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EFFECT OF PROTON-PROTON SCATTERING 

ON AN INITIAL LONGITUDINAL-SPIN POLARIZATION 

James E. Simmons 

Radiation Laboratory 
University of California 

Berkeley, California 

January 4, 1951 

ABSTRACT 

A triple-scattering experiment is described which is designed 

to measure the Wolfenstein A parameter for proton-proton elastic 

scattering at an incident laboratory energy of 316 Mev. For labora-
o 0 0 0 0 0 

tory angles of 11.8 ± 1.1, 24 ± 2.1, and 36 ± 2.2, values of A 

were found to be -0.339 ± 0. 064, 0. 001 ± 0. 045, and p.236 ± 0. 050, 

respectively. Use of an auxiliary deflecting magnet together with 

the polarized beam from the 184-in. cyclotron provided an initial 

longitudinal beam polarization of -.63% with respect to the direction 

of motion. 
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I. INTRODUCTION 

The object of the experiment to be described is the investi

gation of the spin dependence of proton-proton elastic scattering. It 

is concerned with the measurement of a parameter introduced by 

Wolfenstein1 and denoted by A(B)o 

The existence of spin-dependent forces, known from the 

structure of nuclei and low-energy interactions, introduces a degree 

of complication into the proton-proton system. Complete knowledge 

of the scattering requires not only data on the differential cross sec

tion, but in addition,. information on scattered spin orientations for 

given incident spin orientations, or polarizations. 

The first measurements of the high-energy (200 Mev) polar

ization phenomena in 1953
2 

opened the way for scattering experiments 

in which spin effects were of first interest. Since that time the ex-
3 4 perimental program on the proton-proton system at this laboratory ' 

for energies near 300 Mev has comprised, in addition to differential 

eros s- section measurements, double- scattering experiments in which 

the productton or polarization is of interest and triple- scattering ex

periments iln whLch the change of spin orientation is involved. The 
\ 

experiment discussed here is of this latter type. 

The theoretical efforts to fit the proton-proton (and neutron

proton) cross sections and polarizations 5 resulted in some agreement 

on qualitative features, but they had slight success quantitatively. The 

lack of suitable theory has encouraged the empirical approach, which 

attempts to unify and describe the experimental data in terms of the 

phase shifts of the system. 
6 

The assumption is made that a finite 

number of angular-momentum states contribute to the interaction. 

Up to the pre sent time five different independent experiments have 

been performed with the accumulation of more than 36 pieces of data. 

In spite of the effort so far expended on obtaining data and analyzing 

them in terms of phase shifts, a unique description has not yet been 

achieved. Further, experiments may make possible a choice between 

the four to six sets of phase shifts so far obtained. 



-5-

II. THEORETICAL BACKGROUND 

A. Statements on Polarization 

The polarization vector* for a beam of spin-1/2 particles is 

defined by the follo'wing double average. The quantum mechanical 

expectation values of the PauH spin matrices, CJ , CJ , and CJ , for 
X y 

7 
Z 

each partide are averaged over all particles in the beam. 

<~> = 1/N 

N 
L: 
a=1 

at 
X 

a 
CJ X . 

This quantity, a vector of magnltude P; is called the beam polariza

tion, or simply the polarization. In the above expression, X a is the 

normalized two-position column matrix representing the unknown spin 

t f h th t. 1 h'l at : . H . . . t Th s ate o t e a- par 1c e, w 1 eX 1s 1ts erm1tlan cOnJuga e. e 

superscript a numbers the N particles of the beam under consideration. 

Knowledge of N as sum'es knowledge of the beam intensity. 

The polarization as defined here is due to a mixture of part

icles in different noninterfering spin states. A beam for which P = 1 

is completely polarized and is described by a single spin state. Half 

of the particles of an unpolarized beam, P = 0, may be considered to 

be quantized along any given direction, with the other half oppositely 

quantized. The measurable effects produced by a beam possessing 

definite values of f.), , (0" y) , and ( CJ z) are the same as those 

that would be produced by a beam composed of a fraction 0 -P) of 

unpolarized particles and a fraction P of particles completely polar

ized along the direction of (~) . Another way of saying this is to 

define the magnitude of the polarization in the following way. Let N+ 

and N- be the number of particles considered to be quantized parallel 

and antiparallel respectively to the direction of (~) ; the total number 
+ - + -~I + -is N=N + N ; then we have P= {N - N ~ {N + N }. 

* Vector quantitie·s are denoted by underlining. 
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Concerning the elastic scattering of beams of spin-1/2 part

icles from unpolarized targets at a definite angle 8 and beam energy 

E, the following statements 1• 8 
are applicable. (a) When an unpolar

ized beam is incident, the polarization of the scattered particles has 

the form 

= P{9, E)~_. 
{2} 

The unit vector ~ = !s_ x !s_1 
/ I~ x _!s,_' l is the normal to the plane of the 

scattering;~ and~~ are unit vectors along the initial and final direc

tions respectively. {b} When a polarized beam, of which the polariz

ation vector is V:}s• is incident, the scattered intensity has the form 

I= 10 [ 1 +~)B · ~ P(~,E}] (3:) 
\ 

Here, 1
0 

is the cross section for unpolarized incident beam. 

The quantity P{®, E}, which appears in both these expressions, 

is called the polarization function for the scattering. 
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B. Proton-Proton S'ystem 

The system composed of two spin-1/ 2 particles incident on 

each other has sixteen--4-by- 4 Hermitian operators associated with it. 

These are : 1, a 1x' a 1y' a 1z' a 2x' a 2y' o· 2z' and the 9 products, 

a 
1
xa 2y. The subscripts 1 and 2 denote the incident and struck part

icles respectively. Specification of the initial polarization of the 

system requires knowledge of the average values of aU these operators. 

In the experiments here described we are dealing with a polarized 

beam incident on an unpolarized target, therefore the initial system is 

de scribed by the intensity and the beam polarization: (a 
1
) , 0 1 y), 

and (a 1z). . 

Proton-proton scattering may be completely described by a 

matrix in spin space, introduced by Ashkin and Wu. 9 This matrix 

gives the amplitude of spin states in the scattered wave; when a wave 

of given spin state is incident. Let such a 4-by-4 matrix be denoted 

by M; let the incident wave in the center of mass (c. m. ~be denoted 

by l\J. = exp [i, pz/11.] X. , where p is the magnitude of the c. m. 
1n 1n 

momentum and X. is a four-position column matrix representing the 
1n 

incident-spin wave function. The scattered wave is then given by 

l\Jscatt = U/r) exp (f pr/-'6) M.xin'~·-vh~re Mxin = xscatt is the outgoing 

amplitude. 
10 w 8 Dalitz and olfenstein and Ashkin have given the form of 

the matrix M by use 
1 

the following way. 

M = BS + C {~1 +_2' 2 ~ 

of invariance arguments. It may be written in 

P a · P} T 
-2 

.. E.~ T. 

The letters SandT represent the singlet and triplet projection 

operators. The unit vectors n, P, K represent a convenient frame 

of reference in the center-of-mass system. 
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K 

If E i an~ .E.f are the c. m. momentum of the incident particle and the 

particle scattered at the angle e, respectively, then we have 

~ " !P; + _pf)/ I £; +__p£1 ' !_( ~ (££ - .£)11 .I'£ -£ il ' -"- "~X K. (5) 

For the nonrelativistic approximation the vector ~has the same dir

ection in the c. m. fram~ as has the vector ~u in the laboratory frame. 

The symmeltry properties of the coefficients B, C, G, H, and N are 

discussed by Wolfenstein. 1 

The five coefficients appearing in Mare functions of energy 

and angle, and are generally complex. They represent nine unknown 

quantities, at given energy and arJ.gle, if a common phase is factored 

out. This point is discus sed in the Appendix. In principle, at least 

nine independent experiments at each angle are required in order to 

determine M. 

The short-range nature of nuclear forces allows an import

ant reduction in the complexity of the system if it is assumed that a 

limited number of orbital angular momentum states are present in 

the incoming wave. Let the maximum value be denoted by L . max 
The outgoing amplitude for any angle ca:n then be de scribed by a 

finite number of phase shifts. 
11 

Measurements of an experimental 

quantity at different angles are now related by a known form of ang

ular dependence. 

In the initial stages of a phase- shift analysis on the proton-
12 13 

proton system carri~d out at 300 Mev, ' the value L = 3 was max 
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1 1 3 3 
assumed. There are eight phase shifts for the s

0
, P

0
, P

1
, P

2
, 

1 3 3 3 14 . 
D

2
, F 

2
, F 3' and F 

4 
states, anq a mixing parameter wh1ch 

3 3 couples the P 
2 

and F 
2 

states. These nine unknown quantities, whose 

values would completely determine the scattering, are to be deter

mined from the experimental data acquired at all angles. 

Theorems of Yang 15 arid Wolfenstein 16 concerning the per

mitted angular dependence of the cross section 10 and the polarization 

P, for given L , permit an estimate of the amount of information 
max 

available in these quantities. On the basis of the requirements for the 

proton-proton system that 10 and P be symmetric and antisymmetric 

functions of cos e, respectively, the angular dependence of 1
0 

and P 

has the form 

= 

L 

p = ~ 
n 

L 
max 

~ 
n = 0 

-max 

= 0 

2n 
a2n {cos e} ' 

1 
2n+1 

b2n+l (cos e} sine (6} 

4 6 
From scattering theory, ' the coefficients a 2n and b 2n+l are known 

functions of the phase shifts. In addition, because the angular depend

ence of 1
0 

and P has been measured, 
3

' 4 the numerical values of the 

a 1 s and b 1 s can be obtained by Fourier analysis. This provides seven 

relations (that is, 2L + 1} between nine phase shifts. Measure-
max 

ment of 10 and Palone does not provide enough information to deter-

mine the phase shifts and thereby tre scattering matrix. 

Further information may be obtained by measurement of the 

triple- scattering parameters introduced by Wolfenstein. 
1 

The object 

of these experiments is to measure the polarization of the particles 

scattered at the angle e when the polarization of the incident beam 
c.m. 

is known. This procedure requires three scatterings, the first and 

last acting as polarizer and analyzer respectively. The following eq-
1 

uations were derived for general systems, but they are taken to refer 

to the proton-proton interaction: 
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12 (!!_) 2 n~ = 12{) [P + D (!!_) 1 . ~2], rn 

12 (!!_)2 ~2 = 1 20[A~)1. ~2 + R@ . {~2 x !s.2~] (8 ~ 

12 (!!_ )2 k' = 1
20 [A• (!!_) 1 . ·!s.z + R' 0\ . (~2 x !s.2 )) 1 (9~ -2 

Their form is based on linear evolution of the scattered components 

of polari;z;ation from the initial ones, while the scalar or pseudo scalar 

nature of each component is preserved. The subscript here refers to 

the particular scattering, so that I. and 1.
0 

are the differential cross 

. h .th t f 1 .J d Jd 1 . d. . "d t b sectlons at t e J arget or po ar1ze an unpo ar1ze 1nc1 en earns 

respectively, while k. and k'. are unit vectors in the incident and out-
-J -J 

going directions respectively. A system of coordinates is defined for 

the scattered particles at the }h target by the unit vectors n., k 1., and 

I I 
-J -J 

s., where we haven. = {k. x k 1 .} / k. x k'. , and s. = n. x k 1 ., while 
-J -J -J - J -J - J -J -J - J 
the unit vectors n., k., and n. x k. form a reference frame for the in-

-J -J -J -J 
cident particles, The quantity (!!.) 

1 
represents the polarization pro-

duced at target No. 1 {incident on target No. 2}, whereas (:) 2 is the 

polarization vector of unknown direction and magnitude after scattering 

at target No. 2, the unpolarized hydrogen target. 

Of the six quantities appearing in Eqs. (7}, (8}, and ~9}, Pis 

the polarization function, while D, R, A, R 1, and A 1 are the new triple

scattering parameters. It should be noted that the last four of these 

are not independent, but they are related nonrelativistically by 7 

(A+R')/ (A 1 ·R} = Tan 0/2 e ). 
c. ;m. 

This formula is connected to the requirement of time reversibility on 

the elements of the scattering matrix. 

Experiments to measure the D and R parameters were the 
4 

next to be undertaken. They have qeen described at length else--

where. 
1

• 7 • 
12

• 
13 

Briefly, they are concerned with the effect of proton

proton scattering on an initial component of polarization. In each case 

the initial polarization is perpendicular to the beam direction. The 

parameter DJ called the depolarization function, determine!j! the extent 
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to which an incident component of polarization, <!!..~ 1 · E_2 , is changed 

by the scattering. The parameter R, called the :rotation function, 

gives the extent to which an initial component of polarization, 

<~> 1 C-n. 2 x ~2 }, wiH be found after the scattering along the direction 

~· 
For each of these experiments a beam of known polarization 

is obtained from the cyclotron by internal scattering in the horizontal 

plane. This beam is allowed to impinge on a hydrogen target. 

Scattering is then observed in either the horizontal or the vertical 

plane depending on whether D or R is being measured. The va~ues 

of D or R are related to values of components of polarization in the 

second- scattered beam along the. directions Jl
2 

or ~2 . To determine 

these components, a third or analyzing target, possessing a known 

polarization function, is placed in the path of the second- scattered 

beam. If the plane of the third. scattering is chosen perpendicular 

to the direction of the unknown component of polarization, a left

right asymmetry may be observed. This asymmetry can then be 

related to the parameter in question. 

Since D and R are subject to no particular symmetry prop-
7 

ertie s, they may have the full angular complexity that is allowed. 

That is, they have the form 

2L 
max. 

D = L-) __ 

n = 0 

n 
c {case). , 

n 

2L 
max R== 

n = 0 

In principle there are 2(2L + l} additional coefficients available 
max 

from these two quantities. 

It should be noted that D and R have been measured only for 

e between 20° and 90°, whereas they are defined from 0° to 
c.m. 

180°. The accuracy of these measurements varies from ±10 o/o to 

±20 o/o. The coefficients en and dn could be chosen in a number of 

different ways that would fit the data for 8 less than 90° yet extrap-
o 

alate to different values of D or R for 8 greater than 90 . The in-

formation obtainable from D and R under these circumstances is 
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less than would be supposed. 

Combining the number of coefficients from 1
0 

and P and from 

D and R we have a total of 3(2L + 1}. For L = 3, there would 
max max 

be 21 relations between the nine phase shifts. If appears that there is 

a considerabl~ overdetermination of the number of equations with 

respect to the number of unknowns. In spite of this, a unique set of 

phase shifts has not yet been obtained. The first stage of the phase

shift analysis, which was completed before measurement of the A 

parameter, yielded six different acceptable sets of phase shifts. 

Measurement of the more complicated triple- scattering 

parameter as given by the A experiment, besides providing new data 

that stand on a par with those previously obtained, offered the further 

possibility of discriminating between the existing sets of phase shifts. 

A more detailed account of the relation of the A parameter to the phase

shift analysis is given in Section V. The experimental geometry is 

de scribed in Section L C. 

Another important class of experiment has been defined, the 

correlation experiments. 7 • 13 Here the object is to simultaneously 

measure specified components of polarization of both the scattered 

and the recoil proton for an incident unpolarized beam. The two un

polarized correlation parameters, Cnn and CKP' are defined by the 

following averages: 
.~ 

<a . 
-l 

/al ~ '\_-

. n 

K 

a · n) 
-2 

!!.z . !:) 

= c nn 

= c~P 

The subscripts 1 and 2 refer to the particle scattered at the angle 

elab and to its recoil partner, ·respectively. 

are defined with respect to particle No. 1. 

The directions n, P, K 

The parameter C is nn 
concerned with components of polarization normal to the plane of 

scatterip.g for both particles, while CKP is concerned with components 

of polarization that lie in the plane of scattering but are normal to the 

direction of motion of each particle. When the incident beam is polar

ized there exif?t four additional correlation parameters. 
7 



None of the correlation parameters has been measured. It 

has been suggested, however, that measurement of c at e 
nn c.m. 

equal to 90° could resolve present ambiguities in the proton-proton 

phase-shift analysis.
4 

Further information on the phase shifts for proton-proton 

elastic scattering can be obtained from consideration of the 

p + p-+ 1T + + d reaction for the same incident energy. Gell-Mann 
17 ,. 1 

and Watson have given a relation between the proton-proton s
0

, 
1n

2
, and 1P

3 
phase shifts and the relative transition amplitudes of 

the pp1T + d reaction for the case in which meson S and P waves, at 

most, are present. Crawford and Stevenson
18 

have described meas

urement of the pp1T + d differential cross section, while Tripp 19 has 

described measurement of the ensuing deuteron polarization. In this 

latter paper, four sets of values are given for quantities that deter

mine the amplitudes of the reaction. Comparison was made between 

the available proton-proton phase shifts 13 and the amplitudes given 

by Tripp. There was substantial agreement between one of the sets 

of favored proton-proton phase shifts and one of the sets of amplitudes 

that describes meson production in the state-for which angular momen

tum and isotopic spin each have the value 3/2. 

At this point twelve experimentally observable quantities have 

been in.troduced, including the eros s section, the polarization, four 

triple -scattering parameters, and six correlation parameters. Con

sider one angle of scattering and make no assumptions about the 

number of partial waves present in the interaction. As mentioned 

above {page 8} the M matrix contains nine independent variables. The 

twelve observable quantities, viewed as functions of these nine vari

ables, cannot aU be independent. 

It was deemed of interest to investigate the independence of 

the following observable quantities, 10, P, D, R, R 1, A, C , and 
nn 

CKP' Each of these is considered to be a function of nine M matrix 

coefficients. It was found that these eight observables are independent, 

which is to say that there exists no relation F(I0, P, ..... CKP) = 0. 

The method used to arrive at this result is given in the Appendix. 
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C. Geometry of the A Experiment 

The A parameter gives a measure of the component of polar

ization, (i)
2 

· _!
2

• of the scattered particles, when the initial polariza

tion has a component along the direction of motion. Use of an auxiliary 

magnet is necessary to achieve the initial longitudinal component of 

polarization, since the polarization produced,at the first target is 

perpendicular to the plane of the scattering. 

The geometry used in the measurement of the A parameter 

may be described as follows, Figure l is a schematic diagram of the 

arrangement in the experimental area kave~. The external polarized 

beam of the 184-inch cyclotron possesses a polarization vector (i)
1

, 

directed vertically. The beam is brought into the cave, where it enters 

a horizontal magnetic field which deflects the beam upward through an 

angle n. When the beam emerges from the magnet the polarization is 

no longer perpendicular to the beam direction, but has been rotated 

backward through an angle X, in the vertical plane. Consequently the 

beam has acquired a longitudinal component of polarization equal to 

- P 
1 

sin X with respect to the direction of motion. 

The angle X may be calculated-by use of the following class

ical method, due to Garren. 
20 

It is de sired to calculate the angular 

velocity~ of the spin with respect to the trajectory, as seen in the 

laboratory system. This quantity is 

w = [ w +w. ] -w . 
-prec - 1h -cy 02} 

The first two terms in the bracket on the right-hand side represent 

the a.ngular velocity of the effective spin precessionias seen in the 

laboratory system}, while the last term, w , is the angular vel-
- cy 

ocity of the beam direction in the magnetic field. The effective spin 

precession is a sum of two terms .. The first of these w , repre-
-prec 

sents the precession of a proton spin at rest in a magnetic field H. 

The second term, ~Th' called the Thomas precession, 
21 

is a rel

ativistic effect caused by the proton's acceleration while in the mag

netic field. Using the expressions 
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\ 

MU-11237 

Fig. 1. Perspective drawing of the A experiment geometry. Not to 
scale. The circles labele(i 2 and 3 represent the hydrogen target 
a'nd the analyzing target respectively. The first scattering inside 
the cyclotron is not shown. The plane labeled 1T 

1 
is the vertical 

plane containing the deflected beam; the planes 1T 
2 

and 1T 
3 

are [ in 
order, ] the planes of second and third scattering. The planes 1T 

1 and 1T are perpendicular to each other, as are the planes 1T 
2 

and 
1T 

3
. The vector ~2 lies in the vertical plane. The vector ~ repre

sents the horizontal magnetic field. 
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w = - (!J. ei2Mc) H, 
-prec p -

• 
~Th = vxv 

w = - (el yMc} H , 
~cy 

2 
v = (w x v~ x v ( '( - 1 ~ I 

-cy - -
2 

v, 

vyhere !J. , e, and M are the magnetic moment in units of the nuclear 
p 

magneton, the charge, and the mass respectively of the proton, y is 

[ 1 - v
2 I c 2

] - 112, ~is the proton velocity,· i_ the acceleration, and ~ 
is the magnetic field, one obtains 

-w=y(!J.p-1) w -cy 

Integrating with respect to time, one has the desired result, 

x = y,( !J. - 0 n. U4~ 
p . 

This relation may also be obtained from the work of Mendlowitz and 

Case, 22 in which a more general quantum mechanical approach is used 

for electrons. 

Proceeding upward from the magnet, the beam impinges on a 

liquid hydrogen target, referred to as target No. 2. We fix our 

attention on protons that are scattered at an angle ®
2 

in a plane 1T 
2

, 

which is perpendicular to the vertical plane passing through the de

flected beam. These scattered protons are allowed to scatter again 

at the third or analyzing target, in a plane 1T 
3

, chosen perpendicular 

to 1r
2 

and containing targets No. 2 and No. 3. By measurement of an 

asymmetry after the last scattering the component of scattered polari

zation at right angles to the plane 1T 3 is determined, and ther~by the 

quantity A. 

The relation between the measured asymmetry and the para

meter A is got from Eq. (8}. Let (!!.) 
1 

n represent the .polari~ation of 

the beam incident on the hydrogen tar get. The prime denotes that 

the polarization produced at target No. 1 has been rotat.ed, in the mag• 

netic field. For the geometry chosen, (..i\ 1 is perpendicul~u to 

n 2 x !s_
2

, which means that the effect of the• parameter R does riot .appear. 
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Since we wish to measure the component of(.!!)
2 

along the d\rection 

~2 , the analyzing plane is chosen perpendicular to ~2 and therefore 

perpendicular to the plane of second scattering. From Eq. 3, the 

scattered intensity out of the third target is 

13 ·= 130 [ l + < c!)2 . ~3 p 3]. 

Let 1
3 

(±} denote the intensity when ~3 is parallel to ± ~2 ; then the 

asymmetry at target No. 3 is defined as 

=(a\ · s P -lz. -2 3 

If we insert 12 = 120 (1 + ( u1v • ~2 P 2 ] in Eq. (8}, and use the geo

metrical facts, (cfJ 1 · ~2 = -P 1 sin x and (a) u 
1

. ~2 = ±P {os x, we 

obtain the following expression for the asymmetry: 

06} 

The ± sign refers to left or right* scattering respectively from tar

get No. 2. 

It may be noted that another geometry different from the one 

employed here, is available to measure A. It involves magnetic de

flection in the manner described above; however, the second scatter

ing takes place in the vertical plane while the analyzing plane is again 

perpendicular to the plane of second scattering. To eliminate the 

parameter R from the picture a magnet sufficiently powerful to rotate 

the spin through 90° must be used. 

The parameter A may be related to the coefficients of the M 

matrix. The method of doing this, using the density-matrix formal-

. . d' d 1 h l, 13 Th 1 . . . l 23 · 1sm , 1s 1scusse e sew ere. e nonre at1v1stlc re su t, 1s 

r0 A = Im[C>:• ~B+G-N)] cos W/2).- 1/2 Re [(N-H}B* 

. + (G-N}* (N+H~] sin (8/2). 

Here 8 is the c. m. scattering angle. 

* For this case, left scattering occurs when <!!J' 1 · ~2 is positive, 

right when it is negative. 
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The foregoing formula holds in the nonrelativistic approxima- · 

tion. Strapp
24 

has shown how to modify such a relation to take account 

of relativistic corrections involving the kinematics, as well as those 

concerned with transformations involving the large components of 

the spinors. These effects are not discussed here, except to note that 

they may give a result approximately 10% higher or lower than that 

from the nonrelativistic approximation. 
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D. Ge~:rn.~!ry of the Possible R 1 Experiment 

Since the R 1 parameter represents the last of the independent 

triple-scattering experiments that remains to be attempted, a short 

description of a possible geometry is given here. It is to be noted that 

R' measures that component of scattered polarization which is along 

the final direction of motion, ~~ 
2

, when the incident polarization is 

along the direction E-
2 

x ~2 . In order to detect a longitudinal compo

nent of polarization a magnet must be used to rotate it away from the 

direction of motion. 

A schematized geometry is shown in Fig. 2. The vertically 

polarized beam issues from the cyclotron and, encountering target 

No. 2, is scattered upward in the vertical plane, rr 
1

, through an 

angle 0
2

. The scattered beam enters a magnetic field, H, chosen 

parallel to ~2 , which deflects it through an angle Q in a plane rr 
2

. This 

plane contains the scattered beam and is perpendicular to the plane rr 
1

. 

The particles next impinge on target No. 3, where scattering is detect

ed in the analyzing plane, rr 
3

, oriented at right angles to the plane rr z: 
If the incident polarization(~)! is directed along E-2 x ~2 , the 

components of the scattered polarization( u)
2 

are P 2 , P
1

R 1, and P
1
R, 

along the directions ~2 , ~~ 2 , and ~2 , respectively. After passing 

through the magnetic field, ~. the components P 
2 

and P 
1 

R 1 have been 

rotated through the angle X with respect to the direction of motion, in 

the plane rr 2, but P l R is unaffected. The unit vectors n2 , !S:z• and ~2 
are defined to represent a frame of reference for the rotated beam. 

This is done by taking ~~ 2 to be the rotated direction of motion, ~2 = ~2 , 

and ~2 = E' 2 x i 2 . The asymmetry at target No. 3 is defined by 

e3k = [l3 (+}- 13 ~-}] / [I3 (+} + 13 (-~] = P3(i)2' ~2· 
The ±. sign means E.

3 
= ± E.2 . Using 

( ~ )
2 

· ~2 = P 2 cos X + P 
1

. R' sin X, one obtains the result 

e 3k = P 3 [P2 cos X+ P 1 R' sin X]. (18} 
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MU-12731 

Fig. 2. Perspective drawing for a possible R' geometry. The mag
nitude of (q:/

1 
is taken to be unity. The scattered components of 

polarization, Rand R 1, are in the plane 1T
1

, while the component P 
is normal to 1Tt. The planes 1TJ and 1T 

2 
are perpendicular to each 

other, as are fhe planes 1T
2 

an 1T
3

. 
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The v~lue of R 1 ~s obtained on the assumption that P2 , the hydrogen 

po1ej.rization function, is· well known . 

Inequalities involving the magnitudes of A and R 1 are easily 

obtained in the following manner. Consider Eq. {7}, {8}, and {9}, and 

let (a\ have the value unity and point in the dir~ction of n 2 x k
2

; then 

we have(~)2 = P.!:2 + ~2 + R 1 ~• 2 ; Similarly, if (~}!has unit mag-

nitude but is along the direction ~.2 then ( i)2 = P.!:2 + A_!2 + A'~1 2 · 
Now since the magnitude of the scattered polarization must be less 

. than unity,[ ( u)2 
2 < 1, we have the two in~qualities on A an4 R', · 

1 > P2+ R 2 + RU2 ' 

It is assumed that P and Rare known, since they have already been 

measured. In the second of these inequalities, A' may be eliminated 
1 

in favor of A, R, and R 9 , by using A' = (A+ R'} cot 2 e + R, and the 

result obtained is 

1>P
2

tA
2

+(A+R1 }
2

cot
2 

{e+2R{A+R'}cot-}e+R
2 

(20} 

The triple-scattering parameters R, A, and R 1 relate to 

components of final polarization in the plane of the scattering. Their 

physical interpretation is as follows. Let the incident polarization 

vector be in the plane of the scattering. The final components in the 

plane are given by R, A, and R 1, while the component normal to the 

plane is given by P. The incident polarization vector can be said to 

have been rotated, and changed in magnitude -- that is, depolarized-

by the interaction. Since R 1 is unknown, it is not possible to give 

values for this rotation and depolarization. 
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III. EXPERIMENTAL APPARATUS 

A. Polarized Beam 

The polarized proton beam used in this experiment was ob

tained in the following way. A one inch-thick beryllium target was 

fixed at the 80-in. radius, inside the 184-in. cyclotron, 2 feet up

stream from the main. probe position {see Fig. 3}. Circulating part

icles, which scatter at an angle 0
1 

= 13° left, 
25 

traverse the fringing 

field and find their way into the evacuated exit tube. After passing 

through a 2-by-2 in. collimator the particles enter a steering magnet. 

This magnet serves to bring the beam out through the concrete shield

ing and provides an amount of momentum analysis. Twenty-two feet 

from the steering magnet, the beam traverses a 46-in. -long 2-in.

diameter brass collimator, and issues into the experimental area 

through a 0,01-in. dural foiL Between the steering magnet and the 

exit port is placed a quadrupole strong-focus magnet of 4-in. -diameter 

aperture for the purpose of increasing the beam intensity. Under 
6 normal conditions approximately 3 x 10 protons per second were 

available in the cave. 

The external beam energy was measured and found to be 

316±9.4 Mev. The beam polarization for the conditions given above 

has been previously measured, and is, P
1 

= o-.69 ± .05. 25 The exper

iment depends not on P 
1 

directly, but on the factor P 
1 

P 
3

, which was 

me~sured separately at the end of the experiment. 

As explained in Sec. II C, the beam, after pas sing through 

the auxiliary deflecting magnet, has acquired a longitudinal component 

of polarization equal to -P1 sin x = -P1 sin [-y(f.lp- 0 n], with respect 

to the beam direction. Using for the beam deflection the value~ 

Q = 28.4° ± 0. 25° given in Sec. IV A, we find the value of X to be 
0 0 

66.5 ± 0. 7 , The longitudinal component of polarization is then 

-0.63 ± .05, 

A check on the calculated value of x given above was made 

by using data accumulated for left and right scattering at ®
2 

= 24 °. 
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Fig. 3. Plan view of the cyclotron and orbit of the po.!arized beam. 
The angle a is indicated in a schematic fashion only, and does 
not relate toZany particular experiment. 
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Because the spin has not been completely rotated into the direction of 

motion, there remains a normal component of beam polarization equal 

to P 
1 

cos X, This gives rise to an asymmetry, P 
2

P 
1 

cos x, in the 

left-right scattering. P 2 is the hydrogen polarization function. In 

thi·s manner, assuming P 1 and P
2 

to be known, and using a value of 

the asymmetry extracted from the data, one can estimate the value of 
0 0 x as 73.8 ±6 , Although this estimate is somewhat more than one 

standard deviation too high, it is considered to be in fair agreement 

with the calculated value of 66.5°. 
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B. Beam Monitor 

A parallel-plate ionization chamber, 
3 

filled with argon to one 

atmosphere pr e·s sure, served as beam monitor. It was placed directly 

after the exit port and before the entrance to the deflecting magnet. 

This position was considered better than that after the magnet,, primar

ily on account of reduced tar get background. The charge was collected 

on a calibrated capacitor and the resulting emf was measured by means 

of a de feedback electrometer and a recording potentiometer. 

Because of its location the beam monitor found itself in a 

stray horizontal magnetic field of somewhat less than 30 gauss. A 

check was made in the following way to see if this field had an effect 

on the charge collection. The ionization chamber plate voltage was 

varied within the range 800 to 1000 volts, with the cyclotron beam 

turned on, and the response of the electrometer was recorded. To an 

accuracy of three parts per hundred no change was seen. This was 

considered evidence of satisfactory operation of the chamber. 

Figure 4 is an elevation view of the experimental apparatus m 

the cave; Fig. 5 is a photograph of the apparatus taken during the course 

of the experiment. 
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ELEVATION VIEW OF 184 INCH CYCLOTRON CAVE FOR ':4" EXPERIMENT 
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Elevation view of the experimental apparatus set up in the 
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Fig. 5. Photograph of the experimental apparatus set up in cave. 
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C, Deflecting Magnet 

The auxiliary deflecting magnet used for this experiment is 

known as Beam Focus Magnet No, 2, and is identical in general con

struction to the cyclotron steering magnet, It is a 7, 5-ton air -cooled 

magnet with pole tips a£ nominal size 12 by 30 in., de signed for use at 

power levels of 7 to 10 kilowatts, In order to obtain the desired fields 

it ·was found necessary to modify the air-cooling system, and design 

appropriate pole tips. This design provided for normal entrance and 

exit of the beam, for the chosen angle of deflection, with a gap of 

2,25 in. and 8 in. width, The path length within the pole tips was 32 m. 

In Fig, 6 are plotted a magnetization curve and a field profile along 

the centerline of the magnet. During the run the central field was 

maintained at 16.2 kilogauss, corresponding to a c.oil current of 154 

amperes. 

Two brass blocks were provided at entranc~ and exit to the 

magnet to give a degree of vertical collimation shoul-d it be needed, 

These were adjustable from outside so as to move into or away from 

the center of the beam, Their main purposes was to eliminate stray 

charged particles, which might contribute to the general background 

at the counters. 



·-

-29-

CURRENT, AMPERES 

0 
18 

16 

14 

12 

10 

(f) 

Ul 8 :::J 
<( 
(!) 

0 
..J 6 
~ 

4 

2 

0 
40 36 32 28 24 20 16 - DISTANCE ALONG CENTER LINE, INCHES 

MU-12732 

Fig. 6. Data for auxiliary deflecting magnet. The upper curve shows 
the central magnetic field plotted against the coil current (upper 
scale). The lower curve (lower scale) shows the magnetic field 
plotted against distance along the centerline of the magnet at a 
current of 154 amperes. The distance 16 inches is at the center; 

. 32 inches is at the exit of the magnet. 
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D. Hydrogen Target 

26 
A liquid hydrogen target originally const meted by Cook and 

modified by GaL· cison
27 

was employed. The hydrogen container con

sists of a 4-mil stainless steel cylinder, 5.6 in. diameter, enclosed 

by a cylindrical vacuum jacket. A new vacuum jacket was constructed 

·in order to allow for passage of a beam which is inclined at approxi

mately 28° to the horizontal, and which was expected to be in the 

neighborhood of 2. 5 in. in diameter. The. target presents 1.13 g/ em 2 

of hydrogen to the beam. The entrance window was made 4 in. in 

diameter, covered by 2-mil stainless steel foil, while the exit window 

had a rectangular shape, 4 in. vertical by 8 in. on a circumference, 

and was covered by 4-mil stainless steel. These foils were sealed to 

the aluminum vacuum jacket by cold- setting "Epon" plastic and reln

forced by metal frames held in place by straps. Although some 

difficulty was experienced in obtaining a vacuum seal, the system was 
-6 eventually able to maintain pressures in the neighborhood of 10 mm 

of Hg. 

In order to correct for scattering from the window foils and 

from the hydrogen container walls, which total 0.014 in. stainless 

steel, an evacuated dummy target is placed in the way of the beam. 

This so-called blank target has dimensions identical to those of the 

hydrogen target. Both of these are fastened to a frame that may be 

rolled into place on a set of rails. 
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E. Scattering Framework 

The counters are supported behind the hydrogen target by a 

somewhat elaborate framework. The foundation is formed by a sturdy 

3 -by- 4-foot steel table 20 in. high, on which are fastened three up

right members and a pivot support. These last four objects constitute 

the scatter base support. The scatter base, Fig. 7a, the appearance 

of which suggests the shape of a crossbow, forms an adjustable m

clined plane. A hole bored in the tonguelike extension receives a 

pivot pin, and an angle scale is affixed to the rear bowlike member. 

The scatter base is of welded steel channel construction, and is rigid 

with respect to the loads that are imposed. 

In Fig. 7b is represented the de sign of the scatter arm. This 

structure, of welded dural channel construction, rests on the inclined 

plane formed by the scatter base, and is located with respect to it by 

a pivot pin at the forward end. Counters A and Bare fixed to the 

scatter arm at distances of 2 ft. and approximately 4 ft. from the for

ward pivot axis, respectively- (refer to Fig. 4}. These two counters 

serve to define the beam of protons scattere'd from the hydrogen target 

at the angle ®
2

. The angle is read from the scale on the scatter base 

by means of a straightedge fastened centrally to the scatter arm. 

Counter B and target No. 3 are in contact with each other, so as to 

form a composite target. 

The analyzer arm, shown in Fig. 7b, pivots up and down 

between the two forward uprights of the scatter arm, on an axis that 

passes through target No. 3. Counters No. 1 and No. 2 are fixed to 

the analyzer arm at distances of 25.5 and 33 in. from target No. 3. 

An absorber holder is placed between the two counters. These count"

ers detect, in coincidence with A and B scattered particles from tar

get No. 3. The analyzer arm is held in place against. gravity by clamp

ing it to the right* rear upright of the scatter arm, to which an angle 

*' As seen facing the hydrogen target from the Scatter Arm. 
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scale is fastened, and supporting it from underneath at the other· rear 

uprighL The angles ®
3 

are read against the scale by means of a 

straightedge fixed to the analyzer arm. 

One can see that if ®
2 

were set at approximately 12°, the 

deflected beam would impinge on the forward upright, on that side. 

This would constitute an intolerable source of background. In order 

to remedy this situation for operation at small angles, it was decided 

to pivot the analyzer arm at one of the two forward uprights only. To 

this end, the left forward upright was made demountable, and the for

ward end of the analyzer arm on the same side was modified in a 

similar fashion. This change, however, reduces the rigidity of the 

analyzing system at 61
2 

= 12°. 

To make sure of reproducibility in the setting o.f ®
3

, the 

following change was made. The surface, where the analyzer arm is 

clamped to the right rear upright, was milled out and a 0.25-in. plate 

of cold-rolled steel was screwed to it. On this plate was inscribed 

the angle scale. The bearing surface of the analyzer arm, on the 

right side, was also milled square. With this change it was possible 

to clamp the analyzer arm firmly anp. reproducibly in position at the 

rear upright. 
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Fig. 7a. The Scatter Base. 
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Fig. 7b. The Scatter Arm and Analyzer Arm. 
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F. Counters and Electronics 

Four plastic scintillator
28 

counters of a usual design were 

employed, Their locations are given in the preceding paragraphs, as 

well as in Fig. 4. The sensitive elements of both A and B have dimen

sions 3 by 3 by 0.25 inches, and they are each viewed by one RCA 1P21 

photomultiplier tube. The dimensions of Counters No, 1 and No, 2 are 

8 by 2.5 by 3/8 inches and 9 by 3 by 3/8 inches respectively, The long 

dimensions of Counters No, 1 and No. 2. are perpendicular to the analy

zing plane, and they are both viewed by two 1P21 tubes. The solid 

angle that Counter B subtends at the H
2 

target is approximately 0.004 

steradian, while that of Counter No, 1 at target No, 3 is 0, 031 steradian. 

The signals from each counter were transmitted from the cave 

to the counting area over 12S-ohm coaxial cable, Here they pass 

through boxes containing variable amounts of cable lengh· , or time 

delay, and they are then sent through two stages of Hewlett-Packard 

460A am'plifier.s. Finally the signals are fed into a multiple-channel 

coincidence circuit of the Garwin type, 
29 

as modified by Dr, Clyde 

Wiegand of this laboratory. The fourfold coincidence pulses are 

amplified and then recorded by scalers of standard design. The coin

cidence and counter system has a time resol~tion of about 3 x 10-
8 

second. 

The time delays in the various counting channels were equal

ized in the following way. With the beam on and the angle (D
2 

set at an 

arbitrary value, but a
3 

set to zero degrees, scattering is detected 

from the hydrogen target position. The amount of time delay in 

channel A is held fixed and the delay in channel B is varied so as to 

maximize the AB counting rate, The AB 1 counting rate versus delay 

in Channel 1 and the AB12 counting rate versus delay in Channel 2 are 

then successively treated in the same way. 

The operating values of ~negative} high voltage used on each 

counter are chosen by means of plateau curves, Three of the counters 

are maintained at fixed appropriate voltages, whHe the AB12 counting 

rate is recorded as a function of high voltage on the A counter, for 
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example. The resulting curve shows a steep rise in the neighborhood 

of 900 volts and a relatively flat top beyond 1000 volts. The operating 

point is chosen approximately 150 volts back from the 11knee 11 of the 

curve. This procedure is repeated for the other counters, with the 

result that the operating values of high voltage were in the neighbor

hood of 1100 to 1150 volts. 
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IV. EXPERIMENTAL METHOD 

A. Placement of Apparatus in Cave 

During the course of the setup it was necessary to define the 

centerlines of the deflected and undeflected beams, In either case, 

this was done by means of a transit together with two photographic 

x~ray films. The films, set a distance apart on simple holders, are 

exposed to the beam. They are developed, the centers of the beam 

images are marked by eye, and they are replaced- on their respective 

holders. The axis of the transit is then adjusted to coincide with the 

marked points. 

Before any piece of apparatus is placed in the cave, the un-

deflected polarized beam centerline is located in the lower transit 

(Fig. 4), The magnet is lowered into the cave and brought into correct 

position with respect to the lower transit, The magnet current is then 
\ . 

set at the chosen value, and the deflected beam centerline is located 

in the upper transit., with the aid of x-ray films, 

The angle n may now be obtained by taking the difference in 

the inclination to the horizontal as read on the upper and lower tran

sits, The error in this angle is estimated by knowing the distance 

between films, and approximating the value of the uncertainty involved 

in reading the beam centers on the film. This latter number was 

taken to be ± 1/8 in. while the measured distances between films were 

15 and 7 feet for the undeflected and deflected beams respectively. 

The final value of beam deflection is n = 28,4°±0.25°. This method 

check~d quite well an estimate for n got by constructing a current

carrying_-wire orbit through the magnet for the given value of the 

field, 

The hydrogen target and scattering frame are next set down 

on a 3-by-1.5-by-1 0.25-ft, concrete block, previously positioned on 

the cave floor, The hydrogen target is aligned on the upper -transit 

line of sight, as close to the magnet as possible, The Scattering Arm 

and Analyzer Arm are adjusted so that ®
2 

= ®
3 

= 0. The plane of 
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second scattering, as formed by the Scatter Base, is made parallel 

to the upper-transit axis, at a chosen distance from it, and is adjust

ed perpendicular to the vertical plane through the deflected beam. In 

addition, the axis of e>
2 

is made to pass through the center of the 

hydrogen target. The ·counters are next set in place and centered on 

the upper-transit axis. This procedure fixes the scattering geometry. 

In Fig. 8 are reproduced some developed x-ray films exposed 

to the beam at various points. 
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ZN -1670 

Fig. 8. Reproduction of x-ray films exposed at various positions to 
the 316 -Mev polarized b eam . From top to bottom are the b e am 
pictures at the cyclotron exit port, at the deflecting magnet exit, 
and at the scatter fram e . The s e pictures are reduced by a factor 
of two in linear dime nsions from full size. 
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B. Experimental Parameters 

1. Choice of Target No. 3 and a
3 

Beryllium was chosen for the third target. This material is 

known to show a high polarization at these energies. Compared with 

certain other possible target materials, such as carbon, beryllium 

has higher density of scattering centers, and smaller muhip~e 

scattering per unit energy loss. Consideration of alignment errors 

at the third target brings forth another factor in favor of beryllium. 

In Sec. V it is stated that the error in e
3

s resulting from uncertainty 

in the zero setting of <a>
3 

is proportional to d/ d 6 loge I
0 

(G}, where 

I
0 

(G} is the unpolarized differential cross section of the third-target 

material. Examination of the experimental eros s section curves 

shows that d/ d a loge I
0 

~®} is smaller for beryllium than for carbon. 
25 

The criterion for minimizing the error in an asymmetry by 

choice of analyzing angle is discus sed in a separate paper. 
12 

There 

it is shown that (t~.e/e) is minimum provided the quantity I
0

e 
2 

is a 

maximum, on the assumption that e is not large. I 0 represents the 

unpolarized cross section. This condition would indicate the choice 

of small analyzing angle ®
3

. The second- scattered beam, spread 

out by multiple scattering, extends out to 9° on the a
3 

scale. The 

counters No. l and No. 2 must be kept out of this multiple-scattering 

region. The analyzing angles used are a compromise between small 

angles where high counting rates are obtainable, and larger angles 

where safe operation is assured. The va~ues ®
3 

are given in 

Table III {in Section V}. 

2. Angular Resolution for ®
2 

An estimate for the uncertainty in the second scattering 

angle was made by combining geometrical resolution with multiple 

sc'attering. Let wB be the width of the deflected beam at target 

No. 2, let t be the thickness of the hydrogen target measured along 

the beam line, let w C be the width of Counter B, and let r be the 

distance of Counter B from the hydrogen target. These dimensions 
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are measured in the plane of second scattering. From Counter B, set 

at the angle 6
2

, the hydrogen target appears to have a width of approx

imately w = t sin a
2 

+ wB cos a
2

. If the second scattered beam is 

composed of a parallel 1'bundle of rays 11 of width w . and uniform inten

sity, then sweeping Counter B through this beam gives rise to a trape-

zoidal intensity distribution. 

gives a measure of the spread, 

The second moment of this distribution 
-2 2 2 2 
~®2 = Ulr } [we + w ] I 12, due 

to poor geometrical resolution. 

The multiple scattering in the liquid hydrogen and stainless 

steel windows of the target may be calculated by means of the simplifi-

ed formula, ~e>22 (projected} = 112 {m IM } (Z + 1} ~EIE. The 
e p 

spread in ®
2 

due to multiple scattering is about 113 that due to geo-

metrical resolution at the various scattering angles. The combined 

values of ~6>2 are given in Table III. 

3. Energy Spread of the Second Scattered Beam 

The energy of the second scattered beam had a range of values 

about its mean, which was due to the spread in ®
2 

and to the spread 

in beam energy at the exit port of the cyclotron. Let E 
1 

and E
2 

be 

the kinetic energy before and after scattering at target No. 2, re spec

tively. They are related by 

E
2

:. (E
1 

cos
2 

®
2

} I 0 + (E/2Mc
2

) sin
2 e

2
}. 

If the deviations ~®2 from the mean are of random orig·'in, 

following expression may be used for the spread in E
2

: 
--2 I 2 · 2 I 2 --2 
{~E 2 } = (8E

2 
8E

1
) (~E 1 } + (oE

2 
8®

2
} (~®2 } 

the 

If in the 

above formula one uses ~E 
1 

= 9.4 Mev, obtained from a Bragg curve 

measurement, and for ~®2 the values of angular re solutioq described 

previously, the calculated values of ~E2 may be compared with the 

measured ones. These latter measurements, obtained by means of 

range curves, are described in the next section, and listedin Table IlL 

The ratios of calculated to measured values are 0.7, 1.2, and 1.0 at 

the angles ®
2 

= 12°, 24°, and 36° respectively. 



,_ 

-42-

The assum.ption of random deviations .6.e
2 

is not too good, for 

there is in fact some correlation between the energy of particles 
" 

scattered at different angles, and position across the face of the third 

target, It is conceivable that this circumstance could introduce errors 

into the measurement of e
3 

. In the A experiment described here the 
I s 

_analyzing plan~ is perpendicular to the plane of second scattering. This 

has· the consequence that the various energies incident on target No. 3 

are scattered with equal probability into the two analyzing directions. 

Therefore, a possible energy sensitivity of the analyzing system does 

not entrain an error in the zero setting of ®3 due to energy-position 

correlation at target No. 3. 
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C. Counting Procedures 

1. Range Curve 

On account of the known high polarization ~xhibited. by elastic 

scattering, it is desirable to maintain at a Row value the fraction of 

inelastically scattered particles accepted by the analyzing systemo 

Operation at angles ®
3

, chosen smaller than the first diffraction 

minimum of the third-target material, assures a relatively high in

tensity for the elastic componenL In addition, copper absorber is 

placed between Counters 1 and 2 to reduce the inelastic contributiono 

A further consequence of the presence of the absorber is that the 

ambient low-energy background is reducedo 

The amount of absorber to be used is determined by means of 

a range curve. This is a plot of the AB12 coincidence counting rate 

against absorber thickness, for conditions such that 9
2 

is at its 

operating valve and ®3 is set to zeroo An example for 9 2 = 24° right 

is shown in Fig. 90 The mean range is taken to be located at a point 

on the curve, the ordinate of which is 1/2 the value of the knee of the 

curveo The standard deviation of this measurement is taken to be 

equal to (2/rr) 1/ 2 . (extrapolated value -mean value). The operating 

point is chosen approximately one standard deviation back from the 

knee of the curve 0 This choice as sure s reasonabRe insensitivity of 

the analyzing system to smaU energy fluctuations 0 

Since a range curve was taken for each angle 9
2

, a rough 

check wa~ maintained on the beam energy throughout the course of 

the runo ,For example, if one adds to the mean range of the 24° 

right range curve shown, equivalent amounts of copper corre spend

ing to energy loss in the counters anfi the targets, a range equivalent 

to an incident proton of 325 ± 14 Mev :is obtainedo The difference be

tween this number and the value of beam energy directly measured at 

the end of the experiment is less than one standard d'eviation of the 

range curve. 

It is known that for energies below 130 Mev the polarization 

function of beryllium begins to decrease, 
30 

although it is relatively 
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Fig. 9. Range curve for ®2 = 24 ° right, ® 3 = 0. Taking into 
account er.erg~ loss in counters and targets, the mean range of 
39.1±4.4 g/cm Cu corresponds to incident energy of 325±14 Mev. 
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. h 300 130 M 31 N h l .n. "' 36° constant 1n t e range to ev. ow, at t e ang. e u
2 

-

the energy of protons incident on the third target is at its lowest value. 

It is therefore of interest to inquire what are the mean energy and thre s

hold energy for scattering at the third target. For the amount of 

absorber used, and a l-in. -thick beryllium target, these numbers 

turn out to be 170 and 140 Mev respectively. It is seen that for the 

given experimental conditions variation of the Be polarizat~on function 

with energy does not affect the analyzing ability. 

2. The Zero of e
3 

The zero point of the <9
3 

scale was determined in the following 

manner. The AB 12 counting rate was recorded as counters Nos. 1 and 

2 were swept through the second scattered beam. The re s.l:llting beam 

profile, or umbra curve, allows determination of the zero position. 
0 0 

Figure 10 shows an example. At 0 2 equal to 12 , and at 36 , several 

such umbra curves were recorded. An estimate of the uncertainty in 

zero position was made by averaging the values as taken on successive 
0 

days, and calculating the mean deviations. At 0
2 

= 24 where only 

one beam profile was made for each side, a reasonable estimate was 

made for the uncertainty in zero position. These misalignment errors 

are tabulated in Sec. V, where the over-all errors are discussed, 

3. Measurement of e 3 s 

The asymmetry e 
3

s is the principal experimental quantity. 

Its measurement requires knowledge of the counting rates at the two 

positions of the Analyzer Arm. These positions are conveniently 

referred to as "up" and 11down 11
• For given ®

2 
the data were accum

ulated in a number of cycles, the description of which follo,ws. 

The angle e 3 is set at the chosen value in the up position, 

with the hydrogen target in place, and a suitable number of counts is· 

accumulated. The next step measures the background due to the 

accidental coincidence counting rate, arising from particles which 

traverse Counters A and B, and uncorrelated particles traversing 

Counters 1 and 2. This type of event provided the most significant 

contribution to the accidental rate. Since protons issue from the 
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exit port of the cyclotron in short bursts spaced at 6 x 10-
8 

second, 

corre spording to the period of the radio -frequency, this accidental 

rate could be measured by delaying the signals from Counters 1 and 
-8 . 

2 by 6 x 10 second with respect to the signals from Counters A and 

B. After this is done, the delay is removed and the hydrogen target 

is replaced by the blank targeL In this position counts are accumu

lated which give a measure of the scattering from the material of the 

vacuum- jacket windows. The counting rate due to hydrogen scatter: 

ing is then got by subtracting the accidental and blank counting rates 

from the target-in rat'e. The Analyzer Arm is next set to the down 

position, and the above procedure repeated. This cycle of events 

was repeated an average of six times for each ®
2 

during the course 

of the run. 

The relative values of blank and accidental counting rates 

are given in Table L Here, RB is the blank counting rate, RA is the 

accidental counting rate, and RH is the counting rate with the hydrogen 

target in place. 

Table I 

Relative values of background and effect. 

Lab angle RB/RH R A/RH 
®2 

0.17 

0.06 

0.04 

0.070 

0.025 

0.026 

As a further means of averaging out systematic errors, 

asymmetries were measured for left and right scattering at the 
. 0 0 

angles ca
2 

= 24 and 36 . It will be noticed from Table III that the 

difference between the left and right measured values of A is about 

equal to the error of either determination. 

As has been noted in Sec. III E, mechanical limitations pre

cluded the possibility of a similar procedure at ®
2 

= 12° Here 

counting was done on the left side only. No attempt has been made 

to as sign a larger error to the 12° point on this account. 
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4. Measurement of P 
1 

P 
3 

The measurement of P 
1 

P 
3

, which may be called the calibra

tion asymmetry, was undertaken at the end of the run. It is desirable 

to measure this quantity directly in order to include pas sih~e depend

e nee qn the particular conditions of the experiment. 
i 

The magnet and hydrogen target, as well as the steel table 

and scatter base, have been removed from the cave. The framework, 

called the scatter arm, is adjusted on the concrete block so that the 

centers of Gounters A and B ~and target No. 3~ lie on the ~undeflected~ 

beam centerline. The analyzing plane is now parallel to the plane of 

the cyclotron, and the direction of scattering at target No. 3, which 

was previously called "down 11
, is now a left scattering. One wishes 

to duplicate, in the calibration procedure, the mean energy and spread 

in eiiergy of the protons incident on target No. 3, at a given angle of · 

scattering from the hydrogen target. To this end, uranium absorber 

is placed at the exit port to degrade the beam energy. High- Z mater

ial is used in order that the degraded beam be also diffused into a 

moderately wide -angle cone of particles. This provided uniform 

iHU:mination over the face of counters A and B, and allows them to 

define the beam. 

Since the AB counters are in the direct beam, the flux of 

protons was reduced in order to limit the fractional occupancy of 

these counters to a reasonable value. The AB counting rate, averag

ing about 1500 per minute, was used as the beam monitor because it 

was impractical to use an ionization chamber at these low beam 

levels. A fast scaler, designed by Fisher and Marshau
32 

and con

structed by Dr. Clyde Wiegand of this laboratory, was used to record 

the AB counting rate. 

Under these conditions, the asymmetry measured at target 

No. 3 is equal to P
1 

P
3

, for a given ®
2 

. 

The quantity P
1

P
2

, which appears in Eq. 06} relating A to 

e
3

s' was estimated by using known values for the individual factors. 

Because ·of the manner in which it enters the formula, an error in 
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P 
1 

P 
2 

contribues very little to the error in A. Values of P 
2

, the 

hydrogen polarization function, were taken from ReL 4; for P
1

, the 

beam polarization, the value 0.69 ± .05 was used. 

5. Bragg Curve 

The beam energy was directly measured at the end of the 

experimenL For this purpose two ionization chambers were placed 

at the exit port of the cyclotron, with magnet removed. A variable 

amount of copper absorber was inserted between the,se chambers. For 

a given interval of time, the ratio of charge collected on the- far cham

ber to that colle.cted on the chamber nearest the exit port was plotted 

against absorber thickness. In Fig. 11 is shown the resulting Bragg 

curve, from which one can obtain the mean energy and energy spread, 

equal to 316 ± 9.4 Mev. The range straggling of this measurement 

can be estimated from calculated curves. 
33 

This estimate gives a 

standard deviation equal to 0.85 g/cm
2 

Cu, or about 2.0 Mev. There

fore, range straggling represents about one-fifth of the total spread in 

measured beam energy. 

Although the beam ener~y was not directly measured during 

the course of the run, the range curves described in ,Sec. IV C 

served as a check on the operating conditions. In all cases the values 

obtained in this way agree with the beam energy as obtained from the 

Bragg curve, to within the accuracy of measurement. 
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Fig. 11. Bragg zurve of the polarized beam. The mean range of 
83.2±4 g/cm Cu absorber corresponds to an energy of 316±9,4 
Mev . 
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V. RESULTS AND DISCUSSION 

This experiment resulted in three new pieces of information: 

the v~lues of A for a
2 

{lab~ of 11.8°, 24°, and 36 ° at incident energy 

(lab} of 316 ± 9.4 Mev. These are given in the last row of Table III, 

in which other pertinent experimental information is also listed. The 

numbers given at the last two anglefji are averages for l.eft and right 

scattering, whereas the 11.8° point was measured for the left side 

only. 

The errors in A, expressed as standard deviations, were 
I 

got by combining all known errors tn the various experimental 

quantities. The relevant formula for the error in A is 

+ (cosx±P1P 2 )
2 

(·D.x)
2 

1 ± P l p'
2 

cos X sin X 

6P2 \Zl 
\Pz ) j l 

the ( +) or {-) sign referring to left or right scattering respectively. 

The last two terms on the right-han<;! side contribute a negligible 

amount. The error in the mean value was obtained by, using 
2 . 2 2 

{D.A} ' = 1/ 4 [(D.Aleft} + (D.Aright} J. 
The standard deviations of e 

3
s and P 

1 
P 

3 
are a combination 

of two types of uncertainty, namely counting and <misalignment errors. 

Concerning this latter type of error, it is known from discussion of 

polarization experiments, that if the analyzing angle is uncertain to 

the extent D.®, ~he ensuing error in the asymmetry is, D.e.:::::. 

d/ d 0 log I0 ~6}, where ~0{e} is the unpolarized differential eros s 
e ' 12 

section of the target material. This holds whep. e is small. The 

I 
2s , 

value of q d 6> loge I 0 (Q) = - 0.24 per degree · for PljOtons on Be at 

316 Mev and 1'Z
0 

was scaled down by the ratios of momenta to get the 

required values at the lower analyzing energies. This procedure is 

at least partly justified, since in the Born approximation for elastic 

scattering the logarithmic derivation varies directly as momentum. 
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The e-stimated misalignment errors .69
3 

and resulting un

certainty in e
3

s are listed in Table II . 

Table II 

Misalignment errors 

ez 12° 24°L 24°R 36°L 

l:!.®3 0.056 0.05° 0.10° o. 05° 

L:!.e 3 s 0.013 0:01 0.02 0.01 
I 

The misalignment error in P
1

P
3 

was estimated to be ±0.01, corres

ponding to L:!.e
3 

= ± 0.05°, at all angles. Inclusion of misalignment 

errors resulted in a 15% increase in the total error at the two smaller 

analyzing angles, and 5% at the large angle. 

The Jlleasurement of the A parameter has play-ed a part in 

the phase- shift .analysis of the proton-proton system at. 300 Mev. 

Ypsilantis 
12 

and Stapp
13 

have described the initial stages of the 

analyzis. The ·final reports are contained in papers to be published 

in the Physical Review. 
4

• 
6 

The search for sets of phase shifts capable of providing a 

fit to the_experimental data is carried out by findmg th~ relative 

minima of the function
34 

M = ~ [Oi' exptfl;· __ Oi(calc. ~]/2 /t.~i 2 . 
Here, 0. (exptil} is the measured value of the i observable quantity, 

1 

while 0. {calc 0 ) is the value of the i th observable as calculated from 
1 

a given set of phase shifts. N is the number of pieces of data avail-

able, equal to 36 for the proton-proton analysis. The complexity of 

the problem requires the use of electronic computing machines to 

search for the minima of M. Sets of phase shifts which provide low 

values of M and which satisfy certain other criteria 
6 

are referred 

to as solutions 0 

At the time of this experiment the first stage of the analysis 
13 

had been completed. Stapp reports 28 different relative minima, 

which together with six found later gives a total of 34. Six of these 

gave a fit to the experimental data (not including the measurements 
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Table III 

Experimental quantities for the A experiment* 

~2 {lab} 

(}2 (em} 

®
3 

(lab} 

Target No. 3 

E
2 

at targ. 3 

.6.E
2 

range _curve 

e 3 s left 

e 3 s right 

P1P3 

p2 

A left 

A right 

A average 

0 0 
11.8 ± 1.7 

25.4° ± 3.6° 

13.85° 

2 in. Be 

272 Mev 

10 Mev 

-0.155±.028 

0.543 ± .021 

0.335 ± .025 

-0.339 ± .064 

-0.399 ± .064 

24° ± 2.1° 36° ± 2.2° 

51.36° ± 4.5° 76.26° ± 4.7° 

12.25° '19.9° 

2 ih. Be 1 in. Be 

225 Mev 172 Mev 

14 Mev 11.5 Mev 

-0.018 ± .028 0.129 ± .034 

0.025 ± .032 0.103 ± .034 

0.515±.022 0.537 ± .027 

0.317±.025 0.142 ± .025 

-0.041 ± .064 0.272 ± .074 

0.048 ± . 062 0.201 ± . 068 

0 0 0 'f)7 ± 0 045 0.236 ± .050 

* The quoted errors in e
3 

s' P 1 P 
3

, and P 2 are expressed in terms of 

standard deviations. The spread in e
2 

is due mainly to geometrical 

resolution, with some contribution from multiple scattering in target 

No. 2. Values of P
2 

are taken from Ref. 3. 
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reported here~ satisfactory for a solution. Only one of these six solu

tons, however, was)n reasonable agreement with the results of this 

experiment. This solution which is the second listed in ReL 13, was 
. :. + 

also in agreement with the results of the P + P __.. lT + D experiment 

mentioned in Sec. II B. 

Continuation of the searching with the A data incorporated into 

the analysis gave rise to the following effects. First, the total number 

of minima was reduced from 34 to 19, which dirnini shed considerably 

the amount of additional searching required. Furthermore, of the six 

solutions that previously had been considered satisfactory, only the 

one mentioned above remained essentially unaltered. Four of the others 

changed materially, but remained good solutions, while one could be 

definitely eliminated. 

In Fig. 12 are plotted the experimental values of A, together 

with curves which are calculated from the final sets of phase shifts 

listed in Ref. 6. 
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Fig. 12, Experimental and calculated values of A plotted against the 
center-of-mass angle. The curves are calculated from the best· 
of the final sets of phase shifts of Ref, 6. The tracing for this 
figure was kindly supplied by Dr, T. J. Ypsilantis, 
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APPENpiX 

This section is concerned with the question of independence of 

the eight observable quantities r0, P, D, R, A, R•, Cnn' and CKP. 

These have been introduced in section I. 

A. Conditions of the Problem 

Consider one angle of scattering and one energy, making no 

assumptions about the number of angular-momentum states that may 

be present in the interaction. Assume also that Coulomb effects are 

negligible at this angle. 

It i~ convenient to write the M matrix in the following form; 
1 ~ 

M = a + c [.£: 1 · ~ + .£:2 · ~] + m[.£: l · n .£:2 · ~] 

The observables may be related to the M-matrix coefficients by 

methods given in Reference Nos. 1 or 13 for example. The following 

results are obtained: 

01 = IO = lal2 + lml2 + 2\ cl2 + 2\gl2 + 2~~2, 
0 2 = I

0
P = 2 Re c:>:<(a+m~, 

o3 = Io0-D) = 4g12 + 4H2· . 

04 = IOR = {H 2 -lrnl 2
- 4 Re h g*} cos e/2 + 2 Reic(a.:.m)* sin e/2, 

0 5 = I0R• = {lal
2 

-jmf + 4 Reg h*} sin B/2 - 2 Reic (a-m}* cos e/2, 

06 = IOA =-<H2 
-lml

2 
- 4 Re g h*} sin e/2 + 2 Re i c (a-m)* cos e/2, 

0 1 = r0cKP = 4Re i c h*, 

08 = IoO-Cnn) = ja-ml2 + 4gl2• 

The asterisk means complex conjugate, Re and, Im mean real part 

and imaginary part, respectively, and i equals -j:1. 
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The coefficients a through m are complex numbers of the 

form a= a
0 

expi<l>a, c = ~O expi <l>c, etc. Multiplying each of 

these by exp ~-i<l>a)' we get a new set of coefficients a 1 = a 0, 

c 1 = c
0 

exp H<l> -cj> ), etc. If this new set of coefficients is substituted , c a 
for the old set in the expressions for the observables no change is 

produced therein. This new set of numbt:irs, however, is specified 

by nine r~al numbers only, since the phase of a 1 is zero. 

We therefore specify the in~ependent variables of the system 

by the following nine q'uantities: x 1 = Re a, x
2 

= Re c, x 3 = Im c, .. 

x
9 

= Im h, where Im {a 1~ is taken to be zerb. In terms of these 

variables the observables are functio'hs of the form 

0 · = Lk 1 bjkl- xk X1 • 
J ' ' . 

where the coefficients ~~ .. may depend explicitly on artgle. 

B. Statement of the Problem 

Assume that there exists a relation between the obse'rvables, 

F ( o 1;o z.J . . . o 8 ) = o ·, 

wh,ere F (Oj} possesses contimious partial derivatives 8F/80j" 

If this assumption can be proved true then the 0. are dependent. 
J 

C. Method of Solution. 

tions, 

By taking the total differential of F{O.} we obtain nine equa
J 

{aFjao.} {ao./axk) = o, k=l,2 ...... 9. 
J J 

These are nine linear homogeneous equations in the eight unknown 

partial derivatives a Fja Oj . We attel'll;pt to solve these equations 

for the unknowns. It is convenient to denote the matrix of coefficients 

by (Uk 1} = (8/axk 0 1), where k = 1 to 9 and 1 = 1 to 8. 

'The necessary and sufficient condition for a nontrivial solution35 

is that the rank of U be less than the number of unknowns; namely, 

rank U < 8. This must hold for all values of xk that we are con

sidering. Consider the 8-by-8 determinant taken from the first 8 
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rows of U. This determinant is a homogeneous polynomial of the 

8th degr~e in the variables· xk. If the rank of U is to be less than 8, 

the dete~minant must vanish identically. This means that the co

efficients of each term in this polynomial rpust vanish. It has been 

determined by inspection that the coefficient of the term x 1 x~ x
7 
x~ 

is nonzero, being equal to ± sin 8/2 · (2
16

). 

Therefore. the rank of the matrix. of coefficients is equal to 8, 

and there is no solution other than the trivial one 8 F/o 0. = 0. 
J 

We conclude that the assumption is false, and that the eight observaMes 

are independent. 
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