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Functiona l  Pursuit :  A  M o d e l  o f  Successfu l  Inductio n i n Mathemat ic s 

Lis a A .  Havert y (LH3t+@ANDREW.CMU.EDU) 
Kennet h R .  Koedinge r  (KOEDINGER@ANDREW.CMl).EDU) 

Davi d Klah r  (klahr@andrew.cmu.edu ) 
Carnegi e Mello n Universit y 
Pittsburgh ,  P A 1521 3 U S A 

Th e inductio n o f  mathematica l  function s fro m dat a play s a n 
importan t  rol e i n mathematic s an d i n scientifi c  discover y 
(Langley ,  e t  al. ,  1987) .  I n thi s pape r  w e presen t  a 
computationa l  mode l  o f  th e cognitiv e processe s use d b y 
undergraduate s i n inducin g mathematica l  function s fro m a 
serie s o f  (x,y )  dat a pairs .  Sixtee n undergraduate s wer e give n 
tw o task s i n whic h the y use d a  compute r  interfac e t o collec t 
dat a pair s i n orde r  t o fin d a  mathematica l  functio n consisten t 
wit h th e data .  Participant s coul d freel y choos e a n X  valu e 
and th e interfac e responde d wit h a  Y  value .  Fo r  example ,  o n 
Tas k A ,  a  studen t  migh t  hav e collecte d th e followin g dat a 
pair s {(10 ,  35 )  (3 ,  0 )  (7 ,  14 )  (4 ,  2 )  (5 ,  5 )  (6 ,  9)) .  Th e reade r 
i s invite d t o tr y t o discove r  th e functio n behin d Tas k A . 
Th e functio n behin d Tas k B  wa s x*(2x+l )  an d al l  bu t  on e 
studen t  successfull y discovere d thi s function .  I n contrast ,  o n 
Tas k A ,  onl y nin e o f  th e 1 6 student s succeede d withi n th e 
25-minut e tim e limit . 

Such functio n finding  task s provid e a  simpl e experimenta l 
domai n fo r  investigatin g cor e skill s o f  dat a collection , 
patter n finding ,  an d hypothesi s formatio n tha t  ar e 
fundamenta l  t o reasonin g an d learnin g i n mat h an d science . 
Relate d prio r  wor k o n th e B A C O N mode l  (Qi n &  Simon , 
1990 )  identifie d five  heuristi c rule s t o characteriz e th e 
discover y o f  Kepler' s Thir d L a w (D ^  =  cP^ )  fro m a  tabl e o f 
data .  Th e B A C ON projec t  demonstrate d tha t  discoverie s mad e 
by scientist s ca n b e capture d i n a  compute r  model .  BACON' s 
five  heuristic s ar e computationall y sufficien t  t o succee d o n 
Task s A  an d B ,  ye t  th e ful l  variet y o f  patter n finding  an d 
hypothesi s generatio n activitie s observe d i n students '  verba l 
report s ar e no t  capture d i n thos e fiv e heuristics .  Ou r  goa l  i s 
t o exten d thi s lin e o f  inquir y an d t o bette r  understan d th e 
discover y skill s  use d an d learne d b y non-scientists . 

Usin g verba l  protocols ,  w e contraste d th e performanc e o f 
successfu l  an d unsuccessfu l  student s b y lookin g a t  ho w the y 
diffe r  o n factor s suc h a s dat a collectio n strategies ,  th e 
examinatio n o f  mtermediat e quantities ,  th e relativ e us e o f 
patter n finding  versu s hypothesi s generatin g techniques ,  an d 
th e abilit y t o symbolicall y describ e patterns .  W e hav e 
create d a n A C T (Anderson ,  1993 )  mode l  base d o n th e 
performanc e o f  successfu l  participants .  Th e mode l  ha s 
severa l  patter n detectio n capabilitie s a s wel l  a s minima l 
algebrai c skills ,  an d thes e capabilitie s ar e base d o n processe s 
observe d i n students . 

Our  mode l  incorporate s severa l  production s whic h produce 
pattern s independen t  o f  an y hypothesis ,  suc h a s th e observe d 

proces s o f  examinin g th e difference s betwee n successiv e 
value s o f  y  i n a  tabi c o f  (x,y )  pairs .  Fo r  example ,  usin g th e 
dat a pair s fo r  Tas k A  {(3 ,  0 )  (4 ,  2 )  (5 ,  5 )  (6 ,  9 )  (7 ,  14 )  (10 , 
35)} ,  an d takin g th e difference s betwee n th e successiv e y -
value s o f  0 ,  2 ,  5 ,  9 ,  an d 14 ,  th e mode l  wil l  find  th e pattern ; 
{2 ,  3 ,  4 ,  5} .  Ou r  mode l  use s th e product s o f  it s  patter n 
findin g activit y t o generat e potentia l  component s fo r 
hypotheses .  Thus ,  th e patter n {2 ,  3 ,  4 ,  5 }  ca n b e expresse d 
i n term s o f  it s correspondin g x-values :  (4 ,  5 ,  6 ,  7 }  wit h th e 
expressio n "x-2" .  Thi s skil l  o f  expressin g a  patter n i n term s 
of  X  i s crucia l  t o th e proces s o f  functio n induction . 

We offe r  a n exampl e t o demonstrat e h o w ou r  mode l 
capture s th e tendenc y o f  student s t o discove r  eac h o f  th e 
component s o f  a  functio n independentl y (e.g. ,  o n Tas k B ; 
"*2" ,  "+1" ,  "*x" )  an d t o the n combin e thes e component s t o 
produc e th e final  function .  I n discoverin g th e functio n y  = 
x(2x+l) ,  wit h dat a instance s {(1 ,  3 )  (2 ,  10 )  (3 ,  21 )  (4 ,  36)} , 
th e mode l  first  divide s y  b y x ,  whic h produce s th e sequenc e 
{3 ,  5 ,  7 ,  9 }=C .  Th e mode l  subsequentl y focuse s o n 
expressin g C  i n term s o f  x .  Her e w e describ e th e model' s 
pat h fo r  student s w h o d o no t  reu-iev e th e fac t  tha t  thes e od d 
number s ca n b e expresse d a s 2x+l .  Th e mode l  calculate s 
th e discrepanc y betwee n C  an d x ,  ( C -  x )  whic h yield s {2 ,  3 , 
4,  5 } = D .  Sinc e D  i s no t  constant ,  th e mode l  agai n 
compute s a  discrepancy ,  thi s lim e between D an d x ,  whic h 
yield s {1 ,  1 ,  1 ,  1} .  Checkin g tha t  thi s ne w quantit y i s 
indee d a  constant ,  th e mode l  use s thi s constan t  =  1  t o begi n 
buildin g it s forma l  hypothesis .  First ,  i t  propose s tha t  x  +  1 
= D .  Next ,  i t  use s th e fac t  tha t  C  -  D  +  \ ,  an d produce s C 
= 2x+l .  Finally ,  i t  note s tha t  y  =  C  *  x  =  (2x+l )  *  x . 

We conclud e that ,  a s a n accurat e an d detaile d embodimen t 
of  th e processe s use d b y successfu l  participants ,  ou r  mode l 
of  studen t  performanc e i s a  firs t  ste p towar d identifyin g 
plausibl e instructiona l  objective s fo r  th e teachin g o f 
inductiv e reasonin g i n mathematics . 
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