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Abstract

Improvements in Density Functional Theory Calculations, Analysis, and Applications

by

Srimukh Prasad Veccham Krishna Prasad

Doctor of Philosophy in Chemistry

University of California, Berkeley

Professor Martin P. Head-Gordon, Chair

Density functional theory (DFT) is the most widely used quantum chemistry method. This
dissertation explores and advances different aspects of DFT. The computational cost of
DFT scales as the third power of the system size. In Chapter 2, we introduce an em-
bedded many-body expansion, called the polarized many-body expansion, which removes
the computational bottleneck steps in DFT calculations by exploiting the pairwise additiv-
ity of some components of interaction energy in molecular clusters. Energy decomposition
analysis fragments interaction energy into physico-chemically meaningful components like
permanent electrostatics, dispersion, polarization, and charge transfer. In Chapter 3, we
introduce a non-perturbative approach to decompose charge transfer energy into pairwise
additive terms. This approach improves upon the previous perturbative approach and can
be applied to chemical complexes with both weak and strong charge transfer interactions.
Different density functional approximations (DFAs) show varied performance for predicting
properties of different chemical systems. In Chapters 4 and 5, we identify DFAs which give
good accuracy for predicting the interaction energy of hydrogen with different model bind-
ing sites. These DFAs can potentially be used for in silico high-throughput screening of
materials capable of storing hydrogen at desired conditions.
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Chapter 1

Introduction

The wavefunction of a system is a mathematical object that completely defines its state at
a quantum mechanical level. Application of suitable operators to the wavefunction can, in
principle, give us any property of the system. The time-dependent Schrödinger equation,
proposed by physicist Erwin Schrödinger in 1926, can be solved to recover the wavefunction
(|Ψ〉) of the system:

Ĥ |Ψ〉 = ih̄
∂

∂t
|Ψ〉 (1.1)

where Ĥ is the Hamiltonian operator of the system and t is time. The Hamiltonian op-
erator is the quantum mechanical operator for the total energy of the system. While the
equation governing the wavefunction and its time evolution have been known for around
a century, its application to chemically relevant systems like atoms and molecules leads to
mathematically intractable equations. Quantum chemistry is a subdomain of chemistry that
attempts to solve the Schrödinger equation for chemical systems by employing suitable math-
ematical approximations and using it compute properties of systems. These approximations
can be very different in nature and each of them is characterized by its computational cost
and accuracy for predicting different properties. In this thesis, we have explored the ac-
curacy different approximations for computing specific chemical properties. We have also
attempted to push the trade-off between accuracy and computational cost by formulating a
new method that makes chemically-motivated mathematical approximations. In addition,
we have attempted to bridge the gap between computational calculations and experiments
by formulating techniques to compute chemically-meaningful quantities, thus making calcu-
lations more interpretable.

1.1 Solving the Electronic Schrödinger Equation

In this section, we will briefly discuss different classes of approximations for solving the
Schrödinger equation. As we are concerned with static properties in this work, we will
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discuss Eq. (1.1) in a time-independent context:

Ĥ |Ψ〉 = E |Ψ〉 (1.2)

where E is the total energy of the system. When applied to chemical systems, which usually
consist of nuclei and electrons, the total non-relativistic Hamiltonian can be written as a
sum of kinetic energy (T̂ ) and potential energy (V̂ ) contributions of electrons and nuclei as
shown Eq. (1.3) in atomic units:

Ĥ = T̂e + T̂n + V̂nn + V̂ne + V̂ee (1.3)

=

(
−

Nelec∑
i

1

2
∇̂

2

i

)
+

(
−

Nnuc∑
A

1

2mA

∇̂
2

A

)
+

(Nnuc∑
A

Nnuc∑
B>A

ZAZB

|R̂A − R̂B|

)
+ (1.4)

(
−

Nelec∑
i

Nnuc∑
A

ZA

|r̂i − R̂A|

)
+

(Nelec∑
i

Nelec∑
j>i

1

|r̂i − r̂j|

)
where T̂e and T̂n are the kinetic energy operators of the electrons and nuclei respectively,
V̂ee and V̂nn are the potential energy operators of the electrons and nuclei respectively, and
V̂ne is the potential energy operator of the electron-nuclear interaction. Nelec is the number
of electrons and Nnuc is the number of nuclei in the system. ZA and ZB are the charges on
nuclei A and B located at positions R̂A and R̂B with masses mA and mB respectively. r̂i
and r̂j are the positions of electrons i and j respectively.

As the atomic nuclei are at least 1800 times more massive that electrons, electrons move
much faster than nuclei. The Born-Oppenheimer approximation, which considers the motion
of electrons in a fixed field of nuclei, can be invoked to further simplify Eq. (1.3) and decouple
the electronic and nuclear motion. With the Born-Oppenheimer approximation, the total
Hamiltonian Ĥ can be written as a sum of electronic and nuclear parts, and subsequently, the
total wavefunction Ψ({R̂A}, {r̂i}) factorizes into the electronic (Ψe({R̂A}, {r̂i})) and nuclear
components (Φ({R̂A})) as shown in Eq. (1.5).

Ψe({R̂A}, {r̂i}) = Ψe({R̂A}, {r̂i})Φ({R̂A}) (1.5)

Throughout the rest of this section, we will discuss methods and approximations used to
solve the electronic part of the Schrödinger equation shown in Eq. (1.6):(
−

Nelec∑
i

1

2
∇̂

2

i −
Nelec∑
i

Nnuc∑
A

ZA

|r̂i − R̂A|
+

Nelec∑
i

Nelec∑
j>i

1

|r̂i − r̂j|

)
Ψ({R̂A}, {r̂i}) = EΨe({R̂A}, {r̂i})

(1.6)

Eq. (1.6) is an eigenvalue equation which typically has many eigenfunctions Ψe({R̂A}, {r̂i})
and eigenvalues E. The eigenfunction with the lowest eigenvalue represents the electronic
ground state of the system and other higher eigenvalues and their corresponding eigenfunc-
tions represent excited states of the system.
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Hartree-Fock Theory

The Hartree-Fock (HF) approximation is a mean-field approximation to the 3Nelec dimen-
sional electronic Schrödinger equation which considers that each electron moves in a mean
field generated by the remaining (Nelec − 1) electrons. The HF solution to the electronic
Schrödinger equation is equivalent to the molecular orbital picture of atoms and molecules
that one studies in a general chemistry class as a freshman. As electrons are fermions,
electronic wavefunctions should be anti-symmetric with respect to interchange of any two
electrons. One way to ensure this is to write electronic wavefunctions as a Slater determinant
of orthogonal molecular orbitals χi(xj) where xj is the collective position and spin coordinate
of electron j.

Φ(x1,x2, . . . ,xn) =
1√
n!

∣∣∣∣∣∣∣∣∣
χ1(x1) χ1(x2) · · · χ1(xn)
χ2(x1) χ2(x2) · · · χ2(xn)

...
...

. . .
...

χn(x1) χn(x2) · · · χn(xn)

∣∣∣∣∣∣∣∣∣ (1.7)

Each molecular orbital χi(xj) can be decomposed into spatial ψi(rj) and spin σi(ωj) parts,
as shown in Eq. (1.8)

χi(xj) = ψi,σ(rj)σi(ωj) (1.8)

Usually, σi is chosen to be either an α or β spin orbital which are orthonormal to each other.
As these equations are usually solved on a computer, one has to invoke the discretization
approximation in the form of writing the spatial part of the molecular orbitals as a linear
combination of some basis functions φµ(rj):

ψi,σ(rj) =
N∑
µ

Cµi,σφµ(rj) (1.9)

where Cµi,σ is the coefficient of the ith spatial molecular orbital with spin σ on the µth basis
function. Atom-centered Gaussian basis functions are typically used for molecular systems[1]
and plane-wave basis functions are most commonly used for periodic systems.[2] The rest
of this work will use atom-centered Gaussian basis functions, sometimes also referred to as
atomic orbitals (AOs). The coefficients Cµi,σ are determined using the variational principle,
which states that the best set of coefficients for the ground state wavefunction is one that
minimizes its energy.

E0 ≤
〈Φ(C)| Ĥ |Ψ(C)〉
〈Φ(C)|Φ(C)〉

= E(C) (1.10)

where E0 is the exact ground state energy and E(C) is the energy of the single Slater deter-
minant with parameters C. Substituting the Slater determinant in Eq. (1.7) into Eq. (1.10)
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and employing Slater-Condon rules[3, 4], we get the Hartree-Fock energy of that Slater
determinant:

EHF =
n∑
i=1

〈χi| ĥ |χi〉+
1

2

n∑
i=1

n∑
j=1

[〈χiχj|χiχj〉 − 〈χiχj|χjχi〉] (1.11)

ĥ(r̂i) = −1

2
∇2
i −

Nnuc∑
A=1

ZA

|r̂i − R̂A|
(1.12)

〈χi| ĥ |χi〉 =

∫
χ∗i (x̂1)ĥ(r̂1)χi(x̂1)dx̂1 (1.13)

〈χiχj|χiχj〉 =

∫ ∫
χ∗i (x̂1)χ

∗
j(x̂2)

1

r̂12
χi(x̂1)χj(x̂2)dx̂1dx̂2 (1.14)

〈χiχj|χjχi〉 =

∫ ∫
χ∗i (x̂1)χ

∗
j(x̂2)

1

r̂12
χj(x̂1)χi(x̂2)dx̂1dx̂2 (1.15)

The first term in Eq. (1.11) is the one-electron part and the second term is the two-
electron part which itself consists of Coulomb-type (Eq. (1.14)) and exchange-type integrals
(Eq. (1.15)). r̂12 = |r̂1 − r̂2| is the absolute magnitude of the distance between electrons 1
and 2 in Eqs. (1.14) and (1.15).

The electronic ground state Hartree-Fock energy is given by minimizing the Hartree-Fock
energy in Eq. (1.11), subject to the constraint that all molecular orbitals are orthonormal
to each other. This constraint is enforced using the method of Lagrangian multipliers. This
minimization leads to the following eigenvalue problem known as the Hartree-Fock equations:

f̂σ(r̂1)ψi,σ(r̂1) = εi,σψi,σ(r̂1) (1.16)

f̂σ(r̂1) = ĥ(r̂1) +

α,β∑
σ

nσ∑
j=1

∫
ψ∗j,σ(r̂2)ψj,σ(r̂2)

|r̂1 − r̂2|
dr̂2 −

nσ∑
j=1

∫
ψ∗j,σ(r̂2)P̂12ψj,σ(r̂2)

|r̂1 − r̂2|
dr̂2

(1.17)

where f̂σ(x̂1) is the Fock operator, P̂12 is the permutation operator that swaps indices 1 and
2 and εi,σ is the orbital energy of ψi,σ(r̂1).

Substituting Eq. (1.9) into Eq. (1.16), we obtain the matrix form of the generalized
eigenvalue problem:

FσCσ = SCσεσ (1.18)

Fµν,σ = 〈φµ| f̂σ |φν〉 (1.19)

Cµi,σ = 〈φµ|ψi,σ〉 (1.20)

Sµν = 〈φµ|φν〉 (1.21)

εij,σ = εi,σδij (1.22)

where Fσ is the Fock matrix for spin σ expressed in the AO basis, Cσ is a matrix whose
ith column contains the coefficients of the ith molecular orbital (MO) of spin σ, S is the AO
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overlap matrix, and εσ is the diagonal matrix of orbital energies with spin σ. In general,
non-orthogonal atom-centered Gaussian functions are used as basis functions for molecular
systems. Substituting Eq. (1.9) into Eq. (1.17), we can write the Fock matrix in AO basis
in terms of 1-particle density matrix (Pσ; also sometimes loosely referred to as “density
matrix”) as follows:

Fµν,σ = hµν +
∑
λξ

〈φµφλ|φνφξ〉 (Pλξ,α + Pλξ,β)−
∑
λξ

〈φµφλ|φξφν〉Pλξ,σ (1.23)

Pµν,σ =
nσ∑
i=1

Cµi,σC
∗
νi,σ (1.24)

Further, we can define the Coulomb (J) and exchange matrices (K) from Eq. (1.23),

Jµν =
∑
λξ

〈φµφλ|φνφξ〉 (Pλξ,α + Pλξ,β) (1.25)

Kµν,σ =
∑
λξ

〈φµφλ|φξφν〉Pλξ,σ (1.26)

The real space density (ρ(r)) can also be written in terms of the 1-particle density matrix
(1-PDM) as follows:

ρ(r) =
nσ∑
i=1

∑
µν

Pµν,σφµ(r)φ∗ν(r) (1.27)

As the Fock matrix itself is a function of the MO coefficients, Eq. (1.18) is solved itera-
tively using the self-consistent field (SCF) procedure. Starting with an AO basis set, charge,
spin multiplicity, and positions of all nuclei in the system, the SCF algorithm can be outlined
as follows:

1. Compute density independent quantities: h and S

2. Guess an initial 1-PDM for the given molecular configuration and basis set

3. Construct Fock matrix using the current density using Eq. (1.23)

4. Diagonalize the Fock matrix to obtain MO coefficient matrix and update the 1-PDM
using it

5. Check for convergence based on energy or density

• If converged, compute HF energy using the converged MOs with Eq. (1.11)

• If not converged, go back to step (3) and iterate
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The SCF procedure outlined is called the Roothaan-Hall algorithm and is equivalent to fixed
point iteration in numerical analysis. However, all the SCF solutions converged in this work
employ some form of convergence acceleration by using gradient-like information in some
form.[5–8] We refer interested readers to Refs. 9 and 10 for an in-depth discussion of the
physical, mathematical, and computational aspects of Hartree-Fock theory.

The Hartree-Fock approach to solving the Schrödinger equation approximates the motion
of each electron in a mean-field generated by the remaining electrons. However, in reality,
electrons avoid each other and their motions are “correlated”. This correlation is not cap-
tured by HF theory. The correlation energy, Ecorr, is the difference between the exact ground
state energy E0 and the HF ground state energy for a given basis set:

Ecorr = E0 − EHF (1.28)

By definition of the electronic correlation energy in Eq. (1.28) and the variational principle
(Eq. (1.10)), Ecorr is a negative-definite quantity. While HF theory usually captures ∼ 99%
of the total energy, it is still vital to capture the remaining correlation energy as interesting
chemical phenomena occur in this energy scale. We will discuss two starkly different cat-
egories of approaches to go beyond the mean-field approximation of HF theory. The first
category is density functional theory (DFT) which offers a way to capture correlation energy
at a computational cost that is comparable to HF theory. The second class of approaches
is classified as ab initio correlated wavefunction methods, which is typically more expensive
than HF theory, but offers a systematic way to improve upon it.

Density Functional Theory

Density functional theory (DFT) is the most widely used electronic structure method. De-
spite lack of systematic improvability inherent to its formalism, DFT has proved to be very
useful for computing properties of chemical systems. DFT sits at a sweet spot in the cost-
versus-accuracy trade-off curve, thus permitting application to a wide range of chemical
phenomena occurring at different length and time scales. The key difference between DFT
and other wavefunction-based methods is that DFT relies only on the total system density,
ρ(r), to compute the total ground state energy of the system instead of the wavefunction,
Ψ(x̂1, x̂2, . . . , x̂n). This leads to dramatic reduction in dimensionality, enabling mathematical
tractability at multiple levels.

The premise that the ground state electronic energy of a system can be written in terms
of the ground state density is based two important theorems proposed by Pierre Hohenberg
and Walter Kohn.[11]
Theorem 1 The external potential vext(r), and hence the total energy, is a unique functional
of the electron density ρ(r).
Theorem 2 The ground state energy can be obtained variationally: the density that mini-
mized the total energy is the exact ground state density.

As theorem 1 states, there is a one-to-one mapping between electron density and external
potential. This should,in principle, determine the ground state wavefunction which is now
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only a functional of the ground state density:

E[ρ(r)] = 〈Ψ0[ρ(r)]| T̂e + V̂ee + V̂ne |Ψ0[ρ(r)]〉 (1.29)

= Te[ρ(r)] + Vee[ρ(r)] +

∫
vne(r)ρ(r)dr (1.30)

where T̂e and T [ρ(r)] are the electronic kinetic energy operator and functional respectively,
V̂ee and Vee[ρ(r)] are the electron-electron repulsion potential energy operator and functional
respectively, and V̂ne and vne(r) are the electron-nuclear potential energy operator and func-
tions respectively. The Vee[ρ(r)] functional in Eq. (1.30) can further be split into a classical
Coulomb part (J [ρ(r)]) and a non-classical exchange part (K[ρ(r)]):

E[ρ(r)] = Te[ρ(r)] + J [ρ(r)] +K[ρ(r)] +

∫
vne(r)ρ(r)dr (1.31)

J [ρ(r)] =
1

2

∫
ρ(r)ρ(r′)

|r− r′|
drdr′ (1.32)

While the Hohenberg-Kohn theorem 1 gives us a way to express the ground state energy
in terms of the ground state density, it does not provide an exact form for the kinetic energy
and non-classical exchange energy functionals. These functionals have remained unknown
till date. The magnitude of kinetic energy is usually the same as that of the total energy.
Even quite good approximations to the kinetic energy functional leads to very large errors in
relative energies making DFT in this original formalism ill-suited for chemical applications.
Another obstacle to application of DFT is that only densities which come from integrating
ground state wavefunctions are valid. This is widely referred to as the v-representability
problem. These two limitations have prevented usage of DFT in its original formalism, also
referred to as orbital-free DFT.[12]

The Kohn-Sham (KS) formulation of DFT reintroduces the concept of orbitals in order
to circumvent the problem of the unknown kinetic energy functional. It describes a fictitious
reference system comprising of n non-interacting electrons in n spin orbitals which give the
same density. The kinetic energy of these spin orbitals, called KS spin orbitals, can be
computed similar to that of HF theory:

Ts[ρ(r)] =

α,β∑
σ

n∑
i

〈φi,σ| −
1

2
∇2 |φi,σ〉 (1.33)

These KS orbitals give the same density ρ(r), that is:

ρ(r) =

α,β∑
σ

n∑
i

|φi,σ(r)|2 (1.34)

The kinetic energy of this fictitious non-interacting system (Ts[ρ(r)]) is different from the
actual kinetic energy of the real interacting system(Te[ρ(r)]), but the difference is much
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smaller relative to the magnitude of the total ground state energy. The non-classical part of
the electron-electron interaction has also remained elusive. These two unknown contributions
are usually clubbed together (Eq. (1.35)) and are referred to as the exchange-correlation (XC)
functional, referring to that the fact it captures the exchange interaction and the correlation
contribution to the total energy (Eq. (1.36)).

E[ρ(r)] = Ts[ρ(r)] + J [ρ(r)] +

∫
vne(r)ρ(r)dr + Exc[ρ(r)] (1.35)

Exc =
(
Ts[ρ(r)]− Ts[ρ(r)]

)
+K[ρ(r)] (1.36)

While KS-DFT is exact in theory, the functional form of Exc[ρ(r)] is unknown and has
remained an active area of research in the last couple of decades.

The KS energy functional can be variationally optimized by differentiating with respect to
the orbitals ψi,σ(r) to obtain Hartree-Fock-like KS Fock operator for computing KS orbitals:

f̂KS
σ ψi,σ(r) = εi,σψi,σ(r) (1.37)

f̂KS
σ = −1

2
∇2
i −

∑
A

ZA

|r̂− R̂A|
+

∫
ρ(r′)

|r− r′|
dr′ + vxc,σ(r) (1.38)

where

vxc,σ(r) =
δExc[ρ(r)]

δρσ(r)
(1.39)

Like in HF theory, the KS orbitals in Eq. (1.38) can be expressed in a basis set to give the
KS generalized eigenvalue problem:

FKS
σ CKS

σ = SCKS
σ εKS

σ (1.40)

Eq. (1.40) is solved iteratively using the SCF procedure outlined in Section 1.1 and conse-
quently has a computational cost similar to that of HF theory. For a detailed discussion of
KS-DFT, we refer readers to Refs. 13, 14, 15, and 16.

Given the low cost of KS-DFT in comparison to other wavefunction methods, multiple
research groups in the last couple of decades have attempted to come up with approximate
functional forms for the exchange-correlation functional using empirical, semi-empirical, and
non-empirical methods. Each of these approximations, termed density functional approxi-
mations (DFAs), give different accuracies for different problems.[17–19] For instance, a DFA
that gives good accuracy for non-covalent interaction energies might not necessarily pre-
dict good barrier heights. The development of a DFA typically follows the below sequential
pattern:

1. Hypothesizing a functional form for Exc[ρ(r)] that satisfies certain criteria that should
be satisfied by the exact functional. These functional forms usually contain one or
more parameters.
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Table 1.1: Density Functional Approximations (DFAs) classified into different rungs of the
Jacob’s ladder.

Rung no. Rung name Depends on Example DFAs
5 Double hybrid ρσ(r),∇ρσ(r),∇2ρσ(r), {ψi,σ(r)}, {ψa,σ(r)} ωB97M(2), XYG3
4 Hybrid ρσ(r),∇ρσ(r),∇2ρσ(r), {ψi,σ(r)} B3LYP, ωB97X-V
3 Meta-GGA ρσ(r),∇ρσ(r),∇2ρσ(r) TPSS, B97M-V
2 GGA ρσ(r),∇ρσ(r) PBE, BLYP
1 LDA ρσ(r) SPW92, SVWN5

2. Determination of these unknown parameters empirically by fitting to highly accurate
reference data generated from experiments or computations

3. Testing the transferability of these fitted parameters on datasets not used for fitting in
order to assess the accuracy of the DFA

The enticing promise of finding the exact functional or good approximations to it, along
with a lack of rigorous recipe for systematic improvement, has caused an explosion in the
number of DFAs parametrized in the recent past. The number of DFAs parametrized for
chemical applications alone exceeds a couple of hundred. John Perdew has organized DFAs
hierarchically based on the different terms they depend on.[20] This hierarchical classification
is called the “Jacob’s ladder.” As one moves up the Jacob’s ladder from the Hartree world
with no electron exchange or correlation to the heaven of chemical accuracy, one can expect
an increase in the accuracy of the DFAs. This is only an expectation and definitely does not
apply to all DFAs.

We will briefly discuss the different rungs of the Jacob’s ladder shown in Table (1.1). The
DFAs in the first rung of the Jacob’s ladder, termed Local Density Approximation (LDA),
depend only on the density (ρσ(r)) of the system. The first rung functionals discussed in this
work, SPW92 and SVWN5, contain Slater exchange[21] and different parameterizations for
the correlation part.[22, 23] The second rung is called the generalized gradient approximation
(GGA) and depends on the density (ρσ(r)) and its gradient (∇ρσ(r)). PBE[24] and BLYP[25,
26] are two popular DFAs from this rung. The next rung, named meta-GGA DFAs, depend
on the kinetic energy density (∇2ρσ(r)) in addition to the density and its gradient. In
principle, the functional space of GGA is completely contained in the meta-GGA functional
space and one would expect meta-GGA DFAs to perform as well or better than GGAs.
However, in practice, this is always not the case as larger flexibility in space can lead to
over-parameterization and consequently poorer transferability. TPSS[27] and B97M-V[28]
are two examples of meta-GGA functionals. The density functionals in the first three rungs
of the Jacob’s ladder are commonly referred to as local or semi-local density functionals.

Semi-local functionals suffer from the problem of self-interaction where each electron in-
teracts with itself. HF theory, which has exact treatment of exchange interactions, does not
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suffer from this problem. One solution to improve the performance of DFAs is to incorpo-
rate some fraction of HF exchange (also referred to as exact exchange) into DFAs. Such
DFAs are called hybrid functionals and are classified as the fourth rung and their exchange-
correlation functional forms have explicit dependence on occupied MOs ({ψi,σ(r)}). Hybrid
functionals come in multiple flavors: (1) Global hybrids which contain a constant fraction of
HF exchange like B3LYP[29] (2) Range-separated hybrids like ωB97X-V[30] which use DFT
exchange when electrons are close by and HF exchange when electrons are well-separated.
Hybrid functionals are widely used because of their increased accuracy, but addition of HF
exchange adds significantly to the computational cost. A potential method to partially
mitigate this additional computational cost is discussed in Chapter 2. In rung five, DFAs
use some fraction of correlation energy from correlated wavefunction methods like MP2[31]
or RPA[32]. XC functionals of DFAs in this rung have additional dependence on virtual
orbitals ({ψa,σ(r)}). These functionals, called double hybrid density functionals, have a
markedly increased computational cost as they rely on correlated wavefunctions. XYG3[33]
and ωB97M(2)[34] are two examples of rung five DFAs. These functionals, placed at the top
of the Jacob’s ladder, are typically highly accurate.

Density functional theory, being an inherently mean-field-like formalism, cannot capture
certain truly non-local physical effects like dispersion. Dispersion, which is a consequence
of electron correlation, has a negative-definite contribution to the total energy of systems
containing more than one electron. Dispersion has been incorporated into DFAs using both
empirical and pseudo-empirical methods. The most popular of these methods is Stefan
Grimme’s DFT-D atom-atom empirical potential.[35–39] This DFT-D method accounts for
dispersion by adding a negative-definite correction which is independent of electron density.
Another approach to calculate dispersion correction in an arguably less empirical way is to
use a non-local correlation kernel in the density functional approximation. The vdW-DF
category of methods[40, 41] and the VV09[42] and VV10[43] non-local kernels belong to this
approach.

Extensive work in the field of developing empirical density functionals has resulted in
highly accurate DFAs which are widely applicable to a range of chemical systems. In
particular, we would like to emphasize the combinatorial optimization approach to DFA
development, which has lead the formulation of B97M-V[28] (meta-GGA), ωB97X-V[30]
(range-separated hybrid GGA), and ωB97M-V[44] (range-separated hybrid meta-GGA) den-
sity functional approximations. These density functionals give very good accuracy for a range
of properties.[18]

Correlated Wavefunction Methods

While density functional theory and multiple DFAs provide techniques to incorporate elec-
tron correlation, they do not provide a guideline for systematic improvement in a way that
guarantees a more accurate answer. Correlated wavefunction methods provide an alternative
to compute the correlation energy (Eq. (1.28)) that is missing in the Hartree-Fock solution.
Usually, these methods build on top of the Hartree-Fock solution and provide a systematic
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recipe to improve the quality of the wavefunction. Correlated wavefunction methods can
be broadly classified into three categories: (1) many-body perturbation theory, (2) coupled-
cluster theory, and (3) configuration interaction theory.

Perturbation theory is most suitable for solving problems which are only slightly different
from ones that can be exactly or approximately solved. By carrying out perturbation theory
to higher and higher orders, one can expect to systematically improve it, making it closer
to the true solution. In the context of electron correlation, the correlation energy can be
considered as a perturbation to the mean-field Hartree-Fock wavefunction. The electronic
Hamiltonian can be split into two parts: (1) the HF Hamiltonian (ĤHF) which can be solved
exactly and (2) the remaining terms (V̂ ) which can be treated as a perturbation.

Ĥ = ĤHF + V̂ (1.41)

Rayleigh-Schrödinger perturbation theory, applied to solving this problem, results in Møller-
Plesset perturbation theory.[31] Møller-Plesset perturbation theory can be carried out to
higher orders to achieve higher levels of accuracy in the energy and wavefunction. Møller-
Plesset perturbation theory carried out to the second order is abbreviated MP2 and is perhaps
the most commonly used amongst all perturbation theory based methods. The MP2 energy
correction to the HF wavefunction is given by:

EMP2 = −1

4

Nocc∑
i,j

Nvirt∑
a,b

(〈χiχj|χaχb〉 − 〈χiχj|χbχa〉)2

εi + εj − εa − εb
(1.42)

where the first summation in i and j runs over all occupied orbitals and the second summation
in a and b runs over all virtual orbitals. εi and εj are the orbital energies of occupied orbitals
χi and χj, and εa and εb are the orbital energies of virtual orbitals χa and χb.

In terms of computational cost, MP2 scales as the fifth power of the system size limiting
its application to chemical systems with typically less than 100 atoms. The MP2 correlation
energy also converges only polynomially with respect to the size of the one-particle basis set,
thus requiring very large basis sets for an accurate computation of correlation energy. This
is in contrast to HF and DFT energies which converge exponentially with respect to the size
of the basis set. The requirement of large basis sets for converging the correlation energy
along with the steep scaling of computational cost makes MP2 far more costly than DFT.
In order to minimize this, extrapolation methods, which can extrapolate the correlation
energy computed using finite basis sets to the complete basis set (CBS) limit, have been
formulated.[45, 46] The polynomial extrapolation method proposed by Helgaker et al. is
used in Chapters 4 and 5 to compute reference interaction energies for the datasets.

The MP2 formulation presented above does not depend on any empirical parameters.
Multiple empirical variants of MP2 like the Spin Component Scaled MP2 (SCS-MP2)[47]
and Spin Opposite Scaled MP2 (SOS-MP2)[48] have been proposed for improvement in per-
formance and/or reduction in computational cost. Orbital optimization[49] in the presence
of MP2 correlation energy, along with proper regularization,[50, 51] leads to higher accuracy
in energetics.
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Coupled-cluster theory is a more robust method to introduce electron correlation on top
of the Hartree-Fock wavefunction.[52–56] Coupled-cluster theory employs an exponential
ansatz to parameterize correlation corrections to the HF wavefunction.

ΨCC = eT̂ΦHF (1.43)

eT̂ = 1̂ + T̂ +
1

2
T̂2 + . . . =

∞∑
i=1

1

k!
T̂k (1.44)

where ΨCC is the coupled-cluster wavefunction, ΦHF is the HF wavefunction, T̂ is the exci-
tation operator which is defined as:

T̂ = T̂1 + T̂2 + . . .+ T̂Nocc (1.45)

where T̂1 is the one-electron excitation operator, T̂2 is the two-electron excitation operator
and so on. The T̂i operator acting on the HF reference wavefunction generates all the ith

excited Slater determinants. The action of T̂1 and T̂2 are shown below:

T̂1ΦHF =
Nocc∑
i

Nvirt∑
a

taiΦ
a
i (1.46)

T̂2ΦHF =
Nocc∑
i<j

Nvirt∑
a<b

tabij Φab
ij (1.47)

where Φa
i is the Slater determinant formed by exciting the electron from ith occupied orbital

to ath virtual orbital, and Φab
ij is the Slater determinant formed by exciting electrons from

ith and jth occupied orbitals to ath and bth virtual orbitals respectively. tai and tabij are
the coefficients of the Slater determinants Φa

i and Φab
ij and are commonly referred to as

t-amplitudes.
In practice the T̂ operator is truncated at a finite order in order to make the computations

of the relevant energy and wavefunction tractable. Using T̂ = T̂1 + T̂2, gives the coupled-
cluster with singles and doubles (CCSD) model.[57, 58] CCSD scales as O(N2

occN
4
virt), overall

giving a sixth order scaling method. Addition of T̂3 to the equation leads to the coupled-
cluster with singles, doubles, and triples (CCSDT) model, but makes it too computationally
expensive (CCSDT scales as O(N3

occN
5
virt)).[59] In order to circumvent this computational

expense, Raghavachari et al. proposed the coupled-cluster with singles, doubles, and pertur-
bative triples (CCSD(T)) which approximates the T̂3 amplitudes using perturbation theory
reducing compute cost to O(N3

occN
4
virt).[60] Owing to its remarkable accuracy, CCSD(T) ex-

trapolated to the CBS limit has been the method of choice for computing energies and other
properties and is often referred to as the “gold standard” of quantum chemistry. In this work,
CCSD(T) extrapolated to CBS limit has been used to generate reference interaction energies
in Chapters 4 and 5. Even DFA parameters are often trained using CCSD(T) reference data.

A detailed discussion and derivation of coupled-cluster theory can be found in Refs. 61,
62, and 63. For an in-depth discussion about configuration interaction theory, we refer
interested readers to Refs. 9 and 64.
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1.2 Computational Cost

In this section, we will present a concise discussion of the computational cost of single
determinant methods (HF and DFT) to approximately solve the Schrödinger equation. The
computational cost of HF theory and DFT can be discussed together as both of them make
use of the SCF procedure. Apart from the one-time construction of density independent
quantities, the SCF procedure consists of two important steps: (1) Fock matrix construction
(2) diagonalization of Fock matrix.

The most computationally expensive components of the Fock matrix are the computation
of Coulomb matrix (J), exact exchange matrix (K), and exchange-correlation contributions
(Vxc). The two-electron integrals in a Gaussian basis set are sparse and one can leverage this
sparsity to eliminate computing certain integrals. The Schwarz inequality can be utilized to
screen for significant two-electron four-center integrals, thus speeding up the evaluation of
the Coulomb and exchange matrices:[65]

| 〈φµφν |φλφξ〉 | ≤ | 〈φµφµ|φλφλ〉 |1/2|| 〈φνφν |φξφξ〉 |1/2 (1.48)

The number of numerically significant integrals scales quadratically with the number of ba-
sis functions. Further, it is possible to accelerate the computation of the Coulomb matrix
using algorithms like the continuous fast multiple method,[66] J -engine,[67], and Fourier
transform Coulomb method.[68] Methods based on resolution-of-identity have been formu-
lated for reducing the cost of computing the exact exchange matrix,[69–71] however, this
still remains the bottleneck step in Fock matrix construction in HF theory and hybrid DFT.
The exchange-correlation bit of the Fock matrix in DFT is usually evaluated on a real-space
atom-centered grid. The numerical integration scheme introduced by Axel Becke,[72] along
with pruning techniques for reducing the size of the grid without loss in accuracy, has signif-
icantly accelerated its evaluation.[73] Overall, utilizing integral and density matrix element
screening, the construction of Fock matrix asymptotically scales as O(N2), where N is the
number of basis functions in the system.

The other computationally demanding step of the SCF procedure is the diagonalization
step. This step scales as O(N3). Despite its higher asymptotic scaling in comparison to
Fock matrix construction, the time taken for the latter usually dominates the cost of the
SCF procedure for medium-sized systems. Through the rest of this section, we will discuss
techniques that reduce the computational cost of electronic structure methods and their
implications on the accuracy of the computation.

SCF for Molecular Interactions

SCF for molecular interactions (SCF-MI) is an efficient approximation to the SCF procedure
that is applicable to systems which can be partitioned into two or more fragments.[74–77]
Typically, SCF-MI is used to treat systems which are made up of fragments that are not
covalently bound. The SCF-MI procedure relies on the use of absolutely localized molecular
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orbitals (ALMOs). In the ALMO scheme, molecular orbitals are expanded only in local
subsets of atomic orbitals:

|ψXi〉 =
∑
µ∈X

|φXµ〉CXµ•
•Xi (1.49)

where the MO |ψXi〉 on fragment X is expanded only in terms of AOs located on fragment
X, giving the MO coeffient matrix a block-diagonal structure. Minimizing energy with this
constraint gives us an expression like the generalized eigenvalue problem of HF (Eq. (1.18))
or DFT (Eq. (1.40)) for each fragment constituting the system, instead of one equation for
the entire system:

[F]XX[C]XX = [S]XX[C]XX[ε]XX (1.50)

[F]XX = (I− SP + SPX)F(I−PS + PXS) (1.51)(
PX
)Zν,Xµ

= (T)Zν••Zl (σ
−1)Zl,Xj(TT )•XµXj• (1.52)

where F is the full system Fock matrix in the AO basis, an XX subscript indicates that it
is referring to the XXth block of the corresponding matrix. PX is the projector onto the
Xth fragment given by Stoll et al.[74, 77] The SCF-MI procedure was originally proposed
as a basis set superposition error free alternative to computing interaction energies.[75, 78]
SCF-MI also serves as a computationally inexpensive alternative to the SCF procedure as
it does not require diagonalization of the full Fock matrix in AO basis. It only requires
diagonalization of a projected Fock matrix ([F]XX) on each fragment, X, whose dimension is
NX ×NX , where NX is the number of AO basis functions in fragment X. Thus, it provides
a more efficient alternative to SCF. Charge transfer is the only interaction SCF-MI does
not capture at the single determinant level. The missing charge transfer interactions can be
captured approximately using perturbation theory which provides reasonable accuracy for
weakly interacting systems.[77]

Embedding theory

Embedding theory is another alternative that can be used to reduce the computational cost
of quantum chemistry methods for a certain class of systems. Consider a system performing
a chemical transformation that is too large to be studied using the desired method as it is
too computationally expensive. Let the chemical transformation be confined to a small part
of this system called the “active site” (denoted as ‘A’). The remaining part of the system is
not directly involved in the chemical transformation, but sufficiently modulates the active
site, and thus cannot be neglected when studying this transformation. This remainder of
the system is called “environment” (denoted as ‘E’). Embedding theory provides a way to
treat systems which can be partitioned into active site and environment by allowing the
usage of highly accurate but expensive methods for treating the active site and approximate
and inexpensive methods to treat the environment by capturing the coupling between them.
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Enzymes with active sites confined to a few amino acids are a good example of systems that
can be treated using embedding.

Different embedding methods differ in the way they treat the coupling between the active
site and environment. Each of them also allows only certain methods to be used for the active
site and/or environment. The hybrid quantum mechanics/molecular mechanics (QM/MM)
is an embedding method that uses quantum mechanical approaches to treat the active site
and molecular mechanics techniques to treat the environment.[79–83] One way in which
QM/MM energy is computed is as follows:

EQM/MM = EQM(A) + EMM(A+ E)− EM(A) (1.53)

where EQM(A) is the energy of the active site computed using the quantum mechanical
method, EMM(A+E) is the energy of the full system computed using the molecular mechanics
method, and EMM(A) is the energy of the active site computed using the molecular mechanics
method. Our own n-layered integrated molecular orbital and molecular mechanics (ONIOM)
is a generalized framework that resembles the QM/MM approach but allows any two methods
to be used for the active site and the environment.[84–86] The Fragment Molecular Orbital
approach developed by Kitaura and co-workers is another embedding approach that explicitly
allows the environment to influence the active site through Coulombic interaction.[87–89]
Multiple methods have been proposed for embedding wavefunction methods in DFT.[90–95]
As hybrid DFT methods are more accurate and expensive than semi-local DFT, embedding
hybrid DFT in semi-local DFT is an interesting approach to treat large chemical systems
otherwise inaccessible using hybrid DFT methods. The embedded mean-field theory (EMFT)
approach and its variants provides a framework for this by partitioning the system and the
environment at the one-particle basis set level.[96, 97] EMFT is one of the main constituents
of the fragment-based approach presented in Chapter 2.

Many-Body Expansion

The many-body expansion (MBE) is a divide-and-conquer approach in computational chem-
istry. It provides a recipe for partitioning a large system into fragments, computing the
energies of fragments, and reassembling these fragment energies to compute the energy of
the full system. According to MBE, for a system consisting of F fragments, the total energy



CHAPTER 1. INTRODUCTION 16

of the full system (Etotal) can be written as a sum of F terms:

Etotal = V1 + V2 + V3 + . . .+ VF (1.54)

V1 =
F∑
i=1

Ei (1.55)

V2 =
F∑
i<j

(Eij − Ei − Ej) (1.56)

V3 =
F∑

i<j<k

[(Eijk − Ei − Ej − Ek)

− (Eij − Ei − Ej)− (Eik − Ei − Ek)− (Ejk − Ej − Ek)]

(1.57)

where V1 is the one-body term, V2 is the two-body term, V3 is the three-body term and so on.
Ei is the energy of the ith fragment, Eij is the energy of the dimer consisting of fragments
i and j, and Eijk is the energy of the trimer consisting of the fragments i, j, and k. The
MBE presented in Eq. (1.54) is exact when all the F terms are included. MBE also presents
an “embarrassingly parallel” approach to computing the properties of large systems as the
computation of each of the terms is independent of the other terms. Such approaches are
very well-suited for deployment on modern day supercomputers, which consist of thousands
of processors. However, if all the terms of the MBE have to be computed, MBE does not
provide any savings in computational cost in comparison to computing the energy of the
full system directly. When the MBE is truncated at a finite order k < F , the truncated
MBE can, however, provide savings in computational cost. Truncated MBEs are not exact
anymore:

Etotal ≈
k∑
i=1

Vi k < F (1.58)

The accuracy of the truncated MBE depends on the order of truncation (k), the chemical
system and the major mechanisms governing the interactions within it, and the scheme of
partitioning. Some of the missing effects of the Vk+1, Vk+2, . . . , VF can be folded into the lower
order terms (

∑k
i=1 Vi) by using embedding. In such embedded MBEs, each of the lower order

terms is treated as an embedding problem: each k-mer as the active site and the remaining
(F − k) fragments as the environment. Embedded MBEs accelerate the convergence of the
MBEs allowing for lower k truncations without significant loss in accuracy. The simplest of
these embedded MBEs is the electrostatically-embedded MBE which captures the Coulombic
effects of the (F − k) fragments on the k-mer using point charges placed at the nuclei of the
environment fragments.[98, 99] More sophisticated methods like the variational many-body
expansion incorporate other effects like dispersion in addition to electrostatics using 3D real
densities instead of just point charges.[100]
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While these advances in algorithms and independent increase in the speed of computer
hardware have made it possible to use these methods for medium-sized systems with hundreds
of atoms, employing these methods on systems that are relevant from a molecular biology
and material science perspective is still unattainable. Taking a step in that direction, we
have proposed the polarized many-body expansion (PolBE) in Chapter 2, an algorithm that
combines the advantages of SCF-MI, MBE, and EMFT to form an embedded many-body
expansion.

1.3 Intermolecular Interactions and Energy

Decomposition

Intermolecular interactions dictate a plethora of chemical phenomena. They are also ubiqui-
tously present in systems of chemical and biological importance and play a significant role in
influencing their activities. Intermolecular interaction refers to the attractive or repulsive en-
ergies that act between molecules governing their collective behavior. They also span several
orders of magnitude in terms of interaction strength, ranging from weak London dispersion
forces in noble gases (several kJ/mol) to strong donor-acceptor interactions in transition
metal-ligand complexes (several hundred kJ/mol).

Intermolecular interactions play a crucial role in many chemical and biological processes
and understanding them in detail sometimes gives us the ability to control and regulate
them. For example, understanding the interactions of protein with small drug-like molecules
helps us design more potent drugs. They also play a crucial role in molecular and surface
catalysis and a thorough understanding of their specific roles can guide the rational design
of better catalysts.[101, 102] Intermolecular interactions, specifically hydrogen bonding, are
responsible for the liquid state of water at room temperature, and consequently for enabling
life on Earth. They also govern surface phenomena and have been recently utilized to design
porous materials capable of gas adsorption and separation.[103–106] Chapters 4 and 5 of this
work concern validation of density functionals for the design of porous materials for storing
H2 gas. Control of these intermolecular interactions can also influence binding, molecular
recognition, and self-assembly in materials.

Experimentally, gas phase intermolecular interactions can be measured using molecular
beam experiments and by observing changes in structural and vibrational properties. Com-
putational tools can also be used for calculating intermolecular interactions, their strengths,
and trends. The advantage of computational methods is that they allow for isolating and
probing specific interactions which may not be possible in experiments. Computing inter-
molecular interactions, being one of the most common applications of quantum chemistry
methods, have prompted the development and improvement of many techniques. For exam-
ple, addition of Grimme’s DFT-D correction to density functional approximations increases
their accuracy for non-covalent interactions.

The “supermolecular” approach is used for computing interaction energies at 0K between
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molecules. For a system consisting of F fragments, the interaction energy ∆EINT is computed
as:

∆EINT = ETOTAL −
F∑
i=1

Ei (1.59)

where ETOTAL is the total energy of the entire system consisting of all fragments and EF
is the energy of the F th fragment. F + 1 single point energy evaluations are required to
compute the interaction energy using a specific model chemistry. A model chemistry is a
specification of the electronic structure method (HF, DFA, MP2, etc.,) and the one-particle
basis set to be used for the computation. Each of these methods gives different accuracies for
intermolecular interactions. Choice of model chemistry depends on the desired accuracy, size
of the system, and availability of computational resources. Over the years, computational
chemists have also developed a deep understanding of the accuracies of different quantum
chemistry methods for intermolecular interactions by extensive benchmarking on several
representative datasets.[18] In Chapters 4 and 5, we have assembled a dataset representing
H2 interactions with binding motifs present in porous materials and benchmarked several
DFA to assess their accuracy for predicting H2 binding energies.

Physical Components of Intermolecular Interactions

Despite the huge diversity in the strength and character of intermolecular interactions, all
of them are composed of a few fundamental physical components. Understanding the in-
tricate interplay of different physical components in intermolecular interactions can help
understand their origin which can further guide rational design of molecules with desired
properties. Chemists usually understand concepts by attributing them to functional groups.
Decomposition of intermolecular interaction energies into physical components supplement
this assignment.

Different physical components are also characterized by their strength, distance depen-
dence, and orientation profiles. For example, the electrostatic interaction is a strong long-
ranged interaction. In contrast, the strength of charge transfer interaction, which is short-
ranged, is heavily dependent on the chemical species and their relative orientations. Common
physical components that occur in intermolecular interactions are London dispersion forces,
Pauli repulsions, permanent electrostatics, polarization, and charge transfer. We will discuss
some of these physical components in detail here:
Permanent electrostatics: Permanent electrostatics is the Coulombic interaction between
charges or charge distributions in molecules and can be either attractive or repulsive. For ex-
ample, the attractive interaction between the partial negative charge on oxygen atom in one
water molecule and the partial positive charge on hydrogen atom in another water molecule
in a water dimer complex can be categorized as permanent electrostatics. Permanent elec-
trostatics show polynomial distance dependence. A charge-charge interaction decays as 1/R
where R is the intermolecular distance. As the multipole moment increases, decay with R
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also becomes faster. For example, a charge-dipole interaction decays as 1/R2. Permanent
electrostatics are usually evaluated using Coulomb’s law and the multipole expansion.
Dispersion: Dispersion, or Van der Waals’ force, is a purely quantum mechanical effect
that arises as a consequence of the non-classical character of electrons. Dispersion is an at-
tractive force of interaction between instantaneous dipoles and decays as 1/R6 with distance
R. Although weak in comparison to permanent electrostatics, dispersion interactions are
always present. It is the dominant mechanism of interaction for certain cases like attraction
between noble gases and π-stacked systems. HF and traditional DFT without dispersion
corrections cannot capture the effect of dispersion. Dispersion-corrected DFT and corre-
lated wavefunction methods like MP2 and CCSD(T) can capture the effects of dispersion
with varying degrees of accuracy.
Polarization: Polarization is the response of the wavefunction of a fragment to the presence
of other fragments. It is accompanied by reorganization of electron density within the frag-
ment in response to electric fields of the rest of the complex in a non-overlapping regime. In
the overlapping regime, polarization also includes the effects of density reorganization due to
the Pauli repulsion principle. Polarization is also a truly many-body effect and gives rise to
cooperativity in molecular complexes containing more than two fragments. Distance depen-
dence of polarization energy can be approximated using classical electrostatics and multipole
expansion arguments. The monopole induced-dipole interactions decay as 1/R4 and dipole
induced-dipole interactions decay as 1/R6. Generally, all electronic structure methods that
allow for distortion of electron density can capture polarization.
Pauli repulsion: Pauli repulsion is a truly non-classical effect that arises from Pauli’s ex-
clusion principle which states that “no two electrons can have the same spatial and spin
quantum numbers.” Pauli repulsion arises from the antisymmetric requirement of the elec-
tronic wavefunctions and is always repulsive in nature. This repulsion, in addition to per-
manent electrostatics, prevents molecules from collapsing into each other by balancing out
the attractive forces. Pauli repulsion is a short-range effect and decays exponentially in that
range. However, in practice, the repulsive wall is usually modelled using a polynomial with
a large power in order reduce the cost of computation.
Charge transfer: Charge transfer (CT) is the energy lowering that is accompanied by
transfer of electron density from one fragment to another. CT interaction is a short-ranged
effect as it is usually controlled by orbital interactions. CT is also generally orientation
dependent and is one of the major contributors to orientation dependence of the total inter-
action energy. The pairwise additive nature of CT has been demonstrated earlier[107] and
again in Chapter 3. The polarized many-body expansion takes advantage of the inherent
pairwise-additivity of CT to truncate the embedded many-body expansion series at the 2nd

order.

Energy Decomposition Analysis

Physical components of interaction energy are not quantum mechanical observables as they
do not have operators associated with them; however, it is still useful to decompose the
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total interaction energy into physically meaningful components. As these decomposed com-
ponents have different rates of decay with distance and different orientation dependence,
fitting force field parameters to the decomposed components instead of the total interaction
energy has emerged as a novel technique for training force-fields.[108, 109] Energy decom-
position analyses (EDA) is a class of methods that can decompose interaction energies into
these physically meaningful components.

As these components do not correspond to physical observables, their definitions are not
unique, especially in the overlapping regime. Multiple groups have defined different EDA
schemes in the past couple of decades. The Kitaura-Morokuma (KM)-EDA scheme is one of
the earliest and it decomposes the HF interaction energy into electrostatic, exchange repul-
sion, polarization, charge transfer, and an unassigned mixed interaction contribution.[110,
111] Ziegler and Rauk proposed a similar EDA scheme for HF that was later generalized to
DFT.[112–115] The natural EDA (NEDA) approach has a self-energy and a core term that
describes Pauli repulsion.[116, 117] This scheme divides the interaction energy into electro-
statics, Pauli term, and orbital interaction term. Symmetry-adapted perturbation theory,
which was initially proposed as an alternative method to the supermolecular approach for
computing interaction energies, has also been used as an EDA method.[118, 119] For a de-
tailed discussion of different EDA schemes and some limited comparative assessments, we
refer interested readers to Refs. 120, 121, and 122.

Variational EDA is another class of EDA schemes which decomposes interaction en-
ergy based on variationally optimized wavefunctions. The block-localized wavefunction
(BLW)-EDA[123–125] and absolutely localized molecular orbital (ALMO)-EDA[107, 126,
127] schemes belong to this category. The ALMO-EDA scheme decomposes interaction
energy into geometry distortion (∆EGD), frozen interaction energy (∆EFRZ), polarization
energy (∆EPOL), and charge transfer energy (∆ECT) contributions:

∆EINT = ∆EGD + ∆EFRZ + ∆EPOL + ∆ECT (1.60)

The geometry distortion (GD) is the energy associated with distorting relaxed isolated frag-
ment into their complex geometry. Frozen interactions (FRZ) is the energy associated with
bringing two isolated fragments together without allowing for wavefunction relaxation. Po-
larization (POL) and CT have been defined in Section 1.3.

The ALMO-EDA scheme also includes a perturbative approach to further decompose
CT energy and charge into pairwise additive terms.[107, 126] For example, considering a
complex comprising of a charge donor and acceptor, this pairwise CT decomposition scheme
can break down the CT interaction energy into a donor→ acceptor component, acceptor→
donor component, and a higher-order term. While successful for complexes with weak CT,
this perturbation theory-based approach fails for strong CT complexes. In Chapter 3, we
introduce a non-perturbative approach to pairwise CT decomposition that performs equally
well for weak and strong CT complexes.
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1.4 Designing Materials for Hydrogen Storage

In this section, we will discuss the application of quantum chemistry methods presented
earlier for solving a specific problem in the domain of materials engineering: designing porous
materials for hydrogen (H2) storage using adsorption. We will discuss the specific parameters
to consider while designing materials that are capable of storing H2.

The use of H2 gas as a source of energy has the potential to replace fossil fuels. H2 is
a clean and sustainable energy source and can potentially provide a way to decrease global
warming-causing fossil fuel emissions. In order to be able to use H2 as a reliable source
of fuel, one must be able to store and transport sufficient quantities of H2 in a safe and
efficient manner. This is a major challenge as H2 is a gas at room temperature and has very
low volumetric and gravimetric energy density. Current technologies rely on high pressure
storage of H2 at 350 and 700 bar in tanks with thick walls. However, high-pressure storage
and transportation of H2 has serious limitations: (1) high-pressure tanks are very heavy and
expensive and add significantly to the mass of the vehicle and to the cost of the fuel delivery
system (2) H2 is a combustible gas and can have disastrous consequences in case of accidents.
An alternative to high pressure storage and transportation of H2 is by adsorbing it on porous
materials with high surface area. H2 storage by adsorption alleviates the problems of high-
pressure H2 storage, significantly reducing costs and ensuring the viability of a H2-based
economy.

H2 is a small molecule with only two electrons. It has no permanent monopole or dipole
moment; the highest permanent multipole it possesses is a quadrupole. H2 is also not a
very polarizable molecule. All of these characteristics make H2 reluctant to bind to surfaces.
Porous materials have to be specifically engineered to bind H2. Designing and characteriz-
ing such materials experimentally is a time-consuming and expensive process. Employing
computational methods for designing such materials is a viable alternative. The H2 storage
community has slowly embraced computational methods for screening and designing porous
materials capable of storing H2. Recently, Farha et al. synthesized a promising simulations-
motivated material capable of storing H2 and methane at room temperature.[128] In this
section, we will describe how electronic structure methods can help in the design of materi-
als capable of storing H2 at room temperature.

The ability of a material to store hydrogen is characterized by its usable capacity under
two fixed pressures: the loading and unloading pressures. The usable capacity is defined as
the amount of H2 adsorbed at loading pressure that is released at the unloading pressure.

D(Pload, Punload) = θ(Pload)− θ(Punload) (1.61)

where D(Pload, Punload) is the usable capacity, θ(Pload) is the amount of H2 adsorbed at the
loading pressure, and θ(Punload) is the amount of H2 left in adsorbed form at the unloading
pressure. Therefore, the problem of designing the ideal H2 storage material can be recast
as the problem of designing materials with highest usable capacity for fixed loading and
unloading pressures. The U.S. Department of Energy recommends a loading and unloading
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pressure of 100 and 5 bar respectively. The amount of H2 adsorbed on a surface can be
determined using the Langmuir adsorption isotherm:

θ(P ) =
KP

1 +KP
(1.62)

where K is the equilibrium constant for adsorption. Substituting Eq. (1.62) into Eq. (1.61),
we get

D(Pload, Punload, K) =
KPload

1 +KPload

− KPunload

1 +KPunload

(1.63)

It is trivial to show that the optimal value of D(Pload, Punload, K) occurs when

Kopt =
1√

PloadPunload

(1.64)

Optimal value of the equilibrium constant gives an optimal value of Gibbs free energy of
adsorption:

∆Gopt = −RT log
Kopt

P0

(1.65)

where ∆Gopt is the optimal value of Gibbs free energy, R is the ideal gas constant, T is
the temperature, and P0 is the standard pressure (1 bar). Assuming a correlation between
enthalpy and entropy that has been observed in multiple materials experimentally,[129–131]
the optimal value of enthalpy of binding should lie in the range of −15 to −25 kJ/mol. This
provides a design paradigm for engineering binding sites in porous H2 storage materials.

DFT can be used to compute the binding enthalpy of H2 with a binding motif. As the
computational cost of DFT scales as the third power of the system size, it can be used
in an in silico high-throughput screening setting to select potential binding sites/materials
for experimental synthesis and characterization. DFT and EDA can also be used to en-
able rational design of binding sites with desired properties. This approach can potentially
accelerate the discovery of materials with enhanced volumetric and gravimetric H2 storage
capacities. However, as discussed earlier, DFT does not refer to one method; it is a suite of
approximations called density functional approximations. As each of these DFAs give dif-
ferent accuracies for predicting various properties, the best DFA for predicting the enthalpy
of binding H2 to different binding motifs present in porous materials is not known. We have
addressed this problem in Chapters 4 and 5 by identifying DFAs which predict H2 binding
energies to a high degree of accuracy.

1.5 Outline

As DFT has been largely successful in computing various molecular properties with high
accuracy for a significant portion of the chemically-relevant space, we have focused on im-
proving different aspects of DFT in this work. In Chapter 2, we have attempted to push the
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boundary of systems accessible to DFT computations by formulating a divide-and-conquer
approach. In Chapter 3, we discuss a method that improves the interpretibility of DFT
calculations. This method enables pairwise charge transfer analyses on a class of systems
with strong charge transfer interactions, which was previously beyond of scope of this anal-
yses. In Chapters 4 and 5, we have identified density functional approximations which work
well for predicting H2 binding energies to porous materials. A brief summary of each of the
remaining chapters is presented here:

Chapter 2

The Many-Body Expansion (MBE) is a useful tool to simulate condensed phase chemical
systems, often avoiding the steep computational cost of usual electronic structure methods.
However, it often requires higher than 2-body terms to achieve quantitative accuracy. In this
work, we propose the Polarized MBE (PolBE) method where each MBE energy contribution
is treated as an embedding problem. In each energy term, a smaller fragment is embedded
into a larger, polarized environment and only a small region is treated at the high-level
of theory using embedded mean-field theory. The role of polarized environment was found
to be crucial in providing quantitative accuracy at the 2-body level. PolBE accurately
predicts non-covalent interaction energies for a number of systems, including CO2, water,
and hydrated ion clusters, with a variety of interaction mechanisms, from weak dispersion
to strong electrostatics considered in this work. We further demonstrate that the PolBE
interaction energy is predominantly pairwise unlike the usual vacuum MBE which requires
higher-order terms to achieve similar accuracy. We numerically show that PolBE often
performs better than other widely used embedded MBE methods such as the electrostatically
embedded MBE. Owing to the lack of expensive diagonalization of Fock matrices and its
embarrassingly parallel nature, PolBE is a promising way to access condensed phase systems
with hybrid density functionals that are difficult to treat with currently available methods.
This work has been published in The Journal of Chemical Physics.[132]

Chapter 3

Energy decomposition analysis (EDA) based on absolutely localized molecular orbitals (AL-
MOs) decomposes the interaction energy between molecules into physically interpretable
components like geometry distortion, frozen interactions, polarization, and charge transfer
(CT, also sometimes called charge delocalization) interactions. In this work, a numeri-
cally exact scheme to decompose the CT interaction energy into pairwise additive terms is
introduced for the ALMO-EDA using density functional theory. Unlike perturbative pair-
wise charge-decomposition analysis, the new approach does not break down for strongly
interacting systems, or show significant exchange-correlation functional dependence in the
decomposed energy components. Both the energy lowering and the charge flow associated
with CT can be decomposed. Complementary occupied-virtual orbital pairs (COVPs) that
capture the dominant donor and acceptor CT orbitals are obtained for the new decomposi-
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tion. It is applied to systems with different types of interactions including DNA base-pairs,
borane-ammonia adducts, and transition metal hexacarbonyls. While consistent with most
existing understanding of the nature of CT in these systems, the results also reveal some
new insights into the origin of trends in donor-acceptor interactions. This work is under peer
review in Physical Chemistry Chemical Physics.[133]

Chapter 4

Efficient and high capacity storage materials are indispensable for a hydrogen-based econ-
omy. In silico tools can accelerate the process of discovery of new adsorbent materials with
optimal hydrogen adsorption enthalpies. Density functional theory is well-poised to become
a very useful tool for enabling high-throughput screening of potential materials. In this
work, we have identified density functional approximations that provide good performance
for hydrogen binding applications following a two-pronged approach. First, we have com-
piled a dataset (H2Bind275) that comprehensively represents the hydrogen binding problem
capturing the chemical and mechanistic diversity in the binding sites encountered in hydro-
gen storage materials. We have also computed reference interaction energies for this dataset
using coupled cluster theory. Secondly, we have assessed the performance of 55 density func-
tional approximations for predicting H2 interaction energies and have identified two hybrid
density functionals (ωB97X-V and ωB97M-V), two double hybrid density functionals (DSD-
PBEPBE-D3(BJ) and PBE0-DH), and one semi-local density functional (B97M-V) as the
best performing ones. We have recommended the addition of empirical dispersion correc-
tions to systematically underbinding density functionals like revPBE, BLYP, and B3LYP for
improvements in performance at negligible additional cost. We have also recommended the
usage of the def2-TZVPP basis set as it represents a good compromise between accuracy and
cost, limiting the finite basis set errors to less than 1kJ/mol. This work has been published
in the Journal of Chemical Theory and Computation.[134]

Chapter 5

The availability of accurate computational tools for modeling and simulation is vital to accel-
erate the discovery of materials capable of storing hydrogen (H2) under given parameters of
pressure swing and temperature. Previously, we compiled the H2Bind275 dataset consisting
of equilibrium geometries and assessed the performance of 55 density functionals over this
dataset (Veccham, S. P.; Head-Gordon, M. J. Chem. Theory Comput., 2020, 16, 4963–4982).
As it is crucial for computational tools to accurately model the entire potential energy curve
(PEC), in addition to the equilibrium geometry, we have extended this dataset with 389
new data points to include two compressed and three elongated geometries along 78 PECs
for H2 binding, forming the H2Bind78×7 dataset. Assessing the performance of 55 density
functionals on this significantly larger and more comprehensive H2Bind78×7 dataset, we
have identified the best performing density functionals for H2 binding applications: PBE0-
DH, ωB97X-V, ωB97M-V, and DSD-PBEPBE-D3(BJ). Addition of Hartree Fock exchange
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improves the performance of density functionals, albeit not uniformly throughout the PEC.
We recommend the usage of ωB97X-V and ωB97M-V density functionals as they give good
performance for both geometries and energies In addition, we have also identified B97M-V
and B97M-rV as the best semi-local density functionals for predicting H2 binding energy at
its equilibrium geometry.
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Chapter 2

Making Many-Body Interactions
Nearly Pairwise Additive: The
Polarized Many-Body Expansion
Approach

Reprinted with permission from Veccham, S. P.; Lee, J.; Head-Gordon, M. Making Many-
Body Interactions Nearly Pairwise Additive: The Polarized Many-Body Expansion Ap-
proach. J. Chem. Phys. 2019, 151, 194101.

Introduction

Simulating condensed phase systems is considered the holy grail of quantum chemistry.
However historically, the majority of quantum chemistry research has focused on molecular
properties rather than bulk properties of liquids. The major hurdle towards calculating
and predicting properties of bulk materials is the steep computational scaling in modeling
them. For decades, a major research goal of the quantum chemistry community has been to
formulate more accurate and inexpensive computational methodologies to predict properties
of bulk materials.

For systems comprising of non-covalently bonded fragments, the many-body expansion
method has been used as way to circumvent the steep hyper-linear scaling of quantum
chemistry methods. The Many-Body Expansion (MBE) is a technique for calculating the
properties of a large system by (1) partitioning the system into N fragments, (2) calculating
fragment properties, and (3) reassembling them using the many-body expansion equation.
This approach reduces a large supersystem calculation into a large number of much smaller
fragment calculations, and each of them is completely independent of others. Thereby, MBE
calculations are “embarrassingly parallel.” While the MBE is in principle exact, it pro-
vides computational advantages only when it is truncated up to a certain order. Truncated
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many-body expansions are not exact, and its accuracy can heavily depend on the underlying
chemical interactions in the system. Some applications of the many-body expansion method
are determination of lattice energies [135] and studying polymorphism in molecular crystals.
[136] Many-body based cluster corrections to calculations with periodic boundary conditions
have also served as powerful tools to study crystal structures using highly accurate wave-
function techniques. [137] MBEs have also been used to understand and incorporate the
effects of mutual polarization in classical molecular dynamics force fields.[138]

The convergence of MBE can be accelerated using embedding, in which each k-body term
is calculated in the presence of the remaining (N − k) fragments (hereafter referred to as
the ‘environment’). An active research question is then how one models this environment
and its interaction with the k-body term at a given electronic structure level. Quantum
embedding can be performed in the context of Green’s functions, [139–142] densities or
potentials,[95, 96, 143–147] or density matrices. [148, 149] In many chemical phenomena, the
interesting chemical activity like binding or chemical reaction occurs only in a small part of
the chemical system. Embedding techniques, taking advantage of this “nearsightedness”[150]
in order to divide the system into two parts: A - the region of interest where an actual
chemical phenomenon occurs and B - the environment which surrounds the system but does
not directly take part in the actual chemical process. Even though the environment does
not directly participate in the chemical phenomenon, it sufficiently modulates the chemical
process occurring in the system that it cannot be neglected. Embedding can also be done by
modelling the environment using molecular mechanics which constitute widely used QM:MM
methods like ONIOM.[151] ONIOM and its extensions [152] have been extensively used to
study a wide range of systems and phenomena from heterogeneous catalysis to biological
macromolecules. [153] However, ONIOM does not contain any explicit system-environment
coupling terms in the hamiltonian, and cannot accurately capture the effects of environment.
Embedded MBEs (eMBE) make use of quantum embedding techniques to describe the k-
body term using an accurate and often more expensive computational method while using
a much cheaper method to represent the environment. An eMBE truncated at the 2-body
level aims to reduce the relative importance of the higher order terms (3-body and higher) by
folding in these many-body effects into the 1-body and the 2-body terms. Different models
of the environment, which can capture distinct physical effects, are capable of encoding these
many-body effects with varying degrees of accuracy and computational expense.

A simple way to go beyond vacuum MBE, where we do not include any environment, is
to model the environment using atom-centered point charges, termed the Electrostatically-
Embedded Many-Body Expansion (EE-MBE). [98, 154, 155] These atom-centered point
charges incorporate some effect of electrostatic interaction while the finite-extent of electron
density, exchange interaction, and polarization of the environment are neglected. EE-MBE
is fairly simple to implement, however its accuracy is very dependent on the actual charges
used for embedding. [156]

One way to go beyond a simple charge embedding model is to use the Embedded Many-
Body Expansion of Manby and co-workers which uses atom-centered gaussians to represent
electrostatic interactions of the environment and a simple empirical model for Pauli repulsion.



CHAPTER 2. MAKING MANY-BODY INTERACTIONS NEARLY PAIRWISE
ADDITIVE: THE POLARIZED MANY-BODY EXPANSION APPROACH 28

[157] A slightly more sophisticated embedding method is the Variational Many-Body Expan-
sion (VMBE), [100] which builds upon the 1-body X-Pol wavefunction, [158–163] introduced
by Jiali Gao and co-workers. In the X-Pol wavefunction, the supersystem wavefunction
is written as a Hartree-product of the monomer wavefunctions. Inter-fragment coulombic
interactions are simplified by using point charges in order to avoid computing two-electron
integrals for the whole system. The X-Pol wavefunction can either be optimized variationally
or by using a double self-consistent field procedure. [158] Dispersion, exchange repulsion,
and charge transfer effects are approximated using empirical Lennard-Jones terms. A vari-
ation of the X-Pol wavefunction, X-Pol-X, can be used to incorporate the effect of exchange
repulsion non-empirically. [164] While the X-Pol wavefunction treats these interactions em-
pirically, VMBE makes an attempt to treat them quantum mechanically at the 2-body level
by redefining the fragment in the X-Pol wavefunction to contain two monomers. It is impor-
tant to note that the environment density is updated for each of the dimer calculations in
order to include complete mutual polarization between the dimer and its environment. The
Fragment Molecular Orbital (FMO) method is another idea based on the MBE, which uses
densities obtained from monomer wavefunctions to represent the fragments in the environ-
ment. [165–168] It has been identified that the right choice of a zeroth-order wavefunction,
a wavefunction that can be used to form an inexpensive model for the environment, can
lead to significantly accelerated convergence of the many-body expansion. [95, 100] A good
zeroth-order wavefunction is one that is able to incorporate the most important interactions
present in the system in a computationally efficient manner.

Our choice for the zeroth order wavefunction is the Self-Consistent Field for Molecular
Interaction (SCFMI) wavefunction, which was initially introduced as an efficient representa-
tion for weakly interacting systems. [74, 75, 77, 78, 169] SCFMI utilizes localized molecular
orbitals and enforces fragment sparsity in the molecular orbitals. In SCFMI, molecular
orbitals are expanded in local subsets of atomic orbitals and are called Absolutely Local-
ized Molecular Orbitals (ALMOs). [74] Like other localized molecular orbitals, ALMOs can
be used in chemical interpretation [123, 126, 170, 171] and formulation of reduced scaling
methods using local correlation techniques.

Partitioning of AOs into subsets naturally arises for systems consisting of non-covalently
bound entities like molecular clusters. ALMOs are orthogonal on fragment but non-orthogonal
between fragments. ALMOs have been routinely used to perform interaction energy calcula-
tions which are basis set superposition error free,[75] employed to carry out computationally
cheaper SCF alternative for weakly interacting systems, [77] and used to decompose inter-
action energy in energy decomposition analysis (i.e. ALMO-EDA) schemes. [123, 126, 170,
171] Unlike SCF, SCFMI avoids diagonalization of the full system Fock matrix which reduces
the prefactor for linear algebra in comparision to an SCF calculation.

Moving forward using eMBE with SCFMI, another computational bottleneck will appear
for Density Functional Theory (DFT) calculations. The most accurate hybrid Exchange Cor-
relation (XC) functionals involve some amount of exact exchange, which in turn becomes a
bottleneck for large-scale calculations.[18] One way to circumvent this is to further approxi-
mate the environment beyond SCFMI. We have noticed that it is sufficient to capture only



CHAPTER 2. MAKING MANY-BODY INTERACTIONS NEARLY PAIRWISE
ADDITIVE: THE POLARIZED MANY-BODY EXPANSION APPROACH 29

the important interactions between each of the computed terms and its surrounding in order
to ensure expedited convergence of the many-body expansion. In this paper, we represent
the 1-body and 2-body terms using hybrid density functionals with appropriate dispersion
corrections because of their ability to accurately represent non-covalent interactions. The en-
vironment is represented using a semi-local functional due to its cheaper computational cost.
The Embedded Mean-Field Theory (EMFT) developed by Manby and Miller is well-suited
for embedding a hybrid density functional in a semi-local density functional. [96] EMFT
is not only simple to implement, but it has also been shown to reduce the cost of exact
exchange computation while maintaining accuracy. [96] EMFT treats the system and its
environment as open quantum systems incorporating quantum entanglement at a mean-field
level. The combination of eMBE, SCFMI, and EMFT will be referred to as PolBE.

This paper is organized as follows: the theoretical background behind the MBE will be
introduced. ALMOs are defined and the procedure to obtain them self-consistently, namely
SCFMI, will be described. The EMFT method and models for computing exact exchange
will be presented. The performance of PolBE for several chemical systems will be assessed in
comparison with other existing eMBE methods. Finally, we will discuss the computational
cost of a preliminary implementation of PolBE.

2.1 Theory

Embedded Many-body Expansion (eMBE)

The Many-Body Expansion (MBE) for a system of F fragments is written as a sum of 1-body
(V1) , 2-body (V2), ... , F -body (VF ) terms as shown in Eq. (2.1).

Etotal =
F∑
i=1

Vi (2.1)

where

V1 =
F∑
i=1

Ei(B), (2.2)

V2 =
F∑
i<j

(Eij(B)− Ei(B)− Ej(B)), (2.3)

V3 =
F∑

i<j<k

[(Eijk(B)− Ei(B)− Ej(B)− Ek(B))

− (Eij(B)− Ei(B)− Ej(B))− (Eik(B)− Ei(B)− Ek(B))− (Ejk(B)− Ej(B)− Ek(B))]

(2.4)
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and so on, Ei(B) is the energy of the i-th monomer computed in the presence of the envi-
ronment denoted as ‘B’, Eij(B) is the energy of dimers (ij) computed in the presence of the
environment, and Eijk(B) is the energy of the trimers (ijk) computed in the presence of the
environment, and so on.

Different eMBE methods differ only in their treatment of the environment. For example,
in the Electrostatically-Embedded Many-Body Expansion, the 2-body term is Eij(B) is
calculated in the presence of atom-centered point charges for all monomers k 6= i, j. This
embedding accelerates the convergence of the MBE, in comparison to vacuum MBE in which
there is no environment. PolBE represents the environment using the polarized SCFMI
density. In this paper, unless otherwise stated, all the MBEs and the eMBEs have been
truncated at the second order, applying the pairwise approximation.

SCFMI model for the environment

Absolutely Localized Molecular Orbitals (ALMOs) on a fragment X (|ψXi〉) are linear com-
binations of atomic orbitals belonging to the same fragment (|φXµ〉) as shown in Eq. (2.5).

|ψXi〉 =
∑
µ

|φXµ〉CXµ•
•Xi (2.5)

where C is the MO coefficient matrix, in which all the MO coefficients CYµ•
•Xi when X 6= Y

are constrained to be zero (i.e. fragment sparsity), giving the C matrix a block diagonal
structure.

Solving for the MOs with the ALMO constraint gives the SCFMI equations for each
fragment X as shown in Eq.(2.6).

[F]XX[C]XX = [S]XX[C]XX[ε]XX (2.6)

[F]XX = (I− SP + SPX)F(I−PS + PXS) (2.7)(
PX
)Zν,Xµ

= (T)Zν••Zl (σ
−1)Zl,Xj(TT )•XµXj• (2.8)

where [F]XX is the projected Fock matrix constructed as shown in (2.7), [C]XX is the ALMO
coefficient matrix, [S]XX is the fragment AO overlap matrix, and [ε]XX contains the fragment
orbital energies. The projected Fock matrix ([F]XX) for each fragment is constructed using
the density matrix (P), full system AO overlap (S) and, the Stoll projector PX as shown in
Eq. (2.6). T is the occupied orbital coefficient matrix and σ is the occupied MO overlap
matrix. We follow the projection operator form proposed by Stoll et al. shown in Eq. (2.8).
[74] Diagonalization of the fragment Fock matrix, [F]XX of fragment AO dimension, yields
MOs which are absolutely localized on that fragment.

The SCFMI wavefunction allows ALMOs on each fragment to polarize in the presence
of ALMOs on all other fragments. In terms of physical interactions, the SCFMI wave-
function can capture electrostatics, exchange repulsion, dispersion (as permitted by the XC
functional), and polarization between fragments as described by the mean-field theory used.
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One important interaction not captured by the SCFMI wavefunction is the effect of charge
transfer among fragments. One way to capture this charge delocalization effect is through
perturbation theory, which works decently well for weakly interacting systems. [77] An-
other more expensive but systematic method to capture the effects of charge delocalization
is the Generalized X-Pol method which treats dimer states in the spirit of non-orthogonal
configuration interaction theory. [172] In terms of computational cost, SCFMI removes the
diagonalization bottleneck involved in the SCF iterations by requiring only fragment Fock
matrix diagonalizations. However, there is no cost saving in constructing the Fock matrix
for each SCF iteration.

EMFT

The Embedded Mean-Field Theory (EMFT) is a simple embedding scheme for mean-field
electronic structure theories, which partitions the system and the environment at the single-
particle basis set level. [96] EMFT uses a more accurate and usually more expensive mean-
field theory (referred to as ‘high level’) for the region of interest, while using an approximate
and inexpensive mean-field theory (referred to as ‘low level’) for the rest of the system. The
region of interest is usually one in which a chemical transformation takes place (denoted
as A), and the surrounding is usually not directly involved in the chemical transformation
(denoted as B). The EMFT energy is obtained by minimizing the EMFT energy function
given by Eq. (2.9).

EEMFT = Elow[P]− Elow[PAA] + Ehigh[PAA] (2.9)

where Elow[P] is the low level energy computed using the full density matrix P, Elow[PAA] is
the low level energy computed using the AA block of the density matrix, and Ehigh[PAA] is
the high level energy computed using the AA block of the density matrix. The core idea is
to compute interactions in subsystem A, represented by the AA block of the density matrix
PAA, using the high-level mean-field theory. In the context of mean-field theories, hybrid
density functionals may serve as the best choice for the high-level theory, while semi-local
functionals would be suitable choices for low level. For this combination of hybrid density
functional in semi-local density functional, the EMFT energy expression in Eq. (2.9) can be
written as Eq. (2.10) where ‘high’ and ‘low’ denote the the hybrid density functional and
semi-local density functional respectively, and α is the fraction of exact exchange present in
the hybrid density functional.

EEMFT = Exc,low[P] +
(
Exc,high[PAA]− Exc,low[PAA]

)
+ αEK[P] (2.10)

FEMFT =
∂EEMFT

∂P
(2.11)

= Fxc,low[P] +
(
Fxc,high[PAA]− Fxc,low[PAA]

)
+ αKAA[P] (2.12)

The EMFT Fock matrix expression follows directly from the energy expression (shown in
Eq. (2.12)). The EMFT paper reports two models for computing exact exchange, EX0 and
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EX1 (shown in Eq. 2.13 and Eq. 2.14 respectively).

EK,EX0[P
AA] = −1

4

∑
µ,ν,σ,λ∈A

PAA
λ,µ

(
µν|σλ

)
PAA
νσ (2.13)

EK,EX1[P
AA] = −1

4

∑
ν,σ

µ,λ∈A

PAA
λ,µ

(
µν|σλ

)
Pνσ (2.14)

The EX0 requires the construction of only the AA block of the exact exchange matrix (K)
from the AA block of the density matrix (PAA), providing substantial savings in cost. How-
ever, this model of computing the exact exchange suffers from severe numerical instability
due to unnatural density shift to the part of the system containing exact exchange (A), as
shown in Fig. S1. This is caused, in part, due to the lack of balancing counterpart terms in
the semi-local functionals to the negative-definite exact exchange contribution of αEEX0[P

AA]
of hybrid DFT to the EMFT energy expression. In the original EMFT paper, [96] this is
overcome by using the more expensive EX1 model for exact exchange which computes the
exact exchange matrix using the full density matrix, instead of the just the AA block. An-
other technique to alleviate this problem, while still using the the EX0 model, comprises
of doing the computations in AO basis orthogonal between A and B. [97] This approach
in turn breaks the fragment sparsity in C and is therefore not suitable for our purposes.
In this work, we employ the EX0 model for computing exact exchange but constrain the
particle number on each fragment by solving for the SCFMI equations instead of the full
SCF equations. This fixes the numerical instability problem in EMFT. While the problem
of unphysical collapse in the wavefunction is solved, particle number fluctuation (i.e. charge
delocalization) is allowed at a two-body level.

PolBE theory

As mentioned before, we have identified that the SCFMI wavefunction is well-suited to
achieve the delicate balance between computational feasibility and incorporating many-body
effects into lower order terms. We use EMFT to treat the system using an accurate, expensive
mean-field theory while treating the environment using a more approximate and relatively
inexpensive mean-field theory. Further computational advantages can be achieved by using
a smaller basis set for the environment. For the rest of the paper, we will use XC1 to denote
the high level functional and XC2 to denote the low level functional. Similarly, BS1 will
refer to the larger basis set and BS2 to the smaller basis set.

1. The first step in PolBE is to calculate the polarized density of the full system at
XC2/BS2. The MO coefficient matrix, illustrated in Fig. 2.1(a), is completely repre-
sented in BS2. This approximate polarized density is used for embedding all k-body
terms treated using XC1/BS1.

2. For a system consisting of F fragments, each 1-body term is calculated at XC1/BS1 in
the presence of the approximate polarized density of the remaining (F − 1) fragments.



CHAPTER 2. MAKING MANY-BODY INTERACTIONS NEARLY PAIRWISE
ADDITIVE: THE POLARIZED MANY-BODY EXPANSION APPROACH 33

Figure 2.1: A schematic of the PolBE algorithm. The top panel schematically shows the
density functional and basis set used for each of the monomers. Highlighted monomers are
treated at XC1/BS1, and the others are treated at XC2/BS2. The bottom panel shows the
structure of the MO coefficient matrix and the size of each of the blocks (a) V0: All fragments
are treated at XC2/BS2 (b) V1: One of the fragments is treated at XC1/BS1 while the others
are treated at XC2/BS2 (c) V2: Two of the fragments are treated at XC1/BS1 while the
others are treated at XC2/BS2
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Fig. 2.1(b) shows one of the F 1-body terms in which the monomer is represented
in BS1 while the rest of the environment is represented in BS2. In each monomer
calculation, EMFT with EX0 is used to build Fock matrix treating the monomer at
XC1 while the rest of environment is treated at XC2. Instead of diagonalizing the
full Fock matrix, SCFMI is used to construct a projected Fock matrix only for the
monomer fragment which is diagonalized, and its density is updated until convergence
is reached. It should be emphasized that the density of the environment is not updated.

3. At a 2-body level, dimers are formed by combining all possible monomers into a larger
fragment and treated at XC1/BS1 as described earlier. One of the NC2 dimers is shown
as a large fragment consisting of two monomers and is represented in BS1 as shown in
Fig. 2.1(c).

2.2 Computational Details

ωB97M-V, a combinatorially optimized range-separated hybrid meta-GGA functional with
VV10 non-local correlation, [44] has been known to provide very good performance for a
range of properties, including binding energies for non-covalent dimers and clusters. [18]
We used this functional to represent the system denoted earlier as XC1. We used PBE, a
more inexpensive and less accurate GGA functional, to represent the environment (XC2).
[24] Def2-TZVPPD, a triple-zeta basis set with polarization and diffuse functions was used
for BS1.[173] Def2-SV(P), a double-zeta split-valence basis set with polarization functions
only on heavy atoms was used for BS2. [174] A quadrature grid consisting of 99 Euler-
MacLaurin radial points and 590 Lebedev angular points was used for integrating both the
XC functionals. SG-1 was used for the non-local VV10 part.[175] Binding energies reported
below are vertical binding energies, computed as the difference between the energy of the
full system and the sum of fragment energies at the super system geometry. The reference
SCF binding energy was computed using XC1/BS1 (ωB97M-V/def2-TZVPPD); the goal
of PolBE is to accurately reproduce the full SCF energy of the supersystem. PolBE was
implemented in the new SCF manager of Q-Chem[176] which was developed over Refs. 51,
177, 178, and 179.

2.3 Results and Discussion

Water Trimer PES

A desirable property of an embedded Many-Body expansion is that it should provide a
smooth Potential Energy Surface (PES) and consequently a continuous nuclear gradient
so that it can used for performing geometry optimizations, transition state searches, and
molecular dynamics simulations. [180, 181] In order to evaluate the performance of PolBE as
a function of nuclear position, we have investigated the PES of water trimer. PolBE relies on
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(a) (b)

Figure 2.2: (a) Water trimer formed by stretching molecules away from each other (b) Water
PES as computed by full SCF, vacuum MBE, and PolBE. Associated errors are shown in
the bottom panel.

natural fragmentation arising from the lack of covalent bonding between different molecules
in the cluster. There are no cut-off parameters which depend on real-space distances, and
thus PolBE provides smooth potentials as shown in Fig. 2.2. PolBE is also trivially size-
consistent as it recovers the non-interacting limit at large distances. In the interacting regime,
PolBE binding energies are in good agreement with the SCF reference binding energies.
PolBE also successfully recovers the repulsive part of the PES, while the EX0 model of
EMFT cannot as shown in Fig. S1.

This numerical instability does not appear in PolBE despite using the inexpensive EX0
model for exact exchange as the ALMO constraint prevents any charge transfer between frag-
ments. However, it should be emphasized that the lack of charge transfer between fragments
simply yields inadequate binding energies (as shown in the SCFMI curve in Fig. 2.2(b)).
Therefore, allowing for pairwise charge transfer as is done in PolBE is very effective in re-
covering the missing charge transfer interaction energy. Non-additive dispersion interactions
are also not captured by PolBE. These higher-order interactions are typically very small. In
the case of water trimer at equilibrium geometry, higher order dispersion interaction would
contribute an additional 0.06 kJ/mol to the PolBE binding energy.
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Table 2.1: Binding energy errors for the cage and cyclic conformers. Relative binding energy
of the cage conformer with respect to the cyclic conformer as predicted by vacuum MBE
truncated at 2-body (MBE-2), vacuum MBE truncated at 3-body (MBE-3), and PolBE
truncated at 2-body (PolBE-2). The SCF binding energies for the cage and cyclic conformers
are −153.7 and −160.7 kJ/mol. All values are in kJ/mol.

Ebind error
cage cyclic Ebind(cage) – Ebind(cyclic)

MBE-2 28.4 45.4 −9.9
MBE-3 1.1 5.9 2.3
PolBE-2 −7.2 −4.5 4.3

(a) (b)

Figure 2.3: (a) Cage conformer of water pentamer (b) Cyclic conformer of water pentamer.
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Water pentamer conformers

When a many-body expansion is truncated at the 2-body level,higher order binding cooper-
ativity is not captured. The change in the binding affinity of molecule upon being bound to
another water molecule is termed cooperativity. The phenomenon of cooperativity is found
ubiquitously in chemical systems including water, [182] methanol,[183] and hydrogen fluo-
ride. [184] The importance of understanding cooperativity cannot be overemphasized as it
is crucial for understanding the bulk phase properties of these molecules. For instance, it
enhances the strength of hydrogen bonding in water at a molecular level leading to anoma-
lous adsorption properties in bulk water. [185] Cooperativity or non-pairwise additivity can
be quantified as the amount of interaction energy that is not captured by the many-body
expansion truncated at the 2-body level. In this work, we show how the higher order effect
of cooperativity may be captured at a 2-body level using the PolBE.

There has been considerable interest in predicting the relative energies of various molecu-
lar clusters, both qualitatively and quantitatively. [186–188] More often than not, hydrogen
bonded molecules in clusters interact in a non-pairwise fashion,[183, 184] making the total
binding energy not a simple sum of pairwise interaction energies. It has been shown that ho-
modromic hydrogen bonding ring-like networks are associated with the highest cooperativity.
[182] This defining characteristic of these structures make them the most stable conformer
in small water clusters, from trimer through pentamer, even though they contain only one
hydrogen bond per water molecule while other conformers have more than one hydrogen
bond per water molecule.

In this section, we investigate the case of two conformers of water pentamer: cyclic and
cage using geometries taken from Ref. 189. The cyclic conformer, with the homodromic
ring-like structure, exhibits more cooperativity in binding than the cage conformer. Vacuum
MBE trucated at the 2-body level makes errors of 28.4 and 45.4 kJmol-1 for the cage and
cyclic conformer respectively showing that that the cyclic conformer has more cooperativity
than the cage variant. Vacuum MBE not only predicts quantitatively wrong binding energies,
but also incorrectly predicts that the cage conformer is the more stable than the cyclic one.
Vacuum MBE needs the 3-body term in order to capture this many-body effect, as shown in
Table. 2.1. A full DFT calculation (ωB97M-V/def2-TZVPPD) on these conformers shows
that the cyclic conformer is more stable than the cage by 7.0 kJ/mol. PolBE which correctly
embeds the 1-body and 2-body terms in an approximate representation of the environment
makes much smaller binding energy errors of 7.2 and 4.5 kJ/mol. PolBE is able to correctly
pre-polarize the monomers, thus decomposing the interactions in a pairwise additive fash-
ion. This demonstrates the ability of our 0th order wavefunction (SCFMI wavefunction) to
precisely capture the mutual polarizations between the different water molecules which is
clearly a many-body effect. PolBE also predicts the relative energetics correctly, predicting
that the cyclic conformer is more stable with a relative energy error of 2.7 kJ/mol, smaller
than chemical accuracy of 1 kcal/mol. In the context of molecular simulation, it is more
important to get the relative binding energy ordering and separations correctly rather than
absolute binding energies. While vacuum MBE needs to be carried out till the third order
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to even get the relative ordering of conformers correct qualitatively, PolBE can achieve both
the qualitative and quantitative relative energy ordering correct at the two-body level.

The water simulation community has recognized the importance of these higher-body
effects and has tried to incorporate them either implicitly through inclusion of classical
polarization [190, 191] or explicitly by including 3-body and other higher order terms. [192–
196] This parametrization is further complicated by the fact that different phases of water
(clusters, liquid water, and ice) show different magnitudes of non-additivities. [197, 198]
PolBE does not contain any parametrization, and can approximate the ‘high level’ density
functional with reasonable accuracy. PolBE also suggests an alternative way to account
for these many-body effects, through the use of an inexpensive, albeit crude, zeroth order
wavefunction.

CO2 clusters

There has been widespread interest in studying CO2 molecular clusters because of their
presence in earth’s atmosphere and that of other planets. [199] There is a significant interest
in the green chemistry community as supercritical CO2 can be used as a benign solvent on
an industrial scale. [200] Theoretical studies on CO2 clusters have served as a bridge to
understand its condensed phase properties.

CO2 are classic examples of weakly-bound clusters. A study on the intermolecular poten-
tial of CO2 has shown that dispersion is one of the leading terms governing the interaction.
[201] We performed an ALMO-based energy decomposition analysis [126, 127, 202] of the
binding energy of a single CO2 molecule completely surrounded by other CO2 molecules for
all the clusters considered in this study. This decomposition, as summarized in Fig. 2.4(a),
shows that polarization, which is the energy associated with the relaxation of molecular
orbitals on each fragment in response to molecular orbitals on other fragments, contributes
38% of the interaction energy with charge transfer causing an additional stabilization of
27%. Nevertheless, as shown in Fig. 2.4(a), dispersion is the main mechanism which binds
these CO2 clusters, and the ability to describe it accurately is critical to understanding the
molecular processes governing the chemistry of carbon dioxide. In fact, the semi-local func-
tional PBE used for representing the environment, which does not contain any dispersion
corrections, predicts that the CO2 clusters are unbound. The VV10 non-local correlation
functional is a sophisticated method to accurately capture the effect of dispersion. The
high level functional used in this study, ωB97M-V, contains the VV10 non-local correlation
functional and correctly predicts the interaction energy of CO2 trimer to be -14.98 kJ/mol
(CCSD(T)[203] interaction energy is -15.96 kJ/mol). This shows that the correct treatment
of dispersion is very much essential in predicting binding energies of such systems accurately.

We have investigated the ability of PolBE to predict interaction binding energies for a
series of CO2 clusters with geometries taken from Ref. 204. In Ref. 204, the geometries for
the CO2 clusters were optimized at M06/aug-cc-pVDZ. The binding energy per monomer
increases with system size from −5.1 kJ/mol for a trimer to −14.1 kJ/mol for the 16-mer.
The binding energy per monomer shows signs of saturation starting at the 13-mer, as it
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Figure 2.4: (a) Energy decomposition analysis for all CO2 clusters considered in this study.
Dispersion is the interaction between induced dipoles of different fragments. Pauli repulsion
is the steric energetic penalty that occurs when two non-bonded atoms are forced to occupy
the same space. Electrostatics is the energy associated with the coulombic interactions be-
tween fragments. Polarization is the energy associated with relaxation of molecular orbitals.
Charge transfer is the energy associated with the flow of electrons between the fragments.
(b) A CO2 cluster containing 13 molecules (c) SCFMI, vacuum MBE, and PolBE errors as
function of CO2 cluster size (d) SCFMI, vacuum MBE, and PolBE errors per fragment as
function of CO2 cluster size. For comparison, the reference binding energy for 16-mer is
225.3 kJ/mol.
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only increases by 0.5 kJ/mol from 13-mer to 16-mer. The saturation of binding energy
per monomer at such a small size of cluster is a consequence of two effects: 1. the loose
packing of CO2 molecules in the cluster and 2. Dispersion interactions which dominate the
binding energy of CO2 are short-range effects. The errors in the predicted binding energies
for SCFMI (XC1/BS1), vacuum MBE and PolBE have been plotted in Figure 2.4(c) as a
function of cluster size. The binding energy error predicted by SCFMI and vacuum MBE
truncated at the 2-body level increases continuously with system size. At all fragment sizes,
SCFMI, vacuum MBE, and PolBE underestimate the binding energy but the magnitude
of underestimation varies significantly. The binding energy error prediction of the SCFMI
wavefunction is the largest, followed by that of vacuum MBE and then PolBE. For the 16-
mer, the largest CO2 cluster considered in this study, the vacuum MBE error is 31.83 kJ/mol
while the PolBE error is only 2.28 kJ/mol, smaller by more than an order of magnitude.

The error per monomer saturates for all the three methods as shown in Figure 2.4(d).
For the largest clusters investigated in this study, the binding energy error per monomer
saturates at around 0.15 kJ/mol for PolBE whereas it saturates at 2 kJ/mol for vacuum
MBE and 2.8 kJ/mol for SCFMI. This saturation of error per monomer is very encouraging
and its magnitude is expected to be transferable to large condensed phase systems of CO2.

Water clusters

Water clusters are of fundamental importance in biological systems and processes and in
atmospheric chemistry.[205] Unlike bulk water, water clusters contain molecules at the sur-
face with unsaturated hydrogen-bonds serving as models for liquid-vapor interfaces. Almost
every possible experimental tool has been used to characterize the structure of water clusters
in an attempt to understand its anomalous properties.[206] It is also possible to use highly
accurate ab initio quantum chemical methods to study small water clusters, enabling direct
comparison between experiment and theory.

Water molecules interact with each other through hydrogen bonding, participating both
as donor and acceptor. Water molecules in both water clusters and bulk water interact
with each other in a highly non-pairwise additive fashion. [182] Dispersion is an important
mechanism contributing 35% to the total interaction energy of water clusters as shown in
Fig. 2.5(a). The gas phase dipole moment of 1.855D of water is enhanced in the condensed
phase by about 40%. [207–210] This enhancement in dipole moment coupled with the in-
creasing polarizability of water clusters with size of the cluster [211] leads to stronger binding
through magnified polarization contributing about 29% to the interaction energy. While dif-
ferent energy decomposition schemes differ on the actual magnitude of charge transfer in a
hydrogen bond in water, all methods agree on that fact that charge transfer plays a signif-
icant role in hydrogen bonding placing its relative importance somewhere between 20% to
30%. [126, 212] Performing an ALMO-based energy decomposition of the interaction energy
for each term of the many-body expansion has shown that polarization and charge trans-
fer play an important role in the 2-body terms, while polarization dominates the 3-body
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Figure 2.5: (a) Energy decomposition analysis for all water clusters considered in this study
(b) A water cluster containing 14 water molecules (c) SCFMI, vacuum MBE, and PolBE
errors as function of water cluster size (d) SCFMI, vacuum MBE, and PolBE errors per
fragment as function of water cluster size. For comparison, the total reference binding
energy for the water 20-mer is 845.2 kJ/mol.
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terms. [213] Charge transfer is mostly a pairwise additive effect and higher order terms are
negligible.

In this section, we investigate the binding interactions of water clusters using geometries
taken directly from a paper by Gadre and co-workers.[214] Binding in water clusters is much
stronger than that in CO2 clusters as can be seen from the larger interaction energies at
every cluster size. The binding energy of the water trimer considered in this study has
an interaction energy of 63.6 kJ/mol while the CO2 trimer has a much smaller interaction
energy of 15.4 kJ/mol. The presence of long-range interactions like dipole-dipole interactions
slows down the saturation of binding energy per monomer as well. Even for the 20 water
molecule cluster, the binding energy per water molecule is 42.3 kJ/mol and does not seem to
be saturated. As a consequence, SCFMI, vacuum MBE, and PolBE errors per fragment also
show slower signs of saturation. As in the case of CO2 clusters, SCFMI and vacuum MBE
systematically underbinds water clusters. The magnitude of the vacuum MBE errors, i.e. the
errors arising from truncating the many-body expansion at the 2-body level, is an indicator
of the importance of 3-body and higher body effects in the binding of water clusters. For
a water 20-mer, vacuum MBE underestimates the binding energy by 132 kJ/mol which is
about 16 % of the total interaction energy. PolBE errors are much smaller, increasing from
less than 1 kJ/mol for water trimer to −36.2 kJ/mol for the water 20-mer. It is interesting
to note that PolBE consistently overbinds water clusters while it underbinds CO2 clusters.

The error per fragment of vacuum MBE increases, though not monotonically, from the
trimer value of 2.6 kJ/mol to 6.6 kJ/mol for the 20-mer. SCFMI errors per fragment are
much larger, consistently upwards of 11 kJ/mol for large clusters. PolBE makes much smaller
errors per fragment starting at 0.3 kJ/mol for trimer and increasing to 1.8 kJ/mol for the
20-mer. The underlying many-body effect in water clusters, the polarization term, is treated
in a complete many-body sense in PolBE. Furthermore, charge transfer is predominantly
pairwise additive in nature and is treated upto 2-body in PolBE. The success of PolBE can
be attributed to treating these underlying physical interactions accurately and consistently.
Both vacuum MBE and PolBE error curves show kinks as a function of cluster size (see
Fig. 2.5(d)) due to the lack of a systematic structure in water clusters with increasing size
of the cluster. Certain geometries of water clusters are less compact than others, leading
to fewer hydrogen bonds and consequently a smaller interaction energy in comparison to
its neighboring clusters. The kinks closely follow the discontinuities in the binding energy
per fragment plot as a function of water cluster size. Unlike the case of CO2 where both
the binding energy per fragment and the errors per fragment are saturated at the largest
cluster size considered, these quantities continue to increase even at the 20-mer for water.
Long-range electrostatics are, in part, responsible for this behavior and pose a considerable
challenge to simulation of large systems of water. In order to investigate the saturation of
SCF reference binding energy per fragment and PolBE binding energy error per fragment,
we have investigated much larger water clusters n = 32 and n = 64. The SCF binding
energy for n = 32 and n = 64 is −26.36 and −30.15 kJ/mol, and are not saturated. The
PolBE binding energy error per fragment is −3.4 and −3.9 kJ/mol for n = 32 and n = 64
respectively. We see that the the PolBE binding energy error per fragment is saturating with
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Figure 2.6: (a) Energy decomposition analysis for hydrated Ca2+ water clusters (b) Hydrated
Ca2+ containing 20 water molecules (c) SCFMI, vacuum MBE, and PolBE errors as function
of cluster size (d) SCFMI, vacuum MBE, and PolBE errors per fragment as function of
cluster size. For comparison, the binding energy of Ca2+(H2O)20 is 1935.6 kJ/mol.

cluster size, and hence showing that PolBE is size-extensive.

Hydrated ion clusters

Aqueous ions play a crucial role in many biological processes, and help sustain life on earth.
While studying bulk aqueous ions has its own set of challenges, studying ion(s) in water
clusters serve as a surrogate to understanding their properties. The small size of these clusters
also enable the usage of accurate and expensive ab initio computational tools and direct
comparison with experiment. These clusters also serve as models for studying hydration of
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Figure 2.7: (a) Energy decomposition analysis for hydrated OH– water clusters (b) Hydrated
OH– containing 5 water molecules (c) SCFMI, vacuum MBE, and PolBE errors as function of
cluster size (d) SCFMI, vacuum MBE, and PolBE errors per fragment as function of cluster
size. As multiple conformers of each cluster size were investigated, the error presented here
are the root mean square errors of all conformers of a given size. For comparison, the
reference RMS binding energy for OH– (H2O)5 is 435.6 kJ/mol.
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ions and their coordination shell structure. In this section, we present the performance of
PolBE and vacuum MBE for cationic water clusters (Ca2+(H2O)n, n = 2− 20) and anionic
water clusters (OH– (H2O)n, n = 2 − 6). Ca2+(H2O)n cluster geometries were taken from
Ref. 215 and OH– (H2O)n geometries are taken from Ref. 216.

The interaction of ions with water is very strong as can be seen from the large binding
energies of the hydrated ion clusters. The binding energy of Ca2+(H2O)20 per fragment
is about 92 kJ/mol and that of OH– (H2O)5 is 72 kJ/mol. Decomposition the interaction
energy between the Ca2+ ion and its surrounding water molecules shows that the interaction
is mainly dominated by electrostatics and polarization. The bare ion carries a large charge
density giving rise to large frozen and polarization terms. At a frozen density level, this
monopole interacts with the surrounding water dipoles which makes permanent electrostatics
strong. These effects are also more long-ranged than in pure water due to the slower decay
of monopole-dipole interaction. The length scale of these effects makes this class of systems
poorly suited for fragmentation methods, and hence an extreme challenge for PolBE. The
large charge density also creates a strong field polarizing the surrounding water molecules
very significantly, thus explaining the large polarization term.

In the case of hydrated Ca2+ ions, the SCFMI wavefunction underestimates the interac-
tion energy as it is unable to capture all the effects of charge transfer. The magnitude of
underestimation increases from 33 kJ/mol for Ca2+(H2O)2 to 310 kJ/mol for Ca2+(H2O)20.
On the other hand, vacuum MBE error increases from −22.9 kJ/mol to −460.0 kJ/mol for
Ca2+(H2O)20. For the Ca2+(H2O)20 cluster, this error is about 23% of the total interaction
energy. Vacuum MBE truncated at the two-body level misses certain important higher order
effects. Vacuum MBE also overestimates the amount of charge transfer at the 2-body level
when the ion comprises one of the two fragments. Overestimating the interaction energies
at a 2-body level causes net overbinding, while neglecting higher order terms in the MBE
causes underestimation of interaction energies. These two effects compete with each other
to cause a temporary saturation in the total vacuum MBE error at around 450 kJ/mol in
clusters of sizes 14 to 21. The saturation of total error with increasing cluster size causes the
error per fragment to decrease after the first coordination shell of Ca2+ has been saturated.
PolBE performs significantly better by making much smaller total errors, starting from 2.3
kJ/mol for Ca2+(H2O)2 and increasing steadily to 63.0 kJ/mol for Ca2+(H2O)20. PolBE
error, even in these strongly interacting systems, ranges from 0.5 % to around 3 % of the
total interaction energies, roughly an order of magnitude smaller than vacuum MBE errors.
The PolBE error per fragment is only 3.0 kJ/mol for Ca2+(H2O)20 compared to 1.8 kJ/mol
for the water 20-mer.

The first important difference between hydrated Ca2+ clusters and hydrated OH– clusters
is the charge density. The single negative charge of the OH– anion has a much smaller charge
density causing smaller total interaction energies. Comparing the clusters of the same size,
hydrated hydroxide ion interaction energies are roughly half of the hydrated calcium ion
interaction energies due to the reduced strength of the monopole. The second difference
is the contribution of charge transfer component to the interaction energies. In hydrated
calcium clusters, charge transfer contributes only 5% to the total interaction energy, while in
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Figure 2.8: PolBE error per monomer for water clusters as function of size of the cluster with
different representations of the environment. In this figure, XC1 is ωB97M-V, XC2 is PBE,
BS1 is def2-TZVPPD, and BS2 is def2-SV(P). The system is always treated at XC1/BS1.

hydrated hydroxide anion clusters it contributes 33%. This is expected because Ca2+ is not
a good Lewis acid, but OH– is a strong Lewis base and donates electrons to water readily.

As the contribution of charge transfer to interaction energy is significant, the SCFMI
wavefunction severely underestimates the interaction energy. Both vacuum MBE and PolBE
overestimate the binding energies for hydrated hydroxide anions, but the errors are shown
as positive values as error metric used is root mean square error. Vacuum MBE binding
energy error increases from 15.7 kJ/mol to 42.4 kJ/mol for OH– (H2O)5. PolBE errors are
only about half the magnitude, overestimating the binding energy of OH– (H2O)5 by 20.7
kJ/mol. Similar trends are seen in the binding energy errors per fragment.

Error analysis of different environment models

The PolBE method uses EMFT to build the Fock matrix and solves the SCFMI equations
to obtain ALMOs. EMFT relies on the fact that an approximate description of the en-
vironment (B) is sufficient to accurately capture the essential chemistry occurring in the
system (A). PolBE relies on this assumption, providing an approximate embedding density
for computing 1-body and 2-body terms accurately. In this section, we discuss the validity
of this assumption. As a mean-field theory, PolBE attempts to represent the environment
approximately by using a semi-local functional (XC2) in a much smaller basis set (BS2).
The PBE functional, while much cheaper to compute than ωB97M-V (XC1), is also grossly



CHAPTER 2. MAKING MANY-BODY INTERACTIONS NEARLY PAIRWISE
ADDITIVE: THE POLARIZED MANY-BODY EXPANSION APPROACH 47

inadequate for computing the binding energies of CO2, as it does not contain any dispersion
and predicts that the CO2 clusters are unbound. The def2-SV(P) basis set used for the
environment, denoted as BS2, is much smaller than the def2-TZVPPD used for the system.
A single water molecule has 74 basis functions in BS1 and has only 18 basis functions in
BS2. This makes the number of contributions of an environment water molecule to the Fock
matrix smaller by a factor of 4 in comparison to the number for a system water molecule.

In this section, we analyze the sources of error coming from the functional and basis set
approximations used to represent the environment. In Fig. 2.8, different approximations of
the environments are compared in order to isolate the source of error that comes from each
of them. The best representation of the environment uses XC1/BS1 for both the system and
the embedding environment. This treatment of the environment density on the same footing
as the system does not use EMFT to build the Fock matrix, and is equivalent to SCFMI for
each of the 1-body and 2-body terms. Therefore, it is the baseline error to compare against
(shown as the gray curve in Fig. 2.8). When the basis set of the environment is changed
to BS2 and the functional is fixed at XC1, an additional error of 0.5 kJ/mol per monomer
is added at the water 20-mer. Similarly, changing the environment functional to XC2 while
keeping the basis set fixed at BS1 causes the largest error, adding an error of 1 kJ/mol per
water molecule to the baseline error. The method proposed in this paper, which represents
the environment using XC2 in a small basis set BS2, adds saturating error of only 0.5 kJ/mol
to the baseline error. This shows that an approximate representation of the environment
is sufficient to accurately and efficiently capture the interaction at a 1-body and 2-body
level, decomposing the binding energy in an almost pairwise additive fashion. A systematic
analysis of error for different representations of the environment (different local/semi-local
functionals and basis sets) is beyond the scope of this paper.

Comparison with existing eMBE methods

Developing different eMBEs has been an active research topic of many research groups for the
last couple of decades. These embedded MBE methods differ only in their description of the
environment, ranging from using fixed atom-centered point charges, [154] using variationally-
optimized atom-centered point charges, [100] to using actual monomer densities.[166]

Of these methods, the Electrostatically Embedded Many-Body Expansion (EE-MBE)
[154] developed by Truhlar and co-workers, is the possibly the simplest and most widely
used. In this method, each k-body term is computed in the presence of atom-centered point
charges for the rest of system. While an approximate representation of the environment can
be sufficient to attain useful accuracy, EE-MBE oversimplifies it, which causes important in-
teractions like exchange repulsion, coulombic interaction of electron clouds, and polarization
to be omitted, consequently leading to poorer performance. EE-MBE is also not parameter-
free as the binding energies depend on the charges as shown by Herbert and co-workers
previously. [156] Including higher-order terms in EE-MBE can lead to significant precision
problems which would require tightening of SCF convergence and integral screening thresh-
olds making them more expensive. [217] Fig. 2.9 shows the errors of EE-MBE performed
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Figure 2.9: Root Mean Square Error per fragment for all carbon dioxide, water, and hydrated
ion clusters. The errors for vacuum MBE, EE-MBE, and PolBE are shown. For (CO2)N
, N ranges from 3 to 16. For (H2O)N, N ranges from 3 to 20. For Ca2+(H2O)N, N ranges
from 2 to 20 and for OH– (H2O)N, N ranges from 2 to 5.
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Table 2.2: A table showing the computational cost scaling with system size for construction
of Fock matrix and diagonalization steps in SCF and PolBE

Fock build Diagonalization
SCF PolBE SCF PolBE

2-body screening O(F 2) O(F 2) +O(F 3) +O(F 3) O(F 3) O(F ) +O(F ) +O(F )
No 2-body screening O(F 2) O(F 2) +O(F 3) +O(F 4) O(F 3) O(F ) +O(F ) +O(F 2)

using CHELPG charges, which are atom-centered charges fitted to reproduce the molecu-
lar electrostatic potential at a number of points around the molecule.[218] The CHELPG
charges were determined for a water monomer at its equilibrium geometry, and the same
set of charges were used for representing all environment water molecules. In comparison
to EE-MBE, PolBE errors are much smaller in the case of CO2 clusters and hydrated ion
clusters. For all the conformers of hydrated ion clusters studied in this work, the RMS error
per fragment of PolBE is only 2.6 kJ/mol whereas that of EE-MBE is 13.9 kJ/mol as seen
in Fig. 2.9. For the water clusters investigated, EE-MBE errors are smaller than PolBE
errors for the water clusters investigated. However, the performance of EE-MBE is heavily
dependent on the embedding charges used as shown in Table S8. For instance, EE-MBE
performed using Mulliken charges increases the error per fragment for water molecules to
2.8 kJ/mol. The errors of EE-MBE also depend on the functional and basis set used to run
these calculations. The performance of PolBE is robust across the range of systems tested in
this work and is also parameter-free. PolBE consistently matches the SCF binding energies
computed using XC1/BS1 with modest errors irrespective of the choice of XC1 and BS1.
Different choices for representation of the environment, viz. different XC2 and BS2, does
not affect the predicted binding energies too significantly.

Computational timing analysis

The computational expense in the SCF and PolBE procedures can be classified into two
categories: diagonalization and Fock build. In this section, we discuss the computational
cost of SCF and PolBE in terms of these two categories. All timings reported in this section
were run on a 2.3 GHz 16-core AMD Opteron™ processor. Timings reported are the wall
clock timings for one iteration of SCF and the wall clock total time for one iteration for all
terms in PolBE. B3LYP[26, 219] and PBE[24] were used for XC1 and XC2, and def2-SVPD
[173] and STO-3G[220] were used for BS1 and BS2 in PolBE. For the SCF calculation,
the reported timings are for running B3LYP/def2-SVPD. Different density functional and
smaller basis sets were used for this part of the timings analysis in order to access larger
system sizes. Spherical water clusters used in this study were obtained from Ref. 221.

The number of terms at each order increases combinatorially with increasing order of the
MBE. While the number of terms in theory increases combinatorially in PolBE as well, not
all of them are numerically significant. This effect can be attributed to embedding, which
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(a) (b)

Figure 2.10: (a) A plot of the magnitude of 2-body terms in MBE and PolBE as a function
of the distance between the fragments in a water cluster containing 512 monomers (b) A
log-log plot of the number of significant 2-body terms for MBE and PolBE as a function of
size of the water cluster. The number of significant terms are indicated determined as the
number of terms exceeding the threshold as indicated in parenthesis

(a) (b)

Figure 2.11: (a) Wall clock time taken for Fock matrix diagonalization(s) in SCF and PolBE
as a function of cluster size (b)Wall clock time taken for construction of exact exchange
matrix(ces) for SCF and PolBE as a function of cluster size. F is the number of monomers
in the system which indicates system size. Timings reported are the wall clock timings for
one iteration of SCF procedure and the wall clock total time for one iteration for all terms
in PolBE.
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(a) (b)

Figure 2.12: (a) Wall clock time taken for diagonalization of Fock matrix(ces) as a percentage
of total time taken for all linear algebra manipulations for SCF and PolBE as a function
of cluster size (b) Wall clock time taken for construction of the exact exchange bit as a
percentage of total time taken for construction of the Fock matrix(ces) for SCF and PolBE
as a function of cluster size. Timings reported are the wall clock timings for one iteration of
SCF procedure and the wall clock total time for one iteration for all terms in PolBE.

incorporates physical effects like electrostatics and many-body polarization in the 0-body
term as captured at XC2/BS2. These effects are further corrected using a the high-level
functional XC1 in a large basis set BS1 at a 1-body level. After incorporating 1-body effects,
the only physical interactions that are not yet captured are the corrections to the many-
body polarization at XC1/BS1 and the effect of charge transfer. The 2-body terms capture
only the effect of 2-body charge transfer and 2-body correction to the polarization, both of
which decay rapidly with increasing distance between the pairs. Fig. 2.10(a) shows rapid
decrease in the magnitude of 2-body terms with distance between the pair. It also shows
that the magnitude of 2-body terms in PolBE are much smaller and decay much faster than
2-body vacuum MBE terms. This results in the linear increase in the number of 2-body
terms in contrast to the quadratic number of all 2-body terms. Employing a conservative
distance-based cutoff will limit the number of 2-body computations to scale linearly with
system size. Considering cluster sizes of 32, 64, and 128 water molecules with a threshold
of 10−5 Hartrees, Fig. 2.10(b) shows that the number of significant 2-body terms scales sub-
quadratically with system size. Using looser thresholds and/or larger system sizes will show
a scaling that is much closer to unity.

Consider a system with F fragments. Let N1 and N2 represent the total number of
basis functions in BS1 and BS2 respectively. Let n1 and n2 represent the numbers of basis
functions per monomer in BS1 and BS2 respectively. The cost of Fock matrix construction
for SCF scales as O(N2

1 ) leading toO(F 2) scaling with system size.[222] PolBE involves
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construction of three types of Fock matrices: (a) One Fock matrix at XC2/BS2 for V0 (b)
A linear number of Fock matrices for the V1 term (c) A linearor quadratic number of Fock
matrices for the V2 term depending on whether screening is employed or not employed. For
each 1-body term, the size of the XC2 Fock matrix is roughly N2. V1 Fock matrices would
also involve the computation of two additional Fock contributions from XC2 and XC1, but
their size is limited to n1 and does not scale with system size. The total cost of computation
of the V1 terms scales as F ×O(N2

2 ). Each Fock matrix for the V2 term also exhibits similar
computational costs. Summing up, the cost of constructing all the Fock matrices scales as
O(F 2) +O(F 3) +O(F 3) after employing 2-body screening.

The density update step, which involves diagonalization of the effective hamiltonian ma-
trix, scales as O(M3), where M is the size of the system. For large system sizes, diagonaliza-
tion of the Fock matrix becomes the most expensive step computationally. Diagonalization
accounts for the majority of the computational cost of all linear algebra manipulations,
constituting more than 60% of the cost across all fragment sizes as shown in Fig. 2.12(a).
PolBE, which is based on the SCFMI wavefunction, removes this diagonalization bottleneck
for large systems as shown in Fig. 2.12(a). As the cost of diagonalization scales as the third
power of the dimension of the matrix, density update step in SCF scales as O(N3

1 ). In PolBE
at the V0 level, the total cost of diagonalization scales as F ×O(n2

2). As n2 is constant, the
cost of diagonalization for V0 term scales as O(F ). For each term in V1 and V2, only the MOs
of the monomer and dimers are updated while the MOs of the environment are fixed. This
requires diagonalization of projected Fock matrices with dimension n1 and 2n1 for the V1 and
V2 terms respectively. In conclusion, the diagonalization step scales as O(F ) +O(F ) +O(F )
with system size. The total cost of diagonalization in SCF quickly exceeds that of PolBE
for cluster sizes of 16 water molecules (624 basis functions) as shown in Fig. 2.11.

Fock matrix construction, comprisescoulomb, XC and exact exchange contributions, and
scales as the 2nd power of its size. Exact exchange dominates the computational cost as
shown in Fig. 2.12(b). Hybrid density functionals, known to alleviate the self-interaction
energy problem, provide a more reliable and accurate prediction of system properties, in-
cluding non-covalent interaction energies. [18] However, addition of exact exchange relative
to pure density functionals makes them more expensive to compute. [70, 71, 223] Different
methods, ranging from screening based on locality to density-fitting have been proposed for
reducing the computational cost of forming the Fock matrix.[223] However, computation of
exact exchange has remained the bottleneck step. As shown in Fig. 2.12(b), construction of
the exact exchange part of the Fock matrix takes up upwards of 60% of the total Fock con-
struction time. PolBE, which embeds hybrid DFT in semi-local DFT, requires construction
of only the AA block of the exact exchange matrix which is much smaller than the entire Fock
matrix. The size of the AA block is only n1 for each 1-body term and 2n1 for each 2-body
term. The total SCF K-build time exceed the total K-build time for all the FC1 +F C2 terms
in PolBE at 32 water molecules (1248 basis functions) as shown in Fig. 2.11(b). PolBE thus
accelerates the computational bottleneck step in both linear algebra manipulations and Fock
construction. In terms of the total computational cost, PolBE costs more than a full SCF
calculation owing to the large number of Fock constructions at a 2-body level. However, all



CHAPTER 2. MAKING MANY-BODY INTERACTIONS NEARLY PAIRWISE
ADDITIVE: THE POLARIZED MANY-BODY EXPANSION APPROACH 53

Figure 2.13: Scaling of SCF and PolBE with increasing number of processors for water 20-
mer. Computations were performed using ωB97M-V/def2-TZVPPD in PBE/def2-SV(P) for
PolBE and ωB97M-V/def2-TZVPPD for SCF.

of each of these computations are trivially parallel as described below.
A practical challenge in most DFT software packages is to be able to take full advantage of

the multiple cores available in modern day high performance computing architectures. [224]
PolBE provides a very simple way to take advantage of this. Once the embedding density
has been formed, PolBE involves computation of FC1 +F C2 terms, all of them completely
independent of each other. This property of PolBE, inherited from the many-body expansion,
makes it trivial to distribute these jobs among any number of given processors making
PolBE “embarrassingly parallel.” As shown in Fig. 2.13, PolBE for water clusters exhibits
nearly ideal parallel scaling. In principle, one can achieve even better scaling with PolBE by
conceiving smarter master-slave process which are aware of the approximate time it would
take to run each of the jobs a priori.
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2.4 Conclusions and Outlook

In this work, we investigated the importance of accurately representing the environment
in order accelerate the convergence of the many-body expansion. In particular, we found
that capturing the effects of the environment using EMFT while partitioning the fragments
using SCFMI accurately captures the many-body cooperativity effects commonly found in
condensed phase systems. We have shown that the PolBE method proposed in this paper re-
produces binding energies of a wide range of molecular clusters of various sizes and consisting
of different interaction mechanisms. PolBE consistently performs better than other popular
embedded many-body expansion methods EE-MBE. The computational cost of PolBE and
its ability to remove the computational bottleneck steps was analyzed and demonstrated.

Comparison of the performance of PolBE to other embedded many-body expansion meth-
ods[157] would be of significant interest. The implementation of PolBE reported here can
potentially be improved using various strategies. Larger systems can be made computa-
tionally more tractable by using a real-space cutoff for computing two-body terms. These
cut-offs must depend on the dominant long-range interactions present in the system and
the accuracy desired. Such cut-offs have not been investigated in this paper and are an
interesting topic for future study. As PolBE is an MBE based method, its accuracy can
be systematically improved by including higher order terms in the expansion. While the
number of higher order terms increases with each order, some screening of important terms,
either based on real-space distances or on the magnitude of lower terms, can be employed.
The description of the environment can be made coarser to achieve additional speedups.
PolBE, as suggested in this work, uses different basis sets and functionals for the system and
environment. The extension of PolBE to use different DFT quadrature grids for the system
and the environment is straightforward. Similar ideas can be extended to use different den-
sity fitting basis sets for the coulombic interaction term. The ALMO-based representation
of the system used in PolBE yields fragment-specific occupied and virtual orbitals. These
fragment-specific virtuals, which are both fragment-sparse and smaller in number in com-
parison to the virtual space of the whole system, provides a compact representation of the
fragment virtual space which can be exploited in the extension of PolBE to double hybrids
density functionals[34] and to correlated wavefunction methods like MP2, orbital-optimized
MP2,[49–51, 177–179] and coupled cluster theories.[60] Extension of these ideas to correlated
wavefunction methods is currently being investigated.
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Chapter 3

A Non-Perturbative
Pairwise-Additive Analysis of Charge
Transfer Contributions to Interaction
Energies

3.1 Introduction

Electronic structure calculations, such as modern density functional theory (DFT),[18] are
capable of yielding accurate results for intermolecular interactions. However no physical or
chemical insight beyond the calculated observable is obtained. Many different energy decom-
position analyses (EDAs) [110, 115, 118, 123, 126, 225–227] have attempted to address this
need. At their core, EDA attempts to partition computed interaction energies into physi-
cally and chemically motivated terms like electrostatics, dispersion, polarization, and charge
transfer. EDA thereby aims to provide insights into the fundamental nature of molecular
interactions which can, in principle, help guide the design of molecules with properties of
interest. The development of force-fields based on these partitions of interaction energies is
another utility of EDA schemes.[108, 109]

Interaction of molecules by electron delocalization or charge transfer (CT) is one of the
most fundamental drivers of complex formation.[228] CT from a filled donor orbital of one
molecule to an empty acceptor orbital of another lowers the total energy of the complex,
and favors binding of the molecules. CT via forward and back donation in the Dewar-Chatt-
Duncanson model[229, 230] plays a very important role in transition metal-ligand complex
formation, and is instrumental in many transition metal catalytic transformations. Even
hydrogen bonding, which is a much weaker interaction that is ubiquitous for (bio)molecules
in aqueous solution, has a significant contribution from CT.[228, 231] Another interesting
aspect of charge transfer stabilization is its diversity in the strength of interaction: it can
vary in strength from a few kJ/mol in hydrogen-bonding complexes to hundreds of kJ/mol
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in transition metal-ligand interactions.
The energy decomposition analysis scheme based on Absolutely Localized Molecular Or-

bitals (ALMOs) has been developed for mean-field theories (Hartree Fock and Density Func-
tional Theory) [123, 126, 170, 232, 233] and Møller-Plesset perturbation theory.[171, 234,
235] The mean-field ALMO-EDA scheme partitions the interaction energy into geometric dis-
tortion, frozen, polarization, and CT components using variationally optimized intermediate
wavefunctions as illustrated in Eq. (3.1):

∆EINT = ∆EGD + ∆EFRZ + ∆EPOL + ∆ECT (3.1)

The energy associated with distorting the relaxed isolated fragment geometries to their
complex geometry is represented by the geometric distortion term (∆EGD). The frozen
term (∆EFRZ) is the energy associated with bringing infinitely separated fragments to their
complex geometry while retaining their infinitely-separated wavefunctions. This term in-
cludes permanent electrostatics, Pauli repulsion, and dispersion.[202] The polarization term
(∆EPOL) represents the energy lowering associated with relaxing the wavefunctions of each
of the fragments in the presence of other fragments while not allowing CT between frag-
ments.[126, 127] The energy lowering associated with CT between fragments is captured by
∆ECT. CT can be further broken down into pairwise additive components for both energy
lowering and its associated charge flow based on perturbation theory.[107] This decomposi-
tion scheme can also be used to extract chemically relevant Complementary Occupied-Virtual
orbital Pairs (COVPs) which are the most important orbitals associated with CT. [107] How-
ever, this charge decomposition scheme breaks down in cases of strongly interacting species
as it is based on perturbation theory.[107, 126] In this paper, we provide an alternative non-
perturbative CT decomposition scheme which works robustly for all regimes of interaction
energy, while nevertheless providing an effective pairwise description of CT.

There are many other proposed measures of CT, which we can only briefly summarize
here. The charge decomposition analysis method (CDA) by Dapprich and Frenking defined
forward and backward donation components in intermolecular complexes.[236] While this
method is conceptually simple, some of the terms in CDA do not have a well-defined physi-
cal meaning.[107] Other EDA variants define charge transfer energy as the amount of energy
associated with mixing occupied orbitals of the donor with virtual orbitals of the acceptor.
Such ideas are used in the reduced variational space (RVS)[237] and constrained space or-
bital variation (CSOV)[238] schemes. However, these methods only account for CT in one
direction at a time and cannot provide a pairwise additive decomposition of CT such that the
contributions sum up to the total CT energy. Methods such as EDA-NOCV (natural orbital
for chemical valence) [115, 239] and localized molecular orbital (LMO)-EDA [226] report
only the sum of polarization and CT, which corresponds to the “orbital interaction” and
“polarization” terms in these methods, respectively. The same choice is commonly followed
in symmetry-adapted perturbation theory (SAPT) calculations of intermolecular interac-
tions,[118, 119] where polarization and CT are combined in the “induction” term, although
several approaches have been proposed to quantify CT in SAPT. [240, 241] The popular
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Natural Bond Orbital (NBO) method can also be used to define charge decomposition be-
tween pairs of fragments using orthogonal molecular orbitals.[227, 242] However NBO and
its associated Natural Energy Decomposition Analysis[116, 117] (NEDA) is known to greatly
exaggerate the magnitude of CT energies.[212, 243] Constrained DFT (CDFT)[244–246] has
also been used to estimate the magnitude of CT energy.[247, 248] As it constrains charge
populations, rather than preventing charge-delocalization, CDFT was shown to substantially
underestimate CT in most scenarios.[228]

In the ALMO-EDA, total CT is based on the energy difference between two variationally
optimized wavefunctions: the fully relaxed final (FULL) wavefunction, and the constrained
polarized (POL) wavefunction (which is evaluated by the self-consistent field for molecular
interactions (SCF-MI) method[74, 75, 77, 170]):

∆ECT ≡ E(ΦFULL)− E(ΦPOL) (3.2)

This will be a faithful description of CT if ΦPOL describes a “CT-free” state of the complex:
in other words it is constrained to prohibit CT whilst allowing on-fragment polarization in
response to the rest of the complex. To achieve this target, the SCF-MI wavefunction opti-
mizes a wavefunction in which the MO coefficient matrix is block-diagonal in the molecules
making up the complex. Specifically, the ALMOs of each molecule are described by the
mixing of its optimal occupied orbitals in isolation (the frozen occupied orbitals) with its
own set of virtual orbitals. The simplest choice is to use all the virtual orbitals of the given
isolated molecule for this purpose. However, this choice becomes ill-defined as the span of
the AO basis of one molecule overlaps that of other molecules in the complex more and more.
In the limit of a linearly dependent AO basis, the use of all fragment virtuals in a block-
diagonal MO coefficient matrix can no longer guarantee a CT-free state. [127, 248, 249] To
overcome this formal limitation (which can also be avoided in practice by using AO basis
sets without excessively diffuse functions), one can instead use “fragment electric response
functions” (FERFs) [127] as a limited set of virtuals for each molecule in the complex that
describe exactly the response of the molecules to applied dipole (D) and quadrupole (Q)
fields. The FERF-DQ model provides a well-defined complete basis set (CBS) limit for the
resulting SCF-MI energy, and thus for ∆ECT.

Since the CT energy is associated with orbital mixing between occupied levels on one frag-
ment (molecule or ligand) of a complex and virtual orbitals of another, there are observable
manifestations such as red-shifting of vibrational frequencies, as well as sometimes changes in
structure. To quantify such effects, the adiabatic EDA[250] employs geometry optimization
on each constrained surface to define a sequence of energy lowerings. The adiabatic EDA
has proven useful to understand the role of charge transfer on observables[228, 250, 251]. It
has also been extended to variationally quantify the role of forward and back donation indi-
vidually on observable properties, via the recently introduced variational forward-backward
(VFB) analysis of the relaxations due to CT.[252] This approach uses a generalized SCF-MI
scheme that permits only uni-directional CT coupled to polarization in the entire system.

At a given geometry of a complex, an existing perturbative CT analysis (CTA) within
the ALMO-EDA (reviewed in detail later) can decompose the CT energy into pairwise ad-
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ditive components, plus a residual “higher-order” (HO) CT correction.[126]. This scheme
is general enough to also decompose the charge flow, ∆QCT associated with CT into pair-
wise additive components.[107] The perturbative CTA relies on the HO correction being
small, but unfortunately, it can vary substantially in both sign and magnitude based on the
chemical system investigated (and even the choice of density functional). Furthermore, this
perturbative decomposition can break down when CT becomes strong, as seen for example
in the interaction between a transition metal and ligand in a transition metal complex. The
recently proposed VFB approach [253] alleviates the issues associated with the perturbative
CTA to some extent when it is employed to quantify forward and backward CT energies,
but it does not incorporate the HO term fully. In addition, the current VFB formulation
lacks a well-defined basis set limit.

To go beyond the perturbative CTA, in this work, we present an alternative which exactly
(at least up to machine precision) decomposes the CT energy into pairwise additive terms
irrespective of the strength of interaction. This scheme is applicable to a wide range of
intermolecular interactions: from weakly bound hydrogen bonded complexes to strongly
bound transition metal complexes. Improving upon its perturbative predecessor, the new
CTA also provides a complete pair-wise additive decomposition of the quantity of charge
transferred.

This paper is organized as follows. After a brief summary of the ALMO-based EDA and
perturbative CTA, the non-perturbative CTA is introduced. We specify how the total CT can
be exactly decomposed into pairwise additive interactions. Next, we illustrate the limitations
of the perturbative CTA and demonstrate how the non-perturbative CTA overcomes these
limitations. We show that the non-perturbative CTA has a well-defined basis set limit.
Subsequently, we apply the new CTA to complexes ranging from hydrogen bonding in DNA
base-pairs to strongly interacting transition metal hexacarbonyls. We illustrate how this new
scheme debunks certain traditional ideas about borane adducts by revealing new mechanisms
of interaction. Finally, we discuss the computational expense of the non-perturbative CTA
relative to the perturbative CTA.

3.2 Theory

Brief summary of the ALMO-EDA

The ALMO-EDA scheme[126, 127] decomposes the interaction energy into chemically rele-
vant quantities given in Eq. (3.1) by lifting imposed constraints one by one. The geometric
distortion energy (∆EGD) associated with distorting relaxed (free) monomer geometries into
their corresponding supersystem geometries is the difference between the SCF energy of each
monomers, X, at the complex geometry (Φcomplex

X ) and at their optimal free geometry (Φfree
X ):

∆EGD ≡
∑
X

(
ESCF(Φcomplex

X )− ESCF(Φfree
X )
)

(3.3)
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The frozen wavefunction of the complex, ΦFRZ, is a Slater determinant composed of the
occupied MOs from all isolated fragments (which are non-orthogonal). The corresponding
energy, E(ΦFRZ), accounts for Pauli repulsion by forming a valid density from the non-
orthogonal frozen MOs. The frozen interaction (∆EFRZ) is defined as the difference between
E(ΦFRZ) and the isolated energies of all monomers at their complex geometry (Eq. (3.4)).

∆EFRZ ≡ E(ΦFRZ)−
∑
X

ESCF(Φcomplex
X ) (3.4)

Physically, ∆EFRZ contains contributions from permanent electrostatic interactions, disper-
sion, and Pauli repulsions.[202] The polarized wavefunction (ΦPOL) is computed by relaxing
the occupied MOs on each fragment in presence of the MOs of all other fragments while for-
bidding CT from one fragment to another by enforcing the ALMO constraint (that the MO
coefficient matrix remains fragment block diagonal). This optimization of non-orthogonal or-
bitals with the ALMO constraint is achieved by SCF-MI,[74, 75, 77, 170] and the polarization
energy is defined as the energy difference between the polarized and frozen wavefunctions.

∆EPOL ≡ E(ΦPOL)− E(ΦFRZ) (3.5)

The use of FERF virtual orbitals to give the polarization term a well-defined basis set
limit[127] has already been discussed above. So too has the definition of the energy lowering
due to CT, which was shown in Eq. (3.2). By construction, we can see that the EDA terms
sum up to the total interaction energy, defined in Eq. (3.1)

Perturbative Charge-Transfer Analysis

To set the stage for the new non-perturbative approach to pairwise decomposing the CT
energy, we first discuss the existing perturbative CTA.[107] The usual second order pertur-
bation correction to an energy may be written as ∆E(2) = Tr[F(1)X(1)], where F(1) is the
first order perturbed Hamiltonian and X(1) is the first order perturbed wavefunction. The
polarized wavefunction, ΦPOL, only zeros the mixing between occupied (O) and virtual (V)
orbitals on fragments, but not between fragments. Therefore, given the polarized Fock ma-
trix, FPOL = F(PPOL), the perturbation is the residual occupied-virtual mixing, FPOL

OV , which
is exclusively between fragments. This perturbation, or Roothaan Step (RS), in turn yields
a perturbative mixing, XRS

V O, of virtuals on a given fragment into occupieds of another.
The perturbative approximation to orbital mixing is obtained by a single diagonalization

(Roothaan step) of the polarized Fock matrix, which is equivalent[254, 255] to solving the
following quadratic equations for XRS

V O:

FPOL
VO + FPOL

VV XRS
VO −XRS

VOFPOL
OO −XRS

VOFPOL
OV XRS

VO = 0VO (3.6)

Equation (3.6) is written in the orthogonalized MO basis which is discussed in the Chapter B.
The resulting XRS is still a perturbative solution, because it gives the energy lowering of a
single diagonalization rather than iterating to self-consistency.

∆ERS
CT = 2 Tr[FVOXRS

OV] (3.7)
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Note that solving Eqs. (3.6) and (3.7) for ∆ERS
CT is equivalent to infinite-order single excitation

perturbation theory with a fixed Fock matrix,[254, 255] and thus is preferable to ∆E
(2)
CT.

However the form still couples occupied MOs on one fragment with virtuals on another
through XRS

V O, and therefore ∆ERS
CT is pairwise decomposable, just like ∆E

(2)
CT. The correction

to ∆ERS
CT for its lack of self-consistency is a non-pairwise decomposable, higher order (HO)

term, ∆EHO
CT = ∆ECT−∆ERS

CT, which means the CT energy is represented as the sum of the
RS contribution, and the residual HO term:

∆ECT = ∆ERS
CT + ∆EHO

CT (3.8)

Equation (3.7) can be rewritten in terms of projectors onto the occupied space (PPOL)
and virtual space (QPOL) of the polarized wavefunction as follows.

∆ERS
CT = Tr

[
FPOLPPOLXRSQPOL

]
(3.9)

PPOL and QPOL are sums of projectors onto the polarized occupied orbitals and virtual
orbitals on all fragments respectively.

PPOL =
∑
X,i

PPOL
Xi

QPOL =
∑
X,a

QPOL
Xa

(3.10)

Eqs. (3.10) can be inserted into Eq. (3.9) to obtain the corresponding energy lowering due
to transfer of charge from occupied orbital i on fragment X to virtual orbital a on fragment
Y as follows.

∆ERS
CT =

∑
X,Y

∑
i,a

∆EXi→Y a

∆EXi→Y a = Tr
{
FPOLPPOL

Xi XRSQPOL
Y a

}
(3.11)

Similarly, it has been shown that the total charge transferred can also be decomposed into
pairwise additive components:[107]

∆QRS
CT =

∑
X,Y

∑
i,a

∆QXi→Y a

∆QXi→Y a = Tr
{
PRSPPOL

Xi XRSQPOL
Y a

}
(3.12)

Here, PRS is the density matrix of the RS occupied orbitals. Using PRS to replace the Fock
operator in Eq. (3.11) yields the charge transfer decomposition of Eq. (3.12).

While this approach is appealing and useful, its perturbative nature (i.e. its lack of
self-consistency) is a disadvantage, because ∆ERS

CT can never be exact. In particular, XRS

generates the energy lowering, ∆ERS
CT, of a single diagonalization rather than the proper
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self-consistent energy lowering, ∆ECT, that results from lifting the SCF-MI constraint of no
charge delocalization between fragments. In complexes containing large charge transfer, this
can lead to the higher order term becoming large, not because CT cannot be partitioned
in a pairwise additive fashion, but because the approximation of a single diagonalization
becomes inadequate. We therefore take up the challenge of lifting this approximation.

Exactly Pairwise-Additive Charge-Transfer Analysis

In this section, we will show that it is possible to generate an exactly pairwise-additive charge
transfer analysis (at least to as much precision as we wish). The working form of the result
for the charge-transfer energy is:

∆ECT = E(ΦFULL)− E(ΦPOL) = 2 Tr
[
FCT
V OXCT

OV

]
(3.13)

This has the same form as the approximate expression, Eq. (3.7) discussed above, but with
new definitions of the Fock matrix and the occupied-virtual mixings.

To begin, since we know the polarized state (i.e. E(ΦPOL)) and the final, fully relaxed
state (i.e. E(ΦFULL)), we also, at least implicitly, know the occupied-virtual mixings, XCT

OV ,
necessary to connect them. We shall discuss how we explictly obtain them after establishing
the exactly pairwise addition decomposition. Let us define λ = 0 as the state ΦPOL, and
λ = 1 as the state ΦFULL which are connected along the straight-line path specified by λXCT.
Applying the fundamental theorem of line integrals along this path, it is true by definition
that:

∆ECT = E(1)− E(0) =
∑
i,a

∫ 1

0

∂E(λ)

∂λXCT
ia

·XCT
ia dλ (3.14)

Since:

Fai(X
CT) ≡ 1

2

∂E(XCT)

∂XCT
ia

(3.15)

We are led directly to the desired result, Eq. (3.13), where evidently the appropriate Fock
matrix arises from integrating along the line:

FCT
V O =

∫ 1

0

FV O[λXCT]dλ (3.16)

Let us turn next to the charge reorganization that occurs as the electron density is
rearranged. To connect directly to the energy changes discussed above, we choose to write
it in an isomorphic form (other more obvious possibilities[115] also exist, of course, and are
independently useful). The charge that is rearranged, ∆QCT, as the system evolves from the
POL state to the final FULL state from λ = 0 to λ = 1 along the straight-line path given
by λX can likewise be represented by a line integral:

∆QCT = Q(1)−Q(0) =

∫ λ=1

λ=0

∑
i,a

∂Q[λXCT]

∂λXCT
ia

XCT
ia dλ (3.17)
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Here Q[λXCT] is the charge that is promoted from occupied levels in the polarized state to
orbitals that are virtual in the polarized state:

Q[λXCT] = Tr
{
Q0P[λXCT]Q0

}
= Tr

{
P[λXCT]Q0

}
(3.18)

The variation of Q[λXCT] with respect to elements, XCT
ia of XCT is:

∂ Tr
{
P[λXCT]QPOL

}
∂λXCT

ia

= −λ(PPOLXQPOL)ai − λ(QPOLXPPOL)ai

= −λ(XCT
V O)ai

= Pai(λXCT) (3.19)

Substituting Eq. (3.19) into Eq. (3.17), we get

∆QCT =

∫ λ=1

λ=0

∑
i,a

Pia(λXCT)XCT
ai dλ−

∫ λ=1

λ=0

∑
i,a

Pai(λXCT)XCT
ia dλ (3.20)

= 2 Tr
{
PCT
V OXCT

OV

}
(3.21)

where

PCT
V O =

∫ λ=1

λ=0

PV O[λXCT]dλ (3.22)

Two issues must be addressed to employ this approach in practice: (i) we must find the
orbital mixings associated with CT, XCT

OV , and (ii) we must develop a suitable quadrature to
efficiently and accurately numerically evaluate Eq. (3.16) and Eq. (3.22). We address these
points in turn below.

Density matrices are independent of the redundant occupied-occupied and virtual-virtual
mixings that are needed to fully specify molecular orbitals. Working in an orthonormal basis,
we are seeking the unitary transformation, UCT connecting the polarized density matrix,
PPOL and the fully relaxed density matrix, PFULL:

PFULL =
(
UCT

)†
PPOLUCT (3.23)

UCT can be written just in terms of occupied-virtual mixings, XCT
OV , as the matrix exponen-

tial:

UCT =

[
UCT
OO UCT

OV

UCT
V O UCT

V V

]
= exp

{[
0 XCT

OV

−(XCT
OV )† 0

]}
(3.24)

To solve for XCT
OV we define a cost function that vanishes when Eq. (3.23) is satisfied:

C = ||PFULL −UCTPPOL
(
UCT

)† ||2F (3.25)
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As shown in the Chapter B, the analytical gradient of the cost function, C, with respect to
the iath element of XCT

OV is given by:

∂C

∂ (XCT
OV )ia

∣∣∣
XCT
OV =0

= 4
[(

UCT
curr

)†
PFULLUCT

curr

]
ia

(3.26)

Here UCT
curr is the current approximation to the unitary transformation. We choose a working

orthonormal basis that symmetrically orthogonalizes the ALMO occupieds, and the ALMO
virtuals (after projecting out their occupied components), and canonically orthogonalizes
the projected virtual void orbitals (which were excluded from the evaluation of PPOL). Min-
imizing C using the analytical gradient is performed via standard iterative techniques for
unconstrained non-linear equations like quasi-Newton methods and DIIS in order to obtain
XCT
OV . In principle, one can solve for XCT analytically by taking the logarithm of UCT. How-

ever, we do not use this method as this leads to non-zero OO and V V blocks of XCT and
hence cannot be used for pairwise decomposition directly.

Now, we will address how to develop a suitable numerical quadrature scheme to evaluate
FCT
V O and PCT

V O. We can numerically evaluate the integral in Eq. (3.16) and Eq. (3.22) using
Gauss quadrature rules in the interval [0,XCT]. Specifically, we use the 5-point Gauss-
Lobatto quadrature rules,[256] as they include the end points of the interval which have
already been evaluated for the purpose of EDA. The expressions for FCT

V O and PCT
V O are

shown in Eq. (3.27) and Eq. (3.28).

FCT
V O =

1

20
FV O[0] +

49

180
FV O

[
1

2

(
1−

√
3

7

)
XCT

]

+
16

45
FV O

[1

2
XCT

]
+

49

180
FV O

[
1

2

(
1 +

√
3

7

)
XCT

]
+

1

20
FV O[XCT] (3.27)

PCT
V O =

1

20
PV O[0] +

49

180
PV O

[
1

2

(
1−

√
3

7

)
XCT

]

+
16

45
PV O

[1

2
XCT

]
+

49

180
PV O

[
1

2

(
1 +

√
3

7

)
XCT

]
+

1

20
PV O[XCT] (3.28)

As FV O[0] and PV O[0] are the Fock and density matrices of the polarized wavefunction
(ΦPOL) and FV O[XCT] and PV O[XCT] are the Fock and density matrices of the fully relaxed
wavefunction (ΦFULL), we would have to evaluate only three new Fock and density matrices
at points specified by Eqs. (3.27) and (3.28). Empirically, for the systems studied in this
work, using the 5-point quadrature formula is sufficient to recover the variational charge
transfer energy with sub-Joule per mole accuracy (See Table B.6).

To partition CT we need an appropriate set of projectors onto the occupied and un-
occupied subspaces of each of the interacting fragments. In the second-generation ALMO-
EDA,[202] the Hilbert space of each polarized fragment X is spanned by its occupied frozen
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orbitals and the virtual Fragment Electric Response Functions (FERFs)[127] that are basis-
independent and provide a well-defined basis set limit for ∆EPOL. After polarization, let us
denote these spaces as PX and VX . The unoccupied AO space on each fragment not spanned
by FERF virtuals (hereinafter virtuals) is termed the “void space” (denoted by RX) and the
entire Hilbert space on fragment X (denoted by HX) can be written as shown in Eq. (3.29)

HX = PX ⊕ VX ⊕RX (3.29)

= PX ⊕QX (3.30)

where QX = VX ⊕RX denotes the total unoccupied space formed by combining virtuals and
voids.

Following Ref. 107, the projector onto the ith occupied orbital on fragment X, denoted
by P̂Xi, can be formed as shown below:

P̂Xi = |φXi〉
〈
φXi
∣∣ (3.31)

=
∑
Y,j

|φXi〉 (σ−1OO)Xi,Y j 〈φY j| (3.32)

(PXi)
µ,ν =

∑
Y,j

(CPOL)Xµ••Xi (σ−1OO)Xi,Y j((CPOL)T )•Y νY j• (3.33)

In the equations above, the biorthogonal covariant and contravariant notation was used for
dealing with non-orthogonal molecular orbitals.[257] One further consideration regarding the
virtual space projector is the treatment of near and exact linear dependence in large AO ba-
sis sets, which is part of ensuring a decomposition with well-defined basis set limits. Linear
dependence between basis functions within the same fragment can be resolved by simply
discarding one of the linearly dependent molecular orbital, for example by canonical orthog-
onalization. However, this is not possible with linear dependence between fragments without
losing the association of the retained functions to fragments. Therefore inter-fragment linear
dependence in the virtual space is treated by using the Moore-Penrose generalized inverse of
the overlap matrix (σ+

V V ) by discarding the null space.[257] For CT decomposition, we do
not make any distinction between FERF virtuals and the void space.

Q̂Xa = |φXa〉
〈
φXa

∣∣ (3.34)

=
∑
X,a

|φXa〉 (σ+
V V )Xa,Y b 〈φY b| (3.35)

(QXa)
µ,ν =

∑
Y,b

(CPOL)Xµ••Xa(σ+
V V )Xa,Y b((CPOL)T )•Y νY b• (3.36)

With the aid of these projectors, we can now exactly (up to arbitrary precision) decom-
pose the CT energy, Eq. (3.13) into contributions from each pair of orbitals, on each pair of
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interacting fragments in the complex:

∆ECT =
∑
X,Y

∑
i,a

∆EXi→Y a

∆EXi→Y a = Tr
{
FCTPPOL

Xi XCTQPOL
Y a

}
(3.37)

Similarly, the total charge transferred can be exactly decomposed into pairwise additive
orbital components:

∆QCT =
∑
X,Y

∑
i,a

∆QXi→Y a

∆QXi→Y a = Tr
{
PCTPPOL

Xi XCTQPOL
Y a

}
(3.38)

In practice, the results are compacted into the CT energy and flow between each pair of
fragments. For the occupied orbitals on one fragment, X, coupling to virtual orbitals on

another fragment, Y , it is convenient to singular value decompose their couplings,
(
XCT
OV

)XY
.(

XCT
OV

)XY
= LX

O s
(
RY
V

)†
(3.39)

Often there is only 1 significant singular value, in which case there is a single complementary
donor-acceptor orbital pair (COVP) controlling CT, where the donor orbital is represented
by the first column of LX

O and the acceptor is given by the first column of RY
V .

Finally we note that XCT
OV describes CT couplings from all occupied orbitals to all unoc-

cupied orbitals irrespective of the fragment that the virtuals belong to. This applies not just
to the case where the fragments X and Y are different, but also to the case where they are
the same. As a consequence of these non-zero couplings on the same fragment, we will have
non-zero ∆EX→X terms, because the on-fragment blocks of FCT

V O are also non-zero. This
is in contrast to the perturbative mixing, XRS

OV , that has zero on-fragment blocks of FPOL
V O

(a result of the SCF-MI iterations) leading to zero EX→X terms. The interpretation of the
non-zero pairwise on-fragment terms for the exactly pairwise additive scheme is that this a
re-polarization of the fragments in response to charge transfer.

3.3 Computational Details

The first consideration in decomposing charge transfer is computing the densities of the
polarized (PPOL) and FULL (PFULL) wavefunctions. After computing these quantities, we
can solve for the non-perturbative mixing matrix (XCT) by solving Eq. (3.23).

The perturbative and non-perturbative pairwise charge decomposition schemes were im-
plemented in a developmental version of Q-Chem 5.0.[176] In particular, the new CTA
method was implemented within the libgscf and libloco libraries which are, respectively,
new SCF and SCFMI modules in Q-Chem.[51] ωB97X-D[258] with def2-TZVPD[173, 174]
basis set was used for geometry optimization and energy decomposition analyses unless
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stated otherwise. ωB97X-D is a range-separated hybrid density functional and has shown
to give superior performance on a large number of systems for a wide range of chemical
properties including non-covalent interaction energies.[18] All geometries were confirmed to
be a minimum on the potential energy surface by confirming that the Hessian has no nega-
tive eigenvalues. All interaction energies computed adiabatically by including the relaxation
energies of the individual fragments when they are infinitely separated from each other. All
Complementary Occupied-Virtual Pairs (COVPs) are plotted with an isosurface value of
±0.07 au. All plots were created using Matplotlib[259] and molecule figures were generated
using VMD.[260]

3.4 Results and Discussion

Perturbative CTA vs non-perturbative CTA

The perturbative CTA has some well-known limitations, especially its inability to pairwise
decompose the entire CT energy. A manifestation of this problem is that the fraction of CT
energy decomposed into pairwise additive terms depends on the density functional used, as
illustrated in Fig. (3.1) for the case of the borane-carbonyl complex (BH3−CO). BH3−CO
is bound by −123.6 kJ/mol at the ωB97X-D/def2-TZVPD level of theory as a result of
strong CT character, with active forward (−171.0 kJ/mol) and backward donation (−113.8
kJ/mol). As shown in Fig. (3.1), the perturbative Roothaan step treatment overestimates
CT for semi-local functionals by amounts ranging from 8% for PBE to about 2% for M06-L.
Concurrently, the Roothaan step underestimates CT for hybrid and range-separated hybrid
functionals by amounts ranging from 1% for TPSSh to rather severe values of 24% for M11
and ωB97X-V. Among the pairwise components, the perturbative BH3→CO back-donation
sees the most variation, fluctuating by more than 90 kJ/mol across the density functionals
tested. This functional-dependent performance of the Roothaan step in the perturbative
CTA is reminiscent of density functional minimal adaptive basis calculations based on the
same perturbative corrections.[261]

On the other hand, the non-perturbative pairwise CTA consistently decomposes 100% of
the charge transfer energy irrespective of the density functional employed. It is particularly
encouraging to see from Fig. (3.1) that the functional-dependence of pairwise contributions
in the non-perturbative approach is also significantly lower than their corresponding pertur-
bative counterparts.

Consistent performance of EDA and CTA across the potential energy surface (PES) is
necessary for training EDA-based force-fields which can benefit from these decompositions
for parametrizing force-field terms. The limitation of perturbative CTA manifests in another
form when considering different points on a PES. Consider a simple one-dimensional rigid
PES formed by stretching the BH3–CO complex along the B−C bond with the geometry of
BH3 and CO fixed to be the same as their equilibrium geometries. Fig. (3.2b) shows the total
percentage of CT decomposed into pairwise additive terms for both perturbative and non-



CHAPTER 3. A NON-PERTURBATIVE PAIRWISE-ADDITIVE ANALYSIS OF
CHARGE TRANSFER CONTRIBUTIONS TO INTERACTION ENERGIES 67

PBE
BLY

P

B97
-D

3

rev
PBE

M06
-L

SCAN
MS2

TPSS

B97
M-V

TPSSh

M06
-2X

B3L
YP

M11

B97
X-V

B97
M-V

0%

20%

40%

60%

80%

100%

%
 C

T 
en

er
gy

 d
ec

om
po

se
d

108% 107% 106% 108%
102%

106% 105% 106% 103% 99%

85%

94%

76% 76% 77%

BH3 BH3 BH3 CO CO BH3 CO CO

(a)

PBE
BLY

P

B97
-D

3

rev
PBE

M06
-L

SCAN
MS2

TPSS

B97
M-V

TPSSh

M06
-2X

B3L
YP

M11

B97
X-V

B97
M-V

0%

20%

40%

60%

80%

100%

%
 C

T 
en

er
gy

 d
ec

om
po

se
d 100% 100% 100% 100% 100% 100% 100% 100% 100% 100% 100% 100% 100% 100% 100%

BH3 BH3 BH3 CO CO BH3 CO CO

(b)

Figure 3.1: Dependence of pairwise decomposition of charge transfer energy on different
density functionals in the perturbative (upper panel) and non-perturbative (lower panel)
treatment of charge transfer energy decomposition for the BH3−CO complex in the def2-
TZVPD basis set. The on-fragment CT terms (BH3→BH3 and CO→CO) are very small in
most cases and cannot be seen in this figure for multiple density functionals. The different
components of CT are shown as bars stacked on each other and appear in this order from
bottom to top: BH3→BH3, BH3→CO, CO→BH3, and CO→CO.
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Figure 3.2: (a) BH3–CO complex stretched along the dashed line (b) BH3→CO, CO→BH3,
and total charge decomposed is shown as a percentage of the total charge transfer energy
for the perturbative and non-perturbative CTAs for different B – C bond distances. The
equilibrium bond distance (re) is shown in purple.

perturbative schemes. The total percentage of CT decomposed by the perturbative scheme
varies along the potential energy surface. When the B−C bond is compressed to 1 Å, 88% of
total CT is decomposed, while at equilibrium, this number falls to 77% and saturates at 74%
as the bond is stretched. By contrast, and by virtue of its design, the non-perturbative CTA
does not have this dependence at all. The charge transfer energy in Fig. (3.2b) varies over two
orders of magnitude from −736.8 kJ/mol at 1 Å separation to −1.5 kJ/mol at 3.4 Å. From
Fig. (3.2b), it is also interesting to note that the perturbative CTA yields components that
deviate from the exact non-perturbative values by significantly different fractions across the
PES: the perturbative CO→BH3 component deviates significantly from the exact fraction at
long distances, while it agrees much better at the shortest distances. On the other hand, the
perturbative BH3→CO fraction agrees well with the exact value at long-range, and deviates
significantly at short-range. The advantage of the new non-perturbative CTA for pairwise
decomposition is quite clear.

Basis set dependence

As modern density functionals show their best performance when approaching the basis set
limit, it is advisable to run all calculations with as large a basis set as computationally
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feasible [18]. Hence, one of the essential properties an energy decomposition scheme should
have is a reasonably stable and physically meaningful basis set limit for all the contributing
energy terms. The Fragment Electric Response Functions (FERFs),[127] which construct
a polarization subspace for each fragment based on its response to electric fields, are used
in the ALMO-EDA to give the polarization energy and CT energy well-defined basis set
limits. In this section, we assess the basis set convergence properties of each of the pairwise
charge and energy transfer components by again considering the example of BH3–CO adduct
at its equilibrium distance. Fig. (3.3) shows the partition of the CT energy into its 4
pairwise contributing terms as a function of increasing size of the AO basis. Similarly,
Fig. (3.4) shows the corresponding partition of the pairwise decomposed charge flow terms.
The size of the basis set can be increased in two complementary ways: (1) Increasing the
highest angular momentum (cardinal number, X) of the one-particle basis set (denoted by
the DZ, TZ, QZ, and 5Z sequence) (2) Increasing the level of augmentation of diffuse basis
functions (denoted by the augmented (aug-)and doubly-augmented (d-aug-) prefixes). The
latter effect is important for treating ions, excited states and strongly polarized systems
with comparable accuracy to relatively non-polar ground states, but leads to near linear-
dependence of the basis, which presents a challenge for methods such as CTA that use
Hilbert space partitioning.

Figures (3.3) and (3.4) show that the CT partition into four components is well-behaved
with respect to increasing X and augmentation. Considering the two major components
of the CT energy, we can see that the BH3→CO component converges to 37% and the
CO→BH3 converges to 56%. Similarly, the BH3→CO charge flow component converges to
67% and the CO→BH3 component converges to 35%. The double-ζ basis sets, contaminated
with basis set superposition error (BSSE) as well as incompleteness error, are too small to
reliably capture either the CT energy or charge flow. If the DZ basis sets are excluded,
the two major components are almost converged at the triple-ζ basis set level, while the
repolarization (on-fragment) components contribute little to CT regardless of basis set.

An interesting aspect of CT analysis for BH3−CO is the fact that the pairwise energy
and charge components are not correlated. The CO→BH3 energy component is larger than
the BH3→CO CT energy component, while the opposite is true for the pairwise charge flow
components. This result is consistent with perturbative analysis presented earlier.[107] The
underlying reason has its origin in the different quantities being decomposed: the CT energy
versus the charge flow associated with CT. Let us denote VDA as the matrix element coupling
donor (D) and acceptor (A) orbitals, with orbital energies εD and εA. From dimensionality
(or perturbation theory) arguments, the CT energy is ∼ V 2

DA/(εD− εA). On the other hand,
the charge flow behaves as ∼ VDA/(εD−εA). Figures showing the magnitude of these pairwise
decomposed components in kJ/mol and me- are included in the Chapter B.

DNA base-pairs

Hydrogen bonding between DNA bases is one of the most important non-covalent interac-
tions as it modulates a myriad of biological phenomena, such as the melting temperature of
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Figure 3.3: Convergence properties of the non-perturbative pairwise decomposition compo-
nents of the total CT energy with respect to increasing the highest angular momentum of the
basis set for the Dunning basis set sequence: cc-pVXZ, aug-cc-pVXZ, and d-aug-cc-pVXZ
(X=D, T, Q, and 5) for the BH3–CO system at its equilibrium geometry using ωB97X-D.

oligonucleotide sequences which is a critical parameter in molecular biology experiments.[262]
The Watson-Crick base pairs, adenine-thymine (A-T) and guanine-cytosine (G-C), shown in
Fig. (3.5), interact by characteristic hydrogen bonding. The A-T base pair is bound by two
hydrogen bonds: one from N3 of thymine to N1 of adenine, and the other from N6 of adenine
to O4 of thymine. The G-C binding energy is −120.8 kJ/mol which is much larger than the
A-T binding energy of −69.4 kJ/mol as G-C has three hydrogen bonds (two H-bond donors
on G and one donor on C) while A-T has only two.

The pairwise CTA for these base pairs is shown in Table (3.1). From a CTA perspective,
the G-C pair really has two N lone pair donors on cytosine, coupled to two charge accepting
H−N groups on guanine, rather than the opposite proton donor perspective. This is reflected
in the larger C→G term versus the smaller G→C contribution. The main Complementary
Occupied-Virtual Pairs (COVPs) shown in Fig. (3.6) for the A-T pair are a very convenient
way to understand these hydrogen bonds. The most significant COVP of the A-T base pair
contributes a majority (about 67%) of the CT interactions. The COVP donor is located on
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Figure 3.4: Convergence properties of the non-perturbative pairwise decomposition compo-
nents of total charge transfer with respect to increasing the highest angular momentum of the
basis set for the Dunning basis set sequence: cc-pVXZ, aug-cc-pVXZ, and d-aug-cc-pVXZ
(X=D, T, Q, and 5) for the BH3–CO system at equilibrium geometry using ωB97X-D.
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Figure 3.5: DNA base pairs adenine-thymine (A-T; left panel) and guanine-cytosine (G-C)
with Mg2+ (right panel)
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Table 3.1: Energy decomposition analysis and non-perturbative charge decomposition anal-
ysis (in kJ/mol) for the DNA base pairs thymine(T)-adenine(A), guanine(G)-cytosine(C),
and their corresponding metallated versions.

Energy decomposition analysis Non-perturbative decomposition of CT energy
∆EINT ∆EGD ∆EFRZ ∆EPOL ∆ECT 1→1 1→2 2→1 2→2

T(1):A(2) -63.8 5.6 -7.4 -26.2 -35.8 0.0 -10.7 -25.4 0.3
G(1):C(2) -120.8 13.5 -35.6 -52.2 -46.5 0.0 -19.0 -27.6 0.2

Na+ G(1):C(2) -138.2 11.0 -45.4 -55.8 -48.1 -0.2 -10.2 -38.0 0.4
Mg2+ G(1):C(2) -195.7 18.5 -56.3 -90.9 -67.1 -0.3 -5.3 -62.2 0.7
Ca2+ G(1):C(2) -178.9 16.3 -54.6 -80.9 -59.7 -0.3 -5.4 -54.6 0.6

(a) ∆ECOVP1
CT = −23.9 kJ/mol (b) ∆ECOVP2

CT = −8.7 kJ/mol

Figure 3.6: (a) The most significant Complementary Occupied-Virtual Pair (COVP) for the
A-T DNA base pair (b) Second most significant COVP for the A-T DNA base pair. Atom
color codes are shown in Fig. (3.5).

N1 of adenine and the COVP acceptor is located on N3−H of thymine. The second hydrogen
bond has much weaker CT, which accounts for the remaining CT stabilization.

By contrast, as shown in Fig. (3.7), the G-C base pair with its three hydrogen bonds
contains two equally significant COVPs, each of which contributes −16.6 kJ/mol to the CT
energy. Unlike the A-T COVPs, these G-C COVPs do not completely localize on any one
particular hydrogen bond although the first pair (shown in Fig. (3.7a)) is mainly on the
O6-N4 hydrogen bond, while the second pair (shown in Fig. (3.7b)) dominates the N3−N1
interaction. For two almost degenerate COVPs such as this, it is possible to localize the two
occupied and two virtual orbitals if a more localized picture is desired.

The presence of metal cations has a significant effect on biophysical processes such as sta-
bilization of DNA triple and quadruple helices. At low concentrations, metal cations produce
a stabilizing effect by neutralizing the negatively charged phosphate backbone. However, at
high concentrations they affect the structural integrity of DNA by disrupting the hydrogen
bonding interactions.[263, 264] Metal cations interact with the N7 position of guanine as
shown in the right panel of Fig. (3.5).[265–267] An understanding of the effect of metal
cation coordination on the binding energy of DNA base pairs will help illuminate whether
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(a) ∆ECOVP1
CT = −16.7 kJ/mol (b) ∆ECOVP2

CT = −16.6 kJ/mol

(c) ∆ECOVP3
CT = −9.3 kJ/mol

Figure 3.7: (a) The most significant Complementary Occupied-Virtual Pair (COVP) for the
G-C DNA base pair (b) Second most significant COVP for the G-C DNA base pair (c)
Third most significant COVP for the G-C DNA base pair. Atom color codes are shown in
Fig. (3.5).

this 3-body interaction affects the stability of the DNA duplex. The effect of metal cation
coordination of the strength of hydrogen bonds in DNA base pairs has been studied using
Natural Bond Orbital Analysis.[268]

As a primitive model for this effect, we consider guanine of a G-C dimer binding in a
bidentate fashion via its N7 and O6 sites to three metal cations (Na+, Mg2+, and Ca2+),
as shown for Mg2+ in the right panel of Fig. (3.5). The EDA and non-perturbative CTA
of the three metallated G-C complexes are shown in Table (3.1). All 3 metallations of
guanine increase the binding energy of the complex. This increment is small (17.4 kJ/mol)
when the metal cation is Na+, but quite large when the metal cation is Mg2+ or Ca2+.
The EDA reveals that this increment comes from increases in all major mechanisms of
interaction: frozen interactions, polarization, and charge transfer. The adiabatic EDA[250]
(see Table B.1) confirms that the increase in frozen and polarization interactions is larger
than the increase in CT. The predominance of permanent and induced electrostatics agrees
with chemical understanding of this toy model of metallated DNA base pairs, which is
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Table 3.2: EDA and non-perturbative CT energy decomposition analysis (in kJ/mol) for the
series of adducts BX3–NH3 where X = F, Cl, or Br.

Energy Decomposition Analysis Non-perturbative decomposition of CT energy
∆EINT ∆EGD ∆EFRZ ∆EPOL ∆ECT BX3→BX3 BX3→NH3 NH3→BX3 NH3→NH3

BF3–NH3 -90.8 99.7 122.8 -157.4 -156.0 0.0 -5.1 -151.2 0.2
BCl3–NH3 -107.7 101.2 259.7 -282.2 -186.4 0.2 -9.8 -179.3 2.6
BBr3–NH3 -119.2 94.3 295.5 -322.6 -186.5 0.2 -11.6 -177.8 2.7

controlled by interactions with the unscreened charge.
Considering the case of Mg2+-G-C versus G-C, frozen interactions, polarization, and CT

contribute an additional 20.6 kJ/mol, 38.7 kJ/mol, and 20.6 kJ/mol respectively to the
interaction energy. Applying the non-perturbative CTA to the charge transfer contribution
reveals an interesting pattern. Metallation of guanine increases the C→G CT energy while
it decreases the G→C CT. This serves to decrease the strength of the O6(G)· · ·H-N4(C)
hydrogen bond and increase the strength of the N3(C)· · ·H-N1(G) and O2(C)· · ·H-N2(G)
hydrogen bonds. The increase in the strength of the latter CT interactions is larger than
the decrease of the former, thereby leading to an overall increase in CT upon metallation.
COVPs for the metallated G-C base pairs are included in the Chapter B (See Figs. B.3, B.4,
and B.5). The significant COVPs are localized on the N3-N1 and O2-N2 hydrogen bonds,
while the COVP localized on the O6-N4 hydrogen bond contributes little to the total CT
energy.

These aspects of hydrogen bonding in nucleobases have been previously studied using de-
localization indices from Atom-In-Molecule (AIM) theory.[269] While it is difficult to compare
our method with AIM theory, both analysis methods agree on the selective strengthening
and weakening of hydrogen bonds upon metallation in the G-C base pair. While AIM theory
measures this change in terms of change in delocalization index, our analysis can directly
compute an energy value associated with these interactions, thus enabling a richer and more
direct comparison to the interaction energy.

Borane-amine adducts

Borane-amine adducts are textbook examples of Lewis acid-base pairs. The ammonia-borane
complex has been studied particularly in detail as it has been considered a promising hy-
drogen storage material that contains 19.6 wt% of hydrogen.[270, 271] This adduct consists
of an electron-deficient group 13 center and an electron-rich group 15 center. Traditionally,
bonding in this adduct has been understood as a dative bond as a result of donation of
an electron pair from the nitrogen to the boron center. This is supported by the fact that
borane, which is a planar molecule, pyramidalizes upon complexation with ammonia.

Understanding the nature and strength of the dative bond in these adducts is key to
tuning the strength of such dative interactions, and can potentially be used to design ligands
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Table 3.3: Energy decomposition analysis and non-perturbative charge decomposition anal-
ysis (in kJ/mol) for the adduct BH3–NMepHq (p+ q = 3)

Energy Decomposition Analysis Non-perturbative Decomposition of CT energy
∆EINT ∆EGD ∆EFRZ ∆EPOL ∆ECT BH3→BH3 BH3→NMepHq NMepHq→BH3 NMepHq→NMepHq

BH3–NH3 -133.1 56.3 116.5 -148.1 -157.7 -2.7 -16.4 -138.1 -0.5
BH3–NMeH2 -153.2 59.7 114.0 -172.9 -154.0 -3.4 -17.4 -131.4 -1.9
BH3–NMe2H -163.1 62.8 110.7 -185.9 -150.6 -3.7 -17.8 -127.7 -1.4
BH3–NMe3 -163.8 65.8 107.7 -178.4 -159.0 -3.6 -18.1 -136.5 -0.8

on a catalyst or engineer protein-drug interactions. One common example is the series of
halogenated boranes binding ammonia: BX3–NH3 where X = F, Cl, or Br. The order of
stability of these adducts is BBr3–NH3 > BCl3–NH3 > BF3–NH3 as shown in Table (3.2).
This ordering is rather counter-intuitive as one would naively expect the reverse ordering
consistent with ordering of electronegativity of the halogens (F > Cl > Br). One explanation
proposed for this ordering is that electron donation from the halogen to the empty p-orbital
of boron reduces the Lewis acidity of boron.[272] As shape and sizes of B and F match
better than B and Cl, it was suggested that donation from F to B was stronger. While this
explanation suggests that BF3 has a stronger π-bond character than BCl3, and consequently
should have a higher energy of pyramidalization, the opposite has been found to be true
(See Ref. 272 and ∆EGD in Table (3.2)). It was also found that the Natural Bond Orbital
π-overlap between F and B in BF3 and Cl and B in BCl3 are more or less identical.[273]
Another explanation correlating the Lewis acidity of halogenated boranes with its LUMO
level was proposed[274, 275] and then contradicted.[273]

In this section, we attempt to explain the trend in the strength of interaction of trihalo-
borane-ammonia adducts. The interaction energy increases upon going from BF3–NH3 to
BBr3–NH3 from −90.8 to −119.2 kJ/mol. Upon going down the periodic table from BF3–
NH3 to BCl3–NH3, the polarization and charge transfer components of the interaction energy
increase (Table (3.2)). While the increase in polarization is cancelled out by the increase
in the repulsive frozen interactions, charge transfer causes a true increase in the strength
of interaction. Upon decomposition of CT into pairwise additive terms, it is clear that
the increase in the NH3→BX3 component is the most significant and leads to enhanced
binding energy. On the other hand, upon going from BCl3–NH3 to BBr3–NH3, total CT
and the NH3→BX3 component remain unchanged. Most of the increase in binding energy
arises from a decrease in the geometry distortion term. While most of the increase in the
polarization energy is offset by the increase in repulsive frozen interactions, the increase in the
polarization term still contributes a little to the overall increase in the binding energy. Energy
decomposition in an adiabatic picture (see Table B.3) further emphasizes the importance of
CT relative to polarization and frozen interactions. The adiabatic energy decomposition also
shows an increase in CT upon going from BF3–NH3 to BBr3–NH3.

Another interesting observation is that placing electron donating groups on B decreases
the binding energy of the adduct, while placing the same group on N increases the binding
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Figure 3.8: (a) Energy decomposition of BH3–NClpHq binding energy into geometry dis-
tortion (GD), frozen (Frz), polarization (Pol), and charge transfer (CT) terms. (b) Non-
perturbative decomposition of charge transfer into pairwise additive terms. A table contain-
ing the energetics shown in this figure is included in the Chapter B (Table B.2).

strength of the adduct. This phenomenon can be classically understood as the enhance-
ment of Lewis basicity when electron donating groups are placed on nitrogen. In order to
gain a further understanding of this phenomenon, we consider a series of boranes bound
to ammonia substituted with increasing numbers of methyl (−Me) groups. Methyl is an
electron donating group, and with addition of each methyl group on the nitrogen center the
interaction energy increases as shown in Table (3.3). Experimentally, gas phase dissocia-
tion enthalpies also increase.[276] Performing EDA on the interaction energies of this series,
we can see that the total CT energy shows no trend with increasing the number of methyl
groups on ammonia. EDA in the adiabatic framework is also in agreement with this although
the relative magnitude of CT is much larger than the polarization (See Table B.4). This
shows that understanding the enhancement in binding energy of these adducts in terms of
increased Lewis basicity of substituted ammonia is incorrect. The CTA further supports
this claim by not showing a clear trend in the CT energy associated with donation from
NMepHq to BH3, which lies in the range of −138.1 to −127.7 kJ/mol, and does not become
stronger with increasing number of methyl substituents at N. By contrast, the polarization
energy increases with increasing number of methyl substituents and is thus the main origin
of enhanced binding. The reason is likely because −Me is more polarizable than −H, and
consequently more −Me groups cause larger polarization interactions.

Now, let us consider a chloride (−Cl) substitution at N instead of −Me substitution.
The chloride, being an electron withdrawing group, reduces the electron density available
for donation in forming an adduct. As the number of chloride groups on N increases, the
binding energy of the adduct decreases from −133.1 kJ/mol in the case of BH3–NH3 adduct
to just −58.2 kJ/mol for BH3–NCl3. EDA shown in Fig. (3.8a) shows that this is a result
of the decrease in both polarization and charge transfer. The non-perturbative CTA reveals
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two important trends upon chloride substitution: First, as expected, NClpHq→BH3 CT
decreases significantly from −138.1 kJ/mol to −95.6 kJ/mol on going from NH3 to NCl3.
Second, BH3→NClpHq CT energy increases upon chloride substitution. However, the latter
increase is rather small and is eclipsed by the former leading to an overall decrease in the CT
energy lowering. Thus, the non-perturbative CTA can elucidate the interplay of different
pairwise CT energy components in order to explain the observed binding energies of borane-
amine adducts.

Carbonyl complexes

Transition metal – carbonyl interactions are ubiquitous in transition metal chemistry and
catalysis,[277, 278] such as in important intermediates in CO2 reduction. [252] These are
cases of synergic bonding with significant binding arising from both forward electron do-
nation (carbonyl to metal complex) and backward (metal complex to carbonyl) donation.
The Dewar-Chatt-Duncanson[229, 230] model has been invoked to explain bonding in metal
carbonyls with differing degrees of success.[279] According to this model, the red shift in
the carbonyl stretching frequency is understood as a consequence of back-donation from the
metal to the anti-bonding 2π∗ orbitals of CO, decreasing its bond strength, lengthening the
C−O bond, and consequently decreasing its vibrational stretching frequency.

Free CO is IR active and its stretching frequency appears at 2143 cm-1.[280] Consider
the sequence of isoelectronic 3d transition metal hexacarbonyls: V(CO) –

6 , Cr(CO)6, and
Mn(CO) +

6 .[281, 282] The electron density on the metal decreases as we go from anionic
V(CO) –

6 to cationic Mn(CO) +
6 . As a consequence, the metal has less electrons to donate

to the 2π∗ orbitals of CO. Figure (3.9) shows that the non-perturbative M(CO)5→CO CT
decreases from −172.9 kJ/mol in V(CO) –

6 to −78.7 kJ/mol in Mn(CO) +
6 . The experimen-

tal red shift also decreases in the same order: 285 cm-1 for V(CO) –
6 , 140 cm-1 for Cr(CO)6,

and 37 cm-1 for Mn(CO) +
6 . The computed red shifts show a similar trend: 262 cm-1 for

V(CO) –
6 , 127 cm-1 for Cr(CO)6, and 11 cm-1 for Mn(CO) +

6 . As back-donation is a major
component of the CT interaction, total CT energy also decreases as one moves to the right
in the 3d transition metal sequence. The non-perturbative CTA also reveals the contrasting
mechanisms dominating the nature of CT in V(CO) –

6 and Mn(CO) +
6 : back donation is the

major component of CT contributing about 73% of the CT energy in V(CO) –
6 , whereas for-

ward donation is the major driving force accounting for 55% of the charge transfer energy in
Mn(CO) +

6 . Thus, the CTA reveals the intricate interplay between different mechanisms driv-
ing CT in 3d metal hexacarbonyls. The variational forward-backward CTA[252] also shows
that the adiabatic back-donation (M(CO)5→CO) decreases upon moving from V(CO) –

6 to
Mn(CO) +

6 while the forward (CO→M(CO)5) component decreases (See Table B.5).
This example also brings out the main limitation of the perturbative CTA, which is

capable of capturing only ∼67% of the total CT energy. In the V(CO) –
6 case, for exam-

ple, the perturbative treatment underestimates the forward component by only 21.5 kJ/mol
compared to the non-perturbative counterpart, but makes a much larger error in the back-
ward component underestimating it by 62.8 kJ/mol. This inconsistency in the magnitude
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Figure 3.9: Stabilization energy associated with forward (CO→M(CO)5) and backward
(M(CO)5→CO) CT interactions in the perturbative and non-perturbative schemes for 3
isoelectronic transition metal hexacarbonyls. The M(CO)5→CO component is shown on the
top and the CO→M(CO)5 is shown below it.

of underestimation in the perturbative scheme underscores the advantage of the new non-
perturbative CTA.

Computational cost

As established above, the non-perturbative CTA is a superior alternative to perturbative
analysis for studying charge decomposition. To address the computational cost of obtaining
these improved results, we will briefly compare the cost of the non-perturbative scheme
against its perturbative predecessor. The perturbative scheme computes XRS

V O by solving
for the Roothaan step, Eq. (3.6), which involves only cubic-scaling matrix multiplications,
where the dimension of these matrices involves the number of occupied (O) and virtual (V )
orbitals of the complex. Given XRS

V O, the pairwise energy decomposition follows by taking
its trace with the Fock matrix constructed from the polarized ALMOs (ΦPOL). This Fock
matrix is already constructed in the order to converge those orbitals and compute the energy
of the polarized wavefunction (E(ΦPOL)).

By contrast, the non-perturbative CTA involves solving Eq. (3.23) in order to compute
the non-perturbative CT matrix, XCT

V O. The process of solving this equation involves cubic
scaling matrix diagonalization and multiplications of matrices whose dimension is the number
of MOs, N = O + V of the complex. Given XCT

V O, the non-perturbative pairwise energy
decomposition requires computation of the FCT using Eq. (3.27). This requires five different
Fock matrices at different interpolating density points between ΦPOL and ΦCT. Two of
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these five Fock matrices (F(0) and F(X) in Eq. (3.27)) are available from computing the
energy of the polarized wavefunction and energy of the fully-relaxed complex, leaving three
additional Fock matrix constructions. Given that the complete ALMO-EDA scheme typically
requires tens of Fock matrix constructions for determining the polarized and fully-relaxed
wavefunctions, the addition of three more Fock matrix constructions only adds very little to
the total computational cost.

3.5 Conclusions

We have introduced a non-perturbative approach that (numerically) exactly decomposes the
variational energy lowering due to charge transfer (CT) in molecular complexes into pairwise
additive terms in the context of ALMO-based energy decomposition analysis (ALMO-EDA)
for density functional theory.[126, 202] The non-perturbative CT analysis (CTA) is a su-
perior replacement for the existing perturbative CTA,[107] which relied on a perturbative
approximation to incompletely and inexactly extract the pairwise contributions. As demon-
strated here, the perturbative CTA decomposes different percentages of the total charge
transfer energy at different points on a potential energy surface, and also has a dependence
on the density functional used, typically underestimating CT for hybrid and range-separated
density functionals while overestimating it for pure functionals.

This new method introduced in this work finds the generator, XCT
V O, of the unitary trans-

formation that transforms the polarized wavefunction into that of the fully-relaxed wavefunc-
tion. Next, an effective Fock-like matrix, FCT, is constructed from Fock matrices computed at
different density points connecting the polarized wavefunction and fully-relaxed wavefunction
along the path given by XCT

V O. Taking the trace of the product of the FCT
OV and XCT

V O along with
appropriate orbital projectors sandwiched in the middle gives the non-perturbative charge
decomposition in terms of donor and acceptor orbital pairs of the fragments comprising the
complex. This completes the (numerically) exact pairwise energy decomposition scheme for
CT. We also extended the CTA to decompose the charge flow in a pairwise fashion as well.
Finally, singular value decomposition (SVD) of XCT

V O yields complementary occupied-virtual
orbital pairs (COVPs), which are the most important orbitals involved in CT.

We have demonstrated the usefulness of the new CTA by applying it to various chemical
systems with varying strengths of charge transfer interaction. Application to DNA base-
pairs reveals the nature of hydrogen bonding in the thymine:adenine and guanine:cytosine
complexes. Additionally, CTA reveals the effect of metallation on the hydrogen bonding
patterns of the guanine:cytosine base-pair. Investigating the interaction energy of a series
of borane adducts of the form BX3−NH3 (X = F, Cl, or Br) reveals that an increase in
polarization and CT energy from NH3 to BX3 enhances the binding energy of the BX3−NH3

complex as we go down the halogen group. The CTA also revealed interesting aspects of
the effect of methyl and halogen substitution on the nitrogen center. Additionally, the CTA
provided insight into the delicate interplay of forward and backward donation in a series of
isoelectronic transitional metal hexacarbonyls. It is likely to be useful for a wide variety of
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other interpretive problems in intermolecular interactions, as well as other applications such
as for training force-fields to account for pairwise decomposition of charge transfer.[108, 109]
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Chapter 4

Benchmarking Density Functionals for
Hydrogen Storage: The H2Bind275
Dataset

Reprinted with permission from Veccham, S. P.; Head-Gordon, M. Density Functionals for
Hydrogen Storage: Defining the H2Bind275 Test Set with Ab Initio Benchmarks and As-
sessment of 55 Functionals J. Chem. Theory Comput. 2020, 16, 4963–4982

4.1 Introduction

Hydrogen (H2) is a promising green alternative to the fossil fuel-based energy economy. H2 is
a clean fuel as the only byproduct it produces is water, which is non-toxic and unlike CO2 has
no deleterious effects on the environment. The gravimetric energy capacity of hydrogen is
also about three times that of gasoline, providing a mass-efficient way to store and transport
energy. One major problem with using H2 as fuel is the low volumetric capacity of hydrogen
which is one of the biggest hurdles in achieving a H2-based economy.

One solution to this volumetric capacity obstacle is to store hydrogen in tanks under high
pressure. Hydrogen fuel cell vehicles with high pressure carbon fiber-reinforced tanks are
already on the market. However, safely storing H2 under high pressure adds a substantial
cost penalty, not to mention the additional safety complications associated with accidents.
Nanoporous materials with high surface area offer a viable alternative to this storage problem
by storing H2 in adsorbed form. In principle, a given quantity of H2 can be stored by adsorp-
tion at a much lower pressure in comparison to pure compression. Despite major synthetic
and design efforts in the nanoporous framework community, none of the materials designed
till date have been able to achieve all the targets for a viable storage material compiled by
the U.S. Department of Energy (DOE). [283] While some recently synthesized materials have
come close to the target,[128] novel design strategies and new material discoveries are still
required to achieve the DOE targets.
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Nanoporous sorbent materials, including Metal-Organic Frameworks (MOFs) and Cova-
lent Organic Frameworks (COFs), represent the vast majority of storage materials proposed
to date for hydrogen. For example, H2 storage by binding to open metal sites with un-
saturated coordination spheres in MOFs has successfully been explored in MOF-11,[284]
M2(dobdc),[285] and Mn-BTT.[286] Covalent Organic Frameworks which are robust both
structurally and thermally, represent another paradigm for H2 storage.[287] Enhancement
of hydrogen storage capacities by impregnation with metal ions is an active area of re-
search. Graphene, graphene oxide, and graphene origami are new carbon-based adsorbents
that have been explored for hydrogen storage.[288–290] Given this huge diversity in the
binding moeities of H2, we feel it is necessary to have a dataset that captures this vari-
ety appropriately. The dataset compiled in this work aims to capture the diversity only in
materials that store H2 by adsorption, and not other materials which store H2 by hydrogena-
tion/dehydrogenation of molecules.[291]

In silico tools have become indispensible in the design of drugs, proteins, and materi-
als with desired properties using both rational and high-throughput design strategies. In
the context of designing materials for hydrogen storage, researchers are seeking frameworks
with the highest usable capacity for a predetermined operating pressure range. The usable
capacity is the difference between the amount of hydrogen adsorbed at high and low oper-
ating pressures. The usable capacity is completely determined by the adsorption isotherm
of H2, which in turn is influenced by the Gibbs free energy of adsorption, pore volume and
surface area in the region where Henry’s law is applicable. The Gibbs free energy of ad-
sorption ∆Gads, in turn, can be determined by the enthalpy (∆Hads) and entropy (∆Sads)
of adsorption at a given temperature (T ) according to Eq. (4.1)

∆Gads = ∆Hads − T∆Sads (4.1)

Enthalpy and entropy are known to be roughly correlated, even though the exact relationship
depends on the adsorbent material. [130, 131, 292] The most important component of en-
thalpy is the internal energy of binding at 0K which can be predicted with very good accuracy
using different first principles tools of electronic structure theory. Common first principles
tools that can be used to predict binding energy are Hartree Fock (HF), Density Functional
Theory (DFT), second order Møller-Plesset Perturbation Theory (MP2), Configuration In-
teraction (CI), and different variants of Coupled Cluster theory (CC). These methods can
predict binding energies with different degrees of accuracy. The associated computational
cost is also very different with HF and DFT scaling as O(N3), MP2 as O(N5), and Cou-
pled Cluster with Singles, Doubles and Perturbative Triples (CCSD(T)) as O(N7). Of these
methods, CCSD(T) provides the highest accuracy: typically yielding sub-kJ/mol accuracy
for non-covalent interaction energies.[293] However, the need for thousands of calculations
in a high-throughput screening along with its steep scaling in computational cost makes it
impossible to use coupled cluster theory for designing materials.

DFT, with O(N3) scaling, lies at a reasonable compromise between accuracy and cost
for predicting binding energies. While in principle, DFT can provide an exact solution to



CHAPTER 4. BENCHMARKING DENSITY FUNCTIONALS FOR HYDROGEN
STORAGE: THE H2BIND275 DATASET 83

the Schrodinger equation under the Born-Oppenheimer approximation, the exact form of
this functional remains unknown.[16] Over the last couple of decades, various groups across
the world have proposed different approximations to this functional form using empirical,
semi-empirical, and non-empirical arguments. There are hundreds of these approximations,
termed density functional approximations(DFAs), and each of them provides different ac-
curacies for different problems including non-covalent interactions, reaction barrier heights,
thermochemistry, and ionization energies. Some density functionals have also been parame-
terized to predict properties of certain classes of chemical species limiting their applicability
to other classes. In fact, different DFAs have previously been used to predict the deliverable
capacity for various storage materials. [294–299] Even though the performance of DFAs have
been thoroughly benchmarked [17, 18, 300, 301] for each of these properties (represented by
one or multiple datasets), none of them thoroughly represents the hydrogen storage prob-
lem. In fact, to the best of our knowledge, none of the datasets even contain the hydrogen
molecule. In this paper, we have compiled a dataset that captures the diversity of binding
sites encountered in materials that adsorb hydrogen.

Another computational approach to determine the usable capacity of a material is using
Grand Canonical Monte Carlo (GCMC) simulations which rely on force fields to accurately
reproduce the interactions between the adsorbate (H2) and the binding motifs. As these
simulations need a large number of energy evaluations, they are usually performed using
force fields. It is also possible to perform simulations directly using DFT at the expense of
greater computational cost.[302] Parameterization of force fields require highly accurate ab
initio data which can be generated, in principle, using density functional approximations.

Cluster modeling, that is reducing the size of the binding site to a few atoms at the imme-
diate vicinity of the bound H2 employing suitable chemical truncation, is often used to make
extended adsorbent materials with well-defined binding sites computationally tractable.[295,
303, 304] The alternative to cluster modeling is to use periodic boundary conditions which
would severely limit the usage of highly accurate wavefunction methods. In this work, we
have a employed cluster models in order to obtain reference interaction energies with high
accuracy. Small cluster models also allow for modeling of the binding site instead of a par-
ticular binding material, thereby increasing the transferability of the conclusions to other
binding materials with similar binding sites.

This paper is organized as follows: The H2Bind275 dataset is introduced and its ability
to comprehensively represent the diversity of H2 binding sites and mechanisms is discussed.
The protocol used for arriving at accurate reference interaction energies using coupled cluster
theory with the focal point analysis is introduced. After a brief discussion of the performance
of wavefunction methods, the performance of 55 density functionals is assessed and the best
performing density functional approximations are identified. This assessment is performed
for the whole H2Bind275 dataset and different chemical categories of the dataset, motivated
by H2 storage applications. The effect of addition of exact exchange and empirical dispersion
corrections to DFAs is analyzed. The problems associated with using finite-sized basis sets
for DFT calculations are discussed.
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4.2 Computational details

All the density functional approximation interaction energies were computed using Q-Chem
5.0.[176] The reference interaction energies including MP2, CCSD, and CCSD(T) were also
computed using Q-Chem 5.0. Post CCSD(T) computations, specifically CCSDT(Q), were
performed using the MRCC program which is capable of performing arbitrary order coupled-
cluster theory.[305–307] In order to ensure consistency across different quantum chemistry
programs, we compared and verified HF and MP2 energies across both the programs. The
CCSDT(Q) calculations were performed using 6-31G**(mod), a modified 6-31G** basis set
where 0.35, 0.25, and 0.15 are the exponents of the f-type, d-type, and p-type polarization
functions respectively. This basis set was found to give outstanding results for non-covalent
interaction energies in the A24 dataset despite its small size.[308, 309]

Mechanism of H2 binding

The factors involved in H2 interaction with binding motifs can be broadly classified into
two categories: (1) physisorption (2) chemisorption. Physisorption includes the electrostatic
and induced electrostatic interactions of H2. H2 is an uncharged molecule with a permanent
quadrupole moment. As a consequence, permanent electrostatics are expected to be very
weak. However, a dipole can be induced in the presence of a strong electric field and H2 can
interact with the binding site through polarization. However, H2’s large HOMO-LUMO gap
of 11.19 eV makes this interaction difficult and significant polarization only occurs in the
presence of very strong electric fields, like those created by unscreened charges of open metal
sites.[304] Another significant mechanism of interaction is charge transfer which occurs as a
part of chemisorption. Charge transfer from the σg-bond orbital of H2 to the binding site
is the most common form of interaction as it can occur with any binding site. H2 can also
participate in a Kubas-like synergistic interaction wherein it interacts with transition metals
through both forward (σg(H2)→ d(M)) and backward donation (d(M)→ σ∗u(H2)). [310–312]
While these Kubas-like interactions are too strong for H2 storage applications, interaction
tuning by changing the ligand framework around the transition metal can still make this
mechanism important for storage applications.

H2Bind275 Dataset

As none of the existing non-covalent interaction energy datasets represent the H2 binding
problem comprehensively, we have compiled a new dataset which adequately represents the
diversity in the H2 binding motifs and mechanisms of interaction. Each geometry in the
dataset, here after referred to as H2Bind275, consists of representative binding motifs inter-
acting with one or multiple H2 molecules. Development of materials with multiple H2 binding
at a single site is a promising strategy for making materials with enhanced uptake.[313, 314]
The H2Bind275 dataset has many data points with multiple H2s binding to a single site,
and is consistent with this encouraging paradigm. Each geometry has been optimized using
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the density functional ωB97M-V[44] in the def2-TZVPD basis set[173] in order to ensure
maximum interaction with the binding the motif. The optimized geometry has been con-
firmed to be a minimum on the potential energy surface by ensuring that the hessian has
no negative eigenvalues. All the geometries chosen are also in their ground spin state at
equilibrium. We have also assessed that using ωB97M-V geometries does not induce any
bias in the dataset (See Table C.4 and associated discussion for further information). The
dataset can be broadly classified into four categories: (1) s-block ions (2) salts (3) organic
ligands (4) transition metals.

s-block ions: This category consists of alkali and alkaline earth metal ions with an
unscreened charge binding one or multiple H2 molecules. Post synthetic modification is a
common strategy to incorporate H2 binding entities in porous materials like MOFs. Open
metal sites consisting of s-block metal ions have been proposed as promising candidates for
exhibiting an enhanced uptake of H2. [295, 315]. With regard to this, we have included Li+,
Na+, Mg2+, and Ca2+ with one or multiple hydrogens bound as a representative sample of
s-block ions constituting open metal sites. This category consists of 19 unique geometries
with 77 different interaction energies.

Salts: This category consists of small inorganic salts like AlF3, CaCl2, CaF2, and MgF2

binding one or multiple H2 molecules. While it would be highly desirable to incorporate
open metal sites with unscreened charge in porous materials, it is generally hard because
of their high reactivity. Metals ions are thus found in their screened forms, and these four
inorganic salts form a good representation of such binding motifs.

Organic ligands: Porous materials like MOFs and Covalent Organic Frameworks consist
of organic linker molecules connecting metal ions or clusters. While linkers might not be the
main binding sites contributing to H2 uptake, they represent a large surface area that the H2

interacts with. This set consists of both aromatic and aliphatic organic ligands interacting
with one H2 molecule.

Transition metals: Many MOFs binding H2 consist of transition metals or transition
metal clusters at secondary binding units or open metal sites. This subset consists of mono-
cationic 3d transition metals binding 1–4 H2 molecules. For instance, Cr+ bound to 1–4 H2

belongs to this subset. Most of these species have been experimentally isolated and charac-
terized and have also been theoretically well-studied. [316] In order to include species with
screened charge, we have included species like hydrides, fluorides, and chlorides of copper,
silver and gold, a few of which have been experimentally and theoretically studied earlier.
[317–319] We have also included certain other species like CoF3, CrCl2, CuCN, Ni(OH)2 in
order to capture the diversity in the transition metal binding sites.

In summary, as shown in Table. C.5 and Fig. (4.1), the H2Bind275 dataset, consisting
of 86 unique geometries and 275 interaction energies, represents the problem of hydrogen
binding in porous frameworks reasonably comprehensively.
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Figure 4.1: A figure showing instances of the H2Bind275 dataset categorized as s-block ions,
salts, organic ligands, and transition metals.

Table 4.1: A table showing the number of unique geometries and interaction energies in each
category of the dataset

s-block ions Salts Organic ligands Transition metals Total
Geometries 19 13 5 49 86
Data points 77 44 10 144 275
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Reference interaction energies

Coupled cluster theory was used to compute the reference interaction energies for this
dataset. Coupled cluster with singles, doubles, and perturbative triples (CCSD(T)) [60]
is well-known to give high accuracy for non-covalent interactions and has been dubbed the
“gold standard” of quantum chemistry.[293] Defining N as the number of basis functions, the
steep O(N7) asymptotic scaling of computational cost of CCSD(T) together with the slow
convergence of correlation energies with size of the basis set presents a huge hurdle to using
CCSD(T) with large basis sets even for small molecules. In order to circumvent this problem,
composite extrapolation procedures like the Gaussian-n models,[320–323] Weizmann-n mod-
els,[324–326] HEAT,[327] and ccCA[328] have been routinely employed. These procedures
leverage the varying convergence rates of different components of interaction energy and
additivity of different correlation energies to calculate molecular properties with sub-kJ/mol
accuracy.

In this work, we use the composite CCSD(T) method as shown in (5.1).

Eref = EHF/5Z + EMP2/QZ→5Z + δECCSD(T)/TZ + δEcore
MP2/TZ (4.2)

δECCSD(T)/TZ = ECCSD(T)/TZ − EMP2/TZ (4.3)

δEcore
MP2/TZ = Ecore=0

MP2/TZ − Ecore=n
MP2/TZ (4.4)

In the composite scheme, the interaction energy is divided into the mean-field and correla-
tion components. The mean-field component is computed using Hartree Fock (HF) theory
with a basis set of quintuple-zeta quality and is labelled as EHF/5Z. The correlation part
is computed using the focal point analysis [329, 330] which is at the heart of many of
the composite methods mentioned previously. The MP2 correlation energy is extrapolated
to the basis set limit using quadruple-zeta and quintuple-zeta quality basis sets with the
HKKN extrapolation formula[45] and is denoted as EMP2/QZ→5Z. The CCSD(T) correction
to the MP2 correlation energy (labelled δECCSD(T)/TZ), defined as the difference between
the CCSD(T) (ECCSD(T)/TZ) and MP2 (EMP2/TZ) correlation energies, was added at a triple-
zeta quality basis. The effect of the core-valence electron correlation was computed using
MP2 at a triple-zeta quality basis set and is denoted as δEcore

MP2/TZ. This effect is computed
as the difference in the MP2 correlation energies with and without freezing core electrons
(denoted as Ecore=n

MP2/TZ and Ecore=0
MP2/TZ respectively). Correlation consistent Dunning basis sets

were employed to compute each of the components of the reference interaction energy. The
cc-pVnZ[331, 332] family of basis sets were used when all core electrons were frozen in corre-
lation calculations and the cc-pCVnZ[333, 334] family was used when only a part or none of
the core was frozen. For transition metals, the cc-pwCVnZ[335] family was used with a neon
frozen core. The effect of freezing core-valence correlations is discussed later in this section.

In this section, we attempt to isolate and characterize the different sources of error arising
from using this protocol and subsequently justify the parameters used in this protocol. In
the benchmark protocol fixed in Eq. (5.1), there can be three major sources of errors: (1)
errors arising from using a finite basis set, (2) errors from neglecting higher order terms in
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Figure 4.2: (a) Basis set convergence properties of HF energy and MP2 correlation energies
at double-zeta (DZ), triple-zeta(TZ), and quadruple-zeta (QZ) quality basis sets. Errors are
with respect to quintuple-zeta basis sets (5Z) (b) Basis set convergence properties of CCSD
and CCSD(T) terms contrasted with the convergence properties of δCCSD and δCCSD(T)
terms at double-zeta (DZ) and triple-zeta (TZ) quality basis sets. The errors are with respect
to the quadruple-zeta (QZ) quality basis sets.

coupled cluster theory, and (3) errors from using the frozen core approximation for correlated
calculations.

In order to ensure that each of the terms in Eq. (5.1) is converged with respect to the
size of the basis set, we investigated the convergence properties of each of these terms over
a small subset of the H2Bind275 dataset as shown in Fig. (4.2). The SCF interaction en-
ergy converges roughly exponentially with the cardinality of the basis set which can be
seen from Fig. (4.2)(a).[336] The RMSD between the HF interaction energies at quadruple-
zeta and quintuple-zeta basis sets is only 0.06 kJ/mol and hence we have used the HF at
quintuple-zeta quality basis set without any further extrapolation. The MP2 correlation en-
ergy, however, converges only polynomially with cardinal number, leading to a substantially
larger difference of 0.29 kJ/mol between quadruple-zeta and quintuple-zeta basis sets. The
HKKN formula used to extrapolate the MP2 correlation energy recovers an additional RMS
interaction correlation energy of 0.30 kJ/mol that is not captured at the 5Z basis level. The
convergence of the CCSD and CCSD(T) correlation energies are also slow with respect to
the size of the basis set as shown in Fig. (4.2)(b). The deviation in the CCSD(T) interaction
correlation energies at triple-zeta quality basis set is 0.64 kJ/mol (RMSD) from those at the
quadruple-zeta quality basis set. The focal point analysis method used in Eq. (5.1) circum-
vents this problem by computing only the difference in correlation energy between CCSD(T)
and MP2 (δECCSD(T) term). This difference term converges much more quickly with respect
to the size of the basis set with a difference of only 0.07 kJ/mol between the triple-zeta and
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quadruple-zeta quality basis sets. Of the binding motifs investigated in this study, the Mg2+

species binding one or multiple hydrogens will exert the strongest electric field on hydro-
gen(s) because of its large charge density. This strong electric field would distort and shift
the density on H2 more than other binding motifs. Diffuse basis functions are required to
capture this shift in the density, and Mg2+ ion binding motifs should show the maximum
deviation in the interaction energies between basis sets containing diffuse functions (aug-
cc-pCVnZ) and those that do not (cc-pCVnZ). For the four Mg2+ species considered, the
RMSD in the interaction energies is only 0.10 kJ/mol with a maximum percent deviation of
0.015%. This represents a soft upper bound to the expected deviation in the interaction en-
ergies if the cc-pCVnZ basis sets are replaced with their augmented counterparts. Given that
this deviation is almost negligible and the heightened computational cost involved in using
aug-cc-pCVnZ type basis sets, we have used cc-pCVnZ type basis sets for all the reference
calculations in this work.

The effect of higher order excitations that were neglected in CCSD(T) was analyzed using
CCSDT(Q) in the 6-31G**(mod) basis set which has been shown to yield accurate results
for computing the δECCSDT(Q) terms computed as shown in Eq. (4.5).

δECCSDT(Q)/6-31G**(mod) = ECCSDT(Q)/6-31G**(mod) − ECCSD(T)/6-31G**(mod) (4.5)

For the 118 species whose HF solution matches up between MRCC and Q-Chem, the maxi-
mum δECCSDT(Q) correction was found to be −1.8 kJ/mol with an average correction of 0.2
kJ/mol. The maximum δECCSDT(Q) correction is seen for the Cu+ species bound to 1 H2

whose reference interaction energy is 66.9 kJ/mol. The correction of 1.8 kJ/mol is only 2.8%
of the total interaction energy. CCSD(T) shows systematic underbinding for all cases except
a few ones like Cu salts and Zn+ which show a positive value of δECCSDT(Q). As shown in
Fig.C.1 of the Chapter C, we can see that most of the δECCSDT(Q) corrections are nearly zero,
justifying the neglect of their contribution in fixing the final reference interaction energies.

Core-valence correlations contribute a non-negligible amount to the interaction energy.
Just considering the salts subset, the core-valence correlations contribute 3.0 kJ/mol to the
reference interaction energy. This quite large contribution of the core-valence correlation
energy to the interaction energy was very surprising. In order to account for this effect,
the size of the frozen core was made as small as computationally feasible. For the s-block
ions and salts subsets, no core electrons were frozen, making the term δEcore

MP2/TZ zero. For

the organic subset, the effect of core-valence correlations was found to be very small (0.04
kJ/mol) and was therefore taken care of in an additive manner as in equation Eq. (5.3) using
MP2 and a triple-zeta quality basis set. For the transition metals subset, a neon core was
frozen and the effect of freezing it was estimated using MP2 at a triple-zeta quality basis
set.

All the calculations were done on the ground electronic and spin state of the species.
The s-block ions, salts, and organic categories consist only of closed-shell singlet species
with unambiguous ground spin states. For the transition metal category, ground spin state
was determined using CCSD(T)/TZ. In cases where experimental references were found,
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Table 4.2: A table showing the different error metrics used in the various interaction energy
regimes specifically catered to the H2 binding problem. The error, ∆E, is defined as ∆E =
|E − Ê|/Ẽ, where Ê is the reference interaction energy and Ẽ is the regularizer.

Energy range Error metric Error Formula Regularizer Ẽ

Strong –200 to –25 Absolute error ∆E = |E − Ê| –1

Favorable –25 to –15 Relative error ∆E = |
(
E−Ê
Ê

)
× 100| Ê

100

Weak –15 to 0 Regularized Relative error ∆E = |
(
E−Ê
−12

)
× 100| −12

100

the CCSD(T)/TZ ground spin state agreed with experiments. A table showing the spin
state chosen and their experimental references can be found in Table C.2. Transition metal
containing systems are often tricky to handle as they might exhibit multireference character.
Spin-symmetry breaking at the Hartree-Fock level is often required for describing systems
with multireference character and hence the existence of spin-symmetry breaking can be used
as a diagnostic tool for it.[337, 338] Of the binding motifs chosen, the maximum deviation
of 〈S2〉 deviation of 0.018 is exhibited by Co+(H2)4. This deviation is negligible and hence
these orbitals can reliably be used for correlation calculations.

DFT interaction energies were computed using a quadruple-zeta quality Karlsruhe basis,
def2-QZVPPD[173] and a quadrature grid consisting of 99 Euler-MacLaurin radial points
and 590 Lebedev angular points. SG-1 was used for integrating the non-local VV10 part in
functionals that employ it.[175] There are two additional degrees of freedom for double hybrid
density functionals: (1) employment of the density fitting approximation, (2) frozen core
approximation. We have used these density functionals as they were trained originally. In
cases where the authors did not specify how they were trained, we have used the parameters
that give the least error and these details have been documented in Table C.1 The reference
and density functional interaction energies were computed as the difference between the
complex, the substrate, and H2, as shown in Eq. (4.6)

∆Eint = E
(
M–(H2)n

)
− E

(
M–(H2)n−1

)
− E

(
H2

)
(4.6)

where ∆Eint is the interaction energy binding one of the H2s to the substrate, E
(
M–(H2)n

)
is the energy of the substrate bound to one or multiple H2s, E

(
M–(H2)n−1

)
is the energy of

the substrate bound to (n − 1) H2s at the M–(H2)n geometry, and E
(
H2

)
is the energy of

the H2 at the M–(H2)n geometry. This is commonly referred to as the “vertical” interaction
energy as the geometries of the subsystems are not allowed to relax. Another way to compute
interaction energy is to account for the geometric distortion of the substrate and H2 upon
complex formation. In this method, the relaxed geometry for the substrate and H2 are
used in (4.6). This method of computing interaction energy is called “adiabatic” interaction
energy. In this work, we compute the interaction energy for each binding moeity using both
the adiabatic and vertical methods.
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Figure 4.3: A figure showing the regularizer in the interaction energy regime of –200 to 0
kJ/mol.

The reference binding energies for the H2Bind275 dataset are spread over two orders of
magnitude (vide infra). While all the species in the dataset inform us about the performance
of density functionals for H2 binding, not all of them give us the same amount of information.
In H2 storage applications, it is desired to have binding sites with an interaction energy of
–15 kJ/mol to –25 kJ/mol for maximum uptake when operated between the pressures of 5
and 100 bar.[130, 339, 340] We have designed our error metric so as to give more weight to
species in the interaction energy regime of –25 to –15 kJ/mol. The total interaction energy
regime, and consequently the binding moieties, were divided into three categories: (1) strong,
(2) favorable, and (c) weak. The energy ranges and error metrics used are summarized in
Table. (4.2). The strong category consists of species with binding energies stronger than
–25 kJ/mol. The DFT errors in this regime should have smaller weights and hence absolute
error was used in this region making the actual magnitude of the errors small. This would
imply a regularizer of Ẽ = −1 in this regime. The favorable regime consists of species
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with an interaction energy between –25 kJ/mol and –15 kJ/mol. Large weights should be
associated with errors in this region as they are of most importance from the H2 storage
perspective. Absolute percentage error is used in this region making the absolute magnitude
of the errors relatively large. A regularizer of Ẽ = Ê/100 was used for this range. Errors in
the > −15 kJ/mol region are also important as these represent secondary H2 binding sites
like H2 binding to organic linker molecules in MOFs. While these sites were not specifically
designed to bind H2, they serve as important structural units that keep the binding sites
together. It is important to accurately model these interactions as they also contribute to
the overall uptake of the material. However, small values of reference interaction energy
in the denominator could cause the error to blow up and get numerically large weights.
This was avoided by using a constant regularized reference of –12 kJ/mol, which implies
Ẽ = −12/100. The comprehensive error metric, Regularized Mean Absolute Percentage
Error (RegMAPE), smoothly interpolates between absolute error and percentage error while
transitioning from strong to favorable regime and again smoothly interpolates between the
percentage error and regularized percentage error while moving from the favorable to weak
regime. The regularizer, Ẽ, is plotted in Fig. (4.3).

4.3 Results and Discussion

Reference Interaction Energies

The computed reference interaction energies range from –189.0 kJ/mol to –2.3 kJ/mol span-
ning more than two orders of magnitude. The distribution of the interaction energies can
be seen in Fig. (5.1) which shows the distribution of the reference interaction energies by
chemical categories of the dataset. s-block ions, consisting of 77 data points are concentrated
in the –10 to –50 kJ/mol region. In contrast, the salts category has a much smaller range of
–11 kJ/mol to –25 kJ/mol with 18 data points in the favorable regime. Furthermore, the or-
ganic category has an even smaller range with all the species lying between –2.3 kJ/mol and
–5.6 kJ/mol. Transition metals, by far, show the most diversity in the interaction energies
with values ranging from –5.3 kJ/mol to –189.0 kJ/mol. However, majority of the transition
metal containing species have interaction energies of less than 100 kJ/mol. Of the total 275
data points, 50 of them lie in the favorable range for hydrogen storage and these points are
given the most weightage by the error metric.

Performance of wavefunction methods

Before looking into the performance of different density functionals, we will briefly examine
the performance of different wavefunction methods. Hartree Fock binding energies have
a RegMAPE of 45% which highlights the importance of correlation energy for binding,
as captured by coupled cluster theory. HF performs better than only the LDA density
functionals. HF underbinds all the cases with a mean signed error of 19.6 kJ/mol. HF is
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Figure 4.4: A figure showing the distribution of interaction energies for the whole H2Bind275
dataset.

unable to capture dispersion and predicts that all the dispersion-bound complexes like those
in the organic ligands subset are unbound. MP2 at the quintuple-zeta quality basis set is
able to capture most of the correlation binding energy and has a RegMAPE of only 5.9%.
MP2 binding energies extrapolated to the complete basis set (CBS) limit perform slightly
better with a RegMAPE of 5.2%. MP2 also slightly overbinds with a mean signed error of
–1.8 kJ/mol which is consistent with the conventional wisdom in quantum chemistry that
MP2 overestimates dispersion interactions.[341, 342]

Choice and overview of density functionals

While DFT is formally exact within the Born-Oppenheimer approximation, in practice,
the exact form of the exchange-correlation functional remains unknown. As there is no
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Table 4.3: A table showing all the density functional approximations benchmarked in this
work classified by rung of the Jacob’s ladder.

Rung # Rung name Functionals

Rung 5 Double Hybrid
ωB97M(2), DSD-PBEPBE-D3(BJ), XYG3, B2PLYP-D3(BJ),

PTPSS-D3(0), PBE0-DH, XYGJOS

Rung 4 Hybrid

B3LYP, B3LYP-D3(0), PBE0, PBE0-D3(BJ), MN15, TPSSh,
TPSSh-D3(BJ), MVSh, SCAN0, M06, M06-2X, M06-2X-D3(0),

revM06, ωB97M-V, ωB97X-D, ωB97X-D3, ωB97X-V, M11,
revM11, HSE-HJS, MN12-SX

Rung 3 meta-GGA
TPSS, TPSS-D3(BJ), revTPSS, SCAN, SCAN-D3(BJ), MS2,
MS2-D3(op), B97M-V, B97M-rV, M06-L, MN15-L, mBEEF

Rung 2 GGA
PBE, PBE-D3(0), PBE-D3(op), RPBE, revPBE, revPBE-D3(op),

BLYP, BLYP-D3(op), PW91, GAM, B97-D3(0), B97-D3(BJ)
Rung 1 LDA SPW92, SVWN5

systematic recipe for improving DFT, various group all over the world have come up with
multiple DFAs. As each of these approximations perform differently for various problems, in
this section we characterize the performance of 55 DFAs for their ability to predict binding
energies of H2 to different binding substrates accurately. The 55 functionals were chosen
based on different criteria. One of the criteria was their superior performance in non-covalent
interaction energy databases. [18] Density functionals were also chosen to represent distinct
functional families being developed by leading research groups. We have also included some
functionals that are frequently used in the H2 storage modeling community. While there
are different methods to classify density functionals, Perdew’s metaphorical Jacob’s ladder
is the most popular one.[20] As one moves up the Jacob’s ladder from the Hartree world to
the heaven of chemical accuracy, one can expect density functionals to get more and more
accurate. However, this might not necessarily be true as increasing the degrees of freedom
in density functionals as one moves up the Jacob’s ladder can also result in overfitting
of parameters and subsequently poor transferability. For further information about the
functional forms of these density functionals, the number of parameters, and the datasets
they were trained, we refer the reader to these comprehensive reviews of density functional
development.[17, 18]

Table (4.3) shows all the functionals chosen for benchmarking in this work. Rung one
functionals, SVWN5[22] and SPW92,[23] contain Slater exchange and different parameter-
izations for correlation energy and depend only on electron density ρ. The 12 Generalized
Gradient Approximation (GGA) density functionals chosen, depend on density and the gra-
dient of density (ρ and ∇ρ), can be classified into 6 families. The PBE family of density
functionals represented in this paper consist of the original PBE density functional,[24] PBE-
D3(0),[37] RPBE[343] and their revised counterparts revPBE[344] and revPBE-D3(op).[345]
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Other families represented include the BLYP family consisting of BLYP[25, 26] and BLYP-
D3(op),[345] and the B97[346] family comprising B97-D3(0)[37] and B97-D3(BJ).[347] Other
successful GGA functionals included are GAM,[348] PW91,[349] BP86-D3(BJ).[25, 347, 350]
Rung 3 functionals are called meta-GGA functionals and they depend on the density, gradi-
ent of density, and the kinetic energy density (ρ,∇ρ, and τ). Meta-GGAs tested in this study
consist of the non-empirically developed TPSS,[27] TPSS-D3(BJ),[347] and revTPSS.[351]
The more recently developed SCAN[352] and its dispersion-corrected counterpart (SCAN-
D3(BJ)[353]) also belong to this rung. B97M-V is a combinatorially optimized semi-local
density functional with VV10 non-local correction developed by Mardirossian and Head-
Gordon.[28] B97M-rV[354] has the rVV10 non-local correction[355] refit to the parent
B97M-V functional and can be efficiently implemented in periodic codes. The mBEEF
functional developed by Bligaard and co-workers is expected to give superior results for
surface science and catalysis problems. [356] Other meta-GGA functionals included in this
study are the Minnesota functionals developed by Truhlar and co-workers (M06-L[357] and
MN15-L[358]), MS2,[359] and MS2-D3(op).[345] One of the biggest deficiencies of the semi-
local density functionals (rung 1, 2, and 3) is self-interaction error which can be partially
offset by adding some fraction of Hartree Fock exchange to the exchange-correlation func-
tional.[360] Popular hybrid functionals are PBE0[361] and PBE0-D3(BJ)[347] from the PBE
family and TPSSh[362] and TPSSh-D3(BJ)[347] from the TPSS family and SCAN0[363]
from the SCAN family of density functionals. B3LYP[29] and B3LYP-D3(BJ)[347] are by
far the most widely used density functionals today. Minnesota global hybrid functionals
considered in this study are M06,[364] M06-2X,[364] M06-2X-D3(0),[37] revM06,[365] and
MN15.[366] MVSh is another hybrid density functional developed by Perdew and co-workers
evaluated for H2 binding.[367] The aforementioned functionals, containing a fixed amount
of exact exchange, only partially alleviate the problem of self-interaction error. A modified
class of hybrid density functionals called range-separated hybrids present a more sophisti-
cated approach to eliminating self-interaction error by treating exchange differently in long
and short ranges.[368, 369] Short-range exchange is treated using both DFT exchange and
exact exchange and only exact exchange is used in the long-range. ωB97X-D[258] is a repa-
rameterization of the original ωB97X[370] functional to include atom-atom dispersion and
ωB97X-D3[371] is a further reparameterization to include Grimme’s D3 dispersion correc-
tions.[37] ωB97X-V[372] and ωB97M-V[44] are range-separated hybrid GGA and meta-GGA
functionals derived from the combinatorial approach. These functionals have been shown
to perform well for a wide range of chemical problems previously.[18] M11[373] and its re-
cently published revised version revM11[374] are other popular range-separated hybrids.
Another strategy is to use Hartree Fock exchange in the short-range and DFT exchange in
the long-range. Such density functionals are amenable to usage in solid-state calculations,
and are called screened exchange functionals. Two of such functionals, HSE-HJS[375, 376]
and MN12-SX,[377] are included in this study. The fifth rung of Jacob’s ladder consists of
double hybrid density functionals which have some fraction of correlation energy from sec-
ond order Møller-Plesset Perturbation Theory perturbation theory. Addition of a fraction
of correlation from perturbation theory can be justified based on Görling-Levy perturbation
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Figure 4.5: A figure showing the performance of the density functional approximations by
rung of the Jacob’s ladder. The LDA functionals, SPW92 and SVWN5, have an error of
60.06% and 60.08% respectively, and have not been shown in this figure. MP2 interaction
energies extrapolated to the complete basis set limit has also been shown for comparison.

theory.[378] B2PLYP is the first density functional to use Kohn-Sham orbitals to compute
a perturbation theory correction.[36] PBE0-DH is a non-empirical double-hybrid belonging
to the PBE family. [379] XYG3 double hybrid density functional introduced a new class of
double hybrid density functionals which uses orbitals from a successful lower-rung density
functional (B3LYP orbitals in the case of XYG3) to perform a single-shot computation of the
exchange-correlation and PT2 energies.[33] Other successful double hybrid density function-
als following this approach are ωB97M(2)[34], the combinatorially-optimized double hybrid
density functional using ωB97M-V orbitals and XYGJ-OS[380], the opposite-spin equivalent
of XYG3. Other popular double hybrid density functionals like DSD-PBEPBE-D3(BJ)[381]
and PTPSS-D3(0)[382] are also included for comparison.
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Rank s-block Salts Organic Transition Total DFA
ions ligands metals

1 1.5 1.3 2.0 4.1 3.1 PBE0-DH
2 1.4 0.7 0.2 4.5 3.3 ωB97X-V
3 1.0 0.8 0.3 5.1 3.7 ωB97M-V
4 0.8 1.0 0.2 5.2 3.8 DSD-PBEPBE-D3(BJ)
5 4.0 1.4 0.4 4.4 3.8 ωB97X-D
6 3.1 2.6 3.1 4.8 4.0 MVSh
7 2.3 2.2 2.7 5.3 4.1 PBE0
8 3.3 1.2 0.6 5.1 4.1 ωB97X-D3
9 2.4 2.0 2.6 5.4 4.2 HSE-HJS
10 1.7 2.9 0.9 5.5 4.2 XYG3
11 2.3 1.5 0.6 5.6 4.3 XYGJOS
12 0.9 1.0 0.4 6.4 4.6 PTPSS-D3(0)
13 1.7 2.3 0.4 6.4 4.8 ωB97M(2)
14 3.1 0.9 0.5 6.6 5.0 B2PLYP-D3(BJ)
15 2.2 4.4 4.5 6.4 5.2 TPSSh
16 3.7 1.1 0.4 6.6 5.2 PBE0-D3(BJ)
17 0.9 1.4 1.5 7.3 5.3 SCAN0
18 2.1 2.3 1.1 7.4 5.5 revM06
19 5.0 4.4 1.9 6.4 5.6 revM11
20 2.8 1.2 0.2 7.7 5.8 B3LYP-D3(0)
21 3.3 0.7 0.6 7.7 5.9 TPSSh-D3(BJ)
22 2.8 5.6 5.4 7.3 6.0 B3LYP
23 5.9 4.2 2.8 7.0 6.2 mBEEF
24 1.1 0.8 0.2 8.7 6.3 B97M-V
25 3.1 3.3 2.6 8.2 6.3 MN15
26 1.0 0.7 0.1 8.8 6.4 B97M-rV
27 2.0 3.4 3.9 8.6 6.5 revTPSS
28 2.8 2.2 1.1 8.9 6.6 oTPSS-D3(BJ)
29 2.5 4.8 4.6 8.6 6.7 TPSS
30 5.0 4.3 4.2 8.1 6.7 MN15-L
31 4.1 1.6 0.4 9.3 7.1 revPBE-D3(op)
32 3.3 8.7 5.7 8.8 7.5 RPBE
33 3.9 2.5 0.8 10.1 7.7 BLYP-D3(op)
34 3.8 0.8 0.6 10.4 7.8 TPSS-D3(BJ)
35 4.3 10.0 7.1 8.5 7.8 revPBE
36 2.0 2.6 0.5 11.1 8.1 M11
37 1.8 3.1 0.5 11.1 8.2 B97-D3(BJ)
38 3.9 8.5 7.2 9.7 8.2 BLYP
39 3.7 1.2 0.7 11.6 8.6 MN12-SX
40 3.1 2.8 0.6 12.2 9.1 M06
41 3.6 2.5 2.7 12.4 9.3 PBE
42 2.2 3.2 0.4 12.9 9.5 B97-D3(0)
43 1.8 2.1 1.9 13.3 9.8 BP86-D3(BJ)
44 4.6 1.1 1.0 13.5 10.1 PBE-D3(0)
45 3.5 2.4 0.8 13.8 10.2 M06-L
46 4.6 1.6 1.8 13.6 10.2 PW91
47 1.6 2.8 0.4 14.7 10.8 M06-2X
48 1.7 2.9 0.7 14.7 10.8 M06-2X-D3(0)
49 1.3 1.2 1.6 15.0 10.9 SCAN
50 2.1 1.2 0.3 15.6 11.3 GAM
51 1.4 1.6 0.5 15.6 11.3 SCAN-D3(BJ)
52 2.9 1.5 0.9 15.5 11.4 MS2
53 3.5 2.4 1.1 16.0 11.7 MS2-D3(op)
54 11.7 10.2 3.9 39.6 29.6 SPW92
55 11.7 10.2 3.9 39.6 29.6 SVWN5

Double hybrid Hybrid meta-GGA GGA LDA

1Figure 4.6: A figure showing the Root Mean Square Errors for each category of the dataset
as well as the total RMSE. The functionals are arranged in ascending order of the total
RMSE. The best performing density functional in each rung has been highlighted.
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Rank s-block Salts Organic Transition Total DFA
ions ligands metals

1 1.8 4.4 1.4 7.0 4.9 DSD-PBEPBE-D3(BJ)
2 2.2 3.5 1.3 7.1 4.9 ωB97X-V
3 1.9 5.9 16.6 5.9 5.2 PBE0-DH
4 1.2 3.8 2.0 9.5 6.0 ωB97M-V
5 2.7 3.7 1.3 10.2 6.8 B97M-V
6 2.5 3.9 0.7 10.4 6.8 B97M-rV
7 5.2 8.8 4.6 7.7 7.1 XYGJOS
8 2.4 13.9 3.6 8.2 7.3 ωB97M(2)
9 2.6 16.8 7.4 7.4 7.5 XYG3
10 6.3 7.5 3.0 8.6 7.5 ωB97X-D
11 2.6 12.4 22.6 8.5 8.0 PBE0
12 2.7 11.4 21.6 8.9 8.0 HSE-HJS
13 5.6 4.2 3.7 10.8 8.0 B2PLYP-D3(BJ)
14 7.1 6.5 4.1 11.2 9.0 ωB97X-D3
15 2.1 8.1 12.1 13.2 9.2 SCAN0
16 2.7 5.6 3.1 14.3 9.3 PTPSS-D3(0)
17 9.8 13.5 26.1 6.9 9.5 MVSh
18 5.3 14.9 4.1 11.8 10.2 M11
19 6.2 3.4 4.4 17.7 11.7 TPSSh-D3(BJ)
20 7.8 6.5 2.8 16.1 11.8 PBE0-D3(BJ)
21 4.2 28.2 36.9 9.1 11.8 TPSSh
22 2.9 5.6 1.5 20.3 12.4 B3LYP-D3(0)
23 3.4 21.6 32.6 13.7 12.8 revTPSS
24 4.9 13.6 8.7 17.4 13.0 revM06
25 4.9 13.4 8.1 19.3 13.9 oTPSS-D3(BJ)
26 4.6 30.5 38.1 12.3 14.0 TPSS
27 5.4 13.1 6.7 19.7 14.1 BLYP-D3(op)
28 7.1 4.0 4.2 22.6 14.6 TPSS-D3(BJ)
29 3.7 7.2 13.5 22.9 14.7 SCAN
30 6.2 35.5 44.9 11.5 15.1 B3LYP
31 4.5 14.8 22.1 20.5 15.2 PBE
32 2.7 8.8 4.2 25.1 15.5 SCAN-D3(BJ)
33 6.4 6.6 4.4 24.2 15.7 MN12-SX
34 8.4 8.6 2.6 23.9 16.3 revPBE-D3(op)
35 7.3 8.6 14.2 24.6 16.8 PW91
36 5.7 8.9 7.4 26.9 17.4 MS2
37 12.8 28.2 15.7 17.4 17.8 revM11
38 7.8 20.2 21.1 22.4 17.9 MN15
39 5.1 13.0 15.3 26.9 18.3 BP86-D3(BJ)
40 8.1 6.3 8.3 29.9 19.2 PBE-D3(0)
41 11.9 24.0 34.9 20.9 19.4 MN15-L
42 6.4 15.3 3.7 28.7 19.4 M06
43 7.6 55.4 46.3 13.9 19.9 RPBE
44 17.3 27.5 23.3 19.0 20.0 mBEEF
45 8.2 14.8 9.0 29.4 20.4 MS2-D3(op)
46 3.2 16.5 2.9 32.4 20.6 M06-2X
47 3.4 17.5 4.9 32.5 21.0 M06-2X-D3(0)
48 2.7 18.6 3.3 34.0 21.6 B97-D3(BJ)
49 9.9 54.5 59.1 15.4 21.7 BLYP
50 6.1 13.3 6.0 36.0 22.9 M06-L
51 3.6 6.2 1.9 41.0 23.5 GAM
52 12.0 64.7 58.2 15.3 23.8 revPBE
53 6.2 16.1 3.0 43.1 27.0 B97-D3(0)
54 25.8 66.7 32.5 78.3 60.1 SPW92
55 25.8 66.7 32.4 78.3 60.1 SVWN5

Double hybrid Hybrid meta-GGA GGA LDA

2

Figure 4.7: A figure showing the RegMAPE for each category and the total RegMAPE of
the dataset. The functionals are arranged in ascending order of the total RegMAPE. The
best performing density functional in each rung has been highlighted.
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Performance of density functional approximations

Fig. (4.5) shows that density functionals exhibit varied performance for H2 binding appli-
cations. In general, the performance of the density functionals improves as we climb up
Jacob’s ladder. However, this rule has many notable exceptions. Using RegMAPE as the
error metric, we see that DSD-PBEPBE-D3(BJ), a spin-component-scaled double hybrid
density functional with empirical dispersion correction provides the best performance with
a RegMAPE value of 4.9%. DSD-PBEPBE-D3(BJ) also has the fourth least RMSE of 3.8
kJ/mol and both the error metrics show that this density functional is the best performing
for H2 storage as shown in Fig. (4.6) and Fig. (5.2). The second best performing functional
is the combinatorially optimized range-separated hybrid GGA, ωB97X-V, which shows a
RegMAPE of 4.9%, which is comparable to that of DSD-PBEPBE-D3(BJ). ωB97X-V also
yields the lowest RMSE of 3.3 kJ/mol. It is followed by the non-empirical general purpose
double hybrid density functional DSD-PBEPBE-D3(BJ) which shows an error of 5.2%. The
4th best performing density functional, ωB97M-V, has a gap of about 0.8% showing an er-
ror of 5.7%. ωB97M-V functional is the 3rd best performing density functional by RMSE
and was also the best performing hybrid functional on a main group chemistry database
of nearly 5000 data points. [18] The B97M-V and the B97M-rV functionals closely follow
with errors of 6.8%. This is especially interesting as B97M-V and B97M-rV are semi-local
functionals which are much less expensive than hybrid functionals for both cluster and peri-
odic computations.[70, 71, 223] B97M-rV uses the rVV10 non-local functional, which allows
efficient evaluation in plane wave basis codes. [355] Although these two functionals have a
large RMSE of 6.3 and 6.4 kJ/mol, their erroneous predictions of binding energies seem to
be largely concentrated in the region outside the interesting regime of –15 to –25 kJ/mol.
Other double hybrid density functionals providing providing competitive performance are
the XYGJOS, ωB97M(2), and XYG3 functionals. ωB97X-D, PBE0, and HSE-HJS hybrid
functionals also show low RegMAPEs of 7.5%, 8.0%, and 8.0% respectively. MP2 interaction
energy extrapolated to the complete basis set limit shows a low RegMAPE of 5.2% and is
comparable to the performance of the best density functionals. This is further interesting
given that double hybrid functionals are as expensive as MP2.

It is interesting to note that commonly used density functionals like B3LYP and PBE
show very poor performance (ranked 30 and 31 respectively). The dispersion-corrected ver-
sion of B3LYP, B3LYP-D3(0), shows some slight improvement in performance while that of
PBE, PBE-D3(0) shows worse performance, jumping down 9 places. Effect of addition of
dispersion correction is discussed in detail in a later subsection. Even newly developed func-
tionals like SCAN show disappointing performance. The screened-exchange density func-
tional HSE-HJS, which has been suggested for use in solid-state calculations, also shows
excellent performance with a RegMAPE of 8.0% and RMSE of 4.2 kJ/mol. While MVSh
has a very low RMSE of 4.0 kJ/mol reflecting its good performance over the entire dataset
weighted equally, its corresponding RegMAPE of 9.5% is not that impressive suggesting that
it is not very suitable for usage in the interesting H2 storage regime. XYG3, the first xDH
density functional, shows comparable performance in terms of both RMSE and RegMAPE.
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Performance by dataset category

While the goal of this work is to rank functionals based on their performance for the H2

storage problem as represented by the entire H2Bind275 dataset, it would be useful to analyze
their performances by chemical categories of the data in order to characterize the origin of
errors. While the category errors are not designed to sum up to the total in Tables (4.6) and
(5.2), they can be contrasted with each other in order to get a relative sense. Another error
metric, the regularized maximum absolute percentage error, is shown in Table C.6

The errors from the transition metals category are the largest in both absolute (as in-
dicated by RMSE) and relative error metrics (as indicated by RegMAPE). This is not sur-
prising considering that the majority of the semi-empirical density functionals are trained
on main-group molecular properties. The transferability of DFAs trained on main-group
element properties to those of transition metals has been of significant interest in the DFA
development community.[19] For the transition metal category, the PBE0-DH functional
performs best with a RegMAPE of 5.9% and RMSE of 4.1 kJ/mol. MVSh performs the
second best with a RegMAPE of 6.9% and is also the best performing hybrid functional.
B97M-V is the best performing semi-local functional (as with the entire dataset).

The s-block ions category is second largest with 77 data points. This category, consisting
of s-block monocations and dications, represent the ability of the density functionals to
capture electrostatics and polarization interactions accurately. ωB97M-V outperforms all
other functionals in this category with a RegMAPE of 1.2%. The second best performing
functional is DSD-PBEPBE-D3(BJ) with a RegMAPE of 1.8% and this is closely followed
by PBE0-DH. B97M-rV, a meta-GGA density functional, is the best performing semi-local
functional with a RegMAPE of 2.5%.

The organic ligands category is the smallest (only 10 data points), and tests the ability of
density functionals to describe van der Waal’s interactions correctly. It is a little surprising to
see that the local functional B97M-rV outperforms its hybrid and double hybrid counterparts.
Evidently these functionals, with their VV10 non-local corrections, are well equipped to deal
with such dispersion dominated interactions. The best performing hybrid is the ωB97X-V
functional which appears 2nd in the ranking. PBE0-DH consistently underbinds all the 10
data points with a MSE of 2.0 kJ/mol leading to an RMSE of 2.0 kJ/mol and a quite large
RegMAPE of 16.6%. This underestimation of dispersion reflects the fraction of PT2 which
is substantiated by poorer performance of its hybrid and semi-local counterparts, PBE0 and
PBE, which exhibit high RegMAPEs of 22.6% and 22.1% respectively. Upon addition of
dispersion corrections via the PBE0-D3(BJ) and PBE-D3(0), their errors decrease to a mere
2.8% and 8.3% respectively.

The performance of DFAs in the salts category is also somewhat surprising because of the
larger magnitude of errors in comparison to the other main group categories as the majority
of the DFAs are trained on main-group chemistry properties. TPSSh-D3(BJ) is the best
performing for the salts category with RegMAPE of 3.4% and RMSE of 0.7 kJ/mol. B97M-
V is the best semi-local functional with a RegMAPE of 3.7% and RMSE of 0.8 kJ/mol. In
this category, the best hybrid and semi-local functionals outperform the best double hybrid



CHAPTER 4. BENCHMARKING DENSITY FUNCTIONALS FOR HYDROGEN
STORAGE: THE H2BIND275 DATASET 101

B
97

M
-V

D
S

D
-P

B
E

P
B

E
-D

3(
B

J)

B
97

M
-r

V

B
97

X
-V

P
B

E
0-

D
H

B
97

X
-V

D
S

D
-P

B
E

P
B

E
-D

3(
B

J)

P
B

E
0-

D
H

B
2P

LY
P

-D
3(

B
J)

B
97

M
-r

V

P
B

E
0-

D
H

B
97

M
-V

B
97

X
-V

B
97

X
-D

D
S

D
-P

B
E

P
B

E
-D

3(
B

J)0%

1%

2%

3%

4%

5%

6%

7%

R
eg

M
A

P
E

5.1% 5.3% 5.3%

6.5%

7.4%

5.2% 5.2%

5.8%
6.1% 6.1%

3.7% 3.7%
4.0%

4.3%
4.6%

Weak
Favorable
Strong

Figure 4.8: A plot showing the performance of the top five density functional approximations
in the three interaction energy ranges relevant to H2 binding applications: (a) Weak (less
than –15 kJ/mol) (b) Favorable (–15 to –25 kJ/mol) (c) Strong (larger than –25 kJ/mol)

functional B2PLYP-D3(BJ).

Performance by interaction energy range

Hydrogen storage applications usually target materials that can bind H2 with an interaction
energy of –15 to –25 kJ/mol. As a consequence, binding moeities with interaction energies
outside this range are less important but cannot be disregarded altogether as they might
appear in modified forms or as secondary binding sites in storage materials. Our regularized
error metric, RegMAPE is designed to weigh interactions in the favorable regime more than
others. Semi-local functional like B97M-V outperforms others in the low interaction energy
regime. The second best functional for this region is a double hybrid with D3(BJ) dispersion
correction, DSD-PBEPBE-D3(BJ), with a RegMAPE of 5.3%. The best hybrid functional
in this domain, ωB97X-V, has a RegMAPE of 6.5%. In the favorable regime where the data
points have the most weight, the performance is reminiscent of the performance over the
whole dataset with a few notable exceptions. ωB97X-V, DSD-PBEPBE-D3(BJ), and PBE0-
DH appearing in the 1st, 2nd, and 3rd spots also appear in the top ten density functional list
in the overall performance. This further illustrates that RegMAPE is performing as it was
expected to - that is, it gives higher weights to data points within the favorable interaction
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Table 4.4: A table showing the best performing density functionals in each rung of the
Jacob’s ladder along with their overall ranking, RegMAPE, and RMSE.

Rung Rung name Functional Rank RegMAPE (%) RMSE (kJ/mol)
1 LDA SPW92 54 60.1 29.6
2 GGA BLYP-D3(op) 27 14.1 7.7
3 meta-GGA B97M-V 5 6.8 6.3
4 Hybrid ωB97X-V 2 4.9 3.3
5 Double hybrid DSD-PBEPBE-D3(BJ) 1 4.9 3.8

energy regime. One notable exception is the double hybrid B2PLYP-D3(BJ) functional
which is ranked 4th in the favorable regime with a RegMAPE of 6.1% but does not even
appear in the top 10 density functional list due to large errors in the strong interaction
energy regime. Fig. (4.8) shows smaller RegMAPE values for the strong regime as absolute
errors are used. PBE0-DH gives the best predictions in this regime with a RegMAPE of
3.7% and is closely followed by ωB97M-V and then by other range-separated hybrids like
ωB97X-V and ωB97X-D. It is also interesting to note the poor performance of semi-local
functionals. The best performing semi-local functional is MN15-L with a RegMAPE of 7.7%.
Even functionals like B97M-V and B97M-rV, which provide very good performance in other
categories, fail in this regime.

Performance by rung of Jacob’s ladder

Density functionals can be classified on the basis of Jacob’s ladder as was summarized in
Table (4.3). It is generally expected that the density functionals perform better as one climbs
the rungs of the Jacob’s ladder. Rung 1 of the Jacob’s ladder, consisting of density func-
tionals that depend only on the density ρ, perform the worst among all the ones tested with
a RegMAPE of 60.1%. The performance increases significantly upon moving from Rung 1
to Rung 2 with BLYP-D3(op) showing an error of 14.1% (RMSE of 7.7 kJ/mol). Other no-
table GGA functionals that show comparable performance are PBE and the revPBE-D3(op)
functional. The revPBE-D3(op) also gives the lowest RMSE among the GGA functionals.

Upon moving up another rung from GGAs to meta-GGAs, the density functionals depend
on the kinetic energy density (τ) in addition to the density and its gradient (ρ and ∇ρ). The
best meta-GGA functional, B97M-V, is also one of the best performing functionals of this
work with a RegMAPE of 6.8%. This represents a significant improvement over the best
GGA functional with a RegMAPE of 14.1%. However, in terms of RMSE, the root mean
square error of B97M-V is 6.3 kJ/mol. The performance of B97M-rV functional closely
follows that of B97M-V, but the performance of meta-GGAs considerably worsens after
this with the third best meta-GGA showing a RegMAPE of 12.8%, which is almost double
that of B97M-V and B97M-rV. SCAN and its dispersion-corrected version, SCAN-D3(BJ),
give larger errors of 14.7% and 15.5% respectively despite being recommended as one of
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the best performing meta-GGA density functionals in a comprehensive DFA performance
assessment.[17] The mBEEF functionals, which is expected to give good performance for
surface science and catalysis, performs very poorly with a RegMAPE of 20.0%, though it
has a comparatively lower RMSE of 6.2 kJ/mol. While the best performing meta-GGA beats
the best performing GGA functional, other meta-GGAs like SCAN, MS2, and MN15-L show
poorer performance than the best GGA, BLYP-D3(op).

Hybrid functionals perform very well with ωB97X-V, showing the best performance with
a RegMAPE of 4.9% (RMSE of 3.3 kJ/mol). It is closely followed by its hybrid meta-GGA
counterpart, ωB97M-V, which shows a RegMAPE of 6.0% (RMSE of 3.7 kJ/mol). The
third best performing mega-GGA functional is the long-range corrected ωB97X-D functional
(RegMAPE of 7.5% and RMSE of 3.8 kJ/mol). Out of the top five hybrid functionals, four
of them are range-separated, indicating their success relative to global hybrids having a
constant fraction of exact exchange. The best performing Minnesota functional is M11 with
a RegMAPE of 10.2% (RMSE of 8.1 kJ/mol). Other Minnesota hybrid meta-GGAs like
revM11, MN15, M06, M06-2X, and M06-2X-D3(0) tested provide poor performance for H2

binding energies.
Double hybrid functionals, with some fraction of MP2 correlation energy, consistently

perform the best with five of the seven functionals tested appearing in the top 10 list of
the best density functional approximations. Leading the pack is the DSD-PBEPBE-D3(BJ)
functional with a RegMAPE of 4.9% and RMSE of 3.8 kJ/mol. This density functional
also happens to be the best performing among the 55 functionals tested in this study. This
is closely followed by the PBE0-DH functional. The combinatorially optimized ωB97M(2)
double hybrid does not outperform other functionals in rung 5 unlike its meta-GGA and
hybrid counterparts. Even the worst performing double hybrid, PTPSS-D3(0), only has a
RegMAPE of 9.3% (RMSE of 4.6 kJ/mol). Double hybrids, which contain some fraction of
MP2 correlation energy, reflect the good performance of MP2 itself (RegMAPE of 5.9%).

Performance upon addition of HF exchange

Table S3 and Fig. (4.9) show the performance of density functional approximations belonging
to the same family with and without exact exchange in order to quantify the effect of adding
exact exchange to semi-local functionals. Addition of Hartree Fock exchange, also known as
exact exchange, has been known to partially alleviate the problem of self-interaction error
in density functionals. However, computation of exact exchange is the bottleneck in the
computation of the fock matrix for hybrid density functionals. In all the six families of
densities functionals shown in Fig. (4.9), we see that addition of exact exchange improves
the performance of the DFAs. All the hybrid density functionals considered in Fig. (4.9) are
global hybrid functionals, meaning they contain a constant fraction of exact exchange for
all inter-electronic distances. This is in contrast to range-separated hybrids which vary the
amount of exact exchange with inter-electronic distance. The TPSSh functional contains a
small amount of exact exchange (10%) and subsequently shows only a small improvement
with RegMAPE going down by 2 percentage points. There is a significant improvement
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Figure 4.9: A graph showing the performance of density functional approximations with
and without exact exchange. The right hand y-axis shows the percentage of HF exachange
contained in each of the hybrid functionals.

in the performance of BLYP, PBE, and SCAN functionals upon addition of a considerable
amount of HF exchange. For example, the RegMAPE of PBE (15.2%) goes down by a factor
of two upon addition of 25% exact exchange to make PBE0. However, in the case of the two
Minnesota functionals examined, M06 family and MN15 family, we see that even addition
of a large fraction of exact exchange does not improve the performance considerably. The
M06-2X functional, which contains twice the amount of exact exchange (54%) in comparison
to the M06 functional, also does not show significant improvement in H2 binding energies
with a RegMAPE of 20.6%. The additional computational cost in computing exact exchange
is probably not justified for the minute improvement in the performance in the case of the
Minnesota functionals. Range-separation represents a more successful strategy for combining
HF exchange in the long range with DFT exchange in the short range. While the best global
hybrid functional PBE0 ranks 11th, range-separated hybrids take the 2nd, 4th, and 10th

spots. Another possible technique for range-separation is the screened exchange method,
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Table 4.5: A table showing the Mean Signed Error(MSE), Root Mean Squared Error
(RMSE), RegMAPE, and rank of the density functionals with and without dispersion cor-
rection.

No Dispersion correction With Dispersion correction
Functional MSE RMSE RegMAPE Rank Functional MSE RMSE RegMAPE Rank

PBE -4.9 9.3 15.2 31 PBE-D3(0) -7.0 10.1 19.2 40
revPBE 4.3 7.8 23.8 52 revPBE-D3(op) -3.6 7.1 16.3 34
BLYP 2.4 8.2 21.7 49 BLYP-D3(op) -2.4 7.7 14.1 27
TPSS -1.3 6.7 14.0 26 TPSS-D3(BJ) -4.7 7.8 14.6 28
SCAN -6.0 10.9 14.7 29 SCAN-D3(BJ) -6.7 11.3 15.5 32
MS2 -7.3 11.4 17.4 36 MS2-D3(op) -8.1 11.7 20.4 45

B3LYP 2.4 6.0 15.1 30 B3LYP-D3(0) -1.1 5.8 12.4 22
PBE0 -1.2 4.1 8.0 11 PBE0-D3(BJ) -3.6 5.2 11.8 20
TPSSh -0.1 5.2 11.8 21 TPSSh-D3(BJ) -3.3 5.9 11.7 19
M06-2X -1.9 10.8 20.6 46 M06-2X-D3(0) -2.0 10.8 21.0 47

which uses HF exchange in the short range and DFT exchange in the long range. HSE-HJS
and MN12-SX are screened exchange density functionals tested in this study. While there
are no counterparts to compare against, we can see that the HSE-HJS functional performs
reasonably well with a RegMAPE of 8.0%. On the other hand, the MN12-SX functional
shows very poor performance.

Effect of dispersion corrections

In the absence of a strong electric field, dispersion is an important mechanism of interaction
between H2 and the binding site. These types of dispersion-dominated interactions are
important in H2-organic linker interactions represented by the organic ligands category of
H2Bind275. The inherent semi-local parameterization of DFAs make it difficult for them to
capture long-range dispersion effects without additional corrections. Several methods have
been introduced to calculate the effect of dispersion self-consistently and as a single-shot
computation. Of the self-consistent methods introduced, the vdW-DF method (BEEF-vdW
and optB88-vdW), the VV10 and rVV10 non-local correlation functional (ωB97M-V, ωB97X-
V, B97M-V, and B97M-rV) have been used in different DFAs in this paper. The DFAs
which have the VV10 correction for dispersion interactions are, in fact, the most successful
ones as they incorporate the correct interaction physics via VV10 parameters that are set
consistently with all other parameters related to semi-local XC and exact exchange to avoid
double counting. Another inexpensive approach to incorporating the effect of dispersion
is using Grimme’s empirical DFT-D suite of methods which is a damped atom-atom C6

potential. [35, 37, 383] Density functionals containing the original DFT-D3 scheme with
the CHG-style damping function[258] are suffixed by D3(0). The DFT-D3 scheme, combined
with the damping function of Becke and Johnson are suffixed by D3(BJ).[347] Witte et al.
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further generalized the Becke and Johnson damping function by optimizing the exponent of
damping and this combination is termed D3(op).[345]

In this section, we analyze the effect of addition of DFT-D type dispersion correction on
the H2 interaction energies. Dispersion corrections are always negative and will only make
binding energies stronger. The effect of addition of dispersion to 10 DFAs is shown in Fig. S2
and Table (4.5). The addition of dispersion improves the performance of some DFAs while
it worsens the performance of other DFAs. Addition of empirical dispersion to PBE, TPSS,
SCAN, MS2, PBE0, and M06-2X makes their performance worse. In these cases, the parent
density functional is already overbinding H2(s) without dispersion corrections as shown by
their negative Mean Signed Errors (MSE) in Table (4.5) and it is hence not very surprising to
note that the dispersion-corrected results worsen. PBE, SCAN, and MS2 density functionals
severely overbind with MSEs of –4.9, –6.0, and –7.3 kJ/mol. Addition of dispersion increases
overbinding showing MSEs of –7.0, –6.7, and –8.1 kJ/mol. Addition of dispersion to PBE0
actually takes it from a top performing functional (ranked 11th) to a mediocre one (ranked
20th). Of the ten DFAs and their corresponding dispersion tails investigated in this section,
MS2 is the most overbinding with a MSE of –7.3 kJ/mol, which only worsens slightly to –8.1
kJ/mol upon addition of dispersion correction. The correction is highly damped. A similar
phenomenon is seen for M06-2X whose MSE increases only slightly from –1.9 to –2.0 kJ/mol.
TPSSh is the only functional of the ten investigated that has neither an underbinding nor an
overbinding problem with a MSE of –0.1 kJ/mol. Though addition of dispersion increases
the MSE from –0.1 to –3.3 kJ/mol and RMSE from 5.2 to 5.9 kJ/mol, the corresponding
RegMAPE changes slighly from 11.8% to 11.7% indicating that the dispersion corrections
affects the interesting regime of H2 binding only slightly.

Empirical dispersion corrections actually improve H2 binding energy estimates for the
revPBE, BLYP, and B3LYP functionals. Dispersion corrections enhance the performance of
B3LYP from a RegMAPE of 15.1% to 12.4%. The parent density functional systematically
underbinds with a MSE of 2.4 kJ/mol. Upon addition of dispersion, the B3LYP-D3(0) func-
tional systematically overbinds with a MSE of –1.1 kJ/mol. Addition of D3(op) correction
to revPBE improves its performance from one of the worst performing functionals (ranked
52nd) to a mediocre performing functional (revPBE-D3(op) is ranked 34th). While the im-
provement in RMSE from 7.8 kJ/mol to 7.1 kJ/mol is not large, most improvement occurs in
the interesting regime for H2 binding, with RegMAPE improving significantly from 23.8%
to 16.3%. Similarly, the dispersion-corrected BLYP functional, BLYP-D3(op), is the best
performing GGA functional (ranked 26th) while its uncorrected counterpart is ranked 49th.
Again, the improvement is concentrated in the interesting regime for H2 storage materials.

In this section, we briefly discuss the performance of density functional approximations
containing the vdW-DF non-local correlation functional. This series of non-local functionals
were initially developed to study layered materials, but has ever since been used to study
a wide range of materials with dispersion interactions. The vdW-DF-04 non-local correla-
tion functional[40] paired with optB88 exchange functional and LDA correlation functional
(optB88-vdW)[384] has been widely used in modeling the hydrogen storage properties of
different materials.[385–388] However, the vdW-DF functional form has been defined only in
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Table 4.6: A table showing the performance of density functionals containing the non-local
correlation vDW-DF-04 density functional of Lundqvist and Langreth relative to the perfor-
mance of the best performing functionals for the spin unpolarized subset of the H2Bind275
dataset. OptB88-vDW and BEEF-vDW, density functionals containing vDW-DF-04 non-
local correlation, exhibit poor performance.

Functional RegMAPE RMSE Rank
ωB97M-V 2.7 3.1 1
ωB97X-V 2.8 2.6 2

DSD-PBEPBE-D3(BJ) 2.9 2.0 3
B97M-rV 3.6 4.1 4
B97M-V 3.6 4.1 5

optB88-vDW 9.7 5.9 37
BEEF-vDW 15.4 12.7 48

the spin unpolarized form severely limiting its applicability. We have limited our analysis to
two vdW-DF containing functionals: BEEF-vdW, a density functional within the bayesian
error estimation framework, and optB88-vdW, containing the B88 exchange functional with
parameters optimized to best reproduce the interaction energies of the S22 dataset. We find
that both these functionals show poor performance in terms of all error metrics used. The
optB88-vdW and BEEF-vdW functionals show a RegMAPE of 9.7% and 15.4% ranking 37th

and 48th respectively. The magnitude of this error should be contrasted to ωB97M-V, the
best performing DFA for this spin unpolarized subset which gives a RegMAPE of 2.7%. This
subset also contains the easier portion of the dataset as the errors for this subset are much
smaller than those for the entire dataset. For example, the ωB97M-V functional gives an
error of 6.0% for the entire dataset but gives only an error of 2.7% for this subset. This fur-
ther exacerbates the failure of the vdW-DF functionals to appropriately capture the physics
of interaction between H2 and binding moieties. Both DFAs show systematic underbinding
suggesting that dispersion interactions have not been captured completely. We also find
that the large magnitude of error does not originate from a couple of outliers, but from their
systematic inability to describe interaction physics correctly in a wide range of chemical
species.

Top five best performing density functionals

In this section, we will attempt to understand the sources of error in the top five best
performing density functionals in the entire H2Bind275 dataset: DSD-PBEPBE-D3(BJ),
ωB97X-V, PBE0-DH, ωB97M-V, and B97M-V. Having identified these functionals for over-
all good performance for H2 binding applications, it will be very informative to understand
the origin of errors in these functionals and hence the shortcomings of currently available
density functional approximations. A systematic understanding of the failure of the best
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density functionals could provide new avenues for development of better density functional
approximations for H2 storage and other applications. The top five functionals chosen also
cover rungs 3–5 of Jacob’s ladder with two double hybrids, two hybrids, and one semi-local
meta-GGA. Each of these categories is also representative of the different costs associated
with evaluating the density functionals with double hybrids being the most expensive, fol-
lowed by hybrids, and lastly by semi-local functionals. Reduction of the computational cost
of hybrid functionals to that of semi-local functionals is an active area of research. [96, 97,
132]

The largest contributors of error for the DSD-PBEPBE-D3(BJ) functional are the Ti+

and Sc+ species. Other species like Zn+, Cr+, and CaCl2 are also leading sources of error. For
the ωB97X-V functional, most errors come from transition metal species with predictions
incorrect by about 46% for some Ti+ species. Zn+ and Fe+ are some other species exhibiting
large errors from 10% to 25%. The PBE0-DH also fails to predict accurate interaction
energies for the Ti+ species making errors of up to 56%. Zn+ and Fe+ are some difficult
species for the the PBE0-DH functional. PBE0-DH also fails to predict the interaction
energies with organic species accurately because of the lack of dispersion corrections as
noted earlier. It is rather unsatisfying to see the failure of PBE0-DH for organic species,
which are supposed to be easy problems for density functional approximations. However,
a simple addition of Grimme-type dispersion correction cannot fix this issue as PBE0-DH
systematically overbinds (MSE of –0.7 kJ/mol). ωB97M-V is the 4th best performing density
functional, and its major contributors of error are Ti+, Zn+, and Fe+ species. B97M-V also
incorrectly predicts the interaction energies of Ti+ species by about 66%. There are a few
common denominators among the major contributors of error for the top five best performing
functionals. These species mostly belong to the transition metal category. This is rather
expected as majority of them are trained on main group chemistry properties. While some
density functionals like MN15 have been trained on transition metal properties,[366] it is
interesting to see density functionals like ωB97M-V and B97M-rV, which were trained on
main-group chemistry properties providing comparable performance to that of MN15 for
transition metal properties.[19]

Semi-local and hybrid DFT calculations scale as the third power in the size of the one-
particle basis set. Double hybrids, with the density fitting approximation for the MP2 piece,
scale as the fifth power of the size of the basis set. While this scaling is much more favorable
than that of CCSD(T), it limits the applicability of DFAs to systems of larger sizes. In the
context of using DFAs to screen potential H2 adsorption materials, it can limit the number
of screenings possible in a given period of time. All interaction energies computations using
finite basis sets suffer from two distinct kinds of error: Basis Set Superposition Error (BSSE)
and Basis Set Incompleteness Error (BSIE). In finite basis set computations, these two
errors may partially cancel. Basis set superposition error can be reduced by the counterpoise
correction.[389]

Fig. (4.10) shows the errors in finite basis set interaction energy calculations for the top
five DFAs in this study. All calculations were performed only on the vertical interaction
energy subset as performing basis set superposition error corrections to adiabatic interaction
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Figure 4.10: (a) A figure showing the errors in the counterpoise corrected and uncorrected
interaction energies for ωB97X-V, ωB97M-V, and B97M-V with counterpoise corrected def2-
QZVPPD interaction energies as the reference. (b) A figure showing the errors in the
counterpoise corrected and uncorrected interaction energies for DSD-PBEPBE-D3(BJ), and
PBE0-DH with counterpoise corrected def2-QZVPPD interaction energies as the reference.
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Figure 4.11: A figure showing the basis set superposition error for the top five best performing
DFAs for different Karlsruhe basis sets.
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energies is not straightforward. All the errors are computed with respect to the counterpoise
corrected def2-QZVPPD interaction energy for the respective DFA so as to isolate the basis
set errors from the DFA errors. BSSE decreases with increase in the basis set size for all
the DFAs except for def2-SVPD/def2-SVP. In the case of the small def2-SVPD basis set,
monomers can hugely benefit by borrowing the diffuse functions belonging to the other
monomers. While this is possible even in the def2-TZVPPD and def2-QZVPPD case, the
monomer’s own basis sets are large enough that they do not gain much from borrowing a
neighbor’s diffuse function. Note the large magnitude of BSSE for the double hybrid density
functionals in triple and quadruple-zeta basis sets in comparison to other DFAs. Even in
the large quadruple-zeta def2-QZVPPD basis set, the double hybrids DSD-PBEPBE-D3(BJ)
and PBE0-DH have a BSSE of 0.5 and 0.8 kJ/mol, while the BSSE of non double hybrid
functionals is limited to 0.1 kJ/mol. This can be attributed to the fact that MP2 component
in the double hybrids converges slowly with the basis set size.

Upon reducing the size of the basis set from def2-QZVPPD, both BSSE and BSIE cause
overestimation and underestimation of interaction energies respectively. In the def2-QZVPP
basis set, the counterpoise corrected and counterpoise uncorrected interaction energies show
performance comparable to that of def2-QZVPPD with counterpoise corrected energies being
slightly better. In the def2-TZVPPD basis set, the counterpoise uncorrected interaction
energies perform slightly better. Counterpoise uncorrected interaction energies in the def2-
TZVPP basis are the best compromise between accuracy and cost with errors of about 1
kJ/mol for the semi-local and hybrid functionals and 1.5 kJ/mol for the double hybrids.
The opposite trend is seen in the def2-SVPD basis set with counterpoise corrected energies
being better than then their uncorrected counterparts. The error cancellation is much more
effective for double hybrids in this small basis set than the semi-local or hybrid functionals
in which the BSSE dominates, leading to a systematic underbinding in the counterpoise
uncorrected case. The error cancellation is even more effective in the def2-SVP case with
with RMSE of 3.5 to 4.5 kJ/mol.

4.4 Conclusions

In the search for improved H2 storage materials, density functional approximations could
potentially be used to screen and simulate adsorption frameworks. In this work, we have
created a dataset of 275 different chemical moeities, binding one or multiple H2s to cap-
ture the different physical and chemical modes of hydrogen activation in various adsorbent
paradigms. We have compiled highly accurate reference interaction energies for the dataset
using coupled cluster theory with singles, doubles, and perturbative triples with the focal
point analysis scheme. We have assessed the performance of 55 density functional approx-
imations from all rungs of the Jacob’s ladder using an error metric specifically designed to
give larger weight to interaction energies in the range of –15 to –25 kJ/mol. We have exam-
ined the effect of exact exchange and empirical dispersion corrections on the performance
of density functionals. We have identified problematic cases for density functionals, and
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have recommended efficient techniques to predict hydrogen interaction binding energies.
Of the 55 DFAs assessed in this study, we have identified five density functionals for

providing the best performance. These five functionals are ωB97X-V and ωB97M-V in the
hybrids category, DSD-PBEPBE-D3(BJ) and PBE0-DH in the double hybrids category, and
B97M-V in the semi-local meta-GGA category. DSD-PBEPBE-D3(BJ) performs the best
over the 275 data points with an error of 4.9%. B97M-V is the best performing semi-local
functional with a error of 6.8%. The B97M-rV functional also provides equally competitive
performance, and with the rVV10 modification, it can also be efficiently used in periodic
codes. Modern density functional approximations fail to accurately predict interaction en-
ergies of transition metal containing systems causing the biggest errors in that category.
The best performing DFA at each rung of the Jacob’s ladder surpasses the best DFA from
the previous rung. We have also identified that the addition of the exact exchange usually
helps with the performance of the density functionals. However, there is no systematic im-
provement in performance with the fraction of exact exchange present in DFAs. Addition
of empirical dispersion correction can immensely benefit systematically underbinding DFAs
like revPBE, BLYP, and B3LYP. However, empirical dispersion corrections should be uti-
lized with caution as they will only worsen the performance if the parent DFA is already
overbinding. We have also illustrated the interplay between the two major sources of error
associated with using finite basis sets: basis set superposition error and basis set incom-
pleteness error. Taking advantage of the error cancellation between these two sources, we
have shown that using def2-TZVPP basis without counterpoise corrections provides a good
compromise between accuracy and cost.

With the identification of density functional approximations that can accurately predict
interaction energies of H2 with a wide variety of binding moieties, we have expanded the set
of in silico tools that can accelerate the discovery and validation of new hydrogen storage
materials. These density functionals can be used to screen potential binding sites in a high-
throughput fashion or can be used to train framework-specific force fields for use in molecular
dynamics and/or Monte Carlo simulations. The H2Bind275 dataset contains only geometries
in which H2 is at the minimum of the potential energy curve with respect to the binding
moeity, thereby maximizing the interaction energy. It would be useful for the H2 storage
community to see if these conclusions are extensible to other points on the potential energy
curve using the strategies similar to the S22x5[390] and S66x8 dataset.[391] One could also
conceive of similar assessments for properties like infrared frequencies. It would be useful
to assess the performance of the best performing density functionals found in this work on
real-life H2 storage materials like MOFs, given the availability of highly accurate reference
interaction energies. This will require careful consideration of the zero-point vibrational
energies. Finally, future density functionals can be evaluated on this dataset to assess their
suitability for hydrogen storage applications, or as part of testing functional performance for
non-covalent interactions.
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Chapter 5

Benchmarking Density Functionals for
Predicting Potential Energy Curves in
Hydrogen Storage Applications

5.1 Introduction

Hydrogen (H2) is a favorable substitute for fossil fuels as the only by-product of hydrogen
fuel cell engines is water and the efficiency of a fuel cell is significantly higher than an internal
combustion engine. However, H2 is a light gas with low volumetric and gravimetric energy
densities. This poses a significant hurdle to storage and transportation of H2. Storing H2

reversibly in adsorbed form on porous materials is a promising solution to this problem.[392–
395] Ideally, such materials should adsorb H2 at high pressure and release it at low pressure
so that the released H2 can be used for operating a fuel cell. Designing materials with this
property, while simultaneously not compromising on high volumetric and gravimetric storage
capacities, is an active area of research.[283, 396, 397]

While multiple porous materials like Metal-Organic Frameworks (MOFs), Covalent Or-
ganic Frameworks (COFs), graphene, and other amorphous materials have been shown to
adsorb H2, none of these materials meet all the target criteria proposed by the U.S. Depart-
ment of Energy for an ideal storage material.[283] As experimental synthesis and character-
ization of potential H2 storage materials is expensive and time-consuming, computational
modeling and screening of materials has emerged as a viable alternative to it.[296, 398, 399]
Computational techniques can be used in two different, potentially complementary ways.
First, molecular modeling can be used to understand the mechanism of H2 binding in dif-
ferent porous materials and this understanding can be used to systematically tune materials
to achieve target properties.[283, 285, 295] Second, computational techniques can be used to
screen materials in a high-throughput manner to select only a handful of potentially viable
materials for synthesis and characterization.

The ability of a material to store H2 is characterized by its usable capacity, which is
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defined as the amount of H2 stored at the high operating pressure that is released when
the pressure is reduced to the low operating pressure. Optimizing the usable capacity for
typical fixed operating pressures of 5 bar and 100 bar gives an optimal value for the Gibbs
free energy of adsorption (∆Gads). Assuming a correlation between enthalpy and entropy of
adsorption in porous materials gives a range of −15 to −25 kJ/mol for the optimal value
for enthalpy of adsorption (∆Hads).[130, 339, 340] The internal energy of binding, which
is the largest component of ∆Hads, can be computed using different quantum chemistry
methods, including, but not limited to, density functional theory (DFT),[285, 295, 304, 400]
Møller-Plesset perturbation theory (MP2),[401–403] and different variants of coupled-cluster
theory.[134, 404, 405] Each of these methods have different accuracies and computational
costs associated with them.

DFT, scaling as O(N3) (N is the number of basis functions in the system), can provide a
reasonable balance between cost and accuracy of computing H2 binding energy. However, as
the exact density functional remains unknown, different density functional approximations
(DFAs), proposed in lieu of the exact density functional, provide varying accuracies for differ-
ent chemical systems and/or properties computed.[44] In order to address this problem, we
adopted a two-pronged approach.[134] (1) We compiled the H2Bind275 dataset that consists
of H2(s) interacting with binding motifs representative of different porous materials known
for H2 adsorption. This dataset consists only of equilibrium geometries, that is, H2(s) are
located at the minimum of the potential energy curve (PEC) with respect to the binding
site. We computed highly accurate reference interaction energies using coupled-cluster sin-
gles, doubles, and perturbative triples (CCSD(T)) extrapolated to the complete basis set
limit for this dataset. (2) We assessed the performance of 55 DFAs and identified the best
performing density functionals for this dataset. In addition, we also identified inexpensive
semi-local density functionals which give very good performance for low computational cost
and are suitable for in silico high-throughput screening purposes.

The H2Bind275 dataset, consisting of 275 data points, provides a balanced representa-
tion of different H2 binding mechanisms like polarization, charge transfer interaction, and
dispersion.[304, 406, 407] It also captures the chemical diversity of binding motifs that H2

interacts with in porous frameworks. This dataset assesses the ability of density functionals
to reproduce H2 binding energies at the minima of the PEC. However, as DFAs are rou-
tinely used for geometry optimizations and molecular dynamics simulations either directly
or indirectly (by generating reference data for training force fields), they should also be able
to reproduce the entire PEC which would ensure accurate nuclear gradients as required for
geometry optimization and molecular dynamics simulations. A strategy of assessing the per-
formance of DFAs for PECs has been previously employed for other non-covalent interaction
energy datasets like S22, S66, and A24. The S22x5 dataset[390] was created from the S22
dataset[408] by including geometries that are shortened and elongated along a well-defined
interaction coordinate. Similarly, the S66x8[391] and A21x12[409] extended datasets were
created from the S66 and A24 datasets.[309]

In order to address this issue for H2 storage, we have extended the H2Bind275 dataset
to include geometries that are located at five different points on 78 separate PECs, not just
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Table 5.1: Number of geometries and data points by chemical categories for the H2Bind78×7
dataset

s-block ions salts organic ligands transition metals total
geometries 19 13 5 41 78

data points at PEC minimum 38 26 10 82 156
data points not at PEC minimum 95 65 25 2041 389

H2Bind78×7 133 91 35 286 545

the minimum. This extended dataset, hereafter referred to as the H2Bind78×7 dataset, was
generated by shortening and stretching the distance between H2 and the binding motif. The
reference interaction energies were computed using CCSD(T) extrapolated to the complete
basis set (CBS) limit using the same strategy outlined in Ref. 134. The performance of 55
DFAs were assessed using regularized relative errors metrics by appropriately weighing the
error coming from different points on the PECs. We have analyzed the performance of these
DFAs for the extended dataset by comparing and contrasting it with the performance of the
original equilibrium H2Bind275 dataset.

This paper is organized as follows. The H2Bind78×7 dataset is introduced and the pro-
tocol for computing reference interaction energies is discussed. All the density functionals
chosen for assessment in this work are briefly introduced and classified. The distribution
of the reference interaction energies at different points on the PEC is outlined. The per-
formance of DFAs for predicting H2 interaction energies across the PEC is discussed and
contrasted with their performance for the previous H2Bind275 dataset. The performance of
DFAs for predicting equilibrium geometries and interaction energies at equilibrium geome-
tries is explored. The best DFAs for predicting H2 binding energies are recommended while
considering their computational cost.

5.2 Computational details

H2Bind78×7 dataset

The H2Bind275 dataset consists of 275 H2 interaction energies but only 86 unique geometries
as many of them have multiple H2s. For example, the geometry of CaCl2−(H2)4 has four
hydrogen molecules bound to CaCl2 contributing four data points to the H2Bind275 dataset.
The H2Bind78×7 dataset was generated by starting from a subset of the original H2Bind275
dataset. This subset was created by choosing only 78 unique geometries and computing
their interaction energies adiabatically using the method outlined in Ref. 134. All of these
geometries are located on the PEC at their respective minima. The adiabatic interaction
energy, which relaxes the geometries of the binding motif and H2, was chosen as it is closest to

1One data point excluded due to convergence issues
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experimentally measurable values. For each minimum geometry, five additional geometries
were generated by compressing and elongating the distance between the binding motif and
the center of mass of H2 (denoted by req). For geometries containing multiple H2s bound to
a single binding moiety, compressed and elongated geometries were generated for only one
of the H2s. This step was necessary in order to maintain low redundancy in the dataset and
make its size manageable. In addition to this, the interaction energy at the minimum of
the PEC was also computed using vertical interaction energy method. In total, this dataset
contains 78 adiabatic and 78 vertical interaction energies (a total of 156 data points) located
at the PEC minimum.

In this work, two compressed geometries (0.75req and 0.9req) and three elongated ge-
ometries (1.1req, 1.25req, and 1.5req) were considered. These distances were chosen as they
are representative of the PEC in both the compressed and elongated regimes. In a porous
material, H2 interacts with not only its primary binding site but also has secondary interac-
tions with other components of the framework. The binding distances of H2 to its secondary
interaction sites of the porous material are often longer than their corresponding equilibrium
distances. As a consequence of this, when modeling H2 in a porous material, the elongated
portion of the PEC is sampled more than the compressed part. Additionally, the compressed
portion of the PEC is usually significantly higher in energy (repulsive if compressed enough),
and is sampled less often in a molecular dynamics or Monte Carlo simulation. Hence, DFAs
should be able to reproduce the elongated portion of the PEC more faithfully than the
compressed portion. We have included more data points in the elongated regime than the
compressed regime in order to underscore its relative importance. As shown in Table 5.1,
the number of non-equilibrium data points is roughly 2.5 times the number of data points
at equilibrium. In total, counting both the equilibrium and non-equilibrium data points,
this H2Bind78×7 dataset consists of 545 H2 interaction energies with representative binding
motifs.

This dataset, like the H2Bind275 dataset, can also be divided into categories based on
the chemical nature of the binding motif as shown in Table 5.2: (1) s-block ions: consisting
of group 1 and group 2 bare metal cations with unscreened charge binding one or multiple
H2s, (2) salts: consisting of small inorganic salts like AlF3, CaCl2, and MgF2 binding one
or multiple H2s, (3) organic ligands: comprising of small aliphatic and aromatic molecules
binding one H2, (4) transition metals: including small transition metal complexes and 3d
transition metal cations binding one or multiple H2s. Each of these categories is also repre-
sentative of various mechanisms of H2 binding found in porous materials. For example, H2 in
the organic ligands category is mostly dispersion-bound. The s-block metals category binds
H2 using a combination of electrostatic and forward charge transfer (H2 → metal) interac-
tions.[304] This dataset captures both chemical and mechanistic diversity encountered in H2

binding to porous materials. For a detailed discussion about different chemical categories in
this dataset, we refer readers to Ref. 134.
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Table 5.2: All 78 geometries in the H2Bind78×7 dataset categorized by chemical identity of
the binding motif.

s-block ions salts organic ligands transition metals
Li+−(H2)n, AlF3−H2 benzene−H2 MX−H2, X=H, F, Cl; M=Cu, Ag, Au

n = 1, 2, 3, 4, 5, 6 CaF2−(H2)n, phenol−H2 CoF3−H2

Na+−(H2)n, n = 1, 2, 3, 4 pyrrole−H2 Cu(OMe)−H2

n = 1, 2, 3 CaCl2−(H2)n, butene−H2 CuCN−H2

Mg2+−(H2)n, n = 1, 2, 3, 4 tetrazole−H2 Sc+−(H2)n, V+−(H2)n, n = 3, 4
n = 1, 2, 3, 4 MgF2−(H2)n, Ti+−(H2)n, n = 2, 4
Ca2+−(H2)n, n = 1, 2, 3, 4 Cr+−(H2)n, Mn+−(H2)n, n = 1, 2, 3, 4

n = 1, 2, 3, 4, 5, 6 Fe+−(H2)n, n = 1, 2, 3, 4
Co+−(H2)n, Ni+−(H2)n, n = 1, 2

Cu+−(H2)n, n = 1, 2, 3
Zn+−(H2)n, n = 1, 2, 3, 4

Reference Binding Energies

Calculation of accurate reference interaction energies is an important task in compiling a
dataset. Reference interaction energies were computed using coupled-cluster theory with
singles, doubles, and perturbative triples (CCSD(T))[60] extrapolated to the complete basis
set limit. Inspired by the success of composite extrapolation methods[323, 326–328] for com-
puting highly accurate reference values, we have developed our own composite extrapolation
method using focal point analysis[329, 330] for computing accurate reference H2 binding
energies:

Eref = EHF/5Z + EMP2/QZ→5Z + δECCSD(T)/TZ + δEcore
MP2/TZ (5.1)

δECCSD(T)/TZ = ECCSD(T)/TZ − EMP2/TZ (5.2)

δEcore
MP2/TZ = Ecore=0

MP2/TZ − Ecore=n
MP2/TZ (5.3)

Here, Eref is the reference energy computed using the composite method, EHF/5Z is the
Hartree Fock energy computed using a basis set of quintuple-zeta (5Z) quality, EMP2/QZ→5Z

is the MP2 correlation energy extrapolated to the complete basis set limit with the 2-point
extrapolation formula[45] using correlation energies computed with quadruple-zeta (QZ) and
quintuple-zeta quality basis sets, and δECCSD(T)/TZ is the difference between the CCSD(T)
and MP2 correlation energies computed with a triple-zeta quality basis set. δEcore

MP2/TZ is the
core-valence contribution to the correlation energy computed as the difference between MP2
correlation energies with (Ecore=n

MP2/TZ) and without (Ecore=0
MP2/TZ) the frozen-core approximation.

This composite method for computing reference H2 interaction energies ensures that the effect
of higher-order excitations neglected in CCSD(T) are sufficiently small. It also ensures that
the basis set incompleteness errors are small and that both HF and extrapolated correlation
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energy components are of complete basis set limit quality. Further details of this scheme can
be found in Ref. 134.

The cc-pVnZ[331, 332] (n =T, Q, or 5) family of basis sets was used for all the HF
and correlation energy calculations when core electrons were not included in the correlation
calculations. cc-pCVnZ[333, 334] (n =T, Q, or 5) family of basis sets were employed when
some or all of the core electrons were included in the correlation calculations. For transition
metals, the cc-pwCVnZ[335] (n =T, Q, or 5) series of basis sets was used with a neon core
excluded in all correlation energy computations.

Density Functional Approximations

55 DFAs, including all the commonly used density functionals, were chosen to perform
a thorough assessment. We have also included DFAs that have previously shown very
good performance for a range of non-covalent interaction energy prediction problems rep-
resented by multiple datasets.[18] Based on the different quantities DFAs depend on, they
are categorized into rungs of the metaphorical Jacob’s ladder.[20] From the first rung of
the Jacob’s ladder, in which DFAs depend only on electron density, SVWN5[21, 22] and
SPW92[21, 23] DFAs were chosen. From the second rung called Generalized Gradient
Approximation (GGA), 12 different DFAs were chosen: the PBE family and its variants
(PBE,[24] PBE-D3(0),[37] RPBE,[343] revPBE,[344] and revPBE-D3(op)[345]), BLYP[25,
26] and BLYP-D3(op)[345], dispersion-corrected variants of B97[346] (BLYP-D3(0)[37] and
BLYP-D3(BJ)[347]), PW91,[349] and GAM.[348] From the meta-GGA rung, the differ-
ent variants of TPSS (TPSS,[27] TPSS-D3(BJ),[347] and revTPSS[351]), SCAN[352] and
its dispersion-corrected version SCAN-D3(BJ)[353], MS2[359] and MS2-D3(op),[345] the
combinatorially-optimized B97M-V[28] and B97M-rV[354, 355] were chosen. In addition,
mBEEF[356] and the semi-local Minnesota functionals M06-L[357] and MN15-L[358] were
also included in the assessment. Rung four DFAs, containing HF exchange, are generally
more accurate than semi-local functionals as they partially alleviate the problem of self-
interaction error. In this work, global hybrid density functionals like B3LYP[29] and B3LYP-
D3(0),[347] PBE0[361] and PBE0-D3(BJ),[347] TPSSh[362] and TPSSh-D3(BJ),[347] the
M06 family of density functionals (M06,[364] M06-2X,[364] M06-2X-D3(0),[37] and revM06[365]),
MVSh,[367] and SCAN0[363] which is the hybrid variant of SCAN are included. Range-
separated hybrids, which are hybrid functionals containing DFT exchange and some HF ex-
change in the short-range and only HF exchange in the long range, included in this study are
ωB97X-D,[258] ωB97X-D3,[371] ωB97X-V,[372] ωB97M-V,[44] M11[373] and its revised ver-
sion revM11.[374] Two screened exchange density functionals (HSE-HJS[375, 376] and MN12-
SX[377]), which contain DFT exchange in the short range and attenuated HF exchange in the
long range are also included. Double hybrid density functionals, which are at the top the Ja-
cob’s ladder classification, contain some percentage of correlation energy from wavefunction
methods. These DFAs are characterized by their superior accuracy and increased computa-
tional cost in comparison to semi-local and hybrid DFAs. We have included seven double
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hybrid density functionals in this study: B2PLYP-D3(BJ),[36] XYG3,[33] XYGJ-OS,[380]
PBE0-DH,[379], PTPSS-D3(0),[382] DSD-PBEPBE-D3(BJ),[381] and ωB97M(2).[410]

The def2-QZVPPD[173] basis set was used for all DFA calculations with a quadrature
grid of 99 Euler-MacLaurin radial points and 590 Lebedev angular points for integrating
the exchange-correlation contribution. SG-1[175] integration grid was used for integrating
the VV10 component. The choice of core for frozen core approximation and employment
of density fitting approximation for computing MP2 correlation energy in double hybrid
density functionals is discussed in the Table D.1. All the PECs were interpolated using the
one-dimensional Akima interpolator.[411] All computations were performed using Q-Chem
5.[176]

5.3 Results and Discussion

H2Bind78×7 dataset

Typically, the coupled cluster reference H2 interaction energy with the binding motif is
strongest at equilibrium, that is at req. This implies that the geometries optimized using
ωB97M-V/def2-TZVPD[173] are also close to the CCSD(T)/CBS minima. Fig. 5.1 shows
the distribution of interaction energies for the entire H2Bind78×7 dataset consisting of 545
data points. The equilibrium and geometries near equilibrium (0.9req, 1.0req, 1.0rverteq , and
1.1req) have attractive interaction energies, with most of them smaller than 100 kJ/mol in
magnitude. Geometries that are stretched by 25% (1.25req) are still attractive in nature, but
most interaction energies are smaller than 60 kJ/mol in magnitude. Geometries stretched
by 50% of their equilibrium distance are bound only weakly with a median binding energy
of −6.9 kJ/mol. At the other extreme of the PEC, geometries that are compressed by
25% (0.75req) are mostly repulsive with a median interaction energy of +29.7 kJ/mol. This
geometry was also chosen in order to sample the repulsive part of the PEC and assess how
accurately different density functionals can reproduce it.[412]

The range of interaction energies covered by each PEC is also very large. The coinage
metal containing species are the strongest binders, as illustrated by the extreme example of
AuF which binds H2 with an interaction energy of−161.8 kJ/mol at equilibrium and interacts
with H2 with an energy of +87.6 kJ/mol (repulsive) at 0.75req, thus spanning an interaction
range of 249.4 kJ/mol. Data points in the organic category have the smallest ranges (average
range is 19 kJ/mol). A typical PEC of H2 interacting with a binding moiety has the shape
of a Morse potential. However, there is considerable variation in the well depth, well width,
and decay in the long range for different chemical species. This variation can provide some
clues into the dominant mechanism of interaction. For example, the AuCl binding motif
interacts with one H2 with an interaction energy of −123.7 kJ/mol at equilibrium which
decays to −21.3 kJ/mol at 1.5req (82.7% decrease). This is a sharp decay in the interaction
energy in comparison to the Mg2+ case. In the Mg2+ interacting with one H2 case, the
interaction energy at equilibrium is −97.8 kJ/mol in comparison to −37.7 kJ/mol at 1.5req
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Figure 5.1: Distribution of coupled-cluster reference interaction energies separated by loca-
tion on the potential energy curve. The reference vertical interaction energy at equilibrium
(1.0rverteq ) is also shown.

(61.4% decrease). This suggested that the dominant mechanism of interaction in Mg2+ case
is longer-ranged (like permanent electrostatics) than AuCl which is dominated by orbital
controlled short-ranged interactions like charge transfer.

Performance of Density Functional Approximations on PECs

We will discuss the performance of DFAs using multiple error metrics. Each of these met-
rics gives different weights to different aspects of the dataset. First, we will discuss the
performance of DFAs using the root mean square error (RMSE) metric which gives equal
importance to all data points in the H2Bind78×7 dataset. The RMSE of all 55 DFAs as-
sessed in this work is shown in Table 5.3. The non-empirical double hybrid functional with
just two fixed parameters, PBE0-DH, gives the least RMSE of 2.9 kJ/mol. The second best
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Table 5.3: Regularized mean absolute percentage error (RegMAPE) and root mean squared
error (RMSE; in kJ/mol) of all DFAs considered in this work for the entire H2Bind78×7
dataset.

Rank DFA RMSE (kJ/mol) DFA RegMAPE (%)
1 PBE0-DH 2.9 PBE0-DH 5.0
2 DSD-PBEPBE-D3(BJ) 3.7 ωB97X-V 5.4
3 ωB97X-V 4.0 ωB97M-V 6.3
4 ωB97X-D 4.1 DSD-PBEPBE-D3(BJ) 6.3
5 PBE0 4.2 XYGJ-OS 6.9
6 MVSh 4.3 ωB97M(2) 7.4
7 HSE-HJS 4.3 PBE0 7.6
8 ωB97M-V 4.5 HSE-HJS 7.6
9 XYGJ-OS 4.6 B2PLYP-D3(BJ) 8.2
10 ωB97X-D3 4.8 XYG3 8.5
11 XYG3 4.8 ωB97X-D 9.0
12 PTPSS-D3(0) 4.9 B97M-rV 9.0
13 ωB97M(2) 5.1 B97M-V 9.1
14 PBE0-D3(BJ) 5.2 SCAN0 9.1
15 MN15 5.7 PTPSS-D3(0) 9.3
16 B2PLYP-D3(BJ) 5.8 ωB97X-D3 9.8
17 SCAN0 5.8 MVSh 10.2
18 TPSSh 6.0 TPSSh 11.3
19 revM11 6.3 PBE0-D3(BJ) 11.5
20 mBEEF 6.7 M11 12.0
21 revM06 6.9 revTPSS 12.0
22 B3LYP 7.4 revM06 12.4
23 revTPSS 7.5 TPSS 13.6
24 B3LYP-D3(0) 7.5 TPSSh-D3(BJ) 13.8
25 B97M-V 7.6 B3LYP-D3(0) 14.0
26 B97M-rV 7.6 oTPSS-D3(BJ) 14.6
27 TPSS 7.7 TPSS-D3(BJ) 14.7
28 oTPSS-D3(BJ) 7.8 MN15 15.3
29 TPSSh-D3(BJ) 8.0 PBE 15.3
30 MN15-L 8.0 revM11 15.3
31 revPBE-D3(op) 8.5 BLYP-D3(op) 15.4
32 TPSS-D3(BJ) 8.5 B3LYP 15.5
33 revPBE 9.1 SCAN 15.6
34 MN12-SX 9.2 MN12-SX 16.2
35 RPBE 9.3 SCAN-D3(BJ) 16.3
36 M11 9.4 M06 16.9
37 B97-D3(BJ) 9.7 revPBE-D3(op) 17.0
38 BLYP-D3(op) 9.8 PW91 17.4
39 M06 9.9 MS2 17.4
40 BLYP 10.1 mBEEF 17.4
41 PBE 10.3 BP86-D3(BJ) 18.4
42 M06-L 10.5 M06-2X 19.3
43 BP86-D3(BJ) 10.9 M06-2X-D3(0) 19.8
44 B97-D3(0) 11.0 MN15-L 19.8
45 PBE-D3(0) 11.0 PBE-D3(0) 20.1
46 PW91 11.2 MS2-D3(op) 20.3
47 GAM 11.8 M06-L 20.7
48 MS2 12.1 RPBE 20.9
49 MS2-D3(op) 12.4 BLYP 22.1
50 SCAN 12.9 revPBE 23.4
51 SCAN-D3(BJ) 13.2 B97-D3(BJ) 24.2
52 M06-2X 13.4 GAM 24.7
53 M06-2X-D3(0) 13.4 B97-D3(0) 28.3
54 SPW92 32.6 SPW92 63.0
55 SVWN5 32.7 SVWN5 63.0
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DFA is another double hybrid DSD-PBEPBE-D3(BJ) with an RMSE of 3.7 kJ/mol. In com-
parison to the earlier H2Bind275 dataset where DSD-PBEPBE-D3(BJ) was ranked fourth, it
performs relatively better for the H2Bind78×7 dataset moving up by two places.[134] This is
closely followed by ωB97X-V and ωB97X-D, both of which show a similar RMSEs of 4.0 and
4.1 kJ/mol respectively. Another trend seen in the H2Bind275 dataset that is transferable
to the H2Bind78×7 dataset is that the best performing DFA in each rung of the Jacob’s
ladder performs better than the best performing functional in rung directly below it. The
least RMSE DFA in each rung also remains the same: SPW92 for LDA, revPBE-D3(op) for
GGAs, mBEEF for meta-GGAs, ωB97X-V in the hybrids rung, and PBE0-DH in the double
hybrids rung. The ranking of ωB97M-V deteriorates in the extended dataset in comparison
to the previous H2Bind275 dataset. Another interesting observation is the improvement in
the ranking of the MN15 density functional which is ranked 15th in the H2Bind78×7 dataset
with an RMSE of 5.7 kJ/mol (MN15 was ranked 25th with an RMSE of 6.3 kJ/mol in the
H2Bind275 dataset). The relative performance of B97M-V and B97M-rV (ranked 25th and
26th) in the H2Bind78×7 dataset remains comparable to their performance in the H2Bind275
dataset. We also note that commonly used density functionals like M06-2X and M06-2X-
D3(0) and the recently developed density functionals like SCAN and SCAN-D3(BJ) show
very large RMSEs.

The reference interaction energies in the H2Bind78×7 dataset span a very large range:
from −189.0 to 92.1 kJ/mol. However, for H2 storage applications between 5 and 100 bar,
interaction energies in the −15 to −25 kJ/mol range would be ideal.[130, 339, 340] A good
error metric should give more weight to data points in this range by considering the following
aspects:

1. The H2Bind78×7 dataset contains many model binding motifs, each of them binding
H2 with different interaction energies at their corresponding equilibrium geometry.
Binding motifs that bind H2 with an interaction energy in the range of −15 to −25
kJ/mol should have larger weights.

2. Each binding motif contributes six data points: two compressed data points, three
elongated data points, and one data point at equilibrium. Equilibrium geometries
should be given larger weight than the non-equilibrium ones.

The regularized mean absolute percentage error (RegMAPE) was formulated in Ref. 134 in
order to satisfy requirement (1). RegMAPE uses percentage error in the −15 to −25 kJ/mol
range, regularized percentage error (in order to avoid small denominators) for interaction
energies weaker than −15 kJ/mol, and absolute error for interaction energies stronger than
−25 kJ/mol. The error metrics in neighboring ranges are also smoothly interpolated. For the
same amount of error, as percentage error is much larger in magnitude than absolute error,
the RegMAPE error metric is able to satisfy criterion (1). For example, an error of 5 kJ/mol
for a reference interaction energy of 100 kJ/mol will contribute 5 units to the total error
while the same error for a reference interaction energy of 20 kJ/mol will contribute 25 units
to the total error. For a given binding motif, the equilibrium geometry should be given more
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Figure 5.2: Performance of density functional approximations for the H2Bind78×7 dataset
assessed using regularized mean absolute percentage error (RegMAPE). The LDA density
functionals, SPW92 and SVWN5, are not included in this figure and show a large RegMAPE
of 63.0%.

weight as it represents the H2 interaction with the primary binding site: the main lever to
tune while designing binding sites. As non-equilibrium geometries are higher in energy, they
would be encountered less frequently in a molecular dynamics or Monte Carlo simulation.
Hence, lower weight for non-equilibrium geometries is achieved by using the equilibrium
regularization value for non-equilibrium geometries as well. As the equilibrium geometry
always has a stronger interaction energy, the regularized value of its reference interaction
energy, Ẽ(req), will be larger in magnitude in comparison to the regularized values of non-
equilibrium interaction energies (Ẽ(αreq), α 6= 1.0). The large magnitude of the denominator
will give a smaller weight to the errors of non-equilibrium geometries in comparison to the
equilibrium one. RegMAPE for equilibrium and non-equilibrium geometries as defined in
Eq. (5.4) satisfies requirement (2).

∆E(αreq) =
EDFA(αreq)− Eref(αreq)

Ẽ(req)
, α ∈ {0.75, 0.9, 1.0, 1.1, 1.25, 1.5} (5.4)
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where ∆E(αreq) is the RegMAPE, EDFA(αreq) and Eref(αreq) are the DFA and reference
interaction energies at αreq geometry, and Ẽ(req) is the regularized interaction energy for
the equilibrium geometry. As the vertical interaction energy is located at the minimum of
the PEC, the error in this data point is regularized using the vertical reference interaction
energy.

The performance of DFAs assessed by the RegMAPE error metric is shown in Fig. 5.2
and Table (5.3). While there are some similarities in the relative ordering of density function-
als for RegMAPE and RMSE error metrics, there are also noteworthy differences. Again,
PBE0-DH shows the best performance with the least RegMAPE of 5.0%. It is followed
by the ωB97X-V and ωB97M-V density functionals which have RegMAPEs of 5.4% and
6.3% respectively. The DSD-PBEPBE-D3(BJ) density functional, which was the best per-
forming density functional in the H2Bind275 dataset with RegMAPE of 4.9%, is the fourth
best performing DFA for the H2Bind78×7 dataset. The small decline in the performance of
DSD-PBEPBE-D3(BJ) can be attributed to its poor performance for the non-equilibrium ge-
ometries as shown in the Table D.2. Another noteworthy decline in performance is that of the
B97M-V and B97M-rV functionals. These functionals were the best performing semi-local
density functionals in the H2Bind275 dataset (ranked 5th and 6th), and were recommended
as inexpensive alternatives to the best performing and expensive density functionals.[134]
However, their performance in the current H2Bind78×7 dataset deteriorates with B97M-rV
and B97M-V yielding errors of 9.0% and 9.1% (ranked 14th and 15th) respectively. While this
reflects their lacklustre performance for the non-equilibrium geometries, they still remain the
best performing semi-local functionals. The next best performing semi-local density func-
tional, revTPSS, is ranked 21st and shows a RegMAPE of 12.0%. The performance of PBE0
and B2PLYP-D3(BJ) DFAs shows significant improvement relative to their performance in
the H2Bind275 dataset with both density functionals entering the top 10 category for the
H2Bind78×7 dataset.

Other general trends also hold for DFAs assessed with the RegMAPE error metric. The
best DFA of each rung of the Jacob’s ladder outperforms the best DFA from the rung below
it. The best performing meta-GGA functional is B97M-rV with a RegMAPE of 9.0% and
the best GGA is PBE with a RegMAPE of 15.3%. The effect of addition of empirical dis-
persion correction can also be assessed using the mean signed error (MSE) and RegMAPE
metrics. Addition of dispersion correction improves the performance only if the parent den-
sity functional has a systematic underbinding problem (characterized by a positive value of
MSE). For example, B3LYP has an MSE of 2.7 kJ/mol and a RegMAPE of 15.5% and is sys-
tematically underbinding H2(s). Addition of a dispersion correction to B3LYP leads to the
B3LYP-D3(0) functional which overcomes this underbinding problem. B3LYP-D3(0) slightly
overbinds with an MSE of −0.8 kJ/mol, but shows an improved RegMAPE of 14.0%. Addi-
tion of DFT-D corrections also improves the performance of other underbinding DFAs like
revPBE and BLYP. However, addition of these corrections to parent DFAs that are already
overbinding exacerbates the overbinding issue leading to poorer performance as exemplified
by PBE, PBE0, TPSS, SCAN, and MS2 functionals. Remarkably, PBE without any disper-
sion correction is the best performing GGA. As empirical dispersion correction is distance
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Figure 5.3: Effect of addition of empirical dispersion corrections on the RMSE of overbinding
(PBE) and underbinding (B3LYP) density functionals at different points on the potential
energy curve.

dependent, it is interesting to see its effect at different points on the PEC. For overbinding
functionals, addition of dispersion correction worsens their performance across the PEC as
exemplified by the PEC of PBE and PBE-D3(0) in Fig. 5.3. The difference between the
RMSEs of PBE and PBE-D3(0) increases with increasing distance of H2 with the binding
site as dispersion corrections are usually damped in the short range. Dispersion corrections
improve the performance of underbinding functionals in the short range. However, in the
long range, dispersion corrections overestimate its magnitude, causing BLYP, B3LYP, and
revPBE to overbind in the elongated regime. MSEs and RMSEs of all the DFAs containing
dispersion corrections and their corresponding parent functionals is shown in the Table D.3.

Addition of HF exact exchange is essential to ameliorate the effect of self interaction
error in density functionals. Comparing DFAs belonging to the same family, addition of HF
exchange improves the performance of semi-local functionals for the H2Bind78×7 dataset.
PBE0, which contains 25% HF exchange, is ranked the 7th with a RegMAPE of 7.6%. In
contrast, the PBE functional is ranked 29th with a RegMAPE for 15.3%, more than two times
that of PBE0. HF exchange is a short-range effect and addition of HF exchange improves
the performance of density functionals in the short range as shown in Fig. 5.4. While the
hybrid functional performs better than its semi-local counterpart throughout the PEC, its
effect is more pronounced in the compressed region than the elongated region. The SCAN
and SCAN0 functionals show RMSEs of 21.6 and 9.5 kJ/mol (a difference of 12.2 kJ/mol) at
0.75req of the PEC. Their RMSEs at 1.5req is 3.9 and 2.1 kJ/mol, with the hybrid functional
improving on the semi-local one by only 1.8 kJ/mol.
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Figure 5.4: Performance of density functionals of the same family with and without Hartree
Fock exchange at different points on the potential energy curve.

The RegMAPE error metric gives larger weights to data points whose reference inter-
action energies are in the interesting range for H2 storage. Further, it gives more weight
to the equilibrium data point than non-equilibrium data points. The relative weights of
data points on the PES can be further tuned in order to assess the origin of errors of dif-
ferent DFAs. Elongated geometries are encountered more often than compressed geometries
in porous material capable of storing H2. Compressed geometries are also much higher in
energy (geometries compressed by 25% are almost always repulsive) and are encountered
less often in simulations. This would suggest retuning the weights of the regularized errors
by giving larger weights to equilibrium and elongated regions of the PEC. The weighted
RegMAPE (denoted as wRegMAPE or ∆Ew) is defined as:

∆Ew =
∑
i

wi∆E(αireq)

7
s.t.
∑
i

wi = 7 (5.5)

where ∆E(αireq) is the RegMAPE at the point αireq defined in Eq. (5.4). Ensuring that
the weights sum up to 7 would enable an apples-to-apples comparison of wRegMAPE and
RegMAPE. In the case of RegMAPE, wi = 1, for all values of i. Reducing the weights
of the compressed geometries with the scheme shown in Table 5.4, the wRegMAPE can
be computed using Eq. (5.5). This wRegMAPE metric, shown in Table 5.5, gives more
weight to the elongated geometries. As the vertical interaction is computed its respective
PEC minimum, the 1.0rverteq data point is assigned a weight equal to that of the adiabatic
interaction energy at PEC minimum.
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Table 5.4: Weights for different points on the adiabatic PEC and vertical interaction en-
ergy for calculating the weighted regularized mean absolute percentage error (wRegMAPE)
metric.

PEC location 0.75req 0.9req 1.0req 1.0rverteq 1.1req 1.25req 1.5req
Weight (wi) 0.75 0.91 1.07 1.07 1.07 1.07 1.07

Table 5.5: Weighted regularized mean absolute percentage error (wRegMAPE) for selected
density functional approximations.

Rank DFA wRegMAPE (%)
1 PBE0-DH 4.8
2 ωB97X-V 5.2
3 DSD-PBEPBE-D3(BJ) 5.9
4 ωB97M-V 6.0
5 XYGJ-OS 6.5
6 ωB97M(2) 7.0
7 PBE0 7.4
8 HSE-HJS 7.4
9 XYG3 7.9
10 B2PLYP-D3(BJ) 8.0
11 B97M-rV 8.4
12 B97M-V 8.4
13 ωB97X-D 8.5
14 SCAN0 8.7
15 PTPSS-D3(0) 9.1

Comparing the magnitude of the wRegMAPE (Table 5.5) of different DFAs to their cor-
responding RegMAPE (Table 5.3), we can notice that the wRegMAPEs are slightly smaller.
Smaller wRegMAPEs suggest that density functionals perform better for the equilibrium and
elongated geometries in comparison to the compressed ones. However, the relative ordering
of density functionals remains more or less the same. The top five best performing DFAs
(PBE0-DH, ωB97X-V, ωB97M-V, DSD-PBEPBE-D3(BJ), and XYGJ-OS) according to the
RegMAPE metric are also the five best performing functionals according to the wRegMAPE
metric. We see that the recently parametrized ωB97M(2) double hybrid density functional,
which uses ωB97M-V orbitals, is ranked sixth with wRegMAPE of 7.0%.
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Figure 5.5: Weights of different chemical species as a function of their reference adiabatic
interaction energy at equilibrium.

Performance of Density Functional Approximation for Geometries

All the equilibrium geometries for this dataset were obtained by geometry optimization using
the ωB97M-V density functional in the def2-TZVPD basis set.[173] With the exception of
two chemical systems (AlF3−H2 and Ti+−(H2)2), the CCSD(T)/CBS equilibrium geometry
of all other chemical systems coincides (up to sampling precision) with the ωB97M-V/def2-
TZVPD equilibrium geometry. This further validates the choice of equilibrium geometries
for the H2Bind78×7 dataset.

In order to assess the error in prediction of equilibrium geometry in a manner that
is sensitive for H2 storage purposes, we have devised a weighting scheme that gives larger
weights to more relevant data points. Data points with reference adiabatic interaction energy
at equilibrium (Eref(1.0req)) in the range of −15 to −25 kJ/mol are given a weight of 5.0.
Equilibrium interaction energies stronger than −25 kJ/mol are assigned a weight of 1.0.
These weights were chosen to reflect the relative importance of these data points in the
RegMAPE metric. In the RegMAPE metric, a density functional yielding an error of 1
kJ/mol in the strong binding regime contributes 1 unit to the total error as absolute error
metric is used in this regime. A DFA with an error of the 1 kJ/mol in the middle of the
favorable regime for H2 storage (that is at −20 kJ/mol) contributes 5 units to the total
error as percentage error metric is used. The RegMAPE metric assigns a weight that is
5 times larger to the species in the favorable regime in comparison to the strong binders,
thus justifying the weights of 5.0 and 1.0 in Fig. (5.5). The weak binders with equilibrium
interaction energies weaker than −15 kJ/mol are mostly comprised of the organic ligands.
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Figure 5.6: Weighted mean absolute error (wMAE) and weighted mean signed error (wMSE)
of equilibrium H2 distances predicted by different DFAs.

These species are ubiquitously found in porous materials capable of adsorbing H2 (like MOFs)
and form secondary binding sites for H2. As this regime is not as important as the favorable
one, it is assigned a weight of 4.0. This weighting scheme is used to form the weighted mean
signed error (wMSE) and weighted mean unsigned error (wMAE) metrics in Fig. (5.5). The
reference adiabatic interaction energy at equilibrium decides the weight of the corresponding
PEC. As the vertical interaction energy does not lie on the adiabatic PEC, those data points
were not included in the analyses in this section.

Most DFAs predict longer equilibrium binding motif – H2 distances which is shown as
a positive value of wMSE in Fig. 5.6. With the exception of the LDA density functionals,
we see that all other density functionals which predict shorter equilibrium H2 distances have
a very small negative wMSE (> −0.15Å). The double hybrid density functional B2PLYP-
D3(BJ) gives the best performance for predicting equilibrium geometry with a wMAE of
0.08Å. It is closely followed by the recently parametrized double hybrid ωB97M(2) density
functional with a wMAE of 0.09Å. Both of these DFAs perform much better for equilibrium
geometries in comparison to their performance for PECs. It is also rather surprising to note
the less good performance of PBE0-DH (wMAE of 0.13Å), which is the best performing DFA
for binding energies according to RMSE and RegMAPE. On the other hand, PBE0-D3(BJ)
gives good geometries (ranked 3rd with wMAE of 0.10 Å) but its performance for PECs is
mediocre (ranked 19th with a RegMAPE of 11.5%). However, other top performing DFAs
in the energetics category like XYGJ-OS, ωB97M-V, and ωB97X-V also perform well for



CHAPTER 5. BENCHMARKING DENSITY FUNCTIONALS FOR PREDICTING
POTENTIAL ENERGY CURVES IN HYDROGEN STORAGE APPLICATIONS 129

geometries giving low wMAEs of 0.10 Å, 0.11 Å, and 0.11Å respectively. In particular,
ωB97X-V shows no systematic error with virtually zero wMSE. It is also interesting to note
the good performance of some semi-local density functionals like mBEEF and B97M-rV
which give very low errors despite having no HF exchange. In light of these observations,
and given the enhanced computational cost of double hybrid DFA nuclear gradients,[413] one
can use hybrid DFAs like PBE0-D3(BJ) or ωB97M-V to perform a geometry optimization
and then use the optimized geometry to perform a single point interaction energy calculation
using a hybrid or double hybrid functional.

Another noticeable tread is the performance of DFAs upon the addition of some form of
empirical dispersion correction. Addition of empirical dispersion corrections to DFAs reduces
their errors for equilibrium H2 distance prediction when the parent functional overestimates
it. For example, the addition of the D3(op) correction to revPBE decreases its wMSE from
0.68Å to 0.09Å (concurrently decreasing wMAE from 0.74Å to 0.23Å). The performance of
the commonly used density functional B3LYP and M06-2X is quite poor with large wMSE
and wMAEs.

Typically, DFAs are used to optimize geometries of complexes containing an H2 bound
to a binding motif. After the geometry optimization has converged to a minimum on the
potential energy surface, the binding energy of H2 is computed as the difference between
the energy of the complex at the minimum of the potential energy surface and energies of
the binding motif and H2 in isolation. Alternatively, DFAs can also be used in molecular
dynamics and Monte Carlo simulations either directly[302] or indirectly (as reference ener-
gies for parametrizing force fields).[414–417] In these typical use cases, error in equilibrium
binding energy can be attributed to two sources: (1) Inaccurate prediction of equilibrium
geometry (2) Incorrect prediction of binding energy for the equilibrium geometry. Using
DFAs for modeling H2 binding materials, the DFA equilibrium geometry is typically used
for computing the equilibrium binding energy.

We can assess the effect of relaxing the geometry along the PEC (defined by each DFA),
the interaction coordinate of H2 with the binding site. Geometry optimization along this
coordinate can either improve or deteriorate the performance of density functionals. The
performance of selected density functionals for predicting the minimum energy geometry on
its PEC and the H2 binding energy for this geometry assessed by the RegMAPE error metric
is shown in Table 5.6 (the complete table showing the performance of all 55 DFAs is included
in the Table D.4.

As both the reference and DFA geometries are relaxed along the potential energy curve,
this error metric is adiabatic (ad) in nature as reflected in its subscript (RegMAPEad).
The top five density functionals by the RegMAPEad error metric are also the top five best
performers according to their RegMAPE errors (Table 5.3), further emphasizing the superior
performance of these DFAs for computing H2 interaction energies. While the top five density
functionals remain the same, it is interesting to note small changes in their order. ωB97X-
V is the best performing DFA with a RegMAPEad of 4.65% which is very closely followed
by DSD-PBEPBE-D3(BJ) with a RegMAPEad of 4.68%. Another noteworthy difference is
the performance of the B97M-rV and the B97M-V functionals which are ranked sixth and
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Table 5.6: Performance of density functional approximations (DFAs) for predicting H2 bind-
ing energy at equilibrium geometry. The adiabatic regularized mean absolute percentage
error (RegMAPEad) for 15 best performing DFAs and some commonly used DFAs are shown.

Rank DFA RegMAPEad

1 ωB97X-V 4.7
2 DSD-PBEPBE-D3(BJ) 4.7
3 PBE0-DH 5.3
4 ωB97M-V 6.0
5 XYGJ-OS 7.1
6 B97M-rV 7.2
7 B97M-V 7.2
8 ωB97M(2) 7.4
9 ωB97X-D 7.8
10 XYG3 7.9
11 B2PLYP-D3(BJ) 8.3
12 PBE0 8.4
13 HSE-HJS 8.4
14 ωB97X-D3 9.5
15 SCAN0 9.7
28 B3LYP 15.7
30 PBE 16.3
31 SCAN 16.4
33 revPBE-D3(op) 17.3
42 mBEEF 19.9
48 M06-2X 22.3
51 B97-D3(BJ) 24.4
52 GAM 26.5
53 B97-D3(0) 29.4
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seventh with RegMAPEad of 7.22% and 7.23% respectively. These DFAs were ranked 12th

and 13th with RegMAPE of 9.0% and 9.1%. These functionals show a favorable cancellation
of error in prediction of H2 equilibrium binding energies when the equilibrium geometry is
also optimized using the same functional. As these density functionals also do not have
any HF exchange, they are computationally less expensive making them well-suited for
applications in high-throughput material screening. The rVV10 non-local functional, which
is an approximation[355] of the VV10 non-local functional, also allows for efficient evaluation
in a plane wave framework and can be useful for modeling periodic systems like MOFs. A
thorough assessment of the DFA geometry relaxed on the entire potential energy surface, not
just along the one-dimensional PEC, is beyond the scope of this work and we refer interested
readers to Ref. 409 for a detailed discussion of this topic.

5.4 Conclusions

The H2Bind275 dataset published recently[134] assesses the performance of density func-
tionals for predicting the interaction energy of H2 with different model binding motifs at
the equilibrium geometry. In this work, we have assessed the ability of DFAs to predict H2

interaction energies with binding motifs accurately throughout the PEC, not just at equilib-
rium geometry. To that end, we have extended our previous H2Bind275 dataset by adding
two compressed and three elongated geometries along the PEC to form the H2Bind78×7
dataset. The H2Bind78×7 dataset comprises 545 data points at different fixed points along
78 PECs of various model binding motifs with H2. Reference interaction energies for all
data points were computed using CCSD(T) extrapolated to the complete basis set limit.
The performance of 55 DFAs was assessed with the CCSD(T) reference interaction energies
using multiple error metrics. The RMSE metric is democratic and gives equal important to
all the 545 data points. The RegMAPE metric, on the other hand, gives more weight to
binding motifs with interaction energies in the range of −15 to −25 kJ/mol at equilibrium
geometry. For each binding motif, the RegMAPE metric is designed to give more weight to
the equilibrium than non-equilibrium data points as the latter are encountered less often in
modeling and simulation. DFAs are also assessed on the basis of their predicted equilibrium
geometry and binding energy at predicted equilibrium geometry.

The CCSD(T) reference interaction energies for the H2Bind78×7 dataset span a wide
range of attractive and repulsive interaction energies. As repulsive geometries are usually
not included in non-covalent interaction energy datasets, the H2Bind78×7 dataset adds
considerably to the diversity of the available datasets. The non-empirical double hybrid
functional, PBE0-DH, shows the least error (RMSE of 2.9 kJ/mol and RegMAPE of 5.0%)
in predicting H2 binding energy throughout the PEC. The ωB97X-V, ωB97M-V, and DSD-
PBEPBE-D3(BJ) density functionals are also top performers. The semi-local density func-
tionals, B97M-V and B97M-rV, show poorer performance for the H2Bind78×7 dataset, in
comparison to the previous H2Bind275 dataset using the RegMAPE error metric. For the
H2Bind78×7 dataset, B97M-V and B97M-rV are ranked 13th and 12th respectively with
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RegMAPEs of 9.1% and 9.0%. Previously in the H2Bind275 dataset, they were ranked
5th and 6th with RegMAPE of 6.8%. In general, the good performance of the top den-
sity functionals in the H2Bind275 dataset continues for the H2Bind78×7 dataset. Addition
of DFT-D empirical dispersion correction increases the accuracy of underbinding density
functionals like revPBE, BLYP, and B3LYP. This addition also decreases the accuracy of
overbinding parent density functionals like PBE, PBE0, TPSS, SCAN, and MS2. As DFT-
D empirical dispersion corrections are distance dependent, their effect is not felt uniformly
across the PEC. The effect of addition of HF exchange, a short-ranged effect, improves the
performance of density functionals in the compressed regime more than in the elongated
regime of the PEC, thus playing a crucial role in accurately predicting the repulsive wall
of the PEC. The weighted RegMAPE metric gives smaller weights to DFA errors in the
compressed region of the PEC. This metric shows that, in general, DFAs perform better in
the equilibrium and elongated regime than in the compressed region.

Assessment of DFAs for predicting equilibrium geometries reveals that PBE0-DH, which
is the best performer for energies, shows less good performance for geometries. However,
other hybrid functionals like ωB97M-V and ωB97X-V give good performance for both ge-
ometries and energies. Using the adiabatic RegMAPE metric (RegMAPEad) reveals that the
semi-local DFAs, B97M-V and B97M-rV, show very small errors. They benefit significantly
from cancellation between geometry-driven and energy-driven errors. ωB97M-V and ωB97X-
V are the only density functionals that are not double hybrids which consistently show good
performance for all the error metrics (energy and geometry-related) defined in this work. As
these hybrid functionals have significantly lower computational cost in comparison to double
hybrids, we recommend their usage for H2 binding applications.

The H2Bind78×7 dataset, consisting of highly accurate reference interaction energies,
represents a distinctive addition to other non-covalent interaction energy databases. More
than half of this dataset consists of transition metal species which are usually underrepre-
sented in non-covalent interaction energy datasets. This dataset is composed of complete
PECs, rather than just PEC minimum geometries – only a handful of the non-covalent in-
teraction energy datasets contain this information. Besides, almost all of the PECs in this
dataset sample the repulsive wall. For these reasons, using the H2Bind78×7 dataset in train-
ing or validating DFAs can improve their performance and transferability. This work further
validates the selection of best performing density functionals for the H2Bind275 dataset
using a semi-independent dataset that is about two times larger. The definition and gener-
alization of different error metrics (RegMAPE, wRegMAPE, and RegMAPEad) can be used
for assessment of other similar datasets with well-defined schemes for weighting different
data points. As force field parametrization requires good reference energies throughout the
potential energy surface, the top performing density functionals in this work can be used for
generating them.
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(53) Coester, F.; Kümmel, H. Short-range correlations in nuclear wave functions. Nuclear
Physics 1960, 17, 477–485.
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L. J.; Dincă, M.; Chavan, S.; Bordiga, S.; Head-Gordon, M.; Long, J. R. Impact
of Metal and Anion Substitutions on the Hydrogen Storage Properties of M-BTT
Metal–Organic Frameworks. J. Am. Chem. Soc. 2013, 135, 1083–1091.

(304) Tsivion, E.; Long, J. R.; Head-Gordon, M. Hydrogen physisorption on metal-organic
framework linkers and metalated linkers: A computational study of the factors that
control binding strength. J. Am. Chem. Soc. 2014, 136, 17827–17835.
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Appendix A

Supporting Information: The
Polarized Many-Body Expansion
Approach

Table A.1: Energy decomposition analysis for all the systems studied in this work averaged
over for all clusters of a given type. All the energy decomposition analysis were performed
at ωB97M-V in def2-TZVPPD and are reported in kJ/mol.

(CO2)n (H2O)n Ca2+(H2O)n OH– (H2O)n
Frozen -8.34 -34.70 -880.15 -84.48

Electrostatics -194.49 -222.86 -1240.41 -772.44
Pauli repulsion 252.01 216.97 419.04 736.74

Dispersion -65.86 -28.81 -58.78 -48.77
Polarization -11.39 -23.88 -427.27 -144.85

Charge transfer -7.84 -23.49 -67.35 -109.33
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Figure A.1: A potential energy surface showing the binding energy of water trimer as a
function of distance between the water molecules. The SCF curves indicates that the trimer
energy is calculated using full SCF, and serves as the reference. The EMFT-MI curve shows
one of the 1-body terms in PolBE, ie., monomer 1 is treated using XC1/BS1 and the other two
monomers treated using XC2/BS2 and SCF-MI is used for selectively updating the density
of monomer 1. The EMFT curves shows monomer 1 treated at XC1/BS1 and the remaining
monomers treated at XC2/BS2 and using a full diagonalization to update the density. This
causes an unnatural shift in the density to monomer 1 causing severe numerical instability
at interacting distances.
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Table A.2: Binding energies as predicted by full SCF, SCFMI, vacuum MBE, and PolBE
and associated errors for CO2 clusters of different sizes. All values are in kJ/mol.

Binding energy Error Error per fragment
n SCF SCFMI MBE PolBE SCFMI MBE PolBE SCFMI MBE PolBE
3 -15.43 -12.39 -14.91 -14.82 3.04 0.52 0.61 1.01 0.17 0.20
4 -27.66 -22.09 -24.80 -26.08 5.57 2.85 1.58 1.39 0.71 0.39
5 -40.51 -31.27 -36.06 -38.75 9.24 4.45 1.76 1.85 0.89 0.35
6 -54.12 -42.72 -48.06 -51.66 11.40 6.06 2.46 1.90 1.01 0.41
7 -70.98 -54.92 -61.64 -68.48 16.06 9.34 2.50 2.29 1.33 0.36
8 -85.91 -66.80 -74.34 -83.78 19.11 11.57 2.12 2.39 1.45 0.27
9 -102.39 -80.81 -88.98 -100.53 21.58 13.41 1.85 2.40 1.49 0.21
10 -116.96 -91.53 -101.92 -114.69 25.43 15.05 2.27 2.54 1.50 0.23
11 -133.95 -105.99 -115.29 -130.39 27.96 18.67 3.56 2.54 1.70 0.32
12 -153.15 -121.97 -131.71 -150.16 31.17 21.44 2.99 2.60 1.79 0.25
13 -175.10 -140.73 -150.31 -172.41 34.37 24.79 2.69 2.64 1.91 0.21
14 -189.86 -151.61 -162.64 -188.51 38.26 27.22 1.36 2.73 1.94 0.10
15 -207.72 -166.08 -178.20 -205.78 41.64 29.52 1.94 2.78 1.97 0.13
16 -225.29 -179.86 -193.46 -223.01 45.43 31.83 2.28 2.84 1.99 0.14
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Table A.3: Binding energies as predicted by full SCF, SCFMI, vacuum MBE, and PolBE
and associated errors for hydrated water clusters upto 20 water molecules. All values are in
kJ/mol.

Binding Energy Error Error per fragment
n SCF SCFMI MBE PolBE SCFMI MBE PolBE SCFMI MBE PolBE
3 -63.60 -45.81 -55.80 -64.49 17.8 7.80 -0.89 5.93 2.60 -0.30
4 -111.19 -73.74 -91.27 -113.14 37.4 19.92 -1.95 9.36 4.98 -0.49
5 -145.72 -95.69 -115.67 -147.92 50.0 30.05 -2.20 10.01 6.01 -0.44
6 -186.88 -129.99 -158.72 -191.50 56.9 28.16 -4.61 9.48 4.69 -0.77
7 -234.20 -162.46 -196.61 -241.02 71.7 37.59 -6.82 10.25 5.37 -0.97
8 -296.07 -201.17 -248.71 -306.22 94.9 47.36 -10.15 11.86 5.92 -1.27
9 -333.15 -225.18 -276.58 -342.43 108.0 56.57 -9.27 12.00 6.29 -1.03
10 -379.13 -256.78 -314.75 -391.99 122.3 64.37 -12.87 12.23 6.44 -1.29
11 -406.12 -284.80 -344.62 -421.71 121.3 61.50 -15.59 11.03 5.59 -1.42
12 -477.49 -332.77 -402.74 -495.80 144.7 74.75 -18.31 12.06 6.23 -1.53
13 -499.75 -349.00 -422.15 -520.06 150.7 77.60 -20.31 11.60 5.97 -1.56
14 -508.23 -358.38 -432.34 -522.78 149.9 75.89 -14.55 10.70 5.42 -1.04
15 -607.89 -419.37 -504.44 -633.34 188.5 103.45 -25.44 12.57 6.90 -1.70
17 -687.70 -488.70 -584.89 -715.91 199.0 102.81 -28.21 11.71 6.05 -1.66
18 -719.58 -516.84 -614.42 -748.28 202.7 105.16 -28.70 11.26 5.84 -1.59
19 -784.02 -547.63 -652.85 -816.84 236.4 131.17 -32.82 12.44 6.90 -1.73
20 -845.22 -598.38 -712.87 -881.37 246.8 132.35 -36.15 12.34 6.62 -1.81

Table A.5: SCF, SCFMI, vacuum MBE, and PolBE root mean square binding energies and
their associated root mean square errors for series of hydrated OH– molecules. All values
are in kJ/mol.

Binding energy Error Error per fragment
n SCF SCFMI MBE PolBE SCFMI MBE PolBE SCFMI MBE PolBE
3 231.00 134.17 246.66 238.50 96.83 15.66 7.50 32.28 5.22 2.50
4 305.25 204.09 338.13 316.21 102.31 33.88 11.30 25.58 8.47 2.83
5 372.43 237.35 397.97 389.29 137.07 30.54 16.93 27.41 6.11 3.39
6 435.60 295.51 475.09 456.20 141.39 42.43 20.69 23.57 7.07 3.45
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Table A.4: Binding energies as predicted by full SCF, vacuum MBE, and PolBE and asso-
ciated errors for hydrated Ca2+ clusters upto 20 water molecules. All values are in kJ/mol.

Binding energy Error Error per fragment
n SCF SCFMI MBE PolBE SCFMI MBE PolBE SCFMI MBE PolBE
3 -433.12 -400.07 -456.06 -435.47 33.06 -22.94 -2.34 11.02 -7.65 -0.78
4 -616.77 -571.49 -675.63 -621.67 45.28 -58.86 -4.91 11.32 -14.72 -1.23
5 -777.36 -723.14 -889.08 -785.71 54.21 -111.72 -8.35 10.84 -22.34 -1.67
6 -910.32 -851.21 -1095.29 -921.39 59.11 -184.98 -11.07 9.85 -30.83 -1.85
7 -1032.27 -969.05 -1297.24 -1045.21 63.22 -264.97 -12.94 9.03 -37.85 -1.85
8 -1111.41 -1047.89 -1461.24 -1120.28 63.52 -349.84 -8.88 7.94 -43.73 -1.11
9 -1187.63 -1124.37 -1621.10 -1194.02 63.26 -433.47 -6.39 7.03 -48.16 -0.71
10 -1277.82 -1172.66 -1622.47 -1295.77 105.16 -344.64 -17.94 10.52 -34.46 -1.79
11 -1349.21 -1224.79 -1698.89 -1371.52 124.42 -349.68 -22.31 11.31 -31.79 -2.03
12 -1402.88 -1281.70 -1840.61 -1421.30 121.18 -437.73 -18.42 10.10 -36.48 -1.53
13 -1468.02 -1329.18 -1917.01 -1492.30 138.84 -448.99 -24.28 10.68 -34.54 -1.87
14 -1530.72 -1378.24 -1986.40 -1557.72 152.48 -455.69 -27.01 10.89 -32.55 -1.93
15 -1588.21 -1407.93 -2036.41 -1622.30 180.28 -448.21 -34.09 12.02 -29.88 -2.27
16 -1652.42 -1448.50 -2094.27 -1689.43 203.92 -441.85 -37.01 12.75 -27.62 -2.31
17 -1706.86 -1490.15 -2166.43 -1746.91 216.70 -459.57 -40.05 12.75 -27.03 -2.36
18 -1769.34 -1530.27 -2226.06 -1812.74 239.07 -456.73 -43.41 13.28 -25.37 -2.41
19 -1825.79 -1576.23 -2296.31 -1872.15 249.56 -470.52 -46.36 13.13 -24.76 -2.44
20 -1887.46 -1597.59 -2331.39 -1942.47 289.87 -443.93 -55.01 14.49 -22.20 -2.75
21 -1935.60 -1626.01 -2395.60 -1998.50 309.60 -459.99 -62.89 14.74 -21.90 -2.99

Table A.7: A table showing the CHELPG charges used for embedding in EE-MBE

System Atom ChelPG charge

CO2

C 0.72
O -0.36

H2O
H 0.34
O -0.69

Ca2+ Ca 2.00

OH– H 0.20
O -1.20
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Table A.6: PolBE errors for different representations of the environment. XC1=ωB97M-V,
XC2=PBE, BS1=def2-TZVPPD, BS2=def2-SV(P). All values are in kJ/mol.

nfrgm XC1/BS1 XC1/BS2 XC2/BS1 XC2/BS2
3 -0.45 -0.65 -0.13 -0.89
4 -1.11 -1.48 -1.92 -1.95
5 -1.46 -1.88 -2.75 -2.20
6 -2.95 -4.12 -4.34 -4.61
6 -3.09 -4.36 -5.53 -5.26
7 -4.43 -6.05 -7.45 -6.82
8 -7.13 -9.69 -10.49 -10.15
9 -7.69 -10.31 -11.15 -9.27
10 -9.48 -12.79 -14.73 -12.87
11 -10.68 -14.33 -17.23 -15.59
12 -13.51 -18.35 -21.75 -18.31
13 -14.09 -18.98 -24.49 -20.31
14 -13.44 -17.89 -18.22 -14.55
15 -17.82 -23.88 -30.78 -25.44
17 -20.59 -27.78 -35.73 -28.21
18 -21.26 -28.72 -36.45 -28.70
19 -23.57 -31.49 -40.36 -32.82
20 -25.98 -35.11 -46.24 -36.15

Table A.8: A table showing the dependence of EE-MBE binding energy errors (in kJ/mol) on
the embedding charges used for two different types of embedding charges for water clusters.
The errors are also heavily dependent on the basis set used for the calculations.

Mulliken CHELPG
ωB97M-V/def2-TZVPPD 2.85 0.53
ωB97M-V/cc-pVDZ 1.96 1.51

A note about computational timing analysis

All the timing calculations reported in this paper are wall clock times for 1 iteration ie., 1
iteration in case of SCF and total wall clock time for running 1 iteration of the 0-body term
and each of the 1-body and 2-body terms in the case of PolBE. The timings reported in the
main paper are the wall clock times taken to run the calculations using 16 threads. For 256
and 512 water molecule clusters, the PolBE 1-body and 2-body timings are estimated by
averaging over 100 randomly chosen 1-body terms and 1000 randomly chosen 2-body terms
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(a) (b)

Figure A.2: (a) CPU time taken for Fock matrix diagonalization(s) in SCF and PolBE as a
function of cluster size (b) CPU time taken for construction of exact exchange matrix(ces)
for SCF and PolBE as a function of cluster size. F is the number of monomers in the system
which indicates system size.

and extrapolating to get the total timings for all the FC1 1-body terms and FC2 2-body
terms.

We have also performed the same analysis using CPU times instead of wall clock times
and the corresponding figures are shown in Fig. A.2 and A.3. The performance analysis of
SCF and PolBE does not depend on the type of timings (wall clock or CPU timings) used
to perform the analysis.
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(a) (b)

Figure A.3: (a) CPU time taken for diagonalization of Fock matrix(ces) as a percentage of
total time taken for all linear algebra manipulations for SCF and PolBE as a function of
cluster size (b) CPU time taken for construction of the exact exchange bit as a percentage of
total time taken for construction of the Fock matrix(ces) for SCF and PolBE as a function
of cluster size.
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Appendix B

Supporting Information: A
Non-Perturbative Pairwise-Additive
Analysis of Charge Transfer
Contributions

B.1 Working basis

In this section, we describe a method to construct an orthogonal working molecular orbital
(MO) basis. We will work with the occupied and unoccupied space defined by the polarized
wavefunction throughout this section. The polarized wavefunction (ΦPOL) gives a set of
non-orthogonal occupied orbitals spanning the occupied space. In order to convert this set
to an orthogonal basis, we symmetrically orthogonalize it as shown in Eq. (B.1) where the
columns of the Tortho and T contain the orthogonal and non-orthogonal occupied orbitals.
Symmetric orthogonalization is sufficient as there is no linear dependency in the occupied
space.

Tortho = Tσ
−1/2
OO (B.1)

σOO = TTST (B.2)

ΦPOL also gives a set of non-orthogonal virtual orbitals defined by FERFs. As these orbitals
might have some over overlap with the occupied space, we will project them out first as
shown in Eq. (B.3) where P = Tσ−1OOTT is the projector onto the occupied space. These
orbitals are orthogonalized using standard canonical orthogonalization in order to account
for linear dependence in the virtual space. U is matrix of eigenvectors with eigenvalues
greater than threshold and s is a diagonal matrix of eigenvalues greater than threshold.

Vproj = (I−PS)V (B.3)

Vortho = VprojUs−1/2 (B.4)
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The space not spanned by these the occupied and the FERF virtual space is the void space.
An orthogonal basis for this space is formed by the eigenvectors of the projector (RPOL) for
this space (Eq. (B.6)). and

PPOL = CPOLσCT
POL (B.5)

RPOL = I−PPOL (B.6)

Rortho ← eigenvectors(RPOL) (B.7)

An orthogonal basis for the entire Hilbert space is formed by the columns of Tortho, Vortho,
and Rortho.

B.2 Cost function and gradient

In this section, we describe the cost function to be minimized to solve for XCT
OV and derive

its corresponding gradient. Let UXY be the cumulative unitary transformation generated
by θX and θY respectively where UX (referred to as UCT

curr in Eq. (26)) denotes the current
step taken and UY denotes the next step.

UX = eθX (B.8)

UY = eθY (B.9)

UXY = UXUY (B.10)

As we are trying to find the generator of unitary transformation that rotates the polarized
density matrix (PPOL) to the fully-relaxed density matrix (PCT), we are trying to find the
θ that satisfies Eq. (B.11)

PCT = eθPPOLe−θ (B.11)

Hence, we define the cost function C as shown in Eq. (B.12)

C = ||PCT −UXY PPOLU†XY ||
2
F (B.12)

Before minimizing the cost function C, let us form a working orthogonal basis. Let H denote
the Hilbert space of the whole complex. For the polarized wavefunction ΦPOL, H can be
partitioned into occupied space (T ), virtual space spanned by FERFs (Q), and the void
space which is the unoccupied space not spanned by FERFs (R). Q and R can be clubbed
together to form the unoccupied space V . These spaces can also be made strongly orthogonal
to each other without loss of generality.

H = T ⊕Q⊕R
H = T ⊕ V where V = Q⊕R (B.13)
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Let the columns of T and V form a orthonormal basis for the occupied and unoccupied
subspaces respectively. Let NT and NV be the dimensions of these subspaces respectively.
In this orthonormal projectors, the density matrix which is the projector on the occupied
space can be written as

PPOL =

[
INT×NT 0

0 0

]
(B.14)

Expressing the cost function in this orthonormal basis and taking its derivative with respect
to the elements of the generator θY ,

∂C

∂(θY )ia
=

∂

∂(θY )ia

∑
p,q

((
PCT −UXY PPOLU†XY

)2
pq

)
= 2

∑
p,q

(
PCT −UXY PPOLU†XY

)
pq

∂

∂(θY )ia

(
PCT −UXY PPOLU†XY

)
pq

(B.15)

Consider,

∂

∂(θY )ia

(
PCT −UXY PPOLU†XY

)
pq

=
∂

∂(θY )ia

(
PCT
pq −

∑
k,l,m,n

(UX)pk(UY )klP
POL
lm (U†Y )mn(U†X)nq

)
= −

∑
k,l,m,n

(UX)pk
∂(UY )kl
∂(θY )ia

PPOL
lm (U†Y )mn(U†X)nq

−
∑
k,l,m,n

(UX)pk(UY )klP
POL
lm

∂(U†Y )mn
∂(θY )ia

(U†X)nq

(B.16)

We know that ∂(UY )kl
∂(θY )ia

= δkiδla − δkaδli. Substituting this above,

∂

∂(θY )ia

(
PCT −UXY PPOLU†XY

)
pq

= −
∑
m,n

(UX)piP
POL
am (U†Y )mn(U†X)nq +

∑
m,n

(UX)paP
POL
im (U†Y )mn(U†X)nq

−
∑
k,l

(UX)pk(UY )klP
POL
la (U†X)iq +

∑
k,l

(UX)pk(UY )klP
POL
li (U†X)aq

Evaluating the above expression at θY = 0, we have UY = I and UXY = UX .

∂

∂(θY )ia

(
PCT −UXY PPOLU†XY

)
pq

∣∣∣
θY =0

= −
∑
m

(UX)piP
POL
am (U†X)mq +

∑
m

(UX)paP
POL
im (U†X)mq

−
∑
l

(UX)plP
POL
la (U†X)iq +

∑
l

(UX)plP
POL
li (U†X)aq
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From Eq. (B.14), we know that PPOL
am = PPOL

la = 0 as a is an index for the unoccupied space.
Thus we have,

∂

∂(θY )ia

(
PCT −UXY PPOLU†XY

)
pq

∣∣∣
θY =0

=
∑
m

(UX)paP
POL
im (U†X)mq +

∑
l

(UX)plP
POL
li (U†X)aq

= (UX)pa(U
†
X)iq + (UX)pi(U

†
X)aq (B.17)

Plugging Eq. (B.17) into Eq. (B.15),

∂C

∂(θY )ia

∣∣∣
θY =0

= 2
∑
p,q

(
PCT
pq −

NT∑
j,k

(UX)pjP
POL
jk (U†kq)

)(
(UX)pa(U

†
X)iq + (UX)pi(U

†
X)aq

)
= 2

∑
p,q

(
(U†X)iqP

CT
qp (UX)pa + (U†X)ipP

CT
pq (UX)qa

−
NT∑
k

(U†X)jq(U
†
X)jp(UX)pa(U

†
X)iq −

NT∑
k

(UX)pj(UX)pi(U
†
X)jq(UX)qa

)
(B.18)

From Eq. (B.18), we can see that the first two terms of the RHS are equal and the third
and fourth terms are 0 as

∑
p(U

†
X)jp(UX)pa = 0 and

∑
p(U

†
X)jq(UX)qa = 0 as basis vectors

spanning T and V are orthonormal to each other. Finally, we have

∂C

∂(θY )ia

∣∣∣
θY =0

= 4
∑
p,q

(U†X)iqP
CT
qp (UX)pa (B.19)
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Figure B.1: Convergence properties of the non-perturbative pairwise energy decomposition
components of the total charge transfer energy with respect to increasing the highest angular
momentum of the basis set for the Dunning basis set series: cc-pVXZ, aug-ccpVXZ, and d-
aug-cc-pVXZ (X=D, T, Q, and 5) for the BH3–CO system at equilibrium geometry using
ωB97X-D.
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Figure B.2: Convergence properties of the non-perturbative pairwise charge decomposition
components of total charge transfer with respect to increasing the highest angular momentum
of the basis set for the Dunning basis set series: cc-pVXZ, aug-ccpVXZ, and d-aug-cc-pVXZ
(X=D, T, Q, and 5) for the BH3–CO system at equilibrium geometry using ωB97X-D.

Table B.1: Adiabatic energy decomposition analysis for the DNA base pairs thymine(T)-
adenine(A), guanine(G)-cytosine(C), and their corresponding metallated versions. All values
are in kJ/mol.

System ∆EINT ∆EFRZ ∆EPOL ∆ECT

T(1):A(2) -69.4 -31.8 -11.5 -20.6
G(1):C(2) -134.3 -64.8 -27.5 -28.5

Na+ G(1):C(2) -149.3 -77.1 -31.7 -29.4
Mg2+ G(1):C(2) -214.2 -120.9 -53.7 -21.2
Ca2+ G(1):C(2) -195.2 -114.1 -48.3 -16.5
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Table B.2: Energy decomposition analysis and non-perturbative charge decomposition anal-
ysis for the adduct BH3–NClpHq (p+ q = 3). All values are in kJ/mol.

Energy decomposition analysis non-perturbative charge decomposition
∆EINT ∆EGD ∆EFRZ ∆EPOL ∆ECT BH3→BH3 BH3→NClmHn NClmHn→BH3 NClmHn→NClpHq

BH3-NH3 -133.1 56.3 116.5 -148.1 -157.7 -2.7 -16.4 -138.1 -0.5
BH3-NClH2 -113.7 49.3 141.3 -156.5 -147.9 -2.6 -28.3 -117.9 0.9
BH3-NCl2H -87.3 42.6 152.4 -138.7 -143.6 -2.3 -32.7 -109.2 0.6
BH3-NCl3 -58.2 34.1 145.5 -111.1 -126.7 -1.7 -29.8 -95.6 0.5

Table B.3: Adiabatic energy decomposition analysis for the adduct BX3–NH3 (X = F, Cl,
or, Br). All values are in kJ/mol.

System ∆EINT ∆EFRZ ∆EPOL ∆ECT

BF3–NH3 -90.8 -20.4 -6.6 -63.8
BCl3–NH3 -107.7 -10.6 -3.2 -93.8
BBr3–NH3 -119.2 -9.9 -3.0 -106.3

Table B.4: Adiabatic energy decomposition analysis for the adduct BH3–NMepHq (p+q = 3).
All values are in kJ/mol.

System ∆EINT ∆EFRZ ∆EPOL ∆ECT

BH3–NH3 -133.1 -16.7 -14.5 -101.9
BH3–NMeH2 -153.2 -18.3 -28.2 -106.8
BH3–NMe2H -163.1 -19.7 -37.4 -106.0
BH3–NMe3 -163.8 -21.1 -40.4 -102.3
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(a) ∆ECOVP1
CT = −21.2 kJ/mol (b) ∆ECOVP2

CT = −15.0 kJ/mol

(c) ∆ECOVP3
CT = −8.1 kJ/mol

Figure B.3: (a) Most significant COVP for Na+ guanine:cytosine complex (b) Second most
significant COVP (c) Third most significant COVP
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(a) ∆ECOVP1
CT = −32.2 kJ/mol (b) ∆ECOVP2

CT = −27.2 kJ/mol

(c) ∆ECOVP3
CT = −2.7 kJ/mol

Figure B.4: (a) Most significant COVP for Mg2+ guanine:cytosine complex (b) Second most
significant COVP (c) Third most significant COVP.
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(a) ∆ECOVP1
CT = −28.2 kJ/mol (b) ∆ECOVP2

CT = −23.9 kJ/mol

(c) ∆ECOVP3
CT = −2.9 kJ/mol

Figure B.5: (a) Most significant COVP for Ca2+ guanine:cytosine complex (b) Second most
significant COVP (c) Third most significant COVP.

Table B.5: Variational forward-backward charge transfer analysis for a series of 3d transition
metal hexacarbonyls. All values are in kJ/mol.

System M(CO)5→CO CO→M(CO)5
V(CO) –

6 -76.2 -18.1
Cr(CO)6 -45.9 -28.2

Mn(CO) +
6 -22.6 -39.7
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Table B.6: Residual energy not decomposed into pairwise additive terms using the non-
perturbative CT analysis for some representative systems considered in this work using
ωB97X-D density functional and def2-TZVPD basis set. Residual energy is shown in both
kJ/mol and as a percentage of total variational CT energy.

System Residual CT energy (kJ/mol) Residual CT energy
BF3−NH3 6.86E-04 4.40E-04%
BH3−NH3 9.03E-04 5.78E-04%
BH3−CO 7.95E-04 2.70E-04%

Mg2+ guanine : cytosine 7.95E-04 1.18E-03%
Cr(CO)6 1.13E-06 5.33E-07%

B.3 Geometries

BH3−CO
Charge=0, Multiplicity=1
B -1.39961 0.70844 0.18735
H -0.23322 0.93106 -0.03460
H -1.99575 0.22613 -0.74595
H -1.98125 1.61908 0.72730
C -1.37842 -0.39863 1.23375
O -1.36206 -1.21576 2.00602

Adenine − thymine
Charge = 0, Multiplicity=1
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N 0.93525 0.00327 -0.37856
C 1.67122 0.00447 0.74242
C 3.06945 0.00430 0.59464
C 3.55409 0.00299 -0.70204
N 2.83563 0.00192 -1.82718
C 1.54067 0.00208 -1.57294
N 4.09798 0.00504 1.51249
C 5.17274 0.00449 0.78245
N 4.91459 0.00351 -0.56354
N 1.06445 0.00576 1.93073
H 0.86880 0.00126 -2.42521
H 6.18223 0.00493 1.16396
H 5.58348 0.00302 -1.31239
H 0.04879 0.00524 1.99236
H 1.62641 0.00609 2.76146
N -3.90108 0.00699 -1.51169
C -4.59567 0.00885 -0.33183
C -3.98779 0.00849 0.86365
C -2.52733 0.00612 0.87694
N -1.90988 0.00427 -0.35524
C -2.52226 0.00443 -1.58215
C -4.71384 0.01056 2.16875
O -1.86472 0.00574 1.90468
O -1.92589 0.00347 -2.63504
H -4.37932 0.00746 -2.39553
H -0.86725 0.00300 -0.36549
H -5.67377 0.01071 -0.42975
H -4.44606 -0.86505 2.76243
H -4.44328 0.88616 2.76118
H -5.79328 0.01219 2.01585

guanine − cytosine
Charge=0, Multiplicity=1
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N -2.71342 -0.03847 0.00000
O 1.20960 2.30520 0.00000
N -0.79313 1.23201 0.00000
C -2.15789 1.18326 0.00000
N -2.91822 2.25468 0.00000
C -2.20356 3.39259 0.00000
C -0.82822 3.56058 0.00000
C -0.01516 2.39072 0.00000
N -2.71003 4.65671 0.00000
C -1.63428 5.51622 0.00000
N -0.49613 4.89892 0.00000
H -2.16332 -0.89459 0.00000
H -3.71436 -0.08261 0.00000
H -0.26632 0.34822 0.00000
H -3.68517 4.89551 0.00000
H -1.76809 6.58698 0.00000
O -1.11321 -2.47931 0.00000
N 2.72139 -0.02967 0.00000
N 0.78997 -1.23187 0.00000
C 2.89188 -2.42337 0.00000
C 0.10811 -2.39792 0.00000
N 0.85582 -3.57753 0.00000
C 2.20860 -3.58117 0.00000
C 2.11745 -1.21115 0.00000
H 3.97064 -2.40651 0.00000
H 0.32769 -4.43351 0.00000
H 2.69059 -4.54922 0.00000
H 2.16866 0.84189 0.00000
H 3.72260 0.02130 0.00000

Na+ guanine − cytosine
Charge=+1, Multiplicity=1
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N -2.65427 -0.03416 0.03627
O 1.23315 2.41597 -0.06545
N -0.73630 1.24166 -0.01668
C -2.11519 1.17712 0.00788
N -2.89187 2.24861 0.00465
C -2.21123 3.38907 -0.02376
C -0.84074 3.55313 -0.04865
C -0.01845 2.40865 -0.04524
N -2.70715 4.66311 -0.03474
C -1.64204 5.51877 -0.06468
N -0.49939 4.89434 -0.07407
H -2.09506 -0.89372 0.03818
H -3.65671 -0.08599 0.05442
H -0.18946 0.35722 -0.01308
H -3.68093 4.91639 -0.02263
H -1.77192 6.58931 -0.07877
Na 1.84056 4.62888 -0.10276
O -1.11024 -2.36217 0.03702
N 2.82195 -0.07269 -0.05055
N 0.84004 -1.19096 -0.00644
C 2.88894 -2.46889 -0.02441
C 0.11296 -2.33555 0.01748
N 0.80910 -3.53840 0.01934
C 2.15829 -3.59976 -0.00106
C 2.16524 -1.23419 -0.02692
H 3.96712 -2.49681 -0.04085
H 0.24667 -4.37374 0.03659
H 2.60010 -4.58655 0.00255
H 2.30412 0.80227 -0.05347
H 3.82405 -0.05981 -0.06808

Mg2+ guanine − cytosine
Charge=+2, Multiplicity=1
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N -2.61052 -0.03711 0.02913
O 1.23629 2.56983 -0.07040
N -0.68532 1.23801 -0.02048
C -2.08767 1.15804 0.00365
N -2.88581 2.23779 0.00206
C -2.24699 3.37849 -0.02531
C -0.88101 3.52903 -0.05089
C -0.05249 2.41972 -0.04797
N -2.71709 4.67819 -0.03546
C -1.66054 5.52027 -0.06499
N -0.51309 4.87276 -0.07549
H -2.03211 -0.90577 0.02630
H -3.61605 -0.09801 0.04688
H -0.10135 0.34587 -0.01622
H -3.68792 4.95986 -0.02287
H -1.77273 6.59371 -0.07830
Mg 1.45076 4.48589 -0.10116
O -1.10289 -2.22319 0.01710
N 2.94599 -0.12510 -0.03382
N 0.89565 -1.13327 -0.00904
C 2.88131 -2.51154 -0.01200
C 0.12312 -2.25302 0.00700
N 0.75563 -3.48006 0.01205
C 2.09895 -3.60922 0.00302
C 2.22167 -1.24973 -0.01835
H 3.95711 -2.58991 -0.01938
H 0.15265 -4.28890 0.02365
H 2.49260 -4.61628 0.00852
H 2.48475 0.76840 -0.04205
H 3.94843 -0.16363 -0.04308

Ca2+ guanine−cytosine
Charge=+2, Multiplicity=1
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N -2.58298 -0.02635 0.12588
O 1.24827 2.53708 -0.29794
N -0.67352 1.25761 -0.06985
C -2.06212 1.17282 0.06706
N -2.85085 2.24999 0.14043
C -2.21180 3.39024 0.04367
C -0.85156 3.55722 -0.11985
C -0.02982 2.43714 -0.16788
N -2.70333 4.67550 0.07637
C -1.66509 5.53215 -0.06648
N -0.51361 4.91001 -0.18933
H -2.01933 -0.89045 0.00183
H -3.58350 -0.08686 0.22211
H -0.09705 0.37090 -0.08356
Ca 1.76233 4.63674 -0.55969
H -3.67270 4.93583 0.18876
H -1.79983 6.60293 -0.07610
O -1.09576 -2.22619 -0.24098
N 2.93860 -0.14267 0.13480
N 0.89972 -1.14774 -0.05726
C 2.87318 -2.53252 0.10355
C 0.12503 -2.26268 -0.14235
N 0.75440 -3.49334 -0.11493
C 2.09120 -3.62701 0.00868
C 2.21776 -1.26905 0.05960
H 3.94410 -2.61578 0.20225
H 0.15213 -4.29975 -0.18306
H 2.48143 -4.63531 0.02510
H 2.47403 0.74792 0.07500
H 3.93527 -0.18024 0.24002

BF3−NH3

Charge=0, Multiplicity=1
B -1.59518 0.54532 0.32606
F -0.23695 0.73407 0.37665
F -2.04606 0.02288 -0.85972
F -2.32812 1.61046 0.78543
N -1.88362 -0.66855 1.44789
H -1.37027 -1.50567 1.19306
H -1.58449 -0.36790 2.36960
H -2.87397 -0.88713 1.47898
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BCl3−NH3

Charge=0, Multiplicity=1
B -1.59730 0.47668 0.37371
Cl 0.21507 0.75918 0.43351
Cl -2.17485 -0.19770 -1.23203
Cl -2.57784 1.91478 0.95444
N -1.87918 -0.69508 1.45460
H -1.36490 -1.53304 1.19591
H -1.57836 -0.39161 2.37738
H -2.87293 -0.90943 1.48346

BBr3−NH3

Charge=0, Multiplicity=1
B -1.62062 0.49314 0.42622
Br 0.36052 0.77141 0.45700
Br -2.28711 -0.20549 -1.32786
Br -2.65735 2.06939 1.09335
N -1.90097 -0.68153 1.48934
H -1.41915 -1.53020 1.20189
H -1.56429 -0.40332 2.40867
H -2.89964 -0.86928 1.54658

BH3−NH3

Charge=0, Multiplicity=1
B -1.58381 0.55528 0.34974
H -0.38328 0.72225 0.38092
H -1.98319 0.12157 -0.70965
H -2.21409 1.51121 0.74819
N -1.87902 -0.64048 1.44259
H -1.38608 -1.48859 1.18744
H -1.57317 -0.36299 2.36835
H -2.86964 -0.85142 1.48661

BH3−NMeH2

Charge=0, Multiplicity=1
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B -1.59029 0.54147 0.39945
H -0.39079 0.72711 0.43604
H -1.97430 0.09320 -0.66147
H -2.23445 1.49911 0.77674
N -1.87937 -0.63349 1.49587
H -1.38938 -1.46918 1.19558
C -1.48404 -0.28508 2.87007
H -2.86906 -0.85414 1.46563
H -0.42001 -0.05929 2.87101
H -1.69613 -1.09524 3.56844
H -2.02592 0.61129 3.16307

BH3−NMe2H
Charge=0, Multiplicity=1
B -1.65861 0.49965 0.45298
H -0.45988 0.69270 0.47355
H -2.05038 0.05252 -0.60590
H -2.30362 1.45632 0.83556
N -1.93468 -0.67196 1.55441
H -1.39656 -1.47217 1.23838
C -1.44483 -0.29306 2.88935
C -3.35278 -1.06310 1.59141
H -0.38434 -0.06317 2.82100
H -1.61396 -1.09433 3.61145
H -1.97644 0.60373 3.20305
H -3.65413 -1.38649 0.59816
H -3.93824 -0.18679 1.86471
H -3.52118 -1.86102 2.31737

BH3−NMe3

Charge=0, Multiplicity=1
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B -1.64959 0.48063 0.45236
H -0.45143 0.67820 0.46539
H -2.05248 0.07545 -0.61921
H -2.29029 1.42127 0.87602
N -1.90758 -0.74278 1.51306
C -1.16084 -1.93826 1.07956
C -1.44677 -0.33716 2.85395
C -3.34795 -1.05555 1.56332
H -0.38655 -0.10000 2.80202
H -1.61644 -1.14081 3.57503
H -1.99170 0.55415 3.15628
H -3.67753 -1.34798 0.56899
H -3.88925 -0.16164 1.86463
H -3.53785 -1.86403 2.27386
H -1.49956 -2.22155 0.08562
H -1.32323 -2.76194 1.77935
H -0.10253 -1.69175 1.03217

BH3−NClH2

Charge=0, Multiplicity=1
B -1.53814 0.56757 0.34596
H -0.32860 0.71229 0.34544
H -1.97360 0.10722 -0.68119
H -2.14127 1.51869 0.77989
N -1.68261 -0.60847 1.46811
H -1.16707 -1.43357 1.17646
H -1.29749 -0.29016 2.35227
Cl -3.29323 -1.16311 1.82886

BH3−NCl2H
Charge=0, Multiplicity=1
B -1.61591 0.60936 0.30585
H -0.43193 0.81038 0.22872
H -2.12018 0.10704 -0.67266
H -2.26226 1.50726 0.79531
N -1.80504 -0.58507 1.42578
Cl -1.07122 -2.10160 0.98489
Cl -1.31931 -0.13703 3.03652
H -2.79617 -0.79988 1.51139

BH3−NCl3
Charge=0, Multiplicity=1
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B -1.57622 0.64506 0.27283
H -0.38144 0.79375 0.24696
H -2.06443 0.13474 -0.70278
H -2.20824 1.54234 0.76857
N -1.75093 -0.58737 1.43594
Cl -0.89748 -2.03312 0.95071
Cl -1.11081 -0.08456 2.98367
Cl -3.43245 -1.00039 1.65990

V(CO)5−CO
Charge=-1, Multiplicity=1
V -1.05210 1.59272 -0.03670
C 0.90067 1.57110 -0.03405
C -3.00482 1.61663 -0.04089
C -1.06987 -0.36021 -0.05396
C -1.05834 1.58186 1.91658
C -1.04625 1.60436 -1.98915
O -1.06337 1.57707 3.06784
O -1.04170 1.61032 -3.14041
O 2.05187 1.55644 -0.03428
O -4.15598 1.63404 -0.04307
O -1.07863 -1.51140 -0.06736
C -1.03419 3.54531 -0.02414
O -1.02535 4.69655 -0.01610

Cr(CO)5−CO
Charge=0, Multiplicity=1
Cr -1.05211 1.59284 -0.03692
C 0.85796 1.57173 -0.03412
C -2.96212 1.61590 -0.04103
C -1.06970 -0.31747 -0.05341
C -1.05809 1.58204 1.87381
C -1.04646 1.60430 -1.94662
O -1.06308 1.57722 3.00875
O -1.04195 1.61002 -3.08156
O 1.99283 1.55718 -0.03416
O -4.09695 1.63306 -0.04290
O -1.07824 -1.45232 -0.06656
C -1.03442 3.50269 -0.02454
O -1.02574 4.63759 -0.01643
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Mn(CO)5−CO
Charge=+1, Multiplicity=1
Mn -1.05217 1.59359 -0.03842
C 0.85778 1.57339 -0.03352
C -2.96213 1.61388 -0.04247
C -1.07189 -0.31631 -0.05159
C -1.05710 1.58062 1.87154
C -1.04733 1.60611 -1.94849
O -1.05998 1.57267 2.99262
O -1.04449 1.61318 -3.06958
O 1.97881 1.56117 -0.02988
O -4.08317 1.62573 -0.04420
O -1.08351 -1.43732 -0.05906
C -1.03233 3.50355 -0.02536
O -1.02056 4.62455 -0.01727
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Appendix C

Supporting Information:
Benchmarking Density Functionals for
Hydrogen Storage: The H2Bind275
Dataset

Addition files referenced in this chapter can be found online.

https://pubs.acs.org/doi/suppl/10.1021/acs.jctc.0c00292
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Figure C.1: Distribution of post-CCSD(T) corrections to the interaction energy (δECCSDT(Q))
in the 6-31G**(mod) basis set.

Table C.1: Parameters for treatment of MP2 correlation energy for each of the double hybrid
functionals considered in this work.

Density functional Density fitting employed? Level of frozen core approximation
ωB97M(2) yes all core electrons

DSD-PBEPBE-D3(BJ) yes all core electrons
XYG3 no all core electrons

B2PLYP-D3(BJ) yes no core electrons were frozen
PTPSS-D3(0) yes all core electrons

PBE0-DH no no core electrons were frozen
XYGJOS yes same as the coupled cluster reference
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Table C.2: The ground state spin multiplicity predicted by CCSD(T) and used in the
H2Bind275 dataset. In all cases where the corresponding experimental references were avail-
able, the CCSD(T) spin ground state agrees with experiments.

Species CCSD(T) Experiment Reference for experiment
Sc+ 3 3 J. Sugar and C. Corliss, J. Phys. Chem. Ref. Data 14, Suppl. 2 (1985)
Ti+ 4 4 J. E. Sohl, Y. Zhu, and R. D. Knight, J. Opt. Soc. Am. B 7, 9 (1990).

V+ 5 5
A. M. James, P. Kowalczyk, E. Langlois, M. D. Campbell,

A. Ogawa, and B. Simard, J. Chem. Phys. 101, 4485 (1994).
Cr+ 6 6 J. Sugar and C. Corliss, J. Phys. Chem. Ref. Data 14, Suppl. 2 (1985).
Mn+ 7 7 J. Sugar and C. Corliss, J. Phys. Chem. Ref. Data 14, Suppl. 2 (1985).
Fe+ 6 6 J. Sugar and C. Corliss, J. Phys. Chem. Ref. Data 14, Suppl. 2 (1985).
Co+ 3 3 R. H. Page and C. S. Gudeman, J. Opt. Soc. Am. B 7, 1761 (1990).
Ni+ 2 2 R. H. Page and C. S. Gudeman, J. Opt. Soc. Am. B 7, 1761 (1990).
Cu+ 1 1 J. Sugar and A. Musgrove, J. Phys. Chem. Ref. Data 19, 527 (1990)
Zn+ 2 2 J. Sugar and A. Musgrove, J. Phys. Chem. Ref. Data 24, 1803 (1995).
CoF3 5 n/a

CrCl2 5 5
B. Vest, Z. Varga, M. Hargittai, A. Hermann,

and P. Schwerdtfeger Chem. Eur. J. 14, 5130 (2008)
Ni(CN)2 3 n/a
Ni(OH)2 1 n/a
CuCN 1 n/a
CuCl 1 n/a

CuOMe 1 n/a
CuX (X=H,F,Cl) 1 n/a
AuX (X=H,F,Cl) 1 n/a
AgX (X=H,F,Cl) 1 n/a

Table C.3: Performance of density functional approximations with and without exact ex-
change by three error metrics: RegMAPE, RMSE in kJ/mol, and rank of the DFA determined
by RegMAPE.

Local Hybrid
Functional RegMAPE RMSE Rank Functional RegMAPE RMSE Rank

TPSS 14.0 6.7 26 TPSSh 11.8 5.2 21
BLYP 21.7 8.2 49 B3LYP 15.1 6.0 30
PBE 15.2 9.3 31 PBE0 8.0 4.1 11

SCAN 14.7 10.9 29 SCAN0 9.2 5.3 15
M06-L 22.9 10.2 50 M06 19.4 9.1 42

MN15-L 19.4 6.7 41 MN15 17.9 6.3 38
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Figure C.2: The performance of density functional approximations with and without empir-
ical D3 dispersion corrections.

Table C.4: RMSE (in kJ/mol) for seven selected density functionals on a smaller dataset for
ωB97M-V optimized geometries (H2Bind7) and displaced geometries (H2Bind7x5).

Functional H2Bind7 H2Bind7x5
DSD-PBEPBE-D3(BJ) 1.6 2.2

ωB97M-V 1.9 2.5
ωB97X-V 2.0 2.1
ωB97X-D 3.3 3.2
B97M-V 4.9 3.9

BLYP-D3(op) 8.6 7.8
revPBE-D3op 8.6 8.1

In order assess if using ωB97M-V geometries induces bias in the performance on den-
sity functionals, we assessed the performance of density functionals on geometries around
the ωB97M-V optimized geometries. In order to perform this, we displaced the optimized
geometries by 0.9re, 1.2re, 1.5re, and 2.0re. These displacements were previously employed
to compile the S22x5 dataset. A small subset consisting of Na−1 H2, Mg−1 H2, Li−1 H2,
MgF2−1 H2, CaF2−1 H2, AlF3−1 H2, benzene−1 H2, and Cr+−1 H2 (called H2Bind7) and
their corresponding displaced geometries (called H2Bind7x5) were used to perform this anal-
ysis. We can see that the relative ordering of the density functionals for the H2Bind7 dataset
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and for the H2Bind7x5 dataset is more or less identical (as seen in Table (4.5)). This shows
that using the ωB97M-V geometries does not bias the dataset.

Table C.5: Data points in the H2Bind275 dataset along with the charge, spin multiplicity,
category, and corresponding filename.

Molecule # H2 Charge Multiplicity Category Filename
Ca2+−1 H2(vert) 1 2 1 s-block ion Ca-1H2.xyz
Ca2+−2 H2(vert) 2 2 1 s-block ion Ca-2H2.xyz
Ca2+−3 H2(vert) 3 2 1 s-block ion Ca-3H2.xyz
Ca2+−4 H2(vert) 4 2 1 s-block ion Ca-4H2.xyz
Ca2+−5 H2(vert) 5 2 1 s-block ion Ca-5H2.xyz
Ca2+−6 H2(vert) 6 2 1 s-block ion Ca-6H2.xyz
Li+−1 H2(vert) 1 1 1 s-block ion Li-1H2.xyz
Li+−2 H2(vert) 2 1 1 s-block ion Li-2H2.xyz
Li+−3 H2(vert) 3 1 1 s-block ion Li-3H2.xyz
Li+−4 H2(vert) 4 1 1 s-block ion Li-4H2.xyz
Li+−5 H2(vert) 5 1 1 s-block ion Li-5H2.xyz
Li+−6 H2(vert) 6 1 1 s-block ion Li-6H2.xyz

Mg2+−1 H2(vert) 1 2 1 s-block ion Mg-1H2.xyz
Mg2+−2 H2(vert) 2 2 1 s-block ion Mg-2H2.xyz
Mg2+−3 H2(vert) 3 2 1 s-block ion Mg-3H2.xyz
Mg2+−4 H2(vert) 4 2 1 s-block ion Mg-4H2.xyz
Na+−1 H2(vert) 1 1 1 s-block ion Na-1H2.xyz
Na+−2 H2(vert) 2 1 1 s-block ion Na-2H2.xyz
Na+−3 H2(vert) 3 1 1 s-block ion Na-3H2.xyz
Ca2+−1 H2(ad) 1 2 1 s-block ion Ca-1H2.xyz
Ca2+−2 H2(ad) 1 2 1 s-block ion Ca-2H2.xyz
Ca2+−3 H2(ad) 1 2 1 s-block ion Ca-3H2.xyz
Ca2+−4 H2(ad) 1 2 1 s-block ion Ca-4H2.xyz
Ca2+−5 H2(ad) 1 2 1 s-block ion Ca-5H2.xyz
Ca2+−6 H2(ad) 1 2 1 s-block ion Ca-6H2.xyz
Li+−1 H2(ad) 1 1 1 s-block ion Li-1H2.xyz
Li+−2 H2(ad) 1 1 1 s-block ion Li-2H2.xyz
Li+−3 H2(ad) 1 1 1 s-block ion Li-3H2.xyz
Li+−4 H2(ad) 1 1 1 s-block ion Li-4H2.xyz
Li+−5 H2(ad) 1 1 1 s-block ion Li-5H2.xyz
Li+−6 H2(ad) 1 1 1 s-block ion Li-6H2.xyz

Mg2+−1 H2(ad) 1 2 1 s-block ion Mg-1H2.xyz
Mg2+−2 H2(ad) 1 2 1 s-block ion Mg-2H2.xyz
Mg2+−3 H2(ad) 1 2 1 s-block ion Mg-3H2.xyz
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Table C.5 continued from previous page
Molecule # H2 Charge Multiplicity Category Filename

Mg2+−4 H2(ad) 1 2 1 s-block ion Mg-4H2.xyz
Na+−1 H2(ad) 1 1 1 s-block ion Na-1H2.xyz
Na+−2 H2(ad) 1 1 1 s-block ion Na-2H2.xyz
Na+−3 H2(ad) 1 1 1 s-block ion Na-3H2.xyz

AlF3−1 H2(vert) 1 0 1 salt alf3-1H2.xyz
CaCl2−1 H2(vert) 1 0 1 salt cacl-1H2.xyz
CaCl2−2 H2(vert) 2 0 1 salt cacl-2H2.xyz
CaCl2−3 H2(vert) 3 0 1 salt cacl-3H2.xyz
CaCl2−4 H2(vert) 4 0 1 salt cacl-4H2.xyz
CaF2−1 H2(vert) 1 0 1 salt caf-1H2.xyz
CaF2−2 H2(vert) 2 0 1 salt caf-2H2.xyz
CaF2−3 H2(vert) 3 0 1 salt caf-3H2.xyz
CaF2−4 H2(vert) 4 0 1 salt caf-4H2.xyz
MgF2−1 H2(vert) 1 0 1 salt mgf-1H2.xyz
MgF2−2 H2(vert) 2 0 1 salt mgf-2H2.xyz
MgF2−3 H2(vert) 3 0 1 salt mgf-3H2.xyz
MgF2−4 H2(vert) 4 0 1 salt mgf-4H2.xyz
AlF3−1 H2(ad) 1 0 1 salt alf3-1H2.xyz
CaCl2−1 H2(ad) 1 0 1 salt cacl-1H2.xyz
CaCl2−2 H2(ad) 1 0 1 salt cacl-2H2.xyz
CaCl2−3 H2(ad) 1 0 1 salt cacl-3H2.xyz
CaCl2−4 H2(ad) 1 0 1 salt cacl-4H2.xyz
CaF2−1 H2(ad) 1 0 1 salt caf-1H2.xyz
CaF2−2 H2(ad) 1 0 1 salt caf-2H2.xyz
CaF2−3 H2(ad) 1 0 1 salt caf-3H2.xyz
CaF2−4 H2(ad) 1 0 1 salt caf-4H2.xyz
MgF2−1 H2(ad) 1 0 1 salt mgf-1H2.xyz
MgF2−2 H2(ad) 1 0 1 salt mgf-2H2.xyz
MgF2−3 H2(ad) 1 0 1 salt mgf-3H2.xyz
MgF2−4 H2(ad) 1 0 1 salt mgf-4H2.xyz

benzene−1 H2(vert) 1 0 1 organic ligand benzene-1H2.xyz
phenol−1 H2(vert) 1 0 1 organic ligand phenol-1H2.xyz
pyrrole−1 H2(vert) 1 0 1 organic ligand pyrrole-1H2.xyz

tetrazole−1 H2(vert) 1 0 1 organic ligand tetrazole-1H2.xyz
butene−1 H2(vert) 1 0 1 organic ligand butene-1H2.xyz
benzene−1 H2(ad) 1 0 1 organic ligand benzene-1H2.xyz
phenol−1 H2(ad) 1 0 1 organic ligand phenol-1H2.xyz
pyrrole−1 H2(ad) 1 0 1 organic ligand pyrrole-1H2.xyz

tetrazole−1 H2(ad) 1 0 1 organic ligand tetrazole-1H2.xyz
butene−1 H2(ad) 1 0 1 organic ligand butene-1H2.xyz
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Table C.5 continued from previous page
Molecule # H2 Charge Multiplicity Category Filename

CoF3−1 H2(vert) 1 0 5 transition metal CoF3 M5-1H2.xyz
CrCl2−1 H2(vert) 1 0 5 transition metal CrCl2 M5-1H2.xyz
CuCN−1 H2(vert) 1 0 1 transition metal CuCN-1H2.xyz

CuOMe−1 H2(vert) 1 0 1 transition metal CuOMe-1H2.xyz
Ni(OH)2−1 H2(vert) 1 0 1 transition metal NiOH2-1H2.xyz

AuH−1 H2(vert) 1 0 1 transition metal AuH-1H2.xyz
AuF−1 H2(vert) 1 0 1 transition metal AuF-1H2.xyz
AuCl−1 H2(vert) 1 0 1 transition metal AuCl-1H2.xyz
CuH−1 H2(vert) 1 0 1 transition metal CuH-1H2.xyz
CuF−1 H2(vert) 1 0 1 transition metal CuF-1H2.xyz
CuCl−1 H2(vert) 1 0 1 transition metal CuCl-1H2.xyz
AgH−1 H2(vert) 1 0 1 transition metal AgH-1H2.xyz
AgF−1 H2(vert) 1 0 1 transition metal AgF-1H2.xyz
AgCl−1 H2(vert) 1 0 1 transition metal AgCl-1H2.xyz
Sc+−2 H2(vert) 2 1 3 transition metal Sc-2H2.xyz
Sc+−3 H2(vert) 3 1 3 transition metal Sc-3H2.xyz
Sc+−4 H2(vert) 4 1 3 transition metal Sc-4H2.xyz
Ti+−1 H2(vert) 1 1 4 transition metal Ti-1H2.xyz
Ti+−2 H2(vert) 2 1 4 transition metal Ti-2H2.xyz
Ti+−3 H2(vert) 3 1 4 transition metal Ti-3H2.xyz
Ti+−4 H2(vert) 4 1 4 transition metal Ti-4H2.xyz
V+−2 H2(vert) 2 1 5 transition metal V-2H2.xyz
V+−3 H2(vert) 3 1 5 transition metal V-3H2.xyz
V+−4 H2(vert) 4 1 5 transition metal V-4H2.xyz
Cr+−1 H2(vert) 1 1 6 transition metal Cr-1H2.xyz
Cr+−2 H2(vert) 2 1 6 transition metal Cr-2H2.xyz
Cr+−3 H2(vert) 3 1 6 transition metal Cr-3H2.xyz
Cr+−4 H2(vert) 4 1 6 transition metal Cr-4H2.xyz
Mn+−1 H2(vert) 1 1 7 transition metal Mn-1H2.xyz
Mn+−2 H2(vert) 2 1 7 transition metal Mn-2H2.xyz
Mn+−3 H2(vert) 3 1 7 transition metal Mn-3H2.xyz
Mn+−4 H2(vert) 4 1 7 transition metal Mn-4H2.xyz
Fe+−1 H2(vert) 1 1 6 transition metal Fe-1H2.xyz
Fe+−2 H2(vert) 2 1 6 transition metal Fe-2H2.xyz
Fe+−3 H2(vert) 3 1 6 transition metal Fe-3H2.xyz
Fe+−4 H2(vert) 4 1 6 transition metal Fe-4H2.xyz
Co+−1 H2(vert) 1 1 3 transition metal Co-1H2.xyz
Co+−2 H2(vert) 2 1 3 transition metal Co-2H2.xyz
Co+−4 H2(vert) 4 1 3 transition metal Co-4H2.xyz
Ni+−1 H2(vert) 1 1 2 transition metal Ni-1H2.xyz
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Table C.5 continued from previous page
Molecule # H2 Charge Multiplicity Category Filename

Ni+−2 H2(vert) 2 1 2 transition metal Ni-2H2.xyz
Ni+−3 H2(vert) 3 1 2 transition metal Ni-3H2.xyz
Cu+−1 H2(vert) 1 1 1 transition metal Cu-1H2.xyz
Cu+−2 H2(vert) 2 1 1 transition metal Cu-2H2.xyz
Cu+−3 H2(vert) 3 1 1 transition metal Cu-3H2.xyz
Zn+−1 H2(vert) 1 1 2 transition metal Zn-1H2.xyz
Zn+−2 H2(vert) 2 1 2 transition metal Zn-2H2.xyz
Zn+−3 H2(vert) 3 1 2 transition metal Zn-3H2.xyz
Zn+−4 H2(vert) 4 1 2 transition metal Zn-4H2.xyz
CoF3−1 H2(ad) 1 0 5 transition metal CoF3 M5-1H2.xyz
CuCN−1 H2(ad) 1 0 1 transition metal CuCN-1H2.xyz

CuOMe−1 H2(ad) 1 0 1 transition metal CuOMe-1H2.xyz
AuH−1 H2(ad) 1 0 1 transition metal AuH-1H2.xyz
AuF−1 H2(ad) 1 0 1 transition metal AuF-1H2.xyz
AuCl−1 H2(ad) 1 0 1 transition metal AuCl-1H2.xyz
CuH−1 H2(ad) 1 0 1 transition metal CuH-1H2.xyz
CuF−1 H2(ad) 1 0 1 transition metal CuF-1H2.xyz
CuCl−1 H2(ad) 1 0 1 transition metal CuCl-1H2.xyz
AgH−1 H2(ad) 1 0 1 transition metal AgH-1H2.xyz
AgF−1 H2(ad) 1 0 1 transition metal AgF-1H2.xyz
AgCl−1 H2(ad) 1 0 1 transition metal AgCl-1H2.xyz
Sc+−3 H2(ad) 1 1 3 transition metal Sc-3H2.xyz
Sc+−4 H2(ad) 1 1 3 transition metal Sc-4H2.xyz
Ti+−1 H2(ad) 1 1 4 transition metal Ti-1H2.xyz
Ti+−2 H2(ad) 1 1 4 transition metal Ti-2H2.xyz
Ti+−3 H2(ad) 1 1 4 transition metal Ti-3H2.xyz
Ti+−4 H2(ad) 1 1 4 transition metal Ti-4H2.xyz
V+−3 H2(ad) 1 1 5 transition metal V-3H2.xyz
V+−4 H2(ad) 1 1 5 transition metal V-4H2.xyz
Cr+−1 H2(ad) 1 1 6 transition metal Cr-1H2.xyz
Cr+−2 H2(ad) 1 1 6 transition metal Cr-2H2.xyz
Cr+−3 H2(ad) 1 1 6 transition metal Cr-3H2.xyz
Cr+−4 H2(ad) 1 1 6 transition metal Cr-4H2.xyz
Mn+−1 H2(ad) 1 1 7 transition metal Mn-1H2.xyz
Mn+−2 H2(ad) 1 1 7 transition metal Mn-2H2.xyz
Mn+−3 H2(ad) 1 1 7 transition metal Mn-3H2.xyz
Mn+−4 H2(ad) 1 1 7 transition metal Mn-4H2.xyz
Fe+−1 H2(ad) 1 1 6 transition metal Fe-1H2.xyz
Fe+−2 H2(ad) 1 1 6 transition metal Fe-2H2.xyz
Fe+−3 H2(ad) 1 1 6 transition metal Fe-3H2.xyz
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Table C.5 continued from previous page
Molecule # H2 Charge Multiplicity Category Filename

Fe+−4 H2(ad) 1 1 6 transition metal Fe-4H2.xyz
Co+−1 H2(ad) 1 1 3 transition metal Co-1H2.xyz
Co+−2 H2(ad) 1 1 3 transition metal Co-2H2.xyz
Ni+−1 H2(ad) 1 1 2 transition metal Ni-1H2.xyz
Ni+−2 H2(ad) 1 1 2 transition metal Ni-2H2.xyz
Cu+−1 H2(ad) 1 1 1 transition metal Cu-1H2.xyz
Cu+−2 H2(ad) 1 1 1 transition metal Cu-2H2.xyz
Cu+−3 H2(ad) 1 1 1 transition metal Cu-3H2.xyz
Zn+−1 H2(ad) 1 1 2 transition metal Zn-1H2.xyz
Zn+−2 H2(ad) 1 1 2 transition metal Zn-2H2.xyz
Zn+−3 H2(ad) 1 1 2 transition metal Zn-3H2.xyz
Zn+−4 H2(ad) 1 1 2 transition metal Zn-4H2.xyz

H2(ad) 1 0 1 NA ad H2.xyz

Table (C.5) shows all the data points in the H2Bind275 dataset. This table along with the
Geometries.zip file which contains the .xyz files for all the geometries can be used to compute
all the density functional and ab initio interaction energies. For the vertical interaction
energy subset, the binding motif and the H2(s) are contained in a single file. For example,
the file Ca-2H2.xyz contains the geometry of Ca2+ binding two molecular hydrogens. The
each .xyz file contains the binding motif geometry first followed by each of the bound H2(s).
For the adiabatic interaction energy subset, the interaction energy for the binding motif M
bound to n H2(s) is computed as shown in Eq. (C.1)

∆Eint = E(M− nH2)− E(M− (n-1)H2)− E(H2(ad)) (C.1)

H2(ad) is the relaxed geometry of H2. For binding motifs containing only one H2, the relaxed
ligand geometry is contained in the file prefixed by “ad ”.
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Table C.6: Regularized maximum absolute percentage errors for each category of the dataset
as well as the total.

DFA s-block Salts Organic Transition Total
ions ligands metals

SPW92 75.5 95.4 40.9 192.1 192.1
SVWN5 75.4 95.4 40.9 192.0 192.0

PBE 12.5 33.0 26.4 81.4 81.4
RPBE 36.8 89.5 54.6 65.0 89.5

PBE-D3(0) 17.7 19.2 12.9 89.1 89.1
BLYP 46.3 87.2 66.8 68.7 87.2
PW91 18.9 25.2 18.1 86.5 86.5

revPBE 48.0 100.5 65.8 73.7 100.5
revPBE-D3(op) 33.5 20.6 4.4 77.0 77.0
BLYP-D3(op) 25.0 31.6 8.9 72.9 72.9

GAM 25.3 16.4 5.7 264.3 264.3
B97-D3(0) 15.9 41.0 5.9 185.8 185.8

B97-D3(BJ) 19.1 32.5 6.8 166.1 166.1
BP86-D3(BJ) 13.2 19.2 20.5 86.1 86.1

TPSS 18.8 54.5 42.7 71.0 71.0
TPSS-D3(BJ) 18.8 12.3 7.4 77.9 77.9

revTPSS 11.3 40.0 35.9 68.5 68.5
SCAN 11.4 14.9 14.6 76.6 76.6

SCAN-D3(BJ) 10.5 20.5 5.7 77.1 77.1
MS2 14.1 19.3 8.7 84.2 84.2

B97M-V 6.8 11.2 3.3 65.8 65.8
B97M-rV 6.6 11.2 2.0 66.4 66.4

MS2-D3(op) 22.4 26.6 11.5 85.1 85.1
M06-L 31.8 39.0 10.1 136.6 136.6

MN15-L 76.7 66.0 41.5 85.2 85.2
mBEEF 38.4 45.0 26.8 63.6 63.6

oTPSS-D3(BJ) 20.2 25.0 13.8 68.5 68.5
B3LYP 29.7 64.1 51.2 53.2 64.1
PBE0 8.1 31.4 25.8 64.3 64.3

PBE0-D3(BJ) 18.1 13.5 4.5 69.1 69.1
MN15 61.0 44.0 26.3 72.9 72.9
TPSSh 17.5 52.0 41.1 64.9 64.9

TPSSh-D3(BJ) 16.2 12.3 7.5 71.2 71.2
MVSh 28.3 40.0 27.4 38.1 40.0
SCAN0 7.4 15.1 13.3 61.2 61.2

B3LYP-D3(0) 9.9 16.4 3.3 90.6 90.6
M06-2X 19.5 31.1 5.3 103.8 103.8

M06-2X-D3(0) 20.3 32.4 7.3 103.8 103.8
M06 52.1 47.8 7.8 127.5 127.5

revM06 34.5 34.9 10.3 61.4 61.4
ωB97M-V 7.3 10.5 3.3 46.7 46.7
ωB97X-D 55.3 13.5 3.7 41.7 55.3
ωB97X-D3 19.3 13.0 6.8 43.3 43.3
ωB97X-V 8.2 9.6 3.0 47.0 47.0

M11 40.5 36.3 5.8 43.0 43.0
revM11 50.1 50.1 18.5 58.5 58.5

HSE-HJS 8.2 30.2 24.9 65.0 65.0
MN12-SX 27.3 22.3 10.2 80.2 80.2
ωB97M(2) 11.7 29.7 4.5 47.5 47.5

DSD-PBEPBE-D3(BJ) 5.6 15.8 3.1 35.0 35.0
XYG3 11.5 39.1 8.7 31.5 39.1

B2PLYP-D3(BJ) 20.2 10.9 5.3 59.1 59.1
PTPSS-D3(0) 13.8 15.0 4.5 47.0 47.0

PBE0-DH 5.0 19.7 17.9 55.9 55.9
XYGJOS 15.4 16.8 5.6 42.5 42.5
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Table C.7: Performance of the density functionals considered in this study on the MGCDB84
database consisting of ∼ 5000 data points. This table also shows the number of semi-
empirical parameters optimized in the density functionals considered in this study after
counting out the number of constraints enforced.

DFA MGCDB84 rank Num. of parameters
SPW92 49 3
SVWN5 50 3

PBE 44 0
RPBE 47 0

PBE-D3(0) 40 2
BLYP 48 1
PW91 45 NA

revPBE 46 1
revPBE-D3(op) NA 5
BLYP-D3(op) NA 5

GAM 37 26
B97-D3(0) 35 11

B97-D3(BJ) 32 12
BP86-D3(BJ) 39 NA

TPSS 43 0
TPSS-D3(BJ) 30 3

revTPSS 42 1
SCAN 29 0

SCAN-D3(BJ) 27 3
MS2 36 3

B97M-V 14 12
B97M-rV 13 12

MS2-D3(op) NA 7
M06-L 33 34

MN15-L 34 58
mBEEF 25 64

oTPSS-D3(BJ) 31 8
B3LYP 41 3
PBE0 22 0

PBE0-D3(BJ) 18 3
MN15 12 59
TPSSh 38 1

TPSSh-D3(BJ) 16 4
MVSh 24 0
SCAN0 28 0

B3LYP-D3(0) 20 2
M06-2X 15 29

M06-2X-D3(0) 11 30
M06 21 33

revM06 NA 32
ωB97M-V 2 12
ωB97X-D 9 15
ωB97X-D3 7 16
ωB97X-V 3 10

M11 17 40
revM11 NA 25

HSE-HJS 23 NA
MN12-SX 26 58
ωB97M(2) 1 14

DSD-PBEPBE-D3(BJ) 8 6
XYG3 6 3

B2PLYP-D3(BJ) 10 5
PTPSS-D3(0) 4 10

PBE0-DH 19 0
XYGJOS 5 4
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Semi-empirical density functionals can consist of parameters borrowed without further
optimization from other functionals, parameters optimized by fitting to the training data,
and a some parameters that are set to meet theoretical constraints. In addition to this,
some density functionals containing empirical dispersion corrections have their own set of
optimized parameters. Table (C.7) counts the number of empirical parameters optimized by
fitting to training data after subtracting the number of constraints imposed, thereby only
counting the number of free parameters.
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Appendix D

Supporting Information:
Benchmarking Density Functionals for
Predicting Potential Energy Curves

Table D.1: Parameters for treatment of MP2 correlation energy for all double hybrid func-
tionals considered in this work.

Density functional Density fitting employed? Level of frozen core approximation
ωB97M(2) yes all core electrons

DSD-PBEPBE-D3(BJ) yes all core electrons
XYG3 no all core electrons

B2PLYP-D3(BJ) yes no core electrons were frozen
PTPSS-D3(0) yes all core electrons

PBE0-DH no no core electrons were frozen
XYGJOS yes same as the coupled cluster reference
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Table D.2: Performance of all 55 density functional approximations (DFAs) for non-
equilibrium geometries (0.75req, 0.9req, 1.1req, 1.25req, and 1.5req)

Rank DFA RegMAPE (%) DFA RMSE (in kJ/mol)
1 PBE0-DH 4.7 PBE0-DH 2.8
2 ωB97X-V 5.6 DSD-PBEPBE-D3(BJ) 3.9
3 ωB97M-V 6.2 PBE0 4.1
4 XYGJ-OS 6.7 ωB97X-V 4.2
5 DSD-PBEPBE-D3(BJ) 7.0 ωB97X-D 4.2
6 PBE0 7.0 HSE-HJS 4.2
7 HSE-HJS 7.1 MVSh 4.4
8 ωB97M(2) 7.2 XYGJ-OS 4.6
9 B2PLYP-D3(BJ) 8.0 ωB97M-V 4.7
10 XYG3 8.6 PTPSS-D3(0) 4.9
11 SCAN0 8.7 XYG3 4.9
12 PTPSS-D3(0) 9.1 ωB97X-D3 5.0
13 ωB97X-D 9.4 ωB97M(2) 5.1
14 B97M-rV 9.6 PBE0-D3(BJ) 5.1
15 B97M-V 9.7 MN15 5.5
16 ωB97X-D3 9.9 SCAN0 5.8
17 MVSh 10.4 B2PLYP-D3(BJ) 5.8
18 TPSSh 10.5 TPSSh 6.2
19 revTPSS 11.0 revM11 6.5
20 PBE0-D3(BJ) 11.3 mBEEF 6.8
21 revM06 12.0 revM06 7.1
22 M11 12.5 revTPSS 7.6
23 TPSS 12.6 B3LYP 7.7
24 B3LYP-D3(0) 14.0 TPSS 7.8
25 MN15 14.4 B97M-rV 7.8
26 TPSSh-D3(BJ) 14.4 B97M-V 7.8
27 TPSS-D3(BJ) 14.4 B3LYP-D3(0) 7.9
28 oTPSS-D3(BJ) 14.4 oTPSS-D3(BJ) 7.9
29 revM11 14.4 MN15-L 8.3
30 PBE 14.6 TPSS-D3(BJ) 8.5
31 BLYP-D3(op) 15.1 TPSSh-D3(BJ) 8.5
32 B3LYP 15.2 revPBE-D3(op) 8.7
33 SCAN 15.3 MN12-SX 8.9
34 MN12-SX 15.9 revPBE 9.4
35 SCAN-D3(BJ) 16.1 M11 9.5
36 mBEEF 16.2 RPBE 9.6
37 M06 16.3 B97-D3(BJ) 9.8
38 revPBE-D3(op) 16.8 BLYP-D3(op) 10.1
39 MS2 16.9 PBE 10.3
40 PW91 17.0 BLYP 10.4
41 BP86-D3(BJ) 17.8 M06-L 10.5
42 M06-2X 18.4 M06 10.5
43 M06-2X-D3(0) 18.9 BP86-D3(BJ) 10.9
44 M06-L 19.7 B97-D3(0) 11.0
45 MS2-D3(op) 19.8 PBE-D3(0) 11.1
46 PBE-D3(0) 20.0 PW91 11.2
47 MN15-L 20.1 GAM 11.6
48 RPBE 20.8 MS2 12.0
49 BLYP 21.6 MS2-D3(op) 12.2
50 revPBE 22.9 SCAN 13.1
51 GAM 23.9 SCAN-D3(BJ) 13.3
52 B97-D3(BJ) 24.2 M06-2X 14.0
53 B97-D3(0) 27.9 M06-2X-D3(0) 14.0
54 SPW92 62.9 SPW92 32.8
55 SVWN5 63.0 SVWN5 32.9
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Table D.3: Performance of density functional approximations (DFAs) with and without
empirical dispersion corrections shown with RegMAPE (%), RMSE (in kJ/mol), MSE (in
kJ/mol), and their ranking by RegMAPE metric among the 55 DFAs assessed.

Parent DFA DFA with dispersion
DFA RegMAPE RMSE MSE Rank DFA with dispersion RegMAPE RMSE MSE Rank
PBE 15.3 10.3 -5.1 29 PBE-D3(0) 20.1 11.0 -7.1 45

revPBE 23.4 9.1 3.8 50 revPBE-D3(op) 17.0 8.5 -3.5 37
BLYP 22.1 10.1 2.4 49 BLYP-D3(op) 15.4 9.8 -2.0 31
TPSS 13.6 7.7 -1.0 23 TPSS-D3(BJ) 14.7 8.5 -4.2 27
SCAN 15.6 12.9 -6.7 33 SCAN-D3(BJ) 16.3 13.2 -7.3 35
MS2 17.4 12.1 -7.1 39 MS2-D3(op) 20.3 12.4 -7.8 46

B3LYP 15.5 7.4 2.7 32 B3LYP-D3(0) 14.0 7.5 -0.8 25
PBE0 7.6 4.2 -1.3 7 PBE0-D3(BJ) 11.5 5.2 -3.5 19
TPSSh 11.3 6.0 0.1 18 TPSSh-D3(BJ) 13.8 8.0 -3.7 24
M06-2X 19.3 13.4 0.6 42 M06-2X-D3(0) 19.8 13.4 0.5 43
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Table D.4: Performance of all 55 density functional approximations (DFAs) for predicting H2

binding energy at equilibrium geometry shown using the adiabatic regularized mean absolute
percentage error (RegMAPEad).

Rank DFA RegMAPEad (%)
1 ωB97X-V 4.7
2 DSD-PBEPBE-D3(BJ) 4.7
3 PBE0-DH 5.3
4 ωB97M-V 6.0
5 XYGJ-OS 7.1
6 B97M-rV 7.2
7 B97M-V 7.2
8 ωB97M(2) 7.4
9 ωB97X-D 7.8
10 XYG3 7.9
11 B2PLYP-D3(BJ) 8.3
12 PBE0 8.4
13 HSE-HJS 8.4
14 ωB97X-D3 9.5
15 SCAN0 9.7
16 MVSh 9.9
17 PTPSS-D3(0) 10.4
18 M11 11.1
19 PBE0-D3(BJ) 11.7
20 TPSSh-D3(BJ) 12.0
21 TPSSh 12.3
22 revTPSS 13.5
23 revM06 13.7
24 oTPSS-D3(BJ) 14.4
25 TPSS 14.6
26 TPSS-D3(BJ) 14.8
27 BLYP-D3(op) 15.6
28 B3LYP 15.7
29 B3LYP-D3(0) 16.1
30 PBE 16.3
31 SCAN 16.4
32 SCAN-D3(BJ) 17.2
33 revPBE-D3(op) 17.3
34 MN12-SX 17.3
35 MN15 17.5
36 PW91 17.9
37 revM11 17.9
38 RPBE 18.1
39 MS2 19.1
40 M06 19.3
41 BP86-D3(BJ) 19.4
42 mBEEF 19.9
43 MN15-L 20.1
44 PBE-D3(0) 20.6
45 revPBE 21.6
46 BLYP 21.6
47 MS2-D3(op) 22.0
48 M06-2X 22.3
49 M06-2X-D3(0) 22.6
50 M06-L 24.1
51 B97-D3(BJ) 24.4
52 GAM 26.5
53 B97-D3(0) 29.4
54 SPW92 73.9
55 SVWN5 73.9
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