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ABSTRACT OF THE DISSERTATION

Four Essays in Econometrics

by

Xun Lu

Doctor of Philosophy in Economics

University of California, San Diego, 2010

Professor Halbert White, Chair

This dissertation contains four self-contained essays in econometrics. In

Chapter 1, we give natural definitions of direct and total structural causality ap-

plicable to both structural VARs and recursive structures representing time-series

natural experiments. These concepts enable us to forge a previously missing link

between Granger (G−) causality and structural causality by showing that, given

a corresponding conditional form of exogeneity, G−causality holds if and only if a

corresponding form of structural causality holds. We illustrate with studies of oil

and gasoline prices, monetary policy and industrial production, and stock returns

and macroeconomic announcements.

Chapter 2 provides nonparametric tests for various hypotheses about the

xii



effects of a continuous treatment variable in a nonseparable structural equation.

These hypotheses have direct policy implications. Specifically, we consider marginal

effects and various average effects and test (i) whether these effects depend on the

level of treatment; (ii) whether average effects are heterogeneous across different

subpopulations defined by covariates; and (iii) whether marginal effects are sub-

ject to unobservable heterogeneity. Our tests are based on consistent procedures

of Bierens (1982, 1990) and Stinchcombe and White (1998). We apply our tests

to study interest rate elasticities of loan demand in microfinance and the impact

of education on wages.

In Chapter 3, we show that careful examination of the structure determin-

ing treatment choice and outcomes is central to proper choice of covariates. We

demonstrate how causal diagrams can play a key role in this examination by using

these methods to give a detailed analysis of the choice of efficient covariates.

Chapter 4 is about a common exercise in empirical studies - “robustness

check,” where the researcher examines how certain “core” regression coefficient

estimates behave when the regression specification is modified by adding or re-

moving regressors. If the coefficients are plausible and robust, this is commonly

interpreted as evidence of structural validity. Here, we study when and how one

can infer structural validity from coefficient robustness and plausibility. We dis-

cuss how critical and non-critical core variables can be properly specified and how

non-core variables for the comparison regression can be chosen to ensure that ro-

bustness checks are indeed structurally informative.

xiii



Chapter 1

Granger Causality and Dynamic

Structural Systems

1.1 Introduction

In a celebrated paper, Granger (1969) introduced a notion now known as

Granger non-causality, or, for brevity, “G non-causality.” Since its introduction,

G non-causality and its counterpart, G−causality, have been the focus of intense

attention and interest, both theoretically and in applications. Hendry and Mizon

(1999) discuss the sweeping extent to which G−causality has permeated economics

and econometrics. A recent citation count by Google Scholar shows almost 4,000

citations to Granger’s seminal article.

As Granger (1969) emphasizes, G−causality is based purely on the pre-

dictability of particular time series; it does not necessarily provide insight into

whatever the underlying “true” causal relations may be. Some studies have been

scrupulous in adhering to Granger’s original predictive notions. Examples are

Sims’s (1972) seminal investigation of the relations between money and income

and Adams, Hurd, McFadden, Merrill, and Ribeiro’s (2003) study of health and

socioeconomic status. Other studies, too numerous to cite, have either explicitly or

implicitly drawn structural or policy conclusions from theirs or others’ G−causality

findings. Unfortunately, such conclusions are entirely unfounded, as G−causality,

1
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by itself, has no structural meaning.

It is not constructive to point out difficulties without also proposing reme-

dies. Accordingly, our goal here is to provide direct links, previously missing,

between G−causality and aspects of structural causality that emerge naturally

from an explicit system of dynamic structural equations compatible with a wide

range of economic data generating processes.

Our analysis provides explicit guidance as to how to properly apply G−cau-

sality to gain structural insight. Specifically, when defining and testingG−causality,

certain variables in addition to the dependent variables (Y, say) and “potential

G−causes” (Q, say) play a crucial role. For convenience, denote these supplemen-

tal variables S and call them “covariates.” Our results establish that if Q G−causes

Y, then Q structurally causes1 Y (and vice versa) when, among other things, the

covariates S are variables that

• are not themselves structurally caused by either Y or Q

• structurally cause Q or Y or are proxies for unobserved structural causes of

Q or Y

• may include leads of proxies for unobservable structural causes of Q or Y

As we explain, covariate leads play a purely predictive role in the back-casting

sense; their presence does not violate the causal direction of time. In fact, as we

discuss, they create the opportunity for more reliable structural inference.

An interesting consequence of our analysis is the emergence of new struc-

turally informative extensions of the classical notion of G−causality. Depending

on the context, these notions correspond to properties of direct or total (i.e., both

direct and indirect) structural causality. In each case, we give a structural charac-

terization of G−causality: we provide conditions ensuring specific forms of struc-

tural causality if and only if the corresponding versions of G−causality hold. We

pay particular attention to finite-order G−causality, the version typically tested

1For now, we speak heuristically of structural “causes” or “effects.” The definitions of Sections
3 and 4 make this rigorous.
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in practice, and we show that it characterizes a specific form of direct structural

causality.

We obtain our results by making use of a system of general dynamic struc-

tural equations analyzed by White and Kennedy (2009) (WK). These systems

permit data generating processes (DGPs) that may be nonlinear as well as nonsep-

arable and non-monotonic between observables and unobservables. They may gen-

erate stationary or nonstationary (e.g., cointegrated) processes. Moreover, these

systems support straightforward notions of structural causality both for structural

vector autoregressions (VARs) and for recursive structures representing time-series

natural experiments. Identification of structural effects is closely tied to a certain

conditional form of exogeneity, as discussed, for example, in White (2006a) and

WK. Here, this conditional exogeneity plays the key role in specifying the proper-

ties of the covariates S that ensure our characterizations. In fact, we prove that

conditional exogeneity is necessary for valid structural inference. We also show

that in the absence of structural causality, any given version of G non-causality is

equivalent to a matching version of conditional exogeneity.

All of these results have implications for drawing structural inferences from

tests for G− causality or conditional exogeneity, and we propose new methods

designed for this purpose. A major concern here is practicality. Our proposed

tests can be implemented by essentially any econometric software that can generate

random variables and perform linear weighted least squares regression inside a loop.

Intricate matrix manipulations are not necessary. On the other hand, our tests are

designed to have power against a relatively broad range of alternatives.

The plan of the paper is as follows. In Section 2, we review classical notions

of G−causality. In Section 3, we introduce a structural dynamic DGP and distin-

guish structural VARs from time-series natural experiments. We provide notions

of direct and total structural causality pertaining to both, and we characterize

the relations between direct and total structural causality. Section 4 analyzes the

links between G−causality and structural causality, using specific conditional exo-

geneity restrictions. For concreteness, the focus there is on the natural experiment

case. A main result is a structural characterization of classical G−causality that
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proves its equivalence to a specific form of direct structural causality. Section 4

also introduces structurally informative extensions of classical G−causality and

provides their structural characterizations. Of critical importance for applications

is the structural characterization of finite-order G−causality, the version almost

always tested in practice. Section 5 provides parallel results for structural VARs.

In Section 6, we describe our proposed G−causality tests. Section 7 an-

alyzes the role of conditional exogeneity, focusing on the structural VAR case.

Parallel results hold for the natural experiment case. We show that conditional

exogeneity is necessary for valid structural inference, and we characterize its rela-

tion to G−causality. Section 7 also provides results supporting tests of conditional

exogeneity and details their implementation. When neither conditional exogeneity

nor G non-causality are maintained assumptions, then it is not possible to directly

test for structural causality. To handle such cases, Section 8 introduces an indirect

test for structural causality that combines G−causality and conditional exogeneity

tests. Section 9 illustrates our methods, with applications to gasoline and oil prices

(as in WK); monetary policy and industrial production (as in Romer and Romer,

1989 and Angrist and Kuersteiner, 2004); and stock returns and macroeconomic

announcements (as in Chen, Roll, and Ross, 1986 and Flannery and Protopa-

padakis, 2002). Section 10 contains a summary and concluding remarks. Formal

proofs of results are collected into the Mathematical Appendix.

1.2 Granger Causality

Granger (1969) defined G−causality in terms of conditional expectations.

Granger and Newbold (1986) gave a definition using conditional distributions. We

work with the latter, as it is this that turns out to relate generally to structural

causality. In what follows, we adapt Granger and Newbold’s notation, but other-

wise preserve the conceptual content.

For any sequence of random vectors {Yt, t = 0, 1, ...}, let Y t ≡ (Y0, ..., Yt) de-

note its “t−history,” and let σ(Y t) denote the sigma-field (“information set”) gen-

erated by Y t. Let {Qt, St, Yt} be a sequence of random vectors. Granger and New-
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bold (1986) say that Qt−1 does not G-cause Yt+k with respect to σ(Qt−1, St−1, Y t−1)

if for all t = 0, 1, ...,

Ft+k( · | Qt−1, St−1, Y t−1) = Ft+k( · | St−1, Y t−1), k = 0, 1, ..., (1.1)

where Ft+k( · | Qt−1, St−1, Y t−1) denotes the conditional distribution function of

Yt+k given Qt−1, St−1, Y t−1, and Ft+k( · | St−1, Y t−1) denotes that of Yt+k given

St−1, Y t−1.

If eq.(1.1) does not hold, Granger and Newbold say that Q is a “prima

facie” G−cause for Y. Granger and Newbold (1986) drop the phrase “prima facie”

when σ(Qt−1, St−1, Y t−1) is the “universal” information set (that generated by the

past of all variables), but since, as they note, using this information set is not

practical, we will take “prima facie” as implicit.

Granger and Newbold (1986, p.221) caution that

“Not everyone would agree that causation is the correct term to use for this

situation, but we shall continue to do so as it is both simple and clearly defined.”

As Granger and Newbold (1986, p.222) further note,

“It has been suggested, for example, that causation can only be accepted

if the empirical evidence is associated with a clear and convincing theory of how

the cause produces the effect. If this viewpoint is accepted, then “smoking causes

cancer” would not be accepted.”

Granger and Newbold do not require a clear and convincing theory of how

causes produce effects. Instead, as Granger (1969, p.430) notes, “The definition of

causality used above is based entirely on the predictability of some series [emphasis

added].” Thus, G−causality can relate any variables whatsoever, regardless of

underlying structural relations. Knowledge about underlying structural relations

may be helpful in investigating G−causality, but is not necessary.

Of main interest here is the reciprocal fact, established in what follows, that

knowledge about G−causality can provide structural or policy insight. This idea

is often implicit in empirical applications of G−causality, without any firm foun-

dation. Our results below make the relations between G−causality and structural

causality explicit and precise.
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As Florens and Mouchart (1982) and Florens and Fougère (1996) note, G

non-causality is a form of conditional independence. Following Dawid (1979), we

write X ⊥ Y | Z when X and Y are independent given Z. We work with the

following definition of Granger causality:

Definition 2.1 Let {Qt, St, Yt} be a sequence of random vectors. Suppose that

Yt ⊥ Qt | Y t−1, St t = 1, 2, ... . (1.2)

Then Q does not G−cause Y with respect to S. Otherwise, Q G−causes Y with

respect to S.

G non-causality is clearly a pure forecasting concept: Qt provides no information

useful in predicting Yt beyond the information contained in the histories St and

Y t−1.

Granger and Newbold (1986) reference Yt+k, k ≥ 0, instead of Yt in their

definition; the k = 0 case treated here is implicit in Granger (1969) and explicit in

Granger (1980, 1988). We focus entirely on the k = 0 case, as k ≥ 1 cases have not

been important in applications, nor are they important in relating G−causality

and structural causality.

In eq.(1.1), Q and S appear with a lag relative to Y ; a literal translation

would require Qt−1 and St−1 to appear in Definition 2.1 instead of Qt and St. The

lag in eq.(1.1) enforces Granger’s (1969, 1988) and Granger and Newbold’s (1986,

p.221) firm views on instantaneous causation:

“noindent Whether all IC (instantaneous causality) can be explained in

terms of data inadequacies is unclear... . However, it is clear that it is not possible,

in general, to differentiate between instantaneous causation in either direction and

instantaneous feedback. Thus, the idea of instantaneous causality is of little or no

practical value.”

We strongly agree that instantaneous causality is not relevant, as economic

responses invariably take some time, no matter how little. But responses need

not take the entire period of observation; they may instead take place within the

period. For example, with monthly observations, a change in Qt may occur in the
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third week of January and the causal response embodied in Yt may occur in the

fourth. Both observations are properly labeled with an index t referencing January,

but the response is not instantaneous. Instead, we call it contemporaneous. By

this we mean that the response necessarily follows the change in the underlying

cause, but both the cause and the response have the same time index.

With this understanding, we specify Qt in Definition 2.1 instead of Qt−1.

If, however, the response does require a full time period, we can just view Qt as

being observed at t− 1.

An interesting aspect of G−causality that appears to have been overlooked

is that the role of St is not inherently structural; conditioning on St ensures that its

role is primarily predictive. Thus, different considerations apply to specifying its

time index relative to Yt and Qt. We further explore this below. For now, however,

we just refer to St, parallel to our reference to Qt.

1.3 A Dynamic DGP and Structural Causality

We now specify the DGP as a recursive dynamic structure in which “pre-

decessors” structurally determine “successors,” but not vice versa. More precisely,

successors cannot determine predecessors, whereas predecessors may or may not

determine successors. In particular, future variables cannot precede present or past

variables. This enforces the causal direction of time. We write Y ⇐ X to denote

that Y succeeds X (X precedes Y ).

We specify a version of the structure analyzed by WK. For this, we write

N ≡ {0, 1, ...}.

Assumption A.1 Let {Dt, Ut,Wt, Yt, Zt; t = 0, 1, ...} be a stochastic process on

(Ω,F , P ), a complete probability space, with Dt, Ut,Wt, Yt, and Zt taking values

in Rkd ,Rku ,Rkw ,Rky , and Rkz respectively, where ku ∈ N∪{∞} and kd, kw, ky, kz ∈
N, with ky > 0. Further, suppose that Dt ⇐ (Dt−1, U t,W t, Zt) and Yt ⇐
(Y t−1, Dt, U t,W t, Zt), where, for an unknown measurable ky × 1 function qt, {Yt}
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is structurally generated as

Yt = qt(Y
t−1, Dt, Zt, U t), t = 1, 2, .... (1.3)

Such structures are well suited to representing the interactions of intertem-

porally optimizing agents or the evolution of markets or other segments of an

economy. (See, e.g., Chow, 1997.)

Empirically feasible procedures must be expressible as functions of observ-

ables. Throughout, we suppose that realizations of Dt,Wt, Yt, and Zt are observed,

whereas realizations of Ut are not. Because Dt, Ut,Wt, or Zt may have dimension

zero, their presence is optional. Usually, however, some or all will be present.

Indeed, there may be a countable infinity of unobservables.

In some cases, the relevant Wt’s or Zt’s may not be directly observable.

Instead, they may be “asymptotically observable,” in that they can be consistently

estimated from observables, as in Imbens and Newey (2009). Here, we treat these

as observable, enhancing generality. Treating their estimation is a statistical issue

beyond our scope here, however.

Consistent with our discussion of contemporaneous response above, we un-

derstand that although Dt, Zt, and Ut appear as arguments of qt, their values are

realized prior to those of Yt.

This structure is general: the structural relations may be nonlinear and

non-monotonic in their arguments and non-separable between observables and un-

observables. This system may generate stationary processes, non-stationary pro-

cesses, or both.

The vector Yt represents responses of interest. We will be interested in either

(i) the effects on Yt of Dt or (ii) with Yt = (Y ′1,t, Y
′

2,t)
′, the effects on Y1,t of Y t−1

2 . The

latter is the structural VAR case. In the former, Dt represents ”exogenous” drivers

or policy variables, analogous to treatments in the treatment effect literature (see

White, 2006a), as recursivity ensures that lags of Yt do not impact Dt. We call this

the “time-series natural experiment” case. Depending on the case, we call either

Dt or Y2,t−1 “causes of interest.” G−causality relates to both.

The histories U t and Zt contain drivers of Yt whose effects are not of primary
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interest; we call Ut and Zt “ancillary causes.” The history W t may contain potential

causes of Dt, as well as responses to U t. Observe that W t does not appear in the

argument list for qt, so W t does not directly determine Yt. Note also that Wt is

not determined by either Yt or Dt or by their lags. A useful convention is that

Wt ⇐ (W t−1, U t, Zt), so that Wt does not drive unobservables. If a structure

does not have this property, then suitable substitutions can usually yield a derived

structure satisfying this convention. Neverthless, we do not require this, so Wt

may also contain drivers of unobservable causes of Yt and/or Dt.

A.1 supports a natural definition of direct structural causality, as White

and Chalak (2009) discuss. For this, let dts be the sub-vector of dt with elements

indexed by the non-empty set s ⊆ {1, ..., kd} × {0, ..., t}, and let dt(s) be the sub-

vector of dt with the elements of s excluded. Similarly, yt−1
s is the sub-vector of

yt−1 with elements indexed by the non-empty set s ⊆ {1, ..., ky} × {0, ..., t − 1},
and yt−1

(s) is the sub-vector of yt−1 with elements of s excluded.

Definition 3.1 Given A.1, for given t > 0, j ∈ {1, ..., ky}, and s, suppose that

(i) for all admissible values of yt−1
(s) , d

t, zt, and ut, the function yt−1
s →

qj,t(y
t−1, dt, zt, ut) is constant in yt−1

s . Then we say Y t−1
s does not directly struc-

turally cause Yj,t and write Y t−1
s

d

6⇒S Yj,t. Otherwise, we say Y t−1
s directly struc-

turally causes Yj,t and write Y t−1
s

d⇒S Yj,t;
(ii) for all admissible values of yt−1, dt(s), z

t, and ut, the function dts →
qj,t(y

t−1, dt, zt, ut) is constant in dts. Then we say Dt
s does not directly structurally

cause Yjt and write Dt
s

d

6⇒S Yj,t. Otherwise, we say Dt
s directly structurally causes

Yj,t and write Dt
s

d⇒S Yj,t.

Because of its structural basis, we refer to this as ”structural causality” to dis-

tinguish it from other notions. This is fully consistent with the causal notions of

the Cowles Commission, and in particular with concepts explicitly articulated by

Heckman (e.g., Heckman, 2008). See White and Chalak (2009) for further details.

This is a “direct” notion of causality, as it does not account for indirect effects

that can be propagated recursively. For brevity, we may refer to just “direct” or

”structural” causality when the meaning is clear from the context.
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We refer explicitly to Y t−1
s and Dt

s here because these are the main cases

of interest. We can similarly define direct causality or non-causality of Zt
s or U t

s

for Yj,t, but we leave this implicit. We write, e.g., Dt
s

d⇒S Yt when Dt
s

d⇒S Yj,t for

some j ∈ {1, ..., ky}.
When Dt is the cause of interest, it can be important to explicitly account

for the propagation of its effects through time, through the lagged Yt’s appearing in

qt. For this, we use an equivalent implicit dynamic representation of the structural

system. Recursive substitution gives

Yt = rt(Y0, D
t, Zt, U t), t = 1, 2, ...,

where rt is an unknown function. This enables us to give a definition of total

structural causality:

Definition 3.2 Given A.1, for given t > 0 suppose that for all admissible values

of y0, z
t, and ut, the function dt → rt(y0, d

t, zt, ut) is constant in dt. Then we

say Dt does not structurally cause Yt and write Dt 6⇒S Yt. If not, we say Dt

structurally causes Yt and write Dt ⇒S Yt.

For clarity, we just give a definition using Dt and Yt, parallel to classical G−causali-

ty. This specifies a form of total causality, as it embodies both direct effects on Yt of

Dt and indirect effects, which propagate through Y t−1 in Yt = qt(Y
t−1, Dt, Zt, U t).

For brevity, we leave the “total” qualifier implicit. When it may not be clear from

the context, we make it explicit.

Similar definitions for Dt
s ⇒S Yt are implicit, as total causality is simply

direct causality with respect to rt. A similar notion for Y0 is also implicit; this

permits structural definition of impulse responses, but these are not a main focus

here.

The relation between direct causality and (total) structural causality is

fairly straightforward:

Proposition 3.3 Suppose A.1 holds, and let t > 0 be given. (i) If for all 1 ≤ θ ≤ t

and all non-empty s ⊆ {1, ..., kd} × {0, ..., θ}, Ds

d

6⇒S Yθ, then Dt 6⇒S Yt. (ii) If

for some non-empty s ⊆ {1, ..., kd} × {t}, Ds
d⇒S Yt, then Dt ⇒S Yt.
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Part (ii) is a form of converse to (i). A literal converse to (i) does not hold,

because indirect effects can cancel direct effects, resulting in the absence of total

effects. Such cases are special, so the converse of (i) can be thought heuristically

to hold in most cases. Given some form of direct causality, the requirement of (ii)

is plausible and rules out complete cancellation.

1.4 Granger Causality and Time-Series Natural

Experiments

We now examine the relations between G−causality and structural causal-

ity. Several useful extensions of classical G−causality emerge naturally from this;

we provide structural characterizations in each case. In this section, we analyze the

natural experiment case. This yields concepts that then facilitate our treatment

of structural VARs, the subject of the next section.

1.4.1 G−causality, conditional exogeneity, and direct causal-

ity

White (2006a) shows how certain exogeneity restrictions permit identifica-

tion of expected causal effects in dynamic structures. Although White (2006a)

considers only binary-valued Dt, White and Chalak (2008) and WK show how

analogous restrictions identify expected causal effects generally. Our first main re-

sult below shows that a specific form of exogeneity enables us to forge the missing

link between direct causality and G−causality.

Let Xt ≡ (Wt, Zt), t = 0, 1, ... . We say Dt is “conditionally” exogenous

when we have:

Assumption A.2 (a) Dt ⊥ U t | Y t−1, X t, t = 1, 2, ... .

Strict exogeneity holds when conditioning is absent, motivating the term “condi-

tional.”
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The form of Assumption A.2(a) matches the structure determining Yt in

A.1. In less general cases, simpler versions of A.2(a) suffice. For example, suppose

Yt = qt(Yt−1, Dt, Zt, Ut).

Then Dt ⊥ Ut | Yt−1, Xt is a matching conditional exogeneity requirement, as we

discuss below.

Although we have not explicitly specified the DGP for Dt, the way that

Dt is generated affects whether A.2(a) is plausible. A leading example is that in

which

Dt = bt
(
Dt−1, X t, V t

)
,

where Vt is an unobservable random vector with possibly infinite dimension re-

cursively preceding Dt,Wt, Yt, and Zt; and bt is an unknown measurable function.

For example, sufficient conditions for A.2(a) with this structure are U t ⊥ V t |
D0, Y

t−1, X t and U t ⊥ D0 | Y t−1, X t. Less general structures permit simpler suf-

ficient conditions, discussed below. These conditions are plausible because Y t−1

acts as a proxy for U t−1 and because Wt may contain proxies for either Ut or Vt.

Specifically, as explained in White (2006a), to help ensure A.2(a), covariates

Xt should include variables whose lags (or leads, as we shall shortly see below) are

useful for predicting either Dt or Ut, as the better a predictor Xt is, the less useful

Dt will be as a predictor for Ut and vice-versa. Specifically, Xt should include:

(1) observable causes Zt of Yt; (2) observable causes Wt and Zt of Dt; and (3)

observable responses Wt to unobservable causes Ut of Yt and/or Vt of Dt. The

economics of the particular application typically suggest numerous such proxies.

We now give our first result linking structural causality and G−causality:

Proposition 4.1 Let A.1 and A.2 (a) hold. If Dt
d

6⇒S Yt, t = 1, 2, ..., then D

does not G−cause Y with respect to X.

Thus, given conditional exogeneity of Dt, G−causality implies direct structural

causality. With properly chosen S, any test that rejects G non-causality necessarily

rejects direct structural non-causality. A proper choice for St is Xt, where Xt

contains
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• variables that are not themselves structurally caused by either Yt or Dt or

their lags (A.1)

• variables that structurally cause Dt or Yt or are observable proxies for unob-

served structural causes of either Dt or Yt (A.2(a))

Does G non-causality imply direct non-causality? Strictly speaking, the

answer is no. This is essentially a sampling problem: even with direct causality, the

realizations of Y t−1, Dt, Zt, and U t that would otherwise reveal this may occur with

zero probability. G non-causality then holds, despite the (undetectable) presence

of direct causality. A simple example illustrates:

Example 4.2 (a) (Benkard and Berry, 2006) Suppose Y = q(D,U), where

q(D,U) =
D√
D2 + 1

U1 +
1√

D2 + 1
U2,

with U1 and U2 independent N(0, 1) and D ⊥ (U1, U2). Then Y ⊥ D.

By construction, D
d⇒S Y. But Y ⊥ D is the condition that D does not G−cause

Y .

Nevertheless, it is reasonable to expect that G non-causality can reveal the

absence of detectable structural causality, properly defined. The next definition

permits us to formalize this.

Definition 4.3 Suppose A.1 holds and that for each y ∈ supp(Yt) there exists a

measurable mapping (yt−1, xt)→ ft,y(y
t−1, xt) such that∫

1{qt(Y t−1, Dt, Zt, ut) < y} dFt(ut | Y t−1, X t) = ft,y(Y
t−1, X t) a.s.

Then we say Dt does not directly cause Yt almost surely (a.s.) with respect to

(Y t−1, X t) and write Dt
d

6⇒S(Y t−1,Xt) Yt. Otherwise, we say Dt directly causes Yt

with positive probability with respect to (Y t−1, X t) and write Dt d⇒S(Y t−1,Xt) Yt.

This notion of direct non-causality a.s. (Dt
d

6⇒S(Y t−1,Xt) Yt) formalizes the idea that

even though Dt d⇒S Yt, so that dt → qt(y
t−1, dt, zt, ut) is not a constant function
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for all values of (yt−1, zt, ut), the joint distribution of Y t−1, Dt, U t, X t can be such

that this non-constancy is never reflected in the sample data, as in Example 4.2(a).

A continuation of this example gives further insight:

Example 4.2 (b) Suppose that instead of N(0, 1), U1 and U2 are Uniform[0, 1].

Then Y 6⊥ D.

As we show next, Y 6⊥ D implies2 D
d⇒S(1) Y. Thus, the distribution of the drivers

of Yt can hide or reveal structural causality. Clearly, though, Dt
d

6⇒S Yt implies Dt

d

6⇒S(Y t−1,Xt) Yt.

We now give a main result structurally characterizing G−causality.

Theorem 4.4 Let A.1 and A.2 (a) hold. Then Dt
d

6⇒S(Y t−1,Xt) Yt, t = 1, 2, ..., if

and only if D does not G−cause Y with respect to X.

1.4.2 Retrospective weak G-causality and total structural

causality

In considering the identification and estimation of the total effects of Dt,

WK introduce the notion of retrospective expected effects, in which expected coun-

terfactual responses are conditioned on all information available at the present,

time T. Identification of such retrospective effects is ensured by the retrospective

weak conditional exogeneity of Dt:

Assumption A.2 (b) For given T ≥ 1, Dt ⊥ U t | Y0, X
T , t = 1, ..., T.

First, note that A.2(b) conditions on Y0 instead of Y t−1, appropriate to considera-

tion of total rather than direct effects. We call this ”weak” conditional exogeneity,

as conditioning on Y0 is less informative (weaker). Second, while A.2(a) conditions

on X t, A.2(b) also conditions on future covariates, relative to t. As WK discuss,

this does not violate the causal order of time enforced by A.1. The ”retrospective”

2We write d⇒S(1)when there is no conditioning, i.e., we are conditioning on the trivial infor-
mation set, that containing only a constant.
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conditioning on XT has no particular causal content. Instead, conditioning vari-

ables are inherently predictive; future covariates are predictive in the back-casting

sense. Including leads can be especially useful, as the additional information in

XT may enable A.2(b) to hold when conditioning on X t is insufficient.

When Dt = bt (Dt−1, X t, V t), it suffices for A.2(b) that U t ⊥ (V t, D0) |
Y0, X

T .

We now introduce some structurally informative extensions of classical

G−causality:

Definition 4.5 Let {Qt, St, Yt} be a sequence of random variables . For a given

T ≥ 1, suppose

Yt ⊥ Qt | Y0, S
t, t = 1, 2, ..., weak

Yt ⊥ Qt | Y t−1, ST , t = 1, ..., T, or, retrospective

Yt ⊥ Qt | Y0, S
T , t = 1, ..., T. retrospective weak

Y with respect to S. In the second, we say Q does not retrospectively G−cause

Y with respect to S. In the third, we say Q does not retrospectively weakly

G−cause Y with respect to S. If the indicated condition fails, then Q G−causes

Y with respect to S in the manner specified.

The third case corresponds to A.2(b). We present the others for completeness,

as weak G non-causality is equivalent to total structural non-causality a.s. given

Dt ⊥ U t | Y0, X
t (weak conditional exogeneity), and retrospective G non-causality

is equivalent to direct non-causality a.s. given Dt ⊥ U t | Y t−1, XT (retrospective

conditional exogeneity). There are no necessary relations among any of these

extensions nor between any of these and classical G−causality.

An analog of Definition 4.3 appropriate here is (total) structural non-

causality a.s.:

Definition 4.6 Suppose A.1 holds and that for each y ∈ supp(Yt) there exists a

measurable mapping (y0, x
T )→ ft,y(y0, x

T ) such that∫
1{rt(Y0, D

t, Zt, ut) < y} dFt(ut | Y0, X
T ) = ft,y(Y0, X

T ) a.s.
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Then we say Dt does not structurally cause Yt almost surely (a.s.) with respect

to (Y0, X
T ) and write Dt 6⇒S(Y0,XT ) Yt. Otherwise, we say Dt structurally causes

Yt with positive probability with respect to (Y0, X
T ) and write Dt ⇒S(Y0,XT ) Yt.

Analogous definitions hold for the weak and retrospective cases.

The structural characterization of retrospective weak G−causality is:

Theorem 4.7 Let A.1 and A.2 (b) hold. Then for the given T, Dt 6⇒S(Y0,XT ) Yt,

t = 1, ..., T, if and only if D does not retrospectively weakly G−cause Y with

respect to X.

Thus, given retrospective weak conditional exogeneity of Dt, retrospective weak G

non-causality implies (total) structural non-causality a.s. and vice-versa. Again,

the covariates must be properly chosen. But now the covariates can explicitly

include leads of Xt. Because including leads can enable A.2(b) to hold when Dt ⊥
U t | Y0, X

t fails, more reliable inference becomes possible.

Specifically, suppose that in fact Dt does not structurally cause Yt, and

suppose further that A.2(b) holds with suitably chosen leads of Xt, whereas, un-

known to the researcher, conditional exogeneity fails when the necessary leads are

omitted. Because conditional exogeneity is a maintained assumption in Theorem

4.7, tests using only Xt and its lags will tend to reject G non-causality, due not

to structural causality, but to the failure of conditional exogeneity. Because this

failure is unsuspected, the researcher will infer structural causality from the rejec-

tion of G non-causality, precisely the wrong inference. On the other hand, when

A.2(b) holds with suitable leads of Xt, the test for retrospective G−causality will

deliver the correct inference. In the current example, tests will tend not to reject

G non-causality, consistent with both the absence of structural causality and the

presence of retrospective conditional exogeneity.

A substantive implication of both Theorems 4.4 and 4.7 is that past infer-

ences about structural causality based either implicitly or explicitly on tests reject-

ing G non-causality will require careful re-examination: it may be the failure of

conditional exogeneity rather than structural causality that has been detected. Put
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another way, these results make clear why drawing structural or policy conclusions

on the basis of tests for G−causality is potentially tenuous: proper consideration

must be given to the economic structure and to the choice of covariates, sufficient

to ensure the plausibility of the relevant conditional exogeneity assumption.

1.4.3 Finite-order G−causality and Markov structures

The classical notion of G−causality involves the histories Qt, Y t−1, and

St. The weak and retrospective versions involve Qt and St or ST . Testing such

hypotheses is challenging in time-series practice because there is only one data

history {Yt, Qt, St}Tt=0. Although de Jong (1996) and Escanciano and Velasco (2006)

have proposed methods for testing certain mean independence hypotheses involving

infinite histories of data, similar methods for testing the conditional independence

represented byG non-causality are, to the best of our knowledge, as yet unavailable.

Given this challenge, researchers typically test G−causality by regressing

Yt on a finite number of its lags and on Qt and St and a finite number of their

lags. Of course, this does not give a test for classical G−causality, but for a related

property, finite-order G−causality. By itself, this is neither necessary nor sufficient

for classical G−causality or any of its variations.

To define this, we define the finite histories Y t−1 ≡ (Yt−`, ..., Yt−1) and

Qt ≡ (Qt−k, ..., Qt).

Definition 4.8 Let {Qt, St, Yt} be a sequence of random variables, and let k ≥ 0

and ` ≥ 1 be given finite integers. Suppose that

Yt ⊥ Qt | Y t−1, St, t = 1, 2, ... .

Then we say Q does not finite-order G−cause Y with respect to S. Otherwise, we

say Q finite-order G−causes Y with respect to S.

We call max(k, `− 1) the ”order” of the finite-order G non-causality.

Here we understand that St may represent a finite history of covariates.

These may include leads or lags with respect to time t. Leads correspond to the

retrospective case.
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Note that classical G non-causality (Yt ⊥ Qt | Y t−1, St), together with the

memory condition

Yt ⊥ Y t−`−1, St−1 | Y t−1, St

implies finite-order G non-causality. Thus, when a test rejects finite-order G non-

causality, it could be because classical G non-causality fails or because the memory

condition fails. This latter possibility is typically ignored, at the peril of making

faulty inferences about G−causality.

The more important issue here, however, is whether finite-orderG−causality

has useful implications for structural causality. As we now show, by mildly restrict-

ing the DGP and by correspondingly modifying the conditional exogeneity require-

ment, we can provide a structural characterization of finite-order G−causality.

This then leads to practical tests.

Specifically, we now restrict attention to certain Markov (i.e., finite-order)

structures. To specify these, we write Dt ≡ (Dt−k, ..., Dt) and Zt ≡ (Zt−m, ..., Zt).

Assumption B.1 A.1 holds, and for k, `,m ∈ N, ` ≥ 1, Yt = qt(Y t−1,Dt,Zt, Ut),

t = 1, 2, ....

Because of their relative feasibility for estimation, structures of this sort are those

almost always used in applications. Note that we write Ut as the argument of qt in

B.1 for simplicity; the potentially countably infinite dimension of Ut ensures that

the absence of lags of Ut in qt does not necessarily result in any loss of generality.

Corresponding to this structure is the following finite-order conditional ex-

ogeneity requirement. For this, we write X t ≡ (Xt−τ1 , ..., Xt+τ2).

Assumption B.2 For k, `, and m as in B.1 and for τ1 ≥ m, τ2 ≥ 0, suppose that

Dt ⊥ Ut | Y t−1,X t, t = 1, ..., T − τ2.

When τ2 > 0, covariate leads are present, corresponding to the retrospective case.

Finite-order conditional exogeneity identifies the expected direct effects of

Dt on Yt. A notion of direct non-causality a.s. relevant here (now abbreviated for

conciseness) is:
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Definition 4.9 Suppose B.1 holds and that for given τ1 ≥ m, τ2 ≥ 0 and for

each y ∈ supp(Yt) there exists a σ(Y t−1,X t)−measurable version of the random

variable ∫
1{qt(Y t−1,Dt,Zt, ut) < y} dFt(ut | Y t−1,X t).

Then Dt

d

6⇒S(Y t−1,Xt) Yt (direct non-causality−σ(Y t−1,X t) a.s.). If not, Dt

d⇒S(Y t−1,Xt) Yt.

Note that direct structural non-causality implies Dt

d

6⇒S(Y t−1,Xt) Yt.

The structural characterization of finite-order G−causality is:

Theorem 4.10 Let B.1 and B.2 hold. Then Dt

d

6⇒S(Y t−1,Xt) Yt, t = 1, ..., T− τ2,

if and only if

Yt ⊥Dt | Y t−1,X t, t = 1, ..., T − τ2,

i.e., D does not finite-order G−cause Y with respect to X.

This justifies practical tests of structural non-causality, based on tests for

finite-order G− causality: Given conditional exogeneity of Dt, finite-order G non-

causality implies direct non-causality a.s. and vice-versa. As always, covariates

must be properly chosen. Here, τ1 should be sufficiently large that X t includes all

observable direct ancillary causes of both Yt and Dt.

Because of the relations between direct and total causality, it follows that

if one rejects direct structural non-causality a.s., one must also necessarily reject

direct structural non-causality and (total) structural non-causality (exact cancel-

lations excepted).

1.5 Granger Causality and Structural VARs

As a special case, A.1 includes structural VARs. For this, we set kd = 0;

the DGP becomes

Yt = qt
(
Y t−1, Zt, U t

)
.
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Letting Yt ≡ (Y ′1,t, Y
′

2,t)
′, we can also write this as, say,

Y1,t = q1,t

(
Y t−1

1 , Y t−1
2 , Zt, U t

)
Y2,t = q2,t(Y

t−1
1 , Y t−1

2 , Zt, U t).

In applications, it is often of interest to know whether Y t−1
2 structurally causes

Y1,t.

Many studies have applied G−causality to attempt to gain such structural

insights. Without proper care, such exercises are questionable at best. Neverthe-

less, just as before, we can ensure that suitable versions of G−causality support

legitimate structural inferences.

As before, testing whether the full history Y t−1
2 G−causes Y1,t using a sin-

gle time-series sample is a major challenge. Nevertheless, tests for finite-order

G−causality are generally feasible. Further, as we now show, finite-order G−causa-

lity can be given a structural characterization under suitable conditions, parallel

to those for the previous cases.

For the structural VAR case, we consider Markov structures analogous to

those of B.1. As above, we let Y t−1 ≡ (Yt−`, ..., Yt−1) and Zt ≡ (Zt−m, ..., Zt).

Alternatively, interpreting Y t−1 as Y t−1 and Zt as Zt will give results for classical

or retrospective G−causality.

Assumption C.1 A.1 holds, and for `,m,∈ N, ` ≥ 1, suppose that Yt =

qt(Y t−1,Zt, Ut), t = 1, 2, ..., such that, with Yt ≡ (Y ′1,t, Y
′

2,t)
′ and Ut ≡ (U ′1,t, U

′
2,t)
′,

Y1,t = q1,t(Y t−1,Zt, U1,t) Y2,t = q2,t(Y t−1,Zt, U2,t).

Matching this structure is a finite-order conditional exogeneity requirement.

For this, we write Y 1,t−1 ≡ (Y1,t−`, ..., Y1,t−1), Y 2,t−1 ≡ (Y2,t−`, ..., Y2,t−1); as before,

X t ≡ (Xt−τ1 , ..., Xt+τ2).

Assumption C.2 For ` and m as in C.1 and for τ1 ≥ m, τ2 ≥ 0, suppose that

Y 2,t−1 ⊥ U1,t | Y 1,t−1,X t, t = 1, ..., T − τ2.

We state sufficient conditions for C.2 formally, as their verification is a bit

more involved than for conditions ensuring A.2 or B.2.
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Proposition 5.1 Given C.1, suppose U t−1 ⊥ U1,t | Y0, Z
t−1,X t and Y 2,t−1 ⊥

Y0, Z
t−τ1−1 | Y 1,t−1,X t. Then Y 2,t−1 ⊥ U1,t | Y 1,t−1,X t, i.e. C.2 holds.

Imposing U t−1 ⊥ U1,t | Y0, Z
t−1,X t is the analog of requiring that serial correla-

tion is absent when lagged dependent variables are present. Imposing Y 2,t−1 ⊥
Y0, Z

t−τ1−1 | Y 1,t−1,X t ensures that ignoring Y0 and omitting distant lags of Zt

from X t doesn’t matter.

Assumption C.2 ensures that expected direct effects of Y 2,t−1 on Y1,t are

identified. The relevant notion of direct non-causality a.s. here is:

Definition 5.2 Suppose C.1 holds and that for given τ1 ≥ m, τ2 ≥ 0 and for each

y ∈ supp(Y1,t) there exists a σ(Y 1,t−1,X t)−measurable version of the random

variable ∫
1{q1,t(Y t−1,Zt, u1,t) < y} dF1,t(u1,t | Y 1,t−1,X t).

Then Y 2,t−1

d

6⇒S(Y 1,t−1,Xt) Y1,t (direct non-causality−σ(Y 1,t−1,X t) a.s.). If not,

Y 2,t−1
d⇒S(Y 1,t−1,Xt) Y1,t.

The structural characterization of finite-order G−causality for structural

VARs is:

Theorem 5.3 Let C.1 and C.2 hold. Then Y 2,t−1

d

6⇒S(Y 1,t−1,Xt) Y1,t, t = 1, ..., T−
τ2, if and only if

Y1,t ⊥ Y 2,t−1 | Y 1,t−1,X t, t = 1, ..., T − τ2,

i.e., Y 2 does not finite-order G−cause Y1 with respect to X.

Thus, given conditional exogeneity of Y 2,t−1, finite-order G non-causality implies

direct non-causality a.s. and vice-versa, justifying tests of direct non-causality a.s.

in structural VARs using tests for finite-order G−causality.

Implicit here are results characterizing classical and retrospective G−causa-

lity for VARs, taking Y 1,t−1 = Y t−1
1 ,Y 2,t−1 = Y t−1

2 , and letting X t represent the

appropriate covariate history.
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1.6 Testing Finite-Order G−Causality

To test finite-order G−causality, we require tests for conditional indepen-

dence. Nonparametric tests for conditional independence consistent against arbi-

trary alternatives are readily available (e.g., Linton and Gozalo, 1997; Fernandes

and Flores, 2001; Delgado and Gonzalez-Manteiga, 2001; Su and White, 2007a,

2007b, 2008; Huang and White, 2009). In principle, one can apply any of these to

consistently test for finite-order G−causality.

Despite their appealing theoretical power properties, nonparametric tests

are often not practical, due to the typically modest number of time-series obser-

vations available relative to the number of relevant observable variables. On the

other hand, parametric methods for testing conditional independence are straight-

forward; their main potential drawback is that they may not have power against

certain alternatives. Here we propose methods designed to balance these competing

concerns. For practicality, we propose parametric tests that resemble as closely as

possible standard methods for testing finite-order G non-causality (e.g., Stock and

Watson, 2007, p. 547). To ensure power against a broader range of alternatives,

our new tests exploit the ”QuickNet” procedures introduced by White (2006b).

For simplicity and concreteness, we take Yt to be a scalar and focus on tests

of zero-order G non-causality, i.e., Yt ⊥ Qt | Yt−1, St. Then Qt = Dt and St = X t

when Dt is the cause of interest. For the VAR case, Yt = Y1,t, Qt = Y2,t−1, and

St = X t. The analogous procedures for the general finite-order case and with Yt a

vector will be obvious.

1.6.1 Testing conditional mean independence with linear

regression

Standard tests for finite-order G−causality typically assume a linear regres-

sion, such as

E(Yt | Yt−1, Qt, St) = α0 + Yt−1ρ0 +Q′tβ0 + S ′tβ1.
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Under the null that Yt ⊥ Qt | Yt−1, St, we have β0 = 0. The standard procedure

therefore tests β0 = 0 in the regression equation

Yt = α0 + Yt−1ρ0 +Q′tβ0 + S ′tβ1 + εt. (CI Test Regression 1)

If we reject β0 = 0, then we also reject Yt ⊥ Qt | Yt−1, St. But if we don’t reject

β0 = 0, we must be careful. Failing to reject Yt ⊥ Qt | Yt−1, St could miss evidence

for direct causality, as even if conditional mean independence holds, conditional

independence can fail.

Observe that with conditional exogeneity of Qt (Dt or Y2,t−1), when CI Test

Regression 1 is correctly specified, β0 represents the direct structural effect of Qt

on Yt. The remaining coefficients have no necessary structural interpretation.

1.6.2 Testing conditional mean independence with a more

flexible regression

To mitigate specification error and gain power against a wider range of

alternatives, we can use a more flexible regression. Specifically, we propose aug-

menting the regressors with neural network terms, as in White’s (2006b, p. 476)

QuickNet procedure, and testing β0 = 0 in

Yt = α0 + Yt−1ρ0 +Q′tβ0 + S ′tβ1 +
r∑
j=1

ψ(Yt−1γ0,j + S ′tγj)βj+1 + εt.

(CI Test Regression 2)

Here, ψ is a given activation function belonging to the class of generically com-

prehensively revealing (GCR) functions (see Stinchcombe and White, 1998). For

example, ψ can be the logistic cdf ψ(z) = 1/(1 + exp(−z)) or a ridgelet function,

e.g., ψ(z) = (−z5 + 10z3 − 15z) exp(−.5z2) (see, for example, Candès, 1999). We

call ψ(Yt−1γ0,j + S ′tγj) the “activation” of ”hidden unit” j. The integer r lies be-

tween 1 and r̄, the maximum number of hidden units. We choose (γ0j, γj) as in

White (2006b, p. 477). Observe that Yt−1 helps determine hidden unit activations.

This can help capture nonlinear dynamics.
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1.6.3 Testing conditional independence using nonlinear

transformations

Third, to gain power against alternatives where conditional mean indepen-

dence holds but not conditional independence, we consider tests using transforma-

tions of Yt and Qt, as Yt ⊥ Qt | Yt−1, St implies f(Yt) ⊥ g(Qt) | Yt−1, St for all

measurable f and g. We test β0 = 0 in

ψy,1(Yt) = α0 + ψy,2(Yt−1)ρ0 + ψq(Qt)
′β0 + S ′tβ1 +

r∑
j=1

ψ(Yt−1γ0,j + S ′tγj)βj+1

+ηt. (CI Test Regression 3)

We take ψy,1 and the elements of the vector ψq to be GCR, e.g., ridgelets

or the logistic cdf. The choices of γ, r, and ψ are as described above. Here, ψy,2

can be the identity (ψy,2(Yt−1) = Yt−1), it can coincide with ψy,1, or it can be a

different GCR function.

1.7 Conditional Exogeneity

In each result relating structural causality to G−causality, a corresponding

conditional exogeneity assumption is maintained. In this section, we address two

related questions. First, can we dispense with conditional exogeneity? As it turns

out, the answer is negative. Given this, our second question is whether we can test

conditional exogeneity. We provide straightforward tests valid under assumptions

common in practice.

As practical tests for G−causality are for the finite-order case, we focus

solely on this case. To balance the attention given the natural experiment case

in Section 4, our focus in this section is on the structural VAR case. Analogous

results hold in both cases.
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1.7.1 The crucial role of conditional exogeneity

As we now show, there is a precise sense in which conditional exogeneity

plays a crucial role in the relation between structural and G−causality.

Proposition 7.1 Given C.1, suppose that Y 2,t−1

d

6⇒S Y1,t, t = 1, 2, ... . If C.2

does not hold, then for each t there exists q1,t such that Y1,t ⊥ Y 2,t−1 | Y 1,t−1,X t

does not hold.

This shows that conditional exogeneity is crucial in that if it does not hold, then

there are always structures that generate data exhibiting finite order G−causality,

even in the absence of direct structural causality. Because q1,t is unknown, such

worst case scenarios can never be discounted.

In fact, as the proof shows, the class of worst case structures includes pre-

cisely those usually assumed in applications, namely separable structures (e.g.,

Y1,t = q1,t(Y 1,t−1,Zt) + U1,t), as well as more general classes of invertible struc-

tures analogous to those considered in the static case by, e.g., Altonji and Matzkin

(2005). Thus, in the cases typically assumed in the literature, the failure of con-

ditional exogeneity guarantees G−causality in the absence of structural causality.

We state this formally as a corollary.

Corollary 7.2 Given C.1 with Y 2,t−1

d

6⇒S Y1,t, t = 1, 2, ..., suppose that q1,t is

invertible in the sense that Y1,t = q1,t(Y 1,t−1,Zt, U1,t) implies the existence of ξ1,t

such that U1,t = ξ1,t(Y 1,t−1,Zt, Y1,t), t = 1, 2, ... . If C.2 fails, then Y1,t ⊥ Y 2,t−1 |
Y 1,t−1,X t fails, t = 1, 2, ... .

Together with Theorem 5.3, this establishes that in the absence of direct causality

and for the class of invertible structures that dominate in applications, finite-order

conditional exogeneity is necessary and sufficient for finite-order G non-causality.

The same holds for the natural experiment case with B.1 and B.2 in place of C.1

and C.2.
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1.7.2 Separability and finite-order conditional exogeneity

Testing finite-order conditional exogeneity is hampered by the unobserv-

ability of U1,t. Despite this, for the separable cases common in applications, we can

readily construct feasible tests. We base these on the consequences of conditional

exogeneity developed next.

To see the key ideas, consider the zero-order case in which q1,t is separable,

say3

q1,t(Yt−1, Zt, U1,t) = ζt(Yt−1, Zt) + U1,t,

where ζt is an unknown function. When Y2,t−1 ⊥ U1,t | Y1,t−1,X t, we have

E(U1,t|Yt−1,X t) = µt(Y1,t−1,X t) ≡ E(U1,t|Y1,t−1,X t),

say, so that

E(Y1,t|Yt−1,X t) = ζt(Yt−1, Zt) + µt(Y1,t−1,X t).

The regression residuals are εt ≡ Y1,t−E(Y1,t|Yt−1,X t) = U1,t−µt(Y1,t−1,X t). We

have not only E(εt|Yt−1,X t) = E(εt|Y1,t−1,X t) = 0, but Dawid (1979) lemmas 4.1

and 4.2(i) also give

Y2,t−1 ⊥ εt | Y1,t−1,X t.

Because µt is generally not identified without further conditions, recovering

U1,t is generally not possible. Nevertheless, recovering and estimating εt is typically

straightforward. Specifically, one can estimate E(Y1,t|Yt−1,X t), either parametri-

cally or nonparametrically. Let Ŷ1,t denote the resulting estimator, and define the

estimated residuals ε̂t ≡ Y1,t − Ŷ1,t. A test of Y2,t−1 ⊥ U1,t | Y1,t−1,X t can then be

performed by testing the implication Y2,t−1 ⊥ εt | Y1,t−1,X t, using observations on

ε̂t, Yt−1, and X t. We provide details in the next section.

Tests of finite-order conditional exogeneity for the general separable case

follow from:

3In the separable case, we could have U1,t = υt(Ũt,1, Ũt,2, ...), say, where Ũt ≡ (Ũt,1, Ũt,2, ...)′

is a vector of unobservables possibly of countably infinite dimension. In the separable case or
certain other similar cases, we work with U1,t = υt(Ũt,1, Ũt,2, ...) rather than the underlying Ũt,
essentially without loss of generality.
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Proposition 7.3 Given C.1, suppose that E(Y1,t) <∞ and

q1,t(Y t−1,Zt, U1,t) = ζt(Y t−1,Zt) + υt(Y 1,t−1,Zt, U1,t),

where ζt and υt are unknown measurable functions. Let εt ≡ Y1,t−E(Y1,t|Y t−1,X t).

If C.2 holds, then εt = υt(Y 1,t−1,Zt, U1,t) − E(υt(Y 1,t−1,Zt, U1,t) | Y 1,t−1,X t),

E(εt|Y t−1,X t) = E(εt|Y 1,t−1,X t) = 0, and Y 2,t−1 ⊥ εt | Y 1,t−1,X t.

Tests based on this result can detect the failure of C.2 or non-separability. For

now, we treat separability as a maintained assumption. We relax this below. Note,

however, that under the null of direct non-causality, q1,t is necessarily separable,

as then ζt is the zero function.

With additional conditions, it is possible to recover U1,t up to an unknown

constant, enabling a seemingly more direct test of conditional exogeneity. To see

the key ideas, again consider the zero-order case, and suppose now that instead of

C.2, we have

Yt−1 ⊥ U1,t |X t. (1.4)

This is implied by Dawid (1979) lemma 4.3 if, in addition to C.2, we also have

Y1,t−1 ⊥ U1,t | X t. Also note that condition (1.4) implies both C.2 and Y1,t−1 ⊥
U1,t |X t by the converse of Dawid (1979) lemma 4.3. Condition (1.4) is therefore

strictly stronger than C.2.

With q1,t(Yt−1, Zt, U1,t) = ζt(Yt−1, Zt) + U1,t as above and with Yt−1 ⊥ U1,t |
X t, we have

E(U1,t|Yt−1,X t) = µt(X t) ≡ E(U1,t|X t),

say, so that E(Y1,t|Yt−1,X t) = ζt(Yt−1, Zt) + µt(X t). The regression residuals now

satisfy εt ≡ Y1,t − E(Y1,t|Yt−1,X t) = U1,t − µt(X t). Thus,

U1,t = Y1,t − ζt(Yt−1, Zt),

so that U1,t can be recovered if and only if ζt(Yt−1, Zt) can be. A convenient

sufficient condition for this is that Zt has null dimension, so that X t does not

include Zt. This ensures identification up to a constant of both ζt and µt from
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E(Y1,t|Yt−1,X t) = ζt(Yt−1, Zt)+µt(X t) = ζt(Yt−1)+µt(X t), as the two terms then

have no common observables.

Given an estimator ζ̂t of ζt (see, e.g., Linton and Nielsen (1995) for a

marginal integration method or Newey, Powell, and Vella (1999) for a series esti-

mation method) one can then form4 Û1,t ≡ Y1,t− ζ̂t(Yt−1) and test Yt−1 ⊥ U1,t |X t

using observations on Û1,t, Yt−1, and X t.

A result for the general finite-order case is the following:

Proposition 7.4 Given C.1 with kz = 0, suppose that E(Y1,t) <∞ and

q1,t(Y t−1, U1,t) = ζt(Y t−1) + U1,t,

where ζt is an unknown measurable function. Let εt ≡ Y1,t − E(Y1,t|Y t−1,X t).

If C.2 holds and Y 1,t−1 ⊥ U1,t | X t, then εt = U1,t − µt(X t), Y t−1 ⊥ εt | X t,

Y t−1 ⊥ U1,t |X t, and

E(Y1,t | Y t−1,X t) = ζt(Y t−1) + µt(X t), (1.5)

where µt(X t) ≡ E(U1,t |X t). Moreover, ζt and µt are identified up to an unknown

constant from eq.(1.5), ensuring that U1,t = Y1,t − ζt(Y t−1) is identified up to an

unknown constant.

Significantly, however, the recovery of U1,t relies on C.2. Simple examples of the

failure of C.2 (e.g., Example 7.A of the Appendix) show that, in the absence of

further information, such failures can be undetectable, blocking recovery of U1,t.

Thus, even in the favorable separable case, there is no feasible way to construct

tests of conditional exogeneity consistent against arbitrary alternatives without

adding other identifying assumptions to the maintained hypotheses.

Further, although this result does recover U1,t, observe that εt = U1,t −
µt(X t) implies Y t−1 ⊥ εt | X t if and only if Y t−1 ⊥ U1,t | X t. Thus, one can

equally well construct tests of C.2 using ε̂t, which may require less computation.

It is not clear that working with Û1,t offers any advantages, especially when one

considers the additional assumptions involved.

4Observe that Û1,t does not correspond to the regression residual unless µt(Xt) = 0 a.s. Also,
note that the presence of an unidentified constant in Û1,t has no adverse consequences for tests
of conditional independence based on Û1,t.
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1.7.3 Testing conditional exogeneity

The results of the previous subsection motivate tests of conditional exo-

geneity based on either ε̂t or Û1,t. If we could use εt or U1,t instead of ε̂t or Û1,t, we

could apply any of CI Test Regressions 1-3 with the same regressors, but with εt

or U1,t as the dependent variable. We would then test β0 = 0 just as before, but

now we would have a test of conditional exogeneity.

Because ε̂t and Û1,t are constructed using a first-stage estimator, say θ̂1,T ,

we must exercise some care. A convenient first-stage estimator is θ̂1,T = (α̂1,T , ρ̂1,T ,

β̂′0,1,T , β̂
′
1,1,T , ..., β̂r+1,1,T )′, say, computed from CI Test Regression 1 (r = 0) or 2

(r > 0). Suppose the second-stage coefficients, say θ̂2,T , were naively obtained

from CI Test Regression 1 or 2 with ε̂t or Û1,t as the dependent variable, regressed

on the stage one regressors. Then θ̂2,T will contain estimated coefficients for Y2,t−1,

say β̂0,2,T , exactly equal to zero, by the orthogonality of regression residuals and

regressors. Thus, we propose basing conditional exogeneity tests on CI Test Regres-

sion 3, where ψq is either GCR or the identity function and ψy,1 is any convenient

function, except the identity. ψy,1 may be GCR, but non-GCR choices may also

be of interest, such as

ψy,1(ε̂t) = |ε̂t|, ψy,1(ε̂t) = ε̂t(λ− 1{ε̂t < 0}), λ ∈ (0, 1), or ψy,1(ε̂t) = ε̂2
t .

Further, the asymptotic distribution of θ̂2,T will generally be impacted by

the first-stage estimation. Handling this is standard; under mild conditions, it

holds that
√
T (θ̂T − θ0)

d→ N(0, C0),

where θ̂T ≡ (θ̂′1T , θ̂
′
2T )′, θ0 ≡ plim(θ̂T ), and C0 ≡ A−1

0 B0A
−1′
0 , where

A0 ≡

[
A011 0

A021 A022

]

is a two-stage analog of the log-likelihood Hessian and B0 is an analog of the

information matrix. See White (1994, pp. 103 - 108) for specifics.5

5The regularity conditions include plausible memory and moment requirements, together with
certain smoothness and other technical conditions.
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Inference is especially straightforward when the regression errors of both

stages of the CI test regression, εt and ηt, are suitable martingale differences.

Then B0 has the form

B0 ≡

[
E[ Zt εt ε′tZ ′t ] E[ Zt εt η′tZ ′t ]

E[ Zt ηt ε′tZ ′t ] E[ Zt ηt η′tZ ′t ]

]
,

where the regressors Zt are measurable-σ(Xt), Xt ≡ (vec[Y t−1]′, vec[X t]
′)′, εt ≡

Y1,t − E(Y1,t | Xt), and ηt ≡ ψy,1(εt) − E[ψy,1(εt) | Xt]. For this, it suffices that

U1,t ⊥ (Y t−`−1, X t−τ1−1) | Xt :

Proposition 7.5 Given C.1, suppose that E(Y1,t) <∞ and that U1,t ⊥ (Y t−`−1,

X t−τ1−1) | Xt. Let Ft ≡ σ(Xt+1, εt,Xt, εt−1, ...,X1). Then {(εt, ηt)′,Ft} is a mar-

tingale difference sequence.

The imposed memory condition is often plausible, as it says that the more distant

history (Y t−`−1, X t−τ1−1) is not predictive for U1,t, given the more recent history

Xt of (Y t−1, X t+τ2). Note that separability is not needed here.

The details of C0 can be involved, especially with choices like ψy(ε̂t) = |ε̂t|.
But since this is a standard m−estimation setting, we can avoid explicit estimation

of C0: the bootstrap delivers asymptotically valid critical values, even without the

martingale difference property (see, e.g., Gonçalves and White, 2004; Kiefer and

Vogelsang, 2002, 2005; Politis, 2009).

An especially appealing method is the weighted bootstrap (Ma and Kosorok,

2005), which does not require data resampling and works under general conditions,

given the martingale difference property.6 To implement this, for i = 1, 2, ..., gen-

erate sequences {Wti, t = 1, ..., T} of IID positive scalar weights with E(Wti) = 1

and σ2
W ≡ var(Wti) = 1. For example, take Wti ∼ χ2

1/
√

2 + (1 − 1/
√

2), where

6Ma and Kosorok (2005) assume independent identically distributed (IID) data, but their
results extend to time-series data of the sort typically relevant for testing G−causality. To see
this, note that the key result justifying the validity of the weighted bootstrap for the present
context is Ma and Kosorok’s Corollary 2. The results of Corollary 2 continue to hold as long as
the law of large numbers (LLN) and the central limit theorem (CLT) applicable in the time-series
case deliver the same probability limits and asymptotic distributions as in the IID case. This is
true for the LLN for time series generally (e.g., White, 2001; Davidson, 1994). It also generally
holds for the CLT, provided the regression errors are martingale difference sequences.
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χ2
1 is chi-squared with one degree of freedom. The weights should be independent

of the sample data and of each other. For i = 1, 2, ..., compute estimators θ̂T i by

weighted least squares applied to the first and second stage CI Test Regressions us-

ing weights {Wti, t = 1, ..., T}. By Ma and Kosorok (2005, theorem 2), the random

variables
√
T (θ̂T i − θ̂T ), i = 1, 2, ...

can then be used to form asymptotically valid critical values for testing hypotheses

about θ0.

To test conditional exogeneity, we test the hypothesis that the coefficients

on Y2,t−1 in the CI Test Regression 3 of the second stage, say β0,2, are zero. This

is a restriction of the form S2 θ0 = 0, where S2 is the selection matrix that selects

the elements β0,2 from θ0. Thus, to conduct an asymptotic level α test, we can first

compute the test statistic, say

TT ≡ T θ̂′T S′2 S2 θ̂T ;

then reject conditional exogeneity if TT > ĉT,n,1−α, where, with n chosen sufficiently

large, ĉT,n,1−α is the 1− α percentile of the weighted bootstrap statistics

TT i ≡ T (θ̂T i − θ̂T )′ S′2 S2 (θ̂T i − θ̂T ), i = 1, ..., n.

This procedure is asymptotically valid, even though TT is based on the

“unstudentized” statistic S2 θ̂T . An alternative method constructs a studentized

statistic

T ∗T ≡ T θ̂′T S′2 [S2 ĈTn S′2]−1 S2 θ̂T ,

where ĈTn is an asymptotic covariance estimator constructed from
√
T (θ̂T i − θ̂T ),

i = 1, ..., n. The test rejects conditional exogeneity if T ∗T > c1−α, where c1−α is the

1− α percentile of the chi-squared distribution with dim(β0,2) degrees of freedom.

Of these two methods, the first may be preferable, as although it requires

more operations to compute (O(n lnn) vs. O(n)), the second requires some ad-

ditional regularity conditions for its validity and some care may be required in

constructing ĈTn, as Gonçalves and White (2005) note in a related context7.

7Results of Gonçalves and White (2005) also suggest that constructing critical values for T ∗T
from T̃Ti ≡ T (θ̂Ti − θ̂T )′ S′2 [S2 ĈTn S′2]−1S2 (θ̂Ti − θ̂T ) could have appealing properties.
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Because the given asymptotic distribution is joint for θ̂1T and θ̂2T , the same

methods apply to testing G non-causality, i.e., S1 θ0 = 0, where S1 selects β0,1 from

θ0.

Of course, more sophisticated bootstrap procedures with potentially better

finite sample properties are readily available. We limit our discussion here to these

straightforward methods to concisely make clear the key ideas and to provide some

easy to implement methods.

1.8 An Indirect Test for Structural Causality

Theorems 4.10 and 5.3 imply that if we test and reject finite-order G non-

causality, then we must reject either direct structural non-causality (SN) or finite-

order conditional exogeneity (or both). In what follows, we drop explicit references

to the ”finite-order” or “direct” qualifiers for brevity, but these will be understood.

If conditional exogeneity is a maintained assumption, then we can directly test SN

by testing G−causality; otherwise, a direct test is not available.

Similarly, maintaining the usual separability assumption, Corollary 7.2 and

its natural experiment analog imply that if we test and reject conditional exogene-

ity, then we must reject either SN or G non-causality (or both). If G non-causality

is maintained, then we can directly test SN by testing conditional exogeneity;

otherwise, a direct test is not available.

When neither conditional exogeneity nor G non-causality is maintained, no

direct test of SN is possible. Nevertheless, it is possible to test structural causality

indirectly when the results of the G−causality and conditional exogeneity tests

can be combined to isolate the source of any rejections. We propose the following

indirect test for structural causality:

(1) Reject structural non-causality if either:
(i) the conditional exogeneity test fails to reject and the G non-

causality test rejects ; or
(ii) the conditional exogeneity test rejects and the G non-causality

test fails to reject.
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If these rejection conditions do not hold, however, we will not just decide to

“accept” (i.e., fail to reject) SN. To see why, let CE denote conditional exogeneity

and GN G non-causality. When the above rejection conditions fail, there are two

possibilities. The first is that CE and GN both hold; in this case, the decision

not to reject SN is appropriate. But when CE and GN both fail, difficulties arise.

We could well have structural causality together with the failure of CE, both

contributing to the failure of GN. Failing to reject SN here thus runs the risk of

Type II error. On the other hand, rejecting SN runs the risk of Type I error,

because Corollary 7.2 ensures that when SN holds, the failure of CE alone implies

the failure of GN.

We resolve this dilemma by specifying the further rules:

(2) Fail to reject SN if the CE and GN tests both fail to reject;

(3) Make no decision as to SN if the CE and GN tests both reject.

In the latter case, we conclude only that CE and GN both fail, thereby obstructing

structural inference. This sends a clear signal that the researcher needs to revisit

the model specification, with particular attention to specifying covariates sufficient

to ensure conditional exogeneity.

In the former case, the empirical evidence accords not with the absence of di-

rect causality per se, but the absence of detectable direct causality, i.e. direct non-

causality a.s. Nevertheless, given separability, more can be said about the possible

causal structures. In particular, one can verify that given separability as in Propo-

sition 7.3, Y 2,t−1

d

6⇒S(Y 1,t−1,Xt) Y1,t if and only if ζt(Y t−1,Zt) = ζ̃t(Y 1,t−1,Zt),

say, almost surely.

For simplicity and clarity, we motivate these rules by taking the null hy-

potheses CE and GN at face value. In practice, the DGP can have properties other

than those the null explicitly specifies that are impossible to detect with a given

test (or even any test). Example 7.A is a case in point. Such DGPs are part of the

“implicit” null of the test. Even tests that theoretically have power against every

alternative primarily have power concentrated in certain directions (Escanciano,

2009); the other alternatives are nearly members of the implicit null. For DGPs in
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or near the implicit null, the test’s power equals or is near its level. We therefore

caution that when interpreting the results of the indirect test proposed here (as

for any test), the researcher should bear in mind the power consequences, should

a given DGP belong not to the explicit null but to the vicinity of the implicit null

of the implemented GN or CE test.

Because of the structure of our indirect test, it is not enough simply to

consider its level and power. We must also account for the possibility of making

no decision. For this, define

p ≡ P [ wrongly make a decision ]

= P [ fail to reject CE or GN | CE is false and GN is false ]

q ≡ P [ wrongly make no decision ]

= P [ reject CE and GN | CE is true or GN is true ].

These are the analogs of the probabilities of Type I and Type II errors for the “no

decision” action. We would like these probabilities to be small. Next, we consider

α∗ ≡ P [ reject SN or make no decision | CE is true and GN is true ]

π∗ ≡ P [ reject SN | exactly one of CE and GN is true ].

These quantities correspond to notions of level and power, but with the sample

space restricted to the subset on which CE is true or GN is true, that is, the space

where a decision can be made. Thus, α∗ differs from the standard notion of level,

but it does capture the probability of taking an incorrect action when SN (the

null) holds in the restricted sample space, i.e., when CE and GN are both true.

Similarly, π∗ captures the probability of taking the correct action when SN does

not hold in the restricted sample space. We would like the ”restricted level” α∗ to

be small and the ”restricted power” π∗ to be close to one.

Our next result provides useful bounds on these probabilities.

Proposition 8.1 Suppose the significance levels of the CE and GN tests are α1

and α2 respectively. Suppose the powers of the CE and GN tests are π1 and π2
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respectively. Then

(i) 1−min [π1, π2] ≤ p ≤ 2− π1 − π2;

(ii) max {0,min [α1 + α2 − 1, α1 + π2 − 1, π1 + α2 − 1]}

≤ q ≤ max {min (α1, α2) ,min (α1, π2) ,min (π1, α2)} ;

(iii) max [|α1 − α2| , α1 + α2 − 1]

≤ α∗ ≤ min (1− α1, α2) + min (1− α2, α1) + min (α1, α2) ; and

(iv) min {|π2 − α1| , |π1 − α2|}

≤ π∗ ≤ max {[min (1− α1, π2) + min (α1, 1− π2)] ,

[min (1− π1, α2) + min (π1, 1− α2)]} .

Essentially, the probability of wrongly making a decision decreases with the powers

of the CE and GN tests, whereas the probability of wrongly making no decision

decreases with the levels. The restricted level α∗ decreases with the levels of the

CE and GN tests, whereas the restricted power π∗ increases with the powers of

the underlying tests. This accords well with intuition.

In applications, tests are usually conducted using asymptotic critical values.

The exact level and power of a given test are then unknown, but typically converge

to known limits. Proposition 8.1 implies asymptotic properties (T → ∞) for the

sample-size T values of the probabilities defined above, pT , qT , α
∗
T , and π∗T . When

the CE and GN tests are consistent, we get especially straightforward results.

Corollary 8.2 Suppose that for T = 1, 2, ... the significance levels of the CE and

GN tests are α1T and α2T , respectively, and that α1T → α1 < .5 and α2T → α2 <

.5. Suppose the powers of the CE and GN tests are π1T and π2T , respectively, and

that π1T → 1 and π2T → 1. Then

pT → 0, lim sup qT ≤ max{α1, α2},

|α1 − α2| ≤ lim inf α∗T ≤ lim supα∗T ≤ α1 + α2 + min{α1, α2}, and

min {1− α1, 1− α2} ≤ lim inf π∗T ≤ lim supπ∗T ≤ max {1− α1, 1− α2} .

When π1T → 1 and π2T → 1, one can also typically ensure α1 = 0 and α2 = 0 by

suitable choice of an increasing sequence of critical values. In this case, qT → 0,
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α∗T → 0, and π∗T → 1. Because GN and CE tests will not be consistent against

every possible alternative, weaker asymptotic bounds on the level and power of

the indirect test hold for these cases by Proposition 8.1. Thus, whenever possible,

one should carefully design GN and CE tests to have power against particularly

important or plausible alternatives.

For simplicity, we treated separability as a maintained assumption in our

CE test. As implemented, our GN tests also maintain separability. But what if

separability fails? Interestingly, our inference rules are robust to this, as a case-

by-case analysis in the Appendix shows: following these inference rules without

maintaining separability yields the same inferences about direct causality. As we

show, our rules sequester the non-separable case within the “no decision” action.

Thus, when no decision is taken, the researcher should also carefully consider the

possibility of non-separability. This motivates development of tests of structural

separability (see Lu, 2009), as well as tests of GN and CE that do not maintain sep-

arability. Given the significant challenges involved, these developments constitute

topics properly left for research elsewhere.

1.9 Illustrative Applications

1.9.1 Crude oil and gasoline prices

WK apply their methods for estimating retrospective causal effects to es-

timate the expected total effects of crude oil prices on gasoline prices. Here we

address a related but more fundamental question by testing whether crude oil

prices directly cause gasoline prices. We let Yt be the (natural) logarithm of the

spot price for US Gulf Coast conventional gasoline per gallon; our cause of interest,

Dt, is the logarithm of the Cushing OK WTI spot crude oil price per barrel. Ut

represents all other gasoline price drivers, as in WK, so Zt has dimension zero.

Following WK, we treat structural causality from Dt to Yt in the natu-

ral experiment framework. Considering that crude oil prices should be quickly

reflected in gasoline prices (e.g., as found by Borenstein, Cameron, and Gilbert,
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1997) and that our data frequency is monthly, a relatively long interval, we impose

a zero-order structure:

Yt = qt(Yt−1, Dt, Ut), t = 0, 1, ..., T.

Let Xt be proxies for the unobservable demand and cost shifters, Ut. Similar to

WK, we let Xt include (1) the logarithm of Texas Initial and Continuing Unem-

ployment Claims (taken from State Weekly Claims for Unemployment Insurance

Data, Not Seasonally Adjusted); (2) Houston temperature; (3) a winter dummy for

January, February, and March; (4) a summer dummy for June, July, and August;

(5) the logarithm of the U.S. Bureau of Labor Statistics (BLS) Electricity Price

Index; (6) the logarithm of the BLS Natural Gas Price Index; (7) the 10-Year

Treasury Note Constant Maturity Rate; (8) the 3-Month T-Bill Secondary Market

Rate; and (9) the Index of the Foreign Exchange Value of the Dollar. WK justify

their covariates economically but perform no tests. Here, CE tests empirically

assess covariate adequacy.

Our sample covers from January 1987 through December 1997, 132 obser-

vations. Over this interval, both crude and gasoline prices were relatively stable.

Specifically, augmented Dickey-Fuller tests for Yt and Dt reject the unit root null

hypothesis. Nevertheless, we cannot reject the unit root null for certain of the

covariates (the 10-year Treasury note rate, the 3-month T-Bill rate, the logarithm

of the electricity price index, and the index of the foreign exchange value of the

dollar). We enter these in first differences.

Thus, apart from addressing a different question and testing rather than

assuming CE, there are several other differences between our use of these data

and that of WK: (1) the sample period is different; (2) we consider a stationary

process with contemporaneous causation, whereas WK’s empirical analysis involves

a cointegrated relation with a lag; and (3) we use the Federal Reserve’s Index of

the Foreign Exchange Value of the Dollar instead of the Yen-US dollar and British

pound-US dollar exchange rates to avoid multicollinearity.

To test structural non-causality, we apply the procedure of Section 8. Specif-

ically, we test finite-order retrospective G non-causality by testing Yt ⊥ Dt |
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Yt−1,X t, and we test CE analogously. For GN, we perform CI Test Regressions

1-3 with various combinations of τ1, τ2, and r, taking ψ, ψy1 , and ψq to be ridgelet

functions and with ψy2 the identity. For CE, we perform CI Test Regression 3, and

let ψy1 and ψq be the absolute value, square, and ridgelet functions.

We soundly reject GN with p-value = 0.000 for all τ1 = τ2 = 0, 1, 2, 3 and

r = 0, ..., 5. We do not provide a table, as the entries would all be zero. On the

other hand, we fail to reject CE for almost all τ1 = τ2 = 0, 1, 2, 3 and r = 0, ..., 5.

The results are reported in Table 1.1.

For comparison, we also tested finite-order non-retrospective GN and CE

(τ2 = 0). The results are very similar to the retrospective case, so we do not

tabulate them.

Applying the inference rules of Section 8, we therefore soundly reject direct

structural non-causality of oil prices for gasoline prices. Although it would be

surprising if we found otherwise, these results have further substantive implications

that must not be overlooked: First, the fact that we test and do not reject CE

suggests that we have proper covariates and can therefore draw valid structural

inferences, not just predictive inferences. Second, as the discussion of Section 8

implies, our results are consistent with a separable relation between oil and gasoline

prices, a new and interesting structural finding.

1.9.2 Monetary policy and industrial production

Angrist and Kuersteiner (2004) study the causal relationship between the

Federal Reserve’s monetary policy and industrial output using Romer and Romer’s

(1989) data. Romer and Romer (1989, 1994) construct a monetary policy shock

variable using a narrative approach. They examine the Federal Open Market

Committee minutes to identify dates when the Fed took a marked anti-inflationary

stance. There are six such periods between 1948 and 1991 (Romer and Romer

1994), the “Romer dates.” The total number of observations is 528.

Our methods apply here. We specify a structural VAR with Yt ≡ (Y1,t, Y2,t) ,

where Y1,t is industrial production growth and Y2,t is the Fed’s anti-inflationary
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stance as measured by the Romer dates. The observable ancillary causes (Zt) are

unemployment and inflation rates, and Ut ≡ (U1,t, U2,t) represents unobservable

causes. Here the covariates are Xt = Zt. Because the effects of monetary policy

may take more than one month to be felt, we permit monetary policy over the

past year (Y 2,t−1 ≡ (Y2,t−12, ..., Y2,t−1)′) to impact Y1,t. We also include the same

lags of industrial production growth, Y 1,t−1 ≡ (Y1,t−12, ..., Y1,t−1)′. The structural

system is thus

Y1,t = q1,t(Y1,t−1,Y2,t−1,Zt, U1,t),

Y2,t = q2,t(Y1,t−1,Y2,t−1,Zt, U2,t), t = 0, 1, ..., T.

We let Xt ≡ (Xt−τ1 , ..., Xt+τ2), and experiment with different τ1 and τ2 values.

The null is that monetary policy (Y 2,t−1) has no causal effect on output

growth (Y1,t). The key retrospective CE assumption is Y2,t−1 ⊥ U1,t | Y1,t−1,Xt.

This says that given Y1,t−1 and Xt, Y2,t−1 cannot help predict U1,t, and vice

versa. That is, given past output growth and past and future unemployment and

inflation rates, the Fed’s policy is as good as randomly assigned. Fed decisions

usually target future inflation and/or unemployment rates. To the extent that Fed

expectations are driven by past and present values of unemployment and inflation,

current and lagged values of Xt should predict Y2,t−1 well, leaving little role for

U1,t in predicting Y2,t−1. Moreover, if future values of Xt are driven by U1,t, then

these may be useful in back-casting U1,t, leaving little role for Y2,t−1 in predicting

U1,t. Both of these features help to ensure Y2,t−1 ⊥ U1,t | Y1,t−1,Xt. Of course, we

will not take this on faith but perform a CE test.

An important criticism of Romer and Romer’s (1989) approach is that it ne-

glects the forward-looking aspects of monetary policy (e.g., Shapiro, 1994; Leeper,

1997). By conditioning on covariate leads as well as lags, we exploit rather than

neglect the forward-looking aspects of monetary policy. This makes use of the

retrospective approach especially appealing.

We apply the procedures of Section 8, as for the previous example. For

GN, we test Y2,t−1 ⊥ Y1,t | Y1,t−1,Xt using CI Test Regressions 1-3 with various

combinations of τ1, τ2, and r, taking ψ, ψy1 , and ψq to be ridgelet functions and
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with ψy2 the identity. For CE, we perform CI Test Regression 3, and let ψy1 and

ψq be the absolute value, square, and ridgelet functions.

In Table 1.2, we see that GN is rejected for all τ1 = τ2 = τ = 0, ..., 8 and

r = 0, ..., 5. For CE (Tables 1.3 and 1.4), the overall Bonferroni-Hochberg (BH)

adjusted p-value is borderline significant (p ≈ 0.05) for τ = 0; in this case, we

would make no decision. Nevertheless, the overall BH p-values exceed 0.05 for

τ = 1, ..., 8, illustrating the importance of the lead and lag covariates.

For comparison, we also conduct non-retrospective GN and CE tests (τ2 =

0); see Table 1.5 - Table 1.7. Again, the GN tests reject. Now, however, we see

p < 0.10 for τ = 0, 3, and 8 and p < 0.05 for τ = 5 and 6, demonstrating the

importance of covariate leads to achieving CE.

Our retrospective results support soundly rejecting the hypothesis that

monetary policy has no direct causal effect on the real economy. This structurally

validates Romer and Romer’s (1989, 1994) conclusion that “these [monetary] pol-

icy shifts were followed by large and statistically significant declines in real output

relative to its usual behavior. We interpret these results as supporting the view

that monetary policy has substantial real effects.” On the other hand, our re-

sults contrast with Angrist and Kuersteiner’s (2004) conclusions; they find that

“money-output causality can fairly be described as mixed.”

1.9.3 Stock returns and macroeconomic announcements

Beginning with Chen, Roll, and Ross (1986), there have been many stud-

ies of the impact of macroeconomic factors on aggregate stock returns (see, e.g.,

Flannery and Protopapadakis, 2002). Here, we investigate whether expected eco-

nomic announcements have causal effects on stock returns. This is in part a test of

market weak efficiency, because if stock markets are efficient in the weakest sense,

then expected returns should not respond to expected economic announcements.

On the other hand, other moments of the returns distribution may be affected by

expected announcements without violating market weak efficiency.

Although it would also be interesting to examine the causal effects of
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macroeconomic surprises (news) on stock returns, it is by no means obvious how

one might justify conditional exogeneity for news. We therefore leave an investi-

gation of news effects to other work.

We let Yt, Dt, and Zt denote stock market returns, announcement expecta-

tions, and economic news, respectively; and we let Ut denote unobservable causes.

Considering that stock returns should incorporate information quickly, we specify

a zero-order structure:

Yt = qt(Yt−1, Dt, Zt, Ut), t = 0, 1, ..., T.

The sample consists of daily data from January 5, 1995 through October

31, 2006, so T = 2,928. The daily returns series is that for the value-weighted

NYSE-AMEX-NASDAQ market index from the Center for Research on Security

Prices (CRSP).

We decompose macroeconomic announcements into economic news and ex-

pected changes. Specifically, let At denote a macroeconomic announcement at time

t and let Aet denote its expectation. Then At −At−1 = (At −Aet ) + (Aet −At−1) =

Zt+Dt; Zt = At−Aet represents news, and Dt = Aet−At−1 represents the expected

change.

We include eight major macroeconomic announcements: (1) real GDP (ad-

vanced); (2) core CPI; (3) core PPI; (4) unemployment rate; (5) new home sales;

(6) nonfarm payroll employment; (7) consumer confidence; and (8) capacity utiliza-

tion rate. Announcement expectations are from the Money Market Service, which

surveys expectations of professionals and practitioners for those series scheduled

to be announced the following week. These data are widely used to represent

macroeconomic expectations. To make the expected and unexpected announce-

ments comparable and unit free, we divide each by its standard deviation.

We let Wt represent drivers of Dt as well as responses to unobservable

causes. Wt includes (1) the three month T-Bill yield; (2) the term structure pre-

mium, measured by the difference between the yield to maturity of the ten-year

bond and the three-month T-Bill; (3) the corporate bond premium, measured by

the difference in the yield to maturity between Moody’s BAA and AAA corporate
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bond indexes; (4) the daily change in the Index of the Foreign Exchange Value

of the Dollar; (5) the daily change in the crude oil price. The first four variables

are based on U.S. Federal Reserve data and the fifth is from the Energy Infor-

mation Administration. We view these variables as representing macroeconomic

fundamentals. The covariates are Xt = (Zt,Wt).

An augmented Dickey-Fuller test for Yt and Dt rejects the unit root null

hypothesis for each. Nevertheless, for some covariates (three month T-Bill yield,

corporate bond premium, and term structure premium), we cannot reject the unit

root null; we enter these in first differences.

Retrospective conditional exogeneity is plausible here, as the covariates in-

clude leads and lags of macroeconomic news and other macroeconomic fundamen-

tals. Given these, one would not expect unobservable causes of stock returns to

predict investors’ expectations of changes in macroeconomic announcements or

vice-versa. Our CE tests empirically assess this.

We again run the three CI test regressions for retrospective GN and ret-

rospective CE. As we see in Table 1.8 - Table 1.10, we fail to reject both for all

τ = 0, ..., 8, suggesting the absence of structural effects of expected macroeconomic

announcements on stock returns. This is consistent not only with weak market

efficiency but also the absence of other distributional impacts.

For comparison, we also performed (non-retrospective) GN and CE tests,

conditioning on lags only. The results exhibit the identical pattern, so we do not

provide a table.

1.10 Summary and Concluding Remarks

Granger’s seminal paper appeared forty years ago. Twenty years later,

Pagan (1989) offered the following summary assessment of the work on Granger

causality:

“There was a lot of high-powered analysis of this topic, but I came away

from a reading of it with the feeling that it was one of the most unfortunate

turnings for econometrics in the last two decades, and it has probably generated
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more nonsense results than anything else during that time.”

Even nine years later, Maddala and Kim (1998, p.189) fully concurred with

this view. Such negative assessments must stem, at least in part, from researchers’

frequent but unfounded attributions of structural meaning to G−causality. But

we believe there is hope. Our rigorous structural characterizations of G−causality

provide foundations that will enable researchers, with only modest effort, to avoid

misuse of Granger’s pioneering concepts and to gain the desired structural insights.

To summarize, we analyze a dynamic structural system of equations ap-

plicable to a wide range of economic phenomena. This structure permits natural

definitions of direct and total structural causality for both structural VARs and

time-series natural experiments. These enable us to forge a previously missing

link between classical G−causality and structural causality by showing that, given

a corresponding form of conditional exogeneity, G−causality holds if and only

if a corresponding form of structural causality holds. We introduce structurally

informative extensions of classical G−causality and provide their structural charac-

terizations. We show that conditional exogeneity is necessary for valid structural

inference and prove that in the absence of structural causality, conditional exo-

geneity is equivalent to G non-causality. These characterizations hold for both

structural VARs and natural experiments. We propose practical new G−causality

and conditional exogeneity tests and describe their use, either alone or together, to

test for structural causality. We illustrate with studies of oil and gasoline prices,

monetary policy and industrial production, and stock returns and macroeconomic

announcements.

There are numerous opportunities for further research. One, already men-

tioned, is to develop tests of structural separability (Lu, 2009) as well as GN or

CE tests that do not maintain separability. Another is to extend these methods

to their natural panel data analogs. Perhaps the most exciting, however, is to

use these tools to re-assess previous findings and to examine economic data, both

familiar and novel, to gain well-founded structural and policy insights.
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Table 1.1: Crude Oil and Gasoline Prices

Retrospective Conditional Exogeneity Test
CI Test Regression 3

τ = 0

r 0 1 2 3 4 5 row BH
|ε| 0.446 0.455 0.439 0.450 0.497 0.475 0.497
ε2 0.022 0.257 0.255 0.210 0.774 0.904 0.132

ridgelet 0.461 0.824 0.447 0.456 0.575 0.496 0.824

col BH 0.066 0.771 0.447 0.456 0.774 0.904 0.396

τ = 1

r 0 1 2 3 4 5 row BH
|ε| 0.439 0.441 0.432 0.429 0.430 0.468 0.468
ε2 0.217 0.017 0.153 0.053 0.154 0.097 0.102

ridgelet 0.167 0.096 0.237 0.062 0.255 0.310 0.310

col BH 0.434 0.051 0.432 0.124 0.430 0.291 0.306

τ = 2

r 0 1 2 3 4 5 row BH
|ε| 0.438 0.431 0.446 0.462 0.473 0.460 0.473
ε2 0.135 0.724 0.379 0.875 0.135 0.064 0.384

ridgelet 0.390 0.519 0.092 0.176 0.430 0.125 0.519

col BH 0.405 0.724 0.276 0.528 0.405 0.192 0.875

τ = 3

r 0 1 2 3 4 5 row BH
|ε| 0.435 0.486 0.487 0.491 0.471 0.454 0.491
ε2 0.886 0.355 0.384 0.028 0.378 0.055 0.168

ridgelet 0.228 0.834 0.797 0.059 0.013 0.136 0.078

col BH 0.684 0.834 0.797 0.084 0.039 0.165 0.234

Note 1: Numbers in the main entries are individual p-values. BH
denotes Bonferroni-Hochberg adjusted p-values (Hochberg, 1988).
The final diagonal element is the BH p-value for the table as a whole.
We use the weighted bootstrap to compute individual p-values.

Note 2: For |ε|, ψy,1 and ψq are absolute value functions. For ε2, ψy,1
and ψq are square functions. For ridgelet, ψy,1 and ψq are ridgelet
functions.
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Table 1.2: Monetary Policy and Industrial Production (a)

Retrospective G Non-Causality Test

CI Test Regression 1 and 2

τ�r 0 1 2 3 4 5 row BH
0 0.023 0.021 0.013 0.010 0.008 0.008 0.023
1 0.009 0.006 0.007 0.004 0.000 0.000 0.000
2 0.017 0.010 0.010 0.010 0.010 0.013 0.017
3 0.015 0.007 0.006 0.006 0.007 0.008 0.015
4 0.016 0.018 0.016 0.014 0.015 0.014 0.018
5 0.010 0.014 0.012 0.009 0.003 0.003 0.014
6 0.016 0.015 0.017 0.006 0.006 0.004 0.017
7 0.014 0.009 0.004 0.003 0.004 0.004 0.012
8 0.011 0.010 0.005 0.005 0.003 0.003 0.011

col BH 0.023 0.021 0.017 0.014 0.000 0.000 0.000

CI Test Regression 3

τ�r 0 1 2 3 4 5 row BH
0 0.000 0.000 0.000 0.000 0.000 0.000 0.000
1 0.001 0.001 0.001 0.001 0.001 0.002 0.002
2 0.000 0.000 0.000 0.000 0.000 0.000 0.000
3 0.000 0.000 0.000 0.000 0.000 0.000 0.000
4 0.000 0.000 0.000 0.000 0.000 0.000 0.000
5 0.000 0.000 0.000 0.000 0.000 0.000 0.000
6 0.000 0.000 0.000 0.000 0.000 0.000 0.000
7 0.000 0.000 0.000 0.000 0.000 0.000 0.000
8 0.000 0.000 0.000 0.000 0.000 0.000 0.000

col BH 0.000 0.000 0.000 0.000 0.000 0.000 0.000
Notes: see notes to Table 1.1



47

Table 1.3: Monetary Policy and Industrial Production (b)

Retrospective Conditional Exogeneity Test
CI Test Regression 3

τ = 0

r 0 1 2 3 4 5 row BH
|ε| 0.175 0.165 0.150 0.142 0.143 0.153 0.175
ε2 0.009 0.009 0.003 0.003 0.006 0.009 0.009

ridgelet 0.435 0.265 0.183 0.118 0.073 0.032 0.192

col BH 0.027 0.027 0.009 0.009 0.018 0.027 0.051

τ = 1

r 0 1 2 3 4 5 row BH
|ε| 0.279 0.283 0.287 0.231 0.239 0.282 0.287
ε2 0.052 0.056 0.042 0.036 0.044 0.046 0.056

ridgelet 0.258 0.411 0.373 0.365 0.391 0.400 0.411

col BH 0.156 0.168 0.126 0.108 0.132 0.138 0.411

τ = 2

r 0 1 2 3 4 5 row BH
|ε| 0.333 0.380 0.358 0.319 0.324 0.316 0.380
ε2 0.070 0.038 0.099 0.073 0.128 0.074 0.128

ridgelet 0.214 0.505 0.427 0.372 0.480 0.204 0.505

col BH 0.210 0.114 0.297 0.219 0.384 0.222 0.505

τ = 3

r 0 1 2 3 4 5 row BH
|ε| 0.301 0.298 0.222 0.279 0.290 0.295 0.301
ε2 0.031 0.031 0.020 0.037 0.059 0.038 0.059

ridgelet 0.167 0.166 0.211 0.263 0.122 0.244 0.263

col BH 0.093 0.093 0.060 0.111 0.177 0.114 0.301

τ = 4

r 0 1 2 3 4 5 row BH
|ε| 0.325 0.350 0.342 0.309 0.320 0.303 0.350
ε2 0.032 0.054 0.120 0.102 0.100 0.054 0.120

ridgelet 0.266 0.231 0.222 0.239 0.167 0.188 0.266

col BH 0.096 0.162 0.342 0.306 0.300 0.162 0.350
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Table 1.4: Monetary Policy and Industrial Production (b) (Cont’d)

Retrospective Conditional Exogeneity Test
CI Test Regression 3

τ = 5

r 0 1 2 3 4 5 row BH
|ε| 0.253 0.248 0.210 0.224 0.263 0.261 0.263
ε2 0.029 0.027 0.011 0.022 0.047 0.031 0.047

ridgelet 0.250 0.121 0.165 0.150 0.111 0.136 0.250

col BH 0.087 0.081 0.033 0.066 0.141 0.093 0.198

τ = 6

r 0 1 2 3 4 5 row BH
|ε| 0.223 0.226 0.201 0.208 0.190 0.188 0.226
ε2 0.026 0.026 0.035 0.041 0.045 0.030 0.045

ridgelet 0.197 0.052 0.191 0.174 0.101 0.171 0.197

col BH 0.078 0.078 0.105 0.123 0.135 0.090 0.226

τ = 7

r 0 1 2 3 4 5 row BH
|ε| 0.213 0.186 0.188 0.201 0.190 0.207 0.213
ε2 0.017 0.014 0.008 0.008 0.008 0.010 0.017

ridgelet 0.201 0.165 0.206 0.129 0.053 0.034 0.204

col BH 0.051 0.042 0.024 0.024 0.024 0.030 0.128

τ = 8

r 0 1 2 3 4 5 row BH
|ε| 0.191 0.217 0.228 0.245 0.199 0.192 0.245
ε2 0.008 0.007 0.023 0.023 0.012 0.011 0.023

ridgelet 0.229 0.291 0.206 0.183 0.245 0.172 0.291

col BH 0.024 0.021 0.069 0.069 0.036 0.033 0.126
Note: see notes to Table 1.1.
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Table 1.5: Monetary Policy and Industrial Production (c)

G Non-Causality Test

CI Test Regression 1 and 2

τ�r 0 1 2 3 4 5 row BH
0 0.023 0.021 0.013 0.010 0.008 0.008 0.023
1 0.018 0.018 0.019 0.012 0.016 0.022 0.022
2 0.027 0.021 0.021 0.017 0.015 0.011 0.027
3 0.035 0.026 0.018 0.016 0.015 0.012 0.035
4 0.019 0.013 0.017 0.017 0.014 0.006 0.019
5 0.035 0.030 0.038 0.037 0.024 0.020 0.038
6 0.024 0.016 0.015 0.019 0.013 0.013 0.024
7 0.027 0.024 0.013 0.015 0.014 0.013 0.027
8 0.024 0.025 0.019 0.015 0.017 0.017 0.025

col BH 0.035 0.03 0.038 0.037 0.024 0.022 0.038

CI Test Regression 3

τ�r 0 1 2 3 4 5 row BH
0 0.000 0.000 0.000 0.000 0.000 0.000 0.000
1 0.000 0.000 0.000 0.000 0.000 0.000 0.000
2 0.000 0.000 0.000 0.000 0.000 0.000 0.000
3 0.000 0.000 0.000 0.000 0.000 0.000 0.000
4 0.000 0.000 0.000 0.000 0.001 0.000 0.000
5 0.000 0.000 0.000 0.000 0.000 0.000 0.000
6 0.001 0.001 0.001 0.000 0.001 0.000 0.000
7 0.000 0.000 0.000 0.000 0.000 0.000 0.000
8 0.001 0.001 0.000 0.001 0.001 0.001 0.000

col BH 0.000 0.000 0.000 0.000 0.000 0.000 0.000
Notes: see notes to Table 1.1.
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Table 1.6: Monetary Policy and Industrial Production (d)

Conditional Exogeneity Test
CI Test Regression 3

τ = 0

r 0 1 2 3 4 5 row BH
|ε| 0.175 0.165 0.150 0.142 0.143 0.153 0.175
ε2 0.009 0.009 0.003 0.003 0.006 0.009 0.009

ridgelet 0.435 0.265 0.183 0.118 0.073 0.032 0.192

col BH 0.027 0.027 0.009 0.009 0.018 0.027 0.051

τ = 1

r 0 1 2 3 4 5 row BH
|ε| 0.252 0.282 0.252 0.265 0.24 0.251 0.282
ε2 0.056 0.063 0.052 0.029 0.026 0.028 0.063

ridgelet 0.028 0.061 0.061 0.033 0.078 0.103 0.103

col BH 0.084 0.126 0.122 0.066 0.078 0.084 0.282

τ = 2

r 0 1 2 3 4 5 row BH
|ε| 0.292 0.288 0.265 0.275 0.289 0.244 0.292
ε2 0.089 0.144 0.065 0.058 0.060 0.170 0.170

ridgelet 0.025 0.015 0.019 0.006 0.046 0.057 0.036

col BH 0.075 0.045 0.057 0.018 0.12 0.171 0.108

τ = 3

r 0 1 2 3 4 5 row BH
|ε| 0.293 0.278 0.285 0.289 0.248 0.252 0.293
ε2 0.088 0.062 0.143 0.127 0.176 0.110 0.176

ridgelet 0.015 0.008 0.009 0.005 0.007 0.005 0.015

col BH 0.045 0.024 0.027 0.015 0.021 0.015 0.085

τ = 4

r 0 1 2 3 4 5 row BH
|ε| 0.315 0.308 0.232 0.216 0.216 0.21 0.315
ε2 0.072 0.033 0.027 0.028 0.026 0.023 0.066

ridgelet 0.015 0.007 0.022 0.021 0.026 0.226 0.042

col BH 0.045 0.021 0.054 0.056 0.052 0.069 0.126
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Table 1.7: Monetary Policy and Industrial Production (d) (Cont’d)

Conditional Exogeneity Test
CI Test Regression 3

τ = 5

r 0 1 2 3 4 5 row BH
|ε| 0.337 0.272 0.256 0.265 0.29 0.29 0.337
ε2 0.071 0.022 0.029 0.039 0.037 0.014 0.071

ridgelet 0.021 0.002 0.005 0.011 0.006 0.009 0.012

col BH 0.063 0.006 0.015 0.033 0.018 0.027 0.036

τ = 6

r 0 1 2 3 4 5 row BH
|ε| 0.222 0.248 0.297 0.285 0.293 0.295 0.297
ε2 0.035 0.033 0.052 0.063 0.054 0.064 0.064

ridgelet 0.038 0.018 0.001 0.006 0.002 0.002 0.006

col BH 0.076 0.054 0.003 0.018 0.006 0.006 0.018

τ = 7

r 0 1 2 3 4 5 row BH
|ε| 0.232 0.237 0.256 0.24 0.225 0.212 0.256
ε2 0.024 0.016 0.023 0.018 0.039 0.054 0.054

ridgelet 0.064 0.122 0.108 0.153 0.206 0.097 0.206

col BH 0.072 0.048 0.069 0.054 0.117 0.162 0.256

τ = 8

r 0 1 2 3 4 5 row BH
|ε| 0.195 0.224 0.223 0.213 0.206 0.211 0.224
ε2 0.015 0.004 0.007 0.008 0.008 0.01 0.015

ridgelet 0.069 0.086 0.042 0.058 0.138 0.099 0.138

col BH 0.045 0.012 0.021 0.024 0.024 0.03 0.072
Note: see notes to Table 1.1.



52

Table 1.8: Stock Returns and Macroeconomic Announcements (a)

Retrospective G Non-Causality Test

CI Test Regression 1 and 2

τ�r 0 1 2 3 4 5 row BH
0 0.895 0.892 0.889 0.881 0.872 0.865 0.895
1 0.859 0.867 0.866 0.866 0.873 0.878 0.878
2 0.808 0.805 0.821 0.809 0.780 0.767 0.821
3 0.846 0.862 0.839 0.832 0.844 0.843 0.862
4 0.865 0.864 0.831 0.858 0.865 0.891 0.891
5 0.821 0.779 0.763 0.749 0.740 0.754 0.821
6 0.833 0.828 0.857 0.848 0.851 0.849 0.857
7 0.71 0.719 0.708 0.752 0.752 0.746 0.752
8 0.664 0.635 0.632 0.648 0.652 0.635 0.664

col BH 0.895 0.892 0.889 0.881 0.873 0.891 0.895

CI Test Regression 3

τ�r 0 1 2 3 4 5 row BH
0 0.143 0.150 0.149 0.133 0.136 0.135 0.150
1 0.124 0.125 0.104 0.121 0.125 0.132 0.132
2 0.190 0.204 0.190 0.183 0.172 0.171 0.204
3 0.148 0.122 0.134 0.138 0.131 0.121 0.148
4 0.159 0.175 0.186 0.171 0.159 0.164 0.186
5 0.128 0.119 0.116 0.115 0.111 0.108 0.128
6 0.130 0.123 0.157 0.149 0.154 0.157 0.157
7 0.149 0.130 0.134 0.132 0.122 0.130 0.149
8 0.140 0.147 0.146 0.141 0.132 0.134 0.147

col BH 0.190 0.204 0.190 0.183 0.172 0.171 0.204
Notes: see notes to Table 1.1.
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Table 1.9: Stock Returns and Macroeconomic Announcements (b)

Retrospective Conditional Exogeneity Test
CI Test Regression 3

τ = 0

r 0 1 2 3 4 5 row BH
|ε| 0.173 0.186 0.148 0.140 0.119 0.111 0.186
ε2 0.112 0.105 0.100 0.088 0.099 0.085 0.112

ridgelet 0.369 0.358 0.353 0.357 0.372 0.376 0.376

col BH 0.336 0.315 0.296 0.264 0.238 0.222 0.376

τ = 1

r 0 1 2 3 4 5 row BH
|ε| 0.146 0.076 0.055 0.056 0.102 0.062 0.146
ε2 0.050 0.053 0.052 0.042 0.029 0.031 0.053

ridgelet 0.301 0.321 0.327 0.316 0.293 0.304 0.327

col BH 0.150 0.152 0.110 0.112 0.087 0.093 0.327

τ = 2

r 0 1 2 3 4 5 row BH
|ε| 0.471 0.498 0.549 0.451 0.513 0.557 0.557
ε2 0.104 0.106 0.110 0.083 0.073 0.072 0.110

ridgelet 0.347 0.326 0.334 0.345 0.338 0.327 0.347

col BH 0.312 0.318 0.330 0.249 0.219 0.216 0.557

τ = 3

r 0 1 2 3 4 5 row BH
|ε| 0.504 0.697 0.616 0.474 0.454 0.400 0.697
ε2 0.052 0.052 0.062 0.059 0.054 0.056 0.062

ridgelet 0.293 0.273 0.281 0.283 0.275 0.277 0.293

col BH 0.156 0.156 0.186 0.177 0.162 0.168 0.697

τ = 4

r 0 1 2 3 4 5 row BH
|ε| 0.581 0.492 0.426 0.468 0.495 0.599 0.599
ε2 0.039 0.044 0.039 0.054 0.056 0.049 0.056

ridgelet 0.264 0.264 0.268 0.277 0.254 0.242 0.277

col BH 0.117 0.132 0.117 0.162 0.168 0.147 0.599
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Table 1.10: Stock Returns and Macroeconomic Announcements (b) (Cont’d)

Retrospective Conditional Exogeneity Test
CI Test Regression 3

τ = 5

r 0 1 2 3 4 5 row BH
|ε| 0.450 0.392 0.431 0.446 0.355 0.466 0.466
ε2 0.064 0.060 0.064 0.058 0.053 0.049 0.064

ridgelet 0.266 0.267 0.265 0.249 0.267 0.253 0.267

col BH 0.192 0.180 0.192 0.174 0.159 0.147 0.466

τ = 6

r 0 1 2 3 4 5 row BH
|ε| 0.305 0.352 0.407 0.547 0.374 0.324 0.547
ε2 0.042 0.041 0.046 0.059 0.068 0.063 0.068

ridgelet 0.243 0.222 0.225 0.229 0.239 0.267 0.267

col BH 0.126 0.123 0.138 0.177 0.204 0.189 0.547

τ = 7

r 0 1 2 3 4 5 row BH
|ε| 0.173 0.217 0.191 0.156 0.147 0.163 0.217
ε2 0.037 0.036 0.036 0.042 0.046 0.047 0.047

ridgelet 0.237 0.230 0.211 0.228 0.224 0.213 0.237

col BH 0.111 0.108 0.108 0.126 0.138 0.141 0.237

τ = 8

r 0 1 2 3 4 5 row BH
|ε| 0.262 0.336 0.416 0.424 0.415 0.520 0.520
ε2 0.009 0.011 0.012 0.012 0.010 0.009 0.012

ridgelet 0.144 0.134 0.130 0.129 0.115 0.108 0.144

col BH 0.027 0.033 0.036 0.036 0.030 0.027 0.153
Note: see notes to Table 1.1.
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1.13 Mathematical Appendix

1.13.1 Proofs of formal results

Proof of Proposition 3.3: (i) We have that for all 1 ≤ θ ≤ t and all s ⊆

{1, ..., kd} × {0, ..., θ}, Ds

d

6⇒S Yθ. Then Dt
d

6⇒S Yt (set θ = t and s = {1, ..., kd} ×
{0, ..., t}), in which case the only way for Dt ⇒S Yt to hold is if Dt−1 ⇒S Yt−1.

(Observe that this is necessary but not sufficient for Dt ⇒S Yt, as even if Yt−1
d⇒S

Yt, transitivity of causation is not guaranteed.) But Dt−1
d

6⇒S Yt−1 (set θ = t − 1

and s = {1, ..., kd} × {0, ..., t − 1}), in which case the only way for Dt ⇒S Yt to

hold is if Dt−2 ⇒S Yt−2. Proceeding in this way for θ = t − 2, ..., 1, we exhaust

the possibilities, as we finally have D1
d

6⇒S Y1, and the proof is complete. (ii) We

have that for some s ⊆ {1, ..., kd} × {t} Ds
d⇒S Yt. Then Definitions 3.1 and 3.2

immediately imply Dt ⇒S Yt. �

Proof of Proposition 4.1: This is an immediate corollary of Theorem 4.4. �

Proof of Example 4.2: (a) Conditional on D = d, Y ∼ N(0, 1). Because

this distribution does not depend on d, Y ⊥ D. (b) We have E(Y | D = d) =

.5(d+ 1)/
√
d2 + 1. Thus, Y 6⊥ D. �

Proof of Theorem 4.4: We first show that given A.1 and A.2(a), Dt d⇒S(Y t−1,Xt)

Yt implies that D G−causes Y with respect to X. By A.1 and A.2(a), we have

that for all y ∈ supp(Yt)

P [Yt < y | Dt, Y t−1, X t] =

∫
1{qt(Y t−1, Dt, Zt, ut) < y} dFt(ut | Dt, Y t−1, X t)

=

∫
1{qt(Y t−1, Dt, Zt, ut) < y} dFt(ut | Y t−1, X t).

Because Dt d⇒S(Y t−1,Xt) Yt, there exists y∗ ∈ supp(Yt) such there is no measurable

mapping (yt−1, xt)→ ft,y∗(y
t−1, xt) for which

∫
1{qt(Y t−1, Dt, Zt, ut) < y∗} dFt(ut |

Y t−1, X t) = ft,y∗(Y
t−1, X t) a.s. Specifically, this rules out the possibility that∫

1{qt(Y t−1, Dt, Zt, ut) < y} dFt(ut | Y t−1, X t) = ft,y∗(Y
t−1, X t)

≡ P [Yt < y∗ | Y t−1, X t] a.s.
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This ensures that there exists y∗ ∈ supp(Yt) such that

P [Yt < y∗ | Dt, Y t−1, X t] 6= P [Yt < y∗ | Y t−1, X t]

with positive probability; that is, D G−causes Y with respect to X.

The converse is that if Dt
d

6⇒S(Y t−1,Xt) Yt then D does not G−cause Y with

respect to X. By A.1, A.2(a), and Dt
d

6⇒S(Y t−1,Xt) Yt, we have that for each y ∈
supp(Yt)

P [Yt < y | Dt, Y t−1, X t] =

∫
1{qt(Y t−1, Dt, Zt, ut) < y} dFt(ut | Dt, Y t−1, X t)

=

∫
1{qt(Y t−1, Dt, Zt, ut) < y} dFt(ut | Y t−1, X t)

= ft,y(Y
t−1, X t) a.s.

The result follows if ft,y(Y
t−1, X t) = P [Yt < y | Y t−1, X t]. We have

P [Yt < y | Y t−1, X t] = E[ 1{Yt < y} | Y t−1, X t]

= E[ 1{qt(Y t−1, Dt, Zt, U t) < y} | Y t−1, X t] (by A.1)

= E[ E(1{qt(Y t−1, Dt, Zt, U t) < y} | Dt, Y t−1, X t) | Y t−1, X t]

= E[

∫
1{qt(Y t−1, Dt, Zt, ut) < y} dFt(ut | Y t−1, X t) | Y t−1, X t]

= E[ ft,y(Y
t−1, X t) | Y t−1, X t]

= ft,y(Y
t−1, X t). �

Proof of Theorem 4.7: Identical to that of Theorem 4.4, mutatis mutandis. �

Proof of Theorem 4.10: Identical to that of Theorem 4.4, mutatis mutandis.

�

Proof of Proposition 5.1: Given C.1, recursive substitution yields Y 1,t−1 =

r1,t−1(Y0, Z
t−1, U t−1) and Y 2,t−1 = r2,t−1(Y0, Z

t−1, U t−1). By Dawid (1979) (D),

lemmas 4.1 and 4.2(i), U t−1 ⊥ U1,t | Y0, Z
t−1,X t implies Y 1,t−1,Y 2,t−1 ⊥ U1,t |

Y0, Z
t−1,X t. From D lemmas 4.2(ii) and 4.2(i), it follows that Y 2,t−1 ⊥ U1,t |

Y0, Z
t−1,Y 1,t−1,X t. Given Y 2,t−1 ⊥ Y0, Z

t−τ1−1 | Y 1,t−1,X t, D lemma 4.3 implies

Y 2,t−1 ⊥ U1,t | Y 1,t−1,X t. �
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Proof of Theorem 5.3: Identical to that of Theorem 4.4, mutatis mutandis. �

Proof of Proposition 7.1: We prove the contrapositive. Thus, suppose that

for all q1,t satisfying C.1 with Y 2,t−1

d

6⇒S Y1,t, Y1,t ⊥ Y 2,t−1 | Y 1,t−1,X t holds.

By D lemmas 4.1 and 4.2(i), Y1,t ⊥ Y 2,t−1 | Y 1,t−1,X t implies Y1,t,Y 1,t−1,X t ⊥

Y 2,t−1 | Y 1,t−1,X t. Because q1,t satisfies C.1 and Y 2,t−1

d

6⇒S Y1,t, we have Y1,t =

q1,t(Y 1,t−1,Zt, U1,t). Now take q1,t such that there exists an inverse function ξ1,t

such that U1,t = ξ1,t(Y 1,t−1,Zt, Y1,t); there are many such functions satisfying C.1.

Because X t includes Zt, it now follows from D lemma 4.2(i) that U1,t ⊥ Y 2,t−1 |
Y 1,t−1,X t, i.e. C.2 holds. �

Proof of Corollary 7.2: Immediate from the proof of Proposition 7.1. �

Proof of Proposition 7.3: We have

εt ≡ Y1,t − E(Y1,t|Y t−1,X t)

= ζt(Y t−1,Zt) + υt(Y 1,t−1,Zt, U1,t)

−E(ζt(Y t−1,Zt) + υt(Y 1,t−1,Zt, U1,t) | Y t−1,X t)

= υt(Y 1,t−1,Zt, U1,t)− E(υt(Y 1,t−1,Zt, U1,t) | Y t−1,X t)

= υt(Y 1,t−1,Zt, U1,t)− E(υt(Y 1,t−1,Zt, U1,t) | Y 1,t−1,X t),

where the first equality follows by the assumed separability and the final equality

follows by C.2. By D lemmas 4.1 and 4.2(i), C.2 implies U1,t,Y 1,t−1,X t ⊥ Y 2,t−1 |
Y 1,t−1,X t. The representation of εt just given permits us to apply D lemma 4.2(i)

to infer Y 2,t−1 ⊥ εt | Y 1,t−1,X t. By construction, E(εt|Y t−1,X t) = 0. The con-

ditional independence just established ensures E(εt|Y t−1,X t) = E(εt|Y 1,t−1,X t).

�

Proof of Proposition 7.4: Parallel to that of the text for the zero-order case.

�

Example 7.A: (i) (Structural VAR Case) Suppose Y1,t = β0Y2,t−1 + U1,t and

Y2,t = γ0Y1,t−1 + U2,t. We give conditions ensuring that Y2,t−1 6⊥ U1,t | Y1,t−1 (i.e.,

C.2 fails), but Y2,t−1 ⊥ εt | Y1,t−1, where εt ≡ Y1,t − E (Y1,t | Yt−1) .
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Let t = 2 and suppose that Y0 ∼ N(0, I2), U1 ∼ N(0, I2), and U1,2 ∼
N(0, 1), where (Y0, U1,1) ⊥ (U2,1, U1,2) and Y0 ⊥ U1,1, but, unknown to the re-

searcher, E(U1,2 U2,1) = ρ0 6= 0, a form of autocorrelation.

We first show that Y2,1 6⊥ U1,2 | Y1,1. Our conditions ensure (Y2,0, U1,1) ⊥
(Y1,0, U2,1, U1,2) , so that Y1,1 ⊥ (Y2,1, U1,2) . Thus Y2,1 6⊥ U1,2 | Y1,1 if and only

if Y2,1 6⊥ U1,2. This holds because corr(Y2,1, U1,2) = corr(γ0Y1,0 + U2,1, U1,2) =

corr(U2,1, U1,2) = ρ0 6= 0.

Next, we show that Y2,1 ⊥ ε2 | Y1,1. To see this, we first note

ε2 ≡ Y1,2 − E(Y1,2 | Y1) = U1,2 − E (U1,2 | Y1,1, Y2,1) = U1,2 − E (U1,2 | Y2,1) .

The last equality uses Y1,1 ⊥ (Y2,1, U1,2) . Also, Y1,1 ⊥ (Y2,1, U1,2) implies that

Y1,1 ⊥ (ε2, Y2,1) . Thus, ε2 ⊥ Y2,1 | Y1,1 if and only if ε2 ⊥ Y2,1. Now we verify

ε2 ⊥ Y2,1. Since E (ε2 | Y2,1) = 0, ε2 and Y2,1 are uncorrelated normal variables.

Thus, ε2 ⊥ Y2,1. Further, we note that E(Y1,2 | Y1) = [β0 + ρ0/ (γ2
0 + 1)]Y2,1,

making it impossible to recover β0 given the information at hand.

(ii) (Natural Experiment Case) Suppose Y = β0D+U, and further suppose

that, unknown to the researcher, D = γ0U + V, γ0 6= 0, where U and V are inde-

pendent standard normal random variables. Because D 6⊥ U, (strict) exogeneity

(i.e., B.2) fails. Nevertheless, ε ≡ Y − E(Y |D) = U − E(U |D) = U − δ0D, where

δ0 = γ0/ (γ2
0 + 1) . Then D and ε are bivariate normal with zero correlation, so

that D ⊥ ε. Further, E(Y |D) = β0D + δ0D, making it impossible to recover β0

given the information at hand. �

Remark: Additional information can permit recovery of β0 in these examples,

but this requires exogeneity conditions alternative to C.2 or B.2. For example, in

(ii), suppose an instrumental variable Z is available, correlated with V (hence D)

but exogenous in the traditional sense that Z is uncorrelated with U. Then β0 can

be recovered by instrumental variable techniques.

Proof of Proposition 7.5: Given C.1, by recursive substitution there exists

gt−1 such that

εt−1 = Y1,t−1 − E [Y1,t−1 | Y t−2,X t−1] = gt−1

(
Y t−1, X t+τ2

)
.
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Similarly, εt−2, ..., ε1 are functions of (Y t−1, X t+τ2) . We write εt−1 =

gt−1 (Y t−1, X t+τ2) . Also,

εt = q1,t(Y t−1,Zt, U1,t)− E(q1,t(Y t−1,Zt, U1,t) | Y t−1,X t)

= ht (U1t,Yt−1,Xt) , say.

Now U1,t ⊥ (Y t−`−1, X t−τ1−1) | Yt−1,Xt implies that

(U1,t,Yt−1,Xt) ⊥ (Y t−`−1,Yt−1, X
t−τ1−1,Xt) | Yt−1,Xt

by D lemma 4.1. By D lemma 4.2(i), we have

ht (U1t,Yt−1,Xt) ⊥ (gt−1
(
Y t−1, X t+τ2

)
, Y t−`−1, X t−τ1−1) | Yt−1,Xt,

i.e., εt ⊥ (εt−1, Y t−`−1, X t−τ1−1) | Xt. This implies E (εt | εt−1, Y t−1, X t) = E(εt |
Xt) = 0. With ηt ≡ ψy,1(εt)− E[ψy,1(εt) | Xt], this also implies ηt ⊥ (εt−1, Y t−`−1,

X t−τ1−1) | Xt by D lemmas 4.1 and 4.2(i), so that E (ηt | εt−1, Y t−1, X t) = E(ηt |
Xt) = 0. As (εt, ηt)

′ is measurable−Ft, {(εt, ηt)′,Ft} is a martingale difference

sequence. �

Proof of Proposition 8.1: For the first two sets of inequalities, we first define:

qA ≡ Pr [make no decision | CE is true and GN is true] ,

qB ≡ Pr [make no decision | CE is true and GN is false] ,

qC ≡ Pr [make no decision | CE is false and GN is true] ,

qD ≡ Pr [make no decision | CE is false and GN is false] .

Then it is easy to show that

qA = Pr [reject CE and reject GN | CE is true and GN is true] ≤ min (α1, α2) .

On the other hand,

qA ≥ Pr [reject CE | CE is true and GN is true]

+ Pr [reject GN | CE is true and GN is true]− 1

= α1 + α2 − 1.
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Thus,

α1 + α2 − 1 ≤ qA ≤ min (α1, α2) .

Similarly, one can show that

α1 + π2 − 1 ≤ qB ≤ min (α1, π2) ,

π1 + α2 − 1 ≤ qC ≤ min (π1, α2) ,

π1 + π2 − 1 ≤ qD ≤ min (π1, π2) .

By the definition of p,

p = 1− Pr [make no decision | CE is false and GN is false] = 1− qD.

Thus,

1−min (π1, π2) ≤ p ≤ 2− π1 − π2.

By the definition of q, q = Pr[make no decision | CE is true or GN is true or both

are true]. Thus min [qA, qB, qC ] ≤ q ≤ max [qA, qB, qC ]. Applying the inequalities

for qA, qB, and qC gives

min {α1 + α2 − 1, α1 + π2 − 1, π1 + α2 − 1} ≤

q ≤ max {min (α1, α2) ,min (α1, π2) ,min (π1, α2)} .

For the second two sets of inequalities, we define:

pA ≡ Pr [Reject SN | CE is true and GN is true] ,

pB ≡ Pr [Reject SN | CE is true and GN is false] ,

pC ≡ Pr [Reject SN | CE is false and GN is true] .

It is easy to show

|α1 − α2| ≤ pA ≤ [min (1− α1, α2) + min (1− α2, α1)] ,

|π2 − α1| ≤ pB ≤ [min (1− α1, π2) + min (α1, 1− π2)] ,

|π1 − α2| ≤ pC ≤ [min (1− π1, α2) + min (π1, 1− α2)] .
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Then by the definition of α∗,

α∗ = Pr [reject SN or make no decision | CE is true and GN is true ]

≤ pA + qA ≤ min (1− α1, α2) + min (1− α2, α1) + min (α1, α2) .

Also, we have

α∗ ≥ max [pA, qA] ≥ max [|α1 − α2| , α1 + α2 − 1] .

Thus,

max [|α1 − α2| , α1 + α2 − 1] ≤ α∗ ≤ min (1− α1, α2)

+ min (1− α2, α1) + min (α1, α2) .

By the definition of π∗, π∗ = Pr [Reject SN | CE is true or GN is true].

Thus, π∗ ≤ max {pB, pC} and π∗ ≥ min {pB, pC} . Applying the inequalities for

pB and pC , we obtain

min {|π2 − α1| , |π1 − α2|} ≤ π∗ ≤ max{[min (1− α1, π2) + min (α1, 1− π2)] ,

[min (1− π1, α2) + min (π1, 1− α2)]}.

This completes the proof. �

Proof of Corollary 8.2: Elementary. �

1.13.2 Removing separability as a maintained assumption

Let GN denote G non-causality, CE conditional exogeneity, and S sepa-

rability. Complementation is denoted by ˜; e.g., ˜S denotes non-separability. Let

H01 denote the null hypothesis tested in the first stage, and let H02 denote the null

hypothesis tested in the second stage. Then

H01 ⇔ GN ∩ S and H02 ⇔ CE ∩ S.

We now consider the implications of the inference rules proposed for the indirect

test of structural causality in Section 8, modified to remove S as a maintained

assumption.
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Rule 1(i): fail to reject H02 and reject H01. This corresponds to

(CE ∩ S) ∩ (˜GN ∪ ˜S) = (CE ∩ S ∩ ˜GN) ∪ (CE ∩ S ∩ ˜S) = CE ∩ S ∩ ˜GN.

This yields CE ∩ ˜GN as before, implying rejection of SN; separability is also

maintained.

Rule 1(ii): reject H02 and fail to reject H01. This corresponds to

(˜CE ∪ ˜S) ∩ (GN ∩ S) = (˜CE ∩GN ∩ S) ∪ (˜S ∩GN ∩ S) = ˜CE ∩GN ∩ S.

This yields ˜CE ∩ GN as before, implying rejection of SN; separability is also

maintained.

Rule 2: fail to reject H02 and fail to reject H01. This corresponds to

(CE ∩ S) ∩ (GN ∩ S) = CE ∩GN ∩ S.

This yields CE ∩GN as before, implying failure to reject SN; separability is also

maintained. As direct non-causality implies separability (set ζt ≡ 0), this decision

is logically consistent.

Rule 3: reject H02 and reject H01. This corresponds to

(˜CE ∪ ˜S) ∩ (˜GN ∪ ˜S) = (˜CE ∩ (˜GN ∪ ˜S)) ∪ (˜S ∩ (˜GN ∪ ˜S))

= (˜CE ∩ ˜GN) ∪ (˜CE ∩ ˜S) ∪ (˜S ∩ ˜GN) ∪ ˜S

= (˜CE ∩ ˜GN) ∪ ˜S.

This yields ˜CE∩˜GN as before, implying the possibility of both Type I and Type

II errors when a decision is made. Alternatively, this outcome can result solely from

non-separability (implying direct causality). Nevertheless, the possibility of both

Type I and Type II errors when making a decision justifies making no decision, as

before.



Chapter 2

Testing for Treatment

Dependence and Heterogeneity of

Effects in Nonseparable

Structural Equations

2.1 Introduction

Nonseparable structural models have been the focus of increasing attention

in the econometric literature.1 So far, attention has primarily been focused on

identification and estimation. There has been careful attention paid to obtaining

the asymptotic distributions of nonparametric estimators in this context, but so far

little attention has been given to testing salient features of nonseparable structural

relations. In this paper, we provide nonparametric tests for such hypotheses; these

have direct policy implications.

We consider a structural relation

Y = r (X,U) , (2.1)

1See, for example, Roehrig (1988), Chesher (2003, 2005), Matzkin (2003, 2007), Altonji and
Matzkin (2005), Chernozhukov and Hansen (2005), Chernozhukov, Imbens and Newey (2007),
Hoderlein (2007), Hoderlein and Mammen (2007, 2009), Imbens (2007), Hahn and Ridder (2008),
Schennach, White and Chalak (2008), White and Chalak (2008) and Imbens and Newey (2009).

63
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where Y is the response of interest, X an observable treatment or cause of in-

terest, U denotes other causes that may be unobservable, and r is an unknown

continuously differentiable function; for simplicity, we assume X is a continuously

distributed random scalar. Throughout the paper, random variables are denoted

using uppercase letters and their realizations are denoted using lowercase letters.

Eq.(3.3) is nonseparable in the sense that we do not assume that r has an

additively separable representation

r (X,U) = r1 (X) + U. (2.2)

Though separability may result in ease of interpretation and implementation,2

economic theory rarely suggests that the unobservable causes U influence Y in an

additive way (Matzkin 2007, p.5317). Thus, imposing separability may result in

serious misspecification; nonseparable specifications have the advantage of avoiding

this potential difficulty.

Researchers are interested in a variety of the effects embodied in r. Here,

we focus on marginal effects and various average effects.3 Specifically, we consider

four effects that are often of interest. First, given x and u, we consider the marginal

effect :

m0 (x, u) ≡ ∂r (x, u)

∂x
, (2.3)

(see for example, Matzkin, 2007). This is the marginal effect for an individual

with X = x and U = u. Second, White and Chalak (2006) consider the covariate-

conditioned average effect :

θ0 (x, z) ≡ E [m0 (x, U)|Z = z] . (2.4)

where Z are some covariates. This is the average effect over the subpopulation

with covariates Z = z. Third, Altonji and Matzkin (2005) and Bester and Hansen

2There is a large literature on estimation and testing of separable models. For example, see
Newey, Powell, and Vella (1999), Blundell and Powell (2003), Darolles, Florens, and Renault
(2003), Newey and Powell (2003), Das (2005) and Hall and Horowitz (2005).

3In the literature, researchers also discuss effects other than those considered here. For ex-
ample, see Imbens and Newey (2009) for a discussion of a variety of effects, such as quantile
treatment effects.
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(2007) consider the local average response:

β0 (x) ≡ E [m0 (x, U)|X = x] . (2.5)

This is analogous to the average treatment effect on the treated in the treatment

effect literature (Florens, Heckman, Meghir, and Vytlacil, 2008). Fourth, Cham-

berlain (1984), Blundell and Powell (2003), Wooldridge (2005), and Schennach,

White and Chalak (2008) discuss the average marginal effect :

γ0 (x) ≡ E [m0 (x, U)] . (2.6)

This is analogous to the average treatment effect (Florens, Heckman, Meghir, and

Vytlacil, 2008).

Each of these effects are functions of the treatment variable (x) and other

variables (z or u). As yet, there are few procedures for testing the properties of

these functions. As these properties are of direct policy relevance, our goal here

is to provide practical new tests for specific features of these effects. One focus

of our attention is whether these four effects depend on the level of treatment (x)

(“treatment dependence,” or simply “dependence”). That is, we test the hypothe-

ses that each of these four functions of x (eq.(2.3)-(2.6)) is constant in x. If these

hypotheses are rejected, policymakers may want to allocate resources differentially,

depending on level of treatment x. This is similar to testing for nonlinearity in a

parametric predictive regression model, but we consider this question in a nonpara-

metric nonseparable structural setting. The literature contains many discussions

of this type of hypothesis. For example, consider the relation between years of

schooling and wages. Belzil and Hansen (2002) argue that “there is no obvious

reason to presume that the local returns to schooling are independent of grade

level. Indeed, heterogeneity in any component of schooling choices will lead to

improper inference if the local returns are erroneously assumed to be constant.”

We also develop tests for two types of “heterogeneity.” First, we test for sub-

population heterogeneity. Specifically, we test the hypothesis that the covariate-

conditioned effects θ0 (x, z) do not depend on the covariates (z); i.e., we test

whether the average effects conditional on covariates (z) are identical for all sub-
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populations. If this hypothesis is rejected, policymakers may want to design poli-

cies differentially, depending on the subpopulation. This is analogous to testing

for binary treatment effect heterogeneity, as recently discussed in Crump, Hotz,

Imbens, and Mitnik (2008).

A second type of heterogeneity of interest is unobservable heterogeneity.

That is, we test the hypothesis that the marginal effect m0 (x, u) does not depend

on unobservable causes u. This tests for the “essential heterogeneity” discussed

by Heckman, Urzua, and Vytlacil (2006), who consider the case where x is a

binary variable and argue that “responses to interventions [a binary variable] are

heterogeneous and agents adopt treatments with at least partial knowledge of their

idiosyncratic response.” As we show, tests for essential heterogeneity are equivalent

to tests of separability of r. Thus, this test can also be viewed as a specification

test for the structural equation. To the best of our knowledge, Hoderlein and

Mammen (2009) is the only work so far that proposes a test for separability in a

structural context.45

Throughout, we allow X to be endogenous in the sense that X and U

may be correlated or otherwise dependent. We impose a weaker conditional form

of exogeneity, namely that X and U are independent given covariates Z, as in

Altonji and Matzkin (2005) and White and Chalak (2006). This is analogous to

(and implies) the unconfoundedness assumption in the treatment effects literature.

Our tests are based on some well-known results in the specification testing liter-

ature (Bierens, 1982, 1990; Bierens and Ploberger, 1997; and Stinchcombe and

White, 1998). The tests are simple to implement, yet achieve
√
n local power.

The test statistics are based on a distance, suitably measured, between restricted

and unrestricted estimators. The distance is evaluated using a class of functions

(generically comprehensively revealing (GCR) functions) indexed by nuisance pa-

4There is a large literature on testing for additivity in conditional expectation functions (see
for example, Li and Racine, 2007, section 9.1, p.283 and the references therein). Those tests
only involve observable variables. In contrast, we test separability between observables X and
unobservables U.

5Our approach differs from Hoderlein and Mammen (2009), in that our test is an integrated
conditional moment-type test, whereas theirs uses conditional quantile regression. Also, they
do not provide a detailed power analysis of their test. We show that our test detects local
alternatives converging to the null at the rate n−1/2.
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rameters. We use standard nonparametric methods (kernel and series estimators)

to estimate this distance. Our test statistics are obtained by integrating out the

nuisance parameters, yielding Cramer-von Mises type tests. We show that the test

statistics converge weakly to a non-standard distribution, specifically an integral

of a function of a Gaussian process. Critical values for these test statistics are

straightforwardly obtained by subsampling or the bootstrap.

The plan of the paper is as follows. In Section 2, we lay out the framework

for analyzing the various effects and specifying the hypotheses of interest. In Sec-

tion 3, we propose test statistics and discuss their asymptotic properties. Section

4 provides some Monte Carlo simulation evidence. In Section 5, we apply our

tests to study the interest rate elasticities of demand for loans and the impact of

education on wages. Section 6 contains concluding remarks. Mathematical proofs

are relegated to the Appendices.

2.2 Framework and Hypotheses

2.2.1 The data generating process

We first introduce our data generating process.

Assumption A.1 Let (Ω,F ,P) be a complete probability space, on which we

define random vectors {X,U}. X and U take values in X and U respectively,

X ≡ [xL, xU ] where xL and xU ∈ R (xL < xU) and U ⊂ Rku , where ku is a positive

(possibly countably infinite) integer. Let Y be a random variable structurally

generated as

Y = r (X,U) ,

where r is an unknown measurable function: r : X× U→ R. Further, suppose that

for each u ∈ U, r (·, u) : X→ R is continuously differentiable with E [m0 (x, U)] <

∞ for all x ∈ X, where

m0 (x, u) ≡ ∂r (x, u)

∂x
.

The boundedness of X is standard in nonparametric settings.
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We follow Dawid (1979), and write X ⊥ Y | Z to denote that X and Y are

independent given Z. We impose the key conditional exogeneity assumption next.

Assumption A.2 Let Z denote a random vector of finite dimension kz ∈ N,

defined on (Ω,F ,P) with compact support Z ⊂ Rkz . Suppose that

X ⊥ U | Z,

and that X and U are not measurable with respect to the sigma-field generated

by Z.

A.2 is a common assumption for identifying effects in the context of struc-

tural equations (for example, see Altonji and Matzkin, 2005, White and Chalak,

2006, and Hoderlein, 2007). There are several cases in which A.2 is plausible.

First, one special case of A.2 is that Z has null dimension, i.e., X ⊥ U, the case of

strict exogeneity. This holds when X is randomized. Randomized experiments are

widely used for policy evaluation, especially in the field of development economics.

A second case in which A.2 is plausible is when Z is a proxy for the unobservable

causes U or for common causes of X and U. For example, let X be years of educa-

tion and Y be wages. U represents other drivers of wages, such as ability, that are

unobservable. Education is endogenous, since it may be correlated with unobserv-

able ability. Let Z be an IQ test score. Then it is plausible that conditional on

the IQ test score, education and ability are independent, i.e., the IQ test score is

a sufficient proxy for unobservable ability (Griliches, 1977; Dawid, 1979). A third

case is one in which we can construct control variables Z from classic instrumen-

tal variables, provided certain strict monotonicity assumptions hold, as shown in

Imbens and Newey (2009).

Next we discuss the hypotheses associated with the effects of interest speci-

fied above. For this, we let F (u), F (u | x), and F (u | z) denote the CDF of U , the

conditional CDF of U given X = x, and the conditional CDF of U given Z = z,

respectively.
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2.2.2 Local average response and average marginal effect

We first consider the local average response:

β0 (x) ≡ E [m0 (x, U)|X = x] =

∫
m0 (x, u) · dF (u | x) .

Given A.1, β0 (x) is finite for almost all x ∈ X. We are interested in whether β0 (x)

depends on x. We let 1[·] denote the indicator function. Formally, we test:

Hypothesis 1

H10 : Given x and x̄ s.t. xL ≤ x < x̄ ≤ xU , there exists a constant c1 s.t.

1 [x < X < x̄] · [β0 (X)− c1] = 0 a.s.

H1A : H10 is false.

H10 says that the local average response is the same for all values of x on the

interval (x, x̄) . When H10 holds, we may say that there is no dependence (on X)

of the local average response. Here we assume x and x̄ are known and pre-specified

by the researcher. For technical reasons (avoiding boundary point problems), our

test will not test the hypothesis that β0 (X) = c1 with probability one when the

boundary points (xL, xU) of support of X are unknown.

An important version of H10 occurs when c1 is hypothesized to be zero. This

says that the local average response is zero for all values of x on (x, x̄) . This is a

useful hypothesis for policy evaluation, as the policy maker may want to know the

global effectiveness of a policy instead of at a particular point. Moreover, compared

to testing β0 (x) = 0 at a given x, testing β0 (X) = 0 a.s. over an interval has the

advantage of achieving faster convergence (a parametric rate) as shown in Section

3 (for a similar argument, see Pagan and Ullah, 1999, p.177).

Next, we consider the average marginal effect:

γ0 (x) ≡ E [m0 (x, U)] =

∫
m0 (x, u) · dF (u) .

The hypothesis of the absence of dependence on X for the average marginal effect
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is:

Hypothesis 2

H20 : Given x and x̄ s.t. xL ≤ x < x̄ ≤ xU , there exists a constant c2 s.t.

1 [x < X < x̄] · [γ0 (X)− c2] = 0 a.s.

H2A : H20 is false.

H20 says that average marginal effect is constant for all levels of x on the interval

(x, x̄) . Similar to the case of β0 (x) , testing H20 with c2 = 0 is useful for policy

evaluation and has the advantages of a faster convergence rate than the pointwise

test.

2.2.3 Covariate-conditioned average effect

We consider the covariate-conditioned average effect:

θ0 (x, z) ≡ E [m0 (x, U)|Z = z] =

∫
m0 (x, u) dF (u | z) .

Given A.1, θ0 (x, z) is finite for all x and z almost everywhere. Similar to H10

and H20, we are interested in whether θ0 (x, z) depends on x. Formally, to test the

absence of dependence of θ0 (x, z) on x, we test:

Hypothesis 3

H30 : There exists a measurable function θ1 s.t. θ0 (X,Z) = θ1 (Z) a.s.

H3A : H30 is false.

For a given treatment level x, θ0 (x, z) measures the average marginal effect

for different subpopulations indexed by z. If θ0 (x, z) depends on z, it means that

the average marginal effects at the given value x are different across different

subpopulations. Thus, to test the absence of subpopulation heterogeneity, we test:

Hypothesis 4

H40 : There exists a measurable function θ2 s.t. θ0 (X,Z) = θ2 (X) a.s.

H4A : H40 is false.

When H40 holds, we may say there is no effect heterogeneity of θ0 (x, z) .
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2.2.4 Marginal effect

Similar to testing for dependence (on x) and heterogeneity of θ0 (x, z) , we

may be interested in whether m0 (x, u) depends on x or u. Formally, to test the

dependence of m0 (x, u) on x, we test:

Hypothesis 5

H50 : There exists a measurable function m1 s.t. m0 (X,U) = m1 (U) a.s.

H5A : H50 is false.

On the other hand, if m0 (x, u) depends on u, it means that effects differ

for individuals with different u. To test this type of effect heterogeneity, we test

Hypothesis 6

H60 : There exists a measurable function m2 s.t. m0 (X,U) = m2 (X) a.s.

H6A : H60 is false.

When H60 holds, we say there is no unobservable heterogeneity, as some compo-

nents of U are unobservable.

Clearly, H10 through H60 are related. The following lemma summarizes

their relations.

Lemma 2.1 Suppose A.1 and A.2 hold. Then H60 implies H40. H50 implies H30;

Further, H30 implies H20. If both H30 and H40 hold, then H10 holds.

2.3 Test Statistics

2.3.1 Introduction

Our tests are based on some well-known results in the specification testing

literature (see for example, Bierens, 1982, 1990; Bierens and Ploberger, 1997;

and Stinchcombe and White, 1998 (SW)). We first introduce a particular class

of functions, the generically comprehensively revealing (GCR) functions.
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Definition 3.1 (GCR function, SW) We say ϕ : R→ R is GCR if it is a positive

bounded real analytic non-polynomial function.

SW define a more general class of GCR functions, but this suffices here. As

shown in SW, GCR functions include many familiar functions such as the logistic

CDF, normal CDF, and the normal density. Next, we restate a well-known result

of SW that plays a key role in our test.

Lemma 3.2 Suppose ϕ is GCR. Let X be a random vector of dimension d where

d is a finite integer and let U be a random scalar. Let (Λ,G, ν) be a measure space

where Λ is a compact subset of Rd+1, G a Borel sigma-field on Λ, and ν is absolutely

continuous with respect to Lebesgue measure. Let λ ≡ (λ0, λ1) ∈ Λ, where λ0 ∈ R
and λ1 ∈ Rd. Then (a) E (U|X ) = 0 a.s. if and only if E [ϕ (λ0 + X ′λ1) · U ] = 0

for ν−almost all λ ∈ Λ. (b) Suppose g : Rd → R is a measurable function. Then

g (X ) = 0 a.s. if and only if E [ϕ (λ0 + X ′λ1) · g (X )] = 0 for ν−almost all λ ∈ Λ.

In what follows, we use the notation of this lemma without further reference.

We impose further assumptions on the density of (X, Y, Z). For this, we let Θx,z

denote the joint support of X and Z and define

µ (x, z) ≡ E (Y | X = x, Z = z)

σ2 (x, z) ≡ var (Y | X = x, Z = z) .

Assumption A.3 (a) Θx,z ⊂ X× Z is compact. (b) The distribution function of

(X, Y, Z) is absolutely continuous with respect to Lebesgue measure. (c) µ (·, z) :

Xz→ R is continuously differentiable for all z ∈ Z, where Xz is the conditional

support of X given Z = z. (d) supx,z∈Θx,z
σ2 (x, z)<∞.

Assumption A.4 (a) (Xi, Yi, Zi) , i = 1, 2, ... is a sequence of independent iden-

tically distributed (IID) random vectors. (b) Realizations of Xi, Yi, and Zi are

observed; elements of Ui can (but need not) be unobservable.

We let f(x, y, z), f (x, z), and f (z) denote the densities of (X, Y, Z) , (X,Z) ,

and Z respectively. Let fx (x, y) and fx (x, z) denote the derivatives of f (x, y) and



73

f (x, z) with respect to x respectively. Throughout the paper, we assume that

integral and derivative can be interchanged (see, e.g., Casella and Berger, 2002,

p.70, Theorem 2.4.3).

2.3.2 Testing H10 : dependence on X of the local average

response

Under A.1 and A.2, β0 (x) is identified as:

β0 (x) =

∫
∂µ (x, z)

∂x
· f (z | x) · dz.

To test H10, we first define a weight function, which we use to avoid bound-

ary problems in deriving the asymptotic distribution of our test statistic.

Definition 3.3 Suppose w: R → R+ satisfies (i) w (x) > 0 if x < x < x̄; (ii)

w (x) = 0 if x ≤ x or x ≥ x̄; (iii)
∫
w (x) · dx = 1; and (iv) w is continuously

differentiable on R. Then we say w is a boundary weight function.

For example, w could be given by

w (x) =

{
30 · (x̄− x)−5 · (x− x)2 · (x− x̄)2 if x < x < x̄,

0 if x ≤ x or x ≥ x̄.
(2.7)

In this example, w (x) is similar to a quartic kernel. TestingH10 is equivalent

to testing

w (X) ·
[
β0 (X)− β̄0

]
= 0 a.s. (2.8)

where

β̄0 =

∫
β0 (x) · w (x) · dx.

Further, based on Lemma 3.2, testing (2.8) is equivalent to testing

T10 (λ) =

∫
ϕ (λ1x+ λ0) · w (x) ·

[
β0 (x)− β̄0

]
· dx = 0 for ν − almost all λ ∈ Λ,

where ϕ is GCR. We summarize the result in the following lemma.
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Lemma 3.4 Let Assumption A.1 hold. Suppose f (x) is bounded away from zero

on [x, x̄]. Then H10 holds if and only if T10 (λ) = 0 for ν−almost all λ ∈ Λ, where,

with d = 1,

T10 (λ) ≡
∫

[ψ (x, λ)] · β0 (x) · dx,

ψ (x, λ) ≡ ϕ (λ0 + x · λ1) · w (x)−
[∫

ϕ (λ0 + x · λ1) · w (x) · dx
]
· w (x) ,

with ϕ GCR and w a boundary weight function.

Under A.1 and A.2, it is easy to show that

β0 (x) =

∫
y · fx (x, y)

f (x)
· dy −

∫ (∫
y · f (x, y, z) · dy

)
· fx (x, z)

f (x, z) · f (x)
· dz.

Thus, Altonji and Matzkin (2005) propose the following estimator of β0 (x) :

β̂ (x) =

∫
y · f̂x (x, y)

f̂ (x)
· dy−

∫ (∫
y · f̂ (x, y, z) · dy

)
· τ
(
f̂ (x, z) , t

)
· f̂x (x, z)

f̂ (x)
· dz,

with trimming function τ : R× R++ → R+ :

τ (x, t) =


1/x if x ≥ 2t,
49(x−t)3

8t4
− 39(x−t)4

4t5
+ 31(x−t)5

8t6
if t ≤ x < 2t,

0 if x < t;

(2.9)

with t ≡ tn; and f̂ (x) , f̂ (x, z) , f̂x (x, y) , f̂x (x, z) , and f̂ (x, y, z) are kernel esti-

mators of f (x) , f (x, z) , fx (x, y) , fx (x, z) , and f (x, y, z) respectively with band-

width h ≡ hn. For example,

f̂ (x, y, z) =
1

nh2+kz

n∑
i=1

K

(
Xi − x
h

)
K

(
Yi − y
h

)
Kz

(
Zi − z
h

)
,

where K (.) is a univariate kernel, and Kz (.) is a kz-dimensioned product of uni-

variate kernels:

Kz

(
Zi − z
h

)
=

kz∏
j=1

K

(
Zj,i − zj

h

)
. (2.10)

Zj,i and zj denote the jth elements of Zi and z respectively.
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An estimator of T10 (λ) is

T̂1n (λ) ≡
∫
ψ (x, λ) · β̂ (x) · dx

=

∫
ψ (x, λ)

(∫
y · f̂x (x, y)

f̂ (x)
· dy

)
· dx−

∫
ψ (x, λ)∫

(∫
y · f̂ (x, y, z) · dy

)
· τ
(
f̂ (x, z) , t

)
· f̂x (x, z)

f̂ (x)
· dz

 · dx.
By construction, the weighting function ψ (x, λ) is known and vanishes at the

boundary points, which allows us to ignore the boundary term in the asymptotic

distribution of T̂1n (λ) . Otherwise, the asymptotic distribution of T̂1n (λ) will be

dominated by the boundary points and
√
n−consistency of T̂1n (λ) is impossible in

our case.6 For a similar argument, see Newey and Stoker (1993, p.1206).

We view T̂1n (·) as a random element in the metric space (C (Λ) , ‖.‖∞) ,

where C (Λ) is the class of continuous functions on Λ and ‖·‖∞ is the uniform norm

(see for example, van der Vaart and Wellner, 1996, and Billingsley, 1999). Our

test statistic ÎT 1n is the integrated squared T̂1n (.) :

ÎT 1n ≡
∫

Λ

[
T̂1n (λ)

]2

dν (λ) .

Our test is thus similar to Bierens’s (1990) and Bierens and Ploberger’s

(1997) integrated conditional moment test and the Cramer-von Mises test. To

derive the asymptotic distribution of ÎT 1n, we impose some further regularity

conditions. These are similar to those of Altonji and Matzkin (2005).

Assumption B.1 (Kernel, similar to Assumption 3.3 in Altonji and Matzkin,

2005) The Kernel function K : R → R is continuously differentiable of order

∆ ≥ 1, with ∆th order derivative that is Lipschitz and bounded. K vanishes

6To better understand the boundary problem, let us consider a simple case where Z has null
dimension. Then

T10 (λ) = ψ (x, λ)µ (x)|x̄x −
∫
µ (x)

∂

∂x
[ψ (x;λ)] · dx.

If ψ (x, λ) does not vanish at the boundary points, then we need to estimate µ (x) at the two
boundary points x̄ and x, which cannot be estimated at the parametric rate.
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outside a compact set. K is a kernel of order s ≥ 2, so that
∫

K (u) du = 1,∫
ujK (u) du = 0, j = 2, .., s− 1 and

∫
usK (u) du <∞.

Assumption B.2 (Density, similar to Assumption 3.5 in Altonji and Matzkin,

2005) Let ∆ and s be as in B.1. The density f (x, z) is continuously differentiable

up to order q ≥ ∆ + s with respect to both x and z and the derivatives of f (x, z)

of order q are Lipschitz and bounded. The density f (x, y, z) and integral
∫
y ·

f (y, x, z)·dy are continuously differentiable of order of q with respect to x and z; for

some p > 2, E (|Y |p | X = x, Z = z) is bounded for (x, z) ∈ Θx,z; the density f (x)

is bounded away from 0 on [x, x̄] ; ψ (·, λ) : X → R is continuously differentiable of

order s + 1 for all λ ∈ Λ, and the derivative of ψ (·, λ) of order s + 1 is Lipschitz

and bounded.

Assumption B.3 (Bandwidth and trimming value, similar to Assumption 3.6 in

Altonji and Matzkin, 2005) Let s and p be as in B.1 and B.2. As n→∞, hn → 0,

tn → 0,
√
nhsn → 0,

t−3
n ·
√
n
(√

ln (n)/ (nhkz+3
n ) + hsn

)2

→ 0,

√
n
(√

ln (n)/ (nhkz+3
n ) + hsn

)
·
[∫ ∫

1 [0 < f (x, z) < 2tn] · dz · dx
] 1

2

→ 0,

and (
n1− 2

ph1+kz
n

/
ln (n)

)
→∞.

Assumption B.4∫ ∫ [
w (x) · fx (x, z) · f (x, z)−1]2 · dx · dz <∞;

∫ ∫
w (x) · f (x, z)−1 · dx · dz <∞;

and as n→∞,

√
n

∫
1 [0 < f (x, z) < 2tn] · w (x) · |µ (x, z)| · |fx (x, z)| · f (x)−1 · dz · dx→ 0.
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Theorem 3.5 Suppose Assumptions A.1-A.4 and B.1-B.4 hold. Then

(a)
√
n
[
T̂1n (·)− T10 (·)

]
converges weakly to T1∞ in (C (Λ) , ‖.‖∞), where

T1∞ (·) is a zero mean Gaussian process on Λ with covariance (kernel) function

given by

cov [T1∞ (λ) , T1∞ (λ′)] = cov [κ1 (X, Y, Z, λ) , κ1 (X, Y, Z, λ′)] ,

where

κ1 (x, y, z;λ) =

[
y − µ (x, z)

f (x)

]
· ∂
∂x
ψ (x;λ) +

∂

∂x

[
y − µ (x, z)

f (x)

]
· ψ (x;λ)

+

[
(y − µ (x, z)) · fx (x, z)

f (x, z) · f (x)
+
β0 (x)

f (x)

]
· ψ (x;λ) .

(b) Under H10,
√
nT̂1n (·) converges weakly to T1∞ in (C (Λ) , ‖·‖∞) and

n · ÎT 1n converges to
∫

Λ
[T1∞ (λ)]2 dν (λ) in distribution.

We define a local alternative as:

H1a : Y = r (X,U) +
r̃ (X,U)√

n
,

such that there exists a constant c0 such that

Pr [1 [x < X < x̄] · (β0 (X)− c0) = 0] = 1,

and for all c ∈ R,

Pr
[
1 [x < X < x̄] ·

(
β̃0 (X)− c

)
= 0
]
< 1,

where

β̃0 (x) ≡ E

[
r̃ (x, U)

∂x

∣∣∣∣X = x

]
.

The next theorem gives the asymptotic distribution of
√
nT̂1n (·) and n·ÎT 1n under

the local alternative H1a and the global alternative H1A.

Theorem 3.6 Suppose Assumptions A.1-4 and B.1-4 hold. Then

(a) Under H1a,
√
nT̂1n (·) converges weakly to T̃1∞(·) ≡ T1∞ (·) + C10 (·) in

(C (Λ) , ‖.‖∞), where

C10 (λ) ≡
∫
ψ (x, λ) · β̃0 (x) · dx,
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and C10 (λ) 6= 0 for ν−almost all λ ∈ Λ. n · ÎT 1n converges weakly to
∫

[T1∞ (λ)

+ C10(λ)]2 · dν (λ) .

(b) Under H1A, for any nonstochastic scalar sequence {kn} = o (
√
n) ,

Pr
[∣∣∣√nT̂1n (λ)

∣∣∣ > kn

]
→ 1

for ν−almost all λ ∈ Λ; and

Pr
[
n · ÎT 1n > k2

n

]
→ 1.

Similar to Bierens and Ploberger (1997) and Chen and Fan (1999), one can

show that
∫

Λ
[T1∞ (λ)]2 dν (λ) is an infinite sum of weighted χ2

1 random variables

with the weight depending on the true data generating process. Thus, the asymp-

totic distribution is non-standard and difficult to tabulate. We use subsampling

to simulate the asymptotic null distribution as introduced in Politis, Romano and

Wolf (1999). Specifically, let b ≡ bn define a sequence of positive integers such that

b/n→ 0 and b→∞ as n→∞. We simulate the null distribution in the following

steps:

Algorithm 3.7 (Subsampling)

Step 1: Let B be a large integer. Randomly draw B subsamples {X∗(1),

Y ∗(1), Z∗(1)}, ..., {X∗(B), Y ∗(B), Z∗(B)} from all possible subsamples of size b of the

sample population {Xi, Yi, Zi}ni=1 .

Step 2: For k = 1, ...B, compute T̂1n (λ) using the subsample {X∗(k), Y ∗(k),

Z∗(k)} and denote it as T̂ ∗(k)
1n,b. (λ) .

Step 3: The subsampling asymptotic null distribution is given by:

F ∗1n,b (x) =
1

B

B∑
k=1

1

{
b

[∫
Λ

[
T̂ ∗(k)

1n,b. (λ)− T̂1n (λ)
]2

dν (λ)

]
≤ x

}
,

and the subsampling 100× (1− α) % quantile is given by:

c∗1n,b,1−α = inf
{
x : F ∗1n,b (x) ≥ 1− α

}
.
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Theorem 3.8 Suppose Assumptions A.1-4 and B.1-4 hold and that b/n→ 0 and

b→∞ as n→∞. Let F1,∞ (·) denote the CDF of
∫

[T1∞ (λ)]2 · dν (λ) . Let x be

continuity point of F1,∞ (·). Then F ∗1n,b (x) converges to F1,∞ (x) in probability.

This shows that subsampling works. We also expect that the nonparametric

bootstrap works here. Nevertheless, providing a rigorous proof for the bootstrap

is beyond the scope of this paper. In the simulations of section 4, we see that

subsampling and the nonparametric bootstrap do provide similar results.

2.3.3 Testing H20 : dependence of the average marginal ef-

fect on X

To identify γ0 (x) , we impose one more assumption.

Assumption B.5 (Common Support) For all x ∈ X, the support of Z conditional

on X = x equals the support of Z .

For detailed discussions of this assumption, see Newey and Imbens (2009,

p.1487), Blundell and Powell (2003, sec. 2.2.4, p.334), and Florens, Heckman,

Meghir, and Vytlacil (2008, sec. 3.2, p.1199). Under A.1, A2, and B.5, γ0 (x) is

identified as

γ0 (x) =

∫
∂µ (x, z)

∂x
· f (z) · dz.

Testing H20 is analogous to testing H10. The next lemma motivates our test

of H20.

Lemma 3.9 Let Assumption A.1 hold. Suppose f (x) is bounded away from zero

on [x, x̄]. Then H20 holds if and only if T20 (λ) = 0 for ν−almost all λ ∈ Λ where

T20 (λ) ≡
∫
ψ (x, λ) · γ0 (x) · dx,

with ψ as in Lemma 3.4 .

Under A.1, A.2, and B.5, integration by parts yields

T20 (λ) = −
∫ ∫ (∫

y · f (x, y, z) · dy
)
· f (z)

f (x, z)
· ∂
∂x

[ψ (x, λ)] · dz · dx.
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Then a sample analog of T20 (λ) is :

T̂2n (λ) ≡ −
∫ ∫ (∫

y · f̂ (x, y, z) · dy
)
·τ
(
f̂ (x, z) , t

)
· f̂ (z) · ∂

∂x
[ψ (x, λ)] ·dz ·dx,

where f̂ (x, y, z) , f̂ (z) , and f̂ (x, z) are kernel estimators of f (x, y, z) , f (z) and

f (x, z) respectively, and τ is the trimming function (eq.(2.9)). We also view T̂2n (·)
as a random element in the metric space (C (Λ) , ‖·‖∞) . Our test statistic ÎT 2n is

the integrated squared T̂2n (·) :

ÎT 2n ≡
∫

Λ

[
T̂2n (λ)

]2

dν (λ) .

We have results analogous to those for H10. We impose the same regularity

conditions as in testing H10, except that we replace B.4 with B.6 below.

Assumption B.6∫ ∫ [
f (z) · f (x, z)−1 · ∂

∂x
w (x)

]2

· dx · dz <∞;

∫ ∫
f (x, z)−1 ·

∣∣∣∣ ∂∂xw (x)

∣∣∣∣ · dx · dz <∞;

and as n→∞,

√
n

∫ ∫
1 [f (x, z) < 2tn] · |µ (x, z)| · f (z) ·

∣∣∣∣ ∂∂xw (x)

∣∣∣∣ · dx · dz → 0.

Theorem 3.10 Suppose Assumptions A.1-4, B.1-3, B.5, and B.6 hold. Then

(a)
√
n
[
T̂2n (·)− T20 (·)

]
converges weakly to T2∞ (·) in (C (Λ) , ‖·‖∞) , where

T2∞ (·) is a zero mean Gaussian process on Λ with covariance (kernel) function

given by

cov [T2∞ (λ) , T2∞ (λ′)] = cov [κ2 (X, Y, Z, λ) , κ2 (X, Y, Z, λ′)] ,

where

κ2 (x, y, z, λ) ≡ − [y − µ (x, z)] · f (z)

f (x, z)
· ∂
∂x
ψ (x, λ) + η2 (z, λ) ,

η2 (z, λ) ≡ −
∫
µ (x, z) · ∂

∂x
ψ (x, λ) · dx.
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(b) Under H20,
√
nT̂2n (·) converges weakly to T2∞ (·) in (C (Λ) , ‖·‖∞) and

n · ÎT 2n converges to
∫

Λ
[T2∞ (λ)]2 dν (λ) in distribution.

We define a local alternative as:

H2a : Y = r (X,U) +
r̃ (X,U)√

n
,

such that there exists a constant c0 such that

Pr [1 [x < X < x̄] · (γ0 (X)− c0) = 1] = 1,

and for all c ∈ R,

Pr [1 [x < X < x̄] · (γ̃0 (X)− c)] < 1,

where

γ̃0 (x) ≡ E

[
∂r̃ (x, U)

∂x

]
.

The next theorem gives the asymptotic behavior of
√
nT̂2n (·) and n · ÎT 2n under

the local alternative H2a and the global alternative H2A.

Theorem 3.11 Suppose Assumptions A.1-4, B.1-3, B.5, and B.6 hold. Then

(a) Under H2a,
√
nT̂2n (·) converges weakly to T̃2∞ (·) ≡ T2∞ (·) +C20 (·) in

(C (Λ) , ‖·‖∞), where

C20 (λ) =

∫
ψ (x, λ) · γ̃0 (x) · dx,

and C20 (λ) 6= 0 for ν−almost all λ ∈ Λ. n · ÎT 2n converges weakly to
∫

[T2∞ (λ)

+ C20(λ)]2 · dν (λ) .

(b) Under H2A, for any nonstochastic scalar sequence {kn} = o (
√
n) ,

Pr
[∣∣∣√nT̂2n (λ)

∣∣∣ > kn

]
→ 1

for ν−almost all λ ∈ Λ; and

Pr
[
n · ÎT 2n > k2

n

]
→ 1.

We also use subsampling to obtain the critical value.
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Algorithm 3.12 Identical to Algorithm 3.7, but replacing T̂1n (λ) , T̂ ∗(k)
1n,b. (λ) ,

F ∗1n,b (x) and c∗1n,b,1−α with T̂2n (λ) , T̂ ∗(k)
2n,b (λ) , F ∗2n,b (x) and c∗2n,b,1−α, respectively.

Theorem 3.13 Suppose Assumptions A.1-4, B.1-3, B.5, and B.6 hold, and b/n→
0 and b → ∞ as n → ∞. Let F2,∞ (·) denote the CDF of

∫
[T2∞ (λ)]2 · dν (λ) .

Let x be a continuity point of F2,∞ (·). Then F ∗2n,b (x) converges to F2,∞ (x) in

probability.

2.3.4 Testing H30 : dependence on X of the covariate con-

ditioned average effect

Under A.1 and A.2, θ0 (x, z) is identified as

θ0 (x, z) =
∂µ (x, z)

∂x
.

Thus, testing H30 is equivalent to testing some restrictions on the conditional

expectation function µ (x, z) as shown in the next lemma.

Lemma 3.14 Suppose A.1, A.2, and A.3(c) hold. Then H30 is equivalent to:

Hypothesis 3 ′

H′30 : There exist measurable functions µ1 and µ2 s.t.

µ (X,Z) = µ1 (Z) + µ2 (Z) ·X a.s.

Under H′30, µ (X,Z) is a semi-parametric varying coefficient process (see

for example, Li and Racine, 2007, section 9.2). There is an extensive literature on

estimating such models; see, for example, Cai, Fan, and Yao (2000), Li, Huang,

Li, and Fu (2002), Ahmad, Leelahanon, and Li (2005), and Xue and Yang (2006).

Nevertheless, to the best of our knowledge there is as yet no direct specification

test for this case. We construct a test statistic similar to that of Li, Hsiao, and

Zinn (2003).

For this, we define the class of functions

G ≡ {g (·) : R1+kz → R s.t. g (x, z) = g0 (z) + g1 (z)x, where g0 (·) , g1 (·) :

Rkz → R are measurable functions} .
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G includes all the functions satisfying H′30. For any random variable A, we define

EG (A) as the closest function to A (in the mean-squared-error sense) in the class

G, i.e.,

E
[
[A−EG (A)]2

]
≡ inf

g∈G
E
[
[A− g (X,Z)]2

]
.

We define

ε ≡ Y − EG (Y ) .

EG (Y ) is the projection of Y on G. Note that under H′30,

EG (Y ) = µ (X,Z) .

By Lemma 3.2 with d = 1 + kz, testing H′30 is equivalent to testing:

T30 (λ) ≡ E [ϕ (λ0 +Xλ1 + Z ′λ2) · ε] = 0

for ν−almost all λ ∈ Λ, where λ ≡ (λ0, λ1, λ2) , λ0, λ1 ∈ R, λ2 ∈ Rkz , and ϕ is

GCR.

We first estimate EG (Y ) using series estimators. Though it is possible to

use kernel estimators (see for example, Li, Huang, Li, and Fu, 2002),7 using series

estimators has the advantage of computational convenience, as it is easy to impose

the structure of G with series estimators. In particular, any function g in G can

be written as:

g (x, z) =
∞∑
k=0

δ0,k · pk (z) +
∞∑
k=0

δ1,k · pk (z) · x,

where {pk (.)} is some collection of basis functions, and {δ0,k}∞k=0 , and {δ1,k}∞k=0 are

corresponding coefficients. Thus, in finite samples, we approximate g (x, z) using

g̃ (x, z) =

K0∑
k=0

δ0,k · pk (z) +

K1∑
k=0

δ1,k · pk (z) · x,

7We can write µ0 (Z) and µ1 (Z) under H′03 as:

µ0 (Z) =
E
(
X2|Z

)
E (Y |Z)− E (X|Z)E (XY |Z)

E (X2|Z)− [E (X|Z)]2
,

µ1 (Z) =
E (XY |Z)− E (X|Z)E (Y |Z)

E (X2|Z)− [E (X|Z)]2
.

These conditional expectations can be estimated using kernel methods. Nevertheless, this is
rather complicated.
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where K0 (≡ K0n) and K1 (≡ K1n) are positive integers increasing with n. To sim-

plify notation, we write

g̃ (x, z) =
[
pK (x, z)

]′
δK ,

where K ≡ K0 +K1, p
K (x, z) ≡ [p0 (z) , p1 (z) , ..., pK0 (z) , p0 (z) · x, p1 (z) · x, ...,

pK1 (z) · x, ]′, and δK ≡ [δ0,0, δ0,1, ..., δ0,K0 , δ1,0, δ1,1, ..., δ1,K1 ] . We estimate δK using

δ̂K , the OLS estimator. Then we estimate εi by ε̂i :

ε̂i = Yi − ĝ (Xi, Zi) ,

where

ĝ (Xi, Zi) =
[
pK (Xi, Zi)

]′
δ̂K .

A sample analog of T30 (λ) is T̂3n (λ) :

T̂3n (λ) ≡ n−1

n∑
i=1

ϕ (λ0 +Xiλ1 + Z ′iλ2) · ε̂i.

As discussed in Li, Hsiao, and Zinn (2003), establishing weak convergence

with the uniform topology is challenging in this case. Instead, we view T̂3n (·) as a

random element of the metric space (L2 (Λ,G, ν) , ‖·‖ν) where ‖·‖ν is the L2 norm

defined by

‖q‖2
ν ≡

∫
q (λ)2 dν (λ) , where q : Λ→ R is a measurable function, (2.11)

and

L2 (Λ,G, ν) ≡ {q : Λ→ R : q is measurable and ‖q‖ν <∞} .

Our test statistic ÎT 3n is the integrated squared T̂3n (λ) :

ÎT 3n ≡
∫

Λ

[
T̂3n (λ)

]2

dν (λ) .

We impose some regularity conditions that are similar to those of Li, Hsiao,

and Zinn (2003). These are standard in the series estimation literature (see for

example, Li and Racine, 2007, p.449, Assumption 5.2).

Assumption C.1 (a) For every K, there is a nonsingular matrix B such that

the smallest eigenvalue of E
[[
B·pK (X,Z)

] [
B·pK (X,Z)

]′]
is bounded away from
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zero uniformly in K ∈ N. (b) There is a sequence of constants ζ (K) satisfy-

ing sup(x,z)∈Θx,z

∥∥pK (x, z)
∥∥ ≤ ζ (K) such that ζ (K)2 (K/n) → 0 as n → ∞.

(c) For any g ∈ G, there exist δKg ∈ RK+2 and positive numbers a0, a1 such

that sup(x,z)∈Θx,z

∥∥g (x, z)− pK (x, z)′ δKg
∥∥ ≤ O

(
K−a0

0 +K−a1
1

)
as K0 → ∞ and

K1 → ∞. (d) K/n + K−a0
0 + K−a1

1 → 0 as n → ∞. (e) n ·
(
K−2a0

0 +K−2a1
1

)
→ 0

as n→∞.

Theorem 3.15 Suppose Assumptions A.1-4 and C.1 hold. Then

(a)
√
n
[
T̂3n (·)− T30 (·)

]
converges weakly to T3∞ (·) in (L2 (Λ,G, ν) , ‖·‖ν) ,

where T3∞ (·) is a zero mean Gaussian process on Λ with covariance (kernel) func-

tion given by

cov [T3∞ (λ) , T3∞ (λ′)] = cov [κ3 (X, Y, Z, λ) , κ3 (X, Y, Z, λ′)] ,

where

κ3 (X, Y, Z, λ) = [Y − EG (Y )]·[ϕ (λ0 +Xλ1 + Z ′λ2)− EG [ϕ (λ0 +Xλ1 + Z ′λ2)]] .

(b) Under H30,
√
nT̂3n (·) converges weakly to T3∞ (·) in (L2 (Λ,G, ν) , ‖·‖2)

and n · ÎT 3n converges to
∫

Λ
T3∞ (λ)2 dν (λ) in distribution.

We define a local alternative as:

H3a : Y = r (X,U) +
r̃ (X,U)√

n
,

such that E [r (X,U)|X = x, Z = z] ∈ G and E [ r̃ (X,U)|X = x, Z = z] 6∈ G.

The next theorem gives the asymptotic behavior of
√
nT̂3n (λ) and n · ÎT 3n under

the local alternative H3a and the global alternative H3A.

Theorem 3.16 Suppose Assumptions A.1-4 and C.1 hold. Then

(a) Under H3a,
√
nT̂3n (·) converges weakly to T̃3∞ (·) ≡ T2∞ (·) +C30 (·) in

(L2 (Λ,G, ν) , ‖·‖ν), where

C30 (λ) = E[ϕ (λ0 +Xλ1 + Z ′λ2) · (r̃ (X,U)− EG[r̃ (X,U)])],

and C30 (λ) 6= 0 for ν−almost all λ ∈ Λ. n · ÎT 3n converges weakly to
∫

[T3∞ (λ)

+ C30 (λ)]2 · dν (λ) .
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(b) Under H3A, for any nonstochastic scalar sequence {kn} = o (
√
n) ,

Pr
[∣∣∣√nT̂3n (λ)

∣∣∣ > kn

]
→ 1

for ν−almost all λ ∈ Λ; and

Pr
[
n · ÎT 3n > k2

n

]
→ 1.

The null distribution is non-standard, as in testing H10 and H20. We obtain

the critical values by using a residual-based wild bootstrap as in Li, Hsiao, and

Zinn (2003). This is implemented as follows:

Algorithm 3.17 (Wild Bootstrap)

Step 1: Let B be a large integer. For k = 1, ..., B, generate bootstrap

residuals ε∗(k) ≡
(
ε
∗(k)
1 , ..., ε

∗(k)
n

)
as

ε
∗(k)
i =


1
2

(
1−
√

5
)
ε̂i with probability

(
1 +
√

5
)/ (

2
√

5
)

1
2

(
1 +
√

5
)
ε̂i with probability

(√
5− 1

)/ (
2
√

5
) , i = 1, ..., n.

and generate Y ∗(k) ≡
(
Y
∗(k)

1 , ..., Y
∗(k)
n

)
according to H′30 as

Y
∗(k)
i =

[
pK (x, z)

]′
δ̂K + ε

∗(k)
i , i = 1, ..., n.

Then the kth bootstrap sample is
{
Xi,Zi,Y

∗(k)
i

}n
i=1

.

Step 2: For k = 1, ..., B, compute T̂3n (λ) using the kth bootstrap sample

and write this as T̂ ∗(k)
3n (λ) .

Step 3: The wild bootstrap asymptotic null distribution is given by:

F ∗3n (x) =
1

B

B∑
k=1

1

{
n

[∫
Λ

[
T̂ ∗(k)

3n (λ)
]2

dν (λ)

]
≤ x

}
,

and the wild bootstrap 100× (1− α) % quantile is given by:

c∗3n,1−α = inf {x : F ∗3n (x) ≥ 1− α} .
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Theorem 3.18 Suppose Assumptions A.1-4 and C.1 hold. Let F3,∞ (·) denote the

CDF of
∫

[T3∞ (λ)]2 · dν (λ) . Let x be continuity point of F3,∞ (·). Then F ∗3n (x)

converges to F3,∞ (x) in probability.

We note that the conditions of C.1 are not primitive. For primitive con-

ditions ensuring C.1 for power series and B-splines, see Corollary 15.1 in Li and

Racine (2007, p.451); these are directly applicable here.

2.3.5 Testing H40 : heterogeneity of the covariate condi-

tioned average effect

It is easy to show that testing H40 is equivalent to testing for additivity

in the conditional expectation function or regression, as shown in the following

lemma.

Lemma 3.19 Suppose A.1, A.2, and A.3(c) hold. Then H40 is equivalent to:

Hypothesis 4 ′

H′40 : There exist measurable functions µ3 and µ4 s.t.

µ (X,Z) = µ3 (X) + µ4 (Z) a.s. and µ3 (·) is continuously differentiable.

There are many papers on estimating additive models in the literature, but

with different motivations than ours. One such motivation is that imposing re-

gression additivity can partially solve the problem of the “curse of dimensionality”

(see, for example, Buja, Hastie, and Tibshirani, 1989; Hastie and Tibshirani, 1990;

Linton and Nielsen, 1995; and Linton 1997, 2000). There are also many tests for

regression additivity in the literature; see, for example, Golazo and Linton (2001)

and Li, Hsiao, and Zinn (2003). Li, Hsiao, and Zinn (2003) propose a test for

additivity using the same ideas as in Lemma 3.2. Since there are already many

applicable tests in the literature, we do not provide a new test for H40.
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2.3.6 Testing H50 : dependence on X of the marginal effect

It is easy to see that testing H50 is equivalent to Hypothesis 5′ below.

Lemma 3.20 Suppose A.1 holds. Then H50 is equivalent to:

Hypothesis 5 ′

H′50 : There exist measurable functions r1 and r2 such that

r (X,U) = r1 (U) +X · r2 (U) a.s.

Under H′50, r (X,U) has a random coefficient structure. It turns out that

this implies many testable conditional moment restrictions, as shown in the next

lemma. We first define a class of functions

G(s) ≡
{
g : R1+kz → R, s.t. g (x, z) =

s∑
j=0

xj · gs,j (z) , where gs,0, gs,1, gs,2, ...,

gs,s : Rkz → R are measurable functions
}
,

where s ∈ {1, ..., S} for positive integer S. For any random variable A, we define

EG(s) (A) as the closest function to A (in the mean-squared-error sense) in the class

G(s), i.e.,

E
[
[A−EG(s) (A)]2

]
= inf

g∈G(s)
E
[
[A− g (X,Z)]2

]
.

Lemma 3.21 Suppose A.1 and A.2 hold. Let S be a positive integer and suppose

E(Y S|X = x, Z = z) <∞ for all (x, z) ∈ Θx,z. Then

(a) under H50,

E (Y s | X = x, Z = z) ∈ G(s), s = 1, ..., S. (2.12)

(b) Suppose that under H5A,

Y = r (X,U) = r1 (U) +X · r2 (U) + r3 (X) · r̃3 (U) , (2.13)

where r1, r2, r3 and r̃3 are unknown measurable functions such that (i) r3 (X) does

not satisfy r3 (X) = k0 + k1X + k2

√
X a.s. for any k1, k2, k3 ∈ R; and (ii) r̃3 (U)

does not satisfy r̃3 (U) = 0 a.s. Then, eq.(2.12) does not hold when s = 2, i.e.,

E
(
Y 2 | X = x, Z = z

)
6∈ G(2). (2.14)
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Note that testing H′30 is the special case of testing eq.(2.12) with S = 1. Our

test of H50 can be viewed as a specification test for the structural equation. Since

we impose relatively weak assumptions, the marginal effect m0 (·) is not identified.

To identify m0 (·), we require fairly strong assumptions (see for example, Matzkin,

2007, p.5328). Thus, our test may not have power against all possible alternatives,

although it has power against a particular class of alternatives as shown in the

lemma above. In this sense, our test can be viewed as a falsification test.

Next, we give an example to show that under such general conditions, it is

in fact impossible to design a test that has power against all possible alternatives.

Example 3.22 (Benkard and Berry, 2006; Schennach, White and Chalak, 2008)

Let U ≡ (U1, U2) , where U1 and U2 are independent standard normal random

variables. Suppose U ⊥ X, so that Z has null dimension. It is easy to show that(
X√
X2 + 1

U1 +
1√

X2 + 1
U2

)
⊥ X, (2.15)

since the conditional density of X√
X2+1

U1 + 1√
X2+1

U2 given X = x is standard

normal and does not depend on x. Consequently, testing eq.(2.12) has power equal

to level when

Y =
X√
X2 + 1

U1 +
1√

X2 + 1
U2, (2.16)

since E (Y s|X = x) is constant in x for all s. Thus eq.(2.12) holds; nevertheless,

H50 does not hold for structural equation (2.16). Further, we can see that structural

equation (2.16) is observationally equivalent to

Y = U3, (2.17)

where U3 is a random variable with the same marginal distribution as X√
X2+1

U1 +

1√
X2+1

U2 and independent of X. Thus, using observational data only, we cannot

distinguish between structural equations (2.16) and (2.17).

Below we provide a test statistic for testing :

Hypothesis 5 ′′

H′′50 : Eq.(2.12) holds.

H′′5A : H′′50 is false.
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We write

ε(s) ≡ Y s − EG(s) (Y s) , s = 1, 2, ..., S.

Under H′′50, we have

ε(s) = Y s − E (Y s|X,Z) .

We also write E ≡
(
ε(1), ε(2), ..., ε(S)

)′
. Using Lemma 3.2 with d = 1 + kz, we can

test H′′50 by testing

T50 (λ) ≡ E [E · ϕ (λ0 +Xλ1 + Z ′λ2)] = 0

for all λ ≡ (λ0, λ1, λ2) ∈ Λ, where λ0, λ1 ∈ R, λ2 ∈ Rkz , and ϕ is GCR. As

when testing H′30, we estimate EG(s) (Y s) using series estimators. Specifically, we

approximate each function gs,j (z) with g̃s,j (z) :

g̃s,j (z) ≡
Ks,j∑
k=0

δs,j,k · pk (z) ,

where Ks,j increases with sample size n, {pk (·)} is some collection of basis func-

tions, and {δs,j,k}
Ks,j

k=1 are the corresponding coefficients. Then EG(s) (Y s) is approx-

imated by

ẼG(s) (Y s) ≡
s∑
j=0

xj ·

Ks,j∑
k=0

δs,j,k · pk (z)

 .
We further write

ẼG(s) (Y s) =
[
pKs (x, z)

]′
δKs ,

where

Ks ≡
s∑
j=0

Ks,j,

pKs (x, z) ≡
[
p0 (z) , p1 (z) , ..., pKs,0 (z) , x · p0 (z) , x · p1 (z) , ..., x · pKs,1 (z) ,

..., xs · p0 (z) , xs · p1 (z) , ..., xs · pKs,s (z)]′ ,

and

δKs ≡
[
δs,0,0, δs,0,1, ..., δs,0,Ks,0 , δs,1,0, δs,1,1, ..., δs,1,Ks,1 , ..., δs,s,0, δs,s,1, ..., δs,s,Ks,s

]′
.
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We estimate δKs using δ̂Ks, the OLS estimator. Then the estimator of ε
(s)
i is

ε̂
(s)
i = Y s

i −
[
pKs (x, z)

]′
δ̂Ks .

We write Êi≡
(
ε̂

(1)
i , ε̂

(2)
i , ..., ε̂

(S)
i

)′
. Then a sample analog of T50 (λ) is

T̂5n (λ) ≡ n−1

n∑
i=1

Êi · ϕ (λ0 +Xλ1 + Z ′λ2) .

Let q be a measurable function q : Λ → RS. Then we define the L2 norm

|| · ||ν by

||q||2ν ≡
∫
q (λ)′ q (λ) dν (λ)

Thus, T̂5n (·) is an RS−valued random element of
(
LS2 (Λ,G, ν) , || · ||ν

)
, where

LS2 (Λ,G, ν) ≡
{
q : Λ→ RS : q is measurable and ‖q‖ν <∞

}
.

Our test statistic ÎT 5n is the integrated “squared” T̂5n (λ) :

ÎT 5n ≡
∫

Λ

[
T̂5n (λ)

]′ [
T̂5n (λ)

]
· dν (λ) .

We now impose suitable regularity conditions.

Assumption D.1 For a positive integer S, sup(x,z)∈Θx,z
E
(
Y S|X = x, Z = z

)
<

∞.

Assumption D.2 (a) For every Ks, there is a nonsingular matrix Bs such that the

smallest eigenvalue of E
[[
Bs·pKs (X,Z)

] [
Bs·pKs (X,Z)

]′]
is bounded away from

zero uniformly in Ks ∈ N. (b) There is a sequence of constants ζs (Ks) satisfying

sup(x,z)∈Θx,z

∥∥pKs (x, z)
∥∥ ≤ ζs (Ks) such that (ζs (Ks))

2 (Ks/n)→ 0 as n→∞. (c)

For any g ∈ G(s), there exist δKs
g ∈ R1+s+Ks and positive numbers (a0, a1, a2, .., as)

such that

sup
(x,z)∈Θx,z

∥∥g (x, z)− PKs (x, z)′ δKs
g

∥∥ ≤ O

(
s∑
j=0

K
−aj

s,j

)

as min {Ks,0, ..., Ks,s} → ∞. (d) K/n +
∑s

j=0K
−aj

s,j → 0 as n → ∞. (e) n ·(∑s
j=0K

−2aj

s,j

)
→ 0 as n→∞.
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For primitive conditions ensuring D.2 for power series and B-splines, see

Corollary 15.1 in Li and Racine (2007, p.451).

Theorem 3.23 Suppose Assumptions A.1-4 and D.1-2 hold. Then

(a)
√
n
[
T̂5n (·)− T50 (·)

]
converges weakly to T5∞ (·) in

(
LS2 (Λ,G, ν) , ‖·‖ν

)
,

where T5∞ (·) is an RS-valued zero mean Gaussian process on Λ with covariance

(kernel) function given by

cov [T5∞ (λ) , T5∞ (λ′)] = E [κ5 (X, Y, Z;λ) , κ5 (X, Y, Z;λ′)]

where

κ5 (X, Y, Z, λ) =
[Y − EG(1) (Y )] · [ϕ (λ0 +Xλ1 + Z ′λ2)− EG(1) [ϕ (λ0 +Xλ1 + Z ′λ2)]]

[Y 2 − EG(2) (Y 2)] · [ϕ (λ0 +Xλ1 + Z ′λ2)− EG(2) [ϕ (λ0 +Xλ1 + Z ′λ2)]]

...[
Y S − EG(S)

(
Y S
)]
· [ϕ (λ0 +Xλ1 + Z ′λ2)− EG(S) [ϕ (λ0 +Xλ1 + Z ′λ2)]]

 .

(b) Under H′′50,
√
nT̂5n (·) converges weakly to T5∞ (·) in

(
LS2 (Λ,G, ν) , ‖·‖ν

)
and n · ÎT 5n converges to

∫
Λ

[T5∞ (λ)]′ [T5∞ (λ)] · dν (λ) in distribution.

Similar to testing H30, we define local alternatives as

H′′5a : Y = r (X,U) +
r̃ (X,U)√

n
,

such that E [r (X,U)s|X = x, Z = z] ∈ G(s) for s = 1, ..., S and E[r (X,U)s|
X = x, Z = z] 6∈ G(s) for s = 1, ..., S.

Theorem 3.24 Suppose Assumptions A.1-4 and D.1-2 hold. Then

(a) Under H′′5a,
√
nT̂5n (·) converges weakly to T̃5∞ (·) ≡ T5∞ (·) +C50 (·) in(

LS2 (Λ,G, ν) , ‖·‖ν
)
, where

C50 (λ) =

E


[r̃ (X,U)− EG(1) [r̃ (X,U)]]

...

[r̃ (X,U)− EG(s) [r̃ (X,U)]]

 · ϕ (λ0 +Xλ1 + Z ′λ2)

 ,
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and C50 (λ) 6= 0 for ν−almost all λ ∈ Λ. n · ÎT 5n converges weakly to∫
[T5∞ (λ) + C50 (λ)]′ [T5∞ (λ) + C50 (λ)] · dν (λ) .

(b) Under H′′5A, for any nonstochastic scalar sequence {kn} = o (
√
n) ,

Pr
[∣∣∣√nT̂5n,s (λ)

∣∣∣ > kn

]
→ 1

for ν−almost all λ ∈ Λ and all s = 1, ..., S, where T̂5n,s (λ) is the sth element of

T̂5n,s (λ) ; and

Pr
[
n · ÎT 5n > k2

n

]
→ 1.

We use a wild bootstrap similar to that for testing H′30 to obtain critical

values.

Algorithm 3.25 (Wild bootstrap)

Step 1: Let B be a large integer. For k = 1, ..., B, generate bootstrap

residuals ε∗(k) ≡
(
ε
∗(k)
1 , ..., ε

∗(k)
n

)
as

ε
∗(k)
i =


1
2

(
1−
√

5
)
ε̂i with probability

(
1 +
√

5
)/ (

2
√

5
)

1
2

(
1 +
√

5
)
ε̂i with probability

(√
5− 1

)/ (
2
√

5
) , i = 1, ..., n.

For s = 1, ..., S, generate Y s∗(k) ≡
(
Y s∗(k)

1 , ..., Y s∗(k)

n

)
according to H′′50 as

Y s∗(k)

i =
[
pKs (x, z)

]′
δ̂Ks + ε

(s)∗(k)

i , i = 1, ..., n.

Then the kth wild bootstrap sample is
{
Xi,Zi,Y

1∗(k)

i , Y 2∗(k)

i , ..., Y S∗(k)

i

}n
i=1

.

Step 2: For k = 1, ..., B, compute T̂5n (λ) using the kth wild bootstrap

sample and denote this T̂
∗(k)
5n (λ) .

Step 3: The wild bootstrap asymptotic null distribution is given by:

F ∗5n (x) =
1

B

B∑
k=1

1

{
n

[∫
Λ

[
T̂ ∗(k)

5n. (λ)
]′ [
T̂ ∗(k)

5n (λ)
]
· dν (λ)

]
≤ x

}
,

and the 100× (1− α) % wild bootstrap quantile is given by:

c∗5n,1−α = inf {x : F ∗5n (x) ≥ 1− α} .
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Theorem 3.26 Suppose Assumptions A.1-4, and D.1-2 hold. Let F5,∞ (·) denote

the CDF of
∫

Λ
[T5∞ (λ)]′ [T5∞ (λ)] · dν (λ) . Let x be a continuity point of F5,∞ (·).

Then F ∗5n (x) converges to F5,∞ (x) in probability.

2.3.7 Testing H60 : heterogeneity of the marginal effect

Testing H60 is equivalent to testing the separability of r, as shown in the

next lemma.

Lemma 3.27 Suppose A.1 holds. Then H60 is equivalent to:

Hypothesis 6 ′

H′60 : There exist measurable functions r4 and r5 such that

r (X,U) = r4 (X) + r5 (U) a.s. and r4 (.) is continuously differentiable.

The next lemma shows that we can recover a function of U under H60,

providing a testable restriction.

Lemma 3.28 Suppose A.1 and A.2 hold, and let V ≡ Y − E (Y | X,Z) . Then

(a) under H60,

V ⊥ X | Z, (2.18)

(b) Suppose that under H6A,

Y = r (X,U) = r4(X) + r5 (U) + r6 (X) · r̃6 (U) , (2.19)

where r4, r5, r6 and r̃6 are unknown measurable functions such that (i) r6 does not

satisfy r6 (X) = k1 a.s. for any k1 ∈ R; (ii) r̃6 does not satisfy r̃5 (U) = k2 a.s.

for any k2 ∈ R; and (iii) r̃6 (U) is not measurable with respect to the sigma-field

generated by Z. Then

V 6⊥ X | Z.

(c) Suppose A.1 holds with ku = 1 (i.e., the dimension of U is one). Fur-

ther, suppose that A.2 holds with X ⊥ U (i.e., Z has null dimension). Then H60

holds if and only if

V ⊥ X,
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where V = Y − E (Y | X) .

Similar to testing H50, this is a falsification test, as testing V ⊥ X | Z may

not have power against all possible alternatives. Example 3.22 pertains here as

well, as the structural equation (2.16) is nonseparable, but V ⊥ X | Z nevertheless

holds. The reason is the same; with observational data only, we cannot distinguish

the structural equations (2.16) and (2.17).

Next, we provide a test for:

Hypothesis 6 ′′

H′′60 : Eq.(2.18) holds.

H′′6A : H′′60 is false.

Note that we can estimate V consistently; thus V ⊥ X | Z is testable. To test

this, we apply a flexible test recently developed by Huang (2009). As Huang and

White (2009) shows, testing V ⊥ X | Z is equivalent to testing T60 (λ) = 0 for

ν−almost all λ ∈ Λ, where

T60 (λ) ≡
∫

[ϕ (λ0 + vλ1 + xλ2 + z′λ3) · f (z) · f (v, x, z)] · dv · dx · dz

−
∫

[ϕ (λ0 + vλ1 + xλ2 + z′λ3) · f (x, z) · f (v, z)] · dv · dx · dz;

f (v, x, z) and f (v, z) are the densities of (V,X,Z) and (V, Z) respectively; λ ≡
(λ0, λ1, λ2) , λ0, λ1, λ2 ∈ R, λ3 ∈ Rkz , and ϕ is GCR. A sample analog of T60 (λ) is

T̃6n (λ) :

T̃6n (λ) =
1

n (n− 1)

n∑
i=1

n∑
j=1,j 6=i

{
1

hdz
Kz

(
Zi − Zj

h

)
·[

ϕ (λ0 + V ′i λ1 +X ′iλ2 + Z ′iλ3)− ϕ
(
λ0 + V ′i λ1 +X ′jλ2 + Z ′iλ3

)]}
,

where Kz

(
Zi−z
h

)
is as in eq.(2.10). Since we do not know the true V ’s, T̃6n (λ) is

infeasible and Huang and White’s (2009) results are not directly applicable. Thus,

we propose a feasible estimator that replaces Vi with an estimator,

V̂i = Yi − µ̂ (Xi, Zi) ,
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where µ̂ (x, z) is the Nadaraya-Watson (NW) estimator:

µ̂ (Xi, Zi) =

∑n
j=1 K

(
Xj−Xi

h

)
Kz

(
Zj−Zi

h

)
Yj∑n

j=1 K
(
Xj−Xi

h

)
Kz

(
Zj−Zi

h

) .

Our feasible estimator of T60 (λ) is T̂6n (λ) :

T̂6n (λ) ≡ 1

n (n− 1)

n∑
i=1

n∑
j=1,j 6=i

{
1

hkz
Kz

(
Zi − Zj

h

)
·[

ϕ
(
λ0 + V̂ ′i λ1 +X ′iλ2 + Z ′iλ3

)
− ϕ

(
λ0 + V̂ ′i λ1 +X ′jλ2 + Z ′iλ3

)]}
.

We view T̂6n (·) as a random element in the metric space (C (Λ) , ‖·‖∞) ,

where C (Λ) is the class of continuous functions on Λ and ‖·‖∞ is the uniform

norm, as before. Our test statistic is the integrated squared T̂6n (λ) :

ÎT 6n ≡
∫

Λ

[
T̂6n (λ)

]2

dν (λ) .

To analyze ÎT 6n, we impose regularity conditions to accommodate the pres-

ence of V̂ .

Assumption E.1 (Kernel) The Kernel K : R → R is symmetric, bounded, and

vanishes outside a compact set. K is a kernel of order s, s.t.
∫

K (u) du = 1,∫
ujK (u) du = 0, j = 2, .., s− 1 and

∫
usK (u) du <∞.

Assumption E.2 (Density) f (x, z) is continuously differentiable of order s with

respect to both x and z. The derivatives of f (x, z) of order s are Lipschitz and

bounded. All partial derivatives of f (v, x) , f (v, z) , and f (v, x, z) with respect to

z of order s exist.

Assumption E.3 (Bandwidth) As n→∞, hn → 0,
√
nhsn → 0 and

√
nh1+kz

n

/ ln (n)→∞.

Theorem 3.29 Suppose A.1-A.4 and E.1-E.3 hold. Then

(a)
√
n
[
T̂6n (·)− T60 (·)

]
converges weakly to T6∞ (·) in (C (Λ) , ‖·‖∞) , where

T6∞ (·) is a zero mean Gaussian process on Λ with covariance (kernel) function
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given by

cov [T6∞ (λ) , T6∞ (λ′)] = cov [κ6 (X, V, Z, λ) , κ6 (X, V, Z, λ)] ,

where

κ6 (x, v, z, λ) = κ61 (x, v, z, λ) + κ62 (x, v, z, λ) ,

κ61 (x, v, z, λ) = ϕ (λ0 + vλ1 + xλ2 + z′λ3) · f (z)

+

∫
ϕ (λ0 + vλ1 + xλ2 + z′λ3) · f (v, x, z) · dv · dx

−
∫

[ϕ (λ0 + vλ1 + xλ2 + z′λ3) · f (x, z)] · dx

−
∫

[ϕ (λ0 + vλ1 + xλ2 + z′λ3) · f (v, z)] · dv,

and

κ62 (x, v, z, λ)

= λ1 · v ·
[
f (z)

f (x, z)

[∫
ϕ′ (λ0 + v′λ1 + x′λ2 + z′λ3) · f (v, x, z) · dv

]
−

1

f (x, z)

[∫ [∫
ϕ′ (λ0 + v′λ1 + x′λ2 + z′λ3) · f (x, z) · dx

]
· f (v, x, z) · dv

]]
.

(b) Under H′′60,
√
nT̂6n (·) converges weakly to T6∞ (·) in (C (Λ) , ‖·‖∞) and

n · ÎT 6n converges to
∫

Λ
[T6∞ (λ)]2 dν (λ) in distribution.

Comparing this to the results of Huang and White (2009), we see that our

asymptotic covariance has an extra term, κ62 (x, v, z, λ) , due to the estimation of

V.

We define local alternatives as

H′′6a : Y = r (X,U) +
r̃ (X,U)√

n
,

such that V ⊥ X | Z, where now V ≡ r (X,U)− E [r (X,U) |X,Z] , and Ṽ 6⊥ X |
Z, where Ṽ ≡ r̃ (X,U) − E [r̃ (X,U) |X,Z] . The next theorem shows the test’s

asymptotic behavior under both local and global alternatives. We let f (ṽ, x, z)

and f (ṽ, z) denote the densities of (Ṽ , X, Z) and (Ṽ , Z) respectively.
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Theorem 3.30 Suppose Assumptions A.1-4 and E.1-3 hold. Then

(a) Under H′′6a,
√
nT̂6n (·) converges weakly to T̃6∞ (·) ≡ T6∞ (·) +C60 (·) in

(C (Λ) , ‖·‖∞), where

C60 (λ) ≡
∫

[ϕ (λ0 + ṽλ1 + xλ2 + z′λ3) · f (z) · f (ṽ, x, z)] · dṽ · dx · dz

−
∫

[ϕ (λ0 + ṽλ1 + xλ2 + z′λ3) · f (x, z) · f (ṽ, z)] · dṽ · dx · dz,

and C60 (λ) 6= 0 for ν−almost all λ ∈ Λ. n · ÎT 6n converges weakly to
∫

[T6∞ (λ)

+ C60 (λ)]2 · dν (λ) .

(b) Under H′′6A, for any nonstochastic scalar sequence {kn} = o (
√
n) ,

Pr
[∣∣∣√nT̂6n (λ)

∣∣∣ > kn

]
→ 1

for ν−almost all λ ∈ Λ and

Pr
[
n · ÎT 6n > k2

n

]
→ 1.

We use subsampling to obtain critical values, as when testing H10 and H20.

The algorithm is identical to that for testing H10:

Algorithm 3.31 Identical to Algorithm 3.7, replacing T̂1n (λ) , T̂ ∗(k)
1n,b. (λ) , F ∗1n,b (x) ,

and c∗1n,b,1−α with T̂6n (λ) , T̂ ∗(k)
6n,b (λ) , F ∗6n,b (x) , and c∗6n,b,1−α, respectively.

Theorem 3.32 Suppose Assumptions A.1-4 and E.1-3 hold, and that b/n→ 0 and

b→∞ as n→∞. Let F6,∞ (·) denote the CDF of
∫

[T6∞ (λ)]2 · dν (λ) . Let x be

a continuity point of F6,∞ (·). Then F ∗6n,b (x) converges to F6,∞ (x) in probability.

2.3.8 Implementing the tests

To implement these tests, we must choose λ from a compact set Λ with

measure ν. We must also choose the tuning parameters, i.e., the bandwidth for

kernel estimators and the number of terms for series estimators. Providing formal

analysis of these choices is beyond the scope of this paper. Nevertheless, we provide

some practical guidance.
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First, although as stated in Lemma 3.2, choosing λ from any compact set

Λ delivers a consistent test, finite sample performance depends on the choice of Λ.

As argued in White (2006) and Huang and White (2009), we should choose λ to

avoid
∣∣λ0 + X ′ · λ1

∣∣ too large or too small. For example, let ϕ be a normal density

function. Then ϕ (u) is close to zero if |u| is too large and close to linear if |u| is

too small.

We choose ν to be the uniform probability measure; in the closely related

specification testing literature, Boning and Sowell (1999) have shown that this

measure is optimal. Specifically, as suggested in Huang and White (2009), we

choose λ as:

λ0 ∼ uniform (λ∗0 − 0.5, λ∗0 + 0.5)

λ1 ∼ uniform (λ∗1 − 0.5, λ∗1 + 0.5) , (2.20)

where

λ∗0 = 1−
[
X̄1

std (X1)
+ ...+

X̄d
std (Xd)

]
λ∗1 =

[
X̄1

std (X1)
, ...,

X̄d
std (Xd)

]′
,

with X̄1, ..., X̄d the sample averages and std (X1) , ..., std (Xd) the sample standard

deviations of X1, ...,Xd, respectively.

Second, for the tuning parameters, we follow the method proposed by Newey

(1994). The first step is to start at a value obtained by cross-validation (minimiz-

ing the asymptotic mean square error of the (kernel or series) estimator of the

conditional mean function). The second step is to decrease the bandwidth (or

increase the number of series terms) until the test statistics do not change much.

Next, we have so far required that the conditioning variables Z be contin-

uous. Nevertheless, in applications, Z may be discrete. Discrete Z does not cause

any difficulty in testing H10 and H20. We can simply replace the integral with the

summation in the test statistics. To test H30−H60, one can stratify the sample by

each distinct discrete outcome of Z and obtain the test statistics with each cell.

More sophisticated methods can also be applied, such as smoothing the discrete

variables; see, for example, Li and Racine (2003) and Huang and White (2009).
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Finally, numerical integration is required to compute the test statistics.

There are many applicable methods. For low dimension cases, we apply Gaussian

quadrature; we apply Monte Carlo integration in higher dimensions.

2.4 Monte Carlo Simulations

In this section, we examine the finite sample performance of our test statis-

tics. We first consider DGP 1:

Null (DGP 1.0) : Y = 1 +X + U1

Alternative (DGP 1.1) : Y = 1 +X + U1 + U2 ·
[
X +X2 − cos (πX)

]
where

X = Z + Z2 + εx with X truncated to [−2, 2] ; U1 = Z + 0.5ε1;

U2 = 1 + Z + 0.5ε2; Z ∼ N (0, 1) truncated to [−2, 2] ; εx, ε1,ε2 ∼ N (0, 1) .

By design, DGP 1.0 satisfies H10−H60 and DGP 1.1 satisfies H1A−H6A. We

use a sixth order quartic kernel for kernel estimators and piece-wise cubic splines

as basis functions for the series estimators. The GCR function ϕ is the standard

normal density. The sample size is n = 200. The number of random draws

for subsampling and the bootstrap is B = 200. For subsampling, we consider

subsample size b = 40 or b = 80. The number of Monte-Carlo replications is

M = 200.

We choose a relatively large range of bandwidths or number of series terms

to examine whether performance is sensitive to these. The choice of λ follows

eq.(2.20). We analyzed the use of subsampling for testing H10, H20, and H60 and

the wild bootstrap for testing H03, H40, and H50. As a comparison, we also use the

nonparametric bootstrap to simulate the null distributions in each case.

The simulation results appear in Tables 2.1 to 2.6. For H10 and H20, we see

that the levels are slightly low, especially when bandwidth is small. Test power is

nevertheless good. For H30, the level is again a bit low. Power is in a reasonable

range. For H40, we use the method developed by Li, Hsiao, and Zinn (2003). Both
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the level and power are good. For H50, the level is close to the nominal level,

but the power seems somewhat low. Lemma 2.1 implies that if we reject H30, we

should also reject H50. Thus, for this example, testing H50 with S = 2 appears to

be dominated by testing H30. For H60, the level is slightly low and the power is

reasonable.

For this DGP and for each null, the performance of the nonparametric

bootstrap is similar to that of subsampling or the wild bootstrap.

Next, we consider DGP 2:

Null (DGP 2.0) : Y = X + U

Alternative (DGP 2.1) : Y = X + U + U ·
(
X +X2

)
,

where

X = 0.5 · Z + 2 · εx with X truncated to [−2, 2] ;

U = 0.5 · Z +
√
Z + 2 + 0.5 · ε1;

Z ∼ N (0, 1) truncated by [−2, 2] , εx, ε1 ∼ N (0, 1) .

For this DGP, test performance is also good. The results appear in Tables

2.7 to 2.12. The levels behave reasonably. Compared with DGP 1, the powers

against H3A, H5A, and H6A are better. The powers against H1A, H2A, and H4A are

worse, but they are all in reasonable ranges. We also note that for H10 and H20,

the nonparametric bootstrap outperforms subsampling.

Finally, to further examine the power of the tests, we consider an alternative

DGP similar to DGP 2.1:

Alternative (DGP 2.1′) : Y = X + U + 0.3 · U ·
(
X +X2

)
DGP 2.1′ is identical to DGP 2.1, except that the coefficient on the nonseparable

term U · (X +X2) is smaller. Thus, compared with DGP 2.1, DGP 2.1′ is closer

to the null. The results for testing DGP 2.1′ appear in Tables 2.13 to 2.18. We

first let the sample size be n = 200, as before. Not surprisingly, the powers of

the tests deteriorate. In fact, for H10 and H20, the power becomes trivial when

the bandwidth is small. Increasing the sample size to n = 500 yields power values

comparable to those seen for DGP 2.1.
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2.5 Illustrative Applications

2.5.1 Application 1: interest rate elasticities for loan de-

mand

We apply our testing methods to the dataset in Karlan and Zinman (2008),

who estimate interest rate elasticities for loan demand in South Africa. Specifically,

we let Y = ln (loan size) and X = ln (monthly interest rate). U represents other

(unobserved) drivers of loan demand. Thus, we analyze the nonseparable structural

equation

ln (loan size) = r(ln (monthly interest rate) , U).

We let Z be a client’s pre-approved risk category, i.e., Z is discrete, such that:

Zi =


1 if client i is low risk

2 if client i is medium risk

3 if client i is high risk.

.

An important feature of this dataset is that interest rates are randomized, stratified

by the client’s risk category (for details, see Karlan and Zinman, 2008, p.1045).

Thus, the conditional exogeneity assumption (A.2) holds by the randomized ex-

perimental design, i.e., X ⊥ U | Z. The sample size for this study is 2,325. The

numbers of low, medium and high risk clients are 641, 459, and 1225, respectively.

In this context, β0 (x) measures the local average interest rate elasticities

at x of those who are assigned interest rate x. γ0 (x) measures the average interest

rate elasticities at x over the whole population. We first estimate β0 (x) and γ0 (x)

for different choices of bandwidth; the results are shown in Figure 2.1. It appears

that neither β0 (x) nor γ0 (x) varies much with x.

We test H10 and H20 formally using our new methods. In this application,

H10 means that on average, the interest rate elasticities of those who are assigned

interest rate x do not depend on x. H20 means that the average interest elasticities

are constant. It turns out that we fail to reject both H10 and H20. The results

appear in Table 2.19.
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Next, we test H30 and H40 for θ0 (x, z) . In this context, θ0 (x, z) is the

average interest rate elasticity over a subpopulation with the same risk level (Z =

1, 2, or 3). H30 says the average elasticities are constant for any given subpopulation

with the same risk level. H40 says for a given interest rate, the average elasticities

do not vary with risk level. Since Z is categorical, we conduct the tests for the

three different subpopulations (i.e. for Z = 1, 2 and 3) as discussed in section

3.8. We fail to reject H30 and H40 for all three subpopulations. The results are

presented in Table 2.20.

Finally, we test H50 and H60 for m0 (x, u) . Here, m0 (x, u) measures the

individual interest rate elasticity of loan demand. H50 says that for each individ-

ual, the interest rate elasticity is constant, given U = u. H60 says that for each

individual, the interest rate elasticity does not depend on any factors other than

interest rates. We conduct the test for each of the three subpopulations. We reject

H50 for the high risk subpopulation but fail to reject H50 for the low and medium

risk subpopulations. We fail to reject H60 for all three subpopulations. The results

are reported in Table 2.21.

In summary, we find that individual interest rate elasticities depend on the

interest rate for the high risk subpopulation. But we do not have evidence show-

ing that various average elasticities depend on interest rate. This is in general

consistent with Karlan and Zinman’s (2008) finding that “loan size is far more re-

sponsive to changes in loan maturity than to changes in interest rates.” Also, there

is no evidence showing that interest rate elasticities are subject to subpopulation

or unobservable heterogeneity.

2.5.2 Application 2: returns to education

There is a large literature on returns to education. Nevertheless, to the best

of our knowledge, researchers have as yet not considered the use of nonseparable

specifications. If separability fails, standard inferences become suspect. Accord-

ingly, we apply our new tests to this well-known example.

Specifically, we let Y = ln (hourly wage), X = ln (years of schooling) , and
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we let U be other unobservable drivers of wage, for example, unobservable ability.

We consider the nonseparable structural equation

ln (hourly wage) = r [ln (years of schooling) , U ] .

It is well known that schooling is endogenous, since it may be correlated

with unobservable ability. We use the IQ test score as a proxy for ability (Griliches,

1977). We also control for working experience. That is, we let Z = (IQ test score,

working experience). Then it is plausible that X ⊥ U | Z. In fact, Huang and

White (2009) conducts a formal test of this assumption and fails to reject.

We use a sample similar to that of Huang and White (2009). The sample

is drawn from the National Longitudinal Survey of Youth 1979 (NLSY79), survey

year 2000. We restrict the sample to white males. The sample size is n = 1,400.

The age-adjusted standardized AFQT for year 1980 is used as the IQ test score.

In this context, β0 (x) is the average effect of education on wage for those

who choose x years of schooling. γ0 (x) measures the average effect of education

on wage at x for the whole population. We first estimate β0 (x) and γ0 (x) . The

results appear in Figure 2.2. It appears that both β0 (x) and γ0 (x) are decreasing

functions of x. Our formal tests reject both H10 and H20; the results are reported

in Table 2.22. This suggests that both the local average responses and the average

marginal effects of education depend on the level of education.

Next, we testH30 andH40 for θ0 (x, z) .Here, θ0 (x, z) is the average marginal

effect of one additional year of schooling for the subpopulation with a given IQ

test score. Our formal tests reject H30 at least at the 10% significance level. This

suggests that for a subpopulation with a given IQ test score, the average effect

of education on wage depends on the level of education. Our test fails to reject

H40. This means that we fail to reject the hypothesis that the average effect of

education is the same across subpopulations with different IQ test scores.

Finally, we test H50 and H60 for m0 (x, u) . Here, m0 (x, u) measures the

individual marginal effect of one additional year of schooling. We fail to reject

H50. This seems to suggest that individual effects of education do not depend on

the level of education, contradicting the test results for H30, as H50 implies H30.
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This could well be due to the low power of the specific test for H50, as we saw

in our simulations for DGP 1. On the other hand, we reject H60, at least at the

10% significance level. This means that the marginal effects of education depend

on unobservables, such as ability. This rejects separability, a substantive finding

that suggests that previous studies, which typically assume separability, may suffer

from model misspecification, with consequent adverse implications for estimation

and inference.

In summary, we find that various average effects of education depend on

the level of education. We also find that marginal effects of education depend on

unobservable causes, such as ability. Our results suggest that the structural equa-

tion linking education and wages is nonseparable, implying interactions between

observable and unobservable drivers of wage.

2.6 Summary and Concluding Remarks

In this paper, we propose a battery of nonparametric tests for treatment

dependence and heterogeneity of various policy-relevant effects in nonseparable

structural equations. Our tests are easy to implement, yet powerful: they detect

local alternatives that converge to the null at the parametric rate n−1/2. We il-

lustrate with studies of interest rate elasticities for loan demand and returns to

education.

There are many interesting topics for further research. First, there are many

other structural effect features that have significant policy implications, besides

treatment dependence and heterogeneity. Prominent examples are, for instance,

monotonicity and concavity. Second, if we reject either the absence of treatment

dependence or heterogeneity, it is of interest to investigate where the effects are

most effective and to analyze explicitly how to allocate limited resources given

policymakers’ objectives. Third, we provide some practical guidance about how

to choose the bandwidth (h) for kernel estimators, the number of terms (K) for

series estimators, and the compact set (Λ) for the nuisance parameter (λ). It is of

considerable interest to provide formal justifications, e.g., in terms of test power,
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Table 2.1: H10 (DGP 1, n=200, nominal level=0.05)

bandwidth (h) 1.0 1.2 1.4 1.6 1.8 2.0
Panel A: Rejection frequencies (null DGP 1.0)

b = 40 0.000 0.005 0.015 0.035 0.040 0.040
b = 80 0.000 0.005 0.025 0.030 0.025 0.030

bootstrap 0.000 0.015 0.020 0.035 0.035 0.040
Panel B: Rejection frequencies (alternative DGP 1.1)
b = 40 0.800 0.990 1.000 1.000 1.000 1.000
b = 80 0.895 1.000 1.000 1.000 1.000 1.000

bootstrap 0.935 1.000 1.000 1.000 1.000 1.000

Note 1: We let x = −1 and x̄ = 1.
Note 2: The bandwidths selected by cross-validation for DGP 1.0 and 1.1 are
around 2.2 and 1.9 respectively.

Table 2.2: H20 (DGP 1, n=200, nominal level=0.05)

bandwidth (h) 1.0 1.2 1.4 1.6 1.8 2.0
Panel A: Rejection frequencies (null DGP 1.0)

b = 40 0.005 0.005 0.010 0.015 0.015 0.025
b = 80 0.010 0.000 0.010 0.010 0.020 0.015

bootstrap 0.005 0.005 0.005 0.010 0.015 0.025
Panel B: Rejection frequencies (alternative DGP 1.1)
b = 40 0.940 0.980 0.975 0.985 0.980 0.965
b = 80 0.925 0.980 0.995 0.995 0.980 0.970

bootstrap 0.940 0.965 0.990 0.990 0.980 0.965
Notes: See notes to Table 2.1.

for the choice of these meta-parameters.

2.7 Tables and Figures
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Table 2.3: H30 (DGP 1, n=200, nominal level=0.05)

series terms (K) 8 10 12 14 16 18 20
Panel A: Rejection frequencies (null DGP 1.0)

wild bootstrap 0.070 0.065 0.070 0.065 0.055 0.075 0.070
bootstrap 0.075 0.085 0.065 0.070 0.065 0.080 0.075

Panel B: Rejection frequencies (alternative DGP 1.1)
wild bootstrap 0.780 0.720 0.725 0.720 0.735 0.760 0.740

bootstrap 0.755 0.715 0.750 0.740 0.760 0.755 0.760

Note: For the piece-wise cubic spline regressions, the basis functions are
{1, z, z2, z3,max[(z − ζ1)3, 0],max[(z − ζ2)3, 0]...,max[(z − ζJ)3, 0]}, where
(ζ1, ζ2, ..., ζJ) is a set of given knots. We start with J = 0, then increase
J by one each time.

Table 2.4: H40 (DGP 1, n=200, nominal level=0.05)

series terms (K) 7 9 11 13 15 17 19
Panel A: Rejection frequencies (null DGP 1.0)

wild bootstrap 0.035 0.055 0.050 0.040 0.050 0.045 0.045
bootstrap 0.035 0.055 0.050 0.045 0.040 0.050 0.050

Panel B: Rejection frequencies (alternative DGP 1.1)
wild bootstrap 0.995 0.985 0.980 0.975 0.970 0.965 0.970

bootstrap 0.995 0.995 0.980 0.970 0.970 0.970 0.970
Note: See note to Table 2.3.

Table 2.5: H50 (DGP 1, n=200, nominal level=0.05)

series terms (K) 12 15 18 21 24 27 30
Panel A: Rejection frequencies (null DGP 1.0)

wild bootstrap 0.055 0.030 0.055 0.055 0.065 0.080 0.090
bootstrap 0.045 0.025 0.035 0.040 0.050 0.065 0.045

Panel B: Rejection frequencies (alternative DGP 1.1)
wild bootstrap 0.460 0.350 0.465 0.445 0.475 0.520 0.570

bootstrap 0.400 0.305 0.405 0.425 0.450 0.455 0.480
Note 1: We let S = 2 in eq.(2.12). Note 2: See note to Table 2.3.
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Table 2.6: H60 (DGP 1, n=200, nominal level=0.05)

bandwidth (h) 1.0 1.2 1.4 1.6 1.8 2.0
Panel A: Rejection frequencies (null DGP 1.0)

b = 40 0.030 0.015 0.015 0.020 0.005 0.010
b = 80 0.015 0.010 0.015 0.035 0.015 0.025

bootstrap 0.005 0.005 0.015 0.025 0.025 0.015
Panel B: Rejection frequencies (alternative DGP 1.1)
b = 40 0.690 0.670 0.695 0.690 0.670 0.660
b = 80 0.690 0.685 0.710 0.670 0.700 0.690

bootstrap 0.580 0.610 0.670 0.700 0.705 0.695
Note: See Note 2 in Table 2.1.

Table 2.7: H10 (DGP 2, n=200, nominal level=0.05)

bandwidth (h) 2.0 2.2 2.4 2.6 2.8 3.0
Panel A: Rejection frequencies (null DGP 2.0)

b = 40 0.045 0.060 0.075 0.095 0.115 0.150
b = 80 0.025 0.045 0.085 0.100 0.100 0.110

bootstrap 0.030 0.035 0.060 0.065 0.055 0.050
Panel B: Rejection frequencies (alternative DGP 2.1)
b = 40 0.840 0.935 0.990 1.000 1.000 1.000
b = 80 0.905 0.980 0.990 1.000 1.000 1.000

bootstrap 0.940 0.990 1.000 1.000 1.000 1.000

Note 1: See Note 1 to Table 2.1.
Note 2: The bandwidths selected by cross-validation for
DGP 2.0 and 2.1 are around 2.9 and 2.4 respectively.

Table 2.8: H20 (DGP 2, n=200, nominal level=0.05)

bandwidth (h) 2.0 2.2 2.4 2.6 2.8 3.0
Panel A: Rejection frequencies (null DGP 2.0)

b = 40 0.020 0.015 0.035 0.050 0.085 0.115
b = 80 0.025 0.030 0.040 0.050 0.080 0.070

bootstrap 0.030 0.035 0.040 0.045 0.055 0.045
Panel B: Rejection frequencies (alternative DGP 2.1)
b = 40 0.505 0.715 0.925 0.990 1..000 0.995
b = 80 0.700 0.830 0.960 0.995 1.000 0.995

bootstrap 0.850 0.960 0.990 1.000 1.000 1.000
Notes: See notes to Table 2.7.
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Table 2.9: H30 (DGP 2, n=200, nominal level=0.05)

series terms (K) 8 10 12 14 16 18 20
Panel A: Rejection frequencies (null DGP 2.0)

wild bootstrap 0.060 0.060 0.065 0.070 0.075 0.065 0.075
bootstrap 0.070 0.075 0.075 0.085 0.085 0.095 0.085

Panel B: Rejection frequencies (alternative DGP 2.1)
wild bootstrap 0.905 0.900 0.895 0.915 0.910 0.910 0.900

bootstrap 0.880 0.885 0.895 0.905 0.900 0.895 0.900
Note: See note to Table 2.3.

Table 2.10: H40 (DGP 2, n=200, nominal level=0.05)

series terms (K) 7 9 11 13 15 17 19
Panel A: Rejection frequencies (null DGP 2.0)

wild bootstrap 0.045 0.050 0.050 0.060 0.055 0.050 0.050
bootstrap 0.040 0.040 0.045 0.045 0.045 0.055 0.060

Panel B: Rejection frequencies (alternative DGP 2.1)
wild bootstrap 0.505 0.525 0.520 0.515 0.515 0.510 0.500

bootstrap 0.515 0.530 0.505 0.530 0.525 0.535 0.545
Note: See note to Table 2.3.

Table 2.11: H50 (DGP 2, n=200, nominal level=0.05)

series terms (K) 12 15 18 21 24 27 30
Panel A: Rejection frequencies (null DGP 2.0)

wild bootstrap 0.065 0.070 0.080 0.065 0.070 0.090 0.100
bootstrap 0.060 0.070 0.080 0.050 0.060 0.065 0.070

Panel B: Rejection frequencies (alternative DGP 2.1)
wild bootstrap 0.860 0.850 0.875 0.880 0.885 0.920 0.925

bootstrap 0.825 0.850 0.875 0.870 0.900 0.895 0.900
Note: See notes to Table 2.5.
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Table 2.12: H60 (DGP 2, n=200, nominal level=0.05)

bandwidth (h) 2.0 2.2 2.4 2.6 2.8 3.0
Panel A: Rejection frequencies (DGP 2.0)

b = 40 0.010 0.015 0.015 0.020 0.020 0.030
b = 80 0.020 0.030 0.020 0.020 0.030 0.030

bootstrap 0.025 0.040 0.035 0.040 0.045 0.050
Panel B: Rejection frequencies (DGP 2.1)

b = 40 0.985 0.985 0.990 0.990 0.995 1.000
b = 80 0.990 0.990 0.995 0.990 0.995 1.000

bootstrap 0.985 0.990 0.995 1.000 1.000 1.000
Note: See Note 2 in Table 2.1.

Table 2.13: H10 (alternative DGP 2.1′, nominal level=0.05)

bandwidth (h) 1.6 1.8 2.0 2.2 2.4 2.6
Panel A: Rejection frequencies (n=200)

b = 40 0.215 0.280 0.425 0.525 0.675 0.820
b = 80 0.265 0.355 0.455 0.545 0.665 0.770

bootstrap 0.315 0.385 0.485 0.550 0.670 0.760
Panel B: Rejection frequencies (n=500)

b = 100 0.645 0.695 0.765 0.880 0.970 1.000
b = 200 0.675 0.730 0.800 0.900 0.965 0.995

bootstrap 0.715 0.730 0.820 0.905 0.980 0.995

Note 1: See Note 1 to Table 2.1.
Note 2: The bandwidths selected by cross-validation are
2.6 and 2.2 for n = 200 and n = 500, respectively.

Table 2.14: H20 (alternative DGP 2.1′, nominal level=0.05)

bandwidth (h) 1.6 1.8 2.0 2.2 2.4 2.6
Panel A: Rejection frequencies (n=200)

b = 40 0.040 0.100 0.175 0.295 0.490 0.665
b = 80 0.080 0.170 0.260 0.365 0.505 0.660

bootstrap 0.170 0.230 0.340 0.445 0.590 0.670
Panel B: Rejection frequencies (n=500)

b = 100 0.485 0.505 0.650 0.800 0.965 0.995
b = 200 0.565 0.630 0.745 0.835 0.970 0.990

bootstrap 0.635 0.695 0.785 0.865 0.975 0.985
Notes: See notes to Table 2.13.
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Table 2.15: H30 (alternative DGP 2.1′, nominal level=0.05)

series terms (K) 8 10 12 14 16 18 20
Panel A:Rejection frequencies (n=200)

wild bootstrap 0.535 0.530 0.505 0.530 0.550 0.545 0.565
bootstrap 0.520 0.515 0.520 0.515 0.560 0.545 0.570

Panel B: Rejection frequencies (n=500)
wild bootstrap 0.970 0.970 0.975 0.975 0.980 0.975 0.975

bootstrap 0.970 0.965 0.970 0.975 0.975 0.975 0.990
Note: See note to Table 2.3.

Table 2.16: H40 (alternative DGP 2.1′, nominal level=0.05)

series terms (K) 7 9 11 13 15 17 19
Panel A: Rejection frequencies (n=200)

wild bootstrap 0.210 0.185 0.210 0.215 0.215 0.210 0.210
bootstrap 0.245 0.235 0.225 0.235 0.230 0.225 0.210

Panel B: Rejection frequencies (n=500)
wild bootstrap 0.610 0.580 0.615 0.615 0.640 0.610 0.605

bootstrap 0.650 0.625 0.620 0.620 0.650 0.645 0.660
Note: See note to Table 2.3.

Table 2.17: H50 (alternative DGP 2.1′, nominal level=0.05)

series terms (K) 12 15 18 21 24 27 30
Panel A: Rejection frequencies (n=200)

wild bootstrap 0.660 0.615 0.655 0.635 0.675 0.685 0.705
bootstrap 0.635 0.645 0.650 0.650 0.675 0.670 0.670

Panel B: Rejection frequencies (n=500)
wild bootstrap 0.950 0.935 0.955 0.950 0.945 0.955 0.950

bootstrap 0.950 0.940 0.965 0.955 0.950 0.960 0.955
Note: See notes to Table 2.5.
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Table 2.18: H60 (alternative DGP 2.1′, nominal level=0.05)

bandwidth (h) 1.6 1.8 2.0 2.2 2.4 2.6
Panel A: Rejection frequencies (n=200)

b = 40 0.660 0.685 0.670 0.695 0.685 0.710
b = 80 0.655 0.685 0.690 0.715 0.735 0.740

bootstrap 0.650 0.695 0.700 0.735 0.755 0.795
Panel B: Rejection frequencies (n=500)

b = 100 0.985 0.965 0.980 0.985 0.995 0.990
b = 200 0.970 0.980 0.990 0.995 0.995 0.990

bootstrap 0.985 0.985 1.000 1.000 1.000 1.000
Note: See Note 2 in Table 2.13.
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Figure 2.1: Interest Rate Elasticities for Loan Demand

Table 2.19: Interest Rate Elasticities for Loan Demand (a)

H10 H20

bandwidth 2.0 2.5 3.0 3.5 4 2.0 2.5 3.0 3.5 4.0
p-value 0.08 0.08 0.09 0.11 0.11 0.12 0.15 0.18 0.20 0.22

Note 1: We let x = ln (3.25) and x̄ = ln (11.75). Note 2: The bandwidth range
is the same as in Figure 2.1 to give the estimates in a reasonable range. Note
3: The asymptotic distribution is obtained by the nonparametric bootstrap.
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Table 2.20: Interest Rate Elasticities for Loan Demand (b)

Low risk subpopulation
H30 H40

series terms 4 5 6 7 8
p-value 0.32 p-value 0.25 0.26 0.35 0.38 0.36

Medium risk subpopulation
H30 H40

series terms 4 5 6 7 8
p-value 0.59 p-value 0.45 0.46 0.49 0.46 0.52

High risk subpopulation
H30 H40

series terms 4 5 6 7 8
p-value 0.25 p-value 0.20 0.26 0.28 0.26 0.32

Note 1: See note to Table 2.3. Note 2: See Note 3 in Table 2.19.

Table 2.21: Interest Rate Elasticities for Loan Demand (c)

Low risk subpopulation
H50 H60

bandwidth 2.0 2.5 3.0 3.5 4
p-value 0.81 p-value 0.150 0.170 0.130 0.150 0.130

Medium risk subpopulation
H50 H60

bandwidth 2.0 2.5 3.0 3.5 4
p-value 0.61 p-value 0.175 0.215 0.250 0.260 0.310

High risk subpopulation
H50 H60

bandwidth 2.0 2.5 3.0 3.5 4
p-value 0.03 p-value 0.845 0.435 0.265 0.255 0.200
Note 1: See Note 3 to Table 2.19.
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Figure 2.2: Returns to Education
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Table 2.22: Returns to Education

H10

bandwidth (h) 2.5 2.7 2.9 3.1 3.3 3.5
p-value 0.000 0.000 0.000 0.000 0.000 0.000

H20

bandwidth 2.5 2.7 2.9 3.1 3.3 3.5
p-value 0.024 0.022 0.026 0.006 0.000 0.004

H30

series terms 20 30 42 56 72 90
p-value 0.000 0.020 0.020 0.065 0.065 0.050

H40

series terms 19 29 41 55 71 89
p-value 0.690 0.250 0.330 0.340 0.370 0.475

H50

series terms 36 55 78 105 136 171
p-value 0.230 0.555 0.185 0.170 0.205 0.280

H60

bandwidth 2.5 2.7 2.9 3.1 3.3 3.5
p-value 0.085 0.075 0.070 0.050 0.030 0.020

Note 1: For testing H10 and H20, we let x = ln (8) and x̄ = ln (20) .
Note 2: The bandwidth selected by cross-validation is around 3.2.
Note 3: See note to Table 2.3 for the choice of series terms.
Note 4: See Note 3 to Table 2.19.
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2.8 Appendix 1: Proofs of the Results Stated in

the Text

Notations: In the proofs, we let a . b denote that a ≤Mb for some constant M

which is universal in the context of the proofs. Further, we denote:

∆f̂ (x) ≡ f̂ (x)− f (x) ; ∆f̂ (z) ≡ f̂ (z)− f (z) ;

∆f̂x (x, y) ≡ f̂x (x, y)− fx (x, y) ; ∆f̂ (x, z) ≡ f̂ (x, z)− f (x, z) ;

∆f̂ (x, y, z) ≡ f̂ (x, y, z)− f (x, y, z) ; ∆
[
f̂ (x)−1

]
≡ f̂ (x)−1 − f (x)−1 .

Proof of Lemma 2.1: Immediate from the definitions of H10 −H06. �

Proof of Lemma 3.2: For part (a), see Stinchcombe and White (1998). For part

(b), since E (U|X ) can be any measurable function of X , we can find a random

variable U∗ such that g (X ) = E (U∗|X ) for any give g (X ). Then the conclusion

of part (b) directly follows from part (a). �

Proof of Lemma 3.4: It is easy to see that w (X) ·
[
β0 (X)− β̄0

]
= 0 a.s if only

if

f (X)−1 · w (X) ·
[
β0 (X)− β̄0

]
= 0 a.s, (2.21)

since we assume that f (x) is bounded away from 0 for x ≤ x ≤ x̄. By Lemma 3.2,

eq.(2.21) is equivalent to

E
[
ϕ (λ0 + λ1X) · f (X)−1 · w (X) ·

[
β0 (X)− β̄0

]]
= 0 (2.22)

for ν−almost all λ ∈ Λ. Then eq.(2.22) can be simplified as:

E
[
ϕ (λ0 + λ1X) · f (X)−1 · w (X) ·

[
β0 (X)− β̄0

]]
=

∫
ϕ (λ0 + λ1x) · w (x) ·

[
β0 (x)− β̄0

]
· dx

=

∫
ϕ (λ0 + λ1x) · w (x) · β0 (x) · dx−

[∫
β0 (x) · w (x) · dx

]
[∫

ϕ (λ0 + λ1x) · w (x) · dx
]

=

∫
ψ (x, λ) · β0 (x) · dx ≡ T10 (λ) . �
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Proof of Theorem 3.5: For part (a), we prove it in three steps. We first show

(STEP 1) that

√
n
[
T̂1n (λ)− T10 (λ)

]
= n−

1
2

n∑
i=1

{κ1 (Xi, Yi, Zi, λ)− E [κ1 (Xi, Yi, Zi, λ)]}

+
√
nI1 (λ) (2.23)

and supλ∈Λ |
√
nI1 (λ) | = op (1) . We then show (STEP 2) that for finite numbers

of λ′s,
√
n
[
T̂1n (λ)− T10 (λ)

]
is asymptotic normal. Finally, we show (STEP 3)

that n−
1
2

∑n
i=1 {κ1 (Xi, Yi, Zi, λ)− E [κ1 (Xi, Yi, Zi, λ)]} is a tight process in Λ by

showing it is stochastic equicontinuous. The key result used to prove this theorem

is the uniform convergence rate of kernel estimators. Let Θ̄x,z denote the largest

compact subset of Θx,z such that for all (x, z) in Θ̄x,z, x ≤ x ≤ x̄. We define:

An ≡ max
k∈{0,1}

sup
{x,z}∈Θ̄x,z

∣∣∣∣∣∂f̂ (x, z)

∂xk
− ∂f (x, z)

∂xk

∣∣∣∣∣
+ max

k∈{0,1}
sup

{x,z}∈Θ̄x,z

∣∣∣∣∣
∫
y · ∂f̂ (x, y, z)

∂xk
· dy −

∫
y · ∂f (x, y, z)

∂xk
· dy

∣∣∣∣∣ .
Lemma A.1 shows that

An = Op

(
hs +

√
ln (n)

nh3+kz

)
. (2.24)

STEP 1: To show supλ∈Λ |
√
nI1 (λ)| = op (1), we decompose I1 (λ) into many small

terms and show each term is uniformly op (1) . Specifically, after some tedious yet

straightforward algebra, we can show:

I1 (λ) = I11 (λ) + I12 (λ) ,
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where

I11 (λ) ≡
14∑
k=1

I11,k (λ) ,

I11,1 (λ) ≡
∫

[ψ (x;λ)] ·∆
[
f̂ (x)−1

]
+f (x)−2 ·∆f̂ (x)] ·

[∫
y · fx (x, y) · dy

]
· dx

+

∫
[ψ (x;λ)] ·∆

[
f̂ (x)−1

]
·
[∫

y ·∆f̂x (x, y) · dy
]
· dx,

I11,k (λ) ≡
∫

[ψ (x;λ)]

[∫
J11,k (x, z) · dz

]
· dx, k = 2, ..., 12,

J11.2 (x, z) ≡
[
τ
(
f̂ (x, z) , t

)
− f (x, z)−1

]
·
[∫

y ·∆f̂ (x, y, z) · dy
]
·

∆f̂x (x, z) ·∆
[
f̂ (x)−1

]
,

J11.3 (x, z) ≡
[
τ
(
f̂ (x, z) , t

)
− f (x, z)−1

]
·
[∫

y · f (x, y, z) · dy
]
·

∆f̂x (x, z) ·∆
[
f̂ (x)−1

]
,

J11.4 (x, z) ≡ f (x, z)−1 ·
[∫

y ·
(
f̂ (x, y, z)− f (x, y, z)

)
· dy
]
·

∆f̂x (x, z) ·∆
[
f̂ (x)−1

]
,

J11.5 (x, z) ≡ f (x, z)−1 ·
[∫

y · f (x, y, z) · dy
]
·∆f̂x (x, z) ·∆

[
f̂ (x)−1

]
,

J11.6 (x, z) ≡
[
τ
(
f̂ (x, z) , t

)
− f (x, z)−1

]
·
[∫

y ·∆f̂ (x, y, z) · dy
]
·

fx (x, z) ·∆
[
f̂ (x)−1

]
,

J11.7 (x, z) ≡
[
τ
(
f̂ (x, z) , t

)
− f (x, z)−1

]
·
[∫

y · f (x, y, z) · dy
]

·fx (x, z) ·∆
[
f̂ (x)−1

]
,



120

J11.8 (x, z) ≡ f (x, z)−1 ·
[∫

y ·∆f̂ (x, y, z) · dy
]
· fx (x, z) ·∆

[
f̂ (x)−1

]
,

J11.9 (x, z) ≡ f (x, z)−1 ·
[∫

y · f (x, y, z) · dy
]
· fx (x, z) ·[

∆
[
f̂ (x)−1

]
+ f (x)−2 ·∆f̂ (x)

]
,

J11.10 (x, z) ≡
[
τ
(
f̂ (x, z) , t

)
− f (x, z)−1

]
·[

·∆f̂ (x, y, z) · dy
]
·∆f̂x (x, z) · f (x)−1 ,

J11.11 (x, z) ≡
[
τ
(
f̂ (x, z) , t

)
− f (x, z)−1

]
·
[∫

y · f (x, y, z) · dy
]
·

∆f̂x (x, z) · f (x)−1 ,

J11.12 (x, z) ≡ f (x, z)−1 ·
[∫

y ·∆f̂ (x, y, z) · dy
]
·∆f̂x (x, z) · f (x)−1 ,

J11.13 (x, z) ≡
[
τ
(
f̂ (x, z) , t

)
− f (x, z)−1

]
·
[∫

y ·∆f̂ (x, y, z) · dy
]
·

fx (x, z) · f (x)−1 ,

J11.14 (x, z) ≡
[
τ
(
f̂ (x, z) , t

)
− f (x, z)−1 + f (x, z)−2 ·∆f̂ (x, z)

]
·∫

y · f (x, y, z) · dy · fx (x, z) · f (x)−1 ,

I12 (λ) ≡
∫

[ψ (x;λ)] · f (x)−1

[∫
y ·∆f̂x (x, y) · dy

]
· dx

−
∫

[ψ (x;λ)] · f (x)−2 ·∆f̂ (x) ·
[∫

y · fx (x, y) · dy
]
· dx

+

∫
[ψ (x;λ)] ·

[∫
J12 (x, z) · dz

]
· dx

− 1

n

n∑
i=1

{κ1 (Xi, Yi, Zi, λ)− E (κ1 (Xi, Yi, Zi, λ))} ,

J12 (x, z) ≡ −f (x, z)−1 ·
[∫

y · f (x, y, z) · dy
]
· fx (x, z) · f (x)−2 ·∆f̂ (x)

+f (x, z)−1 ·
[∫

y · f (x, y, z) · dy
]
·∆f̂x (x, z) · f (x)−1

+f (x, z)−1 ·
[∫

y ·∆f̂ (x, y, z) · dy
]
· fx (x, z) · f (x)−1

−f (x, z)−2 ·∆f̂ (x, z) ·
[∫

y · f (x, y, z) · dy
]
· fx (x, z) · f (x)−1 .
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We verify that supλ∈Λ |
√
nI11 (λ)| = op (1) by showing supλ∈Λ |

√
nI11,k (λ)| = op (1)

for k = 1, ..., 14 :

sup
λ∈Λ

∣∣√nI11,1 (λ)
∣∣

(1)

.
√
nA2

n sup
λ∈Λ

∫
[ψ (x;λ)] · f (x)−3 ·

[∫
y · fx (x, y) · dy

]
· dx+

√
nA2

n sup
λ∈Λ

∫
|ψ (x;λ)| · f (x)−2 · dx

(2)

.
√
nA2

n

∫
w (x) · f (x)−3 ·

[∫
y · fx (x, y) · dy

]
· dx

+
√
nA2

n

∫
w (x) · f (x)−2 · dx (3)

= op (1)

where
(1)

. follows from Lemma A.2 (a) and (b);
(2)

. follows from the boundedness of

ϕ (.);
(3)
= follows from eq.(2.24), Assumptions B.2 and B.3.

sup
λ∈Λ

∣∣√nI11,2 (λ)
∣∣

(1)

≤
√
nA2

n sup
λ∈Λ

∫
|ψ (x;λ)| ·

[∫ ∣∣∣τ (f̂ (x, z) , t
)
− f (x, z)−1

∣∣∣∣∣∣∆ [f̂ (x)−1
]∣∣∣ · dz] · dx

(2)

.
√
nA2

n

∫
w (x) ·

[∫ ∣∣∣τ (f̂ (x, z) , t
)
− f (x, z)−1

∣∣∣ ∣∣∣∆ [f̂ (x)−1
]∣∣∣ · dz] · dx

(3)

≤
√
nA3

n

∫
w (x) ·

[∫ ∣∣∣τ (f̂ (x, z) , t
)
− f (x, z)−1

∣∣∣ · f (x)−2 · dz
]
· dx

(4)

≤
√
nA3

n

∫
w (x) · f (x)−2 ·[

t−2An + t−3A2
n +

∫
1 [f (x, z) < 2t] · f (x, z)−1 dz

]
· dx

(5)

.
√
nt−2A4

n +
√
nt−3A5

n +
√
nA3

n ·
∫ ∫

w (x) · f (x, z)−1 dx · dz (6)
= op (1)

where
(1)

≤ follows from the definition of An;
(2)

. follows from the boundedness of ϕ (.) ;
(3)

≤ is by Lemma A.2 (a);
(4)

≤ is by Lemma A.2 (c);
(5)

. is by the boundedness of

f (x)−1 on [x, x̄] ;
(6)
= follows from eq.(2.24) and Assumptions B.3 and B.4. Similarly,
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we can show that

sup
λ∈Λ

∣∣√nI11,3 (λ)
∣∣ . √

nt−2A3
n +
√
nt−3A4

n +
√
nA2

n ·
∫ ∫

|µ (x, z)| · w (x) ·

f (x)−2 ·1 [f (x, z) < 2t] · dz · dx = op (1) ;

sup
λ∈Λ

∣∣√nI11,4 (λ)
∣∣ . √

nA3
n ·
∫ ∫

w (x) · f (x)−2 · f (x, z)−1 · dz · dx = op (1) ;

sup
λ∈Λ

∣∣√nI11,5 (λ)
∣∣ . √

nA2
n ·
∫
w (x) · f (x)−2 · |µ (x, z)| · dz · dx = op (1) ;

sup
λ∈Λ

∣∣√nI11,6 (λ)
∣∣ . √

nt−2A3
n +
√
nt−3A4

n +
√
nA2

n

∫ ∫
fx (x, z) · w (x) ·

f (x)−2 · 1 [f (x, z) < 2t] · f (x, z)−1 · dz · dx = op (1) ;

sup
λ∈Λ

∣∣√nI11,7 (λ)
∣∣ . √

nt−2A2
n +
√
nt−3A3

n +

√
nAn

[∫ ∫
1 [f (x, z) < 2t] · dz · dx

] 1
2

[∫ ∫ [
f (x)−2 · w (x) · µ (x, z) · fx (x, z)

]2 · dz · dx] 1
2

= op (1) ;

sup
λ∈Λ

∣∣√nI11,8 (λ)
∣∣ . √

nA2
n

∫ ∫
w (x) · f (x, z)−1 · f (x)−2 · fx (x, z) · dz · dx

= op (1) ;

sup
λ∈Λ

∣∣√nI11,9 (λ)
∣∣ . √

nA2
n

∫ ∫
w (x) · f (x)−3 · µ (x, z) · fx (x, z) · dz · dx

= op (1) ;

sup
λ∈Λ

∣∣√nI11,10 (λ)
∣∣ . √

nt−2A3
n +
√
nt−3A4

n +
√
nA2

n

∫ ∫
f (x)−1 · w (x)

·1 [f (x, z) < 2t] · f (x, z)−1 · dz · dx = op (1) ;

sup
λ∈Λ

∣∣√nI11,11 (λ)
∣∣ . √

nt−2A2
n +
√
nt−3A3

n +

√
nAn

[∫ ∫
1 [f (x, z) < 2t] · dz · dx

] 1
2

·
[∫ ∫ [

µ (x, z) · w (x) · f (x)−1]2 dz · dx] 1
2

= op (1) ;

sup
λ∈Λ

∣∣√nI11,12 (λ)
∣∣ . √

nA2
n

∫ ∫
w (x) · f (x, z)−1 · f (x)−1 · dz · dx = op (1) ;



123

sup
λ∈Λ

∣∣√nI11,13 (λ)
∣∣

.
√
nt−2A2

n +
√
nt−3A3

n +
√
nAn

[∫ ∫
1 [f (x, z) < 2t] · dz · dx

] 1
2

·
[∫ ∫ [

w (x) · f (x, z)−1 · fx (x, z) · f (x)−1]2 · dz · dx] 1
2

= op (1) .

sup
λ∈Λ

∣∣√nI11,14 (λ)
∣∣

(1)

.
√
nAn

∫ ∣∣1 [f (x, z) < 2t] · w (x) · f (x, z)−1 · µ (x, z) · fx (x, z) · f (x)−1
∣∣

·dz · dx+
√
nt−3A2

n

∫
w (x) · |µ (x, z)| · f (x, z) · |fx (x, z)| · f (x)−1 · dz · dx

+
√
n

∫
w (x) · 1 [f (x, z) < 2t] · |µ (x, z)| · |fx (x, z)| · f (x)−1 · dz · dx

(2)

≤
√
nAn

[∫ ∫
1 [f (x, z) < 2t] · dz · dx

] 1
2

[∫ ∫ [
w (x) · f (x, z)−1 · µ (x, z) · fx (x, z) · f (x)−1]2 · dz · dx] 1

2

+
√
nt−3A2

n

∫
w (x) · |µ (x, z)| · f (x, z) · |fx (x, z)| · f (x)−1 · dz · dx

+
√
n

∫
w (x) · 1 [f (x, z) < 2t] · |µ (x, z)| · |fx (x, z)| · f (x)−1 · dz · dx (3)

= op (1) ,

where
(1)

. is by Lemma A.2 (d) and the boundedness of ϕ (.) ;
(2)

≤ follows from

Cauchy-Schwarz inequality;
(3)
= follows from eq.(2.24), Assumptions B.3 and B.4.

To verify supλ∈Λ |
√
nI12 (λ)| = op (1) , we can show that

I12 (λ) =

∫ ∫ ∫
κ1 (x, y, z) ·∆f̂ (x, y, z) · dx · dy · dz.
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Then,

sup
λ∈Λ

∣∣√nI12 (λ)
∣∣

= sup
λ∈Λ

∣∣∣∣∣√n
∫ ∫ ∫

κ1 (x, y, z) · f̂ (x, y, z) · dx · dy · dz − 1

n

n∑
i=11

κ1 (Xi, Yi, Zi)

∣∣∣∣∣
=
√
n sup
λ∈Λ

∣∣∣∣∣
∫ ∫ ∫

κ1 (x, y, z) · 1

nh2+kz

n∑
i=1

K

(
Xi − x
h

)
K

(
Yi − y
h

)

Kz

(
Zi − z
h

)
dx · dy · dz − 1

n

n∑
i=1

κ1 (Xi, Yi, Zi)

∣∣∣∣∣
=
√
n sup
λ∈Λ

∣∣∣∣∣ 1n
n∑
i=1

∫ ∫ ∫
[κ1 (Xi + hux, Yi + huz, Zi + huz) ·K (ux) ·K (uy) ·

Kz (uz)] dux · duy · duz −
1

n

n∑
i=1

κ (Xi, Yi, Zi)

∣∣∣∣∣
(1)

.
√
nhs · sup

λ∈Λ

[∣∣∣∣∣ 1n
n∑
i=1

∂sκ1

∂sx

(
X̃i,Yi,Zi

)∣∣∣∣∣ ·
∫
usx ·K (ux) · dux

+

∣∣∣∣∣ 1n
n∑
i=1

∂sκ1

∂sy

(
Xi,Ỹi,Zi

)∣∣∣∣∣ ·
∫
usy ·K (uy) · duy

+

∣∣∣∣∣ 1n
n∑
i=1

∂sκ1

∂sz′

(
Xi,Yi,Z̃i

)∣∣∣∣∣ ·
∫
usz ·Kz (uz) · duz

]
(2)
=
√
nhs ·Op (1) = Op

(√
nhs
)

= op (1) . (2.25)

where X̃i is between Xi and Xi + hux, Ỹi is between Yi and Yi + huy, Z̃i is between

Zi and Zi + huz;
(1)

. follows from Taylor expansions and the assumption that the

kernel is of order s;
(2)
= follows from the assumption that the s order derivatives of

ψ (.) are bounded.

STEP 2: This is a direct application of Lindeberg-Levy Central Limit The-

orem (see for example, White, 2001, p.114).

STEP 3: We decompose κ1 (X, Y, Z, λ) into three terms:

κ1 (X, Y, Z, λ) = κ11 (X, Y, Z, λ) + κ12 (X, Y, Z, λ) + κ13 (X, Y, Z, λ) ,
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where

κ11 (X, Y, Z, λ) ≡ −
[
Y − µ (X,Z)

f (X)

]
· ∂
∂x
ψ (X,λ) ,

κ12 (X, Y, Z, λ) ≡ − ∂

∂x

[
Y − µ (X,Z)

f (X)

]
· ψ (X,λ) ,

κ13 (X, Y, Z, λ) ≡ −
[

(Y − µ (X,Z)) · fx (X,Z)

f (X,Z) · f (X)
+
β0 (X)

f (X)

]
· ψ (X;λ) ,

and show that each of them satisfies Ossiander’s L2 entropy condition. Using

Theorems 4-6 in Andrews (1994, 2276-2282), it is sufficient to show that there

exist some finite constants δ > 0 and φ > 0 such that

E

{
sup

λ:‖λ−λ′‖<δ
|κ11 (X, Y, Z;λ)− κ11 (X, Y, Z;λ′)|2

}
. δφ, (2.26)

E

{
sup

λ:‖λ−λ′‖<δ
|κ12 (X, Y, Z;λ)− κ12 (X, Y, Z;λ′)|2

}
. δφ, (2.27)

E

{
sup

λ:‖λ−λ′‖<δ
|κ13 (X, Y, Z;λ)− κ13 (X, Y, Z;λ′)|2

}
. δφ. (2.28)

To verify eq.(2.26), we show that

E

{[
Y − µ (X,Z)

f (X)

]2

sup
λ:‖λ−λ′‖<δ

∣∣∣∣ ∂∂xψ (X,λ)− ∂

∂x
ψ (X,λ′)

∣∣∣∣2
}

(1)

≤

[
E

[[
Y − µ (X,Z)

f (X)

]4
]] 1

2

· E

[ sup
λ:‖λ−λ′‖<δ

∣∣∣∣ ∂∂xψ (X,λ)− ∂

∂x
ψ (X,λ′)

∣∣∣∣2
]2
 1

2

(2)
=

[
E

[[
Y − µ (X,Z)

f (X)

]4
]] 1

2

·

E


 sup
λ:‖λ−λ′‖<δ

∣∣∣∣∣∣
 ∂2

∂x∂λ0
ψ
(
X, λ̃0, λ1

)
∂2

∂x∂λ1
ψ
(
X,λ0, λ̃1

) ′ [ λ0 − λ′0
λ1 − λ′1

]∣∣∣∣∣∣
2


2
1
2

(3)

.

[
E

[[
Y − µ (X,Z)

f (X)

]4
]] 1

2

· sup
λ:‖λ−λ′‖<δ

|(λ0 − λ′0) + (λ1 − λ′1)|2 . δ2,

where λ̃0 is between λ0 and λ′0 and λ̃1 is between λ1and λ′1;
(1)

≤ follows from Cauchy-

Schwarz inequality;
(2)
= follows from Taylor expansion;

(3)

. follows from the bounded-
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ness of ∂2

∂x∂λ0
ψ (.) and ∂2

∂x∂λ1
ψ (.) . Similarly, we can also verify eq.(2.27) and (2.28).

The proof of part (a) is thus complete. Part (b) is a direct application of the

continuous mapping theorem after imposing H10. �

Proof of Theorem 3.6: For part (a), following the proof of Theorem 3.5, we can

show that

√
n

(
T̂1n (.)− C10 (.)√

n

)
converges to T1∞ (.) in C (Λ, ||.||∞) weakly.

Thus
√
nT̂1n (.) converges to T̃1∞ (.) = T1∞ (.) + C10 (.) weakly.

By Lemma 3.2, C10 (λ) 6= 0 for ν−almost all λ. By the continuous mapping theo-

rem, n · ÎT 1n converges to
∫

[T1∞ (λ) + C10 (λ)]2 · dν (λ) . The proof of part (a) is

thus complete. For part (b), following the proof of Theorem 3.5, we can show that
√
n
[
T̂1n (λ)− T10 (λ)

]
converges to T1∞ (λ). Thus

√
n
[
T̂1n (λ)− T10 (λ)

]
= Op (1)

and . By the continuous mapping theorem, ÎT 1n =
∫

Λ
[T10 (λ)]2 · dν (λ) + op (1) .

Then if T10 (λ) 6= 0, T̂1n (λ) = T10 (λ) + op (1) implies that

Pr

[∣∣∣T̂1n (λ)
∣∣∣ > 1

2
|T10 (λ)|

]
→ 1,

This implies that Pr
[∣∣∣√nT̂1n (λ)

∣∣∣ > kn

]
→ 1 by Theorem 8.13 in White (1994,

p.181). ÎT 1n =
∫

[T10 (λ)]2 · dν (λ) + op (1) implies that

Pr

[
ÎT 1n >

∫
Λ

[
1

2
T10 (λ)

]2

· dν (λ)

]
→ 1.

This implies that Pr
[
n · ÎT 1n > k2

n

]
→ 1 by Theorem 8.13 in White (1994, p.181).

�

Proof of Theorem 3.8: This is a direct application of Theorem 2.2.1 in Politis,

Romano and Wolf (1999, p.43). �

Proof of Lemma 3.9: The proof is analogous to that of Lemma 3.4. �
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Proof of Theorem 3.10: For part (a), similar to the proof of Theorem 3.5, we

prove it in three steps. First, we show (STEP 1) that

√
n
[
T̂2n (λ)− T20 (λ)

]
= n−

1
2

n∑
i=1

{κ2 (Xi, Yi, Zi, λ)− E [κ2 (Xi, Yi, Zi, λ)]}

+
√
nI2 (λ) . (2.29)

and supλ∈Λ |
√
nI2 (λ) | = op (1) . Then, we show (STEP 2) that for finite numbers

of λ′s,
√
n
[
T̂2n (λ)− T20 (λ)

]
is asymptotic normal. Finally, we show (STEP 3)

that n−
1
2

∑n
i=1 {κ2 (Xi, Yi, Zi, λ)− E [κ2 (Xi, Yi, Zi, λ)]} is a tight process in Λ by

showing it is stochastic equicontinuous.

STEP 1: We can show that

√
nI2 (λ)

≡
√
n

[
T̂2n (λ)− T20 (λ)− n−1

n∑
i=1

{κ2 (Xi, Yi, Zi, λ)− E [κ2 (Xi, Yi, Zi, λ)]}

]
=
√
nI21 (λ) +

√
nI22 (λ)

where

I21 (λ) ≡
5∑

k=1

I21,k (λ) ;

I21,k ≡
∫ ∫

J21,k (x, z) · ∂
∂x

[ψ (x, λ)] · dx · dz, k = 1, 2, ..., 5,

J21,1 (x, z) ≡ −
[∫

y · f (y, x, z) · dy
]
·[

τ
(
f̂ (x, z) , t

)
− f (x, z)−1 + f (x, z)−2 ·∆f̂ (x, z)

]
· f (z) ,

J21,2 (x, z) ≡ −
[∫

y ·∆f̂ (y, x, z) · dy
]
·
[
τ
(
f̂ (x, z) , t

)
− f (x, z)−1

]
·∆f̂ (z) ,

J21,3 (x, z) ≡ −
[∫

y · f (y, x, z) · dy
]
·
[
τ
(
f̂ (x, z) , t

)
− f (x, z)−1

]
·∆f̂ (z) ,

J21,4 (x, z) ≡ −f (x, z)−1 ·
[∫

y ·∆f̂ (y, x, z) · dy
]
·∆f̂ (z) ,

J21,5 (x, z) ≡ −f (z) ·
[∫

y ·∆f̂ (y, x, z) · dy
]
·
[
τ
(
f̂ (x, z) , t

)
− f (x, z)−1

]
,
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I22 (λ) ≡
∫ ∫

J22 (x, z) · ∂
∂x

[ψ (x, λ)] · dz · dx

−n−1

n∑
i=1

{κ2 (Xi, Yi, Zi, λ)− E [κ2 (Xi, Yi, Zi, λ)]} ,

J22 (x, z) = µ (x, z) · f (x, z)−1 · f (z) ·∆f̂ (x, z)− µ (x, z) ·∆f̂ (z)

−
[∫

y ·∆f̂ (x, y, z) · dy
]
· f (x, z)−1 · f (z) ,

We can verify supλ∈Λ |
√
nI21 (λ)| = op (1) by showing supλ∈Λ |

√
nI21,k (λ)| = op (1)

for k = 1, ..., 5. The details of the proof are similar to those of Theorem 3.5. We

can show

I22 (λ) =

∫ ∫ ∫
κ2 (x, y, z, λ) ·∆f̂ (x, y, z) · dx · dy · dz.

Then following the proof of supλ∈Λ |
√
nI12 (λ)| = op (1) (eq.(2.25)), we can show

supλ∈Λ |
√
nI22 (λ)| = op (1).

STEP 2: This is a direct application of Lindeberg-Levy Central Limit The-

orem (see for example, White, 2001, p.114).

STEP 3: We decompose κ2 (X, Y, Z, λ) into two terms:

κ2 (X, Y, Z, λ) = κ21 (X, Y, Z, λ) + κ22 (Z, λ) ,

where

κ21 (X, Y, Z, λ) ≡ − [Y − µ (X,Z)] · f (Z)

f (X,Z)
· ∂
∂x

[ψ (X,λ)]

κ22 (Z, λ) ≡ −
∫
µ (x, Z) · ∂

∂x
[ψ (x, λ)] · dx.

We show that each of the two terms satisfies Ossiander’s L2 entropy condition. It

is sufficient to show that there exist some finite constants δ > 0 and φ > 0 such

that

E

{
sup

λ:‖λ−λ′‖<δ
|κ21 (X, Y, Z;λ)− κ21 (X, Y, Z;λ′)|2

}
. δφ, (2.30)

E

{
sup

λ:‖λ−λ′‖<δ
|κ22 (Z, λ)− κ22 (Z;λ′)|2

}
. δφ. (2.31)



129

The details of the proofs of are similar to those of Theorem 3.5. The proof of part

(a) is thus complete. Part (b) is a direct application of the continuous mapping

theorem after imposing H20. �

Proof of Theorem 3.11: The proof is analogous to that of Theorem 3.6. �

Proof of Theorem 3.13: This is a direct application of Theorem 2.2.1 in Politis,

Romano and Wolf (1999, p.43). �

Proof of Lemma 3.14: It is immediate that H′30 implies H30. H30 says

∂µ (x, z)

∂x
= θ1 (z) for almost all (x, z) . (2.32)

Taking integral with respect to x on both side of eq.(2.32) shows that mathbbH30

implies H′30. �

Proof of Theorem 3.15: We first define:

X ≡ (X1, X2, ..., Xn)′ , Y ≡ (Y1, Y2, ..., Yn)′ , Z ≡ (Z1, Z2, ..., Zn)′ ,

ϕ (X,Z, λ) ≡


ϕ (X1, Z1, λ)
ϕ (X2, Z2, λ)

....
ϕ (Xn, Zn, λ)

 , PK (X,Z) ≡


pK (X1,Z1)′

pK (X2,Z2)′

...
pK (Xn,Zn)′

 ,

EG (Y) ≡


EG (Y1)
EG (Y2)
...

EG (Yn)

 , In ≡ n× n identify matrix, and,

PK
n ≡ PK (X,Z) ·

[(
PK (X,Z)

)′ · PK (X,Z)
]−1

·
(
PK (X,Z)

)′
For part (a), it is easy to see

√
nT̂3n (λ) ≡ n−

1
2ϕ (X,Z, λ)′ ·

[
In −PK

n

]
· [EG (Y) + ε]

= n−
1
2 [ϕ (X,Z, λ)− EG [ϕ (X,Z, λ)]]′ · ε+

√
nI31 (λ) +

√
nI32 (λ)

= n−
1
2

n∑
i=1

κ3 (Xi,Yi, Zi, λ) +
√
nI31 (λ) +

√
nI32 (λ) ,
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where

κ3 (Xi, Yi, Zi, λ) ≡ [Yi − EG (Yi)] · [ϕ (Xi, Zi, λ)− EG [ϕ (Xi, Zi, λ)]] ,

I31 (λ) ≡ n−1 · ϕ (X,Z, λ)′ ·
[
In −PK

n

]
· EG (Y) ,

I32 (λ) ≡ n−1 ·
[
EG [ϕ (X,Z, λ)]−PK

n · ϕ (X,Z, λ)
]′ · ε.

We can show that

E [κ3 (Xi,Yi, Zi, λ)]

= E [[Yi − EG (Yi)] · ϕ (Xi, Zi, λ)]− E [[Yi − EG (Yi)] · EG [ϕ (Xi, Zi, λ)]]

= T30 (λ) .

The last equality follows from E [[Yi − EG (Yi)] · EG [ϕ (Xi, Zi, λ)]] = 0, since

[Yi − EG (Yi)] ⊥ G and EG [ϕ (Xi, Zi, λ)] ∈ G. Thus,

√
n
[
T̂3n (λ)− T30 (λ)

]
= n−

1
2

n∑
i=1

[κ3 (Xi,Yi, Zi)− E (κ3 (Xi,Yi, Zi))] +
√
nI31 (λ) +

√
nI32 (λ) .

We need to verify that
∫

[
√
nI31 (λ)]

2
dν (λ) = op (1) and

∫
[
√
nI32 (λ)]

2
dν (λ) =

op (1) . ∫ [√
nI31 (λ)

]2
dν (λ)

= n−1

∫ [
ϕ (X,Z, λ)′ ·

[
In −PK

n

]
· EG (Y)

]2
dν (λ)

= n−1

∫ [ n∑
i=1

ϕ (Xi, Zi, λ) ·
[
EG (Yi)− ÊG (Yi)

]]2

dν (λ)

(1)

≤ n−1

∫ n∑
i=1

[ϕ (Xi, Zi, λ)]2 ·
n∑
i=1

[
EG (Yi)− ÊG (Yi)

]2

dν (λ)

=
n∑
i=1

[
EG (Yi)− ÊG (Yi)

]2

·

[∫
n−1

n∑
i=1

[ϕ (Xi, Zi, λ)]2 dν (λ)

]

=
n∑
i=1

[
EG (Yi)− ÊG (Yi)

]2

·Op (1)

(2)
= n ·Op

(
K−2α0

0 +K−2α1
1

)
·Op (1)

(3)
= op (1)
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where ÊG (Yi) is the ith component of PK
n ·EG (Y) ;

(1)

≤ follows from Cauchy-Schwarz

inequality;
(2)
= is from Lemma A.3;

(3)
= follows from Assumption C.1. To show that∫

[
√
nI32 (λ)]

2
dν (λ) = op (1) , we can follow the proof of Lemma A.1 of Li, Hsiao

and Zinn (2003, p.320) exactly.

Then, by Lindeberg-Levy Central Limit Theorem (see e.g., White, 2001,

p114),
√
n
[
T̂3n (λ)− T30 (λ)

]
is asymptotic normal for finite number of λ′s.

Finally, to show that
√
n
[
T̂3n (λ)− T30 (λ)

]
is a tight process, by the central

limit theorem of random element in L2 (Λ,G, ν) space (see for example, Theorem

2.1 in Politis and Romano, 1994), it is sufficient to show thatE
[∫

[κ3 (Xi,Yi, Zi, λ)]2

dν (λ)] <∞ :

E

[∫
[κ3 (Xi,Yi, Zi, λ)]2 dν (λ)

]
= E

[∫
ε2
i · [ϕ (Xi, Zi, λ)− EG [ϕ (Xi, Zi, λ)]]2 · dν (λ)

]
= E

[
E
(
ε2
i |Xi, Zi

)
·
∫

[ϕ (Xi, Zi, λ)− EG [ϕ (Xi, Zi, λ)]]2 · dν (λ)

]
. E

[
E
(
ε2
i |Xi, Zi

)]
<∞.

Proof of part (a) is thus complete. Part (b) is a direct application of the continuous

mapping theorem after imposing H30. �

Proof of Theorem 3.16: The proof is analogous to that of Theorem 3.6. �

Proof of Theorem 3.18: The proof is analogous to that of Theorem 2.4 in Li,

Hsiao and Zinn (2003, p.316). �

Proof of Lemma 3.19: It is immediate that H′40 implies H40. H40 says

∂µ (x, z)

∂x
= θ2 (x) for almost all (x, z) . (2.33)

Taking integral with respect to x on both side of eq.(2.33) shows that H40 implies

H′40. �

Proof of Lemma 3.20: The proof is analogous to that of Lemma 3.14. �
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Proof of Lemma 3.21: For part (a), under H′′50,

E (Y s | X = x, Z = z) = E [ [r1 (U) +X · r2 (U)]s|X = x, Z = z]

=
s∑
j=0

xj · gs,j (z) , s = 1, ..., S.

For part (b), Y = r (X,U) = r1 (U) +X · r2 (U) + r3 (X) · r̃3 (U) , thus,

E
(
Y 2 | X = x, Z = z

)
= E

[
r1 (U)2 |Z = z

]
+ x2 · E

[
r2

2 (U) |Z = z
]

+ 2x · E [r1 (U) r2 (U) |Z = z]

+r2
3 (x) · E

[
r̃2

3 (U) |Z = z
]︸ ︷︷ ︸

I1

+ 2r3 (x) · E [r1 (U) r̃3 (U) |Z = z]︸ ︷︷ ︸
I2

+2x · r3 (x) · E [r2 (U) · r̃3 (U) |Z = z]︸ ︷︷ ︸
I3

.

We note that E [r̃2
3 (U) |Z = z] > 0, since r̃3 does not satisfy r̃3 (U) = 0 a.s.

Thus term I1 6∈ G(2). We also note that r2
3 (x) 6= r3 (x) and r3 (x) 6= x · r3 (x);

thus, the last two terms above (term I2 and I3) cannot cancel out term I1. Thus

E (Y 2 | X = x, Z = z) 6∈ G(2). �

Proof of Theorem 3.23: The proof is analogous to that of Theorem 3.15. �

Proof of Theorem 3.24: The proof is analogous to that of Theorem 3.16. �

Proof of Theorem 3.26: The proof is analogous to that of Theorem 2.4 in Li,

Hsiao and Zinn (2003, p.316). �

Proof of Lemma 3.27: The proof is analogous to that of Lemma 3.19. �

Proof of Lemma 3.28: For part (a), under (H)′′60, V ≡ [Y − E (Y | X,Z)] =

r4 (U) +E [r5 (U) |Z] . X ⊥ U |Z implies X ⊥ V |Z by Dawid (1979). For part (b),

we have Y = r4(X) + r5 (U) + r6 (X) · r̃6 (U) . To show X 6⊥ V |Z, we show that

E (V 2|X = x, Z = z) depends on x.

E
(
V 2|X = x, Z = z

)
= E

[
[r5 (U)− E (r5 (U) |Z = z)]2 |Z = z

]
+ I1 + I2 (2.34)
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where

I1 = r2
6 (x) · E

[
[r̃6 (U)− E [r̃6 (U) |Z = z]]2 |Z = z

]
I2 = 2 · r6 (x) · E {[(r5 (U)− E (r5 (U) |Z = z))

· (r̃6 (U)− E (r̃6 (U) |Z = z))]|Z = z}

We note that E
[
[r̃6 (U)− E [r̃6 (U) |Z = z]]2 |Z = z

]
> 0. Thus term I1 de-

pends on x. We also note that r6 (x)2 6= r6 (x) , thus the last term (term I2) cannot

cancel out term I1 in eq.(2.34). For part (c), we first note that V = r (X,U) −
E [r (X,U) | X] is a function of X and U, say r7 (X,U) . Since r7 (X,U) ⊥ X if and

only if r7 (X,U) is a constant function of X (see for example, Benkard and Berry,

2006, p.1433, footnote 5), V ⊥ X if and only if V = r8 (U) for some measurable

function r8. Thus V ⊥ X if and only if V = r (X,U)− E [r (X,U) | X] = r8 (U) ,

i.e., V ⊥ X if and only if r (X,U) = E [r (X,U) | X]+r8 (U) , which is a separable

function of X and U. �

Proof of Theorem 3.29: For part (a), Huang and White (2009) shows that

√
n
[
T̃6n (λ)− T60 (λ)

]
= n−

1
2

n∑
i=1

κ61 (Xi, Vi, Zi, λ)− E [κ61 (Xi, Vi, Zi, λ)] + op (1) .

(2.35)

where op (1) term is uniform in λ.She also shows that n−
1
2

∑n
i=1 {κ61 (Xi, Vi, Zi, λ)

−E [κ61 (Xi, Vi, Zi, λ)]} is a tight process by showing it is stochastic equicontinuous.

We want to show that

√
n
[
T̂6n (λ)− T̃6n (λ)

]
=
√
n

1

n

n∑
i=1

κ62 (Xi, Vi, Zi, λ)−E [κ62 (Xi, Vi, Zi, λ)]+op (1) ,

(2.36)

where op (1) term is uniformly small in λ and n−
1
2

∑n
i=1 {κ62 (Xi, Vi, Zi, λ)

−E [κ62 (Xi, Vi, Zi, λ)]} is tight. We denote that

KZ
h (Zi − Zj) =

1

hkz
Kz

(
Zi − Zj

h

)
.
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Then

√
n
[
T̂6n (λ)− T̃6n (λ)

]
=
√
n

1

n (n− 1)

n∑
i=1

n∑
j=1,j 6=i

KZ
h (Zi − Zj)

{[
ϕ
(
λ0 + V̂ ′i λ1 +X ′iλ2 + Z ′iλ3

)
−ϕ

(
λ0 + V̂ ′i λ1 +X ′jλ2 + Z ′iλ3

)]
−
[
ϕ
(
λ0 + V

′

i λ1 +X ′iλ2 + Z ′iλ3

)
− ϕ

(
λ0 + V ′i λ1 +X ′jλ2 + Z ′iλ3

)]}
=
√
n

1

n (n− 1)

n∑
i=1

n∑
j=1,j 6=i

KZ
h (Zi − Zj) {λ1

[
ϕ′ (λ0 + V ′i λ1 +X ′iλ2 + Z ′iλ3)− ϕ′

(
λ0 + V ′i λ1 +X ′jλ2 + Z ′iλ3

)] [
V̂i − Vi

]
+λ2

1

[
ϕ′′
(
λ0 + Ṽ ′i λ1 +X ′iλ2 + Z ′iλ3

)
− ϕ′′

(
λ0 + Ṽ ′i λ1 +X ′jλ2 + Z ′iλ3

)]
[
V̂i − Vi

]2
}

= λ1 ·
√
n

1

n

n∑
i=1

[
V̂i − Vi

]
{

1

n− 1

[
n∑

j=1,j 6=i

KZ
h (Zi − Zj) · ϕ′ (λ0 + V ′i λ1 +X ′iλ2 + Z ′iλ3)

]
−g1 (Xi,Vi, Zi) + g1 (Xi,Vi, Zi)

− 1

n− 1

[
n∑

j=1,j 6=i

KZ
h (Zi − Zj)ϕ′

(
λ0 + V ′i λ1 +X ′jλ2 + Z ′iλ3

)]
−g2 (Xi, Zi) + g2 (Xi, Zi)}+

√
nI61 (λ) ,

where Ṽi is between Vi and V̂i,

g1 (x, v, z) ≡ f (z)ϕ′ (λ0 + v′λ1 + x′λ2 + z′λ3) ,

g2 (v, z) ≡
∫
ϕ′ (λ0 + v′λ1 + x′λ2 + z′λ3) · f (x, z) · dx,

I61 (λ) ≡ λ2
1

n (n− 1)

n∑
i=1

n∑
j=1,j 6=i

{
KZ
h (Zi − Zj) ·

[
ϕ′′
(
λ0 + Ṽ ′i λ1 +X ′iλ2

+Z ′iλ3)− ϕ′′
(
λ0 + Ṽ ′i λ1 +X ′jλ2 + Z ′iλ3

)] [
V̂i − Vi

]2
}
.
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Thus,

√
n
[
T̂6n (λ)− T̃6n (λ)

]
=
√
n

1

n

n∑
i=1

λ1 · g (Xi, Vi,Zi) · [µ̂ (Xi, Zi)− µ (Xi, Zi)] + I61 (λ) + I62 (λ)

−I63 (λ)

=
√
n

1

n

n∑
i=1

κ62 (Xi, Zi) +
√
nI61 (λ) +

√
nI62 (λ)−

√
nI63 (λ) +

√
nI64 (λ) ,

where

g (x, v, z) ≡ g1 (x, v, z)− g2 (v, z) ,

I62 (λ) ≡ λ1 ·
√
n

1

n

n∑
i=1

[
V̂i − Vi

]
·

[
1

n− 1

[
n∑

j=1,j 6=i

KZ
h (Zi − Zj) · ϕ′ (λ0 + V ′i λ1 +X ′iλ2 + Z ′iλ3)

]
−g1 (Xi, Vi, Zi)] ,

I63 (λ) = λ1 ·
√
n

1

n

n∑
i=1

[
V̂i − Vi

]
·

[
1

n− 1

[
n∑

j=1,j 6=i

KZ
h (Zi − Zj)ϕ′

(
λ0 + V ′i λ1 +X ′jλ2 + Z ′iλ3

)]
−g2 (Vi, Zi)] ,

I64 (λ) = λ1

√
n

1

n

n∑
i=1

{g (Xi, Vi,Zi) · [µ̂ (Xi, Zi)− µ (Xi, Zi)]

−E [g (Xi, Vi, Zi) |Xi, Zi] · [Yi − µ (Xi, Zi)]} .

Hence, to show eq.(2.36) it is sufficient to show that supλ∈Λ |I61 (λ)| = op (1) ,

supλ∈Λ |I62 (λ)| = op (1) , supλ∈Λ |I63 (λ)| = op (1) , and supλ∈Λ |I64 (λ)| = op (1).
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We use the uniform convergence rate result of kernel density and NW estimators.

sup
λ∈Λ

∣∣√nI61 (λ)
∣∣

≤ sup
λ∈Λ

∣∣λ2
1

∣∣√n 1

n (n− 1)

n∑
i=1

n∑
j=1,j 6=i

∣∣KZ
h (Zi − Zj)

∣∣ ·[∣∣∣ϕ′′ (λ0 + Ṽ ′i λ1 +X ′iλ2 + Z ′iλ3

)∣∣∣+
∣∣∣ϕ′′ (λ0 + Ṽ ′i λ1 +X ′jλ2 + Z ′iλ3

)∣∣∣][
V̂i − Vi

]2 (1)

.
√
n

1

n (n− 1)

n∑
i=1

n∑
j=1,j 6=i

∣∣KZ
h (Zi − Zj)

∣∣ · [V̂i − Vi]2

(2)
=
√
n ·Op

[
h2s +

ln (n)

nh1+kz

]
·Op (1)

(3)
= op (1)

where
(1)

. is by boundedness of ϕ′′ (.) ;
(2)
= follows Lemma A.4;

(3)
= follows from

Assumption E.3.

sup
λ∈Λ

∣∣√nI62 (λ)
∣∣

= sup
λ∈Λ

∣∣∣∣∣λ1 ·
√
n

1

n

n∑
i=1

[
V̂i − Vi

]
ϕ′ (λ0 + V ′i λ1 +X ′iλ2 + Z ′iλ3)[

1

n− 1

n∑
j=1,j 6=i

KZ
h (Zi − Zj)− f (Zi)

]∣∣∣∣∣
= sup

λ∈Λ

∣∣∣∣∣λ1 · ϕ′ (λ0 + V ′i λ1 +X ′iλ2 + Z ′iλ3) ·
√
n

1

n

n∑
i=1

[
V̂i − Vi

] [
f̂ (Zi)− f (Zi)

]∣∣∣∣∣
≤

∣∣∣∣∣√n 1

n

n∑
i=1

[
V̂i − Vi

] [
f̂ (Zi)− f (Zi)

]∣∣∣∣∣ (1)
=
√
n ·Op

[
h2s +

ln (n)

nh1+kz

]
= op (1) ,

where
(1)

≤ follows from Lemma A.4.

sup
λ∈Λ

∣∣√nI63 (λ)
∣∣ ≤ sup

λ∈Λ

√
n

1

n

n∑
i=1

∣∣∣[V̂i − Vi]∣∣∣[
1

n− 1

[
n∑

j=1,j 6=i

KZ
h (Zi − Zj)ϕ′

(
λ0 + V ′i λ1 +X ′jλ2 + Z ′iλ3

)]
− g2 (Vi, Zi)

]
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(1)
=
√
n ·Op

[
hs +

√
ln (n)

nh1+kz

]

· 1
n

n∑
i=1

{
sup
λ∈Λ

∣∣∣∣∣
[

1

n− 1

[
n∑

j=1,j 6=i

KZ
h (Zi − Zj)ϕ′

(
λ0 + V ′i λ1 +X ′jλ2 + Z ′iλ3

)]
−g2 (Vi, Zi)]|}

(2)
=
√
n ·Op

[
hs +

√
ln (n)

nh1+kz

]2

(3)
= op (1) ,

where
(1)
= follows Lemma A.4;

(2)
= follows Lemma A.5;

(3)
= follows from Assumption

E.3. Similarly one can decompose
√
nI64 (λ) into small terms and show supλ∈Λ |

√
n

I62 (λ)| = op (1) (see Pakes and Olley, 1995, p.320 for a similar result).

Combining eq.(2.35) and eq.(2.36), we have

√
n
[
T̂6n (λ)− T60 (λ)

]
=
√
n

1

n

n∑
i=1

κ6 (Xi, Vi, Zi, λ)− E [κ6 (Xi, Vi, Zi, λ)] + op (1) .

Huang and White (2009) shows that
√
n 1
n

∑n
i=1 κ61 (Xi, Vi, Zi, λ)−E [κ61 (Xi, Vi, Zi, λ)]

is a tight process. We need to verify that
√
n 1
n

∑n
i=1 κ62 (Xi, Vi, Zi, λ)−E [κ62 (Xi, Vi, Zi,

λ)] is a tight process. We can prove it following the proof of eq.(2.26). Proof of part

(a) is thus complete. Part (b) is a direct application of the continuous mapping

theorem after imposing H′′60. �

Proof of Theorem 3.30: The proof is analogous to that of Theorem 3.6. �

Proof of Theorem 3.32: This is a direct application of Theorem 2.2.1 in Politis,

Romano and Wolf (1999, p.43). �
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2.9 Appendix 2: Additional Lemmas

Lemma A.1 Under B.1-4,

An = max
k∈{0,1}

sup
{x,z}∈X̃×Z

∣∣∣∣∣∂f̂ (x, z)

∂xk
− ∂f (x, z)

∂xk

∣∣∣∣∣
+ max

k∈{0,1}
sup

{x,z}∈X̃×Z

∣∣∣∣∣
∫
y
∂f̂ (x, y, z)

∂xk
dy −

∫
y
∂f (x, y, z)

∂xk
dy

∣∣∣∣∣
= Op

(
hs +

√
ln (n)

nh3+kz

)
.

Proof : see Newey (1994, Lemma B.3, p.252) or Altonji and Matzkin (2003,

p.1080). �

Lemma A.2 Under B.1-4,

(a) ∣∣∣∆ [f̂ (x)−1
]∣∣∣ . f (x)−2An;

(b) ∣∣∣∆ [f̂ (x)−1
]

+ f (x)−2 ·∆f̂ (x)
∣∣∣ . f (x)−3A2

n;

(c)∣∣∣τ (f̂ (x, z) , t
)
− f (x, z)−1

∣∣∣ ≤ t−2 · An + t−3 · A2
n + 1 [f (x, z) < 2t] · f (x, z)−1 ;

(d)∣∣∣τ (f̂ (x, z) , t
)
− f (x, z)−1 + ∆f̂ (x, z) · f (x, z)−2

∣∣∣
≤ f (x, z)−2 · 1 [f (x, z) < 2t] · An + t−3 · A2

n + f (x, z)−1 · 1 [f (x, z) < 2t] .

Proof :

(a)

∣∣∣∆ [f̂ (x)−1
]∣∣∣ =

∣∣∣∣∣ 1

f̂ (x) f (x)

∣∣∣∣∣ ∣∣∣f̂ (x)− f (x)
∣∣∣ . f (x)−2An.
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(b) ∣∣∣∆ [f̂ (x)−1
]

+ f (x)−2 ·∆f̂ (x)
∣∣∣

=

∣∣∣∣∣f (x)− f̂ (x)

f̂ (x) f (x)
+ f (x)−2

(
f̂ (x)− f (x)

)∣∣∣∣∣
=

∣∣∣∣∣ 1

f̂ (x) f (x)
− f (x)−2

∣∣∣∣∣ ∣∣∣f̂ (x)− f (x)
∣∣∣

= f (x)−2

∣∣∣∣∣ 1

f̂ (x)

∣∣∣∣∣ ∣∣∣f̂ (x)− f (x)
∣∣∣2 . f (x)−3A2

n.

(c)∣∣∣τ (f̂ (x, z) , t
)
− f (x, z)−1

∣∣∣
=

∣∣∣[τ (f̂ (x, z) , t
)
− τ (f (x, z) , t)

]
+
[
τ (f (x, z) , t)− f (x, z)−1]∣∣∣

=

∣∣∣∣τ ′ (f (x, z) , t) ·
[
f̂ (x, z)− f (x, z)

]
+ τ ′′

(
f̃ (x, z) , t

)
·
[
f̂ (x, z)− f (x, z)

]2

+
[
τ (f (x, z) , t)− f (x, z)−1]∣∣

≤ t−2 ·
∣∣∣f̂ (x, z)− f (x, z)

∣∣∣+ t−3 ·
∣∣∣f̂ (x, z)− f (x, z)

∣∣∣2 +

1 [f (x, z) < 2t] · f (x, z)−1

≤ t−2 · An + t−3 · A2
n + 1 [f (x, z) < 2t] · f (x, z)−1 .

(d)∣∣∣τ (f̂ (x, z) , t
)
− f (x, z)−1 + ∆f̂ (x, z) · f (x, z)−2

∣∣∣
=

∣∣∣τ (f (x, z) , t) + τ ′ (f (x, z) , t) ·
(
f̂ (x, z)− f (x, z)

)
+τ ′′

(
f̃ (x, z) , t

)
·
[
f̂ (x, z)− f (x, z)

]2

−f (x, z)−1 +
[
f̂ (x, z)− f (x, z)

]
· f (x, z)−2

∣∣∣
=

∣∣∣[τ ′ (f (x, z) , t) + f (x, z)−2] · [f̂ (x, z)− f (x, z)
]

+τ ′′
(
f̃ (x, z) , t

)
·
[
f̂ (x, z)− f (x, z)

]2

+
[
τ (f (x, z) , t)− f (x, z)−1]∣∣

≤ f (x, z)−2 · 1 [f (x, z) < 2t] · An + t−3 · A2
n + f (x, z)−1 · 1 [f (x, z) < 2t] .
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where f̃ (x, z) is between f̂ (x, z) and f (x, z) . �

Lemma A.3

n∑
i=1

[
EG (Yi)− ÊG (Yi)

]2

= n ·Op

(
K−2α0

0 +K−2α1
1

)
.

Proof : We can write

EG (Yi) =
∞∑
k=1

pk (Xi, Zi) · ξ0,k,

where ξ0 ≡ (ξ0,1, ξ0,2, ...)
′ are the true coefficients. We denote

ξK0 = (ξ0,1, , .., .ξ0,K)′ ,

and ξ̂K as the OLS estimator of ξK0 :

ξ̂K =
[
PK (X,Z)′ PK (X,Z)

]−1
PK (X,Z)′EG (Y) .

Then

n∑
i=1

[
EG (Yi)− ÊG (Yi)

]2

=
n∑
i=1

[[
EG (Yi)− pK (Xi, Zi)

′ · ξ0

]
− pK (Xi, Zi)

′ ·
(
ξ̂K − ξK0

)]2

≤ 2
n∑
i=1

[[
EG (Yi)− pK (Xi, Zi)

′ · ξ0

]]2
+ 2

n∑
i=1

[
pK (Xi, Zi)

′ ·
(
ξ̂K − ξK0

)]2

= n ·Op

(
K−2α0

0 +K−2α1
1

)
+ 2

(
ξ̂K − ξK0

)′
· PK (X,Z)′ · PK (X,Z) ·

(
ξ̂K − ξK0

)
= n ·Op

(
K−2α0

0 +K−2α1
1

)
+M · n ·

(
ξ̂K − ξK0

)′
·
(
ξ̂K − ξK0

)
= n ·Op

(
K−2α0

0 +K−2α1
1

)
+M · n ·

∥∥∥ξ̂K − ξK0 ∥∥∥2

·Op (1)

= n ·Op

(
K−2α0

0 +K−2α1
1

)
= op (1) .

To show eq.(2.37), we normalize E
[
P k (Xi, Zi)

′ P k (Xi, Zi)
]

= IK , where IK is

K ×K identity matrix (see for example, Newey, 1997). Then one can show that∥∥PK (X,Z)′ · PK (X,Z)
/
n− Ik

∥∥ = Op

(
ζ0 (K)

√
K
/√

n
)

= op (1) ,
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(see for example the proof of Theorem 1 of Newey 1997, p161-162.) Now we verify

eq.(2.37): ∥∥∥ξ̂K − ξK0 ∥∥∥2

=
∥∥∥[PK (X,Z)′ PK (X,Z)

]−1
PK (X,Z)′

[
EG (Y)− PK (X,Z) ξK0

]∥∥∥2

=
[
EG (Y)− PK (X,Z) ξK0

]′
PK (X,Z)

[
PK (X,Z)′ PK (X,Z)

]−1

·
[
PK (X,Z)′ PK (X,Z)

]−1
PK (X,Z)

[
EG (Y)− PK (X,Z) ξK0

]
= n−1

[
EG (Y)− PK (X,Z) ξK0

]′
PK (X,Z)′

[
PK (X,Z)′ PK (X,Z)

]−1

PK (X,Z)′
[
EG (Y)− PK (X,Z) ξK0

]
≤ n−1

[
EG (Y)− PK (X,Z) ξK0

]′ [
EG (Y)− PK (X,Z) ξK0

]
= Op

(
K−2α0

0 +K−2α1
1

)
. �

Lemma A.4 ∣∣∣V̂i − Vi∣∣∣ = Op

[
hs +

√
ln (n)

nh1+kz

]
;

∣∣∣f̂ (Zi)− f (Zi)
∣∣∣ = Op

[
hs +

√
ln (n)

nhkz

]
;

sup
x∈X

∣∣∣f̂ (x, Zi)− f (x, Zi)
∣∣∣ = Op

[
hs +

√
ln (n)

nh1+kz

]
.

Proof : See for example, Theorem 1.4 and Theorem 2.6 in Li and Racine (2007,

p.31 and p.79).8 �

Lemma A.5

sup
λ∈Λ

∣∣∣∣∣
[

1

n− 1

[
n∑

j=1,j 6=i

KZ
h (Zi − Zj)ϕ′

(
λ0 + V ′i λ1 +X ′jλ2 + Z ′iλ3

)]

−g2 (Vi, Zi)]| = Op

[
hs +

√
ln (n)

nh1+kz

]
.

8Strictly speaking, the uniform rates of convergence hold on a bounded set excluding boundary
points. To solve this problem, one can use boundary kernel (for a discussion, see Li and Racine,
2007, p.31) or use local polynomial regressioin (see for example, Masry 1996).
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Proof : We denote:

I63,1 (λ) ≡ 1

n− 1

[
n∑

j=1,j 6=i

Kz
h (Zi − Zj)ϕ′

(
λ0 + V ′i λ1 +X ′jλ2 + Z ′iλ3

)]

−
∫
ϕ′ (λ0 + v′λ1 + x′λ2 + z′λ3) · f̂ (x, z) · dx.

It is easy to show that

sup
λ∈Λ
|I63,1 (λ)| = Op (hs) .

Then,

sup
λ∈Λ

∣∣∣∣∣
[

1

n− 1

[
n∑

j=1,j 6=i

KZ
h (Zi − Zj)ϕ′

(
λ0 + V ′i λ1 +X ′jλ2 + Z ′iλ3

)]
−g2 (Vi, Zi)]|

≤ sup
λ∈Λ

∣∣∣∣[∫ ϕ′ (λ0 + V ′i λ1 + x′λ2 + Z ′iλ3) · f̂ (x, Zi) · dx− g2 (Vi, Zi)

]∣∣∣∣
+ sup

λ∈Λ
|I63,1 (λ)|

= sup
λ∈Λ

∣∣∣∣[∫ ϕ′ (λ0 + V ′i λ1 + x′λ2 + Z ′iλ3) ·
[
f̂ (x, Zi)− f (x.Zi)

]
· dx
]∣∣∣∣+Op (hs)

≤ sup
x∈X

∣∣∣f̂ (x, Zi)− f (x, Zi)
∣∣∣ · sup

λ∈Λ

∣∣∣∣[∫
X
ϕ′ (λ0 + V ′i λ1 + x′λ2 + Z ′iλ3) · dx

]∣∣∣∣
+Op (hs)

= Op

[
hs +

√
ln (n)

nh1+kz

]
. �



Chapter 3

Causal Diagrams for Treatment

Effect Estimation with

Application to Efficient Covariate

Selection

3.1 Introduction

Heckman (2008) emphasizes that “a careful accounting of the unobservables

in outcomes and treatment choice equations facilitates the design of [treatment

effect] estimators.” This requires particular care in specifying key conditional in-

dependence relations between observables and unobservables that act to identify

effects of interest. Here, we demonstrate how causal diagrams developed in the

machine learning literature by Judea Pearl and his colleagues (e.g., Pearl, 2000),

but not so well known to economists, can be useful in investigating the plausibility

of such conditional independence assumptions. For concreteness, we provide a de-

tailed analysis of examples focused on deciding which covariates to include when

estimating treatment effects.

Selecting the proper covariates is critical. Conditioning on the wrong covari-

ates can result in violations of the key unconfoundedness assumption. Heckman

143
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and Navarro-Lozano (2004) provide explicit analysis of this and conclude that

adding covariates may either increase or decrease bias. This is related to Rosen-

baum’s (1984) analysis showing that unconfoundedness is violated when certain

variables (those driven by the treatment) are included among the covariates (see

also Wooldridge 2005, 2006). Even when unconfoundedness is ensured, the choice

of covariates can affect estimator efficiency. Hahn (2004) analyzes the efficiency

bound for treatment effect estimators when certain covariates can be either in-

cluded or excluded, and proves that conditioning on more covariates may either

increase or decrease estimator efficiency (cf. Imbens, 2004, p.23).

In such high-level analyses, the identity or origin of the covariates is not

specified, apart from their yielding the property of unconfoundedness. On the

other hand, following Heckman’s advice by imposing explicit underlying struc-

ture creates the opportunity to provide economic foundations for covariate choice.

As we demonstrate, using causal diagrams makes it straightforward to determine

whether or under what conditions particular structures yield covariates that avoid

confounding and deliver efficiency. A useful practical insight emerging from our ex-

amples is that efficiency is attained by conditioning as much as possible on drivers

of the outcome or their proxies and as little as possible on drivers of treatment

choice or their proxies.

3.2 Covariate Choice, Structural Foundations,

and Causal Diagrams

We begin by briefly reviewing Hahn’s (2004) results showing that adding

covariates may either increase or decrease treatment effect estimator efficiency.

Next, we specify mild underlying structure consistent with Hahn’s assumptions.

We then introduce the key tools of Pearl’s causal diagram analysis, Directed Acyclic

Graphs (DAGs) and the notion of d−separation, and we illustrate their use by

showing how these tools can be used to verify Hahn’s conditions.
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3.2.1 The Potential Outcome Framework and Hahn’s Re-

sults

The potential outcome framework considers a binary treatment D and po-

tential outcomes of interest, Y0 and Y1, corresponding to the possibilities D = 0

and D = 1, respectively1. Among the effects of interest are the average treat-

ment effect, β ≡ E(Y1 − Y0), and the average treatment effect on the treated,

γ ≡ E(Y1 − Y0 | D = 1).

Unconfoundedness is central to identifying treatment effects. Following

Dawid (1979), we write X ⊥ Y | Z when X and Y are independent given Z.

Assumption A.1 (Unconfoundedness): There exists a vector X of observable

covariates such that (Y0, Y1) ⊥ D | X.

Hahn (1998, p.318, Theorem 1) derives the asymptotic variances for esti-

mators of β and γ that achieve the semi-parametric efficiency bound under A.1:

V (β) = E

[
σ2

1(X)

p(X)
+

σ2
0(X)

1− p(X)
+ (β(X)− β)2

]
and (3.1)

V (γ) = E

[
p(X)σ2

1(X)

p2
+
p(X)2σ2

0(X)

p2(1− p(X))
+

(β(X)− γ)2p(X)

p2

]
, (3.2)

where

β(X) = E(Y1 | X)− E(Y0 | X),

p(X) = E(D | X), p = E(p(X)),

σ2
1(X) = var(Y1 | X), σ2

0(X) = var(Y0 | X).

Standard efficient estimators include regression (e.g., Hahn, 1998) and pro-

pensity score-based methods (e.g., Hirano, Imbens, and Ridder, 2003). Standard

matching estimators not attaining this bound are the “nearest neighbor” estimators

(see Abadie and Imbens, 2006). Imbens (2004) and Imbens and Wooldridge (2009)

give reviews.

1Here, we only consider independent and identically distributed (IID) data. Consequently, we
suppress the observation subscript for notational convenience.
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To investigate the choice of covariates, Hahn (2004) supposes that we have

covariates X1 and X2 such that both X1 and (X1, X2) are valid in the following

sense:

Assumption A.2 There exist vectors X1 and X2 such that both D ⊥ (Y0, Y1) | X1

and D ⊥ (Y0, Y1) | (X1, X2) hold.

In the nomenclature of Heckman and Navarro-Lozano (2004), X1 generates the

minimum relevant information set and (X1, X2) generates the relevant information

set.

Hahn (2004) considers the following two sufficient conditions for A.2:

Assumption A.3 (a) D ⊥ (Y0, Y1, X2) | X1; (b) (D,X2) ⊥ (Y0, Y1) | X1.

Hahn calls A.3(a) exclusion of X2 from the propensity score and A.3(b) exclusion

of X2 from the potential outcomes.

Let V1 (β) and V2 (β) be the asymptotic variances of standard estimators of

β using X1 only or (X1, X2) together. We have

V1(β) = E

[
σ2

1(X1)

p(X1)
+

σ2
0(X1)

1− p(X1)
+ (β(X1)− β)2

]
V2(β) = E

[
σ2

1(X1, X2)

p(X1, X2)
+

σ2
0(X1, X2)

1− p(X1, X2)
+ (β(X1, X2)− β)2

]
.

Let V1 (γ) and V2 (γ) be the asymptotic variances of standard estimators of

γ using X1 only or (X1, X2) together. We have

V1(γ) = E

[
p(X1)σ2

1(X1)

p2
+
p(X1)2σ2

0(X1)

p2(1− p(X1))
+

(β(X1)− γ)2p(X1)

p2

]
V2(γ) = E

[
p(X1, X2)σ2

1(X1, X2)

p2
+
p(X1, X2)2σ2

0(X1, X2)

p2(1− p(X1, X2))

+
(β(X1, X2)− γ)2p(X1, X2)

p2

]
.

Under A.3(a), Hahn finds that V2 (β) achieves the efficiency bound for es-

timating β; we should thus condition on (X1, X2). But for γ, neither V1 (γ) nor
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V2 (γ) corresponds to the efficiency bound. Hahn (2004, p.74) then proposes a new

efficient estimator for γ, using both X1 and X2, with

V3 (γ) = E

[
p(X1) · σ2

1(X1, X2)

p2
+

[p(X1)]2 · σ2
0(X1, X2)

p2(1− p(X1))

+
[β (X1)− γ]2 · p (X1)

p2
+

[β(X1, X2)− β (X1)]2 · [p(X1)]2

p2

]
.

Under A.3(b), Hahn finds that V1(β) and V1(γ) achieve the efficiency bounds

for estimation of β and γ respectively. Here, we should condition on X1 only.

Thus, depending on whether A.3(a) (propensity score exclusion) or A.3(b)

(potential outcomes exclusion) holds, one should either include or exclude the ad-

ditional covariates. But how can one tell which of these possibilities is plausible for

a particular application? As we show in what follows, there are multiple structures

consistent with A.3(a) or A.3(b). These can be straightforwardly examined using

causal diagrams, providing useful structural insight into how the covariates arise

and which covariates to use.

3.2.2 Structural Foundations for Potential Outcomes

We first specify a structural equation for Y consistent with Hahn’s frame-

work:

Assumption B.1 Outcomes Y are structurally generated as

Y = r (D,Z, U) , (3.3)

where D is an observable binary treatment, Z is a finite dimensional vector of other

observable causes, U is a countably dimensioned vector of unobservable causes, and

r is an unknown measurable function.

We emphasize that Y = r (D,Z, U) is not a regression equation, but a structural

equation, describing how the right-hand side variables determine the left-hand side.

Goldberger (1972, p.979) provides a clear discussion of the directional nature of

these relations.
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As structural assumptions go, this is quite mild. The structural relation

is not required to be linear, separable between observables and unobservables, or

monotonic in unobservables. There may be a finite number of unobservables U or,

as in Imbens and Newey (2009), a countable infinity. Typically, the economics of

the specific application gives us a good idea of what else besides D drives Y , i.e.,

what Z and U should be.

Under this assumption, the potential outcomes Y0 and Y1 can be defined as

Y0 ≡ r (0, Z, U) and Y1 ≡ r (1, Z, U) .

The following condition suffices for unconfoundedness:

Assumption B.2 (Conditional Exogeneity of D): There exists a vector X

containing Z such that U ⊥ D | X.

Proposition 2.1 B.1 and B.2 imply A.1.

Thus, every observable driver of Y (element of Z) is a relevant covariate. This

is not explicit in the potential outcome framework, as that refers to no drivers of

Y other than D. Further, A.2 holds if there are covariates X1 and X2 such that

both U ⊥ D | X1 and U ⊥ D | X1, X2 hold. Clearly, then, Z must be included

in X1. To gain further insight, we will apply causal diagrams embodying specific

structure for treatment choice, D.

3.2.3 Directed Acyclic Graphs and Causal Diagrams

We now introduce directed acyclic graphs (DAGs), causal diagrams, and

d−separation, a criterion useful for establishing conditional independence relations.

Directed Acyclic Graphs and d−Separation

We first define DAGs. The definitions are from Pearl (2000, p.12). We

somewhat modify Pearl’s presentation and notation for clarity, but the concepts

are identical.
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• A graph G is a set V of vertices (nodes) and a set E of edges (links) connecting

some pairs of nodes. We let nodes correspond to random variables; we refer to

either interchangeably. Formally, edges are pairs of nodes. Thus, G ≡ (V,E).

• If an edge is an ordered pair (with an initial node and a terminal node) it is

directed. If all edges are directed, then we have a directed graph.

• A path is a sequence of edges, with edges adjacent in the sequence having

a node in common. If the edges are directed and the terminal node of one

edge is the initial node of the next edge, we have a directed path.

• A cycle is a directed path whose initial and terminal nodes are the same.

• A directed graph that has no cycle is a directed acyclic graph (DAG).

• Parents PAi of a vertex Vi are those vertices having edges terminating with

Vi. If Vi has no parents, it is a root ; we denote its parents as PAi ≡ 1.

Definition 2.2: Markov Compatibility (Definition 1.2.2 of Pearl, 2000, p.16)

Let V ≡ (V1, V2, ..., Vn) be a vector of random variables, and let F be its joint

cumulative distribution function (CDF). Let G be a DAG with vertices V having

parents PA ≡ (PA1, ..., PAn). If F admits the factorization

F (v1, ..., vn) =
n∏
i=1

F [vi | pai] ,

where F [vi | pai] denotes the conditional CDF of Vi given PAi = pai (with F [vi | 1]

representing an unconditional CDF), we say that G represents F , that G and F

are compatible, or that F is Markov relative to G.

Significantly, conditional independence relations can be read off a compati-

ble DAG, using a graphical criterion called d−separation. To define this, we let a

chain be a sequence of three interlinked nodes, represented by their indexes and

directions; for example, i→ m→ j or i→ m← j. Also, if there is a directed path

from a node with index m to a node indexed n, then we say n is a descendant of
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m. In what follows X , Y , and Z are sets of nodes (i.e., random vectors) in a DAG

G.

Definition 2.3 : d−Separation (Definition 1.2.3 of Pearl 2000, p.16) A path p

is d−separated (blocked) by Z if

(1) p contains a chain i→ m→ j or i← m→ j such that m is in Z; or

(2) p contains an inverted fork (collider) i→ m← j such that m is not in Z and

no descendant of m is in Z.
Then Z d−separates X from Y if Z blocks every path from a node in X to a node

in Y .

Theorem 2.4: Probabilistic Implications of d−Separation (Theorem 1.2.4

of Pearl, 2000, p.18) If X and Y are d−separated by Z in a DAG G, then X is

independent of Y conditional on Z for every distribution compatible with G.

Causal Diagrams

Interpreting a DAG as encoding conditional independence relationships has

no necessary causal meaning. Nevertheless, Pearl (2000) associates a directed

graph with vertices V having parents PA with a system of causal relations

Vi = fi (PAi, εi) , i = 1, ..., n,

where fi is the causal response (structural) function, the elements of PAi are inter-

preted as potential direct causes of Vi, and εi represents “independent background

factors that the investigator chooses not to include in the analysis.” Letting ε ≡
(ε1, ..., εn) and f ≡ (f1, ..., fn), the Pearl Causal Model (PCM) is M ≡ {V, ε, f}.

For Pearl, an arrow (directed link) from any element of PAi to Vi represents

potential direct causality; missing links are exclusion restrictions. Pearl calls the

graph G associated with a PCM a causal diagram or causal Bayesian network. If the

causal diagram is acyclic, then the corresponding PCM is called semi-Markovian.

If, in addition, the εi’s are mutually independent, the PCM is called Markovian.

Pearl’s causal interpretations are not without significant controversy (e.g.,

Dawid, 2002). Nevertheless, White and Chalak (2009) and Chalak and White
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(2008) provide an extension of Pearl’s framework, settable systems, in which causal

relations are well defined and where directed graphs, analogous to those just de-

scribed, can represent not only causal relations (as in Wright, 1921), but also

conditional independence relations governed by d−separation. Settable systems

are particularly relevant to economics, as they are explicitly designed to repre-

sent causal relations in systems involving optimization, equilibrium, and learning.

Causal diagrams are thus directly useful for the study of economic structures, and,

in particular, for choosing covariates.

The next theorem of Pearl relates Markovian causal models and DAGs.

Theorem 2.5: Causal Markov Condition (Theorem 1.4.1 of Pearl, 2000, p.30)

Every Markovian causal model M induces a CDF F that is Markov compatible

relative to the causal diagram G associated with M.

3.2.4 Selecting Covariates

We now demonstrate the utility of causal diagrams by using them to exam-

ine the conditional independence relations relevant for the choice of covariates.

Proxies for Unobserved Causes of Y

Recall that under A.3(a), V2(β) 6 V1(β), and V2(β) attains the efficiency

bound. On the other hand, the sign of V2(γ) − V1(γ) can be either positive or

negative, and neither estimator attains the bound. Hahn (2004) proposes a new

efficient estimator for this case. Here, both X1 and X2 should be used in estimating

β and γ.

Given B.1, the following condition suffices for A.3(a):

Assumption B.3(a) D ⊥ (U,X2) | X1.

Proposition 2.6 B.1 and B.3(a) imply A.3(a).

The result is intuitive. Among other things, B.3(a) says that X2 is independent

of the causes of interest, D, given X1(= Z). Thus, X2 generally does not include



152

variables helping to determine D. As X2 also does not include Z, X2 must represent

proxies for the unobservable causes, U.

To gain further insight, we consider two examples of causal structures sat-

isfying B.3(a). We use causal diagrams to depict the causal relations governing

both outcomes and treatment choice, and we verify B.3(a) using d−separation. We

follow Pearl’s convention of using dashed arrows to denote causal links originating

from unobservables.

In the diagrams to follow, each represented node can be viewed as having

an εi as an input. Following Pearl’s conventions, we will not depict the εi’s.

Nevertheless, there is no loss of generality in interpreting any root unobservable

as an εi (e.g., V1 and V2 in Figure 3.1). Note the important restriction that the

εi’s must be independent to ensure the Markov property. (This can be relaxed in

settable systems; we will not pursue this here.)

Example 1 We verify B.3(a) using d−separation, showing that X = D and Y =

Figure 3.1: Example 1

(U,X2) are d−separated by Z = X1 = Z. That is, Z blocks all paths between D

and U and all paths between D and X2. There are four paths between D and U :

Path 1: D → Y ← U :

Path 2: D ← Z → X2 → U :
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Path 3: D ← Z → Y ← U :

Path 4: D → Y ← Z → X2 → U :

Each path is blocked by Z. Path 1 satisfies d−separation (2); Path 2 satisfies

d−separation (1); and Paths 3 and 4 satisfy both d−separation (1) and (2).

There are also four paths between D and X2: Path 1: D → Y ← Z → X2;

Path 2: D ← Z → X2; Path 3: D → Y ← U ← X2; and Path 4: D ← Z → Y ←
U ← X2. It is easy to check that each is blocked by Z. This verifies B.3(a), so

A.3(a) holds.

Here, Z = X1 is the common cause of both D and Y ; the confounding factor

X1 therefore must be included in the covariates. X2 is a proxy for the unobservables

U. By substitution, we can also interpret X2 as a structurally relevant driver of Y.

To appreciate the inefficiencies that can arise by omitting X2 here, consider

the following numerical example, corresponding to Example 1. Note that not
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Table 3.1: Relative Efficiency for Numerical Example 1

σ2
X2

1 2 3 4
V2 (β) /V1 (β) 44.56% 57.77% 30.15% 42.39%
V2 (γ) /V1 (γ) 60.74% 48.14% 59.88% 42.02%
V3 (γ) /V1 (γ) 58.87% 46.11% 57.87% 40.48%

all causal paths in Figure 3.1 are present here, consistent with our discussion of

potential causes. 1{·} denotes the indicator function.

Numerical Example 1 Z,X2, V1, and V2 are independent. Z, V1, V2 ∼ N (0, 1) ;

X2 ∼ N
(
0, σ2

X2

)
; Y = Z + U + D (1 + Z + 2U) ; D = 1{Z + V1 > 0}; U =

X2 +X2V2.

In our next example, a covariate necessary for efficiency drives neither D

nor Y .

Example 2

Figure 3.2: Example 2

We again show that B.3(a) holds by d−separation. There are four paths between

D and U : Path 1: D → Y ← U ; Path 2: D ← Z → X2 ← U ; Path 3: D ←
Z → Y ← U ; and Path 4: D → Y ← Z → X2 ← U. All four paths are blocked

by Z = X1. Path 1 satisfies d−separation (2); Path 2 satisfies d−separation (1);

Paths 3 and 4 satisfy both d−separation (1) and (2).

The paths between D and X2 are: Path 1: D → Y ← U → X2; Path 2:

D ← Z → X2; Path 3: D ← Y ← Z → X2; and Path 4: D ← Z → Y ← U → X2.
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Table 3.2: Relative Efficiency for Numerical Example 2

b 1 2 3 4
V2 (β) /V1 (β) 51.49% 22.61% 12.06% 8.03%
V2 (γ) /V1 (γ) 56.43% 31.23% 22.47% 15.83%
V3 (γ) /V1 (γ) 54.60% 28.02% 18.93% 13.00%

It is easy to check that each is blocked by Z. This verifies B.3(a), so A.3(a) also

holds.

In this example, Z = X1 again represents confounding factors that must be

controlled for. X2 is driven by U ; thus, X2 is a proxy for U . Observe that here, not

only does X2 not drive treatment choice D, it is also not a driver of the outcome

Y.

A numerical example corresponding to Example 2 is as follows:

Numerical Example 2 Z, V1, V2, and U are independent; Z, V1, V2, U ∼ N (0, 1) ;

Y = Z + U +D (1 + Z + 2U) ; D = 1{Z + V1 > 0}; X2 = bU + V2.

Drivers of D and Proxies for Unobserved Drivers of D

We now examine structures ensuring Hahn’s (2004) Assumption A.3(b).

Recall that here, using just X1 yields efficient estimators for both β and γ.

Given the structure of B.1, the following condition suffices for A.3(b).

Assumption B.3(b) (D,X2) ⊥ U | X1.

Proposition 2.7 B.1 and B.3(b) imply A.3(b).

This result is also intuitive. Among other things, B.3(b) says that X2 is inde-

pendent of unobservables U given X1. Consequently, U generally cannot drive X2.

Further, we know that X2 does not include Z = X1. Instead, however, the elements

of X2 can either drive D or act as proxies for unobserved drivers of D.

To gain further insight, we provide two examples of structures satisfying

B.3(b).
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Figure 3.3: Example 3

Table 3.3: Relative Efficiency for Numerical Example 3

σ2
X2

1 2 3 4
σ2
V1

3 4 5 6
V2 (β) /V1 (β) 327.92% 679.97% 478.52% 608.38%
V2 (γ) /V1 (γ) 203.07% 229.78% 278.83% 412.58%

Example 3

We use d−separation to verify B.3(b). There are three paths between D and U :

Path 1: D → Y ← U ; Path 2: D ← Z → Y ← U ; and Path 3: D ← X2 ← Z →
Y ← U. All three paths are blocked by Z = X1, as Path 1 satisfies d−separation

(2), and Paths 2 and 3 satisfy both d−separation (1) and (2).

There are four paths between X2 and U : Path 1: X2 → D → Y ← U ; Path

2: X2 → D ← Z → Y ← U ; Path 3: X2 ← Z → D → Y ← U ; and Path 4:

X2 ← Z → Y ← U. It is easy to check that Z = X1 blocks all four paths.

As in the previous examples, Z = X1 is the common cause of both Y and D; hence

we must control for it. On the other hand, although X2 is a driver of D, we need

not control for it. And, as Hahn (2004) proves, we should not control for it.

A numerical example corresponding to Example 3 is the following.

Numerical Example 3 Z,X2,U, and V1 are independent; Z,U ∼ N (0, 1) ;

X2 ∼ N
(
0, σ2

X2

)
; V1 ∼ N

(
0, σ2

V1

)
; Y = Z + ZU +D (1 + Z + 2ZU) ; D = 1{Z +

X2 + V1 > 0}.

It is interesting to note that in Numerical Example 3, for certain values of
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σ2
X2

and σ2
V1
, V2 (β) and V2 (γ) can be infinite. For example, when σ2

X2
= σ2

V1
= 1,

V2(β) = E

[
9X2

1

Φ (X1 +X2)
+

X2
1

1− Φ (X1 +X2)
+X2

1

]
=∞

V2 (γ) = E

[
Φ (X1 +X2) 9X2

1

0.25
+

[Φ (X1 +X2)]2X2
1

0.25 [1− Φ (X1 +X2)]

+
(1 +X1 − γ)2 Φ (X1 +X2)

0.25

]
=∞,

with Φ the standard normal CDF. This underscores the importance of careful

covariate choice: unneeded covariates can drive the asymptotic variance to infinity.

Our next example provides a different underlying structure ensuring B.3(b).

Example 4

Figure 3.4: Example 4

We verify B.3(b) using d−separation. The paths between D and U are: Path 1:

D → Y ← U ; Path 2: D ← Z → Y ← U ; and Path 3: D ← V1 → X2 ← Z →
Y ← U. Path 1 satisfies d−separation (1). Paths 2 and 3 satisfy d−separation (1)

and (2).

There are four paths between X2 and U : Path 1: X2 ← V1 → D → Y ← U ;

Path 2: X2 ← V1 → D ← Z → Y ← U ; Path 3: X2 ← Z → Y ← U ; Path 4:

X2 ← Z → D → Y ← U ; Again, one can check that all four paths are d−separated

by Z = X1. This verifies B.3(b) and thus A.3(b).

Again, Z = X1 is the confounding factor, which we must control for. Here,

X2 is determined by V1, which represents unobserved causes of D. Thus, X2 can
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Table 3.4: Relative Efficiency for Numerical Example 4

b 1 2 3 4
σ2
V12

2 3 4 5
V2 (β) /V1 (β) 205.68% 205.70% 159.79% 138.67%
V2 (γ) /V1 (γ) 164.26% 150.90% 131.35% 118.10%

be viewed as a proxy for unobserved drivers of D. Again, however, X2 should not

be included in the treatment effect estimators.

A numerical example corresponding to Example 4 is the following:

Numerical Example 4 V1 ≡ (V11, V12) ; Z, V11, V2, U are independent. Z, V11, V2,

U ∼ N (0, 1) ; V12 ∼ N
(
0, σ2

V12

)
; Y = Z + ZU + D (1 + Z + 2ZU) ; D = 1{Z +

V11 + V12 > 0}; X2 = bV11 + V2.

As in Numerical Example 3, for certain values of b and σ2
V12

, V2 (β) and

V2 (γ) can become infinite. For example, when b = 1 and σ2
V12

= 0,

V2 (β) = E

 9X2
1

Φ
(√

2X1 +
√

2
2
X2

) +
X2

1

1− Φ
(√

2X1 +
√

2
2
X2

) +X2
1

 =∞

V2 (γ) = E

Φ
(√

2X1 +
√

2
2
X2

)
9X2

1

0.25
+

Φ
(√

2X1 +
√

2
2
X2

)2

X2
1

0.25
[
1− Φ

(√
2X1 +

√
2

2
X2

)]
+

(1 +X1 − γ)2 Φ
(√

2X1 +
√

2
2
X2

)
0.25

 =∞.

This further emphasizes the importance of carefully choosing the covariates.

The basic intuition underlying these examples is that the more independent

variation there is in D, the more efficient the resulting estimator. Here, including

X2 as a covariate reduces that variation. In the extreme case, conditioning on co-

variates sufficient to perfectly predict D yields infinite values for V2(β) and V2(γ).

As a referee points out, treatment choice/assignment in this case is explained too

well, so there is effectively no comparable control or treatment group. The break-

down of identification of β and γ in this extreme case has also been forcefully

pointed out by Heckman and Navarro-Lozano (2004). Thus, when X1 provides
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sufficient covariates for unconfoundedness, also including X2 is not desirable be-

cause this reduces the independent variation in D.

Although these examples have Z = X1, one can generate many examples

where Z represents only a subset of the variables X1 yielding B.3(b). The addi-

tional useful covariates are generally proxies for U.

3.2.5 Related Structures

So far, we have considered semi-parametric estimation of effects of interest,

where one makes no assumptions about the functional form of the underlying

structural relationships. Suppose, however, we assume a partially linear structure,

for example

Assumption B.1′ B.1 holds with Y = Dβ + g (Z,U) for some measurable g.

B.1′ and B.2 ensure that Imbens and Wooldridge’s (2009, p.27) variance bound for

β (= γ) applies:

V ∗ ≡

[
E

(
E (D | X)− [E (D | X)]2

σ2(X)

)]−1

,

where σ2 (X) = σ2
1 (X) = σ2

0 (X) ≡ var [g (Z,U) | X]. As Imbens and Wooldridge

(2009) note, this bound can be much smaller than that for estimators for the

nonseparable structure (eq.(3)). This efficiency bound can be achieved by using

GLS-type estimators for partially linear models (PLMs) (see, for example, Li and

Racine, 2007, p.237).

As above, suppose we have two sets of covariates X1 and X2 such that both

D ⊥ U | X1 and D ⊥ U | X1, X2 hold. To see whether we should condition on

X1 only or both X1 and X2, we compare the asymptotic variances of the PLM

GLS-type estimators:

V ∗1 =

[
E

(
E (D | X1)− [E (D | X1)]2

σ2(X1)

)]−1

V ∗2 =

[
E

(
E (D | X1, X2)− [E (D | X1, X2)]2

σ2(X1, X2)

)]−1

.
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Although efficiency bounds for the partially linear structure are so far not known

under the additional assumptions B.3(a) or B.3(b), we can still get useful relative

efficiency results for the PLM estimators.

Proposition 2.8 Let B.1 ′ and B.3(a) hold, with V ∗1 , V
∗

2 <∞. Then V ∗2 ≤ V ∗1 .

Proposition 2.9 Let B.1 ′ and B.3(b) hold, with V ∗1 , V
∗

2 <∞. Then V ∗2 ≥ V ∗1 .

Causal diagrams mapping the underlying structure yield the same useful insights.

So far, we have focused on whether one should condition on a set of co-

variates or a subset. Causal diagrams and d−separation can also help in deciding

between two general sets of covariates, whether or not one is a subset of the other.

For example, Morgan and Winship (2007, p.83) consider a structure with the causal

diagram of Figure 3.5 (adapted to our conventions), where S and X are observable

and U, V1, and V2 are unobservable.

Figure 3.5: Related Structure

Morgan and Winship ask whether one should condition on S or X to estimate β;

they claim that the answer is “situation specific.”

In fact, a d−separation exercise verifies that S, X, and (S,X) are all valid

covariates. Further, for efficiency, we should always condition on X and not S.

Let VX (β) , VS (β) , and VX,S (β) denote the asymptotic variance of the estimators

of β obtained by conditioning on X only, S only, and (X ,S) respectively. Then

by Hahn (2004), VX (β) ≤ VX,S (β) and VX,S (β) ≤ VS (β) , so VX (β) ≤ VS (β) .

This reinforces the idea that conditioning on drivers of D (or their proxies) is to

be avoided if possible.



161

3.3 Summary and Concluding Remarks

Careful examination of the structure determining treatment choice and out-

comes, as advocated by Heckman (2008), is central to the design of treatment effect

estimators and, in particular, to proper choice of covariates. Here, we demonstrate

how causal diagrams can play a key role in this examination by showing how these

methods can aid in selecting the efficient covariates identified by Hahn (2004).

There are numerous other possibilities for productive application of these

methods in economics. Closely related to the topic here is the use of causal dia-

grams (or their equivalent adjacency matrix representation) to exhaustively study

whether the two sufficient conditions given for Assumption A.2 (i.e., A.3(a) and

A.3(b)) are also necessary. Another possibility is to apply these tools to the recent

literature on experiment design. For example, Hahn, Hirano, and Karlan (2008)

design a conditional treatment assignment rule for experiments where causal di-

agrams and d−separation may help resolve questions of covariate choice. More

broadly, causal diagrams can help determine which structures admit identification

of causal effects, which do not, and which estimators to use when identification is

possible. This approach is taken by Chalak and White (2009) to provide a char-

acterization of what variables besides the cause and outcome of interest can be

instrumental in identifying effects of interest in structural systems.

3.4 Acknowledgements
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3.5 Appendix: Proofs

Proof of Proposition 2.1: Throughout, we refer to Dawid (1979) as “D”. D ⊥
U | X implies D ⊥ (U,X) | X by D Lemma 4.1. Since Y0 = r (0, Z, U) and

Y1 = r (1, Z, U) , (Y0, Y1) ⊥ D | X by D Lemma 4.2.

Proof of Proposition 2.6: By D Lemma 4.1, D ⊥ (X2, U) | X1 implies D ⊥
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(X1, X2, U) | X1. D ⊥ (X1, X2, U) | X1 implies D ⊥ (Y0, Y1, X2) | X1 by D Lemma

4.2, since Y0 = r (0, Z, U) and Y1 = r (1, Z, U) .

Proof of Proposition 2.7: By D Lemma 4.1, (D,X2) ⊥ U | X1 implies

(D,X2) ⊥ (U,X1) | X1. (D,X2) ⊥ (U,X1) | X1 implies (D,X2) ⊥ (Y0, Y1) | X1

since Y0 = r (0, Z, U) and Y1 = r (1, Z, U) .

Proof of Proposition 2.8: B.3(a) implies

V ∗−1
2 = E

[(
E (D | X1)− [E (D | X1)]2

σ2 (X1, X2)

)]
.

Then by the conditional Jensen inequality

V ∗−1
2 − V ∗−1

1 = E

[(
E

[
1

σ2 (X1, X2)

∣∣∣∣X1

]
− 1

σ2 (X1)

)
(
E (D | X1)− [E (D | X1)]2

)]
≥ 0.

Proof of Proposition 2.9: B.3(b) implies (D,X2) ⊥ (U,X1) | X1 by D Lemma

4.1. (D,X2) ⊥ (U,X1) | X1 implies X2 ⊥ g (Z,U) | X1 by D Lemma 4.2. Thus,

σ2 (X1, X2) = E
[
(g (Z,U))2 | X1, X2

]
− [E [g (Z,U) | X1, X2]]2

= E
[
(g (Z,U))2 | X1

]
− [E [g (Z,U) | X1]]2

= σ2 (X1) .

Then by the conditional Jensen inequality

V ∗−1
2 − V ∗−1

1 = E

{[
1

σ2 (X1)

]
·
[
−E

[
[E (D | X1, X2)]2

∣∣X1

]
+ [E (D | X1)]2

]}
≤ 0.



Chapter 4

Robustness Checks and

Robustness Tests in Applied

Economics

4.1 Introduction

A now common exercise in empirical studies is a “robustness check,” where

the researcher examines how certain “core” regression coefficient estimates behave

when the regression specification is modified in some way, typically by adding

or removing regressors. Leamer (1983) influentially advocated investigations of

this sort, arguing that “fragility” of regression coefficient estimates is indicative of

specification error, and that sensitivity analyses (i.e., robustness checks) should be

routinely conducted to help diagnose misspecification.

Such exercises are now so popular that standard econometric software has

modules designed to perform robustness checks automatically; for example, one

can use the STATA commands rcheck or checkrob. A finding that the coefficients

don’t change much is taken to be evidence that these coefficients are “robust.”1 If

the signs and magnitudes of the estimated regression coefficients are also plausible,

1This usage of “robust” should not be confused with the concept of robustness in the statis-
tics literature, which refers to the insensitivity of an estimator to adding or removing sample
observations, typically extreme in some way.

163
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this is commonly taken as evidence that the estimated regression coefficients can

be reliably interpreted as the true causal effects of the associated regressors, with

all that this may imply for policy analysis and economic insight.

Examples are pervasive, appearing in almost every area of applied econo-

metrics. For example, of the 98 papers published in The American Economic

Review during 2009, 76 involve some data analysis. Of these, 23 perform a ro-

bustness check along the lines just described, using a variety of estimators suitable

to the data, such as ordinary least squares, logit, instrumental variables, or panel

methods (Adams, Einav, and Levin, 2009, Alfaro and Charlton, 2009, Angelucci

and De Giorgi, 2009, Angrist and Lavy, 2009, Ashraf, 2009, Boivin, Giannoni, and

Mihov, 2009, Cai, Chen, and Fang, 2009, Chen and Li 2009, Chetty, Looney, and

Kroft, 2009, Dobkin and Nicosia 2009, Forbes and Lederman, 2009, Hargreaves

Heap and Zizzo, 2009, Hendel, Nevo, and Ortalo-Magné, 2009, Lavy, 2009, Leaver,

2009, Makowsky and Stratmann, 2009, Mas and Moretti, 2009, Matsusaka, 2009,

Miller, 2009, Oberholzer-Gee and Waldfogel, 2009, Sialm, 2009, Spilimbergo, 2009,

Urquiola and Verhoogen, 2009).

But when and how can evidence of coefficient robustness and plausibility

support the inference of structural validity? Our purpose here is to address this

question in substantive detail. For maximum clarity and practical relevance, we

consider a simple linear regression context. We show that even in this familiar

framework, there are many opportunities to go astray. Some of these pitfalls can

be avoided by paying attention to properties of regression analysis that should

be well known. But if they are, they are often ignored in practice. This neglect

can have serious adverse consequences when checking robustness, so it is useful

to emphasize these. Other pitfalls have not previously been recognized; these

bear critically on properly interpreting empirical results, especially with regard to

robustness checks.

It should be well known, but is too often forgotten, that is not necessary

that all estimated coefficients make economic sense. See, e.g., Stock and Watson

(2007, pp.478-479), who stress this latter point. For easy reference and because it

forms part of the foundation for the analysis to follow, we spell out why requiring
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coefficient signs and magnitudes to make economic sense is necessary only for a

certain subset of the regressors with particular relevance for robustness checks: the

critical core variables are precisely those whose effects are of primary interest and

whose coefficients should be plausible. As should also be well known, plausibility

of regression coefficients is not sufficient to permit attribution of causal effects,

regardless of robustness. For easy reference, we also briefly spell this out here.

Robustness is necessary for valid causal inference, in that the coefficients

of the critical core variables should be insensitive to adding or dropping variables,

under appropriate conditions. But several pertinent questions have not so far been

adequately addressed. Specifically, which variables besides the critical core vari-

ables should also be core variables? Which non-core variables should one add or

remove? Should the latter satisfy certain conditions, or is it valid to compare re-

gressions dropping or including any non-core variables? We show that the choice of

core variables and the non-core variables included or excluded must obey specific

restrictions dictated by the underlying structural equations. Ignoring these restric-

tions can lead to fundamentally flawed economic inference. We propose straight-

forward analysis and statistical procedures for distinguishing core and non-core

variables.

Most importantly, why perform just a “check,” when it should be easy to

conduct a true test of the hypothesis that the relevant coefficients don’t change?

At the least, this would permit the researcher to determine objectively whether

the coefficients had changed too much. The specification testing principles artic-

ulated in Hausman’s (1978) landmark work apply directly. Accordingly, we give

a straightforward robustness test that turns informal robustness checks into true

Hausman (1978)-type structural specification tests.

Suppose we find that the critical core coefficients are not robust. Does a

robustness check or test provide insight into the reason for the failure? Are there

additional steps that could be taken to gain further insight? We show how and

why robustness can fail, and we discuss methods that can be used to gain deeper

insight.

Or, suppose we do find that the critical core coefficients are robust and
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suppose we have other good reasons to believe that these validly measure economic

effects of interest. Then there are multiple consistent estimators, and we would

like to obtain the most precise of these. But which set of regressors should we

use? A larger set or a smaller set? Or does it matter? We show that the choice of

efficient regressors for causal inference is a deeper and context-dependent question

that presents interesting opportunities for further investigation. We also propose

relatively efficient feasible generalized least squares (FGLS) methods and a new

estimator, the Feasible Optimally combined GLS (FOGLeSs) estimator, that can

provide superior inference in practice.

In addressing each of these questions, we provide succinct answers and,

where relevant, easily implemented procedures. Apart from some (important)

details specific to robustness checking, our robustness test is standard; similarly,

our FGLS and FOGLeSs estimators are straightforward. The contribution of this

paper is therefore not some completely novel method. Rather, this paper is about

the proper use of now common procedures that seem to be widely misapplied.

Proper application of these, together with the new practical methods embodied

here in our Hausman test-based procedure testrob, could considerably strengthen

the validity and reliability of structural inference in economics. To make these

methods easy to apply, Matlab code for testrob is freely available at www.econ.

ucsd.edu\~xunlu\code.

4.2 The Structural Data Generating Process

Economic theory justifies claims that an outcome or response of interest,

Y, is structurally generated as

Y = r(D,Z, U),

where r is the unknown structural function, D represents observed causes of in-

terest, and Z and U are other drivers of Y, where Z is observed and U is not. In

particular, U represents not just “shocks,” but all factors driving Y that are too

costly or too difficult to observe precisely.
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Our interest attaches to the effects of D on Y. For example, let Y be wage,

let D be schooling, let Z be experience, and let U be unobserved ability. Then we

are interested in the effects of schooling on wage. Or let Y be GDP growth, let

D be lagged GDP growth and lagged oil price changes, let Z be other observed

drivers of GDP growth (e.g., monetary policy), and let U represent unobserved

drivers of growth, including shocks. In this case, we are considering a component

of a structural VAR system, and we are interested in the effects of lagged GDP

growth and lagged oil prices on GDP growth. When interest truly attaches to the

effects of all observed drivers of Y , we assign these to D and omit Z.

For maximum clarity and practical relevance, we assume here that r is

linear, so

Y = D′βo + Z ′αo + U, (4.1)

where βo and αo represent the effects of D and Z on Y respectively. Later, we

discuss some consequences of nonlinearity. Because D is the cause of interest, we

are interested primarily in βo; we may have little or no interest in αo. Note that

U has now become a scalar; in this linear case, we can view U as representing a

linear combination of unobserved drivers of Y, without essential loss of generality.

A standard assumption that identifies βo is exogeneity: (D,Z) is indepen-

dent of U, written (D,Z) ⊥ U, using the notation of Dawid (1979) (henceforth

“D79”). In fact, this identifies both βo and αo. When we are mainly interested in

βo, we do not need such a strong assumption. A weaker condition identifying βo

is a conditional form of exogeneity:

D ⊥ U | X, (4.2)

that is, D is independent of U given X, where X = (Z ′,W ′)′ is a vector of “control

variables” or “covariates.” This condition is actually much weaker than exogeneity,

since it not only permits D and U to be correlated, but it also permits X to

be correlated with U. A classic example is when W is an IQ score proxying for

unobserved ability, as in Griliches (1977). Below and in the appendix, we discuss

in detail where the W ’s come from.
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A still weaker condition identifying βo is conditional mean independence,

E(U | D,X) = E(U | X); for example, Stock and Watson (2007) use this as-

sumption in their outstanding textbook. Wooldridge (2002, pp. 607-608) has

an excellent discussion comparing this to (4.2). An even weaker (in fact nec-

essary) requirement is conditional non-correlation, E([D − ζ∗X]U) = 0, where

ζ∗ ≡ E(DX)E(XX ′)−1 is the matrix of regression coefficients for the regression of

D on X. Here, we work with (4.2) for three main reasons. First, this permits us to

closely link our analysis to the relevant literature on treatment effect estimation,

which has substantive implications for choosing W. Second, estimator efficiency is

a key focus here, and (4.2) has straightforward and important useful implications

for efficiency, discussed below. Third, this condition ensures valid structural infer-

ence in contexts extending well beyond linear regression (e.g., White and Chalak,

2009).

4.3 Making Economic Sense

The conditional exogeneity relation (4.2) is key to determining the critical

core variables, i.e., those variables whose coefficients should make economic sense

and be robust. To see this, we begin by considering the regression of Y on D and

X, E(Y | D,X). Defining the regression error ε ≡ Y − E(Y | D,X), we have the

regression equation

Y = E(Y | D,X) + ε.

This is purely a predictive relation, with no necessary economic content. Observe

that U and ε are distinct objects. Whereas ε is simply a prediction error with no

causal content for Y , U represents unobserved drivers of Y.

The underlying structure does create a relationship between U and ε, how-

ever. Using the structural relation and conditional exogeneity, we have

E(Y | D,X) = E(D′βo + Z ′αo + U | D,X) = D′βo + Z ′αo + E(U | D,X)

= D′βo + Z ′αo + E(U | X).

The final equality holds because D ⊥ U | X implies E(U | D,X) = E(U | X). It
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follows that ε = U − E(U | X). Thus, ε is a function of U and X, an important

fact that we rely on later.

We can now easily see which regression coefficients should make economic

sense and which should not. Suppose for simplicity that E(U | X) = X ′δ∗ =

Z ′δ∗z +W ′δ∗w, say. Then the regression equation has the form

Y = D′βo + Z ′αo +X ′δ∗ + ε

= D′βo + Z ′(αo + δ∗z) +W ′δ∗w + ε

= D′βo +X ′γ∗ + ε,

say, where γ∗ ≡ ((αo + δ∗z)
′, δ∗′w )′. Because E(ε | D,X) = 0, the regression coef-

ficients βo and γ∗ can be consistently estimated by ordinary or generalized least

squares under standard conditions.

Because βo represents the effects of the causes of interest, D, its signs and

magnitudes clearly should make economic sense. But the coefficient on Z, the other

observed drivers of Y, is γ∗z ≡ αo + δ∗z . This is a mix of causal (αo) and predictive

(δ∗z) coefficients. Even though Z drives Y, the presence of δ∗z ensures there is no

reason whatsoever that these coefficients should make economic sense. The same

is true for the coefficients of W. These are purely predictive, so their signs and

magnitudes have no economic content.

These facts should be well known. Indeed, Stock and Watson (2007, pp.478-

479) give a very clear discussion of precisely this point in their undergraduate text-

book. But this deserves emphasis here for two related reasons. First, researchers

and reviewers of research submitted for publication often overlook this. Reviewers

may take researchers to task for “puzzling” or “nonsense” coefficients that are not

the primary focus of interest; and researchers, anticipating such reactions (cor-

rectly or not), often (mis)direct significant effort to specification searches that will

preempt such attacks. This often includes robustness checks for all core coefficients.

This motivates the second reason for emphasizing this, directly relevant

to our focus here: Because only D should have economically sensible coefficients,

only D’s coefficients should be subject to robustness checking or testing. Thus,

we call D critical core variables. Researchers should not robustness check all core
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coefficients, only the critical core coefficients. Similarly, reviewer demands that

all regression coefficients be robust and make economic sense are unnecessary and

unrealistic. Indeed, this stifles valid research and provides incentives for researchers

to “cook” their results until naively demanding reviewers will find them palatable.

It is also easy see here why regression coefficients “making sense” is not

sufficient to permit attribution of causal effects: if either linearity (eq.(4.1)) or

conditional exogeneity (eq.(4.2)) fails, then the regression equation just gives the

optimal linear prediction equation

Y = D′β∗ +X ′γ∗ + ε,

where the optimal prediction coefficients are(
β∗

γ∗

)
≡

[
E(DD′) E(DX ′)

E(XD′) E(XX ′)

]−1(
E(DY )

E(XY )

)
,

and ε ≡ Y − D′β∗ + X ′γ∗ is the optimal prediction error. These coefficients

could be anything; some of them could even make economic “sense.” But without

the structural content of linearity and conditional exogeneity, this is, as MacBeth

might say, a tale told by an idiot, full of sound and fury, signifying nothing but

predictive optimality. Researchers and reviewers comforted by plausible regression

coefficients but with little or no other evidence of correct structural specification

may be easily led astray.

4.4 Robustness

To determine whether one has estimated effects of interest, βo, or only pre-

dictive coefficients, β∗, one can check or test robustness by dropping or adding

covariates. As we show in the next three sections, however, there are important

restrictions on which variables one may include or exclude when examining ro-

bustness. This means that letting STATA loose with checkrob, for example, is

potentially problematic, as this module estimates a set of regressions where the

dependent variable is regressed on the core variables (included in all regressions)
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and all possible combinations of other (non-core) variables, without regard to these

restrictions.

We begin by considering what happens with alternative choices of covari-

ates, say X1 and X2. In particular, suppose we take X1 = (Z ′,W ′)′ as above and

form X2 = W by dropping Z. In the latter case, suppose conditional exogeneity

holds with D ⊥ U | W. Now

E(Y | D,X2) = E(D′βo+Z
′αo+U | D,X2) = D′βo+E(Z ′αo | D,W )+E(U | D,W ).

Parallel to the prior analysis, we have E(U | D,W ) = E(U | W ), and we take

E(U | W ) = W ′δ∗w. But we must also account for E(Z ′αo | D,W ). This is a

function of D and W, so suppose for simplicity that E(Z ′ | D,W ) = D′ζ∗d +W ′ζ∗w.

This gives

E(Y | D,X2) = D′βo +D′ζ∗d αo +W ′ζ∗w αo +W ′δ∗w

= D′(βo + ζ∗d αo) +W ′(ζ∗w + δ∗w αo).

Now the coefficient on D is not βo but (βo + ζ∗d αo). If robustness held, these co-

efficients would be identical. But these coefficients generally differ.2 A robustness

check or test based on core variables D and comparing regressions including and

excluding Z while including covariates W would therefore generally signal non-

robustness of the D coefficients, despite the validity of the regression including

Z and W for estimating βo. This shows that robustness checks or tests generally

should not drop observed drivers Z of Y . That is, the Z’s should be core variables

for robustness checks or tests, in the sense that they generally should be included

along with D in the regressions used for robustness checking.

On the other hand, even when Z is included as a core variable, dropping

one or more elements of W could lead to failure of conditional exogeneity, again

signaling non-robustness, despite the validity of the regression including Z and W

for estimating βo.

2No difference occurs when ζ∗d αo = 0. For this, it suffices that αo = 0 (Z does not drive Y )
or that ζ∗d = 0 (e.g., D ⊥ Z | W ). In what follows, we use the qualifier “generally” to implicitly
recognize these exceptions or other similar special circumstances.
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Robustness is nevertheless necessary for valid causal inference, provided we

have (at least) two alternate choices of covariates, say X1 and X2, both of which

contain Z and both of which ensure conditional exogeneity of D :

D ⊥ U | X1 and D ⊥ U | X2. (4.3)

A similar situation has been considered in a related treatment effect context by

Hahn (2004) and by White and Lu (2010b). Nevertheless, those papers focus on a

different issue, estimator efficiency; we will return to this below.

The reasoning above now gives two regression equations of similar form:

Y = D′βo +X ′1γ
∗
1 + ε1

Y = D′βo +X ′2γ
∗
2 + ε2,

where (γ∗1 , ε1) and (γ∗2 , ε2) are defined analogously to their counterparts above.

Because conditional exogeneity holds for both sets of covariates, we can estimate

βo consistently from both regressions. That is, whether we include D and X1

in the regression or D and X2, we will get similar critical core variable coefficient

estimates, as both estimate the same thing, βo. This is the essence of the robustness

property, and we have just shown that it is a consequence of correct structural

specification, hence necessary.

Notice that even though Z is included in both regressions, its coefficients

generally differ between the two. In the first regression, the Z coefficient is (αo +

δ∗1z), say; it is (αo + δ∗2z) in the second. This reflects the fact that Z is playing

a predictive role for U in these regressions, and this role changes when different

W ’s are involved. Non-robustness of the Z coefficients does not signal structural

misspecification. For this reason, the Z’s are non-critical core variables.

When the structural assumptions fail, we still have optimal prediction re-

gressions, say,

Y = D′β∗1 +X ′1γ
∗
1 + ε1

Y = D′β∗2 +X ′2γ
∗
2 + ε2.

A robustness test gains power against structural misspecification from the fact

that when the structural assumptions fail, we typically have that β∗1 and β∗2 differ.
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Note, however, that such tests are not guaranteed to have good power, as β∗1 and

β∗2 can be similar or even equal in the presence of structural misspecification, as

when Xj = (Z ′,W ′
j) and E(DW ′

j), E(ZW ′
j) are close or equal to zero, j = 1, 2.

These properties are precisely those permitting application of a Hausman

(1978)-type test. Below, we specify a Hausman-style robustness test based on

differences in critical core coefficient estimates, such as β̂1n − β̂2n, where β̂1n and

β̂2n are estimators of β∗1 and β∗2 , respectively. When this test rejects, this implies

that any or all of the following maintained hypotheses fail: (i) Y = D′βo+X ′γ∗+ε

(regression linearity); (ii) D ⊥ U | X1 (conditional exogeneity of D w.r.t. X1); (iii)

D ⊥ U | X2 (conditional exogeneity of D w.r.t. X2). Regression linearity can fail

due to either structural nonlinearity (failure of Y = D′βo+Z ′αo+U) or predictive

nonlinearity (failure of E(U | X) = X ′δ∗ = Z ′δ∗z + W ′δ∗w) or both. Robustness

tests are therefore non-specific; either exogeneity failures or nonlinearity may be

responsible for rejection. In particular, if rejection is due to the failure of (iii) only,

then consistent estimation of causal effects βo is still possible, as β∗1 = βo. The

robustness test rejects because of a misleading choice of comparison covariates. A

similar situation holds if rejection is due to the failure of (ii) only, as then β∗2 = βo.

To avoid rejections due to a misleading choice of comparison covariates, it

is helpful to gain a better understanding of where the covariates W come from.

We take this up next.

4.5 Selecting Covariates

So far, we have seen that the covariates X should contain Z. They may

also contain additional variables W, as X ≡ (Z ′,W ′)′. We now consider how these

additional variables may arise. First, we consider how W may be chosen to ensure

the validity of covariates X, that is, D ⊥ U | X. Then we consider how the core

and non-core covariates potentially useful for examining robustness may be chosen.
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4.5.1 Valid Covariates

If strict exogeneity holds, i.e., (D,Z) ⊥ U, then D ⊥ U | Z (e.g., by

lemma 4.3 of D79). In this case, X = Z is a valid choice of covariates, and we

need not include other variables W in the core covariates. Nevertheless, we still

need valid non-core covariates W to perform a robustness check, so it is important

to understand how these can arise. Further, when D or Z are endogenous (e.g.,

correlated with U), as in the classic example where schooling (D) may be correlated

with ability (U), then W can play a crucial role by providing core covariates that

ensure D ⊥ U | (Z,W ).

With X = (Z ′,W ′)′, the condition D ⊥ U | X says that given X, D contains

no predictively useful information for U. It also says that given X, U contains no

predictively useful information for D. For the first criterion, we want X to be a

good predictor of U, so that D has nothing more to contribute. For the second,

we want X to be a good predictor of D, so that U has nothing more to contribute.

Either or both of these properties may ensure D ⊥ U | X.
The appendix contains a detailed discussion based on these heuristics sup-

porting the conclusion that W can either contain proxies for U, observed drivers of

D, or proxies for unobserved drivers of D. It should not contain outcomes driven

by D. One can begin, then, by selecting an initial vector of covariates W satisfy-

ing these conditions. By themselves, these criteria do not guarantee D ⊥ U | X.
On the other hand, however, W may indeed ensure this. We now discuss how to

determine which of these possibilities holds and how this relates to specifying core

and non-core covariates for robustness checking and testing.

4.5.2 Core Covariates

Suppose W ensures D ⊥ U | X. Then W may contain more information

than is minimally needed to identify βo. To obtain core covariates, we therefore

seek a subvector W1 of W such that X1 = (Z ′,W ′
1)′ generates what Heckman and

Navarro-Lozano (2004) call the minimum relevant information set, the smallest

information set giving D ⊥ U | X1. Note that W1 could have dimension zero; we
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could also have W1 = W.

Let X = (X ′1,W
′
2)′. Given D ⊥ U | X, lemma 4.3 of D79 yields two condi-

tions that imply D ⊥ U | X1, so that W1 is core and W2 is not. One condition is

D ⊥ W2 | X1. The other is U ⊥ W2 | X1.

First, consider D ⊥ W2 | X1. This condition involves only observables, so

it is straightforward to investigate empirically. When the stochastic dependence

can be fully captured by linear regression, one can regress D on X = (Z ′,W ′)′

to potentially reveal a subvector W1 of W such that D ⊥ U | X1. The matrix of

regression coefficients for this regression is

ζ∗ = E(DX ′)E(XX ′)−1.

Partitioning ζ∗ (k0 × (kz + kw), say) as ζ∗ ≡ (ζ∗z , ζ
∗
w), suppose that there is (after

a possible permutation) a partition of W, W = (W ′
1,W

′
2)′, such that, with ζ∗w ≡

(ζ∗w1
, ζ∗w2

), we have ζ∗w2
= 0 (a k0 × kw2 matrix, say). Then D ⊥ W2 | (Z,W1), so

we can rule out W2 as core covariates.

This suggests a straightforward, practical regression-based method for iso-

lating non-core covariates: one can examine the sample regression coefficients from

the regressions of each element of D on X = (Z ′,W ′)′ and identify non-core vari-

ables W2 as those having estimated coefficients close to zero in every such regres-

sion. One may proceed heuristically or conduct more formal inference or model

selection. Whatever the approach, one should err on the side of keeping rather

than dropping variables, as retaining valid but non-essential covariates is much

less costly than dropping true core covariates, as the former does not render esti-

mates of βo inconsistent, whereas the latter does.

In the fully general (nonlinear) case, analogous but more elaborate proce-

dures can reveal such a W1. For simplicity, we restrict attention here to the linear

case.

Now consider whether we can identify further elements of W1 as non-core.

For this, we seek a partition of of W1, W1 = (W ′
11,W

′
12)′ such that U ⊥ W12 | X11,

where X11 = (Z ′,W ′
11)′. If such a partition exists, we can rule out W12 as core

variables, since we then have D ⊥ U | X11. Since U is unobservable, we cannot
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proceed directly, as above. Nevertheless, we might try to use regression residuals

ε11 ≡ Y −E(Y | D,X11) to find such a partition. This turns out to be problematic,

as we now discuss.

Specifically, observe that D ⊥ U | X11 implies that ε11 = U − E(U | X11).

It follows by lemmas 4.1 and 4.2 of D79 that U ⊥ W12 | X11 then implies ε11 ⊥
W12 | X11. Now suppose we test and reject ε11 ⊥ W12 | X11. Then U 6⊥ W12 | X11,

so it is not clear whether W12 is core or not. Alternatively, suppose we fail to

reject ε11 ⊥ W12 | X11. Because this generally does not imply U ⊥ W12 | X11,

we again cannot make a determination. Properties of the regression residuals ε11

do not provide definitive insight. Instead, however, one might use knowledge of

the underlying structure as discussed in Section 5.1 and in Section 5.3 to justify

dropping or retaining elements of W1. Specifying non-core elements W12 of W1

satisfying U ⊥ W12 | X11 unavoidably requires some judgement.

For practical purposes, then, we recommend using core covariates W1 de-

termined by checking D ⊥ W2 | X1 as described above, adjusted by deleting any

elements for which U ⊥ W12 | X11 is plausible a priori. Because we recommend

erring on the side of inclusion, this may result in a set of core covariates that might

be larger than absolutely necessary; but these should generally be quite adequate

for robustness checking and testing.

For reference later, we note that an important consequence of D ⊥ U |
(X1,W2) and D ⊥ W2 | X1 following from lemma 4.3 of D79 is that D ⊥ (U,W2) |
X1. Similarly, we have that D ⊥ U | (X1,W2) and U ⊥ W2 | X1 imply (D,W2) ⊥
U | X1.

4.5.3 Non-core Covariates

We began with an initial set of covariates W and described how to extract

core covariates; for convenience, we now just denote these W1 and also write X1 =

(Z ′,W ′
1)′. To use a robustness check or test to see whether W1 does in fact ensure

D ⊥ U | X1 and therefore identify βo, we require suitable non-core covariates for

the comparison regressions.
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We may already have some non-core covariates, namely any components of

W not in W1. But this is not guaranteed, as we may have W1 = W. Even if we do

have some initial non-core covariates, it can be useful to find others. These can

enhance the power of robustness tests; they can also enhance the efficiency of the

estimator for βo.

There are various ways to construct additional valid covariates. One effec-

tive way is to find covariates X2 such that D ⊥ U | X implies D ⊥ U | X2. White

and Chalak (2010, prop. 3) provide a relevant result, showing that if D ⊥ U | X
and if

W2 = q(X,U, V ), where D ⊥ V | (U,X)

for some unknown structural function q, then with X2 = (X ′,W ′
2)′, we have

D ⊥ U | X2.

A leading example occurs when W2 is a proxy for U different than W1, subject to

measurement errors V, say W2 = q(U, V ). If the measurement errors are indepen-

dent of (D,U,X), as is often plausible, then D ⊥ V | (U,X) also holds.

Because W2 can be a vector here, any subvector of W2 has the same prop-

erties. It follows that when W2 is constructed in this way, automated methods,

along the lines of STATA’s rcheck and checkrob modules, that treat D and X1 as

core variables and W2 as non-core (now taking X = X1 in forming W2), will yield

a potentially useful set of comparison regressions.

White and Lu (2010b) provide various structural configurations sufficient

for certain unconfoundedness assumptions used by Hahn (2004) in studying the

efficiency of treatment effect estimators. These structures can inform the choice

of both initial and additional covariates; here we focus on the latter. Although D

is a binary scalar in Hahn (2004) and White and Lu (2010b), this is not required

here: D can be a vector with categorical or continuous elements.

A condition sufficient for one of Hahn’s unconfoundedness assumptions (his

A.3(a)) is

D ⊥ (U,W2) | X1.
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White and Lu (2010b) give two different underlying structures for which this holds.

The example above from White and Chalak (2010, prop. 3) is another case where

this holds. With X2 = (X ′1,W
′
2)′, lemma 4.2 of D79 gives the required condition

(4.3),

D ⊥ U | X1 and D ⊥ U | X2.

Note that D ⊥ (U,W2) | X1 was implied for our initial covariates when D ⊥ W2 |
X1. The covariates identified by White and Lu’s (2010b) structures may be the

same or different than those obtained from the initial covariates.

A condition sufficient for Hahn’s other assumption (A.3(b)) is

(D,W2) ⊥ U | X1.

White and Lu (2010b) give two different underlying structures for which this holds.

With X2 = (X ′1,W
′
2)′, this also implies

D ⊥ U | X1 and D ⊥ U | X2.

Note that (D,W2) ⊥ U | X1 was implied for our initial covariates when U ⊥ W2 |
X1. The covariates identified by White and Lu’s (2010b) structures may be the

same or different than those obtained from the initial covariates.

More generally, suppose that

(D,W21) ⊥ (U,W22) | X1.

With W2 = (W ′
21,W

′
22)′ and X2 = (X ′1,W

′
2)′, lemma 4.2 of D79 again gives

D ⊥ U | X1 and D ⊥ U | X2.

In these last three examples, we haveX2 = (X ′1,W
′
2)′, as in the first example.

The structure of these results also ensures that a potentially useful comparison

regression will result with core variables D and X1 and any subvector of W2 as

non-core.

These examples are not necessarily the only possibilities, but they illustrate

different ways to obtain additional non-core covariates potentially useful for robust-

ness checking and testing. Significantly, the underlying economic structure plays a
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key role in determining both the non-critical core variables, X1, and the non-core

covariates, W2. By failing to account for this structure, one may improperly spec-

ify core and non-core variables, making it easy to draw flawed economic inferences.

Indeed, our characterization of some of these examples as yielding “potentially”

useful non-core variables is meant to signal that these might not be useful after

all, in the sense that their use in robustness checks or robustness tests provides

no information about structural misspecification. The next section more explicitly

identifies some of the pitfalls.

4.6 A Robustness Test for Structural Misspeci-

fication

Performing a robustness test is a completely standard procedure, so it is

somewhat mystifying that such tests have not been routinely conducted, even if not

focused on just the critical core coefficients. Here, we describe such a procedure,

embodied in our testrob module. A Matlab routine for this can be found at www.

econ.ucsd.edu\~xunlu\code. We hope its availablility will help make such tests

standard.

To describe the robustness test, we first specify the robustness check re-

gressions. Let the sample consist of n observations (Yi, Di, Zi,Wi), i = 1, ..., n.

The core variables are those appearing in the core regression: the critical core

variables, Di, and the non-critical core variables, X1i = (Z ′i,W
′
1i)
′, where W1i is a

subvector of Wi. The remaining elements of Wi are the non-core variables. There

are J−1 comparison regressions that include Di and Xji = (X ′1i,W
′
ji)
′, j = 2, ..., J,

where Wji is a subvector of the non-core elements of Wi. Not all subvectors of the

non-core variables need to appear in the comparison regressions.

The ordinary least squares (OLS) robustness check regression estimators

are

δ̂jn ≡

(
β̂jn

γ̂jn

)
≡

[
D′D D′Xj

X′jD X′jXj

]−1(
D′

X′j

)
Y, j = 1, ..., J,
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where D is the n × k0 matrix with k0 × 1 rows D′i, Xj is the n × kj matrix with

kj × 1 rows X ′ji, and Y is the n× 1 vector with elements Yi.

Letting δ̂n ≡ (δ̂′1n, ..., δ̂
′
Jn)′, it follows under mild conditions (in particular,

without assuming correct specification) that

√
n(δ̂n − δ∗)

d→ N(0,M∗−1V ∗M∗−1),

where δ∗ ≡ (δ∗′1 , ..., δ
∗′
J )′ and δ∗j ≡ (β∗′j , γ

∗′
j )′, with optimal prediction coefficients β∗j

and γ∗j as defined above, and where M∗ and V ∗ are given by

M∗ ≡ diag(M∗
1 , ...,M

∗
J) and V ∗ ≡ [V ∗kj],

where, for k, j = 1, ..., J,

M∗
j ≡

[
E(DD′) E(DX ′j)

E(XjD
′) E(XjX

′
j)

]
and V ∗kj ≡

[
E(εkεjDD

′) E(εkεjDX
′
j)

E(εkεjXkD
′) E(εkεjXkX

′
j)

]
.

See Chalak and White (2009) for regularity conditions in this context.

The critical core coefficient robustness hypothesis is

Ho : ∆S δ∗ = 0,

where S is a selection matrix that selects 2 ≤ K ≤ J subvectors β∗j from β∗ ≡
(β∗′1 , ...β

∗′
J )′ and ∆ is the (K − 1)k0 ×Kk0 differencing matrix

∆ =


I −I 0 0

I 0 −I 0
. . .

I 0 0 −I

 .

The proper choice of subvectors selected by S is crucial. We discuss this below.

Letting R ≡ ∆S, the robustness test statistic is

RKn ≡ n δ̂′nR
′ [RM̂−1

n V̂nM̂
−1
n R′]−1 R δ̂n,

where M̂n and V̂n are consistent estimators of M∗ and V ∗, respectively, and it is

assumed that RM∗−1V ∗M∗−1R′ is nonsingular. The testrob routine estimates V ∗
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under the assumption that the regression errors εi ≡ (ε1i, ..., εJi)
′ are uncorrelated

across i.

As is standard, under Ho,

RKn
d→ χ2

(K−1)k0
,

where χ2
(K−1)k0

denotes the chi-squared distribution with (K − 1)k0 degrees of

freedom3. One rejects critical core coefficient robustness at the α level if RKn

exceeds the 1 − α percentile of the χ2
(K−1)k0

distribution. Because this test is a

completely standard parametric test, it has power against local alternatives at rate

n−1/2.

Under the global alternative, HA : ∆S δ∗ 6= 0, the test is consistent; that is,

it will eventually detect any departure of β∗1 from any selected β∗j . This may leave

some misspecified alternatives undetected, as explained above; also, rejection is

non-specific, as it can signal regression nonlinearity and/or failures of conditional

exogeneity. Nevertheless, the structure generating the non-core variables affects

the alternatives detected. For example, with non-core variables generated as in

the first example of Section 5.3, the test will detect the failure of core conditional

exogeneity, i.e., D ⊥ U | X1, or the failure of D ⊥ V | (U,X1). (Since V can

be anything, the assumption that W2 = q(X1, U, V ) is essentially without loss of

generality.)

In fact, the way the non-core variables are generated crucially determines

the proper selection from β∗. To see why, recall that εj = U −E(U | Xj). Suppose

that Xk = (X ′j,W
′
jk)
′ and that

U ⊥ Wjk | Xj.

Then

εk = U − E(U | Xk) = U − E(U | Xj,Wjk) = U − E(U | Xj) = εj.

There is no thus point in using comparison regressions that include Xj as well as

Wjk, or any of its components, as these just introduce linearly dependent compo-

nents causing singularity of RM∗−1V ∗M∗−1R′ (hence RM̂−1
n V̂nM̂

−1
n R′).

3In practice, the number of degrees of freedom may need adjustment to accommodate certain
linear dependencies among the elements of Rδ̂n.
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Now consider how this relates to the way that the non-core variables are

generated. Specifically, suppose (D,W2) ⊥ U | X1, guaranteeing Hahn’s A.3(b),

as discussed above. Then U ⊥ W2 | X1. If this is the only way that non-core

covariates are generated, then there are in fact no comparison regressions relevant

for the robustness test and attempting such a test is futile. Further, although the

robustness check regressions will generate “non-robust” non-critical core covariate

coefficients (comparing regressions with and without W2) this is of no import, as

only non-robustness in the critical core coefficients matters. Performing robustness

checks with comparison regressions having non-core variables generated only in

this way is uninformative and thus pointless. To the best of our knowledge, this

difficulty has not previously been recognized, much less accounted for, so there is

no way to know whether previous robustness checks have even potential content.

Similarly, when (D,W21) ⊥ (U,W22) | X1, we have U ⊥ W21 | X1, s(W22)

for any subvector s(W22) of W22 by D79 lemma 4.2. There is thus no need and

no point to conduct robustness checks or tests using comparison regressions with

Xk including any elements of W21 when X1 and any elements of W22 are present

in any other Xj. In such cases, εk = εj. It therefore makes sense only to base the

robustness test on comparison regressions for which Xj is X∗ = (X ′1,W
′
22)′ or a

subvector of X∗ containing X1. In this case, S selects only subvectors β∗j from β∗

corresponding to just these comparison regressions.

In general, whenever W2 = (W ′
21,W

′
22)′ is some subvector of non-core co-

variates and U ⊥ W21 | X1, s(W22) for any subvector s(W22) of W22, we call

X∗ = (X ′1,W
′
22)′ sufficient for W21, as X∗ contains all the covariate information

relevant for robustness checking relative to W21. We also say that W21 is superflu-

ous given X∗. For the two examples just discussed, there is a sufficient subvector

X∗ of X = (Z ′,W ′)′. Further, there can be more than one sufficient covariate

subvector. For example, we could also have (D, W̃21) ⊥ (U, W̃22) | X1, so that

W̃21 ⊥ U | X1, s(W̃22). Then X̃∗ = (X ′1, W̃
′
22)′ is sufficient for W̃21.

When there are multiple sufficient covariate subvectors, it is important to

recognize that it is generally not valid to use the combined vector (X ′1,W
′
22, W̃

′
22)′

for robustness checking, as there is no guarantee that D ⊥ U | (X1,W22, W̃22)
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holds. Algorithms that include all possible subsets of the non-core variables, such

as rcheck or checkrob, ignore this restriction, leading to the likely appearance of

misleading non-robustness in the critical core coefficients.

On the other hand, when D ⊥ (U,W2) | X1, we can have X∗ = X. In

this case, we may be able to select all components of β∗. This does not force

RM∗−1V ∗M∗−1R′ to be nonsingular, so care must still be exercised. But at least

uninformative robustness check regressions and a singular robustness test covari-

ance matrix RM∗−1V ∗M∗−1R′ are not guaranteed, as occurs when using super-

fluous covariates. We now see quite explicitly the various pitfalls inherent to ro-

bustness checking, as well as the crucial role played by the underlying structure in

specifying core and non-core covariates for robustness checks and robustness tests.

4.7 Gaining Insight into Robustness Rejections

When the robustness test rejects, it would be helpful to know why. Is

it regression nonlinearity or is it failure of conditional exogeneity? There is an

extensive literature on testing for neglected nonlinearity in regression analysis,

ranging from Ramsey’s (1969) classic RESET procedure to modern neural network

or random field tests. (See, for example, Lee, White and Granger, 1993; Hamilton,

2001; and Dahl and Gonzalez-Rivera, 2003.) These references, like those to follow,

barely scratch the surface, but they can at least help in locating other relevant

work. Such tests are easy and should be routinely performed; for example, one can

use STATA’s reset procedure.

If the nonlinearity test rejects, one may seek more flexible specifications.

The relevant literature is vast, ranging from use of more flexible functional forms

including algebraic or trigonometric polynomials (e.g. Gallant, 1982); partially

linear models (Engle, Granger, Rice, and Weiss, 1986; see Su and White (2010) for

a partial review); local polynomial regression (e.g., Cleveland, 1979; Ruppert and

Wand, 1994); and artificial neural networks (e.g., White, 2006a).

On the other hand, if robustness is rejected but not linearity, then we have

apparent evidence of the failure of conditional exogeneity. But the robustness test is
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sufficiently nonspecific that it is helpful to employ further diagnostics to understand

what may be driving the robustness rejection. At the heart of the matter is whether

D ⊥ U | X1 holds for the core regression. There are now many approaches to

testing this in the literature. Early procedures were developed for the case of scalar

binary D. See Rosenbaum (1987), Heckman and Hotz (1989), and the review by

Imbens (2004). Recently White and Chalak (2010) have given tests complementary

to these that permit D to be a vector of categorical or continuous variables. White

and Lu (2010a) give straightforward tests for conditional exogeneity that involve

regressing transformed regression residuals on functions of the original regressors.

In the next section, we discuss a special case involving squared residuals that

emerges naturally in the context of efficient estimation.

Given the realities of the review and publication process in economics, it

is perhaps not surprising that the literature contains plenty of robustness checks,

but not nearly as much in the way of more extensive specification analysis. By

submitting only results that may have been arrived at by specification searches

designed to produce plausible results passing robustness checks, researchers can

avoid having reviewers point out that this or that regression coefficient doesn’t

make sense or that the results might not be robust. And if this is enough to

satisfy naive reviewers, why take a chance? Performing further analyses that could

potentially reveal specification problems, such as nonlinearity or exogeneity failure,

is just asking for trouble.

Of course, this is also a recipe for shoddy research. Specification searches

designed to achieve the appearance of plausibility and robustness have no place in

a scientific endeavor. But even in the absence of such data snooping, it must be

recognized that robustness checks are not tests, so they cannot have power. And,

although robustness tests may have power, they are non-specific and may thus

may lack power in specific important directions. By deploying true specification

testing methods, such as the Hausman-style robustness test of the previous section,

the further tests described in this section, or any of the methods available in

the vast specification testing literature to examine whether findings supported

by robustness checks really do hold up, researchers can considerably improve the
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quality of empirical research. Reviewers of work submitted for publication can

encourage this improvement rather than hindering it by focusing on critical core

coefficients only and by reorienting their demands toward testing robustness and

specification.

4.8 Estimator Efficiency with Correct Structural

Specification

Suppose the robustness test does not reject, and that other specification

tests (e.g., nonlinearity, conditional exogeneity) do not indicate specification prob-

lems. Then one has multiple consistent estimators for βo, and one must decide

which to use. Should one just use the core regression or instead use a regression

including non-core variables? Or should one use some other estimator?

The criterion that resolves this question is estimator efficiency. We seek the

most precise estimator of the critical core coefficients, as this delivers the tightest

confidence intervals and the most powerful tests for the effects of interest. Recent

work of Hahn (2004) shows that which estimator is efficient is not immediately

obvious. As Hahn (2004) and White and Lu (2010b) further show, this depends

on the exact nature of the underlying structure.

4.8.1 Efficiency Considerations

To understand the main issues in the present context, recall that the asymp-

totic covariance matrix for δ̂nj ≡ (β̂′nj, γ̂
′
nj)
′, avar(δ̂nj), is M∗−1

j V ∗j M
∗−1
j , where

M∗
j ≡

[
E(DD′) E(DX ′j)

E(XjD
′) E(XjX

′
j)

]
and V ∗j ≡

[
E(ε2

jDD
′) E(ε2

jDX
′
j)

E(ε2
jXjD

′) E(ε2
jXjX

′
j)

]
.

Suppose for simplicity that σ2
j ≡ E(ε2

j | D,Xj) does not depend on D or Xj. Since

this assumption is unrealistic, we remove it later; for now, it enables us to expose
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the key issues. With constant σ2
j , we have the classical result that

M∗−1
j V ∗j M

∗−1
j = σ2

j

[
E(DD′) E(DX ′j)

E(XjD
′) E(XjX

′
j)

]−1

.

A little algebra shows that for the critical core coefficients β̂nj, we have

avar(β̂nj) ≡ σ2
j E(ηjη

′
j)
−1,

where ηj ≡ D − ζ∗jXj is the vector of residuals from the linear regression of D

on Xj, with regression coefficient matrix ζ∗j ≡ E(DX ′j)E(XjX
′
j)
−1. We now see

the essential issue: estimator efficiency is determined by a trade-off between the

residual variance of the Y regression, σ2
j , and the residual covariance matrix of the

D regression, E(ηjη
′
j). Adding regressors beyond those of the core regression may

either increase or decrease avar(β̂nj), depending on whether the included non-core

variables reduce σ2
j enough to offset the the corresponding increase in E(ηjη

′
j)
−1

resulting from the reduction in E(ηjη
′
j).

The high-level intuition is that additional non-core covariates should be

included if they tend to act as proxies for U (reducing σ2
j ) and should not be

included if they tend to act as drivers of D or proxies for unobserved drivers of

D (reducing E(ηjη
′
j)). Indeed, when X∗ is sufficient for W21, adding elements of

W21 to any regression j containing X1 and any subvector of W22 can only increase

E(ηjη
′
j)
−1, as adding superfluous covariates leaves σ2

j unchanged.

A general investigation of the efficiency bounds and of estimators attaining

these bounds relevant to selecting covariates in the current context is a fascinating

topic. The work of Hahn (2004) for the case of scalar binary D is a good start,

but the issues appear sufficiently challenging that a general analysis is beyond

our scope here. Instead, we discuss practical methods that can in the meantime

provide concrete benefits in applications.

One practical approach is to select the most efficient estimator among the

robustness check regressions by simply comparing their asymptotic covariance ma-

trix estimators. This is particularly straightforward for the estimators used in the

robustness test, as their asymptotic covariances are already estimated as part of

the test.
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But one can do better, because the efficiency of the estimators used in the

robustness check can be improved by using generalized least squares (GLS) instead

of OLS. Further, the nature of these GLS corrections is of independent interest,

as, among other things, this bears on the general analysis of efficient estimators.

4.8.2 GLS for the Robustness Check Regressions

In line with our previous discussion, from now on we consider only robust-

ness check regressions where Xj is a sufficient set of covariates X∗ or a subvector

of X∗ containing X1. For regression j with independent or martingale difference

regression errors εji, the GLS correction involves transforming each observation by

σ−1
ji = E(ε2

ji | Di, Xji)
−1/2. Recall that D ⊥ U | Xj implies εj = U − E(U | Xj).

Then

E(ε2
j | D,Xj) = E([U − E(U | Xj)]

2 | D,Xj)

= E(U2 | D,Xj)− 2E(U | D,Xj)E(U | Xj) + E(U | Xj)
2

= E(U2 | Xj)− E(U | Xj)
2,

where the final equality holds because D ⊥ U | Xj. We see that with conditional

exogeneity, conditional heteroskedasticity only depends on X and does not depend

on D. Also, we see that conditional heteroskedasticity is typical, as X is chosen

so that X and U are dependent. GLS is thus typically required for estimator

efficiency.

The fact that E(ε2
j | D,Xj) does not depend on D has useful implications.

First, it suggests another way to test conditional exogeneity. Second, it simpli-

fies the GLS computations. We first take up GLS estimation and then discuss

specification testing.

Typically, the conditional variances σ2
ji = E(ε2

ji | Di, Xji) are unknown;

given suitable estimators σ̂ji, a feasible GLS (FGLS) estimator for robustness check

regression j is

δ̃jn ≡

(
β̃jn

γ̃jn

)
≡

[
D̃′D̃ D̃′X̃j

X̃′jD̃ X̃′jX̃j

]−1(
D̃′

X̃′j

)
Ỹ,
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where D̃ is the n×k0 matrix with k0×1 rows D̃′i ≡ D′i/σ̂ji, X̃j is the n×kj matrix

with kj×1 rows X̃ ′ji = X ′ji/σ̂ji, and Ỹ is the n×1 vector with elements Ỹi = Yi/σ̂ji.

Regression linearity ensures that δ̃jn is consistent for δ∗j . Conditions ensuring that

FGLS estimators are asymptotically equivalent to GLS for nonparametric choice

of σ̂ji are given by Robinson (1987), Stinchcombe and White (1991), and Andrews

(1994), among others.

An interesting possibility discussed by Stinchcombe and White (1991) is

to estimate σ2
ji using artificial neural networks. This entails estimating a neural

network regression model, such as

ε̂2
ji =

q∑
`=1

ψ(τj`0 +X ′jiτj`) θj` + υji, (4.4)

where ε̂ji ≡ Yi − D′iβ̂jn − X ′jiγ̂jn is the estimated residual for observation i from

robustness check regression j, q = qn is the number of “hidden units” (with qn →∞
as n → ∞), ψ is the hidden unit “activation function,” e.g., the logistic CDF or

PDF, (τj`0, τ
′
j`, θ

′
j`), ` = 1, ..., q, are parameters to be estimated, and υji is the

regression error. When ψ is suitably chosen, nonlinear estimation can be avoided

by choosing (τj`0, τ
′
j`)
′ randomly; see White (2006b). The estimates σ̂2

ji are the

fitted values from this regression. Observe that this estimation is simplified by the

fact that Di need not be included on the right-hand side above. This conserves

degrees of freedom, offering significant benefits for nonparametric estimation.

The FGLS critical core coefficient estimator β̃nj now has

avar(β̃nj) ≡ E(η̃j η̃
′
j)
−1,

where η̃j ≡ (D − ζ̃∗jXj)/σj and ζ̃∗j ≡ E(DX ′j/σ
2
j )E(XjX

′
j/σ

2
j )
−1. If j∗ indexes the

efficient estimator, then for all j 6= j∗, avar(β̃nj)−avar(β̃nj∗) will be positive semi-

definite. The covariance matrices can be estimated in the obvious way, and one

can search for an estimator with the smallest estimated covariance. In testrob, the

covariance matrices are estimated using the heteroskedasticity-consistent method

of White (1980), to accommodate the fact that the FGLS adjustment might not

be fully successful.
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4.8.3 Combining FGLS Estimators

Even if one finds an FGLS estimator with smallest covariance matrix, there

is no guarantee that this estimator makes efficient use of the sample information.

Usually, one can find a more efficient estimator by optimally combining the indi-

vidual FGLS estimators. To describe this estimator, we note that, parallel to the

OLS case, asymptotic normality holds for FGLS, i.e.,

√
n(δ̃n − δ∗)

d→ N(0, M̃∗−1Ṽ ∗M̃∗−1),

under mild conditions, with

M̃∗ ≡ diag(M̃∗
1 , ..., M̃

∗
J) and Ṽ ∗ ≡ [Ṽ ∗kj],

where, for k, j = 1, ..., J,

M̃∗
j ≡

[
E(DD′/σ2

j ) E(DX ′j/σ
2
j )

E(XjD
′/σ2

j ) E(XjX
′
j/σ

2
j )

]
and

Ṽ ∗kj ≡

[
E(ε̃kε̃jDD

′/σkσj) E(ε̃kε̃jDX
′
j/σkσj)

E(ε̃kε̃jXkD
′/σkσj) E(ε̃kε̃jXkX

′
j/σkσj)

]
,

with ε̃j ≡ (Yj −D′βo −X ′jγ∗j )/σj.
Letting S be the Jk0×dim(δ∗) selection matrix that extracts β̃n ≡ (β̃′n1, ...,

β̃′nJ)′ from δ̃n (so β̃n = S δ̃n), the asymptotic normality result for β̃n can be repre-

sented as an artificial regression

√
n β̃n =

√
n I βo + υ,

where the Jk0 × k0 matrix of artificial regressors is I ≡ ι ⊗ Ik0 , where ι is the

J × 1 vector of ones and Ik0 is the identity matrix of order k0; and υ is the Jk0× 1

artificial regression error, distributed as N(0,Ω∗) with Ω∗ ≡ SM̃∗−1Ṽ ∗M̃∗−1S ′.

For simplicity, we assume that Ω∗ is nonsingular; if not, we simply drop sufficient

comparison regressions until nonsingularity holds.

The Feasible Optimally combined GLS (FOGLeSs) estimator is obtained

by applying FGLS to this artificial regression:

β̃∗n = (I ′Ω̂∗−1I)−1I ′Ω̂∗−1β̃n,
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where Ω̂∗ is a suitable consistent estimator of Ω∗. This estimator satisfies

√
n(β̃∗n − βo)

d→ N(0, (I ′Ω∗−1I)−1).

One can consistently estimate the asymptotic covariance matrix (I ′Ω∗−1I)−1 in a

number of obvious ways.

The estimator β̃∗n is optimal in the sense that for any other combination

estimator β̃†n = Aβ̃n such that β̃†n
p→ βo, where A is a nonstochastic k0 × Jk0

weighting matrix, we have that avar(β̃†n)− avar(β̃∗n) is positive semi-definite.

Of course, this is only a relative efficiency result. That is, β̃∗n makes rela-

tively efficient use of the FGLS comparison regressions, but it need not be fully

efficient. This is nevertheless useful, given that the relevant efficiency bound and

the estimator attaining this bound are presently unknown. But note that if one

of the comparison FGLS regressions is relatively (or even fully) efficient, then

A∗ ≡ (I ′Ω∗−1I)−1I ′Ω∗−1 will signal this by taking the form

A∗ = [0, ...,0, Iko ,0, ...,0],

where 0 is a k0× k0 zero matrix, and Ik0 appears in the j∗th position when β̃nj∗ is

the relatively (fully) efficient estimator. It will thus be interesting to inspect the

sample estimator of A∗ to see if it approximates this form. If so, one may prefer

just to use the indicated estimator.

Given that we are considering making efficient use of information contained

in a system of related equations, one might consider stacking the robustness check

regressions and trying to construct an estimator analogous to the Seemingly Un-

related Regression (SUR) estimator. As it turns out however, this strategy breaks

down here. The problem is that a necessary condition for the consistency of

this estimator here is that E(εj | D,Z,W ) = 0, j = 1, ..., J, but this generally

fails for the robustness check comparison regressions. Instead, we have only that

E(εj | D,Xj) = 0, which generally does not imply E(εj | D,Z,W ) = 0.

To close this section, we note that using some estimator other than the

FOGLeSs estimator, for example, the core regression OLS estimator, gives ineffi-

cient and therefore potentially flawed inferences about the critical core coefficients.
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4.8.4 Further Specification Analysis

Observe that the FGLS and the FOGLeSs estimators are consistent for the

same coefficients as the corresponding OLS estimators. Any apparent divergence

among these estimators potentially signals misspecification (i.e., regression non-

linearity or failure of conditional exogeneity). These differences can be formally

tested using a standard Hausman (1978) test. As this is completely standard, we

do not pursue this here.

As noted above, the fact that E(ε2
j | D,Xj) does not depend on D suggests

a convenient and informative way to test conditional exogeneity. Specifically, for

any j, one can estimate a neural network regression of the form

ε̂2
ji = D′iλj +

q∑
`=1

ψ(τj`0 +X ′jiτj`) θj` + υji. (4.5)

Under the null of conditional exogeneity, H0j : D ⊥ U | Xj, we have λj = 0. Full

details of testing λj = 0 in this way can be found in White and Lu (2010a, section

6.3).

The natural point in the process to do these tests is immediately after per-

forming the robustness test and before implementing FGLS. These results provide

important diagnostics about where specification problems may lie that one should

be aware of before going further. They also can be quickly adjusted to use in

implementing FGLS.

The diagnostic information relates to whether D ⊥ U | Xj. Suppose the

robustness test does not reject. If we nevertheless reject H0j, this signals a speci-

fication problem that the robustness test may lack power to detect. On the other

had, if the robustness test did reject, then this signals a possible reason for the

rejection.

This diagnostic for the core regression, j = 1, is especially informative.

First, we can test H01 even when X1 is sufficient for W2 and a robustness test

is not possible. If we reject H01, then we have evidence that the core covariates

are insufficient to identify βo; this is, after all, the paramount issue for the study

at hand. Further, regardless of whether or not we reject H01, the comparison re-



192

gression diagnostics indicate which comparison regressions cannot be validly used

in the FOGLeSs estimator. If for any j we reject H0j, then we have evidence

that β∗j 6= βo, so there is little point to computing the FGLS estimator β̃nj and

including it in obtaining the FOGLeSs estimator. If we do have some comparison

regressions with covariates that identify βo, we can just use these in the FOGLeSs

estimator, regardless of the outcome of the robustness test. Examining the com-

parison regression diagnostics may help in finding covariates that do identify βo, as

we will not reject H0j for these regressions. Care must be taken, however, because

E(ε2
j | D,Xj) not depending on D does not imply D ⊥ U | Xj; ideally, judgement

informed by structural insight will be applied in such cases.

4.9 A Step-by-Step Summary

This section summarizes the robustness checking and testing process dis-

cussed here. We discuss the modeling steps required prior to using testrob, followed

by those of the testrob module. We also offer some supplemental comments. The

process is interactive, requiring the researcher to make a number of decisions along

the way.

We emphasize that what follows is not intended as a definitive implementa-

tion of robustness checking and testing as advocated here. Instead, it is designed

to be a prototypical template that can be conveniently used in applications and

that can serve as an accessible basis for variants that may be more sophisticated

or better suited to specific contexts.

Before using testrob, we recommend that the researcher take the following

steps:

1. Identify an outcome of interest, Y, and potential causes of interest, D. The

latter are the critical core variables, and it is important to designate them

as such, both in interpreting and reporting the results. This helps ensure

that attention is properly focused on the coefficients whose plausibility and

robustness matter and not focused on coefficients irrelevant to the main re-

search concerns.
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2. Formally or informally model not only the economic structure relating D to

Y, but also that determining D. From the structure determining Y, one can

ascertain the actual or potential drivers of Y other than D. Those drivers

that can be accurately observed are non-critical core variables, Z. Those

that cannot are the unobservables, U. Similarly, from the structure for D,

one can ascertain its observed and unobserved drivers; call these S and V,

respectively.

3. Specify valid covariates, W . As discussed above, these can be proxies for U,

observed drivers S of D, and proxies for unobserved drivers V of D. They

should not be variables driven by D. This specification should be compre-

hensive and in accord with Section 5.

Several subgroups of covariates must be separately designated for testrob:

W0, the initial covariates, which will be used to construct the core covariates;

and L > 0 groups of non-core covariates, W ∗
` . The latter can be either groups

of non-core covariates to be used as is in the robustness check comparison

regression(s), or they can be groups of covariates thought to be sufficient,

in which case subsets of these covariates will be used in the comparison

regressions. A “flag” to testrob specifies whether a group is to be used as is,

or as a sufficient group. The groups themselves are specified to testrob by

designating indexes of the W vector. The indexes of W0 should not overlap

with those of the W ∗
` ’s. The indexes of the W ∗

` ’s can overlap but should not

coincide.

We comment that there is no necessary virtue in proliferating comparison

regressions, as a single comparison regression can signal structural misspec-

ification. Having many comparison regressions can dilute the power of the

robustness test, especially by introducing near singularities into the needed

asymptotic covariance matrix. Also, the required computing time increases

(possibly substantially) as a function of the number of comparison regres-

sions. One possible benefit to having more comparison regressions is im-

proved efficiency for the FOGLeSs estimator, but this can also be achieved
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by judicious choice of non-core covariates, particularly proxies for U that

impact its conditional variance.

With these preparations, one is ready to invoke testrob. The Appendix con-

tains the dialog for a testrob application, following the steps specified next.

4. The first task for testrob is to identify core covariates. One option is to

declare that W0 contains no non-core covariates. This sets X1 = (Z ′,W ′
0)′

as the vector of non-critical core covariates, and one proceeds to the next

step. Otherwise, testrob regresses each element of D on X0 = (Z ′,W ′
0)′.

These results are presented to the user, together with a list of the variables in

decreasing order of the p−value for the chi-squared statistic for the hypothesis

that the coefficients of that variable are jointly zero. Recall that non-core

variables will have approximately zero coefficients in all regressions, so the

top variables in this list are those most plausible to be non-core. The testrob

process then queries the user as to which, if any covariates to treat as non-

core. Denote the remaining initial covariates W̃0. At this point, one can

declare that W̃0 contains no non-core covariates, which sets X1 = (Z ′, W̃ ′
0)′

as the vector of core covariates. One then proceeds to the next step.

If one proceeds with the current step, the testrob process then queries the

user as to which additional covariates to treat as non-core. As described

in Section 5.2, the researcher might use knowledge about the underlying

structure to decide this. The remaining variables, W1, are used to construct

the non-critical core covariates, X1 = (Z ′,W ′
1)′.

The non-core variables from this step, denoted W ∗
0 , are treated in the same

way as the user-specified core variables.

5. Next, testrob conducts the specified comparison regressions and the robust-

ness test for the critical core coefficients. The non-core covariates in the

comparison regressions include the W ∗
` ’s specified by the user, together with

the non-core variables W ∗
0 identified in step 4. These results are presented to

the user, together with information about which comparison regressions had
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to be dropped to achieve a non-singular robustness test covariance matrix.

To provide further insight, testrob also computes and reports diagnostics for

regression nonlinearity and conditional exogeneity for each retained compar-

ison regression. The conditional exogeneity test is that described in Section

8.4. The nonlinearity test is a neural network test for neglected nonlinearity

described in Lee, White, and Granger (1993).

6. If the results of step 5 suggest serious structural misspecification, the re-

searcher may decide to terminate the testrob process and rethink his or her

model specification. If, however, the results support regression linearity and

conditional exogeneity for some subset of the comparison regressions, one

may decide to continue. For this, the process queries the user as to which

comparison regressions to use. Given these, testrob estimates the squared

residual equation (4.4), computes the FGLS regressions, and reports the re-

sults to the user.

7. Finally, testrob computes the FOGLeSs estimator and associated statistics,

reports these to the user, and terminates.

4.10 An Illustrative Example

We illustrate the testrob procedure using the data set analyzed by Pérez-

González (2006). This is a rich dataset to which Pérez-González applies methods

that correspond closely to our discussion in the introduction. Pérez-González is

interested in the impact of inherited control on firm performance. He uses data

from 335 management transitions of publicly traded U.S. corporations to exam-

ine whether firms with familially related incoming chief executive officers (CEOs)

underperform in terms of operating profitability relative to firms with unrelated

incoming CEOs. Thus, in this application, D is a binary variable that equals 1 if

the incoming CEO is related to the departing CEO, to the founder, or to a large

shareholder by blood or marriage and that equals 0 otherwise. Pérez-González

uses operating return on assets (OROA) as a measure of firm performance. Specif-
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Table 4.1: Outcome of Interest

Name Description
Y Difference in OROA the three year average of industry- and performance

-adjusted OROA after CEO transitions minus the
three year average before CEO transitions4

Table 4.2: Potential Cause of Interest (Critical Core Variable)

Name Description

D Family CEO

= 1 if the incoming CEO of the firm is related by
blood or marriage to the departing CEO, to

the founder,or to a larger shareholder
= 0 otherwise

ically, Y here is the difference in OROA calculated as the three-year average after

succession minus the three-year average before succession. Precise definitions of D

and Y are given in Tables 4.1 and 4.2, respectively.

As stated in Pérez-González (2006, p.1559), “the main argument against

family succession in publicly traded firms is that competitive contest for top execu-

tive positions would rarely result in a family CEO”. Nevertheless, Pérez-González

(2006, p.1560) also argues that family succession may benefit firm performance, for

example, by “reducing agency problems,” “facilitating firm specific investment,”

“easing cooperation and the transmission of knowledge within organizations,” or

“having a long-term focus that unrelated chief executives lack”. Thus, it is

of interest to examine the impact of family succession on firm performance em-

pirically.

Although Pérez-González does not include error-free measures of other

causes Z of Y, he does include a large number of covariates to control for un-

observed drivers. We list these in Tables 4.3 and 4.4.

Next, we demonstrate implementing testrob as described above and present

the results. The appendix contains the corresponding testrob dialog.

1. As discussed above, Y is the “Difference of OROA”. D is “Family CEO”.

2. Many factors affect OROA during the CEO transition period, for example,
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Table 4.3: Covariates

W Name Description

(1) Ln sales
logarithm of sales one year prior to
the CEO transition

(2) Industry-adjusted OROA
industry adjusted OROA one year
prior to the CEO transition

(3) Industry-adjusted M-B
industry adjusted market-to-book
(M-B) ratio one year prior to the
CEO transition

(4) Board ownership
the fraction of ownership held by
officers and directors

(5) Family directors

= 1 if the fraction of family to total
directors is higher than the
median in the sample

= 0 otherwise
(6) Mean pre-transition three year pre-transition average of

industry and performance the industry- and performance-
adjusted OROA adjusted OROA

(7) Less selective college

= 1 if the college attended by the
incoming CEO is not in “very
competitive” or higher in
Barron’s ranking

= 0 otherwise

(8) Graduate school
= 1 if the incoming CEO attended

graduate school
= 0 otherwise

(9) Age promoted
the age when the incoming CEO is
appointed

(10) Woman
= 1 if the incoming CEO is a woman
= 0 otherwise

(11) Positive R&D expenses

= 1 if the firm reported positive R&D
expenses the year prior to the
CEO transition

= 0 otherwise

(12) Nonretirements

= 1 if the departing CEO was not
reported to leave the firm due

to a “retirement”
= 0 otherwise
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Table 4.4: Covariates (Cont’d)

W Name

(13) Early succession
= 1 if the departing CEO left his

position before 65
= 0 otherwise

(14) Departing CEO remains
= 1 if the departing CEO continued

as chairman after the CEO

as chairman
transition

= 0 otherwise

(15) CEO ownership
the ownership share of the
incoming CEO

(16)− Year dummy, 1981-1999 year dummies
(34)

the size of the firm, how the firm performed in the past, the board character-

istics, and how the firm invested in R&D. We assume that we do not observe

these other true drivers of OROA, but observe their proxies as discussed in

step 3 below. Thus we let Z be empty. There are also many factors influ-

encing the CEO hiring decision, for example, characteristics of the incoming

CEO, such as age, gender, and education. Also, as stated in Pérez-González

(2006, p.1578), “previous studies have shown that firm performance, size and

board characteristics affect firms’ hiring and firing decisions, as well as se-

lection of internal relative to external candidates.” For example, small firms

may have difficulty in hiring competent unrelated managers. A departing

CEO who overperforms relative to other firms in the same industry, may

“have power and (influence to name an offerspring as CEO).”

3. We further classify the available covariates into different groups. We use “Ln

sales” to proxy firm size, “Industry adjusted OROA”, “Industry-adjusted M-

B,” and “Mean pre-transition industry- and performance- adjusted OROA”

to proxy for the firm’s past performance. We use “board ownership” and

“Family directors” to proxy for board characteristics. We use ”Positive R&D

expense” to proxy for the firm’s R&D expenditure. Further, as pointed out

in Pérez-González (p.1582), “CEO separation conditions or the age at which
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Table 4.5: Covariate Classification

Covariate group Covariates
Firm size W (1)
Firm’s past performance W (2) ,W (3) ,W (6)
Board characteristics W (4) ,W (5)
Firm’s R&D expenditure W (11)
Departing CEO’s separation conditions
and incoming CEO’s ownership W (12) ,W (13) ,W (14) ,W (15)

Incoming CEO’s characteristics W (7) ,W (8) ,W (9) ,W (10)

the departing CEO retires, may reveal information about the state of affairs

of a corporation that is not captured by firm characteristics”. We use “Nonre-

tirements,” “Early succession,” “Departing CEO remains as chairman,” and

“CEO ownership” to represent this. Further, we use “Less selective college,”

“Graduate school,” “Age promoted,” and “Woman” to proxy the incoming

CEO’s characteristics. Table 4.5 summarizes.

As we discussed in step 2, firm size, firm’s past performance, and firm’s board

characteristics affect both OROA during the CEO transition period and the

selection of the CEO. Therefore, we include proxies for these among the core

covariates. We also include year dummies as core covariates. Thus, the initial

core covariates areW0 = {W (1) ,W (2) ,W (3) ,W (4) , W (5) ,W (6) ,W (16)−
W (34)}.5 We use the remaining three groups in the comparison regres-

sions. That is, W ∗
1 = {W (7) ,W (8) ,W (9) ,W (10)} , W ∗

2 = {W (11)} , and

W ∗
3 = {W (12) ,W (13) ,W (14) ,W (15)} . To avoid proliferating comparison

regressions, we do not use subsets of W ∗
1 ,W

∗
2 , or W ∗

3 .

4. In this step, we identify core covariates. We do not declare that the initial

core covariates contain no non-core covariates. Thus, testrob regresses D on

X0 = W0. Table 4.6 below presents the results.

W (3) ,W (1) ,W (6) ,W (4) , and W (2) all have high p−values. We could

drop all of these from the core covariates. To be conservative, however, we de-

5This set of covariates is exactly that used in column 1 in Table 9 in Pérez-González (2006,
p.1581).
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Table 4.6: Regression of D on X0

Covariates W (3) W (1) W (6) W (4) W (2) W (5)
p−values 0.973 0.885 0.766 0.471 0.334 0.000

Note: The results for year dummies are not reported. We include
these in all regressions.

Table 4.7: Sets of Comparison Regressions

Set Regressors
Set 1 {D} ∪W0

Set 2 {D} ∪W0 ∪W ∗
0

Set 3 {D} ∪W0 ∪W ∗
1

Set 4 {D} ∪W0 ∪W ∗
2

Set 5 {D} ∪W0 ∪W ∗
3

cide to drop {W (3) ,W (1) ,W (6)}. Thus the core covariates are now W0 =

{W (2) ,W (4) ,W (5)} . The new non-core covariates W ∗
0 = {W (1) ,W (3) ,

W (6)} become a new comparison group. We only use the full group W ∗
0 in

the comparison regressions.

5. We now have 5 sets of comparison groups, as shown in Table 4.7. Testrob

performs a singularity check; all five sets are retained. Then testrob imple-

ments the robustness test and performs linearity and conditional exogeneity

tests for each set. Table 4.8 presents the results.

6. It appears that there is no structural misspecification detected in step 5.

We thus decide to continue, using all five comparison groups. Testrob now

estimates the coefficient on the critical core variable for each covariate group

and also computes the FOGLeSs regression. Table 4.9 presents the results:

Finally, testrob terminates.

Table 4.8: Robustness and Diagnostic Tests

Robustness test p-value 0.768
Diagnostic tests Set 1 Set 2 Set 3 Set 4 Set 5
Linearity test p-values 0.635 0.756 0.644 0.451 0.279
Conditional exogeneity test p-values 0.248 0.885 0.958 0.551 0.651
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Table 4.9: FGLS and FOGLeSs Results

Set 1 Set 2 Set 3 Set 4 Set 5 FOGLeSs
Estimate -0.029 -0.033 -0.021 -0.029 -0.029 -0.029

Robust standard errors 0.008 0.008 0.009 0.008 0.010 0.006
Asymptotic t−statistic -3.448 -4.360 -2.293 -3.674 -3.015 -4.656

FOGLeSs weight 0.186 0.387 0.132 0.190 0.106 -

This formally demonstrates that the results of Pérez-González (2006) are

robust to different sets of covariates. The FOGLeSs estimate of the coefficient for

the critical core variable, Family CEO, is −0.0292 with a t−statistic of −4.6557.

4.11 Summary and Concluding Remarks

Although robustness checks are common in applied economics, their use is

subject to numerous pitfalls. If not implemented properly, they may be uninfor-

mative; at worst, they can be entirely misleading. Here, we discuss these pitfalls

and provide straightforward methods that preserve the diagnostic spirit underlying

robustness checks. We distinguish between critical and non-critical core variables,

and we discuss how these can be properly specified. We also discuss how non-core

variables for the comparison regressions can be chosen to ensure that robustness

checks are indeed structurally informative.

Our formal robustness test is a Hausman-style specification test. We sup-

plement this with diagnostics for nonlinearity and exogeneity that can help in

understanding why robustness test rejection occurs or in identifying invalid sets

of covariates. The Feasible Optimally combined GLS (FOGLeSs) estimator pro-

vides a relatively efficient combination of the estimators compared in perform-

ing the robustness test. A new Matlab procedure, testrob, freely available at

www.econ.ucsd.edu\~xunlu\code embodies these methods. Our hope is that

the ready availability of this procedure will encourage researchers to subject their

analyses to more informative methods for identifying potential misspecification,

strengthening the validity and reliability of structural inference in economics.
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4.13 Appendix 1: Choosing Valid Covariates

To examine the how valid covariates W can be chosen, we invoke Reichen-

bach’s (1956) principle of common cause: if two variables are correlated6, then one

causes the other or there is a third common cause of both. Chalak and White

(2008) give formal conditions, applicable here, ensuring the validity of this prin-

ciple. Here, we want X correlated with U and/or with D, so we focus on the

properties of W that may enhance this correlation enough to yield D ⊥ U | X.

What follows summarizes a more extensive discussion in White (2006a).

First, consider the relation between W and U. If these are correlated, then

W causes U, U causes W, or there is an underlying common cause. Each possibility

is useful in suggesting choices for W ; however, these possibilities can be simplified.

(a.i) If W is a cause of U, then by substitution, it is also a cause of Y, typically

together with some other unobservables, say V . Now W can be considered a

component of Z, and the issue is whether or not D ⊥ V | Z. This takes us back to

the original situation. Thus, the possibility of substitution ensures that, without

loss of generality, we can adopt the convention that W does not cause U . (a.ii) If

U is a cause of W, then W acts as a proxy for U, as in the classic case where IQ

score acts as a proxy for unobserved ability. Note that W ’s role is purely predictive

for U, as W is not a structural factor determining Y. (a.iii) If there is an observable

common cause of U and W, then by substitution we can include it in Z, just as in

case (a.i). W becomes redundant in this case. If there is an unobservable common

cause of U and W, say V, then by substitution we arrive back at case (a.ii). With

these conventions, the single relevant case is that W is a proxy for U, caused by

U. Such proxies are a main source of covariates W. An interesting possibility in

time-series applications is that W may contain not only lags but also leads of

6For succinctness in what follows, we use “correlation” loosely to mean any stochastic
dependence.
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variables driven by U , as discussed by White and Kennedy (2009) and White and

Lu (2010a).

Next, consider the relation between W and D. If these are correlated, then

W causes D, D causes W, or there is an underlying common cause. Again, the

possibilities simplify. (b.i) The causes W of D are another key source of potential

covariates. (b.ii) The case where D causes W is problematic. As discussed by

Rosenbaum (1984) and by Heckman and Navarro-Lozano (2004), including regres-

sors (W ) driven by the cause of interest (D) in a regression with D generally leads

to inconsistent estimates of the effects of interest. Such regressions are not an

appropriate basis for examining robustness, so we rule out variables caused by D

as covariates. (b.iii) If there is an observable common cause of D and W, then, by

substitution, that common cause is a cause of D, and we are back to case (b.i) by

replacing the original W with its observable cause in common with D. If there is

an unobservable common cause of D and W, say V, then W acts as a proxy for V,

analogous to case (a.ii).

Summarizing, we see that W can either contain proxies for U, observed

drivers of D, or proxies for unobserved drivers of D. It should not contain outcomes

driven by D.

4.14 Appendix 2: Matlab Results of the Exam-

ple Using testrob

Welcome to testrob (c) 2010 Halbert White and Xun Lu.

When reporting results from this procedure, please cite:

White, H. and X. Lu (2010), “Robustness Checks and Robustness Tests in Applied

Economics,”

UCSD Department of Economics Discussion Paper.

Please enter your dependent variable Y: Y

Please enter your critical core covariates D: D

Please enter your structurally relevant core covariates Z: []
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Please enter ALL other covariates W: W

The next step is to choose the initial core covariates W 0.

Please use the column numbers of W to indicate the columns you choose.

For example, enter [1 3 5] to indicate that columns 1, 3, and 5 of W are the initial

core covariates.

Please enter the initial core covariates from W: [1:6 16:34]

The next step is to choose groups of non-core covariates.

How many groups of non-core covariates? 3

Next, for each group, please use the column numbers of W to indicate the columns

you choose.

For example, enter [1 3 5] to indicate that columns 1, 3 and 5 of W are the first

non-core covariates.

For each group, please also indicate how to use the group.

For example, suppose the group is [1 3 5].

Enter ’0’ to indicate using the whole group (i.e. [1 3 5]).

Enter ’1’ to indicate using the whole group plus all subsets of the group with 1

element

(i.e. [1 3 5] [1] [3] [5]).

Enter ’-1’ to indicate using the whole group plus all subsets of the group with 3-1=2

elements

(i.e. [1 3 5] [1 3] [3 5] [1 5]).

Enter ’2’ to indicate using the whole group plus all subsets of the group with 1 or

2 elements

(i.e. [1 3 5] [1] [3] [5] [1 3] [3 5] [1 5]).

Enter ’-2’ to indicate using the whole group plus all subsets of the group with 3-1=2

or 3-2=1 elements

(i.e. [1 3 5] [1 3] [3 5] [1 5] [1] [3] [5]).

Please enter the index of non-core covariates for Group 1: [7:10]

Please indicate how to use the group: 0

Please enter the index of non-core covariates for Group 2: [11]

Please indicate how to use the group: 0
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Please enter the index of non-core covariates for Group 3: [12:15]

Please indicate how to use the group: 0

The next step is to identify core covariates from the initial core covariates W 0.

Do you want to declare that the initial core covariates contain no non-core covari-

ates?

Please enter 1 for ’Yes’ or 0 for ’No’: 0

Testrob will regress each element of D on (Z,W 0).

For which element of (Z,W 0), do you want to see the p-values?

Please press ’enter’ to see all the elements. Otherwise enter the column numbers:

[1:6]

Here are the results of regressing each element of D on (Z,W 0):
column number 3 1 6 4 2 5
p-values 0.97289 0.8847 0.76559 0.47161 0.33388 0

(High p-values indicate non-core covariates.)

Do you want to redeclare the core covariates?

Please enter 1 for ’Yes’ or 0 for ’No’: 1

Please enter the column number of the new core covariates: [2 4 5 16:34]

The remaining elements from the initial core covariates are used to form a new

group W 0 star for robustness testing.

Please indicate how to use the non-core covariates W 0 star: 0

Testob has performed a singularity check.

The following sets of variables are retained for robustness testing:

Set 1:

Set 2: 1 3 6

Set 3: 7 8 9 10

Set 4: 11

Set 5: 12 13 14 15

The testrob robustness test p-value is: 0.76821

The p-value of the linearity test for Set 1 is : 0.63531

The p-value of the conditional exogeneity test for Set 1 is : 0.248

The p-value of the linearity test for Set 2 is : 0.75629

The p-value of the conditional exogeneity test for Set 2 is : 0.885
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The p-value of the linearity test for Set 3 is : 0.64388

The p-value of the conditional exogeneity test for Set 3 is : 0.958

The p-value of the linearity test for Set 4 is : 0.45134

The p-value of the conditional exogeneity test for Set 4 is : 0.551

The p-value of the linearity test for Set 5 is : 0.27894

The p-value of the conditional exogeneity test for Set 5 is : 0.651

Do you want to continue testrob? Please enter 1 for ’Yes’ and 0 for ’No’: 1

Do you want to drop any of the 5 sets of covariates above?

Please enter 1 for ’Yes’ or 0 for ’No’: 0

Feasible GLS results for the critical core variables using Set 1:
GLS estimate -0.028622
GLS robust standard error 0.0083009
t-stat -3.4481

Feasible GLS results for the critical core variables using Set 2:
GLS estimate -0.032672
GLS robust standard error 0.0074929
t-stat -4.3603

Feasible GLS results for the critical core variables using Set 3:
GLS estimate -0.020954
GLS robust standard error 0.0091384
t-stat -2.293

Feasible GLS results for the critical core variables using Set 4:
GLS estimate -0.028627
GLS robust standard error 0.0077918
t-stat -3.674

Feasible GLS results for the critical core variables using Set 5:
GLS estimate -0.029084
GLS robust standard error 0.0096473
t-stat -3.0148

FOGLeSs estimation results for the critical core variables
FOGLeSs estimate -0.029229
standard error 0.0062782
t-stat -4.6557

The coefficient weights for FOGLeSs:
set number 1 2 3 4 5
weight 0.18547 0.38728 0.13186 0.18973 0.10566

Do you want to see the results displayed in tables?

Please enter 1 for ’Yes’ or 0 for ’No’: 0

End of testrob.
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