<N

60



where E,;, C My (H) is the N x N matrix with a 1 in the (a, b) entry and zeros elsewhere. An

orthonormal basis for sp(N) with respect to this inner product is

1
sy =3 —(E,p — Epg UiCy U jCx UkCy. 54
Bap () {m( b b, )}1§a<b§N NUJCN N (5.4)

From (5.1), we see that éI)(N ) is the unitary group over the quaternions. We now ex-
plicitly construct a (real) Lie group isomorphism between Sp(IN) and Sp(N). While Sp(NV) is,
in some sense, the more natural realization of the compact symplectic group, for our purposes
it is easier to work with the definition given in (2.5). In particular, the complexification of the
compact symplectic group is more readily understood when Sp(/V) is realized as a subset of
Moy (C) rather than of My (H).

The material presented below is standard (cf. [26]); we include it here for convenience.

First, observe that we can realize H as a subalgebra of M,(C). We do so by letting

1 : H — My (C) denote the injective homomorphism
H>q¢=al+bi+cj+dk € My(C). (5.5)

The map 1) preserves conjugation: 1)(q*) = 1(q)* for all ¢ € H, where we take the quaternion
conjugate on the left and the complex conjugate transpose on the right. Moreover, note that we

can write a matrix of the form (5.5) as

a —f
B @

(5.6)

for some «, # € C, and any matrix of this form corresponds to a ¢ € H.
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Now define a map ¢ : My (H) — May(C) by

P([gijh<ijen) = [¥(ig)]1<ij<n-

By the properties of block multiplication, ¢ is an algebra homomorphism. Since ) is one-to-
one, it follows that ® is also one-to-one. Moreover, since i) preserves conjugation, so does ®: if
A € My(H), then ®(A*) = $(A)*, where again we take the quaternion conjugate transpose on
the left and the complex conjugate transpose on the right.

Consequently, if A € Sp(N) € My (H), so that A*A = Iy, then
D(A)B(A) = B(A")P(A) = P(A*A) = Ly.
Hence

®(Sp(N)) = {Z € Mon(C) : Z*Z = Iy and 3 A € My (H) such that ®(A) = Z}.  (5.7)

—~

We would like to show that @(QB(N)) = Sp(N), which would imply that Sp(N) = Sp(N) as
groups. Recall that since A € Sp(N) is unitary and Q= = —(, we can rewrite the definition of

Sp(NV) as follows:
Sp(N) ={Z € Myn(C) : Z*Z = Ly, —QZ0 = Z}. (5.8)
Comparing (5.7) and 5.8, we see that it suffices to show that
Z = ®(A) forsome A € My(H) & -QZQ=7Z. (5.9)

We need the following lemma.

_ a —f
Lemma 5.1. Let B € M5(C). Then —Q By = B if and only if B = for some
8 @
a, B e C.
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Proof. Direct computation. ]

Consequently, for Z € M,y (C),

[—QZQY = Y QF([Z]k QY = — Q[ 2]y, (5.10)

1<k (<N
where [Z]" denotes the (4, j)th 2 x 2 block of Z. By Lemma 5.1, we see that foreach 1 < 7,5 <

N, there exists ¢; ; € H such that ¢(g; ;) = [Z]* precisely when —QZQ) = Z.
Theorem 5.2. The map CI)|SB(N) : §f)(N) — Sp(N) is a Lie group isomorphism.

Proof. The preceding discussion shows that (I)|§5( ) is a group isomorphism. It remains to be

shown that (IDI%( ) and q)|s:131(N) are smooth, but this is clear from the definition of ®. O]

The inner products (2.10) and (5.3) for sp(N) and sp(N), resp., are related by ®. For

X € My(H), note that
1 1
ReTeréReTrCI)(X)ZETr(ID(X). (5.11)
Hence for X, Y € sp(N),

(X,Y)gx) = 2N Re Te(XY™) = N Tr(@(XY")) = N Tr(@(X)®(Y)") = ((X), 2(Y)) sy -
(5.12)
In particular, if 35y is an orthonormal basis for sp(N) € My (H) with respect to (5.2), then

®(Bs(n)) is an orthonormal basis for sp(N) € Moy (C) with respect to (2.10).
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5.2 Magic formulas and derivative formulas

Proposition 5.3 (Magic formulas for Sp(IV)). Let Seny be any orthonormal basis for sp(N )

with respect to the inner product (2.10). For any A, B € My (C),

2N +1 1
>, XP=—"hy =Dy~ 5l (5.13)
XEBsp(n)
1 ~
d XAX = —WQATQ—1 —tr(A) Ly (5.14)
X€Bsp()
~ 1
- TO-1 _
D> t(XA)X (AT — 4) (5.15)
X€Bsp()
~ ~ 1 ~ ~
D> (XA)(XB) = v (r(QATQB) — x(AB)) (5.16)
XEBsp()

Proof. As with the magic formulas for SO(N, R), the quantities on the left hand side of (5.13),
(5.14), (5.15), and (5.16) are independent of choice of orthonormal basis. Thus we may compute
with respect to the orthonormal basis s := P (B(n)), Where g is the orthonormal basis
described in (5.4).

We will use the following notation: for A € Myx (C), let [A]*/ denote the (7, 7)th 2 x 2
submatrix, and let A}’ denote the (k,¢)th entry of [A]*. If E,; C My(H) is an elementary

matrix and v € {1,1,j,k} C H,
FYy o= D(vEas) € Man(C). (5.17)

Observe that [F,]"/ contains all zeros unless (i, j) = (a, b), in which case it is equal to one of
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depending on whether v equals 1,1, j, or k, respectively.
Equation (5.13) follows from (5.14). For (5.14), we have

> XAXz% > ) FlAF],

Xeﬁsp(]\r) 1<a,b<N "yE{l,i,j,k}

—ﬁ > |FLARL, - ) FLAF),

1<a,b<N vedij,k}

Forl <a,b,c,d,i,5 < N, we have

[FLAFLY = ) [ELMAMIELY = [F] ) AP IF] ]

1<k (<N
0, 1#aorj#d

b(M[A"Y(y) i=aandj=d

A straightforward computation shows that

Aty Aty Aty A
P(L)[AP (1) = , YO)[Ap(i) =
AT A AS —ALS
—Ay5 —AYS _Abe gbe
() Ap(j) = , P(K)[A] Y (k)
b,c b,c b,c b,c
_A1,2 _Al,l A2,1 _A2,2

Hence for the first term on the right hand side of (5.18),

1] 2]

Y. Y ELAR, Y. ELAFRL| =2

1<a,b<N ~ve{1,ijk} ye{L.ijk} A%"il —A]i’il

Jit Jst
_A2,2 A1,2
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For the second term on the right hand side of (5.18), the (4, j)th block is 0 for ¢ # j. For i = j,

%,J 1,J
J N J

Z Fc},bAFbl,a - Z Fc?:bAFlza = Z P’:bAFbl,z - Z Fz’,YbAFI;,{z

1<a,b<N ye{ijk} b=1 ve{i.jk}

b=1 ve{ijk}
(5.25)
N ABY 4 ABY 0
) (5.26)
0 A A
=2Tr(A)L. (5.27)
Putting this together, we have
. _
—Agy Al o
i 77
XAX L)L Asy 4 - 5.28
XeﬂZ “oN Y[ . (5.28)
Ay Al
| Al
On the other hand, we can compute
1 _ 1| QAP i # J,
——QATO ! — tr(A)lon = —— (5.29)

2N 2N

Qo([AJP)TQ5! — Te(A)L, i = j.

Multiplying out (5.29) and comparing with (5.28) proves (5.14).
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Next, for (5.15), we again use the basis 3,,(n) to compute

> E}(XA)X:ﬁ >y

XG:BSP(N) 1S(l,bSN 76{17i7j7k}

VEY, (5.30)

1 -
-y Y| wELAE, - > w(FLAF, . (3D
1<a,b<N ve{ijk}

For 1 < a,b < N, a simple calculation shows that

G(FLA) = — (AP0 4 ABSY f(FT,A) = —— (A% _ gl 5.32

tr(F,,A4) = ﬁ( 11t AYS),  tr(F,,A) = W( 12 — A1) (5.32)

o j i a a i i a a

tr(F;,A) = —ﬁ(Alf’,z +A30),  tr(FRA) = W(Alfh — A3%), (5.33)
The (7, j)th block of the right hand side of (5.30) is thus

,J ,J

Z > w(F,AF, :ﬁ tr(FYA

1<a b<N ~e{1,i,j,k}

1| Al
~ 4N? i
— A3
Similarly, the (4, 7)th block of (5.31) is
.3

1 ~ -
N 2L | EEWARL - Y w(FLA),

1<a,b<N velij,k}
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ve{ij.k}
(5.34)
— AT,
(5.35)
ATy
_ ! tr(FLA)FL
T AN r( 3 ) i



Combining our computations,

~ 1 A%’,z - Al,Jl _AJ1,2 - Al,j2
> BXAX| = (5.38)
A Al - A
Again, we can expand
1 (QATQ 1 A) Y 1 [ QO([A]j,i)TQ—l o A]i,j (539)
4N? ~ANZ 0

to see that this is equivalent to (5.38). This proves (5.15); multiplying on the right by B &

M, (C) and taking tr proves (5.16). O

While Proposition 5.3 holds for all A, B € Myy(C), we now restrict to the case in which
A and B are in Sp(N) or Sp(N, C). Note that for A € Sp(N,C), QATQ ! = A~1,
The magic formulas for Sp(/N) allow us to compute the following derivative formulas,

as in the SO(N, R) case.

Proposition 5.4 (Derivative formulas for Sp(N)). The following identities hold on Sp(N) and

Sp(N, C):
1 m— m—1
Agpv)yA™ = L>2 [_N Z m— j)A™” L_9 Z —7) tr A] AmI
=1 7j=1
1
+ (—1 - W) mA™,  m >0 (5.40)
- !
ASp(N)Am = II_mS_Q [—N Z <—m —’—j)Ame] ) Z (_m _._j)tI.(A])Am*]
j=m+1 Jj=m+1
— (—1 - %) mA™, m<0 (5.41)

> Xtr(Am) - XA = TP (gp=m APt p e . (5.42)

XEBsp(n)

4N2
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Proof. For m > 0, we use (3.18) and magic formulas (5.83) and (5.84) to sum over all X €
Bsp(n):

Agpn)A™ = 212 Z Z AFXATX A* + Z iAjXQAmj

X€Bsonr)  k,j#0 X€Bso(n,r) J=1
k+j+l=m
1 - -~ m(2N + 1)
=21,, ——— AR A — (AN AR - g™
=2 Z [ on A () r(47) IN
k,j#0
k+j+é=m
1 m—1 m—1
= L2 [_N D (m— A" =2 " (m — j)tr(A) A
j=1 j=1

1 m
(e Y

For m < 0, we use (3.13) and magic formulas (5.83) and (5.84) to sum over all X &

Bsp(y:
0
AspA™ =210 Y > AXAXATL Y Y AXPAT
X €PBso(v,r) k,£<0,5<0 XE€PBso(n,r) J=m+1
J+k4+l=m
1 ; ~ m(2N + 1)
=21 ——— AF(AI) A — (AN AR AT
wr Y |-ggAtaal - G+ T
k,£<0,5<0
Jjt+k+l=m
1 -1 -1
— : m—2j N\ i m—i
= Lm<—2 [_N Z (=m+ j)A™ ™ =2 Z (=m + j)tr(A7)A™
j=m+1 J=m+1
1
—-1- = A™,
(=)
Finally, comparing the magic formulas (3.7) and (5.15), we see that the proof of (5.42)
is identical to that of (3.17). ]

5.3 Intertwining formulas for Ag, )

The derivative formulas allow us to prove the intertwining formula for Ag, (.
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Proof of Theorem 1.4 for Sp(NN). We proceed as in the proof of Theorem 1.4 for the SO(N, R)
case. Again, it suffices to show that Ag, () Py = [D](é) P]y holds for P(u;v) = u™q(v), where
m € Z\ {0} and ¢ € C|v]. Then Py = W,,, - ¢(V), and by the product rule,

Aspn) Py = (Dspon) W) - a(V) +2 Y XWo - Xq(V) + War - (Aspnya(V))  (5:43)

XEPBsp(n)

For the first term in (5.43), we consider the cases m > 0 and m < 0 separately. For

m > 0, we apply (5.40) to get

m(2N + 1
By W) -a(V) = =X I Dy o)
m—1 m—1
1

+ Lo [_N ;(m — k) Wpop — 2 ;(m - k)Vka_k] q(V)
ON+1[ 0,

= —RtP

2N {uﬁuR ]N
PN iu’f“wﬁM GRT|P
2N ou"
= N
-2 ivkuRJ“gM RY| P
ou"
k=1 N

ON+1[ 0, 1

=— —RYP| — Z[Z} Py — 2]V} Plw. 5.44

v 1P|~ Py = 20 Pl (544
Similarly, for m < 0, we apply (5.41) to get
2N +1 o 1. _
sy W) - 0(V) = 2502 [ulRP| o+ 125 Plu-+ 207 P

Since Y;", Z; annihilates C[u~!] while Y, Z, annihilates C[u], we have that for all m € Z,

2N +1 1

(AspnyWin) - q(V) = 5N N1 PN — N[Z2P]N — 2V P]n. (5.45)

For the middle term in (5.43), we note the similarity between the derivative formulas
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(3.17) and (5.42) for the SO(N, R) and Sp(N) cases, resp. Hence, as in (3.41),

> XW,, - Xq(V) = — K Py (5.46)

X€Bsp(w)

4N2

For the last term in (5.43), we have, for each X € Sq,(v)

J?Qq(V)zgl (aik) )XWt Y (

7]:[k[=1

) (V)-XV;- XVi., (547

as with (3.42).
In summing the first term in (5.47) over X € [,(n), we break up the sum for positive

and negative k. Using (5.40) and (5.41), we have

£ () w0 me S E ()m

Xep; sp(N) k=1
1 o k—1 a
== ) (k= 0V 2@< q) (V)
NS o v
oo k—1 9
—2 Z (k= O)ViVis (a—UkQ) (V) (5.48)
k=2 (=1

and

> 5 () wntEt s ()

Xeﬂsp(N) k=—o00 k=—o00
1 & — 9
N Z Z (k= )Vi—20 (a—Q> (V)
k——ooﬁ:k:—i—l
0
9 Z Z —k+O)VV_ z(a—vkq) (V) (5.49)
k=—o00 f=k+1

Summing the second term in (5.47) over X € [, and using magic formula (5.42)
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yields

5 5 (Gget) VXK= i Y kT Vi) (5] (V)

X€EBsp(y l7l,1k|>1 |7],1k[>1

(5.50)
Adding (5.48), (5.49), and (5.50) together and multiplying by W,,,, we get
2N +1 1 1
Wi+ (Aspnyg(V)) = {(— N No — NZ1 -2V + WICQ) P] . (5.51)

Combining (5.45), (5.46), and (5.51) proves (1.13) for Sp(/N). Equation (1.14) now

follows. L]

Proof of Theorem 1.5 for Sp(N). The proof for Sp(/V) is entirely analogous to the proof for
SO(N,R). Using the intertwining formula for e2%se(™ (1.14), we have e22se() Py = [e%D%) P]n.
Corollary 3.11 shows that [652)53) P]y is a well-defined trace polynomial on Sp(/N), so its ana-
lytic continuation to Sp(N, C) is given by the same trace polynomial function. Hence [e2 5DV N Ply,
viewed as a holomorphic function on Sp(N, C), is the analytic continuation of e28sp(V) Py, and

so is equal to BS2Y) py. O

5.4 Intertwining formulas for A%

Theorem 5.5. Fix s € Rand 7 = t +i0 € C. There are collections {T>7™ : ¢ € &},
{U™ : e € &Y} such that for each € € &, T>™ and U™ are certain finite sums of monomials of

trace degree |¢| such that

1
U (5.52)

AFNOV, = [7Iv + 5
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Moreover, let {S;’g : £,0 € &} T W be the collection of word polynomials from Theorem 3.19.

Then fore, 6 € &,

dep(N)

; Ks— %) (XVo)(XeV5) +§<?evs><m) — XV (ViVs)| = %[s;;g]m (5.53)

where Bop(n) = {Xg}?:’{m and Y, = i X,.

For the proof, we will employ the conventions, mutandis mutatis, as those used in the

proof of Theorem 3.19 (see the remarks following the theorem statement).

Proof. Fixaword e = (g1,...,&,) € &. Then for each X € . and A € Sp(NV), we apply the

product rule twice to get

(XPVo)(A) =) tr(A7 - (AX?)% - A (5.54)
j=1
+20) (AT (AX)T - (AX)T AT, (5.55)
1<j<k<m

Applying magic formula (5.13) to each term in (5.55), we have

. 2N +1 _ 2N +1
€1, .. 25]... Em — €1, .. € ... Em —
D tr(AT - (AXP)T AT = 4 S (AT AT AT = 25 V()
Xep+
(5.56)
Summing over 1 < 7 < m now gives
- 2N +1
ST DT (AT (AT A = S (=) Vi(A), (557)

Xepx j=1

where ny(¢) € Z and |n(g)| < |e| (Where the integers n(¢) are not necessarily the same as in

the SO(V, R) case). For (5.55), we can express each term in the sum as

tr( AT - (AX) e (AX)% e A7) = £ tr( A% X A%k X A%5r), (5.58)
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0 1 2 : 0 1 2 __ :
SO €} 1» € 4> and €7 ;. are substrings of € such that ¢, £ ,€5, = €. Summing (5.58) over X € .

by magic formula (5.14), we have

S (A7 (AX)S o (AX) e AT = | — %tr(Am(Am) 1At
XeBr

— tr(ATR A% tr(A%H) | (5.59)

= iﬁv?’ (A) £ Voo 2 (A)Va (A),  (5.60)

where €7, is the word of length |¢| such that ‘/€§,k<‘4) — tr(A%x(A%#) 1 A%+). Thus summing

(5.55) over X € (. gives

DT> (AT (AX)T - (AX)T AT :% D EVa (4)

XeBt 1<j<k<m 1<j<k<m
1<j<k<m 7 ]’
(5.61)
We define word polynomials corresponding to (5.61) by
TS = +o.s (5.62)
\<j<h<m
TH= ) +00, 2 V. (5.63)
1<j<k<m
Nowif X € f andY =iX € (§_, then
v\ i - € 2\e; €
(XYV.)(A) :§Zitr(A1---(AX )i A (5.64)
iy (AT (AX)T e (AX)FE AT, (5.65)
1<j<k<m
Summing (5.64) over X € 3, and applying (5.83) gives
2N +1
> Z +tr(A% - (AX2) . AT = 2; n(e)V.(A) (5.66)

Xepy j=1
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where 7)(¢) € Z and |n(e)| < |¢|. In addition, summing (5.65) over X € [3,, we have

Z Z itr(Aa...(Ax)fj..-(AX)ak---AEm):—% Z Ve, (4)

Xep4 1<j<k<m 1<j<k<m
= Y Vo e (AVa (A)
1<j<k<m
(5.67)
We define corresponding word polynomials
T.0 =1 tos (5.68)
\<j<h<m
Ts=i Y +00, 2 Vot (5.69)
1<j<k<m ST
Putting this together, we define
t t
57 = (8 - 5) (n4(e)ve +2T25) + 3 (n—(e)ve +27-,) — 0 (in(e) + 21 3) (5.70)
o £\ [ nle) tf n(e) . ()
UsT = <s— 5) <— 5 v€+T§0> +3 (— 5 ve+T5) -6 —ZTJFTE,2 :
(5.71)

By construction, 7> and U2 are of the required form and satisfy (5.52).
The proof of (5.53) is essentially identical to that of Theorem 3.19(2); this is due to the
similarity of magic formulas (3.7) and (5.85) for SO(N,R) and Sp(N). O

Theorem 5.6 (Intertwining formula for AE’,I;(N’C

)). Fixs € Rand 7 = t +10 € C. Let
{T57 : e € &4 {UST - e € &}, and {S2] : ,6 € &} be as in Theorem 5.5, and L3 be as in

Theorem 3.20. Define first and second order differential operators

1 0
o= 2 ST 72
T =52 T, (5.72)
€&
1 0
=Y U 5.73
Cl 2 Eeg UE 81)5 ( )
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Then forall N € Nand P € W/,

1 Sp(N,C) 8,T 1 8,T 1 ~S,T

5"45,7— Py o= CO + N(Zl + mEQ P N . (574)
Proof. For each X € sp(IV), we apply the chain rule to get

-5 [0

€€l

N C S INRESBR pi e Y NGREAIEE)

eES €,0€€
Hence
ASp(N (C)P — 8P (V) ASp(N C)V
S,T aU€ S, T €
e€S
dso(N,R)
9P t\  ~ ~
+ Y () 3 | (- 5) Gk
Y e“vs —1
t ~ ~ ~ ~
+ Q(Yeva)(YeVa) — 0(X Vo) (YeVs) |
The result now follows from Theorem 5.5. OJ

5.5 Limit theorems for the Segal-Bargmann transform on
Sp(N)

In this section, we outline the proof of Theorem 1.6 for Sp(/N). Since the techniques
used are similar to those used in Section 4 to prove the SO(N,R) case, we do not provide the
full details.

The following two lemmas are the analogues of Lemmas 4.5, 4.6, and 4.7 for Sp(NV). The

proofs are very similar, and so are not included: the key concentration result is again Lemma 4.2,
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and the only change required is to replace intertwining formulas (1.13) and (3.86) for SO(V, R)

with intertwining formulas (1.13) and (5.74) for Sp(/N') wherever applicable.

Lemma 5.7 (Lévy, [21]). For s > 0and k € Z,

lim tr(AF) 5PN (A) dA = v (s) . (5.75)

Lemma 5.8. Let s > 0and T =t + i € D(s, s). For any Q) € C[v],

(7UQ)) (1) = 7. (5.76)

As in the proof of Theorem 1.6 for SO(N, R), we first require the following analogue of

Theorem 4.10.

Theorem 5.9. Let s > 0 and 7 =t + i0 € D(s, s). For any P € Clu,u™?;v],

1

1Py = Pl o, = O (72 ) o and 5.7)

1
1Py = [Pl = O (72 )- 578)

Proof. The proof is entirely analogous to the proof of Theorem 4.10. Again, we replace in-

N with intertwining formula (5.74) for Afﬁ(N’(c) wherever

tertwining formula (3.86) for A5
necessary. To show the Sp(IN) version of (4.34) (where ES’T is replaced with C;7), we use

Lemma 5.8 in place of Lemma 4.7. The remainder of the proof is the same. [

Proof of Theorem 1.5 for Sp(N). The proof of the limit results (1.17) and (1.18) is very similar

to the SO(NV, R) case (see p. 54), where we now use the polynomial S¢V) = engé)f —ezbof ¢

Conlu, u™t; v] in place of R™) and intertwining formula (5.74) in place of (3.86) in (4.38).
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To show uniqueness, we define seminorms on Clu, u™!; v| by

IPISN = 1PN agzecnys IPISEy = 1Pl o om0, (5.79)
|PI® = lim [IP]SR, IPIE) = lim [Py (5.80)

Noting that
IPIE = 1P, (5.81)

the remainder of the proof proceeds as in the proof of uniqueness in Theorem 1.5 for SO(N, R).

]

5.6 Extending the magic formulas and intertwining formulas
to Sp(N)

We conclude this section by showing a version of the magic formulas and intertwining

results for Sp(/V) hold for gf)(N ) € My (H). We have the following key relation:
tr(®(A)) = Retr(A4), A e My(H), (5.82)
which can be seen by the definition of ¢ (see (5.5)).

Proposition 5.10 (Magic formulas for éB(N ). Let Bgny be any orthonormal basis for sp(N)
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with respect to the inner product (5.3). For any A, B € My (H),

N 2N

X€Bsp()

1
Y XAX = —o A"~ Retr(A)Iy
XEPsp )
1
XA)X = —(A* —

> Retr(XA) (A= 4)

X€Bspv)

1
> Retr(XA)Retr(XB) = s (Retr(4"B) — Retr(AB))
XEBg(n)
Proof. We begin with the observation that for A € My (H),
QP(A)TQ! = P(A").
To see why this is the case, note that Lemma 5.1 directly implies that for ¢ € H,

Qo1(q)Q " = (q").

Hence if A = [¢; ],

QAT = Y [QF[@(A)TM)Y = [ R (A)T] QY

which shows (5.87).

(5.83)

(5.84)

(5.85)

(5.86)

(5.87)

Recall that if Sg, ) is an orthonormal basis for sp(V), (s is an orthonormal basis
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for sp(N). Let A € My (H). Using (5.14) and (5.82), we have

Y ORXAX)= > B(X)P(A)P(X)

Xe€Bsm) Xe€Bs()

= _iszcb(A)TQ*l — t7(P(A)) Lo

2N

1 .
= 5y (A7) = Retr(A)®(Iy)
- (—%A* - Retr(A)[N> :

Since P is injective, (5.84) follows. The proof of (5.85) is similar, and (5.83) and (5.86) follow

from (5.84) and (5.85), resp. ]

An §15(N ) version of Theorem 1.4 also holds for an appropriately defined trace polyno-
mial functional calculus: for P € Clu,u':v], we let Py : Sp(N) — My (H) be the function

defined by

Pr(A) = P(1; V)| ue Aoy —Re tr(45) kb0 (5.88)

Proposition 5.11. Let P € Clu,u™';v] and A € é\ﬁ(N) C My (H). Then
Py(®(A)) = B(Py(A)). (5.89)

Proof. Tt suffices to prove the result for P(u;v) = u™vy, with m,n, k € Z and k # 0. Using

(5.82), we have
Py (D(A)) = D(A)™r(B(A)*)" = ®(A™)(Re tr(AF))" = d(A™(Re tr(A¥))") = &(Py(A)).00
Using this proposition, we see that the intertwining formula for Sp(N) € My (H) is a

direct consequence of the intertwining formula (1.13) for Sp(N) C Moy (C).
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Theorem 5.12 (Intertwining formulas). For any P € Clu,u™!;v],

D (4)
Moreover, for all T € C,
385 Py = e3PV Py (5.91)

Remark 5.13. We have seen that the magic formulas (5.10) for é?)(N ) can be derived from the
magic formulas (5.3) for Sp(/N). However, the converse is not true. Suppose we only know that

the magic formula (5.84) holds. Applying @ to both sides yields

> BX)P(A)P(X) = —icp(A)* — tr(®(A)) L. (5.92)

2N
X&ham

We cannot replace ®(A) with an arbitrary B € Myy(C) in the formula above. For example,

consider

10

B = € Sp(1,C).

11

Then we can compute that
11 -3 0 11 =3 -1 N
> YBY = 5 # 3 — ——B*—tr(B)],
Y€Bsp(1) 1 -3 0 -3

This is another reason why it is more convenient to work with Sp(/N) rather than QB(N ).

This chapter contains material that has been accepted for publication in the Journal of

Functional Analysis, 2020, Chan, Alice Z. The dissertation author was the sole author of this

paper.
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Chapter 6

The Segal-Bargmann transform on SU(/NV)

In this final section, we analyze the Segal-Bargmann transform on the special unitary
group SU(N). This case uses many of the techniques from the U(V) case, studied in [9].
Consequently, we outline the main ideas required for the proofs of these results and do not
provide the full details.

We first prove the intertwining formulas for SU(V). As in the SO(NV,R) and Sp(N)
cases, the basis of these results is a set of magic formulas. We recall the following set of magic

formulas for U(/V), proven in [9].

Proposition 6.1 ([9, Proposition 3.1]). Let B,y be any orthonormal basis for u(IN') with respect
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to the inner product defined by (X,Y = N2tr(XY™*). Forany A, B € My(C),
u(N)

Y o XP=-Iy (6.1)
X€Bun)
> XAX = —tr(A)Iy (6.2)
XEeBun
1
> tr(XA)X = —4 (6.3)
Xeﬁu(N)
> tr(XA)t(XB) = —% tr(AB) (6.4)
X€Bun)

The magic formulas for SU(V) follow easily from the magic formulas for U(V).

Proposition 6.2 (Magic formulas for SU(NN)). Let By (ny be any orthonormal basis for su(N )

with respect to the inner product (2.9). For any A, B € My(C),

Z X2 = <—1 + %) In (6.5)

Xeﬁsu(]\’)
1
Y XAX = —tr(A)Iy + A (6.6)
Xeﬁsu(N)
1 1
> tr(XA)X = — At 3z tr(A) Iy 6.7)
Xeﬁsu(N)
1 1
> tr(XA)tr(XB) = — oz 1(AB) + 5 tr(4) tr(B) (6.8)

XEﬁsu(N)

Proof. The expressions on the left side of (6.5), (6.6), (6.7), and (6.8) are independent of or-
thonormal basis chosen. Fix an orthonormal basis (s vy for su(/N). Observe that the matrix

+ Iy is an element of u(N') of unit norm such that

Y I, X)) =0 forall X € su(N) C u(N).
N u(N)
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Hence fy(n) = Bou(vy U {ﬁ[ ~ } is an orthonormal basis for u(/N). Thus

dooxt= ) XQ—(%IN)Q:(—lJr%)IN,

X€EBsu(n) XeBu

which proves (6.5). The remaining magic formulas are proven similarly. O

Proposition 6.3 (Derivative formulas for SU(V)). The following identities hold on SU(N) and

SL(N, C):

m—1 m2

ASU(N)Am = _2]1m22 Z]A] tI‘(Amij) —mA™ + mAm, m >0 (69)
j=1
AsunA™ =20Lmen > JAtT(A™T) + mA™ + AT m <0 (6.10)
j=m+1
=~ =~ m

Y Xu(Am) - XA = N—f(—Amﬂ’ + AP tr(A™), m,pe . 6.11)

Xeﬁﬁu(N)

Proof. The proof of these results is essentially identical to the proofs of the corresponding
derivative formulas for U(/V) in [9, Theorem 3.3]; one need only to replace the magic formulas

for U(N) by the magic formulas for SU(V) in the proof, wherever applicable. O

The derivative formulas of Proposition 6.3 comprise the key ingredient for the intertwin-
ing formulas for Agy(yy and BSE(N) (Theorems 1.4 and 1.5). The proofs of these results are
entirely analogous to the corresponding results for U(V) (cf. [9, Theorems 1.18 and 1.9]). The
only change required in the proof is to replace the magic formulas and derivative formulas for
U(N) by the corresponding formulas for SU(N) from Propositions 6.2 and 6.3. By keeping

track of these changes, we see that for P € C[u, u™'; v], the intertwining formula for Asy(ny 18

1
Agun) Py = DY Py = Kﬁo - m@’q + Ky — -7)) P]
N
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The only difference between this and (3.47), the intertwining formula for Ay, is that for
SU(N), the 1/N? term on the right hand side contains the additional operator 7. This is a
consequence of the close relationship between the magic formulas for U(/N) and SU(N).

Finally, our main result regarding the free Segal-Bargmann transform for SU(N), The-
orem 1.6, is proven in the same way as the corresponding result for U(V) (see [9, Theorem
1.11]); again, the only change necessary is the substitution of the magic and derivative formulas
for SU(N) in place of those for U(N) wherever required.

This chapter contains material that has been accepted for publication in the Journal of

Functional Analysis, 2020, Chan, Alice Z. The dissertation author was the sole author of this

paper.
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