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Fast 3D Poisson solvers in elliptical conducting pipe
for space-charge simulation
Ji Qiang
Lawrence Berkeley National Laboratory, Berkeley, California 94720, USA
(Received 8 August 2019; published 23 October 2019)
Space-charge effects play an important role in high intensity accelerators. These effects can be studied
self-consistently by solving the Poisson equation with the dynamically evolved charge density distribution
subject to appropriate boundary conditions. In this paper, two computationally efficient methods are
proposed to solve the Poisson equation inside an elliptical perfectly conducting pipe. One method uses a
spectral method and the other uses a spectral finite difference method. The former method has a high
accuracy and the latter one has a computational complexity of OðN logðNÞÞ, where N is the total number of
unknowns. These methods implemented in a beam dynamics tracking code enable the fast simulation of
space-charge effects in an accelerator with an elliptical conducting pipe.
DOI: 10.1103/PhysRevAccelBeams.22.104601

I. INTRODUCTION
The nonlinear space-charge effects play an important
role in high intensity accelerators by driving beam instability, causing beam emittance growth, halo formation,
and even particle loss. These effects can be studied selfconsistently using a particle-in-cell (PIC) method [1–11].
In the PIC method, at each time step, macroparticles that
represent the phase space distribution of charged particle
beam in the accelerator are transformed from the laboratory
frame into the moving beam frame following the relativistic
Lorentz transformation and are deposited onto a twodimensional (2D) or three-dimensional (3D) computational
grid to attain the charge density distribution in spatial
domain. Next, the Poisson equation is solved in the beam
frame, the space-charge electric fields are calculated and
transformed back to the laboratory frame following the
field Lorentz transformation. Then, the space-charge fields
are interpolated to the individual macroparticle location
from the computational grid. These space-charge fields
together with the external accelerating and focusing fields
are used to advance the macroparticle momenta through
the time step. The updated momenta are used to advance
macroparticle positions in the spatial domain. This process
is repeated for many time steps until the stopping condition
is reached.
To calculate the space-charge fields, one needs to solve
the Poisson equation for a given charge density distribution.
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A key issue in the PIC simulation is to solve the Poisson
equation subject to appropriate boundary conditions efficiently at each time step. In some accelerators such as the
Proton Synchrotron at CERN, the conducting pipe that
contains a train of charged particle bunches has an elliptical
transverse shape. To study the space-charge effects inside
those accelerators, an efficient three-dimensional (3D)
Poisson solver subject to the transverse elliptical perfectly
conducting wall and longitudinal periodic or open boundary conditions is needed.
In previous studies, a number of efficient Poisson solvers
have been developed in the community [12–29]. Those
solvers will not handle transverse elliptical conducting pipe
and longitudinally open or periodic boundary conditions.
Finite difference methods were proposed to solve the
Poisson equation subject to irregular boundary geometry
[30–32]. These methods use finite-difference approximation to the differential operator in the Poisson equation.
Near the boundary, the curved geometry is approximated
by stepwise grid and the boundary conditions are applied
on the grid points. However, for an elliptical shape
boundary, those approximations can be avoided. By using
an elliptical coordinate system as shown in Fig. 1 [33], the
curved elliptical boundary can be transformed into a regular
rectangular geometry.
In this paper, two new methods are proposed to solve the
3D Poisson equation inside an elliptical conducting pipe
with longitudinal periodic or open boundary conditions.
One method is based on the transverse pseudospectral and
longitudinal spectral Galerkin method. The other method is
based on the transverse Galerkin spectral finite-difference
method and longitudinal spectral Galerkin method. The
former method has the advantage of exponential convergence of a spectral method [34] and can be used in
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x ¼ a coshðbrÞ cosðθÞ

ð4Þ

y ¼ a sinhðbrÞ sinðθÞ:

ð5Þ

The Poisson Eq. (1) in the scaled elliptical coordinate
system can be rewritten as:

 2
1
∂ ϕ
∂ 2ϕ
∂ 2ϕ
þ 2 ¼ −ρ
þ
2
2
2
2
2
2
a ðsinh ðbrÞ þ sin ðθÞÞ b ∂r
∂θ
∂z
ð6Þ
and the transverse boundary conditions become:

FIG. 1. A schematic plot of an elliptical coordinate system. The
red line defines an elliptical boundary. The length of the major
axis is given by 2a coshðbÞ and the length of the minor axis is
given by 2a sinhðbÞ.

simulations where high precision is needed. The latter
method has a second-order accuracy and a computational
complexity scaling of OðN logðNÞÞ, and can be used in
simulations where quick results are needed.
In the beam frame, the three-dimensional normalized
Poisson equation in Cartesian coordinates can be written as:
∂ 2ϕ ∂ 2ϕ ∂ 2ϕ
þ
þ
¼ −ρðx; y; zÞ
∂x2 ∂y2 ∂z2

ð1Þ

where, ϕ denotes the normalized electric potential inside
the beam, ρ denotes the normalized charge density distribution of the beam, and x, y, and z denote the horizontal,
vertical, and longitudinal normalized dimensionless coordinates, respectively. The boundary conditions for the
electric potential on the elliptical perfectly conducting
pipe are
ϕðx; y; zÞj∂Ω ¼ 0

x2
y2
þ
¼1
2
½a coshðbÞ
½a sinhðbÞ2

ϕðr; θ þ 2π; zÞ ¼ ϕðr; θ; zÞ:

ð8Þ

II. THE PSEUDOSPECTRAL SOLVER
FOR A 2D COASTING BEAM
A 2D coasting beam with no longitudinal dependency
inside a transverse elliptical conducting pipe is considered
first. In this case, the Poisson equation in elliptical
coordinates is reduced into:
∂2ϕ
∂2ϕ
þ
¼ −a2 ðsinh2 ðbrÞ þ sin2 ðθÞÞρðbr; θÞ
b2 ∂r2 ∂θ2

ð9Þ

and the transverse boundary conditions become:

ð3Þ

where 2a coshðbÞ denotes the length of the major axis and
2a sinhðbÞ the length of the minor axis. A direct solution
to the above Poisson equation subject to the transverse
elliptical boundary condition has to handle the irregular
curved geometric shape of the boundary. However, this
irregular shape of the boundary can be transformed into a
regular shape if one uses an elliptical coordinate system
as shown in Fig. 1. In the scaled dimensionless elliptical
coordinate system ðr; θÞ, the Cartesian coordinates are
given by:

ð7Þ

The longitudinal boundary condition can be either periodic
if one assumes a train of identical bunches or open if one
neglects the interactions among multiple bunches.
The organization of this paper is as follows: After the
Introduction, the pseudospectral method for a 2D coasting
beam inside an elliptical perfectly conducting pipe is
discussed in Sec. II; the 3D spectral solver for a bunched
beam subject to transverse elliptical boundary and longitudinal periodic or open boundary conditions is presented
in Sec. III; the 3D spectral finite-difference solver for the
bunched beam is presented in Sec. IV, and conclusions are
drawn in Sec. V.

ð2Þ

where ðx; yÞ ∈ ∂Ω and satisfies the following elliptical
equation:

ϕðr ¼ 1; θ; zÞ ¼ 0

ϕðr ¼ 1; θÞ ¼ 0

ð10Þ

ϕðr; θ þ 2πÞ ¼ ϕðr; θÞ:

ð11Þ

Equation (9) can be solved efficiently using a pseudospectral method.
Using the Chebyshev collocation points along the radial
r dimension and the uniform points along the θ dimension,
that is,
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θm ¼ m2π=M;

l ¼ 0; 1; …; L

ð12Þ

m ¼ 0; 1; …; M-1

ð13Þ
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where L þ 1 and M are number of grid points in each
dimension respectively, the electric potential can be
approximated by:
ϕðr; θÞ ¼

L M
−1
X
X

ϕlm pl ðrÞf m ðθÞ

derivative into the original Poisson Eq. (9), the electric
potential ϕlm at each grid point ðl; mÞ can be obtained from
the solution of the following algebraic equations:
L−1
M
−1
X
X
1 2
D
ϕ
þ
D2θ;jm ϕlj
2 r;li im
b
i¼1
j¼0

ð14Þ

l¼0 m¼0

where ϕlm is the solution of the electric potential at the grid
point ðl; mÞ, and pl ðrÞ and f m ðθÞ are corresponding
cardinal functions in the r and the θ dimension respectively,
and given by [35,36]:
L
Y
r − rk
r
− rk
k¼0;k≠l l

ð15Þ

sin½M2 ðθ − θm Þ
:
M tan½ðθ − θm Þ=2

ð16Þ

pl ðrÞ ¼
f m ðθÞ ¼

Given the above cardinal functions, the differentiation
matrix Dr in radial dimension is given by:
Dr;ij ¼

ci ð−1Þiþj
; i ≠ j;
cj ðri − rj Þ
Dr;ii ¼ −

L
X

i; j ¼ 0; …; L

ð17Þ

ð18Þ

Dr;ij

j¼0;j≠i

¼ −a2 ½sinh2 ðbrl Þ þ sin2 ðθm Þρðbrl ; θm Þ

where D2r;li ¼ ðDr Þ2li and D2θ;jm ¼ ðDθ Þ2jm . In the above
equation, the Dirichlet boundary condition at the pipe wall,
i.e., ϕ0m ¼ ϕLm ¼ 0, is used. The solutions of this group
of algebraic equations yield electric potentials inside
the domain ð−1; 1Þ ⊗ ½0; 2πÞ due to the fact that the
Chebyshev collocation points map the original radial
domain from [0, 1] to ½−1; 1. These solutions are not all
independent of each other. The point ð−r; 2π − θÞ and the
point ðr; θÞ in the elliptical coordinate system represent
the same point in the Cartesian coordinate. Moreover,
there is no need to find the solutions inside the domain
½−1; 0Þ ⊗ ½0; 2πÞ. Using the same location condition,
i.e., ϕjm ¼ ϕðL−jÞðM−mÞ for j > L=2, Eq. (23) can be
rewritten as:
L=2
L=2−1
X 1
X
1 2
D
ϕ
þ
D2
ϕ
2 r;li im
2 r;lðL−iÞ iðM−mÞ
b
b
i¼1
i¼1

where

ci ¼

þ
2∶ i ¼ 0

or

L

ð23Þ

M
−1
X

ϕlj D2θ;jm ¼ −a2 ½sinh2 ðbrl Þ þ sin2 ðθm Þρðbrl ; θm Þ

j¼0

ð19Þ

ð24Þ

and the differentiation matrix Dθ in the θ dimension is
given by:
(
0∶
i¼j
Dθ;ij ¼ 1
ð20Þ
ði−jÞ
cot½ði − jÞπ=M∶ otherwise:
2 ð−1Þ

The number of unknowns in the above equation is L=2 × M
instead of the original ðL − 1Þ × M in the Eq. (23). This
group of linear algebraic equations can be solved using a
lower-upper (LU) decomposition method [30].
The above solver was tested using a nearly round pipe
with a ¼ 0.036619 and b ¼ 4, which results in a pipe
radius close to 1. The normalized charge density distribution is assumed as:

1∶ otherwise

Using these differentiation matrices, the derivative of the
electric potential with respect to the radial dimension at grid
point rl can be written as:
L
∂ϕðrl ; θÞ X
¼
Dr;li ϕðri ; θÞ
∂r
i¼0

ð21Þ

Similarly the derivative with respect to the θ dimension at
grid point θm can be written as:
M−1
X
∂ϕ
ðr; θm Þ ¼
Dθ;mj ϕðr; θj Þ:
∂θ
j¼0

ð22Þ

Assuming that Eq. (14) is correct at each grid point and
substituting the above representation for the second-order

ρðx; yÞ ¼ 16ðx2 þ y2 Þ

ð25Þ

The analytical solution of the normalized electric potential
in this case is:
ϕðx; yÞ ¼ 1 − ðx2 þ y2 Þ2 :

ð26Þ

Figure 2 shows the electric potential distribution inside the
elliptical pipe using the above pseudospectral method and
the second-order finite difference method of Ref. [37]
with 32 × 32 grid points. Both methods give qualitatively
similar azimuthal symmetric electric potential distribution.
Figure 3 shows the relative errors of the electric potential
solution from the above pseudospectral method and from
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FIG. 2. Normalized electric potential distribution solution from the pseudospectral method (left) and from the second-order finite
difference method (right) inside a nearly round conducting pipe.

the second-order finite difference method. It is seen that
the pseudospectral method yields an order of magnitude
smaller error than the second-order finite difference
method.
As an application, using the above pseudospectral solver,
the electric potential distribution inside a perfectly conducting elliptical pipe was computed for a normalized
Gaussian density distribution:
 2

x þ y2
ρðx; yÞ ¼ exp −
:
2

ð27Þ

Figure 4 shows the electric potential distribution inside
the pipe with the horizontal to vertical aspect ratio 1, 2, 4,

and 10. Here, 64 × 64 grid points were used and the minor
axis length was fixed as 12. As the aspect ratio increases,
the electric field distribution becomes more asymmetric and
extends further in the vertical direction.
III. THE 3D PSEUDOSPECTRAL SOLVER
FOR A BUNCHED BEAM
In most accelerators, the charged particles are longitudinally bunched using rf focusing. In this case, one needs to
solve the 3D Poisson equation to study the space-charge
effects. First, a case with periodic boundary condition in
the longitudinal direction is considered for a train of
identical bunches. With this boundary condition, the
electric potential satisfies:

FIG. 3. Relative electric potential error from the pseudospectral method (left) and from the second-order finite difference method
(right) inside a nearly round conducting pipe.
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FIG. 4. The normalized electric potential solution from a normalized Gaussian density distribution with horizontal to vertical aperture
aspect ratio 1 (top left), 2 (top right), 4 (bottom left), and 10 (bottom right). Both x and y coordinates are dimensionless and the
normalized electric potential is also dimensionless.

ϕðr; θ; z þ PÞ ¼ ϕðr; θ; zÞ

where P is the longitudinal period length. Given the
longitudinal periodic condition, the normalized electric
potential and the charge density function can be approximated using Fourier mode expansion:

ρðr; θ; zÞ ¼

n¼N=2
X

ρn ðr; θÞ expð−iλn zÞ

ð29Þ

n¼−N=2þ1

ϕðr; θ; zÞ ¼

n¼N=2
X
n¼−N=2þ1

where

2
ρn ðr; θÞ ¼
P

ð28Þ

2
ϕn ðr; θÞ ¼
P

Z

P

0

Z

0

P

ρðr; θ; zÞ expðiλn zÞdz

ð31Þ

ϕðr; θ; zÞ expðiλn zÞdz

ð32Þ

and λn ¼ 2πn=P. Substituting the above expansions into
the Poisson Eq. (6) and making use of the orthonormal
condition of the Fourier mode function yields:

 2
1
∂ ϕn ∂ 2 ϕn
− λ2n ϕn ¼ −ρn
þ
a2 ½sinh2 ðbrÞ þ sin2 ðθÞ b2 ∂r2
∂θ2
ð33Þ

ϕn ðr; θÞ expð−iλn zÞ

ð30Þ

For each Fourier mode n, one can use the pseudospectral
method along r and θ dimensions as discussed in the
preceding section, the solution of the above equation can be
written as:
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FIG. 5. The normalized electric potentials in the middle X − Y plane (upper left), the middle Z − Y plane (upper right) and the middle
Z − X plane (bottom) from the pseudospectral method using a 3D bunched Gaussian density distribution with longitudinal periodic
boundary condition and transverse elliptical conducting wall.
L=2
L=2−1
X 1
X
1 2
D
ϕ
þ
D2
ϕ
imn
r;li
2
2 r;lðL−iÞ iðM−mÞn
b
b
i¼1
i¼1

þ

M
−1
X

ϕljn D2θ;jm − a2 ½sinh2 ðbrl Þ þ sin2 ðθm Þλ2n ϕlmn

j¼0

¼ −a2 ½sinh2 ðbrl Þ þ sin2 ðθm Þρn ðbrl ; θm Þ

ð34Þ

The above equation can be solved using a LU decomposition method for each mode n.
As an application, the electric potential function was
calculated for a 3D normalized Gaussian density function:



1 2
z2
2
x þy þ 2 :
ð35Þ
ρðx; y; zÞ ¼ exp −
2
5
Figure 5 shows the normalized electric potential distribution in the middle x − y, y − z, and x − z planes inside an

elliptic pipe with horizontal major axis length of 24, vertical
minor axis length of 6, and longitudinal periodic length
P ¼ 30 using 64 × 64 transverse grid points and 64
longitudinal modes. The electric potential has a longitudinally periodic distribution that decays quickly toward the
pipe transverse boundary.
If the separation of the bunches inside a bunch train is
large and the interactions among bunches are negligible, the
longitudinal boundary condition of the electric potential for
a single bunch in this dimension can be regarded as an open
boundary condition, that is,
ϕðr; θ; z ¼ ∞Þ ¼ 0:

ð36Þ

This open boundary condition can be approximated using a
closed Dirichlet boundary condition as long as the longitudinal domain is large enough. The longitudinal boundary
condition for the electric potential can be written as:

104601-6
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where 2T is the longitudinal domain size. Using the above
boundary condition, the electric potential and density
distribution can be approximated using Sine function
expansion:

ρðr; θ; zÞ ¼

n
¼N
X

ρn ðr; θÞ sinðαn zÞ

ð38Þ

ϕn ðr; θÞ sinðαn zÞ

ð39Þ

n¼1

ϕðr; θ; zÞ ¼

n
¼N
X
n¼1

where

1
ρn ðr; θÞ ¼
T

ð37Þ

1
ϕn ðr; θÞ ¼
T

Z

2T

0

Z
0

2T

ρðr; θ; zÞ sinðαn zÞdz

ð40Þ

ϕðr; θ; zÞ sinðαn zÞdz

ð41Þ

and αn ¼ nπ=ð2TÞ. Substituting the above expansions into
the Poisson Eq. (6) and making use of the orthonormal
condition of the sine function yield:

 2
1
∂ ϕn ∂ 2 ϕn
− α2n ϕn ¼ −ρn :
þ
a2 ½sinh2 ðbrÞ þ sin2 ðθÞ b2 ∂r2
∂θ2
ð42Þ
For each mode ϕn , using the pseudospectral method along
r and θ dimensions in the preceding section, the solution
of the above equation can be written as:

FIG. 6. The normalized electric potentials in the middle X − Y plane (upper left), the middle Z − Y plane (upper right), and the middle
Z − X plane (bottom) from the pseudospectral method using a 3D bunched Gaussian density distribution with longitudinal open
boundary condition and transverse elliptical conducting wall.
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L=2
L=2−1
X 1
X
1 2
D
ϕ
þ
D2
ϕ
imn
r;li
2
2 r;lðL−iÞ iðM−mÞn
b
b
i¼1
i¼1

þ

M
−1
X

ϕljn D2θ;jm

2

2

− a ½sinh ðbrl Þ þ sin

2

IV. THE 3D SPECTRAL FINITE-DIFFERENCE
SOLVER FOR A BUNCHED BEAM
ðθm Þα2n ϕlmn

j¼0

¼ −a2 ½sinh2 ðbrl Þ þ sin2 ðθm Þρn ðbrl ; θm Þ:

ð43Þ

The above equation can be solved using the same LU
decomposition method for each mode n as the preceding case.
As an application, the electric potential was calculated
for the above 3D Gaussian density distribution inside the
elliptical pipe with a longitudinal domain size of 100, i.e.,
T ¼ 50. Figure 6 shows the electric potential distribution in
the middle x − y, y − z, and x − z planes inside the elliptic
pipe using 64 × 64 transverse grid points and 64 longitudinal modes. The electric potential decays quickly in both
longitudinal and transverse dimensions.

The pseudospectral method in the transverse plane
derived in the previous section results in a group of
algebraic equations that need to be solved using the LU
decomposition method. In this section, another method is
presented to approximate the transverse Laplacian operator
and results in a sparse matrix that can be solved efficiently
using an iterative method.
The Poisson Eq. (6) in the elliptical coordinate can be
rewritten as



∂ 2ϕ
∂ 2ϕ
1
∂ 2ϕ
þ a2 ½coshð2brÞ − cosð2θÞ 2
þ
2
2
2
2
b ∂r
∂θ
∂z
1
¼ − a2 ½coshð2brÞ − cosð2θÞρðbr; θ; zÞ
2

ð44Þ

FIG. 7. The normalized electric potentials in the middle X − Y plane (upper left), the middle Z − Y plane (upper right), and the middle
Z − X plane (bottom) from the spectral-finite difference method using a 3D bunched Gaussian density distribution with longitudinal
periodic boundary condition and transverse elliptical conducting wall.
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Given the periodic condition in the θ dimension, the
normalized electric potential and the charge density can
be approximated using the Fourier mode expansion in that
dimension as:
m¼M=2
X

ρðr; θ; zÞ ¼

ρm ðr; zÞ expð−imθÞ

ð45Þ

ϕm ðr; zÞ expð−imθÞ

ð46Þ

m¼−M=2þ1
m¼M=2
X

ϕðr; θ; zÞ ¼

1
ϕm ðr; zÞ ¼
π

Z
0

2π

ϕðr; θ; zÞ expðimθÞdθ

ð48Þ

Substituting the above expansions into the Poisson Eq. (6)
and making use of the orthonormal condition of the Fourier
mode function yields:
 2

∂ ϕm
1
∂ 2 ϕm 1 2 ∂ 2 ϕmþ2
2
− m ϕm þ a2 coshð2brÞ
− a
2
2
2
4
b ∂r
∂z2
∂z2
1 ∂ 2 ϕm−2
− a2
¼ ρ̃m ðr; zÞ
4
∂z2

m¼−M=2þ1

ð49Þ

where
where
ρm ðr; zÞ ¼

1
π

Z
0

2π

ρðr; θ; zÞ expðimθÞdθ

ð47Þ

ρ̃m ðr; zÞ ¼ −

a2
2π

Z
0

2π

ðcoshð2brÞ

− cosð2θÞÞρðbr; θ; zÞ expðimθÞdθ:

ð50Þ

FIG. 8. The normalized electric potentials in the middle X − Y plane (upper left), the middle Z − Y plane (upper right) and the middle
Z − X plane (bottom) from the spectral-finite difference method using a 3D bunched Gaussian density distribution with longitudinal
open boundary condition and transverse elliptical conducting wall.
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For the longitudinal periodic boundary condition with a
periodic length P, using the above Fourier mode expansion
in the longitudinal dimension for each mode m, the above
equation is reduced into:

inside the elliptical pipe as the one in the preceding section
was also used to test this method. The electric potentials in
three middle plane are given in Fig. 8. These solutions also
agree with those from the pseudospectral method very well.




∂2
a2 2
a2 2
2
−
m
−
coshð2brÞ
ϕ
ðrÞ
þ
ðrÞ
λ
λ ϕ
mn
n
2
4 n ðmþ2Þn
b2 ∂r2
a2
þ λ2n ϕðm−2Þn ðrÞ ¼ ρ̃mn ðrÞ:
4

ð51Þ

The above ordinary differential equations can be solved
using a finite difference method for each mode m and n.
Here, a second-order finite difference approximation to
the above differential operator at radial grid point rl is
adopted as
∂ 2 ϕmn ðrl Þ ϕðlþ1Þmn − 2ϕlmn þ ϕðl−1Þmn
¼
:
∂r2
δr2

ð52Þ

This results in the following linear algebraic equations:


a2
ϕðlþ1Þmn − 2 þ b2 δr2 m2 þ b2 δr2 λ2n coshð2brl Þ ϕlmn
2
þ ϕðl−1Þmn þ b2 δr2
¼ b2 δr2 ρ̃lmn :

a2 2
a2
λn ϕlðmþ2Þn þ b2 δr2 λ2n ϕlðm−2Þn
4
4
ð53Þ

This group of linear algebraic equations can be solved
using a block Gaussian-Siedel iteration method. For the
given ϕlðmþ2Þn , ϕlðm−2Þn and source term ρ̃lmn , the tridiagonal matrix can be quickly solved for ϕlmn with a computational cost scaling as OðLÞ. The obtained ϕlmn is used to
approximate the ϕlðmþ2Þn , ϕlðm−2Þn for the next iteration.
The spectral finite difference method was also applied to
the same bunched beam with the Gaussian distribution in
Eq. 35. The electric potential solutions in three middle
planes are given in Fig. 7. It is seen that these solutions
agree with the solutions from the pseudospectral method
very well.
For the longitudinal open boundary condition, the same
sine function expansion in the longitudinal dimension as in
the preceding section and the second-order finite difference
approximation in the radial dimension are used. The
resultant linear algebraic equation is given as:


a2
ϕðlþ1Þmn − 2 þ b2 δr2 m2 þ b2 δr2 α2n coshð2brl Þ ϕlmn
2
þ ϕðl−1Þmn þ b2 δr2
¼ b2 δr2 ρ̃lmn :

a2 2
a2
αn ϕlðmþ2Þn þ b2 δr2 α2n ϕlðm−2Þn
4
4
ð54Þ

This group of equations is solved using the same iteration
method. The same bunched beam density distribution

V. CONCLUSIONS
In this paper, two efficient computational methods were
presented to solve the Poisson equation inside an elliptical
perfectly conducting pipe subject to longitudinal periodic
or open boundary. One method uses a transverse pseudospectral and longitudinal spectral Galerkin method. The
other uses a transverse Galerkin spectral finite-difference
method and the same longitudinal spectral method. The
former method has the advantage of exponential convergence of the spectral method with smooth density distribution and can be used in the simulation where high
precision of the solution is needed. The latter method has a
second-order accuracy and a computational cost scaling as
O(Nlog(N)). This method can be used in simulations where
the fast return results are needed. The above methods
assume a smooth charge density function in the Poisson
equation. The numerical errors (noise) in the charge density
function obtained from the macroparticles in a PIC simulation will spoil the exponential convergence of the
pseudospectral method and has less impact on the finite
difference method. However, the numerical noise in the
charge density function can be substantially mitigated by
using a global spectral basis function approximation (e.g.,
sine function) to the density distribution function as
proposed in some recent studies [38–40]. In a future study,
we plan to implement those efficient methods into the
parallel beam dynamics code suite [4,8], IMPACT, to study
the space-charge effects in high intensity accelerators.
ACKNOWLEDGMENTS
I would like to thank Dr. D. Bizzozero for reading the
manuscript. This work was supported by the U.S.
Department of Energy under Contract No. DE-AC0205CH11231, and used computer resources at the
National Energy Research Scientific Computing Center.

[1] R. W. Hockney and J. W. Eastwood, Computer Simulation
Using Particles (Adam Hilger, New York, 1988).
[2] C. K. Birdsall and A. B. Langdon, Plasma Physics Via
Computer Simulation (Taylor and Francis, New York,
2004).
[3] A. Friedman, D. P. Grote, and I. Haber, Three-dimensional
particle simulation of heavy-ion fusion beams, Phys. Fluids
B 4, 2203 (1992).
[4] J. Qiang, R. D. Ryne, S. Habib, and V. Decyk, An objectoriented parallel particle-in-cell code for beam dynamics
simulation in linear accelerators, J. Comput. Phys. 163,
434 (2000).

104601-10

FAST 3D POISSON SOLVERS IN ELLIPTICAL …

PHYS. REV. ACCEL. BEAMS 22, 104601 (2019)

[5] R. Duperrier, TOUTATIS: A radio frequency quadrupole
code, Phys. Rev. Accel. Beams 3, 124201 (2000).
[6] J. D. Galambos, S. Danilov, D. Jeon, J. A. Holmes, D. K.
Olsen, F. Neri, and M. Plum, Comparison of simulated and
observed beam profile broadening in the Proton Storage
Ring and the role of space charge, Phys. Rev. Accel. Beams
3, 034201 (2000).
[7] G. Franchetti, I. Hofmann, M. Giovannozzi, M. Martini,
and E. Metral, Space charge and octupole driven resonance
trapping observed at the CERN Proton Synchrotron, Phys.
Rev. Accel. Beams 6, 124201 (2003).
[8] J. Qiang, S. Lidia, R. D. Ryne, and C. Limborg-Deprey,
Three-dimensional quasistatic model for high brightness
beam dynamics simulation, Phys. Rev. Accel. Beams 9,
044204 (2006).
[9] J. Amundson, P. Spentzouris, J. Qiang, and R. Ryne,
Synergia: An accelerator modeling tool with 3-D space
charge, J. Comput. Phys. 211, 229 (2006).
[10] J. Qiang, R. D. Ryne, M. Venturini, A. A. Zholents, and
I. V. Pogorelov, High resolution simulation of beam dynamics in electron linacs for x-ray free electron lasers,
Phys. Rev. Accel. Beams 12, 100702 (2009).
[11] A. Adelmann et al., https://gitlab.psi.ch/OPAL/src/wikis/
home.
[12] D. B. Haidvogel and T. Zang, The accurate solution of
poisson’s equation by expansion in chebyshev polynomials, J. Comput. Phys. 30, 167 (1979).
[13] S. Ohring, Application of the multigrid method to Poisson’s equation in boundary-fitted coordinates, J. Comput.
Phys. 50, 307 (1983).
[14] H. Dang-Vu and C. Delcarte, An accurate solution of the
poisson equation by the chebyshev collocation method,
J. Comput. Phys. 104, 211 (1993).
[15] E. Braverman, M. Israeli, A. Averbuch, and L. Vozovoi,
A fast 3D poisson solver of arbitrary order accuracy,
J. Comput. Phys. 144, 109 (1998).
[16] L. Plagne and J. Berthou, Tensorial basis spline collocation
method for poisson’s equation, J. Comput. Phys. 157, 419
(2000).
[17] J. Qiang and R. D. Ryne, Parallel 3D poisson solver for a
charged beam in a conducting pipe, Comput. Phys.
Commun. 138, 18 (2001).
[18] J. Qiang and R. Gluckstern, Three-dimensional poisson
solver for a charged beam with large aspect ratio in a
conducting pipe, Comput. Phys. Commun. 160, 120
(2004).
[19] M. Lai, Z. Li, and X. Lin, Fast solvers for 3D poisson
equations involving interfaces in a finite or the infinite
domain, J. Comput. Appl. Math. 191, 106 (2006).
[20] P. McCorquodale, P. Colella, G. T. Balls, and S. B. Baden,
A local corrections algorithm for solving Poisson’s equation in three dimensions, Commun. Appl. Math. Comput.
Sci. 2, 57 (2007).
[21] B. Terzic, I. V. Pogorelov, and C. L. Bohn, Particle-in-cell
beam dynamics simulations with a wavelet-based Poisson
solver, Phys. Rev. Accel. Beams 10, 034201 (2007).
[22] J. Xu, P. N. Ostroumov, and J. Nolen, A parallel 3D
Poisson solver for space charge simulation in cylindrical
coordinates, Comput. Phys. Commun. 178, 290 (2008).

[23] R. D. Ryne, On FFT-based convolutions and correlations,
with application to solving Poisson’s equation in an open
rectangular pipe, arXiv:1111.4971v1.
[24] M. M. Hejlesen, J. T. Rasmussen, P. Chatelain, and J. H.
Walther, A high order solver for the unbounded poisson
equation, J. Comput. Phys. 252, 458 (2013).
[25] M. Dohlus and Ch. Henning, Periodic poisson model for
beam dynamics simulation, Phys. Rev. Accel. Beams 19,
034401 (2016).
[26] D. Zheng, G. Poplau, and U. van Rienen, Efficiency
optimization of a fast poisson solver in beam dynamics
simulation, Comput. Phys. Commun. 198, 82 (2016).
[27] J. Qiang, Efficient three-dimensional poisson solvers in
open rectangular conducting pipe, Comput. Phys. Commun. 203, 122 (2016).
[28] C. R. Anderson, High order expanding domain methods
for the solution of poisson’s equation in infinite domains,
J. Comput. Phys. 314, 194 (2016).
[29] J. Qiang, A fast parallel 3D poisson solver with longitudinal periodic and transverse open boundary conditions
for space-charge simulations, Comput. Phys. Commun.
219, 255 (2017).
[30] W. H. Press, B. P. Flannery, S. A. Teukolsky, and W. T.
Vetterling, Numerical Recipes in FORTRAN: The Art of
Scientific Computing, 2nd ed. (Cambridge University
Press, Cambridge, England, 1992).
[31] J. Qiang, D. Todd, and D. Leitner, A 3D model for ion
beam formation and transport simulation, Comput. Phys.
Commun. 175, 416 (2006).
[32] A. Adelmann, P. Arbenz, and Y. Ineichen, A fast parallel
poisson solver on irregular domains applied to beam
dynamics simulations, J. Comput. Phys. 229, 4554 (2010).
[33] G. A. Korn and T. M. Korn, Mathematical Handbook for
Scientists and Engineers: Definitions, Theorems, and
Formulas for Reference and Review (McGraw-Hill,
New York, 1968).
[34] D. Gottlieb and S. A. Orszag, Numerical Analysis of
Spectral Methods: Theory and Applications (Society
for Industrial and Applied Mathematics, Philadelphia,
Pennsylvania, 1977).
[35] W. Huang and D. M. Sloan, Pole condition for singular
problems: The pseudospectral approximation, J. Comput.
Phys. 107, 254 (1993).
[36] L. N. Trefethen, Spectral Methods in Matlab (Society for
Industrial and Applied Mathematics, Philadelphia, PA,
2000).
[37] M. Lai, Fast direct solver for Poisson equation in a 2D
elliptical domain, Num. Meth. for Part. Diff. Eqs. 20, 72
(2004).
[38] J. Qiang, Symplectic multiparticle tracking model for
self-consistent space-charge simulation, Phys. Rev. Accel.
Beams 20, 014203 (2017).
[39] J. Qiang, Symplectic particle-in-cell model for spacecharge beam dynamics simulation, Phys. Rev. Accel.
Beams 21, 054201 (2018).
[40] J. Qiang, Long-term simulation of space-charge effects,
Nucl. Instrum. Methods Phys. Res., Sect. A 918, 1 (2019).

104601-11

