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ABSTRACT

A general procedure is formulated by which the hierarchy of many-
particle scattering équations of the Faddeev types can be reduced sys-
tematically to matrix equations of lower dimensions. As illustrations,
such reduced sets are derived explicitly for the three-particle system
by rearranging different components of the total Gréen's function. The
resulting equations iterate with connected kernels only in the eiplicit
‘channels. Using the reduction method, the connection between the various
'versioﬁs of scattering equations derived earlier have been exhibited. The‘
effect of implicit channels may be taken into account non-iteratively
using the channgl projection operators. It is also shown that an arbitrary
set of distortion potentials may be introduced for the purpose of minimi-
zing the coupling between the rearrangement channels, thus improving the con-

vergence of the multiple scattering series. !
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- I. INTRODUCTION

Much effort has been ma.\del_3 in recent years to apply theiFaddeev
equa,tions)4 (FE) to actual physicdl three-particle systems in atomic
 and nuclear problems, with moderate succesé in some cases. bAlthough
tﬁe FE provide a mathematicaliy consistentjdesgriﬁtidn of the three-~

particle scattering problems,3~_6

it has become increasingly clear that
they are often not the mbst COnvenient‘set of equations to apply. Some
of the practical difficulties afe:
(i)'The ébsencéfof any direct distortion potential terms; the distortion
effect is genérated so}elyAby the coupling to other rearrangement channels.
This seems to placebtoo_ﬁuch emphasis on the coupling terms.
(ii) The presence of three coupled equations, each with infinite set; of
inelastic channels, makes actual appiications extremély difficult, although
the set treafs all three rearrangement channels symmetrically. For systems
with more than three partiéleg, the set of equations is almost impossible-
to solvg. , : ' _ .,
(iii) The convergence of the final amplitudes, &s the input two-particle
amplitudes are improved, is very slow in many caées. This is of course .
directly related to the problems (i) and (ii). ’

In the present paper, we consider the question of what are the most
convenient sets of equations to solve by relaxing the mathematical rigor
of the original FE and obtaining a simpler theor& %hich éan be more readily
applied to many-particle elastic, inelastic, and rearrangement processés.

If we denote the initial and final channels of interest to be explicit and

all the rest of the channels as implicit, then the reduced matrix eqﬁations



we obtain are such that the iteration kernels are compact only for the
explicit channels. This is in contrast with the FE which provide con-
nected kernels in all the rearrangement channels. The discussion below
is based on the assumption that, when the implicit channels are treated
by some noniterative approximations, then the loss of rigor for the im-
liciﬁ channels may not be serious.

A brief summary of the result of Faddeev is given in Section II and
we define notations. Several crucial steps in the derivation of the FE
are pointed out, which will be useful later on. In particular, we note
certain arbitrariness in the separation of the total Gréeﬁ's_function and
the scattering fﬁnctions into several components, and thus feature is used
to reduce the FE into sets of two coupled equations for particular explicit .
channels. We obtain in Section IIT the sets which are symmetric as well
as asymmetric in the éhannel labels. One of the reduced forms turns out .

to be identical to that obtained earlier by Watson7’8

and also by Lovelace.
In order to improve further the gpplicability of the equations, we consider
ways to introduce distortion potentials into the FE and the reduced sets

so as to minimize the coupling effect among the rearrangement channels. This
is described in some detail in Section IV, again following the original pro-
cedure of decomposing the total Green's function, as has been done in Sec-
tions II and III. The treatment of the implicit chénnels using the channel
projection operators is also briefly discussed.9 Finally, a general reduc-
tion method is outlined in Section V, which allows one to immediately genera-

lize the ﬁreceding results to systems involving more than three particles in

a very trivial way.
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Thqoughout the paper, we formulate the problem in terms of pairwise:

potentials and Green's functions in configuration space. Description of

the problem and various possible formﬁlations in terms of the differential :
| : ;

scattering equations and scattering wave functions seems to be more direct
and simple. It would of course be a straightforward algebra involved in
rewriting our result in the form of integral eq#ations and two-particle
amplitudeé. Howevef, we see no apparent piéctiéal advantage in doing so,
at least at this stage of the treatmentr8 A sample derivation is‘givéh in
the Appendix as an illustration.

Thus, the procedure outlined above may circumvent some of the dif-
N \”

ficulties (i) - (iii) and facilitate applications of the Faddeev-Watson

type equations. A preliminary study to determine the potentials Yl and

Y, of (4.9) in the case of high energy proton-hydrogen change exchange

collision is being carried outlo and the result will be reported on else-

where. The main result of the papef is contained in (L.9), (4.10), (k.11),

and (4.17) for the breakup reactions.

II. THE FADDEEV EQUATIONS

We briefly summarize the results of Faddeevu which are relevant to

our discussion and points out several essential steps in the derivation

of the FE which will be usefull later on. For definiteness, we consider
the elastic scattering of the particle‘l by a bound state of (243), with
the coupling to other channels 2+(1+3) and 3+(1+2) takén into account ex-

plicitly. The elastic amplitude is given by:

£, = (8 [V %), - | : . (2.1)



H= Hi + Vi’ i=1, 2, 3 = channel labels

(5, - B) o, = 0 | o (2.2)

=]
1§

=2]
+
<3

(ijk cyclic) (2.3)

The total wave function is

Y, =0 + GV e, | (2.4)
where
e g mto6 e ve
0 0
G(+)= (E(+)- H )"‘l
0
VEV) SV, 4T+ Vg = H - Hi. (2.5)

In order to simplify notations, we will drop the (+) in G's and E without

loss of clarity. Following Faddeev, we set

3 .
c=q + z o) (2.6)



with

o) - G, ijiG . (iJk Cyclic) _ | | .(?'7)

Substitution of (2.6) into (2.7) and rearranging the terms, we obtain' .
(1) ’ (1) (3) , o(k)y
= + + :
G GO jk GO GO Vj G GO ij (g + G )
|
{
- (3) , (k) - o )
=Gy Vi Go '+ Gy Vi (G 97 + '), (2.8)
where
= x(?) -1 _ |
G; = (B' 7 - gi) = GO + GO Vi & ) (2.9)
On the other hand, the form (2.6) for G immediately suggests that ¥ be
separated into components as
Y. =0 + G VVAQ) +ZG(1)V ¢ '
1 1 0 1 1 5 1 1 : ’
- 5 w(l)“, (2.10)
i .
where
(1) _ (1) ‘
b4 = <I>l +'G Vl .q)l
(2) _ (2) . | :
¥ .= GO 13 ¢l + G -Vl @l | .
(3) _ (3) ’ i 8
4 =Gy Vi, & + G Ve . , | (2.11). b

Combining (2.8) and (2.11), we can rewrite W(l) in the forms
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(1) _ (2) (3) . , ,
y = @l + Gl V23 (v + ¥y (2.12)
(2) _ (1) (3)
y = G2 v13 (y + ¥ °7) (2.13)
¢(3) - 6, Vs ) 4 (@) (2.14)

Thus, we finally have the FE in the differential form

(1)

- (3)
(B, - B) v'" = - vjk(w J

+ y(B)y, (2.15)
v‘The above derivation is of course well-known and the salient proper-
ties of (2.15) have been clarified by many workers so that we do not repeat
them here. However, we point out several essential steps involved in reach-
ing the resplt,(QLlS). First of all, the identificatioﬁ (2.6) is a nec-
cessary step iﬁ the derivation of the FE, but sﬁch a separation of G is
rather arbitrary. Different separations of G will naturally lead to dif-
ferent sets of coupled equations, as will be studied in more detail later.
Secondly, (2.15) do not contain any distértion potentials on the left hand
sides. Instead, all the scatteriﬁg in thé i-th channel is brought about

through its coupling to the j-th and k-th rearrangement channels. This

- apparent over-emphasis of the coupling to rearrangement channels seems to

be one of the major difficulties in actual applications. In fact, one rarely
evaluates amplitudes beyond the second term in the multiple scattering ex-
pansion, except in some special cases. |

"As the number of particles involved in the collision increases, the

scattering equations become rapidly more complicated. The compactness of
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the jteration kernels of their solution would be of little practical help,

because we cannst.iterate too much. Before the iteration, we have to re-
duce first the equatiqps to a manageable level of complexity. If %e denote
the initial and final states as explicit channels and the rest as implicit,
then the simplest possibility may be to treat the explicit channels by a

set of coupled equations, while the implicit channels s;e to bs handlsd in'
some noniterative ﬁay so that the non-compactness of the kernels for implicit

channels would be of the least problem.‘ This point will be elaborated on in

Section ITI.

4

In the present paper, we will refer to the compactness of the iteration
kernels and the connectedness propefties interchangeably, with the value of
i€ in G's held at some small nonzero value throughout the calcu_lation~.3’h’5
Finally, it is noted that (2.15) and the result to follow can be re-
written in terms df‘two—'and three- parfidle transition operators, as ususlly

been ddne.11 However, we‘express our result in the form of coupled differential

equations in order to avoid sometimes tedious but straightforward manipulations.

The differential form is especially convenient for a configuration space treat-

AY

ment of the problem, and also brings out clearly the structures involved.

it

III. REDUCED FADDEEV EQUATIONS

In this section, we consider the various possibilities of reducing the
FE (2.15) to sets of two coupled equations. We can proceed either with (2.15)
and eliminate one of the channels, or go back to (2.6) and (2.10). Both will

be considered.
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o A. Direct Reductions

We start with (2.15) and eliminate, e.g., the 3rd channel as in the

reaction 1+(3+2) <> (1+3)+2. Using (2.14), we have

e |
(1) _ (2) (1) (2)
(Hl -E) VY = - v23 y - V23 G3 V.o Yy - V23 G3 V12 4 (3.1)
(2) _ (1) (1) (2)
(H2 -E) VY = - V¥ = Vg Gy Vi VT - Vs Gy Vo, Y (3.2)
Therefore, we may define the new functions -
w(1) - (1) (1)
1] =y + G3 Vi, ¥
’ v(2) . ,(2) (2)
¥ =y + G3 Vi, ¥ (3.3)
\
and obtain
V(1) _ v(2)
[Hl + v12 -E] V¥ V23 y
1 w2) _ w(1)
(B, + vV, - E] ¥ = -V ¥ S (3.4)
with
o= ¥ 92 (3.5)
¢

- Obviously, there are other possible choices for W(l) which lead to dif-

ferent forms of scattering equations so long as (3.5) is maintained,
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such as the form @(1) = W(l) + G3 V12 W(J). On the other hand, it is im~
portant to note that (3.4) can also be obtained at an earlier stage by re-

deflnlng the Green s functlon G. Since (2.6) was a rather arbitrary choice,

we may set with equal validity

G3 + G3 V3 G = G3 + G3 V3 G + G3 V32 G

o
i

I

6 + _'é(l) + §(2) | (3.6)

3 - D

Now, following the similar steps that led to (2.15), we recover (3.4). In

)

the following discussion, we prefer this latter procedure of redefining G and
¥, . !
When (3.4) is iterated, we immediately find that the iteration kernels

for the explicit channels 1 and 2 are compact, i.e. connected in the form

gy V13 8, V23, while the channel 3 component is not connecte@,with the kefnels
G2 V12 and Gl V12 This is the price we pay when (2.15) is simplified to
(3.4).- [gi = (E( *) HO - Vi)_l]. The basic assumption: of the present approach

is that the effect of noncompact kernels for the implicit channels may not

be serious so long as we avoid the iterative solutions for this part.

B. The Multiple Scattering Eguation

Instead of the rearrangement scattering considered in A, we now turn
to the elastic scattering, 1+(2+3) <> 1+(2+3), and try to eliminate the

channel 1. TFor this purpose, we write

Gl + Gl V12 G + Gl V13

(2)a, ,(3)a ' . . : ' (3.'7)

(&}
0

G, + G
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where
6 2)A = G, V,, G
=8 Vip 6 T eV, 3
'3 8 V13 & * 83 Vp3 G2
with
8 = GRS Hy - Vz)—l =G+ G Yy
g3 = =) - By = Vg)T =0 G Vg
Now, defining
‘Yl'= - <I>l+ ‘P(Q)A+ ‘P(3)A
with
y(2)a - 0 + GV 0+ g(3)A v, 0
o 4 g V y(3)A
1 3 '13
p(34 - GVt G(2)A.V1 %
= ¢+ \{,(2)A

1t 8 V)

&5

83-

(3.8)

(3.9)

(3.10)

(3.11)
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Therefore, we get

(2)A _, y = - v, y(3)A

- B) (¥ 1 13

, (H2 + V23

(3)a _ )=

(Hy + V3 - E) (¥ 1 12

The set of equations (3.12) may be compared with that derived by Watson

in his multiple scattering theory.v Tt is given in our notation

v

=0 G by X, + G by Xy
where
= +
Xp = 0 * G T3 x5
X3 = ® * G o X3
and
Ty =V vV, 6t
% V.. G '
= + R
3= Vi3 * V3 G 2y

Noting that

and G, t_ =

Gp %5 = 8, Vyp 1 %3 = & Vp3s

W(Q)A .

\

(3.12)

7

(3.13)

(3.14)

(3.15)

(3.16)

s
B T A I TS TR R
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we immediately have
Wl = @l + &, V12 X5 + g5 Vl3 X3

= - d)l + Xo + X3 ' (3.17)
with the identification
Xy = y(2A X3 = y(3)4 o (3.18)

thus

andA(3.lh) is identical to (3.12). A similar form was also given later

by Lovelace.

C. Alternative Reductions

Evidently, (3.6) and (3.7) are not the only possible choices of G,
and we study several other possibilities here.

(i) If we write G as

G=G,. +G, VG-= GO + G

0 0 Vl G+G, V,, G

0 0 23

(2)B

()8, (2)B | (3.19)

G, + G

then we obtain

G(l)B (2)B

G Vo3 Gp + Gy V3 G

(2)B _ (1)B (3.20)
G =g V) G+ glAVl G
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Define now

_ ’ LB (2B ,
wl = @1 + G Vl ?1 =y + ¥ ‘ ' — (3'21),

with

V. o =0 +q v 2B

y(1)B (1)B

. + G

(2)B _ (2)B - (1)B \
¥ =GV 8 F OV 0 =g V) VT, | »(3.22)

and obtain

(-5 1B (2)B

1 E)

'V23 ¥

w(2)B _
(B, + V), - E) ¥'/0 = -y

(1)B
1 Y ,

(3.23)
(ii) Instead of (3.19), if we take

G

GO + GO V2 G f GO'V13 G

/
/

Gy + c(1)¢ , g(2)e, | SR (3.24)

the resulting equation would be

(1)c _ _ (2

(H, + V.. - E) ¥ 5

1 12

- E) y(2)9’= - : w(l)c | ' - '(3.25)

H \'
( 2 13
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(1iii) A slightly different form of equations (3.12) can be obtained in

which V2

3
write
G=G1+G1V2G+CT1V3G—2..G1 G
=G + 620, (3D,
where
e = &™) - Hy + v23)'l #6 = &™) _x
Then, with
v = (2)D , ,(3)D s
where
y(2)D E;'l Vig & * g{2)D v, 0
y(30D _ El Vi, 0 ¥ g{3)D v, e,
we obtain
(Hé - E) y(2)D _ _ Vs y(3)D -YVIl3
(H, - E) y(30 _ _ v, y(2)D _ Vi, 0,

does not appear on the left hand side. For this purpose, we

(3.26)

(3.27)

(3.28)

(3.29)
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which would be useful for elastic scattering.

(iv) Returning to the rearrangementiprocess 1+(2+43) > 2+(1+3), we

try to derive a more symmetric form than (3.23) and (3.25), in the process

of eliminating the 3rd channel. For this purﬁose, we write

G = GO + GO Vl G + GO V2 G -~ GO V12 G

Eé + G(l)F + G(2)F

" where

i

G3=(E(+)—H + V. )t 46

0 12 3°
(1)F X
G can be written as
(L)F. = _ = (2)F
G :G3V2G—G1V2G3+G1V2G
(2)F. = _ = (L)F
G :G3le-G2le3+G2le

The total wave function is separated into two

v = DT, O

b

where

parts as

(3.30)

(3.31)

('3.32)



v‘:\,

(L)F _ (1)F _ (2)F
Y = @l + G Vl ¢1 = o+ G V2 ¥

(2)F _ = (2)F L (L)F

Y =Gy v, & + G V0 =G, V¥ . (3.33)
Thus, we finally have the desired coupled equations

\
(L)F _ _ (2)F
(Hl -E) Vv ==V, ¥

It is thus increasingly clear from these examples ﬁhat certain regular
patterns are emerging in the way of reducing the original matrix equations.
The arbitrariness in the choice of G and ¥ can lead to a variety of sets of
equations. In particular, we advocate the use of (3.29) and (3.34) for
the elastic and rearrangement collisions, respectively. In the Appendix, we
give the T-matrix version of (3.34) as an illustration. All the other sys-

tems of equations presented here can be converted in a similar fashion.

D. Breakup Channels

1

\
We briefly consider the reaction H(2+3) <> 1 + (2+3) in which the final

state is described asymptotically in terms of the eigenstates of H,K = H-V,

0
rather than the distorted three-particle continuum states of Hi’ for example.
The latter possibility has the attractive. feature that the initial and final

states are orthogonal, but we do not consider it here.
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\

With the decomposition of G as

G

[}
G2

i
.

m
=

where

we have

G(o)H

eS)::

= G

+ GO

+Go

+ |
GO

o™ 3

VG
VG+ GO Vl G - GO V1 G

. :
VaG+ GO Vl G

0)H . G(1)H

-G, V, G}

0

010"’

(L)H
1 R
Vl GO + GO vl G

(0)H
1
v GO + Gl V G .

If we define thus

Yy, = Q(

with

W(l)H

G(O)E _

1)

=¢ + G

=G V. & + G

H + W(O)H

W Vl Ql

(0) V. e,

01 1. 11

(3.35)

(3.36)

(3.37)

(3.38) ’
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we get the coupled equations
; (1)H (0)H
- vy = - Y
(Hl E) ‘ v
(B, - E) y(OH _ _ v, y(LE (3.39)

It is especially useful to rewrite (3.39) in the uncoupled form

(L) _ (0)H _ - J(1)H '
[Hl +V GV - E] V¥ =0, Y =G, v, ¥ (3.40)
or

(0)H _ ,
[H0 + vl Gl V-E] V¥ = - vl @l . (3.L41)

The form (3.40) would be especially useful in setting up a coupled-
(1)

equations procedure to estimate , and evaluate the amplitude

£, = (@olvlwl). (3.42)

E. Connectedness Properties

In their reduced forms derived in this section, the effect of the third
channel is not treated in a mathematically rigordus'fashion at the same level

as with the original FE,(2.15). The binding potential V12
’ 3

nel appears, e.g. in (3.34), only in the coupling terms Vl and V2 on the right
(1) (2)

for the third chan-

hand side. However, as in (3.3), V and ¥ of (3.34) should have components
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of the third channel if they are.open. Howéver, in so_far as its éffect
on the channels 1 and 2 are concerned, (3.34) may be sufficient'to deter-
mine the correct W(i). Thié point will become even more pIausible by the
introduction of pfojection operators, as will be shown in the next section.
Thus, the form (3.34) will iferate with compact kernels in so far-a;
the éxplicit channels 1 and 2 are concerned, while the rest of the implicit
channels Qill not exhibit such compactness property. However, we will.par—
tially remedy this situation by the use of the channel projectién operators.
(We have used the compactness and cénneétedness interchangeably in the above

discussion, with the convention that the scattering energy is kept complex

with small +ie throughout the calculation.)

IV. DISTORTION POTENTIALS

As discussed earlier, the set of equations (2.15) does not contain
any direct distortion potentials in the left hand sides. Conséquently,
the scattering of (2+3) énd 1, for example, is brought about by its coup-
ling to the other two rearrangementlchannels; This in turn implies that -
we have to iterate at least once to get the firsf disfortion effect. We
believe that this feature is:partially responsible for the slow coﬁvergence
of the iteration series in some cases and makes the applicationfof (2.15)
éifficult. The situation is the same with (3.é9) and (3.34). On the other
hand, the sets (3.12), (3.23), and (3.25) contain spurious distortiops on
the left hiﬁg sides which have to be cancelied by the higher order ferms;'

the problem?ecomes especially serious if the two-particle potentials are

either very long-ranged or very singular. It would therefore be extremely

NS
K&
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desirable from practical point of view to reformulate the theory of Sections
IT and IITI such that some distortion potentials could be introduced.  This
will not only minimize the dependence of the scatteiing on the coupling to
rearrangement channels, but would also improve the convergence property
of the multiple scattering expansion.

For simplicity of discussion, we consider explicitly (3.23) and show
how the distortion potentials Y could be introduced in the left hand side

of the equations. The procedure we follow is the same as that used in

(i)

4o
Sections IT and IIT, i.e.Ago back to Wl and redefine G and VY in some
suitable fashion.
Thus, in place of (3.19), we set ‘
- 3
G =Gy + Gy (V, - Yl) G+ G, (v23 - Y2) G
+G,. Y G+ G Y3 G
0 "1 0 2
o \ ' 3
=4, + EO (v, -¥) G+ &o (Vpy - ¥3) G
_ ao + (@), ) (k.1)
where
v (#) 3,-1
Gy = (E -Hy - Y, - Y2) .
The G(I)Tin (4.1) may be rewritten in the form
(1)J _ o 3,
G = G, (v23 -Y;) ¢
_ Y 3 Wy 3y (2)d
=G (V23 - Y2) Gy + Gy (v23 - Y2) G (k.2)
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(27 - o (V-1 G
= 82 (v, - ilf 80 + 8é (v, - Yl) G(l)J, | (4.3)
where |
d &) _ By = Vos - )™
Eé = @) - H, - Vl,-'Y23)_l : (b.h)

By defining W(I)J in terms of G(l)J and rearranging the terms, we arrive

at the equations

o (1)7 3, ,(2)7
(Hl T Y, - E) v = - (V23 - Y2) ¥
(B, +V, + Yg - E) y(2)9 (v, - ¥)) w(l)J, . (4.5)

#hich is the desired modification of (3.19). The distortion potentials Yl

and Yg are completely arbitrary so far. Obviously, the compactness of the

iteration kernels in the particular explicit channels depehdq on the be-

. 3
havior of Yl and Y2

Various different choices of Y reproduces the result obtained earlier;

in the asymptotic channel region.

for example, the choice

- 3 _ '
Yl = 0 and Ye_- - Vie (4.6)
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reduces (4.5) to (3.34), while
Y. = V., and Y5 = 0 ; (L.7)
1 12 2 _
gives (3.k).
TMurthermore, the choice
Y =Y and Yo = Y, - V | (4.8)
1 1 2 2 12
leads to a new form9 of (3.3h4),
' (L)X _ (1)x
(Hl + Y - E) ¥ = - (V2 - Y2) ¥
(2)x _ (2)x
‘(H2 +Y, - E) ¥ == (v, - Yl) 14 . (4.9)

This is the most general set of equations for the process 1+(2+3) <> (1+3)+2,
- o +
such as e H, nd, and pd scatterings and also e H. For the elastic scattering

in the channel 1, we can modify (3.29) into a form

(H, + Y, - E) W(Z)L = - (V3 - Y3) w(3)L - Vi3 9
(B, + Y, - E) (3T _ (v, - 1) y(2) _ V., 0. (4.10)

The form (4.10) may be convenient for the systems such as nd, in which the

mn and 7p channels are explicitly considered.
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Similar distortion potential modifications can be introduced also to

the Watson equations (3.12) and to (3.23) and (3.25). In particular, the

original FE can be modified to a form

- Y?) (w(j)M + ¥

, (i _ (k)M ; '
(Hi + Y, f‘E) ¥ = - (vJk ), _(h.ll)
where

. k ' . . , :
Y=Y+ Y, (ijk cycllc). v | ‘(4.12)

In (4.11), we have to require that all Yi should vanish in all three

channels so that the compactness property is pfeservea. Similarly, in (k.9),

Yl and Y2

1l and 2. For the set (4.10), we are again to choose Y2 and Y3 such that they

are to be chosen such that they decay both in the explicit channels

decay both in the implicit channels 2 and 3. Furthermore, their fofm can
be chosen such that the coupling to the other rearrangement channels may be
minimized. Thefe are severql approximate procedures to obtain'optimai deter-
'ﬁination of the Y's,vand”this haé been discussed préviously,g to.which we
refer for the details.
Now, return to (4.9) and consider briefly how we are going to solve
_ the problem for_‘i’(l)K and W(z)K. Ihéidenfally, (4.9) is not restricted
to the three-particle systems,>fut H. and H2 can aécomodate more complex

1
clusters so long as the problem is to be treated.in terms of two explicit
rearrangement channels. Therefore, in general, attempts to obtain an itera-
tive solution of (4.9) will result in the noncompact kernels in all possible

implicit channels of the problem. A powerful technique-which at least

partially circumvent this problem is the use of channel projection operators.



We define the projection operators Pi and Qi’ i =1 and 2, such

that
P2 = PT =P
1 1 1

but, in general,
(e, P, # 0,143

Then, (4.9) can be rewritt

P.(H. + Y, - E) P, y(1)K
1 1 1 1

- P, Y, D, (3K _
1 1 1

and
- L(i)K
Qi(Hi + Yi - E) Di ¥

(1)K
-Q Y, P,V
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en in the form

+ Pi(vj - Yj) Pj

_ (
Pi(vj Yj) Qj y

+ Qi(vj - Yj) Qj ¥

- Qi(vj - Yj) Pj Y

NEPL

J)K

(J)K

(3K

(4.13)

(4.1k)

(4.15)

C(4.16)

For channels with two clusters, e.g., we may construct Pi in terms of the

cluster wave functions, in which case, all the quantities in (4.15) are

completely connected in al

1 channels. Unfortunately, this is not the case

with (4.16) and the problem is then to make a careful treatment of (4.16)

for Qi W(i)

. Here, the usefulness of Yi and Pi becomes apparent: If Pi

contains the initial channel, then the 'reasonable' choice of'Pi and Yi

could make the right hand side of (4.15) small.

For such a choice, we

simply have to solve a well-defined set of coupled equations to obtain
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Pi W(l}K and the desired amplitudes.
In exactly analogous way, we can ihtrodﬁée the appropriate channel

projection operators into (4.10) for the elastic scattering and also to

the FE in the modified form (4.11). The coupled equations for the break-

up reactions, (3.39), can also'be modified to include distortions. Thus,
we have, e.g.
(DR _ (0)R
(B, + Y, -E) vV =- (V-1 V¥
(0)R (L)R N
+ - = - - . .
(Hy + Y, - E) ¥ (v - 1) ¥ . ) (4.17)

~ ¢

Finally, we should point out the possibility of reducing the effect
of 'spurious' long-range coupling to the breakup channels in (L.11), for

exémple. As stressed by,Noyes,l for some E above the breakup threshold,

some components of W(J) and W(k) may have outgoing waves such that the coup-

" ling terms decay only as R;l as their respéctive asymptotic regions are
approaehed. This in turn makes the COpfiguration space treatment of the FE
more difficult.

First of all, we épress the fact thatfsuch a spuridus long-range effect
gggg_géﬁ.appear so long as the totai energy E is below the lowest breakup
threshéld. Secondly, when Yi‘and Y? are chosen such that fhe coupliﬁg terms
of the form P.(V,, - Yk)(Q. W(j) + Qk W(k)) are made small, the spu?ious,

173k 7370 o :
effect may be minimized sufficiently. Howéver, there are no satisfactory

ways to eliminate such effect completely, except perhaps by choosing a very

peculiar form of Y? in the asymptotic region.,

i,



his no need of going back to G and readjust G

-27-
V. THE GENERAL REDUCTION METHOD

Based on the detailed discussions given in the two previous sections,
we can now generalize the procedure to reduce the N-particle scattering
equations of the Faddeev and multiple scattering types to sets of matrix
equations of small dimensions and also to introduce some effective distor-
tion potentials in a'consistent' way. Such method was presented earlier9
for the rearrangement collisions from a more intuitive point of view, based

on the ansatz that the total ¥ can always be written in several components,

each of which satisfy some parts of the original scattering equations. Since,

. we have shown above that such ansatz is valid and the result derived from it

is the same as those present here, we recapitulate the reduction method,

It makes the derivation of all the equations completely trivial, and there

(1) and W(i).
Consider the N-particle scattering system which may be deseribed by

the matrix equations of the Faddeev type with the dimensions N(N-1)/2. In~-

stead, we try to construct a simpler set of equations of dimension I, where

I is a small number representing the explicit channels of interest here. The

question we are aeking is how to conetruct the set of equations such that

its iteration kernels possess compactness properties in all I channels and

also contain distortion potentials Yc, C=1,2, ..., I. The channels are

meant here to those asymptotic states which are eigenstates of distinct

channel Hamiltonian Hc' If we denote the I X I matrix equation as

Pi--PBo | (5.1)

5. | (5.2)
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where JD and B are matrix operators, while ¥ is a vector, consisting of
' (c) < - S . o1 s T s
elements ¥' ', and § . =1 - 8., eand 6, =0if I> i and §, =1 if 1} i.

The elements Dcc' and Bcc' are obtained in the folldwing way:

(a) The diagonal terms D, are given by

D = H + Y - E . B (5-3)
ce c c
where
] I ot ) . v . , B
Y = % Y . . (5.4)
c et=1 c . o

(c'%C)

1
Yz in (5.4) are the distortion potentials which vanish in all the I
asymptotic channel regions.
(b) For each column C, the off-diagonal elements Dc.c can be chosen such

that

z: D =H-H -Y . - (5.5)
c'#e _ .

Other than this, D , are completely arbitrary, including some zeros. Note
_ c'e

that (5.4) and (5.5) are designed so that

-
. ~

I _
c§=1 D1, = H-E . - (5.6)

for all ¢ = 1,2,..., I.

(c) Finally, B 1o 8re chosen as follows
. c

et = 0 forc# 0

B =H -H_ . , ’ - . (5.7)
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where HO is the free N-particle Hamiltonian. The entire B term is designed

to incorporate the case such as (4.10) in which the initial channel component

~

is eliminated from the coupled equations.

" (d) If we want to reduce the I X I equations obtained in the above sequence

to a (I-1) X (I-1) dimensional equations, it requires simply to add the
elements Dc'c of the row being eliminated to any of the other row columnwise,

and then drop the particular column altogether. This will preserve the sum

'

(5.6)
The‘explicit forms of the reduced matrix equations presented in the last

three sections provide examples of this reduction procedure.
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APPENDIX Scattering Operators for (3.3%4)

The various systeﬁs of coupled equations derived in this pair can be A

. converted to sets of amplitude equations. As an example we consider here

explicitly Eq. (3.34) for the elastic scattering. The amplitude is given

by

where

If we define T(l)

(1) (2)

T=T + T

with

e =y (D)

and

n(2) |

) = (@llTlol),

vo= v (1) 4 (B,

11 1

bya (i = 132)9

The, we obtain a set of coupled equations

(1)

T = Vl + Vl Gl T

%(2)

I
<
@
.

n(2)

(A.1)

{a.2)

(A.3)

(A.L)

(.6)
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=V G2 T .o (A.7)

The potentials Vl and V2 in (A.6) and (A.7) can be eliminated in a trivial

way by writing

o
I
1
<
0

1=V PV G EY R

nr—

T, =V vV, Gy 85 2V, 0 _ (A.8)

Thus, (A.6) and (A.T) becomes

W oy +e, 0, ¥

2,1 =t

92¥(2) = t, G, (1) (4.9)
and

2 . alt by G, o) (A.10)

Since the off-shell ti's are involved in (A4.9) and (A.10), we have not
gained anything by rewriting (A.6) and (A.7) in the above forms: For given

t, and t, and G., we can always construct G, , V

1 2 0 1> Vp» and @

1° with exactly the
same amount of physical contents.

Obviously, we can further decompose ti into the set which involves Ti

defined by

Ti = vjk + ij GO Ti . : (A.11)
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_3h_
Thus, e.g.,
- +(2) (3)
= tl + tl

-]

1

where

t§2)=¥ + % 6t

i}
He
+
H
Q
ct
n

W3

and

He
il
&)
+
&
o
=
[ep]
e -

. _ N
3 T3 + T3 GO Tl GO T3

=
]

The procedure is then to solve first for %i of (A.13) and get t§j) of
(1) (2)

(A.12). Then (A.9) and .(A.10) will give T and T

(A.12)

(A.13)

;7‘ 2y
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