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ABSTRACT OF THE DISSERTATION  
 
 

Evaluation of the Design Effect for Optimizing the Model Discrimination Strength to 
Detect Non-Zero Interactions in Factorial Experiments 

 
by 
 

Brandon Allen Wales 

 
 

Doctor of Philosophy, Graduate Program in Applied Statistics 
University of California, Riverside, December 2017 

Dr. Subir Ghosh, Chairperson 
 
 

 
 Model discrimination is the capability of a design to separate two competing 

models within a class of models. Model identification and discrimination are the 

foundation for model selection (Srivastava, 1975). The rank conditions for design 

matrices are necessary and sufficient to identify and discriminate in the noiseless case 

(Srivastava,1975). In the noisy case, the conditions are necessary but not sufficient. The 

success in the correct model selection depends on the strength of noise which is measured 

by the error sum of squares. To characterize the design effect for model discrimination, 

we consider the pairwise differences for the error sum of squares between two competing 

models. It is desired for the true model to have the smallest error sum of squares, an 

incorrect model to have a larger error sum of squares, and a large distance between the 

two error sum of squares to maximize the success for model selection. The differenced 

error sum of squares depends on both the observed values and the difference of two 

projection matrices. By examining the eigenvalues and eigenvectors for each differenced 

projection matrix, we propose to determine the strength of discrimination between two 



 vii 

competing models. Using eigenvalue decomposition for a design, the expected 

differenced error sum of squares between two model comparisons is expressed as a 

weighted average between the model parameters. An example for comparing two designs 

obtained from the 12-run Plackett-Burman design (1946) the magnitude of the 

eigenvalues can be used a measure of model selection performance. Additionally, we 

propose a model selection technique using ridge regression estimation and have also used 

LASSO as a model selection procedure. While comparing the performances of four 

designs in model selection with respect to the search design methodology, ridge 

regression, and LASSO methods, we observed a strong interaction effect at model 

selection performance between the method and design used. 
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Chapter 1 

Introduction to Factorial Designs 

 

1.1 Overview 

 Consider a study where the objective is to maximize the yield (amount) of corn using 

three different fertilizers (A, B, and C), four different variations in seeds (1, 2, 3, and 4), and two 

different temperature settings (low and high). This type of study is known as a 3 ∗ 4 ∗ 2 factorial 

design since there are a total of 3 ∗ 4 ∗ 2 = 24 different treatment combinations. One treatment 

combination could be fertilizer A, seed #1, at low temperature. For this factorial design, the 

experimental unit is corn, the response variable is the yield of corn, and there are three different 

factors of interest: fertilizers (3 levels), seeds (4 levels), and temperature (2 levels). A “run” in the 

factorial design is the resulting yield of corn for a specified treatment combination for a total of 𝑛𝑛 

runs. The 3 factors of interest are the effect of the fertilizers on the yield outcome, the effect of 

the seeds on the yield outcome, and the different temperature settings on the yield outcome. It 

may be possible that the temperature is more responsible for yield outcome than the type of 

fertilizer used. Interaction effects are also of interest, there may be some effect of using fertilizer 

B and seed #3 but also an additive effect for using that specific combination of fertilizer and seed 

known as a two-factor interaction. The three-factor interaction effects are also possible important 

effects. The problem at hand, which of the two-factor interactions (or higher order) are important? 

Chapter 1 provides the necessary framework to address which of the effects are important. 

 

1.2.1 Complete Factorial Designs  

For a general factorial design with 𝑚𝑚 factors (𝐴𝐴1,𝐴𝐴2, … ,𝐴𝐴𝑚𝑚) and levels (𝑎𝑎1,𝑎𝑎2, … ,𝑎𝑎𝑚𝑚), 

there are a total of 𝑎𝑎1 ∗ 𝑎𝑎2 ∗ … ∗ 𝑎𝑎𝑚𝑚 different treatment combinations. For the 𝑗𝑗𝑡𝑡ℎ factor 𝐴𝐴𝑗𝑗, 
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denote the different levels by 0, 1, 2, … , �𝑎𝑎𝑗𝑗 − 1�  and the observation (the value of the response 

variable) for run 𝑖𝑖 as 𝑦𝑦𝑖𝑖. A complete factorial design is a design where the 𝑛𝑛 runs contain every 

treatment combination for a total of 𝑛𝑛 = 𝑎𝑎1 ∗ 𝑎𝑎2 ∗ … ∗ 𝑎𝑎𝑚𝑚 different runs.  A complete factorial 

design for the corn example is given (𝐴𝐴1 = fertilizer, 𝐴𝐴2 = seed, 𝐴𝐴3 = temperature),  

 

Table 1.1 Complete factorial design for the corn yield example 

Run 𝐴𝐴1 𝐴𝐴2 𝐴𝐴3 Observation 
1 0 0 0 𝑦𝑦1 
2 0 0 1 𝑦𝑦2 
3 0 1 0 𝑦𝑦3 
4 0 1 1 𝑦𝑦4 
5 0 2 0 𝑦𝑦5 
6 0 2 1 𝑦𝑦6 
7 0 3 0 𝑦𝑦7 
8 0 3 1 𝑦𝑦8 
9 1 0 0 𝑦𝑦9 

10 1 0 1 𝑦𝑦10 
11 1 1 0 𝑦𝑦11 
12 1 1 1 𝑦𝑦12 
13 1 2 0 𝑦𝑦13 
14 1 2 1 𝑦𝑦14 
15 1 3 0 𝑦𝑦15 
16 1 3 1 𝑦𝑦16 
17 2 0 0 𝑦𝑦17 
18 2 0 1 𝑦𝑦18 
19 2 1 0 𝑦𝑦19 
20 2 1 1 𝑦𝑦20 
21 2 2 0 𝑦𝑦21 
22 2 2 1 𝑦𝑦22 
23 2 3 0 𝑦𝑦23 
24 2 3 1 𝑦𝑦24 
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A statistical model is often used to interpret the effect of the factors 𝐴𝐴1,𝐴𝐴2, … ,𝐴𝐴𝑚𝑚 have on the 

response variable 𝑌𝑌. For each factor 𝐴𝐴𝑗𝑗, there are �𝑎𝑎𝑗𝑗 − 1� main effects (often 𝐴𝐴𝑗𝑗 = 0 is used as a 

reference variable and the remaining �𝑎𝑎𝑗𝑗 − 1� main effects are relative effect to the reference 

variable). For each two-factor interaction between factors 𝐴𝐴𝑗𝑗 and 𝐴𝐴𝑗𝑗′ , there are a total of 

�𝑎𝑎𝑗𝑗 − 1��𝑎𝑎𝑗𝑗′ − 1� two-factor interaction effects. For each factor 𝐴𝐴𝑗𝑗, the design points 𝑥𝑥𝑗𝑗 are 

chosen so that the estimated statistical model using 𝑥𝑥𝑗𝑗 can be easily interpretable and relatable to 

the main effects. For example, if the factor 𝐴𝐴𝑗𝑗 has two levels �𝑎𝑎𝑗𝑗 = 2�, then there is �𝑎𝑎𝑗𝑗 − 1� = 1 

main effect for factor 𝐴𝐴𝑗𝑗, by defining the design points 𝑥𝑥𝑗𝑗 = −1 if 𝐴𝐴𝑗𝑗 = 0 or 𝑥𝑥𝑗𝑗 = 1 if 𝐴𝐴𝑗𝑗 = 1 the 

estimated effect using the design points 𝑥𝑥𝑗𝑗 perfectly correlates to the estimated main effect for 

factor 𝐴𝐴𝑗𝑗. This is useful because if there is no main effect for factor 𝐴𝐴𝑗𝑗, then the same conclusion 

will be present when using the design points 𝑥𝑥𝑗𝑗. 

 

Consider the data of size 𝑛𝑛, �𝒙𝒙1, 𝑦𝑦1�, �𝒙𝒙2, 𝑦𝑦2�, … , �𝒙𝒙𝑛𝑛, 𝑦𝑦𝑛𝑛� where 𝒙𝒙𝑖𝑖 is one treatment 

combination for the 𝑚𝑚 factors denoted by 𝒙𝒙𝑖𝑖 = (𝑥𝑥𝑖𝑖1, 𝑥𝑥𝑖𝑖2, … , 𝑥𝑥𝑖𝑖𝑖𝑖) and with the mean of 

observation 𝑦𝑦𝑖𝑖 depending on 𝒙𝒙𝑖𝑖 denoted by 𝐸𝐸[𝑦𝑦𝑖𝑖|𝒙𝒙𝑖𝑖]. Denote the observation vector 𝑦𝑦 =

�𝑦𝑦1, 𝑦𝑦2, … , 𝑦𝑦𝑛𝑛�
′
, the 𝑗𝑗𝑡𝑡ℎ main effect 𝑥𝑥

𝑗𝑗
= �𝑥𝑥1𝑗𝑗, 𝑥𝑥2𝑗𝑗 … 𝑥𝑥𝑛𝑛𝑛𝑛�′ , two-factor interactions between 𝑗𝑗 and 

𝑗𝑗′: 𝑥𝑥𝑗𝑗𝑥𝑥𝑗𝑗′ = �𝑥𝑥1𝑗𝑗𝑥𝑥1𝑗𝑗′ , 𝑥𝑥2𝑗𝑗𝑥𝑥2𝑗𝑗′ , … , 𝑥𝑥𝑛𝑛𝑛𝑛𝑥𝑥𝑛𝑛𝑗𝑗′�
′
, or higher order terms in the same structure. The columns 

of the design matrix 𝑋𝑋 are constructed using a column of ones 1 for the general mean and 

selected columns of main effects, interaction terms, and higher order terms for a total of 𝑝𝑝 

columns and 𝑛𝑛 rows. For a constructed design matrix 𝑋𝑋, let 𝛽𝛽 = �𝛽𝛽1,𝛽𝛽2, … ,𝛽𝛽𝑝𝑝�
′
 be the set of 
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unknown 𝑝𝑝 parameters of interest, one unknown parameter for each column of 𝑋𝑋, and the linear 

model is expressed by, 

 

𝑀𝑀:𝐸𝐸 �𝑦𝑦|𝑋𝑋� = 𝑋𝑋𝛽𝛽,  

𝑉𝑉𝑉𝑉𝑉𝑉 �𝑦𝑦� = 𝜎𝜎2𝐼𝐼, 

𝑑𝑑𝑑𝑑𝑑𝑑(𝑋𝑋) = 𝑛𝑛 x 𝑝𝑝   ,   dim �𝛽𝛽� = 𝑝𝑝 x 1. 

 

A complete factorial design can estimate all main effects, all two-factor interactions, and all 

higher order interactions. If the number of main effects 𝑚𝑚 increases, then the number of runs 

required for a complete factorial design increases as the number of treatment combinations 

increase. If it is assumed that all three-factor and higher order interaction effects are zero, then a 

fractional design can be used which limits some capability of estimating three-factor or higher 

order interactions but uses a much smaller number of runs.  

 

  1.2.2 Fractional Factorial Designs 

Consider a factorial experiment with 𝑚𝑚 main effects 𝐴𝐴1,𝐴𝐴2, … ,𝐴𝐴𝑚𝑚 each with two levels 

(𝑎𝑎1 = 2,𝑎𝑎2 = 2, … ,𝑎𝑎𝑚𝑚 = 2), this is known as a 2 ∗ 2 ∗ … ∗ 2 = 2𝑚𝑚 factorial experiment. There 

is only one main effect for each factor 𝑗𝑗 since �𝑎𝑎𝑗𝑗 − 1� = 1 for a total of 𝑚𝑚 main effects and only 

one two-factor interaction effect for each interaction between factors 𝑗𝑗 and 𝑗𝑗′ since 

�𝑎𝑎𝑗𝑗 − 1��𝑎𝑎𝑗𝑗′ − 1� = 1 for a total of �𝑚𝑚2 � two-factor interaction effects (the notation �𝑚𝑚𝑘𝑘 � is used 

to denote the number of possible subsets of size 𝑘𝑘 for the total of 𝑚𝑚 objects).  A complete 

factorial design is one with 𝑛𝑛 = 2𝑚𝑚 runs can estimate all main effects and two-factor or higher 

order interactions. Observe in this simple case, as 𝑚𝑚 increases, the number of runs exponentially 
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increases so it may not be feasible to collect data using all 2𝑚𝑚 treatment combinations for many 

practical limitations. If it is assumed that three-factor interaction effects are negligible, then it is 

not needed to collect all 2𝑚𝑚 treatment combinations. A fractional factorial design uses a carefully 

chosen subset of the complete factorial design so that all effects of interest (main effects and two-

factor interactions) can still be estimated while only using a fraction of the runs. Let 𝑚𝑚 = 4, table 

1.2 lists all possible 24 treatment combinations, 

 

Table 1.2 Level combinations of 𝑨𝑨𝟏𝟏,𝑨𝑨𝟐𝟐,𝑨𝑨𝟑𝟑, and 𝑨𝑨𝟒𝟒 for a complete 𝟐𝟐𝟒𝟒 factorial design 

Run 𝐴𝐴1 𝐴𝐴2 𝐴𝐴3 𝐴𝐴4 Observation 
1 0 0 0 0 𝑦𝑦1 
2 0 0 0 1 𝑦𝑦2 
3 0 0 1 0 𝑦𝑦3 
4 0 0 1 1 𝑦𝑦4 
5 0 1 0 0 𝑦𝑦5 
6 0 1 0 1 𝑦𝑦6 
7 0 1 1 0 𝑦𝑦7 
8 0 1 1 1 𝑦𝑦8 
9 1 0 0 0 𝑦𝑦9 

10 1 0 0 1 𝑦𝑦10 
11 1 0 1 0 𝑦𝑦11 
12 1 0 1 1 𝑦𝑦12 
13 1 1 0 0 𝑦𝑦13 
14 1 1 0 1 𝑦𝑦14 
15 1 1 1 0 𝑦𝑦15 
16 1 1 1 1 𝑦𝑦16 

  

 

Observe that 8 treatment combinations satisfy the condition 𝑚𝑚𝑚𝑚𝑚𝑚(𝐴𝐴1 + 𝐴𝐴2 + 𝐴𝐴3 + 𝐴𝐴4, 2) = 0 

and the other 8 treatment combinations satisfy the condition 𝑚𝑚𝑚𝑚𝑚𝑚(𝐴𝐴1 + 𝐴𝐴2 + 𝐴𝐴3 + 𝐴𝐴4, 2) = 1. 

Consider the set of treatment combinations that satisfy the equation 𝑚𝑚𝑚𝑚𝑚𝑚(𝐴𝐴1 + 𝐴𝐴2 + 𝐴𝐴3 +

𝐴𝐴4, 2) = 0 as presented in table 1.3 
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Table 1.3 Level combinations of 𝑨𝑨𝟏𝟏,𝑨𝑨𝟐𝟐,𝑨𝑨𝟑𝟑, and 𝑨𝑨𝟒𝟒 for a 𝟐𝟐𝟒𝟒−𝟏𝟏 factorial design 

Run 𝐴𝐴1 𝐴𝐴2 𝐴𝐴3 𝐴𝐴4 
1 0 0 0 0 
2 0 0 1 1 
3 0 1 0 1 
4 0 1 1 0 
5 1 0 0 1 
6 1 0 1 0 
7 1 1 0 0 
8 1 1 1 1 

 

 

The equation, 𝑚𝑚𝑚𝑚𝑚𝑚(𝐴𝐴1 + 𝐴𝐴2 + 𝐴𝐴3 + 𝐴𝐴4, 2) = 0, that separates out the 8 treatment combinations 

from the total of 16 treatment combinations is known as a “word”. From here on forward, words 

will be shorthanded from 𝑚𝑚𝑚𝑚𝑚𝑚(𝐴𝐴1 + 𝐴𝐴2 + 𝐴𝐴3 + 𝐴𝐴4, 2) = 0 to 𝐴𝐴1 + 𝐴𝐴2 + 𝐴𝐴3 + 𝐴𝐴4 = 0. A 

collection of words, multiple equations to further subset the treatment combinations, is known as 

the defining relation. 

 

 The fractional factorial design with 𝑛𝑛 = 24−1 runs can estimate all main effects assuming 

two-factor interactions, three-factor interactions, and the four-factor interaction are all zero. This 

fractional factorial design is a resolution IV plan, resolution plans are summarized below, 

 

Resolution III – The general mean and main effects can be estimated assuming two-factor and 

higher order interactions to be zero. 

 

Resolution IV – The general mean and main effects can be estimated assuming three-factor and 

higher order interactions to be zero and not all two-factor interactions can be estimated. 
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Resolution V – The general mean, main effects, and all two-factor interactions can be estimated 

assuming three-factor and higher order interactions to be zero.  

 

For a fractional factorial experiment where none of the two-factor interaction effects zero, a 

resolution V or higher order plan must be used otherwise valid inferences will not be possible. 

 

1.3 Problem: Selecting Important Two-Factor Interactions 

For a 2𝑚𝑚 factorial experiment, there is one general mean effect, 𝑚𝑚 main effects, �𝑚𝑚2 � two-

factor interaction effects, �𝑚𝑚3 � three-factor interaction effects, …, �𝑚𝑚𝑚𝑚� = 1; 𝑚𝑚-factor interaction 

effect. If we assume all three-factor and higher order interaction effects are zero, we focus only 

on the 𝑝𝑝 = 1 + 𝑚𝑚 + �𝑚𝑚2 � effects that are of interest. A fractional factorial design with 𝑛𝑛 runs must 

be at least a resolution V plan otherwise some two-factor interaction effects will be aliased with 

each other since no two-factor interaction effects are assumed to be zero. Let 𝑋𝑋 be the design 

matrix where the columns correspond to the general mean, 𝑚𝑚 main effects, �𝑚𝑚2 � two-factor 

interactions for a total of 𝑝𝑝 = 1 + 𝑚𝑚 + �𝑚𝑚2 � columns; the rows of the design matrix 𝑋𝑋 correspond 

to the 𝑛𝑛 runs. Define the true model to be the model that correctly describes the relationship 

between the 𝑚𝑚 factors and the respond variable 𝑌𝑌 and is not known except there are 𝑘𝑘 two-factor 

interactions which are non-zero. Consider the class of models where each model has the general 

mean, 𝑚𝑚 main effects, and 𝑘𝑘 two-factor interactions for a total of 𝑣𝑣𝑘𝑘 = ��
𝑚𝑚
2 �
𝑘𝑘 � different models. 

Let model 𝑀𝑀𝑢𝑢 be in the class of models where 𝑢𝑢 = 1,2, … , 𝑣𝑣𝑘𝑘, then there are 𝑣𝑣𝑘𝑘 different ways of 

defining the design matrix denoted by 𝑋𝑋(𝑢𝑢) by taking all 𝑘𝑘 subsets of 𝑋𝑋 with their corresponding 

parameters of interest 𝛽𝛽(𝑢𝑢) each estimating model 𝑀𝑀𝑢𝑢 is expressed by, 
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𝑀𝑀𝑢𝑢:𝐸𝐸 �𝑦𝑦|𝑋𝑋(𝑢𝑢)� = 𝑋𝑋(𝑢𝑢)𝛽𝛽(𝑢𝑢),  

𝑉𝑉𝑉𝑉𝑉𝑉 �𝑦𝑦� = 𝜎𝜎2𝐼𝐼. 

 

The problem is selecting the correct 𝑘𝑘 two-factor interactions within the different 𝑣𝑣𝑘𝑘 models. The 

ability to pick the correct model within the class of models depends on the design chosen, the 

method at estimating the models, and the model selection procedure used.  

 

1.4.1 Balanced Designs 

  Section 1.4.1 – section 1.4.3 discusses minor topics regarding factorial 

experiments that are used throughout the chapters. For a given design 𝑑𝑑, consider the design 

matrix 𝑋𝑋𝑑𝑑 that consists of the general mean, 𝑚𝑚 main effects, and �𝑚𝑚2 � two-factor interaction 

effects for a total of 𝑝𝑝 = 1 + 𝑚𝑚 + �𝑚𝑚2 � interactions. We focus on a class of models that include 

subsets of 𝑘𝑘 two-factor interactions for 𝑣𝑣𝑘𝑘 = ��
𝑚𝑚
2 �
𝑘𝑘 � different models expressed by, 

 

𝑀𝑀𝑢𝑢:𝐸𝐸 �𝑦𝑦|𝑋𝑋(𝑢𝑢)� = 𝑋𝑋(𝑢𝑢)𝛽𝛽(𝑢𝑢),  

𝑉𝑉𝑉𝑉𝑉𝑉 �𝑦𝑦� = 𝜎𝜎2𝐼𝐼. 

 

Denote the variance-covariance matrix for model 𝑀𝑀𝑢𝑢 as 𝑉𝑉(𝑢𝑢) = �𝑋𝑋(𝑢𝑢)′𝑋𝑋(𝑢𝑢)�
−1

, then design is 

balanced with respect to model 𝑀𝑀𝑢𝑢 if the variance covariance matrix 𝑉𝑉(𝑢𝑢) is invariant under a 

permutation of the factor symbols (Srivastava and Chopra, 1971). Figure 1.1 presents the 

structure of a balanced variance-covariance matrix for 𝑚𝑚 = 4 (Srivastava and Chopra, 1971), 
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Figure 1.1 Structure for a balanced design 

 𝜇̂𝜇 𝐴̂𝐴1 𝐴̂𝐴2 𝐴̂𝐴3 𝐴̂𝐴4 𝐴̂𝐴12 𝐴̂𝐴13 𝐴̂𝐴14 𝐴̂𝐴23 𝐴̂𝐴24 𝐴̂𝐴34 

𝜇̂𝜇 v1 v2 v2 v2 v2 v3 v3 v3 v3 v3 v3 

𝐴̂𝐴1 v2 v4 v5 v5 v5 v6 v6 v6 v7 v7 v7 

𝐴̂𝐴2 v2 v5 v4 v5 v5 v6 v7 v7 v6 v6 v7 

𝐴̂𝐴3 v2 v5 v5 v4 v5 v7 v6 v7 v6 v7 v6 

𝐴̂𝐴4 v2 v5 v5 v5 v4 v7 v7 v6 v7 v6 v6 

𝐴̂𝐴12 v3 v6 v6 v7 v7 v8 v9 v9 v9 v9 v10 

𝐴̂𝐴13 v3 v6 v7 v6 v7 v9 v8 v9 v9 v10 v9 

𝐴̂𝐴14 v3 v6 v7 v7 v6 v9 v9 v8 v10 v9 v9 

𝐴̂𝐴23 v3 v7 v6 v6 v7 v9 v9 v10 v8 v9 v9 

𝐴̂𝐴24 v3 v7 v6 v7 v6 v9 v10 v9 v9 v8 v9 

𝐴̂𝐴34 v3 v7 v7 v6 v6 v10 v9 v9 v9 v9 v8 

 

To illustrate the difference between a balanced design and an unbalanced design with respect to 

model 𝑀𝑀𝑢𝑢, consider these two variance-covariance matrices of the estimates for the general mean, 

main effects, and two-factor interactions, 

 

Table 1.4.1 Variance-covariance matrix for the estimates of the general mean, main effects, 

and two-factor interaction effects example 1 (Balanced) 

 𝜇̂𝜇 𝐴̂𝐴1 𝐴̂𝐴2 𝐴̂𝐴3 𝐴̂𝐴4 𝐴̂𝐴5 𝐴̂𝐴12 
𝜇̂𝜇 0.0938 0 0 0 0 0 -0.0312 
𝐴̂𝐴1 0 0.1071 -0.0179 -0.0179 -0.0179 -0.0179 0 
𝐴̂𝐴2 0 -0.0179 0.1071 -0.0179 -0.0179 -0.0179 0 
𝐴̂𝐴3 0 -0.0179 -0.0179 0.1071 -0.0179 -0.0179 0 
𝐴̂𝐴4 0 -0.0179 -0.0179 -0.0179 0.1071 -0.0179 0 
𝐴̂𝐴5 0 -0.0179 -0.0179 -0.0179 -0.0179 0.1071 0 

𝐴𝐴12 -0.0312 0 0 0 0 0 0.0938 
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Table 1.4.2 Variance-covariance matrix for the estimates of the general mean, main effects, 

and two-factor interaction effects example 2 (Unbalanced) 

 𝜇̂𝜇 𝐴̂𝐴1 𝐴̂𝐴2 𝐴̂𝐴3 𝐴̂𝐴4 𝐴̂𝐴5 𝐴̂𝐴12 
𝜇̂𝜇 0.0833 0 0 0 0 0 0 
𝐴̂𝐴1 0 0.0833 0 0 0 0 0 
𝐴̂𝐴2 0 0 0.0833 0 0 0 0 
𝐴̂𝐴3 0 0 0 0.0972 0.0139 -0.0139 0.0417 
𝐴̂𝐴4 0 0 0 0.0139 0.0972 -0.0139 0.0417 
𝐴̂𝐴5 0 0 0 -0.0139 -0.0139 0.0972 -0.0417 

𝐴𝐴12 0 0 0 0.0417 0.0417 -0.0417 0.125 
 

 

Observe for example 1, the value of v1 is 0.0938, the value of v2 is 0, the value of v3 is -0.0312, 

the value of v4 is 0.1071, the value of v5 is -0.0179, the value of v6 and v7 are both 0, and the 

value of v8 is 0.0938. Using these values, example 1 perfectly fits the structure of a balanced 

design. Example 2 is close to a balance design, but the value of v2 is both 0.0833 and 0.0972. The 

4 x 4 submatrix almost fits a balanced design but is off by a few values which are negative. 

 

1.4.2 Orthogonal Designs 

 An orthogonal design is a design in which the estimates are uncorrelated with each other. 

Let 𝑑𝑑∗ be an orthogonal design with 𝑛𝑛 runs, 𝑚𝑚 main effects, with full estimation capacity for all 

two-factor interactions for a total of 𝑝𝑝 = 1 +𝑚𝑚 + �𝑚𝑚2 � parameters. The design matrix 𝑋𝑋𝑑𝑑∗  which 

has columns for the general mean, 𝑚𝑚 main effects, and all �𝑚𝑚2 � two-factor interactions has 

dimensions 𝑛𝑛 x 𝑝𝑝 and satisfies the equation, 

 

𝑋𝑋𝑑𝑑∗
′ 𝑋𝑋𝑑𝑑∗ = 𝑛𝑛𝐼𝐼𝑝𝑝. 
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Observe for any model 𝑀𝑀𝑢𝑢 and the corresponding submatrix 𝑋𝑋𝑑𝑑∗
(𝑢𝑢) of dimensions 𝑛𝑛 x 𝑝𝑝𝑢𝑢 will also 

satisfy the equation, 

 

𝑋𝑋𝑑𝑑∗
(𝑢𝑢)′𝑋𝑋𝑑𝑑∗

(𝑢𝑢) = 𝑛𝑛𝐼𝐼𝑝𝑝𝑢𝑢 . 

 

For any orthogonal design, the variance-covariance matrix 𝑉𝑉(𝑢𝑢) = �𝑋𝑋𝑑𝑑∗
(𝑢𝑢)′𝑋𝑋𝑑𝑑∗

(𝑢𝑢)�
−1

= 1
𝑛𝑛
𝐼𝐼𝑝𝑝𝑢𝑢 hence 

an orthogonal design is also a balanced design with diagonal elements 1
𝑛𝑛
 and off diagonal 

elements 0. 

 

1.4.3 Optimality Criterion Functions 

 One way to compare the efficiency of a design is using the six optimality functions. For a 

design 𝑑𝑑 and model 𝑀𝑀𝑢𝑢 calculate the variance-covariance matrix 𝑉𝑉𝑑𝑑
(𝑢𝑢) = 𝜎𝜎2 �𝑋𝑋𝑑𝑑

(𝑢𝑢)′𝑋𝑋𝑑𝑑
(𝑢𝑢)�

−1
. 

Using 𝑉𝑉𝑑𝑑
(𝑢𝑢) for the class of models 𝑢𝑢 = 1,2, … , 𝑣𝑣𝑘𝑘 we can calculate these six optimality criterion 

functions, 

 
 

𝐴𝐴𝐴𝐴(𝑑𝑑) =
1
𝑣𝑣𝑘𝑘

� �𝑉𝑉𝑑𝑑
(𝑢𝑢)�

𝑣𝑣𝑘𝑘

𝑢𝑢=1

  

 

𝐴𝐴𝐴𝐴(𝑑𝑑) =
1
𝑣𝑣𝑘𝑘

� 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 �𝑉𝑉𝑑𝑑
(𝑢𝑢)�

𝑣𝑣𝑘𝑘

𝑢𝑢=1

 

 

𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴(𝑑𝑑) =
1
𝑣𝑣𝑘𝑘

� max �𝑒𝑒𝑒𝑒 �𝑉𝑉𝑑𝑑
(𝑢𝑢)��

𝑣𝑣𝑘𝑘

𝑢𝑢=1

  

𝐺𝐺𝐺𝐺(𝑑𝑑) = ���𝑉𝑉𝑑𝑑
(𝑢𝑢)�

𝑣𝑣𝑘𝑘

𝑢𝑢=1

�

1
𝑣𝑣𝑘𝑘

 

 

𝐺𝐺𝐺𝐺(𝑑𝑑) = ��𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 �𝑉𝑉𝑑𝑑
(𝑢𝑢)�

𝑣𝑣𝑘𝑘

𝑢𝑢=1

�

1
𝑣𝑣𝑘𝑘

 

 

𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺(𝑑𝑑) = ��max�𝑒𝑒𝑒𝑒 �𝑉𝑉𝑑𝑑
(𝑢𝑢)��

𝑣𝑣𝑘𝑘

𝑢𝑢=1

�

1
𝑣𝑣𝑘𝑘
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"𝐴𝐴" represents the arithmetic mean and "𝐺𝐺" represents the geometric mean for the calculated 𝑣𝑣𝑘𝑘 

values. The “𝐷𝐷" criterion functions is based on the volume of the variance-covariance matrices 

and known as the 𝐷𝐷-optimality criterion function for a design. The "𝑇𝑇" criterion function is based 

on minimizing the average variance for the variance-covariance matrix and known as the 𝐴𝐴-

optimality criterion function for a design. The "𝑀𝑀𝑀𝑀𝑀𝑀" criterion function is based on the max 

amount of variance when accounting for the covariance and known as the 𝐸𝐸-optimality criterion 

function for a design. 

 

1.5 Dissertation Summary 

 There are eight chapters in this dissertation about the model selection problem. Chapter 2 

describes the necessary conditions for a design to have full estimation capacity and the ability to 

discriminate between all pairwise models within a class of models. For a design that satisfies the 

necessary conditions as described in chapter 2, chapter 3 dissects the search design methodology 

to understand how the choice of design can affect the model selection performance results. 

Chapter 4 compares two very similar designs where each design is balanced with the main effects 

and two-factor interactions. Chapter 5 compares two designs that have the same values of the six 

optimality criterion functions and are balanced designs with respect to main effects but not with 

the two-factor interactions. Chapter 6 understands the ridge regression estimation method and 

proposes a model selection procedure using ridge regression. Chapter 7 analyzes the estimation 

technique for LASSO and its use as a model selection procedure. Chapter 8 is a simulation study 

that compares the model selection performance using multiple designs and multiple model 

selection procedures as described in chapters 2 through 7. 



13 
 

Chapter 2 

Model Identification and Discrimination 

 

2.1 Introduction 

Model identification and discrimination are two different objectives for a design. For any 

design and a class of models, it is desirable to uniquely estimate all models or have capability of 

discriminating between all pairwise model comparison within the class of models. This chapter 

describes the different rank conditions required for a design to successfully identify and 

discriminate between all pairwise model comparisons in the class of models. The chapter 

concludes with an example design and how its chosen treatment combinations affect model 

identification and discrimination. 

 

2.2 Definitions 

For fractional factorial designs with 𝑛𝑛 runs based on a 2𝑚𝑚 fractional experiment, let the 

columns of the design matrix 𝑋𝑋1 represent the general mean, the 𝑚𝑚 main effects, and the columns 

of the design matrix 𝑋𝑋2 represent the two-factor interaction effects. The 3-factor and higher order 

interactions are assumed to be zero, the 𝑛𝑛 x 1 column vector of observations for the 𝑛𝑛 runs are 

denoted as 𝑦𝑦. Define a run using the notation (𝑥𝑥1,𝑥𝑥2, … , 𝑥𝑥𝑚𝑚), a row of 𝑋𝑋1 is (1,𝑥𝑥1, … , 𝑥𝑥𝑚𝑚), and a 

row for 𝑋𝑋2 is (𝑥𝑥1𝑥𝑥2,𝑥𝑥1𝑥𝑥3, … , 𝑥𝑥𝑚𝑚−1𝑥𝑥𝑚𝑚) thus having a total of 𝑛𝑛 rows for both 𝑋𝑋1 and 𝑋𝑋2. 

 

The parameters representing the general mean and 𝑚𝑚 main effects are 𝛽𝛽0 and 

(𝛽𝛽1,𝛽𝛽2, … ,𝛽𝛽𝑚𝑚). Denote 𝛽𝛽1 = (𝛽𝛽0,𝛽𝛽1, … ,𝛽𝛽𝑚𝑚)′ and 𝛽𝛽2 as a �𝑚𝑚2 � x 1 column vector of parameters 

representing all the two-factor interaction effects with a total of 𝑝𝑝 = 1 + 𝑚𝑚 + �𝑚𝑚2 � parameters. 
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For a choice of 𝑘𝑘, we can populate the 𝑣𝑣𝑘𝑘 = ��
𝑚𝑚
2 �
𝑘𝑘 � subsets of 𝛽𝛽2 of size 𝑘𝑘 are denoted by 𝛽𝛽2

(𝑢𝑢) and 

the corresponding submatrices of 𝑋𝑋2 are denoted by 𝑋𝑋2
(𝑢𝑢), 𝑢𝑢 = 1,2, … , 𝑣𝑣𝑘𝑘  . Let model 𝑀𝑀𝑢𝑢 be 

expressed as, 

 

 𝑀𝑀𝑢𝑢:  𝐸𝐸 �𝑦𝑦� = 𝑋𝑋1𝛽𝛽1 + 𝑋𝑋2
(𝑢𝑢)𝛽𝛽2

(𝑢𝑢)  ,   𝑉𝑉𝑉𝑉𝑉𝑉 �𝑦𝑦� = 𝜎𝜎2𝐼𝐼𝑛𝑛,   𝑢𝑢 = 1,2, … , 𝑣𝑣𝑘𝑘                (2.1) 

 

When considering two models 𝑀𝑀𝑢𝑢 and 𝑀𝑀𝑢𝑢′, denote the pairwise model comparison as {𝑀𝑀𝑢𝑢,𝑀𝑀𝑢𝑢′}, 

there are �𝑣𝑣𝑘𝑘2 � such comparisons.  For the model comparison {𝑀𝑀𝑢𝑢,𝑀𝑀𝑢𝑢′}, the number of common 

parameters in 𝛽𝛽2
(𝑢𝑢) and 𝛽𝛽2

�𝑢𝑢′� is 𝑐𝑐𝑢𝑢𝑢𝑢′  where 0 ≤ 𝑐𝑐𝑢𝑢𝑢𝑢′ ≤ (𝑘𝑘 − 1) and 𝑀𝑀𝑢𝑢 ≠ 𝑀𝑀𝑢𝑢′. The total number 

of common parameters in {𝑀𝑀𝑢𝑢,𝑀𝑀𝑢𝑢′} is 1 + 𝑚𝑚 + 𝑐𝑐𝑢𝑢𝑢𝑢′ and the total number of uncommon 

parameters is 2(𝑘𝑘 − 𝑐𝑐𝑢𝑢𝑢𝑢′). The total number of parameters that need to be estimated {𝑀𝑀𝑢𝑢,𝑀𝑀𝑢𝑢′} is 

1 + 𝑚𝑚 + (2𝑘𝑘 − 𝑐𝑐𝑢𝑢𝑢𝑢′). For model 𝑀𝑀𝑢𝑢, subset the vector of all two-factor interactions 𝛽𝛽2 into 𝛽𝛽2
(𝑢𝑢) 

which contains the 𝑘𝑘 two-factor interactions in model 𝑀𝑀𝑢𝑢 and 𝛽𝛽2
(𝑢𝑢�) which contains the �𝑚𝑚2 � − 𝑘𝑘 

two-factor interactions not in model 𝑀𝑀𝑢𝑢. 𝛽𝛽2
�𝑢𝑢′� and 𝛽𝛽2

�𝑢𝑢�′� is constructed identically for a model 

𝑀𝑀𝑢𝑢′.  

 

When considering the comparison {𝑀𝑀𝑢𝑢,𝑀𝑀𝑢𝑢′}, there may be some elements of 𝛽𝛽2
(𝑢𝑢) and 

𝛽𝛽2
�𝑢𝑢′� in common and some elements not in common. Let 𝛽𝛽2

�𝑢𝑢𝑢𝑢′� be the elements in common of 

𝛽𝛽2
(𝑢𝑢) and 𝛽𝛽2

�𝑢𝑢′�, 𝛽𝛽2
�𝑢𝑢�𝑢𝑢′� be the elements in 𝛽𝛽2

�𝑢𝑢′� but not in 𝛽𝛽2
(𝑢𝑢), 𝛽𝛽2

�𝑢𝑢𝑢𝑢�′� be the elements in 𝛽𝛽2
(𝑢𝑢) but 
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not in 𝛽𝛽2
�𝑢𝑢′�, and 𝛽𝛽2

�𝑢𝑢�𝑢𝑢�′� be the elements not in 𝛽𝛽2
(𝑢𝑢) or 𝛽𝛽2

�𝑢𝑢′�. Let 𝑋𝑋2
�𝑢𝑢𝑢𝑢′�,𝑋𝑋2

�𝑢𝑢�𝑢𝑢′�,𝑋𝑋2
�𝑢𝑢𝑢𝑢�′�,  and 

𝑋𝑋2
�𝑢𝑢�𝑢𝑢�′� be the corresponding design matrices for 𝛽𝛽2

�𝑢𝑢𝑢𝑢′�, 𝛽𝛽2
�𝑢𝑢�𝑢𝑢′�,𝛽𝛽2

�𝑢𝑢𝑢𝑢�′�,  and 𝛽𝛽2
�𝑢𝑢�𝑢𝑢�′� respectively.  

 

Table 2.1 Summary of notations with vector lengths underneath 

𝑀𝑀𝑢𝑢\𝑀𝑀𝑢𝑢′ 𝑀𝑀𝑢𝑢′ 𝑀𝑀𝑢𝑢�′ Total 

𝑀𝑀𝑢𝑢 

 
𝛽𝛽2
�𝑢𝑢𝑢𝑢′� 

 
𝑐𝑐𝑢𝑢𝑢𝑢′  

 

 
𝛽𝛽2
�𝑢𝑢𝑢𝑢�′� 

 
𝑘𝑘 − 𝑐𝑐𝑢𝑢𝑢𝑢′ 

 

𝛽𝛽2
(𝑢𝑢) 
 
𝑘𝑘 

𝑀𝑀𝑢𝑢� 

 
𝛽𝛽2
�𝑢𝑢�𝑢𝑢′� 

 
𝑘𝑘 − 𝑐𝑐𝑢𝑢𝑢𝑢′ 

 

 
𝛽𝛽2
�𝑢𝑢�𝑢𝑢�′� 

 
�
𝑚𝑚
2
� − 2𝑘𝑘 + 𝑐𝑐𝑢𝑢𝑢𝑢′ 

 

𝛽𝛽2
(𝑢𝑢�) 
 

�
𝑚𝑚
2
� − 𝑘𝑘 

Total 

 
𝛽𝛽2
�𝑢𝑢′� 
 
𝑘𝑘 
 

𝛽𝛽2
�𝑢𝑢�′� 
 

�
𝑚𝑚
2
� − 𝑘𝑘 

𝛽𝛽2 
 

�
𝑚𝑚
2
� 

 

 

In 𝑀𝑀𝑢𝑢, the (1 + 𝑚𝑚 + 𝑘𝑘) 𝛽𝛽 parameters are denoted by 𝛽𝛽(𝑢𝑢) and the design matrix by 𝑋𝑋(𝑢𝑢) where 

𝑋𝑋(𝑢𝑢) = �𝑋𝑋1:𝑋𝑋2
(𝑢𝑢)� and 𝛽𝛽(𝑢𝑢) = �𝛽𝛽1,𝛽𝛽2

(𝑢𝑢)�
′

, 𝑢𝑢 = 1,2, … , 𝑣𝑣𝑘𝑘 . The model from equation  (2.1) 

becomes, 

 

                               𝑀𝑀𝑢𝑢:   𝐸𝐸 �𝑦𝑦� = 𝑋𝑋(𝑢𝑢)𝛽𝛽(𝑢𝑢),𝑉𝑉𝑉𝑉𝑉𝑉 �𝑦𝑦� = 𝜎𝜎2𝐼𝐼𝑛𝑛,   𝑢𝑢 = 1,2, … , 𝑣𝑣𝑘𝑘                                 (2.2) 
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2.3 Rank Conditions 

For a specified class of models, it is desirable for a design to be able to identify all models 

𝑀𝑀𝑢𝑢 and discriminate between all pairwise model comparisons 𝑀𝑀𝑢𝑢 and 𝑀𝑀𝑢𝑢′. There are two 

objectives to consider, 

 

(1) Model identification, 

(2) Model Discrimination 

 

A model 𝑀𝑀𝑢𝑢 is identifiable if the least squares estimation (LSE) of 𝛽𝛽(𝑢𝑢) is unique. The least 

squares estimation (LSE) of 𝛽𝛽(𝑢𝑢) is possible when, 

 

                                                              𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅�𝑋𝑋(𝑢𝑢)� = 1 + 𝑚𝑚 + 𝑘𝑘.                                                        (2.3)  

 

This is the case since the LSE of 𝛽𝛽(𝑢𝑢) is 𝛽̂𝛽(𝑢𝑢) = �𝑋𝑋(𝑢𝑢)′𝑋𝑋(𝑢𝑢)�
−1
𝑋𝑋(𝑢𝑢)′𝑦𝑦. If the model identification  

rank condition is not satisfied, it is known that �𝑋𝑋(𝑢𝑢)′𝑋𝑋(𝑢𝑢)�
−1

 is not unique. For discriminating 

between two models 𝑀𝑀𝑢𝑢 and 𝑀𝑀𝑢𝑢′ it is necessary to be able to estimate all the unique parameters, 

𝛽𝛽1, 𝛽𝛽2
�𝑢𝑢𝑢𝑢′�,𝛽𝛽2

�𝑢𝑢�𝑢𝑢′�, and 𝛽𝛽2
�𝑢𝑢𝑢𝑢�′�. The condition for having the least squares estimations of 𝛽𝛽1, 

𝛽𝛽2
�𝑢𝑢𝑢𝑢′�,𝛽𝛽2

�𝑢𝑢�𝑢𝑢′�, and 𝛽𝛽2
�𝑢𝑢𝑢𝑢�′� are possible when, 

 

                    𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 �𝑋𝑋1:𝑋𝑋2
�𝑢𝑢𝑢𝑢′�:𝑋𝑋2

�𝑢𝑢�𝑢𝑢′�:𝑋𝑋2
�𝑢𝑢𝑢𝑢�′�� = 1 + 𝑚𝑚 + 𝑐𝑐𝑢𝑢𝑢𝑢′ + 2(𝑘𝑘 − 𝑐𝑐𝑢𝑢𝑢𝑢′)                                      

                                                                                 = 1 + 𝑚𝑚 + 2𝑘𝑘 − 𝑐𝑐𝑢𝑢𝑢𝑢′.                                           (2.4) 
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Theorem 2.1 (Srivastava, 1975) 

Model identification is necessary and sufficient if (2.3) holds for every model 𝑀𝑀𝑢𝑢 in the 

class of models. Model discrimination is necessary and sufficient in the noiseless case, necessary 

in the noisy case if (2.4) is satisfied for every pairwise model comparison  {𝑀𝑀𝑢𝑢,𝑀𝑀𝑢𝑢′}. 

 

If a design satisfies the rank conditions for model discrimination for all model 

comparisons {𝑀𝑀𝑢𝑢,𝑀𝑀𝑢𝑢′} given 𝑘𝑘, then that design satisfies the rank conditions for model 

identification since for any positive integer 𝑘𝑘 we have 1 +𝑚𝑚 + 𝑘𝑘 ≤  1 + 𝑚𝑚 + 2𝑘𝑘 − 𝑐𝑐𝑢𝑢𝑢𝑢′ 

implying that (2.4) is a stronger property than (2.3). Replicating any design that satisfies the 

desired rank condition results, the resulting design is a design with (𝑟𝑟1 +⋯+ 𝑟𝑟𝑛𝑛) runs that 

satisfies the desired rank condition.  

 

2.4 Example 

To illustrate the two rank conditions, consider the balanced fractional factorial design 𝑑𝑑1 

presented from Ghosh, Tian (2004) that contains 𝑛𝑛 = 12 runs, with the main effect 𝐴𝐴5 modified 

by taking the negative of that column. The structure of 𝑑𝑑1 is each main effect 𝐴𝐴𝑖𝑖 is positive 7 of 

the 12 runs in such a way that there is all �53� = 10 three treatment combinations runs, a run 

where we have no treatments present, and a run where all treatments are present. 
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𝑑𝑑1 

Run  Treatment  𝒙𝒙𝟏𝟏 𝒙𝒙𝟐𝟐 𝒙𝒙𝟑𝟑 𝒙𝒙𝟒𝟒 𝒙𝒙𝟓𝟓 
1  (1)  -1 -1 -1 -1 -1 
2  125  1 1 -1 -1 1 
3  135  1 -1 1 -1 1 
4  145  1 -1 -1 1 1 
5  235  -1 1 1 -1 1 
6  245  -1 1 -1 1 1 
7  345  -1 -1 1 1 1 
8  12345  1 1 1 1 1 
9  123  1 1 1 -1 -1 

10  124  1 1 -1 1 -1 
11  134  1 -1 1 1 -1 
12  234  -1 1 1 1 -1 

 

 

There are 𝑚𝑚 = 5 main effects and �52� = 10 two-factor interactions considered. The 

design 𝑑𝑑1 satisfies the rank conditions for model identification up to 𝑘𝑘 = 5 and model 

discrimination up to 𝑘𝑘 = 2. For 𝑘𝑘 = 2, the class of models consists of 𝑣𝑣𝑘𝑘 = �102 � = 45 models 

that contain 2 of the 10 two-factor interactions and a total of  �452 � = 990 different pairwise 

model comparisons. For any model comparison {𝑀𝑀𝑢𝑢,𝑀𝑀𝑢𝑢′}, there is either one two-factor 

interaction in common 𝑐𝑐𝑢𝑢𝑢𝑢′ = 1 or no two-factor interactions in common 𝑐𝑐𝑢𝑢𝑢𝑢′ = 0. Since models 

𝑀𝑀𝑢𝑢 and 𝑀𝑀𝑢𝑢′ are chosen such that 𝑀𝑀𝑢𝑢 ≠ 𝑀𝑀𝑢𝑢′ there cannot be 2 two-factor interactions in common. 

 

The number of different model comparisons that do not have any terms in common 

𝑐𝑐𝑢𝑢𝑢𝑢′ = 0 will be �
10
2 �∗�

8
2�

2
= 630. That is for 𝑀𝑀𝑢𝑢 selects 2 out of the 10 two-factor interactions, 𝑀𝑀𝑢𝑢′ 

we select 2 out of the remaining eight two-factor interactions, and the assignment of 𝑀𝑀𝑢𝑢 and 𝑀𝑀𝑢𝑢′ 

is not important therefore the number of combinations is divided by 2.  

 



19 
 

The number of different model comparisons that have one term in common 𝑐𝑐𝑢𝑢𝑢𝑢′ = 1 is 

�101 �∗�
9
1��

8
1�

2
= 360. That is select 1 out of the 10 two-factor interactions that is in common, give 𝑀𝑀𝑢𝑢 

one of the 9 remaining two-factor interactions, and then 𝑀𝑀𝑢𝑢′ one of the remaining 8 two-factor 

interactions. The assignment of 𝑀𝑀𝑢𝑢 and 𝑀𝑀𝑢𝑢′ is not important and the total number of choices is 

divided by two. The following information is summarized in the flowchart below, 

 

Figure 2.1 Partitioning the 990 pairwise model comparisons for 𝒅𝒅𝟏𝟏 

 

 

For the 630 model comparisons with no terms in common 𝑐𝑐𝑢𝑢𝑢𝑢′ = 0, 𝑑𝑑1 for all 𝑀𝑀𝑢𝑢 and 𝑀𝑀𝑢𝑢′ 

satisfies,  

𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 �𝑋𝑋1:𝑋𝑋2
(𝑢𝑢):𝑋𝑋2

�𝑢𝑢′�� = 1 + 𝑚𝑚 + 2𝑘𝑘 − 𝑐𝑐𝑢𝑢𝑢𝑢′ = 10, 

 

and for the 360 model comparisons with one term in common 𝑐𝑐𝑢𝑢𝑢𝑢′ = 1, 𝑑𝑑1 for all 𝑀𝑀𝑢𝑢 and 𝑀𝑀𝑢𝑢′ 

satisfies, 

𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 �𝑋𝑋1:𝑋𝑋2
(𝑢𝑢):𝑋𝑋2

�𝑢𝑢′�� = 1 + 𝑚𝑚 + 2𝑘𝑘 − 𝑐𝑐𝑢𝑢𝑢𝑢′ = 9. 
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The different treatment combinations affect the rank conditions for the 𝑣𝑣𝑘𝑘 = 45 models 

and the 990 pairwise model comparisons. To illustrate this, create a 𝑛𝑛 = 11 run design by 

removing run 𝑖𝑖 from 𝑑𝑑1 denoted as 𝑑𝑑1
(−𝑖𝑖) for 𝑖𝑖 = 1,2, … ,12. All 12 of these new designs 

𝑑𝑑1
(−1), … ,𝑑𝑑1

(−12) will still satisfy the rank condition for model identification of the 45 different 

models as specified in (2.3) but no longer satisfy the rank conditions for model discrimination for 

all 990 model comparisons as specified in (2.4), the model comparison {𝑀𝑀𝑢𝑢,𝑀𝑀𝑢𝑢′} depend which 

of the 12 runs we remove.  

 

By removing run 1 or run 8 then the resulting design 𝑑𝑑1
(−1) or 𝑑𝑑1

(−8) will not satisfy the 

rank conditions for model discrimination for 45 of 990 different model comparisons.  For each 

pair of 𝑀𝑀𝑢𝑢 there will be two 𝑀𝑀𝑢𝑢′ that do not satisfy the specified rank condition.  

 

Figure 2.2 Rank conditions of the 990 pairwise model comparisons for 𝒅𝒅𝟏𝟏
(−𝟏𝟏) or 𝒅𝒅𝟏𝟏

(−𝟖𝟖) 

 

 

For any model 𝑀𝑀𝑢𝑢, table 2.2 presents the corresponding 𝑀𝑀𝑢𝑢′ such that the rank condition 

for model discrimination is not met. In the table below, there are a total of 90 𝑀𝑀𝑢𝑢′ that correspond 
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to 𝑀𝑀𝑢𝑢 since duplicates are presented, E.g.  the pair 𝑀𝑀𝑢𝑢 = 𝑥𝑥1𝑥𝑥2 𝑥𝑥1𝑥𝑥5 and 𝑀𝑀𝑢𝑢′ = 𝑥𝑥2𝑥𝑥5 𝑥𝑥3𝑥𝑥4  do not 

satisfy the rank condition for model discrimination, also presented is the reverse 𝑀𝑀𝑢𝑢′ =

𝑥𝑥1𝑥𝑥2 𝑥𝑥1𝑥𝑥5 and 𝑀𝑀𝑢𝑢 = 𝑥𝑥2𝑥𝑥5 𝑥𝑥3𝑥𝑥4. Table 2.2 demonstrates if the true model were any 𝑀𝑀𝑢𝑢, then we 

would have trouble discriminating between the two corresponding 𝑀𝑀𝑢𝑢′. The importance is that by 

deleting run 1 or 8, every model 𝑀𝑀𝑢𝑢 will have trouble discriminating between 2 of the other 44 

𝑀𝑀𝑢𝑢′. It will not be desirable to use either 𝑑𝑑1
(−1) or 𝑑𝑑1

(−8) for any true model 𝑀𝑀𝑢𝑢 for searching 2 

two-factor interactions as we would be able to discriminate with other models. 

 

Table 2.2 Models that do not satisfy the model discrimination properties for 𝒅𝒅𝟏𝟏
(−𝟏𝟏)  

𝑢𝑢 𝑢𝑢′ 
x1x2    x1x3 x1x4 x1x5 x2x3 x4x5 
x1x2    x1x4 x1x3 x1x5 x2x4 x3x5 
x1x3    x1x4 x1x2 x1x5 x2x5 x3x4 
x1x2    x1x5 x2x5 x3x4 x1x3 x1x4 
x1x3    x1x5 x2x4 x3x5 x1x2 x1x4 
x1x4    x1x5 x2x3 x4x5 x1x2 x1x3 
x1x2    x2x3 x2x4 x2x5 x1x3 x4x5 
x1x3    x2x3 x3x4 x3x5 x1x2 x4x5 
x1x4    x2x3 x2x5 x3x5 x1x5 x4x5 
x1x5    x2x3 x2x4 x3x4 x1x4 x4x5 
x1x2    x2x4 x2x3 x2x5 x1x4 x3x5 
x1x3    x2x4 x1x5 x3x5 x2x5 x4x5 
x1x4    x2x4 x1x2 x3x5 x3x4 x4x5 
x1x5    x2x4 x2x3 x3x4 x1x3 x3x5 
x2x3    x2x4 x1x2 x2x5 x1x5 x3x4 
x1x2    x2x5 x1x5 x3x4 x2x3 x2x4 
x1x3    x2x5 x1x4 x3x4 x2x4 x4x5 
x1x4    x2x5 x1x3 x3x4 x2x3 x3x5 
x1x5    x2x5 x1x2 x3x4 x3x5 x4x5 
x2x3    x2x5 x1x4 x3x5 x1x2 x2x4 
x2x4    x2x5 x1x3 x4x5 x1x2 x2x3 
x1x2    x3x4 x3x5 x4x5 x1x5 x2x5 
x1x3    x3x4 x2x3 x3x5 x1x4 x2x5 

𝑢𝑢 𝑢𝑢′ 
x1x4    x3x4 x2x4 x4x5 x1x3 x2x5 
x1x5    x3x4 x2x3 x2x4 x1x2 x2x5 
x2x3    x3x4 x1x3 x3x5 x1x5 x2x4 
x2x4    x3x4 x1x4 x4x5 x1x5 x2x3 
x2x5    x3x4 x1x3 x1x4 x1x2 x1x5 
x1x2    x3x5 x3x4 x4x5 x1x4 x2x4 
x1x3    x3x5 x1x5 x2x4 x2x3 x3x4 
x1x4    x3x5 x1x2 x2x4 x2x3 x2x5 
x1x5    x3x5 x2x5 x4x5 x1x3 x2x4 
x2x3    x3x5 x1x4 x2x5 x1x3 x3x4 
x2x4    x3x5 x1x2 x1x4 x1x3 x1x5 
x2x5    x3x5 x1x5 x4x5 x1x4 x2x3 
x3x4    x3x5 x1x2 x4x5 x1x3 x2x3 
x1x2    x4x5 x1x3 x2x3 x3x4 x3x5 
x1x3    x4x5 x1x2 x2x3 x2x4 x2x5 
x1x4    x4x5 x1x5 x2x3 x2x4 x3x4 
x1x5    x4x5 x1x4 x2x3 x2x5 x3x5 
x2x3    x4x5 x1x2 x1x3 x1x4 x1x5 
x2x4    x4x5 x1x3 x2x5 x1x4 x3x4 
x2x5    x4x5 x1x3 x2x4 x1x5 x3x5 
x3x4    x4x5 x1x4 x2x4 x1x2 x3x5 
x3x5    x4x5 x1x5 x2x5 x1x2 x3x4 
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Consider removing any other run than 1 or 8 then the resulting design will not satisfy the 

rank conditions for model discrimination for 18 of 990 different model comparisons. The 18 

model comparisons that do not satisfy the rank condition depends on which of the 10 runs is 

removed. Here is an example of using 𝑑𝑑1
(−2) which is found by removing run 2 or treatment 125, 

 

Figure 2.3 Rank conditions for 𝒅𝒅𝟏𝟏
(−𝟐𝟐) 

 

 

Observe that comparing 𝑑𝑑1
(−1) and 𝑑𝑑1

(−2) that 𝑑𝑑1
(−1) has 45 of the 990 different model 

comparisons not satisfy the rank condition for model discrimination. For any model 𝑀𝑀𝑢𝑢, there are 

two corresponding models for 𝑀𝑀𝑢𝑢′ that do not satisfy the model discrimination rank conditions. 

The second observation is that 𝑑𝑑1
(−2) has a smaller subset of model comparisons that do not 

satisfy the rank conditions for model discrimination. Since there are only 18 model comparisons 

that do not satisfy the rank conditions for model discrimination, it is expected that there exist 
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some models 𝑀𝑀𝑢𝑢 that satisfy the rank conditions for model discrimination for all other 𝑀𝑀𝑢𝑢′. This 

is observed by the following table, 

 

Table 2.3 Models that do not satisfy the model discrimination properties for 𝒅𝒅𝟏𝟏
(−𝟏𝟏) 

𝑢𝑢 𝑢𝑢′ 
x1x2 x1x3         
x1x2 x1x4         
x1x3 x1x4 x2x5 x3x4     
x1x2 x1x5 x2x5 x3x4     
x1x3 x1x5         
x1x4 x1x5         
x1x2 x2x3         
x1x3 x2x3 x3x4 x3x5     
x1x4 x2x3         
x1x5 x2x3 x2x4 x3x4     
x1x2 x2x4         
x1x3 x2x4         
x1x4 x2x4 x3x4 x4x5     
x1x5 x2x4 x2x3 x3x4     
x2x3 x2x4 x1x5 x3x4     
x1x2 x2x5 x1x5 x3x4     
x1x3 x2x5 x1x4 x3x4     
x1x4 x2x5 x1x3 x3x4     
x1x5 x2x5 x1x2 x3x4     
x2x3 x2x5         
x2x4 x2x5         
x1x2 x3x4 x3x5 x4x5 x1x5 x2x5 
x1x3 x3x4 x2x3 x3x5 x1x4 x2x5 

𝑢𝑢 𝑢𝑢′ 
x1x4 x3x4 x2x4 x4x5 x1x3 x2x5 
x1x5 x3x4 x2x3 x2x4 x1x2 x2x5 
x2x3 x3x4 x1x3 x3x5 x1x5 x2x4 
x2x4 x3x4 x1x4 x4x5 x1x5 x2x3 
x2x5 x3x4 x1x3 x1x4 x1x2 x1x5 
x1x2 x3x5 x3x4 x4x5     
x1x3 x3x5 x2x3 x3x4     
x1x4 x3x5         
x1x5 x3x5         
x2x3 x3x5 x1x3 x3x4     
x2x4 x3x5         
x2x5 x3x5         
x3x4 x3x5 x1x2 x4x5 x1x3 x2x3 
x1x2 x4x5 x3x4 x3x5     
x1x3 x4x5         
x1x4 x4x5 x2x4 x3x4     
x1x5 x4x5         
x2x3 x4x5         
x2x4 x4x5 x1x4 x3x4     
x2x5 x4x5         
x3x4 x4x5 x1x4 x2x4 x1x2 x3x5 
x3x5 x4x5 x1x2 x3x4     
     

 

There are three different cases of model discrimination for 𝑑𝑑1
(−2), models that satisfy the rank 

conditions for all other 44 models, models that satisfy the rank conditions for all but 1 other 

models, and models that satisfy the rank conditions for all but 2 other models. If the true model 

contains the two-factor interactions 𝑥𝑥1𝑥𝑥2 and 𝑥𝑥1𝑥𝑥3 then the rank conditions will be satisfied using 
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any of the other 44 models. If the true model contains the two-factor interactions 𝑥𝑥1𝑥𝑥3 and 𝑥𝑥1𝑥𝑥4 

then the rank conditions will not be satisfied for the model that contains 𝑥𝑥2𝑥𝑥5 and 𝑥𝑥3𝑥𝑥4. If the 

true model contains the two-factor interactions 𝑥𝑥1𝑥𝑥2 and 𝑥𝑥3𝑥𝑥4 then the rank conditions will not be 

satisfied for the two models that contain 𝑥𝑥3𝑥𝑥5 and 𝑥𝑥4𝑥𝑥5 along with 𝑥𝑥1𝑥𝑥5 and 𝑥𝑥2𝑥𝑥5.  

 

The other 9 designs we can make by removing a run that involves a three-treatment 

combination will have similar results to 𝑑𝑑1
(−2) but not satisfy the rank conditions for a different 

set of 18 models. If there were some information about the true model it may be possible to 

strategically implement a design 𝑑𝑑1
(−𝑖𝑖) for 𝑖𝑖 ≠ 1,8 with 11 runs that would not have trouble 

discriminating with the other 44 models. 
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Chapter 3 

Model Comparisons 

 

3.1 Introduction 

In planning an experiment to study the relationship between a response variable 𝑌𝑌 and 

factors 𝐴𝐴1,𝐴𝐴2, … ,𝐴𝐴𝑚𝑚 for a total of 𝑚𝑚 factors, the parameters of interest are a general mean 𝛽𝛽0, 𝑚𝑚 

main effects 𝛽𝛽𝑗𝑗, and 𝑘𝑘 �0 < 𝑘𝑘 < �𝑚𝑚2 �� two-factor interactions 𝛽𝛽𝑗𝑗,𝑗𝑗′  (𝑗𝑗 ≠ 𝑗𝑗′, 𝑗𝑗, 𝑗𝑗′ = 1,2, …𝑚𝑚). The 

additive model between the mean of the response variable 𝐸𝐸[𝑌𝑌] and the parameters of interest are 

considered for a total of 𝑣𝑣𝑘𝑘 = ��
𝑚𝑚
2 �
𝑘𝑘 � different models. A design 𝑑𝑑 must be proposed consisting of 

𝑛𝑛 treatment combinations of the 𝑚𝑚 factors, each treatment combination is defined as a run. For a 

chosen 𝑘𝑘, the design 𝑑𝑑 must have at least 𝑛𝑛 runs where 𝑛𝑛 ≥ 1 + 𝑚𝑚 + 𝑘𝑘 to satisfy the model 

identification rank conditions for all 𝑣𝑣𝑘𝑘 models. For model discrimination, the design 𝑑𝑑 must 

satisfy the rank condition for all �𝑣𝑣𝑘𝑘2 � pairwise model comparisons of {𝑀𝑀𝑢𝑢,𝑀𝑀𝑢𝑢′} and have at least 

𝑛𝑛 runs where 𝑛𝑛 ≥ 1 +𝑚𝑚 + 2𝑘𝑘.  

 

In section 2.4, the design 𝑑𝑑1 with 𝑛𝑛 = 12 runs, 𝑚𝑚 = 5 main effects, and �52� = 10 two-

factor interactions. For 𝑘𝑘 = 2, the design 𝑑𝑑1 can identify all 𝑣𝑣𝑘𝑘 = �102 � = 45 models and 

discriminating between all �452 � = 990 pairwise comparisons. Assume the true model is within 

the class of models, in the noiseless case, only the true model will have perfect fit and can be 

identified as the model with zero error sum of square errors. In the noisy case, instead the model 

that minimizes the error sum of squares is chosen and there is a non-zero probability of picking 

the true model.  
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To understand how each treatment combination affects the two rank conditions, removing 

run 𝑖𝑖 of design 𝑑𝑑1 was considered was considered. We observe that 𝑑𝑑1
(−𝑖𝑖) satisfies the rank 

conditions for model identification for all 45 models but no longer satisfies the rank conditions 

for model discrimination for all 990 models for any 𝑖𝑖 = 1,2, … ,12. We also observe that 

removing the treatment combination (1) or 12345 results in a design that any model 𝑀𝑀𝑢𝑢 cannot 

be discriminated with two other models 𝑀𝑀𝑢𝑢1′  and 𝑀𝑀𝑢𝑢2′ .  Removing any of the other 10 runs results 

in a design that is possible to have a model 𝑀𝑀𝑢𝑢 that can discriminate between all other models 

𝑀𝑀𝑢𝑢′ the exact models depending on which of the 10 runs.   

 

These rank conditions for model identification and discrimination will only provide 

information to whether a design can successfully identify or discriminate between all �𝑣𝑣𝑘𝑘2 � 

pairwise model comparisons. The rank conditions for model discrimination does not provide 

evaluation on how well a design can discriminate between all �𝑣𝑣𝑘𝑘2 � pairs of models.  

 

The error sum of squares is a performance metric to find the model that best describes the 

data. All �𝑣𝑣𝑘𝑘2 � pairwise error sum of squares is considered between the comparisons {𝑀𝑀𝑢𝑢,𝑀𝑀𝑢𝑢′}.  If 

a design results in the zero difference for error sum of squares between the comparison {𝑀𝑀𝑢𝑢,𝑀𝑀𝑢𝑢′} 

and will not have any discrimination strength.  If the design is capable of larger values of the 

difference, then the design has more capability of discriminating between models 𝑀𝑀𝑢𝑢 and 𝑀𝑀𝑢𝑢′. 

 

3.2 Model Selection for a Fixed Design 

For a chosen 𝑘𝑘, we have a class of models as described in the introduction to chapter 3. 

Consider a set of designs 𝒟𝒟 with 𝑛𝑛 runs each in which every design 𝑑𝑑 ∈ 𝒟𝒟 is capable of model 
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discrimination for all �𝑣𝑣2� model comparisons. For a design 𝑑𝑑 ∈ 𝒟𝒟 and chosen model 𝑀𝑀𝑢𝑢, the 

design matrix 𝑋𝑋𝑑𝑑
(𝑢𝑢) consists of 𝑛𝑛 rows as the runs and 1 +𝑚𝑚 + 𝑘𝑘 = 𝑝𝑝𝑢𝑢 columns to represent the 

overall mean, 𝑚𝑚 main effects, and 𝑘𝑘 two-factor interactions. Define the projection matrix be a 

function of the design matrix 𝑋𝑋𝑑𝑑
(𝑢𝑢) and expressed as 𝐻𝐻𝑑𝑑

(𝑢𝑢) = 𝑋𝑋𝑑𝑑
(𝑢𝑢) �𝑋𝑋𝑑𝑑

(𝑢𝑢)′𝑋𝑋𝑑𝑑
(𝑢𝑢)�

−1
𝑋𝑋𝑑𝑑

(𝑢𝑢)′.  Once the 

observation vector 𝑦𝑦𝑑𝑑 is obtained, the least squares fitted values 𝑦𝑦�𝑑𝑑 will satisfy, 

 

                                                                               𝑦𝑦�𝑑𝑑
(𝑢𝑢) = 𝐻𝐻𝑑𝑑

(𝑢𝑢)𝑦𝑦𝑑𝑑 .                                                             (3.1) 

 

The error sum of squares for model 𝑀𝑀𝑢𝑢 is used as a performance metric and denoted as 𝑆𝑆𝑆𝑆𝐸𝐸𝑢𝑢(𝑑𝑑) 

and can be expressed as the observation vector 𝑦𝑦𝑑𝑑 and the projection matrix 𝐻𝐻𝑑𝑑
(𝑢𝑢), 

 

𝑆𝑆𝑆𝑆𝐸𝐸𝑢𝑢(𝑑𝑑) = �𝑦𝑦𝑑𝑑 − 𝑦𝑦�𝑑𝑑
(𝑢𝑢)�

′
�𝑦𝑦𝑑𝑑 − 𝑦𝑦�𝑑𝑑

(𝑢𝑢)� 

                                                                           = 𝑦𝑦𝑑𝑑′ �𝐼𝐼𝑛𝑛 − 𝐻𝐻𝑑𝑑
(𝑢𝑢)� 𝑦𝑦𝑑𝑑 .                                                       (3.2) 

 

A small value of error sum of squares implies the fitted values are close to the observed values. 

For a fixed design 𝑑𝑑, we select the model 𝑀𝑀𝑢𝑢∗ within our class of models that obtains the smallest 

value of the error sum of squares from all other models 𝑀𝑀𝑢𝑢, 

 

                                                         𝑆𝑆𝑆𝑆𝐸𝐸𝑢𝑢∗(𝑑𝑑) ≤ 𝑆𝑆𝑆𝑆𝐸𝐸𝑢𝑢(𝑑𝑑), 𝑢𝑢 = 1,2, … , 𝑣𝑣𝑘𝑘                                   (3.3) 
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To find the model 𝑀𝑀𝑢𝑢∗ that satisfies equation (3.3), there are a total �𝑣𝑣𝑘𝑘2 � pairwise model 

comparisons {𝑀𝑀𝑢𝑢,𝑀𝑀𝑢𝑢′} that are evaluated. We are interested in the �𝑣𝑣𝑘𝑘2 � differenced error sum of 

squares, 

 

𝑆𝑆𝑆𝑆𝐸𝐸𝑢𝑢(𝑑𝑑) − 𝑆𝑆𝑆𝑆𝐸𝐸𝑢𝑢′(𝑑𝑑) = 𝑦𝑦𝑑𝑑′ �𝐻𝐻𝑑𝑑
�𝑢𝑢′� − 𝐻𝐻𝑑𝑑

(𝑢𝑢)� 𝑦𝑦𝑑𝑑 . 

 

Let the differenced projection matrix of 𝐻𝐻𝑑𝑑
�𝑢𝑢′� and 𝐻𝐻𝑑𝑑

(𝑢𝑢) be 𝐻𝐻𝑑𝑑
�𝑢𝑢,𝑢𝑢′� for convenience, then express 

the differenced sum of squares errors for model comparison {𝑀𝑀𝑢𝑢,𝑀𝑀𝑢𝑢′} to be, 

 

                                                     𝑆𝑆𝑆𝑆𝐸𝐸𝑢𝑢(𝑑𝑑) − 𝑆𝑆𝑆𝑆𝐸𝐸𝑢𝑢′(𝑑𝑑) = 𝑦𝑦𝑑𝑑′ �𝐻𝐻𝑑𝑑
�𝑢𝑢,𝑢𝑢′�� 𝑦𝑦𝑑𝑑 .                                        (3.4) 

 

For a design 𝑑𝑑, there is only one observation vector 𝑦𝑦𝑑𝑑 and �𝑣𝑣𝑘𝑘2 � 𝐻𝐻𝑑𝑑
�𝑢𝑢,𝑢𝑢′� matrices. If the 

differenced error sum of squares for the model comparison {𝑀𝑀𝑢𝑢,𝑀𝑀𝑢𝑢′} is zero, we understand this 

implies the error sum of squares between these two models are equivalent.  

 

3.3 Min/Max of the Standardized Differenced Error Sum of Squares 

Results from Bellman (1960) can be used to bound the differenced error sum of squares. 

Consider the standardized differenced error sum of squares for the model comparison {𝑀𝑀𝑢𝑢,𝑀𝑀𝑢𝑢′} 

by taking the differenced error sum of squares and dividing the sum of squares of the observation 

vector 𝑦𝑦𝑑𝑑, 

𝑆𝑆𝑆𝑆𝐸𝐸𝑢𝑢(𝑑𝑑) − 𝑆𝑆𝑆𝑆𝐸𝐸𝑢𝑢′(𝑑𝑑)
𝑦𝑦𝑑𝑑′ 𝑦𝑦𝑑𝑑

=
𝑦𝑦𝑑𝑑′ �𝐻𝐻𝑑𝑑

�𝑢𝑢,𝑢𝑢′�� 𝑦𝑦𝑑𝑑
𝑦𝑦𝑑𝑑′ 𝑦𝑦𝑑𝑑

. 
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Bellman’s results bound the standardized difference error sum of squares,  

 

    Min �𝐸𝐸𝐸𝐸 �𝐻𝐻𝑑𝑑
�𝑢𝑢,𝑢𝑢′���   ≤

𝑦𝑦𝑑𝑑′ �𝐻𝐻𝑑𝑑
�𝑢𝑢,𝑢𝑢′�� 𝑦𝑦𝑑𝑑
𝑦𝑦𝑑𝑑′ 𝑦𝑦𝑑𝑑

≤ Max �𝐸𝐸𝐸𝐸 �𝐻𝐻𝑑𝑑
�𝑢𝑢,𝑢𝑢′��� .       

 

Let 𝜆𝜆∗ be the maximum eigenvalue for the differenced projection matrix between models 

𝑀𝑀𝑢𝑢 and 𝑀𝑀𝑢𝑢′. Chapter 3 section 4 demonstrates that for a design 𝑑𝑑 ∈ 𝐷𝐷, if 𝜆𝜆 is an eigenvalue then 

so is −𝜆𝜆 and it follows −𝜆𝜆 is the calculated minimum eigenvalue for the differenced projection 

matrix for the model comparison {𝑀𝑀𝑢𝑢,𝑀𝑀𝑢𝑢′} and the standardized difference error sum of squares 

bounds are, 

 

                                                                 �
𝑆𝑆𝑆𝑆𝐸𝐸𝑢𝑢(𝑑𝑑) − 𝑆𝑆𝑆𝑆𝐸𝐸𝑢𝑢′(𝑑𝑑)

𝑦𝑦𝑑𝑑′ 𝑦𝑦𝑑𝑑
�  ≤ 𝜆𝜆∗.                                               (3.5) 

 

The eigenvalues of the differenced projection matrix can be calculated without our observation 

vector 𝑦𝑦𝑑𝑑. It is clearly seen that if 𝜆𝜆∗ = 0, then 𝑆𝑆𝑆𝑆𝐸𝐸𝑢𝑢(𝑑𝑑) = 𝑆𝑆𝑆𝑆𝐸𝐸𝑢𝑢′(𝑑𝑑) for any observation vector 

𝑦𝑦𝑑𝑑′  and we will not be able to discriminate between models 𝑀𝑀𝑢𝑢 and 𝑀𝑀𝑢𝑢′ as would be the case if 

the rank conditions for model discrimination are not satisfied.  

 

3.4.1 Properties of the Differenced Projection Matrix 

Consider two different designs 𝑑𝑑 and 𝑑𝑑′ in our class of designs 𝒟𝒟. There are some 

instances where design 𝑑𝑑 and 𝑑𝑑′ will have the same exact eigenvalues for all �𝑣𝑣𝑘𝑘2 � pairwise model 

comparisons. For a design 𝑑𝑑, let 𝑋𝑋𝑑𝑑 be the matrix with 𝑛𝑛 rows and 𝑝𝑝 = 1 + 𝑚𝑚 + �𝑚𝑚2 �  columns 
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with the intercept, main effects, all two-factor interactions. A similar matrix can be constructed 

for 𝑑𝑑′. 

 

Define an isomorphism between designs 𝑑𝑑 and 𝑑𝑑′ if there exists a 𝑝𝑝 x 𝑝𝑝 non-singular 

square matrix 𝑇𝑇 that satisfies 𝑋𝑋𝑑𝑑 = 𝑋𝑋𝑑𝑑′𝑇𝑇. For any model 𝑀𝑀𝑢𝑢 we can construct the submatrix 𝑋𝑋𝑑𝑑
(𝑢𝑢) 

and 𝑇𝑇(𝑢𝑢) by taking the corresponding columns of 𝑋𝑋𝑑𝑑 and 𝑇𝑇 and which will also satisfy 𝑋𝑋𝑑𝑑
(𝑢𝑢) =

𝑋𝑋𝑑𝑑′
(𝑢𝑢)𝑇𝑇(𝑢𝑢). Since 𝑇𝑇 is a non-singular square matrix, the corresponding submatrix 𝑇𝑇(𝑢𝑢) is non-

singular and invertible. This allows us to understand when the eigenvalues of 𝑑𝑑 and 𝑑𝑑′ will be the 

same for �𝑣𝑣𝑘𝑘2 � model comparisons. 

 

Theorem 3.1 If design 𝑑𝑑 and 𝑑𝑑′ are isomorphic, then the eigenvalues of the differenced 

projection matrix for any model comparison {𝑀𝑀𝑢𝑢,𝑀𝑀𝑢𝑢′} will be equivalent for both 𝑑𝑑 and 𝑑𝑑′. The 

proof follows from the definition of an isomorphic design. For any model 𝑀𝑀𝑢𝑢 the projection 

matrix for design 𝑑𝑑 is expressed as, 

 

𝐻𝐻𝑑𝑑
(𝑢𝑢) = 𝑋𝑋𝑑𝑑

(𝑢𝑢) �𝑋𝑋𝑑𝑑
(𝑢𝑢)′𝑋𝑋𝑑𝑑

(𝑢𝑢)�𝑋𝑋𝑑𝑑
(𝑢𝑢)′. 

 

Since design 𝑑𝑑 is isomorphic to 𝑑𝑑′ by the definition, there exists a 𝑇𝑇(𝑢𝑢) that satisfies 𝑋𝑋𝑑𝑑
(𝑢𝑢) =

𝑋𝑋𝑑𝑑′
(𝑢𝑢)𝑇𝑇(𝑢𝑢) and is invertible, 

𝐻𝐻𝑑𝑑
(𝑢𝑢) = 𝑋𝑋𝑑𝑑′

(𝑢𝑢)𝑇𝑇(𝑢𝑢) �𝑇𝑇(𝑢𝑢)′𝑋𝑋𝑑𝑑′
(𝑢𝑢)′𝑋𝑋𝑑𝑑′

(𝑢𝑢)𝑇𝑇(𝑢𝑢)�
−1
𝑇𝑇(𝑢𝑢)′𝑋𝑋𝑑𝑑′

(𝑢𝑢)′ 

= 𝑋𝑋𝑑𝑑′
(𝑢𝑢) �𝑋𝑋𝑑𝑑′

(𝑢𝑢)′𝑋𝑋𝑑𝑑′
(𝑢𝑢)�𝑋𝑋𝑑𝑑′

(𝑢𝑢)′ = 𝐻𝐻𝑑𝑑′
(𝑢𝑢). 
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It must follow for any pairwise model comparison the differenced projection matrix is equivalent 

between design 𝑑𝑑 and 𝑑𝑑′ and therefore the eigenvalues will be the same. It is not necessary to 

compare the eigenvalues for isomorphic designs.   

 

Theorem 3.2 For any design 𝑑𝑑 that satisfies the rank conditions of model identification for both 

models 𝑀𝑀𝑢𝑢 and 𝑀𝑀𝑢𝑢′, the sum of the eigenvalues for 𝐻𝐻𝑑𝑑
�𝑢𝑢,𝑢𝑢′� is 0. This is observed by looking at 

the trace of the differenced projection matrix, 

 

𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 �𝐻𝐻𝑑𝑑
�𝑢𝑢,𝑢𝑢′�� = 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 �𝐻𝐻𝑑𝑑

�𝑢𝑢′�� − 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 �𝐻𝐻𝑑𝑑
(𝑢𝑢)�. 

 

The trace for the projection matrix of either 𝑀𝑀𝑢𝑢 or 𝑀𝑀𝑢𝑢′ can be calculated to be the number of 

columns of the design matrix 𝑋𝑋𝑑𝑑
(𝑢𝑢), 

 

𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 �𝐻𝐻𝑑𝑑
(𝑢𝑢)� = 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 �𝑋𝑋𝑑𝑑

(𝑢𝑢) �𝑋𝑋𝑑𝑑
(𝑢𝑢)′𝑋𝑋𝑑𝑑

(𝑢𝑢)�𝑋𝑋𝑑𝑑
(𝑢𝑢)′� = 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 ��𝑋𝑋𝑑𝑑

(𝑢𝑢)′𝑋𝑋𝑑𝑑
(𝑢𝑢)�𝑋𝑋𝑑𝑑

(𝑢𝑢)′𝑋𝑋𝑑𝑑
(𝑢𝑢)� 

= 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇�𝐼𝐼𝑝𝑝𝑢𝑢� = 𝑝𝑝𝑢𝑢. 

 

For any of the 𝑣𝑣𝑘𝑘 models, we have 𝑝𝑝1 = 𝑝𝑝2 = ⋯ = 𝑝𝑝𝑢𝑢 = ⋯ = 𝑝𝑝𝑣𝑣𝑘𝑘. Then the difference of the 

traces is equivalently 0 for any pairwise model comparison of 𝑀𝑀𝑢𝑢 and 𝑀𝑀𝑢𝑢′ 

 

𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 �𝐻𝐻𝑑𝑑𝑖𝑖
�𝑢𝑢′�� − 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 �𝐻𝐻𝑑𝑑𝑖𝑖

(𝑢𝑢)� = 𝑝𝑝𝑢𝑢′ − 𝑝𝑝𝑢𝑢 = 0. 
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A side note, if a matrix has trace 0 it is also a “Commutator”. The differenced projection matrix 

can be expressed as 𝑛𝑛 x 𝑛𝑛 square matrices 𝐴𝐴 and 𝐵𝐵 that satisfy the equation, 

 

𝐻𝐻𝑑𝑑
�𝑢𝑢,𝑢𝑢′� = 𝐴𝐴𝐴𝐴 − 𝐵𝐵𝐵𝐵. 

 

To understand additional properties of the differenced projection matrix, a short discussion about 

permutation matrices is needed. 

  

3.4.2 Permutation Matrices 

A permutation matrix 𝑃𝑃𝑚𝑚 can be constructed by starting out with an identity matrix then 

permuting the rows or columns. When pre-multiplying by the permutation 𝑃𝑃𝑚𝑚 with a matrix 𝐴𝐴, 

the resulting matrix 𝑃𝑃𝑚𝑚A is the row permuted form of the matrix 𝐴𝐴. If the permutation matrix 𝑃𝑃𝑚𝑚 

was constructed by taking the identity matrix and permuting the first two rows then 𝑃𝑃𝑚𝑚𝐴𝐴 will be 

the matrix 𝐴𝐴 with the first two rows permuted. By post-multiplying A with 𝑃𝑃𝑚𝑚, 𝐴𝐴𝑃𝑃𝑚𝑚 the resulting 

matrix is the first two columns permuted. Let A to be a square matrix, if we define 𝑃𝑃𝑚𝑚 to be a set 

of row permutations from an identity matrix, 𝑃𝑃𝑚𝑚′  will be the corresponding column permutations 

from an identity matrix then 𝑃𝑃𝑚𝑚𝐴𝐴𝑃𝑃𝑚𝑚′  will be the square matrix A with the corresponding row and 

column permutations. Permutation matrices have the following properties, 

 

1) Any permutation matrix 𝑃𝑃𝑚𝑚 will satisfy the equations, 

 

𝑃𝑃𝑚𝑚′ 𝑃𝑃𝑚𝑚 = 𝑃𝑃𝑚𝑚𝑃𝑃𝑚𝑚′ = 𝐼𝐼𝑛𝑛 

(𝑃𝑃𝑚𝑚′ )−1 = 𝑃𝑃𝑚𝑚 

(𝑃𝑃𝑚𝑚)−1 = 𝑃𝑃𝑚𝑚′  
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2) If a permutation matrix 𝑃𝑃𝑚𝑚 is composed of disjoint permutations in the form 𝑖𝑖 ↔ 𝑖𝑖′, the 

permutation matrix 𝑃𝑃𝑚𝑚 is also symmetric and 𝑃𝑃𝑚𝑚 = 𝑃𝑃𝑚𝑚′ = 𝑃𝑃𝑚𝑚−1. An example is a 4 x 4 

square permutation matrix where the only permutation is 1 ↔ 2. 

 

3) 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇(𝑃𝑃𝑚𝑚) is the number of permutations where 𝑖𝑖 ↔ 𝑖𝑖 or that the row/column was not 

permuted. In the example for 2), the trace of that permutation matrix would be equal to 

two as only row/column 1 and 2 were permuted out of the 4 rows/columns. 

 

3.4.3 Properties of the Differenced Projection Matrix (Continued)  

It is sometimes the case where the comparison between models 𝑀𝑀𝑢𝑢1 and 𝑀𝑀𝑢𝑢1′  is a 

permuted form of the comparison between the models 𝑀𝑀𝑢𝑢2 and 𝑀𝑀𝑢𝑢2′ . There exists a permutation 

matrix 𝑃𝑃𝑚𝑚 where either, 

 

                                                               𝐻𝐻𝑑𝑑
�𝑢𝑢1,𝑢𝑢1′ � = 𝑃𝑃𝑚𝑚𝐻𝐻𝑑𝑑

�𝑢𝑢2,𝑢𝑢2′ �𝑃𝑃𝑚𝑚′ ,                                                      (3.6.1) 

                                                               𝐻𝐻𝑑𝑑
�𝑢𝑢1,𝑢𝑢1′ � = −𝑃𝑃𝑚𝑚𝐻𝐻𝑑𝑑

�𝑢𝑢2,𝑢𝑢2′ �𝑃𝑃𝑚𝑚′ .                                                   (3.6.2) 

 

Theorem 3.3 For design 𝑑𝑑, if there is a permutation matrix that satisfies equation (3.6.1) or 

(3.6.2) for two different pairwise model comparisons �𝑀𝑀𝑢𝑢1 ,𝑀𝑀𝑢𝑢1′ � and �𝑀𝑀𝑢𝑢2 ,𝑀𝑀𝑢𝑢2′ �, then the 

eigenvalues of the differenced projection matrix will be equivalent for both pairwise model 

comparisons. Assume equation (3.6.1) satisfies and let 𝜆𝜆 be an eigenvalue for the first model 

comparison 𝐻𝐻𝑑𝑑
�𝑢𝑢1,𝑢𝑢1′ � with eigenvector 𝑣𝑣. Using the definition of eigenvalues and eigenvectors, 
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𝐻𝐻𝑑𝑑
�𝑢𝑢1,𝑢𝑢1′ �𝑣𝑣 = 𝜆𝜆𝑣𝑣. 

 

The transpose of a permutation matrix is the inverse. We can multiply a form of the identity on 

both sides of the equation, 

 

𝐻𝐻𝑑𝑑
�𝑢𝑢1,𝑢𝑢1′ �𝑃𝑃𝑚𝑚′ 𝑃𝑃𝑚𝑚𝑣𝑣 = 𝜆𝜆𝑃𝑃𝑚𝑚′ 𝑃𝑃𝑚𝑚𝑣𝑣, 

 

pre-multiplying by the permutation matrix 𝑃𝑃𝑚𝑚 on both sides to get the equation and using (3.6.1), 

 

𝑃𝑃𝑚𝑚𝐻𝐻𝑑𝑑
�𝑢𝑢1,𝑢𝑢1′ �𝑃𝑃𝑚𝑚′ 𝑃𝑃𝑚𝑚𝑣𝑣 = 𝜆𝜆𝑃𝑃𝑚𝑚𝑃𝑃𝑚𝑚′ 𝑃𝑃𝑚𝑚𝑣𝑣, 

⇒ 𝐻𝐻𝑑𝑑
�𝑢𝑢2,𝑢𝑢2′ �(𝑃𝑃𝑚𝑚𝑣𝑣) = 𝜆𝜆𝑃𝑃𝑚𝑚𝑣𝑣, 

 

Observe that 𝜆𝜆 is also an eigenvalue for 𝐻𝐻𝑑𝑑
�𝑢𝑢2,𝑢𝑢2′ � with the permuted form of the eigenvector 𝑃𝑃𝑚𝑚𝑣𝑣. 

A similar proof will be shown for equation 3.6.2 but will need additional results to prove. A 

strategy that is used is to classify all �𝑣𝑣𝑘𝑘2 � pairwise model comparisons into classes where each 

comparison within a class satisfies equation (3.6.1) or equation (3.6.2). Theorem 3.3 states it is 

sufficient to understand the structure within each class and the comparisons for each class will 

have similar structures. For pairwise model comparisons within the same class, the differenced 

error sum of squares can be expressed as, 

 

𝑦𝑦𝑑𝑑′ �𝐻𝐻𝑑𝑑
�𝑢𝑢1,𝑢𝑢1′ �� 𝑦𝑦𝑑𝑑 = 𝑦𝑦𝑑𝑑′ �𝑃𝑃𝑚𝑚𝐻𝐻𝑑𝑑

�𝑢𝑢2,𝑢𝑢2′ �𝑃𝑃𝑚𝑚′ �𝑦𝑦𝑑𝑑 = 𝑦𝑦𝑑𝑑∗
′ �𝐻𝐻𝑑𝑑

�𝑢𝑢2,𝑢𝑢2′ �� 𝑦𝑦𝑑𝑑∗ . 
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This demonstrates the differenced error sum of squares within a class can be calculated by just 

permuting the observation vector 𝑦𝑦𝑑𝑑. 

 

If 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 �𝐻𝐻𝑑𝑑
�𝑢𝑢,𝑢𝑢′�� = 2, it is automatically seen that the eigenvalues for the differenced 

projection matrix for the comparison {𝑀𝑀𝑢𝑢,𝑀𝑀𝑢𝑢′} must be ±𝜆𝜆 from Theorem 3.2. For any design 𝑑𝑑 

that satisfies the rank conditions for model discrimination, want to infer the eigenvalues of the 

differenced projection matrix will have the form 𝐸𝐸𝐸𝐸 �𝐻𝐻𝑑𝑑
�𝑢𝑢,𝑢𝑢′�� = ±𝜆𝜆1, ±𝜆𝜆2, … , ±𝜆𝜆𝑟𝑟. When 

comparing models 𝑀𝑀𝑢𝑢 and 𝑀𝑀𝑢𝑢′ the overall mean, main effects, and 𝑐𝑐𝑢𝑢𝑢𝑢′ two-factor interactions 

are in common with 2(𝑘𝑘 − 𝑐𝑐𝑢𝑢𝑢𝑢′) two-factor interactions are not in common. For any design 𝑑𝑑, 

the rank of the differenced projection matrix will be less than or equal to 2(𝑘𝑘 − 𝑐𝑐𝑢𝑢𝑢𝑢′) or that 

𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 �𝐻𝐻𝑑𝑑
�𝑢𝑢,𝑢𝑢′�� ≤ 2𝑟𝑟 for 𝑟𝑟 = 𝑘𝑘 − 𝑐𝑐𝑢𝑢𝑢𝑢′ , equality holds if the model discrimination rank 

conditions are satisfied.  The number of  �𝑣𝑣𝑘𝑘2 � pairwise model comparisons that have 𝑐𝑐𝑢𝑢𝑢𝑢′ = 𝑖𝑖 can 

be calculated by,  

 

                                                  
1
2 �

�𝑚𝑚2�
𝑖𝑖 � �

�𝑚𝑚2 � − 𝑖𝑖
𝑘𝑘 − 𝑖𝑖 � �

�𝑚𝑚2 � − 𝑖𝑖 − (𝑘𝑘 − 𝑖𝑖)
𝑘𝑘 − 𝑖𝑖 � ,                                            (3.7) 

 

 The logic of this formulation is to start with all �𝑚𝑚2 � two-factor interactions and remove the 𝑖𝑖 

common two-factor interactions for a total of ��
𝑚𝑚
2 �
𝑖𝑖 � combinations of doing this. Each model will 

have (𝑘𝑘 − 𝑖𝑖) unique two-factor interactions. Model 𝑀𝑀𝑢𝑢 will choose 𝑘𝑘 − 𝑖𝑖 two-factor interactions 

of the �𝑚𝑚2 � − 𝑖𝑖 remaining two-factor interactions after removing the common ones, and model 

𝑀𝑀𝑢𝑢′ to receive 𝑘𝑘 − 𝑖𝑖 two-factor interactions out the remaining �𝑚𝑚2 � − 𝑖𝑖 − (𝑘𝑘 − 𝑖𝑖) two-factor 
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interactions. Since assignment of model 𝑀𝑀𝑢𝑢 and 𝑀𝑀𝑢𝑢′ does not matter, the number of unique 

combinations are halved. If 𝑚𝑚 = 5, 10 two-factor interactions, and 𝑘𝑘 = 3,  then the total number 

of pairwise model comparisons will be 7140 with 2100 having 𝑐𝑐𝑢𝑢𝑢𝑢′ = 0, 3780 having 𝑐𝑐𝑢𝑢𝑢𝑢′ = 1, 

and 1260 having 𝑐𝑐𝑢𝑢𝑢𝑢′ = 2. Using this example, for a design 𝑑𝑑 that satisfies the model 

discrimination properties, observe that there will be 2100 pairwise model comparisons where 

𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 �𝐻𝐻𝑑𝑑
�𝑢𝑢,𝑢𝑢′�� = 6, 3780 pairwise model comparisons where 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 �𝐻𝐻𝑑𝑑

�𝑢𝑢,𝑢𝑢′�� = 4, and 1260 

pairwise model combinations where 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 �𝐻𝐻𝑑𝑑
�𝑢𝑢,𝑢𝑢′�� = 2. Theorem 3.4 gives us a necessary 

condition when 𝐸𝐸𝐸𝐸 �𝐻𝐻𝑑𝑑
�𝑢𝑢,𝑢𝑢′�� = ±𝜆𝜆1, ±𝜆𝜆2, … , ±𝜆𝜆𝑟𝑟. 

 

Theorem 3.4 Suppose that for any 𝑛𝑛 x 𝑛𝑛 matrix 𝐴𝐴 and 𝐶𝐶 where 𝐶𝐶𝐶𝐶𝐶𝐶−1 = −𝐴𝐴. If 𝜆𝜆 is an 

eigenvalue with eigenvector 𝑣𝑣 of 𝐴𝐴, then −𝜆𝜆 is another eigenvalue of 𝐴𝐴 with eigenvector 𝐶𝐶𝑣𝑣. 

 

If 𝜆𝜆 is an eigenvalue and 𝑣𝑣 is an eigenvector of 𝐴𝐴, by the definition of eigenvalues and 

eigenvectors, we know that 𝐴𝐴𝑣𝑣 = 𝜆𝜆𝑣𝑣. For any invertible 𝐶𝐶 we can multiply forms of the identity 

on both sides 𝐴𝐴𝐶𝐶−1𝐶𝐶𝑣𝑣 = 𝜆𝜆𝐶𝐶−1𝐶𝐶𝑣𝑣. By pre-multiplying 𝐶𝐶 on both sides we obtain 𝐶𝐶𝐶𝐶𝐶𝐶−1𝐶𝐶𝑣𝑣 =

𝜆𝜆𝜆𝜆𝐶𝐶−1𝑣𝑣. Substituting in 𝐶𝐶𝐶𝐶𝐶𝐶−1 = −𝐴𝐴, our equation is then −𝐴𝐴𝐴𝐴𝑣𝑣 = 𝜆𝜆𝜆𝜆𝑣𝑣 which can be written 

as 𝐴𝐴�𝐶𝐶𝑣𝑣� = (−𝜆𝜆)�𝐶𝐶𝑣𝑣�. Hence, −𝜆𝜆 is also an eigenvalue and 𝐶𝐶𝑣𝑣 is an eigenvector of 𝐴𝐴. Recall 

from theorem 3.1 that the differenced projection matrices are Commutators and can be expressed 

in the form 𝐻𝐻𝑑𝑑
�𝑢𝑢,𝑢𝑢′� = 𝐴𝐴𝐴𝐴 − 𝐵𝐵𝐵𝐵. We see that if there exists a 𝐶𝐶 such that, 

 

𝐶𝐶 = 𝐶𝐶−1, 

𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 = 𝐵𝐵𝐵𝐵. 
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Theorem 3.4 can be used to show that, 𝐶𝐶𝐻𝐻𝑑𝑑
�𝑢𝑢,𝑢𝑢′�𝐶𝐶−1 = 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 − 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 = 𝐵𝐵𝐵𝐵 − 𝐴𝐴𝐴𝐴 = −𝐻𝐻𝑑𝑑

�𝑢𝑢,𝑢𝑢′�. 

When comparing designs in further chapters, examples of 𝐶𝐶 will be given hence it is observed 

that 𝐸𝐸𝐸𝐸 �𝐻𝐻𝑑𝑑
�𝑢𝑢,𝑢𝑢′�� = ±𝜆𝜆1, ±𝜆𝜆2, … , ±𝜆𝜆𝑟𝑟. In general, let 𝑋𝑋1 and 𝑋𝑋2 be any two real matrices, 

Ansderson et al. (1985) proves the eigenvalues for the differenced projection matrices using 𝑋𝑋1 

and 𝑋𝑋2 will have the same eigenvalue structure. .Recall theorem 3.3, since the eigenvalues are 

symmetric about 0, if equation (3.5.2) is true instead of equation (3.6.1), let the eigenvalues for 

the first pairwise comparison be 𝐸𝐸𝐸𝐸 �𝐻𝐻𝑑𝑑
�𝑢𝑢1,𝑢𝑢1′ �� = ±𝜆𝜆1, ±𝜆𝜆2, … , ±𝜆𝜆𝑟𝑟 then the eigenvalues for the 

second pairwise comparison will be 𝐸𝐸𝐸𝐸 �𝐻𝐻𝑑𝑑
�𝑢𝑢2,𝑢𝑢2′ �� = −𝐸𝐸𝐸𝐸 �𝐻𝐻𝑑𝑑

�𝑢𝑢1,𝑢𝑢1′ �� = ±𝜆𝜆1, ±𝜆𝜆2, … , ±𝜆𝜆𝑟𝑟  

 

3.5 Eigenvalue Decomposition 

Consider design 𝑑𝑑, the observation vector is observed 𝑦𝑦𝑑𝑑, then the differenced error sum 

of squares for model comparison {𝑀𝑀𝑢𝑢,𝑀𝑀𝑢𝑢′} can be calculated using the observation vector 𝑦𝑦𝑑𝑑 and 

the differenced projection matrix 𝐻𝐻𝑑𝑑
�𝑢𝑢,𝑢𝑢′� 

 

𝑆𝑆𝑆𝑆𝐸𝐸𝑢𝑢(𝑑𝑑) − 𝑆𝑆𝑆𝑆𝐸𝐸𝑢𝑢′(𝑑𝑑) = 𝑦𝑦𝑑𝑑′ �𝐻𝐻𝑑𝑑
�𝑢𝑢,𝑢𝑢′�� 𝑦𝑦𝑑𝑑 

 

For 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 �𝐻𝐻𝑑𝑑
�𝑢𝑢,𝑢𝑢′�� = 2𝑟𝑟 with eigenvalues ±𝜆𝜆1

�𝑑𝑑,𝑢𝑢,𝑢𝑢′�, ±𝜆𝜆2
�𝑑𝑑,𝑢𝑢,𝑢𝑢′�, … , ±𝜆𝜆𝑟𝑟

�𝑑𝑑,𝑢𝑢,𝑢𝑢′� there are 

orthonormal eigenvectors for each positive and negative eigenvalue, �𝑎𝑎1,𝑏𝑏1�, �𝑎𝑎2,𝑏𝑏2�, … , �𝑎𝑎𝑟𝑟, 𝑏𝑏𝑟𝑟�. 

The eigenvectors depend on both the design 𝑑𝑑 and the pairwise model comparison 𝑀𝑀𝑢𝑢 and 𝑀𝑀𝑢𝑢′, 

notation has suppressed this for simplicity. �𝑎𝑎1,𝑏𝑏1�, �𝑎𝑎2, 𝑏𝑏2�, … , �𝑎𝑎𝑟𝑟, 𝑏𝑏𝑟𝑟� The set of eigenvectors is 

an orthonormal basis for 𝐻𝐻𝑑𝑑
�𝑢𝑢,𝑢𝑢′� and satisfy the set of equations, 
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1′𝑎𝑎𝑖𝑖 = 1′𝑏𝑏𝑖𝑖 = 0,   𝑖𝑖 = 1,2, … , 𝑟𝑟 

𝑎𝑎𝑖𝑖′𝑏𝑏𝑖𝑖 = 0,   𝑖𝑖 = 1,2, … , 𝑟𝑟  

𝑎𝑎𝑖𝑖′𝑎𝑎𝑖𝑖′ = 𝑏𝑏𝑖𝑖
′𝑏𝑏𝑖𝑖′ = �

0     for 𝑖𝑖 ≠ 𝑖𝑖′ 

1     for  𝑖𝑖 = 𝑖𝑖′
   𝑖𝑖, 𝑖𝑖′ = 1, … , 𝑟𝑟 

 

Using the properties of an orthonormal set of eigenvectors, an alternative form to the differenced 

error sum of squares that follows from equation (3.6), 

 

𝑆𝑆𝑆𝑆𝐸𝐸𝑢𝑢(𝑑𝑑) − 𝑆𝑆𝑆𝑆𝐸𝐸𝑢𝑢′(𝑑𝑑) = �𝜆𝜆𝑖𝑖
�𝑑𝑑,𝑢𝑢,𝑢𝑢′� ��𝑎𝑎𝑖𝑖 + 𝑏𝑏𝑖𝑖�

′𝑦𝑦𝑑𝑑� ��𝑎𝑎𝑖𝑖 − 𝑏𝑏𝑖𝑖�
′𝑦𝑦𝑑𝑑� .

𝑟𝑟

𝑖𝑖=1

 

  

Define the random variables 𝑆𝑆𝑖𝑖,1 
�𝑑𝑑,𝑢𝑢,𝑢𝑢′� and 𝑆𝑆𝑖𝑖,2

�𝑑𝑑,𝑢𝑢,𝑢𝑢′� to be 𝑆𝑆𝑖𝑖,1 
�𝑑𝑑,𝑢𝑢,𝑢𝑢′� = �𝑎𝑎𝑖𝑖 + 𝑏𝑏𝑖𝑖�

′𝑦𝑦𝑑𝑑 and 

𝑆𝑆𝑖𝑖,2
�𝑑𝑑,𝑢𝑢,𝑢𝑢′� = �𝑎𝑎𝑖𝑖 − 𝑏𝑏𝑖𝑖�

′𝑦𝑦𝑑𝑑. Observe that 𝑆𝑆𝑖𝑖,1 
�𝑑𝑑,𝑢𝑢,𝑢𝑢′� and 𝑆𝑆𝑖𝑖,2

�𝑑𝑑,𝑢𝑢,𝑢𝑢′� are uncorrelated random variables 

since for a fixed 𝑖𝑖, 

 

𝐶𝐶𝐶𝐶𝐶𝐶 �𝑆𝑆𝑖𝑖,1
�𝑑𝑑,𝑢𝑢,𝑢𝑢′�,𝑆𝑆𝑖𝑖,2

�𝑑𝑑,𝑢𝑢,𝑢𝑢′�� = 𝐶𝐶𝐶𝐶𝐶𝐶 ��𝑎𝑎𝑖𝑖 + 𝑏𝑏𝑖𝑖�
′𝑦𝑦𝑑𝑑 , �𝑎𝑎𝑖𝑖 − 𝑏𝑏𝑖𝑖�

′𝑦𝑦𝑑𝑑� = �𝑎𝑎𝑖𝑖′ 𝑎𝑎𝑖𝑖 − 𝑏𝑏𝑖𝑖′ 𝑏𝑏𝑖𝑖� ∗ 𝐶𝐶𝐶𝐶𝐶𝐶 �𝑦𝑦𝑑𝑑′ 𝑦𝑦𝑑𝑑�. 

 

From the properties of the orthonormal eigenvectors 𝑎𝑎𝑖𝑖 and 𝑏𝑏𝑖𝑖 𝑎𝑎𝑖𝑖′ 𝑎𝑎𝑖𝑖 = 𝑏𝑏𝑖𝑖′ 𝑏𝑏𝑖𝑖 = 1, 

 

𝐶𝐶𝐶𝐶𝐶𝐶 �𝑆𝑆𝑖𝑖,1
�𝑑𝑑,𝑢𝑢,𝑢𝑢′�,𝑆𝑆𝑖𝑖,2

�𝑑𝑑,𝑢𝑢,𝑢𝑢′�� = 0. 
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The differenced error sum of squares is a weighted sum of the product of uncorrelated random 

𝑆𝑆𝑖𝑖,1
�𝑑𝑑,𝑢𝑢,𝑢𝑢′� and 𝑆𝑆𝑖𝑖,2

�𝑑𝑑,𝑢𝑢,𝑢𝑢′� variables with weights 𝜆𝜆𝑖𝑖
�𝑑𝑑,𝑢𝑢,𝑢𝑢′�, 

 

                                    𝑆𝑆𝑆𝑆𝐸𝐸𝑢𝑢(𝑑𝑑) − 𝑆𝑆𝑆𝑆𝐸𝐸𝑢𝑢′(𝑑𝑑) = �𝜆𝜆𝑖𝑖
�𝑑𝑑,𝑢𝑢,𝑢𝑢′�𝑆𝑆𝑖𝑖,1 

�𝑑𝑑,𝑢𝑢,𝑢𝑢′�𝑆𝑆𝑖𝑖,2
�𝑑𝑑,𝑢𝑢,𝑢𝑢′�,

𝑟𝑟

𝑖𝑖=1

                                 (3.8) 

 

and the expected value of the differenced error sum of squares is expressed as, 

 

                           𝐸𝐸[𝑆𝑆𝑆𝑆𝐸𝐸𝑢𝑢(𝑑𝑑) − 𝑆𝑆𝑆𝑆𝐸𝐸𝑢𝑢′(𝑑𝑑)] = �𝜆𝜆𝑖𝑖
�𝑑𝑑,𝑢𝑢,𝑢𝑢′�𝐸𝐸 �𝑆𝑆𝑖𝑖,1 

�𝑑𝑑,𝑢𝑢,𝑢𝑢′�𝑆𝑆𝑖𝑖,2
�𝑑𝑑,𝑢𝑢,𝑢𝑢′��

𝑟𝑟

𝑖𝑖=1

. 

 

Since 𝑆𝑆𝑖𝑖,1 
�𝑑𝑑,𝑢𝑢,𝑢𝑢′� and 𝑆𝑆𝑖𝑖,2

�𝑑𝑑,𝑢𝑢,𝑢𝑢′� are uncorrelated �𝐶𝐶𝐶𝐶𝐶𝐶 �𝑆𝑆𝑖𝑖,1
�𝑑𝑑,𝑢𝑢,𝑢𝑢′�,𝑆𝑆𝑖𝑖,2

�𝑑𝑑,𝑢𝑢,𝑢𝑢′�� = 0�. The expected value 

of the differenced error sum of squares can be written as a product of expectations, 

 

                        𝐸𝐸[𝑆𝑆𝑆𝑆𝐸𝐸𝑢𝑢(𝑑𝑑) − 𝑆𝑆𝑆𝑆𝐸𝐸𝑢𝑢′(𝑑𝑑)] = �𝜆𝜆𝑖𝑖
�𝑑𝑑,𝑢𝑢,𝑢𝑢′�𝐸𝐸 �𝑆𝑆𝑖𝑖,1 

�𝑑𝑑,𝑢𝑢,𝑢𝑢′��𝐸𝐸 �𝑆𝑆𝑖𝑖,2
�𝑑𝑑,𝑢𝑢,𝑢𝑢′�� .

𝑟𝑟

𝑖𝑖=1

                       (3.9) 

  

Recall from section 2.2 that the total number of parameters considered is 𝑝𝑝 = 1 + 𝑚𝑚 +

�𝑚𝑚2 � for the one general mean, 𝑚𝑚 main effects, and all �𝑚𝑚2 � two-factor interactions. Let 𝑋𝑋𝑑𝑑 be the 

𝑛𝑛 x 𝑝𝑝 matrix with 𝑛𝑛 runs and the columns for the overall mean, main effects, and all two-factor 

interactions, 𝛽𝛽 be the corresponding values for the unknown parameters which may or may not be 

zero. The means can be expressed in terms of 𝛽𝛽,  
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                                              𝐸𝐸 �𝑆𝑆𝑖𝑖,1
�𝑑𝑑,𝑢𝑢,𝑢𝑢′�� = �𝑎𝑎𝑖𝑖 + 𝑏𝑏𝑖𝑖�

′𝑋𝑋𝑑𝑑𝛽𝛽,   𝑖𝑖 = 1,2, … , 𝑟𝑟                                  (3.10.1) 

                                              𝐸𝐸 �𝑆𝑆𝑖𝑖,2
�𝑑𝑑,𝑢𝑢,𝑢𝑢′�� = �𝑎𝑎𝑖𝑖 − 𝑏𝑏𝑖𝑖�

′𝑋𝑋𝑑𝑑𝛽𝛽,   𝑖𝑖 = 1,2, … , 𝑟𝑟                                  (3.10.1) 

 

The 1 x 𝑝𝑝 vectors �𝑎𝑎𝑖𝑖 + 𝑏𝑏𝑖𝑖�
′𝑋𝑋𝑑𝑑 and �𝑎𝑎𝑖𝑖 − 𝑏𝑏𝑖𝑖�

′𝑋𝑋𝑑𝑑 are interpreted as the weights for the 

unknown parameters 𝛽𝛽. This will be useful in understanding effect of the true model on the 

differenced error sum of squares for a design 𝑑𝑑 and pairwise model comparison 𝑀𝑀𝑢𝑢 and 𝑀𝑀𝑢𝑢′. 

 

Consider any design 𝑑𝑑 that satisfies the rank conditions for model discrimination. For the 

pairwise model comparison {𝑀𝑀𝑢𝑢,𝑀𝑀𝑢𝑢′}, let 𝑋𝑋𝑑𝑑
�𝑢𝑢𝑢𝑢′� be the columns of 𝑋𝑋𝑑𝑑 that are in common 

between 𝑋𝑋𝑑𝑑
(𝑢𝑢) and 𝑋𝑋𝑑𝑑

�𝑢𝑢′�. These columns consist of the general mean, 𝑚𝑚 main effects, and 𝑐𝑐𝑢𝑢𝑢𝑢′  

two-factor interactions. The differenced error sum of squares will not depend on the common 

parameters between models 𝑀𝑀𝑢𝑢 and 𝑀𝑀𝑢𝑢′ or the following equations are satisfied,  

 

�𝑎𝑎𝑖𝑖 + 𝑏𝑏𝑖𝑖�
′𝑋𝑋𝑑𝑑

�𝑢𝑢𝑢𝑢′� = 0,     𝑖𝑖 = 1,2, . . , 𝑟𝑟 

�𝑎𝑎𝑖𝑖 − 𝑏𝑏𝑖𝑖�
′𝑋𝑋𝑑𝑑

�𝑢𝑢𝑢𝑢′� = 0,    𝑖𝑖 = 1,2, … , 𝑟𝑟  

 

Using the properties of the eigenvectors, the variances of the uncorrelated random variables 

𝑆𝑆𝑖𝑖,1 
�𝑑𝑑,𝑢𝑢,𝑢𝑢′� and 𝑆𝑆𝑖𝑖,2 

�𝑑𝑑,𝑢𝑢,𝑢𝑢′� are calculated to be, 

 

𝑉𝑉𝑉𝑉𝑉𝑉 ��𝑎𝑎𝑖𝑖 + 𝑏𝑏𝑖𝑖�
′𝑦𝑦𝑑𝑑� = �𝑎𝑎𝑖𝑖 + 𝑏𝑏𝑖𝑖�

′𝜎𝜎2𝐼𝐼𝑛𝑛�𝑎𝑎𝑖𝑖 + 𝑏𝑏𝑖𝑖� = 2𝜎𝜎2 

𝑉𝑉𝑉𝑉𝑉𝑉 ��𝑎𝑎𝑖𝑖 − 𝑏𝑏𝑖𝑖�
′𝑦𝑦𝑑𝑑� = �𝑎𝑎𝑖𝑖 − 𝑏𝑏𝑖𝑖�

′𝜎𝜎2𝐼𝐼𝑛𝑛�𝑎𝑎𝑖𝑖 − 𝑏𝑏𝑖𝑖� = 2𝜎𝜎2 
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The variances of 𝑆𝑆𝑖𝑖,1
�𝑑𝑑,𝑢𝑢,𝑢𝑢′� and 𝑆𝑆𝑖𝑖,2 

�𝑑𝑑,𝑢𝑢,𝑢𝑢′� are equal and proportional to the variance of the 

observations 𝑦𝑦. This demonstrates only the means of the differenced error sum of squares 

depending on the unknown parameters 𝛽𝛽 and the variances only depends on the unknown 

parameter 𝜎𝜎2. 

 

3.6 Special Case: Orthogonal Designs 

 Let 𝑑𝑑∗ be an orthogonal design with 𝑛𝑛 runs, 𝑚𝑚 main effects, with full estimation capacity 

for all two-factor interactions for a total of 𝑝𝑝 = 1 + 𝑚𝑚 + �𝑚𝑚2 � parameters. The design matrix 𝑋𝑋𝑑𝑑∗  

which has columns for the general mean, 𝑚𝑚 main effects, and all �𝑚𝑚2 � two-factor interactions has 

dimensions 𝑛𝑛 x 𝑝𝑝 and satisfies the equation 𝑋𝑋𝑑𝑑∗
′ 𝑋𝑋𝑑𝑑∗ = 𝑛𝑛𝐼𝐼𝑝𝑝.  

For a given 𝑘𝑘, an orthogonal design with no replicates will satisfy the rank conditions for 

model identification for all 𝑣𝑣𝑘𝑘 = ��
𝑚𝑚
2 �
𝑘𝑘 � models if 𝑛𝑛 ≥ 1 + 𝑚𝑚 + 𝑘𝑘 or will satisfy the rank 

conditions for model discrimination for all �𝑣𝑣𝑘𝑘2 � pairwise model comparisons if 𝑛𝑛 ≥ 1 +𝑚𝑚 + 2𝑘𝑘. 

If an orthogonal design with no replicates satisfies the model identification or model 

discrimination rank conditions, then the resulting design with replicates will also satisfy the 

desired rank conditions. When estimating model 𝑀𝑀𝑢𝑢 the projection matrix is simplified to be 

𝐻𝐻𝑑𝑑∗
(𝑢𝑢) = 1

𝑛𝑛
�𝑋𝑋𝑑𝑑∗

(𝑢𝑢)𝑋𝑋𝑑𝑑∗
(𝑢𝑢)′� and the differenced projection matrix can be calculated to be, 

 

                                    𝐻𝐻𝑑𝑑∗
�𝑢𝑢,𝑢𝑢′� = 𝐻𝐻𝑑𝑑∗

�𝑢𝑢′� − 𝐻𝐻𝑑𝑑∗
(𝑢𝑢) =

1
𝑛𝑛
�𝑋𝑋𝑑𝑑∗

�𝑢𝑢′�𝑋𝑋𝑑𝑑∗
�𝑢𝑢′�′ − 𝑋𝑋𝑑𝑑∗

(𝑢𝑢)𝑋𝑋𝑑𝑑∗
(𝑢𝑢)′� ,                           (3.11) 

 

For an orthogonal design, it is simple to show that the differenced projection matrix is only a 

function on the columns of 𝑋𝑋𝑑𝑑∗
(𝑢𝑢) and 𝑋𝑋𝑑𝑑

�𝑢𝑢′� which are not in common with each other. Given the 
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model comparison {𝑀𝑀𝑢𝑢,𝑀𝑀𝑢𝑢′}, denote 𝑋𝑋𝑑𝑑∗
�𝑢𝑢𝑢𝑢′� to be the columns of 𝑋𝑋𝑑𝑑∗

(𝑢𝑢) and 𝑋𝑋𝑑𝑑∗
�𝑢𝑢′� that are in 

common, 𝑋𝑋𝑑𝑑∗
�𝑢𝑢𝑢𝑢�′� to be the columns of 𝑋𝑋𝑑𝑑∗

(𝑢𝑢) that are not in 𝑋𝑋𝑑𝑑∗
�𝑢𝑢′�, 𝑋𝑋𝑑𝑑∗

�𝑢𝑢𝑢𝑢�′� to be the columns of 𝑋𝑋𝑑𝑑∗
�𝑢𝑢′� 

that are not in 𝑋𝑋𝑑𝑑∗
(𝑢𝑢) and 𝑋𝑋𝑑𝑑∗

�𝑢𝑢𝑢𝑢′� are the remaining columns in 𝑋𝑋𝑑𝑑∗  that are in not in 𝑋𝑋𝑑𝑑∗
(𝑢𝑢) and not in 

𝑋𝑋𝑑𝑑∗
�𝑢𝑢′�. The number of two-factor interactions in common is 𝑐𝑐𝑢𝑢𝑢𝑢′ (0 ≤ 𝑐𝑐𝑢𝑢𝑢𝑢′ < 𝑘𝑘). Each matrix has 

𝑛𝑛 rows and the number of columns are summarized in the table 3.1, 

 

Table 3.1 Summary of notations the number of columns for each matrix 

𝑀𝑀𝑢𝑢\𝑀𝑀𝑢𝑢′ 𝑀𝑀𝑢𝑢′ 𝑀𝑀𝑢𝑢�′ 

𝑀𝑀𝑢𝑢 

 
𝑋𝑋𝑑𝑑∗
�𝑢𝑢𝑢𝑢′� 

 
1 + 𝑚𝑚 + 𝑐𝑐𝑢𝑢𝑢𝑢′ 

 

 
𝑋𝑋𝑑𝑑∗
�𝑢𝑢𝑢𝑢�′� 

 
𝑘𝑘 − 𝑐𝑐𝑢𝑢𝑢𝑢′ 

 

𝑀𝑀𝑢𝑢� 

 
𝑋𝑋𝑑𝑑∗
�𝑢𝑢�𝑢𝑢′� 

 
𝑘𝑘 − 𝑐𝑐𝑢𝑢𝑢𝑢′ 

 

 
𝑋𝑋𝑑𝑑∗
�𝑢𝑢�𝑢𝑢�′� 

 
𝑝𝑝 − (1 + 𝑚𝑚 + 2𝑘𝑘 − 𝑐𝑐𝑢𝑢𝑢𝑢′) 

 
 

 

To separate out the columns that are in common and not in common, the design matrices for 

model 𝑀𝑀𝑢𝑢 and 𝑀𝑀𝑢𝑢′ can then be expressed with the notation in table 3.1, 

 

𝑋𝑋𝑑𝑑∗
(𝑢𝑢) = �𝑋𝑋𝑑𝑑∗

�𝑢𝑢𝑢𝑢′�|𝑋𝑋𝑑𝑑∗
�𝑢𝑢𝑢𝑢�′��, 

𝑋𝑋𝑑𝑑∗
�𝑢𝑢′� = �𝑋𝑋𝑑𝑑∗

�𝑢𝑢𝑢𝑢′�|𝑋𝑋𝑑𝑑∗
�𝑢𝑢�𝑢𝑢′��. 
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The projection matrix for model 𝑀𝑀𝑢𝑢 and 𝑀𝑀𝑢𝑢′ can be expressed as functions of 𝑋𝑋𝑑𝑑∗
�𝑢𝑢𝑢𝑢′�, 𝑋𝑋𝑑𝑑∗

�𝑢𝑢𝑢𝑢�′�, and 

𝑋𝑋𝑑𝑑∗
�𝑢𝑢�𝑢𝑢′�,  

 

𝐻𝐻𝑑𝑑∗
(𝑢𝑢) =

1
𝑛𝑛
�𝑋𝑋𝑑𝑑∗

(𝑢𝑢)𝑋𝑋𝑑𝑑∗
(𝑢𝑢)′� =

1
𝑛𝑛
�𝑋𝑋𝑑𝑑∗

�𝑢𝑢𝑢𝑢′�𝑋𝑋𝑑𝑑∗
�𝑢𝑢𝑢𝑢′�′ + 𝑋𝑋𝑑𝑑∗

�𝑢𝑢𝑢𝑢�′�𝑋𝑋𝑑𝑑∗
�𝑢𝑢𝑢𝑢�′�′�, 

𝐻𝐻𝑑𝑑∗
�𝑢𝑢′� =

1
𝑛𝑛
�𝑋𝑋𝑑𝑑∗

�𝑢𝑢′�𝑋𝑋𝑑𝑑∗
�𝑢𝑢′�′� =

1
𝑛𝑛
�𝑋𝑋𝑑𝑑∗

�𝑢𝑢𝑢𝑢′�𝑋𝑋𝑑𝑑∗
�𝑢𝑢𝑢𝑢′�′ + 𝑋𝑋𝑑𝑑∗

�𝑢𝑢�𝑢𝑢′�𝑋𝑋𝑑𝑑∗
�𝑢𝑢�𝑢𝑢′�′�. 

 

This demonstrates that the differenced projection matrix presented in (3.11) can be expressed as 

only the columns that are not in common between 𝑋𝑋𝑑𝑑∗
(𝑢𝑢) and 𝑋𝑋𝑑𝑑∗

�𝑢𝑢′�, 

 

                                                 𝐻𝐻𝑑𝑑∗
�𝑢𝑢,𝑢𝑢′� =

1
𝑛𝑛
�𝑋𝑋𝑑𝑑∗

�𝑢𝑢�𝑢𝑢′�𝑋𝑋𝑑𝑑∗
�𝑢𝑢�𝑢𝑢′�′ − 𝑋𝑋𝑑𝑑∗

�𝑢𝑢𝑢𝑢�′�𝑋𝑋𝑑𝑑∗
�𝑢𝑢𝑢𝑢�′�′�                                 (3.12) 

 

If 𝜆𝜆 is an eigenvalue with eigenvector 𝑣𝑣 and there exists a 𝐶𝐶 that satisfies 𝐶𝐶𝐻𝐻𝑑𝑑∗
�𝑢𝑢,𝑢𝑢′�𝐶𝐶−1 =

−𝐻𝐻𝑑𝑑∗
�𝑢𝑢,𝑢𝑢′�, then −𝜆𝜆 is an eigenvalue with eigenvector 𝐶𝐶𝑣𝑣. Using the expression of the differenced 

projection matrix for an orthogonal design, there are many ways of constructing a 𝐶𝐶 that satisfies 

the equation in theorem 3.4. Let 𝑃𝑃𝑚𝑚
(1) and 𝑃𝑃𝑚𝑚

(2) be two different permutation matrices with non-

zero elements being either 1 or -1 (-1 if the row/column to be multiplied by -1) that satisfy the 

equations, 

 

𝑃𝑃𝑚𝑚
(1) = 𝑃𝑃𝑚𝑚

(1)′, 

𝑋𝑋𝑑𝑑∗
�𝑢𝑢�𝑢𝑢′� = 𝑃𝑃𝑚𝑚

(1)𝑋𝑋𝑑𝑑∗
�𝑢𝑢𝑢𝑢�′�𝑃𝑃𝑚𝑚

(2), 
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⇒ 𝑋𝑋𝑑𝑑∗
�𝑢𝑢𝑢𝑢�′� = 𝑃𝑃𝑚𝑚

(1)𝑋𝑋𝑑𝑑∗
�𝑢𝑢�𝑢𝑢′�𝑃𝑃𝑚𝑚

(2)′. 

 

The interpretation of these equations is that there exists a symmetric row permutation 𝑃𝑃𝑚𝑚
(1) and 

some column permutation 𝑃𝑃𝑚𝑚
(2) that can be used to permutate 𝑋𝑋𝑑𝑑∗

�𝑢𝑢𝑢𝑢�′� to obtain 𝑋𝑋𝑑𝑑∗
�𝑢𝑢�𝑢𝑢′�. Then 

observe for an orthogonal design 𝑑𝑑∗, 

 

𝐻𝐻𝑑𝑑∗
�𝑢𝑢,𝑢𝑢′� =

1
𝑛𝑛
�𝑃𝑃𝑚𝑚

(1)𝑋𝑋𝑑𝑑∗
�𝑢𝑢𝑢𝑢�′�𝑃𝑃𝑚𝑚

(2)𝑃𝑃𝑚𝑚
(2)′𝑋𝑋𝑑𝑑∗

�𝑢𝑢𝑢𝑢�′�′𝑃𝑃𝑚𝑚
(1) − 𝑃𝑃𝑚𝑚

(1)𝑋𝑋𝑑𝑑∗
�𝑢𝑢�𝑢𝑢′�𝑃𝑃𝑚𝑚

(2)′𝑃𝑃𝑚𝑚
(2)𝑋𝑋𝑑𝑑∗

�𝑢𝑢�𝑢𝑢′�′𝑃𝑃𝑚𝑚
(1)� 

=
1
𝑛𝑛
�𝑃𝑃𝑚𝑚

(1)𝑋𝑋𝑑𝑑∗
�𝑢𝑢𝑢𝑢�′�𝑋𝑋𝑑𝑑∗

�𝑢𝑢𝑢𝑢�′�′𝑃𝑃𝑚𝑚
(1) − 𝑃𝑃𝑚𝑚

(1)𝑋𝑋𝑑𝑑∗
�𝑢𝑢�𝑢𝑢′�𝑋𝑋𝑑𝑑∗

�𝑢𝑢�𝑢𝑢′�′𝑃𝑃𝑚𝑚
(1)�, 

 

the equation in theorem 3.4 is satisfied with 𝐶𝐶 = 𝑃𝑃𝑚𝑚
(1), 

 

𝑃𝑃𝑚𝑚
(1)𝐻𝐻𝑑𝑑∗

�𝑢𝑢,𝑢𝑢′�𝑃𝑃𝑚𝑚
(1) =

1
𝑛𝑛
�𝑋𝑋𝑑𝑑∗

�𝑢𝑢𝑢𝑢�′�𝑋𝑋𝑑𝑑∗
�𝑢𝑢𝑢𝑢�′�′ − 𝑋𝑋𝑑𝑑∗

�𝑢𝑢�𝑢𝑢′�𝑋𝑋𝑑𝑑∗
�𝑢𝑢�𝑢𝑢′�′� = −𝐻𝐻𝑑𝑑∗

�𝑢𝑢,𝑢𝑢′�. 

 

This result allows us to clearly see the eigenvalue structure of an orthogonal design. The number 

of orthogonal columns calculated in 𝐻𝐻𝑑𝑑∗
�𝑢𝑢,𝑢𝑢′� is 2(𝑘𝑘 − 𝑐𝑐𝑢𝑢𝑢𝑢′). The matrixes 𝑋𝑋𝑑𝑑∗

�𝑢𝑢𝑢𝑢�′� and 𝑋𝑋𝑑𝑑∗
�𝑢𝑢�𝑢𝑢′� are 

subsets of an orthogonal matrix hence 1
𝑛𝑛
�𝑋𝑋𝑑𝑑∗

�𝑢𝑢𝑢𝑢�′�𝑋𝑋𝑑𝑑∗
�𝑢𝑢𝑢𝑢�′�′� �𝑋𝑋𝑑𝑑∗

�𝑢𝑢𝑢𝑢�′�𝑋𝑋𝑑𝑑∗
�𝑢𝑢𝑢𝑢�′�′� = 𝑋𝑋𝑑𝑑∗

�𝑢𝑢𝑢𝑢�′�𝑋𝑋𝑑𝑑∗
�𝑢𝑢𝑢𝑢�′�′.  The 

eigenvalues for an orthogonal design will always be sets of ±1. For a value of 𝑘𝑘 and design 𝑑𝑑∗ 

that satisfies the model discrimination rank conditions, the eigenvalues of the differenced 

projection matrix will be in the form, 

 

𝐸𝐸𝐸𝐸 �𝐻𝐻𝑑𝑑∗
�𝑢𝑢,𝑢𝑢′�� = ±11, … , ±1𝑟𝑟  ;  𝑟𝑟 = 2(𝑘𝑘 − 𝑐𝑐𝑢𝑢𝑢𝑢′). 
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This is intuitive since all two-factor estimates are orthogonal to each other hence an orthogonal 

design allows for the full capacity of model discrimination across all model comparisons. 

 

3.7 Analysis of a Fixed Design 

For a chosen 𝑘𝑘, let a design 𝑑𝑑 satisfy the model discrimination rank conditions. Our class of 

models will consist of 𝑣𝑣𝑘𝑘 = ��
𝑚𝑚
2 �
𝑘𝑘 � identifiable models and �𝑣𝑣𝑘𝑘2 � pairwise model comparisons. 

Before data is collected, we have �𝑣𝑣𝑘𝑘2 � different matrices for the differenced projection matrix 

𝐻𝐻𝑑𝑑
�𝑢𝑢,𝑢𝑢′�. For a given design 𝑑𝑑, 

 

1) Partition each pairwise model comparison 𝐻𝐻𝑑𝑑
�𝑢𝑢,𝑢𝑢′� into sets where any two pairwise 

model comparison 𝑀𝑀𝑢𝑢1 and 𝑀𝑀𝑢𝑢1′  with 𝑀𝑀𝑢𝑢2 and 𝑀𝑀𝑢𝑢2′  will satisfy either, 

 

𝐻𝐻𝑑𝑑
�𝑢𝑢1,𝑢𝑢1′ � = 𝑃𝑃𝑚𝑚𝐻𝐻𝑑𝑑

�𝑢𝑢2,𝑢𝑢2′ �𝑃𝑃𝑚𝑚′ , 

𝐻𝐻𝑑𝑑
�𝑢𝑢1,𝑢𝑢1′ � = −𝑃𝑃𝑚𝑚𝐻𝐻𝑑𝑑

�𝑢𝑢2,𝑢𝑢2′ �𝑃𝑃𝑚𝑚′ . 

 

For model comparisons within each set, the eigenvalues will be the equivalent and the 

eigenvectors will be of some permuted form. 

 

2) For a model comparison within a set, observe 𝜆𝜆𝑖𝑖
�𝑑𝑑,𝑢𝑢,𝑢𝑢′�, 𝑆𝑆𝑖𝑖,1

�𝑑𝑑,𝑢𝑢,𝑢𝑢′�, and 𝑆𝑆𝑖𝑖,2
�𝑑𝑑,𝑢𝑢,𝑢𝑢′� for 𝑖𝑖 =

1,2, … , 𝑟𝑟 using the computed eigenvalues and eigenvectors. For a pairwise model 
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comparison {𝑀𝑀𝑢𝑢,𝑀𝑀𝑢𝑢′}, the values of the differenced error sum of squares can be 

characterized with the above quantities. 

 

3) The expressions of 𝐸𝐸 �𝑆𝑆𝑖𝑖,1
�𝑑𝑑,𝑢𝑢,𝑢𝑢′�� and 𝐸𝐸 �𝑆𝑆𝑖𝑖,2

�𝑑𝑑,𝑢𝑢,𝑢𝑢′�� can be calculated as functions of the 

true model 𝛽𝛽. For a true model and given values of 𝛽𝛽, we can compare designs and 

determine which design will give larger values of the differenced sum of squares on 

average. 

 

3.8 Example  

Consider the design 𝑑𝑑1 that illustrated the rank conditions for chapter 2 section 4. The 

design 𝑑𝑑1 has 𝑛𝑛 = 12 runs, 5 main effects, and �52� = 10 two-factor interactions. The design 𝑑𝑑1 is 

capable of model discrimination for pairwise model comparisons with 𝑘𝑘 = 2 two-factor 

interactions. For 𝑘𝑘 = 2, there are �102 � = 45 models to be estimated and �452 � = 990 pairwise 

model comparisons. The differenced projection matrix 𝐻𝐻𝑑𝑑1
�𝑢𝑢,𝑢𝑢′�is considered for each of the 990 

pairwise model comparisons {𝑀𝑀𝑢𝑢,𝑀𝑀𝑢𝑢′}. 

 

For the model comparison {𝑀𝑀𝑢𝑢,𝑀𝑀𝑢𝑢′} there is either one two-factor interaction in 

common 𝑐𝑐𝑢𝑢𝑢𝑢′ = 1 or no two-factor interactions in common 𝑐𝑐𝑢𝑢𝑢𝑢′ = 0. It is not possible to have 

𝑐𝑐𝑢𝑢𝑢𝑢′ = 2 for 𝑘𝑘 = 2 since 𝑀𝑀𝑢𝑢 ≠ 𝑀𝑀𝑢𝑢′. There are 1
2
�101 ��

9
1��

8
1� = 360 pairwise model combinations 

where 𝑐𝑐𝑢𝑢𝑢𝑢′ = 1 hence 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 �𝐻𝐻𝑑𝑑1
�𝑢𝑢,𝑢𝑢′�� = 2(𝑘𝑘 − 𝑐𝑐𝑢𝑢𝑢𝑢′) = 2 with eigenvalues ±𝜆𝜆1. There are 

1
2
�102 ��

8
2� = 630 pairwise model comparisons where 𝑐𝑐𝑢𝑢𝑢𝑢′ = 0 and 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 �𝐻𝐻𝑑𝑑1

�𝑢𝑢,𝑢𝑢′�� = 4 with 

eigenvalues ±𝜆𝜆1, ±𝜆𝜆2. The strategy is to classify the 990 pairwise model comparisons into 
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unique sets where within a set, each 𝐻𝐻𝑑𝑑1
�𝑢𝑢,𝑢𝑢′� are permutations of each other.  There are a total of 

17 unique sets with eigenvalues as follows, 

 

Table 3.2 Classifications of the 990 Comparisons and their eigenvalues 

Set # Number of Comparisons Eigenvalues 
1 60 ±0.8211 
2 60 ±0.8757 
3 30 ±0.9374 

4.1 60 ±0.9994 
4.2 30 ±0.9994 
5 120 ±0.9998 
6 60 ±0.9495, ±0.6045 
7 30 ±1, ±0.569467 
8 60 ±0.9267,±0.7071 
9 60 ±1, ±0.7184 
10 60 ±0.9994, ±0.7485 
11 30 ±0.885, ±0.866 
12 120 ±0.9994,±0.8206 
13 120 ±0.9994, ±0.8751 
14 15 ±1, ±0.9976 
15 60 ±1, ±0.9984 
16 15 ±1, ±0.9990 

 

Caution is advised when classifying into sets, there are two sets with eigenvalues of 

±0.9994 but the 𝐻𝐻𝑑𝑑1
�𝑢𝑢,𝑢𝑢′� matrices are not permutations of each other across the sets. Each 

comparison within the set has been verified to be permutations of each other. Let �𝑀𝑀𝑢𝑢1 ,𝑀𝑀𝑢𝑢1′ � and  

�𝑀𝑀𝑢𝑢2 ,𝑀𝑀𝑢𝑢2′ � be two pairwise comparisons within a set, a naïve computational approach at this is to 

try all 12! = 479,001,600 permutations until the permutation satisfies 𝐻𝐻𝑑𝑑1
�𝑢𝑢1,𝑢𝑢1′ � = 𝑃𝑃𝑚𝑚𝐻𝐻𝑑𝑑1

�𝑢𝑢2,𝑢𝑢2′ �𝑃𝑃𝑚𝑚′ . 

Instead, a simple algorithm to verify that all 𝐻𝐻𝑑𝑑1
�𝑢𝑢,𝑢𝑢′� matrices within a set are permutations of each 

other involves finding all permutations for the eigenvectors that satisfy 𝑎𝑎1�𝑑𝑑,𝑢𝑢1,𝑢𝑢1′ � = 𝑃𝑃𝑚𝑚𝑎𝑎1
�𝑑𝑑,𝑢𝑢2,𝑢𝑢2′ � 
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if equation (3.6.1) holds or 𝑎𝑎1�𝑑𝑑,𝑢𝑢1,𝑢𝑢1′ � = 𝑃𝑃𝑚𝑚𝑏𝑏1
�𝑑𝑑,𝑢𝑢2,𝑢𝑢2′ � if equation (3.5.2) holds which usually only 

6! = 720 possible permutations since it is often that 6 elements of eigenvectors are already 

equivalent. Out of the possible 720 permutations, 6 to 12 of them is tested to find the one that 

satisfies 𝐻𝐻𝑑𝑑1
�𝑢𝑢1,𝑢𝑢1′ � = 𝑃𝑃𝑚𝑚𝐻𝐻𝑑𝑑1

�𝑢𝑢2,𝑢𝑢2′ �𝑃𝑃𝑚𝑚′ .  

 

Consider set 1 where the two eigenvalues are ±0.8211, their corresponding eigenvectors 

𝑎𝑎1
�𝑑𝑑,𝑢𝑢,𝑢𝑢′� and 𝑏𝑏1

�𝑑𝑑,𝑢𝑢,𝑢𝑢′�. Two pairwise model comparisons, 

 

�𝑀𝑀𝑢𝑢1 ,𝑀𝑀𝑢𝑢1′ � = {(𝑥𝑥1𝑥𝑥2,𝑥𝑥1𝑥𝑥3), (𝑥𝑥1𝑥𝑥2,𝑥𝑥4𝑥𝑥5)}, 

�𝑀𝑀𝑢𝑢2 ,𝑀𝑀𝑢𝑢2′ � = {(𝑥𝑥1𝑥𝑥5,𝑥𝑥2𝑥𝑥4), (𝑥𝑥2𝑥𝑥4,𝑥𝑥3𝑥𝑥4)}. 

 

The elements of 𝐻𝐻𝑑𝑑1
�𝑢𝑢1,𝑢𝑢1′ � are negative of 𝐻𝐻𝑑𝑑1

�𝑢𝑢2,𝑢𝑢2′ � indicating equation (3.6.2) is the only possible 

equation to hold and must compare the eigenvector 𝑎𝑎1
�𝑑𝑑1,𝑢𝑢1,𝑢𝑢1′ � with the eigenvector 𝑏𝑏1

�𝑑𝑑1,𝑢𝑢2,𝑢𝑢2′ � as 

presented in table 3.3, 

 

 

Table 3.3 Eigenvectors of length 12 for pairwise comparison 1 versus 2 

1 0.075 -0.354 -0.234 0.468 -0.083 0.166 -0.075 0.112 0.597 -0.354 -0.234 -0.083 

2 0.075 0.166 -0.075 0.468 -0.083 -0.354 -0.234 0.112 -0.083 -0.354 -0.234 0.597 
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Observe the first, fourth, fifth, eighth, tenth, and eleventh elements are the same there is only 720 

possible permutations. The permutation that switches rows 2 ↔ 6, 3 ↔ 7, and 9 ↔ 12 satisfy 

𝑃𝑃𝑚𝑚𝐻𝐻𝑑𝑑1
(𝑢𝑢1,𝑢𝑢1)𝑃𝑃𝑚𝑚′ = −𝐻𝐻𝑑𝑑2

�𝑢𝑢2,𝑢𝑢2′ � with the resulting matrix, 

 

-0.042 -0.093 0.042 0.114 0.047 0.011 -0.057 -0.063 0.047 0.011 -0.057 0.042 

-0.093 -0.207 0.093 0.253 0.103 0.023 -0.127 -0.140 0.103 0.023 -0.127 0.093 

0.042 0.093 -0.042 -0.114 -0.047 -0.011 0.057 0.063 -0.047 -0.011 0.057 -0.042 

0.114 0.253 -0.114 0.023 -0.127 -0.195 -0.012 0.171 -0.127 -0.195 -0.012 0.219 

0.047 0.103 -0.047 -0.127 -0.052 -0.012 0.063 0.070 -0.052 -0.012 0.063 -0.047 

0.011 0.023 -0.011 -0.195 -0.012 0.081 0.098 0.016 -0.012 0.081 0.098 -0.177 

-0.057 -0.127 0.057 -0.012 0.063 0.098 0.006 -0.085 0.063 0.098 0.006 -0.110 

-0.063 -0.140 0.063 0.171 0.070 0.016 -0.085 -0.094 0.070 0.016 -0.085 0.063 

0.047 0.103 -0.047 -0.127 -0.052 -0.012 0.063 0.070 -0.052 -0.012 0.063 -0.047 

0.011 0.023 -0.011 -0.195 -0.012 0.081 0.098 0.016 -0.012 0.081 0.098 -0.177 

-0.057 -0.127 0.057 -0.012 0.063 0.098 0.006 -0.085 0.063 0.098 0.006 -0.110 

0.042 0.093 -0.042 0.219 -0.047 -0.177 -0.110 0.063 -0.047 -0.177 -0.110 0.292 
 

 

This method was used to understand that while set 4.1 and 4.2 had the same eigenvalues, 

it was not possible to construct a permutation between the two sets that satisfied (3.5.1) or (3.5.2). 

For this example, to fully understand the effect of the design and its pairwise model comparisons, 

it is sufficient to understand the eigenvalues, eigenvectors, and the random variables 𝑆𝑆𝑖𝑖,1
�𝑑𝑑1,𝑢𝑢,𝑢𝑢′� 

and 𝑆𝑆𝑖𝑖,2
�𝑑𝑑1,𝑢𝑢,𝑢𝑢′� for the 17 different sets. The elements of 𝑎𝑎1,𝑎𝑎1, �𝑎𝑎1 + 𝑏𝑏1�, and  

�𝑎𝑎1 + 𝑏𝑏1� can be interpreted as coefficients of the observation vector 𝑦𝑦𝑑𝑑1. 
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Table 3.4.1 Values for Set 1 

 𝑦𝑦1 𝑦𝑦2 𝑦𝑦3 𝑦𝑦4 𝑦𝑦5 𝑦𝑦6 𝑦𝑦7 𝑦𝑦8 𝑦𝑦9 𝑦𝑦10 𝑦𝑦11 𝑦𝑦12 
𝑎𝑎1 0.075 -0.354 -0.234 0.468 -0.083 0.166 -0.075 0.112 0.596 -0.354 -0.234 -0.083 

𝑏𝑏1 0.238 -0.165 0.218 -0.437 -0.264 0.528 -0.238 0.357 -0.027 -0.165 0.218 -0.264 

�𝑎𝑎1 + 𝑏𝑏1� 0.312 -0.519 -0.016 0.031 -0.347 0.694 -0.312 0.468 0.569 -0.519 -0.016 -0.347 

�𝑎𝑎1 − 𝑏𝑏1� -0.163 -0.19 -0.452 0.905 0.181 -0.363 0.163 -0.245 0.624 -0.19 -0.452 0.181 

 

 

Table 3.4.2 Values for Set 2 

 𝑦𝑦1 𝑦𝑦2 𝑦𝑦3 𝑦𝑦4 𝑦𝑦5 𝑦𝑦6 𝑦𝑦7 𝑦𝑦8 𝑦𝑦9 𝑦𝑦10 𝑦𝑦11 𝑦𝑦12 
𝑎𝑎1 -0.205 0.216 -0.573 0.227 0.227 0.005 0.205 -0.307 0.334 -0.243 0.346 -0.232 

𝑏𝑏1 0.205 -0.216 -0.005 -0.227 -0.227 0.573 -0.205 0.307 0.243 -0.334 0.232 -0.346 

�𝑎𝑎1 + 𝑏𝑏1� 0 0 -0.577 0 0 0.577 0 0 0.577 -0.577 0.577 -0.577 

�𝑎𝑎1 − 𝑏𝑏1� -0.409 0.432 -0.568 0.455 0.455 -0.568 0.409 -0.614 0.091 0.091 0.114 0.114 

 

 

Table 3.4.3 Values for Set 3 

 𝑦𝑦1 𝑦𝑦2 𝑦𝑦3 𝑦𝑦4 𝑦𝑦5 𝑦𝑦6 𝑦𝑦7 𝑦𝑦8 𝑦𝑦9 𝑦𝑦10 𝑦𝑦11 𝑦𝑦12 
𝑎𝑎1 -0.176 -0.302 -0.302 0.176 0.301 0.196 0.196 -0.264 0.48 0.106 0.106 -0.516 

𝑏𝑏1 0.176 -0.106 -0.106 -0.176 0.516 -0.196 -0.196 0.264 -0.48 0.302 0.302 -0.301 

�𝑎𝑎1 + 𝑏𝑏1� 0 -0.408 -0.408 0 0.816 0 0 0 0 0.408 0.408 -0.816 

�𝑎𝑎1 − 𝑏𝑏1� -0.352 -0.196 -0.196 0.352 -0.215 0.391 0.391 -0.528 0.959 -0.196 -0.196 -0.215 

 

 

Table 3.4.4.1 Values for Set 4.1 

 𝑦𝑦1 𝑦𝑦2 𝑦𝑦3 𝑦𝑦4 𝑦𝑦5 𝑦𝑦6 𝑦𝑦7 𝑦𝑦8 𝑦𝑦9 𝑦𝑦10 𝑦𝑦11 𝑦𝑦12 
𝑎𝑎1 -0.254 0.268 0.275 -0.134 -0.549 0.267 0.254 -0.38 0.26 -0.148 -0.141 0.282 

𝑏𝑏1 0.254 -0.268 0.134 -0.275 -0.267 0.549 -0.254 0.38 0.148 -0.26 0.141 -0.282 

�𝑎𝑎1 + 𝑏𝑏1� 0 0 0.408 -0.408 -0.816 0.816 0 0 0.408 -0.408 0 0 

�𝑎𝑎1 − 𝑏𝑏1� -0.507 0.535 0.141 0.141 -0.282 -0.282 0.507 -0.761 0.113 0.113 -0.282 0.563 
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Table 3.4.4.2 Values for Set 4.2 

 𝑦𝑦1 𝑦𝑦2 𝑦𝑦3 𝑦𝑦4 𝑦𝑦5 𝑦𝑦6 𝑦𝑦7 𝑦𝑦8 𝑦𝑦9 𝑦𝑦10 𝑦𝑦11 𝑦𝑦12 
𝑎𝑎1 -0.254 0.268 0.275 -0.549 -0.134 0.267 0.254 -0.38 -0.155 0.268 0.275 -0.134 

𝑏𝑏1 0.254 -0.268 0.134 -0.267 -0.275 0.549 -0.254 0.38 0.155 -0.268 0.134 -0.275 

�𝑎𝑎1 + 𝑏𝑏1� 0 0 0.408 -0.816 -0.408 0.816 0 0 0 0 0.408 -0.408 

�𝑎𝑎1 − 𝑏𝑏1� -0.507 0.535 0.141 -0.282 0.141 -0.282 0.507 -0.761 -0.31 0.535 0.141 0.141 

 

 

Table 3.4.5 Values for Set 5 

 𝑦𝑦1 𝑦𝑦2 𝑦𝑦3 𝑦𝑦4 𝑦𝑦5 𝑦𝑦6 𝑦𝑦7 𝑦𝑦8 𝑦𝑦9 𝑦𝑦10 𝑦𝑦11 𝑦𝑦12 
𝑎𝑎1 -0.145 0.157 -0.558 0.161 0.161 0.145 0.153 -0.217 0.386 -0.317 0.39 -0.313 

𝑏𝑏1 -0.251 -0.137 0.257 0.278 0.278 0.251 -0.552 -0.376 -0.148 -0.142 0.267 0.274 

�𝑎𝑎1 + 𝑏𝑏1� -0.395 0.02 -0.301 0.439 0.439 0.395 -0.4 -0.593 0.237 -0.459 0.657 -0.04 

�𝑎𝑎1 − 𝑏𝑏1� 0.106 0.294 -0.816 -0.118 -0.118 -0.106 0.705 0.159 0.534 -0.176 0.123 -0.587 

𝑎𝑎2 0.914 -0.042 -0.131 0.165 0.091 0.012 -0.308 0.002 0.049 0.003 0.109 -0.029 

𝑏𝑏2 0.285 0.094 0.365 -0.204 0.034 0.256 0.58 -0.446 -0.092 -0.295 0.083 0.176 

�𝑎𝑎2 + 𝑏𝑏2� 1.199 0.052 0.233 -0.039 0.125 0.268 0.272 -0.445 -0.043 -0.292 0.192 0.147 

�𝑎𝑎2 − 𝑏𝑏2� 0.629 -0.136 -0.496 0.369 0.057 -0.244 -0.888 0.448 0.142 0.297 0.025 -0.206 

 

 

Table 3.4.6 Values for Set 6 

 𝑦𝑦1 𝑦𝑦2 𝑦𝑦3 𝑦𝑦4 𝑦𝑦5 𝑦𝑦6 𝑦𝑦7 𝑦𝑦8 𝑦𝑦9 𝑦𝑦10 𝑦𝑦11 𝑦𝑦12 
𝑎𝑎1 0.1 -0.053 0.585 -0.328 -0.111 -0.033 -0.211 0.15 -0.522 0.313 -0.146 0.254 

𝑏𝑏1 -0.1 -0.254 0.211 0.146 0.111 0.522 -0.585 -0.15 0.033 -0.313 0.328 0.053 

�𝑎𝑎1 + 𝑏𝑏1� 0 -0.307 0.796 -0.182 0 0.489 -0.796 0 -0.489 0 0.182 0.307 

�𝑎𝑎1 − 𝑏𝑏1� 0.201 0.202 0.375 -0.475 -0.223 -0.554 0.375 0.301 -0.554 0.626 -0.475 0.202 

𝑎𝑎2 0.251 -0.441 0.111 0.253 -0.279 0.052 -0.072 0.377 0.359 -0.114 -0.543 0.048 

𝑏𝑏2 0.251 0.048 -0.072 -0.543 -0.279 0.359 0.111 0.377 0.052 -0.114 0.253 -0.441 

�𝑎𝑎2 + 𝑏𝑏2� 0.502 -0.393 0.039 -0.29 -0.558 0.41 0.039 0.753 0.41 -0.229 -0.29 -0.393 

�𝑎𝑎2 − 𝑏𝑏2� 0 -0.489 0.182 0.796 0 -0.307 -0.182 0 0.307 0 -0.796 0.489 
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Table 3.4.7 Values for Set 7 

 𝑦𝑦1 𝑦𝑦2 𝑦𝑦3 𝑦𝑦4 𝑦𝑦5 𝑦𝑦6 𝑦𝑦7 𝑦𝑦8 𝑦𝑦9 𝑦𝑦10 𝑦𝑦11 𝑦𝑦12 
𝑎𝑎1 0.249 -0.277 -0.277 0.553 0.124 -0.249 -0.249 0.373 0.18 -0.277 -0.277 0.124 

𝑏𝑏1 0 -0.289 0.289 0 0 0.577 -0.577 0 0 -0.289 0.289 0 

�𝑎𝑎1 + 𝑏𝑏1� 0.249 -0.565 0.012 0.553 0.124 0.328 -0.826 0.373 0.18 -0.565 0.012 0.124 

�𝑎𝑎1 − 𝑏𝑏1� 0.249 0.012 -0.565 0.553 0.124 -0.826 0.328 0.373 0.18 0.012 -0.565 0.124 

𝑎𝑎2 0.083 0.15 0.15 -0.042 0.301 -0.342 -0.342 0.125 -0.685 0.15 0.15 0.301 

𝑏𝑏2 -0.435 0.019 0.019 0.457 0.277 -0.06 -0.06 -0.652 0.12 0.019 0.019 0.277 

�𝑎𝑎2 + 𝑏𝑏2� -0.352 0.169 0.169 0.415 0.578 -0.402 -0.402 -0.527 -0.565 0.169 0.169 0.578 

�𝑎𝑎2 − 𝑏𝑏2� 0.518 0.132 0.132 -0.499 0.024 -0.283 -0.283 0.778 -0.805 0.132 0.132 0.024 

 

 

Table 3.4.8 Values for Set 8 

 𝑦𝑦1 𝑦𝑦2 𝑦𝑦3 𝑦𝑦4 𝑦𝑦5 𝑦𝑦6 𝑦𝑦7 𝑦𝑦8 𝑦𝑦9 𝑦𝑦10 𝑦𝑦11 𝑦𝑦12 
𝑎𝑎1 0.225 0.454 -0.311 -0.25 0.005 -0.118 -0.118 0.337 -0.373 -0.311 0.454 0.005 

𝑏𝑏1 0.309 -0.177 -0.028 -0.344 -0.393 0.239 0.239 0.464 0.289 -0.028 -0.177 -0.393 

�𝑎𝑎1 + 𝑏𝑏1� 0.534 0.277 -0.339 -0.593 -0.388 0.121 0.121 0.801 -0.084 -0.339 0.277 -0.388 

�𝑎𝑎1 − 𝑏𝑏1� -0.085 0.631 -0.284 0.094 0.399 -0.357 -0.357 -0.127 -0.662 -0.284 0.631 0.399 

𝑎𝑎2 0 0.377 0.156 0 -0.533 -0.221 0.221 0 0 -0.156 -0.377 0.533 

𝑏𝑏2 0 0.156 -0.377 0 0.221 -0.533 0.533 0 0 0.377 -0.156 -0.221 

�𝑎𝑎2 + 𝑏𝑏2� 0 0.533 -0.221 0 -0.312 -0.754 0.754 0 0 0.221 -0.533 0.312 

�𝑎𝑎2 − 𝑏𝑏2� 0 0.221 0.533 0 -0.754 0.312 -0.312 0 0 -0.533 -0.221 0.754 

 

 

Table 3.4.9 Values for Set 9 

 𝑦𝑦1 𝑦𝑦2 𝑦𝑦3 𝑦𝑦4 𝑦𝑦5 𝑦𝑦6 𝑦𝑦7 𝑦𝑦8 𝑦𝑦9 𝑦𝑦10 𝑦𝑦11 𝑦𝑦12 
𝑎𝑎1 0 -0.289 0.577 0 -0.289 0 0 0 0 0.289 -0.577 0.289 

𝑏𝑏1 0.258 0.129 -0.258 -0.286 -0.286 -0.229 0.544 0.386 0.157 0.129 -0.258 -0.286 

�𝑎𝑎1 + 𝑏𝑏1� 0.258 -0.16 0.32 -0.286 -0.575 -0.229 0.544 0.386 0.157 0.417 -0.835 0.002 

�𝑎𝑎1 − 𝑏𝑏1� -0.258 -0.417 0.835 0.286 -0.002 0.229 -0.544 -0.386 -0.157 0.16 -0.32 0.575 

𝑎𝑎2 0.326 0.031 0.192 -0.362 0.023 -0.025 -0.347 0.489 -0.571 0.031 0.192 0.023 

𝑏𝑏2 0.118 -0.306 0.091 -0.131 -0.287 0.626 -0.17 0.177 0.384 -0.306 0.091 -0.287 

�𝑎𝑎2 + 𝑏𝑏2� 0.444 -0.276 0.283 -0.494 -0.264 0.601 -0.516 0.666 -0.187 -0.276 0.283 -0.264 

�𝑎𝑎2 − 𝑏𝑏2� 0.208 0.337 0.1 -0.231 0.31 -0.651 -0.177 0.312 -0.955 0.337 0.1 0.31 
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Table 3.4.10 Values for Set 10 

 𝑦𝑦1 𝑦𝑦2 𝑦𝑦3 𝑦𝑦4 𝑦𝑦5 𝑦𝑦6 𝑦𝑦7 𝑦𝑦8 𝑦𝑦9 𝑦𝑦10 𝑦𝑦11 𝑦𝑦12 
𝑎𝑎1 -0.249 0.263 -0.554 0.256 0.263 -0.132 0.277 -0.374 0.277 -0.139 0.27 -0.159 

𝑏𝑏1 0.249 -0.277 -0.263 0.159 0.554 -0.27 -0.277 0.374 -0.263 0.139 0.132 -0.256 

�𝑎𝑎1 + 𝑏𝑏1� 0 -0.013 -0.816 0.415 0.816 -0.402 0 0 0.013 0 0.402 -0.415 

�𝑎𝑎1 − 𝑏𝑏1� -0.498 0.54 -0.291 0.097 -0.291 0.138 0.554 -0.747 0.54 -0.277 0.138 0.097 

𝑎𝑎2 -0.105 -0.475 0.126 -0.14 0.113 0.417 0.117 -0.157 0.341 0.303 0.003 -0.542 

𝑏𝑏2 -0.105 0.341 0.113 -0.542 0.126 0.003 0.117 -0.157 -0.475 0.303 0.417 -0.14 

�𝑎𝑎2 + 𝑏𝑏2� -0.21 -0.134 0.239 -0.682 0.239 0.42 0.233 -0.315 -0.134 0.607 0.42 -0.682 

�𝑎𝑎2 − 𝑏𝑏2� 0 -0.816 0.013 0.402 -0.013 0.415 0 0 0.816 0 -0.415 -0.402 

 

 

Table 3.4.11 Values for Set 11 

 𝑦𝑦1 𝑦𝑦2 𝑦𝑦3 𝑦𝑦4 𝑦𝑦5 𝑦𝑦6 𝑦𝑦7 𝑦𝑦8 𝑦𝑦9 𝑦𝑦10 𝑦𝑦11 𝑦𝑦12 
𝑎𝑎1 -0.286 -0.256 -0.256 0.318 0.318 0.152 0.152 -0.429 0.48 0.072 0.072 -0.337 

𝑏𝑏1 0.286 -0.152 -0.152 -0.318 -0.318 0.256 0.256 0.429 0.337 -0.072 -0.072 -0.48 

�𝑎𝑎1 + 𝑏𝑏1� 0 -0.408 -0.408 0 0 0.408 0.408 0 0.816 0 0 -0.816 

�𝑎𝑎1 − 𝑏𝑏1� -0.573 -0.103 -0.103 0.636 0.636 -0.103 -0.103 -0.859 0.143 0.143 0.143 0.143 

𝑎𝑎2 0 0.558 -0.558 0 0 -0.149 0.149 0 0 -0.408 0.408 0 

𝑏𝑏2 0 -0.149 0.149 0 0 0.558 -0.558 0 0 -0.408 0.408 0 

�𝑎𝑎2 + 𝑏𝑏2� 0 0.408 -0.408 0 0 0.408 -0.408 0 0 -0.816 0.816 0 

�𝑎𝑎2 − 𝑏𝑏2� 0 0.707 -0.707 0 0 -0.707 0.707 0 0 0 0 0 

 

 

Table 3.4.12 Values for Set 12 

 𝑦𝑦1 𝑦𝑦2 𝑦𝑦3 𝑦𝑦4 𝑦𝑦5 𝑦𝑦6 𝑦𝑦7 𝑦𝑦8 𝑦𝑦9 𝑦𝑦10 𝑦𝑦11 𝑦𝑦12 
𝑎𝑎1 -0.253 -0.127 -0.175 -0.12 0.281 0.253 0.267 -0.38 0.274 0.247 0.281 -0.548 

𝑏𝑏1 0.253 0.141 -0.26 -0.274 -0.281 -0.255 0.55 0.379 0.147 0.135 -0.268 -0.267 

�𝑎𝑎1 + 𝑏𝑏1� 0 0.014 -0.436 -0.394 0 -0.002 0.817 0 0.421 0.381 0.013 -0.815 

�𝑎𝑎1 − 𝑏𝑏1� -0.506 -0.268 0.085 0.154 0.562 0.508 -0.283 -0.759 0.127 0.112 0.549 -0.282 

𝑎𝑎2 -0.061 0.362 -0.588 0.361 0.067 -0.18 0.068 -0.091 0.219 -0.483 0.219 0.105 

𝑏𝑏2 -0.234 0.167 0.031 0.168 0.26 -0.532 0.258 -0.351 -0.223 0.432 -0.222 0.248 

�𝑎𝑎2 + 𝑏𝑏2� -0.295 0.528 -0.557 0.529 0.327 -0.712 0.326 -0.442 -0.004 -0.051 -0.004 0.354 

�𝑎𝑎2 − 𝑏𝑏2� 0.174 0.195 -0.618 0.194 -0.193 0.352 -0.19 0.26 0.443 -0.914 0.441 -0.143 
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Table 3.4.13 Values for Set 13 

 𝑦𝑦1 𝑦𝑦2 𝑦𝑦3 𝑦𝑦4 𝑦𝑦5 𝑦𝑦6 𝑦𝑦7 𝑦𝑦8 𝑦𝑦9 𝑦𝑦10 𝑦𝑦11 𝑦𝑦12 
𝑎𝑎1 0.262 -0.283 -0.235 0.124 0.54 -0.262 -0.276 0.393 -0.283 0.159 0.125 -0.263 

𝑏𝑏1 -0.262 -0.124 0.262 0.283 0.276 0.235 -0.54 -0.393 -0.152 -0.132 0.256 0.29 

�𝑎𝑎1 + 𝑏𝑏1� 0 -0.408 0.027 0.408 0.816 -0.027 -0.816 0 -0.435 0.027 0.381 0.027 

�𝑎𝑎1 − 𝑏𝑏1� 0.523 -0.159 -0.497 -0.159 0.264 -0.497 0.264 0.785 -0.131 0.292 -0.131 -0.553 

𝑎𝑎2 0.191 -0.208 0.586 -0.227 -0.243 0.01 -0.204 0.286 -0.326 0.235 -0.346 0.246 

𝑏𝑏2 0.191 -0.227 0.01 -0.208 -0.204 0.586 -0.243 0.286 0.231 -0.342 0.25 -0.33 

�𝑎𝑎2 + 𝑏𝑏2� 0.382 -0.436 0.596 -0.436 -0.447 0.596 -0.447 0.573 -0.095 -0.107 -0.095 -0.084 

�𝑎𝑎2 − 𝑏𝑏2� 0 0.019 0.577 -0.019 -0.038 -0.577 0.038 0 -0.558 0.577 -0.596 0.577 

 

 

Table 3.4.14 Values for Set 14 

 𝑦𝑦1 𝑦𝑦2 𝑦𝑦3 𝑦𝑦4 𝑦𝑦5 𝑦𝑦6 𝑦𝑦7 𝑦𝑦8 𝑦𝑦9 𝑦𝑦10 𝑦𝑦11 𝑦𝑦12 
𝑎𝑎1 0 -0.289 -0.289 0 0.577 0 0 0 0 0.289 0.289 -0.577 

𝑏𝑏1 0 0.289 -0.289 0 0 -0.577 0.577 0 0 0.289 -0.289 0 

�𝑎𝑎1 + 𝑏𝑏1� 0 0 -0.577 0 0.577 -0.577 0.577 0 0 0.577 0 -0.577 

�𝑎𝑎1 − 𝑏𝑏1� 0 -0.577 0 0 0.577 0.577 -0.577 0 0 0 0.577 -0.577 

𝑎𝑎2 -0.359 0.09 0.09 -0.199 -0.199 0.378 0.378 -0.539 0.378 0.09 0.09 -0.199 

𝑏𝑏2 0.359 -0.09 -0.09 -0.378 -0.378 0.199 0.199 0.539 0.199 -0.09 -0.09 -0.378 

�𝑎𝑎2 + 𝑏𝑏2� 0 0 0 -0.577 -0.577 0.577 0.577 0 0.577 0 0 -0.577 

�𝑎𝑎2 − 𝑏𝑏2� -0.718 0.18 0.18 0.18 0.18 0.18 0.18 -1.078 0.18 0.18 0.18 0.18 

 

 

Table 3.4.15 Values for Set 15 

 𝑦𝑦1 𝑦𝑦2 𝑦𝑦3 𝑦𝑦4 𝑦𝑦5 𝑦𝑦6 𝑦𝑦7 𝑦𝑦8 𝑦𝑦9 𝑦𝑦10 𝑦𝑦11 𝑦𝑦12 
𝑎𝑎1 0 0 0 -0.408 0.408 0 0 0 -0.408 0.408 0.408 -0.408 

𝑏𝑏1 0 0.289 -0.289 0 0 -0.577 0.577 0 0 0.289 -0.289 0 

�𝑎𝑎1 + 𝑏𝑏1� 0 0.289 -0.289 -0.408 0.408 -0.577 0.577 0 -0.408 0.697 0.12 -0.408 

�𝑎𝑎1 − 𝑏𝑏1� 0 -0.289 0.289 -0.408 0.408 0.577 -0.577 0 -0.408 0.12 0.697 -0.408 

𝑎𝑎2 0.29 -0.314 -0.314 0.402 0.402 -0.305 -0.305 0.435 -0.064 -0.072 -0.072 -0.081 

𝑏𝑏2 -0.355 0.095 0.095 0.374 0.374 -0.203 -0.203 -0.532 -0.21 0.089 0.089 0.388 

�𝑎𝑎2 + 𝑏𝑏2� -0.065 -0.218 -0.218 0.776 0.776 -0.509 -0.509 -0.098 -0.274 0.016 0.016 0.307 

�𝑎𝑎2 − 𝑏𝑏2� 0.645 -0.409 -0.409 0.028 0.028 -0.102 -0.102 0.967 0.146 -0.161 -0.161 -0.468 
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Table 3.4.16 Values for Set 16 

 𝑦𝑦1 𝑦𝑦2 𝑦𝑦3 𝑦𝑦4 𝑦𝑦5 𝑦𝑦6 𝑦𝑦7 𝑦𝑦8 𝑦𝑦9 𝑦𝑦10 𝑦𝑦11 𝑦𝑦12 
𝑎𝑎1 0 0 -0.408 0 0 0.408 0 0 0.408 -0.408 0.408 -0.408 

𝑏𝑏1 0 0 0 0.408 -0.408 0 0 0 0.408 -0.408 -0.408 0.408 

�𝑎𝑎1 + 𝑏𝑏1� 0 0 -0.408 0.408 -0.408 0.408 0 0 0.816 -0.816 0 0 

�𝑎𝑎1 − 𝑏𝑏1� 0 0 -0.408 -0.408 0.408 0.408 0 0 0 0 0.816 -0.816 

𝑎𝑎2 0.286 -0.318 0.405 -0.302 -0.302 0.405 -0.318 0.429 -0.072 -0.072 -0.072 -0.072 

𝑏𝑏2 0.286 -0.318 -0.302 0.405 0.405 -0.302 -0.318 0.429 -0.072 -0.072 -0.072 -0.072 

�𝑎𝑎2 + 𝑏𝑏2� 0.573 -0.636 0.103 0.103 0.103 0.103 -0.636 0.859 -0.143 -0.143 -0.143 -0.143 

�𝑎𝑎2 − 𝑏𝑏2� 0 0 0.707 -0.707 -0.707 0.707 0 0 0 0 0 0 

 

 

The information in these tables can be used to understand the weight of each observation 

in the observation vector 𝑦𝑦𝑑𝑑1. When considering the pairwise model comparison {𝑀𝑀𝑢𝑢,𝑀𝑀𝑢𝑢′}, the 

value of the differenced error sum of squares is dependent 𝜆𝜆𝑖𝑖
�𝑑𝑑1,𝑢𝑢,𝑢𝑢′�, 𝑆𝑆𝑖𝑖,1

�𝑑𝑑1,𝑢𝑢,𝑢𝑢′�, and 𝑆𝑆𝑖𝑖,1
�𝑑𝑑1,𝑢𝑢,𝑢𝑢′�. For 

the referenced model comparison in set 16 the value of 𝑆𝑆𝑖𝑖,1
�𝑑𝑑1,𝑢𝑢,𝑢𝑢′� will only depend on 

𝑦𝑦3,𝑦𝑦4,𝑦𝑦5,𝑦𝑦6,𝑦𝑦11, and 𝑦𝑦12. Observe that 𝑦𝑦11 and 𝑦𝑦12 will have twice the weight on the value of 

𝑆𝑆𝑖𝑖,1
�𝑑𝑑1,𝑢𝑢,𝑢𝑢′� than 𝑦𝑦3 to 𝑦𝑦6. Similarly, only 𝑦𝑦3 to 𝑦𝑦6 will affect the value of 𝑆𝑆𝑖𝑖,2

�𝑑𝑑1,𝑢𝑢,𝑢𝑢′�. Overall, the 

differenced error sum of squares is not dependent on the observation values of 𝑦𝑦1, 𝑦𝑦2, and 𝑦𝑦7 to 

𝑦𝑦10. Any other model comparison in set 16 are permutations of the above values, all leading to 

there are six observations where the differenced error sum of squares is not dependent on. The 

observation values are contrasts and can be used to understand what values of the observation 

vector results in a positive differenced error sum of squares or when model 𝑀𝑀𝑢𝑢 will be chosen. 
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The expected values of 𝑆𝑆𝑖𝑖,1
�𝑑𝑑,𝑢𝑢,𝑢𝑢′� and 𝑆𝑆𝑖𝑖,2

�𝑑𝑑,𝑢𝑢,𝑢𝑢′� is calculated using (3.10.1) and (3.10.2) 

 

𝐸𝐸 �𝑆𝑆𝑖𝑖,1
�𝑑𝑑,𝑢𝑢,𝑢𝑢′�� = �𝑎𝑎𝑖𝑖 + 𝑏𝑏𝑖𝑖�

′𝑋𝑋𝑑𝑑𝛽𝛽,   𝑖𝑖 = 1,2, … , 𝑟𝑟 

𝐸𝐸 �𝑆𝑆𝑖𝑖,2
�𝑑𝑑,𝑢𝑢,𝑢𝑢′�� = �𝑎𝑎𝑖𝑖 − 𝑏𝑏𝑖𝑖�

′𝑋𝑋𝑑𝑑𝛽𝛽,   𝑖𝑖 = 1,2, … , 𝑟𝑟 

 

The values of �𝑎𝑎𝑖𝑖 + 𝑏𝑏𝑖𝑖�
′𝑋𝑋𝑑𝑑 and �𝑎𝑎𝑖𝑖 − 𝑏𝑏𝑖𝑖�

′𝑋𝑋𝑑𝑑 can be interpreted as weights to the parameter 

coefficients 𝛽𝛽. Since the values of �𝑎𝑎𝑖𝑖 + 𝑏𝑏𝑖𝑖�
′𝑋𝑋𝑑𝑑 and �𝑎𝑎𝑖𝑖 − 𝑏𝑏𝑖𝑖�

′𝑋𝑋𝑑𝑑 depend on the model 

comparison, there are 990 different tables of these weights, three examples of pairwise model 

comparisons are presented with their non-zero eigenvalues, 

 

�𝑀𝑀𝑢𝑢1 ,𝑀𝑀𝑢𝑢1′ � = {(𝑥𝑥1𝑥𝑥2,𝑥𝑥1𝑥𝑥3), (𝑥𝑥1𝑥𝑥2,𝑥𝑥1𝑥𝑥4)}   ;   𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁(𝐻𝐻𝑑𝑑
�𝑢𝑢1,𝑢𝑢1′ �) = ±0.9994, 

�𝑀𝑀𝑢𝑢2 ,𝑀𝑀𝑢𝑢2′ � = {(𝑥𝑥1𝑥𝑥2,𝑥𝑥1𝑥𝑥3), (𝑥𝑥1𝑥𝑥2, 𝑥𝑥2𝑥𝑥4)}   ;   𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁(𝐻𝐻𝑑𝑑
�𝑢𝑢2,𝑢𝑢2′ �) = ±0.8758, 

�𝑀𝑀𝑢𝑢3 ,𝑀𝑀𝑢𝑢3′ � = {(𝑥𝑥1𝑥𝑥3,𝑥𝑥1𝑥𝑥5), (𝑥𝑥1𝑥𝑥3, 𝑥𝑥2𝑥𝑥5)}   ;   𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁(𝐻𝐻𝑑𝑑
�𝑢𝑢3,𝑢𝑢3′ �) = ±0.9998. 

 

To understand the effect of a true model, the table of weights for 𝛽𝛽 are presented in table 3.5. 

While the differenced error sum of squares does not depend on the common parameters between 

model 𝑀𝑀𝑢𝑢 and 𝑀𝑀𝑢𝑢′ (including general mean and main effects), table 3.5 displays those parameter 

weights for illustration purposes, 
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Table 3.5 Weights for the unknown parameters 𝜷𝜷 

𝛽𝛽𝑗𝑗 �𝑀𝑀𝑢𝑢1 ,𝑀𝑀𝑢𝑢1′ � �𝑀𝑀𝑢𝑢2 ,𝑀𝑀𝑢𝑢2′ � �𝑀𝑀𝑢𝑢3 ,𝑀𝑀𝑢𝑢3′ � 
𝑗𝑗 = (𝑎𝑎 + 𝑏𝑏)′𝑋𝑋𝑑𝑑 (𝑎𝑎 − 𝑏𝑏)′𝑋𝑋𝑑𝑑 (𝑎𝑎 + 𝑏𝑏)′𝑋𝑋𝑑𝑑 (𝑎𝑎 − 𝑏𝑏)′𝑋𝑋𝑑𝑑 (𝑎𝑎 + 𝑏𝑏)′𝑋𝑋𝑑𝑑 (𝑎𝑎 − 𝑏𝑏)′𝑋𝑋𝑑𝑑 

 0 0 0 0 0 0 0 
1 0 0 0 0 0 0 

 2 0 0 0 0 0 0 
3 0 0 0 0 0 0 

 4 0 0 0 0 0 0 
5 0 0 0 0 0 0 

 1,2 0 0 0 0 -0.1757 0.0471 
1,3 3.266 -3.1552 -3.9101 2.3094 0 0 

 1,4 -3.266 -3.1552 0.1819 0 1.7395 1.9249 
 1,5 0 0.2254 -1.1821 -2.3094 3.1793 -3.2425 
 2,3 -1.633 -1.4649 0.1819 0 1.5018 -1.5977 
 2,4 1.633 -1.4649 -3.9101 -2.3094 0.6321 -2.5602 
 2,5 0 -3.1552 -1.1821 2.3094 2.7849 2.8402 
 3,4 0 0.1127 0.0909 0 3.417 0.2801 
 3,5 -1.633 -1.5776 -1.2731 -2.3094 -0.1757 0.0471 
 4,5 1.633 -1.5776 -1.2731 2.3094 -1.0454 -0.9154 

 

 

Table 3.5 demonstrates that 𝐸𝐸 �𝑆𝑆𝑖𝑖,1
�𝑑𝑑,𝑢𝑢,𝑢𝑢′�� and 𝐸𝐸 �𝑆𝑆𝑖𝑖,2

�𝑑𝑑,𝑢𝑢,𝑢𝑢′�� do not depend on the unknown 

parameters in common 𝛽𝛽�𝑢𝑢𝑢𝑢′�.  For the first comparison, the expected value of 𝑆𝑆𝑖𝑖,1
�𝑑𝑑,𝑢𝑢,𝑢𝑢′� does not 

depend on the values of 𝛽𝛽1,5, 𝛽𝛽2,5, and 𝛽𝛽3,4. If the true model consisted two non-zero two-factor 

interaction parameters 𝛽𝛽1,2 and 𝛽𝛽1,3, then the resulting consequence on the mean of the 

differenced sum of squares can be assessed. 
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Chapter 4 

Model Comparisons – Balanced Fractional Factorial Designs 

 

4.1 Introduction 

The design 𝑑𝑑1 presented in chapter 2 and chapter 3 considers 𝑚𝑚 = 5 main effects, 𝑛𝑛 =

12 runs, has full estimation capacity for 0 ≤ 𝑘𝑘 ≤ 5, two-factor interactions, and the capability to 

discriminate between all pairwise model comparisons for 𝑘𝑘 = 1 or 𝑘𝑘 = 2. The design 𝑑𝑑1 is a 

balanced fractional design in main effects and two-factor interactions with the 12 runs consisting 

of the �55� = 1 treatment combination where the level of all factors are low, �52� = 10 treatment 

combinations where 2 of the 5 factors are low, and the �50� = 1 treatment combination where 

none of the factors are low.  

 

Consider a new design 𝑑𝑑2 with 𝑚𝑚 = 5 main effects, 𝑛𝑛 = 12 runs, has full estimation 

capacity for 0 ≤ 𝑘𝑘 ≤ 3, two-factor interactions, and can discriminate between all pairwise model 

comparisons for 𝑘𝑘 = 1. 𝑑𝑑2 is also a balanced fractional design in main effects and two-factor 

interactions consisting of the �55� = 1 treatment combination where all factors are low, �54� = 5 

treatment combinations where 4 of the 5 factors are low, �51� = 5 treatment combinations where 1 

of the 5 factors are low, and the �50� = 1 treatment combination where no factors are low.  The 

value of 𝑘𝑘 = 1 is chosen to compare the designs 𝑑𝑑1 and 𝑑𝑑2, the class of models consisting of 

𝑣𝑣𝑘𝑘 = �101 � = 10 models with one two-factor interaction, and a total of �102 � pairwise model 

comparisons. The 12 run treatment combinations for both designs are presented for comparisons, 
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𝑑𝑑1 

Run  Treatment  𝒙𝒙𝟏𝟏 𝒙𝒙𝟐𝟐 𝒙𝒙𝟑𝟑 𝒙𝒙𝟒𝟒 𝒙𝒙𝟓𝟓 
1  (1)  -1 -1 -1 -1 -1 
2  125  1 1 -1 -1 1 
3  135  1 -1 1 -1 1 
4  145  1 -1 -1 1 1 
5  235  -1 1 1 -1 1 
6  245  -1 1 -1 1 1 
7  345  -1 -1 1 1 1 
8  12345  1 1 1 1 1 
9  123  1 1 1 -1 -1 

10  124  1 1 -1 1 -1 
11  134  1 -1 1 1 -1 
12  234  -1 1 1 1 -1 

 

𝑑𝑑2 

Run  Treatment  𝒙𝒙𝟏𝟏 𝒙𝒙𝟐𝟐 𝒙𝒙𝟑𝟑 𝒙𝒙𝟒𝟒 𝒙𝒙𝟓𝟓 
1  (1)  -1 -1 -1 -1 -1 
2  1  1 -1 -1 -1 -1 
3  2  -1 1 -1 -1 -1 
4  3  -1 -1 1 -1 -1 
5  4  -1 -1 -1 1 -1 
6  5  -1 -1 -1 -1 1 
7  2345  -1 1 1 1 1 
8  1345  1 -1 1 1 1 
9  1245  1 1 -1 1 1 

10  1235  1 1 1 -1 1 
11  1234  1 1 1 1 -1 
12  12345  1 1 1 1 1 

 

 

The six optimality criterion functions discussed in section 1.4.3 can be calculated for both 

designs 𝑑𝑑1 and 𝑑𝑑2 for the class of 𝑣𝑣𝑘𝑘 = 10 models. The smaller the value for the criterion 

function, the better the performance for a design 𝑑𝑑, 
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Table 4.1 Calculated optimality criterion functions 

Design\Criterion AD AT AMCR GD GT GMCR 
𝑑𝑑1 3.77E-08 0.6375 0.140825 3.77E-08 0.6375 0.140825 
𝑑𝑑2 6.81E-08 0.723214 0.125 6.81E-08 0.723214 0.125 

 

 

 

4.2 Model Comparisons 

 For 𝑘𝑘 = 1, there are 𝑣𝑣𝑘𝑘 = 10 models 𝑀𝑀𝑢𝑢 in the class of models and 45 pairwise model 

comparisons {𝑀𝑀𝑢𝑢,𝑀𝑀𝑢𝑢′} considered. For each pairwise model comparison, the differenced 

projection matrix 𝐻𝐻𝑑𝑑
�𝑢𝑢,𝑢𝑢′� is calculated for each design 𝑑𝑑 = 𝑑𝑑1,𝑑𝑑2. The number of two-factor 

interactions in common between models 𝑀𝑀𝑢𝑢 and 𝑀𝑀𝑢𝑢′ is always 0 ≤ 𝑐𝑐𝑢𝑢𝑢𝑢′ ≤ 𝑘𝑘 − 1 hence no 

model comparisons will have any two-factor interactions in common (𝑐𝑐𝑢𝑢𝑢𝑢′ = 0). The rank of the 

differenced projection matrix for a design  𝑑𝑑 that satisfies the model discrimination rank 

conditions is calculated to be 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 �𝐻𝐻𝑑𝑑
�𝑢𝑢,𝑢𝑢′�� = 2(𝑘𝑘 − 𝑐𝑐𝑢𝑢𝑢𝑢′), observe for both designs 𝑑𝑑1 and 𝑑𝑑2, 

the value of 𝑐𝑐𝑢𝑢𝑢𝑢′ = 0 and 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 �𝐻𝐻𝑑𝑑
�𝑢𝑢,𝑢𝑢′�� = 2 for any model comparison {𝑀𝑀𝑢𝑢,𝑀𝑀𝑢𝑢′} and design 

𝑑𝑑 = 𝑑𝑑1,𝑑𝑑2. In this simple case, each model comparison will only have the non-zero eigenvalues 

of ±𝜆𝜆. The positive eigenvalues for each design and comparison is presented,  
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Table 4.2 Positive eigenvalues for each comparison 
 

# 𝑀𝑀𝑢𝑢 𝑀𝑀𝑢𝑢′ 𝑑𝑑1 𝑑𝑑2 
1 x1x2 x1x3 0.9994 0.9682 
2 x1x2 x1x4 0.9994 0.9682 
3 x1x2 x1x5 0.9994 0.9682 
4 x1x2 x2x3 0.9994 0.9682 
5 x1x2 x2x4 0.9994 0.9682 
6 x1x2 x2x5 0.9994 0.9682 
7 x1x2 x3x4 0.8754 0.866 
8 x1x2 x3x5 0.8754 0.866 
9 x1x2 x4x5 0.8754 0.866 

10 x1x3 x1x4 0.9994 0.9682 
11 x1x3 x1x5 0.9994 0.9682 
12 x1x3 x2x3 0.9994 0.9682 
13 x1x3 x2x4 0.8754 0.866 
14 x1x3 x2x5 0.8754 0.866 
15 x1x3 x3x4 0.9994 0.9682 
16 x1x3 x3x5 0.9994 0.9682 
17 x1x3 x4x5 0.8754 0.866 
18 x1x4 x1x5 0.9994 0.9682 
19 x1x4 x2x3 0.8754 0.866 
20 x1x4 x2x4 0.9994 0.9682 
21 x1x4 x2x5 0.8754 0.866 
22 x1x4 x3x4 0.9994 0.9682 
23 x1x4 x3x5 0.8754 0.866 

# 𝑀𝑀𝑢𝑢 𝑀𝑀𝑢𝑢′ 𝑑𝑑1 𝑑𝑑2 
24 x1x4 x4x5 0.9994 0.9682 
25 x1x5 x2x3 0.8754 0.866 
26 x1x5 x2x4 0.8754 0.866 
27 x1x5 x2x5 0.9994 0.9682 
28 x1x5 x3x4 0.8754 0.866 
29 x1x5 x3x5 0.9994 0.9682 
30 x1x5 x4x5 0.9994 0.9682 
31 x2x3 x2x4 0.9994 0.9682 
32 x2x3 x2x5 0.9994 0.9682 
33 x2x3 x3x4 0.9994 0.9682 
34 x2x3 x3x5 0.9994 0.9682 
35 x2x3 x4x5 0.8754 0.866 
36 x2x4 x2x5 0.9994 0.9682 
37 x2x4 x3x4 0.9994 0.9682 
38 x2x4 x3x5 0.8754 0.866 
39 x2x4 x4x5 0.9994 0.9682 
40 x2x5 x3x4 0.8754 0.866 
41 x2x5 x3x5 0.9994 0.9682 
42 x2x5 x4x5 0.9994 0.9682 
43 x3x4 x3x5 0.9994 0.9682 
44 x3x4 x4x5 0.9994 0.9682 
45 x3x5 x4x5 0.9994 0.9682 

     

Let the positive eigenvalue for design 𝑑𝑑 and pairwise model comparison {𝑀𝑀𝑢𝑢,𝑀𝑀𝑢𝑢′} be 𝜆𝜆�𝑑𝑑,𝑢𝑢,𝑢𝑢′�,  

observe that 𝜆𝜆�𝑑𝑑1,𝑢𝑢,𝑢𝑢′� > 𝜆𝜆�𝑑𝑑2,𝑢𝑢,𝑢𝑢′� for every model comparison {𝑀𝑀𝑢𝑢,𝑀𝑀𝑢𝑢′}. When 𝜆𝜆�𝑑𝑑1,𝑢𝑢,𝑢𝑢′� =

0.8754 it is the case that 𝜆𝜆�𝑑𝑑2,𝑢𝑢,𝑢𝑢′� = 0.866 and when 𝜆𝜆�𝑑𝑑1,𝑢𝑢,𝑢𝑢′� = 0.9994 it is the case that 

𝜆𝜆�𝑑𝑑2,𝑢𝑢,𝑢𝑢′� = 0.9682. For each design, the 45 pairwise model comparisons can be classified into 

one of two sets. Descriptive statistics for the positive eigenvalues of the 45 model comparisons 

for each design is presented, 
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Table 4.3 Descriptive statistics for 45 positive eigenvalues 

Design Mean Median Min Max 
𝑑𝑑1 0.9581 0.9994 0.8754 0.9994 
𝑑𝑑2 0.9341 0.9682 0.866 0.9682 

 

For the 45 pairwise model comparisons, 𝑑𝑑1 has larger mean, median, minimum, and 

maximum for the positive eigenvalues than 𝑑𝑑2. Since 𝑅𝑅𝑅𝑅𝑅𝑅𝑘𝑘 �𝐻𝐻𝑑𝑑
�𝑢𝑢,𝑢𝑢′�� = 2 for all model 

comparisons {𝑀𝑀𝑢𝑢,𝑀𝑀𝑢𝑢′} and 𝑑𝑑 = 𝑑𝑑1,𝑑𝑑2, the differenced error sum of squares can be expressed as, 

 

𝑆𝑆𝑆𝑆𝑆𝑆𝐸𝐸𝑢𝑢(𝑑𝑑) − 𝑆𝑆𝑆𝑆𝐸𝐸𝑢𝑢′(𝑑𝑑) = 𝜆𝜆�𝑑𝑑,𝑢𝑢,𝑢𝑢′�𝑆𝑆1 
�𝑑𝑑,𝑢𝑢,𝑢𝑢′�𝑆𝑆2

�𝑑𝑑,𝑢𝑢,𝑢𝑢′�, 

𝑆𝑆1 
�𝑑𝑑,𝑢𝑢,𝑢𝑢′� = �𝑎𝑎 + 𝑏𝑏�′𝑦𝑦𝑑𝑑 , 

𝑆𝑆2 
�𝑑𝑑,𝑢𝑢,𝑢𝑢′� = �𝑎𝑎 − 𝑏𝑏�′𝑦𝑦𝑑𝑑 . 

 

The 45 pairwise model comparisons {𝑀𝑀𝑢𝑢,𝑀𝑀𝑢𝑢′} can be classified into two sets unique to their 

eigenvalues, 

 

Table 4.4 Classification of the 45 pairwise model comparisons 

Set # Number of Comparisons Eigenvalues (𝒅𝒅𝟏𝟏)  Eigenvalues (𝒅𝒅𝟐𝟐) 
1 30 ±0.8754 ±0.866 
2 15 ±0.9994 ±0.9682 

 

 

Any of the 45 model comparisons can be analyzed by permuting these reference comparisons, 

one from each set, 
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�𝑀𝑀𝑢𝑢1 ,𝑀𝑀𝑢𝑢1′ � = {𝑥𝑥1𝑥𝑥2,𝑥𝑥1𝑥𝑥3}  ;  𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 �𝐻𝐻𝑑𝑑1
�𝑢𝑢1,𝑢𝑢1′ �� = ±0.8754  ;   𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 �𝐻𝐻𝑑𝑑2

�𝑢𝑢1,𝑢𝑢1′ �� = ±0.866,     

�𝑀𝑀𝑢𝑢2 ,𝑀𝑀𝑢𝑢2′ � = {𝑥𝑥1𝑥𝑥2,𝑥𝑥3𝑥𝑥4}  ;  𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 �𝐻𝐻𝑑𝑑1
�𝑢𝑢2,𝑢𝑢2′ �� = ±0.9994  ;   𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 �𝐻𝐻𝑑𝑑2

�𝑢𝑢2,𝑢𝑢2′ �� = ±0.9682.  

 

The values for 𝑎𝑎, 𝑏𝑏, �𝑎𝑎 + 𝑏𝑏�, �𝑎𝑎 − 𝑏𝑏� are provided for each set, any comparison within the set are 

permutations of these values,  

 

Table 4.5.1 Observation weights for set 1 

Set #1 𝑦𝑦1 𝑦𝑦2 𝑦𝑦3 𝑦𝑦4 𝑦𝑦5 𝑦𝑦6 𝑦𝑦7 𝑦𝑦8 𝑦𝑦9 𝑦𝑦10 𝑦𝑦11 𝑦𝑦12 

𝑑𝑑1 

𝑎𝑎 0.245 -0.265 0.143 -0.272 -0.272 0.558 -0.258 0.368 0.15 -0.265 0.143 -0.272 
𝑏𝑏 -0.245 -0.143 0.265 0.272 0.272 0.258 -0.558 -0.368 -0.15 -0.143 0.265 0.272 

𝑎𝑎 + 𝑏𝑏 0 -0.408 0.408 0 0 0.816 -0.816 0 0 -0.408 0.408 0 
𝑎𝑎 − 𝑏𝑏 0.49 -0.123 -0.123 -0.545 -0.545 0.3 0.3 0.735 0.3 -0.123 -0.123 -0.545 

𝑑𝑑2 

𝑎𝑎 -0.183 0.365 -0.262 0.445 -0.183 -0.183 0.365 -0.262 0.445 -0.183 -0.183 -0.183 
𝑏𝑏 -0.183 0.365 0.445 -0.262 -0.183 -0.183 0.365 0.445 -0.262 -0.183 -0.183 -0.183 

𝑎𝑎 + 𝑏𝑏 -0.365 0.73 0.183 0.183 -0.365 -0.365 0.73 0.183 0.183 -0.365 -0.365 -0.365 
𝑎𝑎 − 𝑏𝑏 0 0 -0.707 0.707 0 0 0 -0.707 0.707 0 0 0 

 

 

Table 4.5.2 Observation weights for set 2 

Set #2 𝑦𝑦1 𝑦𝑦2 𝑦𝑦3 𝑦𝑦4 𝑦𝑦5 𝑦𝑦6 𝑦𝑦7 𝑦𝑦8 𝑦𝑦9 𝑦𝑦10 𝑦𝑦11 𝑦𝑦12 

𝑑𝑑1 

𝑎𝑎 0.198 0.58 -0.22 -0.22 -0.22 -0.22 0.003 0.297 -0.338 0.198 0.58 -0.22 
𝑏𝑏 0.198 0.003 -0.22 -0.22 -0.22 -0.22 0.58 0.297 0.239 0.198 0.003 -0.22 

𝑎𝑎 + 𝑏𝑏 0.396 0.583 -0.44 -0.44 -0.44 -0.44 0.583 0.594 -0.099 0.396 0.583 -0.44 
𝑎𝑎 − 𝑏𝑏 0 0.577 0 0 0 0 -0.577 0 -0.577 0 0.577 0 

𝑑𝑑2 

𝑎𝑎 -0.289 -0.106 -0.106 0.394 0.394 -0.289 -0.106 -0.106 0.394 -0.289 -0.106 -0.106 
𝑏𝑏 0.289 -0.394 -0.394 0.106 0.106 0.289 -0.394 -0.394 0.106 0.289 -0.394 -0.394 

𝑎𝑎 + 𝑏𝑏 0 -0.5 -0.5 0.5 0.5 0 -0.5 -0.5 0.5 0 -0.5 -0.5 
𝑎𝑎 − 𝑏𝑏 -0.577 0.289 0.289 0.289 0.289 -0.577 0.289 0.289 0.289 -0.577 0.289 0.289 

 

 



64 
 

Table 4.5.1 and 4.5.2 illustrate the weights of the observations 𝑦𝑦𝑖𝑖 have on the differenced 

error sum of squares. For the first set of comparisons, there are six observations which will not 

influence the distribution of 𝑆𝑆1 for 𝑑𝑑1 and there are eight observations that will not influence the 

distribution of 𝑆𝑆2 for 𝑑𝑑2. For 𝑑𝑑1, the value of 𝑦𝑦6 and 𝑦𝑦7 will have the largest weights on the 

differenced error sum of squares for comparison 1 than the other observations. For 𝑑𝑑2, the 

observations 𝑦𝑦3, 𝑦𝑦4, 𝑦𝑦8, and 𝑦𝑦9 have the highest weights. Similar observations can be made for 

comparisons in set #2. Comparisons within these sets will be similar but permuted weights. Using 

(3.10.1) and (3.10.2), observe the effect of the two-factor interaction parameters on the expected 

values of 𝑆𝑆1
�𝑑𝑑,𝑢𝑢,𝑢𝑢′� and 𝑆𝑆2

�𝑑𝑑,𝑢𝑢,𝑢𝑢′�  

 

 

Table 4.6.1 Parameter weights for set 1 

Set #1 𝛽𝛽1,2 𝛽𝛽1,3 𝛽𝛽1,4 𝛽𝛽1,5 𝛽𝛽2,3 𝛽𝛽2,4 𝛽𝛽2,5 𝛽𝛽3,4 𝛽𝛽3,5 𝛽𝛽4,5 

𝑑𝑑1 
�𝑎𝑎 + 𝑏𝑏�′𝑋𝑋𝑑𝑑 -3.266 3.266 0 0 0 1.633 1.633 -1.633 -1.633 0 

�𝑎𝑎 − 𝑏𝑏�′𝑋𝑋𝑑𝑑 3.159 3.159 -0.218 -0.218 -0.218 1.471 1.471 1.471 1.471 3.159 

𝑑𝑑2 
�𝑎𝑎 + 𝑏𝑏�′𝑋𝑋𝑑𝑑 -3.651 -3.651 -1.461 -1.461 -1.461 0.73 0.73 0.73 0.73 2.921 

�𝑎𝑎 − 𝑏𝑏�′𝑋𝑋𝑑𝑑 2.828 -2.828 0 0 0 2.828 2.828 -2.828 -2.828 0 
 

 

 

 

Table 4.6.2 Parameter weights for set 2 

Set #2 𝛽𝛽1,2 𝛽𝛽1,3 𝛽𝛽1,4 𝛽𝛽1,5 𝛽𝛽2,3 𝛽𝛽2,4 𝛽𝛽2,5 𝛽𝛽3,4 𝛽𝛽3,5 𝛽𝛽4,5 

𝑑𝑑1 
�𝑎𝑎 + 𝑏𝑏�′𝑋𝑋𝑑𝑑 3.913 -0.176 -0.176 1.187 -0.176 -0.176 1.187 3.913 1.187 1.187 

�𝑎𝑎 − 𝑏𝑏�′𝑋𝑋𝑑𝑑 -2.309 0 0 2.309 0 0 2.309 2.309 -2.309 -2.309 

𝑑𝑑2 
�𝑎𝑎 + 𝑏𝑏�′𝑋𝑋𝑑𝑑 4 0 0 2 0 0 2 -4 -2 -2 

�𝑎𝑎 − 𝑏𝑏�′𝑋𝑋𝑑𝑑 -2.309 -2.309 -2.309 1.155 -2.309 -2.309 1.155 -2.309 1.155 1.155 

 



65 
 

 

To interpret tables 4.6.1or 4.6.2, consider the value of 𝑆𝑆𝑆𝑆𝐸𝐸𝑢𝑢1(𝑑𝑑)− 𝑆𝑆𝑆𝑆𝐸𝐸𝑢𝑢1′ (𝑑𝑑) for design 𝑑𝑑 =

𝑑𝑑1,𝑑𝑑2. Recall from section 3.5, 𝑆𝑆1 
�𝑑𝑑,𝑢𝑢,𝑢𝑢′� and 𝑆𝑆2

�𝑑𝑑,𝑢𝑢,𝑢𝑢′� are uncorrelated random variables since, 

 

𝐶𝐶𝐶𝐶𝐶𝐶 �𝑆𝑆1
�𝑑𝑑,𝑢𝑢,𝑢𝑢′�,𝑆𝑆2

�𝑑𝑑,𝑢𝑢,𝑢𝑢′�� = 𝐶𝐶𝐶𝐶𝐶𝐶 ��𝑎𝑎 + 𝑏𝑏�′𝑦𝑦𝑑𝑑 , �𝑎𝑎 − 𝑏𝑏�′𝑦𝑦𝑑𝑑� = �𝑎𝑎′𝑎𝑎 − 𝑏𝑏′𝑏𝑏� ∗ 𝐶𝐶𝐶𝐶𝐶𝐶 �𝑦𝑦𝑑𝑑′ 𝑦𝑦𝑑𝑑� = 0  

 

The expected value of the differenced error sum of squares is calculated using (3.9), 

 

𝐸𝐸[𝑆𝑆𝑆𝑆𝐸𝐸𝑢𝑢(𝑑𝑑) − 𝑆𝑆𝑆𝑆𝐸𝐸𝑢𝑢′(𝑑𝑑)] = 𝜆𝜆�𝑑𝑑,𝑢𝑢,𝑢𝑢′�𝐸𝐸 �𝑆𝑆1 
�𝑑𝑑,𝑢𝑢,𝑢𝑢′�� 𝐸𝐸 �𝑆𝑆2

�𝑑𝑑,𝑢𝑢,𝑢𝑢′��, 

 

When comparing between the two-factor interactions 𝑥𝑥1𝑥𝑥2 and 𝑥𝑥1𝑥𝑥3, the expected value does not 

depend on the parameters 𝛽𝛽1,4, 𝛽𝛽1,5, 𝛽𝛽2,3, or 𝛽𝛽4,5 . If true model has 𝛽𝛽1,2 ≠ 0 while all other two-

factor interactions are zero, observe that the expected value for the differenced error sum of 

squares for 𝑑𝑑1 is calculated to be 0.9994(−3.266)(3.159)𝛽𝛽1,2
2 = −10.3111𝛽𝛽1,2

2  and 𝑑𝑑2 to be 

0.9682(−3.651)(2.828)𝛽𝛽1,2
2 = −10𝛽𝛽1,2

2 . The expected value of both designs are negative 

indicating the correct model is more likely to be selected with respect to this comparison. If the 

true model had 𝛽𝛽1,2 ≠ 0, the design 𝑑𝑑1 has a higher expected value (in magnitude) and is more 

likely to pick the correct model than 𝑑𝑑2 with this comparison indicating in this case, 𝑑𝑑1 would 

have higher discrimination ability. 

 

4.3 Simulated Data 

 The discussion at the end of section 4.2 demonstrates if the true model only had non-zero 

parameter of 𝛽𝛽1,2 ≠ 0, design 𝑑𝑑1 would have a larger differenced error sum of squares (in 
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magnitude) on average when comparing �𝑀𝑀𝑢𝑢1 ,𝑀𝑀𝑢𝑢1′ � = {𝑥𝑥1𝑥𝑥2,𝑥𝑥1𝑥𝑥3}. It is understood the 

performance of a design depends on the true model. To compare design 𝑑𝑑1 and 𝑑𝑑2 data will be 

simulated from the true model, 

 

𝑦𝑦 = 5�1 + �𝑥𝑥𝑗𝑗

5

𝑗𝑗=1

� + 5𝑥𝑥1𝑥𝑥2 + 𝜖𝜖 ;  𝜖𝜖~𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁�0,𝜎𝜎2𝐼𝐼�, 

 

100,000 datasets were generated using the true model for different values of 𝜎𝜎. Consider the 

example comparisons in section 4.2, �𝑀𝑀𝑢𝑢1 ,𝑀𝑀𝑢𝑢1′ � = {𝑥𝑥1𝑥𝑥2,𝑥𝑥1𝑥𝑥3} and �𝑀𝑀𝑢𝑢2 ,𝑀𝑀𝑢𝑢2′ � = {𝑥𝑥1𝑥𝑥2,𝑥𝑥3𝑥𝑥4}, 

using the simulated datasets we can plot the distributions of 𝑆𝑆1 
�𝑑𝑑,𝑢𝑢,𝑢𝑢′� and 𝑆𝑆2 

�𝑑𝑑,𝑢𝑢,𝑢𝑢′�.  

 

Figure 4.1.1 Histograms for 𝝈𝝈 = 𝟎𝟎.𝟓𝟓 
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Figure 4.1.2 Histograms for 𝝈𝝈 = 𝟓𝟓 

 

 

Figure 4.1.3 Histograms for 𝝈𝝈 = 𝟏𝟏𝟏𝟏 
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To interpret these figures, the decision rule to choose model 𝑀𝑀𝑢𝑢 or 𝑀𝑀𝑢𝑢′ using the realized values 

of 𝑆𝑆1
�𝑑𝑑,𝑢𝑢,𝑢𝑢′� and 𝑆𝑆2

�𝑑𝑑,𝑢𝑢,𝑢𝑢′� can be summarized by table 4.7, 

 

Table 4.7 Summary of decision rules 

𝑆𝑆1 𝑆𝑆2 𝑆𝑆𝑆𝑆𝐸𝐸𝑢𝑢(𝑑𝑑𝑖𝑖) − 𝑆𝑆𝑆𝑆𝐸𝐸𝑢𝑢′(𝑑𝑑𝑖𝑖) Model Selected 
+ + + 𝑀𝑀𝑢𝑢′ 
+ − − 𝑀𝑀𝑢𝑢  
− + − 𝑀𝑀𝑢𝑢  
− − + 𝑀𝑀𝑢𝑢′ 

 

Observe for both designs and smaller values of 𝜎𝜎, the distributions of 𝑆𝑆1
�𝑑𝑑,𝑢𝑢,𝑢𝑢′� and 𝑆𝑆2

�𝑑𝑑,𝑢𝑢,𝑢𝑢′� will 

almost always generate values which are opposite of each other hence the correct model 𝑀𝑀𝑢𝑢 will 

be selected. As the level of noise increases, the distributions of 𝑆𝑆1
�𝑑𝑑,𝑢𝑢,𝑢𝑢′� and 𝑆𝑆2

�𝑑𝑑,𝑢𝑢,𝑢𝑢′� start 

overlapping and the realized values of 𝑆𝑆1
�𝑑𝑑,𝑢𝑢,𝑢𝑢′� and 𝑆𝑆2

�𝑑𝑑,𝑢𝑢,𝑢𝑢′� are more likely to give the same 

signs and the incorrect model 𝑀𝑀𝑢𝑢′ will be selected. By choosing 𝜎𝜎2 too large, the distributions of 

𝑆𝑆1
�𝑑𝑑,𝑢𝑢,𝑢𝑢′� and 𝑆𝑆2

�𝑑𝑑,𝑢𝑢,𝑢𝑢′� start to look identical with complete overlapping and the correct model will 

be chosen about 50% of the time.  

 

There are 45 different comparisons between 𝑀𝑀𝑢𝑢 and 𝑀𝑀𝑢𝑢′, the average value of the 

differenced error sum of square are calculated for the 100,000 different datasets. When 𝛽𝛽1,2 = 5 

and the remaining two-factor interactions are 0, the expected value for the model 

comparison �𝑀𝑀𝑢𝑢1 ,𝑀𝑀𝑢𝑢1′ � = {𝑥𝑥1𝑥𝑥2,𝑥𝑥1𝑥𝑥3} is −10.3111𝛽𝛽1,2
2 = −257.78 for 𝑑𝑑1 and −10𝛽𝛽1,2

2 = 250 

for 𝑑𝑑2, this is observed by the simulated datasets, 
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Table 4.8.1 Average differenced SSE values for 𝒅𝒅𝟏𝟏 (𝝈𝝈 = 𝟎𝟎.𝟎𝟎𝟎𝟎) 

𝑀𝑀𝑢𝑢\𝑀𝑀𝑢𝑢′ 𝑥𝑥1𝑥𝑥3 𝑥𝑥1𝑥𝑥4 𝑥𝑥1𝑥𝑥5 𝑥𝑥2𝑥𝑥3 𝑥𝑥2𝑥𝑥4 𝑥𝑥2𝑥𝑥5 𝑥𝑥3𝑥𝑥4 𝑥𝑥3𝑥𝑥5 𝑥𝑥4𝑥𝑥5 
𝑥𝑥1𝑥𝑥2 -257.78 -257.78 -257.78 -257.78 -257.78 -257.78 -197.78 -197.78 -197.78 
𝑥𝑥1𝑥𝑥3  0.00 0.00 0.00 0.00 0.00 60.00 60.00 60.00 
𝑥𝑥1𝑥𝑥4   0.00 0.00 0.00 0.00 60.00 60.00 60.00 
𝑥𝑥1𝑥𝑥5    0.00 0.00 0.00 60.00 60.00 60.00 
𝑥𝑥2𝑥𝑥3     0.00 0.00 60.00 60.00 60.00 
𝑥𝑥2𝑥𝑥4      0.00 60.00 60.00 60.00 
𝑥𝑥2𝑥𝑥5       60.00 60.00 60.00 
𝑥𝑥3𝑥𝑥4        0.00 0.00 
𝑥𝑥3𝑥𝑥5         0.00 

 

 

Table 4.8.2 Average differenced SSE Values for 𝒅𝒅𝟐𝟐 (𝝈𝝈 = 𝟎𝟎.𝟎𝟎𝟎𝟎) 

𝑀𝑀𝑢𝑢\𝑀𝑀𝑢𝑢′ 𝑥𝑥1𝑥𝑥3 𝑥𝑥1𝑥𝑥4 𝑥𝑥1𝑥𝑥5 𝑥𝑥2𝑥𝑥3 𝑥𝑥2𝑥𝑥4 𝑥𝑥2𝑥𝑥5 𝑥𝑥3𝑥𝑥4 𝑥𝑥3𝑥𝑥5 𝑥𝑥4𝑥𝑥5 
𝑥𝑥1𝑥𝑥2 -250.00 -250.00 -250.00 -250.00 -250.00 -250.00 -200.00 -200.00 -200.00 
𝑥𝑥1𝑥𝑥3  0.00 0.00 0.00 0.00 0.00 50.00 50.00 50.00 
𝑥𝑥1𝑥𝑥4   0.00 -0.01 0.00 0.00 50.00 50.00 49.99 
𝑥𝑥1𝑥𝑥5    -0.01 0.00 0.00 50.00 50.00 49.99 
𝑥𝑥2𝑥𝑥3     0.00 0.00 50.01 50.00 50.00 
𝑥𝑥2𝑥𝑥4      0.00 50.00 50.00 50.00 
𝑥𝑥2𝑥𝑥5       50.00 50.00 50.00 
𝑥𝑥3𝑥𝑥4        0.00 -0.01 
𝑥𝑥3𝑥𝑥5         0.00 

 

 

Table 4.8.1 and 4.8.2 demonstrate with this true model, there are four different expected values of 

the differenced error sum of squares. If model 𝑀𝑀𝑢𝑢 contains the correct term 𝑥𝑥1𝑥𝑥2, the average 

differenced error sum of square is either -257.78 or -197.78 for 𝑑𝑑1 or either -250 or -200 

depending on which set the comparison was classified under. Otherwise the average differenced 

error sum of square is either 60 or 0 for 𝑑𝑑1 or either 50 or 0 depending on which set the 

comparison was classified under (lower values for lower eigenvalues). Tables 4.9.1.1 presents the 

proportion of times model 𝑀𝑀𝑢𝑢 (rows) is chosen over model 𝑀𝑀𝑢𝑢′ (columns) of the 100,000 

simulated datasets for 𝜎𝜎2 = 0.05 and design 𝑑𝑑1, 
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Table 4.9.1.1 Proportion of times 𝑴𝑴𝒖𝒖 is chosen for 𝒅𝒅𝟏𝟏 (𝝈𝝈 = 𝟎𝟎.𝟎𝟎𝟎𝟎) 

𝑀𝑀𝑢𝑢\𝑀𝑀𝑢𝑢′ 𝑥𝑥1𝑥𝑥3 𝑥𝑥1𝑥𝑥4 𝑥𝑥1𝑥𝑥5 𝑥𝑥2𝑥𝑥3 𝑥𝑥2𝑥𝑥4 𝑥𝑥2𝑥𝑥5 𝑥𝑥3𝑥𝑥4 𝑥𝑥3𝑥𝑥5 𝑥𝑥4𝑥𝑥5 
𝑥𝑥1𝑥𝑥2 1 1 1 1 1 1 1 1 1 
𝑥𝑥1𝑥𝑥3  0.50028 0.50038 0.50151 0.50035 0.5016 0 0 0 
𝑥𝑥1𝑥𝑥4   0.49937 0.50099 0.49815 0.50003 0 0 0 
𝑥𝑥1𝑥𝑥5    0.50125 0.49943 0.50161 0 0 0 
𝑥𝑥2𝑥𝑥3     0.49945 0.49852 0 0 0 
𝑥𝑥2𝑥𝑥4      0.49935 0 0 0 
𝑥𝑥2𝑥𝑥5       0 0 0 
𝑥𝑥3𝑥𝑥4        0.50017 0.49955 
𝑥𝑥3𝑥𝑥5         0.49985 

 

 

In the presence of low noise, 𝑑𝑑1 had a 100% success rate at choosing the correct two-factor 

interaction over the other 9 incorrect two-factor interactions. The model comparisons that have 

the expected differenced error sum of squares as 0 had 50% probability of picking model 𝑀𝑀𝑢𝑢 or 

𝑀𝑀𝑢𝑢′. The positive expected differenced error sum of squares had a 0% probability of picking 

model 𝑀𝑀𝑢𝑢 over 𝑀𝑀𝑢𝑢′ for this true model. Similar results are seen with 𝑑𝑑2 

 

Table 4.9.1.2 Proportion of times 𝑴𝑴𝒖𝒖 is chosen for 𝒅𝒅𝟐𝟐 (𝝈𝝈 = 𝟎𝟎.𝟎𝟎𝟎𝟎) 

𝑀𝑀𝑢𝑢\𝑀𝑀𝑢𝑢′ 𝑥𝑥1𝑥𝑥3 𝑥𝑥1𝑥𝑥4 𝑥𝑥1𝑥𝑥5 𝑥𝑥2𝑥𝑥3 𝑥𝑥2𝑥𝑥4 𝑥𝑥2𝑥𝑥5 𝑥𝑥3𝑥𝑥4 𝑥𝑥3𝑥𝑥5 𝑥𝑥4𝑥𝑥5 
𝑥𝑥1𝑥𝑥2 1 1 1 1 1 1 1 1 1 
𝑥𝑥1𝑥𝑥3  0.49658 0.49678 0.50285 0.49978 0.50086 0 0 0 
𝑥𝑥1𝑥𝑥4   0.49717 0.50377 0.50285 0.50204 0 0 0 
𝑥𝑥1𝑥𝑥5    0.50437 0.50315 0.50285 0 0 0 
𝑥𝑥2𝑥𝑥3     0.49658 0.49678 0 0 0 
𝑥𝑥2𝑥𝑥4      0.49717 0 0 0 
𝑥𝑥2𝑥𝑥5       0 0 0 
𝑥𝑥3𝑥𝑥4        0.50283 0.50322 
𝑥𝑥3𝑥𝑥5         0.50342 
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Table 4.9.2.1 and 4.9.2.2 presents the proportion of times model 𝑀𝑀𝑢𝑢 is chosen over 𝑀𝑀𝑢𝑢′ when the 

noise increases from 𝜎𝜎 = 0.05 to 𝜎𝜎 = 5, 

 

Table 4.9.2.1 Proportion of times 𝑴𝑴𝒖𝒖 is chosen for 𝒅𝒅𝟏𝟏 (𝝈𝝈 = 𝟓𝟓) 

𝑀𝑀𝑢𝑢\𝑀𝑀𝑢𝑢′ 𝑥𝑥1𝑥𝑥3 𝑥𝑥1𝑥𝑥4 𝑥𝑥1𝑥𝑥5 𝑥𝑥2𝑥𝑥3 𝑥𝑥2𝑥𝑥4 𝑥𝑥2𝑥𝑥5 𝑥𝑥3𝑥𝑥4 𝑥𝑥3𝑥𝑥5 𝑥𝑥4𝑥𝑥5 
𝑥𝑥1𝑥𝑥2 0.9771 0.97747 0.97752 0.97712 0.97695 0.97613 0.94539 0.94485 0.94713 
𝑥𝑥1𝑥𝑥3  0.49908 0.50067 0.50335 0.50067 0.49912 0.23639 0.2382 0.23315 
𝑥𝑥1𝑥𝑥4   0.50046 0.50193 0.50271 0.49996 0.23612 0.23129 0.23731 
𝑥𝑥1𝑥𝑥5    0.50096 0.50039 0.50243 0.23075 0.23702 0.23618 
𝑥𝑥2𝑥𝑥3     0.49952 0.49737 0.23431 0.23656 0.2315 
𝑥𝑥2𝑥𝑥4      0.49821 0.23658 0.23185 0.23696 
𝑥𝑥2𝑥𝑥5       0.2322 0.23611 0.23773 
𝑥𝑥3𝑥𝑥4        0.50308 0.50221 
𝑥𝑥3𝑥𝑥5         0.49961 

 

 

Table 4.9.2.2 Proportion of times 𝑴𝑴𝒖𝒖 is chosen for 𝒅𝒅𝟐𝟐 (𝝈𝝈 = 𝟓𝟓) 

𝑀𝑀𝑢𝑢\𝑀𝑀𝑢𝑢′ 𝑥𝑥1𝑥𝑥3 𝑥𝑥1𝑥𝑥4 𝑥𝑥1𝑥𝑥5 𝑥𝑥2𝑥𝑥3 𝑥𝑥2𝑥𝑥4 𝑥𝑥2𝑥𝑥5 𝑥𝑥3𝑥𝑥4 𝑥𝑥3𝑥𝑥5 𝑥𝑥4𝑥𝑥5 
𝑥𝑥1𝑥𝑥2 0.97236 0.97278 0.97337 0.9725 0.97232 0.97281 0.94793 0.94662 0.9463 
𝑥𝑥1𝑥𝑥3  0.49959 0.49843 0.49826 0.49733 0.49918 0.31065 0.30974 0.2529 
𝑥𝑥1𝑥𝑥4   0.4997 0.50095 0.49719 0.50159 0.31007 0.25167 0.31232 
𝑥𝑥1𝑥𝑥5    0.50127 0.49917 0.49995 0.25224 0.31154 0.31307 
𝑥𝑥2𝑥𝑥3     0.49935 0.49961 0.31164 0.31134 0.25395 
𝑥𝑥2𝑥𝑥4      0.50199 0.31256 0.2532 0.31352 
𝑥𝑥2𝑥𝑥5       0.254 0.31231 0.31293 
𝑥𝑥3𝑥𝑥4        0.50092 0.50131 
𝑥𝑥3𝑥𝑥5         0.50029 

 

 

When the noise is increased to 𝜎𝜎 = 5, the model comparisons that have 0 expected differenced 

error sum of squares still pick model 𝑀𝑀𝑢𝑢 50% of the time. The positive differenced error sum of 

squares no longer only pick model 𝑀𝑀𝑢𝑢′ over 𝑀𝑀𝑢𝑢 and is moving towards 50% of the time picking 

model 𝑀𝑀𝑢𝑢 over 𝑀𝑀𝑢𝑢′. The important information is that when the expected difference error sum of 

squares was larger, we star to see a higher proportion of times model 𝑀𝑀𝑢𝑢 is picked over model 
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𝑀𝑀𝑢𝑢′. 𝑑𝑑1 is performing slightly better than 𝑑𝑑2 for 𝑀𝑀𝑢𝑢′ = {𝑥𝑥1𝑥𝑥3, … , 𝑥𝑥2𝑥𝑥5} and slightly worse than 

𝑑𝑑2 when 𝑀𝑀𝑢𝑢′ = {𝑥𝑥3𝑥𝑥4, 𝑥𝑥3𝑥𝑥5,𝑥𝑥4𝑥𝑥5} as anticipated by their differenced expected error sum of 

square values. Tables 4.9.3.1 and 4.9.3.2 presents the results when the noise is increased from 

𝜎𝜎 = 5 to 𝜎𝜎 = 10, 

 

Table 4.9.3.1 Proportion of times 𝑴𝑴𝒖𝒖 is chosen for 𝒅𝒅𝟏𝟏 (𝝈𝝈 = 𝟏𝟏𝟏𝟏) 

𝑀𝑀𝑢𝑢\𝑀𝑀𝑢𝑢′ 𝑥𝑥1𝑥𝑥3 𝑥𝑥1𝑥𝑥4 𝑥𝑥1𝑥𝑥5 𝑥𝑥2𝑥𝑥3 𝑥𝑥2𝑥𝑥4 𝑥𝑥2𝑥𝑥5 𝑥𝑥3𝑥𝑥4 𝑥𝑥3𝑥𝑥5 𝑥𝑥4𝑥𝑥5 
𝑥𝑥1𝑥𝑥2 0.77439 0.77398 0.77497 0.77532 0.77435 0.7758 0.74165 0.74263 0.74409 
𝑥𝑥1𝑥𝑥3  0.49926 0.49779 0.50096 0.50045 0.49948 0.41317 0.41204 0.40418 
𝑥𝑥1𝑥𝑥4   0.50106 0.50234 0.50182 0.50333 0.41344 0.40414 0.41557 
𝑥𝑥1𝑥𝑥5    0.50012 0.50018 0.50237 0.40594 0.41526 0.41469 
𝑥𝑥2𝑥𝑥3     0.50085 0.50054 0.41166 0.41117 0.40582 
𝑥𝑥2𝑥𝑥4      0.49996 0.41299 0.40525 0.41477 
𝑥𝑥2𝑥𝑥5       0.40442 0.41316 0.41353 
𝑥𝑥3𝑥𝑥4        0.49984 0.50123 
𝑥𝑥3𝑥𝑥5         0.50084 

 

 

Table 4.9.3.2 Proportion of times 𝑴𝑴𝒖𝒖 is chosen for 𝒅𝒅𝟐𝟐 (𝝈𝝈 = 𝟏𝟏𝟏𝟏) 

𝑀𝑀𝑢𝑢\𝑀𝑀𝑢𝑢′ 𝑥𝑥1𝑥𝑥3 𝑥𝑥1𝑥𝑥4 𝑥𝑥1𝑥𝑥5 𝑥𝑥2𝑥𝑥3 𝑥𝑥2𝑥𝑥4 𝑥𝑥2𝑥𝑥5 𝑥𝑥3𝑥𝑥4 𝑥𝑥3𝑥𝑥5 𝑥𝑥4𝑥𝑥5 
𝑥𝑥1𝑥𝑥2 0.7755 0.77412 0.77619 0.77531 0.77378 0.77369 0.74634 0.74752 0.74931 
𝑥𝑥1𝑥𝑥3  0.4995 0.50166 0.50084 0.50135 0.49952 0.42981 0.43121 0.41862 
𝑥𝑥1𝑥𝑥4   0.5001 0.50122 0.5029 0.50086 0.42939 0.4194 0.43065 
𝑥𝑥1𝑥𝑥5    0.49918 0.49893 0.50056 0.41619 0.4292 0.43084 
𝑥𝑥2𝑥𝑥3     0.50132 0.49936 0.42895 0.43002 0.41657 
𝑥𝑥2𝑥𝑥4      0.49986 0.42831 0.41685 0.43131 
𝑥𝑥2𝑥𝑥5       0.4182 0.42937 0.43205 
𝑥𝑥3𝑥𝑥4        0.50165 0.50226 
𝑥𝑥3𝑥𝑥5         0.49816 

 

 

Observe that when the value of 𝜎𝜎 gets larger, the proportion of times 𝑀𝑀𝑢𝑢 is picked over 𝑀𝑀𝑢𝑢′ 

approaches 50%. In conclusion, both 𝑑𝑑1 and 𝑑𝑑2 have similar discrimination abilities when 𝛽𝛽1,2 =

5 and 𝛽𝛽1,3 = ⋯ = 𝛽𝛽4,5 = 0 with slight differences depending on the value of 𝛽𝛽1,2.  
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Chapter 5 

Model Comparisons – Unbalanced Fractional Factorial Designs 

 

5.1 Introduction 

Chapter 4 presented the model comparisons for 𝑘𝑘 = 1 with the two designs 𝑑𝑑1 and 𝑑𝑑2 

where 𝑑𝑑1 and 𝑑𝑑2 had a balanced covariance structure for all 𝑣𝑣𝑘𝑘 = ��
5
2�
1 � = 10 models. Section 4.2 

demonstrated that the balanced design in main effects and two-factor interactions had similar 

eigenvalue structures which simplified the comparisons of both designs. The procedure is 

identical to compare unbalanced designs but will not have the structure as presented in chapter 4. 

Two new designs are presented in chapter 5, 𝑑𝑑3 and 𝑑𝑑4 which are both Plackett-Burman designs 

(1946). These designs are orthogonal and balanced with the main effects, but not necessarily 

balanced for the two-factor interaction terms. Both designs have 𝑚𝑚 = 5 main effects, 𝑛𝑛 = 12 

runs, and has full estimation capacity for 0 ≤ 𝑘𝑘 ≤ 3 two-factor interactions, and can discriminate 

between all pairwise model comparisons for 𝑘𝑘 = 1. Presented are designs 𝑑𝑑3 and 𝑑𝑑4, 

 

𝑑𝑑3 

Run  Treatment  𝒙𝒙𝟏𝟏 𝒙𝒙𝟐𝟐 𝒙𝒙𝟑𝟑 𝒙𝒙𝟒𝟒 𝒙𝒙𝟓𝟓 
1  1245  1 1 -1 1 1 
2  23  -1 1 1 -1 -1 
3  134  1 -1 1 1 -1 
4  24  -1 1 -1 1 -1 
5  35  -1 -1 1 -1 1 
6  45  -1 -1 -1 1 1 
7  15  1 -1 -1 -1 1 
8  125  1 1 -1 -1 1 
9  123  1 1 1 -1 -1 

10  2345  -1 1 1 1 1 
11  345  -1 1 1 1 -1 
12  (1)   -1 -1 -1 -1 -1 
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𝑑𝑑4 

Run  Treatment  𝒙𝒙𝟏𝟏 𝒙𝒙𝟐𝟐 𝒙𝒙𝟑𝟑 𝒙𝒙𝟒𝟒 𝒙𝒙𝟓𝟓 
1  1245  1 1 -1 1 1 
2  235  -1 1 1 -1 1 
3  134  1 -1 1 1 -1 
4  245  -1 1 -1 1 1 
5  35  -1 -1 1 -1 1 
6  4  -1 -1 -1 1 -1 
7  15  1 -1 -1 -1 1 
8  12  1 1 -1 -1 -1 
9  123  1 1 1 -1 -1 

10  234  -1 1 1 1 -1 
11  1345  1 -1 1 1 1 
12  (1)   -1 -1 -1 -1 -1 

 

 

The six optimality criterion functions discussed in chapter 1 can be calculated for both 

designs 𝑑𝑑1 and 𝑑𝑑2 and the class of 𝑣𝑣𝑘𝑘 = 10 models.  

 

Table 5.1 Calculated optimality criterion functions 

Design\Criterion AD AT AMCR GD GT GMCR 
𝑑𝑑3 4.19E-08 0.6666667 0.1971688 4.19E-08 0.6666667 0.1971688 
𝑑𝑑4 4.19E-08 0.6666667 0.1971688 4.19E-08 0.6666667 0.1971688 

 

 

Both design 𝑑𝑑3 and design 𝑑𝑑4  have the same optimality criterion values unlike the design 

comparisons of design 𝑑𝑑1 and design 𝑑𝑑2  in chapter 4 where 𝑑𝑑1 had stronger performance for the 

determinant and trace criterion functions.   
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5.2 Model Comparisons 

For all �101 � = 45 model comparisons, the differenced error sum of squares is calculated using the 

differenced projection matrix 𝐻𝐻𝑑𝑑
�𝑢𝑢,𝑢𝑢′�. Table 5.2 presents the eigenvalues of 𝐻𝐻𝑑𝑑

�𝑢𝑢,𝑢𝑢′� for both 

designs and all 45 model comparisons, 

 

Table 5.2 Positive eigenvalues for each comparison 
 

# 𝑀𝑀𝑢𝑢 𝑀𝑀𝑢𝑢′ 𝑑𝑑3 𝑑𝑑4 
1 x1x2 x1x3 0.9428 1 
2 x1x2 x1x4 0.9428 0.9428 
3 x1x2 x1x5 0.9428 1 
4 x1x2 x2x3 0.9428 0.9428 
5 x1x2 x2x4 0.9428 1 
6 x1x2 x2x5 0.9428 1 
7 x1x2 x3x4 0.9428 0.7454 
8 x1x2 x3x5 0.9428 0.9428 
9 x1x2 x4x5 0.9428 0.9428 

10 x1x3 x1x4 0.9428 1 
11 x1x3 x1x5 0.9428 0.9428 
12 x1x3 x2x3 0.9428 1 
13 x1x3 x2x4 0.9428 0.9428 
14 x1x3 x2x5 0.9428 0.9428 
15 x1x3 x3x4 0.9428 0.9428 
16 x1x3 x3x5 0.9428 1 
17 x1x3 x4x5 0.9428 0.7454 
18 x1x4 x1x5 0.9428 1 
19 x1x4 x2x3 0.9428 0.9428 
20 x1x4 x2x4 0.9428 1 
21 x1x4 x2x5 0.9428 0.7454 
22 x1x4 x3x4 0.9428 1 
23 x1x4 x3x5 0.9428 0.9428 

# 𝑀𝑀𝑢𝑢 𝑀𝑀𝑢𝑢′ 𝑑𝑑3 𝑑𝑑4 
24 x1x4 x4x5 0.9428 0.9428 
25 x1x5 x2x3 0.9428 0.7454 
26 x1x5 x2x4 0.9428 0.9428 
27 x1x5 x2x5 0.9428 0.9428 
28 x1x5 x3x4 0.9428 0.9428 
29 x1x5 x3x5 0.9428 1 
30 x1x5 x4x5 0.9428 1 
31 x2x3 x2x4 0.9428 1 
32 x2x3 x2x5 0.9428 1 
33 x2x3 x3x4 0.9428 1 
34 x2x3 x3x5 0.9428 0.9428 
35 x2x3 x4x5 0.9428 0.9428 
36 x2x4 x2x5 0.9428 0.9428 
37 x2x4 x3x4 0.9428 0.9428 
38 x2x4 x3x5 0.9428 0.7454 
39 x2x4 x4x5 0.9428 1 
40 x2x5 x3x4 0.9428 0.9428 
41 x2x5 x3x5 0.9428 1 
42 x2x5 x4x5 0.9428 1 
43 x3x4 x3x5 0.9428 1 
44 x3x4 x4x5 0.9428 1 
45 x3x5 x4x5 0.9428 0.9428 

     

For design 𝑑𝑑3, every model comparison have non-zero eigenvalue equal to ±0.9428. Consider 

design 𝑑𝑑3, take any two model comparisons �𝑀𝑀𝑢𝑢1 ,𝑀𝑀𝑢𝑢1′ � and �𝑀𝑀𝑢𝑢2 ,𝑀𝑀𝑢𝑢2′ �, there is a permutation 
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matrix 𝑃𝑃𝑚𝑚 such that 𝐻𝐻𝑑𝑑3
�𝑢𝑢1,𝑢𝑢1′ � = 𝑃𝑃𝑚𝑚𝐻𝐻𝑑𝑑3

�𝑢𝑢2,𝑢𝑢2′ �𝑃𝑃𝑚𝑚′ . Also observe the eigenvalues for 𝑑𝑑4, 5 

comparisons have non-zero eigenvalues ±0.7454 and are one set, 20 comparisons have non-zero 

eigenvalues ±0.9428 and another set, and the remaining 20 comparisons have non-zero 

eigenvalues as ±1 forming three sets depending on their eigenvalues. Both 𝑑𝑑3 and 𝑑𝑑4 have 

comparisons with eigenvalues ±0.9428. Table 5.3 presents the descriptive statistics for the 

eigenvalues of designs 𝑑𝑑3 and 𝑑𝑑4, 

 

Table 5.3 Descriptive statistics for 45 positive eigenvalues 

Design Mean Median Min Max 
𝑑𝑑3 0.9428 0.9428 0.9428 0.9428 
𝑑𝑑4 0.9462 0.9428 0.7453 1 

 

For the 45 pairwise model comparisons, 𝑑𝑑3 and 𝑑𝑑4 have approximately the same mean 

and have equivalent medians. The minimum value for 𝑑𝑑3 is greater than 𝑑𝑑4 but 𝑑𝑑4 has the largest 

positive eigenvalue of the 45 model comparisons. Since 𝑅𝑅𝑅𝑅𝑅𝑅𝑘𝑘 �𝐻𝐻𝑑𝑑
�𝑢𝑢,𝑢𝑢′�� = 2 for all model 

comparisons {𝑀𝑀𝑢𝑢,𝑀𝑀𝑢𝑢′} and 𝑑𝑑 = 𝑑𝑑3,𝑑𝑑4, the differenced error sum of squares can be expressed as, 

 

𝑆𝑆𝑆𝑆𝑆𝑆𝐸𝐸𝑢𝑢(𝑑𝑑) − 𝑆𝑆𝑆𝑆𝐸𝐸𝑢𝑢′(𝑑𝑑) = 𝜆𝜆�𝑑𝑑,𝑢𝑢,𝑢𝑢′�𝑆𝑆1 
�𝑑𝑑,𝑢𝑢,𝑢𝑢′�𝑆𝑆2

�𝑑𝑑,𝑢𝑢,𝑢𝑢′�, 

𝑆𝑆1 
�𝑑𝑑,𝑢𝑢,𝑢𝑢′� = �𝑎𝑎 + 𝑏𝑏�′𝑦𝑦𝑑𝑑 , 

𝑆𝑆2 
�𝑑𝑑,𝑢𝑢,𝑢𝑢′� = �𝑎𝑎 − 𝑏𝑏�′𝑦𝑦𝑑𝑑 . 

 

In chapter 4, the two balanced designs 𝑑𝑑1 and 𝑑𝑑2 classified the 45 model comparisons into two 

equivalent sets. Design 𝑑𝑑3 will have one set and design 𝑑𝑑4 will have three sets based on their 

eigenvalues. Table 5.4.1 and 5.4.2 summarizes the sets for both designs, 



77 
 

Table 5.4.1 Classification of the 45 pairwise model comparisons for 𝒅𝒅𝟑𝟑 

Set # Number of Comparisons Eigenvalues  
1 45 ±0.9428 

 

 

Table 5.4.2 Classification of the 45 pairwise model comparisons for 𝒅𝒅𝟒𝟒 

Set # Number of Comparisons Eigenvalues  
1 5 ±0.7453 
2 20 ±0.9428 
3 20 ±1 

 

 

Any of the 45 model comparisons can be analyzed by permuting a reference model comparison 

for each set, the following three model comparisons are chosen to be reference model 

comparisons, 

 

�𝑀𝑀𝑢𝑢1 ,𝑀𝑀𝑢𝑢1′ � = {𝑥𝑥1𝑥𝑥2,𝑥𝑥3𝑥𝑥4}  ;  𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 �𝐻𝐻𝑑𝑑3
�𝑢𝑢1,𝑢𝑢1′ �� = ±0.9428  ;   𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 �𝐻𝐻𝑑𝑑4

�𝑢𝑢1,𝑢𝑢1′ �� = ±0.7453,  

�𝑀𝑀𝑢𝑢2 ,𝑀𝑀𝑢𝑢2′ � = {𝑥𝑥1𝑥𝑥2, 𝑥𝑥1𝑥𝑥4}  ;  𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 �𝐻𝐻𝑑𝑑3
�𝑢𝑢2,𝑢𝑢2′ �� = ±0.9428  ;   𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 �𝐻𝐻𝑑𝑑4

�𝑢𝑢2,𝑢𝑢2′ �� = ±0.9428,  

�𝑀𝑀𝑢𝑢3 ,𝑀𝑀𝑢𝑢3′ � = {𝑥𝑥1𝑥𝑥2,𝑥𝑥1𝑥𝑥3}  ;  𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 �𝐻𝐻𝑑𝑑3
�𝑢𝑢3,𝑢𝑢3′ �� = ±0.9428  ;   𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 �𝐻𝐻𝑑𝑑4

�𝑢𝑢3,𝑢𝑢3′ �� = ±1.             

 

The values for 𝑎𝑎, 𝑏𝑏, �𝑎𝑎 + 𝑏𝑏�, �𝑎𝑎 − 𝑏𝑏� are provided for each set, any comparison within the set are 

permutations of these values. Design 𝑑𝑑3 is presented for all three model comparisons to 

demonstrate the permuted forms, 
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Table 5.5.1 Observation weights for set 1 

Set #1 𝑦𝑦1 𝑦𝑦2 𝑦𝑦3 𝑦𝑦4 𝑦𝑦5 𝑦𝑦6 𝑦𝑦7 𝑦𝑦8 𝑦𝑦9 𝑦𝑦10 𝑦𝑦11 𝑦𝑦12 

𝑑𝑑3 

𝑎𝑎 -0.204 -0.289 0 -0.289 -0.204 -0.204 0.12 0.289 -0.204 0.697 0 0.289 
𝑏𝑏 0.204 -0.289 0 -0.289 0.204 0.204 -0.697 0.289 0.204 -0.12 0 0.289 

𝑎𝑎 + 𝑏𝑏 0 -0.577 0 -0.577 0 0 -0.577 0.577 0 0.577 0 0.577 
𝑎𝑎 − 𝑏𝑏 -0.408 0 0 0 -0.408 -0.408 0.816 0 -0.408 0.816 0 0 

𝑑𝑑4 

𝑎𝑎 -0.07 -0.113 -0.113 -0.113 -0.07 -0.478 0.07 0.295 -0.478 0.478 0.295 0.295 
𝑏𝑏 0.478 -0.295 -0.295 -0.295 0.478 0.07 -0.478 0.113 0.07 -0.07 0.113 0.113 

𝑎𝑎 + 𝑏𝑏 0.408 -0.408 -0.408 -0.408 0.408 -0.408 -0.408 0.408 -0.408 0.408 0.408 0.408 
𝑎𝑎 − 𝑏𝑏 -0.548 0.183 0.183 0.183 -0.548 -0.548 0.548 0.183 -0.548 0.548 0.183 0.183 

 

 

Table 5.5.2 Observation weights for set 2 

Set #2 𝑦𝑦1 𝑦𝑦2 𝑦𝑦3 𝑦𝑦4 𝑦𝑦5 𝑦𝑦6 𝑦𝑦7 𝑦𝑦8 𝑦𝑦9 𝑦𝑦10 𝑦𝑦11 𝑦𝑦12 

𝑑𝑑3 

𝑎𝑎 -0.697 -0.289 0 0.204 -0.204 0.289 0.12 0.289 0.289 0.204 0 -0.204 
𝑏𝑏 0.12 -0.289 0 -0.204 0.204 0.289 -0.697 0.289 0.289 -0.204 0 0.204 

𝑎𝑎 + 𝑏𝑏 -0.577 -0.577 0 0 0 0.577 -0.577 0.577 0.577 0 0 0 
𝑎𝑎 − 𝑏𝑏 -0.816 0 0 0.408 -0.408 0 0.816 0 0 0.408 0 -0.408 

𝑑𝑑4 

𝑎𝑎 -0.408 -0.289 -0.289 0.204 0.085 0.289 0.408 0 0.289 0.204 0 -0.493 
𝑏𝑏 0.408 -0.289 -0.289 -0.204 0.493 0.289 -0.408 0 0.289 -0.204 0 -0.085 

𝑎𝑎 + 𝑏𝑏 0 -0.577 -0.577 0 0.577 0.577 0 0 0.577 0 0 -0.577 
𝑎𝑎 − 𝑏𝑏 -0.816 0 0 0.408 -0.408 0 0.816 0 0 0.408 0 -0.408 

 

 

Table 5.5.3 Observation weights for set 3 

Set #3 𝑦𝑦1 𝑦𝑦2 𝑦𝑦3 𝑦𝑦4 𝑦𝑦5 𝑦𝑦6 𝑦𝑦7 𝑦𝑦8 𝑦𝑦9 𝑦𝑦10 𝑦𝑦11 𝑦𝑦12 

𝑑𝑑3 

𝑎𝑎 -0.289 -0.204 0 0.289 -0.289 0.204 -0.12 -0.289 0.697 -0.204 0 0.204 
𝑏𝑏 0.289 -0.204 0 -0.289 0.289 0.204 -0.697 0.289 0.12 -0.204 0 0.204 

𝑎𝑎 + 𝑏𝑏 0 -0.408 0 0 0 0.408 -0.816 0 0.816 -0.408 0 0.408 
𝑎𝑎 − 𝑏𝑏 -0.577 0 0 0.577 -0.577 0 0.577 -0.577 0.577 0 0 0 

𝑑𝑑4 

𝑎𝑎 0.236 0 0 -0.471 0.236 0 0.236 0.236 -0.471 0.471 -0.236 -0.236 
𝑏𝑏 0.471 -0.236 -0.236 -0.236 0.471 0.236 -0.471 0 0.236 -0.236 0 0 

𝑎𝑎 + 𝑏𝑏 0.707 -0.236 -0.236 -0.707 0.707 0.236 -0.236 0.236 -0.236 0.236 -0.236 -0.236 
𝑎𝑎 − 𝑏𝑏 -0.236 0.236 0.236 -0.236 -0.236 -0.236 0.707 0.236 -0.707 0.707 -0.236 -0.236 
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Tables 5.5 illustrate the weights of the observations 𝑦𝑦𝑖𝑖 have on the differenced error sum 

of squares. The differenced error sum of squares is not influenced by two observations 𝑦𝑦𝑖𝑖 when 

𝜆𝜆 = ±0.9428 for both designs 𝑑𝑑3 and 𝑑𝑑4 as observed in table 5.5.2. For design 𝑑𝑑3, the random 

variable 𝑆𝑆1 does not depend on six observed values, similar with 𝑆𝑆2 (observations may be 

different). Using (3.10.1) and (3.10.2), observe the effect of the two-factor interaction parameters 

on the expected values of 𝑆𝑆1
�𝑑𝑑,𝑢𝑢,𝑢𝑢′� and 𝑆𝑆2

�𝑑𝑑,𝑢𝑢,𝑢𝑢′�  

 

Table 5.6.1 Parameter weights for set 1 

Set #1 𝛽𝛽1,2 𝛽𝛽1,3 𝛽𝛽1,4 𝛽𝛽1,5 𝛽𝛽2,3 𝛽𝛽2,4 𝛽𝛽2,5 𝛽𝛽3,4 𝛽𝛽3,5 𝛽𝛽4,5 

𝑑𝑑3 
�𝑎𝑎 + 𝑏𝑏�′𝑋𝑋𝑑𝑑 2.309 0 0 -2.309 0 0 2.309 2.309 2.309 2.309 
�𝑎𝑎 − 𝑏𝑏�′𝑋𝑋𝑑𝑑 -3.266 -1.633 -1.633 0 1.633 1.633 0 3.266 0 0 

𝑑𝑑4 
�𝑎𝑎 + 𝑏𝑏�′𝑋𝑋𝑑𝑑 1.633 -1.633 1.633 1.633 -1.633 1.633 -1.633 1.633 1.633 1.633 
�𝑎𝑎 − 𝑏𝑏�′𝑋𝑋𝑑𝑑 -3.651 -0.73 -0.73 0.73 0.73 0.73 -0.73 3.651 -0.73 -0.73 

 

 

Table 5.6.2 Parameter weights for set 2 

Set #2 𝛽𝛽1,2 𝛽𝛽1,3 𝛽𝛽1,4 𝛽𝛽1,5 𝛽𝛽2,3 𝛽𝛽2,4 𝛽𝛽2,5 𝛽𝛽3,4 𝛽𝛽3,5 𝛽𝛽4,5 

𝑑𝑑3 
�𝑎𝑎 + 𝑏𝑏�′𝑋𝑋𝑑𝑑 2.309 2.309 -2.309 -2.309 0 -2.309 0 0 2.309 0 
�𝑎𝑎 − 𝑏𝑏�′𝑋𝑋𝑑𝑑 -3.266 0 -3.266 0 1.633 0 -1.633 1.633 0 -1.633 

𝑑𝑑4 
�𝑎𝑎 + 𝑏𝑏�′𝑋𝑋𝑑𝑑 2.309 0 -2.309 0 0 0 -2.309 -2.309 0 0 
�𝑎𝑎 − 𝑏𝑏�′𝑋𝑋𝑑𝑑 -3.266 0 -3.266 0 1.633 0 -1.633 1.633 -1.633 -1.633 
 

 

Table 5.6.3 Parameter weights for set 3 

Set #3 𝛽𝛽1,2 𝛽𝛽1,3 𝛽𝛽1,4 𝛽𝛽1,5 𝛽𝛽2,3 𝛽𝛽2,4 𝛽𝛽2,5 𝛽𝛽3,4 𝛽𝛽3,5 𝛽𝛽4,5 

𝑑𝑑3 
�𝑎𝑎 + 𝑏𝑏�′𝑋𝑋𝑑𝑑 3.266 3.266 0 0 0 -1.633 1.633 -1.633 1.633 0 
�𝑎𝑎 − 𝑏𝑏�′𝑋𝑋𝑑𝑑 -2.309 2.309 -2.309 2.309 2.309 0 0 0 0 -2.309 

𝑑𝑑4 
�𝑎𝑎 + 𝑏𝑏�′𝑋𝑋𝑑𝑑 2.828 -2.828 0.943 0.943 -0.943 0.943 -0.943 -0.943 0.943 -0.943 
�𝑎𝑎 − 𝑏𝑏�′𝑋𝑋𝑑𝑑 -2.828 -2.828 -0.943 0.943 0.943 0.943 -0.943 2.828 -0.943 -2.828 
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The expected value of the differenced error sum of squares is calculated using tables 5.6.1 to 

5.6.3 and (3.9), 

 

𝐸𝐸[𝑆𝑆𝑆𝑆𝐸𝐸𝑢𝑢(𝑑𝑑) − 𝑆𝑆𝑆𝑆𝐸𝐸𝑢𝑢′(𝑑𝑑)] = 𝜆𝜆�𝑑𝑑,𝑢𝑢,𝑢𝑢′�𝐸𝐸 �𝑆𝑆1 
�𝑑𝑑,𝑢𝑢,𝑢𝑢′�� 𝐸𝐸 �𝑆𝑆2

�𝑑𝑑,𝑢𝑢,𝑢𝑢′��. 

 

If true model has 𝛽𝛽1,2 ≠ 0 while all other two-factor interactions are zero, observe that the 

expected value of the differenced error sum of squares for the three referenced model 

comparisons will be in the form 𝑐𝑐 ∗ 𝛽𝛽1,2
2 , the values of 𝑐𝑐 are presented, 

 

Table 5.7 Expected differenced error sum of squares 

𝐸𝐸[𝑆𝑆𝑆𝑆𝐸𝐸𝑢𝑢(𝑑𝑑) − 𝑆𝑆𝑆𝑆𝐸𝐸𝑢𝑢′(𝑑𝑑)] �𝑀𝑀𝑢𝑢1 ,𝑀𝑀𝑢𝑢1′ � �𝑀𝑀𝑢𝑢2 ,𝑀𝑀𝑢𝑢2′ � �𝑀𝑀𝑢𝑢3 ,𝑀𝑀𝑢𝑢3′ � 

𝑑𝑑3 -7.1099 -7.1099 -7.1099 

𝑑𝑑4 -4.4439 -7.1099 -7.9976 

 

 

Table 5.7 demonstrates the relationship between the eigenvalues and the expected differenced 

error sum of squares. For 𝑑𝑑3, the expected differenced error sum of squares is −7.1099𝛽𝛽1,2
2  

regardless of the model comparison. For 𝑑𝑑4, the expected differenced error sum of squares 

increases as the eigenvalue of the model comparison increases. Observe that when the 

eigenvalues of the two designs are the same, both designs have the expected differenced error 

sum of squares to be −7.1099𝛽𝛽1,2
2 .  

 

5.3 Simulated Data 

 To compare design 𝑑𝑑3 and 𝑑𝑑4 data will be simulated from the true model, 
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𝑦𝑦 = 5�1 + �𝑥𝑥𝑗𝑗

5

𝑗𝑗=1

� + 5𝑥𝑥1𝑥𝑥2 + 𝜖𝜖 ;  𝜖𝜖~𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁�0,𝜎𝜎2𝐼𝐼�, 

 

100,000 datasets were generated using the true model for different values of 𝜎𝜎. Table 5.8 presents 

the expected values of the different reference model comparisons when 𝛽𝛽1,2 = 5 and will be 

compared to the average simulated differenced error sum of squares,  

 

Table 5.8 Expected differenced error sum of squares 

𝐸𝐸[𝑆𝑆𝑆𝑆𝐸𝐸𝑢𝑢(𝑑𝑑) − 𝑆𝑆𝑆𝑆𝐸𝐸𝑢𝑢′(𝑑𝑑)] �𝑀𝑀𝑢𝑢1 ,𝑀𝑀𝑢𝑢1′ � �𝑀𝑀𝑢𝑢2 ,𝑀𝑀𝑢𝑢2′ � �𝑀𝑀𝑢𝑢3 ,𝑀𝑀𝑢𝑢3′ � 

𝑑𝑑3 -177.7476 -177.7476 -177.7476 

𝑑𝑑4 -111.0969 -177.7476 -199.9396 

 

Table 4.8 demonstrates that in this case design 𝑑𝑑3 will have much better discrimination abilities 

than 𝑑𝑑4 for model comparisons in set #1, will have the same performance as 𝑑𝑑4 for model 

comparisons in set #2, and will do marginally worse with model comparisons in set #3. Table2 

5.9.1 and 5.9.2 presents the average differenced SSE values for designs 𝑑𝑑3 and 𝑑𝑑4, 

 

Table 5.9.1 Average differenced SSE values for 𝒅𝒅𝟑𝟑 (𝝈𝝈 = 𝟎𝟎.𝟎𝟎𝟎𝟎) 

𝑀𝑀𝑢𝑢\𝑀𝑀𝑢𝑢′ 𝑥𝑥1𝑥𝑥3 𝑥𝑥1𝑥𝑥4 𝑥𝑥1𝑥𝑥5 𝑥𝑥2𝑥𝑥3 𝑥𝑥2𝑥𝑥4 𝑥𝑥2𝑥𝑥5 𝑥𝑥3𝑥𝑥4 𝑥𝑥3𝑥𝑥5 𝑥𝑥4𝑥𝑥5 
𝑥𝑥1𝑥𝑥2 -177.8 -177.83 -177.84 -177.86 -177.8 -177.82 -177.81 -177.85 -177.82 
𝑥𝑥1𝑥𝑥3  -0.03 -0.04 -0.05 0 -0.02 -0.01 -0.05 -0.02 
𝑥𝑥1𝑥𝑥4   -0.01 -0.02 0.03 0.01 0.02 -0.02 0.01 
𝑥𝑥1𝑥𝑥5    -0.01 0.04 0.02 0.03 -0.01 0.02 
𝑥𝑥2𝑥𝑥3     0.05 0.03 0.04 0.01 0.03 
𝑥𝑥2𝑥𝑥4      -0.02 -0.01 -0.05 -0.02 
𝑥𝑥2𝑥𝑥5       0.01 -0.02 0 
𝑥𝑥3𝑥𝑥4        -0.04 -0.01 
𝑥𝑥3𝑥𝑥5         0.03 
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Table 5.9.2 Average differenced SSE Values for 𝒅𝒅𝟒𝟒 (𝝈𝝈 = 𝟎𝟎.𝟎𝟎𝟎𝟎) 

𝑀𝑀𝑢𝑢\𝑀𝑀𝑢𝑢′ 𝑥𝑥1𝑥𝑥3 𝑥𝑥1𝑥𝑥4 𝑥𝑥1𝑥𝑥5 𝑥𝑥2𝑥𝑥3 𝑥𝑥2𝑥𝑥4 𝑥𝑥2𝑥𝑥5 𝑥𝑥3𝑥𝑥4 𝑥𝑥3𝑥𝑥5 𝑥𝑥4𝑥𝑥5 
𝑥𝑥1𝑥𝑥2 -199.9 -177.72 -199.9 -177.71 -199.9 -199.9 -111.09 -177.73 -177.66 
𝑥𝑥1𝑥𝑥3  22.18 0 22.19 0 0 88.81 22.17 22.24 
𝑥𝑥1𝑥𝑥4   -22.17 0.01 -22.18 -22.18 66.63 -0.01 0.06 
𝑥𝑥1𝑥𝑥5    22.19 0 0 88.81 22.17 22.23 
𝑥𝑥2𝑥𝑥3     -22.19 -22.19 66.62 -0.02 0.05 
𝑥𝑥2𝑥𝑥4      0 88.81 22.17 22.24 
𝑥𝑥2𝑥𝑥5       88.81 22.17 22.24 
𝑥𝑥3𝑥𝑥4        -66.64 -66.57 
𝑥𝑥3𝑥𝑥5         0.07 

 

 

When comparing models 𝑀𝑀𝑢𝑢 = 𝑥𝑥1𝑥𝑥2 and other models 𝑀𝑀𝑢𝑢′, the average value of the simulations 

are approximately the calculated expected values in table 5.8. Like the designs in chapter 4, when 

model 𝑀𝑀𝑢𝑢 is not the correct model, the average differenced error sum of squares depends on 

which set the model comparison is in. For design 𝑑𝑑4 and model 𝑀𝑀𝑢𝑢 ≠ 𝑥𝑥1𝑥𝑥2, the average 

differenced values of 𝑀𝑀𝑢𝑢′ = 𝑥𝑥3𝑥𝑥4 have all been shifted up by 88.81 from the calculated values on 

table 5.8. Table 5.10.1.1 and table 5.10.1.2 presents the proportion of times model 𝑀𝑀𝑢𝑢 is chosen 

for designs 𝑑𝑑3 and 𝑑𝑑4 for a low level of noise, 

 

Table 5.10.1.1 Proportion of times 𝑴𝑴𝒖𝒖 is chosen for 𝒅𝒅𝟑𝟑 (𝝈𝝈 = 𝟎𝟎.𝟎𝟎𝟎𝟎) 

𝑀𝑀𝑢𝑢\𝑀𝑀𝑢𝑢′ 𝑥𝑥1𝑥𝑥3 𝑥𝑥1𝑥𝑥4 𝑥𝑥1𝑥𝑥5 𝑥𝑥2𝑥𝑥3 𝑥𝑥2𝑥𝑥4 𝑥𝑥2𝑥𝑥5 𝑥𝑥3𝑥𝑥4 𝑥𝑥3𝑥𝑥5 𝑥𝑥4𝑥𝑥5 
𝑥𝑥1𝑥𝑥2 1 1 1 1 1 1 1 1 1 
𝑥𝑥1𝑥𝑥3  0.49745 0.50138 0.50262 0.50092 0.50055 0.49885 0.50042 0.50115 
𝑥𝑥1𝑥𝑥4   0.50052 0.49962 0.49762 0.50115 0.49945 0.50485 0.49682 
𝑥𝑥1𝑥𝑥5    0.50318 0.49958 0.50142 0.49718 0.49908 0.50038 
𝑥𝑥2𝑥𝑥3     0.49648 0.49962 0.49958 0.50115 0.49832 
𝑥𝑥2𝑥𝑥4      0.50228 0.50318 0.50288 0.50055 
𝑥𝑥2𝑥𝑥5       0.49832 0.49962 0.50092 
𝑥𝑥3𝑥𝑥4        0.50278 0.49738 
𝑥𝑥3𝑥𝑥5         0.49832 
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Table 5.10.1.2 Proportion of times 𝑴𝑴𝒖𝒖 is chosen for 𝒅𝒅𝟒𝟒 (𝝈𝝈 = 𝟎𝟎.𝟎𝟎𝟎𝟎) 

𝑀𝑀𝑢𝑢\𝑀𝑀𝑢𝑢′ 𝑥𝑥1𝑥𝑥3 𝑥𝑥1𝑥𝑥4 𝑥𝑥1𝑥𝑥5 𝑥𝑥2𝑥𝑥3 𝑥𝑥2𝑥𝑥4 𝑥𝑥2𝑥𝑥5 𝑥𝑥3𝑥𝑥4 𝑥𝑥3𝑥𝑥5 𝑥𝑥4𝑥𝑥5 
𝑥𝑥1𝑥𝑥2 1 1 1 1 1 1 1 1 1 
𝑥𝑥1𝑥𝑥3  0 0.49942 0 0.50235 0.50222 0 0 0 
𝑥𝑥1𝑥𝑥4   1 0.50018 1 1 0 0.50148 0.49438 
𝑥𝑥1𝑥𝑥5    0 0.50098 0.50045 0 0 0 
𝑥𝑥2𝑥𝑥3     1 1 0 0.49992 0.49662 
𝑥𝑥2𝑥𝑥4      0.50172 0 0 0 
𝑥𝑥2𝑥𝑥5       0 0 0 
𝑥𝑥3𝑥𝑥4        1 1 
𝑥𝑥3𝑥𝑥5         0.49335 

 

 

In the presence of low noise, 𝑑𝑑3 and 𝑑𝑑4 have a 100% success rate at choosing the correct two-

factor interaction over the other 9 incorrect two-factor interactions. The model comparisons that 

have the expected differenced error sum of squares as 0 had 50% probability of picking model 

𝑀𝑀𝑢𝑢 or 𝑀𝑀𝑢𝑢′. If the expected differenced error sum of squares is positive, model 𝑀𝑀𝑢𝑢′ is chosen else 

model 𝑀𝑀𝑢𝑢′ is chosen in the model selection process. Table 5.10.2.1 and 5.10.2.2 presents the 

proportion of times 𝑀𝑀𝑢𝑢 is chosen over 𝑀𝑀𝑢𝑢′ when the noise increases from 𝜎𝜎 = 0.05 to 𝜎𝜎 = 5. 

 

 

Table 5.10.2.1 Proportion of times 𝑴𝑴𝒖𝒖 is chosen for 𝒅𝒅𝟑𝟑 (𝝈𝝈 = 𝟓𝟓) 

𝑀𝑀𝑢𝑢\𝑀𝑀𝑢𝑢′ 𝑥𝑥1𝑥𝑥3 𝑥𝑥1𝑥𝑥4 𝑥𝑥1𝑥𝑥5 𝑥𝑥2𝑥𝑥3 𝑥𝑥2𝑥𝑥4 𝑥𝑥2𝑥𝑥5 𝑥𝑥3𝑥𝑥4 𝑥𝑥3𝑥𝑥5 𝑥𝑥4𝑥𝑥5 
𝑥𝑥1𝑥𝑥2 0.93878 0.93875 0.94115 0.94178 0.94048 0.93981 0.94118 0.93961 0.93831 
𝑥𝑥1𝑥𝑥3  0.49612 0.50075 0.49982 0.50362 0.49092 0.50028 0.49025 0.49908 
𝑥𝑥1𝑥𝑥4   0.50362 0.50248 0.50598 0.49682 0.50412 0.49792 0.50442 
𝑥𝑥1𝑥𝑥5    0.49788 0.50465 0.49585 0.50095 0.49625 0.50002 
𝑥𝑥2𝑥𝑥3     0.50482 0.49565 0.50658 0.49368 0.50078 
𝑥𝑥2𝑥𝑥4      0.49432 0.49705 0.49089 0.49532 
𝑥𝑥2𝑥𝑥5       0.50228 0.49732 0.50622 
𝑥𝑥3𝑥𝑥4        0.49608 0.49838 
𝑥𝑥3𝑥𝑥5         0.50375 
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Table 4.10.2.2 Proportion of times 𝑴𝑴𝒖𝒖 is chosen for 𝒅𝒅𝟒𝟒 (𝝈𝝈 = 𝟓𝟓) 

𝑀𝑀𝑢𝑢\𝑀𝑀𝑢𝑢′ 𝑥𝑥1𝑥𝑥3 𝑥𝑥1𝑥𝑥4 𝑥𝑥1𝑥𝑥5 𝑥𝑥2𝑥𝑥3 𝑥𝑥2𝑥𝑥4 𝑥𝑥2𝑥𝑥5 𝑥𝑥3𝑥𝑥4 𝑥𝑥3𝑥𝑥5 𝑥𝑥4𝑥𝑥5 
𝑥𝑥1𝑥𝑥2 0.95601 0.93831 0.95521 0.93918 0.95768 0.95681 0.87376 0.94478 0.94128 
𝑥𝑥1𝑥𝑥3  0.38224 0.50028 0.37425 0.49822 0.49955 0.16056 0.38024 0.35232 
𝑥𝑥1𝑥𝑥4   0.62012 0.49742 0.62439 0.64825 0.26117 0.50192 0.50155 
𝑥𝑥1𝑥𝑥5    0.34892 0.50262 0.49822 0.1605 0.37861 0.38221 
𝑥𝑥2𝑥𝑥3     0.62402 0.62432 0.26207 0.50588 0.50821 
𝑥𝑥2𝑥𝑥4      0.49798 0.158 0.35235 0.37954 
𝑥𝑥2𝑥𝑥5       0.16216 0.37998 0.37938 
𝑥𝑥3𝑥𝑥4        0.74116 0.74129 
𝑥𝑥3𝑥𝑥5         0.50212 

 

 

When the noise is increased to 𝜎𝜎 = 5, the model comparisons that have 0 expected differenced 

error sum of squares still pick model 𝑀𝑀𝑢𝑢 50% of the time. When model 𝑀𝑀𝑢𝑢 = 𝑥𝑥1𝑥𝑥2, design 𝑑𝑑3 

has a consistent about 94% of the time picking the correct model 𝑀𝑀𝑢𝑢 over the remaining 9 models 

for 𝑀𝑀𝑢𝑢′. The performance of picking the correct model for design 𝑑𝑑4 depends which set the 

model comparison belongs to and performs identical to 𝑑𝑑3 when the eigenvalues are the same. 

For the comparison {𝑀𝑀𝑢𝑢,𝑀𝑀𝑢𝑢′} = {𝑥𝑥1𝑥𝑥2,𝑥𝑥3𝑥𝑥4}, observe that design 𝑑𝑑3 performs significantly 

better than design 𝑑𝑑4. Table 5.10.3.1 and 5.10.3.2 presents the proportion of times 𝑀𝑀𝑢𝑢 is chosen 

over 𝑀𝑀𝑢𝑢′ when the noise increases from 𝜎𝜎 = 5 to 𝜎𝜎 = 10. 

 

Table 5.10.3.1 Proportion of times 𝑴𝑴𝒖𝒖 is chosen for 𝒅𝒅𝟑𝟑 (𝝈𝝈 = 𝟏𝟏𝟏𝟏) 

𝑀𝑀𝑢𝑢\𝑀𝑀𝑢𝑢′ 𝑥𝑥1𝑥𝑥3 𝑥𝑥1𝑥𝑥4 𝑥𝑥1𝑥𝑥5 𝑥𝑥2𝑥𝑥3 𝑥𝑥2𝑥𝑥4 𝑥𝑥2𝑥𝑥5 𝑥𝑥3𝑥𝑥4 𝑥𝑥3𝑥𝑥5 𝑥𝑥4𝑥𝑥5 
𝑥𝑥1𝑥𝑥2 0.7183 0.72383 0.72033 0.72067 0.7225 0.72137 0.7175 0.7194 0.7232 
𝑥𝑥1𝑥𝑥3  0.50228 0.49748 0.49932 0.50052 0.50715 0.49868 0.50305 0.50215 
𝑥𝑥1𝑥𝑥4   0.49848 0.49822 0.49785 0.50218 0.49578 0.49862 0.50322 
𝑥𝑥1𝑥𝑥5    0.49802 0.49832 0.49848 0.49352 0.50062 0.50118 
𝑥𝑥2𝑥𝑥3     0.49855 0.50402 0.49642 0.49705 0.50375 
𝑥𝑥2𝑥𝑥4      0.50312 0.50012 0.50438 0.50512 
𝑥𝑥2𝑥𝑥5       0.49578 0.49762 0.50188 
𝑥𝑥3𝑥𝑥4        0.50232 0.50132 
𝑥𝑥3𝑥𝑥5         0.50142 
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Table 5.10.3.2 Proportion of times 𝑴𝑴𝒖𝒖 is chosen for 𝒅𝒅𝟒𝟒 (𝝈𝝈 = 𝟏𝟏𝟏𝟏) 

𝑀𝑀𝑢𝑢\𝑀𝑀𝑢𝑢′ 𝑥𝑥1𝑥𝑥3 𝑥𝑥1𝑥𝑥4 𝑥𝑥1𝑥𝑥5 𝑥𝑥2𝑥𝑥3 𝑥𝑥2𝑥𝑥4 𝑥𝑥2𝑥𝑥5 𝑥𝑥3𝑥𝑥4 𝑥𝑥3𝑥𝑥5 𝑥𝑥4𝑥𝑥5 
𝑥𝑥1𝑥𝑥2 0.73839 0.71907 0.7336 0.72107 0.7351 0.73063 0.67721 0.72566 0.72226 
𝑥𝑥1𝑥𝑥3  0.46129 0.50328 0.46629 0.49828 0.49458 0.37221 0.46686 0.45519 
𝑥𝑥1𝑥𝑥4   0.53741 0.50455 0.53651 0.54371 0.4144 0.50785 0.50735 
𝑥𝑥1𝑥𝑥5    0.45703 0.50205 0.49688 0.36915 0.46959 0.47022 
𝑥𝑥2𝑥𝑥3     0.53674 0.53118 0.41127 0.50195 0.50028 
𝑥𝑥2𝑥𝑥4      0.49468 0.37165 0.45853 0.46786 
𝑥𝑥2𝑥𝑥5       0.37721 0.47006 0.46799 
𝑥𝑥3𝑥𝑥4        0.58913 0.59116 
𝑥𝑥3𝑥𝑥5         0.50038 

 

 

When the value of 𝜎𝜎 gets larger, the proportion of times 𝑀𝑀𝑢𝑢 is picked over 𝑀𝑀𝑢𝑢′ approaches 50%. 

The difference between design 𝑑𝑑3 and 𝑑𝑑4 starts reducing as the value of 𝜎𝜎 increases. In 

conclusion, 𝑑𝑑3 and 𝑑𝑑4 have their advantages and disadvantages. If no information is known about 

the true model, design 𝑑𝑑3 is a safe design to choose as it has relatively good performance for all 

model comparisons. Design 𝑑𝑑4 has 20 model comparisons which have better discrimination 

abilities than 𝑑𝑑3, if some information about the true model is known, it may be possible to 

strategically use design 𝑑𝑑4 to maximize the discrimination ability of the true model with the other 

models.  
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Chapter 6 

Ridge Regression 

 

6.1 Introduction 

Consider the data of size 𝑛𝑛, (𝒙𝒙1,𝑦𝑦1), (𝒙𝒙2,𝑦𝑦2), … , (𝒙𝒙𝑛𝑛,𝑦𝑦𝑛𝑛) where 𝒙𝒙𝑖𝑖 is data collected over 

𝑚𝑚 fixed variables is denoted as 𝒙𝒙𝑖𝑖 = (𝑥𝑥𝑖𝑖1,𝑥𝑥𝑖𝑖2, … , 𝑥𝑥𝑖𝑖𝑖𝑖) with the mean of observation 𝑦𝑦𝑖𝑖 depending 

on 𝒙𝒙𝑖𝑖 denoted by 𝐸𝐸[𝑦𝑦𝑖𝑖|𝒙𝒙𝑖𝑖]. Each of size 𝑛𝑛, denote the observation vector 𝑦𝑦 = (𝑦𝑦1,𝑦𝑦2, … , 𝑦𝑦𝑛𝑛)′, 

main effects as 𝑥𝑥𝑗𝑗 = �𝑥𝑥1𝑗𝑗, 𝑥𝑥2𝑗𝑗 … 𝑥𝑥𝑛𝑛𝑛𝑛�′ , two-factor interactions as 𝑥𝑥𝑗𝑗𝑥𝑥𝑗𝑗′ =

�𝑥𝑥1𝑗𝑗𝑥𝑥1𝑗𝑗′ , 𝑥𝑥2𝑗𝑗𝑥𝑥2𝑗𝑗′ , … , 𝑥𝑥𝑛𝑛𝑛𝑛𝑥𝑥𝑛𝑛𝑗𝑗′�
′, quadratic terms 𝑥𝑥𝑗𝑗2 = �𝑥𝑥1𝑗𝑗2 , 𝑥𝑥2𝑗𝑗2 , … , 𝑥𝑥𝑛𝑛𝑛𝑛2 �

′, or higher order terms in 

the same manner. The columns of the design matrix 𝑋𝑋 are constructed using a column of ones 1 

and selected columns of main effects, interaction terms, and higher order terms for a total of 𝑝𝑝 

columns and 𝑛𝑛 rows. For a constructed design matrix 𝑋𝑋, let 𝛽𝛽 = �𝛽𝛽1,𝛽𝛽2, … ,𝛽𝛽𝑝𝑝�
′ be the set of 

unknown 𝑝𝑝 parameters, one unknown parameter for each column of 𝑋𝑋, and the linear model is 

expressed by,  

 

𝑀𝑀:𝐸𝐸 �𝑦𝑦|𝑋𝑋� = 𝑋𝑋𝛽𝛽   ,   𝑉𝑉𝑉𝑉𝑉𝑉 �𝑦𝑦� = 𝜎𝜎2𝐼𝐼𝑛𝑛. 

 

The least squares estimator minimizes the least squares objective function, 

 

𝛽̂𝛽(𝐿𝐿𝐿𝐿) = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑛𝑛𝛽𝛽 ��𝑦𝑦 − 𝑋𝑋𝛽𝛽�
′
�𝑦𝑦 − 𝑋𝑋𝛽𝛽��, 

𝛽̂𝛽(𝐿𝐿𝐿𝐿) = (𝑋𝑋′𝑋𝑋)−1𝑋𝑋′𝑦𝑦. 



87 
 

If 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅(𝑋𝑋) = 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅(𝑋𝑋′𝑋𝑋) = 𝑝𝑝, then the matrix 𝑋𝑋′𝑋𝑋 is invertible, the least squares estimator has 

a unique estimate for the unknown parameters 𝛽𝛽.  If 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅(𝑋𝑋) < 𝑝𝑝, there are infinite many 

solutions of 𝛽̂𝛽(𝐿𝐿𝐿𝐿) that attain the minimum value. Ridge regression is another method at 

estimating the unknown parameters 𝛽𝛽 for a specified value of a tuning parameter 𝜆𝜆 ≥ 0.  For a 

given value of the tuning parameter 𝜆𝜆, the ridge regression estimates minimize the objective 

function, 

 

𝛽̂𝛽(𝑅𝑅) = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑛𝑛𝛽𝛽 ��𝑦𝑦 − 𝑋𝑋𝛽𝛽�
′
�𝑦𝑦 − 𝑋𝑋𝛽𝛽�+ 𝜆𝜆𝛽𝛽′𝛽𝛽�, 

                                                                𝛽̂𝛽(𝑅𝑅) = �𝑋𝑋′𝑋𝑋 + 𝜆𝜆𝐼𝐼𝑝𝑝�
−1𝑋𝑋′𝑦𝑦.                                                     (6.1) 

 

For 𝜆𝜆 > 0, the inverse of 𝑋𝑋′𝑋𝑋 + 𝜆𝜆𝐼𝐼𝑝𝑝 is unique guaranteeing that a unique estimate of 𝛽̂𝛽(𝑅𝑅) can be 

calculated (Hoerl, et al., 1970). The resulting estimates are biased and critiqued by Smith and 

Campbell (1980). Alternatively, ridge regression can be interpreted as a constrained least squares 

optimization objective, for a given 𝑐𝑐 > 0, 

 

min��𝑦𝑦 − 𝑋𝑋𝛽𝛽�
′
�𝑦𝑦 − 𝑋𝑋𝛽𝛽�� , 

subject to 𝛽𝛽′𝛽𝛽 ≤ 𝑐𝑐. 

 

The constraint on the objective function forces the estimates within a hypersphere of radius √𝑐𝑐. 

For a given 𝑐𝑐, if the least squares estimator 𝛽̂𝛽(𝐿𝐿𝐿𝐿)′𝛽̂𝛽(𝐿𝐿𝐿𝐿) ≤ 𝑐𝑐, then the least squares estimator 

already minimizes the objective function �𝑦𝑦 − 𝑋𝑋𝛽𝛽�
′
�𝑦𝑦 − 𝑋𝑋𝛽𝛽� hence using value of 𝜆𝜆 = 0 in 
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(6.1) solves the optimization objective, else there is a unique value of 𝜆𝜆 that satisfies the equality 

constraint 𝛽̂𝛽(𝑅𝑅)′𝛽̂𝛽(𝑅𝑅) = 𝑐𝑐. The inequality constraint 𝛽̂𝛽(𝑅𝑅)′𝛽̂𝛽(𝑅𝑅) ≤ 𝑐𝑐 can be written in terms of the 

design matrix 𝑋𝑋 and observation vector 𝑦𝑦, 

 

                                                              𝑦𝑦′𝑋𝑋�𝑋𝑋′𝑋𝑋 + 𝜆𝜆𝐼𝐼𝑝𝑝�
−2𝑋𝑋′𝑦𝑦 ≤ 𝑐𝑐.                                                      (6.2)     

 

Observe the relationship as 𝑐𝑐 decreases, the value of 𝜆𝜆 must increases to satisfy the inequality 

constraint. As 𝜆𝜆 increases, the ridge regression estimates 𝛽̂𝛽𝑗𝑗
(𝑅𝑅) approaches 0 but do not attain 0 

unless 𝛽̂𝛽𝑗𝑗
(𝐿𝐿𝐿𝐿) = 0. This makes ridge regression an undesirable approach at model selection 

because it is not directly clear how to separate out negligible effects from important effects. In 

practice, the choice of the tuning parameter 𝜆𝜆 is often selected to minimize the generalized cross 

validation (Golub, et al., 1979). 

 

6.2 Special Case: Orthogonal Designs 

 Let 𝑑𝑑∗ be an orthogonal design with 𝑛𝑛 runs, 𝑚𝑚 main effects, where the design matrix with 

𝑛𝑛 rows and 𝑝𝑝 columns satisfies the property 𝑋𝑋𝑑𝑑∗
′ 𝑋𝑋𝑑𝑑∗ = 𝑛𝑛𝐼𝐼𝑝𝑝. The estimates given in (6.1) simplify 

to, 

 

𝛽̂𝛽(𝑅𝑅) = �𝑋𝑋′𝑋𝑋 + 𝜆𝜆𝐼𝐼𝑝𝑝�
−1𝑋𝑋′𝑦𝑦 =

𝑋𝑋′𝑦𝑦
𝑛𝑛 + 𝜆𝜆

. 

 

The least squares estimation for an orthogonal design is calculated to be 1
𝑛𝑛
𝑋𝑋′𝑦𝑦. For conceptual 

purposes, express the ridge regression estimates in terms of the least squares estimates, 
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𝛽̂𝛽(𝑅𝑅) =
𝑛𝑛

𝑛𝑛 + 𝜆𝜆
𝛽̂𝛽(𝐿𝐿𝐿𝐿). 

 

For any least square estimate 𝛽̂𝛽𝑗𝑗
(𝐿𝐿𝐿𝐿) the ridge regression estimate will be the least square estimate 

for 𝜆𝜆 = 0 or have a shrinkage coefficient of 𝑛𝑛(𝑛𝑛 + 𝜆𝜆)−1 ≤ 1.  The shrinkage coefficient is the 

same for all least squares estimates, hence if 𝛽̂𝛽𝑗𝑗
(𝐿𝐿𝐿𝐿) ≥ 𝛽̂𝛽𝑗𝑗′

(𝐿𝐿𝐿𝐿) then 𝛽̂𝛽𝑗𝑗
(𝑅𝑅) ≥ 𝛽̂𝛽𝑗𝑗′

(𝑅𝑅) the ordering of the 

ridge regression estimates will be consistent for all values of 𝜆𝜆 ≥ 0. To demonstrate the 

relationship between 𝑐𝑐 and 𝜆𝜆, (6.2) can be simplified for an orthogonal design, 

 

0 ≤
𝑦𝑦′𝑋𝑋𝑋𝑋′𝑦𝑦

𝑐𝑐
≤ (𝑛𝑛 + 𝜆𝜆)2, 

⇒ 𝜆𝜆 ≥ −𝑛𝑛 + �
𝑦𝑦′𝑋𝑋𝑋𝑋′𝑦𝑦

𝑐𝑐
. 

 

For any value of 𝑐𝑐 , design matrix 𝑋𝑋, and observation vector 𝑦𝑦 of 𝑛𝑛 runs, the value of 𝜆𝜆 could be 

calculated by 𝜆𝜆 = −𝑛𝑛 + �𝑦𝑦′𝑋𝑋𝑋𝑋′𝑦𝑦

𝑐𝑐
 . If −𝑛𝑛 + �𝑦𝑦′𝑋𝑋𝑋𝑋′𝑦𝑦

𝑐𝑐
 is a negative value, then the value of 𝜆𝜆 = 0 is 

used and the least squares estimate is returned. This also demonstrates the inverse relationship 

between 𝑐𝑐 and 𝜆𝜆. 

 

 Consider the fractional orthogonal design 𝑑𝑑∗ with 𝑚𝑚 = 5 main effects and 𝑛𝑛 = 25−1 =

16 runs determined by the identity relation 𝐴𝐴1 + 𝐴𝐴2 + 𝐴𝐴3 + 𝐴𝐴4 + 𝐴𝐴5 = 1. This design has full 

estimation capacity for the overall mean, 𝑚𝑚 = 5 main effects, and all �52� = 10 main effects for a 
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total of 𝑝𝑝 = 16 parameters. The observation vector 𝑦𝑦 is given by the Design and Analysis of 

Experiments – 5th edition, Montgomery, 

 

𝑑𝑑∗ 

Run  Treatment  𝒙𝒙𝟏𝟏 𝒙𝒙𝟐𝟐 𝒙𝒙𝟑𝟑 𝒙𝒙𝟒𝟒 𝒙𝒙𝟓𝟓  𝒚𝒚 

1  1  1 -1 -1 -1 -1  6 
2  2  -1 1 -1 -1 -1  16 
3  3  -1 -1 1 -1 -1  34 
4  4  -1 -1 -1 1 -1  9 
5  5  -1 -1 -1 -1 1  8 
6  123  1 1 1 -1 -1  44 
7  124  1 1 -1 1 -1  21 
8  125  1 1 -1 -1 1  15 
9  134  1 -1 1 1 -1  50 
10  135  1 -1 1 -1 1  30 
11  145  1 -1 -1 1 1  10 
12  234  -1 1 1 1 -1  60 
13  235  -1 1 1 -1 1  45 
14  245  -1 1 -1 1 1  22 
15  345  -1 -1 1 1 1  52 
16  12345  1 1 1 1 1  63 

 

For this orthogonal design 𝑑𝑑∗, let the design matrix 𝑋𝑋𝑑𝑑∗  have the columns for the general mean, 5 

main effects, and 10 two-factor interactions for a total of 𝑝𝑝 = 16 parameters. The 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅(𝑋𝑋𝑑𝑑∗) =

𝑝𝑝 = 𝑛𝑛 = 16 and the least squares estimation is unique and given by 1
16
𝑋𝑋′𝑦𝑦.  

 

Table 6.1 (next page) presents the values of the least squares estimation. If it is desired 

for the ridge regression estimates to be within 𝛽̂𝛽(𝑅𝑅)′𝛽̂𝛽(𝑅𝑅) ≤ 100 = 𝑐𝑐, the value of the tuning 

parameter 𝜆𝜆 that corresponds with that value of 𝑐𝑐 is 𝜆𝜆 = 42.23915. The shrinkage coefficient is 

calculated to be 16(16 + 42.23915)−1 = 0.2747. Figure 6.1 demonstrates the values of the 

ridge regression estimate for various values of 𝜆𝜆 (intercept was not included), 
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Figure 6.1 Values of ridge regression estimates for different values of 𝝀𝝀 

 

 

Table 6.1 Least squares and ridge regression estimates 

𝒋𝒋 𝜷𝜷�𝒋𝒋
(𝑳𝑳𝑳𝑳) 

𝜆𝜆 = 0 

𝜷𝜷�𝒋𝒋
(𝑹𝑹), 

 𝜆𝜆 = 42.23915 
0 30.3125 8.4732 
1 5.5625 1.5548 
2 16.9375 4.7345 
3 5.4375 1.5199 
4 -0.4375 -0.1222 
5 0.3125 -0.0873 

1,2 3.4375 0.9608 
1,3 0.1875 0.0524 
1,4 0.5625 0.1572 
1,5 0.5625 -0.1572 
2,3 0.3125 0.0873 
2,4 -0.0625 -0.0174 
2,5 -0.0625 0.0174 
3,4 0.4375 0.1222 
3,5 0.1875 -0.0524 
4,5 -0.6875 0.1921 
𝛽̂𝛽′𝛽̂𝛽 1279.812 100 
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Observe that by ordering the least squares estimates by magnitude in descending order, for any 

value of 𝜆𝜆, the ordering will remain the same as the same shrinkage constant will be applied to 

each 𝛽̂𝛽𝑗𝑗
(𝐿𝐿𝐿𝐿) estimate which is demonstrated by both figure 6.1 and table 6.1. Denote the ordered 

estimates 𝛽̂𝛽(𝑗𝑗) and satisfies condition, 

 

𝛽̂𝛽(1) ≤ 𝛽̂𝛽(2) ≤ ⋯ ≤ 𝛽̂𝛽(𝑝𝑝).   

 

Using the value of 𝜆𝜆 = 110000, table 6.2 demonstrates the ordering of the estimates will remain 

the same and the large value of 𝜆𝜆 shrinks the estimates close to 0, where < 0.0001 is defined to 

be close to 0 (general mean has been excluded), 

 

 Table 6.2 Ordered least squares and ridge regression estimates 

(𝒋𝒋) 𝒋𝒋 𝜷𝜷�(𝒋𝒋)
(𝑳𝑳𝑳𝑳) 

𝜆𝜆 = 0 

𝜷𝜷�𝒋𝒋
(𝑹𝑹), 

𝜆𝜆 = 1.1 ∗ 105 
(15)  2 16.938 0.00246 
(14)  1 5.5625 0.00081 
(13)  3 5.4375 0.00079 
(12)  1,2 3.4375 0.0005 
(11)  4,5 0.6875 <0.0001 
(10)  1,4 0.5625 <0.0001 
(9)  1,5 0.5625 <0.0001 
(8)  4 0.4375 <0.0001 
(7)  3,4 0.4375 <0.0001 
(6)  5 0.3125 <0.0001 
(5)  2,3 0.3125 <0.0001 
(4)  1,3 0.1875 <0.0001 
(3)  3,5 0.1875 <0.0001 
(2)  2,4 0.0625 <0.0001 
(1)  2,5 0.0625 <0.0001 
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For a non-orthogonal design, as 𝜆𝜆 increases, the ordering of the estimates may change as the 

shrinkage constant will be different per estimate. 

 

6.3 Model Selection Procedure 

 Ridge regression rarely provides estimates exactly 0 which adds further complications to 

a model selection procedure. One proposition is to pick an arbitrary threshold 𝑡𝑡 so for a given 𝜆𝜆, 

if the magnitude of a ridge regression estimate is equal or below 𝑡𝑡, then the effect is considered 

negligible. The example in section 6.2, if 𝑡𝑡 = 0.0001, all but the top 4 estimates would be 

chosen. The model selection process would be as follows, 

 

1) Start out estimating a full model (general mean, linear terms, and all desired higher order 

terms) 

2) For a chosen value of 𝜆𝜆 and 𝑡𝑡, if the magnitude of the ridge regression estimate is below 

the threshold 𝑡𝑡 ��𝛽̂𝛽𝑗𝑗
(𝑅𝑅)� ≤ 𝑡𝑡� then the parameter is negligible �𝛽𝛽𝑗𝑗 = 0� and not chosen in 

the model selection process. 

 

This model process should cause concern because selecting a specific value of the tuning 

parameter 𝜆𝜆 is often challenging and adding another quantity 𝑡𝑡  as that only increases the 

difficulty of the model selection process.  

 

The argument will be that for a low value of 𝑡𝑡∗, the performance of the model selection 

process will be approximately consistent for all 𝑡𝑡 ≤ 𝑡𝑡∗. Consider design 𝑑𝑑1 that had 𝑛𝑛 = 12 runs, 

𝑚𝑚 = 5 main effects, and �52� = 10 two-factor interactions as described in the earlier chapters. 



94 
 

Using the true model presented in chapter 4 or chapter 5 for simulation purposes, a sample of 

observations were generated for 𝜎𝜎 = 5. The design 𝑑𝑑1 and observation vector 𝑦𝑦 are presented, 

 

𝑑𝑑1 

Run  𝒙𝒙𝟏𝟏 𝒙𝒙𝟐𝟐 𝒙𝒙𝟑𝟑 𝒙𝒙𝟒𝟒 𝒙𝒙𝟓𝟓  𝒚𝒚 

1  -1 -1 -1 -1 -1  -19.935 
2  1 1 -1 -1 1  11.392 
3  1 -1 1 -1 1  6.014 
4  1 -1 -1 1 1  2.028 
5  -1 1 1 -1 1  5.997 
6  -1 1 -1 1 1  13.205 
7  -1 -1 1 1 1  21.415 
8  1 1 1 1 1  28.032 
9  1 1 1 -1 -1  12.759 
10  1 1 -1 1 -1  17.094 
11  1 -1 1 1 -1  4.532 
12  -1 1 1 1 -1  9.384 

 

 

Starting with the full model consisting of the general mean, 𝑚𝑚 = 5 main effects, and all 10 two-

factor interactions for a total of 𝑝𝑝 = 16 parameters. This design has estimation capacity for 5 

two-factor interactions so the least squares estimation will not be unique. However, for 𝜆𝜆 > 0, the 

ridge regression estimates are unique. A word of caution, while theoretically any value of 𝜆𝜆 > 0 

the inverse of (𝑋𝑋′𝑋𝑋 + 𝜆𝜆𝜆𝜆) exists, for values close to 𝜆𝜆 = 0, the inverse may still be 

computationally singular and unstable. Table 6.2 presents two-factor interaction ridge regression 

estimates for 𝜆𝜆 = 10, 100, 1000, and 10000 where the ridge regression estimates are in 

descending order of magnitude, 
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Table 6.2 Ridge regression estimates (magnitude) for different 𝝀𝝀 

𝑗𝑗 𝜆𝜆 = 10  𝑗𝑗 𝜆𝜆 = 102  𝑗𝑗 𝜆𝜆 = 103  𝑗𝑗 𝜆𝜆 = 104 
1,2 1.413946  1,5 0.31172  1,5 0.037258  1,5 0.0038 
1,5 1.189305  1,4 0.297346  1,4 0.035617  1,4 0.003634 
1,4 1.125172  2,3 0.288432  2,3 0.034599  2,3 0.003531 
2,3 1.085401  1,2 0.271767  1,2 0.029361  1,2 0.002957 
2,5 0.704044  2,5 0.202955  2,5 0.02484  2,5 0.002541 
1,3 0.597518  1,3 0.179079  1,3 0.022114  1,3 0.002264 
3,5 0.480158  3,5 0.06247  3,5 0.005465  3,5 0.000533 
4,5 0.394459  4,5 0.043261  2,4 0.00403  2,4 0.00043 
3,4 0.187959  2,4 0.020693  4,5 0.003272  4,5 0.000311 
2,4 0.109127  3,4 0.003023  3,4 0.002013  3,4 0.000225 

 

 

The ordering of the ridge regression estimates 𝛽̂𝛽𝑗𝑗
(𝑅𝑅) for 𝜆𝜆 = 10 and the ranking changes for 𝜆𝜆 =

100. The estimate 𝛽̂𝛽1,2
(𝑅𝑅) went from being the largest estimate to the fourth largest estimate.  The 

estimate 𝛽̂𝛽3,4
(𝑅𝑅) switched rankings with 𝛽̂𝛽2,4 

(𝑅𝑅). For 𝜆𝜆 = 100 to 𝜆𝜆 = 1000 only the last two estimates 

switched rankings. The rankings between 𝜆𝜆 = 103 and 𝜆𝜆 = 104 remained unchanged and the 

implication is for any value 𝜆𝜆 ∈ (103, 104) would have the same ranking. As 𝜆𝜆 becomes larger, 

the rate of the estimates decreasing is approximately same relative to the size of the ridge 

regression estimate so that the ranks of the estimates remain the same, similar to the orthogonal 

design case. To study the effect of the threshold run a simulation as follows, 

 

1) Generate observations 𝑦𝑦 from the true model for 𝜎𝜎 = 5, 

 

𝑦𝑦 = 5�1 +�𝑥𝑥𝑗𝑗

5

𝑗𝑗=1

�+ 5𝑥𝑥1𝑥𝑥2 + 7𝑥𝑥2𝑥𝑥3 + 6𝑥𝑥4𝑥𝑥5 + 𝜖𝜖 ;  𝜖𝜖~𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁�0,𝜎𝜎2𝐼𝐼�. 
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2) Start out estimating the full model (general mean, linear terms, and all desired higher 

order terms). 

3) For a chosen value of 𝑡𝑡, find a value of 𝜆𝜆 such that 3 two-factor estimates are above the 

threshold of 𝑡𝑡 while all other two-factor estimates are equal or below 𝑡𝑡. 

4) For each dataset, the number of correct two-factor interactions can either be 0, 1, 2, or 3. 

Repeat 100,000 times for 𝑡𝑡 = 0.01, 0.001, 0.00001, 0.000001 and present the proportion 

of times the number of correct two-factor interaction terms were chosen. 

 

This model selection procedure can be computationally performed by starting with two values of 

𝜆𝜆: one low value (𝜆𝜆𝐿𝐿 = 0.001) and one high value (𝜆𝜆𝐻𝐻 = 1012). Each iteration calculates the 

midpoint of the low value and high value 𝜆𝜆𝑚𝑚 = 1
2

(𝜆𝜆𝐿𝐿 + 𝜆𝜆𝐻𝐻), calculates the ridge regression 

estimate the midpoint 𝜆𝜆𝑚𝑚, and calculates the number of ridge regression estimates above the 

threshold 𝑡𝑡. If there are less than 3 two-factor interaction estimates below 𝑡𝑡, then a smaller value 

of 𝜆𝜆𝑚𝑚 is needed, else a larger value of 𝜆𝜆𝑚𝑚 is needed. To obtain a smaller value of 𝜆𝜆𝑚𝑚, set 𝜆𝜆𝐻𝐻 =

𝜆𝜆𝑚𝑚, else set 𝜆𝜆𝐿𝐿 = 𝜆𝜆𝑚𝑚 then repeat. It is important to observe that there are a range of 𝜆𝜆 values that 

will satisfy the condition where only 3 two-factor interactions are above the threshold 𝑡𝑡 and the 

remaining two-factor interactions are below the threshold 𝑡𝑡, making this algorithm to find a 

suitable value of 𝜆𝜆 that satisfies the condition very quick and effective. Instead of searching over 

3 two-factor interactions, this model procedure could generalize to a positive integer 𝑘𝑘 two-factor 

interactions and the methodology is comparable to the search design methodology in chapter 3-5.   

 

This model selection procedure only requires a specification of 𝑡𝑡 and 𝑘𝑘. Table 6.3 

presents the model selection performance for this model selection procedure for 𝑘𝑘 = 3 and 𝑡𝑡 =

0.01, 0.001, 0.0001, 0.00001, and 0.000001, 
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Table 6.3 Model selection performance for different values of 𝒕𝒕 

# correct 𝑡𝑡 = 10−2 𝑡𝑡 = 10−3 𝑡𝑡 = 10−4 𝑡𝑡 = 10−5 𝑡𝑡 = 10−6 
0 0 0 0 0 0 
1 0.00001 0.00001 0 0.00001 0.00001 
2 0.03487 0.03511 0.03548 0.03564 0.03585 
3 0.96512 0.96488 0.96452 0.96435 0.96414 

𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝜆𝜆) 5727.15 55856.64 523294.58 5725980.46 56534305.12 
 

 

The model selection procedure has consistent results for the selected values of 𝑡𝑡, approximately 

96.5% of the time recovering the true model. The idea is that by selecting a small enough 

threshold 𝑡𝑡, a large value of 𝜆𝜆 will be selected and the rankings of the estimates are fixed in for 

larger values of 𝜆𝜆 giving a consistent model selection approach. To select a threshold 𝑡𝑡, pick a 

small value of 𝑡𝑡 so that the model selection procedure results is consistent, but not too small as 

the value of 𝜆𝜆 required can get unnecessarily large. When using ridge regression as a model 

selection technique, most consideration needs to be emphasized on the choice of the positive 

integer 𝑘𝑘 similar to the search design methodology. Chapter 8 compares the ridge regression 

model selection procedure with the search design methodology and LASSO model selection 

procedure (chapter 7).  
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Chapter 7 

Least Absolute Shrinkage and Selection Operator (LASSO) 

 

7.1 Introduction 

Consider the data of size 𝑛𝑛, (𝒙𝒙1,𝑦𝑦1), (𝒙𝒙2,𝑦𝑦2), … , (𝒙𝒙𝑛𝑛,𝑦𝑦𝑛𝑛) where 𝒙𝒙𝑖𝑖 is data collected over 

𝑚𝑚 fixed variables is denoted by 𝒙𝒙𝑖𝑖 = (𝑥𝑥𝑖𝑖1, 𝑥𝑥𝑖𝑖2, … , 𝑥𝑥𝑖𝑖𝑖𝑖) with the mean of observation 𝑦𝑦𝑖𝑖 

depending on 𝒙𝒙𝑖𝑖 denoted by 𝐸𝐸[𝑦𝑦𝑖𝑖|𝒙𝒙𝑖𝑖]. Each of size 𝑛𝑛, denote the observation vector 𝑦𝑦 =

(𝑦𝑦1,𝑦𝑦2, … ,𝑦𝑦𝑛𝑛)′, main effects 𝑥𝑥𝑗𝑗 = �𝑥𝑥1𝑗𝑗, 𝑥𝑥2𝑗𝑗 … 𝑥𝑥𝑛𝑛𝑛𝑛�′ , two-factor interactions as 𝑥𝑥𝑗𝑗𝑥𝑥𝑗𝑗′ =

�𝑥𝑥1𝑗𝑗𝑥𝑥1𝑗𝑗′ , 𝑥𝑥2𝑗𝑗𝑥𝑥2𝑗𝑗′ , … , 𝑥𝑥𝑛𝑛𝑛𝑛𝑥𝑥𝑛𝑛𝑗𝑗′�
′, quadratic terms 𝑥𝑥𝑗𝑗2 = �𝑥𝑥1𝑗𝑗2 , 𝑥𝑥2𝑗𝑗2 , … , 𝑥𝑥𝑛𝑛𝑛𝑛2 �

′, or higher order terms in 

the same manner. The columns of the design matrix 𝑋𝑋 are constructed using a column of ones 1 

and selected columns of main effects, interaction terms, and higher order terms for a total of 𝑝𝑝 

columns and 𝑛𝑛 rows. For a constructed design matrix 𝑋𝑋, let 𝛽𝛽 = �𝛽𝛽1,𝛽𝛽2, … ,𝛽𝛽𝑝𝑝�
′ be the set of 

unknown 𝑝𝑝 parameters, one unknown parameter for each column of 𝑋𝑋, and the linear model is 

expressed by,  

 

𝑀𝑀:𝐸𝐸 �𝑦𝑦|𝑋𝑋� = 𝑋𝑋𝛽𝛽   ,   𝑉𝑉𝑉𝑉𝑉𝑉 �𝑦𝑦� = 𝜎𝜎2𝐼𝐼𝑛𝑛. 

 

The least squares estimator are the estimates that minimize the least squares objective function, 

 

𝛽̂𝛽(𝐿𝐿𝐿𝐿) = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑛𝑛𝛽𝛽 ��𝑦𝑦 − 𝑋𝑋𝛽𝛽�
′
�𝑦𝑦 − 𝑋𝑋𝛽𝛽��, 

𝛽̂𝛽(𝐿𝐿𝐿𝐿) = (𝑋𝑋′𝑋𝑋)−1𝑋𝑋′𝑦𝑦. 
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If 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅(𝑋𝑋) = 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅(𝑋𝑋′𝑋𝑋) = 𝑝𝑝, then the matrix 𝑋𝑋′𝑋𝑋 is invertible, the least squares estimator has 

a unique estimate of unknown parameters 𝛽𝛽.  If 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅(𝑋𝑋) < 𝑝𝑝, there are infinite many solutions 

of 𝛽̂𝛽(𝐿𝐿𝐿𝐿) that attain the minimum value. LASSO is another method at estimating the unknown 

parameters 𝛽𝛽 for a specified value of a tuning parameter 𝜆𝜆 ≥ 0.  For a given value of the tuning 

parameter 𝜆𝜆, the LASSO estimates minimize the objective function, 

 

𝛽̂𝛽(𝐿𝐿) = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑛𝑛𝛽𝛽 ��𝑦𝑦 − 𝑋𝑋𝛽𝛽�
′
�𝑦𝑦 − 𝑋𝑋𝛽𝛽�+ 𝜆𝜆��𝛽𝛽𝑗𝑗�

𝑝𝑝

𝑗𝑗=1

�. 

 

LASSO estimation is usually completed by computational methods, section 7.2 describes a 

procedure at finding LASSO estimates and what conditions must be necessary for the LASSO 

estimates to be unique. LASSO can be interpreted as a constrained least squares optimization 

objective, for a given 𝑐𝑐 > 0, 

 

min��𝑦𝑦 − 𝑋𝑋𝛽𝛽�
′
�𝑦𝑦 − 𝑋𝑋𝛽𝛽��, 

subject to ��𝛽𝛽𝑗𝑗�
𝑝𝑝

𝑗𝑗=1

≤ 𝑐𝑐. 

 

The constraint on the objective function forces the estimates within a hypercube where the 

vertices are a distance 𝑐𝑐 away from the origin. A graphical representation of the constraint 

function for two-dimensions is presented in figure 7.1, 
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Figure 7.1 Graphical representation of the LASSO constraint function 

 

 

For a given 𝑐𝑐, if the least squares estimator ∑ �𝛽̂𝛽𝑗𝑗
(𝐿𝐿𝐿𝐿)�𝑝𝑝

𝑗𝑗=1 ≤ 𝑐𝑐 then the least squares estimates 

simultaneously minimizes the objective function and is within the constraint so the value of 𝜆𝜆 = 0 

is chosen. Otherwise, there is a value of 𝜆𝜆 that finds a minimum of the LASSO objective function 

for a given 𝑐𝑐. LASSO is different than ridge regression in a sense that as 𝜆𝜆 increases, LASSO 

estimates can attain exactly 0. When using LASSO for model selection, a value of the tuning 

parameter is chosen by some criterion function, and the non-zero estimates are the chosen in the 

model selection process.  

 

7.2 LASSO Estimation 

 Consider the situation where 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅(𝑋𝑋) = 𝑝𝑝 so that the least squares estimates are unique, 

in this situation LASSO estimates will be unique for all 𝜆𝜆 > 0. When considering the least 

squares or ridge regression objective functions, the analytical forms of the estimates can be found 

by taking the first derivative with respect to 𝛽𝛽. Estimation for LASSO is not analytically straight 
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forward as the objective function involves absolute values which are not continuously 

differentiable. One strategy to calculate the first derivative is to define a sign function 𝑧𝑧�𝛽𝛽𝑗𝑗� to be 

1 if 𝛽𝛽𝑗𝑗 > 0 or -1 if 𝛽𝛽𝑗𝑗 ≤ 0, 

 

𝑧𝑧�𝛽𝛽𝑗𝑗� = 𝑧𝑧𝑗𝑗 = �
1     𝑖𝑖𝑖𝑖 𝛽𝛽𝑗𝑗 > 0

−1     𝑖𝑖𝑖𝑖 𝛽𝛽𝑗𝑗 ≤ 0
 

  

Denote 𝑧𝑧′ = �𝑧𝑧1, 𝑧𝑧2, … , 𝑧𝑧𝑝𝑝�, the objective function can be expressed as, 

 

�𝑦𝑦 − 𝑋𝑋𝛽𝛽�
′
�𝑦𝑦 − 𝑋𝑋𝛽𝛽� + 𝜆𝜆𝑧𝑧′𝛽𝛽, 

 

taking the first derivative, setting 𝛽𝛽 = 𝛽̂𝛽(𝐿𝐿), and the set of equations to be 0, 

 

𝛽̂𝛽(𝐿𝐿) = (𝑋𝑋′𝑋𝑋)−1𝑋𝑋′𝑦𝑦 −
𝜆𝜆
2

(𝑋𝑋′𝑋𝑋)−1𝑧̂𝑧, 

                                                                  = 𝛽̂𝛽(𝐿𝐿𝐿𝐿) −
𝜆𝜆
2

(𝑋𝑋′𝑋𝑋)−1𝑧̂𝑧.                                                            (7.1) 

 

Where 𝑧𝑧 �𝛽̂𝛽𝑗𝑗
(𝐿𝐿)� = 𝑧̂𝑧𝑗𝑗 and 𝑧̂𝑧 = �𝑧̂𝑧1, 𝑧̂𝑧2, … , 𝑧̂𝑧𝑝𝑝�.  Since the sign of the LASSO estimates will be 

identical to the sign of the least squares estimates, the values for 𝑧𝑧 �𝛽̂𝛽𝑗𝑗
(𝐿𝐿)� = 𝑧𝑧 �𝛽̂𝛽𝑗𝑗

(𝐿𝐿𝐿𝐿)�. Observe 

that 𝜆𝜆
2

(𝑋𝑋′𝑋𝑋)−1𝑧̂𝑧 is a 𝑝𝑝 x 1 vector that determines the rate at which the least squares estimate 𝛽̂𝛽(𝐿𝐿𝐿𝐿) 

reaches 0. The 𝑗𝑗𝑡𝑡ℎ row of  𝜆𝜆
2

(𝑋𝑋′𝑋𝑋)−1𝑧̂𝑧 is the rate for which 𝛽̂𝛽𝑗𝑗
(𝐿𝐿𝐿𝐿) reaches 0. From the LASSO 

objective function when that 𝜆𝜆 = 0 results in the least squares estimates. As 𝜆𝜆 → ∞ all LASSO 
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estimates will attain exactly 0. There needs to be caution when using (7.1) since for large values 

of 𝜆𝜆, the formula does not account for the number of LASSO estimates which are exactly 0. 

Before discussing how to use (7.1) to obtain the LASSO estimates, some notation and concepts 

need to be discussed. 

 

Denote 𝑝𝑝∗(𝜆𝜆) to be the number of non-zero LASSO estimates and denote 𝜆𝜆(𝑗𝑗) to be the 

smallest value of 𝜆𝜆 such that there are 𝑗𝑗 LASSO estimates that are exactly 0 for 𝑗𝑗 = 0,1,2, … ,𝑝𝑝. 

Observe that 𝑝𝑝∗�𝜆𝜆(𝑗𝑗)� = 𝑝𝑝 − 𝑗𝑗 and the sequence of 𝜆𝜆(𝑗𝑗) values satisfy, 

 

0 = 𝜆𝜆(0) ≤ 𝜆𝜆(1) ≤ ⋯ ≤ 𝜆𝜆(𝑗𝑗) ≤ 𝜆𝜆(𝑝𝑝) < ∞.  

 

If the sequence of 𝜆𝜆(𝑗𝑗) is known and which of the estimates are 0, (7.1) can be used to calculate 

the non-zero LASSO estimates and the remaining 𝑗𝑗 estimates are exactly 0 for a given 𝜆𝜆. The 

procedure to calculate the sequence of 𝜆𝜆(𝑗𝑗) and which of the 𝑗𝑗 estimates will be 0 is as follows, 

 

1) Calculate the least squares estimates 𝛽̂𝛽(𝐿𝐿𝐿𝐿) and the rate of shrinkage for each estimate 

1
2

(𝑋𝑋′𝑋𝑋)−1𝑧̂𝑧. Let 𝐴𝐴𝑗𝑗 = 𝛽̂𝛽𝑗𝑗
(𝐿𝐿𝐿𝐿) and 𝐵𝐵𝑗𝑗 the 𝑗𝑗𝑡𝑡ℎ row of  1

2
(𝑋𝑋′𝑋𝑋)−1𝑧̂𝑧, there are 𝑝𝑝 equations in 

the form of, 

 

𝐴𝐴𝑗𝑗 − 𝜆𝜆𝑗𝑗𝐵𝐵𝑗𝑗 = 0. 

 

2) Calculate 𝜆𝜆𝑗𝑗 for all 𝑝𝑝 equations by calculating 𝜆𝜆𝑗𝑗 = 𝐴𝐴𝑗𝑗
𝐵𝐵𝑗𝑗
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3) The first lambda value in the sequence is the minimum of the positive values of 𝜆𝜆𝑗𝑗 𝜆𝜆(1) =

min�𝜆𝜆𝑗𝑗|𝜆𝜆𝑗𝑗 > 0� 

4) The value of 𝜆𝜆(1) is known along with the corresponding estimate that attained 0. 

Remove that column from the design matrix 𝑋𝑋 and repeat steps 1-3 for all 𝑝𝑝 predictors.   

 

This procedure is only valid when 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅(𝑋𝑋) = 𝑝𝑝 and the least squares estimates are unique. For 

demonstration purposes, consider a random generated 4 x 4 design matrix 𝑋𝑋 that is full rank and 

random generated 𝑦𝑦 vector, 

 

Table 7.1 Sample data 

𝑿𝑿  𝒚𝒚 

1 1.510767 2.458121 1.678338  6 
1 7.200772 2.676358 5.710503  16 
1 4.840743 4.109823 4.98994  34 
1 -0.70587 8.475614 2.501209  9 

 

 

The least squares estimates, the rate of shrinkages, and the values of 𝜆𝜆𝑗𝑗 are calculated from step 1 

presented in table 7.2, 

 

Table 7.2 Calculated values of 𝑨𝑨𝒋𝒋,𝑩𝑩𝒋𝒋, and 𝝀𝝀𝒋𝒋 

𝑗𝑗 𝐴𝐴𝑗𝑗 𝐵𝐵𝑗𝑗 𝜆𝜆𝑗𝑗 
1 19.88324 8.27873 2.401726 
2 -38.2974 -11.2851 3.393629 
3 -21.4974 -6.59623 3.259043 
4 57.68706 15.40609 3.744432 
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For the first iteration 𝜆𝜆(1) = 2.017 is the minimum value of 𝜆𝜆 for the intercept estimate 𝑗𝑗 = 1. 

The second iteration starts by deleting the intercept column and repeating the procedure, 

 

Table 7.3 Design matrix 𝑿𝑿 without the fourth column 

𝑿𝑿  𝒚𝒚 

1.510767 2.458121 1.678338  6 
7.200772 2.676358 5.710503  16 
4.840743 4.109823 4.98994  34 
-0.70587 8.475614 2.501209  9 

 

 

The least squares estimates, rate of shrinkage, and new 𝜆𝜆𝑗𝑗 values are re-calculated. 

 

Table 7.4 Calculated values of 𝑨𝑨𝒋𝒋,𝑩𝑩𝒋𝒋, and 𝝀𝝀𝒋𝒋 

𝒋𝒋 𝑨𝑨𝒋𝒋 𝑩𝑩𝒋𝒋 𝝀𝝀𝒋𝒋 
2 -24.4285 -5.51054 4.433051 
3 -12.5563 -2.87344 4.369774 
4 40.16657 8.111132 4.95203 

 

 

For the second iteration 𝜆𝜆(2) = 4.3697 is the minimum value for the estimate that corresponds to 

𝑗𝑗 = 3. The remaining iterations can be completed to obtain the lambda sequence, 

 

Table 7.5 Lambda sequence 

𝒋𝒋 (𝒋𝒋) 𝝀𝝀(𝒋𝒋) 
1 1 2.401726 
3 2 4.369774 
2 3 8.764383 
4 4 587.21384 
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Table 7.5 presents the values and which estimates are 0. If 𝜆𝜆 = 1 then all 4 estimates are non-

zero, if 𝜆𝜆 = 3, then only 𝛽̂𝛽1
(𝐿𝐿) = 0 and the remaining three estimates can be calculated using (7.1), 

the design matrix 𝑋𝑋 in (7.1) consists only columns corresponding to the non-zero estimates. To 

verify this procedure is correct, the optim function in R using the BFGS algorithm will do a 

computational optimization of the LASSO objective function. Table 7.6 presents values of 𝜆𝜆, the 

estimates using equation (7.1), the results from the optim function, and the value of the LASSO 

objective function. 

 

Table 7.6.1 LASSO and optim estimates for 𝝀𝝀 = 𝟐𝟐 

Method 𝜷𝜷�𝟏𝟏
(𝑳𝑳) 𝜷𝜷�𝟐𝟐

(𝑳𝑳) 𝜷𝜷�𝟑𝟑
(𝑳𝑳) 𝜷𝜷�𝟒𝟒

(𝑳𝑳) Objective 
Function 

Equation (7.1) 3.3257 -15.7272 -8.3049 26.8749 191.5979 

Optim 3.3276 -15.7296 -8.3064 26.8781 191.5979 

 

 

 

 

Table 7.6.2 LASSO and optim estimates for 𝝀𝝀 = 𝟑𝟑 

Method 𝜷𝜷�𝟏𝟏
(𝑳𝑳) 𝜷𝜷�𝟐𝟐

(𝑳𝑳) 𝜷𝜷�𝟑𝟑
(𝑳𝑳) 𝜷𝜷�𝟒𝟒

(𝑳𝑳) Objective 
Function 

Equation (7.1) 0 -7.8969 -3.9360 15.8332 229.5345 

Optim 0 -7.8992 -3.9380 15.8373 229.5345 
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Table 7.6.3 LASSO and optim estimates for 𝝀𝝀 = 𝟔𝟔 

Method 𝜷𝜷�𝟏𝟏
(𝑳𝑳) 𝜷𝜷�𝟐𝟐

(𝑳𝑳) 𝜷𝜷�𝟑𝟑
(𝑳𝑳) 𝜷𝜷�𝟒𝟒

(𝑳𝑳) Objective 
Function 

Equation (7.1) 0 -0.2193 0 4.5822 260.0035 

Optim -0.0001 -0.2177 0.0002 4.5777 260.0052 

 

 

 

 

Table 7.6.4 LASSO and optim estimates for 𝝀𝝀 = 𝟑𝟑𝟑𝟑𝟑𝟑 

Method 𝜷𝜷�𝟏𝟏
(𝑳𝑳) 𝜷𝜷�𝟐𝟐

(𝑳𝑳) 𝜷𝜷�𝟑𝟑
(𝑳𝑳) 𝜷𝜷�𝟒𝟒

(𝑳𝑳) Objective 
Function 

Equation (7.1) 0 0 0 2.1568 1219.263 

Optim 0 0.0019 0.0081 2.1571 1219.458 

 

 

Table 7.6.1 to table 7.6.4 all indicate the procedure outlines through section 7.2 is giving 

approximately the same LASSO estimates as the optim function in R. The BFGS algorithm 

performs worse at minimizing the LASSO objective function when the estimates are exactly 0 as 

indicated by table 7.6.3 and table 7.6.4 where the analytical approach achieves a smaller 

minimum. 

 

 The estimation technique outlined in section 7.2 only is possible when 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅(𝑋𝑋) = 𝑝𝑝. 

When 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅(𝑋𝑋) < 𝑝𝑝 computational approaches can be used to find a unique LASSO estimates 

for a given 𝜆𝜆 only in the case where the rank of the design matrix is equal to the effective degrees 

(Zou, et al., 2007) of freedom, 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅(𝑋𝑋) = 𝑝𝑝∗(𝜆𝜆) ≤ 𝑝𝑝. 
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7.3 Special Case: Orthogonal Designs 

Let 𝑑𝑑∗ be an orthogonal design with 𝑛𝑛 runs, 𝑚𝑚 main effects, where the design matrix with 

𝑛𝑛 rows and 𝑝𝑝 columns satisfies the property 𝑋𝑋𝑑𝑑∗
′ 𝑋𝑋𝑑𝑑∗ = 𝑛𝑛𝐼𝐼𝑝𝑝. The estimates given in (7.1) simplify 

to, 

 

𝛽̂𝛽(𝐿𝐿) =  𝛽̂𝛽(𝐿𝐿𝐿𝐿) −
𝜆𝜆

2𝑛𝑛
𝑧̂𝑧. 

 

The interpretation is that all least squares estimates have a constant linear rate of shrinkage 

towards zero of 𝜆𝜆
2𝑛𝑛

. This simplifies the procedure to find the corresponding 𝜆𝜆 sequence, since all 

effects are uncorrelated with each other, there is no need to redefine the 𝑋𝑋 matrix every iteration. 

The procedure to calculate the lambda sequence 𝜆𝜆(𝑗𝑗), 

 

1) Order the least squares estimates by magnitude to satisfy the condition, 

 

0 ≤ 𝛽̂𝛽(1)
(𝐿𝐿𝐿𝐿) ≤ 𝛽̂𝛽(2)

(𝐿𝐿𝐿𝐿) ≤ ⋯ ≤ 𝛽̂𝛽(𝑝𝑝)
(𝐿𝐿𝐿𝐿).  

 

2) The lambda sequence is calculated by 𝜆𝜆(𝑗𝑗) = 2𝑛𝑛𝛽̂𝛽(𝑗𝑗)
(𝐿𝐿𝐿𝐿) 

 

The procedure to calculate the LASSO estimates is identical as described in section 7.2 once the 

sequence of lambdas are calculated. Consider the orthogonal design 𝑑𝑑∗ in chapter 6 with 𝑚𝑚 = 5 

main effects where the 𝑛𝑛 = 25−1 runs using the identity relation, 𝐴𝐴1 + 𝐴𝐴2 + 𝐴𝐴3 + 𝐴𝐴4 + 𝐴𝐴5 = 1. 
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𝑑𝑑∗ 

Run  Treatment  𝒙𝒙𝟏𝟏 𝒙𝒙𝟐𝟐 𝒙𝒙𝟑𝟑 𝒙𝒙𝟒𝟒 𝒙𝒙𝟓𝟓  𝒚𝒚 

1  1  1 -1 -1 -1 -1  6 
2  2  -1 1 -1 -1 -1  16 
3  3  -1 -1 1 -1 -1  34 
4  4  -1 -1 -1 1 -1  9 
5  5  -1 -1 -1 -1 1  8 
6  123  1 1 1 -1 -1  44 
7  124  1 1 -1 1 -1  21 
8  125  1 1 -1 -1 1  15 
9  134  1 -1 1 1 -1  50 
10  135  1 -1 1 -1 1  30 
11  145  1 -1 -1 1 1  10 
12  234  -1 1 1 1 -1  60 
13  235  -1 1 1 -1 1  45 
14  245  -1 1 -1 1 1  22 
15  345  -1 -1 1 1 1  52 
16  12345  1 1 1 1 1  63 

 

 

For this orthogonal design 𝑑𝑑∗, let the design matrix 𝑋𝑋𝑑𝑑∗  have the columns for the general mean, 5 

main effects, and 10 two-factor interactions for a total of 𝑝𝑝 = 16 parameters. The 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅(𝑋𝑋𝑑𝑑∗) =

𝑝𝑝 = 𝑛𝑛 = 16 and the least squares estimation is unique and given by 1
16
𝑋𝑋′𝑦𝑦. To calculate the 

LASSO estimates, first calculate the least squares estimates, order the least squares estimates by 

magnitude, and calculate the shrinkage rate (shrinkage rate is constant since 𝑑𝑑∗ is an orthogonal 

design). Table 7.7 presents the ordered least squares estimates is ascending order, the shrinkage 

rates for each estimate, and the corresponding 𝜆𝜆(𝑗𝑗) value to shrink the 𝛽̂𝛽(𝐽𝐽)
(𝐿𝐿𝐿𝐿) to 0 (intercept not 

included), 
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 Table 7.7 Ordered least squares, shrinkage rates, lambda sequence values 

(𝒋𝒋) 𝒋𝒋 𝜷𝜷�(𝒋𝒋)
(𝑳𝑳𝑳𝑳) Shrinkage Rate 𝜆𝜆(𝑗𝑗) 

(1)  2,4 0.0625 0.03125 2 
(2)  2,5 0.0625 0.03125 2 
(3)  1,3 0.1875 0.03125 6 
(4)  3,5 0.1875 0.03125 6 
(5)  5 0.3125 0.03125 10 
(6)  2,3 0.3125 0.03125 10 
(7)  4 0.4375 0.03125 14 
(8)  3,4 0.4375 0.03125 14 
(9)  1,4 0.5625 0.03125 18 
(10)  1,5 0.5625 0.03125 18 
(11)  4,5 0.6875 0.03125 22 
(12)  1,2 3.4375 0.03125 110 
(13)  3 5.4375 0.03125 174 
(14)  1 5.5625 0.03125 178 
(15)  2 16.938 0.03125 542.016 

 

None of the LASSO estimates will attain 0 for selecting 𝜆𝜆 = 1, eight of the LASSO estimates will 

attain 0 for selecting 𝜆𝜆 = 8, all but one estimate will attain 0 for selecting 𝜆𝜆 = 300. Table 7.8 

provides LASSO estimates for different values of 𝜆𝜆 (top 10 least squares estimates provided, 

intercept excluded by calculated in 𝑧̂𝑧′𝛽̂𝛽(𝐿𝐿) ), 

 

Table 7.8 LASSO estimates for different values of 𝝀𝝀 

(𝒋𝒋) 𝒋𝒋 𝜷𝜷�(𝒋𝒋)
(𝑳𝑳) 

𝜆𝜆 = 0 
𝜷𝜷�(𝒋𝒋)

(𝑳𝑳) 
𝜆𝜆 = 2 

𝜷𝜷�(𝒋𝒋)
(𝑳𝑳) 

𝜆𝜆 = 14 
𝜷𝜷�(𝒋𝒋)

(𝑳𝑳) 
𝜆𝜆 = 22 

(15) 2 16.938 16.875 16.5 16.25 
(14) 1 5.5625 5.5 5.125 4.875 
(13) 3 5.4375 5.375 5 4.75 
(12) 1,2 3.4375 3.375 3 2.75 
(11) 4,5 0.6875 0.625 0.25 0 
(10) 1,4 0.5625 0.5 0.125 0 
(9) 1,5 0.5625 0.5 0.125 0 
(8) 4 0.4375 0.375 0 0 
(7) 3,4 0.4375 0.375 0 0 
(6) 5 0.3125 0.25 0 0 

𝑧̂𝑧′𝛽̂𝛽(𝐿𝐿)  65.5 64.5 59.625 58.25 
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7.4 Model Selection Procedure 

 For ridge regression, the estimation step is straight forward but the model selection 

procedure requires attention. For LASSO, the estimation step requires attention but the model 

selection procedure is straight forward since LASSO estimates can be exactly 0. A model 

selection procedure that is analogous to the search design methodology for a given positive 

integer 𝑘𝑘,  

 

1) Start out estimating a full model (general mean, linear terms, and all desired higher order 

terms) 

2) For a given positive integer 𝑘𝑘, find a value of 𝜆𝜆 that returns 𝑘𝑘 non-zero two-factor 

estimates. The value of 𝜆𝜆 is not unique but the selected model for that choice of 𝑘𝑘 is 

unique. 

 

Using this model selection procedure with LASSO, most of the emphasis on the choice of 𝑘𝑘. An 

alternative model selection approach is to specify a criterion function, such as a cross validation 

(Tibshirani and Robert, 1976), generalized cross validation (Jansen, 2014). or AIC/BIC (Hsu, et 

al., 2008), to select the value of 𝜆𝜆 instead of selecting a value of 𝑘𝑘. Zou proposes an alternative to 

LASSO, the adaptive LASSO, as another form of model selection using LASSO estimation 

(2006)   

 

Chapter 8 compares the LASSO model selection procedure with the ridge regression model 

selection procedure (chapter 6) and the search design methodology.  
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Chapter 8 

Model Selection Procedure Performances 

 

8.1 Introduction 

 A total of 4 non-orthogonal designs (𝑑𝑑1, 𝑑𝑑2, 𝑑𝑑3, and 𝑑𝑑4) and three model selection 

procedures (search design methodology, ridge regression, and LASSO), was discussed in earlier 

chapters. Each design has 𝑚𝑚 = 5 main effects and 𝑛𝑛 = 12 runs. The purpose of this chapter is to 

compare the performance of each model selection procedure across the four designs. A true 

model will be known to generate datasets where each design will use each model selection 

procedure to determine if the correct model was selected.    

 

8.2 Simulation   

 For the search design methodology, design 𝑑𝑑1 has full estimation capacity for positive 

integer 0 < 𝑘𝑘 ≤ 5 and full model discrimination capabilities for 0 ≤ 𝑘𝑘 ≤ 5. Designs 𝑑𝑑2, 𝑑𝑑3, and 

𝑑𝑑4 has full estimation capacity for 0 < 𝑘𝑘 ≤ 3 and full model discrimination capabilities for 0 ≤

𝑘𝑘 ≤ 1. For 𝑘𝑘 = 2, there are �𝑚𝑚2 � =While 𝑑𝑑2, 𝑑𝑑3, and 𝑑𝑑4 do not have full model discrimination 

capabilities for 𝑘𝑘 = 2, there are �52� = 10 two-factor interactions and �102 � = 45 models. A 

careful choice of the true model with 2 non-zero two-factor interactions is still possible if the rank 

conditions are satisfied between the model comparisons involving the true model with the other 

45 models. Section 2.4 illustrates a design 𝑑𝑑1
(−𝑖𝑖) where the model discrimination rank conditions 

are not satisfied but there are still models 𝑀𝑀𝑢𝑢 that satisfy the rank conditions for all other models 

𝑀𝑀𝑢𝑢′. The procedure to compare the model selection procedure performances across the four 

designs, 
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1) Generate data from the true model with non-zero two-factor interaction terms 𝑥𝑥1𝑥𝑥3 and 

𝑥𝑥2𝑥𝑥3, 

 

𝑦𝑦𝑑𝑑 = 3�1� + 5𝑥𝑥1,𝑑𝑑 + 10𝑥𝑥2,𝑑𝑑 + 15𝑥𝑥3,𝑑𝑑 + 4𝑥𝑥4,𝑑𝑑 + 8𝑥𝑥5,𝑑𝑑 + 7𝑥𝑥1𝑥𝑥3,𝑑𝑑 + 8𝑥𝑥2𝑥𝑥3,𝑑𝑑 + 𝜖𝜖 

𝜖𝜖 ~ 𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁�0,𝜎𝜎2𝐼𝐼�  ;  𝜎𝜎 = 0.5, 1, 5, 10, 15 

 

2) For each design, perform the model selection procedure, 

 

a) Search design methodology – Find the model that minimizes the error sum of 

squares for 𝑘𝑘 = 2 two-factor interactions 

b) Ridge regression – Find a value of 𝜆𝜆 that returns 𝑘𝑘 = 2 two-factor interaction 

estimates above the threshold 𝑡𝑡 = 0.00001 and the remaining 8 two-factor 

interaction estimates below or equal the threshold 𝑡𝑡 = 0.00001. 

c) LASSO – Find a value of 𝜆𝜆 that returns 𝑘𝑘 = 2 two-factor interaction 

estimates that are non-zero while the remaining 8 two-factor interaction 

estimates equal to 0. 

 

3) For each design and model selection procedure, report back either 0 or 1 depending 

whether it found the correct two-factor interaction terms 𝑥𝑥1𝑥𝑥3 and 𝑥𝑥2𝑥𝑥3 

 

4) Generate 10,000 datasets for each design, each value of 𝜎𝜎, and perform the model 

selection procedure for each dataset to estimate the model selection procedure 

performance for each design. 
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Table 8.1 Search design methodology performance results 

Design 𝝈𝝈 = 𝟎𝟎.𝟓𝟓 𝝈𝝈 = 𝟏𝟏 𝝈𝝈 = 𝟓𝟓 𝝈𝝈 = 𝟏𝟏𝟏𝟏 𝝈𝝈 = 𝟏𝟏𝟏𝟏 

𝒅𝒅𝟏𝟏 1 1 0.9136 0.3681 0.1595 

𝒅𝒅𝟐𝟐 1 1 0.912 0.3757 0.1661 

𝒅𝒅𝟑𝟑 1 1 0.832 0.2743 0.1134 

𝒅𝒅𝟒𝟒 1 1 0.8639 0.3335 0.1469 

 

 

Table 8.2 Ridge regression performance results 

Design 𝝈𝝈 = 𝟎𝟎.𝟓𝟓 𝝈𝝈 = 𝟏𝟏 𝝈𝝈 = 𝟓𝟓 𝝈𝝈 = 𝟏𝟏𝟏𝟏 𝝈𝝈 = 𝟏𝟏𝟏𝟏 

𝒅𝒅𝟏𝟏 1 1 0.9801 0.5892 0.2873 

𝒅𝒅𝟐𝟐 1 1 0.9909 0.6945 0.3896 

𝒅𝒅𝟑𝟑 0 0 0 0.0005 0.0038 

𝒅𝒅𝟒𝟒 0 0 0 0.0007 0.0032 

 

 

Table 8.3 LASSO performance results 

Design 𝝈𝝈 = 𝟎𝟎.𝟓𝟓 𝝈𝝈 = 𝟏𝟏 𝝈𝝈 = 𝟓𝟓 𝝈𝝈 = 𝟏𝟏𝟏𝟏 𝝈𝝈 = 𝟏𝟏𝟏𝟏 

𝒅𝒅𝟏𝟏 1 1 0.7364 0.3425 0.1589 

𝒅𝒅𝟐𝟐 1 1 0.9936 0.6796 0.3857 

𝒅𝒅𝟑𝟑 0 0 0 0.0068 0.0107 

𝒅𝒅𝟒𝟒 0 0 0.0021 0.0104 0.0175 
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8.3 Design and Method Comparisons 

For the search design methodology, the results in table 8.1 indicates that 𝑑𝑑1 had similar 

performance to 𝑑𝑑2 across all levels of 𝜎𝜎, 𝑑𝑑4 performed better than 𝑑𝑑3 but slightly worse than 𝑑𝑑1 

or 𝑑𝑑2. For the ridge regression model selection procedure, design 𝑑𝑑2 performed better than design 

𝑑𝑑1 while design 𝑑𝑑3 and 𝑑𝑑4 was not at all compatible with the model selection procedure, only 

performing better with higher levels of noise 𝜎𝜎2. For the LASSO model selection procedure, 𝑑𝑑2 

had better performance than 𝑑𝑑1 and similar to ridge regression, 𝑑𝑑3 and 𝑑𝑑4 were not compatible 

with the model selection procedure. 

 

 The ridge regression model selection procedure had better performance than the search 

design methodology for both 𝑑𝑑1 and 𝑑𝑑2. LASSO model selection procedure had the same 

performance as the ridge regression model selection procedure for 𝑑𝑑2 but the LASSO model 

selection procedure performed worse than the search design methodology for 𝑑𝑑1. Table 8.4 

summarizes the choice of model selection procedure for each design based on the simulation 

results. 

Table 8.4 Recommended method for each design 

Design SDM Ridge Regression LASSO 

𝒅𝒅𝟏𝟏  X  

𝒅𝒅𝟐𝟐  X X 

𝒅𝒅𝟑𝟑 X   

𝒅𝒅𝟒𝟒 X   

 

Design 𝑑𝑑2 had the best performance for all three methodologies and would be recommended if 

the true model was the data generating model for the simulation.  
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Chapter 9 

Conclusions 

 

When searching over 𝑘𝑘 two-factor interactions, model discrimination is the capability of 

a design 𝑑𝑑 to separate two competing models within a class of 𝑣𝑣𝑘𝑘 models. For each of the �𝑣𝑣𝑘𝑘2 � 

pairwise model comparisons {𝑀𝑀𝑢𝑢,𝑀𝑀𝑢𝑢′}, the value of the differenced error sum of squares is 

dependent on the observed values 𝑦𝑦𝑑𝑑 and the difference of two projection matrices 𝐻𝐻𝑑𝑑
�𝑢𝑢,𝑢𝑢′�.   

 

It is desired for the true model to have the smallest error sum of squares, an incorrect 

model to have a larger error sum of squares, and a large distance between the two error sum of 

squares to maximize the success for model selection.  By dividing the differenced error sum of 

squares with the sum of squares for the observations, the range of possible values is completely 

determined by the eigenvalues of the differenced projection matrix. For each model comparison 

{𝑀𝑀𝑢𝑢,𝑀𝑀𝑢𝑢′}, we examined the eigenvalues of the differenced projection matrices of multiple 

designs to determine which design is more capable of having a larger differenced error sum of 

squares for a general observation vector 𝑦𝑦𝑑𝑑.  

 

Using eigenvalue decomposition, we have calculated the expected difference error sum of 

squares as a function of the parameters 𝛽𝛽. An example was given for any value of 𝛽𝛽1,2 ≠ 0 and 

the remaining two-factor interactions are equal to zero, design 𝑑𝑑1 will have higher expected 

difference for the error sum of squares for most of the model comparisons and have better model 

discrimination capabilities than design 𝑑𝑑2.  We have also observed for the two 12-run Plackett-

Burman designs and 𝑘𝑘 = 1, comparing the eigenvalues between the designs is sufficient to 
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determine which of the two designs which will have better model selection performance 

capabilities. Ridge regression and LASSO as model selection procedures were also examined for 

the four non-orthogonal designs. It has shown there is a strong interaction effect between the 

model selection methodology and the design used. Ridge regression or LASSO had better 

performance on the two balanced designs but had low probability of success on the Plackett-

Burman designs. The search design methodology had a good success rate for all designs.  
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